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A!fá5ZHS5âQa576
Ad89:g57Y�Â�578�57QÁAd6
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A�5ZH
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H�=7J
69M*AS¿!=Z_^Ù.ADã¨Â/89:<Qa57YLÂ/8
= Û Y>AdQ�ÖOp¬:<_*¿!AÁ69M*A�À*8
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H&¿!=Z_°À*89Q =ZÄ/8�57_�57Y<GI69:>¿e57YN8
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Ä/Y<6
Hrb]AdÙ.Ad_àJ]=Z8�QÁ=Z8
Aa\.Ad_*Ad8�57Y
Û =ZÄ/_*f*5789G§¿!=Z_*f°:<69:>=Z_*H�dS57_*f²H9M*=Pð169M�576S=ZÄ/8ÁK,=qH�H
Ad8�576SÂ/Yg5ZH969:>¿d:<6�GßQÁ=If/AdY,:>H&QÁ=Z8
AÃ8
Ad\qÄ/Yg578S69M�57_
4(8�57_*f°69Y[ÕtsBAdÄ*H
H�Â/Yg5ZH969:>¿d:<6�G�57_*f�¿!=Z_^Ù.Ad89\.Ad_¬6B6
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\�_ù69M/:>HaH
A!¿d69:>=Z_áðNA�8
A!¿e57Y<Y�69M*A�H9Â�A!¿d:[À�¿¢:<_°À*_/:<6
A!H9:<Qa57YBAdYg5ZH
6
=7ÕxÂ/Yg5ZH969:>¿cK,=qH
H
Ad8�576aQÁ=¬f/AdY�ð�M/:>¿�Má:>H
57_�57Y<G¬;eA!fc:<_§Ü�ä ÝIÞ E�57_*f�ðNA�f/Ad89:<Ù.A&5Áf°:>H
¿d8
Ad6
A�J]=Z89Q�Ä/Yg5769:>=Z_�ÖB¾3M/:>H�H
A!¿d69:>=Z_cf/=IA!H�_*=Z6�¿!=Z_^6�57:<_â_*Adð
8
A!H9Ä/Y<6
H8i�:<6@H
Ad89Ù.A!HSJz=Z8Á69M*A�¿dY>Ae578Ãf/ADÀ*_/:<69:>=Z_i=7J�69M*A�Â/8
= Û Y>AdQ 57_*fáJ]=Z8a69M*A�:<_^698
=If°Ä*¿d69:>=Z_ =7J�69M*A
_*=Z6�5769:>=Z_�Ö
� �°·8��´ ÷�Ad6

Ω ⊂ Rd b d = 2, 3
d Û A�69M*A�8
ADJzAd8
Ad_*¿!A�¿!=Z_°À*\qÄ/8�5769:>=Z_�bz57_�=ZÂ�Ad_h57_*f�¿!=Z_/_*A!¿d6
A!f�H�Ad6�:<_

Rd
ð�:<69M�Â/:>A!¿!Adð�:>H
A�H9QÁ=¬=Z69M�÷�:<Â*H�¿
M/:<69; Û =ZÄ/_*f*5789GCdDE/57_*fÃY>Ad6

ΓD ∪ΓN = ∂Ω
Û A�5�f/A!¿!=ZQSÂ�=qH9:<69:>=Z_

=7J�69M*A Û =ZÄ/_*f*5789G.Ö(WXA�À/ã�5�69:<QÁA�:<_¬6
Ad89ÙZ57Y
[0, T ]

Ö
¾3M*A�Â/8
= Û Y>AdQõf/AdÂ�Ad_*f/H�=Z_�69M*A�Jz=ZY<Y>=eð�:<_/\Ãf*576�5�kV5�Â/8
A!H
¿d89: Û A!f�f°:>H9Â/Yg5Z¿!AdQÁAd_¬6BÙ.A!¿d6
=Z8

uD : ΓD × [0, T ] −→ Rd
J]=Z8�69M*A%A!H
H
Ad_^69:g57Y Û =ZÄ/_*f*5789G�¿!=Z_*f°:<69:>=Z_*H�=Z_

ΓD
E*57_*fh5�Y>=.5Zf¢J]Ä/_*¿d69:>=Z_�57Y

`(t,v) =

∫

Ω
b(t) · v dx +

∫

ΓN

tN (t) · v da, t ∈ [0, T ],

f/AdÂ�Ad_*f°:<_/\@=Z_ Û =If°GÁJz=Z8
¿!A�f/Ad_*H9:<69:>A!H

b : Ω× [0, T ] −→ Rd
57_*f�698�5Z¿d69:>=Z_�Jz=Z8
¿!A�f/Ad_*H9:<69:>A!H

tN : ΓN × [0, T ] −→ Rd .
WXA�H96�57896�ð�:<69M�69M*A�:<_/:<69:g57Y�H96�576
A

uD(0) = � E b(0) = � E tN (0) = � Ö¾3M*AÃQa576
Ad89:g57Y�:>H�f/A!H�¿d89: Û A!f Û G²5�Y<:<_*Ae578ÁAdYg5ZH
69:>¿@8
A!H
Â�=Z_*H
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H
λ, µ > 0
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A!H9:<Qa57Y
QS:>¿d8
=Z8
=Z6�5769:>=Z_*H

Ā ∈ so(d)
E�ð�M*Ad8
A

so(d) = {τ ∈ Rd,d : τT = −τ} :>H@69M*Aâ÷�:>ADÕ�57Y<\.A Û 8�5²=7JH9U.Adð3Õ�H9GIQSQÁAd6989:>¿�Qa576989:>¿!A!HeÖ
¾3M*A�H9GIQSQÁAd6989:>¿¢Qa576989:>¿!A!H@578
A�f/Ad_*=Z6
A!f Û G

Sym(d) = {τ ∈ Rd,d : τT = τ} Ö²WXA¢M�5!Ù.A�69M*A=Z8969M*=Z\.=Z_�57Y<:<6�G�8
AdYg5769:>=Z_

Ā : τ = 0, Ā ∈ so(d), τ ∈ Sym(d) ,
ð�:<69Mi8
A!H
Â�A!¿d6Ã6
=X69M*Ac:<_/_*Ad8@Â/8
=If°Ä*¿d6

A : B =
∑d

i,j=1AijBij
Jz=Z8

A,B ∈ Rd,d Ö"`c=Z8
A!=PÙ.Ad8eE
ðNAñÄ*H
Aâ69M*Añ_*=Z89Q |B| =

√
B : B

57_*fi69M*A¨f/A!¿!=ZQSÂ�=qH9:<69:>=Z_
B = sym(B) + skew(B)

ð�:<69M
sym(B) = 1

2(B +BT )
57_*f

skew(B) = 1
2(B −BT )

Ö
¾3M*A�¿!=ZÄ/Â/Y<:<_/\%=7J�69M*A�H
U.Adð3Õ�H9G¬QSQÁAd6989:>¿�Â�57896L=7J�69M*A�f°:>H9Â/Yg5Z¿!AdQÁAd_¬6L\q8�5Zf°:>Ad_^6

Du
57_*f&69M*A3QS:>¿d8
=Z8
=7Õ

6�5769:>=Z_
Ā
:>HNf/Ad6
Ad89QS:<_*A!f Û G@5�Â�578�57QÁAd6
Ad8

µc ≥ 0
EI¿e57Y<Y>A!fÃ69M*AÃÒ(ÇZÓ�Ó!Æ Ë'Î É Í Ç ô Ô Ï Æ�ÈÁÇ ÚZôIÏ±ô ÓDE/57_*f@69M*A

:<_^6
Ad89_�57YLY>Ad_/\q69M§H
¿e57Y>A&=7JN69M*A&QS:>¿d8
=Z8
=Z6�5769:>=Z_*H�:>H�f/A!H
¿d89: Û A!f Û Gâ5ÃÂ�578�57QÁAd6
Ad8
Lc > 0

f/A!H
¿d89: Û :<_/\
57_�:<_^6
Ad89_*AdYtY>Ad_/\q69M�Ö j _�69M*Anm�:<89:>¿
M/Y>Ad6 Û =ZÄ/_*f*5789G¢ð,A�Â/8
A!H
¿d89: Û A

ĀD : ΓD × [0, T ] −→ so(d) .
`*=Z8�69M*A�Jz=Z89Q%Ä/Yg5769:>=Z_â=7J	¿!=Z_*H
:>H96
Ad_^6 Û =ZÄ/_*f*5789G�¿!=Z_*f°:<69:>=Z_*H�ð,A�Qa5eG�5ZH�H9Ä/QÁA�69M�576�69M*A�Â/8
A!H
¿d89: Û A!f
f°:>H9Â/Yg5Z¿!AdQÁAd_^6�Ù.A!¿d6
=Z8

uD
:>H�ADãI6
Ad_*f/A!fâ:<_^6
=

Ω
H9Ä*¿
Mâ69M�576

ĀD(x, t) = skew(DuD(x, t))
:>H�ðNAdY<Y[Õ

f/ADÀ*_*A!f�Ö
`�:<_�57Y<Y<G.E/:<_*AdYg5ZH969:>¿�Qa576
Ad89:g57Y Û AdM�5eÙ¬:>=Z8�:>H�QÁ=¬f/AdY>A!f Û G�5&¿!=Z_^Ù.ADã¢J¦Ä/_*¿d69:>=Z_

φ : Sym(d) −→ R ,
f/Ad6
Ad89QS:<_/:<_/\�69M*AB¿!=Z_^Ù.ADã@H�Ad6

K = {τ ∈ Sym(d) : φ(τ ) ≤ 0} =7Jt5Zf°QS:>H
H9: Û Y>A�b]H9G¬QSQÁAd6989:>¿BAdYg5ZH969:>¿�dH9698
A!H
H
A!HPÖ	WXA�5ZH
H9Ä/QÁA�69M�576
φ
:>H�H9QÁ=I=Z69M¢Jz=Z8

τ 6= 0
E�57_*f¢ð,A%5ZH
H9Ä/QÁA

φ(0) < 0
Ö

¾3M*A Û 5ZH9:>¿SADã*57QSÂ/Y>AS:>H�69M*A&Ù.=Z_X`c:>H
A!H�[�=eðî89Ä/Y>A
φ(τ ) = |dev(τ )| −K0

J]=Z8%5Ã\q:<Ù.Ad_X¿!=Z_*H96�57_¬6
K0 > 0

Ö�^�Ad8
AqE
dev : Sym(d) −→ Sym(d)

:>Ha69M*AâÂ/8
=7ö9A!¿d69:>=Z_ª=Z8969M*=Z\.=Z_�57Y�6
=ß69M*Ac:>H
=Z698
=ZÂ/:>¿
=ZÂ�Ad8�576
=Z8 1

dI ⊗ I : Sym(d) −→ Sym(d)
f/ADÀ*_*A!f Û G

( 1
dI ⊗ I) : τ = 1

d tr(τ )I
E(:xÖ	AqÖ<EVðNA¢M�5!Ù.A

dev = 11 − 1
dI⊗ I

E�:xÖ�AqÖ<E
devB = B − 1

d tr(B)I
E�ð�M*Ad8
A

11
f/Ad_*=Z6
A!H�69M*A�:>f/Ad_^69:<6�GcQa57Âñ:<_

Rd,d57_*f
I
:>H369M*A�:>f/Ad_^69:<6�G�6
Ad_*H
=Z8�:<_

Rd,d
Ö
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=
f/Ad6
Ad89QS:<_*A%f°:>H
Â/Yg5Z¿!AdQÁAd_^6
H

u : Ω̄× [0, T ] −→ Rd ,
:<_�\.Ad_*Ad8�57Y Ñ Ç Ñ ÊxÓ Ð È�ÈaÆdÉ ËDÌzÍ K357Ä*¿
M¬G^Õ�H9698
A!H�H
A!H

σ : Ω× [0, T ] −→ Rd,d ,
b]H9U.Adð3Õ�H9GIQSQÁAd6989:>¿�:<_°À*_/:<6
A!H
:<Qa57Y£d3QS:>¿d8
=Z8
=Z6�5769:>=Z_*H

Ā : Ω× [0, T ] −→ so(d) ,
b]H9GIQSQÁAd6989:>¿�:<_°À*_/:<6
A!H9:<Qa57Y£d�Â/Yg5ZH969:>¿�H9698�57:<_*H�b¦_*=ÁÂ/Yg5ZH969:>¿�H9Â/:<_�k

skew(εp) = 0
d

εp : Ω× [0, T ] −→ Sym(d) ,
b¦ð�:<69M�:<_/:<69:g57Y�H
6�576
A

εp(0) = 0
dDE�57_*f�5&Â/Yg5ZH969:>¿�Q�Ä/Y<69:<Â/Y<:>Ad8

Λ: Ω× [0, T ] −→ R
H�5769:>H'J]GI:<_/\S69M*A�A!H
H
Ad_¬69:g57Y Û =ZÄ/_*f*5789G¢¿!=Z_*f°:<69:>=Z_*H

u(x, t) = uD(x, t), (x, t) ∈ ΓD × [0, T ] ,

Ā(x, t) = ĀD(x, t), (x, t) ∈ ΓD × [0, T ] ,
69M*A�¿!=Z_*H969:<69Ä/69:<Ù.A�8
AdYg5769:>=Z_

σ(x, t) = 2µ
(

sym(Du(x, t))− εp(x, t)
)

+ λdiv(u)(x, t)I

+ 2µc
(

skew(Du(x, t)) − Ā(x, t)
)
, (x, t) ∈ Ω× [0, T ] ,

69M*A�A!ú¬Ä/:<Y<: Û 89:<Ä/QõA!ú¬Ä�5769:>=Z_*H

−divσ(x, t) = b(x, t), (x, t) ∈ Ω× [0, T ] ,

σ(x, t)n(x) = tN (x, t), (x, t) ∈ ΓN × [0, T ] ,

−µL2
c∆Ā(x, t) = µc

(
skew(Du(x, t)) − Ā(x, t)

)
, (x, t) ∈ Ω× [0, T ] ,

DĀ(x, t) · n(x) = 0, (x, t) ∈ ΓN × [0, T ]
b¦ð�M*Ad8
A

n(x)
f/Ad_*=Z6
A!H�69M*A�=ZÄ/6
Ad8�Ä/_/:<6�_*=Z89Qa57Y�Ù.A!¿d6
=Z8�dDE*69M*A�[�=Pð 89Ä/Y>A

d

dt
εp(x, t) = Λ(x, t)Dφ

(
TE(x, t)

)
, (x, t) ∈ Ω× [0, T ] ,

b9¤�d
f/AdÂ�Ad_*f°:<_/\yb]=Z_/Y<GCd�=Z_¥b¦69M*A�H9GIQSQÁAd6989:>¿�AdYg5ZH969:>¿0aLH
M*AdY Û G�H9698
A!H
H�6
Ad_*H�=Z8

TE
d

TE(x, t) = 2µ
(

sym(Du(x, t)) − εp(x, t)
)
, (x, t) ∈ Ω× [0, T ] ,

57_*f�69M*A�¿!=ZQSÂ/Y>AdQÁAd_¬6�5789Gh¿!=Z_*f°:<69:>=Z_*H�b]F�5789Ä*H
M°Õ�F�Ä/M/_°Õ�¾�Ä*¿
U.Ad8�d

Λ(x, t)φ
(
TE(x, t)

)
= 0, Λ(x, t) ≥ 0, φ

(
TE(x, t)

)
≤ 0, (x, t) ∈ Ω× [0, T ] .

b�¦�d
^�Ad8
A�57_*fa:<_@69M*A�J]=ZY<Y>=Pð�:<_/\*E¬J]=Z8

τ ∈ Sym(d)
69M*A�f/Ad89:<ÙZ5769:<Ù.A

Dφ(τ ) ∈ Sym(d)
:>HN8
AdÂ/8
A!H
Ad_^6
A!f¢:<_

Sym(d)
H9Ä*¿
Mh69M�576�J]=Z8�69M*A�×n§76
Ae57Ä°ã�f/Ad89:<ÙZ5769:<Ù.A

Dφ(τ )[η]
M*=ZY>f/H

Dφ(τ ) : η = Dφ(τ )[η] = lim
h−→0

1

h

(
φ(τ + hη)− φ(τ )

)
, η ∈ Sym(d) .

¨�©�ªQ«�¬V­®¤(¯�°�Ç Ë Å Ì�± Æ Ñ È Î É�Æ Ë)ÌzÎZÏq²^Ì ÓDÉxÇ ËDÐ εp(t) Î ÉQ³�´^Æ Ú É Ì ÈaÆ t µ É ² Æ ÚZÌ ÓxÔ Ï<Î.Í ÆDÈaÆ Ñ É ÎZÑ�Ú É ² ÆÈ Ì]Í!Ë Ç Ë ÇqÉ Î É Ì Ç ÑXÎZË Æ Ú ÆdÉ�Æ Ë È ÌRÑ Æ Ú]¶DÐ È ÌRÑ�Ì È Ì	edÌ¦Ñ ÅSÉ ² Æ�ÉxÇqÉ ÎZÏ Æ Ñ Æ Ë Å Ð
I(u, Ā, εp) = E(Du, Ā, εp)− `(t,u) ,

·�² Æ Ë Æ�É ² Æ Í Ç ËDË Æ)ÓxÔ°Ç Ñ�ÚZÌ¦Ñ Å�Æ Ï<Î ÓDÉ ÌzÍ¹¸)Ë Æ
ÆSÆ Ñ Æ Ë Å Ð@Ì Ó�Å Ì�± Æ Ñ�¶DÐ

E(Du, Ā, εp) = µ

∫

Ω

∣∣ sym(Du)− εp
∣∣2 dx +

λ

2

∫

Ω
tr(Du)2 dx

+ µc

∫

Ω
| skew(Du)− Ā|2 dx + µL2

c

∫

Ω
|DĀ|2 dx .

b�º�d



WhL$u�R5v1w�IxuM=lHQ?(w1F�uMXy@�uMTzWM=y?AR{WML�w1u1|	;AR{WML�w�IxE]EouVL$L$?UT�WAwyH7uMXM?(R »
ç ´ ��� �hº	½£�P¼.¸��^·8�y�U���C�!·e¹C�*�����C�!·P½¦¼l�%¹o�8���^¸S�°·Y�X¹�º��A�

� ½��e¼.¸S�.·P½�¼��°·P½¦¹�¶£½]¶½�8���/¼��*´ ÷�Ad6
h
Û A�5cQÁA!H9MùH9:<;eAÃÂ�578�57QÁAd6
Ad8eEVY>Ad6

Vh ⊂ C0,1(Ω,Rd)
Û A�5

À*_/:<6
A�AdY>AdQÁAd_^6�H9Â�5Z¿!AqE�57_*f�H
Ad6

Vh(uD) = {v ∈ Vh : v(x) = uD(x)
J]=Z8

x ∈ Dh},
ð�M*Ad8
A

Dh ⊂ ΓD
:>H�69M*A�H
Ad6�=7JL57Y<Y�_*=¬f*57Y�Â�=Z:<_^6
HB=Z_

ΓD
Ö

í�_�57Y>=Z\.=ZÄ*H
Y<G.E/Y>Ad6
Wh ⊂ C0,1(Ω, so(d))

Û A�57_*=Z69M*Ad8�À*_/:<6
A%AdY>AdQÁAd_^6BH
Â�5Z¿!AqE*57_*f�Y>Ad6

Wh(AD) = {B ∈Wh : B(x) = AD(x)
Jz=Z8

x ∈ D′h}
ð�M*Ad8
A

D′h ⊂ ΓD
:>H�69M*A�H
Ad6�=7JL57Y<Y�_*=¬f*57Y�Â�=Z:<_^6
HB=Z_

ΓD
=7J
Wh

Ö
÷�Ad6

Ξh ⊂ Ω
Û Aaú¬Ä�5Zf°8�5769Ä/8
AÃÂ�=Z:<_¬6
HÁ57_*fàY>Ad6

ωξ
Û AÃ¿!=Z898
A!H9Â�=Z_*f°:<_/\¨ú¬Ä�5Zf°8�5769Ä/8
AÃðNAd:<\qM^6
HSH
Ä*¿
M

69M�576
∫

Ω
v ·w dx =

∑

ξ∈Ξh

ωξ v(ξ) ·w(ξ) , v,w ∈ Vh .

WXAVH
Ad6
Λ = {Λ: Ξh −→ R} E Σh = {τ : Ξh −→ Rd,d} 57_*f Ep

h = {τ : Ξh −→ sl(d)∩Sym(d)} Eð�M*Ad8
A
sl(d) = {τ ∈ Rd,d : tr(τ ) = 0} :>H369M*A�÷�:>A%57Y<\.A Û 8�5S=7J	698�5Z¿!ADÕzJ]8
A!A�Qa576989:>¿!A!HeÖ\�_�=ZÄ/8�_*=Z6�5769:>=Z_�69M*A�:<_^6
Ad\q8�57Yt:>H�Ä*H
A!f�57Y>H
=SJ]=Z8�69M*A�À*_/:<6
A�H9Ä/QÁH
∫

Ω
σ : ε dx :=

∑

ξ∈Ξh

ωξ σ(ξ) : ε(ξ), σ, ε ∈ Σh .

��� �z�8�U�à½x��º	½£�P¼.¸��^·8�z�A��»!�°·P½¦¹�¶��Á¹1��· � �y�A���C�!·e¹��*�����C�!·P½¦¼h�%¹1�8�8�¬¸��°·O�à¹�º��U��´ m�Ad6
Ad89QS:<_*A
f°:>H9Â/Yg5Z¿!AdQÁAd_¬6
H

u : [0, T ] −→ Vh
ð�:<69M

u(t) ∈ Vh(uD(t))
J]=Z8

t ∈ [0, T ],QS:>¿d8
=Z8
=Z6�5769:>=Z_*H
Ā : [0, T ] −→Wh

ð�:<69M
Ā(t) ∈Wh

(
ĀD(t)

) Jz=Z8
t ∈ [0, T ],H9698
A!H
H�A!H

σ : [0, T ] −→ Σh,Â/Yg5ZH969:>¿�H
698�57:<_*H
εp : [0, T ] −→ Ep

h,Â/Yg5ZH969:>¿�Q�Ä/Y<69:<Â/Y<:>Ad8
Λ: [0, T ] −→ Λ,

H�5769:>H'J]G¬:<_/\S69M*A�¿!=Z_*H
69:<69Ä/69:<Ù.A�8
AdYg5769:>=Z_

σ(ξ, t) = 2µ
(

sym(Du(ξ, t)) − εp(ξ, t)
)

+ λdiv(u)(ξ, t)I + 2µc(skew(Du)(ξ, t)− Ā(ξ, t))

J]=Z8
(ξ, t) ∈ Ξh × [0, T ]

b¦Ä*H9:<_/\
σ(ξ, t) := σ(t)(ξ)

J]=Z8
σ(t) ∈ Σh

dDE°69M*A�A!ú¬Ä/:<Y<: Û 89:<Ä/QõA!ú^Ä�5769:>=Z_*H
∫

Ω
σ(t) : Dv dx = `(t,v), t ∈ [0, T ], v ∈ Vh( � ) ,

µL2
c

∫

Ω
DĀ(t) ·DB̄ dx = µc

∫

Ω

(
skew(Du(t)) − Ā(t)

)
: B̄ dx, t ∈ [0, T ], B̄ ∈Wh(0)

b¦ð�M*Ad8
A
DĀ ·DB̄ =

∑
ijk ∂iAjk∂iBjk

dDE°69M*A¾[�=Pðò89Ä/Y>A

d

dt
εp(ξ, t) = Λ(ξ, t)Dφ

(
TE(ξ, t)

)
, (ξ, t) ∈ Ξh × [0, T ] ,

f/AdÂ�Ad_*f°:<_/\@=Z_

TE(ξ, t) = 2µ
(

sym(Du(ξ, t))− εp(ξ, t)
)

(ξ, t) ∈ Ξh × [0, T ] ,

57_*f�69M*A�¿!=ZQSÂ/Y>AdQÁAd_^6�5789Gc¿!=Z_*f°:<69:>=Z_*H�b]F�5789Ä*H9M°Õ�F�Ä/M/_°Õ�¾�Ä*¿
U.Ad8�d

Λ(ξ, t)φ
(
TE(ξ, t)

)
= 0, Λ(ξ, t) ≥ 0, φ

(
TE(ξ, t)

)
≤ 0, (ξ, t) ∈ Ω× [0, T ] .



¿ ;5<>=1?A@�@CB>D�<8ECF1?AG5HJI	K�L$DMI4B$NO<8HQP1RSR5?UTVB$W�=�XYE�<$NZI	?U=�?AT�L
� ½��e¼.¸S�.·P½�¼��°·P½¦¹�¶ ½]¶ ·P½4���*´ ¾3M*AâQÁ=¬f/AdY�=7J%:<_*¿d8
AdQÁAd_¬6�57Y�:<_°À*_/:<6
A!H9:<Qa57Y�K,=qH
H
Ad8�576¢Â/Yg5ZH969:>¿d:<6�G2:>H
= Û 6�57:<_*A!f Û G¢5Áf/A!¿!=ZQSÂ�=qH9:<69:>=Z_

0 = t0 < t1 < · · · < tN = T
=7J	69M*A�69:<QÁA�:<_^6
Ad89Ùq57Y�57_*f�69M*A Û 5Z¿
UIð,578
fÀa(Ä/Y>Ad8�H
¿�M*AdQÁA5k(Jz=Z8

n = 1, 2, 3, ...
E�69M*A�_*ADãI6�:<_*¿d8
AdQÁAd_¬6

f/AdÂ�Ad_*f/H�=Z_â69M*A�Qa576
Ad89:g57Y	M/:>H96
=Z89Ghf/A!H
¿d89: Û A!f Û G
εn−1
p

b¦ð�M*Ad8
A
ε0
p = 0

576
t0 = 0

:>H�\q:<Ù.Ad_1dDE�69M*A
_*Adð Y>=.5Zf

`n[v] = `(tn,v)
57_*fc69M*A�_*Adð�m�:<89:>¿
M/Y>Ad6 Û =ZÄ/_*f*5789G�ÙZ57Y<Ä*A!H

unD = uD(tn)
57_*f

ĀnD =
ĀD(tn)

ÖùWXA�¿!=ZQSÂ/Ä/6
Ah69M*A�f°:>H9Â/Yg5Z¿!AdQÁAd_^6
un ∈ Vh(unD)

H�5769:>H9J¦GI:<_/\¨69M*A�A!H
H
Ad_¬69:g57Y Û =ZÄ/_*f*5789G
¿!=Z_*f°:<69:>=Z_*HeEZ69M*A,H9698
A!H
H

σn ∈ Σh
E769M*ANQS:>¿d8
=Z8
=Z6�5769:>=Z_

Ān ∈Wh(ĀnD)
E769M*ANÂ/Yg5ZH969:>¿,H9698�57:<_

εnp ∈ Ep
h

E
57_*f�69M*A�Â/Yg5ZH969:>¿�Q%Ä/Y<69:<Â/Y<:>Ad8

Λn ∈ Λ
H�5769:>H9J¦GI:<_/\S69M*A�¿!=Z_*H969:<69Ä/69:<Ù.A�8
AdYg5769:>=Z_

σn(ξ) = 2µ
(

sym(Dun(ξ))− εnp (ξ)
)

+ λdiv(un)(ξ)I

+ 2µc
(

skew(Dun(ξ))− Ān(ξ)
)
, ξ ∈ Ξh ,

b�ÁAd
69M*A�A!ú¬Ä/:<Y<: Û 89:<Ä/QõA!ú¬Ä�5769:>=Z_*H

∫

Ω
σn : Dv dx = `n[v], v ∈ Vh( � ) b�Âq5�d

µL2
c

∫

Ω
DĀn ·DB̄ dx = µc

∫

Ω

(
skew(Dun)− Ān

)
: B̄ dx, B̄ ∈Wh(0) ,

b�Â Û d
69M*A¾[�=Pðò89Ä/Y>A

1

tn − tn−1

(
εnp (ξ)− εn−1

p (ξ)
)

= Λn(ξ)Dφ
(
T nE(ξ)

)
, ξ ∈ Ξh ,

f/AdÂ�Ad_*f°:<_/\a=Z_

T nE(ξ) = 2µ
(

sym(Dun(ξ))− εnp (ξ)
)
, ξ ∈ Ξh ,

b�Ã�d
57_*f�69M*A�¿!=ZQSÂ/Y>AdQÁAd_¬6�5789Gh¿!=Z_*f°:<69:>=Z_*H�b]F�5789Ä*H
M°Õ�F�Ä/M/_°Õ�¾�Ä*¿
U.Ad8�d

Λn(ξ)φ
(
T nE(ξ)

)
= 0, Λn(ξ) ≥ 0, φ

(
T nE(ξ)

)
≤ 0, ξ ∈ Ξh .

p¬:<_*¿!A�69M*A�Â/8
= Û Y>AdQõ:>H�8�576
ADÕx:<_*f/AdÂ�Ad_*f/Ad_^6eE�8
A!H
¿e57Y<:<_/\Ã=7J�69M*A%69:<QÁA�Â�578�57QÁAd6
Ad8�f/=IA!H�_*=Z6B5�C�A!¿d6�69M*A
QÁ=If/AdYxÖL¾3M^Ä*HeE*ðNA�f/ADÀ*_*A

γn = 2µ(tn − tn−1)Λn ∈ Λ
E°:xÖ/AqÖ<E/69M*A¾[�=eð 89Ä/Y>A�M�5ZH�69M*A�Jz=Z89Q

εnp (ξ) = εn−1
p (ξ) +

γn(ξ)

2µ
Dφ
(
T nE(ξ)

)
, ξ ∈ Ξh .

b�Ä5d

¾�=Z\.Ad69M*Ad8�ð�:<69M�b�ÁAdDEMb�Â�d357_*fhb�Ã�ddEIð,A�¿e57_¢H
6�576
A�69M*A�J]Ä/Y<Y<G@f°:>H�¿d8
Ad6
A�AdYg5ZH
6
=7ÕxÂ/Yg5ZH969:>¿�K,=qH
H
Ad8�5763Â/8
= Û Õ
Y>AdQ]k�Jz=Z8�\q:<Ù.Ad_

εn−1
p ∈ Ep

h

À*_*f
σn, T nE ∈ Σh

E
un ∈ Vh(unD)

E
Ān ∈ Wh(ĀnD)

E	57_*f
γn ∈ ΛH9Ä*¿�M�69M�576

T nE(ξ) = 2µ
(

sym(Dun(ξ))− εn−1
p (ξ)

)
− γn(ξ)Dφ

(
T nE(ξ)

)
ξ ∈ Ξh ,

b�Åq5�d

φ
(
T nE(ξ)

)
≤ 0, γn(ξ)φ

(
T nE(ξ)

)
= 0, γn(ξ) ≥ 0, ξ ∈ Ξh ,

b�Å Û d

σn(ξ) = T nE(ξ) + λdiv(un)(ξ)I + 2µc
(

skew(Dun(ξ))− Ān(ξ)
)
, ξ ∈ Ξh,

b�ÅZ¿�d
∫

Ω
σn : Dv dx = `n[v], v ∈ Vh( � ) b�ÅZfod

µL2
c

∫

Ω
DĀn ·DB̄ dx = µc

∫

Ω

(
skew(Dun)− Ān

)
: B̄ dx, B̄ ∈Wh(0) .

b�ÅZA�d

¾3M*Ad_�E°Jz=Z8�69M*A�_*ADã°6�69:<QÁA�H96
AdÂ
εnp

:>H�f/Ad6
Ad89QS:<_*A!f Û G¢69M*A�f°:>H
¿d8
Ad6
A¾[�=Pð 89Ä/Y>A�b�Ä5ddÖ

ë ´ �Z� �c¼(�¦¹o�8�A�!·O�L¹�½¦¶�·Æ��¸�¹�Ç#�¬¼q·P½¦¹�¶
¾3M*A%57Y<\.=Z89:<69M/QS:>¿�698
Ae5769QÁAd_^6�=7J(69M*A�:<_*¿d8
AdQÁAd_^6�57Y	Â/Yg5ZH969:>¿d:<6�G�Â/8
= Û Y>AdQõ8
AdY<:>A!H�=Z_cA!ú^Ä/:<Ùq57Y>Ad_^6�¿
M�578'Õ
5Z¿d6
Ad89:<;P5769:>=Z_*H3= Û 6�57:<_*A!f Û G�69M*AB¿dY>=qH
A!H96LÂ�=Z:<_^6VÂ/8
=7ö'A!¿d69:>=Z_¢=7J�578 Û :<698�5789GÁH
698
A!H
H
A!H(6
=%69M*A�5Zf°QS:>H
H9: Û Y>A
H9698
A!H
H�A!HeÖZp¬:<_*¿!A&69M*A&H
Ad6�=7J35Zf°QS:>H
H
: Û Y>ASH9698
A!H
H
A!H�:>H�¿!=Z_^Ù.ADã�E�69M*A&¿!=ZQSÂ/Ä/6�5769:>=Z_à=7J,69M*A&Â/8
=7ö'A!¿d69:>=Z_
=Z_^6
=Á69M/:>H�H
Ad6�:>H�5&H
6�57_*f*578
f�Â/8
= Û Y>AdQõ:<_�¿!=Z_¬Ù.ADãh=ZÂ/69:<QS:<;P5769:>=Z_�Ö



WhL$u�R5v1w�IxuM=lHQ?(w1F�uMXy@�uMTzWM=y?AR{WML�w1u1|	;AR{WML�w�IxE]EouVL$L$?UT�WAwyH7uMXM?(R È
É ¸7¹CÇ>�^¼q·P½¦¹�¶â¹�¶�·e¹a· � �c�8�.·�¹o���/º��§½��8�P½�Ê������!·e¸S�(�8�8�A�q´ ÷�Ad6

PK : Sym(d) −→ K
Û AV69M*A3=Z8969M*=Z\ZÕ

=Z_�57YLÂ/8
=7ö9A!¿d69:>=Z_§=Z_^6
=h69M*AÁ¿!=Z_^Ù.ADãàH�Ad6%=7J�5Zf°QS:>H�H9: Û Y>AaH9698
A!H�H
A!H
K = {τ ∈ Sym(d) : φ(τ ) ≤ 0}ð�:<69Ma8
A!H9Â�A!¿d6V6
=%69M*A�_*=Z89Q |τ | = √τ : τ

Ö�?�=Z6
A�69M�576
0 ∈ K

b]H9:<_*¿!A
φ(0) < 0

dDÖtWXA�5ZH
H9Ä/QÁA�69M�576
φ
:>H�H9QÁ=¬=Z69M�J]=Z8

τ 6= 0
Ö

Ëg©1ª¾ª7«�¦�¯J°�Ç Ë Å Ì£± Æ Ñ θ ∈ Sym(d)
É ² Æ,Ô Ë Ç9Ì!Æ Í É Ì Ç Ñ T = PK(θ) ∈ K Ì Ó ô¬Ñ�Ì4Ídô Æ Ï�Ð@Ú ÆdÉ�Æ Ë È Ì¦Ñ Æ Ú ¶DÐ

É ² Æ�ÓdÇ Ï�ô É Ì Ç Ñ (T, γ) ∈ Sym(d)× R Ç ¸ É ² Æ¾Î¾ÎrÏtÊ�Ó Ð ÓDÉ�ÆdÈ

0 = T − θ + γDφ(T ) ,
b�Ðq5�d

0 ≥ φ(T ), γφ(T ) = 0, γ ≥ 0.
b�Ð Û d

ÑÒ¬1Ó�Ó�ÔM¯3¾3M*A�¿!=Z_*H9698�57:<_¬6�QS:<_/:<QS:<;P5769:>=Z_âÂ/8
= Û Y>AdQ

T ∈ Sym(d) :
1

2
|T − θ|2 = min

H
Ä Û ö'A!¿d6�6
=
φ(T ) ≤ 0

H�5769:>H'À�A!H�69M*AOp¬Yg576
Ad8%¿!=Z_*f°:<69:>=Z_Õb]H9:<_*¿!A
φ(0) < 0

dDÖ&¾3M^Ä*HeE�69M*A&QS:<_/:<QS:<;eAd8%:>H�¿
M�578�5Z¿d6
Ad89:<;eA!f Û G¨5
H�5Zf/f°Y>A�Â�=Z:<_^6

(T, γ) ∈ Sym(d)× R =7J�69M*A�÷t57\q8�57_/\.A�J]Ä/_*¿d69:>=Z_�57Y

L(T, γ) =
1

2
|T − θ|2 + γ φ(T ) ,

57_*f�69M*A�¿!=Z898
A!H9Â�=Z_*f°:<_/\@F�F�¾,Õ�H9G°H96
AdQÖb�Ð�dDÖ �

��� �h¼.¹�¶�×1�(ØÙ�L¹*·8�I¶�·P½£����´ ¾3M*A�¿!=Z898
A!H9Â�=Z_*f°:<_/\@¿!=Z_¬Ù.ADã�Â�=Z6
Ad_¬69:g57Y>H�578
A�f/Ad_*=Z6
A!f Û G

ϕK(θ) =
1

2
|θ − PK(θ)|2 , ψK(θ) =

1

2
|θ|2 − 1

2
|θ − PK(θ)|2 ,

J]=Z8
θ ∈ Sym(d)

ÖV?�=Z6
A�69M�576�ðNA�M�5!Ù.A

DϕK(θ)[η] =
(
θ − PK(θ)

)
: η , θ,η ∈ Sym(d) .

b9¤8Ú�d
Ëg©1ª¾ª7«Ùº�¯ÆÏ ² Æ ¸)ôIÑ�Í É Ì Ç Ñ�ÎqÏ ψK(·) Ì Ó Í Ç Ñ�± Æ�´ µ Ñ Ç Ñ Ê Ñ ÆxÅ Î É Ì�± Æ µ ÎZÑ�ÚO· Æ ²IÎ{± Æ

DψK(θ)[η] = PK(θ) : η , θ, η ∈ Sym(d) .
b9¤5¤�d

ÑÒ¬1Ó�Ó�ÔM¯3¾3M*A�=Z8969M*=Z\.=Z_�57Y�Â/8
=7ö9A!¿d69:>=Z_
PK

:>H�Ä/_/:>ú^Ä*AdY<G¢¿
M�578�5Z¿d6
Ad89:<;eA!f Û G

(
θ − PK(θ)

)
:
(
η − PK(θ)

)
≤ 0, θ ∈ Sym(d), η ∈ K .

b9¤8¦�d

\�_*H�Ad8969:<_/\ b9¤8Ú�d(\q:<Ù.A!H
DψK(θ)[η] = θ : η−DϕK(θ)[η] = PK(θ) : η

E¬57_*fSð,A�= Û 6�57:<_@J¦8
=ZQÛb9¤8¦�d
J]=Z8
θ,η ∈ Sym(d)

ψK(θ)− ψK(η)−DψK(η)[θ − η]

= PK(θ) : θ − 1

2
PK(θ) : PK(θ)− PK(η) : η +

1

2
PK(η) : PK(η)− PK(η) : (θ − η)

=
(
PK(θ)− PK(η)

)
:
(
θ − PK(θ)

)
+

1

2
|PK(θ)− PK(η)|2 ≥ 1

2
|PK(θ)− PK(η)|2.

¾3M^Ä*HeE
DψK(η)[θ−η] ≤ ψK(θ)−ψK(η)

EZ:xÖZAqÖ<E
DψK

:>H�QÁ=Z_*=Z6
=Z_*A�57_*f�69M*Ad8
ADJ]=Z8
A
ψK

:>H	¿!=Z_^Ù.ADã�Ö
`�:<_�57Y<Y<G.E*H9:<_*¿!A

0 ∈ K
ðNA�M�5eÙ.A

ψK(θ) =
1

2
|θ|2 − 1

2
|θ − PK(θ)|2 ≥ 1

2
|θ|2 − 1

2
|θ − 0|2 = 0 .

�



Ü ;5<>=1?A@�@CB>D�<8ECF1?AG5HJI	K�L$DMI4B$NO<8HQP1RSR5?UTVB$W�=�XYE�<$NZI	?U=�?AT�L
Ý Ø��������£��´ WXA@¿!=Z_*H9:>f/Ad8&69M*A¢AdÙq57Y<Ä�5769:>=Z_²=7JB69M*AaÂ/8
=7ö9A!¿d69:>=Z_ßJ]=Z8�69M*A¢¿dYg5ZH
H9:>¿e57Y,Ù.=Z_ß`c:>H
A!HZ[�=eð
89Ä/Y>A

φ(T ) = |dev(T )| −K0
Jz=Z8�\q:<Ù.Ad_¥b¦GI:>AdY>fhH
698
A!H
H�d

K0 > 0
Ö�`*=Z8

θ ∈ K
ð,A�M�5eÙ.A

T = θ
57_*f

γ = 0
Ö j 69M*Ad89ð�:>H�AqE*69M*A�F�F�¾,Õ�H9G°H96
AdQ

0 = T − θ + γ
dev(T )

|dev(T )| ,

0 = |dev(T )| −K0

M�5ZH�5&Ä/_/:>ú¬Ä*A�H
=ZY<Ä/69:>=Z_�E�57_*f¢Ä*H9:<_/\
dev(θ) =

(
1 +

γ

|dev(T )|
)

dev(T )
ð,A�= Û 6�57:<_

PK(θ) = θ −max
{

0, |dev(θ)| −K0

} dev(θ)

|dev(θ)| ,

γ = max
{

0, |dev(θ)| −K0

}
,

ψK(θ) =

{
1
2 |θ|2 |dev(θ)| ≤ K0 ,

1
2

(
1
d tr(θ)2 + 2K0 |dev(θ)| −K2

0

)
|dev(θ)| > K0 ,

H
A!ASÜ�ä�ê�æ Ý ç�æ Ý ë Þ Ö
m�ADÀ*_/:<_/\
m(s) = max{0, s} 57_*f¢Ä*H
:<_/\

∂m(s) =





1 s > 0
[0, 1] s = 0

0 s < 0
ðNA%= Û 6�57:<_�J]=Z8�69M*A�Q%Ä/Y<69:[ÕxÙq57Y<Ä*A!fhf/Ad89:<Ùq5769:<Ù.A%=7J	69M*A�Â/8
=7ö'A!¿d69:>=Z_

∂PK(θ)[τ ] = τ − ∂m(|dev(θ)| −K0)
dev(θ) : dev(τ )

|dev(θ)|
dev(θ)

|dev(θ)|

−m(|dev(θ)| −K0)
( dev(τ )

|dev(θ)| −
dev(θ) : dev(τ )

|dev(θ)|
dev(θ)

|dev(θ)|2
)
,

:xÖ/AqÖ<E

∂PK(θ) = 11− ∂m(|dev(θ)| −K0)
dev(θ)

|dev(θ)| ⊗
dev(θ)

|dev(θ)|
b9¤8º�d

−m(|dev(θ)| −K0)

|dev(θ)|
((

11− 1
dI⊗ I

)
− dev(θ)

|dev(θ)| ⊗
dev(θ)

|dev(θ)|
)
.

`*=Z8�69M*A%H9Â�A!¿d:g57Y�¿�M*=Z:>¿!A
m′(s) ∈ ∂m(s)

f/ADÀ*_*A!f Û G

m′(s) =

{
1 s > 0
0 s ≤ 0

ðNA%= Û 6�57:<_�69M*A�Jz=ZY<Y>=eð�:<_/\a8
Ae57Y<:<;P5769:>=Z_
C(θ) ∈ ∂PK(θ)

Jz=Z8�69M*A�¿!=Z_*H9:>H
6
Ad_^6�6�57_/\.Ad_¬6Bf/ADÀ*_*A!f Û G

C(θ) =

{
11 |dev(θ)| ≤ K0 ,

1
dI⊗ I + K0

|dev(θ)|

((
11− 1

dI⊗ I
)
− dev(θ)
|dev(θ)| ⊗

dev(θ)
| dev(θ)|

)
|dev(θ)| > K0 .

p¬:<_*¿!A
C(θ) ∈ ∂2ψK(θ)

:>H�69M*A�H
A!¿!=Z_*f�Ùq5789:g5769:>=Z_h=7J	69M*A�¿!=Z_^Ù.ADã�J]Ä/_*¿d69:>=Z_
ψK(·) E�69M*A�¿!=Z_*H9:>H96
Ad_¬66�57_/\.Ad_^6

C(θ)
:>H�Â�=qH9:<69:<Ù.AÁH
AdQS:[Õ�f/ADÀ*_/:<6
AqÖ¢`â=Z8
A!=eÙ.Ad8eE�ðNAaM�5!Ù.A

C(θ) : dev(θ) = 0
Et:xÖ�AqÖ<E

C(θ):>H�_*=Z6�Â�=qH9:<69:<Ù.ASf/ADÀ*_/:<6
AqÖÆ`/Ä/8969M*Ad89QÁ=Z8
AqE
ψK(·) :>H�_*=Z6�H96989:>¿d69Y<Gâ¿!=Z_¬Ù.ADãà57_*fñ:<6�:>H%=7J35ZH9GIQSÂ/6
=Z69:>¿Y<:<_*Ae578�\q8
=Pð�69M§Ü�ä�ê Þ Ö

?�=Z6
A�69M�576
m(·) 57_*f�69M*Ad8
ADJ]=Z8
A PK

:>H�H�AdQS:[Õ�H9QÁ=¬=Z69McH�5769:>H'J]G¬:<_/\

sup
A∈∂PK(θ+δτ )

∣∣PK(θ + δτ )− PK(θ)− δA[τ ]
∣∣ = o(δ) .

í�H�5�¿!=Z_*H�A!ú^Ä*Ad_*¿!AqE/69M*A�_*=Z_/Y<:<_*Ae578�Â/8
= Û Y>AdQõð�M/:>¿
M�ð�:<Y<Y Û A�H
69Ä*f°:>A!f¢:<_�69M*AB_*ADã°6�H
A!¿d69:>=Z_�:>H�H
AdQS:[Õ
H9QÁ=I=Z69MX5ZHBð,AdY<YxÖ�¾3M^Ä*HPE�69M*A�¿!=Z_¬Ù.Ad89\.Ad_*¿!AÁ57_�57Y<GIH
:>H�J]=Z8�\.Ad_*Ad8�57Y<:<;eA!f¨?BAdð�6
=Z_ñQÁAd69M*=If/HSÜ�ç�å Þ ¿e57_
Û A�57Â/Â/Y<:>A!f�Ö



WhL$u�R5v1w�IxuM=lHQ?(w1F�uMXy@�uMTzWM=y?AR{WML�w1u1|	;AR{WML�w�IxE]EouVL$L$?UT�WAwyH7uMXM?(R Þ
ä ´Oß¾�/¸Z½��°·P½¦¹�¶����¹��¹�¸{�ñ»����°·P½¦¹�¶2¹o��· � �hº	½��e¼.¸S�.·8�À�A���C�!·e¹C�*�����C�!·P½¦¼l�%¹o���8�^¸S�°·Y�X¹�º��A�

m�AdÂ�Ad_*f°:<_/\a=Z_
un

57_*f
εn−1
p

ðNA�f/ADÀ*_*A�69M*A�6989:g57Y�H9698
A!H
H

θn(ξ) = 2µ
(

sym(Dun(ξ))− εn−1
p (ξ)

)
ξ ∈ Ξh ,

b9¤#ÁAd
:xÖ/AqÖ<E

T nE(ξ) = θn(ξ)− γn(ξ)Dφ
(
T nE(ξ)

)
ξ ∈ Ξh .

Ëg©1ª¾ª7«hÁ1¯0Ï ² Æ�Ó Ð ÓDÉ�ÆDÈàb�Å�d ¸ Ç Ë É ² Æ ÚZÌ Ó ÍdË ÆdÉ�Æ�Æ Ï[Î ÓdÉxÇZÊ<Ô Ï[Î ÓdÉ Ì]Í Ò(ÇZÓ�Ó!Æ Ë'Î É�ÈÁÇ Ú Æ Ï�Ì Ó�Æ ÍdôIÌ£±�ÎqÏ Æ Ñ ÉLÉxÇ�É ² Æ
¸ Ç ÏRÏ Ç ·(Ì¦Ñ Å Ñ Ç Ñ*Ï�ÌRÑ Æ ÎZËn±�ÎZËDÌ]Î É Ì Ç Ñ�ÎZÏ Ô Ë Ç ¶DÏ ÆDÈOá
¸ Ç Ë Å Ì£± Æ Ñ εn−1

p

³ Ñ�Ú (un, Ān) ∈ Vh(unD)×Wh(ĀnD)
Ó ô°Í$² É ²IÎ É

∫

Ω
PK

(
2µ(sym(Dun)− εn−1

p )
)

: Dv dx + λ

∫

Ω
div(un) div(v) dx

+ 2µc

∫

Ω

(
skew(Dun)− Ān

)
: Dv dx = `n[v], v ∈ Vh( � ) , b9¤8Âq5�d

µL2
c

∫

Ω
DĀn ·DB̄ dx = µc

∫

Ω

(
skew(Dun)− Ān

)
: B̄ dx, B̄ ∈Wh(0) .

b9¤8Â Û d

ÑÒ¬1Ó�Ó�ÔM¯J\�_*H�Ad8969:<_/\a÷�AdQSQa5O¦�ð,A�= Û 6�57:<_hf°:<8
A!¿d69Y<G¢69M�576Zb�Åq5�ddE�b�Å Û d3:>H�A!ú^Ä/:<Ùq57Y>Ad_^6�6
=

T nE(ξ) = PK

(
θn(ξ)

)
, ξ ∈ Ξh .

¾3M*Ad_�E!b�ÅZ¿�d,\q:<Ù.A!H

σn(ξ) = PK

(
θn(ξ)

)
+ λdiv(un)(ξ)I + 2µc

(
skew(Dun(ξ))− Ān(ξ)

)
, ξ ∈ Ξh,

57_*f�b9¤8Â�dNJz=ZY<Y>=eð�H3J]8
=ZQÖb�ÅZfod�57_*f¥b�ÅZA�dDÖ �
\�6N:>HV:<QSÂ�=Z896�57_^6,6
=�= Û H
Ad89Ù.A�69M�576,69M*A�ð,Ae57USJz=Z89Qó=7J�69M*A�:<_*¿d8
AdQÁAd_¬6�57YtK,=qH
H
Ad8�576NÂ/8
= Û Y>AdQ H
69:<Y<Y�M�5ZH
5�ÙZ5789:g5769:>=Z_�57Y�H96989Ä*¿d69Ä/8
A�:<_�69M*A�Jz=ZY<Y>=eð�:<_/\ÃH
Ad_*H
AqÖ
Ëg©1ª¾ª7«ÙÂ�¯Qâ Ñ*Ð È Ì¦Ñ*Ì È Ì	e Æ Ë (un, Ān) ∈ Vh(unD)×Wh(ĀnD)

Ç ¸ É ² Æ ¸DôIÑ�Í É Ì Ç Ñ�ÎZÏ
Inincr(u, Ā) = Eincr(Du, Ā, εn−1

p )− `n[u]
b9¤8Ã�d

ÓdÇ Ï�± Æ)ÓhÉ ² Æ Ñ Ç Ñ*Ï�ÌRÑ Æ ÎZË_±�ÎZËDÌzÎ É Ì Ç Ñ�ÎZÏ Ô Ë Ç ¶DÏ ÆDÈ b9¤8Â�d>ãåä�Æ Ë Æ Eincr
Ú Æ Ñ ÇqÉ�Æ)ÓhÉ ² Æ ¸DË Æ
Æ¨Æ Ñ Æ Ë Å Ð Ç ¸ É ² Æ

ÌRÑ�ÍdË ÆdÈÁÆ Ñ É ÎZÏ Ô Ë Ç ¶DÏ ÆDÈ Ú Æ�³ Ñ Æ Ú_¶DÐ

Eincr(Du, Ā, εp) =
1

2µ

∫

Ω
ψK

(
2µ(sym(Du)− εp)

)
dx +

λ

2

∫

Ω
tr(Du)2 dx

+ µc

∫

Ω
| skew(Du)− Ā|2 dx + µL2

c

∫

Ω
|DĀ|2 dx . b9¤�Ä5d

?B=Z6
AB69M�576,J]=Z8,69M*A�À*8
H96369:<QÁABH96
AdÂ
n = 1

57_*f
ε0
p = 0

E
µc = 0

E
Lc = 0

69M*A�J]Ä/_*¿d69:>=Z_�57Y
I1

incr(u, 0̄)8
A!f°Ä*¿!A!H�6
=&69M*A�Â/89:<Qa57Y�Â/Yg5ZH
69:>¿�J¦Ä/_*¿d69:>=Z_�57Yt=7J�H96�5769:>¿�Â�Ad8'JzA!¿d6�Â/Yg5ZH969:>¿d:<6�G�b4^�Ad_*¿
UIG@Â/Yg5ZH969:>¿d:<6�GCd�Ü�å�ä�æ
ä�ê�æ Ý ç�æ Ý ë Þ Ö
ÑÒ¬1Ó�Ó�ÔM¯3í�_¬G¢QS:<_/:<QS:<;eAd8�:>HB5&¿d89:<69:>¿e57YtÂ�=Z:<_¬6eE*:xÖ*AqÖ<E

DInincr(u, Ā) = 0
Ö�`*8
=ZQæb9¤5¤�d,ð,A�= Û 6�57:<_�Jz=Z8

69M*A�À*8
H96�Ùq5789:g5769:>=Z_h=7J
Inincr

ð�:<69M�8
A!H9Â�A!¿d6�6
=
u

D1I
n
incr(u, Ā)[v] =

1

2µ

∫

Ω
PK

(
2µ(sym(Du)− εn−1

p )
)

:
(
2µ sym(Dv)

)
dx

+ λ

∫

Ω
div(u) div(v) dx + 2µc

∫

Ω

(
skew(Du)− Ā

)
: skew(Dv) dx − `n[v]

ð�M/:>¿
McÂ/8
=eÙ.A!HZb9¤8Âq5�d>i*57_�57Y>=Z\.=ZÄ*H9Y<G
D2I

n
incr(u

n, Ān)[B̄] = 0
\q:<Ù.A!H�b9¤8Â Û ddÖ �



çtè ;5<>=1?A@�@CB>D�<8ECF1?AG5HJI	K�L$DMI4B$NO<8HQP1RSR5?UTVB$W�=�XYE�<$NZI	?U=�?AT�L
å ´O~@¶����£é��P½��Á¹o��· � �âº�½��e¼.¸S�.·8�y�A���C�!·e¹��*�����C�!·P½¦¼l�%¹1�8�8�^¸S�°·Y�à¹�º��U�

`*=Z8¢69M*A¨57_�57Y<GIH
:>HÃ=7J�69M*AhQÁ=If/AdY�ðNAâ8
A!H96989:>¿d6�=ZÄ/8
H
AdY<Ù.A!H¢6
=§69M*AcÂ/Ä/8
Alm�:<89:>¿
M/Y>Ad6�Â/8
= Û Y>AdQ�ð�:<69M
M*=ZQÁ=Z\.Ad_*A!=ZÄ*H Û =ZÄ/_*f*5789Gá¿!=Z_*f°:<69:>=Z_*H

uD ≡ � 57_*f ĀD ≡ 0
=Z_

ΓD = ∂Ω
E36
=XY<:<_*Ae578@À*_/:<6
A

AdY>AdQÁAd_^6
H
Vh

E
Wh

E�57_*fñ6
=¢QS:>fIÕxÂ�=Z:<_^6%ú¬Ä�5Zf°8�5769Ä/8
AÁ=Z_¨69M*AS6989:g57_/\qY>A!H%=Z8�6
Ad698�57M*A!f°8�5°ÖÁ¾3M^Ä*HeE�ðNA
¿e57_�:>f/Ad_¬69:[J¦G�69M*ALf°:>H
¿d8
Ad6
ANH9698
A!H
H�H
Â�5Z¿!A

Σh
ð�:<69M%AdY>AdQÁAd_^6'Õxð�:>H�AN¿!=Z_*H96�57_¬6�J]Ä/_*¿d69:>=Z_*H�:<_

L2(Ω,Rd,d)
Ö

f,G@5 Û Ä*H
A�=7J�_*=Z6�5769:>=Z_�ð,A�H
Ad6
Vh := Vh( � ) 57_*f Wh := Wh(0)

E/H�=�69M�5763ð,A�M�5!Ù.A
Vh ⊂ V

57_*f
Wh ⊂ W

E�ð�M*Ad8
A
V = H1

0 (Ω,Rd)
57_*f

W = H1
0 (Ω, so(d))

ÖS¾3M*AS_*=Z89Q :<_
L2(Ω)

:>H�f/Ad_*=Z6
A!f
Û G ‖ · ‖ Öm�Ä*A�69M*A�69M*A Û =ZÄ/_*f*5789G�¿!=Z_*f°:<69:>=Z_*HeE*4�=Z:<_*¿e578���¿!=Z_*H96�57_¬6
H

C0, C1
ADã°:>H96
H�H9Ä*¿�M�69M�576

‖v‖ ≤ C0 ‖Dv‖, v ∈ V ,
b9¤8Å�d

‖B̄‖ ≤ C1 ‖DB̄‖, B̄ ∈W ,
57_*f�E�5&¿!=Z_*H96�57_¬6

C3 > 0
ADã°:>H96
H�H9Ä*¿�M�69M�576

‖Dv‖2 ≤ C3

(
‖div v‖2 + ‖ curl v‖2

)
, v ∈ V ,

b9¤8Ð�d
H
A!ASÜ Ý ê Þ ÖL?�=Z6
A�69M�576�ðNA�M�5!Ù.A

‖div(v)‖2 + ‖ curl(v)‖2 = ‖ tr(Dv)‖2 + ‖ skew(Dv)‖2 . b�¦5Ú�d
`�:<_�57Y<Y<G.E/ðNA%f/ADÀ*_*A ‖`n‖V′ = sup

‖Dv‖=1
|`n[v]| Ö

ê�ë�©oÓ�¬V©1ª½Ã�¯ÆÏ ² Æ ¸)ôIÑ�Í É Ì Ç Ñ�ÎZÏ Inincr : V×W −→ R Ì¦Ñ b9¤8Ã�d Ì Ó ôIÑ*Ì ¸ Ç Ë È Ï�ÐaÍ Ç Ñ�± Æ�´ ÎqÑ�Úr¶ Ç ô¬Ñ�Ú Æ Ú
¸DË ÇZÈ ¶ Æ Ï Ç · Ó Î É Ì Ó ¸DÐZÌRÑ Å

Inincr(u, Ā) ≥ µcc4
(
‖Du‖2 + ‖DĀ‖2

)
− 1

4µcc4
‖`n‖2V′ .

b�¦�¤�d

ìâÇ Ë Æ9Ç ± Æ Ë µ ¸ Ç Ë µc ∈ (0, µ]
É ² Æ Í Ç Ñ ÓdÉ ÎZÑ É c4

Ì Ó Ì¦Ñ�Ú Æ�Ô/Æ Ñ�Ú Æ Ñ É3Ç ¸ µc ã

ÑÒ¬1Ó�Ó�ÔM¯J\�_�69M*A�À*8
H96�H96
AdÂ�E°ð,A�H9M*=Pðò69M�576�69M*A�H9GIQSQÁAd6989:>¿ Û :<Y<:<_*Ae578�Jz=Z89Q

b[(u, Ā), (v, B̄)] = λ

∫

Ω
div(u) div(v) dx + 2µL2

c

∫

Ω
DĀ ·DB̄ dx

+ 2µc

∫

Ω

(
skew(Du)− Ā

)
:
(

skew(Dv) − B̄
)
dx

:<_*f°Ä*¿!A!HB5Á¿!=¬Ad8
¿d:<Ù.A�ú^Ä�5Zf°8�5769:>¿�J]=Z89Q�Ö¹\�_*H
Ad8969:<_/\ ‖ skew(Du)− Ā‖2 ≥ (1 − α) ‖ skew(Du)‖2 +
(1− 1

α) ‖Ā‖2 , ð�:<69M α ∈ (0, 1)
GI:>AdY>f/H�6
=Z\.Ad69M*Ad8�ð�:<69M¥b9¤8Ð�d

b[(u, Ā), (u, Ā)] ≥ λ ‖div(u)‖2 + 2µL2
c‖DĀ‖2

+ 2µc(1− α) ‖ skew(Du)‖2 + 2µc

(
1− 1

α

)
‖Ā‖2

≥ λ ‖div(u)‖2 + µL2
c‖DĀ‖2

+ 2µc(1− α) ‖ skew(Du)‖2 +
(

2µc

(
1− 1

α

)
+
µL2

c

C2
1

)
‖Ā‖2 ,

ð�M/:>¿
Mc\q:<Ù.A!H3Jz=Z8
1 > α > µc

µ+
µL2
c

C2
1

≥ µc

µc+
µL2
c

C2
1

57_*f
µc ∈ (0, µ]

b[(u, Ā), (u, Ā)] ≥ 4µcc4
(
‖Du‖2 + ‖DĀ‖2

)

Ä*H9:<_/\íb�¦5Ú�ddEtð�M*Ad8
A
c4
f/AdÂ�Ad_*f/H�=Z_

λ
E
µ
57_*f

Lc
Û Ä/6

c4
:>H%:<_*f/AdÂ�Ad_*f/Ad_^6&=7J

µc
ÖÃ¾3M¬Ä*HeE

Inincr(·):>H�Ä/_/:[Jz=Z89QSY<Gc¿!=Z_^Ù.ADã¨H9:<_*¿!A
ψK(·) :>H�¿!=Z_^Ù.ADã�E b[·, ·] :>H�¿!=IAd8
¿d:<Ù.AÁ57_*f `n[·] :>H�Y<:<_*Ae578eÖ�`�:<_�57Y<Y<G.E�ð,A



WhL$u�R5v1w�IxuM=lHQ?(w1F�uMXy@�uMTzWM=y?AR{WML�w1u1|	;AR{WML�w�IxE]EouVL$L$?UT�WAwyH7uMXM?(R ç&ç
= Û 6�57:<_�69M*A%5ZH
H�Ad8969:>=Z_�J¦8
=ZQ

ψK ≥ 0
57_*f

Inincr(u, Ā) ≥ 1

2
b[(u, Ā), (u, Ā)]− `n(u)

≥ 2µcc4
(
‖Dv‖2 + ‖DĀ‖2

)
− 1

4µcc4
‖`n‖2V′ − µcc4 ‖Du‖2 .

�
\�_�69M*A�Â/Ä/8
A0m�:<89:>¿
M/Y>Ad6�¿e5ZH
A�69M/:>H�\q:<Ù.A!H�f°:<8
A!¿d69Y<GÃJz=Z8�69M*A�_*=Z89Q

‖(u, Ā)‖V×W =
(
‖Du‖2 + ‖DĀ‖2

)1/2

69M*A�Jz=ZY<Y>=eð�:<_/\@5&Â/89:>=Z89: Û =ZÄ/_*f¢Jz=Z8�69M*A�H
=ZY<Ä/69:>=Z_�Ö
î Ó�¬oÓ�ï(ï5«�¬{ðñÄC¯_Ï ² Æ¢È Ì¦Ñ*Ì È Ì	eeÎ É Ì Ç Ñ Ô Ë Ç ¶dÏ ÆDÈòb9¤8Ã�d ²IÎ Ó ÎXô¬Ñ*Ì�Ídô Æ¢Ó!Ç Ï�ô É Ì Ç Ñ (unh, Ā

n
h) ∈ Vh ×

Wh
Ç ¸ É ² Æ ÚZÌ Ó ÍdË ÆdÉ�Æ Ì¦Ñ�ÍdË ÆDÈaÆ Ñ É ÎqÏ Ô Ë Ç ¶DÏ ÆDÈ µ ·�²¬Ì]Í$²XÌ Ó ô¬Ñ�Ì4Ídô Æ Ï�ÐñÍ#²IÎZË9Î.Í É�Æ ËDÌ�e Æ Ú¥¶dÐ É ² Æ Ñ Ç Ñ*Ï±Ì¦Ñ Æ ÎqË±�ÎZËDÌ]Î É Ì Ç Ñ�ÎZÏ Ô Ë Ç ¶DÏ ÆDÈób9¤8Â�d µ Ì ã�Æ�ã µ

DInincr(u
n
h, Ā

n
h)[vh, B̄h] = 0, (vh, B̄h) ∈ Vh ×Wh ,

b�¦5¦�d
ÎZÑ�ÚO·�²^ÌzÍ$² ÓdÇ Ï�± Æ)Ó%É ² Æ ÚZÌ Ó Í!Ë ÆdÉ�Æ%Ó Ð ÓDÉ�ÆDÈôb�Å�d8ã7ìâÇ Ë Æ9Ç ± Æ Ë µ · Æ ²IÎ5± Æ�É ² Æ Î Ô Ë)Ì Ç ËDÌ¹¶ Ç ôIÑ�Ú

‖(uh, Āh)‖2V×W ≤
2

µcc4

(
‖`n‖2V′ + 2µ ‖εn−1

p ‖2
)
.

b�¦5º�d

í�_�57Y>=Z\.=ZÄ*H
Y<G.E�5aÄ/_/:>ú¬Ä*A�H
=ZY<Ä/69:>=Z_
(un, Ān) ∈ V ×W =7JL69M*A%:<_*¿d8
AdQÁAd_¬6�57Y(Â/8
= Û Y>AdQ :<_â69M*A�¿!=Z_°Õ

69:<_^Ä*=ZÄ*HBH9Â�5Z¿!A!H�ADã°:>H96
HeE°H�5769:>H'J]GI:<_/\

DInincr(u
n, Ān)[v, B̄] = 0, (v, B̄) ∈ V ×W .

b�¦SÁAd
ê�ë�©�Ó�¬V©1ª¡Å�¯rõSÆ ²°Î{± Æ

‖(u− uh, Ā− Āh)‖V×W ≤
C5

µc
inf

(vh,B̄h)∈Vh×Wh

‖(u− vh, Ā− B̄h)‖V×W .
b�¦5Â�d

âLÅ ÎqÌRÑ C5
Ì Ó ÌRÑ�Ú Æ�Ô/Æ Ñ�Ú Æ Ñ É3Ç ¸ µc ∈ (0, µ]

ã
ÑÒ¬1Ó�Ó�ÔM¯7p¬:<_*¿!Aâ69M*A�Â/8
=7ö9A!¿d69:>=Z_

PK
:>H@_*=Z_°Õ�ADãIÂ�57_*H9:<Ù.AqE�69M*Acf/Ad89:<Ùq5769:<Ù.A

DInincr(·)
:>HaÄ/_/:[Jz=Z89QSY<G

÷�:<Â*H
¿�M/:<69;�¿!=Z_^69:<_¬Ä*=ZÄ*HBH)5769:>H'J¦GI:<_/\

‖DInincr(u, Ā)−DInincr(v, B̄)‖V×W ≤ C6 ‖(u, Ā)− (v, B̄)‖V×W
b�¦5Ã�d

ð�:<69M
C6 > 0

:<_*f/AdÂ�Ad_*f/Ad_^6S=7J
µc ∈ (0, µ]

Ölp¬:<_*¿!A
Inincr(·)

:>H%Ä/_/:[Jz=Z89QSY<Gà¿!=Z_¬Ù.ADãß57_*fà:<_*H�Ad8969:<_/\
b�¦5¦�ddE�b�¦SÁAddE�b�¦5Ã�d,\q:<Ù.A!H

µcc4 ‖(un − unh, Ā
n − Ānh)‖2V×W

≤ DInincr(u
n, Ān)[un − unh, Ā

n − Ānh]−DInincr(u
n
h, Ā

n
h)[un − unh, Ā

n − Ānh]

= −DInincr(u
n
h, Ā

n
h)[un − vh, Ā

n − B̄h]

= DInincr(u
n, Ān)[un − vh, Ā

n − B̄h]−DInincr(u
n
h, Ā

n
h)[un − vh, Ā

n − B̄h]

≤ ‖DInincr(u
n, Ān)−DInincr(u

n
h, Ā

n
h)‖V×W ‖(un − vh, Ā

n − B̄h)‖V×W
≤ C6 ‖(un − unh, Ā

n − Ānh)‖V×W ‖(un − vh, Ā
n − B̄h)‖V×W .

�
¨�©1ª7«�¬V­öÐ�¯qä�Æ Ë Æ µ · Æ Ú Ç Ñ Ç.É ÚZÌ Ó Ídô Ó�ÓÁÉ ² Æ Í Ç Ñ�± Æ Ë Å¬Æ Ñ�Í Æ Ì¦Ñ É Ì ÈaÆ8ã�°�Ç Ë È ÎZÏ¦Ï�Ð µ É ² Æ�Ô Ë Ç ¶DÏ ÆDÈ ²°Î Ó
É ² Æ�Ó Î ÈaÆ�ÓdÉ Ë)ô/Í É ôIË Æ Î Ó Í Ç Ñ Ó ÌzÚ Æ Ë Æ ÚcÌ¦Ñ Ü�ç�ç�E�KNM�57Â�Ö
¤8º Þ ¸ Ç Ë É ² Æ%Å^Æ Ñ Æ Ë9ÎZÏ�Ì�e Æ Ú ÓDÉ Ë Æ)Ó�ÓeÆ)Ó ÌRÑ É ² Æ Í
Î ÓeÆ
Ç ¸ Ô Ï[Î ÓDÉ ÌzÍdÌ É Ð�·(Ì É ²�²IÎZË9Ú Æ Ñ*Ì¦Ñ Å(ãcÏ ²^ô Ó µ · Æ�Æ&´DÔ/Æ Í É ÎZÏ ÓdÇJ³ Ë ÓDÉ(Ç Ë9Ú Æ Ë�Í Ç Ñ�± Æ Ë Å^Æ Ñ�Í Æ ÌRÑ ∆t→ 0 ¸ Ç Ë É ² ÆÌ ÈBÔ Ï�ÌzÍdÌ É�÷ ô¬Ï Æ Ë ÈÁÆ!É ² Ç Ú ã0ø ô¬Ë�Ñ*ô ÈaÆ ËDÌ]Í
ÎqÏ Æ&´)Ô*Æ Ë)Ì ÈaÆ Ñ É¦Ó�Ó ² Ç · É ²°Î É ¸ Ç Ë�Ë Æ ÎZÏ�Ì ÓdÉ Ì]Í É Ì ÈÁÆ�ÓDÉ�Æ�Ô¢Ó Ì�e Æ)Ó�É ² Æ
ÓxÔ Î É Ì]ÎZÏ Æ Ë)Ë Ç Ë�Ì Ó Ú ÇZÈ Ì¦Ñ�ÎZÑ É ÎqÑ�Ú É ² Æ Ë Æ ¸ Ç Ë Æ&É ² Æ Ë Æ Ì Ó Ñ Ç Ñ Æ�Æ Ú�¸ Ç Ë¾²^Ì Å ² Æ Ë Ç Ë9Ú Æ Ë ÈaÆdÉ ² Ç Ú Ó Ì¦Ñ É Ì ÈaÆ8ã



çt: ;5<>=1?A@�@CB>D�<8ECF1?AG5HJI	K�L$DMI4B$NO<8HQP1RSR5?UTVB$W�=�XYE�<$NZI	?U=�?AT�L
ê ´ ��� �hº	»�������¸�¹1Ê����U� ¹o��· � �z�U���C�!·e¹C�*�����C�!·P½¦¼h�%¹o���8�^¸S�°·O�X¹�º��A�

¾3M*A�Ä/_/:[J]=Z89Q1¿!=Z_¬Ù.ADãI:<6�GÃ57_*fÃ69M*ABÀ*_/:<6
A�AdY>AdQÁAd_¬6�¿!=Z_^Ù.Ad89\.Ad_*¿!A�A!H969:<Qa576
A�f/Ad89:<Ù.A!fÃ:<_¢69M*A�Â/8
AdÙI:>=ZÄ*H
H
A!¿d69:>=Z_âf/Ad6
Ad89:>=Z8�576
A%:<_�69M*A�Y<:<QS:<6

µc −→ 0
ÖN¾3M/:>H�8
A$[�A!¿d6
H�69M*A�QS:>H�H9:<_/\a8
Ad\qÄ/Yg5789:<6�G�=7J	69M*A%Â/89:<Qa57Y

H
=ZY<Ä/69:>=Z_�=7J�69M*A�Y<:<QS:<69:<_/\SQÁ=If/AdY�=7J�Â�Ad8'JzA!¿d6NÂ/Yg5ZH
69:>¿d:<6�G.ÖL¾3M¬Ä*HeE°:<_@69M/:>H�H�A!¿d69:>=Z_Ãð,A�f/Ad89:<Ù.AB69M*A�f°Ä�57Y
Jz=Z89Q%Ä/Yg5769:>=Z_Á:<_S=Z8
f/Ad8(6
=�H969Ä*f°G�69M*A,f/AdÂ�Ad_*f/Ad_*¿!A�=7J�69M*A,H�=ZY<Ä/69:>=Z_Á=Z_

µc
Ö�`*=Z8LH9:<QSÂ/Y<:>¿d:<6�G.E.ð,A�H969Ä*f°G

d = 3
Ö

÷�Ad6
(un, Ān,σn)

Û A�69M*ASH
=ZY<Ä/69:>=Z_¨=7JN69M*A&:<_*¿d8
AdQÁAd_¬6�57YLÂ/8
= Û Y>AdQ�Ö�`/8
=ZQób�ÅZ¿�d�57_*fX57_*fíb�ÅZfodBðNA
= Û 6�57:<_

skew(σn) = 2µc
(

skew(Dun)− Ān
) 57_*f ∫

Ω σ
n : Dun dx = `n[un]

Ö(?�=eð�E!b�ÅZA�d�57_*f

∫

Ω
skew(σn) : Dun dx =

∫

Ω
skew(σn) : (skew(Dun)− Ān) dx +

∫

Ω
skew(σn) : Ān dx

= 2µc

∫

Ω
| skew(Dun)− Ān|2 dx + 2µL2

c

∫

Ω
|DĀn|2 dx

GI:>AdY>f/H3J]=Z8�69M*A�Â/89:<Qa57Y�J¦Ä/_*¿d69:>=Z_�57YJb9¤8Ã�d

Inincr(u
n, Ān) = Eincr(Dun, Ān, εn−1

p )− `n[un]

=
1

2µ

∫

Ω
ψK(θn) dx +

λ

2

∫

Ω
tr(Dun)2 dx

+ µc

∫

Ω
| skew(Dun)− Ān|2 dx + µL2

c

∫

Ω
|DĀn|2 dx− `n[un]

=
1

2µ

∫

Ω
ψK(θn) dx +

λ

2

∫

Ω
tr(Dun)2 dx

+
1

2

∫

Ω
skew(σn) : Dun dx−

∫

Ω
σn : Dun dx

=
1

2µ

∫

Ω
ψK(θn) dx +

λ

2

∫

Ω
tr(Dun)2 dx

− 1

2

∫

Ω
skew(σn) : Dun dx−

∫

Ω
sym(σn) : Dun dx .

íB\^57:<_�Ä*H9:<_/\yb9¤#ÁAd�57_*f¥b9¤8Ã�d,ðNA�= Û 6�57:<_

sym(σn) = PK(θn) + λdiv(un)I ,

dev(sym(σn)) = dev(PK(θn)) ,

PK(θn) = dev(sym(σn)) +
2µ

3
tr(Dun)I ,

ψK(θn) =
1

2
|θn|2 − 1

2
|θn − PK(θn)|2 = PK(θn) : θn − 1

2
|PK(θn)|2

= 2µdev(sym(σn)) : (Dun − εn−1
p ) +

2µ2

3
tr(Dun)2 − 1

2
|dev(sym(σn))|2 ,

tr(σn)I : Dun =
1

2µ+ 3λ
tr(σn)2 = (2µ+ 3λ) tr(Dun)2 ,

57_*f�6
=Z\.Ad69M*Ad8�ð�:<69M

∫

Ω
skew(σn) : Dun dx =

1

2µc

∫

Ω
skew(σn) : skew(σn) dx + 2µL2

c

∫

Ω
DĀn ·DĀn dx ,



WhL$u�R5v1w�IxuM=lHQ?(w1F�uMXy@�uMTzWM=y?AR{WML�w1u1|	;AR{WML�w�IxE]EouVL$L$?UT�WAwyH7uMXM?(R çt}
ðNA�À*_�57Y<Y<G�= Û 6�57:<_

Inincr(u
n, Ān)

=
1

2µ

∫

Ω
ψK(θn) dx +

λ

2

∫

Ω
tr(Dun)2 dx− 1

2

∫

Ω
skew(σn) : Dun dx−

∫

Ω
sym(σn) : Dun dx

=

∫

Ω
dev(sym(σn)) : (Dun − εn−1

p ) dx +
2µ+ 3λ

6

∫

Ω
tr(Dun)2 dx

− 1

4µ

∫

Ω
|dev(sym(σn))|2 dx− 1

2

∫

Ω
skew(σn) : Dun dx−

∫

Ω
sym(σn) : Dun dx

= −
∫

Ω
σn : εn−1

p dx− 1

4µ

∫

Ω
|dev(sym(σn))|2 dx +

1

6

∫

Ω
tr(σn)I : Dun dx

− 1

2

∫

Ω
skew(σn) : Dun dx− 1

3

∫

Ω
tr(σn)I : Dun dx

= −
∫

Ω
σn : εn−1

p dx− 1

4µ

∫

Ω
|dev(sym(σn))|2 dx− 1

6(2µ + 3λ)

∫

Ω
tr(σn)2 dx

− 1

4µc

∫

Ω
| skew(σn)|2 dx− µL2

c

∫

Ω
|DĀn|2 dx .

¾3M^Ä*HeE*ðNA�f/ADÀ*_*A�69M*A ÚZô°ÎqÏ�¸)ôIÑ�Í É Ì Ç Ñ�ÎqÏ

Dnincr(σ, Ā) =

∫

Ω
σ : εn−1

p dx +
1

4µ

∫

Ω
|dev(sym(σ))|2 dx +

1

6(2µ+ 3λ)

∫

Ω
tr(σ)2 dx

+
1

4µc

∫

Ω
| skew(σ)|2 dx + µL2

c

∫

Ω
|DĀ|2 dx .

b�¦�Ä5d
p¬6�57_*f*578
fh¿e57Y>¿dÄ/Y<Ä*H�:<_�¿!=Z_^Ù.ADãc57_�57Y<G°H9:>H�GI:>AdY>f/H�69M*A�J]=ZY<Y>=Pð�:<_/\aY>AdQSQa5°Ö
Ëg©1ª¾ª7«å¤8Ú�¯7ù�Æ!É

εn−1
p ∈ L2(Ω,Sym(3)) ·(Ì É ² tr(εn−1

p ) = 0 ¶ Æ�Å Ì£± Æ Ñ ãÏ ² Æ Ñ µ (σn, Ān) ∈ L2(Ω,R3,3)×W Ì Ó ô¬Ñ�Ì4Ídô Æ Ï�Ð�Ú ÆdÉ�Æ Ë È Ì¦Ñ Æ Ú�¶DÐ È Ì¦Ñ*Ì È Ì	edÌ¦Ñ Å�É ² Æ ÚZô/ÎZÏ8¸DôIÑ�Í É Ì Ç Ñ�ÎZÏ
b�¦�Ä5d�Ó ôC¶ Ì!Æ Í É,ÉxÇ@É ² Æ�Ô Ï<Î ÓDÉ ÌzÍ&Í Ç Ñ ÓdÉ Ë'ÎqÌRÑ É

φ
(

sym(σn)
)
≤ 0

b�¦5Å�d
ÎZÑ�Ú É ² Æ&Æ ÍdôIÌRÏ�Ì�¶DË)Ì¦ô È Í Ç Ñ ÓDÉ Ë9ÎZÌ¦Ñ É

∫

Ω
σn : Dv dx = `n[v], v ∈ V

b�¦5Ð�d

2µL2
c

∫

Ω
DĀn ·DB̄ dx =

∫

Ω
skew(σn) : B̄ dx, B̄ ∈W .

b�º5Ú�d

`/8
=ZQ�¾3M*A!=Z8
AdQ®ÃÁðNA&= Û 6�57:<_�E�69M�576�Jz=Z8
µc > 0

57Y<ð35!G°H�5aÂ/89:<Qa57Y	H
=ZY<Ä/69:>=Z_ñ57_*fc69M*Ad8
ADJz=Z8
A�57Y>H
=¢5
f°Ä�57Y�H
=ZY<Ä/69:>=Z_hADã°:>H96
HeÖ
`�=Z8�69M*A�Y<:<QS:<6�¿e5ZH
A

µc = 0
E/ð,A�M�5!Ù.A%6
=Á5ZH
H9Ä/QÁA�69M�576�69M*A%¿!=Z_^Ù.ADã�H
Ad6

Kn =
{
τ ∈ L2(Ω,Sym(3)) : τ ∈ K

5°Ö*AqÖ	:<_
Ω,

∫

Ω
τ : Dv dx = `n[v], v ∈ V

}

:>H�_*=Z6�AdQSÂ/6�Ghb¦ð,Ae57U�H�5�J]ADÕxY>=.5Zfc5ZH
H9Ä/QSÂ/69:>=Z_1dDÖ
Ëg©1ª¾ª7«å¤5¤(¯7ú ¸ ηn ∈ Kn Æ&´ Ì ÓdÉ¦Ó µ · Æ ²IÎ{± Æ

‖ skew(σn)‖2 ≤ 4µc Dnincr(η
n,0)

b�º�¤�d
ÎZÑ�Ú

‖DĀn‖2 ≤ C2
1

µ2L4
c

µc Dnincr(η
n,0) .

b�º5¦�d

ÑÒ¬1Ó�Ó�ÔM¯7p¬:<_*¿!A
(ηn,0)

:>HB5Zf°QS:>H
H9: Û Y>AqE/ð,A�= Û 6�57:<_�69M*A�À*8
H96�5ZH�H
Ad8969:>=Z_�J]8
=ZQ

Dn
incr(η

n,0) ≥ Dn
incr(σ

n, Ān) = Dn
incr(sym(σn), Ān) +

1

4µc

∫

Ω
| skew(σn)|2 dx b�º5º�d



ç � ;5<>=1?A@�@CB>D�<8ECF1?AG5HJI	K�L$DMI4B$NO<8HQP1RSR5?UTVB$W�=�XYE�<$NZI	?U=�?AT�L
H9:<_*¿!A

Dn
incr(sym(σn), Ān) ≥ 0

ÖV¾�A!H969:<_/\Áð�:<69M
B = Ān

ðNA%= Û 6�57:<_�J¦8
=ZQæb�º5Ú�d

2µL2
c ‖DĀn‖2 ≤ ‖ skew(σn)‖ ‖Ān‖ ≤ C1 ‖ skew(σn)‖ ‖DĀn‖ ,

ð�M*Ad8
A�69M*A%H
A!¿!=Z_*fc:<_*A!ú^Ä�57Y<:<6�G�Jz=ZY<Y>=eð�H�J¦8
=ZQôb9¤8Å�ddÖ�¾3M/:>H�\q:<Ù.A!H�f°:<8
A!¿d69Y<G�69M*A�H
A!¿!=Z_*fc5ZH�H
Ad8969:>=Z_ Û G
:<_*H
Ad8969:<_/\Á69M*A�À*8
H96�H96�576
AdQÁAd_^6eÖ �
?�=eð�EZðNA3f/Ad_*=Z6
AN69M*AV:<_*¿d8
AdQÁAd_¬6�57Y�f°Ä�57Y°H
=ZY<Ä/69:>=Z_�J]=Z8�À/ã°A!f

εn−1
p ∈ L2(Ω,Sym(3))

Û G
(σnµc , Ā

n
µc)
Ö

\�J
Kn 6= ∅ E*5&Ä/_/:>ú¬Ä*A�f°Ä�57Y�H
=ZY<Ä/69:>=Z_h=7J	Â�Ad8'J]A!¿d6�Â/Yg5ZH
69:>¿d:<6�G σn0 ∈ Kn f/ADÀ*_*A!f Û G

Dnincr(σ
n
0 ,0) ≤ Dnincr(τ ,0), τ ∈Kn

ADã°:>H96
H�Ü�å�ä Þ Ö
aLú¬Ä/:<ÙZ57Y>Ad_¬69Y<G.E
σn0 ∈ Kn :>H�¿
M�578�5Z¿d6
Ad89:<;eA!f Û G

d[σn0 ,σ
n
0 − τ ] ≤

∫

Ω
(σn0 − τ ) : εn−1

p dx, τ ∈ Kn b�ºSÁAd
ð�:<69M�69M*A�H
G¬QSQÁAd6989:>¿ Û :<Y<:<_*Ae578�J]=Z89Q

d[σ, τ ] =
1

2µ

∫

Ω
dev(sym(σ)) : dev(sym(τ )) dx +

1

6(2µ + 3λ)

∫

Ω
tr(σ) tr(τ ) dx .

?�=eð�E/ð,A�H969Ä*f°GÃ69M*A�Y<:<QS:<6
µc −→ 0

Ö
ê�ë�©oÓ�¬V©1ªû¤8¦�¯Qú ¸ ηn ∈ Kn Æ&´ Ì ÓDÉ¦Ó µ · Æ ²IÎ5± Æ

lim
µc−→0

‖ sym(σnµc)− σn0‖ = 0 .
b�º5Â�d

ÑÒ¬1Ó�Ó�ÔM¯3¾3M*A�Â/8
=I=7J�J]=ZY<Y>=Pð�Ha69M*A�\.Ad_*Ad8�57Y�J]8�57QÁAdðN=Z89Uá=7J�Â�Ad_�57Y<6�GáH
=ZY<Ä/69:>=Z_*Ha=7J�Ùq5789:g5769:>=Z_�57Y�:<_°Õ
A!ú¬Ä�57Y<:<69:>A!H%Ü Ý*é E�KNM�57Â�Ö�\DÖüÄ Þ Ö
÷�Ad6

µjc
Û A�5Ãf/A!¿d8
Ae5ZH9:<_/\�H
A!ú¬Ä*Ad_*¿!A�ð�:<69M

µjc −→ 0
Ö�p¬:<_*¿!A

sym(σn
µjc

)
:>H�Ä/_/:[J]=Z89QSY<G Û =ZÄ/_*f/A!f Û G

b�º5º�ddE7ðNA,¿e57_SADãI698�5Z¿d6(5BH9Ä Û H
A!ú¬Ä*Ad_*¿!A�bz57\^57:<_Sf/Ad_*=Z6
A!f Û G
sym(σn

µjc
)
d�ð�M/:>¿
M&:>H�ðNAe57UIY<G%¿!=Z_^Ù.Ad89\.Ad_¬6

6
=
σ̂n ∈ L2(Ω,Sym(3))

ÖVWXA�M�5!Ù.A
σn
µjc
∈ K

57_*f�69M*Ad8
ADJz=Z8
A
σ̂n ∈ K

5°Ö/AqÖ(:<_
Ω
Ö(`â=Z8
A!=eÙ.Ad8eE/Jz=Z8

v ∈ V
ð,A�= Û 6�57:<_�J]8
=ZQýb�¦5Ð�d�57_*f�b�º�¤�d
∫

Ω
σ̂n : Dv dx− `n[v] = lim

j−→∞

∫

Ω
sym(σn

µjc
) : Dv dx− `n[v]

= lim
j−→∞

∫

Ω
skew(σn

µjc
) : Dv = 0 .

¾3M^Ä*HPE/ðNA�M�5eÙ.A
σ̂n ∈Kn Ö`*=Z8a57Y<Y

τ ∈ Kn 69M*A¢Â�57:<8 (τ ,0)
:>Ha5Zf°QS:>H�H9: Û Y>AÃJ]=Z8&69M*A¢:<_*¿d8
AdQÁAd_¬6�57YBf°Ä�57Y�K,=qH
H�Ad8�576SÂ/8
= Û Y>AdQ

H�5769:>H'J]GI:<_/\yb�¦5Ð�ddE�b�º5Ú�ddE°ð�M/:>¿�Mh\q:<Ù.A!H

d[sym(σn
µjc

), sym(σn
µjc

)− τ ] +
1

2µc

∫

Ω
| skew(σn

µjc
)|2 dx + 2µL2

c

∫

Ω
|DĀn

µjc
|2 dx

≤
∫

Ω
(σn

µjc
− τ ) : εn−1

p dx .
b�º5Ã�d

4	5ZH
H9:<_/\Á6
=S69M*A�Y<:<QS:<6�G¬:>AdY>f/H

d[σ̂n, σ̂n] ≤ lim inf
j−→∞

d[sym(σn
µjc

), sym(σn
µjc

)] ≤ d[σ̂n, τ ] +

∫

Ω
(σ̂n − τ ) : εn−1

p dx .

p¬:<_*¿!A
σn0 ∈Kn :>HVÄ/_/:>ú¬Ä*AdY<G@¿�M�578�5Z¿d6
Ad89:<;eA!f Û Glb�ºSÁAddE^69M/:>H,Â/8
=PÙ.A!H369M�576N69M*A�ðNAe57UaY<:<QS:<63H�=ZY<Ù.A!HV69M*A

f°Ä�57Y�Â/8
= Û Y>AdQõ=7J	Â�Ad8'J]A!¿d6�Â/Yg5ZH
69:>¿d:<6�G.E*:�AqÖ<E
σ̂n = σn0

Ö
`�:<_�57Y<Y<G.E/ðNA%H9M*=eð H
698
=Z_/\a¿!=Z_^Ù.Ad89\.Ad_*¿!AqÖþ\�_*H�Ad8969:<_/\

τ = σn0
:<_�b�º5Ã�d,\q:<Ù.A!H

d[sym(σn
µjc

), sym(σn
µjc

)] ≤ d[sym(σn
µjc

),σn0 ] +

∫

Ω
(σn

µjc
− σn0 ) : εn−1

p dx ,



WhL$u�R5v1w�IxuM=lHQ?(w1F�uMXy@�uMTzWM=y?AR{WML�w1u1|	;AR{WML�w�IxE]EouVL$L$?UT�WAwyH7uMXM?(R çt»
ð�M/:>¿
Mc\q:<Ù.A!H

d[sym(σn
µjc

)− σn0 , sym(σn
µjc

)− σn0 ] = d[sym(σn
µjc

), sym(σn
µjc

)]

−d[sym(σn
µjc

),σn0 ]− d[σn0 , sym(σn
µjc

)] + d[σn0 ,σ
n
0 ]

≤ d[sym(σn
µjc

),σn0 ] +

∫

Ω
(σn

µjc
− σn0 ) : εn−1

p dx

−d[sym(σn
µjc

),σn0 ]− d[σn0 , sym(σn
µjc

)] + d[σn0 ,σ
n
0 ] .

¾3M*A�Y<:<QS:<6�=Z_�69M*A�89:<\qM¬6�M�57_*f�H9:>f/A�:>H�ðNAdY<Y�f/ADÀ*_*A!f�E�57_*f¢ðNA�= Û 6�57:<_

lim
j−→∞

d[sym(σn
µjc

)− σn0 , sym(σn
µjc

)− σn0 ] = 0 .

¾3M/:>H�Â/8
=eÙ.A!HB69M*A�5ZH
H
Ad8969:>=Z_cH9:<_*¿!A
d[·, ·] :>H�57_�:<_/_*Ad8�Â/8
=¬f°Ä*¿d6�:<_ L2(Ω,Sym(3))

Ö �
¨�©1ª7«�¬V­ö¤8º�¯Zø ô¬Ë%Ñ*ô ÈaÆ ËDÌzÍ
ÎZÏ Æ&´DÔ/Æ ËDÌ ÈaÆ Ñ É¦Ó%Ó ô ÅeÅ^Æ)ÓdÉ,É ²°Î É · Æ ²IÎ{± Æ

‖ sym(σnµc)− σn0‖ = O(
√
µc) .õ&Æ¨Ó ôIË È Ì Ó!ÆXÉ ²IÎ É Ì¦Ñ Å¬Æ Ñ Æ Ë9ÎZÏ%Î.Ú.ÚqÌ É Ì Ç Ñ�ÎZÏ�Ë ÆzÅ ôIÏ[ÎqË)Ì É Ð Î Ó)Ó ô ÈBÔ�É Ì Ç Ñ Ó ÎZË Æ Ë Æ Í!ô¬Ì¦Ë Æ Ú ÉxÇ2Ç ¶ É ÎZÌRÑ ÎZÑ

Æ&´)Ô Ï�ÌzÍdÌ É�ÆDÓDÉ Ì È Î É�Æ3Ç ¸ É ²^Ì ÓNÉ Ð Ô/Æ8ã¹ú Ñ Ô Ë)Ì¦Ñ�ÍdÌ Ô Ï Æ µ Ó ô/Í$²�ÎZÑ ÆDÓDÉ Ì È Î É�Æ Í Ç ôIÏ[Ú É ² Æ Ñr¶ Æ ô Ó!Æ Ú�¸ Ç Ë Æ)ÓdÉ Ì È Î É Ì¦Ñ ÅÔ/Æ Ë�¸ Æ Í É�Ô Ï[Î ÓDÉ ÌzÍdÌ É ÐaÌRÑ É ² Æ ¸ Ç Ë È

‖σ0 − σ0,h‖ ≤ ‖σ0 − sym(σµc)‖+ ‖ sym(σµc)− sym(σµc,h)‖+ ‖ sym(σµc,h)− σ0,h‖

¶DÐaÎ Ó ô¬Ì É Î(¶DÏ Æ Í#² Ç ÌzÍ Æ%Ç ¸ µc = µc(h)
ãQÿ%ÇqÉ�Æ�É ²IÎ É ÎZÑcÎZÑ�ÎZÏ Ç�Å.Ç ô Ó Ë Æ)Ó ô¬Ï É Ì Ó�Ç ¶ É ÎqÌRÑ Æ ÚÁÌ¦Ñ Ü�ä�ê Þ ¸ Ç Ë É ² Æ

ÓDÉ Î É ÌzÍaÍ�Î Ó!Æ ¶DÐhÎ Ô^Ô Ë Ç�´ Ì È Î É Ì¦Ñ ÅSÔ/Æ Ë�¸ Æ Í É(Ô Ï[Î ÓdÉ Ì]Í!Ì É Ð_·(Ì É ² Ô Ï<Î ÓdÉ Ì]ÍdÌ É Ð ·(Ì É ²y²IÎZË9Ú Æ Ñ*Ì¦Ñ Å ¸ Ç Ë�±7ÎZÑ*Ì Ó ²^Ì¦Ñ Å
²IÎZË9Ú Æ Ñ*Ì¦Ñ Å&ÈÁÇ Úqô¬Ï�ô Ó8ãJúDÉ Ì Ó Ñ ÇqÉ ÍdÏ Æ ÎZË�Ì ¸ Ó ô/Í$²ÃÎ�Ë Æ)Ó ô¬Ï É Í
ÎZÑÀ¶ Æ�É Ë'ÎqÑ Ó ¸ Æ ËDË Æ Ú ÉxÇ&É ² Æ Ídô/Î Ó Ì Ê�ÓDÉ Î É ÌzÍ�Í
Î ÓeÆ
·�² Æ Ë Æ ÌRÑ Å^Æ Ñ Æ Ë'ÎZÏ É ² Æ�Ô Ï<Î ÓDÉ ÌzÍ ÓDÉ Ë9ÎZÌRÑâÌ Ó Ñ ÇqÉ(ÓDÈSÇPÇqÉ ² Æ Ñ Ç ô Å ² ã

é�´���»����¬¸7½¦¼����¹�e¹��¦»�·P½¦¹�¶ ������¹�¸Z½R· � �
WXA�Jz=Z89Q%Ä/Yg576
A%5SH�AdQS:[Õ�H9QÁ=¬=Z69Mc?BAdð�6
=Z_�QÁAd69M*=If¢Jz=Z8�69M*A�_*=Z_/Y<:<_*Ae578�Ùq5789:g5769:>=Z_�57Y�Â/8
= Û Y>AdQ

(un, Ān) ∈ Vh(unD)×Wh(ĀnD) : F n(un, Ān) = 0
:<_�AdÙ.Ad89G¢69:<QÁA�H96
AdÂ

n
E°ð�M*Ad8
A

F n
:>H�69M*A�À*8
H96�Ùq5789:g5769:>=Z_c=7J

Inincr

f/ADÀ*_*A!f Û G

F n(u, Ā)[v, B̄] = DInincr(u, Ā)[v, B̄], (v, B̄) ∈ Vh( � )×Wh(0)
b]¿DJ'Öß÷�AdQSQa5�Â�dDÖß¾3M*AÃJ]Ä/_*¿d69:>=Z_�57Y

F n
:>HÁH�AdQS:[Õ�H9QÁ=¬=Z69M�E,57_*f²69M*A¢ÙZ5789:g5769:>=Z_

∂F n = ∂2Inincr

:>H
H9GIQSQÁAd6989:>¿Ã57_*f§Q%Ä/Y<69:[ÕxÙq57Y<Ä*A!f�Öc¾3M¬Ä*HeE	69M*AÃ¿!=Z898
A!H9Â�=Z_*f°:<_/\¨H
AdQS:[Õ�H
QÁ=¬=Z69Mß?BAdð�6
=Z_ßQÁAd69M*=¬fß¿e57_
Û A�Jz=Z89Qa57Y<Y<G¢ð�89:<696
Ad_c5ZH

0 ∈ F n(un,k, Ān,k) + ∂F n(un,k, Ān,k)[un,k+1 − un,k, Ān,k+1 − Ān,k] .
p¬:<_*¿!A

Inincr

:>H�¿!=Z_¬Ù.ADãâ57_*f
F n = DInincr

:>H�÷�:<Â*H
¿�M/:<69;�¿!=Z_¬69:<_^Ä*=ZÄ*HeE�69M/:>H�¿e57_ Û A%57_�57Y<G¬;eA!fcð�:<69M/:<_
69M*A�J]8�57QÁAdðN=Z89U�=7J�\.Ad_*Ad8�57Y<:<;eA!fc?BAdð�6
=Z_hQÁAd69M*=¬f/H�Ü�ç�å Þ Ö



çt¿ ;5<>=1?A@�@CB>D�<8ECF1?AG5HJI	K�L$DMI4B$NO<8HQP1RSR5?UTVB$W�=�XYE�<$NZI	?U=�?AT�L
WXAS¿!=Z_*H9:>f/Ad8�69M*ASH9Â�A!¿d:g57YL¿e5ZH
A&=7JN69M*A&Ù.=Z_X`c:>H
A!H�[�=Pð�89Ä/Y>A Û Gâ:<_*H
Ad8969:<_/\�b9¤8º�ddÖ�¾3M/:>H�8
A!H9Ä/Y<6
H�:<_
69M*A�Jz=ZY<Y>=eð�:<_/\Á8
Ae57Y<:<;P5769:>=Z_â=7J�69M*A%H
AdQS:[Õ�H9QÁ=I=Z69Mh?BAdð�6
=Z_hQÁAd69M*=¬f�Ö
p�Ú�d&WXA%H96�578963J]=Z8

t0 = 0
ð�:<69M

ε0
p = 0

E�57_*f�ðNA�H�Ad6
n = 1

Ö
p�¤�daKNM*=I=qH
A

un,0
E
Ān,0

E757_*f%H
Ad6
k = 0

Öt¾3M*Ad_�E7H
Ad6�m�:<89:>¿
M/Y>Ad6 Û =ZÄ/_*f*5789G�Ùq57Y<Ä*A!H
un,0(x) = unD(x)Jz=Z8�57Y<Y

x ∈ D 57_*f
Ān,0(x) = ĀnD(x)

J]=Z8�57Y<Y
x ∈ D′ Ö

p�¦�daK,=ZQSÂ/Ä/6
A�J]=Z8�AdÙ.Ad89G¢:<_¬6
Ad\q8�5769:>=Z_hÂ�=Z:<_^6
ξ ∈ Ξh

θn,k(ξ) = 2µ
(

sym(Dun,k(ξ))− εn−1
p (ξ)

)

ηn,k(ξ) =
dev(θn,k(ξ))

|dev(θn,k(ξ))|
T n,kE (ξ) = θn,k(ξ)−max

{
0, |dev(θn,k(ξ))| −K0

}
ηn,k(ξ)

σn,k(ξ) = T n,kE (ξ) + λdiv(un)(ξ)I + 2µc
(

skew(Dun(ξ))− Ān(ξ)
)
.

p�º�daK,=ZQSÂ/Ä/6
A%69M*A�8
A!H9:>f°Ä�57Y

F n,k[v, B̄] =

∫

Ω
σn,k : Dv dx− `n[v]

+ 2µL2
c

∫

Ω
DĀn,k ·DB̄ dx− 2µc

∫

Ω

(
skew(Dun,k)− Ān,k

)
: B̄ dx .

\�J ‖F n,k‖ :>H�H9Qa57Y<Y�Ad_*=ZÄ/\qM�E�H
Ad6 un = un,k
E
Ān = Ān,k

E

εnp (ξ) = εn−1
p (ξ) +

max
{

0, |dev(θn,k(ξ))| −K0

}

2µ
ηn,k(ξ)

57_*f�\.=S6
=&69M*A�_*ADã°6�69:<QÁA�H96
AdÂ
n := n+ 1

:<_yp�¤�dDÖ
pAÁAdaK,=ZQSÂ/Ä/6
A�J]=Z8�AdÙ.Ad89G¢:<_¬6
Ad\q8�5769:>=Z_hÂ�=Z:<_^6

ξ ∈ Ξh
69M*A�¿!=Z_*H
:>H96
Ad_^6�Y<:<_*Ae5789:<;P5769:>=Z_

Cn,k(ξ) =

{
11 |dev(θn,k(ξ))| ≤ K0

1
dI⊗ I + K0

|dev(θn,k(ξ))|

((
11− 1

dI⊗ I
)
− ηn,k(ξ)⊗ ηn,k(ξ)

)
|dev(θn,k(ξ))| > K0

57_*fhf/ADÀ*_*A�69M*A Û :<Y<:<_*Ae578�Jz=Z89Q

an,k[(w, C̄), (v, B̄)] = 2µ

∫

Ω
sym(Dw) : Cn,k : sym(Dv) dx

+ λ

∫

Ω
div(w) div(v) dx

+ 2µc

∫

Ω

(
skew(Dw)− C̄

)
:
(

skew(Dv)− B̄
)
dx

+ 2µL2
c

∫

Ω
DC̄ ·DB̄ dx .

p�Â�daK,=ZQSÂ/Ä/6
A
(wn,k, C̄n,k) ∈ Vh( � )×W (0)

H
=ZY<ÙI:<_/\S69M*A�Y<:<_*Ae578�Ùq5789:g5769:>=Z_�Â/8
= Û Y>AdQ

an,k[(wn,k, C̄n,k), (v, B̄)] = −F n,k[v, B̄], (v, B̄) ∈ Vh( � )×Wh(0) ;
H�Ad6

un,k+1 = un,k + wn,k+1 E Ān,k+1 = Ān,k + C̄n,k+1 E°57_*f@\.=�6
=�69M*AB_*ADã°6N:<6
Ad8�5769:>=Z_�H96
AdÂ
k := k + 1

:<_yp�¦�dDÖ
\�_a\.Ad_*Ad8�57YxE°ðNA�¿e57_/_*=Z6,\qÄ�578�57_^6
A!A�69M�576369M*AB:<6
Ad8�5769:>=Z_Ã:>HN\qY>= Û 57Y<Y<G@¿!=Z_¬Ù.Ad89\.Ad_^6�ð�:<69M*=ZÄ/6�f*57QSÂ/:<_/\*Ö
¾3M*Ad8
ADJz=Z8
AqE^69M*A�57Y<\.=Z89:<69M/Q£¿e57_ Û A�ADãI6
Ad_*f/A!f Û GÁ5�69:<QÁA�H
6
AdÂ/Â/:<_/\%¿!=Z_^698
=ZY�ð�M/:>¿
M¢5Zf*57Â/6
HL69M*A�69:<QÁA
H96
AdÂ�H9Ä*¿�M�69M�576�69M*A�_*=Z_/Y<:<_*Ae578B:<6
Ad8�5769:>=Z_�:>H�¿!=Z_¬Ù.Ad89\.Ad_^6�ð�:<69M/:<_c5SH9Qa57Y<Y�_¬Ä/Q Û Ad8B=7J(H96
AdÂ*HeÖ



WhL$u�R5v1w�IxuM=lHQ?(w1F�uMXy@�uMTzWM=y?AR{WML�w1u1|	;AR{WML�w�IxE]EouVL$L$?UT�WAwyH7uMXM?(R ç�È
ì ´���»����¬¸7½¦¼����¹��Ø����^¸Z½����¬¶�·8�

\�_i69M/:>H¢H
A!¿d69:>=Z_ið,Añf°:>H
¿dÄ*H
H@_^Ä/QÁAd89:>¿e57Y�6
A!H96¢¿e57Y>¿dÄ/Yg5769:>=Z_*HÃJ]=Z8@69M*Ah:<_°À*_/:<6
A!H
:<Qa57Y�AdYg5ZH96
=7ÕxÂ/Yg5ZH969:>¿
K,=qH
H
Ad8�576�QÁ=If/AdYxÖL¾3M*Ad8
ADJz=Z8
AqE°ðNA�H969Ä*f°G¢5 Û Ad_*¿�M/Qa5789U¢Â/8
= Û Y>AdQ :<_�Â�Ad8'JzA!¿d63Â/Yg5ZH969:>¿d:<6�G�b]H
A!ASÜ�ç�ì Þ dDÖ
¾3M*A�¿!=ZQSÂ/Ä/6�5769:>=Z_*H@578
A�8
Ae57Y<:<;eA!fù:<_ù69M*A¢À*_/:<6
A�AdY>AdQÁAd_¬6a¿!=¬f/A�`���� Ü�ê è°Þ H9Ä/Â/Â�=Z8969:<_/\XÂ�578�57Y<Y>AdY
Q%Ä/Y<69:<\q89:>fhQÁAd69M*=¬f/HeÖ
¾3M*A�\.A!=ZQÁAd6989G257_*fù69M*A Û =ZÄ/_*f*5789Gù¿!=Z_*f°:<69:>=Z_*HÃ578
A�:<Y<Y<Ä*H9698�576
A!fá:<_ `�:<\*Ö7¤5k�Y>Ad6

Ω = (0, 10) ×
(0, 10) \B1(10, 0)[mm2]

Û A�5&ú^Ä�57896
Ad8�=7JL5�8
A!¿d6�57_/\qY>A�ð�:<69Mh5�M*=ZY>AqÖ(¾3M*A0m�:<89:>¿
M/Y>Ad6Bf*576�5S5789:>H9:<_/\
Û G�H9GIQSQÁAd6989G¢578
A�\q:<Ù.Ad_ Û G

u1(10, x2) = 0, Ā(10, x2) = 0, x2 ∈ (1, 10),

u2(x1, 0) = 0, Ā(x1, 0) = 0, x1 ∈ (0, 9) ,
57_*f�69M*A�Y>=.5Zf¢J]Ä/_*¿d69:>=Z_�57Y�\q:<Ù.Ad_ Û G

`(t,v) = 100 t

10∫

0

v(x1, 10) dx1 .

f/AdÂ�Ad_*f/H�Y<:<_*Ae5789Y<GÃ=Z_h69M*A�Y>=.5Zf°:<_/\ÁÂ�578�57QÁAd6
Ad8
t ≥ 0

Ö

z0

•

`�:<\qÄ/8
A¥¤5kX×�A!=ZQÁAd6989Gi57_*f Û =ZÄ/_*f*5789Gi¿!=Z_*f°:<69:>=Z_*HaJz=Z8a69M*Ac6
A!H96@Â/8
= Û Y>AdQ�Öö`*=Z8Ã69M*Ah_¬Ä/QÁAd89:>¿e57Y
¿!=ZQSÂ�5789:>H
=Z_*HeE°ð,A�AdÙq57Y<Ä�576
A�69M*A�Ù.Ad8969:>¿e57Y�f°:>H
Â/Yg5Z¿!AdQÁAd_^6B576,69M*A�Ä/Â/Â�Ad8389:<\qM^6�¿!=Z89_*Ad8

z0 = (10, 10)
Ö

¾3M*A�Qa576
Ad89:g57Y�Â�578�57QÁAd6
Ad8
HLJ]=Z8(69M/:>H Û Ad_*¿�M/Qa5789UÁ578
A�\q:<Ù.Ad_Á:<_a¾�5 Û Ö�¤qE¬57_*f&Jz=Z8(69M*A�:<_¬6
Ad89_�57Y�Y>Ad_/\q69M
Â�578�57QÁAd6
Ad8

Lc
:<_X69M*A@K,=qH
H
Ad8�576%QÁ=¬f/AdYLð,AÁ¿
M*=I=qH
AÃ5¢H9Qa57Y<YLÙq57Y<Ä*AS:<_à=Z8
f/Ad8�6
=�U.A!AdÂà69M*AÁAdYg5ZH969:>¿

K,=qH
H
Ad8�576�ADC�A!¿d6�H9Qa57Y<YxÖ

4�=Z:>H
H
=Z_�8�5769:>=
ν

Ú°Ö ¦5Ð
�V=ZÄ/_/\ÁQÁ=If°Ä/Y<Ä*H

E
¦5Ú5Ã5Ð5Ú5Ú°Ö Ú5ÚhÜ�?	��QSQ 2 Þ

GI:>AdY>f�H9698
A!H
H
K0

Á(Â5Ú°Ö Ú5Ú�Ü�?���QSQ 2 Þ
K,=qH
H�Ad8�576�:<_^6
Ad89_�57YtY>Ad_/\q69M�Â�578�57QÁAd6
Ad8

Lc
¤
��Á(Å�Ü QSQ Þ

K,=qH
H�Ad8�576�¿!=ZÄ/Â/Y>A�QÁ=If°Ä/Y<Ä*H
µc

Ú°E<Ö<Ö<Ö<E
10µ

Ü�?	��QSQ 2 Þ

¾t5 Û Y>Ah¤5kÃ4�578�57QÁAd6
Ad8
HSJ]=Z8&69M*A�K,=qH
H
Ad8�576&QÁ=If/AdYNJz=Z8&:<_°À*_/:<6
A!H9:<Qa57Y�Â�Ad8'J]A!¿d6&Â/Yg5ZH969:>¿d:<6�G§ð�:<69M²Ù.=Z_
`h:>H�A!HNGI:>AdY>f¢¿d89:<6
Ad89:>=Z_�Ö�`*=Z83Ùq5789:>=ZÄ*H�6
A!H96�¿!=ZQSÂ/Ä/6�5769:>=Z_*H�5�f°:[C�Ad8
Ad_^6�K,=qH
H�Ad8�5763¿!=ZÄ/Â/Y>A�QÁ=If°Ä/Y<Ä*H3:>H
Ä*H
A!f�Ö7\�_h69M*A&57Y<\.=Z89:<69M/QÁH�ðNA�Ä*H
A�69M*A�÷�57Q���Â�578�57QÁAd6
Ad8

µ = E/(2(1 + ν))
57_*f

λ = Eν/((1 +
ν)(1− 2ν))

57_*f�69M*A�¿!=ZQSÂ/8
A!H
H9:>=Z_cQÁ=¬f°Ä/Y<Ä*H
κ = 2

3µ+ λ
Ö



çtÜ ;5<>=1?A@�@CB>D�<8ECF1?AG5HJI	K�L$DMI4B$NO<8HQP1RSR5?UTVB$W�=�XYE�<$NZI	?U=�?AT�L
WXA�Ä*H
A Û :<Y<:<_*Ae5783À*_/:<6
A�AdY>AdQÁAd_^6
H�=Z_�ú¬Ä�5Zf°89:<Yg576
Ad8�57Y>HeÖL¾3M*A�¿!=.578
H
A�QÁA!H9M¢=Z_¢Y>AdÙ.AdY!Úrb]¿DJ9Ö�`�:<\*Ö�¦�dV:>H
8
ADÀ*_*A!fÁÄ/_/:[Jz=Z89QSY<G.Ö
`*=Z8L69M*A�_^Ä/QÁAd89:>¿e57Y�8
A!H9Ä/Y<6
H(ðNA�Ä*H
A3Ä/ÂÁ6
=�ºJ¤8Â�¤�Å�Ä{Â�Ä/_/U¬_*=Pð�_*HN=Z_a8
ADÀ*_*AdQÁAd_^6
Y>AdÙ.AdYVÃ°Ö�\�_@¾�5 Û ÖU¦�57_*fYº�ðNAB6
A!H96L69M*A�¿!=Z_^Ù.Ad89\.Ad_*¿!A�=7J�69M*A�f°:>H
¿d8
Ad6
ABQÁ=If/AdY�ð�:<69Ma8
A!H
Â�A!¿d6N6
=%H9Â�5Z¿!A
57_*f&69:<QÁAqÖ�s�A!H9Ä/Y<6
H�Jz=Z8	69M*A�f/ADJ]=Z89Qa5769:>=Z_*HPE.69M*A3QS:>¿d8
=Z8
=Z6�5769:>=Z_*HeE^69M*A3Â/Yg5ZH969:>¿�H9698�57:<_a578
A3:<Y<Y<Ä*H9698�576
A!f
:<_]`�:<\*Öo¦°EoºS57_*f_Á*Ö
Y>AdÙ.AdY ¤ ¦ º Á Â Ã
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