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Preface

The GIFT 2006 workshop covers topics related to the Global Integration
of Field Theories. These topics span several domains of science including
Mathematics, Physics and Computer Science. It is indeed an interdisci-
plinary event and this feature is well illustrated by the diversity of papers
presented at the workshop.

Physics is our main target. A simple approach would be to state that
we investigate systems of partial differential equations since it is widely
believed that they provide a fair description of our world. The questions
whether this world is Einsteinian or not, is described by String Theory or
not are not however on our agenda. At this stage we have defined what we
mean by field theories. To assess what global integrability means we surf
on the two other domains of our interest.

Mathematics delivers the main methodologies and tools to achieve our
goal. It is a trivial remark to say that there exist several approaches to
investigate the concept of integrability. Only selected ones are to be found
in these proceedings. We do not try to define precisely what global inte-
grability means. Instead, we only suggest two tracks. The first one is by
analogy with the design of algorithms, in Computer Algebra or Computer
Science, to solve systems of differential equations. The case of ODEs is
rather well understood since a constructive methodology exists. Although
many experts claim that numerous results do exist to solve systems of
PDEs, no constructive decision method exists. This is our first track. The
second track follows directly since the real world is described by systems
of PDEs, which are mainly non-linear ones. To be able to decide in such
a case the existence of solutions would immediately increase the scope of
new technologies applicable to industrial problems.

It is this latter remark that led to the European NEST project with the
same name. The GIFT project aims at making progress in the investigation



of field theories through the use of very advanced mathematical tools. This
workshop is part of the deliverables. It demonstrates that at least one goal
has been reached: to foster the collaboration of physicists, mathematicians
and computer scientists coming from different schools of thoughts.

We are very grateful to the European Commission for its support to
GIFT and thus to the use of very advanced mathematical methods to
investigate how field theories may generate innovative technologies. Our
project officer in Brussels, Dr. Carlos Saraiva-Martins, deserves special
thanks for his efficiency and his readiness to answer any of our queries.
Special thanks are due to Magdalena Satek and Marcus Hausdorf for their
fully efficient management of the project, this workshop organization and
proceedings preparation.

October 2006
Jacques Calmet
Werner M. Seiler

Robin W. Tucker
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Symbolic Computation for
Overdetermined Systems of Nonlinear
Differential Equations

Evelyne Hubert

INRIA Sophia Antipolis
www.inria.fr/cafe/Evelyne. Hubert

The study of differential equations and differential systems has many
facets and requires a large palette of tools, whether of computational or
theoretical nature. Interaction among all of those is essential. Numerical
integration based on analysis has held a prominent place in applications
as approximating the solution of differential system is often the final aim.
Symbolic computation brings some other tools for the qualitative investi-
gation of differential systems. Symbolic algorithms handle algebraic struc-
tures. To study differential systems there is thus a need to algebraicize the
problems, that is establish dictionaries between the analytic and the alge-
braic properties. A second stage in this line of research is then to develop
algorithms for capturing the algebraic information, make them efficient and
accessible through their implementations in symbolic systems.

On one hand symbolic computation can preprocess differential systems
which are not given in a form that fits numerical schemes. But some aca-
demic and engineering problems of smaller size ask for more qualitative
answers: What are the conditions on some parameters for the system to
have a solution? What are the dimension of the solution space? What
are the consistent set of initial condition that determine uniquely a solu-
tion? Can I deduce some unknowns from the knowledge of others? Those
sample of questions on on over and under determined differential systems
are addressed in what I would call differential elimination and completion.
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There has been several algebraic theories developed for addressing those
issues. They are amenable to symbolic computation. Cartan’s introduc-
tion of exterior differential systems and involutivity has probably been the
most celebrated [5] and is suited for geometric problems. The homological
approach to involutivity for differential sytems, initiated by Spencer and
Quillen, has shown its implication in mathematical physics, control theory
and numerical analysis [4, 18, 20, 15]. The algebraic standpoint on differ-
ential equations of Ritt and Kochin [19, 12] started on different grounds.
There the focus was on nonlinearity and the implications on the solution
sets. A motivational question was: how do we define the general solution of
an differential equation and what are its relations to the singular solutions.
The subsequent theory of differential algebra has provided firm grounds
for this question and has developed in an algebraic treatment of nonlinear
differential systems.

My goal is not to expand on the inter-relationships between the alge-
braic theories for differential systems, though there is a real need for that
[14]. Algorithms for systems of nonlinear differential systems based on dif-
ferential algebra [8] have been implemented in widely available symbolic
systems for 10 years now [2] and are still evolving [3, 9, 1, 7]. I want to
promote here their use by introducing the underlying theory and giving a
practical sense of of their applicability on examples. Indeed, symbolic com-
putation software can be very user friendly but it is delusive to think that
they can be used as black boxes. One needs to have basic understanding
of the underlying theories to best use the software available.

Differential problems are sometimes better expressed with non commut-
ing derivations. This is the case of some equivalence and classification
problems [17]. This is also the case of differential systems with symme-
try once they are rewritten in terms of the invariants of the symmetry
group [16]. The computations are then more tractable in those terms. We
shall base the presentation on the recent generalization of differential al-
gebra to derivations with non trivial commuting rules [10]. This extension
furthermore gives theoretical grounds for the investigation of the differ-
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ential algebras formed by the differential invariants of a Lie group action
(13, 6, 11].
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Dimension of
the solutions space of PDEs

Boris Kruglikov Valentin Lychagin

Inst. of Mathematics and Statistics, University of Tromsg,
Tromsg 90-37, Norway,
kruglikov@math.uit.no, lychagin@math.uit.no

Abstract

We discuss the dimensional characterization of the solutions space of a formally integrable
system of partial differential equations and provide certain formulas for calculations of
these dimensional quantities.

Keywords: Solutions space, Cartan’s test, Cohen-Macaulay module, involutive system,
compatibility, formal integrability.

1 Introduction: what is the solutions space?

Let £ be a system of partial differential equations (PDEs'). We would like
to discuss the dimensional characterization of its solutions space.

However it is not agreed upon what should be called a solution. We can
choose between global or local and even formal solutions or jet-solutions to
a certain order. Hyperbolic systems hint us about shock waves as multiple-
valued solutions and elliptic PDEs suggest generalized functions or sections.

A choice of category, i.e. finitely differentiable C*, smooth C™ or ana-
lytic C* together with many others, plays a crucial role. For instance there
are systems of PDEs that have solutions in one category, but lacks them in
another (we can name the famous Lewy’s example of a formally integrable
PDE without smooth or analytic solutions, [L]).

L MSC numbers: 35N10, 58A20, 58H10; 35A30.
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In this paper we restrict to local or even formal solutions. The reason is
lack of reasonable existence and uniqueness theorems (in the case of global
solutions even for ODEs). In addition this helps to overcome difficulties
with blow-ups and multi-values.

If the category is analytic, then Cartan-Kahler theorem [Ka| guarantees
local solutions of formally integrable equations [Go] and even predicts their
quantity. We then measure it by certain dimension characteristics.

If the category is smooth, formal integrability yields existence of solu-
tions only if coupled with certain additional conditions (see for instance
[Ho]). Thus it is easier in this case to turn to formal solutions, which in
regular situations give the same dimension characteristics. With this vague
idea let us call the space of solutions Sol(E).

With this approach it is easy to impose a topology on the solutions space.
However we shall encounter the situations, when the topological structure
is non-uniform.

To illustrate the above discussion, let’s consider some model ODEs (in
which case we possess existence and uniqueness theorem). The space of
local solutions for the ODE ' = 9? is clearly one-dimensional, but the
space of global solutions (continuous pieces until the blow-up) has two
disconnected continuous pieces (solutions y = (a — z)~! for a < 0 or for
a > 0) and a singular point (solution y = 0). Another example is the
equation y? + y* = 1, the solutions on(—¢, €) of which form S, but the
space of global solutions is R! (both united with two singular points in
Sol(&)).

We would like to observe the ”biggest” piece of the space of Sol(€), so
that in our dimensional count we ignore isolated and special solutions or
their families and take those of connected components, that have more
parameters in.

It will be precisely the number of parameters, on which a general solution
depends, that we count as a dimensional characteristic. Let us discuss the
general idea how to count it and then give more specified definitions.

Note that in this paper we consider only (over)determined systems of
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PDEs. Most results will work for underdetermined systems, but we are
not concerned with them.

2 Understanding dimension of the solutions space

Let us treat at first the case of linear PDEs systems (the method can be
transferred to non-linear case). We consider formal solutions and thus
assume the system of PDEs & is formally integrable. We also assume the
system £ = & is of pure order k, which shall be generalized later.

Thus for some vector bundle 7 : F(7r) — M we identify £ as a sub-
bundle &, C J*() (see [S, Go, KLV]) and let & C J'() be its (I — k)-th
prolongations, [ > k. Then the fibres £2° C J°(7) at points © € M can be
viewed as spaces of formal solutions of £ at x € M. To estimate size of £°
we consider the spaces of linear functions on &4, i.e. the space &,. The
projections m ;-1 : &, — &1, induce embeddings 7, | : &, — &,
and we have the projective limit

£ = U,

Remark that £ is the module over all scalar valued differential operators
on m, while the kernel of the natural projection J°(7)* — £ can be viewed
as the space of scalar valued differential operators on m vanishing on the
solutions of the PDEs system £ at the point x € M. Thus elements of £
are linear functions on the formal solutions £:°.

We would like to choose ”coordinates” among them, which will estimate
dimension of the formal solution space. To do this we consider the graded
module associated with filtred module &:

g'(x) = P gi (v),

>0

where g;(x) are the symbols of the equation at x € M:

gl(l') - gl,a:/gl—l,:zr C SZT; & Ty
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(we let & = J'(x) for | < k), and reduce analysis of £ to investigation of
the symbolic module g;.

This ¢g* is the module over the symmetric algebra ST,M = ®S* (T, M)
and its support CharS(€) ¢ PCT*M is a complex projective variety con-
sisting of complex characteristic vectors. The values K, of the symbolic
module g* at characteristic covectors p € T \ 0 form a family of vector
spaces over Char® (&), which we call characteristic sheaf

By the Noether normalization lemma ([E]) there is a subspace U C T, M
such that the homogeneous coordinate ring ST, M/ Ann ¢*(x) of Char$ ()
is a finitely generated module over SU. It follows that ¢*(z) is a finitely
generated module over SU too.

If g*(z) is a Cohen-Macaulay module (see [E], but we recall the definition
later in a more general situation, then g*(x) is a free SU-module (we called
the respective PDEs systems £ Cohen-Macaulay in [KLy] and discussed
their corresponding reduction).

Let o be the rank of this module, and p = dim U. By the above discussion
these numbers can be naturally called formal functional rank and formal
functional dimension of the solutions space £2° at the point x € M, because
they describe on how many functions of how many variables a general jet-
solution formally depends (we shall omit the word ”formally” later), or
how many ”coordinates” from & should be fixed to get a formal solution.

If the symbolic module is not Cohen-Macaulay, the module ¢g*(x) over
SU is not free, but finitely generated and supported on PCU*. Let F(U)
be the field of homogeneous functions P/Q, where P,Q) € SU, @ # 0,
considered as polynomials on U*. Thus F(U) is the field of meromorphic
(rational) functions on U*.

Consider F(U) ® ¢g*(z) as a vector space over F(U). Keeping the same
definition for o, let us call the dimension of this vector space p formal rank
of £ at the point x € M.

It is clear that for Cohen-Macaulay systems the two notions coincide.
However since g*(z) over SU is not free, we would like to give more numbers
to characterize the symbolic module.
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Let us choose a base ey, . .., e, of F(U)®g*(x) such that ey, .. ., e, are ho-
mogeneous elements of ¢*(z) and denote by I'1 C g*(x) the SU-submodule
generated by this base. It is easy to check that I'y is a free SU-module.
For the quotient module M; = ¢g*(z)/T"; we have the following property:

Annh # 0 in SU, for any h € M;.

Therefore Ann M; # 0 and the support Z; of M; is a proper projective
variety in PCU*.

We apply the Noether normalization lemma to =, we get a subspace
U, C U, such that M is a finitely generated module over SU;. Its rank
will be the next number p; and we also get 07 = dim Uy, which we can call
the next formal rank and formal dimension.

Applying this procedure several more times we get a sequence of varieties
=; and numbers (p;, 0;), which depends, in general, on the choice of the
flag U D U; D Us D ... and the submodules I'; of SU;_;.

Thus we resolve our symbolic module via the exact 3-sequences

0—I1—g" — M —0 over SU, 0 = T's - M; — My — 0 over SUy,...

(with Supp M; = SuppI'i11 2 Supp M) etc.

3 Cartan numbers

In Cartan’s study of PDEs systems & (basically viewed as exterior differ-
ential systems in this approach) he constructed a sequence of numbers s;,
which are basic for his involutivity test. These numbers depend on the flag
of subspaces one chooses for investigation of the system and so have no
invariant meaning.

The classical formulation is that a general solution depends on s, func-
tions of p variables, s,_; functions of (p — 1) variables, ..., s; functions of
1 variable and sy constants (we adopt here the notations from [BCG3|; in
Cartan’s notations [C] we should rather write s,, s, +Sp_1, Sp+ Sp—1+ Sp—2
etc). However as Cartan notices just after the formulation [C], this state-
ment has only a calculational meaning.



GIFT 2006

Nevertheless two numbers are absolute invariants and play an important
role. These are Cartan genre, i.e. the maximal number p such s, # 0, but
sp+1 = 0, and Cartan integer o = s,,.

As a result of Cartan’s test a general solution depends on ¢ functions of p
variables (and some number of functions of lower number of variables, but
this number can vary depending on a way we parametrize the solutions).
Here general solution is a local analytic solution obtained as a result of
application of Cartan-Kéhler (or Cauchy-Kovalevskaya) theorem and thus
being parametrized by the Cauchy data.

Hence we can think of p as of functional dimension and of o as of func-
tional rank of the solutions space Sol(£). In fact, we adopt this terminology
further on in the paper, because as was shown in the previous section it
correctly reflects the situation.

These numbers can be computed via the characteristic variety. If the
characteristic sheaf over Char®(€) has fibers of dimension k, then

p = dim Char®(£) + 1, 0 = k - deg Char®(&).

The first formula is a part of Hilbert-Serre theorem ([H]), while the second
is more complicated. Actually Cartan integer o was calculated in [BCG?]
in general situation and the formula is as follows.

Let Char®(g) = U.X. be the decomposition of the characteristic variety
into irreducible components and d. = dim /C, for a generic point x € X..
Then

J:Zde-degze.

It is important that these numbers coincide with the functional dimen-
sion and rank of the previous section. Moreover the sequence of Cartan
numbers s; is related to the sequence (p;, 0;) of the previous section.

This can be seen from the general approach of the next and following
sections, which treat the case of systems £ of PDEs of different orders (we
though make presentation for the symbolic systems, with interpretation for
general systems being well-known [S, KLV, KL,]).

10
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4 Symbolic systems

Consider a vector space T' of dimension n (tangent space to the set of
independent variables, substitute to T, M) and a vector space N of di-
mension m (tangent space to the set of dependent variables, substitute to
T, =1 1 (x)).

Spencer d-complex is de Rham complex of polynomial N-valued differ-
ential forms on T

0= ST N S SN T S ... % sk @ N @ A"T* — 0,
where S'T* = 0 for ¢ < 0. Denote by
0y =ip00: SMIT*" @ N — S*T* @ N

the differentiation along the vector v € T.
The [-th prolongation of a subspace h C S*T* ® N is

WD ={pe S*'T* QN : 6, ...0,p € hVur,..., 0}
=S'T* @ hn S*T* @ N.

Definition. A sequence of subspaces g, C S*T* @ N, k > 0, with go = N

and gy C gé?l, 15 called a symbolic system.

If a system of PDEs £ is given as F} =0, ..., F, = 0, where F; are scalar
PDEs on M, then T'=TM, N ~ R™ and the system g C ST*® N is given
as f1 = 0,...,f, = 0, where f; = o(F;) are symbols of the differential
operators at the considered point (or jet for non-linear PDEs).

With every such a system we associate its Spencer d-complex of order k:

0= gr =5 g1 QT =5 gr oy @ A2T* — ...
—>gi®Ak_iT*L'--i>gk_n®A”T*—>0.

Definition. The cohomology group at the term ¢; @ AMT* is denoted by
H%(g) and is called the Spencer §-cohomology of g.

11
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Note that g = S*T*®@ N for 0 < k < r and the first number r = r3,(9g),
where the equality is violated is called the minimal order of the system.
Actually the system has several orders:

ord(g) = {k € Z | gr # g\",}.

Multiplicity of an order r is:
m(r) = dimgﬁl_)l/gr = dim H" ' (g).

Hilbert basis theorem implies finiteness of the set of orders (counted with
multiplicities):

codim(g) := dim H*'(g) = Zm(r) < 0.

Starting from the maximal order of the system k = ry,, we have:

Gk+l = g;(gl)-

If we dualize the above construction over R, then Spencer J-differential
transforms to a homomorphism over the algebra of polynomials ST" and
g" = ®;g; becomes an ST-module. This module is called a symbolic module
and it plays an important role in understanding PDEs.

In particular, characteristic variety Char®(g) € PCT* is defined as the
support of this module Supp(g*) = {[p] : (¢*), # 0} and the characteristic
sheaf KC over it is the family of vector spaces, which at the point p €
Char®(g) equals the value of the module at this point Ky=9"/p-g*. For
more geometric description see [S, KLV, KL,].

5 Commutative algebra approach

We will study only local solutions of a system of PDEs £, which we consider
in such a neighborhood that type of the symbolic system does not change
from point to point (on equation) in the sense that dimensions of g, of the
characteristic variety Char®(g) and of the fibers of K are the same.

12



Dimension of the solutions space of PDEs

It should be noted that if a system & is not formally integrable and &’
is obtained from it by the prolongation-projection method [K, M2, KLs],
then the numbers p, o change in this process, i.e. either the functional
dimension or the functional rank decrease. Thus from now on we suppose
the system & is formally integrable.

The numbers p, o can be described using the methods of commutative
algebra. Recall ([AM]) that by Hilbert-Serre theorem the sum

flk) =) dimg;
i<k
behaves as a polynomial in k for sufficiently large k. This polynomial is

called the Hilbert polynomial of the symbolic module ¢g* corresponding to
€ and we denote it by Pe(z). If p = deg P(z) and o = P (z), then the
highest term of this polynomial is

Pe(z) =02l + ...

(see [H] for the related statements in algebraic geometry, the interpretation
for PDEs is straightforward).

A powerful method to calculate the Hilbert polynomial is resolution of
a module. In our case a resolution of the symbolic module ¢g* exists and
it can be expressed via the Spencer d-cohomology. Indeed, the Spencer
cohomology of the symbolic system ¢ is R-dual to the Koszul homology of
the module ¢* and for algebraic situation this resolution was found in [Gr].
It has the form:

0— @H""(g) @ gl-d %, B HT N (g) @ gl=q =t
N @qu_lal(g) X S[—Q] ILEN @qH%O(g) X S[—Q] AN g* — 0,
where S[=9 is the polynomial algebra on T*M with grading shifted by g,
ie. SZ-[_Q] =S4T, M, and the maps ¢, have degree 0.

Thus denoting h*/ = dim H"/(g) and 7, = dim S*TM = (*'77") we
have:

dim g; = Z(hq’oﬂ'_q — h%lTi_q_l + hq’27'i_q_2 — -+ (_1)nhq,n7_i_q_n).
q

13
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Let also js = ) 370 = dim JIM = (5+n) be the dimension of the fiber
of the vertical jets J?M, i.e. the fiber of the jet space J°M over M. Thus
we calculate

> dimg; = Z (R kg = D" g1 + W kgog — -+ £ D"y ).
i<k

Finally we deduce the formula for Hilbert polynomial of the symbolic
module g*

Pe(z) = Z(hq’o (2_%+”) _ pot (z—q:n—l)_’_

q

e R A W)
Here ]
(sz) = H(z+1)-(z+2)---(z—l—k).
Denote Sj(ki,...,k,) = > ki ---k;, the j-th symmetric polynomial
i< <i
and let also .
s = (n_z)'SZ(l, L)

Thus
n+1 . (n+1)(3Bn+2) - n(n+1)?

so =1, s|=

2 4 - 3! ’ 2.4 7
1)(15n° + 15n? — 10n — 8
SZ:(n—F )(15n° + 15n n —8) ote
48 - 5!
If we decompose
iy 0 i
() _;Sl (n—1)!’
then we get the expression for the Hilbert polynomial
L — 2 n J
Pe(e) = Y1)y Z b

1,5,9

14
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where
k

L : k=i
by = ZZ(_DHJ%HJ#S??M.

J —_ NI

6 Calculations for the Solutions space

We are going to compute the dimensional characteristics of two important
classes of PDEs.

Involutive systems. These are such symbolic systems g = {g} that
all subspaces gy are involutive in the sense of Cartan [C, BCG?] (this defini-
tion for the symbolic systems of different orders was introduced in [KLjg]).
Thanks to Serre’s contribution [GS] we can reformulate this via Spencer
cohomology as follows.

Denote by ¢/*! the symbolic system generated by all differential corollar-
ies of the system deduced from the order k:

g = g,(;_k), for v > k.

k) { SiT*(X)N, for v < k;
Then the system g is involutive iff H7(g/*) = 0 for all i > k (this condition
has to be checked for k € ord(g) only), see [KLs].

In particular, H*/(g) = 0 for i ¢ ord(g) — 1, (i,7) # (0,0), and the
resolution for the symbolic module ¢g* as well as the formula for the Hilbert
polynomial of £ become easier.

Let us restrict for simplicity to the case of systems of PDEs &£ of pure
first order. Then

Pg(z) :h0,0 (z—);n) . hO,l (z:r{—l) + h0’2 (Z:Z;2> _

n—1 n—2

zZ
by ———— 4 by + - + by,
T P Y

Vanishing of the first coefficient by = 0 is equivalent to vanishing of Eu-
ler characteristic for the Spencer d-complex, y = > .(—1)'h%" = 0, and

15
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this is equivalent to the claim that not all the covectors from 7% \ 0 are
characteristic for the system g.

The other numbers b; are given by the general formulas from the previous
section, but they simplify in our case. For instance

by =" by — > (=1)h%i = (=1)"*i - ho
If codim Char®(€) = n — p > 1, then b; = 0 and in fact then b; = 0 for
i <mn-—p,but b,_,=o0.
Theorem. If codim Char®(£) = n — p, then the functional rank of the

system equals
_j\np
i 1 ihO,z’( i) .
2. (n —p)!

i
Proof. Indeed one successively calculate the coefficients using the for-

mula
k

a0 e
b = Z Z(_1)2+ah ’s’,g_aa
1 a=0
and notes that b, equals to the displayed expression plus a linear combi-
nation of by_1,...,by. The claim follows. ]

One can extend the above formula for general involutive system and
thus compute the functional dimension and functional rank of the solutions
space (some interesting calculations can be found in classical works [J, C]).

Cohen-Macaulay systems. A symbolic system ¢ (and the respective
PDEs system &) is called Cohen-Macaulay ([KLy]) if the corresponding
symbolic module g* is Cohen-Macaulay, i.e. (see [M1, E] for details)

dim ¢* = depth g*.

Consider an important partial case (we formulate the definition only for
symbolic systems; PDEs are treated in [KLy]):

Definition. A symbolic system g C ST* @ N (n =dimT, m = dim N) of
codim(g) = r is called a generalized complete intersection if

16



Dimension of the solutions space of PDEs

e m<r<n-+m;
e codime Char®(g) =7 —m + 1;
o dimK, =1 Va € Char®(g) ¢ P°T*.

Formal integrability of such systems are given by the compatibility con-
ditions expressed via brackets (for scalar systems [KL;, KLs]) or multi-
brackets (for vector systems [KLy4]|). In this case we can calculate Cartan
genre and integer directly.

Theorem. Let £ be a system of generalized complete intersection type and
suppose it is formally integrable. Then the functional dimension of Sol(E)
18

p=m+n-—r-—1

and the functional rank is

o= Sr—m—i—l(kl? cee kr) = Z kil T kir—m+17

i1 <o g1

the l[-th symmetric polynomaial of the orders ky, ..., k. of the system.

Note that if the last requirement in the definition of generalized complete
intersection is changed to dim/C, = d everywhere on the characteristic
variety, then the functional rank will be multiplied by d:

o=d- Sk, .. k).

However the formal integrability criterion for generalized complete inter-
sections is proved in [KL,] under assumption that d = 1.

Proof. We shall consider the case of a system g of a pure order: k; =
o=k, =k, k; € ord(g). The case of different orders is similar and will
appear elsewhere.

The formula for functional dimension p follows directly from the defini-
tion of generalized complete intersection. Let’s calculate o.

17
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We can use interpretation of the Cartan integer o from §3. Recall that
characteristic variety Char®(g) is the locus of the characteristic ideal I(g) =
Ann(g), which the the annihilator of ¢g* in ST

Since the module is represented by the matrix with polynomial entries
(each differential operator A; giving a PDEs system & is a column A,j,
1 <i<r 1<j < m; so that their union is a m x r matrix M(A)),
its annihilator is given by the zero Fitting ideal (in fact, here we use the
condition on grade of the ideal: depth Ann(g) = r — m + 1, which follows
from the conditions of the above definition).

This ideal Fitty(g) is generated by all determinants of m X m minors
of the corresponding to M (A) matrix of symbols M(oa). These minors
are determined by a choice of m from r columns, so that there are (7;)
determinants and each is a polynomial of degree k"~

However not all the minors are required to determine Char®(g) and
this is manifested by the fact, that we sum (mr—l) degrees k"~™*1! to get
the functional rank o. The easiest way to explain this is via the Hilbert
polynomial of the symbolic module g*.

This can be calculated since under the assumption of generalized com-
plete intersection g* possesses a resolution in the form of Buchsbaum-Rim
complex (see [KLy)):

0 — Sr—m—lv*®ArU N Sr—m—2v*®Ar—1U N
= A S U -V - gf — 0,

where V' ~ ST ® N* (recall that dim N = m and g C ST* ® N) and
U=5ST®---®ST. Star x means dualization over ST and the tensor

r terms
products are over ST as well.

Now the claim follows from the detailed investigation of degrees of the
homomorphisms in the above exact sequence. To see this we suppose at
first that »r = m +n — 1 and use the following assertion.

18
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Lemma. The following combinatorial formula holds:

m(n—i—k(n—i—m—l)) . (n +m— 1)(n+k(n+m—2))

n n

n—1
T Z(_l)j—l(j+m—2) (1) ((kz+1)n—k(1+j)) = (P ge,
j=1

m—1 Jj+m n n

We would like to comment and interpret the sum on the left hand side of
this formula. In our case the system is of finite type (¢* has finite dimension
as a vector space) and o = Y dim g; (the sum is finite).

Stabilization of the symbol occurs at the order i = > k; — 1 = k(n +
m—1) —1: g; = 0. So we prolong & to the jets of order k(n +m — 1) and
the first term is just dim Ji" ™ V(M. N).

The next term is due to the fact that & C J*(M, N) is proper. It is
given by r = n +m — 1 equations of order k£, we which we differentiate up
to k(n 4+ m — 2) times along all coordinate directions (prolongation).

There are relations between these derivatives. These are compatibility
conditions (1-syzygy of ¢g*), which appear in the form of multi-brackets
[KLy4], in our case this bracket uses (m + 1)-tuples of A;.

There are in turn relations among relations (2-syzygy of ¢*), which are
identities between multi-brackets (these we call generalized Pliicker iden-
tities, to appear soon), in our case these latter use (m + 2)-tuples of the
defining operators A; etc.

Due to exact form of the relations (higher syzygies) we get factors
(j ;”52) in the summations formula of the lemma.

In the case » < n + m — 1 we should perform a reduction, which is
possible by Theorem A [KLs]. Then the functional dimension p grows, but
the functional rank remains the same and the previous calculation works.

]
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7 Examples

Here we show some examples demonstrating the above results. )

1. Intermediate integral of a system & C JEr is such a system € C Jkr
that & < k and € ¢ E*H (where £ is the i-th prolongation of the
system). Since every solution to the system &£ is a solution to ER=F) we
conclude: Whenever the functional dimension p > 0, we have p = p and
o=o0. ~

Indeed the solutions of £F~%) form a finite-dimensional parametric fam-
ily, such that solutions of & appear for some fixed values of parameters
(because we differentiate with respect to all variables to obtain the pro-
longation). Thus the number of functions of p > 0 variables, on which a
general solution depends, will not be altered.

2. If the PDEs system £ is underdetermined, then p =n and ¢ > 1. In-
deed, o is precisely the under-determinacy degree, i.e. the minimal number
of unknown functions that should be arbitrarily fixed to get a determined
system. We assume we can do it to get a formally integrable system. If un-
derdetermined system is not formally integrable, compatibility conditions
can turn it into determined or over-determined and then decrease p and
change o.

A nice illustration is the Hilbert-Cartan system

(@) = (' (2))"

It has p =1, 0 = 1. But even though a general solution depends on one
function of one variable, it cannot be represented in terms of a function
and its derivatives only (Hilbert’s theorem).

3. As we noticed earlier the similar situation happens to overdeter-
mined system: If £ is not formally integrable, and € is obtained from &
by prolongation-projection technique (sometimes it is said that £ is the
involutive form of £, but this is not true, only a certain prolongation of &
is), then p < p or [p = p and & < o]. Indeed, supplement of additional
equations shrinks the solution space.
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For instance if we consider two second-order scalar differential equations
on the plane

F(z,y,u(z,y), Du(z,y), D*u(x,y)) =0,

G(z,y, u(z,y), Du(z,y), D*u(z,y)) =0,

such that F and G have no common complex characteristics, then the
compatibility condition of this system £ can be expressed via the Mayer
bracket ([KLi]): H = [F,G|s. If H =0, then p=0, 0 =4. If H # 0, then
p = 0 and o < 3, the equality being given by the Frobenius condition for
the system £ = {F =0,G =0, H = 0}.

If the system has one common characteristic and is compatible, we have:
p = 1, o = 1. Pairs of such systems are basic examples of Darboux
integrability.

4. Evolutionary equations u; = L[u] provide interesting examples, which
usually ”contradict” the theory. Consider for instance the heat equation

Ut = Ugy-

It is formally integrable and analytic. We can try to specify the initial
condition u|;—g = ¢(x) and then solve the Cauchy problem, so that we get
p =1, 0 = 1. On the other hand we can let u|,—o = ¥(t), Usz|e=0 = ¥1(1)
and then get p=1, 0 = 2.

If we calculate the numbers using our definitions of functional dimension
and functional rank (for instance, via Hilbert polynomial), it turns out
that the second approach is correct. Indeed with the first idea we come
into trouble with certain Cauchy data: Let, for instance, p(z) = (1 —z)71,
which is an analytic function around the origin. Then the analytic solution
should have the series

1 2t 41 2 (2n)! t"

t - _ _ _ . e
ubho) = ot Tae ot T T Ao T

which diverges everywhere outside ¢t = 0. The reason why the second ap-
proach provides no problem is because the line {x = 0} is non-characteristic
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and we can solve our first order PDE by the classical method of Cauchy
characteristics.

Remark however that in the standard courses of mathematical physics
the heat equation is solved with the first approach (by Fourier method).
How is it possible?

Explanation is that we solve the heat equation then only for positive
time ¢ > 0. Doing the same method in negative direction blows up the
solutions immediately (heat goes rapidly to equilibrium, but we cannot
predict even closest past)! We here are interested in the solutions, which
exist in an open neighborhood of the origin (like in Cauchy-Kovalevskaya,
theorem), and this contradicts the first approach.

5. Similar problems arise with Cauchy problems in other PDEs sys-
tems: one usually applies reduction or fixes gauge, but this can change
dimensional characteristics.

For instance, consider the Cauchy problem for the Einstein vacuum equa-
tions, which is a system of 10 PDEs of 10 unknown functions. The system is
over-underdetermined (i.e. it has compatibility conditions). In wave gauge
[CB] its solution depends on several functions on a 3-dimensional space,
which are subject to constraint equations, so that p = 2. On the other
hand, the original Einstein system is invariants under diffeomorphisms and
this yields p = 4.

One should also be careful with Cauchy data in higher order, since then
the definition of characteristics becomes more subtle, see [KLs].

6. Consider a system &£, which describes automorphisms of a given
geometric structure. The corresponding symbolic system is ¢ C ST* ®
T. The automorphism group has maximal dimension iff the system is
formally integrable. Consider the examples, when the geometric structure
is symplectic, complex or Riemannian (all these structures are of the first
order).

Let at first g be generated by g1 = sp(n) C T* ® T. Our tangent
space T' = T, M is equipped with a symplectic structure w, and we can
identify T = T and we get g1 = S?T* C T* @ T*. The prolongations are
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gi=SMT*CcST*2T.
The system is easily checked to be involutive and the only non-vanishing
Spencer d-cohomology groups are

H%(g) = AT,

Then one checks that the Euler characteristic is y = 1 # 0 and so by # 0.
Thus the functional dimension is p = n. Indeed the characteristic variety
is PT* because each non-zero covector p is characteristic: p? € g ~ S?T*.
Next by a theorem from §6 one calculates the functional rank

1=

This result is easy to verify: an infinitesimal symplectic transformation
has a generating function (Hamiltonian) and so it is determined by one
function of n variables.

If we turn to (almost) complex structures J on M, then g; = gl(5,C) =
T*®c T (space of C-linear endomorphisms of T') and the prolongations are
gi = SET* @c T.

The characteristic variety is proper and one calculates that p = 5, 0 = n.
The system is again involutive. The second Spencer cohomology is

H%(g) = AeT* ®¢ T,

which is the space of C-antilinear skew-symmetric (2, 1) tensors (Nijenhuis
tensors).

The last example is the algebra of Riemannian isometries (i.e. T is
equipped with a Riemannian structure) of a Riemannian metric ¢ on M.
The symbol is g1 = o(n) and the prolongations are zero go = g3 = --- = 0.

This system is not involutive. For instance,

H"(g) = Ker(S*A°T* — A'T™)

(the space of Riemannian curvatures) is non-zero (for n = dim7 > 1).

Since the system is of finite type, the characteristic variety is empty and
(n+1)n

p = 0. The general solution (isometry) depends on o = = constants.
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We recall, that the above dimensional conclusions are correct if the sys-
tem & is integrable, otherwise the space Sol(€) shrinks. In the above
examples this means: the form w is closed (with just non-degeneracy we
have almost-symplectic manifold); the structure J is integrable (Nijenhuis
tensor N vanishes); the manifold (M, q) has constant sectional curvature
(so it is a spacial form).
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Abstract

In this paper we explain the importance of the notion of A, -Hopf algebra in the Algebraic
Topology framework. In particular, we focus our efforts to show how, given a Hopf algebra,
it is possible to weaken the structure in the computation of the homology. Furthermore,
we will see that this process induces a new sophisticated structure, an A..-Hopf algebra.

Keywords: Homological perturbation theory, reduction, Basic Perturbation Lemma,
Hopf algebras.

1 Introduction

Classification in Algebraic Topology frequently depends on homology groups,
but these groups are most often difficult to reach. Various methods are
available to facilitate and structure the calculation of these groups. In
particular reductions between:

e Chain complexes which are richly structured (algebras, coalgebras,
simplicial, cosimplicial. . . ) but not of finite type;

e Simpler chain complexes poorly structured but of finite type;

play an important role, see [6].

1 Work supported by NEST-Adventure contract 5006 (GIFT).
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In particular the A.-algebra and A.-coalgebra structures are defined
in this way. A homology equivalence between a differential algebra A and
a simple chaincomplex C defines an A-algebra structure over C [10], the
same for coalgebras. An A,.-algebra is a sort of “weakened” algebra where
the standard requirements for an algebra are satisfied only up to homotopy.
The same for coalgebras.

The right definition for the notion of A,-Hopf algebra is a challenge for
a long time, see in particular Ron Umble and Samson Saneblidze’s papers
[7, 8, 9]. We propose here an original point of view.

The notion of A-algebra (resp. Ay -coalgebra) greatly depends on the
Bar (resp. Cobar) construction. A Hopf algebra is simultaneously an
algebra and a coalgebra, so that it is tempting to define a “Bar-Cobar”
construction for a Hopf algebra. It happens the Hopf relation explaining
how algebra and coalgebra structures fit to each other is the key point
allowing us to define the Bar-Cobar construction.

The Bar construction leads to the notion of Ay-algebra, and the Bar-
Cobar construction gives by an analogous process which seems a natural
notion of A,-Hopf algebra.

2 Preliminaries and didactic examples

Here we will collect some basic definitions and results of homological alge-
bra, as well as some simple examples.

Take a commutative ground ring with unit, A. A differential graded
module or dg-module, (M,d) is a graded module, with a differential d :
M — M (that is, a morphism of degree —1 such that dd = 0). A graded
module M is connected whenever My = A and simply connected if it is
connected and M; = 0. In such a case, the graded module M is defined as
M, = M, for n > 1 and M, = 0.

The homology of a dg-module M is the graded module H,(M), where

H,(M)=Kerd,/Imd,.
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A dg-algebra, (A,d4, p,), is a dg—module endowed with an associative
product with unit, compatible with the differential. Analogously, a dg—
coalgebra (C, dq, Ac) is a dg—module provided with a compatible coproduct
and counit.

Furthermore, if (H,dpy, ug, Ag) is a dg-algebra, a dg-coalgebra and
product and coproduct verify the Hopf relation, i.e., Ay = p®?(1 @ T ®
1)A®? then it is a dg-Hopf algebra.

As simple examples of dg-Hopf algebras, let us mention

e The polynomial algebra P(v,2n), generated by v of degree 2n, where
n is a positive integer. The product is the usual one of monomials
i.e., v'v7 = v, The coproduct is A(v) = v®1+1®wv and extended
thanks to the Hopf relation.

e The truncated polynomial algebra @Q,(v,2n) is the quotient algebra
P(v,2n)/(vP), where p is a primer number.

e The exterior algebra E(u,2n+ 1), n > 0, with algebra generator u of
degree 2n + 1 and trivial product u? = 0.

e The divided polynomial algebraT'(w,2n), n > 1, generated by 71 (w) =
w with the product given by fyk( )vn(w) = UZ“:,)! Yi+n(w). The co-

product is defined by A(yx(w Z Yi(w) @ v;(w).
1+j=k

A fundamental tool to relate two dg-modules is the next one:

A reduction c: {N, M, f, g, ¢}, from a dg-module (N, dy) to another one
(M, d,,) is a special type of homology equivalence given by the morphisms
f, g and ¢; where f : N, — M,, g : M, — N, are two morphisms of
degree zero and ¢ : N, — N,,1 is a homotopy operator. Apart from the
conditions

(cl) fg=1y, (2) @dy+dyd+gf =1

the following ones must be satisfied
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The most important consequence is that the homology groups of N are
naturally isomorphic to the homology groups of M. But in general, if N
is a dg-algebra, this structure is not transferred to M, which inherits an
A-algebra structure (the morphisms f and g are not isomorphisms and
there is no coherent way in general to transfer the algebra structure to M).

More explicitly, an A..-algebra is a dg-module with a family of operations
pi « A% — A, of degree i — 2, such that for all i > 1 the following relations
are satisfied

7

~

—n

(_1>n+k+nkﬂz‘—n+1(1k ® fin ® 1®z’—n—k) —0
n=1 k=

o

In the same way, we can speak about an A..-coalgebra as a dg-module that
has to verify the dual properties (in this case the operations are denoted

Thanks to the perturbation theory, to speak about an A..-(co)algebra
M is equivalent to give a reduction from a dg-(co)algebra to the dg-module
M. Let us recall how it is possible.

The key in the homological perturbation theory is the Basic Pertur-
bation Lemma (briefly, BPL [2]), which is an algorithm whose input is a
reduction of dg—modules
c:{N,M, f,g,¢} and a perturbation datum § of dy whose output is a new
reduction c;. The only requirement is the pointwise nilpotency of the com-
position ¢d, that guarantees that the sums involved on the series bellow
are finite for each x € N.

¢
N

f
Input: c¢: (N,dy)___(M,dy) + perturbation 0 of dy
g

os ~ Iy

Output: ¢5: (N,dy +9) (M, dy + ds)
9s
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where fs, gs, ¢s, ds are given by the formulas
ds=f050g,  fo=f(1-0500); g=31g 5=
and 20 = 3 o(—1)' (60)' .

In particular, if we have a reduction from A to M, where A is a dg-algebra
and M is a dg-module, through homological techniques, it is possible to
compute the operations of the A,-algebra structure induced on M in terms
of the product of A. This computation can be done in four steps (described
lightly):

e To construct of a new reduction T'(s(c)) : {T'(sA), T (sM),Tf,Tg, T¢}

e To use the BPL with perturbation datum a (simplicial) differential
ds depending on the product of A (see [5]).

e To extract the operations induced on M from the new differential in
T(sM).

Where, given a dg-module (M, d), the tensor module of M, T (M), is

T(M) =P M.

n>0

The differential structure in 7'(M) is provided by the tensor differential,
di. T(M) is endowed with both structures of dg—algebra and dg—coalgebra
respectively, by a product p((a1®- - ®a,)®(an11®- - Ranip)) = 1@ ®
an+p; and a coproduct A(a1®@- - -®ay) = > 1 (1@ -®a;)@(a;11®- - -@ay).

In particular, if A is a dga-algebra, one can construct the reduced bar
construction of A, B(A), whose underlying module is the tensor module of
the suspension of A, T'(sA).

The total differential dz is given by dz = d; + ds, the component d;
being the tensor differential on the tensor module and d, the simplicial
differential, that depends on the product on A.
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This dg-module is endowed with a structure of dg—coalgebra by the
natural coproduct Ay : B(A) — B(A)®B(A) defined in the tensor module.

Analogously, if we have a reduction from C to M, where C' is a dga-
coalgebra and M is a dg-module, through homological techniques, it is
possible to compute the operations of the A,.-coalgebra structure induced
in M.

A simple example of this fact is the algebraic structure of the homology
groups of the bar construction of a truncated polynomial algebra with
coefficients in Z (see [1]). Let us recall a little bit this example, in fact, let
us see the scheme of the algebraic structure of the homology groups.

e There is an explicit reduction ¢ : {B(Q,(u,2n)), E(v,2n+1) ®
[(v,2np +2), f,9,9}.

e Even though the bar construction has a coalgebra structure, this
reduction does not preserve this structure, because the morphisms are
not compatible with the coproducts; so we obtain an A..-coalgebra
structure induced on £ ® I'. This structure is extremely simple,
because it only has two operations non-null, Ay and A,

e Thanks to the null differential in £ ® I', the homology groups of
B(Qp(u,2n)) are isomorphic to £ ® I

e So from the algebraic point of view, H,(B(Q,(u,2n))) has an A-
coalgebra structure defined by A, and A,,.

In particular, when we are speaking about the categories of algebras or
coalgebras, we have to emphasize here that the category of Hopf algebras
joins the two notions. But, until now, nothing was known about the anal-
ogous appropriate notion of A,-Hopf algebra. So, let us give a new way
to understand them via perturbation.
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3 The importance of the Hopf relation

Let (H,d, u, A) be a dga-Hopf algebra. Because of the Hopf relation, it is
possible to define a new algebraic object:

Definition 3.1. Let us define a tensor module associated with H, BC(H),
Bar-Cobar of H, as

{BC(H)}(p,q,n) = (H®p)§>q - Hg,q’

where an element 1s described as a matriz

app - alq
(ai;) = :
apl o . apq
g
and the degree is |(a;j)| = n +p — q where n = Z |aijl-
i=0,j=0

BC(H) is a differential graded module with three differential structures
induced,

p.q
e the tensor differential dy: HP? — HM;  dy = — Z ( 1)P(Zj)di,j;
i=1,j=1
where

( a1 N alq

dij = (=)D an - d(ay) ay

\ apl e apq

P(i.j)= ) laul+({i-1)~(—-1)

k<iU(k=i,1<j)
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p
o the simplicial differential dg: HPY — HP™H,  d = Z(—l)kék, de-

k=0
pending on the product of H:
a1y ce alq
(p1 “e pq

where
sg(k, k+1) = |agria|(|are| + - + argl)
+ arsr2l(lars] + - - + langl) + - + |ars1g-1]larg|
k.q
sgp(k) = Y laj|
j=1,1=1
g+1
e the cosimplicial differential do: H?Y — HPT,  d, = Z(—l)kék, de-
i=0
pending on the coproduct of H:
ayyp - ark-1 A(Ch,k) a1,k+1 - Qg
5/{ _ (_1)sgc(k) . .
apt -1 A(apr) prer o Gy
where
p,k—1
sge(k) =Y lagl-
j=1,1=1

Theorem 3.2. With the above definitions, the morphism
dpo = di + de + (=1)%d, : H2Y — HPY @ HY -0 @ HDOH!
is a differential in the total complex of BC(H).
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Definition 3.3. Given H a connected dga-Hopf algebra, it is possible to
define a new algebraic object BC'H as a differential graded module

BCH)=AoH @ H eH YooY H' @&
i+j=h

with the differentials d;, ds and d. induced in a natural way from BC(H)
to BC(H).

In the rest of the paper, given a dg-module M we will denote by BC' (M)
the tensor module {MP?}, ., with the tensor differential induced on it.

Analogously BC (M) is the differential graded module

BC(M)=AoM ' e(M ' oM H)e-e > M e
i+j=h

with the tensor differential induced.

4 What about A.-Hopf algebras?

We can now formulate our main results related with A..-Hopf algebras. To
start with, we make the following definition.

Definition 4.1. An A-Hopf algebra M is a dg-module with a family of
operations

Bid - My N[
with i, 5 € N, of degree i + j — 3, such that
o The family {h*'} : M®" — M defines an A -algebra on M.
o The family {h'7} : M — M%7 defines an As-coalgebra on M.

o The extension of {h"}; jen to (EE(M),dt) defines a differential on
1t
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If we consider a reduction from H to M, where H is a dga-Hopf algebra
and M is a dg-module, then the information about the A.-algebra struc-
ture induced on M and the information about the A..-coalgebra structure
can be extracted, as well as the operations defining an A..-Hopf algebra
structure.

Proposition 4.2. Given H a Hopf algebra and ¢ : H — M a reduction,
this induces a new one of dg-module

be(c) : {(BC(H), dy), (BC(M), dy), be(f), be(g), be(9) 1,
where the morphisms bef, beg, beg are defined by the formulas

be(f)ipoy, =f ® - ® f;

n times
be(9) 1oy, =9 ® - @ g;

n times

O)\Bo Z1® R1RPRIf Q- Qgf.

k times n—k— 1 times

Theorem 4.3. Given ¢ : H — M a reduction, where H is a simply con-
nected dga-Hopf algebra and M is a dg-module, z’fge\consz’der the reduction
defined in proposition 4.2, be(c) : {(BC(H),d;), (BC(M),d;),be(f), be(g),
bc(p)} together with the perturbation datum d. 4+ (—1)%ds, thanks to the
basic perturbation lemma, it is possible to define a new reduction

be(c) g, (—1ya. {(BC(H), dy + d. + (—1)%d,), (BC(M), d; + doo),
be(f )oos DC(9) oo, DC(D) o0

such that M inherits an As-Hopf algebra structure, i.e.:

e the projection over the elements of EE(M)}k*, gives the As-algebra
of M;

e the projection over the elements of EE(M)il, gives the A -coalgebra
of M;
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e the homotopy operators of higher order of M are operations h' :
M®" — M®I of degree i + j — 3, with i > 1,7 > 1, defined by the
formulas of the BPL.

Indeed, the explicit formulas of A"/ are

W= fo(=1)"o((¢0) (98" )g + f3'(=1) o ((¢0) (68"} 2)g

Vv vV
Permutations Permutations

We obtain automatically the next result

Corollary 4.4. Given H a simply connected dga-Hopf algebra with product
, coproduct A, M a dga-module and ¢ : {H, M, f, g, ¢} a reduction between
them. Then, M inherits an As-Hopf algebra structure.

5

Summary

As we have just seen, if we are interested in the algebraic structure of the

homology of a Hopf algebra, in general, we know that this structure will
not be a Hopf algebra, but yes an A,.-Hopf algebra, that we can determine
with simple methods explicitly, thanks to the perturbation theory.

References

[1] Berciano A. and Real P.: A,-coalgebra structure on the Z,-homology of Eilenberg-
Mac Lane spaces, Proceedings FEACA, 2004.

[2] Brown R.: The twisted Eilenberg-Zilber theorem, Celebrazioni Archimedae del Secolo
XX, Simposio di Topologia, pp. 34-37, 1967.

[3] Gugenheim V. K. A. M., Lambe L. and Stasheff J.: Perturbation theory in Differen-
tial Homological Algebra, II. Illinois J. Math. 35 n. 3, pp. 357-373, 1991.

[4] Huebschmann J. and Kadeishvili T.: Small models for chain algebras. Math. Zeit. v.
207, pp. 245-280, 1991.

[5] Jiménez M.J.: A, —estructuras y perturbacién homolégica, PhD Thesis of Universi-
dad de Sevilla, 2003.

[6] Rubio J. and Sergeraert F.: Constructive algebraic topology, Bull. Sci. Math, 126,

pp. 389-412, 2002.

37



GIFT 2006

38

Saneblidze S. and Umble R.: A.-Hopf algebras, preprint.

Saneblidze S. and Umble R.: The biderivative and A..-bialgebras, Homology, Ho-
motopy and Applications 7 (2), pp. 161-177, 2005.

Saneblidze S. and Umble R.: Diagonals on the permutahedra, multiplihedra and
Associahedra, Homology, Homotopy and Applications, 6 (1), pp. 363-411, 2004.
Stasheft J.D.: Homotopy associativity of H-spaces II, Transactions of A.M.S. 108,
pp- 293-312, 1963.



On integrability of the Euler—Poisson
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Abstract

We consider a special case of the Euler—Poisson system of equations, describing motion of
a rigid body around a fixed point. We find 44 sets of stationary solutions near which the
system is locally integrable. 10 of them are real. We study also number of these complex
stationary solutions in 3-dimensional invariant manifolds of the system. We find that the
number is 4, 2, 1 or 0.

Keywords: resonant normal form, Euler—Poisson equations, local integrability.

1 Local integrability

Now all cases of global integrability of classical ODE systems such as Euler—
Poisson equations are known. So we are looking for cases of local integra-
bility. The first such attempt was made by authors in [1], but it was not
successful [2]. In [2] we also proposed new approach to the problem and
found the first case of the local integrability of the Euler—Poisson equations.
Here we develop the approach and find many new sets of such stationary
solutions of the considered system near which the system is locally inte-
grable.
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Denote ~ & d/dt, X = (x1,...,z,). Autonomous system

i = @i(X),j=1,....n (1.1)

with polynomials ¢;(X) is locally integrable in domain D C C", if in the
domain it has enough number of independent first integrals of the form
a(X)/b(X), where functions a(X) and b(X) are analytic in the domain
D. Certainly, in a neighborhood of a nonstationary point X°, where
P(X% £ 0, ® pd (@1,...,%n), System (1.1) is integrable. So the ques-
tion on integrability has a sense for domains, containing or adjoining a
singularity: a stationary solution or a periodic solution and so on. Thus,
we must study local integrability and local nonintegrability of a given system
near its singularities. The best tool for that is normal form [3, 4, 5].

The paper is organized as follows. In Section 2 we give a short survey
of the normal form theory. In Section 3 we describe the Euler—Poisson
system of equations and select its special case which we consider here. In
the case the system has two pairs of two-parameter families of stationary
solutions (points). In Section 4 we consider the first pair of the families.
In them we select all such points, near which we can guarantee the local
integrability of the system. They form 12 sets, and 6 of them are real.
In Section 5 we consider the second pair of the families and find 32 sets
with the property of local integrability, 4 of them are real. In Section 6 we
consider stationary points contained in a 3-dimensional invariant manifold
and study a number of them with the property of local integrability. We
used the package MATHEMATICA for most complicated computation.

2 Normal form

Below, vectors are lines, and asterisk * means transposition. Let X? = 0
be a stationary solution of System (1.1), i.e. ®(0) = 0:

X* = AX* + d*(X). (2.1)
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Let the linear transformation
X*= BY* (2.2)

bring the matrix A to the Jordan form J = B~'AB and (2.1) to

Vi=JY @ (V). (2.3)

Let the formal change of coordinates

Y =2+Z=(2), (2.4)
where = = (&1,...,&,) and &;(Z) are formal power series, transform (2.3)
in the system _
Zr=JZ"+ V" (2). (2.5)
We write it in the form
2= 2;gi(Z) = zjz gioZ% over QEN;, j=1,...,n, (2.6)

where Q = (q1, ..., qn), Z9 = 2 ... 2,
N,={Q: QeZ", Q+FE;>0},j=1,...,n,
E; means the unit vector. Denote
N=NU...UN,. (2.7)

The diagonal A = (Aq, ..., A,) of J consists of eigenvalues of the matrix A.
System (2.5), (2.6) is called the resonant normal form if:
a) J is the Jordan matrix,
b) in writing (2.6), there are only the resonant terms, for which the

scalar product

(QA) S g+ .+ g, =0 (2.8)
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Theorem 1. There exists a formal change (2.4) reducing (2.3) to its
normal form (2.5), (2.6).

Let k be the number of linearly independent solutions € N to Eq.
(2.8), it is called the multiplicity of resonance. Integration of the normal
form (2.6) is reduced to solving a system of order k respectively k resonant
variables.

Property 1. If System (2.3) has the linear automorphism ¢ = §t, Y* =
SY*, then its normal form (2.6) has the same automorphism ¢ = 0t, Z* =
SZ*.

In [3] there are conditions on the normal form (2.6), which guarantee
the convergence of the normalizing transformation (2.4).

Condition A. In the normal form (2.6)

where a(Z) and B(Z) are some power series.
Let

wr, =min (Q,A)| over Q €N, (Q,A) #0, > ¢ <2 k=1,2,...
j=1
Condition w (on small divisors). The series

Z 2 % log wy, > —o0,
k=1

1.e. 1t converges.

It is fulfilled for almost all vectors A.

Theorem 2. If vector A satisfies Condition w and the normal form (2.6)
satisfies Condition A then the normalizing transformation (2.4) converges.
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3 The Euler—Poisson equations

Motions of a rigid body around a fixed point is described by the system of
six Euler-Poisson equations [6]

Ap+ (C — B)gr = Mg(z0y2 — Yo773),
B+ (A—C)pr = Mg(zyys — zom), (3.1)
Cr + (B — A)pg = Mg(yon — To72),

=T =gy, 2 =DpYs— T, Y3 = — D2, (3.2)

where A, B,C, M, g, x¢, yo, 29 are real constants and A, B, C' are positive
and satisfy the triangle inequalities. System (3.1), (3.2) has 3 first integrals

h Ap> + B + Cr2 + 2Mg(wov1 + Yoz + 2073) = const,

g = Apy1 + Bqys + Cryz = const, (3.3)
iR+ =1

We consider the Euler—Poisson system (3.1), (3.2) in the case
A=B=1, C=c¢, Mgry= -1, yo=20=0.
Then System (3.1) becomes
p=(1—=c)qr, ¢=(c—1)pr—rs, 7=ny/c (3.4)
System (3.4), (3.2) has the linear automorphism

tapv q,7,71,72,73 — _tapa —q,7, Y1, —72,73- (35>

The unique parameter ¢ € (0, 2]. System (3.5), (3.2) has three first integrals

h déf p2 T q2 + CT2 _ 2/‘)/1 = COHSt,

f

g « pPY1 + QY2 + crys = const, (3.6)
def

LEvd+7+43=1
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and it is integrable in quadratures if it has one additional first integral,
which is known in two cases: ¢ = 1 (case of Lagrange) and ¢ = 1/2 (case
of S. Kovalevskaya). System (3.4), (3.2) is not integrable globally for other
values ¢ [7].

Theorem 3. System (3.4), (3.2) has two pairs of two-parameter families
of stationary solutions:

So:p = p€C,qg=0,r=0,7m=0,7%=0,73=0, c==x1; (3.7)

To:p = p€Ca=0rn=ryl-(c-i/(c=1p). 5
e = (e=1)pf, 2=0, v =71 = (c— 1)}, 7= %1 '
and all its stationary solutions belong to these families.
Families S, exist for any py € C. Families T, exist for ¢ # 1 and p; # 0.
Intersections of the families are
S.NS_ =g,
T.NT_=S,NT,:py=p;, ¢q=0, r=0, (3.9)
n=(c—1pi=0==%1, 9 =0,13=0.

Families S, are real if py € R. Families T, are real if p;, € R and
(c—1)pi < 1.

4 Families S,

First we will consider families S,. In a neighborhood of each stationary
point (3.7) we introduce local coordinates

P:p_p07 q,T, F:r)/l_o—af)@)ﬁ}/& (41>
In them System (3.4), (3.2) takes the form
P=(1-c)yqr,
g=(c—Dpogr —v3+ (¢ —1)Pr,
r=/e (4.2)
I'=rvy —q7s,

Yo = —or + poy3 + Pyz —rl,
Y3 = 0q — poy2 + ql' — Pys.

44



On integrability of the Euler—Poisson equations

If coordinates (4.1) are denoted as X = (xy, ..., xg):
t1=P, xo=¢q, z3=r, za=1, x5=", T5="1s3, (4.3)
then (4.2) is System (2.1): X* = AX* 4+ ®*(X) with n = 6, where
( 00 0 0O 0 0 \
—1

00 (c=1)pp 0 0
00 0 0 1/c 0
A= 00 0 0O 0 O (44)
00 —0 0 0 po
\0oc 0 0 —p 0 )
Characteristic equation for matrix A is
A aXt + b2 =0, (4.5)
where
a=(opj+1+1/c)o, b=1/c+op;(1/c—1). (4.6)
Eq. (4.5) has two zero roots and twin roots
M=X=0, A3=—\g, A5 =—NX. (4.7)

Let S, be the part of the family S, with pj € R. Evidently S, O ReS,.
Below we will consider subfamilies S, only. The dependence of eigenvalues
A3, A1, A5, A\¢ from two real parameters

c e (0,2], y & ops € R (4.7

is represented in Fig. 1. Three curves
Ci={(cy +c—1)?+4c*y =0} = {a* — 4b = 0},

CoyUCs={y(c—1) =1} ={b=0}

divide the strip (4.7") into five sets Dy, Do, D3, Dy, D5s. Curve C; touches
the curve Cj in the point

(co,50) = (VB —1)/2, —(V5 + 3)/2) = (0.618, —2.618).
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In the set D; eigenvalues A3, s, A5, \g are complex: Ay = —\3, A5 = s,
A¢ = —A3; in sets Dy and D3 two of them are real and another two are
pure imaginary, in D4 they are pure imaginary, in D5 they are real.

Y, G+ _ C2
1c | . -
D4 D2
5 :
o 0.5 1 1.5 e
- G- - 3
. bg\;‘:;;g&\ D1
\\\ti\.\\ -
5 \ \\\\\\\\ e - Ca
Ds - Ds

Figure 1: Sets of S, families.

Accordingly (3.5) and (4.1), System (4.2) has the automorphism
t,Poq,r. Iy, v = —t, P, —q, 7, T, =72, 73
or accordingly (4.3)
t,x1,Ta, T3, Ty, Ts, Tg — —t, Ty, —To, T3, Ty, —Ts5, Tg. (4.8)
Let the linear transformation
X*=BY"

brings the matrix (4.4) to the diagonal form in sets D;—Djs. Then it brings
the automorphism (4.8) to the form

Y1, Y2, U3, Yas Uss Y6 — —t, Y1, Y2, Y, U3, Y6, Us- (4.9)
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Theorem 4. In sets Dy, Do, D3 the normalizing transformation of Sys-
tem (4.2) converges.
Indeed, in these sets the ratio A3/ A5 is not a real number. So the equation

<A7Q> =0

with vector A = (0,0, A3, Ay, A5, A¢) has only such real solutions @@ =
(q1,...,q6), where qq,qo are arbitrary; g3 = q4, ¢5 = ¢s. Hence, in the
normal form

series g;(Z) depend only on

def def
2, %, PL = 2374, P2 = 257 (4.11)
which here are resonant variables. According to Property 1, the normal
form (4.10) has the automorphism (4.9) where y; are replaced by z;. For
the resonant variables (4.11) it gives the automorphism

t; 21y 22, P1, P2 — _t7 21, 22, P1, P2- (412)

Hence, in the normal form (4.10)

G =0=0, gg=—g3, g6 = —9s. (4.13)

It is not difficult to show that the normal form (4.10), (4.13) satisfies
Condition A. Here Condition w is also satisfied, because ratio A3/\5 is not
a real number. According to Theorem 2, the normalizing transformation
converges.

For resonant variables z1, 29, p1, p2, the normal form (4.10), (4.13) gives
equations Z; = 0, p; = 0, j = 1,2. Hence, the normal form (4.10), (4.13)
has four independent first integrals

z1 = const, zy = const, p; = const, py = const. (4.14)

As the normalizing transformation is analytic and invertible, then near
sets D1, Do, D3 System (4.2) has 4 local first integrals. Hence, it is locally
integrable near these sets.
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For fixed value y = op?, parameters o and py have 4 variants of different
sets of signs. So in two subfamilies gg, sets Dy, Do, D3 give 12 different
complex sets of the local integrability. If value py = 4,/yo is real, then
System (4.2) is real as well, and its normal form is real in appropriate
coordinates, and 4 first integrals (4.14) are real. If o = 41, value py = +,/y
is real for y > 0, i.e. the set Dy is real. If 0 = —1, value py = £/—vy is
real for y < 0, i.e. the sets Dy and D3 are real. Alltogether we have 6 real
sets of the local integrability.

5 Families T,

Now we will consider families T;. In a neighborhood of each stationary
point (3.8) we introduce local coordinates

P=p—p, ¢, R=r—r, I'=9—717A4="7—7: (5.1)
In them System (3.4), (3.2) takes the form
P=(1-c)rq+(1-c)qP,
¢=(c—1)(pR+rP)—A+(c—1)PR,
R =/,
. 5.2
I'=reyo — qyse + Ry — ¢4, (52
Yo = A + Pvys — (1l + Ry) + PA — RT,
A =gyt —pry2 +ql' = Py
If coordinates (5.1) are denoted as X = (x1, ..., xg):
r1=P, 10o=q, x3=R, x4=T, x5 =", 6= A, (5.3)
then (5.2) is System (2.1): X* = AX* + &*(X) with n = 6, where
[0 1-9n 0 000
(c—1)ry 0 (c—=Dp: 0 0 -—
B 0 0 0 0 1/c 0
A= 0 —Y3t 0 0 Tt 0 (54)
Y3t 0 — 1t - 0 p
\ 0 V1t 0 0 —pr O
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Characteristic equation for matrix A is
A adt + b2 =0, (5.5)
where

e 1)1 2 —2)p?
cld_fc—l a—<1+ ) _ala=2p )pt,

pt 1+Cl

5.6
1 3 361pt (5.6)
cip; 1+¢ 1 +c
Eq. (5.5) has two zero roots and twin roots
M =X=0, A\3=—-X\, A5 =—)N. (5.7)

Let TT be the part of the family TI with pf € R. Evidently TT O ReT..
Below we will consider subfamilies T'; only. The dependence of eigenvalues
A3, A1, A5, A\¢ from two real parameters

co=c—1¢c(-1,1], V =¢clp; >0, (5.8)

i.e. p7 € R\ {0}, is represented in Fig. 2. Four curves

Bi={V =1}
By = {V =— Cl; YA {V >0l

E3 U E4 = {(Cl — 1)2(01 + 1)4 - 261(01 — 1)(01 + 1)(2 + 401"‘
+3 + )V + A4+ 12¢; + 8¢ + V2 =0} n{V > 0}

divide the halfstrip (5.8) into 8 sets F1—Fg. Here Ey U Ey = {b = 0} N
{V > 0} and E35UE; = {a®> —4b = 0} N {V > 0}. Curves E-E,
were drown by solid lines because they divide the halfstrip into sets Fj—
F5. Their vertical asymptotes are given by point lines; they have ¢; =
0,—0.5188...,—0.8225. .. which are roots of the polynomial coefficient for
V2 in (5.8). Curves E; and Es intersect in the point ¢; = —1/4, V = 1.

(5.8)
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Fs Fs
ek
E1
Ea Fs :
0.5 1Cy
Figure 2: Sets of T, families.
Curves F3 and FEj intersect in the point ¢; = —0.5, V = 3, because solution

of Equation (5.8) is

Ver(44+12c;+ 83+ cf) = (3 —1)(2+4cp + 3 + )+
+2(c? — 1)(1 + 2¢1)y/—cx1.

Curve Fj touches the straight line £y = {V = 1} in the point with
¢ = (V5 —3)/2 = —0.3819.... Subfamilies T, intersect subfamilies S,
along the line F; in Fig. 2 and along curves C5 and C5 in Fig. 1; and
o = sgnc; according to (3.9). The point (¢ — 1,V) = ((v/5 — 3)/2,1)
corresponds to the point (¢, y) = (co,y0) = (V5 — 1)/2, (v/5 + 3)/2).

In the sets F} and F5 eigenvalues A3, Ay, A5, A\¢ are complex: Ay = —\g,
A5 = A3, A\g = —A\s3; in sets Fy and Fy two of them are real and another two
are pure imaginary.

Accordingly (3.5) and (5.1), System (5.2) has the automorphism

t,P g R I, v, A — —t,P,—q,R, T, —v, A. (5.9)

In coordinates (5.3) it is the automorphism (4.8). Let the linear transfor-

mation
X" = BY"

50



On integrability of the Euler—Poisson equations

brings the matrix (5.4) to the diagonal form in sets Fi—Fg. Then it brings
the automorphism (4.8) to the form

t; Y1, Y2,Y3, Y4, Y5, Y — _t7 Y1, Y2, Y4, Y3, Y6, Ys- (510)

Theorem 5. In sets Fi—F, the normalizing transformation of System
(5.2) converges.
Indeed, in these sets the ratio A3/ A5 is not a real number. So the equation

A, Q) =0

with vector A = (0,0, A3, Ay, A5, A\g) has only such real solutions @ =
(q1,.-.,q6), where qq,qo are arbitrary; g3 = q4, ¢5 = ¢s. Hence, in the
normal form
5 =20:(2), j=1,...,6 (5.11)
series g;(Z) depend only on
21, 29, pP1 o 2324, P2 o 2526, (5.12)

which here are resonant variables. According to Property 1, the normal
form (5.11) has the automorphism (5.10) where y; are replaced by z;. For
the resonant variables (5.12) it gives the automorphism

t? 21y, 22, P15, P2 — _t7 21y, 22, P15, P2- (513)

Hence, in the normal form (5.11)

71=9=0, g4=—93, g6 = —s. (5.14)

It is not difficult to show that the normal form (5.11), (5.14) satisfies
Condition A. Here Condition w is also satisfied, because ratio A3/)\5 is not
a real number. According to Theorem 2, the normalizing transformation
converges.

For resonant variables z1, 29, p1, p2, the normal form (5.11), (5.14) gives
equations Z; = 0, p; = 0, j = 1,2. Hence, the normal form (5.11), (5.14)
has four independent first integrals

21 = const, 29 = const, p; = const, po = const. (5.15)
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As the normalizing transformation is analytic and invertible, then near sets
Fy, F5, F3, Fy System (5.2) has 4 local first integrals. Hence, it is locally
integrable near these sets.

For fixed values c1,V from the halfstrip (5.8), parameter 7 = +1 and
parameter p; = v/V/c} and they have alltogether 8 different pairs of values.
So, in two subfamilies T, sets Fi—F) give 32 different complex sets of
the local integrability for 7 = +1 and real V' > 0. If the point (3.8) is
real, then V' < 1 and System (5.2) is real as well, and its normal form is
real in appropriate coordinates, and 4 first integrals (5.15) are real. Real
parameters 7 = +1 and p; = +|p;| have 4 variants of different sets of signs.
Alltogether we have 4 real copies of the set [} of the local integrability.

6 Stationary points in invariant manifolds

Here we consider the question: How many locally integrable stationary
pomts from subfamilies S, and T, can be in one real invariant manifold
= {h = const, g = const} (see (3.6))? According to (3.7), on families

SU integrals are
h=pi—20, g=opp. (6.1)

Hence,

o=1(9"=h)/2, po=0g=g(g"—h)/2 (6.2)
So, values ¢ and p, are uniquely determined by a pair (h, g), i.e. each pair
of values (h, g), connected by h = ¢g? — 20, corresponds to only one point
from subfamilies S,. Thus, one manifold M contains no more than one
point from S,.

On families T, integrals (3.7) are
1+ C1 1+ C1 2 3

h=——— —3cip?, ¢g= cip;. 6.3
st~ dant, 9=l (63)

Resolving that system with respect to p;, we obtain

h%ger +12g(1 + ¢))
c1[h3c; +18¢2 — 4h(1 + ¢1)]

bt = (6-4>
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Hence, a pair (h,g) with ¢ # 0 determines the value p; uniquely. And
T = =41 is arbitrary. So, the pair (h,g) corresponds to two points in
subfamilies T,: one in T+ and another in T_, both with the same p,.

If g =0, then from (6.3)

1
S (6.5)
C1 C1

v

As V > 0 then here ¢; > 0,

1 1
vvzqﬁ:,/iq>OMMh:—m/iq (6.6)
1 1

1 1+¢
pr = £ C_l o (6.7)

and

So, the pair (h,g = 0) with h = —2,/(1 + ¢1)/c; corresponds to 4 points
in subfamilies T,
pr==Elp|, 7==%L

We denote the curve (6.5) as K. It is shown in Fig. 2. It belongs to the
set Fy. Corresponding manifolds M have four locally integrable stationary
points. Accordingly (6.1), on families S, we have h = —2¢ for g = 0. So if
subfamily of solutions (6.6) intersects families S, than /(14 ¢1)/c; = o,
i.e. 1+ ¢y = ¢p. But it is impossible. Hence, the subfamily (6.6) (which is
denoted as K') does not intersect families S, and all its stationary points
are from T, and are locally integrable.

Now let us consider possibility that a manifold M has one locally inte-
grable point from subfamilies S, and two such points from subfamilies T'.
For that we consider the system of four equations (6.1), (6.3). Excluding
h and ¢ from it, we obtain a system of two equations

1+c
2 2
Py — 20 = ——— — 3c1p;, Opy =
0 cAp? ' C1pt

14+¢
LA (6.8)
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Excluding py from the system, we obtain equation h = ¢> — 20

FY 14— 20u+ (1—20)V + V2 =0, (6.9)

where u = ¢;p? = vV, i.e. w is real for V > 0. It has the four order with
respect to u and

f=(u—o0)(ciu®+20ciu+c +1).
So Equation f = 0 has roots

u=oc (ie.V=1), (6.10)

1 20
eV =1-—— . 6.11
( C1 + \/—Cl> ( )

The line (6.10) does not intersect sets F; (it belongs to their boundary).

Real solutions (6.11) exist only for ¢; < 0. As u = ¢;p?, then p? > 0 for
real p; and u < 0. Hence, real solutions have the sign minus only, i.e. they
are

u=—0 =t

2 1
- (6.12)

—C C1

1
(7 7)
In Fig. 2 curves (6.12) are given by dash lines with labels H,, i.e. H, for
o =41 and H_ for 0 = —1. The curve H, intersects the set F} in the
interval

¢ € (—0.7304...,—0.5097 .. ). (6.13)

It intersects also sets F5 and Fy. The curve H_ intersects the set F5 in the
interval
c1 € (—0.1624 ..., —0.04267. . .). (6.14)

It intersects also sets Fg, Fr and Fg. Substituting solutions (6.12) into the
first equation (6.8), after some simplifications, we obtain

1
2
=40+ )
Py ( /—_Cl>
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Hence,
def

y = opi=14 (1 + \/i_cl> . (6.15)

Curves (6.15) are denoted as G, and are given at Fig. 1 by dash lines. The
curve G_ intersects the set D in the interval

¢ € (0.5327...,0.6637...). (6.16)

It also intersects sets D, and Ds. It touches the curve C5 in the point
(c,y) = (3/4,—4). Interval (6.16) corresponds to the interval

1 € (—0.4632...,-0.3362. . ). (6.17)

Intervals (6.14) and (6.17) do not intersect. Hence, the invariant manifold
M, containing locally integrable points from both subfamilies S, and T,
is absent. But manifolds M, containing only integrable points exist: they
have either one point from sets D;—D3 that does not belong to the inter-
section G_ N Dy; either two points from sets F1—F} which do not belong to
the subfamily K, to intersections H, N F} and H_ N F5; or 4 points from
the subfamily K. Real manifolds M contain either 2 real points from Fj
either one real point from D;—Ds3 or no real point with property of local
integrability.

7  Summary

The considered particular case of the Euler—Poisson system of equations
has 44 sets of such complex stationary solutions near which the system
is locally integrable. Among them 10 sets are real. Complex invariant
manifold with fixed values of integrals of energy and momentum can have
4, 2, 1 or 0 stationary solutions near which the system is locally integrable,
but the real manifold can have 2, 1 or 0 real solutions.
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Reducibility and Galois groupoid'

Extended abstract

Guy Casale

IRMAR, Université de Rennes 1
Campus de Beaulieu 35042 Rennes cedex, France
guy.casale@univ-rennesl.fr

In this talk two problems of reducibility /irreduciblitity of ordinary dif-
ferential equations will be presented from a ‘galoisian’ point of view. The
problem is to determine when an ordinary differential equation can be
solved by means of classical functions as defined by H. Umemura in [7].

Definition 0.1 (Painlevé, Umemura [7]) The field of classical functions
over C(z) is a differential field which is the union of all the differential fields
obtained by a tower of strongly normal extensions and algebraic extensions.
Strongly normal extensions are :

e cxtensions by the entries of a fondamental solution of a linear ODE,

e catensions by an abelian function with classical functions as arqu-
ments.

A common belief is that an answer to this kind of question should be given
by a general nonlinear differential Galois theory. In [8, 4], general defini-
tions of what should be a nonlinear Galois group (or groupoid) are given.
Because of its geometric flavour we will focus on the Malgrange’s Galois
groupoid and use it to solve the two following problems.

I This work was done when the author was invited participant of the PEM program of the Newton
Institute, Cambridge, UK. The author is partially supported by the ANR project no. JC05 41465 and
by GIFT NEST-Adventure Project no. 5006.
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Irreducibility of P;: prove that no solution of the first Painlevé equation
y" = 6y®> + x is a classical function.

Reducibility of PFs: explain why the Picard-Painlevé sixth equation

p 3 =2yl -1+ 1 11y, y(y — 1)
EETUE RS ”( ! x>“2x<x—1><y—x>

r—y l—=x
can be solved by a formula though most of its solutions are non classical.
The formula to solve PPy looks pretty classical :

y = plaw(z) + bwe(r); wi(z), wa(r))

with @ and b two constants and w » two periods of 22 = y(y — 1)(y — z).

1 The Galois groupoid of a vector field in C3

Let X be a vector field in C?. In general it is not complete and its flows
are only defined on open sets small enough. All the dynamic of this vector
field is contained in the pseudogroup of transformations of C? generated
by these local flows. By keeping only the germs of diffeomorphisms from
this pseudogroup one gets a groupoid, T'anX, acting on C3.

The Galois groupoid of X is the Zariski closure of TanX for a (nearly)
obvious embedding of T'anX in a infinite dimensional algebraic variety.
This variety is the space J* of formal diffecomorphisms of C* with its
groupoid structure and its projections on the spaces J; of order g jets of dif-
feomorphisms. The ring O« of this variety is the commutative differential
ring of nonlinear partial differential equations on germs of diffeomorphisms.
The embedding is the Taylor expansion of elements of T'an X .

Definition 1.1 (Malgrange [4]) The Galois groupoid of X is defined by the
ideal of Oy« of all the PDEs satisfied by the flows of X.

Using Lie-Cartan local classification of pseudogroups acting on C? [1], one
has the following proposition.
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Proposition 1.2 (/2]) If X is divergence free and v is the closed 2-form
vanishing on X then one of the following situations occurs:

e Gal(X) is imprimitive: there exists an algebraic 1-form 6 s.t. 6 Adf =
0 and 6(X) =0,

e Gal(X) is transversally affine: there exists two algebraic 1-forms 6y,

02 vanishing on X and a traceless matriz of 1-forms (9{), 1,7 =1 or
2, s.t. df; =07 \N0; and db! = 65 N6,

e the only transversal equations of Gal(X) are those of the invariance
of 7.

2 Irreducibility of P,

The discussion about the irreducibility to classical functions of the solutions
of the first Painlevé equation depends on the transcendance degree of the
differential field generated by these solutions over C(z).

This is a classical result of Painlevé that such a solution cannot be al-
gebraic, and by the Kolchin-Kovacic lemma its transcendance degree must
be two. Such a solution gives an inclusion of the field C(z,y,y’) in a field
C(x, hiy ... ky,...). Let’s take C* and CV as model for these fields and let
m be the dominate projection induced by the inclusion. The differential
structure of the first field is given by the vector field

9,0 ) 0
Xl—%—kyay—k(Gy -l—x)ay/

and because of its special construction the vector field on the second has
the following shape

_ 0 J 0 q 0
Xe=—o-+ Zai(x)hjahi + pr(x,h)kqakp ...

The projection of X, by 7 gives X;. The main tool to prove that this
projection cannot exist is the following theorem.
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Theorem 2.1 The only transversal equations of Gal(X;) are those of the
invartance of 7.

Computations on the structural equation of the Galois groupoid of X, show
that

e a quotient of Gal(X,) is included in Gal(X7).
e such a quotient must be strictly smaller than Gal(X}).

On an other side, this quotient must contain T'an X7, this yields a contra-
diction.

3 Reducibility of PF;

This equation is also divergence free but in this case one has the following
theorem. Let Xpp be the vector field of this equation on C3.

Theorem 3.1 Gal(Xpp) is transversally affine.

To prove this we construct two first integrals in a Picard-Vessiot extension

of the differential field (C (x,9,9'); %, 8%’ a%,) following P. Painlevé [5].

If y(x) is a solution of PPy the integral foy(x) W is a period of
2> = y(y — 1)(y — z). By pulling-back linear first integral of the linear
order two equation of the periods (Picard-Fuchs) one gets:

1
x—1)

for each solution of v” + (# + (Ifl)g —- ) v = 0, the function

y/v\/ x(r—1)
y _

(y—1(y—=)
vf \/y@x—(ﬁ)_(yl)— 7) { [5 (l A ) ) ] W “2x<yy£1x_><§:)— 1)‘“}

is a first integral of Xpp. The theorem follows easily.

The Galois groupoid shows that this equation is special even if its non
algebraic solutions are non classical. In fact the first integrals are classical
functions of three variables.
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Abstract

In this work, we obtain some results a [’Abel dealing with noncommutative generating
series of polylogarithms and multiple harmonic sums, by using techniques a la Hopf. In
particular, this enables to explicit generalized Euler constants associated to divergent
polyzétas and to extract the constant part of (commutative and noncommutative) gener-
ating series of all polyzétas.

Keywords: asymptotic expansion, generating series, multiple harmonic sums, polylog-
arithms, polyzétas

1 Introduction

Let us consider the alphabet Y = {y;}ien,. To each word w = ys, ... ys,
of the monoid Y*, we associate the multiple harmonic sum H,,(N) and the
polylogarithm Li,,(2)

ni

1 , z
Hy(N)= > 5w Liw(2) = > e (1)

N>ng>..>n,>0 L °°° ny>..>n,>0 L T

For 0 < N < r,H,(N) = 0 and for the empty word e, we put H.(N) = 1, for
any N > 0. For w € Y*\ y1Y*, the limits lim,_,; Li,(2) and limy_, o, Hy, (V)
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exist and, by an Abel theorem, are equal to the convergent polyzéta ((w)
= Y o st ()
nt...ng
ny>...>n.>0

In other cases, i.e. for w = ysw’, the associated polylogarithm Li, and
polyzéta ((w) can be considered respectively as a polylogarithmic gener-
ating series and as Dirichlet series

with py = Hy/(N — 1). Both series can be obtained from the following
generating series

Pu(z) = S Hu(N)2Y = 3 pvers, (4)

respectively by the polylogarithmic transform and by the Mellin trans-
form [1]

Liy . (2) = /OOO Pw/IS(ZSe)_U) ucfl_: and Q(ysw/> = /OOO PU)I:((E;U) ucfl_: (5)

The generating series P,y can also be expressed using the polylogarithm :
P (2) = (1 — 2) ' Liw(2). (6)

The knowledge of the singular expansion of P, in the scale {(1 —
2)%1og”(1 — 2)}aczpen enables then to get, on the first hand the asymp-
totic behaviour, as N — oo, of its Taylor coefficients H,/(NN) in the
scale {N®log” N}aez gen. Then, to deduce the behaviour of H,(N), since
H,(N) = S, Hy(i — 1)/i*. This gives on the other hand, through a
tauberian theorem, the singular expansion of Dirichlet series ((ysw’) con-
sidered then as a function of the complex variable s.
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Both studies lead to apply another Abel theorem dealing with Dirichlet
series [2]. Indeed, let us consider the partial sum Sy of coefficients of the
ordinary generating series P,/ (z2),

N N
SN = Zpi+1 = Z Ho (7). (7)

If Sy admits a singular expansion of the following type

k
Sy = _ B;N%log" N + O(N”), (8)

j=1

where, for all j = 1,..,k, B; is an arbitrary complex number, o, ; are
arbitrary integers, and (3 is an integer such that § > oy, then the Dirichlet
series (ysw') is convergent for s > 1 and even regular except in oy, ..., 0%
which are its logarithmic singularities.

In order to adapt automatically these Abel techniques to polylogarithms
{Liy }wey+ and to multiple harmonic sums {H, },cy+, we consider the non-
commutative generating series

A(z) = ) Liy(z) w and H(N)= > Hy(N) w. (9)

weyY* weY*

Through algebraic combinatoric [3] and elements of topology of formal
series in noncommutative variables [4], we show in Section 2.2 the existence
of formal series over Y, Z; and Z5 in non commutative variables with
constant coefficients, such that

1
lirr% exp [yl log 1 ]A(z) = 7 and (10)

Y’
Jim exp {Z Hyk(N)( Zl) ]H(N) — 7.
k>1

Moreover, we have Z; = Z5, both standing for the noncommutative gener-
ating series of all convergent polyzétas {{(w)}yey=\y,v+, (as shown by the
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factorized form). This enables, in particular, to explicit generalized Euler
constants associated to divergent polyzétas {((w)}yey, v+ and to extract
the constant part of generating series (commutative and noncommutative)
of all polyzétas.

Techniques presented in this paper can be applied to other fields, like
polysystems occuring in physical problems, and enable to make the cal-
culations easier. To illustrate this, we present in appendix some results
to compute, thanks to such techniques, the solution of a linear differential
system, with three singularities, that can be supposed to be {0, 1, 00}, after
an homographic transformation.

2 Polylogarithm and harmonic sum

2.1 Algebraic properties
2.1.1  Symmetric functions and harmonic sums

Let {ti}ien, be an infinite set of variables. The elementary symmetric
functions A\, and the sums of powers ¢, are defined by

M) = Yty ..ty and gy(t) = th (11)

ny>...>nE>0 n>0

They are respectively coefficients of the following generating functions

Atlz) =Y M)z = J[(1+ti2) and (12)

k>0 i>1
_ l;
v(tl) =D v =)
k>0 i>1 ¢

These generating functions satisfy a Newton identity

d/dzlog A(t|z) = ¢(t] — 2). (13)
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The fundamental theorem from symmetric functions theory asserts
that the {\;}r>0 are linearly independent, and remarkable identities give
(putting \g = 1) :

e = (-1F ) (Slk%)(—%)(—%) (14)

E T 5. >0
sl+...+ksk:k
Let w = ys, ...ys, € Y*. The quasi-symmetric function F,, of depth
r = |w| and of degree (or weight) s; + ...+ s,, is defined by

Futy= Yt ..t (15)

n1>...>n, >0

In particular, Fy = A and F,, = 1. As a consequence, the functions
{F,s }r>0 are linearly independent and integrating differential equation (13)
shows that functions Fr and F,, are linked by the formula

> Fpat =exp [— > Fyk%l . (16)

k>0 k>1

Remarkable identity (14) can be then seen as :

AL (31 g )%mw% (17)

ey S
87500 s >0 ) ) Ok

51+ Fksy=k
Every H,,(N) can be obtained by specializing variables {t;} n>i>1 at t; =
1/i and, for i > N,t; = 0 in the quasi-symmetric function F,, [5]. In
the same way, when w € Y™ \ y;Y*, the convergent polyzéta ((w) can
be obtained by specializing variables {¢;},>1 at t;, = 1/i in F,, [5]. The
notation F}, is extended by linearity to all polynomials over Y.
If u (resp. v) is a word in Y, of length r and of weight p (resp. of length

s and of weight ¢), Fy ., is a quasi-symmetric function of depth r + s and
of weight p + ¢, and we have F, ., = F, F,.
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In consequence, H, .,, = Hy Hy [5]. In the same way, when u,v € Y*\y; Y™,
we also have ((uwv) = ((u) ((v) [5].
Let us consider the noncommutative generating series H(N) of

{Hu(N) fwey- [14],

=N
HNV) = Y H,N) w=]] (1 +3° ?—) (18)

weyY * 1 >0

since it verifies the difference equation

H(N) = (1 +y° %)H(N — 1), with H(0)=1. (19)

1>0
2.1.2  Polylogarithms and polyzétas

Let us denote by C the algebra C[z,1/z,1/(1 — 2)] of polynomial functions
in z,1/z and 1/(1 — z). We define two differential forms wy(z) = dz/z and
wi(z) =dz/(1 - 2).

Let w = 2§ 'y ... 20 'z; € X*z;. One can check that the polyloga-
rithm Li, is also the value of the iterated integral over wy,w; and along
the integration path 0 ~» z :

Li, = / wgl_lwl .. .w(S)T_lwl. (20)
O~z

This provides an analytic continuation of the Li, over the universal cov-

ering C — {0, 1} of C without points 0 and 1. We extend the definition of
polylogarithms over X* putting

Lig(2) = log" z/k!, for k€ N. (21)

Let Ll = (C{Liy}wex+,.) be the smallest C-algebra containing C and
stable by differentiation and integration over wg,w;. It can be identified
with the C-module generated by polylogarithms. Thus, the polylogarithms
are C-linearly independent [6]. Hence, (C{Liy }wex+, .) is identified with the
polynomial algebra (C{P;}iccynx,-) [6].

68



Some results a [’Abel obtained by use of techniques a la Hopf

The noncommutative generating series L(z) = > . Liy(2) w satisfies
Drinfel’d differential equation [7, §]

dL = (zowo + z1w1)L, with the condition (22)
L() = e™'8¢ 1 O(y/€) for e — 0.

This enables to prove that L is the exponential of a Lie series [6]. So,
applying a Ree theorem, it verifies Friedrichs criterion [6], i..e Liy,, , =
Li, Li, for u,v € X*. In particular, when u,v € 2o X*x{, we also have
C(uwv) = ((u) ¢(v). From the factorization of monoid by Lyndon words,

we obtain the factorization of the series L [6] :

N

L(Z) — 1 log = |: H eLiSl(z)[l]] %o logz. (23)

ZEEyTLX\{IQ,Il}
For all [ € LynX \ {xg, x1}, we have S; € xoX*z1. So, let us put [6]

N
L= ] € and Z =Li(1). (24)
leLynX\{xo,z1}

Let o be the monoid endomorphism verifying o(xg) = —x1,0(x1) = —xy,
we also get [9]

L(z) = 0[L(1 — 2)]Z = ™18 g Ly (1 — 2)]e 1 181=2) 7. (25)

In consequence, from (23) and (25), we get respectively

L(z) ~; exp(xglogz) and L(z) ~7 exp (xl log )Z. (26)

i 11—z
Let my : LIo(X >> — LIc(Y)) a projector s.t., for f € Llp,w €

X* my (f wxo) = (0. Then

A(z) = myL(2) ~ exp (y1 log = ! Z)?TyZ. (27)
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Definition 1 ([1]). Let ¢, : (C{X)),w) — (C,.) be the algebra morphism
(i.e. for u,v € X* (,(vwv) = (,,(u),(v)) verifying for all convergent
word w € xoX*x1,(,, (w) = ((w), and such that (, (z¢) = (., (1) = 0.

Then, the noncommutative generating series Z,,, = > _x. (. (w) w
verifies Z,, = Z [1]. In consequence, Z,, is the unique Lie exponential
verifying (Z,,,|zo) = (Z.,|r1) = 0 and (Z,,, |w) = ((w), for any w € xo X x;.
Its logarithm is given by log Z,,, = ), < x- (. (w) mi(w), where 71 (w) is the
Lie polynomial [3]

1 (w) :Z(_lk) _ Z (w|uy -~ wug) uy - - - U (28)

k>1 ug,ur€X*\{e}

The series Z shall be understood then as Drinfel’d associator ®x, [7, 8]
verifying duality, pentagonal and hexagonal relations. We also can obtain
the expression of this associator given by Lé and Murakami [11] thanks to
the following expansion [10]

k
Z = Z Z Co(zpal oozl H audlxi0 xy, (29)
k>0 1y x>0 i=1
where ad), 21 stands for the iterated Lie bracket [z, [. . ., [o, z1] .. ], for | >

0 and ad) z1 = 21, the operation o being defined as z1z}ho P = x1(z}w P),
for any P € C(X).

2.1.8 Ordinary generating series of harmonic sums

The functions {Li,}wex+ are C-linearly independent. Thus, the func-
tions {Py, } ey~ are also C-linearly independent. In consequence, functions
{Hy }wey+ are also C-linearly independent [13, 12]. So,

Proposition 1 ([14]). Eztended by linearity, the application P : u— Py, is
an isomorphism from polynomial algebra (C{Y), w ) over Hadamard alge-
bra (C{Py }wey+, ®). Moreover, the application H : v — H, = {H,(N)} x>0
is an isomorphism from (C(Y), w) over the algebra (C{Hy }yey+,.).
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Proof : Indeed, on the first hand, ker P = {0} and ker H = {0}, and on
the other hand, P is a morphism for Hadamard product (it inherits of H
for the harmonic product) :

Pu(2) @ Py(z) = Y Hy(N)Hy(N)2"

N>0
= ) Hywo(N)2N
N>0
= Puuwo(2).
Studying the equivalence between action of {(1 — 2)'}cz over

{P,(2)}wey~ and this of {N*},cz over {H,(N)}wey- [12], we have

Theorem 1. The Hadamard C-algebra of {P,}wey+ can be identified with
this of {Pi}iecyny. Identically, the algebra of harmonic sums {Hy} ey~
with polynomial coefficients can be identified with this of {H;}ieryny -

As for polylogarithms, we extend the definition of P, putting P, (z) =
(1 — 2) 'Liy(2), for any w € X*. The noncommutative generating series
of {Py }wex+ is defined by

P(z)= ) Pyulz)w=

weX*

L(z)
1—2z

(30)

In consequence, by (23), we have
P(Z) — e_(ﬂcl-l—l)log(l—z)Lreg(Z)exo logz. (31)

Lemma 1. Let Mono(z) = e~ (@1+Dloe(1=2) = Thep

Mono = Z P yt. and Mono ! = Z P (—y1)".
k>0 k>0

Since the coefficient of 2V in the Taylor expansion of P is Hyp(N) then

Lemma 2. Let Const = ;. Hy y¥. Then

_ (=y)" 1 (=y)"*
Const = exp | — Z HykT and Const™" = exp Z HykT :
k>1 k>1
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Proof : This is a consequence of Formula (16).

Proposition 2. For k > 0,H¢ is polynomial in {Hy, }1<,<x (which are
algebraically independent), and

(U (BN H)
H, = ——_= R i .
1 Z sl syt 1 k

81 yeees Sk>0
S1 JrJrkSk:k

Proof : From Identity (17), and applying the isomorphism H on the set
of Lyndon words {y, }1<,<k, we get the expected result.

Example 1. H, = (H} —H,,)/2, Hs = (H} — 3H,,H, + 2H,,)/6.

Proposition 3 ([14]). Let o be the morphism wverifying o(xy) =
—x1,0(x1) = —Xo.

N\
P(Z) _ exologz[ H eLiSl(l—Z)U([l]) MOHO(Z)Z,
leLynX \{zo,z1}

Proof : On the first hand, from (31) and on the other hand, from (25),
we get P(2) = 19870 [, (1 — 2)]e~(m1 D182 7 Using the expressions
of Lyeg(1 — 2) and of Mono(z), we get the expected results.

2.2 Asymptotic expansion
2.2.1 Results a [’Abel for generating series
Proposition 4. P(z) —~; e™'8* and P(z) -~ Mono(z)Z.

z—0

Proof : From P(z) = e-(m#bloel=2)],  (2)e™0l8? we can deduce the
behaviour of P(z) around 0. From Formula (25), we get the behaviour of
P(z) around 1.

Corollary 1. Let II(z) = mvP(2) = > ,cpy:Puw(z) w. Then
I1(z) ~; Mono(z)7ry Z.
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From this, we extract, taking care of Lemma 1, Taylor coefficients of
P., and we get

Corollary 2. H(N) —~— Const(N)myZ.

Theorem 2.

: 1 —yp)*
}/EH exp <y1 log . Z)A(z = lim exp <Z H, (N >H(N) =y Z.

N—o0
k>1

Proof : This is a consequence of Formula (27), of Lemma 2 and of Corol-
lary 2.
From Proposition 3, we deduce

P(2) :efcolog{ ﬁ Z(ZPWu—z) (a(g!mk)]l\/lono(z)Z. (32)

leLynX, k>0
l#xg,7 -

Hence, the knowledge of Taylor expansion around 0 of {P, (1 — 2)}y,ex-
gives

Theorem 3 ([12]). For all g € C{Py}wey+, there ezist algorithmically
computable coefficients c¢; € C, a; € Z and 3; € N such that

+00

g(z) ~ ch(l —2)%log%(1—2) for z—1.
j=0

In consequence, there exist algorithmically computable coefficients b; € C,
n; € Z and Kk; € N such that

+00
z) ~ Z bn"log™(n) for mn — oc.

Corollary 3 ([12]). Let Z the Q-algebra generated by convergent polyzétas
and Z' the Q[v]-algebra generated by Z. Then there exist algorithmically
computable coefficients ¢; € Z, a; € Z and 3; € N such that
“+0o0
Vw € Y™, Py(z) ~ ch(l —2)%log(1—2) for z—1.
=0

73



GIFT 2006

In consequence, there exist algorithmically computable coefficients b; €
Z' k; € N and n; € Z such that

+00
Vw € Y, Hy(N) ~ Y biN"log™(N) for N — +oc.
=0

2.2.2  Generalized Fuler constants associated to divergent polyzétas

Definition 2. Let (., : (C{Y), w ) — (C,.) the algebra morphism (i.e.
for all convergent word u,v € Y* (i (uwv) = Cu (u)(w (v)) verifying for
w e Y\ Y, (u(w) = ((w) and such that ., (y1) = .

Proposition 5.

b= ¥ e () (<)

87500 5>0 :
s1+...+ksp=k

Proof : By (17) and applying the (surjective) morphism (., we get the
expected result.
In consequence,

Theorem 4. For k > 0, the constant (. (y¥) associated to diver-
gent polyzéta C(yr) is a polynomial of degree k in v with coefficients in
Q[¢(2), ¢(2i + 1)]o<i<(k—1)/2. Moreover, for | =0, ...k, the coefficient of 7!
is of weight k — 1.

Example 2. (u (y7) = [v* = ((2)]/2, Cw (1) = [v* = 3C(2)y+2((3)]/6 and
Cuw (1) = [80C(3)y — 60¢(2)7* + 6¢(2)* + 107*]/240.

Let us consider (exponential) partial Bell polynomials partiels in the
variables {t;};>1, bpi(t1, ..., th—k+1), defined by the exponential generating
series :

. vk T
Zzbmk(tla e atn—k—i—l)T = exp (U;tlﬂ>- (33)

n=0 k=0
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In particular, we have

Lemma 3. Let t,, = (—=1)"(m — 1)!C, (m), for m > 1, then

exp[Z@(k)( ] _1+Z{anmg 2((3),...) (_g!”n.

k>1 n>1

Let us build the noncommutative generating series of (., (w) and let us
take the constant part of the two members of H(N) —— Const(N)myZ,
we have

Proposition 6. Let Z., be the noncommutative generating series of the
constants Cu (W), i.e. Zu =) ey Cuw (w) w. Then

{1 +Z<Z by k(7 C(2), 2¢(3), )) (_g;>n]7ryz.

n>1

Identifying coefficients of fw in each member leads to

Corollary 4. For allw € Y*\ 11 Y* and k > 0, we have

0=y ey szmé 23]

Theorem 5. In consequence, for w € Y* \ y1Y* k > 0, the constant
Cw (yfw) associated to ((yYw) is a polynomial of de degree k in vy and with
coefficients in Z. Moreover, for 1l =0, .., k, the coefficient of ¥' is of weight
lw| +k— 1.

Corollary 5. Fors > 1, the constant (., (1, s) associated to ((1, s) is linear
in v and with coefficients in Q[((2), ((2i + 1)]o<i<(s—1)/2-

1 2
beample 3. o = (2(D+XE) | GOILHEP

¢(2) ¢(3)
Cu (1,4) +3¢(5) — ¢(2)¢(3)
5(2)? |
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In other words, if we give to « the weight! 1, then the constant (.., (y}w)
associated to ¢ (y¥w) would be an homogeneous polynomial of weight |w|+

k.

Example 4.

Cu(1,7) = T+ C3)C(5) — <2>4,
Cu (1,1,6) = 4C()3v2+(( (5) + 2C(3)C(2)% — 4¢(7) )y

)¢
+¢(6, 2) 5¢(2)" +3¢(2)¢(3)° = ¢(5),
Cw(1,1,1,5) = $¢(6,2) — ( )C(5) +3¢(2)¢(3)° + 1840090 (2)*

(2 ‘- 12IC6) + B2 )
(167 - @)+ <o)

+
)+
)¢

2.2.3 Commutative generating series of polyzétas

In Proposition 6, we explained how to extract the constant part of a non-
commutative generating series of polyzétas. Let us have a look now at
following commutative generating series and corresponding to Ecalle’s Zig-
moulds [15] :

Z(tb e 7t7‘) = Z C(Sla R ST‘) til_l U tf‘T_l (34)

These commutative generating series can be encoded by series {Sj}jzlwr
(or their projection over the alphabet Y') of the form [1]

! In the theory of periods, + is conjectured to be non-period and so would be transcendent.
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Sj —(t]xo) T . (trxo) T (35)
= Z T 1$1tjj Lt
8jyeesSp>0
j_l r—
TyS) = Z Ys, - - .ysrtj i (36)
SJ7 75’r‘>0
J 1 r_l
=<Z v ) (Zysrti )
8321 Srzl
Moreover, let S,.1 = 1. The series Z(t1,--- ,t,) contain divergent terms of

which we are looking for the constant part. We start from the following
identity [1] due to convolution theorem [16]

S1 = fE’i+zr:tjfxiwxo{(—xl)j_l_iwSj]a (37)
j—l i=0
= S = y1+Zt (Zyl Y, b 1>7rysj+1. (38)
5;2>2
Proposition 7. In consequence,
Co(81) = S (1P Claolel o )] (39)
=1
sy =1y Y (SO )

+ Z Ztﬂf Cor (U] 'y, Ty Sj1).

In the following part, iterated integrals associated with words w € X*,
along the path 0 ~» 2z and over differential forms wy, w;, will be denoted,
as in [1], by of(w).
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Example 5. Since (txg)*ry = x1 + tag(tzg) 1,

ai[(t20) ] = 0i (z1) +t/oz(z>tLil(s)% — ai(z) +t; n(nz—n_t)

V)

we get

St = Yt = Y]

s>1 s>2 n>1 - -
s— S— 1 1

DGl = D (T = ) g -

s>1 s>2 n>1 _TL TL_

Example 6. Identity (37) gives

S =a7 + ty xo(t1zo) w1 (tao) m1 + ta 3o (— 31 w(tamp) 1) (41)

+ t2 1w ,Io(tgxo)*xl.
In the second member of the previous expression,
e we have (, (23) =0,

e the first noncommutative rational series encodes, by convolution the-
orem [16], the following convergent integral

o[ (tro) o1 (tawo)"x1] = / ( )tldS/ - Z —
2 (n+m)(n+m —t1)(n —t2)

n,m>1

1
N Z ni(ny — t1)(ne —t2)’

ni>no>1
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e the following rational series encodes

1
ds s s"
aplzo (=21 w(tawo) 1)) ) S E:m Z — 19

n
m>1 n>1

1
- Z (n —t2)(n+m)n

n,m>1

1
== 2 ni(ny —na)(ng — ta)’

ni>no>1

e the last noncommutative rational series corresponds to (but it has to
be shuffled with x1 for which ( (x1) =0)

1
. ds s" 1
aplao(tao) 1] =/ D = nln—t))
o S =1 n 2 nmn 2

n>1

Thus,

s—1yr—1 __ tl
Z Cu_l (S7T)t1 t2 - Z nl(nl . tl)(n2 . tg) (42)

s,r>1 ni>no>1

19
B Z ni(n1 — ng)(ng — ta)

ni>no>1

Projecting S over alphabet 'Y, we get successively,  since
Y1Ys = Y1wYs — Ys+1 — YsY1

79



GIFT 2006

TyS=yi+ >yt D gty DY yant !

s,r>2 §>2 §>2
s—1,r— s— 1 S—
=yi+ Y Ut T e Dty - — [yl + ) uit 1]
§,r>2 522 2 5>2
+ >yt =157
§>2

=y =ty + (= 1) D wts T+ D gty !

s>2 §,r>2

+Y yanltit -7,

s>2

In consequence,

Z Cu-_l (37 T)ti_ltg_l = 7 7_2<(2) — tl + (’Y — t2_1) Z|: 1 _ i]

s,r>1 2 n>1 n_t2 n
1 1 1 1
¢ 2 et allataal
" n—n ny|n2 — 12 U
+ > s DT =17,
s>2

The last sum can be encoded by xo(t1wg)*x? — xo(taxo)*x? and can be o0b-
tained from

1 %2 tds
adleo(tizo)'ad) = [T 37

ni>ne>1

s

1
(ng —ti)ng Z ni(ny — ti)ng

ni>ne>1

Appendix : application to polysystems [14]

Let ¢1,...,q, be commutative indeterminates over C. We denote () =
{q1,...,q,}. The algebra of formal power series (resp. polynomials) over
Q with coefficients in C is denoted by C[[Q]] (resp. C[Q]). An element of

C[|Q]] is an infinite sum f = Zil,...,inzo St - g
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Definition 3. Let f € C[[Q]]. We set
E(f) = {pe Rl :3C;, € Ry such that for all iy,. .. 4, > 0,

Ef) : interior of E(f) in R™.

CV(f) = convergence domain of f ={q € C": (lq1,...,|q|) € E(f)}.

The power series [ is to be said convergent if CV(f) # (0. Let U be an
open of C" and let ¢ € C". The power series [ is to be said convergent on
q (resp. overU) if g € CV(f) (resp. U C CV(f)). We set CV[[Q]] = {f €
CllQ]] : CV(f) # 0}. Let ¢ € CV(f). There exist some constants C,, p
and p such that |q1| < p < p,...,|qu] < p < p and |fi, i |p" T < C),

.....

foriy...,i, > 0. The convergence module of f at q is (Cy,, p, p).

Recall D{l ... DJn f is the partial derivation of order ji,...,J, > 0 of f
and is given by

Dil — D%nf = Z Jirosin ﬁ (Zl> f{_jl.

i,
R O =1 M

Definition 4. The polysystem {A;}i-o,.m is defined by the Lie deriva-
tions A; = > 5 AjDj, where A} € CV[[Q]]. It is linear if there ewist
{Mi}izor,?m - ./\/lnm(C) s.t.

Dy

Az':(éh Qn)Mi :
Dy,

Let f € C*[[Q]] and let {A;}i—o,1 be a polysystem. Let (p,p,Cy) and
let (p,p,C;), for i = 0,1, be convergence modules of f and {Al}iz1 0
respectively at ¢ € CV(f) Mi=,1,j=1,..n CV(A]). We denote by (A;f), the
evaluation at ¢ of A;f. Let us consider the system

y(2) = fla(2)), where dq(z) = Ao(q)wo(2) + Ai(gwr(z).  (43)
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Let us consider then the following generating series, o f|q(zo) and the Chen
series Sz

T Ny = Z Awflgw and Sy, = Z oz, (w)w, (44)
weX* weX*
where A, = Id,of(w) = 1if w = € and A, = A4, a](w) =
Ly @l (0)wi(t) if w = va;.
Since S, and L(z)L(z) ! satisfy (22) taking the same value at zq then
S.> = L(2)L(z)~!. Hence, the asymptotic behaviour of L in (22) gives
(6]

Sevil_e ~ e T1I08E Zemm0loge for o, (T, (45)

|SZOWZ> -

and the output y of (43) is given by y(z) = <Uf|q(zo)

ZweX* Awf|q(z0)&§0(w) [14]

Let n = q(z0) and suppose that f(q) = Ag with A € My ,(C). If {4;}i—01
is linear, then, by Definition 4, let M; = u(x;), for i = 0, 1. Thus, T floy =
Y wex- (AM(w)n]w is a rational power series of representation (A, p1,7) and
it is a generating series of the differential system of rank n, or equivalently
of the linear differential equation of order n with singularities in {0, 1, c0}.

Example 7 (hypergeometric equation).
2(1 = 2)§(2) + [t2 — (to + 11 + 1)2]9(2) — tot1y(2) = 0.
Let q1(2) = y(2) and q2(z) = 2(1 — 2)y(z). One has

(in) = (e )<= (0 umnmi) ] )
dge ~tot1 —t2) N0 ta—to—t1) | \@/)"
q1 0 0 0 1 )
Here y = (1 0 , My = — My = and
Y ( ) (q2> 0 (totl t2> ! (0 to —to — 11

_ (%(=o)
! <Q2(Zo)> |

Thus, the solution of these equations can be obtained by examining the
linear representation of generating series. The Drinfel’d equation allows to

study the asymptotic behaviour, the functional equations and to compute
the mondromy groups, the Galois differential groups.
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Abstract

Lanczos created two problems for systems of partial differential equations in general rel-
ativity, first in 1949 and then later in 1962. In his 1962 paper he presented the Weyl-
Lanczos problem, where the Weyl conformal curvature tensor C.q is expressed by means
of a third-order tensor potential Lape. This system of PDEs is in involution and Lape sat-
isfies a linear wave equation. In the next decade a second problem for systems of PDEs
appeared in the relativity literature which is now called the Riemann-Lanczos problem.
Here, the full Riemann curvature tensor Rg.q is determined from a three-index tensor
potential Lg.. This problem is not in involution and requires prolongation to achieve in-
volutivity. We give a review of both problems, the integrability of one and the attainment
of integrability by the other.

Keywords: General Relativity, Curvature tensors, Lanczos Potentials, Integrability,
Prolongation

1 Introduction

Lanczos [10, 11] made two attempts at deriving some or all of the Riemann
curvature tensor Rg.q in general relativity from a three-index potential field
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Lape- His first attempt in 1949 [10] to derive all of the Riemann tensor from
a potential L. failed. So, in 1962, he modified the problem to deriving
only the conformally invariant part of the curvature tensor, Cyp.q, or Weyl
tensor from a potential tensor Zabc. This problem was a success and is now
called the Weyl-Lanczos problem. In the period from the death of Lanczos
in 1974 to 1983 there appeared in the Italian relativity literature [17] a
Lanczos style curvature tensor problem which was simpler to present than
either of Lanczos’ attempts in 1949 or 1962. This problem is now called
the Riemann-Lanczos problem. In this problem a tensor potential L., was
proposed from which to derive all the Riemann curvature tensor compo-
nents Rgp.q. Lanczos’ motivation in his 1962 paper [11] was a convincing
set of analogies between electromagnetic field theory and gravitation in the
form

Aa — ZNr/abc ) (1)
Fop =2A1 — Caped = Wabcd(fzfgh) : (2)
OA4,+ -+ — Di/abc+"'; (3)

where the last line indicates an analogy between the electromagnetic po-
tential wave equation and a ’gravitational’ type wave equation. In 1960,
Penrose [16] discovered a wave equation for the Weyl tensor to give an anal-
ogy with electromagnetism which Lanczos missed due to lack of interest in
the current literature

DFab+"' — DCabcd+"'- (4)

In 1982 Bampi and Caviglia [1], using a combination of Cartan’s exterior
differential systems (EDS) approach [3] and Vessiot’s dual approach of
vector fields, showed that the Weyl-Lanczos problem is a system of PDEs
in involution. But they also showed that the Riemann-Lanczos problem
failed to be in involution. However, in the following year, Bampi and
Caviglia [2] returned to the Riemann-Lanczos problem and showed how to
construct a suitable prolongation for this problem. The introduction of the
methods of Cartan [3] and Vessiot into the relativity literature was a great
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mathematical advance for problems that needed the greatest amount of
generality for their resolution. Any re-examination of the work by Bampi
and Caviglia is therefore best done through the theory of jet bundles over
the spacetime manifold.

In the application of the theory of jet bundles the notion of independent
variables is allowed to be much wider than it is usual in the general rel-
ativity literature and there are standard procedures to further widen this
notion so as to incorporate necessary prolongations needed to make the
system of PDEs reach involutivity.

Up to now the Lanczos curvature tensor problems have given rise to two
dissimilar literatures:

(I) The Weyl-Lanczos literature can be easily related to many standard
mathematical techniques of general relativity. There is a linear wave equa-
tion in every spacetime for the Lanczos potential L. which becomes

(L = 0 (5)

in vacuo. This contrasts with Penrose’s wave equation for the Weyl tensor
which is always non-linear, even in empty space. In [7] Dolan and Kim
derived Penrose’s wave equation from Lanczos’s wave equation inside mat-
ter in a manner which was completely general. However, the vacuum case
given by (5) is of greater interest at present. References to the literature
can be found in [15] of Dolan and Muratori.

(IT) Since the pioneering papers of Bampi and Caviglia [1, 2] there was
no jet bundle presentation of the Riemann-Lanczos problem until recently,
when this subject was taken up again in articles such as [4, 5] or in [9].
This work, using the Lanczos potential tensor L. and its associated Monge
variables, has shown that the Riemann-Lanczos system of PDEs is linear
and remains linear after prolongation. The recent general theorem of Mal-
grange [12, 13] on prolongations tells us that at all generic points for the
PDE system a finite number of prolongations will make the system attain
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involutivity.

In papers by Massa and Pagani [14] and by Edgar [8], which is based on
[14], there is a different approach which claims that non-linear 'constraints’
arise in the Riemann-Lanczos problem. Their approaches, based on tensor
calculus in local spacetime coordinate or frame methods, find the same
'non-linearities’ which appear to make the Riemann-Lanczos problem in-
solvable in many general spacetimes. In [6] we show that the concept of
'partial derivative’ that is used in such standard general relativity methods
is inadequate for discussing existence problems of solutions for systems of
PDEs, namely, whether the given system of PDEs is involutive or can be
prolongated to involutivity.

2 The Weyl-Lanczos Problem

The Weyl conformal curvature tensor C,.q has all the index symmetries
of the Riemann tensor R.;.q, namely,

Cabcd - _Cbacd - _Cabdc - Ccdab )
0 (6)

Clalped
as well as the vanishing of all its traces
Cousp = 0. (7)
A consequence of all these properties is the double-dual anti-symmetry
“C" sbed = —Cobed - (8)

In generating the Weyl tensor from a three-index tensor potential Lgp.,
we can get the index symmetries of equations (6) from the combination
Z[ab][c;d] + I:[cd][a;b] but to get the symmetries (7) and (8) we need the com-
bination

Cabed = L[ab][c;d] + L[cd][a;b] - >kL)[kab][c;d] - >klj[kcd][a;b] : (9)
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It has become traditional to add in the index symmetries

~Labc = i/[ab]c ) (10)
LN[abc] = 0, ( 1 1)
Lo = 0. (12)

If we evaluate all the double dual tensors in equation (9) we get

C(abcd = [:abc;d - Labd;c + Zcda;b - ZAt/cdb;a + gbcz(ad) + gadi(bc) (13)

~ ~ 2 ~
_gde(ac) - gacL(bd) + §L ts;t(gacgbd - gadgbc) )

where L, := Easd;s — zass;d. There are 10 independent equations in (14)
but equations (10), (11) and (12) tell us that we could have 16 independent
components of Lape-

The 6 differential gauge conditions

Laps:® = 0 (14)

allow us to simplify equations (14) to

Cabed = Labe:d — Lavd:c + Ledap — Ledbia + GoeLsad:” + JaaLsve,”  (15)
_gdesac;S - gacstd;S
or
Cabed = Waped(2¢, Lygh, Liji 1) (16)
when the RHSs are now rewritten in terms of the partial derivatives LW’
the components of Lape and the Christoffel symbols. To this latter form (16)
of the Weyl-Lanczos equations (16) we can apply the Janet-Riquier theory
for systems of PDEs or else rewrite it as an EDS in the Cartan approach.
The latter approach was taken by Bampi and Caviglia [1], where they
showed that equations (16) represent a system in involution.
In [7] Dolan and Kim showed that the Weyl-Lanczos potential tensor
lN)abc satisfies the linear tensor wave equation

Jabc — EI[Nfabc + 2Rcsl~/abs - Rasf/bcs - Rbsf/cas - gachsilbs (17)
~ |
+gbchSLlas - §RLabc ’
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where ] |
Jabe = §Rc[a;b] - Egc[aR;b] (18)

and Df)abc = gsmf/abc;s;m. Penrose’s wave equation for the Weyl tensor [16]
1
DCabcd - Cabsmccdsm - 4Casm[cod]smb + ZRCabcd

= Jiatlied) + Jediat] = Tiabied) — Jleda) (19)

was derived by Dolan and Kim in [7] from the Lanczos wave equation (18)
above thus completing the formal analogy with classical electromagnetism
in equations (1), (2), (3) and (4).

3 The Riemann-Lanczos Problem

The first Lanczos paper of 1949 [10] attempted to find a three-index poten-
tial tensor field for the double dual of the Riemann curvature tensor *R},
in order to generate a wave equation for the potential. The complexity
of this theory and the strangeness of the tensor *R, , to most relativists
and also the lack of physical motivation for it was to lead to its abandon-
ment. After Lanczos’ death in 1974 Brinis Udeschini [17] introduced what
was essentially an improved version of the 1949 theory by postulating the
Riemann-Lanczos equations

Rabcd = Labc;d - Labd;c + Lcda;b — Lcdb;a (20)
on the spacetime manifold M. We can rewrite this equation in the form
Rabcd(xe) - Kabcd(xea Lfgha Lijk,l) ’ (21)

where all the covariant derivatives have been written out in terms of partial
derivatives L;j;; and undifferentiated components of Lq,.. We note that
we can separate K¢ into two distinct groups of terms as follows

Kaved(x, Lygh, Lijie1) = Eapea(2®, Legn) + Faped(Lijk) (22)
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where
Eabcd — _FZd(Lnbc + anb) + ng(Lnac + ana) + FZC(Lnbd + Lndb)
_F;}C(Lnad + Lnda) (23)
and
Fabcd = Labc,d - Labd,c + Lcda,b - Lcdb,a . (24)
The field components Lg,. = — L. give us 24 new independent field vari-

ables and the partial derivatives L;j;; a further 96 new independent vari-
ables. Add to both of these new variables the 4 local coordinates (z¢) to
give a total of 4 + 24 4+ 96 = 124 independent variables in the jet bun-
dle approach to the analysis of the Riemann-Lanczos problem on a 124-
dimensional jet bundle. Bampi and Caviglia [1] showed that, in general, the
Riemann-Lanczos PDE system cannot be in involution. However, a year
later in 1983 they returned to the problem [2] and showed that, with a
suitable prolongation, it could be made into a system in involution. Their
work was based on Cartan’s exterior differential systems (EDS) method
with suitable Vessiot vector fields.

Using only essentially classical tensor calculus methods or their equiva-
lent in terms of the covariant exterior differential operator Edgar [8] and
Massa and Pagani [14] claimed to find non-linearities in the Riemann-
Lanczos problem which made it inconsistent with general spacetime man-
ifolds. An exhaustive analysis of the Riemann-Lanczos problem was re-
cently made by Dolan and Gerber [6] using a jet bundle approach. Because
of the splitting property of the quantities Kj.q given in equations (22), (23)
and (24), which persist in comparable form into higher-order derivatives,
no place in the calculations could be found in which non-linearities could
appear in the original Riemann-Lanczos problem or in any derivative of its
equations during prolongation. A recent theorem of Malgrange shows that
all prolongations to involutivity [12, 13] will terminate in a finite number
of steps in giving an involutory system at all generic points or else no such
points exist.
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4 Discussion

We gave a historic survey of the two problems called the Weyl-Lanczos
problem and the Riemann-Lanczos problem. Both problems can be recast
as an exterior differential system. The Weyl-Lanczos problem is in invo-
lution and many exact solutions of it exist for various spacetimes, see for
example [15]. By contrast the Riemann-Lanczos problem is not in involu-
tion and needs prolongation. Prolongations are best carried out using the
standard jet bundle approach and Monge variables. The Riemann-Lanczos
system of PDEs is a linear system of PDEs and clearly stays that way dur-
ing prolongation. Classical tensor calculus cannot exceed its 4 independent
local coordinates (z¢). We pointed out that the jet bundle approach starts
with 124 independent variables even before prolongation and the number of
independent variables will increase considerably during prolongation. The
alternative classical tensor-calculus-based approaches of the relativity liter-
ature [14, 8] miss (1) the linearity of the Riemann-Lanczos problem, which
persists under all differentiations, and (2) the extra degrees of freedom
which are necessary to locate integrability conditions.
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Abstract

We present two families of exterior differential systems (EDS) for non-isometric embed-
dings of orthonormal frame bundles over Riemannian spaces of dimension ¢ = 2,3,4,5....
into orthonormal frame bundles over flat spaces of sufficiently higher dimension. We have
calculated Cartan characters showing that these EDS satisfy Cartan’s test and are well-
posed dynamical field theories. The first family includes a constant-coefficient (cc) EDS
for classical Einstein vacuum relativity (¢ = 4). The second family is generated only by cc
2-forms, so these are integrable (but nonlinear) systems of partial differential equations.
These latter field theories apparently are new, although the simplest case ¢ = 2 turns out
to embed a ruled surface of signature (1,1) in flat space of signature (2,1). Cartan forms
are found to give explicit variational principles for all these dynamical theories.

1 Introduction

We discuss two families of geometric field theories. By “geometric” we
mean that these theories are given as exterior differential systems (EDS) for
embedding of g-dimensional submanifolds 7 in flat homogeneous isotropic
metric spaces EV of higher dimension, say N. To formulate these EDS
we in fact embed the orthonormal frame bundles over the submanifolds
into the orthonormal frame bundles over the flat spaces, that is, into the

groups ISO(N), which have dimension N(N + 1)/2. E. g., the ¢ = 4
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dimensional EDS are set using the 55 basis 1-forms of ISO(10). The fibers
of the embedded bundles are subgroups of the O(N) fibers of ISO(N),
thus inducing embedding maps of their g-dimensional bases R? into the
EY bases of ISO(N).

By “field theories” we mean that each of these various EDS is shown,
by an explicit numerical calculation of its Cartan characteristic integers [1]
to have the property of being well-posed or, with the correct signature, of
being “causal”. This calculation uses a suite of Mathematica programs for
EDS written by H. D. Wahlquist, and evaluates the Cartan characteristic
integers with a Monte Carlo program to compute the ranks of the large
matrices that arise [2]. The successive integers determine the dimension
and well-posedness of the general solutions, and the Wahlquist programs
also confirm the “involutory” property of certain fields in a solution, viz.
those that can be adopted as independent variables.

A properly set EDS in a space with N variables is equivalent to a set of
first order partial differential equations in N-q dependent variables, func-
tions of q independent variables, and Cartan’s technique of EDS is a deep
approach to the Cauchy-Kowalewska analysis of such field theories.

Cartan’s theory considers construction of a sequence of regular integral
manifolds (of successively higher dimensions) of an EDS. His characteristic
integers s;,7 = 0,1,..,q — 1, are calculated from the ranks of matrices
that arise, and are diagnostic; they must pass Cartan’s test [1] if the EDS
(or an equivalent set of partial differential equations) is well posed. Then
the final construction of the solution is determined solely from gauge and
boundary data, and, at least in the analytic category, Cauchy existence and
uniqueness are proved. We believe that, with proper attention to signature,
the sets of partial differential equations following from such a well-posed
EDS are those of a canonical field theory. Non-trivial embedding EDS that
are well-posed, or causal, are not common. A key to their existence may
be that for all the EDS we consider here we are also able to find Cartan
g-forms from which the EDS may be derived by arbitrary variation.

There is a large literature, beginning with Lepage and Dedecker, on the
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use of Cartan g-forms and their closure ¢ + 1-forms (“multisymplectic”
forms). These are respectively the multidimensional field-theoretic exten-
sions of classical Hamiltonian theory (the Cartan 1-form Ldt) and symplec-
tic geometry. A short but essential bibliography can be found in Gotay [3];
cf. also Gotay et al [4], Bryant et al [5], Hermann [6] and Estabrook [7] [8].
The differential geometric setting for that work was for the most part (the
structure equations of basis forms on) the first or second jet bundle over a
base of q independent variables. Our use instead of basis forms and struc-
ture equations for embedding geometry, orthonormal frame bundles over
flat metric geometries, is more in the spirit of string theory. It allows ap-
plication of the variational techniques of field theory to the movable frames
of general relativity, and can lead to interesting extensions.

In both these families of EDS we adapt the method usually used in the
mathematical literature for isometric embedding, cf. e.g. [9], [10], in that
we do not begin with a prior framing of the solution and prolong to higher
bundles, but rather only use the bases of the embedding bundle. Such EDS
have also been used in the theory of calibrated subspaces [1]. Perhaps
this generalization of the customary isometric embedding can be called
“dynamic embedding”. The EDS that naturally arise are considerably
more elegant, interpretable as field theories.

The Lie group ISO(N) (or one of its signature siblings ISO(N — 1, 1)
etc.) is the isometry group of N-dimensional flat space EV (or a signature
sibling). The group space is spanned by P = N(N + 1)/2 canonical vector
fields, and by a dual basis of left-invariant 1-forms that we first denote by
0", = 1...N, corresponding to translations, and w",, that will correspond
to rotations. Now the structure equations for general movable frames over
an N-dimensional manifold are usually written covariantly (on the second
frame bundle) as

Aot + ot NOY =
dot, +w's AW, + RV, = 0. (2)

|
—

—
~—
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These become the Cartan-Maurer equations of ISO(N) or one of its
siblings when the curvature 2-forms R*, are put equal to zero, and up-
per indices are systematically lowered using (for signature) a non-singular
matrix of constants 7,,,, after which imposing antisymmetry (orthonormal-
ity) wu, = —wy, . These structure equations then describe N(N — 1)/2-
dimensional rotation groups as fibers over N-dimensional homogeneous
spaces EV. (The N, and other possible signatures in EN . are often con-
veniently ignored in the following, and can be inserted later.)

We will write the two families of EDS using partitions (n,m),n +m =
N, of the basis forms of ISO(N) into classes labeled respectively by the

first n indices i, j, etc. = 1,2,...n and the remaining indices A, B, etc.
=n+1,n+2,...N. So the basis forms are 6,64, and, after lowering an
index, wj; = —Wwj;, WAB = —WRA, Wia = —wy;. Summation conventions on

repeated indices will be used separately on each partition. The structure
equations (1) (2) before lowering become

A" + Wi NP = Wiy A G4 (3)

o2 + Wi A0P = —WwA NG (4)
dw's + Wi AWF; = —wiy Awdy (5)
dwip + e Awlp = —wd AWip (6)
dwiA_f—wij/\ij‘f_wiB/\wBA = 0. (7)

The terms we have put on the right are interpreted as torsions and curva-
tures induced by an embedding; we will use them to set the EDS.

In Sections 2 and 3 we calculate the Cartan characteristic integers of
the embedding EDS for the two families. We will report the results in a
short tabular form: P{s, s1,...54-1}¢+ CC'". This gives first the dimension
P of the space in which we set the EDS, i.e. the total number of basis
forms with whose structure equations we begin, then the series of Cartan
integers found, {sg, s1,...5,-1}. ¢ is the dimensionality of the base space
of a general solution. Finally CC is the number of Cartan characteristic
vectors (the number of auxiliary fields allowing us to write a cc system,
fibers corresponding to variables that could in principle be eliminated from
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the EDS). Cartan denotes ¢ + C'C by g, the genus. The ultimately simple
Cartan test showing the EDS to be well-posed and causal, calculated from
these, is derived in [1] and the literature cited there. Here the test is
simply that these integers satisfy P — Zg;é si—q—CC :=s,>0. We
will always have s, = 0, which a physicist interprets as absence of a gauge
group, and so according to Cartan solutions will depend on s,_; functions
of g-1 variables. We denote these theories as causal but that requires also
adjusting the signatures, so that the final integration of solutions from this
boundary data is hyperbolic.

It is a classic result [10] that smooth local embedding of Riemannian
geometries of dimension ¢ = 3,4,5... is always possible into flat spaces
of dimension respectively N = ¢(¢ + 1)/2 = 6,10, 15... , which motivates
the partitions of our first family, viz. (n,m) = (3,3), (4,6), (5,10), ... The
causal EDS we give determine submanifolds of ISO(/N) which are them-
selves O(n)®O(m) bundles fibered over ¢ = n-dimensional base spaces, say
R? and induce maps of these into EY. The n §; remain independent (“in
involution”) when pulled back to a solution bundle, satisfying the structure
equations of an orthonormal basis in any cross section, and Equations (5)
and (7) express embedding relations that go back to Gauss and Codazzi.
The solution bundle metric is the pullback of #;0,. We will present in Sec-
tion 2 the family of Einstein-Hilbert Cartan forms from which the EDS of
this first family are derived by variation. The EDS will require zero torsion
for the #; but not insist on aligning the solutions with these orthonormal
frames (the 64 are not included in the EDS so it is not necessarily “iso-
metric”), and from the induced map of bundle bases there is also a less
interesting “ghost” metric which is the pullback of 6;0;+6 460 4. The induced
curvature 2-forms are required by the EDS to satisfy “horizontality” 3-form
conditions and also to have vanishing Ricci n — 1-forms.

The field theories of our second family, of dimension ¢ = 2, 3,4, 5... also
arise from embeddings into flat spaces E™V of dimension N = 3,6, 10, 15, ...
but the EDS use different partitions, viz.., (n,m) = (1, 2), (2,4), (3,7),
(4,11), etc. Solutions are (O(n) ® O(m) bundles over) geometries of di-
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mension ¢ = n + 1 and can be called n-branes. They have rulings that are
flat n-spaces. The EDS are generated only by cc sets of 2-forms (for van-
ishing torsion of both partitions) and are so-called “integrable systems”.
Again the embedding is dynamic, the partitioned frames are not required
to be an orthonormal framing of the solution manifolds. In Section 3 we
give the EDS and report the calculated Cartan characters showing them
to be causal. The n 6; when pulled back into a solution both determine
a Riemannian submersion and geodesic slicing. This is either a theory of
relativistic rigidity or perhaps of a Kaluza-Klein gravitational field, de-
pending on N and the signature adopted. Cartan forms for those EDS are
easily found.

As a sole illustration of introduction of explicit coordinates into such
a frame bundle EDS, the simplest of these non-isometric geometric field
theories, that based on partition (1,2), is integrated in Section 4. Its
solutions turn out to be classically known, in the guise of geodesically ruled
surfaces in £%. We have only changed signature to show it as a stringy
field causally evolving in time.

2 Einstein-Hilbert Action

The EDS of our first family arise from Cartan n-forms on ISO(N) express-
ing the Ricci scalars of ¢ = n dimensional submanifolds of EV,

A= Rij N Gk N "'Hpeijk...]h (8)

where from the Gauss structure equation, Eq. (5), 2R;; := —wjaAwja is
the induced Riemann 2-form. The exterior derivative of the n-form field A
on ISO(N), using Eq. (3) and (7), is quickly calculated to be the n+ 1-form
(closed, multisymplectic)

dA = 19A N W A; N Rjk N (9[ N ---epeijkl...p- (9)

This n + 1-form is a sum of products of the m 1-forms 6,4 and the m
n-forms wa ARk AOIA...0, €ijir..p. A variational isometric embedding EDS
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is generated by the m 64, their exterior derivatives for closure, and the
m n-forms, since any vector field contracted on dA yields a form in the
EDS. That is, up to boundary terms, the arbitrary variation of A vanishes
on solutions. We previously calculated Cartan’s characteristic integers for
these isometric embedding EDS showing them to be well set and causal
[11] [12]. We denoted them as being “constraint free” geometries. Iso-
metric embedding formulations of the Ricci-flat field equations then are
obtained by adding in the closed n — 1-forms for Ricci-flatness as con-
straints. The augmented EDS are again calculated to be causal. To be
explicit, for partition (4, 6) the constraint-free Cartan character table was
55 {6,6,6,12}q = 4+ 21 which, with the augumentation with four 3-forms
became 55 {6,6,10,8}qg = 4 + 21. We now see that formulation as never-
theless somewhat unsatisfactory as field theory, since the Einstein-Hilbert
action appears to have lead to equations which in fact mostly follow from
the imposed constraints.

We have however noticed that there is another variational EDS belonging
to a different quadratic factoring of the multisymplectic forms dA, Eq.
(9). The 6; will frame a Riemannian metric on an embedded space of
dimension n so long as the induced torsion 2-forms of Eq.(2), w;a A 04,
vanish, and these factor Eq.(9) term-by-term, as products with the n n— 1-
forms for Ricci-flatness. The exterior derivatives of the torsion terms must
be included; these are sometimes called conditions for horizontality. In
sum, we have considered the following closed EDS (which now do not
include the mathematically customary isometric embedding 1-forms 6,4)

(WiA NBy4, Rij A\ (91', Rij N Oy N ---Hleijk...lp) (10)

When n=4 this EDS is an exact parallel to the EDS for a moving frame
formulation of vacuum relativity that used the 44 traditional intrinsic co-
ordinates of tetrad frames and connections over 4-space, and had 10 gauge
freedoms [13]. It had the same Cartan character table but no CC. The
present formulation is set with more variables, viz. 55, but its solutions
have 21 CC fibers (since w;; and wap do not enter explicitly) and no gauge
freedom; moreover it has the elegance of a cc EDS (no coordinate functions
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appear in the generating forms) [14] [15] [16].

The calculation shows the EDS Eq.(10) to be well set and causal systems
for embedding of O(n) ® O(m) bundles over n space, for the partitions (3,
3), (4, 6), (5, 10) etc. as stated in the introduction. The embedding
dimension, the computed Cartan characters, dimensionality and O(n) +
O(m) fiber dimension (CC) of the solutions for these cases are respectively
21{0,6,3}3 + 9,55{0,4,12,14}4 + 21, 12040, 5, 10,20, 25}5 4 55, etc. The
base spaces of the fibered solution manifolds are spanned by the 1-forms
0;; evidently a solution is a bundle of orthonormal frames belonging to
the Ricci-flat Riemannian connection w;;. The metric is 6;0;. There is
also present in the base space R" another metric pulled back from the
induced embedding of it in the base space E¥ about which we know little:
0,0, + 0404 . 1t is a ghost tensor field, perhaps with only indirect influence.
The ideals we are writing are set on ISO(V), and their solutions are frame
bundles embedded in ISO(NV), and the induced embeddings of the base
spaces seem to be of less interest.

The ideal Eq.(10) is contained in the augmented embedding ideal we
have previously used, so solutions of the latter will be solutions of the for-
mer. This would seem to imply that our new dynamic embedding ideal will
have additional solutions; indeed it implies fewer partial differential equa-
tions than does the isometric embedding ideal augmented with constraints
for Ricci-flat geometry. Perhaps so-called singular solutions of the isomet-
ric embedding ideal-solutions which are not regular, that is, obtained by
Cartan’s sequential integrations—now appear as regular solutions, which
could make this new formulation important for local numerical computa-
tion from boundaries.

3 Torsion-free n-brane Embedding

We have searched whether the torsion 2-forms induced in both the local
partitions can together be taken as an EDS: (wja A 04, wia A 0;). It can
easily be checked that it is closed, and calculation of the characteristic
integers indeed showed that for just the values of (n, m) of the second
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family described in the introduction these EDS are causal, with ¢ = n + 1
and fibers O(n) ® O(m), dim n(n — 1)/2 + m(m — 1)/2. The results for
the first five EDS are: (n,m) = (1,2), 6{0,3}2+1; (2,4), 21{0,6,5}3+ 7;
(3,7), 55{0,10,9,8}4 + 24; (4,11), 120{0,15,14,13,12}5 + 61; (5, 16),
23140, 21,20, 19,18,17]6 + 130; and the pattern seems evident.

Now well set EDS for geodesic flat dimension n submanifolds of flat N
spaces are generated, using the partition (n,m), by the closed ideal of 1-
forms (04,wa;). For example, if N = 3 and n = 1 and m = 2, geodesic
lines in flat 3-space, the Cartan characteristic integers are 6{4}1 + 1. If
N =4, for partition (1,3) we find 10{6}1+ 3 (in all cases w;; and wap give
the Cauchy characteristic fibers). Similarly, the EDS for flat 2-dimensional
submanifolds of flat IV spaces are generated by the 1-forms with partitions
(2, N—2). For example if N =5, (n,m) = (2, 3), and the character table is
15{9,0}2+ 4. When N =6, (n,m) = (2,4) and 21{12,0}2 + 7. The zeros
can be ascribed to a gauge freedom. These constructions clearly continue.
Our new torsion-free EDS (w;4 A 04, wa; A 0;) are contained in (64, wa4;),
so we see that the g-dimensional solutions of the torsion-free embedding
theory must contain flat geodesic fibers of dimension n = ¢ — 1. Thus the
solutions are ruled spaces,

In a solution the ¢; remain independent (are “in involution”) but fall
short by one of being a complete basis. In addition to the slicing, they de-
fine there a vector field, say V, of arbitrary normalization (a congruence),
by the relations V - 0; = V - w;; = V - wyp= 0. Contracting V on the
second torsion 2-form, since the 6; remain linearly independent, gives also
V - wia = 0. It follows that the Lie derivatives with respect to V of 0;, w;;
and R;; vanish on solutions. They live in (and are lifted from) an n dimen-
sional quotient space of the solution, with metric 6,0, and Riemann tensor
wia AN waj. Cross sections of this quotient map are the rulings, geodesic
n-dimensional subspaces calibrated by the volume form 0; A ;... A 0.

In an earlier time we have discussed the problem of defining a rigid
body in special and general relativity [17]. The kinematic quotient-space
definition of rigidity due originally to Max Born (Riemannian submersion)
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was shown by Herglotz and Noether to have only three degrees of freedom:
the only Born-rigid congruences which were rotating ( had vorticity) in
Minkowski space were isometries of the space-time without time evolution.
We showed this to be the case also for kinematic or “test” rigid bodies
moving in vacuum Einstein spaces. It seemed to be impossible then to
sensibly discuss the so-called “dynamic” rigid bodies envisioned by Pirani,
which were to carry their own 3-dimensional geometry while distorting
space-time. We are charmed by having now arrived at space-times, using
dynamic embedding in the (3, 7) partition, having the greater dynamical
freedom allowed by separation of the roles of the induced 3-metrics in the
cross sections and quotient space of a solution.

In the (4, 11) partition, the solutions are five dimensional, with a dynam-
ically rigid congruence that projects to a metric quotient 4-space. This may
be a well-posed causal variant of Kaluza-Klein theory, and merits further
investigation.

Closed EDS generated only by cc 2-forms have a special structure, inas-
much as they can be equivalent to dual infinite Lie algebras of Kac-Moody
type and lead to hierarchies of so-called integrable systems. Lie groups
have a duality between 2-form Cartan-Maurer structure equations for ba-
sis 1-forms and Lie commutator products of dual basis vector fields. This
duality persists when the additional cc 2-forms of an EDS are imposed,
but then the vector commutator table is incomplete. New vectors can be
introduced in terms of the unknown commutators, and then more commu-
tators calculated using the Jacobi identities. These allow adding 2-form
structure equations for new dual 1-forms in higher dimensional spaces. If
this expansion terminates, an embedding in a group has been found, the
new 1-forms being potentials that integrate the original EDS. If the ex-
pansion continues, it leads to a Kac-Moody algebra of finite growth. Such
EDS belong to so-called integrable systems of partial differential equations.
The prototype of this is the well-known Korteweg-de Vries equation, which
both leads to [18], and belongs to, the hierarchy of the infinite Lie algebra
A;Wderived from SL(2, R). The Kaé-Moody algebras dual to our embed-
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ding EDS remain to be worked out.

Finally, although we did not derive these EDS variationally, Cartan
forms are easily found, at least for even dimensions. In particular, in
the (3, 7) theory either the 2-forms 74 = wy; A 0; or 0; = w;4 A 04 can be
used to write a quadratic Cartan form as in some Yang-Mills theories:

AN =74 NTa,s0 d\N =274 Nwy; N o; (11)
Every term of dA contains both a 74 and a o0; so arbitrary variation yields

the EDS. We also note that 74 A 74 + 0; A 0; 1s exact.

4 The Partition (1, 2)

We will set this EDS on the frame bundle ISO(1, 2) over a flat 3-space
with signature (-, +, -), so the structure equations of the bases are

dOy + wig A Oy + w3 NO3 =
d92—|—w12/\91—w23/\93 =
d93—w31/\91—w23/\82 =

dwiy — w31 Nweg =

Y N N N
—_ =
U =

~— — — ~— ~— ~—

dwos —wio Nwsp =

S O O O O O

dws) + waz Awig =

Y

and the EDS to be integrated is generated by the three 2-forms w;s A
0wy NG i =1, A=23:

w12 N\ 82 + w31 A 63 (18)
w12 N 81 (19)
w1 N (91. (20)

The characteristic integers are 6{0, 3} q =2 and CC = 1; O(2) fiber
(since wog3 is not present). To introduce coordinates - scalar fields - we will
successively prolong the EDS with potentials or pseudopotentials, checking
at each step that it remains well-set and causal.
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First, it is obvious that there is a conservation law, a closed 2-form that
is zero mod the EDS, viz. df;. So we adjoin the 1-form

(91 +dv, (21)

introducing the scalar potential v. The characters are now 7{1,3}2 + 1.
Next we specialize to a particular, convenient, fiber cross-section making a
choice of frame: we introduce two new fields ( and n while prolonging with
three 1-forms taken so that the original 2-forms in the EDS vanish (they
have been “factored”)

w12 — C91 (22)
w1z — n01¢ (23)
COy — mlbs + (n + ()b. (24)

To maintain closure, however, three new 2-forms, exterior derivatives of
these or algebraically equivalent, must also be adjoined:

(d¢ — nwaz) A dv (25)
(dn — Cwas) A dv (26)
(nd¢ — Cdn) A (02 4 03) — (n + C)was A (12 — (bs). (27)

Now we have 9{4,3}2 with no CC. we3 now appears in the EDS, but is
conserved, dws3 = 0 mod EDS. Thus, we can introduce a pseudopotential
variable x , and then further find another conserved 1-form and a final
pseudopotential u. Which is to say we can adjoin

w3 — dx (28)
0y + 03 — e*du, (29)

without adding any 2-forms to the EDS. We have a total of 11 basis 1-forms:
six in 6;, 04, wap, wia, plus d¢, dn, dz, du, dv, and an EDS with 11{6, 3}2.
The pulled-back original six bases are now all solvable in terms of coor-
dinate fields on the solutions, and can be eliminated: 5{0,3}2. We have
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eliminated the CC. This is equivalent to a set of first order partial differen-
tial equations in 3 dependent variables and 2 independent variables. From
the character table, we expect solutions to involve 3 arbitrary functions of
1 variable.

Taking x and v as independent in the solution, we can solve the first two
2-forms in Eq. (25) and (26) for n and ¢:

n = ae’ +be”” (30)
¢ = ae" —be 7, (31)

where a and b are arbitrary functions of v. The third 2-form then amounts
to
e’ =1/2(b/a)0u , (32)

which integrates to
e’ =1/2B'(u — A(v)) . (33)

We have put b/a = B(v) and prime is derivation with respect to v.

The three arbitrary functions of v, a, b and A, give the general solution.
On it the pulled-back bases of £* (no longer orthonormal or independent)
are

81 = —dv (34)
ae® + be™*
Oy = dv+ Tdu (35)
ae’ — be™"
05 = —dv+ Tdu, (36)

and the induced 2-metric from E? is

g = —0101+ 0205 — 0505 (37)
= Bdu®+ B'(u — A)dvdu — dv* . (38)

This is, up to signature, the metric found classically from the construc-
tion of geodesically ruled surfaces in E?, cf, e.g., Eisenhardt [10]. The
surfaces are intrinsically characterized by a “line of striction”, the locus
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u— A(v) =0, and a “parameter of distribution” 2B/B’. The geodesic rul-
ings, on which 6y, 03, w2, and wy3 pull back to vanish, are the set of lines
u = const. The rigid congruence is the set of lines on which V contracted
with 61, wis and w3 vanishes, hence v = const.
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Abstract

We provide a rigorous formulation of Vessiot’s vector field approach to the analysis of
general systems of partial differential equations and prove its equivalence to the formal
theory.

Keywords: Vessiot distribution, integral element, involution

1 Introduction

Vessiot [13] proposed in the 1920s an approach to deal with general sys-
tems of partial differential equations which takes an intermediate position
between the formal theory [8, 10] and the Cartan-Kéahler theory of exterior
differential systems [1, 4]: while still formulated in the language of differ-
ential equations (considered as submanifolds of a jet bundle), it represents
essentially a dual, vector field based formulation of the Cartan-Kahler the-
ory replacing exterior derivatives by Lie brackets.

1 Work supported by NEST-Adventure contract 5006 (GIFT).
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The Vessiot theory has not attracted much attention. Presentations in
a more modern language are contained in [2, 11]; applications have mainly
appeared in the context of the Darboux method for solving hyperbolic
equations, see e. g. [12]. While a number of textbooks provide a very rigor-
ous analysis of the Cartan-Kahler theory, the above mentioned references
(and also Vessiot’s original work) are somewhat lacking in this respect. In
particular, the question of what assumptions are needed has been ignored.

The purpose of the present article is to close this gap and simultaneously
to relate the Vessiot theory with the key concepts of the formal theory like
involution and formal integrability. We will show that the Vessiot con-
struction succeeds, if and only if it is applied to an involutive system. This
result is not surprising, given the well-known fact that the formal theory
and the Cartan-Kahler theory are equivalent. However, to our knowledge
an explicit proof has never been given. As a by-product, we will provide
a new definition for integral elements based on the contact map making
also the relations between the formal theory and the Cartan-Kahler theory
more transparent.

2 Formal Theory

We cannot give here a detailed introduction into the formal theory. Our
presentation and notations follow [10]; other general references are [5, 8].
For simplicity, we will mainly work in local coordinates, although the whole
theory can be expressed in an intrinsic way.

Let 7 : £ — X be a (smooth) fibred manifold. We call coordinates

x = (xl,...,2") of X independent variables and fibre coordinates u =
(ul,...,u™) in £ dependent variables. Sections’? o : X — & correspond
locally to functions u = s(x). Derivatives are written in the form uj; =

Ol [0k - - - Oxln where pn = [p1, . . ., jtn]. Adding the derivatives uj; up
to order ¢ (denoted by u'?) defines a local coordinate system for the g-th
order jet bundle J,m which may be considered as the space of truncated
Taylor expansions.

2 Although we will exclusively consider local sections, we will use throughout a “global” notation in order
to avoid the introduction of many local neighbourhoods.
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The jet bundle J,m admits a number of fibrations. For us particularly
important are wy_; : Jym — Jyqm and 7? : Jy;m — X. To each section
o : X — & locally defined by o(x) = (x,s(x)) we may associate its
prolongation j,o : X — J,m, a section of the fibration 77 given by j,o(x) =
(x,8(x), OxS(x), OxxS(X), ... ).

The geometry of J,7 is to a large extent determined by its contact struc-
ture. It can be described in a number of ways. We will use three different
approaches. The contact codistribution C) C T*(.Jym) consists of all one-
forms such that their pull-back by a prolonged section vanishes. Locally,
it is spanned by the contact forms?

wﬁ:dug—ugﬂidﬂ, 0<|ul <q.
Dually, we may consider the contact distribution C, C T'(J,m) consisting of
all vector fields annihilated by Cg . One easily verifies that it is generated
by the fields

CZ_@) = 0; +u 1, Ous 1<i<n,
CM:@uﬁ, ‘:ulzq

«

Note that the latter fields span the vertical bundle V] _; of the fibration
Ta_y- Thus the contact distribution can be split as C, = Vry | @ H. Here
the complement H is an n-dimensional transversal subbundle of T'(J,m)
and obviously not uniquely determined (though any local coordinate chart
induces via the span of the vectors CZ-(q) one possible choice). Note that
any such complement H may be considered as the horizontal bundle of
a connection on the fibred manifold 77 : J,m — X (not for the fibration
Ta_,!). Following Fackerell [2], we call any connection on ¢ whose hori-
zontal bundle consists of contact fields a Vessiot connection®.

As a third approach to the contact structure we consider, following [7],
the contact map. It is the unique map I'; : JaxxTX — T(J,_17) such
that the diagram

3 Throughout the article we use the convention that a summation over repeated indices is understood.
4 In the literature the name Cartan connection [6] is more common.
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J Xy TX Jyam)

]q OTX%\ %IU
q

commutes for any section o. Because of its linearity over Tg—1, WE may
also consider it as a map I'y : J,m — T*X® _ T (J,—17) with the local
coordinate form:

Fq . (X, u(‘])) — (X’ u(q_l); dml ® (81.1 —I— u/%—liﬁuff)) . (1)
Now one can see that imI'y = C,; and hence C; = (T'wl_;)~'(imT,).

Proposition 2.1. A section v : X — J,m s of the form v = j,o for a
section o : X — &, if and only if im Fq(”y(x)) = TW(:E)WSA(TW(:E) im 7) for
all points x € X where 7 1s defined.

Thus for any section o : X — & the equality im Ly (jgr10(z)) =
im 7, (j,0) holds and we may say that knowing the (¢ 4+ 1)-jet j,110(x)
of a section o at some x € X is equivalent to knowing its ¢-jet p = j,o(x)
at x plus the tangent space T,(im j,0) at this point. This observation will
later be the key for the Vessiot theory.

A differential equation of order ¢ is a fibred submanifold R, C J,m locally
described as the zero set of some smooth functions on J,m:

Rq:{gpf(x,u@h:o, T=1,....t. 2)

(Note that we do not distinguish between scalar equations and systems.)
We denote by ¢ : R, — J,m the canonical inclusion map. Differentiating
every equation in (2) yields the prolonged equation Ryi1 C Jyp17m defined
by the equations @ = 0 and D,;®” = 0 with the formal derivative D;, given
by D@7 (x,u) = %ﬁl (x,u) + gds (x,u)ug .. Iteration of this process gives
the higher prolongations R4, Q Jg+rm. A subsequent projection leads to
Rél) = 7Tg+1(Rq+1) C R, which is a proper submanifold, whenever integra-
bility conditions appear. R, is formally integrable, if at any prolongation

order 7 > 0 the equality R\, = Ry, holds.
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A solution is a section o : X — &£ such that its prolongation satisfies
im j,0 € R,. In local coordinates, this coincides with the usual notion of
a solution. For formally integrable equations it is straightforward to con-
struct order by order formal power series solutions; otherwise it is very hard
to find solutions. A key insight of Cartan was to introduce infinitesimal
solutions or wntegral elements at a point p € R, as subspaces U, C T, R,
which are potentially part of the tangent space of a prolonged solution.

Definition 2.2. Let R, C J,m be a differential equation. A linear subspace
U, € T,R, is an integral element at the point p € Ry, if a point p € Ry

exists such that 731 (p) = p and Tu(U,) € imTqy1(p).

The above definition of an integral element is not the standard one.
Usually, one considers the pull-back L*Cg of the contact codistribution or
more precisely the differential ideal Z[R,] = (+*C])air generated by it (recall
that algebraically Z|R,] is thus spanned by a basis of L*Cg and the exterior
derivatives of the forms in this basis) and an integral element is a subspace
on which this ideal vanishes.

Proposition 2.3. Let R, be a differential equation such that R((JU =R,
A linear subspace U, C T, R, ts an integral element at p € R, if and only
if Tu(U,) lies transversal to the fibration 7Tg_1 and every differential form
w € I[R,| vanishes on U,,.

Proof. Assume first that U, is an integral element. Thus there exists a
point p € Ryy1 such that 78t (p) = p and Tu(U,) C imTyy1(p). This
implies firstly that Tw(U,) is transversal to 7Tg_1 and secondly that every
one-form w € ¢*C) vanishes on U,, as imI'y1(p) C (C,),. Thus there only
remains to show that the same is true for the two-forms dw € *(dCy).
Choose a section v : R, — Ry41 such that y(p) = p and define a
distribution D of rank n on R, by setting T¢(D;) = imT'y11(v(p)) for any
point p € R,. Obviously, by construction ¢, C D,. It follows from the
coordinate form (1) of the contact map that locally the distribution D is

spanned by n vector fields X; such that ¢, X; = C’Z.(q) + 7pt1,CF where the
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coefficients 7, are the highest-order components of the section . Thus the
commutator of two such vector fields satisfies

6 (X0 X]) = (O (400 )= CY (7841.)) Clyy [C17 O =, [C37 O]

The commutators on the right side vanish whenever pu; = 0 or p; = 0,
respectively. Otherwise we obtain —8uﬁ_ y and —8%3_ L respectively. But
this implies that the two sums on the right side cancel each other and we
find that ¢, ([X;, X;]) € C;. Thus we find for any contact form w € C{ that

C(dw) (X, Xj) = dw(uXi, 1.X;)
= LXi(w(tX))) = uX;(w(eX;)) + w(u((X, X;]) -

Each summand vanishes, as all appearing fields are contact fields. Hence
any form w € +*(dC;)) vanishes on D and in particular on U, C D,

For the converse, note that any subspace U, C T, R, satisfying the im-
posed conditions is spanned by linear combinations of vectors v; such that
Ti(v;) = C’i(q) p T 7Ch1, where 477, are real coefficients. Now consider a
contact form wy with |v| = ¢ — 1. Then dw; = dx' A duy,, . Evaluating
the condition ¢*(dw?)|,(vi, v;) = dw(Tw(v;), Te(v;)) = 0 yields the equation
Voi1,5 = Vog1,- Hence the coefficients are of the form ~; = v,,,, and a
section o exists such that p = j,o(x) and T),(im j,0) is spanned by the
vectors Tu(vy), ..., Tu(vy,). This implies that U, is an integral element. [

For many purposes the purely geometric notion of formal integrability
is not sufficient and one needs the stronger algebraic concept of involu-
tion. This concerns e. g. the derivation of uniqueness results but also the
numerical integration of overdetermined systems [9]. An intrinsic defini-
tion of involution requires the Spencer cohomology. We give here only a
simplified coordinate version requiring that one works in “good”, so-called
d-regular, coordinates x (this is not a strong restriction, as generic coordi-
nates are d-regular and there are possibilities to construct systematically
“good” coordinates — see e. g. [3]).

The (geometric) symbol of a differential equation R, is Ny = Vg |z, N
TR,, i.e. the vertical part of the tangent space to R,. Locally, N is the
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solution space of the following linear system of (algebraic) equations in the
unknowns v¢§ (coordinates on S, (T*X) ® VE):

7
007\ .
N, Z(auf)“ﬂ_o‘ (3)

o, |pl=q

The prolonged symbols N, are simply the symbols of the prolonged equa-
tions Ry

The class of a multi-index p = [p1, .. ., i,] is the smallest k for which gy
is different from zero. The columns of the symbol matrix (3) are labelled
by the vjj. After ordering them by class, i. e. a column with a multi-index of
higher class is always left of one with lower class, we compute a row echelon
form. We denote the number of rows where the pivot is of class k by Bék)
and associate with each such row the multiplicative variables z', ... x".
Prolonging each equation only with respect to its multiplicative variables
yields independent equations of order g + 1, as each has a different leading
term. If prolongation with respect to the non-multiplicative variables does

not lead to additional independent equations of order ¢ + 1, i. e. if
rank V41 = Z kﬁék) : (4)
k=1

then the symbol N, is involutive (Cartan test).

The differential equation R, is called involutive, if it is formally inte-
grable and its symbol is involutive. Involutive equations possess a number
of pleasant properties; for our purposes the most important one is the
Cartan-Kahler theorem asserting the existence and uniqueness of analytic
solutions for a formally well-posed initial value problem with an analytic
involutive differential equation and analytic initial data.

For notational simplicity, we will consider in our subsequent analysis
mainly first-order equations R; C Jiw. Furthermore, we will assume
that any present algebraic (i.e. zeroth-order) equation has been explicitly
solved, reducing thus the number of dependent variables. From a theoret-
ical point of view this does not represent a restriction, as any differential
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equation R, can be transformed into an equivalent first-order one and un-
der some mild regularity assumptions the algebraic equations can always
be solved locally.

For later use, we define a local normal form, the Cartan normal form,
for such a differential equation. It arises by solving each equation for a
derivative uf, the principal derivative, and eliminating this derivative from
all other equations. Furthermore, the principal derivatives are chosen in
such a manner that their classes are as great as possible. All the remaining
derivatives are called parametric. Ordering the obtained equations by their
class, we can decompose them into subsystems:

(1<a<p”
u = ¢ (x,u,ul)  1<j5<n (5a)
\ B <y <m
( (n—1)

1§04§61
2—1:¢g—1(x7u7u7) 9 1§]§n_1 (5b)
B <y <m

\

( (1)
I1<a< 51
uf = 67 (x, u,uj) \ 1(j=) J (5¢)
By <y <m

\

Note that the values ﬁ{k) are exactly those appearing in the Cartan test
(4), as the symbol matrix of a differential equation in Cartan normal form
is automatically triangular with the principal derivatives as pivots. The
Cartan characters of R, are defined as agk) =m — ﬁ{k) and thus equal the
number of parametric derivatives of class k.

For a differential equation R; in Cartan normal form, it is possible to
perform an involution analysis in closed form. We remark that an effec-
tive test of involution proceeds as follows. Each equation in (5) is pro-
longed with respect to each of its non-multiplicative variables. The arising

second-order equations are simplified modulo the original system and the
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prolongations with respect to the multiplicative variables. The symbol A
is involutive, if and only if after the simplification none of the equations
is of second-order any more. The equation R, is involutive, if and only if
all new equations simplify to zero, as any remaining first-order equation
would be an integrability condition.

In order to apply this test, we set B := {(oz,i) e N x N":uf is a
principal derivative } and for each («,i) € B we define &% := uf — ¢¢.
Now a straightforward calculation yields

D;d¢ =ufs — CV(60) = Y u Chgr) . (6)

h=1 =g +1

For j > ¢, the prolongation D;®{ is non-multiplicative, otherwise it is
multiplicative.

Now let j > 7, so that (6) is a non-multiplicative prolongation. Accord-
ing to our test, the symbol N is involutive, if and only if it is possible
to eliminate on the right hand side of (6) all second-order derivatives by
adding multiplicative prolongations. As a first step we note the following
result arising after a tedious but fairly straightforward computation.

Lemma 2.4. Expanding the formal derivatives and collecting all second-
order derivatives in the right hand side of (6) yields that the difference
D;®f = D0 — 3751 32" o CI ¢ ) D@ equals

Higs) - of Z > cencl o)

h=1 ,_ g 1
-1 m )
=2 > um| DL CHeNC(#)
h=1 5=p" 11 =AM +1
61
- Z U%k Z Ck Cé W)
1<h<k<t 5=ﬁ§h)+1 7_ﬁ§k)+1
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s g

+ > ul | YD CHeNCH@D) + Y CHeNCHS))
d=p"+1 y=p"+1 y=B{"+1
i1 8y gy
5 .
- wy | —CleN + Y Clet)Ch@))
h=1 |\ 6=p" +1 y=p1"+1
" ) P
+ ) u |- )+ Z CHEICHON + > CMe)Ci(e))
o=p"+1 y=6{"+1 y=p" 41
i—1 m ﬂ%j)
1)
= 3w | Y ek
i+?§/%<j 0= +1 7=01"+1
_1 m
1) i
= D uk |G + Z Ci(d)CE($))
b=igege | NP
i—1 m [ ﬂ%j)
1) a ]
ST e+ S ClenCie)
h=lo—p+1 | =0 +1
= 37wl |G -l + Y. CLlenCie)
tJ o\ d\7yg Y\ o\NTj
0= +1 y=6{"+1

In the first line we collected all lower-order terms. Furthermore, none
of the appearing second-order derivatives is of a form that it could be
eliminated by adding some multiplicative prolongation. Hence the symbol
N7 is involutive, if and only if all the expressions in square brackets vanish.
The differential equation R is involutive, if and only if in addition the first
line vanishes, as it represents an integrability condition. Thus Lemma 2.4
provides us with an explicit form of all obstructions to involution for R;.
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3 The Vessiot distribution

By Proposition 2.1, the tangent spaces T),(im j,0) of prolonged sections
at points p € J,m are always subspaces of the contact distribution C,|,.
If the section o is a solution of R, it furthermore satisfies by definition
im j,oc € R, and hence T'(im j,0) € TR,. These considerations motivate
the following construction.

Definition 3.1. The Vessiot distribution of a differential equation R, C
Jym is the distribution V[R,] € TR, defined by

Tu(V[R,]) = Te(TR,) NCylg, -

Again, this is not the usual definition found in the literature. But the
equivalence to the standard approach is an elementary exercise in comput-
ing with pull-backs:

Proposition 3.2. The Vessiot distribution satisfies V[R,] = (1*C))°.

The Vessiot distribution is not necessarily of constant rank along R;
for simplicity, we will assume its rank does not vary over the differential
equation. Note that the symbol N, as the vertical part of TR, is always
contained in V[R,]. In general, V[R,] is not involutive (an exception are
formally integrable equations of finite type), but it may contain involutive
subdistributions; among these, those of dimension n which are transversal
(to the fibration R, — &) are of special interest for us.

Lemma 3.3. If the section o : X — & is a solution of the equation R,
then the tangent bundle T (im j,o) is an n-dimensional transversal invo-
lutive subdistribution of V[Ryllimj,e. Conversely, if U C V[R,] is an n-
dimenstonal transversal involutive subdistribution, then any integral man-
ifold of U has locally the form im j,o for a solution o of R,.

This simple observation forms the basis of Vessiot’s approach to the
analysis of R,: he proposed to search for all n-dimensional, transversal
involutive subdistributions of V[R,]. Before we do this, we first show how
integral elements appear in this program.
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Proposition 3.4. Let U C V[R,] be a transversal subdistribution of the
Vessiot distribution of constant rank k. Then the spacesU, are k-dimensional
integral elements for all points p € R, if, and only if, {U,U] C V[R,].

Proof. Let {wy,...,w,} be a basis of the codistribution :*C). Then an al-
gebraic basis of the ideal Z[R,| is {w1,...,wy, dwy,...,dw,}. Any vector
field X € U trivially satisfies w;(X) = 0 by Proposition 3.2. For arbitrary
fields Xy, Xy € U, we have dwi(Xl,Xg) = Xl(wZ(Xg)) — Xg(wl(Xl)) +
wi([X 1) Xg]). The first two summands on the right hand side vanish triv-
ially and the remaining equation implies our claim. ]

We call a subdistribution ¢ C V[R,] satisfying the conditions of Propo-
sition 3.4 an integral distribution® for the differential equation R,. Note
that generally an integral distribution is not integrable; the name only
reflects the fact that it is composed of integral elements.

Since the symbol N, of the equation R, is contained in the Vessiot distri-
bution, we can split the Vessiot distribution into V[R,| = N, ®H where H
is some complement. By analogy to the above discussed decomposition of
the full contact distribution, this leads naturally to connections: provided
dim’H = n, it may be considered as the horizontal bundle of a connec-
tion of the fibred manifold R, — & and we call any such connection a
Vessiot connection for R,. The existence of n-dimensional complements is
connected to the absence of integrability conditions.

Proposition 3.5. If the differential equation R, satisfies R((JU =Ry, then
its Vessiot distribution possesses locally a decomposition V[R,] = N, & H
with an n-dimensional complement H.

Proof. The assumption R, = R((JU implies that to every point p € R, at
least one point p € R,y with Wg+1(ﬁ) = p exists. We choose such a p and
consider imI'y11(p) C T, (J,m). By definition of the contact map I'yq, this
is an n-dimensional transversal subset of C;|,. Thus there only remains to

show that it is also tangential to R, as then we can define a complement

5 . . . . . . . . . . .
° In the literature the terminology “involution” is common for such distributions which, however, is quite
confusing in our opinion.
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by Tu(H,) = imI'j+1(p). But this tangency is a trivial consequence of
p € Ry+1; using for example the local coordinates expression (1) for I,
and a local representation 7 = 0 of R,, one immediately sees that the
vector v; = I'yy1(p, 0,i) € T,(J,m) satisties d@7 | (v;) = D@7 (p) = 0 and
thus is tangential to R,.

Hence we have proven that it is possible to construct for each point
p € R, a complement H, such that V,[R,] = (N,), ® H,. Now we must
show that these complements can be chosen in such a way that they form
a distribution (which by definition is smooth). Our assumption R, = Rél)
implies that the restricted projection ﬁg“ : Rg+1 — R, is a surjective sub-
mersion, i. e. it defines a fibred manifold. Thus if we choose a local section
v : Ry — Ry and then always take p = v(p), it follows immediately
that the corresponding complements H, define a smooth distribution as
required. ]

p

Any n-dimensional complement H is obviously a transversal subdistribu-
tion of V[R,], but not necessarily involutive. Conversely, any n-dimensional
subdistribution H of V[R,] is a possible choice as a complement. Hence we
may reformulate Vessiot’s goal as the construction of all flat Vessiot connec-
tions. Choosing a “reference” complement H, with a basis (X1,..., X,), a
basis for any other complement H arises by adding some vertical fields to
the vectors X;. We will follow this approach in the next section. For the
remainder of this section we turn our attention to the choice of a convenient
basis of V[R,| that will facilitate our computations.

Since the symbol N, is an involutive distribution, there exists a basis
(Y1,Ys,...Y,) for it with r = dim N, whose Lie brackets vanish: Y}, Y] =0
for all 1 < k,¢ < r. Since the vertical bundle Vﬂ;’_l is also involutive, we
can decompose V| = N, ® W where W is again an involutive distribu-

tion. W can be spanned by vector fields Wy, ..., W, where s =Y ,_,; Bék)
equals the number of principal derivatives which are chosen such that we
have [W,,W;] = 0 for all 1 < a,b < s. In local coordinates, a par-
ticularly convenient choice for the fields Y, and W, exists. We choose
for any 1 < k < r a parametric derivative uf;, that is (o, ) ¢ B, and
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Vi =Y = L*(auﬁ), and for any 1 < a < s a principal derivative uj; such
that (o, p) € B and W, 1= W = Oye.

The reference complement H is chosen as follows. Any basis of it must
consist of n transversal contact fields. Since the fields C* are vertical, we
can always use a basis (X1, ..., X,,) of the form X; = C’l(Q)+ i, Ch with some
coeflicient functions &), chosen such that X, is tangential to R, The fields
C* also span the vertical bundle Vﬂ'g_l and hence we may exploit the above
decomposition for a further simplification of the basis. By subtracting from
each X; a suitable linear combination of the fields Y} spanning the symbol
N,, we arrive at a basis (X1,...,X,) where X; = C’Z.(Q) + W,

As already mentioned above, generally, the Vessiot distribution V[R,] is
not involutive. Hence it is not surprising that its structure equations are
going to be important later. Since the only non-vanishing Lie brackets of
contact fields in C, are

[Cg—i_lia CZ(Q)] = 8ug ) |I/‘ =q— 1 ) (7)

we may extend the above chosen basis (X, Y}) of V[R,] to a basis of the
derived Vessiot distribution V'[R,] by adding vector fields Z., 1 < ¢ <
t = dimV'[R,] — dim V[R,], where, using (7), for each ¢ we have some
coefficients x¢, such that Z, = k%, 0, with |v| = ¢ — 1. By construction,
the non-vanishing structure equations of V[R,| take now the form

[Xz', X]] = @%Zc and [XZ, }/}{] = EZCkZC (8)
with smooth functions Of; and =

Remark 3.6. In the next section we will have to analyse certain matrices
which are built out of the coefficients Of;, =5, It will turn out that this
analysis becomes simpler, if we pretend that all fields Oy with V| = q —1
are contained in V'[R,]. Restricting to the first-order case ¢ = 1, we write
the right hand sides of (8) as Of;0u« and =00, respectively. The new and
the old coefficients are then related by

o C (6% o __ ¢ [6%
@ij = @ij"fc 5 =ik — =ikRe - (9)
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a =

Knowing the (larger) sets of coefficients O, =i, we can reconstruct the
true structure coefficients 65;, Z§. by solving the overdetermined linear
system of equations (9). This is always possible since the fields Z. are
assumed to be linearly independent. Thus there exist some coefficents K¢,
such that

c __ a, .c _
@ij = @ij“a 3 ik = ZikRa -

For a first-order equation Ry with Cartan normal form (5) satisfying
the assumptions of Proposition 3.5 it is possible to perform this process

explicitly. We choose as a reference complement Hj, the linear span of the
vector fields

Xi=C"+ Y oy

One easily verifies in a rather straightforward computation that this is a
valid choice. Using this reference complement, we can explicitly evaluate
the Lie brackets (8) on R;. As we are not able to determine a simple
expression for the derived Vessiot distribution, we follow the approach
taken in Remark 3.6 and obtain for the extended set of structure coefficients

Oy, =i}, the following results: if i < j, then

)

(i) € Band (o, j) € B,
o =1 CM(¢9) :(a,i) € Band (a,j) €B,  (10)

7

C(05) = CJP(99): (i) € B and (a,j) € B,

g J

and if we assume that Y, = Yjﬂ , then

0 (i) ¢ B and (o, i) # (5,7)
Ep=1 -1 : (a,7) ¢ B and («,i) = (5,7) , (11)
—C3(#7): (a,i) € B

We collect these coefficients into vectors ©;; and matrices =; where the
m rows are ordered according to increasing a, and the r = dim N; columns
are ordered, according to increasing j, into n blocks (empty for those j with

m = 59’ )) and within each block according to increasing 3 (with 59’ ) <
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B < m). Note that for a differential equation with constant coefficients all
©;; vanish and for a maximally overdetermined equation there are no =j.
The matrices =; have a special form. For any class ¢, the matrix =;

has a@ rows where all entries are zero with only one exception: for each

, O . ]
1</ < ozgl) we have Ef,lC T —dy where ¢ := 2:11 ozgh)Jr&. The entries

in the remaining ﬁ{i) rOWS are —C’é(gb?). Some of these vanish, too: all of
the parametric derivatives on the right side of an equation in the Cartan
normal form (5) are of a class lower than that of the equation’s left side as
otherwise we would solve this equation for the derivative of highest class.
This means —C’é(qﬁf‘) = 0 whenever j = class(uj@ ) > class(u$) = i, and it
follows that for each i, 1 < i < n the matrix =; looks like

_ (Cll(cb?) o =R —Cl(ef) 0 -0> 12

- 0 0 _]]_agi) 0---0) °
Here, for 1 < j < 4, we have ﬁfj) +1 < # < m. The unit block of ozgi)
rows leads immediately to the estimate

agi) < rank =; < min{m, Zagj)} .
j=1

Since the matrices =; are made up of block matrices and we are going to
calculate with these blocks, we introduce the following notation: let for any
i,1<i<mn, "[5;]? denote the block in =; consisting of the entries from

the ath row to the bth row and from the cth column to the dth column.

4 Flat Vessiot connections

Recall that our goal is the construction of all n-dimensional transversal
involutive subdistributions & within the Vessiot distribution V[R4]. Taking
(Xi,Y) as a basis for V[R;], we make for the basis (Uy,...,U,) of such a
distribution U the ansatz U; = X, + CfYk with yet undetermined coefficient
functions ¢F. This ansatz follows naturally from our considerations above,
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as the fields X; span a reference complement to N; and all fields Y}, are
vertical. Since the fields U; are in triangular form, the distribution i is
involutive, if and only if their Lie brackets vanish, and using (8) this means:

U, Uj] = [Xz,X]+<[Yk, i+ GIXa Yl + (U(¢)) — Ui (¢) Va

¢ ! (13)
= (65, — Z505 + 2500 Ze + (U — Uy (¢h)Ye = 0.

By definition of the Y} and Z,, these fields are linearly independent, so
their coefficients must vanish for U to be involutive. Thus (13) yields two
sets of conditions for the coefficient functions ¢F: a system of algebraic
equations

c _ 1<ce<t,
and a system of differential equations
1<k<r

In (14) the true structure coefficients ©;;, =5, appear. For our subsequent
analysis we follow Remark 3.6 and replace them by the extended set of
coefficients ©¢%, =%. This corresponds to replacing (14) by an equivalent

1)) =7

but larger linear system of equations which is simpler to analyse.

Remark 4.1. The vector fields Yy, lie in the Vessiot distribution V[R4].
Thus, according to Proposition 3.4, U is an integral distribution, if and only
if the coefficients | satisfy the algebraic conditions (14). This observation
permits us immediately to reduce the number of unknowns in our ansatz.
Assume that we have values 1 < 1,7 < n and 1 < a < m such that both
(o, i) and (o, j) are not contained in B, i. e. u and u§ are both parametric
derivatives (and thus obviously the second-order demvatwe ug:, too). Then
there exist two symbol fields Yy, = 1.(0ye) and Yy = 1.(0ye). Now it follows
from the coordinate form (1) of the contact map that U can be an integral
distribution, if and only if C]’“ = ¢
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As the unknowns C,Z may be understood as labels for the columns of the
matrices =, this tdentification leads to a contraction of these matrices.
We introduce now contracted matrices =, which arise as follows: when-
ever C]’“ = (! then the corresponding columns of =), are added. Similarly,
we ntroduce reduced vectors é’h where the redundant components are left
out. From now on we always understand that in the equations above this
reduction has been performed.

Now the question arises, when the combined system (14,15) has solu-
tions. We begin by analysing the algebraic part (14). As a system for the
vectors @, we seek to build a solution step by step with ¢ increasing. Thus
we begin the construction of the integral distribution ¢ by first choosing
an arbitrary vector field U; and then aiming for another vector field U,
such that [Uy,Us] € V[R,]. During the construction of Uy we regard the
components of the vector Cl as given parameters and the components of Cg
as the only unknowns of the system

16 = 5561 — 6. (16)

Since the components of Q are not considered as unknowns, the system
(16) must not lead to any restrictions for the coefficients ¢F. Obviously,
this is the case, if and only if

rank =) = rank (5 =) . (17)

Assuming that (17) holds, the system (16) is solvable, if and only if it
satisfies the augmented rank condition

rankél = rank (él éz —@12) . (18)

Now we proceed by iteration. Given ¢ — 1 vector fields Uy, Us, ... U;_4
of the required form spanning an involutive subdistribution of V[R;], we
construct the next vector field U; by solving the system

Z1G = Zi¢1 — Oy,
(19)
Zi1G = ZiG1— Oy
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Again we consider only the components of the vector é, as unknowns and
(19) must not imply any further restrictions on the components of the
vectors (; for 1 < j <. The corresponding rank condition is

Zi

A
—

)

. Lp bp

[\)

.y £1]>

[\

= (20)

rank = rank

S

A A
— —
—

—_—

i—1 i—1 =

(1>

Assuming that it holds, (19) is solvable for the components of ¢;, if and
only if it satisfies the augmented rank condition

=1 ST —6;
=9 =9 = 0 -6
rank | =rank | ' ' (21)
0
Zi1 Zi1 Zi =01

The following theorem relates the satisfaction of these rank conditions
and thus the solvability of the algebraic system (14) by the above described
step by step process to intrinsic properties of the differential equation R4
and its symbol M.

Theorem 4.2. Assume that d-reqular coordinates have been chosen for
the differential equation Ryi. The rank condition (20) is satisfied for all
1 < i < n, if and only if the symbol N7 is involutive. The augmented
rank condition (21) holds for all 1 < i < n, if and only if the differential
equation Ry 1s involutive.

Proof. In order to prove (20), we transform the matrices into row echelon
form. Since each matrix =Z; contains a unit block, there is an obvious way
to do this. We describe the procedure using the above introduced notation
for subblocks. As we shall see, the relevant entries in this row echelon form
are the coefficients of the second-order derivatives ug, in Lemma 2.4 and

therefore their vanishing is equivalent to involution of the symbol M.
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We start with i = 1, i.e. with (17). Since =) is a negative unity matrix
of agl) rows with a Bfl) X agl)—matrix stacked upon it and only zeros for
all other entries, we have rank(él) = ay. Next, we transform the matrix
(él ég) into row echelon form using the special structure of the matrices

Z; as given in (12); the blocks are replaced in this way:

OB G B N R (R PR

ER < E 0 E 'm§1>+1[51]?1 :

FORIRENEY RPN I JReY

S EAREE N AR EAR Z%H S0
AL A A ]af)+a1 B0z gyt
L =21, M1 N SRS L N O NS

If, for the sake of simplicity, we use the same names for the changed blocks,
then we have

@)
OIS .
DE = | -G+ ) GG ,
y=B{"+1 1<a<pt)
B r1<s<m
6(2)
5(1) - (1)4‘045) 1/ 1« 2/ Lo - 1/ 1« 2/ .7
1[5 ](1)+1 = | C5(7) — C5(93) + Z C’y(¢1)C5(¢2)
y=B{"+1 1<a<pi’
B p1<5<m

A comparison with the obstructions to involution obtained by applying
Lemma 2.4 for ¢ = 1 and j = 2 shows that all these entries vanish, if and
only if the obstructions vanish. It follows that the first Bil) rows of the
matrix (Z; =,) are zero. The last ozgl) rows begin with the block _I].agl)

(1)

and hence rank(él ég) = oy’ =rank él. Thus we may conclude that the
rank condition (17) holds, if and only if no non-multiplicative prolongation
D,®{ leads to an obstruction of involution.

The claim for the augmented condition (18) follows from the explicit
expression (10) for the entries ©;;. Performing the same computations as
above described with the augmented system yields as additional relevant
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entries exactly the integrability conditions arising from Lemma 2.4 applied
for i = 1 and j = 2. Hence (18) holds, if and only if no non-multiplicative
prolongation Dy®{ yields an integrability condition.

As one might expect from the above considerations for ¢ = 1, the anal-
ysis of (20) for a general 1 < ¢ < n will require the non-multiplicative
prolongations D;®¢, D;®5, ... D;®Y . It follows trivially from the block
form (12) of the matrices =; that the rank of the matrix on the left hand
side of (20) is S0} ozgk).

For lack of space we skip the details for the general case. We follow
the same steps as in the case i = 1. The transformation of the matrix on
the right hand side of (20) can be described using block matrices, and the
resulting matrix in row echelon form has as its entries in the rows where no
unit block appears the coefficients of the second-order derivatives in Lemma
2.4. Thus we may conclude again that satisfaction of (20) is equivalent
to the fact that in the non-multiplicative prolongations D;®{, ..., D;d$
no obstructions to involution arise. In the case of the augmented condi-
tions (21), it follows again from the explicit expression (10) for the entries
@f‘j that the additional relevant entries are identical with the potential
integrability conditions produced by the non-multiplicative prolongations
D;®¢, ..., D¢ .

At this point it becomes apparent why we had to introduce the con-
tracted matrices =;. As all functions are assumed to be smooth, partial
derivatives commute: uf; = uj;. In Lemma 2.4 each obstruction to invo-
lution actually consists of two parts: one arises as coefficient of ug;, the
other one as coefficient of u$;. While this decomposition does not show in
Lemma 2.4 because both derivatives are collected into one term, the two
parts appear in different columns of the matrices =; and in general the rank
condition (20) will not hold, if we replace the contracted matrices =; by the
original matrices =; (see the example below). The effect of the contraction
is to combine the two parts in order to obtain the right rank. ]

There remains to analyse the solvability, if we add the differential system
(15). We first note that one can show in a straightforward computation
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that (15) alone is again an involutive system. If the original equation R is
analytic, then the quasi-linear system (15) is analytic, too. Thus we may
apply the Cartan-Kahler theorem to it which guarantees the existence of
solutions.

The problem is that the combined system (14,15) is in general not involu-
tive, as the prolongation of the algebraic equations (14) leads to additional
differential equations. Instead of analysing the effect of these integrability
conditions, we proceed as follows. If we assume that R; is involutive, then
we know from Theorem 4.2 that the algebraic equations (14) are solvable.
In the proof of the theorem we even produced an explicit row echelon form
of the system matrix which we can now exploit to eliminate some of the
unknowns Q:f as a linear combinations of the remaining ones.

Theorem 4.3. Assume that d-reqular coordinates have been chosen for
the differential equation R and that Ry s analytic. Then the combined
system (14,15) is solvable.

Proof. Following the strategy outlined above, we eliminate some of the un-
knowns CF. Because of the simple structure of (15), it turns out that we
must take a closer look only at those equations where the leading deriva-
tive is of one of the unknowns we eliminate. A somewhat lengthy but
straightforward computation shows that these equations actually vanish.
The remaining equations still form an involutive system. Thus we eventu-
ally arrive at an analytic involutive differential equation for the coefficient
functions éf which is solvable according to the Cartan-Kahler theorem. [

Example 4.4. Consider the first-order equation

Up = vy = Wy = uUg = 0, vy = 2u, + 4u,
Rl .
Ws = — Uy — Uy , U, = Vp + 2w, + 3v, + 4w, .
It is formally integrable, and its symbol is involutive with dimN; = 8.

Thus R s an involutive equation. For the matrices =;, all of which are
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3 X 8-matrices, we find

_ 10 000000 _ 000-10 000
ZEi=(0-1000000), Zy=(0000-1000),

0 0 100000 0000 0 —100
= (8‘015285354 018) = (0288048888) = =0
=37 \00 000 0 0 -1/ =4~ \ 10030000/ 7 T° U3x8:

For the first two steps in the construction of the fields U;, the rank con-
ditions are trivially satisfied even for the non-contracted matrices. But not
so in the third step where we have in the row echelon form of the arising
9 x 32-matrix in the 7th row zero entries throughout except in the 12th
column (where we have —2) and in the 17th column (where we have 2).
As a consequence, we obtain the equality ({ = ¢} and the rank condition
for this step does not hold. However, since both w, and u, are parametric
derivatives and in our ordering Y1 = 1.(0,,) and Yy = 1,(0,,), this equality
18 already taken into account in our reduced ansatz and for the matrices Z;
the rank condition is satisfied.

Note that the rank condition is first violated when the rank reaches the
symbol dimension (which is 8). From then on, the rank of the left matriz
in (20) stagnates at dim Ry while the rank of the augmented matriz may
rise further. The entries breaking the rank condition differ by their sign,
while their corresponding coefficients in Lemma 2.4 are collected into one
sum and thus vanish.
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Abstract

Cental issues of the Dirac constraint formalism are discussed in relation to the algorithmic
methods of commutative algebra based on the Grobner basis techniques. For a wide
class of finite dimensional polynomial degenerate Lagrangian systems, we describe an
algorithmic scheme of computation of the complete set of constraints, their separation
into subsets of first and second class constraints as well as the construction of a generator
of local symmetry transformations. The proposed scheme is exemplified by considering
the so-called light-cone Yang-Mills mechanics with an SU(2) gauge structure group.

Keywords: constrained Hamiltonian dynamics, commutative algebra, Grobner basis.
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1 Introduction

Lagrangians used for the description of fundamental particles, such as elec-
trons and photons, as well as quarks and gluons have a degenerate Hessian
functions. This rather unusual property, compared to standard Lagrangian
mechanical models, profoundly modifies the whole mathematical descrip-
tion of classical evolution. It demands the physical interpretation of con-
strained variables (e.g. longitudinal components of the electromagnetic
potential) and also requires the generalisation of the canonical quantisa-
tion scheme. From the mathematical point of view the new element of the
Hamiltonian description of a degenerate Lagrangian system is the tnvolu-
tion analysis of the differential equations of motion. Its pivotal ingredients
in the generalized Hamiltonian dynamics [1]-[5] are realised in the form of
the Dirac scheme to determine constraints. This is related to [6, 7, §]
the formal theory of differential equations [9]. The process of the deter-
mining all the integrability conditions that can not be derived using only
the algebraic operations with the existing differential equations is just the
“reproduction” of constraints in the Dirac formalism. Having a complete
set of constraints we are able to identify the set of “truly” dynamical equa-
tions for this involutive system and therefore finally provide a deterministic
classical evolution of the physical observables and perform the subsequent
quantization.

Effective completion to involution of systems of differential equations
needed in field theories represents a very complicated challenge requiring
sophisticated computer-algebraic methods [10]. Similarly the generalized
Hamiltonian formalism also needs an efficient algorithmisation and imple-
mentation in a proper computer algebra software.

In the present paper we apply the most universal algorithmic tool of
commutative algebra, the Grobner bases [11], as the main algorithmic in-
gredient of the generalized Hamiltonian dynamics for degenerate mechan-
ical models with polynomial Lagrangians. In [12] it was already suggested
to use the Grobner bases for the computation and separation of constrains
for such models. The underlying Dirac-Grobner algorithm is based on the
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facility of the Grobner bases method to manipulate with a polynomial in
the phase variables modulo constraint manifold, and, in particular, to check
whether the polynomial vanishes on the manifold. In the present note we
propose some further algorithmic improvements and extensions aiming at
the computational realization of the Hamiltonian reduction of degenerate
mechanical system possessing local symmetries.

It should be noticed that constructive ideas of the involution analysis of
differential equations combined with those from the Grobner bases tech-
nique have culminated in the concept of involutive bases [13] as a special
type of Grobner bases providing the efficient involutive algorithms [14] for
construction of the involutive as well as the reduced Grobner bases.

The plan of this paper is as follows. We start (Section 2) with a brief de-
scription of the main issues in the Dirac constraint formalism that should
be put into an algorithmic form suitable for effective calculations. In Sec-
tion 3 the ways to achieve this goal for finite-dimensional mechanical sys-
tems with polynomial Lagrangians are described. Then (Section 4) we
consider the so-called light-cone SU(n) Yang-Mills mechanics as an inter-
esting example of constrained model for which the first algorithmic issue
of the Dirac formalism, namely, construction of the primary constraints,
can be performed for arbitrary n. The remaining algorithmic issues of the
Dirac formalism are illustrated in Section 4 for this model specified [15] to
the simplest nontrivial structure group SU(2). Finally, in Section 5 some
conclusions are presented.

2 The issues requiring algorithmisation

Here we sketch briefly the basic notions and definitions from the Dirac con-
straint formalism for a finite dimensional degenerate Lagrangian system
and make a list of the main procedures requiring an algorithmic reformu-
lation.

Consider an n-dimensional mechanical system whose configuration space
is R™ and the Lagrangian L(q, ¢) is defined on a tangent space as a function
of the coordinates q := ¢1, qo, . . ., ¢, and velocities ¢ := ¢1, ¢, ..., Gn .
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The Lagrangian system is called a regular one if the rank r := rank||H;;||
of the corresponding Hessian function H;; := 0*L/9q;0q; is maximal (r =
n). In this case the Euler-Lagrange equations

d /0L oL
— (=) == 1< < 1
alog) o =0 1sism W
rewritten explicitly as
0?L oL

Hijdj 0

o =
dq;04; 7 Oqg;

can be resolved with respect to the accelerations (¢) and there is no hid-
den constraints. Otherwise, if » < n, the Euler-Lagrange equations are
degenerate or singular. In this case not all differential equations (1) are of
second order, namely there are n — r independent equations, Lagrangian
constraints, containing only coordinates and velocities. Passing to the
Hamiltonian description via a Legendre transformation

OL
i T 2
P e (2)

the degeneracy of the Hessian manifests itself in the existence of n — r
relations between coordinates and momenta, the primary constraints

oV(pg) =0, 1<a<n-—r. (3)

Equations (3) define the so-called primary constraints subset ;. This
definition is implicit and therefore the first algorithmisation topic is:

Issue I: Find all primary constraints describing the subset 34 .

From (3) the dynamics is constrained by the set ¥; and by the Dirac
prescription is governed by the total Hamiltonian

Hyp = Ho + UV (4)

which differs from the canonical Hamiltonian He(p, q¢) = piq;— L by a linear
combination of the primary constraints with the Lagrange multipliers U,,.
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The next step is to analyze the dynamical requirement that classical
trajectories remain in ; during evolution,

¢ = {Hp, ¢V} 2 0. (5)

In (5) the evolutional changes are generated by the canonical Poisson brack-

ets with the total Hamiltonian (4) and the abbreviation 2 stands for a week
equality, i.e., the right-hand side of (5) vanishes modulo the constraints.

The consistency condition (5), unless it is satisfied identically, may lead
either to a contradiction or to a determination of the Lagrange multipli-
ers U, or to new constraints. The former case indicates that the given
Hamiltonian system is inconsistent.

In the latter case when (5) is not satisfied identically and is independent
of the multipliers U, the left-hand side of (5) defines the new constraints.
Otherwise, if the left-hand side depends on some Lagrange multipliers U,
the consistency condition determines these multipliers, and, therefore, the
constraints set is not enlarged by new constraints. The subsequent iteration
of this consistency check ends up with the complete set of constraints
and/or determination of some/or all Lagrange multipliers.

The number of Lagrange multipliers U, which can be found is determined
by the so-called Poisson bracket matrix

Mos = {bar b5}, (6)

where Y denotes the subset of a phase space defined by the all constraints
including primary ¢8), secondary ¢g?), ternary ¢S’), etc., constraints, ® :=

(@), 0%, o)

X ¢alp,q) =0, 1<a<k. (7)

The co-rank s := k — rank(M) of matrix M represent the number of first-
class constraints ¥ ,1s, ... s, linear combinations of constraints ¢,

Ya(p:q) = % cap (P, @) O3 (8)
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whose Poisson brackets are weakly zero

{$a(p. @), ¥s(p.q)} =0 1<a,3<s. (9)

The remaining functionally independent constraints form the subset of
second-class constraints.

This method of constraints determination in the Dirac formalism repre-
sents the particular form of completion of the initial Hamiltonian equations
to involution; the generated constraints are nothing else than the integra-
bility conditions [6, 7, 8].

Therefore the second algorithmisation challenge can be formulated as

Issue II: Determine all integrability conditions and perform
their separation into first and second class conditions.

First-class constraints play a very special role in the Hamiltonian de-
scription: they provide the basis for generators of local symmetry transfor-
mations. The knowledge of a local symmetry transformation is important
because according to physical requirement the physical observables are sin-
glets under the gauge symmetry transformations.

So the next important algorithmisation problem is

Issue III: Construct the generator of local symmetry transfor-
mation and find the basis for singlet observables.

The last problem has direct impact on the process of Hamiltonian re-
duction, that is a formulation of a new Hamiltonian system with a re-
duced number of degrees of freedom but equivalent to the initial degener-
ate one [2, 16, 17]. The presence of s first-class constraints and r := k — s
second-class constraints guarantees the possibility of local reformulation of
the initial 2n dimensional Hamiltonian system as a 2n —2s —r dimensional
reduced Hamiltonian system (cf. [7]).

Therefore, the final fourth algorithmisation challenge we formulate here
as

Issue IV: Construct an equivalent unconstrained Hamiltonian
system on the reduced phase space.
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3 How the algorithm works

Here we extend the main ideas of [12] and describe the algorithmic basics
that can be used to solve the problems stated in the previous section. In
doing so, we restrict our consideration to an arbitrary dynamical system
with finitely many degrees of freedom whose Lagrangian is a polynomial in
coordinates and velocities with rational (possibly parametric) coefficients’

L(q,q) € Qlg, q].

3.1 Primary constraints

For degenerate systems the primary constraints (3) are consequences of the
polynomial relations (2). These relations generate the polynomial ideal in

Qlg, ¢, p]
Ipaqvq = Id(U?zl{pi - aL/an}) - Q[pv q, Q] : (10)

Thereby, primary constraints (3) belong to the radical /I, , of the elimi-
nation ideal

]p7q - ]pxm N Q[p7 Q] .

Correspondingly, for an appropriate term ordering which eliminates ¢, a
Grobner basis of I, , (denotation: GB(1,,)) is given by [11, 18]

GB(]p,q) - GB(Ip,q@) N Q[p7 Q] .

This means that construction of the Grobner basis for the ideal (10) with
omitting elements in the basis depending on velocities and then construct-
ing of GB(,/1,,) allows us to compute the set of primary constraints. If

GB(y/1,,) = 0 then the dynamical system is regular. Otherwise, the al-
gebraically independent set ®; of primary constraints is the subset ®; C

GB(/1,4) such that

Vo(p,q) € D1 @(p,q) € 1d(P1\ {o(p, 0)}) - (11)

1 Throughout this section we use some standard notions and definitions of commutative algebra (see, for
example, [18]).
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Verification of (11) is algorithmically done by computing the following
normal form: NF (¢, GB(Id(®1 \ {¢})).

Therefore, all the computational steps described above admit full al-
gorithmisation by means of Grobner bases. In addition, the canonical
Hamiltonian H.(p, ¢) is computed as NF(p;qi — L, GB(1pq4))-

3.2 Complete set of constraints and their separation

The dynamical consequences (5) of a primary constraint can also be algo-
rithmically analyzed by computing the normal form of the Poisson brackets
of the primary constraint and the total Hamiltonian modulo GB(,/1,,).
Here the Lagrange multipliers U, in (4) are treated as time-dependent
functions. If the non-vanishing normal form does not contain U,, then it
is nothing else than the secondary constraint. In this case the set of pri-
mary constraints is enlarged by the secondary constraint obtained and the
process is iterated. At the end either the complete set ® of constraints (7)
is constructed or inconsistency of the dynamical system is detected. The
detection holds when the intermediate Grobner basis, whose computation
is a part of the iterative procedure, becomes {1}.

To separate the set ® = {¢1,..., ¢} into of first and second class con-
straints the Poisson bracket k& x k matrix M (6) is built. Its entries are
computed as normal forms of the Poisson brackets of the constraints mod-
ulo a Grobner basis of the ideal generated by set ®.

To construct s := k — r; where r = rank(M) first-class constraints
as linear combinations (8) of constraints (7) satisfying (9) it suffices to
find the basis P = {p1,...,pr_r} of the null space (kernel) of the linear
transformation defined by M. Every vector p € P generates the first-class
constraint of form p,@,.

Now consider the s x k matrix (p;), composed of components of vectors
in P and find a basis T := {t1, ..., t,} of the null space of the corresponding
linear transformation. For every vector t € T' the second-class constraint
is constructed as t,9,.
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Thus the constraints separation can be done using linear algebra opera-
tions with the matrix M alone. Together with the Grobner bases technique
this implies full algorithmisation for computing the complete set of alge-
braically independent constraints and their separation ( Issues I and II
of Section 2).

3.3 Generator of local symmetry transformations

The local symmetries are generated by first-class constraints (cf. [5]) but
the presence of the second-class constraints makes realization of the sym-
metry transformations very subtle. To overcome some of these difficulties
one can effectively eliminate the second class constraints by changing the
initial Poisson bracket to the new Dirac bracket defined as

{f,9}p =1/, 9} —{f xa}Cos{xs 9},

where y, (1 < o <) denotes the second-class constraints, and the invert-
ible 7 x r matrix C,p is defined as

Cas = {Xa» X5} -

Since for an arbitrary function f it follows that {f, xo}p = 0 the second-
class constraints can be set to zero either before or after evaluating a Dirac
bracket. This last evaluation, modulo the constraint functions, can be per-
formed algorithmically exploiting the Grobner bases. After elimination of
all second-class constraints follow to the Dirac conjecture [1] the genera-
tor G of local transformations is expressed as a linear combination of all
first-class constraints

k1 s
G=Y Vo) + ¥ 2o, (12)

and its action on phase space coordinates (¢, p) is given now with the aid
of the Dirac bracket

0qg; = {G7 Qi}Da 0p; = {G,pz‘}D-
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In (12) the coefficients Eg) and (?) are functions of time ¢ and the first sum
includes k; primary first-class constraints while the second sum contains
the all remaining first-class constraints. Not all of the functions € in (12)
are independent ones. Here we briefly state how following the method
suggested in [19] one can extract the irreducible set of functions from the
set of e. The total time derivative of the gauge-symmetry generator (12)
is given in terms of the Dirac bracket of G and the canonical Hamiltonian:

a6 _ oG

dt ot
Since the set of first-class constraints is complete, the Dirac bracket in the
right-hand side of (13) is

+{G,Hc}p. (13)

{@u HC}D - puu¢u . (14)

The unctions p,, can be algorithmically computed by using the Grobner
bases method. To perform this computation one can use, for example,
the extended Grobner basis algorithm [20]. Given a set of polynomials
F ={f1,..., fm} C Q|p,q] generating the polynomial ideal Id(F'), this
algorithm yields the explicit representation

9i = hij [; (15)

of elements in the Grobner basis {g1...,¢g,} of this ideal in terms of
the ideal generated by polynomials in F. Therefore, having computed
a Grobner basis for the ideal generated by the first-class constraints and
the corresponding polynomial coefficients for the elements in the Grobner
basis as given in (15), the coefficients p,, are easily computed by reduc-
tion [11, 18, 20] of the Dirac bracket in (14) modulo the Grébner basis
expressed in terms of the first-class constraints ¢,. Note that one can
similarly compute the algebra of first-class constraints

{90, 98} D = 0apy v

if the structure functions g3, are polynomials in p, q.
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The generator of local transformation is conserved modulo the primary
constraints

dGz . by
T 20 = 0 4 el ps o) + ool 2o (16)

Since, by their construction,the constraints gb(f) do not vanish on the primary-
constraint manifold ¥, the relations (16) represent the following system

of differential equations on the gauge functions 5(51) and 5(72)
D+ e ps + ey =0, (li+1<y<s), (17)

where the index ( runs from 1 to ky, v runs from k; + 1 to s and the
functions p,, are projected on to the subset ;.

Since the differential system (17) is underdetermined, one can express
the functions 5531) in terms of arbitrary functions €?)(t) and their deriva-
tives [19]. Since this last procedure is algorithmic, this completes the algo-
rithmic construction of the generator of the local symmetry transformation.

The above described algorithmic procedures have been implemented as
a Maple package (currently for Maple 10), and this package was used to
perform the computations presented in the next section.

It is worth noting here that the remaining part of Issue III as well as

Issue IV still require an algorithmisation.

4 Light-cone Yang-Mills mechanics

Now we discuss the application of the general scheme described above to a
mechanical model originated from Yang-Mills gauge theory formulated on
the light-cone under the assumption of spatial homogeneity of the gauge
fields.

The standard action of Yang-Mills field theory with structure group
SU(n) in four-dimensional Minkowski space My, endowed with a metric
N 1s

1

S == tr F' A xF, 18
2

9 M
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where ¢y is a coupling constant and the SU(n) algebra valued curvature
two-form

F:=dA+ANA

is constructed from the connection one-form A. The connection and cur-
vature, as Lie algebra valued quantities, are expressed in terms of the
antihermitian algebra basis T,

A= AT, F=F'T*. =12 ...,n*—1.

The metric 7,5 enters the action through the dual field strength tensor
defined in accordance with the Hodge star operation
* ), = % Vdet(n) €ap FP, with totally antisymmetric tensor €,,as.

The light-cone version of the theory is formulated using the frame where
two vectors e := % (eg £ e3) tangent to the light-cone are combined with
the orthogonal pair e; , kK = 1, 2. The corresponding coordinates are usually

called (see, e.g. [21]) light-cone coordinates z* = (a7, 27, z*)

1
- 0 3 i k
x o= x Ex’), xri=z, k=12.
The non-zero components of the metricaren, . =n_, = —ng1 = —nw =1.

The connection one-form in the light-cone basis is given as
A=A, dat + A_da + A da”. (19)

By definition, the Lagrangian of light-cone Yang-Mills mechanics follows
from the corresponding Lagrangian of Yang-Mills theory if one supposes
that the components of the connection one-form A in (19) only depend on
the light-cone “time variable” x™

Ai = Ai($+) , Ak = Ak($+) .

Substitution of this ansatz into the classical action (18) defines the La-
grangian of light-cone Yang-Mills mechanics
1

L= 22 (FY{_FY +2F FY — iy F) (20)
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where g is the “renormalized” coupling constant g> = g3 /(Volume) and the
light-cone components of the field-strength tensor are given by

a . aAg abc Ab c
Fi = Al A
0A¢
—ik — axf —+ fabc A[—)F
Fo =1 A

Fi= 1" AVAS, i k=1,2.

Therefore, (20) determines the SU(n) Yang-Mills light-cone mechanics as
4(n?—1)- dimensional system with configuration coordinates Ay , Ay evolv-
ing with respect to the light-cone time 7 := z.

The Legendre transformation

Sy
0AY
oL 1, .

= = — (A% A5 A0

a HAa 92 ( + )

oL 1

ma 1= —— = — 1" A" A
8Ag g

gives the canonical Hamiltonian
g’ 1

The non-vanishing Poisson brackets between the fundamental canonical
variables are

{A;t)ﬂ_b } - 51)7 {A%7ﬂ-ll)} - 5253
oL =

The Hessian of the Lagrangian system (20) is degenerate, det || 5
0, and as a result there are primary constraints whose computation by the
algorithm of Section 3.1 gives

o) =mf =0, (22)
Xo = g* i+ fabc AP AS =0, (23)
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The non-vanishing Poisson brackets between these constraints are

{x{, x5} = 26" A

According to the Dirac prescription, the presence of primary constraints
affects the dynamics of the degenerate system. Now the generic evolution
is governed by the total Hamiltonian

Hyp = He + Uy (1)) + V(1) 8,

where the Lagrange multipliers U,(7) and V}*(7) are unspecified func-
tions of the light-cone time 7. Using this Hamiltonian the dynamical
self-consistence of the primary constraints may be checked. From the re-
quirement of conservation of the primary constraints ¢V it follows that

0=y = {my , Hr} = £ (Alm, + Ajnf) . (24)

Therefore, there are three secondary constraints gpff)

9022) = f . (Ab_TFC_ + AZW?) =0 (25)
which obey the SU(n) algebra

{0® o2} =t 0@

The same procedure for the primary constraints x} gives the following
self-consistency conditions

0=x7={xi,He} —2g° £ V) A° .
A further issue, the identification of the first class constraints among the

primary constraints x4, depends on the rank of the structure group. Below
we specify to the simplest special unitary group of rank one.
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4.1 The SU(2) structure group

Here we present the results of our computations performed for the case
of SU(2) algebra where the structure constants are given by the totally
antisymmetric three dimensional Levi-Civita symbol, f*¢ = ¢

Constraints and their separation. Computation of the complete set of con-
straints, as described in Section 3.2, gives nine primary constraints gng, X3
and three secondary constraints ¢?), in accordance with (22) and (25).

Performing the separation of the primary constraints (23) we find two ad-
ditional first-class constraints

Uy = A% Xy,

and four second class constraints

. (A% xk) A°
TR (AT (AR (AT

The new first class constraints v; are abelian, {¢;,1;} = 0, and also have
zero Poisson brackets with all other constraints, while the second class
constraints x4, have the following non-zero Poisson bracket relations

(X Xy =297 € A 65,
{o Xh =€ xi. .

Summarizing, there are 8 first-class constraints (1 1., ¢(?) and 4 second-
class constraints xj | .
Generator of local symmetry transformations. The presence of two first
class constraints ¢; raises the question of the existence of new local sym-
metries as well as the expected SU(2) gauge symmetry. To clarify this
point we construct the corresponding generator of local symmetry trans-
formation following Section 3.2. We start from the expression

3 2 3
G = Z_Zl 531)9021) + 21 ni; + Z_:l 5((12)9022)7 (26)
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with the eight light-cone time-dependent functions eV (1), e?) (1) and n;(7),
then compute the functions p (see eq. (14)). Equation (16) reads now as

(5522) + el — eapect) A — 772'14?) o = 0.

Therefore expressing (1) in terms of the functions ¢?) | the generator of
local transformation takes the final form

G = (_522) + Gabc€z(72)Ai + 771'14?> O + i + Do) (27)

Analyzing the changes of the canonical coordinates A” and 7% generated

by (27) we find that the abelian subgroup of the 5-parameter local sym-
metry is in some sense “inherited” from the rigid conformal symmetry of
initial Yang-Mills theory. But now, instead of the conformal symmetry, the
light-cone SU(2) Yang-Mills mechanics has the SL(2, R) dynamical group
of symmetry. Moreover, the group action is accompanied by the abelian
transformations generated by two constraints ;. A detailed discussion of
this symmetry realization will be given elsewhere.
Hamiltonian reduction to unconstrained system. Now that we have the
generator of local transformation, we can address the question of finding a
set of suitable coordinates part of which represent the invariants of these
transformations. Solving this problem will let us project our system onto
the constraint manifold and thus determine the unconstrained Hamiltonian
system. We refer for details to [15], and here present the set of correspond-
ing singlet variables (as an example of the solution of the second part
of (Issue III ). We also give a result of subsequent implementation of a
Hamiltonian reduction (Issue IV) of the “redundant” degrees of freedom
associated to the symmetries generated by constraints gpfll), gpgf) and 1),.

Let us pass to a matrix notation: the 3 x 3 matrix A,, whose entries
of the first two columns are A¢ and the third column is composed by the
elements A”. Now one can verify that the elimination of local degrees of
freedom associated with the three constraints gpgf) can be achieved by using
the polar representation [22]

A=0S8
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where S is a positive definite 3 x 3 symmetric matrix and the orthogonal
matrix O is parameterized by three Euler angles. It turns out that these
three angles represent the pure gauge degrees of freedom corresponding to
the constraints @2 .

To find the gauge degrees connected with the remaining two abelian
constraints 11 , Y9 one can pass to a principal axes representation for the
symmetric matrix S

S = RV diag(¢q1,q2,q3) R

with the orthogonal matrix R(x1, x2, x3) given in terms of the Euler angles
(X1, X2, x3). Now again it turns out that the two angles x; and y» are pure
gauge degrees of freedom.

Solving for the remaining second class constraints x§, leads to an uncon-
strained system which represents a free particle or, considering the complex
solutions to the second class constraints, to a more interesting model, the
so-called conformal mechanics. In this case the diagonal variable ¢; and the
angular variable y3 together with the corresponding conjugate momenta
p1 and p,, are two unconstrained canonical pairs and their dynamics is
governed by the reduced Hamiltonian

2 2
9 2 pX31
H= L (p? +20 28

which is a projection of the canonical Hamiltonian (21) to the constraints
shell. Finally, noting that p,, is a constant of motion, the Hamiltonian (28)
coincides with the Hamiltonian of conformal mechanics with the coupling
constant p3_ /4.

5 Concluding comments

In this paper we have raised several issues for a constrained mechanical sys-
tems which require computational realization. We described how using the
Grobner basis technique the computation and separation of the complete
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set of constraints as well as the construction of the local gauge transforma-
tions can be achieved in degenerate mechanical models whose Lagrangians
are polynomials in coordinates and velocities. The remaining challenges,
namely, the construction of a basis for singlet (gauge-invariant) variables as
well as the subsequent Hamiltonian reduction still needs algorithmisation.
However, a first step in this direction also has been performed. In systems
with first-class constraints the configuration space should be factorized by
the local symmetry group in order to find a gauge invariant basis. The in-
finitesimal structure of a local symmetry group is encoded in the generator
of gauge transformations, and we have shown that its construction allows
an effective algorithmisation.

As an example of the effectiveness of the proposed algorithms light-cone
Yang-Mills mechanics with the SU(2) structure group was analysed in de-
tails: we determined and separated constraints, constructed a local invari-
ance transformation and found the equivalent unconstrained Hamiltonian
system.

For the SU(2) light-cone mechanics the computations with our imple-
mentation in Maple 10, which is an improved and extended version of that
given in [12], takes about 1 minute on a machine with a 1.7 GHz processor.
This uses the standard Grobner package in the Maple library. Unfortu-
nately, recent extensions of the Maple Grobner bases facilities with the
packages Gb and Fgb developed by J.C. Faugere [23] do not improve on
the standard package. Gb is slower for our problems while Fgb cannot deal
with the parametric coefficients. For the same reason we cannot use our
software GINV [24] to implement the involutive algorithms [14] for invo-
lutive or/and Grobner bases. Manipulation with parametric coefficients is
essential for the Dirac formalism due to the presence of physical parameters
(e.g. masses, coupling constants) in the initial Lagrangian, the Lagrange
multipliers in the total Hamiltonian (4) and the time-dependent functions
in the generator (12) of local symmetry transformations.

Consideration of light-cone mechanics with n > 3 is under current study.
Here we note only that a recent paper [25] on geodesic motion on the
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SU(3) group provides us with a useful parametrization suitable for this
investigation.
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The Electrodynamics of Charged Continua'

J Gratus, D A Burton, R W Tucker
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Abstract

The dynamic behaviour of a distribution of charged particles is explored in terms of a self-
permeable continuum model interacting self-consistently with the Maxwell field in vacuo.
The model is developed using intrinsic tensor field theory and exploits to the full the
relativistic structure of Minkowski spacetime. The model predicts the dynamic formation
of domains that separate multi-component currents. To determine the location of such
domains one is confronted with a new type of electrodynamic problem in which the num-
ber of charged current components is indefinite and the state of a finite bunch of charge
may approach a highly mixed configuration reminiscent of turbulence. In this paper a
formalism is established to describe such a multi-component system in terms of a flow
map between 4—manifolds. This map inter-relates a complex Fuler description of elec-
trodynamics on spacetime with a computational Lagrangian scheme on a 4-dimensional
body-time manifold, the domain of the flow map.

Keywords: Maxwell, Charged Fluid, Multi-component Currents, Relativistic Dynam-
ics, Self-permeable, Charged Bunches, Accelerator Science, Fields over maps, Lagrangian
picture.

1 Introduction

Modern theories regard matter as being composed of interacting particles.
A fruitful way to formulate these interactions is in terms of fields whose
sources are related to the particles themselves [1], [2]. In most classical
and quantum descriptions the fields and sources are sections of bundles
over spacetime that fulfil the requirements placed on them by physical

1 Work supported by NEST-Adventure contract 5006 (GIFT).
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laws compatible with observation. Although the notion of a point particle
is probably no more than a convenient idealisation in classical physics it
forms the conceptual basis of many models of charged sources in electrody-
namics [3], [5]. However the physical laws of electrodynamics sit uneasily
in such a framework and require awkward manoeuvres to eliminate the
self-interaction effects attributed to the fields produced by particles act-
ing on themselves [4]. Models of matter that adopt charged continua as
fundamental concepts can evade these issues [6], [7]. They have the advan-
tage that notions of continuity and differentiability can then be controlled
mathematically in the field equations that determine the dynamics of such
continua. Furthermore by regarding the motion of charged continua as a
subset of spacetime on which a smooth 4-velocity vector field is defined [8],
the notion of a particle history can be recovered by identifying it with a
particular parameterised integral curve of such a vector field. The distri-
bution of integral curves can be specified by a measure (the proper charge
density) obtained in principle by solving Maxwell’s equations in conjunc-
tion with a force law based on the vanishing of the divergence of the total
stress-energy-momentum tensor of the complete system.

Although this program leads to a well defined differential system for the
electromagnetic fields, source density and velocity field it is rare that initial
conditions exist leading to a smooth vector field on spacetime. The exis-
tence of crossing integral curves after a finite time means that the premise
on which the model is based breaks down. This is a common occurrence in
many fluid models for flow fields. In neutral gas dynamics such occurrences
are identified with the formation of shocks and appeal is made to dissipa-
tive effects to ameliorate singularities that arise as a result. Although
energy dissipation can arise in many dynamic configurations of charged
continua appeal to a similar amelioration is not available for systems con-
trolled solely by electrodynamic forces and a new physical scenario must
be accommodated in the model.

The approach adopted here is to regard a charged continuum subject to
purely electrodynamic forces as a self-permeable structure that permits
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self-penetration. It may be described as the continuum limit of a collec-
tion of dynamically interacting but non-colliding particles. Alternatively
it may be regarded as a multi-component continuum described by a collec-
tion of vector fields on subsets of spacetime that have supports determined
by the global dynamics of the entire system. At the interface of such sub-
sets the measure describing the smooth source proper charge density may
degenerate from a volume charge density to a surface or even line charge
density. To determine the location of and interaction between these lower
dimensional sources means that one is confronted with a new type of elec-
trodynamic problem in which the number of charged current components
is indefinite and the state of a finite bunch of charge may approach a highly
mixed configuration reminiscent of turbulence.

In this paper a formalism is established to describe such a multi-component
system in terms of a flow map whose properties follow from a generalisation
of the single component scheme outlined above. This map inter-relates a
complex Euler description of electrodynamics on spacetime with a compu-
tational Lagrangian scheme on a 4-dimensional body-time manifold, the
domain of the flow map.

2 Fields over maps

To establish notation the reader is reminded about the notion of a section
over a map. Let ¢ : B — M be a continuous map between manifolds B
and M (assumed orientable), and let m¢ : £ — M be a bundle over M.
The notation

fel(s,€)

means that

f:B—E& and meof=¢ (1)

i.e. the following diagram commutes

g (2)
4’ me

B——M
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The map f may be referred to as a section of £ over ¢ or an £ field over
¢. Scalar fields over B may also be regarded as scalar fields over ¢ i.e.

TA'B = T(¢, AM) (3)

where AP M is the bundle of exterior p—forms over M and in general I'E
denotes the space of sections of £.

Let M be (Minkowski) 4—dimensional spacetime with metric tensor g and
associated Hodge map . The canonical measure on M is taken as x1. A
general point in M will be written p € M. Denote B =R x B as the four
dimensional body-time manifold, where B is a three dimensional oriented
body manifold. A general point in B will be written P = (7, P) € B. Since
B =R x B, there exist projection maps

T:B—R, (7, P) =1 (4)

and
m:B—B, x(r,P)=P ()
These give rise to a preferred vector field 7 € I'T'B which may be written
T =0 (6)

The model under consideration is constructed in terms of two fundamental
fields: the flow field

c.B—-M (7)

and the electromagnetic field
F eTA’M, (8)

each assumed to be continuous with degrees of differentiability as required.
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3 Generic and Critical points

In general the flow map C : B — M is assumed neither surjective (onto)
nor injective (one-to-one). As a result, for any point p € M, there may
exists none, one, many or even an infinite number of roots P € B which
solve the equation C'(P) = p. The set inverse of C' is defined as

C'U)={PeB|C(P)eU} for UcCM (9)

Thus
({p}) ={PeB|C(P)=p} (10)

Let the function N : M — {0,1,2,...} U{oco},
N(p) = number of elements of C~'({p}) (11)

be the number of roots of C'. If the number of roots is finite write

“({pY) = { P+ Pvo } (12)

Square bracketed subscripts are used to label the roots and any structure
associated with the root P[]

Let p € M and {Py),..., Pyt = CH({p}) with 0 < N(p) < co. The
point p is said to be genemc 1f there exist open disjoint neighbourhoods
Uf, ..., U8, C interior(B) and UM C M such that Py € Uﬁ, p € UM,

(1)’ [N (p)]
N(p)
Jug =™ (13)
i=1
and such that the maps
Ciy = Clys - Uf — UM (14)

(il

are diffecomorphisms, i.e. Cj; is differentiable and invertible and C[Zf]l
differentiable.
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For p € M such that N(p) = 0, p is defined as generic if N is continuous
at p. Recall that for integer valued functions, being continuous at a point
is equivalent to being constant about that point.

It may be shown that a point p € M is generic if and only if it obeys the
following four conditions

e Theset {Pu,....,Pnp}=C"({p}) is finite (15)
e The Jacobian of C' at Py)) # 0 (16)
o P;¢0B (17)
e N:M—{0,1,2,...} U{co} is continuous at p (18)

All points which are not generic are called critical. Denote the set of all
critical points p € M by M and the set of all generic points p € M by
Men. From the definition of generic points the function IV is continuous
on M,e, but in general is not continuous on M. For a given neighbourhood
UM, all p’ € UM have the same number of pre-images, N(p'), so N(UM) =
N(p') can be defined. The point P € B will be called critical if it is the
pre-image of a critical point p € M . Thus

P is critical in B if C(P) is critical in M (19)

yielding the corresponding sets Bt and Bgen. The sets Mo, C M and
Boen C B are open sets and My C M and B C B are closed sets.
g

4 Differential equations for the flow field

The map (7) and the preferred vector field 7 give rise to the vector valued
map

CeT(C, TM);  C(P)=CuT|p) € ToipyM (20)

This is the push forward, under C,, of the vector 7p = T|p € TpB to the
tangent fibre To(p) M. In terms of coordinate maps (z#, ") for TM the
field C' over C is given by

"(C(P)) = z*(C(P)) and  #*(C(P)) = Tp(a" 0o C) (21)
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The field C also gives rise to a collection of curves given by

Cp:R—-M for PeB, Cp(1) = C(1, P) (22)

The total derivative of Cp is given by

_dCp

OB - F(CB, TM) , CB(T,) I

(7') = Cpu(0:]r) = C(', P)  (23)

The coordinate 7 is chosen so that C' is a unit timelike field

Furthermore let it be related to the Maxwell 2-form F' on M by the equa-
tion of motion

. —

VCC = ik (25)

where for any vector field X on M, the 1—form X = g(X, —).
The above yields an ordinary differential system for the curves Cp given
by

Ve, Cp=ie,F (26)

In the coordinates (z*, ") on T'M this becomes

Ch(r) + M ap(p)CR(T)Cp(r) = F*(p)Cp(7)gas(p) (27)

where p = C(T, P), CE(T) = 2"(Cp(T))

_dCB(r)  d*Ch(7)

» b
T7) = =
& dr dr?

o ACH(r)
Ch(r) = i(Cplr) = =

and where I'*,3(p) denote the coordinate components of the Levi-Civita
connection V at p.
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5 Proper Charge Density and the map A

A Lagrangian current 3-form J on B will be identified with a measure
(non-vanishing 3—form) J € T'A3B on B

J=n"J cI'A’°B (28)
This induces a natural measure on B given by
dr NJ € TA'B (29)

Note that dJ = dr*J = ©*dJ = 0 and irJ = irz*J = wiz7J = 0.
The measure (29) enables us to define the map A related to the Jacobian
of the flow field C

A € TA'B =T(¢,A°M) | Adr AT = C*(x1) (30)

Furthermore since 7 is used to define the unit timelike field C,7 this can be
identified as the inverse of the partial proper charge density scalar, given

by

1

p:B—RU{x}, p:m

(31)
It will be shown below that the pull back by C of i * 1 is the pull back
by C' of the total electric current 3—form xJ on M. Regions on B where
A = 0 and hence p = co may be identified with loci having a finite surface
or line charge density.

6 Example

Before considering a coupled problem in which the flow field depends on
F through Maxwell’s equations it is of interest to examine an artificial but
non-trivial flow field that exhibits features that may be expected to arise
in the coupled situation.
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Let B = I x R? with coordinates (0,Y,Z), where 0 € I C R is the
closed-open interval I = {o]|0 <o < 1}. This interval will demonstrate
the various types of critical points that can arise?. Let spacetime M have
Cartesian coordinates (¢, z,y, z) with metric ¢ = —dt ® dt + dx @ dr + dy ®
dy + dz ® dz and choose the measure on B to be

J =K(o)do NdY NdZ (32)
where K (o) > 0. Define the flow map by

(t,l',y,Z) = 0(7-7 07 Y7 Z) = (5(7-7 0—)7‘%(7—7 0)7Y7 Z)

where t(r,0) =sinht +0, &(r,0)=coshr (33)
The map A then follows from
Adr N7 = Adr ANK(o)do NdY NdZ = C*(x1)
= (cosh7dr + do) A (sinh7dr) ANdY ANdZ
Hence sinh 7 K(o)
S 7 e N (34)

The map C possesses various types of critical points which may be written

Meris = Mg U MG U M
criv =

crit crit crit

The set M2E" correspond to the points where A = 0 i.e. 7 = 0 and hence

xr = 1:

Mdesen — {(t,z,y,2) E./\/l!x: land 0 <t <1}

crit

The set Moed i the image of 9B = {(r,0) € B}

crit

Melosed {(t,x,y,z) € M‘xz —t?’=1and z > 1}

crit

2 Domains of this type are useful to accommodate fields which would otherwise have singularities in their
domains of definition.
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Figure 1: Anatomy of B and M with the map C' between them. Coordi-
nates Y, Z and y, z are suppressed.

The set M2 must include the remaining critical points, i.e. those points

crit
) : d
where N changes but which are not in M 5™ or Mdosed,

MR {hm (1,0,Y, Z))‘T, Y,Z € R}
oc—1

{ (t,z,y,2) € M ’xQ—(t—1)2:1 and 3321}
Some of the points in M have pre-images (e.g. given by Bty below)
while others do not. All critical points in M are indicated on the right
of figure 1.
The generic points M,e, are then the remaining open sets. There are 5
disconnected components of M,e, shown in figure 1 labelled

Men = Upg) [0,left] Y Uy [0,right] Y Ui [1,low] Y Ui 1, high] Y Uy, [2,cent]
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The number in each case refers to the number of pre-images.

U[/2\jlcent] Z{(tﬁ’?,y,Z) EM{x< m, T < m’
x>1and0<t<1},
U[Oj\ﬁeft] :{(t,a:,y,z) € M’x < m,
1+ (t—1)2and (t,z,y,2) & U[éflcent]} ,
Uty ={ (2.0, 2) € M2 > VT42, 0> I+ (E- 17},
Uiy ={ (6092 € Mo < VIHE, o> VTHTE=T2},
U[lj\ﬁow] :{(t,a:,y,z) eEMlz > Vit o< m}

The critical points on B are given by

d
Bcrit — B Qgen Bclosed U BOpen

crit crit crit

where
peeen — {(r,0,X,Y)eB ’ T=0},

crit

Bclosed _ {(T,U,X,Y) c B’a — 0} U {(T’U’X,Y) € B‘a = —2sinhT} ;

crit

Bt ={(r,0,X,Y) € B’o =1 — 2sinh7}

crit

These are shown on the left of figure 1. Thus the generic points of B are
given by

Byen = U nigh) Y Ul 10w Y Ul iy Y Upo

W)
where
Uﬁ’hlgh] = {(r,0,X,Y) € B|o >1—2sinh7},
U[lilow] {(T o, X,Y) € B’a < 2smh7}
U[g’hlgh] ={(r,0,X,Y)€B|o <1—2sinhTand 7 >0},
U[g,low] = {(r,0,X,Y) € B|o > —2sinh7 and 7 < 0}
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The diffeomorphisms from the components of By, to the components of
Men are given by

Clihign) : U [lf,high] —U [Jl\flhigh] ’ Clitow] U[llg,low] - [1/\,410W] ’ (35)
C[2,high] : U[g,high} - U[/2\jlcent] ) C[Q,low] : U[[23,10w] - U[/2\jlcent]

If the Maxwell field generated by sources defined by C'is ignored one can
readily find a background electromagnetic field that generates this flow.
The C' given in (33) obeys the equations of motion with a prescribed con-
stant electric field in the above frame. This follows since

C(r,0) = (cosh 7 0, + sinh 7 0,) (36)

|C(T,U)

so that C' generates a normalised timelike velocity field (24) and further-
more setting the prescribed (external) electromagnetic field to

F. = dt A dx (37)

confirms that
C|C(T7O') = (SinhT Oy + cosh &C) |C(T7O') = iC‘(

)Fe:ct

T,0

Thus C'is a flow field in the background external electromagnetic field (37).

7 Equations for the electromagnetic field.

In the coupled situation, where there is no external applied electromagnetic
field on M then F' in a domain containing generic points obeys Maxwell’s
equations

dFF =0 (38)
and

d*F=—xJ (39)
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with a current vector field J € I'T Mge,. At a generic point py € M, let
Cl - U[g — UM be the diffeomorphism given in (14). The partial current
Jjj associated with C' is defined by

Jig eTTUM . Jiy= (po C')(C o Ct) (40)
that is for all p € UM,

J[i] |p = p(Pm)C'(Pm) where P[Z-] = C[z]l(p) (41)

The total current J associated with C' at all generic points is defined to be
the sum of the partial currents

N(UM)
Jpm= > Jy €ITUM (42)
1=1

The field F' is then given at generic points by the Maxwell system above.
Continuity conditions of F' must be used to define F' at critical points.
For an equivalent definition of the partial current, let p € Mge, Py =

C[Zf]l(p) and observe that from (30)

A(P[z]) (dT N j)‘P[i] = C;;[i] (*1)

where CF : Ag( P)/\/l — A%B is the pointwise pull back. Contracting with

iT|p, BlVes

A(Py) I

Py = 1T|p, Cp,(x1) = Cp, (ic[i]*(Tlp[i]) *x1)= C;[il(iC(P[iﬂ *1)

= 3, («C(Pa) = O, (+ OBl P) |A(Ry)] )

= Ch, (<Jly) [A(Pp)|
Since Cy; is a diffeomorphism, so that (C’[*Z.])_1
alent form

= (C[Z_-]l)*, one has the equiv-

—

*Jjylp = sign(A(Py)) Cp (T

P[i]) (43)

167



GIFT 2006

Since (43) is true for all p € UM write (43) in terms of the pull back
Cit* - TAUf — TASUM

* gl = sign(Algs) C5 () (44)

From (44) it follows that the source of F' is closed:

dx Jilum = sign(Alys) dCy' () = sign(Alys ) C*(dT) = 0

hence at generic points N
dxJ =0 (45)

There is also an integral relation which inter-relates (39), (42) and (44).
Integral formulae offer a practical method to implement numerical discreti-
sations of the above dynamical equations.

If ¢ : B— M is a diffeomorphism, S C M a hypersurface of dimension s
and w € 'A°* M, then the theory of integration gives

/w =K O*w (46)
s ¢-18

where x = 1 if ¢! preserves the orientation of S and x = —1 otherwise.
Given a 3—dimensional spatial hypersurface S C M such that the set
S N Mt has measure zero let Uﬁ be one of the open sets in (13). Then
from (46) and (44) the partial electric charge

—

Qm[s N UM] = / *J[i] = li/ Cf;](*J[i])
SNUM Cpy (SNUM)

= sign(Alys )k I us

Since Qp;[S N UM] cannot change sign under evolution one must choose

= sign(Alg)
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and so

QulS N UM = /
C[;]l(S)mU[f] i

jUIS :/ j
[l C-H(S)NUEB

(il

Summing over all partial currents gives the total charge on S N UM

N(UM) . N(UM) N(UM)
*J = / *Jy = QuISNUM] = / J
/SmUM Zz_l: gm0 Zz_; il | 22_1: Cry (S)NU;

Since the disjoint union

NUM)
-1 B\ _ -1 M
U (CM (S)N Um) — 7Y N UM)
i=1
one has [ v *J = fC—l(SﬂUM) J. Taking the union of all the UM yields
fSﬂMgen *J = fc—l(SﬂMgen) J and since S N M;; has measure zero fs xJ =
Jom(s) T~ But from (39) [y «F = [gdx F = — [¢«J. Hence

/ *[ = — / J (47)
03 C-1(S)

This is a global identification of the total electric charge (associated with C)
with the integral of x[" over a regular 3—dimensional spacelike hypersurface

S Cc M.
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8 Example Continued

It is of interest to compute from Maxwell’s equations the field F' for the
flow field prescribed in the example in section 6 above. This of course
ignores the back reaction of the electromagnetic field on the source which
is taken into account in the fully coupled system.

The inverses of the maps (35) are given by

T = arccosh(z),c =t — Va2 - 1Y =y, 7 = z),

T:—arccosh(x),J:tJr\/ - 1Y =y, Z=2),
— V2 —1,Y =y, Z =2),
7’=—aI"CCOSh(SE,J:t—f—mayzyvzzz)

(48)
is given by (41), (48), (34) and

C(11hlgh (t Y, =
110w (t LY, =

z) = (

z) = (
2h1gh (t x,y,z) = (T = arccosh(z), o
(t,2,y,2) = (

2 low

The partial current Jyg gy € I'T U[
(36) as

2,cent]

J[Z high}l(t:cyz)
=p(1,0,Y,Z)C (TJYZ)

(
—=p(arccosh(z),t — /a2 — 1,Y, Z)C(arccosh(z),t — /a2 — 1,Y, Z)

K(t— x2 —1)
~ sinh(arccosh(z))

(- V) (

(cosh(arccosh(x))d; + sinh(arccosh(z))0;)

Waﬁa)

and likewise Jpg 10w € I'T U[M

2,cent

J[2,10w]‘(twyz (t+ vV — ) < ax)
Also Jpi nigh] € FTU[/fflhigh} is J[Lhigh]\(t,x,w) =K({t—+Vz?>-1) (\/%& + 895)
and Ji o) € TTUN ) 8 Jittonlgary) = K (¢ + Va7 = 1) (7250 = 0, ).

] is given by
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Summing the partial currents in the five domains of Mg, gives

’K@—wﬁiﬂ(ﬁ%#%+@)+
K(t+ 27 —1) (¢=1@ - @x)

f t? x? y?

( ) 2cent
_ 2 x
me@=<K@ 2?2 — 1) (=5=0; + 0, f@w&)eUM@
K(t+Va? = 1) (=0, — 0, if (t,2,y,2) € Uy
0 if (t,2,y,2) € Uy,
\O f (t,%,y, ) S U/(\)/lrlght

Maxwell’s equations (38) and (39) are solved with

F = E(t,x)dt \dx (49)

where )

k(t+ V27— 1) — k(t — V2T = 1) + E_o if (t,2,y,2) € U5L

k(t+ $2_1)+E—oo (t LY, = ) S Ulhlgh
E(t,ZU): { k(l)—k(t— V$2_1 +E—oo (t L, Y,z ) 110W

E—oo (t r,Y, = ) < U/(;/%eft

(B = k(1) + E_w if (t, 2,9, 2) € Uptig
with .

ko) = | K(o)

and E_. is a constant.

9 The Spherically Symmetric Coupled System

In this section the coupled system (24), (25), (38), (39) is explored where
(40) and (42) define the dynamic sources. A spherically symmetric distri-
bution of charge is considered to simplify the analysis. In spacetime M
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with standard spherical coordinates (t,7,6, ¢) and metric ¢ = —dt ® dt +
dr @ dr + r2df @ df + r?(sin 0)2d¢ ® d¢, write the electromagnetic field

Qt,r
F‘(t,r,@,d)) = (702 )dt A dr (50)

for all (t,r,0,¢) € M with r > 0.

Let B = I x S? where I C R, , with coordinates (o, ©,®). By spherical
symmetry the solution can be described in terms of fields on and maps
between 2-dimensional manifold. These will be shown in bold font.

Let B = R x I, coordinated by (7,0), be the projected body-time man-
ifold and M = R x R, coordinated by (¢,r) be the projected spacetime
manifold.

Let w : B — I be the projection and J € T'A'T be the choice of measure,
so that dr A J € T'A’B is a measure on B where J = 7*J .
On M the induced metric is g = —dt ® dt + dr ® dr. This induces the flat
Levi-Civita connection V and Hodge map x with x1 = dt A dr.

The projected flow map is

C:B—-M; C(r,0) = (t(r,0),7(r,0)) (51)
Thus the 4-dimensional spherically symmetrical flow map C'is given by

toC(r,0,0,®)=1t(r,0), roC(r,0,0,®)=7¢(r0),

52
0oC(r,0,0,)=0 and ¢oC(1,0,0,0)=o (52)

Substituting (50) and (52) into the equations of motion (24) and (25) yields

g(C,C)= -1 (53)
VeCliro) = % «C(r,0) (54)

where
C(r,0) = Cu((r0)) € T(C,TM) (55)
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Here (53) is an equation over TA’B and (54) is an equation over I'(C, TM).
In terms of the component maps i,(7) = t(7,0) and 7,(7) = #(7,0), (54)
gives the ordinary differential system

7};(7):Q(tf’g();;”(”)éa(f) and 7, (r) = =20 (1) (56)

where "= d/dr.
Maxwell’s equations yield on M

N(p)
dQ =Y C*(J) (57)
=1

For a spherically symmetric charge distribution, the integral representation

(47) reduces to
/ Q= / J (58)
oS c (9

where S C M is a curve and 08 are its end points.
For (t,r) € M let S(t,r) = {(t,7') € M |0 <1’ < r} then

Q(t. ) - Q(t,0) = / 7

C~(S(t.r))

S(t,r) represents a spherically symmetric ball of radius r at time ¢. Since
J is closed in regular domains Q(t,0) = Qy must be independent of ¢ and
hence

Q(t,r) z/ J + Qo (59)
C™(S(t.r))

If Qy is non zero one has a point charge fixed at the centre of the ball. For
currents that are smooth in regular domains Qy = 0. Since (59) involves a
field E at time t one must express (56) as a system of o.d.e’s with evolution
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parameter ¢. Since C' is required to be unit future timelike, ¢, is strictly
increasing so set

Fo = (ty)7" and Ty = Ty O Ty (60)

and substituting (61) into (56) yields ordinary differential equations for
7,(t) and 7, (t). These equations involve Q so must be solved in conjunction
with (59). To express (59) in terms of 7,(¢) and 7,(t) observe that

CH(S(t, 7 (1) = {(1,0)|is(r) =t and 7(r) <7 (t)}
= {(F(#),0")[For(t) < 74 (1)}

o (t) < 7o(t)}

S S =
C (St (¢ )7 (£)<Fo(t w{(7(t),0")|7 . (t)<7s(t)}

_ / l
(@) (<o 8)

and, since 7 is injective on the set {(7(t), o’)|F

Therefore

Qt, 7 (1)) = / T+ (62)
{o'|7 1 (t) <7 (1)}
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1.5
1.0

0.5

0.0 T rrrt [T TTTTTTTTTT TTTTTT

Figure 2: History of a spherically symmetric Gaussian ball of charge
evolving from rest. The discretisation used o; = /40,7 = 1...40, with
Q; = 0.05exp(—(507)%), Qo = 0, tx, = A/20,\ = 0...40. F(ty) = 0,
7(to) = 1, 7(ty) = o; and 7i(ty) = 0. Evidence for the multi-component
nature of the evolution is clearly visible as charge initially closer to the
centre overtakes more slowly moving charge in the expanding ball. The
curve furthest left, at » = 0.025, is vertical since it corresponds to the
innermost discretised shell inside of which there is no charge.

Equations (56), (61) and (62) can now be integrated numerically by dis-
cretising o and t. Discretise I by choosing 0, < 01 < 0] < 0y <0y < -+ <
O < 0y, € I with o = inf(I) and o7, = sup(I). Let

Qi:/ J

Furthermore, since Q(t,r) will change with ¢, the o.d.e system generated
from (56) and (61) will be integrated numerically in a series of time bands
given by tg < t; < -+ <ty < -+ < tpax. This yields the curves 7;(t) ~
75, (t) and 7;(t) = 7, (t) for some initial conditions for 7;(to), 7/(to), 7i(to)
and 7(ty), where for each t\ and o;, Q(t,7(t)) for the time interval ¢, <
t < tyy1 is replaced by

Qt) =+ >  Q

{17 () <Fi(tx) }
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10 Conclusion

A formalism has been established for the description of the motion of elec-
tric charge under the influence of both external and self electromagnetic
fields. The laws of classical covariant electrodynamics have been expressed
in terms of a flow map between a structured body-time manifold B and
Minkowski spacetime. By assuming that this map is not necessarily either
surjective or injective, distinct domains in spacetime may be associated
with possibly more than one pre-image in the body-time manifold. These
pre-images in turn give rise to a complex collection of electric currents that
determine the structure of the flow map via Maxwell’s equations. The total
proper charge density is a dynamic scalar related to the Jacobian of the
flow map and a Lagrangian measure on a 3—dimensional body manifold
on B.

A simple example of a non-trivial low map is explicitly constructed corre-
sponding to the plane symmetric motion of charge in a prescribed constant
laboratory electric field. It is also demonstrated how Maxwell’s equations
are treated in the presence of a prescribed source corresponding to this
non-trivial flow map. Finally a fully coupled system is considered in terms
of the evolution of a spherically symmetric ball of charge from rest with
an initially smooth gaussian distribution of charge. The evolution is cal-
culated numerically by discretisising the coupled equations of motion and
Maxwell’s equations. The results of this simulation (figure 2) indicate that
the integral curves C, cross and that the initial crossing occurs within the
charge distribution. As expected the ball of charge explodes outward but
with some of the inner spheres of charge overlapping the outer ones. An in-
teresting feature of these solutions is that although F' is continuous across
regions in spacetime where A = 0 (and hence p = o0) it is not in general
differentiable. This is a general property of solutions where the sources can
change discontinuously during the evolution of the coupled system.

The techniques established here have immediate application in accelerator
science particularly in devices where charged bunches with large laboratory
charge densities in ultra-relativistic motion are demanded [9]. They extend
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naturally to multi-component continua such as plasmas where the phenom-
ena of “wave breaking” in wake-field accelerators and bubble regimes may
benefit from an analysis in terms of relativistic flow maps with properties
analogous to those presented in this paper.
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Abstract

We consider the effective construction of d-regular coordinates for polynomial ideals. Spe-
cial attention is given to quasi-stable ideals, i.e. monomial ideals possessing a Pommaret
basis. Finally, we show that d-regularity for an ideal Z is equivalent to quasi-regularity
for P/Z (in the sense of Serre).

Keywords: polynomial ideal, Pommaret basis, d-regularity, quasi-regularity

1 Introduction

Involutive bases [3, 5, 9] are a special kind of Grobner bases [1] with ad-
ditional combinatorial properties. The underlying ideas originated in the
theory of differential equations. In particular, Pommaret bases are closely
related to the involution analysis of symbols in the formal theory of differ-
ential equations [11]. It is a well-known problem that a polynomial ideal
7T possesses only in suitable, so-called d-regular, coordinates a Pommaret
basis (note, however, that generic coordinates are d-regular). In [10] it is

1 This work has been partially supported by GIFT (NEST project no.5006 in the Sixth Framework
Programme of the European Union)
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shown that coordinates regular in this sense are very useful for a number
of applications; e.g. regular sequences or Noether normalisations of P/Z
take a particularly simple form.

The traditional approach to obtain d-regular coordinates consists of ap-
plying a random transformation (see e.g. [13] for a discussion in the con-
text of differential equations). This method has at least two disadvantages.
While random coordinates are d-regular with probability 1, they still may
be singular. More importantly, random transformations usually destroy
any sparsity present in a basis of the ideal Z making any subsequent com-
putation much more expensive.

In [8] we presented a deterministic solution for the related problem of
O-regularity in partial differential equations based on a comparison of the
Janet and Pommaret multiplicative variables. Here we first adapt this
solution to polynomial ideals. Then we show that our criterion for singular
coordinates is closely related to the algebraic theory of a class of monomial
ideals studied by Bermejo and Gimenez [2]. Finally, we relate the theory
of Pommaret bases to Serre’s dual version of the Cartan test (see the letter
by Serre appended to [7]). We prove that Serre’s notion of quasi-regular
coordinates for the factor ring P/Z coincides with §-regularity for Z.

2 Involutive Bases

Identifying the Abelian monoid (N{, +) with the set of terms z* in a poly-
nomial ring P = klzy, ..., z,] over a field k, we have the usual divisibility
relation: ply if v € C(u) := p+ Nj. An involutive division is a rule L
(satisfying certain conditions, see [9] for details) restricting this relation
by assigning to each member p of every finite subset N' € Nfj a set N
of allowed (multiplicative) indices, resulting in restricted involutive cones
Con(p) == pu+{v | v, = 0fori ¢ N}. For this new relation, we write
ploav if v e Con(p) (1 involutively divides v). In this article, we only
need the following two involutive divisions which we denote by P and J,
respectively:
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Pommaret division:
Npp(p) :={i|i < clsp}, wherecls i := min{i | p; # 0}.2

Janet division:

Nyn(p) :=A{i| wi > vifor allv € N with p; = vjforj > i}.

The (involutive) span (N') (resp. (N)r) of N is the union of the (invo-
lutive) cones of its elements. N is (involutively) autoreduced, if no member
is contained in the (involutive) cone of another element. A finite subset
N C (N) is a weak involutive basis of (N), if (N}, = (N}, and a (strong)
tnwvolutive basis, if furthermore N is autoreduced. We refer to A as a
(weak/strong) involutive completion of the set N, if ' C N. One can
show that to every finite set A there exists a Janet basis of (N'), but not
necessarily a Pommaret basis. By contrast, a basis minimal among all the
Pommaret bases of N is unique, whereas the same does not hold for the
Janet division.

While the definitions of the Pommaret and Janet division, respectively,
look very different, the two divisions are in fact closely related, as the
following result demonstrates.

Proposition 2.1 ([4]). Let the finite set N' C N{ be involutively autore-
duced with respect to the Pommaret division. Then Np(v) C Ny (v) for

all v e N.

An involutive basis N leads via the involutive cones to a disjoint de-
composition of the ideal Z = (N) as a k-linear space (a so-called Stanley
decomposition [12]). For many applications it is also of interest to decom-
pose the complement Z¢ := N \ Z; both Janet and Pommaret bases induce
such complementary Stanely decompositions. In the latter case, we have
the following result.

2 This is independent of the set A/, so we will drop the reference to it in the sequel.
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Proposition 2.2 ([10]). The monoid ideal T C N possesses a weak Pom-
maret basis of degree q, if and only if the sets Ny = {v € Z¢| |v| < ¢} and
Ny ={v eI |v| = ¢} define the complementary decomposition

I°=Nou | Cp(v). (1)
1/6./\71

The notion of an involutive basis can now be easily lifted to polynomial
ideals. Choosing a term order < determines for each f € P its leading
term It f with leading exponent vector le~f. Let F C P be a finite set.
Then we assign to each element f € F the multiplicative variables

X r<(f) ={zi|i€ Npje_r(le<f)}; (2)
the involutive span of F is then the set
(Fr<=D KXrr«(f)]-f C(F). (3)
fer

A polynomial g € P is involutively reducible with respect to F, if it con-
tains a term z# such that leL f |17 p for some f € F; g is involutively
head reducible, if # = 1t-¢g in the previous definition. The set F is invo-
lutively autoreduced, if no polynomial f € F contains a term z# such that
another polynomial f" € F \ {f} exists with le<f" |1 1.7 it; the definition
of involutively head autoreduced is similar. A finite set H C P is a weak
involutive basis of Z for an involutive division L if le.’H is a weak involutive
basis of le.Z; it is a (strong) involutive basis, if le,H is a strong involutive
basis of leZ and no two elements of H have the same leading exponents.
As above, any finite set F can be completed to a Janet basis of (F), while
this is not necessarily true for Pommaret bases.

For the remainder of the article, all ideals Z considered will be homo-
geneous. If M is a graded P-module, we write M, for the homogeneous
component of degree ¢ and M, 1= @q’Zq M for the truncated module
(similar for M.,). As usual, we call Z%" := T : (z1, ..., z,) the saturation
of 7.
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Remark 2.3. If a Pommaret basis H of the ideal Z exists, then a number
of important invariants of the factor algebra P/Z can be immediately read

off of H [10]:

o If deg’H := maxycy degh = ¢, then the dimension D of the algebra
P/Tisgiven by D = min{i | (H,z1,...,2;)q = P,} and {z1,...,zp}
is a maximal independent set modulo Z (in fact, the complementary
Stanley decomposition of Proposition 2.2 yields at once the whole
Hilbert series of P/T).

o If cls’H := minpep clsh = d (whith clsh := clslesh), then depth P /T
=d—1and (z1,...,74-1) is a maximal regular sequence for P/Z
(combined with the result above, this observation yields a simple
proof of the well-known Hironaka criterion for Cohen-Macaulay rings).

o If < is the degree reverse lexicographic order®, then deg™ equals
the Castelnuovo-Mumford regularity of Z (this is a consequence of
the interesting syzygy theory of Pommaret bases leading to a free
resolution of minimal length).

e The isomorphism P/Z = @VENO k-z" & @ue/\_fl klzy, ..., xasy] - x” as
k-linear spaces is a Rees decomposition of P /T, where the sets Ny and
N, are defined for the Pommaret basis of le.H as in Proposition 2.2.

Together with Theorem 3.11 below, the first two items show that if a Pom-
maret basis exists, then the chosen coordinates are particularly adapted
to the ideal Z and considerably simplify the analysis of the algebra P/Z.
In the next section we will see how one can systematically construct such
coordinates for any ideal Z.

3 o-Regularity and Systems of Parameters

An ideal Z C P may be interpreted as an ideal in the symmetric algebra
SV over an n-dimensional k-linear space V = P; after having chosen a
basis (x1,...,x,) of V. As we will show now, the existence of a Pommaret
basis for Z depends only on this choice.

3 Note that we use the ordering x,, > ... > 1 on the variables.
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Definition 3.1. The variables x = (x1,...,x,) are §-reqular for the ideal
Z C P and the term order <, if Z possesses a Pommaret basis for <.

As in practice one defines an ideal Z C P by some finite generating set
F C I, we introduce a concept of d-regularity for such sets. Assume that
F is involutively head autoreduced with respect to an involutive division
L. We call the total number of multiplicative variables of its elements its
tnvolutive size and denote it by

= 1 X<r ()] (4)

fer

Let x = Ax be a linear change of coordinates with a regular matrix
A € K" 1i.e. a change of basis in the vector space V. It transforms
each polynomial f € P into a polynomial f € P = k[zy,..., %] of the
same degree. Thus F is transformed into a set F C P which generally is
no longer involutively head autoreduced.* Performing an involutive head
autoreduction yields a set F2. The leading exponents of F2~ may be very
different from those of F and thus |F|;  may differ from |F2|; .

Definition 3.2. Let the finite set F C P be involutively head autoreduced
with respect to the Pommaret division. The coordinates x are d-reqular
for F, if after any linear change of coordinates x = Ax the inequality

|Flp~ > |F2|p< holds.

Note that generally d-regularity of variables x for a set F according to
Definition 3.2 and for the ideal Z = (F) according to Definition 3.1 are
independent properties.

Example 3.3. One of the simplest instances where the definitions differ is
not for an ideal but for a submodule of the free k[z, y]-module with basis
{e1,es}. Consider the set F = {y?ei, zye; + ey, vey} and any term order
for which xye; > e,;. The used coordinates are not d-regular for F, as
any transformation of the form x = z 4 ay with a # 0 will increase the

4 We consider here the involutive division and the term order as being defined on the exponent vectors.
Thus after the transformation we can still use the same division and order as before.
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involutive size. Nevertheless, the used coordinates are d-regular for the
submodule (F). Indeed, adding the generator ye,; (the S-“polynomial”
of the first two generators) makes F to a reduced Groébner basis which
is simultaneously a minimal Pommaret basis. Examples of this type are
critical for the algorithmic determination of Pommaret bases: although a
finite basis exist, some completion algorithms may loop infinitely in such
a situation, as they try to construct a Pommaret basis for (leoF) as an
intermediate step.

Proposition 3.4. Let 'H be a Pommaret basis of an ideal Z C P. Then
the given coordinates X are d-reqular for H.

Most coordinates are d-regular for a given set F. Choosing an arbitrary
reference coordinate system, we may identify every system of coordinates
with the regular matrix A € k™" defining the linear transformation from
our reference system to it.

Proposition 3.5. The coordinate systems that are d-singular for a given

finite involutively head autoreduced set F C P form a Zariski closed set in
]l{’I’LXTL.

Proof. We perform first a linear coordinate transformation with an unde-
termined matrix A = (a;;) € k"*", i.e. we treat its entries as parameters.
This obviously leads to a -regular coordinate system, as each polynomial in
F2 will get its maximally possible class. d-singular coordinates are defined
by the vanishing of certain (leading) coefficients. Since these coefficients
are polynomials in the entries a;; of A, the set of all d-singular coordinate
systems can be described as the zero set of an ideal of ka1, ..., a,,). O

Theorem 3.6. Let the finite set F C P be involutively head autoreduced
for the Pommaret division and a class respecting term order® <. Further-
more assume that the underlying field k is infinite. If |F|j< > |Flp<,
then the coordinates x are d-singular for F.

5 This means that for degt; = degts and clst; < clsty we always have t; < to. The degree reverse
lexicographic order has this property.
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Proof. By Proposition 2.1, we have Xp(f) C X;z(f) for all f € F. As-
sume that for a polynomial h € F the strict inclusion Xp(h) C X £(h)
holds. Thus at least one variable xy € X;z(h) with ¢ > k = clsh ex-
ists. We perform the linear change of variables z; = Z; for ¢ # k and
T = T + aZy with a yet arbitrary parameter a € k \ {0}. This induces
the following transformation of the terms®:

Pk
P = Z (’uk> o) Fh—dntie (5)

=0 7

Let le<h = p. Thus p = [0,...,0, pg, - .., ] with pi > 0. Consider
the multi index v = pu — (ux)r + (px)e; obviously, clsv > k. Applying
our transformation to A leads to a polynomial h containing the term z”.
Note that v cannot be an element of le_F. Indeed, if it was, it would be
an element of the same set (ug41,...,t,) as p. But this contradicts our
assumption that ¢ is multiplicative for the multi index p with respect to
the Janet division, as by construction v, > py.

Transforming all polynomials f € F yields the set F on which we per-
form an involutive head autoreduction in order to obtain the set F2. Since
we assume that the gound field k is infinite, we can always choose the pa-
rameter a such that after the transformation each polynomial f € F has
at least the same class as the corresponding polynomial f € F, as our term
order respects classes. This is a simple consequence of (5): cancellations
of terms may occur only, if the parameter a is a zero of some polyno-
mial (possibly one for each member of F) with a degree not higher than
deg F. By the definition of the Pommaret division, if leL fs |ple< fi, then
clsleL fo > clsle< f;. Hence even after the involutive head autoreduction
the involutive size of F2 cannot be smaller than that of F.

Consider again the polynomial h. The leading term of the transformed
polynomial h must be greater than or equal to ”. Thus its class is greater
than k. This remains true even after an involutive head autoreduction with
all those polynomials f € F that are of class greater than k, as z” ¢ 1t F.

6 j, means the multiindex with entry j at position k and zero elsewhere.
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Hence the only possibility to obtain a leading term of class less than or
equal to k consists of an involutive reduction with respect to a polynomial
f e F with cls f < k. But this implies that clsle<f > k. So we may
conclude that after the transformation we have at least one polynomial
more whose class is greater than k. So the coordinates x cannot be ¢-
regular. ]

Corollary 3.7. If the coordinates x are d-reqular for the finite Pommaret
head autoreduced set F, then (F)j< = (F)p~ for any class respecting term
order <.

It is important to note that this corollary provides us only with a nec-
essary but not with a sufficient criterion for d-regularity. In other words,
even if the Janet and the Pommaret size are equal for a given set F C P,
this fact does not imply that the used coordinates are -regular for F.

Example 3.8. Let F = {22 + ¢y* — 22%, 2z + xy, yz + y* + 2*}. The
underlined terms are the leaders with respect to the degree reverse lexico-
graphic order. One easily checks that the Janet and the Pommaret division
yield the same multiplicative variables. If we perform the transformation
T=2z9Y=9y+=z and Z = x, then we obtain after an autoreduction the
set F A {y Yz, 22— yx} Again the Janet and the Pommaret division
yield the same multiplicative variables, but |F®|p~ > |F|p~. Thus the
coordinates (z,y, z) are not d-regular for F.

The explanation of this phenomenon is very simple. Our criterion de-
pends only on the leading terms of the set F; in other words, it analyses
the monomial ideal (It F). In Example 3.8 (It2F) = (22, yz, 2?) and one
easily verifies that the used generating set is already a Pommaret basis.
However, for Z = (F) the leading 1dea1 is 1t.Z = (23, 22,yz, 2*) (one ob-
tains a Janet basis for Z by adding 2® to F) and obviously it does not
possess a Pommaret basis, as such a basis would have to contain all mono-
mials 23y* with & € N (or we exploit our criterion noting that y is a Janet
but not a Pommaret multiplicative variable for z3). We have here just the

opposite situation to Example 3.3: there 1t.Z had a Pommaret basis but
(1t<F) not.
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Example 3.9. Even in the case that (ltzF) = (It.7) (i.e., F is a Grobner
basis), the notions of d-regularity for a set F and for an ideal Z gener-
ated by it are not equivalent. Consider the monomial ideal spanned by
{z% 4% 2*}. A Pommaret basis is obtained by adding {y*z, 2%y, 2%z, 2%yz}
and thus the coordinates are d-regular for the ideal. But for the subset
{22, y? x? 12z, xzy}, the Janet and the Pommaret sizes differ (9 vs. 8), so
the coordinates are not d-regular for this set. This shows that in general for
an ideal and o-regular coordinates there may exist ideal bases for which the
coordinates are not d-regular. Whether or not such a situation is encoun-
tered during the completion to an involutive basis cannot be recognised
a priori and depends also for instance on the choice of the selection term

order in the completion algorithm.

Theorem 3.10. In suitably chosen coordinates x every ideal T C P has
a Pommaret basis.

Proof. We only sketch a proof here, as a rigorous demonstration requires
the detailed formulation of a completion algorithm for the construction of
an involutive basis ([5, 6]), which we omit here for lack of space.

Each iteration of the completion algorithm consists of selecting an ele-
ment from the current basis, multiplying it with one of its non-multipli-
cative variables, performing an involutive reduction and then adding the
result (if it is different from zero) to the basis. Only if this action has en-
larged the ideal spanned by the leading terms, a test for d-regularity and,
if necessary, a coordinate change according to the proof of Theorem 3.6
are carried out. By regarding all the bases in a fixed reference coordinate
system, the ideals spanned by the leading terms form an ascending chain
that eventually becomes stationary at 1t_.Z. On the other hand, if the ideal
spanned by the leading terms remains unchanged (which it does especially
after we have reached 1t.7), we have performed one step in the monomial
completion of this ideal, which has to terminate under the assumption that,
after suitable transformations, we are in d-regular coordinates. ]

The search for -regular coordinates corresponds to putting Z in Noether
position, as the following result shows:
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Theorem 3.11. Under the assumptions of Remark 2.3 (in particular, if
the coordinates x are d-reqular for T ), the restriction of the canonical pro-
jection m: P — P/T to klzy,...,xp| is a Noether normalisation of P/T
(or equivalently, x1,...,xp form a homogeneous system of parameters).

Proof. {x1,...,xp} is a maximal independent set modulo Z, so the restric-
tion of the projection 7 to k[zy,...,zp| is injective. Proposition 2.2 gives
the complementary decomposition for le.Z which is defined by a finite set
N C Nj. As for each generator in N the associated multiplicative indices

form a subset of {1,..., D} and since the complement of 1t.Z is a basis
of P/T as a vector space over k, the finite set {m(z") | v € N'} generates
P/T as a k[xy, ..., zrp]-module. I

The converse of this theorem is in general not true: even if the variables
are chosen such that k[xy, ..., xp]| defines a Noether normalisation of P/Z,
this is not sufficient to conclude that Z possesses a Pommaret basis. In the
next section, we will show (in the case that Z is a monomial ideal) that
the existence of a Pommaret basis is equivalent to a stronger property.

4 Quasi-stable Ideals

While a polynomial ideal Z always possesses a Pommaret basis (after a
suitable coordinate transformation), the same is not true for a monomial
ideal, as the transformed ideal is in general no longer monomial. Hence
we give the class of monomial ideal possessing a Pommaret basis a special
name.

Definition 4.1. A monomial ideal Z C P is quasi-stable, if it has a Pom-
maret basis.

Remark 4.2. Recall that a (possibly infinite) set N' C Ny is called stable,
if for each multi index v € A all multi indices v —1; + 1, with k = clsv <
j < n are also contained in . A monomial ideal Z C P is stable, if the
exponent vectors of the monomials contained in it form a stable set. If 7
is a quasi-stable ideal in the sense of the definition above, then one can
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casily show that for a sufficiently high degree ¢ the truncated ideal 7, is
stable (one may e. g. take ¢ = degH with H the Pommaret basis of 7).

Proposition 4.3. Let T C P be a monomial ideal with dimP/Z = D.
Then the following five statements are equivalent.

(i) Z is quasi-stable.

(ii) The variable xy is not a zero divisor for P /T and for all 1 < j < D
the variable x;41 is not a zero divisor for P/{(Z,xy,. .., x;)™".

(iii) We have Z : (x)*® C T : (x9)*° C --- C I : (xp)>® and for all
D < j <n an exponent k; > 1 exists such that :z:?j cl.

(iv) Forall 1 < j <n the equality T : (x;)> =1 : (xj,...,x,)> holds.

(v) For every associated prime ideal p € Ass (P/Z) an integer 1 < j <n
exists such that p = (xj, ..., xy).

Proof. The equivalence of the statements (ii)—(v) was proven by Bermejo
and Gimenez [2, Proposition 3.2] who called ideals satisfying one of these
conditions monomial ideals of nested type.” We now show that this concept
is identical with quasi-stability by proving the equivalence of (i) and (iii).

Assume first that the ideal Z is quasi-stable with Pommaret basis H. The
existence of a term :z:?j € 7 for all D < j < n follows then immediately from
Remark 2.3. Consider a term o € T : (z1)*°\Z for some 1 < k < n. There
exists an integer ¢ such that xix“ € 7 and hence a generator ¥ € ‘H such
that 2” |p zta”. If clsv > k, then v would also be an involutive divisor of
contradicting the assumption x# ¢ Z. Thus we find clsv < k and v > py.
Next we consider for arbitrary exponents m > 0 the terms a7’ ;2" € Z.
For each m a generator 2#" € H exists which involutively divides v
By the same reasoning as above, cls 2#"™ > k+ 1 is not possible for an
involutively autoreduced basis H yielding the estimate clsv < cls 2" <
kE+1.

We claim now that there exists an integer mg such that p(™ = p(mo) for
all m > mg and cls 2" = k1. Indeed, if cls 2" < k4 1, then we must

. . e (m) (m)
have p,(fnﬁ = VUp41+m, since xj1 is not multiplicative for 2. Hence x”

7 One must revert the ordering of the variables in order to recover the statements in [2].
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cannot be an involutive divisor of zj'f!z” and p™+D ¢ {pM) ... pm}.

As the Pommaret basis H is a finite set, cls 27" = k + 1 for some value
mo > 0. But then x4, is multiplicative for 2 and thus z*" is trivially
an involutive divisor of 27, ;2" for all values m > my.

By construction, the generator 27" is also an involutive divisor of
xY ot as xy is multiplicative for it. Hence this term must lie in 7 and
consequently z# € 7 : (xy41)*°. Thus we can conclude that Z : (x)> C T :
(xgs1)>°. This proves (iii).

For the converse assume that (iii) holds and let B be the minimal basis
of the ideal Z. Let z* € B be an arbitrary term of class k. Then 2/ /z}, €
T : (xf)*>°. By assumption, this means that also z//x; € T : (xy)* for
any nonmultiplicative index ¢. Hence for each term x* € B and for each
value cls (z#) < ¢ < n there exists an integer g, such that x}*‘z"/x) ¢ T
but xZ“’ﬁl:E“/:Uk € Z. For the values 1 < ¢ < clsa# we set ¢,, = 0.
Observe that if ¥ € B is a minimal generator dividing x?“’gﬂx“ /xp, then
¥ <invlex T, since cls (x¥) > cls (x#) and vy < py.

Consider now the set

Hz{x’”ﬂx“élg,Vlgégn:ogpggq%g}. (6)

We claim that it is a weak involutive completion of B and thus a weak
Pommaret basis of Z. In order to prove this assertion, we must show that
each term z* € T lies in the involutive cone of a member of H.

As 2 is assumed to be an element of Z, we can factor it as 2% =
2" 2" 21" where z#" € B is a minimal generator, 27" contains only
multiplicative variables for 24" and 27" only non-multiplicative ones.

(D)4 (1) : (1) (1) (1)
If /TP € H, then we are done, as obviously cls (x“ P ) = cls (x“ )

. . . (1) T . (EONIPAQY)
and hence all variables contained in 27~ are multiplicative for z# *°

too.
(1)

Otherwise there exists a non-multiplicative variables z, such that p,’ >

(1)’é+1xu

.. (2) T q, (1) .
q,m - Any minimal generator z* € H dividing z,/ /xy is also a

.. .. @ 2,2
divisor of z* and we find a second factorisation z* = 27 2 2"~ where

again 2°? consists only of multiplicative and 2P only of non-multiplicative
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= ‘H, then we are done by the same argument

as above; otherwise we iterate.

According to the observation made above, the sequence :z:“(l), x“@), ... of
minimal generators constructed this way is strictly descending with respect
to the inverse lexicographic order. However, the minimal basis B is a finite
set and thus the iteration cannot go on infinitely. As the iteration only
stops, if there exists an involutive cone containing z*, the involutive span
of H is indeed Z and thus Z quasi-stable. ]

. (2)
variables for z# . If x

Note that we actually proved that (iii) may be replaced by the equivalent
statement Z : (21)>* C Z : (29)*° C -+ C T : (x,)>™ requiring no a priori
knowledge of D (the dimension D arises then obviously as the smallest
value k such that Z : (x;)* = P). In this formulation it is straightforward
to verify (iii) effectively: bases of the colon ideals Z : (z4)> are obtained
by setting x; = 1 in a basis of Z and for monomial ideals it is trivial to
check inclusion.

For the sequel, we make the convention that the formal expression 7 : xg°
equals Z. The following technical results will be useful later.

Lemma 4.4. For a quasi-stable ideal I and for all 0 < i <n, we have:

(i) Z: (z;)>™ can be minimally generated by elements having class at least
1+ 1.

(ii) (Z:(x))™) : (x;)>®° =T : (x;)* forall i < j <n.

Proof. No element of a minimal basis of H of Z : (z)° can depend on z;.
Now assume that @” € H satisfies clsv = £ < k. Then z7'z" is a minimal
generator of Z for some suitable exponent m € Ny. This in turn implies
that 27'2" /2" € T : (x)* C T : (x;)> and hence x"/z,* € T : (x;)* which
contradicts our assumption that ¥ was a minimal generator. This proves
Part (i); Part (ii) follows directly from the definition of the saturation and
Proposition 4.3 (iii). O

From the next proposition it follows that for a monomial set 'H, equality
of the Pommaret and the Janet size entails quasi-stability of the ideal (H);
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thus in this case a converse to Theorem 3.6 can be obtained.

Proposition 4.5. Let 7 C P be a monomial ideal and H a finite, Pom-
maret autoreduced monomial basis of it. If I is not quasi-stable, then
|H|; > |H|p, i. e. for some generator in H a variable exists which is Janet
but not Pommaret multiplicative.

Proof. By Proposition 2.1 we have |H|; > |H|p. As T is not quasi-stable,
there exists a minimal value k such that Z : (x)> € T : (z441)>°. Let a*
be a minimal generator of Z : () which is not contained in Z : (zj1)°.
Then for a suitable exponent m € Ny the term zF = z'z* is a minimal
generator of Z and hence contained in H.

We claim now that H contains a generator for which x;,; is Janet but
not Pommaret multiplicative. If x4 € X;j5(2#), then we are done, since
according to Lemma 4.4 (i) cls i = k and hence 25,1 ¢ Xp(2#). Otherwise
‘H contains a term x¥ such that vy = py for k+1 < ¢ < nand vp 1 > g1
If several generators with this property exist in H, we choose one for which
vi+1 takes a maximal value so that we have zj11 € X (2”) by definition
of the Janet division. If clsv < k + 1, we are again done, since in this case
zp41 € Xp(2¥). Finally assume that clsy = k 4+ 1 and consider the term
af = ¥ /x,*. Obviously, 2” € T : (}41)™ contradicting our assumption
& T : (xpy1)> since x” | x*. Hence this case cannot arise. O

From Condition (v) in Proposition 4.3 we see that (modulo a permuta-
tion of the variables) quasi-stable ideals are precisely those monomial ideals
with a single minimal associated prime ideal. Going one step further, one
can even read off a primary decomposition from the ascending chain of
ideals in Condition (iii).

As above, let D denote the dimension of Z. We restrict ourselves to the
case that z1 (and hence each variable) occurs in some minimal generator of
7T; otherwise, we change P accordingly. Z contains pure powers of exactly
the variables zpi1,...,x,; thus Z : (xp)* is (xp+1,...,T,)-primary. For
1 <i<D,lets :=min{s | Z: {x;)* =7T: (x;)*}; this is just the the
maximal x;-degree of a minimal generating set of Z. Furthermore, let S; :=
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T4z, ap)and g, =8 (2)®° =T : () +(at], ..., 2) for 0 <
i < D. Because of Lemma 4.4, q; is (z;11, ..., z,)-primary. By repeatedly
applying the well-known identity Z = Z 4 () N Z : (x)® (provided that
Z:{(z)* =7 : (x)*) and Lemma 4.4 (ii), we can decompose each ideal

T:{(z)® (0<i< D) as:
T ()™ =(T : {x)™ + (i) 0 (T (2)™) : (i)™

N

=T:(Tiy1)>
(T 4 () 0 (T ()™ + @) ¢ ()™
=T <1‘i+2>oo+<$:iﬁ1> (7)

NZ: <$H_1>OO

=q; N (Z : (xp)™ + (i, ey )N NI (i)™

Because of the quasi-stability of Z, the last ideal in this decomposition
is always contained in all the preceding ones except ¢;, so these can be
dropped. Since qp = Z : (xp)*>°, we thus get a primary decomposition
I = ﬂf: 0 Ui, where the radicals of the primary components are pairwise
different.

Proposition 4.6. In the decomposition T = ﬂio q;, the primary compo-
nent q; is redundant if and only if T : (x)>® =7 : (xp+1)>.

Proof. The above construction immediately yields Z : 23° = ﬂf: L 9i- An
elementary computation involving sums and intersection of ideals further-
more shows that S = ﬂf:o q;. Therefore, T = S;_1NT : x° (we set S_; =
P). From that, we see at once that q; is redundant if 7 : 3° = T : 235,. For
the other direction, assume that Z : 27° C Z : 235 ;. For k = 0, this immedi-
ately implies that gy cannot be redundant. For k£ > 0, take a minimal gen-
erator m of Z : (xp41)*> (having class at least k+2) which is not in Z : ()
and consider the monomial 2;*m. It is obviously contained both in Sj_;
and in Z : (x41)°°, but not in Z : (x) and thus also not in g (since from
T :(xp)® =qprNZ: (xp1)> we have that qp N (7 : (xp11)C\Z : (x)™) =
@); therefore, q, 2o N ... N Q1 N1 N ... N Ap- O
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The following result on the Nother normalisation of a quasi-stable ideal
is also due to Bermejo and Gimenez [2, Proposition 3.6].

Corollary 4.7. Let T C P be a monomial ideal with dimP/Z = D.
Furthermore, let Z = g1 N --- N q, be an irredundant monomaial primary
decomposition with D; = dimP/q; for 1 < j < r. The ideal T is quasi-
stable, if and only if k[z1,...,zp| defines a Noether normalisation of P /T

and Kk[x1,...,2p,] one of P/q; for each primary component q;.

Proof. By assumption, each ideal q; is a monomial primary ideal. This
implies that k[z1,...,2p,| defines a Noether normalisation of P/q;, if and
only if the associated prime ideal is |/q; = (¥p,+1, ..., 7). Now the asser-
tion follows from Condition (v) in Proposition 4.3. O

5 oJ-Regularity vs. Quasi-Regularity

Definition 5.1 ([7]). A linear form v = ajx; + ...a,x, € Py is called
quasi-reqular at degree q for the P-module M, if v -m = 0 entails m €
M_,. A finite sequence (vy, ..., vy) of linear forms in P is quasi-reqular at
degree q for M, if each v; is quasi-regular at degree ¢ for the factor module

M/<U1, ce ,Ui_1>M.

This generalisation of the classical notion of a regular sequence appears in
the dual formulation of Cartan’s test for an involutive polynomial module
due to Serre (see his letter appended to [7]). Recall that a polynomial mo-
dule M is involutive at a degree qq, if no minimal generator of the Koszul
homology H.(M) has a symmetric degree greater than or equal to g.

Theorem 5.2 (Dual Cartan Test [7]). Let M be a polynomial module
finitely generated in degree less than q > 0. The module M 1is involutive
at degree q, if and only if for generic coordinates {x1,...,x,} the maps

M - MT/<3317 st 7xl€—1>M7’—1 — MT+1/<£17 SR xk—1>MT (8)

induced by the multiplication with x; are injective for all r > q and 1 <
k<mn, i e if and only if (x1,...,2,) i a quasi-reqular sequence at degree

q for M.

195



GIFT 2006

The goal of this section is to show that the notion of d-regularity for
an ideal Z as discussed in Section 3 is equivalent to the above introduced
concept of quasi-regularity for the polynomial module P/Z.

Lemma 5.3. Let 7 C P be a homogeneous ideal and < the degree reverse
lexicographic order. The sequence (x1,...,x,) is quasi-reqular at degree q
for the module M = P /T, if and only if it is quasi-reqular at degree q for
M =P/It.T.

Proof. Let G be a Grobner basis of Z for <, so that the normal form with
respect to G defines an isomorphism between the vector spaces M and M’.
One direction is trivial, as an obvious necessary condition for m = [f] € M
to satisfy x1-m = 0 is that z; - [lt< f] = 0 in M’. Hence quasi-regularity of
x1 for M’ implies quasi-regularity of x; for M and by iteration the same
holds true for the whole sequence.

For the converse let r > ¢ be an arbitrary degree. We may choose for the
vector space M, a basis where each member is represented by a monomial,
i.e. the representatives simultaneously induce a basis of M/. Let z* be
one of these monomials. As x; is quasi-regular for M, we have z; - [2#] # 0
in M. Suppose that z; - [z#] = 0 in M’ so that x; is not quasi-regular for
M. Thus z#™t € 1t.Z and G contains a polynomial g with lt_g | x#*11,
Because of the assumption z# ¢ 1t.7Z, we must have cls(ltzg) = 1. By
definition of the reverse lexicographic order, this implies that every term
in g is of class 1. Iteration of this argument shows that the normal form of
T with respect to G is divisible by 1, i. e. it can be written as z; f with
f € P, and lt-f < x*. Consider now the polynomial f = 2#— f € P,\ {0}.
As it consists entirely of terms not contained in 1t.Z, we have [f] # 0 in
M,.. However, by construction z - [f] = 0 contradicting the injectivity of
multiplication by z; on M,.

For the remaining elements of the sequence (x1, ..., z,) we note for each
1 < k < n the isomorphism M® = M/(zy, ..., ;)M = P®) /T where
PF = klzpi1,. .. 2, and ZF) = TN PH . Tt implies that we may iterate
the arguments above so that indeed quasi-regularity of (xy, ..., z,) for M’
is equivalent to quasi-regularity for M’. ]
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Theorem 5.4. The coordinates x are d-reqular for the homogeneous ideal
Z C P in the sense that I possesses a Pommaret basis H for the degree
reverse lexicographic term order with deg H = q, if and only if the sequence
(1, ...,2,) 1S quasi-reqular for the factor algebra M = P /T at degree q
but not at any lower degree.

Proof. By the definition of a Pommaret basis and by Lemma 5.3, it suffices
to consider monomial ideals Z. Assume first that the basis {x1,...,z,} is
o-regular. By Proposition 2.2, the leading terms lt-’H induce a comple-
mentary decomposition of M where all generators are of degree ¢ = deg’H
or less. Thus, if M, # 0 (otherwise there is nothing to show), then we can
choose a vector space basis of it as part of the complementary decompo-
sition and the variable x; is multiplicative for all its members. But this
observation immediately implies that multiplication with z; is injective
from degree ¢ on, so that z; is quasi-regular for M at degree q.

For the remaining elements of the basis {z1,...,x,} we proceed as in
the proof of Lemma 5.3 and use the isomorphism M®) = P&/ 7k A
Pommaret basis of Z¥) is obtained by setting 1 = --- = x = 0 in the
subset H¥) = {h € H | clsh > k}. Thus we can again iterate for each
1 < k < n the argument above so that indeed (x1, ..., z,) is a quasi-regular
sequence for M at degree q.

For the converse, we first show that quasi-regularity of (z1,...,z,) im-

plies the existence of a Rees decomposition for M. Exploiting again the
isomorphism M®*) = pk) /I(k) , one easily sees that a vector space ba-
sis of Mék) is induced by all terms z# ¢ 7 with |u| = ¢ and clsu > k.
By the definition of quasi-regularity, multiplication with zj is injective on
M) hence we take {1, ..., x;} as multiplicative variables for such a term
(which is exactly the assignment used in the Rees decomposition induced
by a Pommaret basis according to Remark 2.3).

We claim now that this assignment yields a Rees decomposition of M,
(and hence one of M, since we only have to add all terms z* ¢ Z with
\| < g without any multiplicative variables). The only thing to prove is
that our decomposition covers all of Mx,. If 2* ¢ 7 is an arbitrary term
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with || = ¢+1 and cls u = k, then we can write 2# = xj-2#~1*. Obviously,
x* ¢ T implies x#7 1% ¢ T and cls(u — 1;) > k so that x;, is multiplicative
for it. Hence all of M4, is covered and an easy induction shows that we
have indeed a decomposition of M.

Proposition 2.2 entails now that Z has a weak Pommaret basis of degree
q. As the autoreduction of a weak basis to a strong one can only decrease
the degree, Z has a strong Pommaret basis of degree at most g. However, if
the degree of the basis actually decreased, then, by the converse statement
already proven, (z1,...,x,) would be a quasi-regular sequence for M at a
lower degree than ¢ contradicting our assumptions.

The same “reverse” argument shows that if Z has a Pommaret basis of
degree ¢, then the sequence (z1,...,x,) cannot be quasi-regular for M at
a lower degree, as otherwise a Pommaret basis of lower degree would exist
which is not possible by the uniqueness of strong Pommaret bases. ]

For monomial ideals Z C P a much stronger statement is possible. Using
again the isomorphism M®*) = PF) /TH) e may identify elements of M*)
with linear combinations of the terms x, ¢ 7 satisfying clsx, > k. Then
we obtain the following simple relationship between the Pommaret basis
of Z and the kernels of the maps u; appearing in Theorem 5.2.

Proposition 5.5. Let x1,...,x, be d-reqular coordinates for the quasi-
stable ideal I. Furthermore, let H be the Pommaret basis of T and set
Hi ={x, € H|clsv =k} for any 1 < k <n. Then the set {x,_1, | " €
Hyi} is a basis of ker .

Proof. Assume that z,, € Hy. Then x,_1, ¢ Z, as otherwise the Pommaret
basis H was not involutively autoreduced, and hence we find z,,_;, € ker py.

Conversely, suppose that x, € ker u,. Obviously, this implies z,;, € 7
and the Pommaret basis H must contain an involutive divisor of z,4,. If
this divisor was not x,1;, itself, the term x, would have to be an element of
7 which is obviously not possible. Since x, € ker i entails cls(v + 1) = k,
we thus find z,1, € H. O
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Remark 5.6. These results also lead to a simple proof of the characterisation
(ii) of a quasi-stable ideal in Proposition 4.3. If 7 is quasi-stable, then the
coordinates x1, ..., x, are d-regular for it, hence by Theorem 5.4 they form
a quasi-regular sequence for P/Z at a suitably chosen degree. By Propo-
sition 4.3, Condition (iv), we have that 75" = 7 : (x1)* and hence multi-
plication by x; is injective on P/Z%". As obviously P/(Z,xy,...,x;)%" =
PU) /(2W))t we can apply the same argument also for all 1 < j < D.

Conversely, if 21 - f € Z for a polynomial f € P\ Z, then f € 7%\ T
and hence deg f < satZ. Thus x; is quasi-regular for P/Z at the degree
sat Z. Using again the isomorphisms P/(Z,z, ..., x;) = PU)/(T0))sat,
we can apply the same argument for all 1 < j < D, so that (z1,...,2zp) is
a quasi-regular sequence for P/Z at a sufficiently high degree.

The characterisation (ii) of Proposition 4.3 obviously implies that the
set {x1,...,zp} is maximally independent modulo Z5*.
Hence dim P/{Z%*" x1,...,xp) = 0 entailing that (z1,...,z,) is a quasi-
regular sequence for the algebra P/Z at a sufficiently high degree. By
Theorem 5.4, the ideal Z is thus quasi-stable.
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Theory of Laminated Wave Turbulence:
Open Questions

Flena Kartashova
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Abstract

Theory of laminated wave turbulence developed recently allows to study at the same base
both types of turbulent wave systems - statistical and discrete. The main novelty of the
theory is the following: discrete effects do appear not only in the long-wave part of the
spectral domain (corresponding to small wave numbers) but all through the spectra. One
of the new problems put forth by the theory of laminated wave turbulence is construction
of fast algorithms for computations in integers of order 10'2 and more. In this paper we
present the mathematical basics of this new theory in terms of integer points of resonant
manifolds and formulate its open questions, both theoretical and computational, in order
to attract “pure”’mathematicians and specialists in computer algebra to work on the
subject.

Keywords: Nonlinear waves, wave turbulence, discrete wave systems, irrational and
transcendental algebraic equations, computations in integers

1 Introduction

The roots of the theory of nonlinear dispersive waves date back to hydro-
dynamics of the 19th century. It was observed, both experimentally and
theoretically, that, under certain circumstances, the dissipative effects in
nonlinear waves become less important then the dispersive ones. In this
way, balance between nonlinearity and dispersion gives rise to formation
of stable patterns (solitons, cnoidal waves, etc.). Driven by applications in
plasma physics, these phenomena were widely studied, both analytically
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and numerically, starting from the middle of the 20th century. The main
mathematical break-through in the theory of nonlinear evolutionary PDEs
was the discovery of the phenomenon of their integrability that became the
starting point of the modern theory of integrable systems with Korteweg-
de Vries equation being the first instance in which integrability appeared.
But most evolutionary PDEs are not integrable, of course. As a powerful
tool for numerical simulations, the method of kinetic equation has been
developed in 1960-th and applied to many different types of dispersive
evolutionary PDEs. The wave kinetic equation is approximately equiva-
lent to the initial nonlinear PDE: it is an averaged equation imposed on
a certain set of correlation functions and it is in fact one limiting case of
the quantum Bose-Einstein equation while the Boltzman kinetic equation
is its other limit. Some statistical assumptions have been used in order
to obtain kinetic equations; the limit of their applicability then is a very
complicated problem which should be solved separately for each specific
equation.

The role of the nonlinear dispersive PDEs in the theoretical physics is
so important that the notion of dispersion is used for “physical” classifi-
cation of the equations in partial variables. On the other hand, the only
mentioning of the notion “dispersion relation” in mathematical literature
we have found in the book of V.I.LArnold [1] who writes about important
physical principles and concepts such as energy, variational principle, the
Lagrangian theory, dispersion relations, the Hamiltonian formalism, etc.
which gave a rise for the development of large areas in mathematics (the-
ory of Fourier series and integrals, functional analysis, algebraic geometry
and many others). But he also could not find place for it in the conse-
quent mathematical presentation of the theory of PDEs and the words
“dispersion relation” appear only in the introduction.

In our paper we present wave turbulence theory as a base of the “phys-
ical” classification of PDEs, trying to avoid as much as possible specific
physical jargon and give a “pure” mathematician a possibility to follow
its general ideas and results. We show that the main mathematical object
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of the wave turbulence theory is an algebraic system of equations called
resonant manifolds. We also present here the model of the laminated wave
turbulence that includes classical statistical results on the turbulence as
well as the results on the discrete wave systems. It is shown that discrete
characteristics of the wave systems can be described in terms of integer
points on the rational manifolds which is the main novelty of the theory of
laminated turbulence. Some applications of this theory for explanation of
important physical effects are given. A few open mathematical and numer-
ical problems are formulated at the end. Our purpose is to attract pure
mathematicians to work on this subject.

2 General Notions

For the completeness of presentation we began this section with a very

brief sketch of the traditional mathematical approach to the classification
of PDEs.

2.1 Mathematical Classification

Well-known mathematical classification of PDEs is based on the form of
equations and can be briefly presented as follows. For a bivariate PDE
of the second order

awx:c + bw:vy + C¢yy = F(x, Y, % ¢x7 %)
its characteristic equation is written as

dx b 1
— =—+ —b -4
dy 2a 2a ac

and three types of PDEs are defined:
o b2 < 4ac, elliptic PDE: 9, + Yy =0

e b? > 4ac, hyperbolic PDE: 9, — Yyy — TP, =0
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e V? = 4ac, parabolic PDE: ¢, — 2zy1, — 1 =0

Each type of PDE demands then special type of initial /boundary condi-
tions for the problem to be well-posed. “Bad”example of Tricomi equation
Yy +10y,, = 0 shows immediately incompleteness of this classification even
for second order PDEs because a PDE can change its type depending, for
instance, on the initial conditions. This classification can be generalized
to PDEs of more variables but not to PDEs of higher order.

2.2 Physical Classification

Physical classification of PDEs is based on the form of solution and is al-
most not known to pure mathematicians. In this case, a PDE is regarded in
the very general form, without any restrictions on the number of variables
or the order of equation. On the other hand, the necessary preliminary
step in this classification is the division of all the variables into two groups
- time- and space-like variables. This division originated from the special
relativity theory where time and three-dimensional space are treated to-
gether as a single four-dimensional Minkowski space. In Minkowski space
a metrics allowing to compute an interval s along a curve between two
events is defined analogously to distance in Euclidean space:

ds* = da® + dy* + d2* — Pdt?

where c is speed of light, =, vy, z and t denote respectively space and time
variables. Notice that though in mathematical classification all variables
are treated equally, obviously its results can be used in any applications
only after similar division of variables have been done.

Suppose now that linear PDE with constant coefficients has a wave-like
solution

Y(x,t) = Aexpilkr —wt] or (x,t) = Asin(kz — wt)

with amplitude A, wave-number k£ and wave frequency w. Then the sub-
stitution of 0, = —iw, 0, =ik transforms LPDE into a polynomial
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on w and k, for instance:
Yy + a, + 5¢xazx =0 =4 W(k) = ak — ﬁk?),

U + Oéngmm =0 = wQ(k) = 042164,
Vgt — Py + =0 = W4(k7) = o’k* + (3°

where a and 8 are constants.

Definition  Real-valued function w =w(k): d*w/dk*#0 is called
dispersion relation or dispersion function. A linear PDE with wave-like
solutions are called evolutionary dispersive LPDE. A nonlinear PDE with
dispersive linear part are called evolutionary dispersive NPDE.

This way all PDEs are divided into two classes - dispersive and non-
dispersive [2]. This classification is not complementary to a standard math-
ematical one. For instance, though hyperbolic PDEs normally do not have
dispersive wave solutions, the hyperbolic equation ¥y — o, + 3% = 0
has them. Given dispersion relation allows to re-construct corresponding
linear PDE. All definitions above could be easily reformulated for a case of
more space variables, namely 1, o, ..., ,. Linear part of the initial PDE
takes then form

o 0 0
P(a, a—xl, ceey a—xn)

and correspondingly dispersion relation can be computed from
P(—iw, ik, ...,ik,) =0

with the polynomial P. In this case we will have not a wave number k
but a wave vector k = (ki,...,k,) and the condition of non-zero second
derivative of the dispersion function takes a matrix form:

0w

Sk

| # 0.
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2.3 Perturbation technique

Perturbation or asymptotic methods (see, for instance, [3]) are much in
use in physics and are dealing with equations having some small parameter
e > 0. To understand the results presentated in the next Section one needs
to have some clear idea about the perturbation technique and this is the
reason why we give here a simple algebraic example of its application. The
main idea of a perturbation method is very straightforward - an unknown
solution, depending on ¢, is written out in a form of infinite series on
different powers of € and coefficients in front of any power of € are computed
consequently. Let us take an algebraic equation

P —(3—-2)r+2+e=0 (1)
and try to find its asymptotic solutions. If ¢ = 0 we get
22 —3r4+2=0 (2)

with roots = 1 and x = 2. Eq.(1) is called perturbed and Eq.(2) -
unperturbed. Natural suggestion is that the solutions of perturbed equation
differ only a little bit from the solutions of unperturbed one. Let us look
for solutions of Eq.(1) in the form

Tr = X9+ EX +€2l’2—|—...

where xg is a solution of Eq.(2), i.e. g = 1 or zp = 2. Substituting this
infinite series into Eq.(1), collecting all the terms with the same degree of ¢
and consequent equaling to zero all coefficients in front of different powers
of € leads to an algebraic system of equations

(50:33(2)—3330%—2:0,

el 2x0x1 — 321 — 220+ 1 =0,

52 . 2%0%2 + l’% — 3.@2 — 2%1 = 0,
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with solutions
zo=1 m=-1, 23=3,... and z=1—c+32+..;

T9=2, w1 =3, To=-3,... and x=2+4+3c—3>+ ...

Notice that exact solutions of Eq.(1) are

1
r= [3+2e% V1 + 8¢ + 4¢?]

and the use of binomial representation for the expression under the square
root

()
2!

(1+8c+4e%)2 =1+ (8e+4e%) + (8e4+4e?)? + ... =144 — 62+ ...

gives finally
1
x:§(3—|—25—1—45—|—682—|—...) =1—e+3+...
and

1
x:5(3+25+1+45—652+...):2+35—352+...

as before. This example was chosen because the exact solution in this case
is known and can be compared to the asymptotic one. The same approach
is used for partial differential equations, also in the cases when exact so-
lutions are not known. The only difference would be more elaborated
computations resulting in some system of ordinary differential equations
instead of Eqs.(3) (see next Section).

3 Wave Turbulence Theory

3.1 Wave Resonances

Now we are going to introduce the notion of the wave resonance which is
the mile-stone for the whole theory of evolutionary dispersive NPDE and
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therefore for the wave turbulence theory. Let us consider first a linear
oscillator driven by a small force

Ty + p2:z: = e’

Here p is eigenfrequency of the system, €2 is frequency of the driving force
and € > 0 is a small parameter. Deviation of this system from equilibrium
is small (of order ¢), if there is no resonance between the frequency of the
driving force ee* and an eigenfrequency of the system. If these frequencies
coincide then the amplitude of oscillator grows linearly with the time and
this situation is called resonance in physics. Mathematically it means
existence of unbounded solutions.

Let us now regard a (weakly) nonlinear PDE of the form

L(y) = eN() (4)

where L is an arbitrary linear dispersive operator and N is an arbitrary
nonlinear operator. Any two solutions of L(1) = 0 can be written out as

—

Ay expz’[l;lf — w(];l)t] and A, expi[l%f — w(ks)t]

with constant amplitudes Ay, As. Intuitively natural expectation is that
solutions of weakly nonlinear PDE will have the same form as linear waves
but perhaps with amplitudes depending on time. Taking into account
that nonlinearity is small, each amplitude is regarded as a slow-varying
function of time, that is A; = A;(t/e). Standard notation is A; = A;(T)
where T = t/e is called slow time. Since wave energy is by definition
proportional to amplitude’s square A? it means that in case of nonlinear
PDE waves exchange their energy. This effect is also described as “waves
are interacting with each other”or “there exists energy transfer through
the wave spectrum”or similar.

Unlike linear waves for which their linear combination was also solution
of L(¢) = 0, it is not the case for nonlinear waves. Indeed, substitution
of two linear waves into the operator eN (1)) generates terms of the form
expi[(ky + ko)Z — [w(ky) + w(ks)]t which play the role of a small driving
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force for the linear wave system similar to the case of linear oscillator above.
This driving force gives a small effect on a wave system till resonance
occurs, i.e. till the wave number and the wave frequency of the driving
force does not coincide with some wave number and some frequency of
eigenfunction:
{‘il +un =, 6
ki + ko = k3
where notation w; = w(E,) is used. This system describes so-called reso-
nance conditions or resonance manifold.
The perturbation technique described above produces the equations for
the amplitudes of resonantly interacting waves A; = A;(T). Let us demon-
strate it taking as example barotropic vorticity equation (BVE) on a sphere

YN -
5 +28)\+5J(¢,A¢)—0 (6)
where
Ly 1 0% o 1 9adb dadb
A@/}— a¢2+cos2¢a>\2—tan¢a—¢ and J(Cl,b) —@(aa—gb—a—gba)

The linear part of spherical BVE has wave solutions in the form

2
AP (sin ¢) exp i[mA + n(n—zﬂ—bl)t]’
where A is constant wave amplitude, w = —2m/[n(n+ 1)] and P’ (x)

is the associated Legendre function of degree n and order m.

One of the reasons to choose this equation as an example is following.
Till now a linear wave was supposed to have much more simple form,
namely, Aexpi[kZ —w(k)t] without any additional factor of a functional
form. For a physicist it is intuitively clear that if the factor is some oscil-
latory function of only space variables then we will still have a wave of a
sort ” “but it would be difficult to include it in an overall definition.
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We seem to be left at present with the looser idea that whenever oscil-
lations in space are coupled with oscillation in time through a dispersion
relation, we expect the typical effects of dispersive waves”[2]. By the way,
most physically important dispersive equations have the waves of this form.

Now let us keep in mind that a wave is something more complicated then
just a sin but still smooth and periodic, and let us look where perturbation
method will lead us. An approximate solution has a form

¥ =1o(A, ¢, 6, T) + i (N, ¢, 1, T) + e°a(N, ¢, 8, T) + ..

where T' = t/e is the slow time and the zero approximation ¢ is given as
a sum of three linear waves:

with notations P*) = P and 0 = myA — wit. Then

0 DLy Ot + 200/ ON = 0,
el s DAY Ot + 2001 JON = —J (Yo, Do) — DLy /T, (8)
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and
ag;uo =i kﬁ; P® g Ny [Ag exp(ify) — AL exp(—iby)];
S~ Z Nig P cos 6w exp(i6n) + A exp(—i6n);
J(tho, Dipo) = —i Z Nym; PV —PW[A; exp(if;) — Aj exp(—i;)]

7,k=1

- [Ayexp(ify) + Af exp(—ify)] —I—ZZNkmkP()d 0)

7,k=1 d¢
: [A-exp(i@-) + Aj exp(—i0;)][Ay, exp(i0y) — Ay exp(—iby)];
8A¢0 Z PEN —exp(zﬁk) Ci;f exp(—idx)].

leads to the condition of unbounded growth of the left hand in the form

[OJAN
T, ) = 22

with resonance conditions 0; + 0, = 0; V j, ki =1,2,3. Let us fix some
specific resonance condition, say, 6; + 0, = 63, then

ZAXN )44 d A ,
o Ve P = exp(ifs) + —= exp(—ifs))],
. d d
J (Yo, Athg) =2 —i( Ny — Ny)(mgP? p POy — PO )dab pe) .

A AQ exp[ (61 + 82)] A*Az exp[— (81 + 82)],

where notation = means that only those terms are written out which can
generate chosen resonance. Let us substitute these expressions into the
coefficient by ¢!, i.e. into the equation

08Yr | 01 _

AR
or ’
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multiply both parts of it by
3) sin ¢[As exp(ifs) + A% exp(—ifs)]

and integrate all over the sphere with t — oo. As a result following equation
can be obtained:

ds _ — 2iZ(Ny — N1) A1 A,

N
AT

where

™/2 ) d d d
Z :/ mo P —PW —m, PO _—_ pR—_pBge,
L gt P g ’

The same procedure obviously provides the analogous equations for A, and
A3z while fixing corresponding resonance conditions:

dA . «
N dT1 —2iZ(Ny — N3)As A,
dA
N, dT2 —2iZ (N3 — Ny) A} As,

(9)

In general, the simplest system of equations on the amplitudes of three
resonantly interacting waves is often regarded in the form

Al — a1A3A;7
Ay = ap AfAs, (10)
A3 = 043141142,

and is refereed to as a 3-wave system (keeping in mind that analogous
system has to be written out for A} ). Coefficients «; depend on the initial
NPDE. Similar system of equations can be obtained for 4-wave interactions,
with the products of three different amplitudes on the right hand, and so
on.
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3.2 Zakharov-Kolmogorov energy spectra

The idea that a dispersive wave system contains many resonances and wave
interactions are stochastic led to the statistical theory of wave turbulence.
This theory is well developed [4] and widely used in oceanology and plasma
physics describing a lot of turbulent transport phenomena. Avoiding the
language of Hamiltonian systems, correlators of a wave field, etc., one can
formulate its main results in the following way. Any nonlinearity in Eq.(4)
can be written out as

Vi in0(k1 + ko + ... + k;
g uzndh tho ¥ oK)y, (11)
O(wr + wo + ... +wy)

where ¢ is Dirac delta-function and V(5 ;) is a vertex coefficient. This
presentation, together with some additional statistical suggestions, is used
then to construct a wave kinetic equation, with corresponding vertex coef-
ficients and delta-functions in the under-integral expression, of the form

Al = / |‘/(123)|25(w1 — Wy — w;;)é(l% — EQ — Eg)(AQAg, — A1A2 — A1A3)d]g2d]g3

for 3-waves interactions, and similar for i-waves interactions. One of the
most important discoveries in the statistical wave turbulence theory are
stationary exact solutions of the kinetic equations first found in [5]. These
solutions are now called Zakharov-Kolmogorov (ZK) energy spectra and
they describe energy cascade in the wave field. In other words, energy
of the wave with wave vector k is proportional to k¢ with a < 0 and
magnitude of a depends on the specific of the wave system. Discovery
of ZK spectra played tremendous role in the wave turbulence theory and
till the works of last decade (e.g. [6]-[8]) it was not realized that some
turbulent effects are not due to the statistical properties of a wave field
and are not described by kinetic equations or ZK energy spectra.

3.3  Small Divisors Problem

In order to use presentation (11) one has to check whether so defined
nonlinearity is finite. This problem is known as the small divisors problem
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and its solution depends on whether wave vectors have real or integer
coordinates.

Wave systems with continuous spectra were studied by Kolmogorov,
Arnold and Moser [9]-[11] and main results of KAM-theory can be briefly
formulated as follows. If dispersion function w is defined on real-valued
wave vectors and the ratio a;; = w;/w; is not a rational number for any

two wave vectors k and kj, then

e (1C) Wave system is decomposed into disjoint invariant sets (KAM

tori) carrying quasi-periodic motions;

(2C) If the size of the wave system tends to infinity, (1C) does not
contradict ergodicity, random phase approximation can be assumed,
kinetic equations and ZK energy spectra describe the wave system

properly;

(3C) Union of invariant tori has positive Liouville measure and @ has
measure 0, there exclusion of the waves with rational ratio of their
dispersions is supposed to be not very important.

Wave systems with discrete spectra demonstrate [6]-[8] substantially dif-
ferent energetic behavior:

214

e (1D) Wave system is decomposed into disjoint discrete classes carry-

ing periodic motions or empty; for any two waves with wave vectors
k; and k; belonging to the same class, the ratio a;; = w;/w; is a
rational number;

(2D) Energetic behavior of the wave system does not depend on its
size, is not stochastic and is described by a few isolated periodic
processes governed by Sys.(10);

(3D) In many wave systems (for instance, with rational dispersion
function, as spherical Rossby waves in the earth atmosphere) KZ
spectra do mot exist and discrete classes describe the total energy
transfer.
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3.4 Laminated Wave Turbulence

The results formulated in the previous section gave rise to the model of
laminated wave turbulence [12] which includes two co-existing layers of
turbulence in a wave system - continuous and discrete layers, each demon-
strating specific energetic behavior. In other words, KAM-theory describes
the wave systems leaving some “holes”in the wave spectra which are “full-
filled”in the theory of laminated turbulence.

Continuous layer, with its kinetic equation, energy cascades, ZK spectra,
etc. is well-studied while the existence of the discrete layer was realized
quite recently. In order to understand which manifestations of the discrete
layer are to be expected in numerical or laboratory experiments, let us
regard an example with dispersion function w = 1/v/m? +n? . First of
all, it is important to realize: the fact that the ratio «;; = w;/w; 1is a

rational number does not imply that dispersion function w is a rational
function. Indeed, for w = 1/v/m? 4+ n? we have

W:ZXZ—R

and for wave vectors k1 = (2,1) and ky = (9,18), the ratio w;/ws =1/9
is rational number though w is irrational function of integer variables.
Decomposition of all discrete waves into disjoint discrete classes Cl, in
this case has the form

{ki = (ms,n))} € Cly, if || =vi/q, Vi=1,2, ..

where ~; is some integer and ¢ is the same square-free integer for all wave
vectors of the class Cl,. The equation w; + ws = ws has solutions only if

3(}1 El, EQ, Eg € Cl(j

This is necessary condition, not sufficient. The use of this necessary con-
dition allows to cut back substantially computation time needed to find
solution of irrational equations in integers. Namely, one has to construct
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classes first and afterwards look for the solutions among the waves belong-
ing to the same class. In this way, instead of solving the irrational equation
on 6 variables

1/A/m}+n2 +1/y/m3+n3=1/y/m3+ n’ (12)
it is enough to solve the rational equation on 3 variables

Ly+1/7%=1/7. (13)
There are few different reasons for a class Cl; to be empty:

e Index ¢ has no representation as a sum of two squares of integer num-
bers. Example: Cl3 .
All these indices are described by Euler’s theorem: an integer can be
represented as a sum of two squares if and only if its prime factor-
1zation contains every prime factor p = 4u + 3 in an even degree.

e Index ¢ can be represented as a sum of two squares but Eq.(13) is not
satisfied in the physically relevant finite domain |m;|, |n;| < D Vi =
1, 2, 3. Example: 01500009 in the domain D = 1000.

The number 500009 = 3252 + 6282 and the minimal possible form
of Eq.(13) (that is, with minimal weights) is

1 1 1
+ s
2¢/500009  24/500009 /500009

which obviously can not be satisfied with all m;, n; < 1000.

e Index ¢ can be represented as a sum of two squares and Eq.(13) is
satisfied but not linear equation i+ kg = kg, that is the second
equation of Sys.(5), in finite domain. Example: Clygss31 in the
domain D = 1000.

The number 465881 = 59% + 680% = 316 + 6052 and Eq.(13) takes
the form

1 1 1 1 1
+ = = Z4>=1
2465881  2/465881 /465881 ~ 2 2
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There are reasons to suggest that in some cases the linear equation renders
the solution set empty not only in a finite domain but generally, for example
for C'ly, but at present we do not posses a rigorous prove of it. Obviously,
each non-empty class has infinite number of elements due to the existence
of proportional vectors so that k; = (2,1) with the norm |k| = V5
and its proportional ks = (9,18) with the norm |ks| = 9v/5 belong to
the same class Cl5. On the other hand, not all the elements of a class
are parts of some solution which means that not all waves take part in
resonant interactions. Complete analysis of the properties of the classes is
an important necessary step before performing any computer simulations,
an example of the exhaustive analysis can be in [13] for the dispersion
function w = (m? + n?)"/* and resonance conditions

1/4 1/4 1/4 1/4
{(m%+n%>/ + (m2 4+ nd)" = (md 4+ 0"+ (md+n2)"

mi +mg = Mg+ My, N1+ N2 = N3+ Ny.

Let us come back to physical interpretation of these results. Resonantly
interacting waves will change their amplitudes according to Sys.(10). In
this case the role of ZK spectra k%, a < 0, is played by the interaction
coefficient Z ~ k% « > 0 (see Fig.1). Non-interacting waves will have
constant amplitudes (they are not shown in Fig.1). In the next Section
we demonstrate some examples of different wave systems whose behavior
is explained by the theory of laminated turbulence.

4 Examples

e Ex.1 Turbulence of capillary waves (dispersion function w? = k3,
three-wave interactions) was studied in [14] in the frame of simplified
dynamical equations for the potential flow of an ideal incompressible
fluid. Coexistence of ZK energy spectra and a set of discrete waves
with constant amplitudes was clearly demonstrated. The reason why
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Figure 1: Two layers of turbulence are shown symbolically. Low panel: 2D-domain in
spectral space, nodes of the integer lattice are connected with the lines which correspond
to 3-wave resonant interactions of the discrete layer. Middle panel: ZK energy spectrum

]{3_3/2

with “the holes”in the nodes of the integer lattice. Upper panel: Interaction

coefficient Z ~ k*? in the nodes of the integer lattice.
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in this case the amplitudes are constant is following: equation
A e

has no integer solutions [8]. It means that there exist no three-wave
resonant interactions among discrete capillary waves, they take no
part in the energy transfer through the wave spectrum and just keep
their energy at the low enough level of nonlinearity:.

Ex.2 Similar numerical simulations [15] with gravity waves on the
surface of deep ideal incompressible fluid (dispersion function w? =
k2%, four-wave interactions) show again coexistence of ZK energy spec-
tra and a set of discrete waves. But in this case waves amplitudes
are not constant any more, discrete waves do exchange their energy
and in fact play major role in the energy transfer due to the fact that
equation
Py ey S A
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has many non-trivial integer solutions [16] (it is important in this
case that 2-dimensional waves are regraded, i.e. k = |k| = vm? + n?
with integer m,n).

Ex.3 Some recurrent patterns were found in different atmospheric
data sets (rawindsonde time series of zonal wind, atmospheric angu-
lar momentum, atmospheric pressure, etc.) These large-scale quasi-
periodic patterns appear repeatedly at fixed geographic locations,
have periods 10-100 days and are called intra-seasonal oscillations
in the Earth atmosphere. In [17] Eq.(6) (dispersion function w =
—2m/n(n+1), three-wave interactions) is studied which is classically
regarded as a basic model of climate variability in the Earth atmo-
sphere. It is shown that a possible explanation of the intra-seasonal
oscillations can be done in terms of a few specific, resonantly inter-
acting triads of planetary waves, isolated from the system of all the
rest planetary waves.

Remark In contrast to the first two examples, in this case only
discrete layer of turbulence exists. Indeed, while w = —2m/n(n+1) is
a rational function, any ratio w(m;, n;)/w(m;, n;) is a rational number
and KAM-theory is not applicable.

Ex.4 A very challenging idea indeed is to use the theory of laminated
turbulence to explain so-called anomalous energy transport in toka-
maks. Turbulent processes responsible for these effects are usually
described as H- and L-modes and ELMs (high, low and edge local-
ized modes consequently). Interpretation of the known experimental
results in terms of non-resonant (H), resonant (L) and resonant with
small non-zero resonance width (ELM) modes gives immediately a
lot of interesting results. In this case non-resonant discrete waves are
of major interest because they will keep their energy as in Ex.1, for
a substantial period of time. This approach allows to get two kind of
results: 1) to describe the set of the boundary conditions providing
no resonances at all - say, if the ratio of the sides in the rectangular
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domain is 2/7, no exact resonances exist; or 2) to compute explic-
itly all the characteristics of the non-resonant waves (wave numbers,
frequencies, etc.) for given boundary conditions. Some preliminary
results are presented in [18], in the frame of Hasegawa-Mima equa-
tion in a plane rectangular domain with zero boundary conditions
(dispersion function w = 1/v/n? + m?, three-wave interactions).

It is important to remember that a choice of initial and/or boundary
conditions for a specific PDE might lead to a substantially different form
of dispersion function and consequently to the qualitatively different be-
havior of the wave system. For instance, Ex.3 and Ex.4 are described by
the same Eq.(6) regarded on a sphere (rational dispersion function, only
discrete layer of turbulence exists) and in a rectangular (irrational disper-
sion function, both layers exist) respectively. For some equations, a special
choice of boundary conditions leads to transcendental dispersion functions.

5 Open Questions

We have seen that the main algebraic object of the wave turbulence theory
is the equation

w(my,ny) + w(ma,no) + ... + w(mg,ng) =0 (14)

where dispersion function w is a solution of a dispersive evolutionary LPDE

with | 6/?jgkj| # 0. So defined class of dispersion functions includes rational,

irrational or transcendental function, for instance

w(k) = ak — BK*, W'(k) = ®k* + 5%, w=m/(k+1), w=tanhak, ---

where a and 8 are constants and k = v/m? + n?. Continuous layer of the
wave turbulence, that is, with m;, n; € r, is well studied. On the contrary,
there are still a lot of unanswered questions concerning the discrete layer
of turbulence, m;, n; € z, and we formulated here just a few of them.
Eq.(14) can be regarded as a summation rule for the rational points of
the manifold given by w. These manifolds have very special structure -
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namely, they can be transformed into a one-parametric family of simpler
manifolds, namely (12) into (13). This situation is general enough, the
definition of classes can be generalized for a given ¢ € nN,¢ # 0,1,—1
considering algebraic numbers £/, k € N and their unique representation

ke =7¢"°vcz

where ¢ is a product

q = py'py’...py
while pq,...p, are all different primes and the powers ey, ...e,, € N are all
smaller than c¢. Then algebraic numbers with the same ¢ form the class

Cl, and the following statement holds:

The equation aik, + asks... + ayk, = 0,a; € z where each k; = fyiql-l/c
belongs to some class q; € q1,q2...q, | < n with ... is equivalent to a
system

p
Ag1,1 71,1 + QAgy,2Yq1,2 T+t Agym Vq1,n1 = 0

{ Ay 1 Vo, 1 T Qg 2Yge,2 T oo T+ gy my Vg my = 0

Qg1 Vg1 + ag27q.2 + -+ g Ygn =0

The questions are: what is the geometry underlying this parametriza-
tion? What is known about these sort of manifolds? What other properties
of the resonance manifold are defined by a given summation rule? What
additional information about these manifolds gives us the fact that they
have many (often infinitely many) integer points?

Another group of questions concerns transcendental dispersion functions.
All our examples were constructed for rational and irrational dispersion
functions and the theoretical results were based on some classical theorems
on the linear independence of some sets of algebraic numbers. In the case of
a transcendental dispersion function like w = tanh ak similar reasoning
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can be carried out using the theorem on the linear independence of the
exponents but it is not done yet. The question about special functions in
this context is completely unexplored though very important. For instance,
a dispersion function for capillary waves in a circle domain is described by
Bessel function. Any results on their resonant interactions will shed some
light on the nature of Faraday instability.

One of the most interesting questions about the resonance manifolds
would be to study their invariants, i.e. some new function f = f(m,n,w)
such that w; + ws = wsy implies f1 + fo = f3. An example of this
sort of analysis is given in [19] for 3-wave interactions of drift waves with
w = azx/(1+ y?) but for real-valued wave vectors, z,y € R. Existence
of the invariants is important because it is directly connected with the
integrability of corresponding nonlinear PDE. Coming back to the phys-
ical language this means that the wave system possesses some additional
conservation law.

6 Summary

We formulated above some interesting questions of the theory of laminated
wave turbulence in the terms of integer points on the resonant manifolds. A
very important task would be to develop fast algorithms to compute these
integer points. The parametrization property allows to construct specific
algorithms for a given dispersion function as it was done in [16] for 4-wave
interactions of gravity waves, w = (m?+n?)"/* . The work on the generic
algorithm for a dispersion function w = w(k) (k=+vm?+n? or k=
vm?2 +n? + 12 with integer m, n, [ ) is on the way [13] but it does not
cover even simple cases of rational dispersion functions like w = m/n?

not mentioning transcendental dispersion functions.
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Abstract

We present invariant formulation of the Beals-Kartashova factorization procedure (BK-
factorization) which allows to factorize simultaneously classes operators equivalent to
the initial one under gauge transformations. We compare two factorization methods -
Hensel descent and Beals-Kartashova factorization procedure (BK-factorization) aiming
to emphasize the constructiveness of BK-factorization. We also show the possibility to
use the same procedure for the construction of the approximate factorization of LPDE in
the case when corresponding LPDO is not exactly factorizable and point out the problems
to solve while factoring approximately noncommutative polynomials.

Keywords: linear partial differential operator, Hensel descent, BK-
factorization, invariant transformations, approximate factorization

1 Introduction

Factorization of ordinary and partial linear differential operators (LODOs
and LPDOs) is a very well-studied problem and a lot of pure existence
theorems are known. For LODOs it is proven that a factorization is unique
up to factor permutation while for LPDOs even uniqueness is not true any
more and in fact parametric families of factorizations can be constructed
for a given LPDO as will be demonstrated below.

First constructive method of factoring second order hyperbolic LPDO
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in the form
0,0, + a0, + b0, + c, (1)

belong to Laplace who formulated it in terms of invariants a = ¢ — ab —
a, and b= c—ab—b, now called Laplace invariants. An operator (1) is
factorizable if at least one of its Laplace invariants is equal to zero. Various
algorithms are known now for factoring LPDOs over different differential
fields beginning with the simplest field of rational functions [1].

Recently two papers ([2], [3]) on factoring arbitrary order LPDOs have
been published. In [2] a modification of well-known Hensel lifting algo-
rithm (see, for instance, [4]) is presented and sufficient conditions for
the existence of intersection of principal ideals are given. These results
are applied then to re-formulate the factorization formulae for second and
third order operators from the ring D = o(x,y)[0,, ;] obtained by Miller
(1932) in terms of principal intersections.

In [3] necessary and sufficient conditions are given for factoring
of bivariate LPDOs of arbitrary order with coefficients being arbitrary
smooth functions. In [5] it was shown that this procedure called now
BK-factorization principally can not be generalized on the case of more
than two variables. In was also shown that conditions of factorization
found in [3] are invariants under gauge transformation and classical Laplace
invariants are particular case of this generalized invariants.

In this paper we re-formulate BK-factorization in more suitable for appli-
cations invariant form and illustrate it with a few examples, give a sample
of the symbolical implementation of this method in MATHEMATICA and
also discuss some possibilities to use this method for approximate factor-
ization of LPDOs.

2 Hensel descent and BK-factorization

Hensel descent, the latest known to us new method published before BK-
factorization, has been considered as constructive. There also exist an
opinion that BK-factorization is a minor generalization of the Hensel de-
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scent. To clarify the matter, we begin this paper with comparative analysis
of these two methods in order to show merits and draw-backs of each of
them.

e In [3] factorization of a bivariate LPDO is looked for in the form

Ay =" a0l = (p10 + p20d, +p3)( > pjkalgai) (2)

j+k<n Jj+k<n

and in [2] - operator of m > 2 independent variables is regarded and
for m = 2 factorization is looked for in the form

A= " apdidf = (3 pn0to]) (D padloy) with ir = n.

j+k<n Jtk<l JH+ELZr
(3)

e In [3] coefficients a;;, are arbitrary smooth functions, for instance
trigonometric functions; in [2] conditions for reducibility of an oper-
ator are studied when ”coefficients are from a universal field of zero
characteristic” , while ”studying factorization algorithms we will as-
sume that the input operators are from the ring @(z1, ..., ,,)[01, ..., Om]”
This suggestion is necessary:” From now on the coefficients of a given
second-order operator are assumed to be from the base field o(z, y).
This is necessary if the goal is to obtain constructive answers allow-
ing to factorize large classes of operator” ([2], Sec.3);”In this section
we study third-order LPDOs from the ring D = o(z,y)[0:, 9,].” (]2],
Sec.4).

e In [3] it was shown that in generic case factorization can be con-
structed explicitly and algebraically, while in [2] (Sec.5) it is con-
cluded that ”the factorization problem for second- and third-order
differential operators in two variables has been shown to require the
solution of a partial Riccati equation, which in turn requires to solve
a general first-order ODE and possibly ordinary Riccati equation.
The bottleneck for designing a factorization algorithm for a LPDO is
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general first-order ODE which make the full problem intractable at
present because in general there are no solution algorithm available”

e In [5] it is pointed out that BK-factorization procedure has to be
modified in some way (presently unknown to authors) in order to
proceed with operators of more than 2 independent variables, while
in [2] (Sec.5) it is written that "some of the results described in this
article may be generalized to any number of independent variables”

e In [5] it shown that BK-factorization procedure gives rise to con-
struction of the whole class of generalized invariants particular case
of them being classical Laplace invariants. This leads to a possibility
to factorize simultaneously the whole class of operators equivalent
under gauge transformation (see next Section) while Hensel descent
is used for factoring of a one specific operator.

We summarize all this in the Table below.

Property / Method BK-factorization Hensel descent

Order of operator n n

Coefficients of operator || arbitrary smooth functions rational functions

Number of variables 2 possibly > 2

Conditions

necessary and sufficient

sufficient

Form of factors

of order 1 and (n — 1)

of order k and (n — k)

Formulated as

explicit formulae

ideals intersection

In the next Sections we demonstrate some other interesting properties
of BK-factorization - first of all, that it has invariant form and can be
used therefore to factorize simultaneously the whole classes of equivalent
LPDOs. Second, the use of this invariant form of BK-factorization for con-
struction of approximate factorization for LPDESs to be solved numerically.

3 Invariant Formulation

We present here briefly main ideas presented in [3], [5] beginning with the

definition of equivalent operators.
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Definition. The operators A, A are called equivalent if there is a gauge
transformation that takes one to the other:

Ag = e P A(e%yg).

BK-factorization is then pure algebraic procedure which allows to to
construct explicitly a factorization of an arbitrary order LPDO A in the
form

A= apdldf =Lo > ppdio}
Jjt+k<n J+k<(n—1)
with first-order operator L = 0, —wd, +p where w is an arbitrary simple
root of the characteristic polynomial

n

P(t) = Z an_gﬁktn_k, P(w) = 0. (4)

k=0

Factorization is possible then for each simple root @ of (4) iff

forn=2 = [l,=0,

forn =3 =>l3:0,&l31:0,

forn=4 =>l4:0,&l41:0,&l42:0,

and so on. All functions ly, I3, I31, Iy ls1, l49,... are explicit functions
of a;; and w.

Theorem. All ls, 13,131, .... are invariants under gauge transformations.

Definition. Invariants ls, 13,131, .... are called generalized invariants of a
bivariate operator of arbitrary order.

In particular case of the operator (1) its generalized invariants coincide
with Laplace invariants.

Corollary. If an operator A is factorizable, then all operators equivalent
to it, are also factorizable.

As the first step of BK-factorization, coefficients p;; are computed as
solutions of some system of algebraic equations. At the second step, equal-
ity to zero of all generalized invariants /;; = 0 has to be checked so that
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no differential equations are to be solved in generic case. Generic
case corresponds to a simple root of characteristic polynomial, and each
simple root generates corresponding factorization. Moreover, putting some
restrictions on the coefficients of the initial LPDO a; ; as functions of x and
y, one can describe all factorizable operators in a given class of functions
(see Example 5.3 in [3]). The same keeps true for all operators equivalent
to a given one. Equivalent operators are easy to compute:

e Y0ye¥ = 0y + g, e“P@ye‘P - 8y + ©y,
e Y0,0,e¥ = e ¥0,ee Y0¥ = (0, + ¢z) 0 (Oy + ¢y)
and so on. Some examples:
.A1:8I8y+$8x+1:8x(8y+$), ZQ(Al):l_l_OZO;

© Ay=0,0,+ 20, +0,+x+1, Ay=e" A" (A) = (r+1)—
1l—a=0;

o A3 =0,0,+ 220, + (y+1)0, +2(xzy+x+1), Ay=e "Ae";
lo(A3) =2(x+1+2y) —2 —22(y+ 1) = 0;

o Ay=0,0,+10,+(cosz+1)0,+xcosz+a+1, Ay=e SNTAyeSM;
l5(A4) = 0.

Generic case which can be treated pure algebraically by BK-factorization
corresponds to a simple root of characteristic polynomial. Each
multiple root leads to necessity of solving some Ricatti equation(s) (RE).
If appeared RE happens to be solvable, such a root generates a parametric
family of factorizations for a given operator. For instance, well-known
Landau operator

Qixx + xﬁimy + 2896:10 + (Q,I + 2)8£y + 8;5 + (2 + x)ﬁy
has characteristic polynomial with one distinct root w; = —zx and one

double root wy 3 = 0. Factorization then has form

(Op +7)(0p — 1+ 2)(0 + 20y)
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where r is a solution of Ricatti equation
1 =21+ 8,(r) +7" =0

which is easily solvable:
1

r+Y(y)
with arbitrary smooth function Y (y) of one variable y so that factorization
has form

A= (0, +1+

r=1+

1
PRI o) +Y(y))(8x +1— YV +Y(y))(ax + 20y).

Notice that to factorize an ordinary differential operator it is al-
ways necessary to solve some RE. Nevertheless, just formal application
of BK-factorization will produce all the linear factors in the case when
corresponding RE are solvable. For instance, the factorization has been
constructed in [6]

V2-—-1

X

x?—1

) (20, —V2) (0, +

while both RE appearing at the intermediate steps are solvable.

2
x@xm—i—(ﬂ—l)@m—x&c—l—ﬁ—l = (0, + ).

These two last examples show the main difference between factorizing
of ordinary and partial differential operators - LODO has always unique
factorization while LPDO may have many. An interesting question here
would be to compute the exact number of all possible factorizations of a
given LPDO into all linear factors (its upper bound is, of course, trivial:
n!). A really challenging task in this context would be to describe some
additional conditions on the coefficients of an initial operator which lead
to solvable RE.

4 Left and Right Factors

Factorization of an operator is the first step on the way of solving cor-
responding equation. But for solution we need right factors and BK-
factorization constructs left factors which are easy to construct. On the
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other hand, the existence of a certain right factor of a LPDO is equivalent
to the existence of a corresponding left factor of the transpose of that op-
erator. Moreover taking transposes is trivial algebraically, so there is also
nothing lost from the point of view of algorithmic computation. In our
paper [3] we just used the transpose in one example assuming that the op-
eration is well known. Apparently, it is not, and some new works appeared
quite recently on the construction of a complicated new right-factor algo-
rithms (i.e. [7] and others) for bivariate operators of order 2 and 3 though
our left-factor algorithm gives the explicit formulae for arbitrary order n.
This is the reason why we decided to include the explicit formula for the
adjoint in our present text.

Definition. The transpose A' of an operator A =" a,0%, 9% = 0" -+ - 9%,
1s defined as

Alu =) (1)1 (aqu).
and the identity

O (uww) =Y (3) 9%ud~

implies that

A =30 () @ e

«

Now the coefficients are
A=) "G,
=2 (O‘ o ) 0 (aap).

with a standard convention for binomial coefficients in several variables,
e.g. in two variables

(5)= () =G ()
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In particular, for order 2 in two variables the coefficients are
i, = aj,  J+k = 2010 = —a10+20,a20+0ya11, apn = —ag1+0,a11+20,a02,

~ 2 2
ago = agy — Oza1g — Gyap1 + Oyaz + 0:0-a11 + O ape.

For instance, the operator
1
&m - 8yy + y&v + xay + Z(y2 - $2) —1 (5)

is factorizable as
100+ 0y + 5y — )] |..]

and its transpose A} is factorizable then as
] [0: = 0y + 3(y + 2)].

Implementation of the BK-factorization for bivariate operators of order
n < 4 is therefore quite straightforward and has been done in MATHE-
MATICA while all roots of characteristic polynomial are known in radicals.
For instance, for the operator (5) with 2 simple roots we get one factoriza-
tion
[&T — 0y + %(y+x)] [&T + 0y + %(y — 37)}

corresponding to the first root while in the case of the second root, gener-
alized invariant is equal to 2.

If n > 5 the problem is generally not solvable in radicals and very simple
example of non-solvable case is: z° — 4z —2 = 0. Thus, to find solutions in
radical for n > 4 one needs some constructive procedure of finding solvable
Galois group but this lies beyond the scope of the present paper.

5 Approximate Factorization

An interesting possible application of the invariant form of BK-factorization
is to use it for construction of approximate factorization of a given LPDE,
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in the case when exact factorization of corresponding LPDO does not ex-
ists. Indeed, as a results of BK-factorization one gets

(1) factorization coefficients {pg)} for the i-th factorization of a given
operator, and

(2) generalized invariants léi)pg-), with all pl(-?, ZE,?_) being explicit func-
tions of the coefficients of initial operator a;;. j

In numerical simulations coefficients a;; of the equation are always given
with some non-zero accuracy, say € > 0, which means that it is enough to
construct an approximate factorization in the following sense. One has to
find restrictions on the coefficients a;; of an initial LPDO which provide

\l,(é )| < ¢ with a given accuracy 0 < ¢ << 1. Many different strategies are
possible here, we just give a brief sketch of two approaches we are working
on right now:

5.1 Quantifier Elimination

We illustrate this idea on the simple example of a hyperbolic operator
Opz — Oyy + 100, + ag10y + agp with linear polynomial coefficients.
What we have is:

aoo(x,y) = bsx + bay + by,

aip(z,y) = c3x + ey + ¢,
ao (z,y) = dsz + doy + dy;

a function constructed from general invariants

s3— 52 (s32 + sy + 31)2
2 4

R p—
with S; — C — dz
What we need is:

To find some function(s) F' = F(a;;) such that if F'(a;;) = 0, then

—e < agy— R < e, for some constant 0 < e << 1,
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i.e. to find some conditions on the initial polynomials which provide that
function R differs not too much from one these polynomials, namely agp.
Notice that simple symmetry considerations allowed us to reduce number
of variables needed for CAD calculations. Initially we had 9 variables
bs, ba, b1, c3, C9, 1, d3, do, di but in fact it is enough to regard only 6 variables
S1, S9, S3, b1, b, bs. Nevertheless, the computation time may become crucial
while using this approach due to the substantial number of variables. On
the other hand, this approach allows us to work generally on the operator
level including initial and /or boundary conditions first at some later stage.

5.2 Auxiliary Operator

Another approach is to construct a new auxiliary operator with coefficients
a;j = f(x,y))ai; for all or for some of the coefficients a;; of the initial op-
erator, keep invariants (almost) equal to zero and find function(s) f(x,y)
minimizing the differences between the coefficients of initial and new op-
erators. In this way an auxiliary operator is constructed which can be
regarded as an approximate operator for the initial operator. Of course,
it does not mean that solutions of the initial and approximate operators
will be also close but simple properties of linear operators show that it is
necessary (but not sufficient!) step on the way of construction of a good
approximate solution of a given LPDE - in the case of a well-posed prob-
lem, of course. In particularly, it means that one has to introduce proper
metrics in the space of operators and in the space of solutions. Choice
of the both metrics and of a function f will depend on (1) coefficients of
the initial operator; (2) class of functions in which we are looking for a
solution; (3) initial and/or boundary conditions.
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To demonstrate all this let us regard two different un-factorizable mod-
ifications of the operator (5):

1
A:@m—8yy+y8$+x8y+§(y2—x2)—1 (6)

with lr(A) = 1(y? — z%) and

1
B = 0,y — Oyy +siny 0, + cosx 0, + §(Sin2 y — cos® ) (7)

with lo(B) = 3(cosy — sinz) (see Fig.1). One can see immediately that
l5(B) is a bounded function of two variables and [3(A) is an unbounded.
This means that quite different choice of function f is needed for these two
cases in order to minimize the invariants. Influence of initial/boundary
conditions is now also very clear - for instance, best approximation of
l5(B) can be obtained in the narrow belts of the lines parallel to one of the
coordinate axis while for l5(A) these directions are in no way special.

(N4 ;.\’\'\\ i %
O

NN
é\&“ {\\’Q\;!O’ '\’

Figure 1: Invariant l5(A) = (y* — 2?) (left) and invariant ly(B) = 3(cosy — sinz)
(right), in the domain —10 < z,y < 10
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Figure 2: Upper panel: l5(B) (left) and ayg — o (right); lower panel: ag; — dgy (left)
and agy — @go (right); in the domain 10 < z,y < 100

To construct a sample of such an approximate factorization for the oper-
ator (7) we just suppose intuitively that auxiliary operator B is "good” if
its coefficients differ from the coefficients of (7) not much, and its invariant
is small. Our MATHEMATICA implementation of the BK-factorization
includes simple graphic functions to display the differences between all the
parameters of the initial and auxiliary operators. A choice of the function
f(x,y) = sin = , gives an auxiliary operator B of the form

~ 1 1
B = 0y, — 0y +sinysin — 0, + cosxsin — 0, (8)
Ty Ty
+1 (sin? cos® x) si !
—(sin“y — x) sin —.
2 Y Ty
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It is demonstrated at the Fig.2 that for 10 < z,y < 100 opera-
tor B gives good enough approximation and correspondingly approximate
factorization of the initial operator B has form

1 1 1
B N[E(—cosxsin— -|—Sin—siny) -|—8x—|—8y}

Ty Ty
1 o1 .1
- [—(cosxsm—-i—sm—smy) -|—8x—8y}
2 Ty Ty

with |Iy(B)| ~ 5-10~% On the other hand, in the domain 0.001 < z,y <
1 ~qualita‘cively different approximation is needed while in this domain
1(B)] ~ 10% (see Fig. 3).

Figure 3: Invariant l5(B) in the domain 0.0001 < z,y < 1

Obviously, if we get enough approximate factorizations of the given
LPDE with different solvable first-order factors we can write out explicitly
general solution of the initial LPDE. Otherwise, one gets a chain of the
linear first-order equations

Aiono =0, Ajgn—191 = %o, ...

to be solved numerically which is a great numerical simplification, of course,
specially for higher order LPDEs. On the other hand, while performing
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numerical simulations, one has to take into account a lot of other factors,
first of all, initial and boundary conditions. It would be a nontrivial task
to include them into the exact formulae given by BK-factorization. In
order to estimate usefulness of this approach from numerical point of view
we still have to answer all the questions concerning computation time,
stability, computation error, etc. For instance, coming back to the example
of approximate factorization given in the previous section, one have to
estimate what is numerically more reasonable for a given set on initial and
boundary conditions - to solve numerically the system of equations

[%(cosxsinx—z + sinﬁsiny) + 0y — 0yl oty =0
[%(—cosxsinx—ly - sinx—lysiny) + 0y 4+ 0y 01 = 1y

or one equation B o = 0. Some answers can be given by the method
presented in [9] where a symbolic approach is used to generate automati-
cally finite difference schemes for LPDEs and to check their von Neumann
stability. Some preliminary steps to be taken in this direction might be

following: (1) to take a non-factorizable but solvable operator, for instance,
Ay = 0,0y + 20, + 2, then LPDE A;(¢) = 0, has general solution

Y = -0, (X(:L’)e_xy + /ex(y’—y)y(y/)dy/>

with two arbitrary functions X (x) and Y (y); (2) to construct its approx-
imate factorization A; = L, o Lo: (3) to get computational schemes using
[9] - for A; and Ay; (4) compute both numerically; (5) to compare results
for A; and ;11 with the general solution for some classes of initial data and
for a fixed choice of computational scheme.

6 Summary

We presented here invariant formulation of BK-factorization and formu-
lated some ideas about using it for approximate factorization of LPDOs,
i.e. non-commutative polynomials. The great number of results is known
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on factorization of commutative polynomials (see, for instance, [10] and
others) where measure of the difference between factorizable and non-
factorizable polynomials can be introduced as a function of the coefficients
of a polynomial. It is not the case for non-commutative polynomials the
reason being that infinitesimal changes in the coefficients can change dras-
tically the solution of the corresponding LPDE, as well as changes of the
initial and boundary conditions. The problem of defining a reasonable
measure for non-commutative polynomials is under the study.
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Given a system of PDE, Riquier theory starts with answering the question:
“Which coefficients of the Taylor expansion of a solution can be chosen ar-
bitrarily (parametric derivatives) and which are then uniquely determined
by the system (principal derivatives)?” The answer is given in two parts:
prolongation, which says how to assign values to the principal derivatives,
and completion, which says how to cope with possible conflicts.

Current developments are driven by computer algebra applications, such
as symmetry analysis. Existing installations can deal with systems con-
taining hundreds of equations, which means that efficiency is an important
issue. In [4] we deal with the problem of finding a small sufficient subset of
integrability conditions — a subset of integrability conditions which when
satisfied imply satisfaction of all.

To be more specific, let symbols uﬁ denote derivatives, where u" is a depen-
dent variable and p stands for a monomial over the set X of independent
variables. Let < be a ranking of the set of derivatives, i.e., u* < u”, and
uﬁ < uf = u’jﬂ < u¥, for all z € X and monomials y, v.

Consider a system X of PDE resolved with respect to certain derivatives,

Y= {u’,j = <1>’;},

! The author acknowledges the support from GACR under grant 201/04/0538 and from the MSMT
under project MSM4781305904. Special thanks are due to V.P. Gerdt for encouragement and enlightening
discussions.
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where <I>/’j are functions of the other derivatives (including zeroth-order
derivatives u*) and independent variables z;. Let dom ¥ denote the set of
all derivatives u’; on the L.h.s. of X. The system X is said to be orthonomic
with respect to the ranking < if it is algebraically reduced, meaning that the
r.h.s. @Z do not depend on derivatives from dom X; one-to-one, meaning
that for every uﬁ € dom X the system contains exactly one equation with
uﬁ on its L.h.s.; and normal, meaning that every u’; € dom X is <-maximal
in its equation.

Henceforth X is assumed to be orthonomic. We consider the infinite pro-

longation
2% = {uy, = D, Py}

where o is an arbitrary monomial over X and D, = 0/9x+> uy, 0/oul;
is the usual total derivative. Derivatives from dom X*° are said to be prin-
cipal, the others are said to be parametric.

In general, > is not orthonomic even if ¥ is so. Deviations from being
one-to-one are expressed by integrability conditions: all r.h.s for one and
the same principal derivative have to reduce (see below) to one and the
same expression. The above-mentioned completion procedure consists in
augmenting the system with all its integrability conditions.

It is well known that it suffices to check a finite subset of integrability con-
ditions. Classical Janet’s method as well as Reid’s method of minimal and
supplementary conditions still leave considerable redundancy. In polyno-
mial elimination theory (theory of Grébner bases), substantial progress was
due to exploatation of syzygy methods (Boulier [1]; Gebauer and Méller [3];
Carboara, Kreuzer and Robbiano [2]); to Riquier theory, syzygies were ap-
plied by Rust [6].

To introduce the results of [4], we first answer the question: “What is
reduction?” An orthonomic X*° determines a submanifold €y~ in the jet
space J*™ in a natural way (parametric derivatives become coordinates on
Exe). Then reduction is the restriction operator S = |¢.... But what if
Y°° is not orthonomic? We simply choose a subsystem Y’ of 3 that is
orthonomic and satisfies dom ¥/ = dom X*°; then reduction is S = \gz,.
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There are usually plenty of ways to choose ¥/. A purely theoretical con-
struction is possible by transfinite induction in the well-ordered set dom >°°.
It is also quite easy to write a reduction algorithm working on a compute-
on-demand basis. There are essentially two rules to be followed when com-
puting the reduction Su’; of a principal derivative ufj: (a) if the system
contains an equation u/’j = @Z, then Sul’j = <I>/’j; (b) if we already know
Suﬁ I for some independent variable x, then Suﬁ = SDxSuﬁ I
Henceforth we fix an orthonomic subsystem Y’ of ¥*° such that dom Y =
dom X*°. Let S denote the reduction |32,. For every derivative u/’j € dom X
we introduce the set of all independent variables x such that uﬁ /s € dom X*°
and denote it by Xﬁ Elements of this set can be interpreted as “directions”
leading to ufj from another principal derivative.

If in X there is an equation of the form u = <I>/’j such that the set DCZ is
nonempty and z € xk then <I>k SD, Su Iz is an integrability condition
of the first kind at the point u , meaning that prolongation by rule (a) and
rule (b) coincide. If z,y € f)Ck then SD, Su =S5D Suﬂ Jy 18 an integrabil-
ity condition of the second k'md at the p01nt u meaning that prolongations
by rule (b) coincide for any two directions.

Construction 1. (sufficient set of integrability conditions) For every prin-
cipal derivative ufj, let ~ denote the symmetric relation in the set DCZ given
by

z~y<u, €domXL™

1/ zy
Let ~ denote the equivalence relation obtained as the reflexive and transi-
tive closure of the relation ~.

For every uﬁ € dom X with nonempty Xﬁ, choose one integrability condition
of the first kind <I>k SD, Su , Where x € DCk is arbitrary:.

For every u € dom 2% such that the set xk contains s equivalence classes
(1]~ - - [xS]N with s > 1, choose arbitrary representatives xy, ..., xs of
these classes and consider integrability condition of the second kind in the
form of a chain of equations

SDIISU,N/x SDxQS'U/ == SDxSSuM/x

plrs —
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Theorem 2. Suppose that an orthonomic system Y. satisfies some sufficient
set of integrability conditions as above. Then the system X is equivalent
to the system ¥ and the manifolds Ex~ and Exi coincide.

An integrability condition of the second kind is said to be trivial whenever
x =~ y. Trivial integrability condition is redundant and may be omitted. In
particular, a nontrivial integrability condition of the second kind at a point
qu exists iff there are at least two distinct equivalence classes in DC/’j /~. Any
such point is the least common multiple lem(a, §) with uﬁ,ug € domX
(cardinal point), but not the converse.

It is easy to write an algorithm to find all cardinal derivatives and compute
the relation ~ to select nontrivial among them. In the old and recent
literature we were unable to find any example (unless very special ones,
such as linear systems with constant coefficients) with a result better than
that given by our algorithm. This leads us to the conjecture that the set
of integrability conditions found by the algorithm is irredundant.

Given an orthonomic system X, let P, denote the poset of nontrivial cardi-
nal derivatives under the ordering by divisibility. Minimal cardinal points
belong to P and harbour minimal integrability conditions in Reid’s [5]
sense. In generic case, Py is an antichain. For every number n > 2 of

independent variables, examples exist of Py, being a chain of length n — 1.

Proposition 3. The poset Ps does not contain a chain of length n, where
n is the number of independent variables.

For every fixed k, derivatives uﬁ can be visualized as points in the n-
dimensional grid N” C R". Integrability conditions of the second kind
then have a rather transparent geometric interpretation, at least in low
dimensions.

Example 4. Considering a system of equations .., = f, u,. = ¢, u,. = h,

nontrivial integrability conditions (of the second kind only) are visualized
by bold dots on the following geometric scheme:
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Of them, uy,, is minimal and ,,,. is supplementary in Reid’s [5] sense.
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Given a dynamical system,

s = X(2). (1)

and a particular integral curve of it, z = z(¢), at the end of the XIX century
Poincaré proposed the variational equation along z = z(¢),

£ =20 )
as the fundamental tool to study the behavior of (1) in a neighborhood z(t)
[5]. The equation (2) gives the linear part of the flow of (1) along z = z(t).
So, we have the following General Principle:

1 Work supported by NEST-Adventure contract 5006 (GIFT).
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If we assume that the dynamical system (1) is “integrable” in any rea-
sonable sense, then it is natural to conjecture that the linearized differential
equation (2) must be also “integrable”.

It seems clear that in order to convert this principle in a true conjec-
ture it is necessary to clarify what kind of “integrability ” is considered for
equations (1) and (2).

As (2) is a linear differential equation, it is natural to consider the in-
tegrability of this equation in the context of the Galois theory of linear
differential equations [6]. In order to do that, for technical reasons it is
convenient to move to the complex analytical category, i.e., all the equa-
tions are complex analytical and defined over complex analytical spaces,
fiber bundles, etc. Then we can define the integrability of a linear differen-
tial equation: a linear differential equation is integrable if it can be solved
by a combination of algebraic functions, quadratures, and exponential of
quadratures (the classical terminology is that the general solution is ob-
tained by Liouvillian extensions over the field of coefficients). Moreover,
the equation (2) is integrable if and only if it has a Galois group with a
solvable identity component.

For complex analytical hamiltonian systems the General Principle works
very well and in a joint work with Ramis we obtained the following result
[3] (see also [2]), that in some sense can be considered as a generalization
of a result by Ziglin in 1982 [7].

Theorem 1 Assume that a complex analytical hamiltonian system is com-
pletely integrable by means of meromorphic first integrals in a neighborhood
of the integral curve z = z(t) . Then the identity component of the Galois
group of the (2) is a commutative group.

We remark that this theorem is a typical version of several possible
theorems and it has been applied by several authors to the study of the
non-integrability of a wide range of systems (see [4] for concrete references):
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a) N-body problems, problems with homogeneous potentials and cos-
mological models.

b) Some physical problems .
¢) Other mechanical problems (rigid body, spring—pendulum,...).

d) Systems with some chaotic behaviour (splitting of asymptotic sur-
faces).

One of the essential points in the proof of the above theorem is the
following lemma (this lemma is called in the reference [1] the Key Lemma):

Key Lemma ([3], see also [2]) Let f be a meromorphic first integral of
the dynamical system (1). Then the Galois group of (2) has a non-trivial
rational tnvariant .

Theorem 1 has been generalized recently to higher order variational equa-
tions (the solutions of these equations are the quadratic, cubic, etc. contri-
butions to the flow of the Hamiltonian system along the particular solution

2= (1)) [4].

In this talk I will try to point out some recent works and works in progress
about applications of Theorem 1 or some extensions based on the General
Principle and the Key Lemma: applications to celestial mechanics and
homogeneous potentials, non-holonomic dynamics, variational equations
over invariant manifolds, newtonian homogeneous fields (see the work by
Maciejewsky and Przybylska in this conference), connections with Lie sym-
metries, connection with the Malgrange Galois theory, etc.
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Abstract

We study the ordinary differential equation yy™*") + ay’y™ = 0 and show that this
equation is always integrable for a certain value of o. We also note that o = 0 is a special
case for which this equation has a nonlocal symmetry which enables one to reduce it to
an equation of maximal symmetry. Different features of the differential equation and its
intrinsic connection to the si(2, R) subalgebra are illustrated including the connection to
integrating factors. In this paper, we look at the reduction properties of these equations
from an algebraic point of view.

Keywords: Maximal symmetry, Integrating factor.

1 Introduction

Our original motivation comes from the Ermakov-Pinney equation [1, 2]
which in its simplest form is

w' + — =0, (1)
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where K is a constant. In theoretical discussions the sign of the constant
K is immaterial and in fact it is often rescaled to unity. In practical
applications it would be negative to avoid ’collapse into the origin’ due to
its interpretation as the square of angular momentum [3, 4].

The general form of (1), videlicet

pratltp = 2
occurs in the study of the time-dependent linear oscillator, be it the clas-
sical or the quantal problem, as the differential equation which determines
the time-dependent rescaling of the space variable and the definition of
‘new time’. In this context we mention the references [5, 6, 7, 8, 9, 10, 11].

The same form is one of the basic equations of Ermakov systems which,
with their generalisations, have been the subject of an extensive literature
over the last thirty years. Some references are [12, 13, 14, 15, 16, 17].

Another origin of (1) — of particular interest in this work — is as an
integral of the third-order equation of maximal symmetry which in its
elemental form is

y/// —0. (3)

The integration of this equation, which is a feature of the calculation of the
symmetries of all linear ordinary differential equations of maximal symme-
try [18], by means of an integrating factor gives a variety of results de-
pending upon the integrating factor used. Including the one relevant to
(1) some obvious integrating factors give

1.y/// — 0 N 13 — y//
zy" =0 Iy =xy" —y
%x2.ym —0 Il — %x2y// . :z:y’ +y (4)
y//.ym —0 J = %ynz ie %I??
y_y/// — 0 y//y?) LK =0

and the last of these is to (1) when the integral is interpreted as an equation.
(The numbering of the fundamental first integrals follows the convention

given in Flessas et al [19, 20].)
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To illustrate the point on integrating factors we consider the equation of
maximal symmetry (3) which has seven Lie point symmetries. These are

Gi = 0,

Gy = 20,

Gy = xzﬁy + 220,
Gy = yo, +y’8y/
Gs = 0,

Ge¢ = 20, +y0,

G, = 2%0, + 22y0,.

The algebra is 341, {sl(2, R) ®s A1} and 3A;. The autonomous integrating
factors for (3) are 3" and y as mentioned above. We list the symmetries
and algebra when each of the integrating factors is treated as an equation
and as a function.

", 1

When we multiply "/ = 0 by the integrating factor y” we obtain y"y" =
0. Integrating this expression gives %y”z = k, where k is a constant of
integration. This may be rewritten as y” = k without loss of generality.
This may be treated as the function ¢’ or as an equation y” — k = 0 in
which k is a parameter. We then have three cases for which we list the

symmetries as follows:

y// — 0 y// — k y//

G =0, G =0, G = 0,

G2 = ,I@y GQ = Iay GQ = ,I@y

G3 = yc‘?y G3 = (%332]{3 - y)(?y G3 = 8;6

Gy =0, Gy=0,+ QSEkay Gy = 20, + any
G5 = 20, Gy = 20, + xzkﬁy

G = 120, + 2y0, G =220, + (vy + 32°k)0,

Gr = y0, Gr = (y — 32%k)0, — 2°k?0,

Gs = 2y0, + y*0, Gs = (zy — 52°k)0, + (v* — 12*k%)0,.
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Remark

e The algebra of the symmetries listed in columns one and two is
sl(3,R) : 2A1 @, {sl(2,R) ® A1} & 2A; whereas that for the third
column is A} g : Ay @y 24,.

e This is a clear indication of the distinction of the algebraic properties
between first integrals, that is the function of column three, and
configurational invariants, that the equations of columns one and
two.

If y is used an the integrating factor we obtain yy”" = 0. Integrating this
equation gives
vy =5y =k (6)

which can be written as !

(y1/2)? ")

and is the simplest form of the Ermakov-Pinney equation [1, 2]. As before
we write down the point symmetries corresponding to the three cases of
the differential equation v” = k/u? where u = y'/2. We have the following:

(y1/2)// _

u// —0 u// — k/u3 u//u3

G1 =0, G1 =0, G1 =0,

Gy = 20, Gy =220, +u0, Gy =2x0, + ud,

G5 = ud, Gy = 220, + zud, Gs = 220, + zud,.

Gy = 0, (8)
G5 = x@x

Gs = 220, + xul,

G7 = u@x

Gg = xud, + u?0,

The transformation of yy” — 3y* = k to v” = k/u® does not make a
difference in terms of the symmetries as we just have a point transformation
in this case.
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The characteristic feature of the Ermakov-Pinney equation, (1), is that it
possesses the three-element algebra of Lie point symmetries si(2, R) which
in itself is characteristic of all scalar ordinary differential equations of max-
imal symmetry. One of the purposes of this paper is to investigate higher-
order analogues of the Ermakov-Pinney equation. The basic criterion is
algebraic.

In investigations of the Emden-Fowler equation [21, 22, 23, 24] the exis-
tence of a Lie point symmetry for certain indices!® is intimately connected
(25, 26, 27] with the solution of the fourth-order equation

2yy//// + 5y/y/// + Oéy/// — O, (9)

where « is a parameter which occurs in both the Emden-Fowler equation
and in the symmetry [26, 27, 28, 29, 30, 31]. The determination of the
first integral associated with the symmetry is not possible in closed-form
for nonzero a. When a = 0, the Lie symmetry becomes a Noether sym-
metry and the associated integral follows directly from an application of
Noether’s theorem [32]. Equation (9) possesses just two Lie point sym-
metries. However, in the case that a = 0, 7e, when the equation has the
form

ny//// + 5y/y/// — 0’ (10)

there are the three Lie point symmetries
I''=0,, Ty=20, and I'3=y0,. (11)

Reduction by I'y leads to a third-order equation which also has three Lie
point symmetries. Two of these are the descendants of I'y; and I's as one
would expect since I'; is the normal subgroup in both cases. The third
symmetry of the reduced equation,

Ay = 2020, + wvd, (12)

! For instance when the Emden-Fowler equation of index two given by 3" = f(x)y? gives rise to (9). See
[25] for a detailed treatment of this equation.
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(the variables of the reduced equation are u = y and v = %) is a hidden
symmetry of Type II [33, 34, 35] and has its origin in the nonlocal symmetry
of the fourth-order equation,

0y =3 ([ ydz) 0, +24°0, (13)

When the symmetry (12) is used to reduce the third-order equation to
a second-order equation, the resulting equation is of maximal symmetry
and so linear when expressed in the correct coordinates [25]. Without this
hidden symmetry the reduction by the three symmetries given in (11) leads
to an Abel’s equation of the second kind of particularly daunting aspect.

Equation (10) was used by Euler et al [36] as an example in their study
of the integrability properties of equations of the form

y" = b (y, ™)y (14)

and they showed that the equation could be reduced to d4Y/ dX* =0, that
is the fourth-order equation of maximal symmetry, by means of a complex
sequence of nonlocal transformations which by most curious happenstance
included the very Emden-Fowler equation from which it arose.

In this paper we draw together various features to which we have alluded
above to make a coherent study. We commence with first integrals which
possess three Lie point symmetries with the algebra si(2, R) and have a
structure resembling that of (1). The associated differential equation is
of the form of (14) with an explicit form of the function h, that is the
imposition of the algebraic constraint provides a precise definition of the
associated differential equation. Equation (10) does not fit into this struc-
ture. Equation (10) is a particular case of the two-parameter family of
differential equations,

yy" + ay'y = 0, (15)

and we make a study of the point symmetries for general values of the
parameter « using the parameter-testing facility of Program LIE [37, 38].
We find that there is a value of the parameter, «, for which (15) is always
integrable. We see that (10) and its useful nonlocal symmetry is peculiar.
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2 Higher-order analogues of the Ermakov-Pinney equation

As we indicated above, there are several approaches which may be taken.
Here we assume that the integral has the same structure as (1) and pos-
sesses the Lie algebra sl(2, R) of point symmetries.

Suppose that there exists an integral of the form

I =ymy®, (16)

when « is a parameter to be determined, with the associated (n+1)th-order
equation
yy" Y+ ay'y =0 (17)

such that the integral, I, has the sl(2, R) symmetries appropriate [18] to
the nth-order equation of maximal symmetry, y™ = 0, e

Iy = 81‘
Ty = 20, +1(n—1)yd, (18)
I3 = 2°0, + (n — 1)ayd,.

The first symmetry, I';, is implied by the autonomy of (16). Since the Lie
Bracket, [I'1,T's]; 5 = 2I'1, we need use only I'y and I's. The (n + 1)th
extension of I's is

e = 220, + (n — Dayd, + [(n — Dy + (n — 3)ay'] 8, (19)
+12(n = 2)y" + (n = 5)xy"] 0y + [3(n — 3)y" + (n — T)ay”] Dym
+...+n—02n+1)] xy(m@y(n) — [(n + y™ + (n+ S)xy("H)}
:Qynt1) -

Y

Since both integral and equation are autonomous, (20) may be split into
an z-free part and an z-dependent part. The former does not contain any
operators of relevance to the integral and so gives zero automatically. In
the case of the latter we obtain

—(n+ Day™y® + (n — 1)azyy™y*! (20)
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which is zero provided the parameter « takes the value (n + 1)/(n — 1).
Evidently n # 1, ie there does not exist a first-order Ermakov-Pinney
equation.
We recall that the Ermakov-Pinney equation has the form
2 K

w" = 3 (21)

in the notation adopted above whereas its primitive form is

vy —3y% =K (22)

as the direct integral of ¢/ = 0 in association with the integrating factor

y. The transformation is y = %wQ. Does a similar property persist at the
higher order?

Consider the general equation (17) constrained to possess the represen-
tation of the sl(2, R) subalgebra given in (18)2
ntlom

(n+1) =0 23
LA , (23)

which is the derivative of the Ermakov-Pinney equation

n K

For the purposes of this treatment equation (24) defines the general Ermakov-
Pinney equation for n > 1. The property holds for n = 2. For n = 3 the
Ermakov-Pinney equation is

K
)+ =0 (25)

and the corresponding fourth-order equation is

yy//// + 2y/y/// — O (26)

2 Equation (23) is not the most general nth order ordinary differential equation invariant under sl(2, R).
See [39] for a detailed treatment of this question.
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To see if this equation has a simple form we set y = w®, where « is a
parameter to be determined. The fourth-order equation becomes, after a
modicum of simplification,

w w4+ 2(3a — Dw*w'w” + 3(a — 1w (27)
+ 12(a — 1)?www” + 3(a — 1)*(a — 2)w'™* = 0.
It is evident that the original form of the equation is the simplest available
under this class of transformations. In the case of n = 2 the ability to
reduce the nonlinear equation obtained by differentiation of the second-
order Ermakov-Pinney equation to the third-order equation of maximal

symmetry was accidental and not an intrinsic property of Ermakov-Pinney
equations.

3 The structure of Euler et al

A second approach to the investigation of equations of the structure of the
Ermakov-Pinney equation is to begin from the structure treated by Euler
et al [36]. The model equation which they treated had the general form

y" Y = h(y,y™)y. (28)

We impose an sl(2, R) algebraic structure on this equation. We take the
structure to be

I = 0,
'y = 20, +myo, (29)
Iy = 220, + 2may0,,

where the parameter m is at our disposal.

The structure assumed for (28) makes the possession of I'; automatic.
The action of the (n + 1)th extension of I'y leads to

Oh w Oh

mya—y + (m—n)y By —nh (30)
(n)
dy _ dy _ dh (31)
my (m—n)y®™  —nh
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and from the associated Lagrange’s system, (31), we find that the charac-
teristics of the first-order linear partial differential equation, (30), are

n/m y ()
U = hy and v = W (32)
so that the form of (28) invariant under the actions of I'y and I'y is
n/m, (n+1) _ y" / (33)
e I e e

We now turn to I's. The (n + 1)th extension is

ri = 220, + 2maydy, + 2 [my + (m — 1)zy’) 0,
+ 2[(2m — 1) + (m = 2)zy"| Oy + . ..
+ 2{[nm —n(n—-1)]y (=1 4 (m — n)azy(")} 0y
+ 2{[(n+1)m — In(n+ 1) y™ + (m —n — Day™}
8y<n+1>

When this is applied to (33), there is no need to consider the part which
has x as coefficient since the actions of I'y and I'ys have already done that.
The effective part of the operator gives

y/m [(n+1)m — in(n+1)] y™

/

g

y(m—n)/m

[nm — 3n(n —1)] y=y. (34)

= gmy + 2

However, y™~ 1 is not permitted. The coefficient of ¥y~ must be zero, ie
m = L(n —1). With this restriction on the value of m we find from (34)

2
that

(n)

yn— 1y

and the equation is specifically (23). Thus the sl(2, R) equation in combi-
nation with the constraint of Euler et al is unique at all orders.
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4 Conclusion

We have studied the differential equation yy ™" + ay'y™ = 0 and shown

that this equation is always integrable for a certain value of . The value
of a = 0 is a special case for which this equation has a nonlocal symmetry
which enables one to reduce it to an equation of maximal symmetry. Dif-
ferent features of the differential equation and its intrinsic connection to
the sl(2, R) subalgebra are illustrated including the connection to integrat-
ing factors. We have shown how the integrating factors, for example, of
the third ordinary differential equation give different symmetry properties
depending on which integrating factor is used. It is important to mention
that if y is an integrating factor of y(™ = 0, then the integral obtained by
using this integrating factor always has the si(2, R) subalgebra.

In the case that n = 1 in (20) the representation of sl(2, R), (18), takes
a form for which there is no second-order equation. There is an equation
of the third order which has these symmetries. Indeed the third-order
equation with a double set of these symmetries, one in x and the other
in y, is the Kummer-Schwarz equation which is a nonlinear representation
of a third-order equation of maximal symmetry when one admits contact
syminetries.

There are still some additional questions which still to be answered like
why is there a difference in reduction properties in reduced equations when
moving from 6th, 5th, 4th, 3rd and 2nd order and a rigorous look into the
reduction properties of these equations from an algebraic point of view.
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Abstract

We report our recent results concerning the integrability of two classes of equations:
natural Hamiltonian systems with homogeneous potentials and Newton’s equations with
homogeneous right-hand sides. Our approach combines the methods of differential Galois
theory and a certain kind of the global analysis of the investigated systems. We show that
among the methods known till now, our approach gives the strongest necessary conditions
for the integrability.

Keywords: integrability, non-integrability criteria, differential Galois group, hypergeo-
metric equation, Hamiltonian equations, Newton equations

1 Introduction

During the last two decades analytical methods used to study differential
equations have been considerably developed. In the integrability theory,
after the epoch of the Painlevé analysis, rigorous methods of proving the
non-integrability appeared. Now, it is commonly accepted (but in the

1 Work supported by NEST-Adventure contract 5006 (GIFT).
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whole generality not proved) that a ‘generic’ system of differential equa-
tions is not integrable. Having this fact in mind, all efforts to find integrable
systems or to prove the non-integrability of the given system, can be con-
sidered as an exotic curiosity. However, it is not like that. First of all,
integrable systems are interesting as such, not only from the mathematical
point of view. Furthermore, many physical systems depend on parame-
ters. For such systems there is an interesting question how to find values
of parameters for which the system is integrable. Obviously, numerical
methods cannot answer this question. On the contrary, applying analyt-
ical methods we can distinguish a low dimensional set in the parameters’
space such that for the parameters from this set all necessary conditions
for the integrability are satisfied. If the distinguished set consists of a fi-
nite number of points, then we can apply a direct method for searching
first integrals. It is also possible to apply numerical methods to check if
for prescribed parameters’ values the system behaves regularly. Moreover,
even if we know that the considered system is not integrable, it is of great
importance to gain information about the reason and mechanisms of the
non-integrability.

The meaning of the integrability depends on the context, or, more pre-
cisely, on a class of the investigated systems. All accepted definitions of the
integrability follow the same philosophy: a system is integrable iff it pos-
sesses such a number of first integrals (and/or other tensor invariants) that
it is solvable by quadratures. For example, the integrability of a Hamil-
tonian system in the Liouville sense implies that solutions of Hamilton’s
equations can be expressed by quadratures.

Generally, only few methods for proving the non-integrability are known.
Let us mention here three of them.

a) The Lagutynskii-Levelt method, see [1, 2] This is an algebraic ver-
sion of the Kovalevskaya analysis. It can be used for proving the
non-existence of one or more polynomial or rational first integrals of
general homogeneous or qusi-homogeneous polynomial systems. In
the cited references it was formulated in the form applicable for ho-
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mogeneous systems. In [3] we generalised this simple but effective
method for quasi-homogeneous systems.

b) The Ziglin method [4, 5] is applied to Hamiltonian systems. It can
be used for proving the non-integrability in the Liouville sense. It is
less known that it can also be applied for proving the non-existence
of a certain number of additional meromorphic first integrals which
do not necessarily commute.

c) The Morales-Ramis method is, in some sense, a purely algebraic
version of the Ziglin method. It applies for proving the meromor-
phic non-integrability in the Liouville sense. In [6] we extended
the application of the Morales-Ramis approach for proving the non-
integrability in the non-commutative sense.

All the above methods are based on a linearisation of the investigated
system around a particular solution. Among them the most powerfull is
the Morales-Ramis method.

The aim of this paper is to show the main results of the integrability
studies of two classes of polynomial systems applying the Morales-Ramis
theory. The first of them are natural Hamiltonian systems

d d , , B
4=P P=" (q), V'(q) = gradV(q), (1)
with Hamilton function
H=1S"p 1 vig) 2)
2 i=1 Z ’

where V' = V(q) € Clq] is a homogeneous polynomial of degree k > 2.
The second class is a direct generalisation of (1), namely, the class of
autonomous Newton equations

tj:—F(q), q = (qlv"'vqn)TECnv (3)
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with homogeneous polynomials F; = Fi(qi,...,q,) of degree k — 1 > 1.
Obviously, the Hamilton equations (1) are a special case of the Newton
equations with F = V",

For Hamiltonian systems of the form (1) the Morales-Ramis theory is
directly applicable. As a matter of fact, J.J. Morales-Ruiz and J.-P. Ramis
formulated a theorem, see [7, 8], which gives the necessary conditions for
the integrability of such systems. Thus, our aim was to improve this result.
We observed that it is important to take into account globally all the impli-
cations of the Morales-Ramis theorem applied for all accessible particular
solutions. As an outcome, we obtain a ‘finiteness’ theorem. Roughly speak-
ing: for a fixed k& among Hamiltonian systems (1) there is at most a finite
number of the ones satisfying the necessary conditions for the integrability.

For the Newton equations, the Morales-Ramis theory is not applicable
directly, as such systems are not Hamiltonian. Nevertheless, we show that
it is possible to use the differential Galois theory for the integrability study
of such systems. Then we follow the ideas which appeared to be so fruitfull
in our investigations of Hamiltonian systems.

The idea of this paper is to give a guide-book presenting main ideas,
results and open problems. An interested reader can find all the details
in cited publications. We present also completely new results contained in
papers which are under preparations.

2 Sketch of the applied theory

All the methods mentioned in the introduction arose as developments of an
idea due to Weierstrass and Kovalevskaya that solutions of an integrable
system considered as functions of the complex time should be single valued.
Of course, in applications, the independent variable, or the time is real, so
the solutions are functions of a real variable. Nevertheless, to understand
all properties of functions of a real variable it is fruitfull to investigate them
in a complex domain.
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Thus let us consider a complex analytic manifold M", a holomorphic

vector field v on M" and the following dynamical system generated by this

field

d
Ew:v(w), xeM" teC. (4)

All the mentioned methods are based on the linearisation of the original
system around a particular non-equilibrium solution ¢(t) of (4), thus we
introduce variational variables & as

x(t) = (1) + £(1). ()
The linearisation of equation (4) along ¢(t) has the form
- 0
E=AWE AW =-(e(t),  EeTrM" (6)

The particular solution ¢(t) defines a Riemann surface I" with ¢ as a local
coordinate. We can consider the entries of matrix A as elements of field
IC := M(I") of meromorphic functions on I'. This field with differentiation
with respect to ¢ as a derivation is a differential field. Only constant func-
tions from K have a vanishing derivative, so the subfield of constants of K
is C.

It is obvious that solutions of (6) are not necessarily elements of K.
The fundamental theorem of the differential Galois theory guarantees that
there exists a differential field & D K such that it contains n linearly
independent (over C) solutions of (6). The smallest differential extension
F D K with this property is called the Picard-Vessiot extension. A group
G of differential automorphisms of F which does not change K is called the
differential Galois group of equation (6). It can be shown that § is a linear
algebraic group. Thus, it is a union of disjoint connected components. One
of them containing the identity is called the identity component G°.

But for us more important is the fact that the differential Galois group
of variational equations has a close connection with the integrability of
variational equations (6) as well as (4).

271



GIFT 2006

Now we explain why the differential Galois group of variational equations
is important in a study of the integrability. At first, we introduce a few
definitions. Let us consider a holomorphic function F' defined in a certain
connected neighbourhood of solution (). In this neighbourhood we have
the expansion

F(p(t)+€) = Fu(&) + O(|€™™),  F.#0. (7)

Then the leading term f of F'is the lowest order term of the above expan-
sion i.e., f(&) := F,(&). Note that f(£€) is a homogeneous polynomial of
variables & = (&1,...,&,) of degree m; its coefficients are polynomials in
@p(t). If F'is a meromorphic function, then it can be written as F' = P/Q)
for certain holomorphic functions P and (). Then the leading term f of
F is defined as f = p/q, where p and ¢ are leading terms of P and @,
respectively. In this case f(&) is a homogeneous rational function of €.

One can prove that if F' is a meromorphic (holomorphic) first integral
of equation (4), then its leading term f is a rational (polynomial) first
integral of variational equations (6). Moreover, if system (4) has k > 2
functionally independent meromorphic first integrals Fi,..., F}, then by
the Ziglin Lemma [4, 9, 10] one can assume that the leading terms of
Fi, ..., Fy, are functionally independent rational first integrals of (6).

Additionally, if § C GL(n, C) is the differential Galois group of (6), and
f is its rational first integral, then f(g(&)) = f(&) for every g € G [11, 7]
(see also [9]). This means that f is a rational invariant of group §. Thus
we have a correspondence between the first integrals of the system (4) and
invariants of G.

Lemma 1. If equation (4) has k functionally independent first integrals
which are meromorphic in a connected neighbourhood of a non-equilibrium
solution @(t), then the differential Galois group G of the variational equa-
tions along @(t) has k functionally independent rational invariants.

As mentioned, a differential Galois group is an algebraic group, thus in
particular it is a Lie group, and one can consider its Lie algebra.
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This Lie algebra reflects only the properties of the identity component of
the group. It is easy to show that if a Lie group has an invariant, then
also its Lie algebra has an integral. Let us explain what the last expression
means. Let g C GL(n,C) denotes the Lie algebra of §. Then an element
Y € g can be considered as a linear vector field: = — Y(x) := Y,
for x € C". We say that f € C(x) is an integral of g, iff Y(f)(x) =
df(x)-Y(x)=0,forallY € g.

Proposition 1. If fi,..., fr € C(x) are algebraically independent invari-
ants of an algebraic group G C GL(n,C), then they are algebraically inde-
pendent first integrals of the Lie algebra g of G.

The above facts are the starting points for applications of differential
Galois methods to integrability studies. If the considered system is Hamil-
tonian, then we have additional constrains. First of all, the differential Ga-
lois group of variational equations is a subgroup of the symplectic group.
Secondly, commutation of first integrals imposed by the Liouville integra-
bility implies commutation of variational first integrals. Using all these
facts Morales and Ramis proved the following theorem [7, 11].

Theorem 1. Assume that a Hamiltonian system is meromorphically inte-
grable in the Liouville sense in a neighbourhood of a phase curve I', and that
vartational equations along I' are Fuchsian. Then the identity component
of the differential Galois group of the variational equations is Abelian.

It can happen that a considered system satisfies all conditions of the
above theorem, but nevertheless it is not integrable. It is nothing strange
as this theorem gives only necessary conditions for the integrability, for
examples of such systems see e.g [7, 12, 13]. Such examples show a need
of stronger necessary conditions for the integrability. As far as we know,
there is only one method which gives effectively such conditions. It was
developed by C. Simo, J.J Morales and J.-P. Ramis [7, 14] and is based on
higher order variational equations. The simplest way to derive the higher
order variational equations is following. Instead of (5) we introduce a
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formal series N
T =p(t)+ ) €€, (8)
i=1

where ¢ is a formal parameter. Inserting the above series into both sides
of (4) and comparing terms of the same order with respect to € we obtain
an infinite chain of linear non-homogeneous equations of the form

%Ek:A(t)£k+Xk(£1a"'7£k—1)? X1 =0, k=12,.... (9)

The first of the above equations coincides with (6). Although for & > 1
equations (9) are non-homogeneous, there exists an appropriate framework
allowing to define the differential Galois group for such equations, for de-
tails see [7, 14]. The following theorem was announced in [7], and in [14]
the reader can find its proof with the detailed theoretical exposition.

Theorem 2. Assume that a Hamiltonian system is meromorphically inte-
grable in the Liouville sense in a netghbourhood of the analytic phase curve
I', and variational equations along I' are Fuchsian. Then the identity com-
ponent of the differential Galois group of k-th variational equations along
I' is Abelian for all k > 1.

For applications of the above theorem see [7, 14, 12, 15, 13].

3 Particular solutions and variational equations

Let F = (F},...,F,) € Clq]", and all F; be homogeneous polynomials of
the same degree. Assume that for a non-zero d € C", F(d) is parallel to
d. Then the same property has d = ~vd for an arbitrary v € C*. Thus
such vectors lie on a line. This line is called a Darboux point (or a radial
direction) of the force F' provided that F' does not vanish on it. If FF =V’
for a homogeneous potential V' € C[q] we talk about a Darboux point of
the potential. In other words, a Darboux point is a point [dy : --- : d,,]
in projective space CP"~! such that F(d) = vd for a certain v € C*. In

274



Integrability of homogeneous systems. Results and problems

practice Darboux points of a force are given by solutions of the non-linear
equation
F(d) =d, (10)

however, we must remember that different solutions of the above equation
can give the same Darboux point.

Darboux points are important because they give particular solutions
of Newton’s equations (3) (and also for Hamilton’s equations (1) when
F =V"). In fact, if d is a Darboux point satisfying (10), then

qt) = (t)d,  p(t) :=q(t) = ¢(t)d, (11)

p=—¢" (12)

This equation determines a family of elliptic (for & = 3) or hyperelliptic
curves (for k > 3)

F=2 (o), (13)

depending on a parameter €.
The variational equations along solution (11) have the form

&= —ot)" " F(d)x, (14)

where F'(d) is the Jacobi matrix calculated at the Darboux point d. In
the case of Hamiltonian systems the Jacobi matrix of F' is the Hessian V"
of the potential V.

Let us assume that the Jacobi matrix is diagonalizable, thus in a certain
basis equations (14) take the simple form

i = —Nip(t) 2, i=1,...,n, (15)

where (A1,...,\,) are eigenvalues of F'(d). By homogeneity of F one of
eigenvalues, e.g. \,,is \, = k — 1.
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Since variational equations split into a system of independent second or-
der variational equations, their differential Galois group is a direct product
of differential Galois groups for these particular equations

G=G1 x---xG,. (16)

Let us note that by the absence in (15) terms proportional to the first order
derivative 7); every G; is an algebraic subgroup of Sp(2,C) fori=1,...,n
and § C Sp(2n,C). Here we underline that this statement is valid for
Hamilton’s as well as for Newton’s equations. Changing the independent
variable t — z := (t)¥/e, as it was proposed by Yoshida [16], we trans-
form every equation (15) into a very particular linear equation with rational
coefficients

k—1 3k—2 Y
1—2)n! — '+ =0 =1,...,n. (17
One can recognise immediately that the above equation is the Gauss hy-
pergeometric equation [17]

2(1—2)n +[c— (a+ Db+ 1)z]n; — abn; = 0, (18)

with parameters

k—2 i 1
R T k (19)
Properties of this equation are characterised by the differences of exponents
at singularities z = 0, 1, oo, that are
1 1 1
A=1—c=- =c—a—b=- =a—b=—+/(k—2)%—8k\
c ]{3’ K ¢ a 27 v a 2%k ( ) (3]
(20)
respectively. Transformation to the hypergeometric equation is crucial
for further considerations, because for this equation its differential Ga-
lois group was analysed in detail by Kimura [18]. However, to make this
fact useful, we should know a relation between differential Galois groups of
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equations (15) and (18). It can be shown, see e.g. [7, 10], that the identity
components of these groups are isomorphic.

The well known Kimura theorem [18] specifies all cases when all solutions
of the hypergeometric equation (18) are Liouvillian. In these cases, by the
Lie-Kolchin theorem the identity component of the differential Galois group
is solvable. Kimura gave the complete list of hypergeometric equations with
Liouvillian solutions in the form of a table with admissible differences of
exponents. Application of this result to our hypergeometric equation with
differences of exponents given by (20) yields the following result.

Lemma 2. The identity component G(\)° of the differential Galois group
of equation (18) with parameters a, b and ¢ given by (19) is solvable if and
only if (k, \) belong to the following list

1. (k,ergp(p—l)); ( [7+pp+1)k]>,

1 1
. ——+-(1 — (1 + 4p)
3 (3, 24+6(+3p> 4. (3, 4 +p>
5 (3 1+3(1+5 6. (3 + 2+5
: a1 TR0 ) ; p)’
1
7. (4,—§+§(1—|—3p ) 8. (5,——+— 1+ 3p) )
9 1
. —— 4+ —(2
9 (5, 40+10( —i—5p)>

Here p is an integer.

4 Hamiltonian systems with homogeneous potentials. Results
and open problems

For Hamiltonian systems we have a standard definition of the integra-
bility in the Liouville sense and one can use directly the main theorem
of the Morales-Ramis theory, namely Theorem 1. Considering systems
with homogeneous potentials we divide all potentials of the same degree
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into equivalence classes. Two potentials V(q) and V4(q) are equivalent iff
there exists a matrix A € PO(n, C) C GL(n, C) such that V4(q) := V(Aq).
Here by PO(n,C) we denote a group of n X n complex matrices A such
that AAT = aF where a € C* and FE is the identity matrix.

For Hamiltonian systems with homogeneous potentials necessary inte-
grability conditions obtained from the analysis of differential Galois group
of the hypergeometric equation were formulated by Morales and Ramis in
[7, 8]. They are expressed by means of eigenvalues Aq, .. ., A, of the Hessian
V" of potential V' calculated at a Darboux point.

Theorem 3. If Hamiltonian system (1) with a polynomial homogeneous
potential V (q) of degree k > 2 is meromorphically integrable in the Liouville
sense, then at a Darboux point values of (k, ;) fori =1,...,n belong to
the list given in Lemma 2.

One can observe that the last eigenvalue A\, = k — 1 does not give
any restriction for the integrability. The remaining eigenvalues yield the
strongest known necessary integrability conditions. But still, for potentials
depending on some parameters, generally these conditions distinguish only
infinite families of parameters for which the system can be integrable.

Theorem 3 was a starting point of our analysis. It is clear that the
more Darboux points we have, the more constrains for the integrability
follow from this theorem. Thus, it is reasonable to consider simultaneously
all Darboux points for a given potential. With each Darboux point d
we have associated n — 1 non-trivial eigenvalues {\1,..., \,_1} of Hessian
V’(d). Our basic observation was that these eigenvalues taken at different
Darboux points are not arbitrary.

We investigated in detail the case of two degrees of freedoms. In this
case a homogeneous potential of degree k£ has at most k& Darboux points
(except the case of radial potential). For a Darboux point d; there exists
only one non-trivial eigenvalue of V'(d;) which we denoted by A;. In [13]
we proved the following theorems.

Theorem 4. Assume that a homogeneous polynomial potential V(qy, q2) of
degree k > 2
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e has 0 < [ < k simple Darboux points with corresponding eigenvalues
Ai, and

e if (o £1iq1) is a linear factor of V', then it has multiplicity 1.

Then the shifted eigenvalues A; = \; — 1 satisfy the following relation

!
1
— = —1. 21
2T (21)
=1
Theorem 5. Let a homogeneous polynomial potential V(q1,q2) of degree
k> 2
e have 0 <[ < k simple Darbouz points, and
o if (o £iqu) is a linear factor of V', then its multiplicity r+ # k/2.
Then

I
1 Ty r_
—=—-1—-0,, o—«— — 90, . 22
;Ai +’2/€—2r+ 2k — 2r_ (22)

In (22) we used the step function

Ory = (23)

0 for z<uy,
1 for z>uy.

These relations were obtained from the Global Residue Theorem [19] ap-
plied to an appropriate meromorphic one-form on CP?.

Let us explain why the above theorems are important. If the considered
system is integrable, then all A; = A\; — 1 belong to sets of rational numbers
determined by Lemma 2. In [13] we proved that there is at most a finite
number of such A; satisfying the conditions of Theorem 3 and relation (21)
or (22) . As for a given set of \; there is at most a finite number of non-
equivalent potentials which take these eigenvalues at Darboux points, we
have the following result.
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Theorem 6. For a fizred k > 2, among homogeneous potentials of degree
k satisfying the assumptions of Theorem 5, at most a finite number of
non-equivalent potentials is integrable.

A weak point of the above theorem is that we have to assume a kind of
genericity of the potential, i.e. that Darboux points are simple. But the
integrability is not a generic property, so we cannot discard non-generic
potentials. Another type of the degeneracy appears when the potential
does not have the maximal number of Darboux points. The lowest de-
generations of this type are however tractable. A given potential does not
have the maximal number of Darboux points iff it has a factor (aq; + 5¢2),
a? + 3% # 0 with multiplicity greater than one. When this multiplicity is
two, we have the following.

Theorem 7. Assume that a homogeneous potential V' € C|q1, q2] of degree
k > 2 has a linear factor (aq) + Bqa), o + 5% # 0 with the multiplicity 2.
Then, Hamilton’s equations (1) does not admit an additional rational first
integral.

For details see [13].

There exist homogeneous potentials without Darboux points. For them
Theorem 3 is not applicable. In spite of the fact that such potentials are
very special, we cannot discard them from investigations. In fact, using
the direct method we have found one new, according to our knowledge,
integrable potential [20]

V= (g —iq1)*(q2 +iq1)°, i=v-l, (24)

with an additional first integral quartic in momenta

F =4(p1 — ip2)*z1 4+ 4(p1 — ip2)* (1 + ip2) 20 — 4(p1 — ip2)®2725
-8 (p% +p%) 212y — (p1 +ipe)2es —42320%, 21 =q —iqi,  (25)

29 = @2 +1q.

In the case of potentials possessing only one Darboux point when the only
non-trivial A = A—1 belongs to one of the appropriate sets from Lemma 2,
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the additional integrability conditions can be only obtained from an anal-
ysis of higher order variational equations along the considered particular
solution.

If a potential possesses a multiple Darboux point, then at this point
always A = 0 and there is no relation of the type (21). In such a case, we can
apply the higher order variational equations corresponding to the particular
solution generated by this multiple Darboux point. It is interesting that
an application of the higher order variational equations in this case is quite
easy — namely, in calculations only the first terms of solutions of variational
equations play a role. The calculations up to order £ = 11 suggest the
hypothesis that the only integrable potentials with multiple Darboux points
exist for k even and they are radial potentials V = (¢7 4 ¢3)*/2.

The described procedure yields the opportunity to classify all integrable
polynomial homogeneous potentials of a given degree k possessing at least
one Darboux point. In [15] it was shown that there is no another mero-
morphically integrable Hamiltonian systems with homogeneous potentials
of degree 3 except these already known and collected in [21, 22]. For po-
tentials with £ = 4 the integrability problem was definitively solved for all
potentials except one one-parameter family

. 1 2 N
& (g +ig)” + (@ +a), aeC (26)

11—«

Vo=—5

In this case, using the Morales-Ramis theory, one can only prove that the
necessary condition of the integrability for V5 is

a € {p+2p(p—1)\peZ}U{ng?p(erl)lpeZ}

1
U{—§+%(1+3p)2\p€Z}.

For all details see [13].
For k£ = 5 the situation becomes more complicated. For the first time
appear potentials with a non-maximal number Darboux points and these
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factorisable by term (go +1iq;) with the multiplicity greater than one. Ap-
plication of the higher order variational equations is more complicated
because our particular solution becomes a hyperelliptic curve. Thus vari-
ational equations no more transform into the product of Lamé equations.
The absence of logarithmic terms in solutions of higher order variational
equations still yields very strong obstructions, but it is not clear if its pres-
ence implies that the identity component of a differential Galois group of
higher order variational equations is not Abelian. Under the assumption
that this hypothesis is valid, one can solve the integrability problem for all
potentials possessing at least one Darboux point except

1
15(
corresponding to (A1, Ag, Ag) = (—1,—1,—1) [23].

Starting from £ = 6 at first sight the problem of seeking the sets of
admissible A; seems to simplify. Indeed, now A\; = A; + 1 can belong only
to the first or the second family of rational numbers given in Lemma 2.
One can observe that for any k& > 6 there are two admissible families of A;

Vi = —(q2 — iq1)* (3¢5 + 6iq1¢5 — Iq7q — 2iq}), (27)

k
5 ={-1-Lk=2. . k-2, I/V= —7%—@+1‘wk+£

k—2 times k—1 times

(28)
The reconstruction of the potential made for I,E:H) yields the known inte-
grable potential with binomial coefficients introduced in paper [24]

(552) e (52) 7]

(29)

[k/2]

—i 1
2~ 21 20 _ —
=3 (" e =

Here [z] denotes the integer part of  and r = \/¢% + ¢3.

Potentials corresponding to I,gl)

second order differential equation

() 4 () k(e — 1)——C

z—« (z—a)(z2+1)

are give by polynomial solutions of the

v(z) =0, (30)
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as V(q, @) = ¢fv(q/q). Here a € C is a free parameter. One can
observe that the case a = 0 corresponds to the separable in the Cartesian
coordinates potential V (g1, ¢2) = ¢ + ag5, where a € C*.

But, unfortunately, families I,EI) and I,EH) are not the only ones satisfying
relation (21). For k € {14,17,19,26,32,34,37,71,...} other sets of {A;}
satisfying (21) exist. The similar situation takes place for the generalised
relation (22) for potentials factorisable by (g2 +iq1)™*. Except for a family
which exists for all k, we have found ‘sporadic’ sets of A; satisfying (22)
which exist for a certain k and r.

Obviously, for a fixed k one can try to repeat all calculations similar to
those made for k = 3,4, 5, but it seems that there is no chance to obtain
a general integrability result valid for any £ > 5 without other stronger
necessary conditions for the integrability.

The natural question appears about the extension of this analysis for
Hamiltonian systems with a greater number of degrees of freedom. Theo-
rem 3 is formulated for any number of degrees of freedom, thus only the
extensions of relations (21) and (22) are necessary. Such relations connect-
ing n — 1 non-trivial eigenvalues of the Hessian matrix calculated at all
Darboux points really exist and are now under consideration.

5 Newton homogeneous equations. Results and open problems

We did not find in the literature works devoted to a systematic study of
the integrability of Newton’s equations. Thus, we start our investigation
from finding a proper notion of the integrability of such systems. Since for
the vector field

v(q,p) = 21: ( ig—qi — Fi(q)g—p) ,  Dp:i=4q, (31)

defined by the right hand sides of Newton’s equation (3) we have

ov;
div(v Zax =0, =x=(qp) (32)
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thus
p=dg A---ANdg, Adpr A--- Adpy, (33)

is an invariant 2n-form. According to the Jacobi theorem [25], if a system
of m first order autonomous differential equations has m — 2 functionally
independent first integrals and an invariant m-form (the Jacobi Last Mul-
tiplier), then it is integrable by quadratures. Thus, we adopt the following
definition.

Definition 1. We say that a system of n Newton’s equations of the form (3)
is integrable in the Jacobi sense iff it admits 2n—2 functionally independent
first integrals.

It is convenient to divide the Newton equations into equivalence classes.
We say that forces F' and F are equivalent if there exists a non-singular
matrix A € GL(n, C) such that F(g) = A*F(Aq). Obviously, if Newton’s
equations with force F' are integrable in the Jacobi sense, then Newton’s
equations with forces equivalent to F' are also integrable in the Jacobi
sense. It should be mentioned that the set of all Newton’s systems with
homogeneous forces of degree k — 1 contains all Hamiltonian systems with
homogeneous potentials of degree k. Hence analysing Newton’s equations
we have to distinguish clearly the non-Hamiltonian class of such equations.

Our main effort was to find the necessary conditions for the integrability
in the Jacobi sense. More precisely, we wanted to find such conditions
applying the main ideas of the Morales-Ramis theory.

As was shown in Section 3 for the Newton homogeneous equations par-
ticular solutions related to Darboux points also exist. If Jacobi matrix
F'(d) at a Darboux point d is diagonalisable, then variational equations
have the form of a product of second order equations, and their differential
Galois group is a direct product

G=G1x-xG, CSp(2n,C), (34)

with §; C Sp(2,C), for i = 1,...,n. It should be remarked here that, gen-
erally, a differential Galois group of variational equations along a particular
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solution is a subgroup of GL(2n,C). Only the specific form of particular
solutions corresponding to Darboux points guarantees that it is a subgroup
of Sp(2n, C).

The starting point is Lemma 1 which applied to the considered system
implies that if it is integrable in the Jacobi sense, then the differential Ga-
lois group of the variational equations possesses 2n — 2 rational invariants.
To find explicit obstructions for the integrability from this implication it
is useful to consider the Lie algebra of the differential Galois group. De-
composition (34) implies that the Lie algebra g of G is a direct sum

g=g01 D Dgn, gi Csp(2,C). (35)

Now, we can apply Proposition 1. Considering first integrals of a Lie
subalgebra g of sp(2,C) it is convenient to use the following facts. An
element Y of Lie algebra sp(2n, C), considered as a linear vector field, is a
global Hamiltonian vector field with a quadratic polynomials homogeneous
Hamiltonian H : C** — C. In this way we can identify sp(2n,C) with a
C-linear vector space of homogeneous polynomials of degree 2 with the
canonical Poisson bracket as the Lie bracket. Thus for a Lie algebra g C
sp(2n, C), a rational function is a first integral of g, iff {H, f} = 0, for all
H € g. In the considered case Lie algebra g is a direct sum and this allows
us to show the following.

Theorem 8. Assume that the Newton system (3) with polynomial homo-
geneous right-hand sides of degree | > 2 is integrable in the Jacobi sense.
Then if d is a Darbouz point such that F'(d) is semi-simple, then the
wdentity component of the differential Galois group of variational equations
along a particular solution defined by d is Abelian.

Using the above theorem and Lemma 2 we obtained a result similar to
Theorem 3.

Theorem 9. Assume that the Newton system (3) with polynomial homo-
geneous right-hand sides of degree k — 1 > 2 1s integrable in the Jacobi
sense. Then if d is a Darboux point such that F'(d) is semi-simple and
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Ay ..., Ay are the corresponding eigenvalues, then (k,\;) fori=1,....n
belong to the list from Lemma 2.

It is remarkable that the necessary conditions for the Liouville inte-
grability of Hamiltonian systems with a homogeneous potential and the
integrability in the Jacobi sense are the same.

Then we focused our attention on the case n = 2. Our aim was to
perform a global analysis similar to that we did for Hamiltonian systems.
The obtained result is the following.

Theorem 10. Let us assume that F = (Fy, Fb) is a homogeneous polyno-
maal force of degree k — 1, and moreover

a) F admits 0 < < k simple Darboux points d; with non-trivial eigen-
values \; of F'(d;), fori=1,...,1;

b) if polynomials G(q1, q2) := Fa(q1, q2) — @2F1(q1, q2) and Fi(q1, o) have
a common linear factor (g2 — s;q1), then

mult(G, g2 — siq1) = mult(F1, g2 — s5iq1).

Under the above assumptions \; == \; — 1 satisfy

l
1

We proved this theorem as in the Hamiltonian case, i.e. we applied the
Global Residue Theorem to an appropriately defined differential one-form
w on CP'. A Darboux point d; is a simple pole of this form with residue
1/A;. In a case when mult(G, g — s;q1) # mult(F1, g2 — s;q1) relation among
A; becomes more involved. The differential form w has additional poles at
s; with non-vanishing residues which depend on coefficients of (Fy, F3).
For these residues we have no restrictions and this leads to considerable
complications.

We performed a complete analysis for the non-factorisable Newton equa-
tions of homogeneity degree 2, 3 and 4, except for certain cases of forces
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which do not admit Darboux points. Among this class we also found one
superintegrable system with three first integrals

q.l — _QS:_Ia q.Q — 07

L L,

— _ + — [, = + —qs.
L 1Q2 p2(Q2p1 Q1p2)7 3 P1p2 k(b

I = po, I

Let us note that almost all obtained integrable systems are Hamiltonian.
This is related to the fact that most of the integrable systems possess first
integrals quadratic in velocities. If the quadratic form of velocities in this
first integral is non-degenerated, then system is Hamiltonian and this first
integral becomes the Hamilton function. All details of the integrability
analysis of Newton’s equations will be published in [26].
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Abstract

In this paper, a program computing spectral sequences is reported. The theoretical al-
gorithm supporting this program is based on effective homology and homological pertur-
bation techniques. We illustrate the fundamental ideas of this algorithm by means of an
example related to the famous Serre spectral sequence.

Keywords: Symbolic computation, spectral sequences, Serre spectral sequence, con-
structive algebraic topology, homological perturbation.

1 Introduction

Homological methods are important in the field of formal integrability of
PDE systems. In particular, Spencer cohomology is a tool which can be
used to determine the involutivity of a system (see [1] and [2]). Recently,
Sergeraert has developed some programs computing the Koszul homology
of polynomial ideals?, a notion closely connected to Spencer cohomology.
This program is based on his theory of effective homology and, in partic-
ular, uses intensively homological perturbation techniques.

In parallel, the author of the present paper has obtained algorithms
computing spectral sequences of filtered chain complexes, even when the

! Partially supported by Comunidad Auténoma de La Rioja, project ANGI-2005/19, and by Ministerio
de Educacién y Ciencia, project MTM2006-06513 and by NEST-Adventure contract 5006 (GIFT).

2 A pdf presentation for several talks about this subject can be found in

www-fourier.ujf-grenoble.fr/ sergerar/Papers/Koszul.pdf
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original chain complex is not of finite type, on condition that this chain
complex is an object with effective homology. The aim of this paper is to
illustrate, by means of a significant example, the corresponding computer
program which has been written down to implement this algorithm, in
order to facilitate its further application to reach more knowledge in the
case of the Koszul homology and the Spencer cohomology.

The organization of the paper is the following. In Section 2 we introduce
an example of application of the Serre spectral sequence, showing the non-
constructive nature of this spectral sequence and comparing this method
with the effective homology one. Then, in the next section, some necessary
definitions and results about spectral sequences and effective homology are
explained. Sections 4 and 5 show two important examples of application of
the effective homology technique, including as a particular case the exam-
ple presented before. In Section 6 we explain how the effective homology
method can also be used to compute spectral sequences, and we illustrate
it again by means of our particular case study. Finally, the paper ends
with a section of conclusions and further work.

2 An example of spectral sequence

A Spectral Sequence is a family of “pages” {E]’g”q,d]’;jq} of differential bi-
graded modules, each page being made of the homology groups of the
preceding one. If we know the stage r in the spectral sequence (E",d")
we can build the bigraded module at the stage r + 1, £, but this can-
not define the next differential d"*! which therefore must be independently
defined too.

One of the first examples of spectral sequence is due to Serre (using
previous work of Leray), involving the fibrations G — E — B, where GG
is the fiber space, B the base space and E the total space. The three
spaces were initially topological spaces, but this notion of fibration can
be generalized to many other situations, in particular the case where B
is a simplicial set and F' is a simplicial group. The total space E can be
considered as a twisted product of B and G, and the underlying twisting
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operator 7 : B — (G explains how the twisted product £ = B x, G is
different from the trivial product B x G. The definition of the associated
spectral sequence is given by the following theorem, and it can be found
in [3].

Theorem. Let G — E — B be a fibration with a base space B simply
connected. Then a first quadrant spectral sequence {E,, ., d; ,},>2 is defined
with Eg’q = H,(B, H,(G)) and E} , = H, ((E).

'q?

It is frequently thought this spectral sequence is a process allowing one to
compute the groups H,(FE) when the groups H.(B) and H.(G) are known.
But in general this is false, because the differentials dj, , are unknown and
in many cases we do not have the necessary information to compute them.
And even if we know all the differentials dj, , and we can reach the limit
groups EJS, we must deal with a (not always solvable) extension prob-
lem to determine the homology groups H,(FE). This means that the Serre
spectral sequence is not an algorithm that allows us to compute the ho-
mology groups of the total space of the fibration, but in fact it is a (rich
and interesting) set of relations between the groups H,.(G), H.(F) and
H.(B). Moreover, we must emphasize here that in many cases this spec-
tral sequence can not be determined. To illustrate this non-constructive
nature, we include here one of the initial examples of Serre, considering
the beginning of his calculations.

The computation of sphere homotopy groups is known as a difficult prob-
lem in algebraic topology. It is not hard to prove that m,(S*) = 0 for
n < k and m,(S*) = Z. Furthermore, in 1937 Freudenthal proved that
74(S?) = Zs, and at the beginning of the fifties Serre computed many
sphere homotopy groups, being his famous spectral sequence the main tool
to obtain these calculations. In particular, Serre proved mg(S?) has 12 ele-
ments, but he was unable to choose between the two possible options Zio
and Zs + Zg.

For instance, how can we use the Serre spectral sequence to determine
the homotopy groups of S3? Tt is well-known that m,(S%) = 0 for n < 3 and
73(S3) = Z. To compute m4(S?), we consider a fibration Fy — Xy — S3,
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where Fy = K(Z,2) is an Eilenberg-MacLane space. The beginning of the
spectral sequence (that is, the groups Ez’q) is determined by means of the
well-known homology groups of S and Fy; the result is shown in the next
figure.

q ==
£0 0 2z
0 00
0 0 0 0
200 2l

We observe that all the arrows dfm : E;q — E]%—Zq 41 are necessarily
null so that the groups Eg’q are equal to the corresponding Eg’q. But
problems arise when trying to determine the differential maps dz’q. The
arrow dg’o must be an isomorphism, but to know the arrows d§,2q some
other (extra) information than which is given by the spectral sequence
itself is necessary. In this particular case, a specific tool (the multiplicative
structure of the cohomology) gives the solution, the arrow d§,2q L — 7 is
the multiplication by ¢ + 1. This implies the Eg”?q die and Ej,, = Z, for
4 <r < oo and g > 2. In this way, the Serre spectral sequence entirely
gives the homology groups Hy(Xy) = Z, Ho,(Xy) = Z, for n > 2 and the
other H,(X4) are null. In particular, the Hurewicz theorem and the long
exact sequence of homotopy imply that 74(S?) = m4(Xy) = Hy(X4) = Zs,
a result known by Freudenthal.

Then, a new fibration Iy — X5 — X is considered to determine 5(S?),
where Fy = K (Zs, 3) is chosen because m4(Xy) = Zs. In this case Serre was
also able to obtain all the necessary ingredients to compute the maps d, ,
which play an important role in the beginning of the associated spectral
sequence. The main tool (extra information) are the multiplicative struc-
ture in cohomology and more generally the module structure with respect
to the Steenrod algebra Ajs. The final groups EJS (with p + ¢ < 8) of this
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spectral sequence are showed in the following figure.

q r =00
T 0

22 0 0

22 0 0 0

0 0 0 0

o 0 0 0 0 Z

@ 0 0 0 0 0 0

@ 0 0 0 0 0 0 0

Z __________ O @ Qo Qe @ g Qo 0..?..)

Again the Hurewicz theorem and the long homotopy exact sequence
imply 75(S%) = 75(Xy) = 75(X5) = H5(X5) = Zo; it was the first important
result obtained by Serre.

These two examples illustrate the fact that the computation of the Serre
spectral sequence is not an easy task and in some situations some other
information than which is given by the spectral sequence itself is needed.
In other cases, the computation of the Serre spectral sequence is in fact not
possible, since some differentials dj, , can not be determined by any other
mean (we do not have the necessary extra information). Therefore, as we
have said, the Serre spectral sequence is not an algorithm that allows us
to compute H.(F) if H.(B) and H.(G) are known.

On the contrary, the method based on the notion of object with effective
homology provides real algorithms for the computation of homology groups
of many complicated spaces. In particular, this technique can be applied
to compute the homology groups of the total space of fibrations when the
base and fiber spaces are objects with effective homology, replacing in this
way the Serre spectral sequence.
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Based on the effective homology method, the Kenzo system [4] was de-
veloped. Kenzo is a Common Lisp program devoted to Symbolic Compu-
tation in Algebraic Topology that works with rich and complex algebraic
structures (chain complexes, differential graded algebras, simplicial sets,
simplicial groups, morphisms between these objects, etc). It implements
the effective homology method for the computation of homology groups of
different spaces. As an example, we show in the following lines how this
program can be used to compute the homology groups of the space Xj
introduced in this section.

First of all, the object X5 must be built, and we can do it by means
of the following instructions. We do not explain the Lisp functions that
appear here but most of them are self-explanatory.

> (setf s3 (sphere 3))

[K1 Simplicial-Set]

> (setf f3 (z-whitehead s3 (chml-clss s3 3)))
[K37 Fibration K1 -> K25]

> (setf x4 (fibration-total £3))

[K43 Simplicial-Set]

> (setf f4 (z2-whitehead x4 (chml-clss x4 4)))
[K292 Fibration K43 -> K278]

> (setf x5 (fibration-total f4))

[K298 Simplicial-Set]

The result of the last evaluation is the object Ksgg, which is an instance
of the class Simplicial-Set, and is located through the symbol x5. We
can ask for the effective homology of Xj:

> (efhm x5)
[K608 Homotopy-Equivalence K298 <= K598 => K594]

We will see in the following section what a homotopy equivalence is.
The homology groups of X5 are then easily computable using its effective
homology, for example, in degrees 5 and 6 the known results H5(X5) = Zo
and Hg(X5) = Zg are obtained.
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> (homology x5 5)
Homology in dimension 5 :
Component Z/2Z
--—done---

> (homology x5 6)
Homology in dimension 6 :
Component Z/6Z
--—done---

But although the effective homology method allows us to compute the
homology groups of the total space of a fibration (in our example, X5), the
structure of the Serre spectral sequence can also give useful informations
about the involved construction, sometimes even more interesting than the
final homology groups. In fact, both techniques can be combined and it
can be seen the effective homology method can also be applied to obtain an
algorithm that compute, as a by-product, the relevant spectral sequence
(with the whole set of its components).

This algorithm combining both spectral sequence and effective homology
methods has been concretely implemented as an extension of the Kenzo
program, allowing the user to compute in an easy way spectral sequences
associated with filtered complexes, and as a particular case, Serre spectral
sequences. For example, as we will see in Section 6, with these programs
all the ingredients of the spectral sequence associated with the fibration
F3 — X5 — X, introduced in this section (groups, differential maps, con-
vergence...) are easily obtained by means of simple instructions, without
needing any extra information.

3 Preliminaries

In this section, some necessary concepts about spectral sequences and ef-
fective homology are presented. First of all, we include here some basic
definitions and results of Algebraic Topology that can be found, for in-
stance, in [5].
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Definition 1. A chain complex is a pair (C,d) where C' = {C),} ez is a
graded Abelian group and d = {d,, : C,, — Cy_1}nez (the differential map)
is a graded group homomorphism of degree -1 such that d,,_1d,, = 0 Vn € Z.
The graded homology group of the chain complex C'is H(C') = {H,(C) } nen,
with
H,(C)=Ker d,/Im d,,

A chain complex homomorphism f: (A,da) — (B,dg) between two chain
complexes (A,d4) and (B,dp) is a graded group homomorphism (degree
0) such that fdq = dpf.

Definition 2. A filtration F' of a chain complex (C, d) is a family of sub-
chain complexes F,C C C such that

- C 0, CFC,CFppC,C--- Vnez

Note 1. A filtration F' on C induces a filtration on the graded homol-
ogy group H(C). Let i, : F,C — C the p-injection, then F,(H(C)) =
H{(ip) (H(F,(C))).

Definition 3. A filtration F' of a chain complex C'is said to be bounded if
for each degree n there are integers s = s(n) < t = t(n) such that F;C, =0
and F;C,, = C,,.

Definition 4. A Z-bigraded module is a family of Z-modules £ = {E, ;}, 4ez.-
A differential d : E — E of bidegree (—r,r — 1) is a family of ho-
momorphisms of Z-modules d,, : E,, — E,_ 4,1 for each p,q € Z,
with dp, o dpirq—r+1 = 0. The homology of E under this differential is
the bigraded module H(E) = H(E,d) = {H,,(E)}p4ez with H,,(E) =
Ker dp,/ Im dpirgri1

Definition 5. A spectral sequence E = {E",d"} is a family of Z-bigraded
modules E', E?,..., each provided with a differential d" = {d;,} of bide-
gree (—r,r — 1) and with isomorphisms H(E",d") = E™ r=1,2,...

Definition 6. A spectral sequence F = {E",d"} is said to be convergent

if for every p, q € Z there exists r, 4, € N such that ), =0=d, 4 for

all m > 1y, .
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If B = {E" d"} is convergent, then E] = Eyit Nr > 1y, We define

B, = E,%, which can be seen as the “limit” of the groups E , when

r — OQ.

Definition 7. A spectral sequence (E",d") is said to converge to a graded
module H (denoted by E' = H) if there is a filtration F' of H and for each
p isomorphisms E° = F),H /F,—1H of graded modules.

Theorem 1. (Theorem 3.1, Chapter X1, in [5]) Fach filtration F' of a chain
complex (C,d) determines a spectral sequence (E",d"), defined by
oo 7} U F, 10y

Dg r—1
de+r—1,q—r+2 U Fp—10p+q

where Z) , is the submodule [a] a € F,Cyry,d(a) € F),,Cpiq1], and the dif-
ferential map d" : Ej , — E,_, ., is the homomorphism induced on these
subquotients by the differential on C, d: C — C.

If F is bounded, E* = H(C); more explicitly,

E;,?; = Fp(Hp+qC)/Fp—1(Hp+qC)
(with F,(HC') induced by the filtration F, as explained in Note 1).

On the other hand, we also include here some definitions and fundamen-
tal ideas about the effective homology method. More details can be found
in [6].

Definition 8. A reduction p : D = C between two chain complexes is a
triple (f, g, h) where

a) the components f : D — C and g : C — D are chain complex
morphisms;

b) the component h : D — D is a graded group homomorphism of
degree +1;

c¢) the following relations are satisfied
fg=1ide; gf +dph + hdp = idp; fh=0; hg =0; hh =0
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Remark 1. These relations express that D is the direct sum of C' and a
contractible (acyclic) complex. This decomposition is simply D = Ker f @
Im g, with Im ¢ = C and H.(Ker f) = 0. In particular, this implies that
the graded homology groups H,(D) and H,(C') are canonically isomorphic.

Definition 9. A (strong chain) equivalence between the complexes C' and
E (denoted by C <= F) is a triple (D, p, p') where D is a chain complex,
and p and p’ are reductions from D over C' and E respectively:

p Dy
o< g

Note 2. An effective chain complex is essentially a free chain complex C
where each group C), is finitely generated, and there is an algorithm that
returns a Z-base in each degree n (for details, see [6]).

Definition 10. An object with effective homology is a triple (X, HC,¢)
where HC' is an effective chain complex and ¢ is an equivalence between a
free chain complex canonically associated with X and HC'

Note 3. It is important to understand that in general the HC' component
of an object with effective homology is not made of the homology groups of
X; this component HC'is a free Z-chain complex of finite type, in general
with a non-null differential, allowing to compute the homology groups of
X; the justification is the equivalence ¢.

In this way, the notion of object with effective homology makes it possible
to compute homology groups of complicated spaces by means of homology
groups of effective complexes (which can easily be obtained using some
elementary operations).

The next theorem is a very useful tool that will be considered to obtain
the effective homology of several spaces. In particular, it is one of the
main ingredients for the proof of the effective homology version of the
Serre spectral sequence, explained in Section 5. The general idea of this
theorem is that given a reduction, if we perturb the big complex then it
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is possible to perturb the small one so that we obtain a new reduction
between the perturbed complexes. A reference where this theorem can be
found is [7].

Theorem 2 (Basic Perturbation Lemma, BPL). Let p = (f,g,h) be a
reduction p : C = D and § a perturbation of do, that is, an operator
defined on C of degree -1 satisfying the relation (dc + 6) o (de + 6) = 0.
Furthermore, the composite function h o ¢ is assumed locally nilpotent,
that is, Vo € C, there exists n € N such that (ho d)"x = 0. Then a new
reduction p' : C" = D', o' = (f",¢', '), can be constructed where:

a) C' is the chain complex obtained from C' by replacing the old differ-
ential de by (de + 0),

b) the new chain complex D" is obtained fm?_n the chain complex D by
replacing the old differential dp by (dp + 90), with d = fodopog =

fovodog,
c) f'=fo=Ffo(ld—=dopoh),
d) g =¢ogy,

e) W=goh=hot,
where the operators ¢ and v are defined by

(0.9]

¢ = (— ><h05 Y = Z 50h —[d—éo(poh,

i=0
(the series are convergent thanks to the locally nilpotency of hod)

In Sections 4 and 5, we present two important examples of application
of this theorem.

4 Effective homology of a bicomplex

The computation of the effective homology of a bicomplex (double com-
plex) is a very simple example where the BPL can be applied. First of all,
let us recall the definition of a bicomplex.

299



GIFT 2006

Definition 11. A bicomplex (or double complex) is a bigraded module
C = {Cpq}pqez provided with morphisms d,, : Cp, — Cp1, and dj ,
Cpq — Cpq—1 satistying d'd’ = 0,d"d” = 0 and d'd” + d"d" = 0. Then, we
define the totalization (T'(C'), d) of the bicomplex C' as the chain complex

given by
T.(C) = @ Chg

p+g=n
and differential map d = d' + d".

This notion is easy to understand by means of the following diagram,
where the horizontal arrows are the maps d;),q and the vertical arrows are
the differentials dj, ,. The totalization is represented by the diagonals.

CO»??_(_Cl'v??_(_C2=??_<_C3’3

Co,g=—Ch,0=—Co9=—Cy 9

00,1<—C 1_,_1<—C’2_7_1<—6{371

Co,0~C1,0=C20=C3

From now on, we consider C' to be a first quadrant bicomplex, that is,
such that C),, =0if p <0 or ¢ <O0.

The identity d”’d” = 0 implies that for a fixed i € N the column C* =
{Cin}nen is a chain complex, so it makes sense to look for the relation be-
tween the homologies of the columns C* and that of the totalization T'(C).
Let us suppose that the columns C? are objects with effective homology, in
particular such that there exist reductions C" = HC® with HC" an effec-
tive complex for all ¢ € N. Then we are going to construct a new effective
complex HC' which provides us the effective homology of the totalization
T(C).

As a first step, we build a chain complex (T(C),d’) totalization of the
bicomplex C', but where only the vertical arrows are considered. Using
the reductions of each C* over H(C", it is easy to construct a reduction of
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(T(C),d") over a new chain complex (T(HC'),d’) which is the totalization
of a new double complex with columns HC" (and where all the horizontal
arrows are null). It is clear that in each degree the component T;(HC)) is a
sum of finite type groups, so that the chain complex T'(HC') is an effective
complex.

The reduction (T(C),d) = (T(HC),d') is the first ingredient for the
application of the BPL. Then, we also need a perturbation of the differential
d', which is defined by the horizontal arrows, § = d”. It is not difficult to
see that the composition h o ¢ is locally nilpotent, so that the conditions
of the BPL are satisfied. In this way, we deduce a reduction from the
complex (T'(C), d) (the initial one, where now all the arrows are considered)
over a finite type complex, obtaining the looked-for effective homology of
(T(C),d).

A natural generalization of double complexes are multicomplexes, where,
in addition to horizontal and vertical arrows, morphisms d;, , : C,, —
Cp—r.g+r—1 are considered for each r € N. The totalization is obtained in the
same way, with differential map defined as the sum of all the components,
d=> d".

Again, if for each column C? there exists a reduction C* = HC" where
the HC" are effective complexes, then using the BPL as before it is possible
to construct a new effective complex HC' and a reduction T'(C') = HC' that
provides us the effective homology of the multicomplex C.

5 Effective homology of a fibration

Given a fibration
G—F—B

with fiber G and base B, where G and B are objects with effective homol-
ogy, in this section we explain how to determine the effective homology of
the total space £ = B x, G.

From now on, all the chain complexes canonically associated with sim-
plicial sets are normalized, that is, only the non-degenerate n-simplices of
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X are considered to be generators of C,(X).
Let us suppose there exist two homotopy equivalences

DG DB
C(Q) HG C(B) HB

where HG and HB are effective complexes. How can we obtain a new
equivalence between C(B %, () and an effective chain complex?

The starting point is the Eilenberg-Zilber reduction C(BxG) = C(B)®
C(G) (see [8]), that relates the cartesian product of two simplicial sets with
the tensorial product of the associated chain complexes. In our case, we
must also take account of the torsion 7, that does not change the underlying
graded group, only the differential is modified (by a perturbation §(b, g) =
(Oob, Dog - T(b)) — (Oob, Qvg)). We could try to apply the BPL; for this, the
nilpotency condition must be satisfied.

In both chain complexes C'(B x G) and C(B) ® C(G) it is possible to
define the following filtrations. First of all, C'(B x G) is filtered through the
degeneracy degree with respect to the base space: a generator (z,,y,) €
Cn(B x @) has a filtration degree less or equal to ¢ if 37, € B, such that
Ty = Ni,_, " Ni,Tg- On the other hand, the filtration on C'(B) ® C(G) is
defined through the dimension of the base component,

F,(C(B)® C(G)) =D C(B)n @ C(F)

m<p

It is not difficult to see that the three operators involved in the Eilenberg-
Zilber reduction (that is, the three components f, g and h) are compatible
with these filtrations. On the contrary, the perturbation 6 decreases the
filtration degree on C'(B x G) by one unit, so that the composition h o §
is locally nilpotent and the hypothesis of the BPL are satisfied. In this
way, a new reduction C'(B x, G) = C(B) ®; C(G) is obtained, where the
symbol ®; represents a twisted (perturbed) tensor product, induced by 7.
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On the other hand, with the effective homologies of B and G, it is easy
to build a new equivalence

DB ® DG

/
C(B) ® C(G) HB® HG

Let us consider now the necessary perturbation § of C'(B) ® C(G) to
obtain the twisted cartesian product C(B) ®; C(G) (this perturbation
6 has been obtained when applying the BPL to the Eilenberg-Zilber re-
duction). If the base space B is l-reduced then it can be seen that &
decreases the filtration degree at least by 2. This perturbation can be
transferred to the top chain complex DB ® DG, obtaining a twisted prod-
uct DB ®; DG, modified by a perturbation on DB ® DG with the same
property about the filtration degree. Finally, the homotopy operator of the
reduction DB ® DG = HB ® HG increases the filtration degree at most
by one, and therefore the Basic Perturbation Lemma can be applied to the
right reduction and an equivalence is obtained as follows.

DB ®; DG

— T~
C(B) ®: C(G) HB ®; HG

The chain complex HB ®; HG is an effective complex, so that the com-
position of the two equivalences

C(Bx,G) DB ®, DG
= ~
C(B XTG) C(B)@tC(G) HB@tHG

is the effective homology of B x, G.

We consider now our particular example X5 introduced in Section 2,
which is the total space of the fibration F3 — X; — X, where F3 =
K (Zs,3). The object X, is again the total space of a fibration £ — X, — S3
with Fy, = K(Z,2).
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To compute the effective homology of X5, we need the effective homolo-
gies of the fiber and base spaces, F3 and X,4. First, the simplicial group
F5 = K(Z,3) is of finite type and therefore its effective homology is triv-
ial. To compute the effective homology of X}, which is the total space of
another fibration, we must apply again the same method, so that the effec-
tive homologies of 5 and S? are necessary. On one hand, the simplicial set
S3 is already of finite type and therefore its effective homology presents no
problem. And finally, the difficult part is the computation of the effective
homology of Fy, = K(Z,?2).

The computation of the effective homology of Eilenberg-MacLane spaces
K(m,n)’s is in general a difficult problem (especially in what regards to
the algorithmic complexity), but in the case m = Z it can be solved as
follows. First, the space K(Z,0) is considered to be the simplicial group
with all the components equal to Z and with the identity map as faces and
degeneracies. Then, the simplicial group K (Z, n) can be recursively defined
as the classifying space of K(Z,n —1), that is, K(Z,n) = W(K(Z,n—1)).
In our case, Fy = K(Z,2) = W(K(Z,1)) = WW(K(Z,0))).

It is well known K (Z, 1) has the homotopy type of the circle S'. More-
over, although we are not going to give the details about this construction,
it can be seen that there exist a mechanism (similar to that of the fibra-
tion) for the computation of the effective homology of the classifying space
of a simplicial group with effective homology. Therefore we can apply this
method to compute the effective homology of F5.

In this way, we have the necessary ingredients to obtain the effective
homology of X4, and recursively, that of X5. With this effective homology
we can easily compute, as we have seen in Section 2, the homology groups
of this space.

As we have showed in this section, the effective homology method ap-
plied to a fibration G — E — B (with base space B 1-reduced) gives in
particular to its user an algorithm to compute the homology groups of the
total space F, replacing in this way the Serre spectral sequence technique.
But anyway, even if the homology groups of E are known, this spectral
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sequence has a great interest by itself and therefore it also would be in-
teresting to compute the whole set of its elements. As we see in the next
section, the effective homology method can also be useful for this task.

6 Computing spectral sequences

The next theorem combines both spectral sequence and effective homology
concepts and is the main result that allows us to use the effective homology
method to compute spectral sequences of filtered complexes. The proof is
straightforward and is not included here.

Theorem 3. Let C' be a filtered chain complex with effective homology
(HC,¢), with e = (D,p,p), p = (f,g9,h), and p/ = (f',¢',h'). Let us
suppose that filtrations are also defined on the chain compleres HC' and
D. If the maps f, f', g, and ¢’ are morphisms of filtered complexes (i.e.,
they are compatible with the filtrations) and both homotopies h and h' have
order < t (i.e. they increase the filtration degree at most by t), then the
spectral sequences of the complexes C' and HC' are isomorphic for r > t:

E(C),, = BE(HC),, Vr>t

This theorem provides us an algorithm to compute spectral sequences
of (complicated) filtered complexes with effective homology. If a filtered
complex is effective, then its spectral sequence (that of Theorem 1) can be
computed by means of elementary operations with matrices (in a similar
way to the computation of homology groups); otherwise, the effective ho-
mology is needed to compute the £ by means of an analogous spectral
sequence deduced of an appropriate filtration on the associated effective
complex, which is isomorphic to the spectral sequence of the initial com-
plex after some level r. In particular, we can apply this result to compute
the Serre spectral sequence, as we explain in the following paragraph.

The Serre spectral sequence associated with a fibration G — E — B
can be defined as the spectral sequence of the total space E, with the
natural filtration of cartesian products. The space F is not effective in most
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situations, so in general it is not possible to compute directly its spectral
sequence. However, as we have seen in Section 5, provided that the spaces
B and G are spaces with effective homology (and B is 1-reduced) we can
also build the effective homology of the total space E, which allows us to
determine the homology groups of E. Moreover, the natural filtration of
tensor products can be defined on the effective complex and we have already
seen that all the homotopies involved in the equivalence have order < 1.
Applying Theorem 3, the spectral sequence of E and that of the effective
complex are isomorphic after level » = 2, and in this way we can compute
the Serre spectral sequence associated with the fibration by means of the
spectral sequence of an effective complex (which can easily be computed).

Using these results, we have developed a set of programs enhancing the
Kenzo system that allow computations of spectral sequences of filtered
complexes when the effective homology of this complex is available. The
programs determine not only the groups, but also the differential maps d"
in the spectral sequence, as well as the stage r on which the convergence
has been reached and the filtration of the homology groups by the spectral
sequence. As a particular case, the computation of Serre spectral sequences
where the base and the fiber spaces are objects with effective homology is
possible.

We consider again the example X5 introduced in Section 2, total space
of the fibration F3 — X5 — X,. As we have seen, the effective homology
of X5 can be determined by means of the effective homology of F3 and Xy,
and in fact the Kenzo program implements this computation and uses it
to determine the homology groups H,(X5). This effective homology is also
necessary to compute the corresponding Serre spectral sequence with our
new programs.
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First of all, the space X5 and its effective equivalent object must be fil-
tered with the natural filtrations of cartesian products and tensor products
respectively, as follows.

>(change-chcm-to-fltrchem x5 fbrt-flin ‘(fbrt-flin))
[K298 Filtered-Simplicial-Set]
>(change-chcm-to-fltrchem (rbcc (efhm x5)) tnpr-flin
“(tnpr-flin))

[K594 Filtered-Chain-Complex]

Then, the whole set of the Serre spectral sequence can easily be obtained.
We show here the computation of some groups.

>(print-spct-sqn-cmpns x5 2 6 0)
Spectral sequence E~2_{6,0}
Component Z/3Z
>(print-spct-sqn-cmpns x5 4 8 0)
Spectral sequence E"4_{8,0}
Component Z/4Z
>(print-spct-sqn-cmpns x5 4 4 3)
Spectral sequence E“4_{4,3}
Component Z/2Z

The differential maps d;, , can also be determined for every r. For exam-
ple, d;{o ; Eg{o =7y — Efi?, = Zy sends the generator of Egl’o = Z4 to the
generator of Ei?, = Zs.

>(spct-sqn-dffr x5 4 8 0 ’ (1))
(1)

The convergence level of the spectral sequence for p4+¢=8isr = 9.

>(spct-sqn-cnvg-level x5 8)
9

And finally, we can determine the filtration of the homology groups by
the spectral sequence. For instance, for Hg(X5) = Hg = Zg, we obtain
FWHe = F\Hg = ... = FsHg = 7o, FyHg = Hg = Zsg.
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>(homology-fltr x5 6 0)
Filtration F_O H_6
Component Z/2Z
>(homology-fltr x5 6 5)
Filtration F_5 H_6
Component Z/2Z
>(homology-fltr x5 6 6)
Filtration F_6 H_6
Component Z/6Z

7 Conclusions and further work

In this paper, a program computing spectral sequences of filtered com-
plexes has been presented. It is based on the effective homology method
and in particular allows its user to compute the Serre spectral sequence
associated with a fibration where the base and fiber space are objects with
effective homology. For a better understanding of the fundamental ideas
on which this program is based, we have considered a particular example
of application.

At this point, new goals appear. First of all, one of our next aims is the
application of our program to the computation of the Koszul homology and
the Spencer cohomology ([2]), enriching in this way the program developed
by Sergeraert. On the other hand, we are planning to extend our programs
to the case of spectral sequences which are not necessarily associated with
a filtered complex. Concretely, we focus on the Bousfield-Kan spectral
sequence [9], used to compute homotopy groups of simplicial sets.
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Abstract

Homological Algebra provides tools and concepts that are at the merging of important
problems in Formal Theory of Differential Equations and Commutative Algebra. As
was pointed in [1], using a result by Serre, the knowledge of the vanishing of a certain
Tor gives some computational insight in the completion of general systems of partial
differential equations and is also useful for the concrete determination of formal power
series of solutions. A good way to compute Tor is to use Koszul homology of ideals
of the polynomial ring, a central issue in Commutative Algebra strongly related to the
most important homological invariants of these rings, such as minimal resolutions, Betti
numbers, Hilbert function, Castelnuovo-Mumford regularity, etc. Using tools coming
from Algebraic Topology, namely the Mayer-Vietoris sequences, we compute the Koszul
homology of ideals of the polynomial ring. We focus on the computations for monomial
ideals and the results achieved can be used to compute the Koszul homology of general
polynomial ideals making use of Grobner basis techniques and Homological Perturbation.

Keywords: Koszul homology, monomial ideals, minimal free resolutions, Mayer-Vietoris
trees.

1 Introduction

Given a differential system, we can associate to it a symbol comodule N
which is dual to a module M over the polynomial algebra. A criterion for
an involutive symbol in terms of this module M is provided by the Cartan
Test, see the details of all these considerations in [1]. A result by Serre

1 Work supported by NEST-Adventure contract 5006 (GIFT).

311



GIFT 2006

relates the Cartan criterion to the vanishing of certain 7'or modules of the
module M dual to the symbol comodule N or equivalently, to the vanishing
of certain C'otor modules of the symbol comodule itself.

For computing Cotor one can use Spencer Cohomology and dually, for
computing T'or one uses Koszul homology. In the sequel we will focus on
the Koszul homology side. Being this homology bigraded, the interpreta-
tion of involution in terms of it makes extensive use of this bigrading: the
degree of involution is the symmetric degree at which the Koszul homol-
ogy vanishes i.e. the Castelnuovo-Mumford regularity. Some references to
Formal Theory and the use of Spencer cohomology are [2],[3] or [4].

Thus, our goals include the complete computation of the Koszul ho-
mology of ideals of the polynomial ring, where complete means we will
compute not only the dimensions of the modules (Betti numbers) or even
the graded or multigraded version of these dimensions (graded and multi-
graded Betti numbers), but also an explicit set of generators for each of the
modules. We will also be able to read all the information about the ideal
that comes from the computation of Koszul homology: minimal resolution,
Hilbert function and Castelnuovo-Mumford regularity. The main tool we
will use in our strategy will be a short exact sequence of complexes, which
is an analogue to the Mayer-Vietoris short exact sequence from Algebraic
Topology. Applying recursively these sequences will lead us to the actual
computations.

In the first section of this paper, the terminolgy and main definitions are
given. In the second section, the Mayer-Vietoris tree of a monomial ideal
is introduced and used to compute homological invariants of the ideal from
its tree. The third section describes an algorithm for computing Mayer-
Vietoris trees, and read the homological information in them. Finally, the
last section is devoted to examples and conclusions.

2 Basic Terminology and Definitions

Let k be a field and R = k|z1, ..., ;] the ring of polynomials in n variables
over k.
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2.1 The Koszul Complex and Koszul Homology

Let V be a n-dimensional k-vector space. Let SV and AV be the Symmetric
and Exterior algebras of V respectively. We consider the basis of V' given
by {z1,...,x,}; then we can identify SV and R and consider the following
complex

K:0—-RIANYVIROAN VL . RaAW L ROAY -k —0

Any element of R ® A’V can be written in two different ways: First, as
a k-linear combination of elements of the form x{"...zM @ x]' A -+ Azl
where the ;. are integers and the j; are either 0 or 1, and exactly ¢ of them

are 1’s. In this case, the differentials 0 are given by the rule
At .t @ A At = Z(—l)”(k)ﬂxk caft ok
Jk=1
QI A Az A A
where o(k) is the position of k in the set {k|j, = 1}.

Alternatively, elements of R ® A’V can be expressed as k-linear combi-
nations of elements of the form /" ...zt @z A---Ax;, with j; < ---j; €
(");then, the differentials have the form

n —_— k n
It ...abr@xy A+ Nxj,) —Z(—l) oy -t (1)
k=1
Qi N ANTj, N+ ANxj,

This differential verifies > = 0 and makes K a complex, which is called
the Koszul complex. This complex is a minimal free resolution of k = R/m,
where m = (zy,...,x,), the maximal ideal in R.

Given a graded module M, its Koszul complex (K(M), ) is the tensor
product complex M ®p K:

K(M): 0 — MaA"V S MaA™ WV 2 Maaty & MaA"V — k — 0

This complex is no longer acyclic, and we define the Koszul homology of

M as the homology of K(M).
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Grading, bigrading and multigrading of the Koszul Complex

Consider an element of R ® AV of the form x# @ 7 where 2/ = /' ...z
and J = x{l A --- Axin as before. We say that the total degree of x* @ x”7
is g + -+ ptn + j1 + - + jn and that the total multidegree of z# @ x’
is (g1 + Jj1, -+, b + jn). Equivalently, if J is given in the form J = j; <
... < j; then the total degree of 2* ® 7 is i1+ -+ p, + 7 and the total
multidegree is (u1 + [1 € J|, ..., un + [n € J]) where [i € J] equals 1 if 7 is
in J and 0 otherwise.

It is clear that for these elements, the Koszul differential preserves both

the total degree and total multidegree. Thus, we can consider the following
(multi)gradings in K and K(M):

e With respect to the total degree,we have

K = @Kd and  K(M) = @Kd(/\/l)

deN deN

where
Kg:0— Ry, @ A"V A Ryni1 @ NIV A Ry @AY
9, R;® N0V -k — 0

and similarly for K;(M). Here, R; denotes the polynomials of degree
[ and in K(M) we have that M, is the degree [ component of M.
Because of this grading in K and K(M), the homologies of them are
also graded:

H(K)=EPH.(Ky) and  H.(KM)) =D H.(Ky(M))

deN deN

And then, for each homological dimension p we have
Hy(K) = D ey Hp(Kg) = B H,,(K); so we have a bigrading

q+p=d *~ 4P
and we denote by H,,(K) and H,,(K(M)) the respective homology
modules at 2, ® APV and M, ® A\PV. We say that ¢ is the symmetric

degree of H,,(K) or H,,(K(M)) and p is its exterior degree.
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e With respect to the total multidegree, we have

K = @ Ka and KWM)= @ Ka(M)

acNn acNn

where for every a = (ay,...,a,) € N" with a;,,...,a; # 0

) _
Ka:0— Ra_0.1 0) ® ANV = @ Ra—(0.1;,.0;,.1;,.0) ® ATV

............

.....

and similarly for K,(M). Here, R, denotes the set of polynomials of
multidegree p. In this case, we have that the homologies of K and
K(M) are also multigraded:

H,(K) = P H.(Ka) = P Ha(K)

acN”» acN”»

Hy(K) = €D Hy(Ka) = Hap(K)

acNn
H.(K(M) = P H.(Ka(M)) = €D Ha(K(M))
acN" acN”"
Hy(K(M)) = @ Hy(Ka(M)) = Hap(K(M))
acNn

2.2 Koszul Complex and Tor

From the definitions, it is clear that we can identify the Koszul homology

modules with Torf (M, k): We have a resolution of k (the Koszul complex)

to which we have applied the functor M ®—. The homology of the resulting

complex is by definition Torf(M, k).
Another way of computing the Koszul homology of M would start with
a resolution P : --- — P, K P_y— .-+ — By of M and then compute the
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homology of P® k. This homology is independent of the chosen resolution
of M or of k. If P is minimal,the differentials are given by matrices with
polynomial coefficients, none of which is a nonzero constant. Thus, ten-
soring with k yields the zero differential everywhere and then the number
of generators of each P; equals Tor?(M, k) and the dimension of the i-th
Koszul homology of M. If P is not minimal one could either minimalize
it with some standard procedure (see for example [5]) or compute the ho-
mology of the resulting resolution P ® k. The Tor modules inherit the
gradings, bigradings and multigradings we have seen before just consid-

ering the corresponding gradings in the homology modules used to define
Tor.

2.3  Monomial Ideals and Multigrading

Definition 2.1. A monomial in R is a product z? = 27" - - - 2% with a; >
0Vi. We say that a € Nj is the multidegree of . An ideal I C R is called
a monomial ideal if it is generated by monomials.

A monomial ideal is uniquely determined by its monomials, i.e. two
monomial ideals are the same if and only if they contain the same mono-
mials. An important result for monomial ideals is the so called Dickson’s
Lemma, which states that all monomial ideals of R are finitely generated,
see for example [6] for a proof. Moreover, this minimal set of monomial
generators is unique.

2.4  Mayer-Vietoris sequence of Koszul Complexes

The Mayer-Vietoris sequence is a standard tool in Algebraic Topology (see
for example [7]) used to explore the relations between the homology groups
of two spaces A and B, their intersection A N B and their union A U B.
Making some assumptions, we can define a short exact sequence

0—-—ANB—A®B—-AUB—0
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which induces a long exact sequence in homology, which is called the
Mayer-Vietoris sequence:

. — Hy(ANB) — Hy(A)® Ho(B) — H.(AUB) > Hy ((ANB) — -

We can construct an analogue of it in the following way: consider two
monomial ideals A and B, minimally generated by {a,...,a,,} and
{b1,...,b.,} respectively. Then we have that the ideal AN B is generated
by the set {lcm(a,b)} where a is a generator of A and b is a generator of
B; and in the place of AU B we install A + B, the ideal generated by all
the generators of A and B.

Given a monomial ideal I minimaly generated by {m, ..., m,} we define
the (recursive) Mayer-Vietoris exact sequence of I in the following way:

For each 1 < s < r denote Iy := (mq,...my), I, == I, N (mg) =
(Mis,...,Ms_15), where m; ; denotes lem(m;,m;). Then, for each s we
have the following exact sequence of ideals:

Oﬁfsﬁls_l@(ms>—>ls—>0

and the following short exact sequence of Koszul complexes:

0 — K(I,) = K(I,_1) ® K({my)) - K(I,) — 0,
the maps given by

i) =0 ), i) =n+1

for v € K(Is), n € K(I;-1) and 1 € K({(my)).

These sequences induce a long exact sequence in Koszul homology for
each s, the set of all of them is what we call the (recursive) Mayer-Vietoris
Sequence of I.

Since the differential 0 of K(I) preserves multidegree, and denoting by
Ka(7) the multidegree a piece of K(I), we have a multigraded version of
the sequence:

0— Ka(fs) — Ka(ls_1) @ Ka((myg)) — K(I5)a — 0
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and the corresponding multigraded version of the Mayer-Vietoris Sequence
of I:

- — H;i11(Ka(ly)) 2, Hi(Ka(jS) -

Hy(Ka(Ii-1) @ Ka((my))) — Hi(Ka(I,)) = --- (2)

3 The Mayer-Vietoris Tree of .

Using recursively these exact sequences for every a € N” we could compute
the Koszul homology of I = (my,...,m,). When making use of them to

compute H,(K,(1)), we need H,(K,(I,)) and H,(K,(/,_1)); and for each of
these two computations, one needs the corresponding smaller ideals. Note
that the size of the involved ideals decreases until they are generated by
only one monomial, in which case the Koszul homology is trivial.

The involved ideals can be displayed as a tree, the root of which is [
and every node J has as children J on the left and J' on the right (if J
is generated by s monomials, J denotes J, and J’ denotes J,_;). This is
what we call the Mayer-Vietoris Tree of a monomial ideal I, and we
will denote it MVT(I). Note that the MVT(I) depends on the ordering
in which the monomials are given, thus, for a given ideal I we have several
(and eventually different) trees depending on the order of its generators.

Remark 3.1. Observe that if we have the monomials in our ideal J sorted in
a way such that m, has the biggest exponent in some of the variables, then
the generators in J will have the same exponent in this variable. Keeping
the nodes ordered in such a way gives us small trees, as the left branch will
have a length of at most the number of variables plus one.

Example 3.2. The monomial ideal I = (xy,xz,yz), has the following
Mayer-Vietoris tree, if we change the order of the generating monomials,
we obtain isomorphic trees (i.e. isomorphic as graphs and with isomorphic
ideals in the corresponding nodes)

318



Mayer-Vietoris Trees of Monomial Ideals

TY, T2, Y2

/\

TYz TY,TZ

/ \

Yz  xyY

On the other side, for I = (2%, y? zy) we obtain two different trees
according to the ordering of the monomials:

z?, y?, zy xy, 22, y°
VRN
z?y, xy? x?,y? ry? ry, ©*
/N / N\ /N
22 22y 22 22 22y Ty

Since by definition MVT(I) is a complete tree i.e. every father has ex-
actly two children, we can assign position indices to every node, in the
following way: I has position 1 and if J has position p then J has po-
sition 2p and J’ has position 2p + 1. We will denote this MVTi(I) =
I, MVT,(I) = J, MVTy,(I) = J, MV Ty,.1(I) = J'. These indices will be
very useful for efficiently reading the information hidden in MVT(1).

Remark 3.3. Two famous objects that express the combinatorial structure
of monomial ideals based on the least common multiples of their generators
are the Taylor resolution [8] and the lem-lattice [9]. For a monomial ideal
I = (my,...,m,) the first one is a complex supported in elements of the
form my for all subset U of {1,...,r} i.e. 2" — 1 elements, and the lem-
latice contains all the different least common multiples (lem) of generators
of the ideal, in general, the lcm-lattice is smaller than the Taylor complex.
The Mayer-Vietoris tree is in general smaller, because it takes into account
divisibility between lem’s of generators. In the last example, the Taylor
resolution is suported on 7 elements, the lcm-lattice contains 6 different
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monomials, and the (minimal) Mayer-Vietoris tree has only 5 different
monomials.

3.1 MVT(I) and Koszul homology computations

Let J be a node in MVT(I) and denote by md(H;K((J))) (or md;(J) for
short) the set of multidegrees in which H;(K(J)) is different from zero.
We have that all the md;([) are present as exponents of generators in the
nodes of the Mayer-Vietoris tree. In the following lemmata J is a node of
MVT(I) minimally generated by {my, ..., ms}.

Lemma 3.4. Hy(K(J)) = Hy(K(J')) ® (my)

Proof: In homological dimension 0 we have the following exact sequence
in homology

- Ho(Ka(J)) — Ho(Ka(J') © Ka((ms))) — Ho(Ka(J)) — 0

but if 2* is such that u € mdy(J' & (ms)) then x* = m; for some j. Now,

if p € mdy(J) then z# = m;, for some i. Then m; = m,,, and we have
that m;|m;, m;|m, which is a contradiction. Then the exact sequence in
homology is of the form

0 — Ho(Ka(J') © Ka((my))) — Ho(Ka(J)) — 0
and hence the result. [
Lemma 3.5. Vi > 0, md;(J) C md;_1(J)Jmd;(J")

Proof: Let a € NZ such that a ¢ md;_;(J)|Jmd;(J') then the exact
sequence in homology

= Hi(Ka(J")—Hi(Ka(J)) = Hi-1(Ka(J)) — Hi(Ka(J'))— -

is of the form

0 — H;(Ka(J)) — 0
and then H;(K,(J)) =0. O
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Proposition 3.6. If H;(K,(I)) # 0 for some i, then x* is a generator of
some J € MV'T(I)

Proof: The result comes from the preceding lemmata. []

From this proposition we have that all the multidegrees of Koszul genera-
tors of I appear in MVT(I). We could have some multidegrees appearing
in the Mayer-Vietoris tree that do not correspond to Koszul generators.
However, there are some of them that will always have a corresponding
generator. Among the nodes in MVT(I) we call relevant nodes to those in
even position or in position 1. This is because for all other nodes in odd
position, the corresponding generators have already appeared in a relevant
node.

Lemma 3.7. If x® appears only once as a generator of a relevant node J
in MV'T(I) then there exists exactly one generator in H.(K(I)) which has
multidegree a.

Proof: Let x* be a generator of I (i.e. of the relevant node in position
1). Then x® appears only in this relevant node in MV'T'(I) and it is clear
that there is a generator of Hy(KK(/)) that has multidegree a, namely x?
itself.

If x* appears only as a generator of the node J in even position p, then
exists L € MVT(I) such that J = L. Then we have the following exact
sequence in homology (we know that ? does not appear in L)

0 — H1(Ka(L)) — Ho(Ka(J)) — 0

so we have that the connecting morphism is an isomorphism and we have
exactly one generator in Hy(K(L)) with multidegree a. When iterating the
process to compute H(K([)) we will always be in one of the following
situations:

o If there exists M € MVT(I) such that M’ = L then we have the
following exact sequence

o — H1(Ka(M)) — Hi(Ka(L) ®Ka((my))) — Ho(Ka(M)) — 0
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but in this case M is a relevant node, and thus the sequence is just
0 — H(Ka(M)) — Hi(Ka(L) & Ka((ms))) — 0

o If there exists M € MVT(I) such that M = L then we have the
following exact sequence

= Hy(Ka(M)) — Ha(Ka(M')BKa({ms))) — Hi(Ka(L)) — 0
but in this case the sequence is just

0 — Hy(Ka(M)) — Hi(Ka(L)) — 0

Iterating this process, we have that there is one generator in some
H;(K(7)) in multidegree a. [

With this proposition, collecting all the non repeated generators of the
relevant nodes, we have a lower bound for the Betti numbers of I, let us call
3i(I) to these ‘estimated’ Betti numbers. On the other hand, if we collect
all the generators in the relevant nodes, we have an upper bound for the
Betti numbers. We denote (3;() these upper bounds. In some cases these
are all the Koszul generators, and thus, the bounds for the Betti numbers
are sharp.

Remark 3.8. Observe that what we obtain from the Mayer-Vietoris Tree
of the ideal is not only bounds for the Betti numbers, but a subset of the
multidegrees in which the Betti numbers are nonzero, and a superset of
this. THis information of course provides the lower and upper bound for
the Betti numbers, but is more complete. In fact this will be very useful
for applications.

Proposition 3.9. If I is a generic monomial ideal, then (3;(I) = (1) Vi.
If I is minimally resolved by its Taylor resolution, then B;(I) = B;(I) Vi.

Proof:

e A monomial ideal I = (my,...,m,) is called generic [10] if whenever
two distinct minimal generators m; and m; have the same positive
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degree in some variable, there is a third generator m; which strictly
divides lem(m;, m;). For every monomial ideal I = (my,...,m,) its
Scarf Complex of I, Ay is the collection of all subsets of {my,...,m,}
whose least common multiple is unique:

Ar={c C{l,...;r}my =m, =0 =17}

If I is a generic monomial ideal, then the chain complex supported
on the Scarf complex A; minimally resolves R/I. Now, let ¢ be a
generator of the Koszul homology of I, let a be its multidegree. Then,
a is the multidegree of a generator of a relevant node in MV'T'(I) and
thus it is the least common multiple of a set of minimal generators
of I, lets call this set S; we have then that mg = z®. Assume a
appears in some other relevant node, then there exists another set T’
of minimal generators of I such that mp = 2. If I is generic, we know
that the Scarf complex minimally resolves I and then the multidegree
of each generator of the Koszul homology of I corresponds to the
least common multiple of exactly one set of minimal generators of
I. Hence, we have a contradiction, and z® appears only once in a
relevant node of MVT(I).

If the Taylor Resolution of I is minimal, we know that we have a
Koszul generator corresponding to every subset of minimal generators

of I. These are exactly the generators appearing in the relevant nodes
of MV'T(I) in this case. [

Of course if we only have non-repeated generators in the relevant nodes
of MVT(I) then B;(I) = (:(I) = B:(I)Vi. When we have repeated gen-
erators we still can obtain all the relevant information,including the Betti
numbers, the Multigraded Betti numbers, and the actual generators of the
homology modules, using the properties of the exact sequence, and other
considerations (see [14] and later).
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3.2  Mayer-Vietoris resolution of Monomial Ideals

This small section gives just a brief (and somewhat informal) description
of the process of obtaining a (minimal) resolution of our ideal I using its
Mayer-Vietoris tree. A usual technique to build resolutions in a recursive
way is using mapping cone resolutions [11]. For them, one must use what is
known as the algebraic mapping cone (see [7] for example) of a map between
two chain complexes. The usual procedure is to have a map between two
resolutions of ideals with fewer generators and from the mapping cone of
this map, one constructs a resolution of an ideal with one more generator.
Two problems show up when using such a construction: first, it’s is not
always easy to build the chain complex map between the two small resolu-
tions; and second, the mapping cone of two minimal resolutions needs not
to be minimal, so some minimization process must be performed later, and
this can be rather inefficient. The first problem is solved using tecniques
from Effective Homology [12]; the second can be treated in an efficient way
using these techniques.

The starting point for the recursive process we want to implement is the
short exact sequence of ideals associated to the Mayer-Vietoris sequence of
an ideal /. We begin with the sequence

0—>f2¥>[1@<m2>%12—>0
We want to use the following theorem from effective homology:

Theorem 3.10. Let (A1, p, B,j,0,C) be an effective short exact sequence
of effective chain-complexes:

0— A B C ——0

P o

where i and j are chain complex morphisms; p and o are graded module
morphisms and the following relations hold: ids = pi, idp = ip + o) and
ide = jo, then, an algorithm constructs a canonical reduction (see [12])
between Cone(i) and C' from the data.
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The recursive application of this theorem builds a resolution of I sup-
ported on the Mayer-Vietoris tree of I. To use it, we need to transform
our initial short exact sequence in an effective one, i.e. we need maps
p:ls1®(mg) — I,ando: I, — I, { @ (mg) such that pi =1, jo =1 and
ip+0j =1, and it is not hard to define such maps for our monomial ideals,
for each elements one just needs to be careful with the summands that
lie in each of the ideals involved, or the differences among them. Another
ingredient we need are effective resolutions of the leftmost ideals, i.e. we
need explicit contracting homotopies for them. As the initial step works
with ideals generated by one and two monomials, we know that the Tay-
lor resolution of them is minimal, and moreover, an explicit contracting
homotopy is known for it [13] thus, theorem 3.10 provides us an effective
resolution of [y and we can go on with the process.

The use of effective short exact sequences allows us to overcome the main
(algorithmic) dificulty when using this recursive procedure, namely the
construction of the comparison maps i [11]. This procedure gives us also a
good recursive description of the differentials involved in the so constructed
resolution. We know that Cone(i), = B,® A, and the differential is given

Cone(i) dB iq
bydimm =g gt
we know that the only possible part of the matrix which can be reduced
is that corresponding to i,, and the minimalization process is improved.
Moreover, as we keep track of the multidegrees involved, only when the
same multidegree appears in the resolutions of both I s and I, @ (myg) at

). Thus, if we keep minimality at each step,

the same homological dimension we can have some non-minimality on the
resolution of I,. This provides a new criterion for detecting multidegrees
such that even if are repeted at some relevant nodes of MTV (I), will
contribute to the Koszul homology of I. Note that the size of the resolution
constructed this way is given by the number of generators in the relevant
nodes of the tree.
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4 Reading the Mayer-Vietoris Tree

We know that the only multidegrees relevant to the homology compu-
tation of I are those in position 1 of MVT(I), from which we obtain
Hy(K(I)) and those in even position in MVT(I). The dimension of the
homology to which (up to possible cancellations if we have long homology
sequences) they contribute, can also be read from their position in the tree.
If we asign a dimension to every node in MVT(I) in the following way:
dim(MVTy(I)) =0, if dim(MVT,(I)) = d then dim(MVTy,(I)) =d+ 1,
dim(MVTy,11(I)) = d, then the generators of each relevant node con-
tribute to the homology modules in the homological dimension given by
the dimension of the node. To verify this just consider the Mayer-Vietoris
sequence at each multidegree in the tree, and the fact that at the bottoms
of the tree, one has always a node with two generators and two children
with one genertor each, the right child contributes with its homology just
in dimension zero (it is a generator of its father) and the left child con-
tributes with one generator in dimension one, the recursive construction of
the tree and the sequences yield the correspondence between dimensions.

If we compute MVT(I) keeping track of the dimension of a node and
the number of generators it has, then the (bounds of the) Betti numbers
can be computed at once with the tree. Algorithm 1 computes the Mayer-
Vietoris tree of I and every node is given by its position, dimension and
generators:

On steps 10 and 11 the children of a given node are computed. The
procedures tilde(ideal) and ideal’ compute the corresponding new ideals
and give the list of generators sorted. A good ordering would be as said
before, putting in the last place a generator with highest exponent in some
variable. Another strategy could be keeping the ideal generic as long as
possible, etc. Note that the complexity of this algorithm depends strongly
on the number of generators of I and has only a weak dependence on the
number of variables (the neccesary divisibility tests depend on the number
of variables); it is independent on the degrees of the generators involved.

Once the tree is built in this way, we can use the information in it reading
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Algorithm 1 : Mayer-Vietoris Tree of a Monomial ideal 1
Input : Minimal generatng set of I = (mq,...m,)
Output : MV'T(I) as a list of pairs (position, ideal)

1 ifr = 1thenreturn {({1,0,{m}})}

2 else
3 tree:={(1,0,{my,...,m.})}

4 undone := tree
5 whileundone # ) do
6 node = first(undone)

7 undone := tail(undone)

8 ideal := ideal(node)

9 pos = position(node), dim := dimension(node)
10 append(tree, (2 x pos, dim + 1, tilde(ideal)))

11 append(tree, (1 + 2 * pos, dim, ideal’))
12 if number of generators(tilde(ideal)) > 1
then append(undone, (2 x p, dim + 1, tilde(ideal)))
13 if number of generators(ideal’) > 1
then append(undone, (1 + 2 * p, dim, ideal’))
14  end while
15 returntree
16 end if

the tree upwards looking for the resolution, or reading directly from the
output of the algorithm the bounds BZ and [3; for each i.

As the multidegree of the generators and the dimension(s) in which they
(can) contribute to the homology are given in the tree, one can read from
it the involutivity degree of the system our ideal is associated to. We
proceed downwards from the highest possible degree. If we can assure this
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multidegree is present in the Koszul homology, because it appears only
once in some relevant node or because of some other considerations (see
later) then we have our involutivity degree. If we find it does not contribute
to the Koszul homology of the ideal, we go to the next multidegree and
perform the same test until we find an element of the homology, and we
are done.

5 Examples and Experiments

5.1 A first small example

Here we have an example of the computation of the Koszul homology of a
monomial ideal in 3 variables with four generators. In this case, the ideal is
not generic and still it’s homology can be automatically computed from the
Mayer-Vietoris tree. Let I = (xy?, zyz3,1°, 2%), then it’s Mayer-Vietoris
tree is

Eny,a:yzg,y‘r’,f : 1,0]

[azyzG,y5z6 2, 1} [ny,xyz3,y5 - 3,0}

[my5z6 4, 2} [a:yzG 0, 1}[@/5 6, 1}[xy2, ryzd o 7, O]

[xy223 14, 1] Eng = 15,0]

here the numbers denote the positions and dimensions of the nodes in

the tree. According to our rules, we can read the Betti numbers of I from
MVT(I):

Go(I) =4, Bi(I) =4, fo(I) =1

and looking at the generators in each position we also obtain the multi-
graded Betti numbers:
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Bo: 120, 113, 050, 006
By : 116, 056, 150, 123
522 156

If we look at the bigrading, we see that the dimensions f the bigraded
homology modules of I are:

d’Lm(H&o(I)) = 1, dzm(H5,0(I)) = 2, d’Lm(H&o(I)) =1

dZm(H571(I)) = 2, dzm(Hm(])) = 1, dlm(Hlo’l(I)) =1
dim(Hlo’Q([)) =1

and thus, the degree of involution of I is 10.

In general some ‘unpleasant’ multidegrees, i.e. those that are repeated
in some relevant nodes, will appear. In this case, we can still use some
criteria to determine wether they contribute to the Koszul homology of
the ideal or not, like the maps in the resolution we saw in the precedent
section or the length of the associated Mayer-Vietoris sequence. We can
also use local computations of the homology, using simplicial techniques
for the computation of generators, as seen in [14]. These simplicial tech-
niques include easy criteria for the vanishing of the homology at a given
multidegree, or actual computation of the generators at each multidegree.

In the following table we show the results of computations' in some ran-
dom examples, n is the number of variables g the number of generators, S
the size of the minimal resolution and U the number of 'unpleasant’ multi-
degrees in which we have to make some computations; the column CoCoA
shows the time (in seconds) used by the CoCoA [15] command BettiDia-
gram in computing the Betti Diagram of I and the column Tree shows the
time in which our algorithm, implemented in CoCoAL, returns the esti-
mated Betti numbers of I. The question mark means that computations
were stopped after five hours with no result.

1 All computations were made on a Pentium IV processor (2.5GHz) running CoCoA 4.5 under Linux
(Mandriva 2006).
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n|g| S |U]|CoCoA| Tree
5 [19] 235 20| 3.61 2.44
6 |[34| 713 | 10| 18.89 | 5.59
30 [ 123275 (26| 60.85 | 13.18
50 |13 |8191 | 0 | 800.92 | 54.01

70 11214095 | 0 | 1809.0 | 161.81
100 | 10 | 1023 | 0 | 732.16 | 11.0
105 (138191 | O ? 100.74

5.2 Valla Ideals

In his paper [16], G. Valla studies the Betti numbers of some monomial
ideals strongly related with fat points. These ideals are not stable and in
[16], formulas for their Betti numbers are given. If we want to study the
multigraded Betti numbers of these ideals or their Koszul homology, we can
use their Mayer-Vietoris trees. The ideals Valla studies can be described
as follows:

Ia,b: <xcll+b_2j‘]jaxcll_t‘]t>7 ] :07'--ab_ 17 t:ba"'a

where a and b are positive integers such that a > b, and J = (xo, ..., z,).

These ideals grow very rapidly, and their Mayer-Vietoris trees compute
very efficiently their multigraded Betti numbers. Here is a table with sev-
eral examples. In the table, n is the number of variables, a and b define the
corresponding Valla ideal, g is the number if generators, Min is the size of
the minimal resolution, M VT is the size of the Mayer-Vietoris resolution,
Time shows the time (in seconds) that took to compute the Mayer-Vietoris
tree of each ideal, and CoCo0A shows the time it took CoCoA to compute
the BettiDiagram of each ideal.

Note that for all the examples in the table (and for all other examples
computed so far by the author) the Mayer-Vietoris tree provides the exact
(multigraded) Betti numbers. The question about this being a general
result is only a conjecture.
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nilalb| g Min | MVT | Time | CoCoA
3132 10 31 31 0.13 0.02
3 (64| 28 97 97 0.45 0.05
4 13(12] 20 111 111 0.32 0.04
4 164 84 545 545 3.83 0.27
6 (32| 56 1023 1023 3.08 0.53
6 |6]4]| 462 | 10625 | 10625 | 123.03 | 91.26
8 13]2] 120 | 7423 7423 21.73 | 23.86
8 |6 |4|1716 | 141569 | 141569 | 2906.49 7
103 2] 220 | 47103 | 47103 | 167.10 ?

5.3 Ideals from Reliability Theory

In their paper [17], Giglio and Wynn relate coherent systems, from Reliabil-
ity Theory, with monomial ideals. In reliability computations, an inclusion-
exclusion identity for the probability of failure of the system is used. In the
commutative algebra side, this is strongly related to compute multigraded
Betti numbers and Multigraded Hilbert series. In [17], the Scarf complex
(see [10] for example) is used to improve this inclusion-exclusion identity,
so that fewer terms are used. Instead of the Scarf complex, we can use
Mayer-Vietoris trees for this improvements. In the case of generic ideals,
both the Scarf complex and The Mayer-Vietoris trees will yield the same
terms. In the non-generic case, we expect the trees will be closer to the
minimal resolution than the non-generic Scarf complex. In fact this can be
seen in the examples computed in [17]:

The first non-generic example in [17], corresponding to a binary network,
is the ideal I = (x124, T12427, ToX4T6, T1T4T5X8, ToL7, T3T4T5T6, ToT5Ts,
r3rsr7, x3xg) in Q[xy, ..., xg]. The Scarf complex associated to I has size
103, the Mayer-Vietoris resolution has size 87, the same that the minimal
resolution.
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The following example, corresponding to a binary non-network, is the
ideal in Q[xzy,...,x4] given by I = (x129, 2123, X124, ToX3, ToTy, T3Xy), the
Scarf complex of which has size 19, while the Mayer-Vietoris and the min-
imal resolution have both size 17.

Finally, the last example, corresponding to a multistate system, is the

2,3 2,.3,.3 2,..2 2,2 ,.2.,.2..2 .3 3 .2 3

xw%mxi,x%mxi) in the ring Q[z1,...,24]. In this case, the size of the
Scarf complex is 31, while both Mayer-Vietoris and minimal resolutions
have size 25.

In all these examples we see that the Mayer-Vietoris trees improve the
computations made with the help of the Scarf complex, and thy even yield

the actual (multigraded) Betti numbers for the examples in the literature.

6 Future work

Future work includes making a complete study about which monomial or-
derings are better to obtain smaller and/or better trees for a given ideal,
and give caracterizations of families of ideals such that their Mayer-Vietoris
trees have no repeated relevant generators. Also merging the Mayer-
Vietoris tree with the different techniques presented in [14] and the cri-
teria coming from the Mayer-Vietoris resolution and homology sequence,
in order to implement an algorithm to compute the Koszul homology of
monomial ideals. Finally, another issue is to fully describe and implement
the transfer of the results in the monomial case to computations in the
polynomial case. For this, the Homological Perturbation Lemma gives a
good tool, and it’s application to our case is described in [1] and [18].
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Normal forms of 3 degree of freedom
Hamiltonian systems at equilibrium in the

semisimple resonant case'

Jan A. Sanders
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De Boelelaan 1081a, 1081 HV Amsterdam, The Netherlands

Abstract

An algorithm is given to compute a Stanley decomposition for the normal form of a
three degree of freedom Hamiltonian at equilibrium in the semisimple resonant case. This
algorithm is then applied to compute Stanley decompositions of the normal form of the
first and second order resonances.

Keywords: Hamiltonian, normal form, Stanley decomposition

1 Introduction

We consider Hamiltonians at equilibrium with quadratic term

3
H° = M;T;Y;
= LY,
j=1

where x; = ¢; + ip; and y; = ¢; — ip;, and the g;, p; are the real canonical
coordinates. We assume m; € N, although it is straightforward to apply
the results in the more general case m; € Z. The signs are important in the
nonsemisimple case, and of course, in the stability considerations. With
these quadratic terms we speak of the semisimple resonant case.

1 Work supported by NEST-Adventure contract 5006 (GIFT).

335



GIFT 2006

For the asymptotic analysis of such resonances, see [SV85]. Most biblio-
graphic references are taken form the second edition of [SV85], in prepara-
tion. We now pose the problem to find the description of a general element

H € k[z1, y1, 22, Y2, T3, Y3]]

such that {H° H} = 0 (see [Mur03, Section 4.5]). Since the flow of H°
defines a compact Lie group (S!) action on T*R3, we know beforehand that

H can be written as a function of a finite number of invariants of the flow
of HY that is, as

q
H=>Y Fuor, - )b
k=1

where {H", o} = {H", 3,} = 0 for all relevant . The a,, 3, are monomials
in the xq,-- -, y3 variables and are to be determined explicitly. The F}, are
completely arbitrary polynomials or formal power series. If it follows from

q

ZFk(@la"WO‘pk)ﬁk =0

k=1

that all the F}. are identically zero, we say that we have obtained a Stanley
decomposition of the normal form. While the existence of the Stanley
decomposition follows from the Hilbert finiteness theorem, it is general not
unique: both F(x) and ¢ + G(x)x are Stanley decompositions of general
functions in one variable x. Notice that the number of primary variables
«, is in principle variable, contrary to the case of Hironaka decompositions.
One can define the minimum number ¢ in the Stanley decomposition as
the Stanley dimension. In general one can only obtain upper estimates
on this dimension by a smart choice of decomposition.

We show that if M = my 4+ ms + mg, the Stanley dimension of the ring of
invariants of H° is bounded by 1 4 2M.

We do this by giving an algorithm to compute a Stanley decomposition,
and we illustrate this by giving the explicit formulae for the genuine zeroth,
first and second order resonances, that is, those resonances which have more
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than one generator of degree < 4, not counting complex conjugates and
x;y;’s. These resonances are the most important ones from the point of
view of the asymptotic approximation of the solutions.

2 The kernel of ad(H")

First of all, we see immediately that the elements 7; = x;y; all commute
with H°. We let Z = k[[r1, 72, 73]]. In principle, we work with real Hamil-
tonians as they are given by a physical problem, but it is easier to work
with complex coordinates, so we take the coefficients to be complex too. In
practice, one can forget the reality condition and work over C. In the end,
the complex dimension will be the same as the real one, after applying the
reality condition.

Any monomial in ker ad( H") is an element of one of the spaces Z|[y; zh2x5%]],
T[[z1 y32x3?)], Z[[x] z5y3?]], where n = (nq, ng, ns) is a solution of nymy =
NoMy + N3Ms, NoMo = N1My -+ N3M3, N3M3 = N1My + NaMe, respectively,
and all the n; > 0.

In the equation nym; = nomsy +nzmg one cannot have a nontrivial solution
of ny = 0, but if n; > 0, one can either have no = 0 or ng = 0, but not
both. We allow in the sequel ns to be zero, that is, we require ny > 0,
ny > 0 and n3 > 0.

We formulate this in general as follows. Consider the three equations

MMy = N+ M+ —+ N+ M+ .

where the increment in the indices is in Z/3 = (1,2,3) (that is, 27+ = 1,
etc.), where we allow n;+ to be zero, but n; and n;++ are strictly positive.
We now solve for given m the equation nym; = nams + ngmgs, and then
apply a cyclic permutation to the indices of m.

Suppose that ged(mso, m3) = g1 > 1. In that case, assuming m is primitive,
we may conclude that g;|n;. Let n; = ¢171, mj = gim;, j = 2,3. Then

nimy = ngmy + ngmg,  ged(me, ms3) = 1.
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By cyclic permutation, we assume now that ged(m;, m;) = 1, and we call
m the reduced resonance. Observe that the Stanley dimension of the ring
of invariants is the same for a resonance and its reduction.

Obviously, keeping track of the divisions by the ged’s, one can reconstruct
the solution of the original resonance problem from the reduced one. Ob-
serve that in terms of the coordinates, the division is equivalent to taking
a root, and this is not a symplectic transformation.

Dropping the bars, we again consider nym; = nsms + nzms, but now we
have ged(ma, m3) = 1.

If m; = 1, we are immediately done, since the solution is simply n; =
naMmo + nzmg, with arbitrary integers ny > 0,n3 > 0.

So we assume my > 1 and we calculate modm;, keeping track of the posi-
tivity of our coefficients. Let m; = m; + kymq,j = 2,3, with 0 < m; < my
since ged(mj, m1) = 1. Let m3 = my — mgs, so again 0 < m3 < my. For
qg=0,---,m; —1let

Ny = qms+ lamy
n3 = qms+ l3my
with the condition that if ¢ = 0, then I3 > 0. Then
nim,; = (qm3 + l2m1)m2 + (qmg + l3m1>m3
= qmgmy + gmams + my(lomg + lygmsg)
= qmg(mg + k2m1) + qmg(mg + kgml) + ml(Zng + l3m3)
= @Mmgms + gmamg + my(gmaks + gmaks + lama + l3ms)
= mi(q(kamsz + (1 + k3)ma) + lamg + l3m3)
or
n1 = q(kamg + (1 4 k3)mg) + lome + l3mg, ¢=0,---,m; — 1.

This is the general solution of the equation ny = nomso + nyms.
The solution is not necessarily giving us an irreducible monomial: it could
be the product of several monomials in ker ad(H"). To analyze this we put

me :¢gm1+¢(2170§¢g <m1777/}g 20
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and
qmg = ¢3m1+¢3a0<¢3<m1 ¢3>O

We now write yy'z5?x3* as (nq, n2, ns). Then

<n17 na, n3> —
= (q(kamg + (1 + k3)me) + lama + l3mg, gms + lamy, gma + l3my)

= <m2,m1,0>lz<m3a0am1>l3
{q(kams + (1 + k3)ma), Yimq + ¢f, Pimy + ¢i).

Let ¢ = q(kamg + (1 + k3)ms) — dms. Then

o1 = qlkoms + (1 + k3)ma) — Yams
= koginz + (1 + k3)(Ygmy + ¢5) — 1y (13 + kymy)
= koginz + (1+ k3)dg + tgmy — Pimy
= kaging + (14 k3)p3 + ¥gms3 > 0.

We now write ¢! = ¢¥dms, + x?, and we let ¢ = min(¢4, ¢9). We have

<7’L1, ng, n3> -

= (mg,my, 0>12+U}3<m3, 0, m1>13+¢g

((f = ma + Xt (0§ — ) + ¢, 6).

We define
a, = (mg+,m,,0)
ﬁ? — <mL++7 07 mL>

BZ] = <( ~ZJ++ - ¢?++) m+ + Xu ( e ¢L++)mL + ¢L++7 >
Thus
<n1,n2,n3>—041 (51) ﬁlqv /27l/3€N7q207"'7m1_17

339



GIFT 2006

or, in other words, (ny, ns, n3) € Z[[ar, 3Y]]B7. This means that Z|[[ay, 8] 51
is the solution space of the resonance problem. Notice that by construction

these spaces have only 0 intersection.
Let K be defined as .73 K., where

m,—1

K. = @ Tllew, 85"

q=0
Then we have

Theorem 1 Let K denote the space of complex conjugates (that is, xj
and y; interchanged) of the elements of K. Then T & K @& K is a Stanley
decomposition of the mq : mo : m3-resonance.

Corollary 1 In each K, there are m, direct summands. Therefore there
are M = mq+mo+ms direct summands in K. This enables us to estimate
the Stanley dimension from above by 1+ 2M.

Remark 1 The number of generators need not be minimal. In particular
the 3%’s can be generated by one or more elements. We conjecture that the
6lq=1,---,m, — 1, are generated as polynomials by at most two invari-
ants. Furthermore, the 81’s, are for ¢ > 0 not algebraically independent of
a, and 3°. The relations among them constitute what we will call here the
defining curve. Since the Stanley decomposition is the ring freely generated
by the invariants divided out by the ideal of the defining curve, this gives us
a description of the normal form that 1s independent of the choices made
i writing down the Stanley decomposition.

Remark 2 The generating functions of the following resonances have been
computed by A. Fekken [Fek86]. They are the Poincaré-Hilbert series of the
Stanley decomposition and can be computed by computing the Molien series
of the group action given by the flow of H°, that is, by computing circle
integrals (or residues).

The 15 tables contain all the information to compute the Stanley decom-
position for the lower order resonances.
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o] o | 5]
1| yize | Y173
2 | Yo | T1Y2
3

T1Y3 | T2Ys3

Table 1: The 1:1: 1-resonance ([FHPY02))

(e o | 6]
yixs | yias
Y23 $%y2

D)
T1Y3 | T2Y3

W DN | =~

Table 2: The 1 : 2 : 2-resonance ([MMVS81]). This is derived from the
1:1: 1-resonance by squaring x; and ;.

Q 50
3 3
Y1T2 | Y123
3
Y23 | T1Y2
3
T1Y3 | T2Y3

W DN || =

Table 3: The 1 : 3 : 3-resonance.This is derived from the 1 : 1 : 1-resonance
by raising x; and y; to the third power.

L Qa BO 61
L}y y%$3

2 | yixs | T1y9

3 93%93 x%yg T1T2Y3

Table 4: The 1: 1 : 2-resonance ([vdAS79, vdA83]). The defining curve is
((B3)* — as3y).
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a | B A1
y2ry | yias

W DN | ~

P P
Yax3 | T1Y2

7 P P
T1Y3 | LYz | T1T2Y3

Table 5: The 1 : 2 : 4-resonance ([vdAS83]). This is derived from the
1:1:2-resonance by squaring x; and ;.

o [ ] B
yi)’fz y?%
y3xs | iy,
2Vys | a3ys | wirays

W DN | ~

Table 6: The 1 : 3 : 6-resonance. This is derived from the 1 : 1 : 2-resonance
by raising x; and y; to the third power.

a8 ] 8 | B |
1| y1e yi)’xg
2 [ yias | xiys
3 SU‘fy:a x§y3 Qf%l'zyg $1$%$3

Table 7: The 1: 1 : 3-resonance The defining curve is (5333 — a339, 5333 —
as33, 3303 — B383).

e a [ B ] 88 [ B ]
1] yize | s
2 | ysws | alys
3 alys | 23y | 2laoys | 232dy;

Table 8: The 1 : 2 : 6-resonance ([VAADWO94]). This is derived from the
1:1: 3-resonance by squaring x; and ;.
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el o [0 ] B B
yiws | ylas
yoxs | ]y

9 3 6 3.2
TiY3 | ToY3 | T1X2Y3 | T1T2Y3

W DN | =~

Table 9: The 1 : 3 : 9-resonance. This is derived from the 1 : 1 : 3-resonance
by raising z; and y; to the third power.

v o | B2 ] B | B
1| yims | yiuws
2 | y3a3 | atys | mayses
3 | wfys | 23y3 | wixoys | 2ladys

Table 10: The 1 : 2 : 3-resonance. The defining curve is (3135 —
a3y, (B3)° — as3).

vl a | B8] B | B ]
1] y3ay | y3a3
2 | yaas | atys | aysas
3 ayd | 23y | miaoys | 23a3y;

Table 11: The 2 : 4 : 3-resonance ([vdA83, Kum75]). This is derived from
the 1 : 2 : 3-resonance by squaring x3 and ys.

v o | B ] B | 2 | F | B
1| yizs | yius
2 | y3a3 | atys | miyses
3| 2Yys | 23y3 | aiways | miadys | aiasys | 2iady;

Table 12: The 1 : 2 : 5-resonance ([VAADW94, HW96, Hal99]). The
defining curve is ((83)* — a3, B3 — B35, 5 — (53)%, (B3)° — 3505, (85)* —
as s, B5(05)% — asf5).
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o [ ] B0 ] 82 [ 5
1| yiws | yias

2 | y3ad | alyo | aydad | alydas

3| atys | 2393 | mizays | 23033 | w323y

Table 13: The 1 : 3 : 4-resonance. The defining curve is ((53)? —
585217 (55)2 - 042537 5%5% - 042587 (5:%)4 - 0435:(3))-

I A S S S

L
3 5
1| yjze | yis
5.3 .2 ) )
2| yawy | 1Yo | XTYsT3 | T1Y5T3
5 5. 3 2 I.9.2 32 .3.4.3
3| XYz | TY3 | TIT2Y3 | TITRY3 | L1535 | TITRY3

Table 14: The 1 : 3 : 5-resonance. The defining curve is (82 — (55)?, (33)% —
af3), B3 — B33, (85)° — asf5, (83)° — B33, (83)%55 — asf33).

a [ ] B B B’ Ik 5 s

L
3 7
1| yixo | Y3
T3 .3 52 2,3
2| Y3 | XYY | T1Y5T3 | TTY5T3
3

7 73 4 P) 5. 3.9 2.4, 2 6.5 3 .3.06.3
T1Y3 | oYz | T1T2Y3 | L1XY3 | T1XoY3 | T1T9Y3 | T1TY3 | T1T9Y3

Table 15: The 1 : 3 : T-resonance ([VH92]). The defining curve is ((33)% —
az 33, (B83) — 0336y, B3 — o33, B3 — P393, Bs — G365, 83 — B30303, 05 —
B36363, B5)* — 03, (B3)" — B35, B5(63)° — as33).
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3 Concluding remarks

An obvious application of the given results is the computation of the non-
semisimple case. Nilpotent terms in H" are possible whenever there is a
1 : 1-subresonance and show up in the tables as quadratic terms of type

x;y;. By computing the action of the nilpotent term on the other gen-
erators, one can then try to obtain the nonsemisimple normal form, see

[Mur03].
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Abstract

After reviewing thermomechanical constitutive theory in the context of a simple Cosserat
rod model, we explore a simple thermomechanical rod model by generalizing the classical
Kirchhoff constitutive relations. The mechanically induced dissipation of energy is dis-
tinguished from that produced by the coupling to a temperature field along the rod. The
model involves relatively few parameters that may be estimated from experimental data.
A further objective is to analyze the evolutionary properties of the governing system of
partial differential equations that depend on the (extended Kirchhoff) free energy function
and the constitutive relations compatible with the Clausius-Duhem relation appropriate
for a slender rod. The evolution characteristics of the system are explored in specific nu-
merical simulations. These indicate the presence of thermally induced damping of axial
and torsional excitation modes under forced and free vibration.

Keywords: Cosserat rod, thermomechanics, nonlinear dynamics, constitutive relations,
Clausius-Duhem, modelling, Kirchhoff, simulation
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1 Introduction

Many engineering components have one or more spatial dimensions much
smaller than the other(s). Thus they qualify as slender structures. Rods,
cables, chains, ropes, discs and shells all exhibit these characteristics. In
this article emphasis is on structures that can be approximated by curves
in space. The aim is to explore simple models, compatible with the laws
of physics, that can be used to describe the thermomechanical behavior
of rods or strings. Since all materials conduct heat to some extent their
thermomechanical characteristics will affect their mechanical response to
different types of loading. The behavior of this response is one of the
motivations for what follows.

The detailed response of materials to mechanical and thermal loads de-
pends to a great extent on the constitutive properties exhibited by the
material and these in turn are constrained by the laws of thermodynamics.
Such constraints leave a great deal of freedom in empirical choices of con-
stitutive relation and guidance from experiment often becomes necessary.
However this requires a particular theoretical framework or model to be
effective.

The linear theory of 1-d thermomechanics can be found in [1]. An exten-
sive theoretical investigation into the non-linear thermomechanics of rods
was initiated in 1974 by Green, Naghdi and Wenner[2]. This has been
subsequently refined [3] and generalized to include multi-phase structures
[4].

The thermomechanics of beams with either flexure [6, 7, 8, 9] or axial
deformation [10, 11] have been explored. The energy dissipation in a one-
dimensional rod was investigated in [12] using the characteristic equation
approach, while exponential stability for linear [13], semilinear [14] and
nonlinear [13] one-dimensional rods has been studied using specific energy
estimates. Boundary control laws [15] and uniform stabilization methods
[16] of linear thermo-elastic beams have been designed using Lyapunov
methods.
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Evolutionary Systems for Slender Thermomechanical Structures

The thermomechanics of MEMS components has also attracted attention
in more recent times [17, 18, 19, 20, 21]. For the transverse vibration of
a double-ended tuning fork, Lauderdale and O’Reilly [22] proposed a rod-
based model using the rod theory developed by Green, Naghdi and several
of their coworkers [23, 24], which incorporates end masses, the anisotropy
of silicon, finite deformation effects and thermal influences.

The simple Cosserat theory of rods has been extensively studied and
found to have wide applicability [25]. In many circumstances the classical
Kirchhoff constitutive relations offer a valuable approximation that can
accommodate a large range of coupled non-linear mechanical behaviors in
rods. However the inclusion of dissipation in these simple models remains
somewhat ad-hoc. In particular when the coupling with heat is involved it
is sometimes difficult to separate the effects of mechanical damping from
thermally induced damping within the formalism.

Although in principle earlier formulations of the thermomechanics of
rods offer many different approximations for modeling they appear to us as
somewhat complicated. In this article, after reviewing thermomechanical
constitutive theory in the context of the simple Cosserat model, we attempt
to find a simple thermomechanical model that can be used to generalize
the classical Kirchhoff constitutive relations used in Cosserat rod models.
In this way we hope to distinguish the effects of mechanically induced dis-
sipation of energy from that produced by the coupling to a temperature
field along the rod. The model involves relatively few parameters that may
be estimated from experimental data. A further objective is to analyze the
evolutionary characteristics of the governing system of partial differential
equations that depend on the (extended Kirchhoff) free energy function
and the constitutive relations compatible with the Clausius-Duhem rela-
tion appropriate for a slender rod. The evolution characteristics of par-
ticular system are explored using specific numerical simulations. These
indicate the presence of thermally induced damping of excitation modes
under forced and free vibration.
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Throughout this paper vectors are elements of Euclidean 3-space with its
usual affine structure. They are denoted by lowercase, bold-face symbols,
e.g., u, v; tensors are denoted by upper-case, bold-face symbols, e.g., I,
J; matrices are denoted by upper-case, italic, bold-face symbols, e.g., M,
K. The symbols (") and (") denote differentiation with respect to time ¢
and arc-length parameter s, respectively. For any function f that depends
explicitly on some variable x we sometimes write f, for %. Repeated
indices follow the Einstein summation convention.

2 Thermomechanical Cosserat Equations

2.1 The simple Cosserat rod

The general mathematical theory of non-linear elasticity is well established.
The general theory of one-dimensional Cosserat continua derived as limits
of three-dimensional continua can be consulted in Antman [25]. The theory
is fundamentally formulated in the Lagrangian picture in which material
elements of a rod are labeled by s. The dynamical evolution of a “slender
structure” with mass density, s € [0, Ly] — p(s), and cross-sectional area,
s € [0, Lo] — A(s), is governed by Newton’s dynamical laws:

pAT =n' +f (1)
O(I(w))=m'+1r'n+1 (2)

applied to a triad of ortho-normal vectors (directors):
s € [0, Lo) — {d1(s,t),da(s,t),ds(s,t)} (3)
over the space-curve:
s € [0, Ly] — r(s,t) (4)

at time ¢ where n’ = 9,n, = n, r = o;r, f and 1 denote external force and
torque densities respectively and s € [0, Ly] — I is a “slender structure”
moment of inertia tensor.
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In these field equations the contact forces n and contact torques m are
determined by constitutive relations? involving the strains u, v, w. The
strains are themselves defined in terms of the configuration variables r and
d; for k=1, 2,3 by the relations:

r =v, d,=udy, d, = wd,. (5)

The latter ensures that the triad remains ortho-normal under evolution.
One has

d;d; = d;(wd;) = w(d; - d;) — d;(d; - w) = 2w (7)

The last equation identifies

3
1 .
W= — E d.d

with the local angular velocity vector of the director triad.

Here and in much of the following, the components Z; of any Euclidean
vector Z will be taken in the dynamical basis d; (i.e. Z; = Z - d;), so
v(s,t) = vi(s,t)d;(s,t), u(s,t) = u;(s,t)d;(s,t), w(s,t) = w;(s,t)d;(s,t)
with summation over 1 to 3.

Assume further that the structure possesses a positive temperature 7'(s, t),
positive internal energy €(s,t) per unit reference mass, entropy density
n(s,t) per unit reference mass and a heat flux ¢(s,t) directed along the
rod. In addition there may be an applied heat power h(s,t) per unit ref-
erence mass along the structure.

The local energy balance between these sources of power and the power
expended by kinetic energy is expressed in the first law of thermodynamics:

2 In general for non-uniform rods and non-stationary environments the constitutive relations (see below)
and director components of the inertia tensor could also depend explicitly on s and t¢.
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pAé+pAr-t+w-(I(w)) =f-1+1-w+pAh+0sn-r+m-w) (9)
— A0sq

Elimination of the mechanical power, using the above Cosserat equations
of motion, yields:

pAé= P+ pAh— Adsxq (10)

. . . /3
where P = n;v; + m - w’. Furthermore using the relations: d;' d; = uw,
w' = u+ uw gives P = n;0; + m;u; and hence

pA € = n;v; + mu; + pAh — Adsq (11)

The second law of thermodynamics will be adopted as a constraint on
the constitutive relations to be discussed below. This is implemented in
terms of the Clasius-Duhem inequality

d Lo Lo
a ), pAndsZ/O pA —ds — — (12)

For the purposes of this article its local form

, h Aq
> — — i
pAn > pAT Os( T) (13)

will be exploited. By eliminating h using (11) this becomes, in terms of
the free energy ¢ =€ —1Tn,

A o
R + myt; — ?anT —pA(d+Tn) >0 (14)

Thus in addition to six independent dynamical variables encoded in the
fields r, d; one has four additional dynamical thermal fields n, ¢, T, ¢ (or €)
over the structure.
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Now restrict to material constitutive relations of the form:

n; = ﬁi<u]', Uy, T, T/, Uj, Uj), m; = Thi(u]', Uj, T, T/, Uj, U])
¢ = é(uja Uj) T7 Tla ’LL], U])a n = ﬁ(uja Uj) T7 Tla ’LL], U])
q = q(u]’ vjv T7 Tla U’j7 Uj)
constrained by (13). Inserting these in (13) gives:
(i — pA gy )0 + (1 — pA )i + pA (o + )T + pA by,
N a Ad
+ pA G+ pAdr Ty — =T 20 (15)
Since ii;, v, T ,T are not arguments of the constitutive functions one
must have 7 = —or, ¢y, = ¢y, = 0, ¢p» = 0. Thus ¢ = ¢(u;,v;, T) and:
Ad
(i = pA 6 )by + (1 = pA G, )i = T 20 (16)

Suppose, for some fields «, 3, the derivative arguments of the constitutive
functions are scaled as follows:

T/ — ﬁT/, ’LLZ — OH:LZ', Uz = Oé’Uz (17)

If one writes (16) as Y(a, #) > 0 then since Y(0,0) = 0 one has generically
OaYa=p=0 =0, 05Y|a=p—0 = 0 or, since these must hold for all v;, u;, 1",

ﬁi(ujavjaTa()aO?O) = pAéUi(ujavjaT)a (18)
mi(Uj,Uj,T,0,0,()) = pAQBui(Uj,Uj,T), (19)
Q<Uj,Uj,T,0,0,0) =0. (20)

Thus one may split off contact forces n” and torques m? (with 1"
(uj,v;,T,0,0,0) = 0 and ¥ (u;,v;,T,0,0,0) = 0) responsible for dissipa-
tion as

follows:

ﬁi(Uj, vj, T, T/, Zij, ”U]) = pA ngi(u]', vy, T) + ﬁlp(uj, vj, T, T,, Uj, Uj) (21)
mi(u]', Uj, T, T,, Uj, U]) = pA ggui(uj, Uj, T) —+ mZD(Uj, Uj, T, T,, Uj, U]) (22)

353



GIFT 2006

and the final form of the Clausius-Duhem constraint on these functions
becomes:

n? (uj, v, T, T g, 05) O + il (ug, v, T, T g, ;)
— AT G(uj,v5, T, T' 2, v;) > 0 (23)
Simple relations compatible with this take the form:
AP (g, vy, T, T i, ;) = Nig(ug, vy, T, T 1) 0p (24)
m? (uj,v;, T, T g, 0;) = Mig (g, 05, T, T, )y, (25)
for positive matrices N, M with Ny (u;,v;,7,0,0) = 0 and
Mir(u;,v;,7,0,0) =0 and

qA(Uj, Uy, T, T,, Uj, U]) = —fK(Uj, Uy, T, Uj, Y.Jj)Tl (26)

for any positive function X with X(u;,v;,7,0,0) = 0.

3 A closed system with particular constitutive relations

Consider the closed system of equations (1,2,11) with n;, m; linear in dis-
sipative variables. Thus assume constitutive relations (24), (25) with
Ni;j, M;; depending on variables y = {v;, u;, T’} only, but with
q(uj,vj, T, T',4;,v;) general at this point.

Calculating the time derivative in equation (2) with I(w)) = pIjw;d; :

o(I(w)) = pIé@t(wi d;) = Plﬁ(wi d; +w;(wdy)) (27)
and the derivative m’ = m} d; + my(udy) write (2) in the form
pLiab; = —pIé-wi(w d;)i +my +mi(ud;)g + (vi)g + I,
Applying I, * yields
pin = —pL ' Twi(wd))e + L7 my + 17 (um), (28)
+I 1 F(vn)y + IR
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+ri(wd;) + ri(w(wd;)), Equation (1) becomes

pAT = — pA2ri(wd;)k + ri(Wd;)g + ri(w(wd;))g)
+ny +ni(ud;)g + [ (29)

In the second term on the right side wd; = (wy dy, + wy, dk) d; =
(wk d; + wk(w dk)) d;, = (wk d; + (WW)) d;, =
wl(dl d,), and (W dz)k = wl(dl dz)k = wle“k. Substituting (29) into (29)
yields

pAT, = — pA2ri(wd;) + mi(w(w d;) )] (30)
+ ATiGZikal_lp Ié-wi(w d;),
— Ari€ii [If Py, + 1 'my(udy), + 1 (vn), + I;lplp}

or

pAF, = — pAl2ri(wd;)i + ri(w(wd;))k] (31)
+ pArl-qikIl_lij-wi(w d;), — Amelikll_l pm; + n),
— ATl'GlikIl_l b (mj (Ll dj)p —+ nj (V dj)p) — A?"iGZikIl_l plp -+ fk

We have separated here the kinematic terms from the constitutive terms
of different order and from the terms containing the external forces.

Next substitute the constitutive relations (21)-(25) (using the notation
y = (uj,v;,T)) for the strains and temperature variables:

ﬁi(uja vy, T7 T/a /dj? Uj) = pA évz(y) + NZk(?/? Tl? U])’Uk,

) (32)
mi(uj, v, T, T 1d, v5) = pA du, (y) + M (y, T, 0;) ..
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Derivatives with respect to s of these constitutive functions have the
form

( 8Sﬁi(Uj, vy, T, T,, Uj, ’U]) = U(y, T’ ’iLj, ?‘jk, ’LL,, ’U,)

83\% 8le ,

o L aup Ta, U0 N
aSmZ(u]? vy, T7 T/a /dj? U]) - ‘/2(y7 T’ ’ uj) ?.)ka u’ y U )
oMk . OMy .

? T// ? /

\ T T

(33)

vy + M1l

with highest derivatives explicitly displayed.
Inserting (32) and (33) into the balance equations (29) and (?7?) yields

IOA?;/€ = —pA[Q?L,'(W dz)k + T’Z(W(W dz))k] + pA?“deldel_lpIi.wi(w dj)p

1 o OM; i
—Argea (Vz'(y, T 4, 05,0, 0") + 8T’j T"i;
oM, ., .
0 4 M
ov, ?
o ON; 3Nk
+(Uk(y,T,u~,v~,u’,v) JT" ju'v + N0 )
I o1’ 8up i 7Y
— Ardeldel_l péijp (ulmj + U,’TLj) — A?“dEjdej_lplp + fk, (34)
and
oy, = — plglpléwi(w d;), + L1,
. oM 83\/[--
+I (Vi(y,T’,u',?}',u’,v) sy .%’u-+Mi»u’.>
k 70 %) @T’ 87}1) =) J 7
+ I;lpeijp(uimj + Uiﬁj). (35)

The energy equation (11) takes the form

356



Evolutionary Systems for Slender Thermomechanical Structures

pA éTT = — pA (évlvl + éujuj) + (pA ggvi(uj, Uj, T) + Nl-k(uj, Uj, T)vk)vl

with e = ¢+ Tn = ¢ —Tor = é(u,v,T). Equations (34,35) and (36) are
written to explicitly display highest order derivatives.

One now has a closed system of equations for seven functions of two
independent variables: 3 components 7;(s,t) of the position vector, three
angular variables ¢; defining the frame d;(s, t) and the temperature 7'(s, t).
We assume that the forces f and momenta I may depend on the spatial
gradients of these functions.

The initial value problem for the system (34,35,36) requires one to specify
the initial values (at ¢ = 0) of the variables r;, 7;, ¢;, time derivatives of
¢; (i.e. equivalently w;) and that of the temperature 7. This system
does not allow the direct application of existing results of existence and
uniqueness of the Cauchy-Kovalevskaya type ([30]) since the hyperplane
t = 0 is characteristic for the system due to the presence of third mixed
derivatives 77, 4} on the right side of equations (34,35) and of the second
mixed derivatives ©;, 1; on the right side of (36), see ([30]). Existing results
for the characteristic Cauchy problem (see [29]) shows that even for the
linearization of the system (34,35, 36) near the trivial solution u = v =
0, T = T} the characteristic Cauchy problem with initial data at £ = 0 does
not have a distributional solution for all initial data.

Notice that without the 3rd order terms (no dissipation) one would get a
mixed hyperbolic-parabolic system of equations and that would guarantee
a non-characteristic property of ¢ = 0 if (as is usually true) the matrix of
coefficients of the second order time derivatives in the left side of (34,35)
is non-degenerate ([27, 28]).

Yet, one sees from the initial data given above that one can calculate
values of all unknown functions and their derivatives on the right side of
equations (34,35, 36) and then determine initial values of time derivatives
on the left side from the equations. Iterating this procedure one can get
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the values of all time derivatives of variables (r;, ¢;,T') at the hyperplane
t = 0. This allows one to construct a formal power series for the solutions.
Thus the classical approach gives one hope for at least the local existence
of a solution.

Probably, semigroup methods for studying the coupled hyperbolic-parabolic
systems ([27, 28]) can be adopted for the study of the system (34,35, 36)
with dissipation (see also [26]. The essentially nonlinear character of these
equations for properly chosen constitutive relations may yield systems that
are amenable to solution as Cauchy or mixed problems (cf the situation
with the KdV equation).

3.1 Modeling with Extended Kirchhoff Constitutive Relations

To gain some insight into the influence of thermodynamic constraints on
the constitutive assumptions for rods we take some guidance from the phe-
nomenology associated with slender materials that exhibit linear mechani-
cal behavior. In the absence of effects due to heat and dissipation the classic
Kirchhoff constitutive relations [25] encompass such a phenomenology. It
is natural to adopt a minimal extension of these relations, compatible with
this phenomenology, by first assuming that the free energy ¢ = ¢ — T
takes the form

A 1 . 1 )
A . .
_ oA a(T)-v—8(T) -a (37)
2Ty

where T = T — Ty, V. = v — vp, @ = u — ug, the tensors K(7) and
J(T) are determined in terms of p, the elastic moduli E(T), G(T), (all
assumed independent of s) and the geometrical shape of the cross-section.
The strains v, uy describe a static reference configuration at temperature
Ty and wu; and v; are the components of u and v taken in the director
basis dj, i.e., u = u;d; and v = v;d;. The coupling of heat to the
rod depends ultimately on its atomic structure and dynamic state and the
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quantity pC), is the macroscopic heat capacity of the material. In this
model we have additionally encoded the thermomechanical coupling into
the temperature dependent body vectors () and B(T), These describe
the thermal effects of the strains u and v in the internal energy. In general
these coupling vectors may be expressed a(T) = a;(T))d; and B(T) =
B;(T ))d with director components «;(T° ) and BJ(T) (j =1,2,3) assumed
independent of s. Such couplings may model Cosserat rods with thermal
properties inherited from transverse anisotropic media with chiral (spring-
like) characteristics. The extended Kirchhoff constitutive relations now
follow from (37) as

ﬁl(Uj,Uj,T, ’iLj, @j,T’) = J(T)(u — 110) — B(T) + IﬁD(Uj,Uj,T, ibj, @j,T,).
(38)

{ fl(uj', Uy, T, iLj,i}j,T/) = K(T)(V — V()) — a(T) + le(Uj,Uj,T, Q.Lj, Y.Jj, T,),

Thus the dynamical equations for our extended Kirchhoff rod with dis-
sipation follow as

%WWD=QHUm—u@_5gj+mﬂ’
v [ K(

:pAff+A(iKT’)’ (Tv Ko (T)¥ + Ta - Ip(T)a )

« +0)
ﬁngT+T«aﬂ) 9) + (B (T) - ))—MM—ﬁfm
T

(39)

In linear theories for a homogeneous rod the classical Fourier heat law
relating heat flux and temperature assumes (X) is a constant, i.e.
q(uj,v;, T, T, 4;,0;) = kT, where the constant k > 0 is its thermal con-
ductivity. We shall tentatively adopt this correspondence in these extended
constitutive relations along with the simplifying assumption that we ex-
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plore temperature regimes where K and J are independent of T'. Fur-
thermore to model mechanically induced dissipation one must adopt func-
tional forms for n”, m” compatible with the Clasius-Duhem inequality as
discussed above. In this note we set n” = m” = 0 so that all observed
damping can be attributed to thermal dissipation.

4 Analysis of Particular Dynamical Configurations

Consider a rod with K and J independent of temperature having both ends
fixed and clamped but executing axial and torsional vibrations about an
equilibrium state with the rod in a state of axial compression:

r(s,t) = (s+ z(s,t))es, se€l0,/] (40)

where, relative to a fixed global frame {ej, e, e3} in space

di(s,t) = cosp(s,t)e; + sin (s, t)es
dy(s,t) = —sinp(s,t)e; + cos (s, t)e; (41)
ds(s,t) = es

Then

(42)

{ w(s, t) = (s, t)es, u(s,t) = (s,t)es,
v(s,t) =1'(s,t) = (14 2/(s,1))es

With 7' = ¢ and the choice o = T'asds, 8 = TF5ds (with dg, 35 con-
stant) here, the equations of motion become

(( pAzZ = FEAZ" — AsEAY + f5
I33 = Js3¢" — B3 Jszt)' + I3
pCpA

| T,

(43)
HTp+9) + (Ty + 0) (a3 + Bag) = pAh + EAD"
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In terms of the linear coefficients of expansion A; we have &; = EAA;.
We also write 3; = J;;B; (no sum) for j = 1,2, 3, so that for zero
heat source h the system above simplifies to

pAzZ — EAZ" + AsEAY = fs,
I33 — J33¢0" 4 B3 Jsz0)' = I3,
pCHA . kA

LT Ty + 9

V' + .AgEAZ/ + Bngggb, = 0.

The adopted initial conditions are:

Z(S,O) = ZO(S), Z(S,O) = ,2'0(3)’
{ 90(8’ 0) - 900(8)7 90(37 0) - @0(8), 19(37 0) = 190(3) (45)

with boundary conditions

2(0,t) = 2(€,t) = 0(0,t) = (¢, t) =9'(0,t) =9 (£,t) =0  (46)

The above system has been analysed numerically and exhibits thermally
induced damping of all modes in general. However for a rod at room
temperature with the characteristics of copper although such damping is
apparent it is small compared with mechanical damping. This is demon-
strated in the following numerical analysis of (43) based on a uniform rod
of reference length ¢ = 2.0m and rectangular cross section, 0.10m by 0.04m.
The mass density and Young’s modulus are respectively p = 2.010%[kg/m?]
and £ = 70.010°Pa ( copper ). It will be assumed that G = vE with
v = 0.35. The coefficient of linear thermal expansion, the specific heat
capacity, and the thermal conductivity are taken as Az = 23.1107° [1/K],
C, = 904 [J/K/kg], and k = 236 [W/m/K], respectively with reference
temperature 7 = 293.16 [K]. When the rod is driven the external sources
will be assumed harmonic in time.
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Figure 1: Axial displacement response to harmonic loading. Both ends of the rod are
fixed in space and clamped.

The axial and torsional responses of the model described by (43) for
a rod (with both ends fixed in space and clamped and with zero initial
displacements and velocities) under the external loadings

g e rad - sec™ !,

I3(s,t) = 5000 sin(27s) sin(0.24wqt) N, h(s,t) =0

3(s,t) = 6000 sin(7s) sin(0.3wpt) N - m™1 wo =
f3(s,1) (s) sin( ) :

were obtained using Femlab/Matlab and are shown in Figure 1 and Fig-
ure 2, respectively.

The behavior of the temperature field of the rod is shown in Figure 3.

The weak thermomechanical coupling necessarily leads to relatively small
thermally induced mechanical damping. In order to illustrate the nature
of the asymptotic behavior of pure axial oscillations (i.e. ¢ =constant),
we artificially amplify the coefficient of linear thermal expansion to A3 =
46.2107% [1/K] and the thermal conductivity to k = 23610* [W/m/K].
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g ° “&§§l‘\ \;:\\\\\\\\\\\\\ :
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Figure 2: Torsional displacement response of the clamped-clamped rod to harmonic

loads.

Figure 3:

0.06

0.04 .’\}i'\x\“
Sm/ NS\
= 0y 7L \\\\\"" ‘“’ \\
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7
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ooeal
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Temperature response of the clamped-clamped rod to harmonic loads.

363



GIFT 2006

With zero external force f3(s,t) = 0 and heat source h(s,t) = 0, consider
a purely axial response governed by

| 47
Ay KA g pupas —o 47

{ pAs — EAZ" + AsEAY =0,

Ty Ty + ¥
With the initial conditions

2(s,0) = 0.04sin(ws), 2(s,0) =0, and ¥(s,0)=0. (48)

Figure 4 shows the evolution of axial motion. These and similar simulations
indicate that the motion is damped. The associated temperature field (e.g.
shown in Figure 5) behaves similarly.

x107°

% g N SR v“i@\\\\\\\ | SN
e T e, 4
. \\\\\\',,10\ \\\\\\\\v"" MIRAN

Figure 4: Transient responses of the clamped-clamped rod with initial conditions (48).

5 Summary and Concluding Remarks

The governing equations for a slender heat conducting rod have been de-
rived based on the tenets of simple Cosserat modeling. The contact forces
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Figure 5: Temperature response of the clamped-clamped rod with initial conditions
(48).

and torques, the free energy, entropy density and heat flux are dependent in
general on the Cosserat strains arising from the deformation gradient along
the rod, the temperature and temperature gradient and the temporal rates
of change of the Cosserat strains. The constraints on these general consti-
tutive dependencies, implied by adopting the Clausius-Duhem inequality
appropriate for a rod, are made explicit. A large class of constitutive re-
lations compatible with this inequality are discussed and the properties of
the governing equations of motion explored for systems where the contact
forces and torques are linearly dependent on the strain rates. Thermo-
mechanical modeling of a rod is developed in terms of a free energy that
extends the classic Kirchhoff constitutive relations when generalized to in-
clude heat conduction. The dissipative behavior of the model is explored
by numerical simulation of the evolution of particular dynamic configura-
tions involving axial, torsional vibrations in the presence of internal heat
flow. Thermally induced damping is in evidence in these simulations. Al-
though in some situations such effects may be small relative to mechanical
viscoelastic and hysteretic damping these studies show that for realistic
parameters thermal coupling with heat flow produces effective dissipation
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and mechanical damping. There remain challenging problems to ascertain
how the simple model here responds to other thermal loadings particularly
those involving high frequency and impulsive sources since these are of
relevance to many practical application in modern micro-technology.
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