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Vorwort des Herausgebers 
 

Ein Patient, der heute zu einem generellen Check-up in eine Klinik geht, wird 
erfahren, dass ein Großteil der diagnostischen Untersuchungen mit Ultraschall 
vorgenommen wird. Typisch hierfür sind Abbildungen von Herz, Gefäßen, Niere, 
Leber, Prostata, Brust und noch einiges weitere. Die möglichen räumlichen 
Auflösungen liegen bei unter einem Millimeter. Damit hat Ultraschall in den 
vergangenen 20 Jahren einen regelrechten Siegeszug durch die Medizin 
angetreten. Wo gibt es dann noch Probleme ? 

In der von Herrn Liebler vorgelegten Dissertation wird nicht der diagnostische, 
sondern der therapeutische Ultraschall untersucht. Dies heißt, dass extrem hohe 
Schalldrücke bis in die Größenordnung von 100 MPa eingesetzt werden. Diese 
hohen Drücke und die damit verbundenen Unterdruckanteile haben eine 
therapeutische Wirkung, führen jedoch im Vergleich zu diagnostischem Ultraschall 
auch zu unerwünschten Nebenwirkungen. Durch die unvermeidlichen, hohen 
Unterdruckphasen entsteht Kavitation, d.h. es bilden sich Bläschen, deren 
Auftreten und Verhalten Einfluss auf die biologische Wirkung der Ultraschallan-
wendung hat. Das Kavitationsverhalten kann bislang nicht kontrolliert werden. An 
dieser Stelle setzt der neue wissenschaftliche Beitrag von Herrn Liebler an. 
Systematisch werden die Ursachen und Wirkungen der Kavitation untersucht. Von 
besonderem Wert für zukünftige Arbeiten und Anwendungen sind dabei die 
präzisen Beschreibungen der Kavitation und insbesondere der Interaktion mit der 
Schallausbreitung. Die Arbeit wird es ermöglichen, den therapeutischen 
Ultraschall auf neuer Grundlage zu betrachten und auch ihm einen Siegeszug 
durch die Medizin zu bereiten. Ich wünsche allen Lesern eine interessante 
Lektüre. 

 

Prof. Dr.-Ing. Dr. h.c. Dr.-Ing. E.h. Werner Wiesbeck 

- Institutsleiter - 



Forschungsberichte aus dem  
Institut für Höchstfrequenztechnik und Elektronik (IHE) 
der Universität Karlsruhe (TH) 
  

Herausgeber: Prof. Dr.-Ing. Dr. h.c. Dr.-Ing. E.h. Werner Wiesbeck 

Band 1 Daniel Kähny 
Modellierung und meßtechnische Verifikation polarimetrischer, 
mono- und bistatischer Radarsignaturen und deren Klassifi-
zierung 

Band 2 Eberhardt Heidrich 
Theoretische und experimentelle Charakterisierung der polari-
metrischen Strahlungs- und Streueigenschaften von Antennen 

Band 3 Thomas Kürner 
Charakterisierung digitaler Funksysteme mit einem breit-
bandigen Wellenausbreitungsmodell 

Band 4 Jürgen Kehrbeck 
Mikrowellen-Doppler-Sensor zur Geschwindigkeits- und Weg-
messung - System-Modellierung und Verifikation 

Band 5 Christian Bornkessel 
Analyse und Optimierung der elektrodynamischen Eigen-
schaften von EMV-Absorberkammern durch numerische Feld-
berechnung 

Band 6 Rainer Speck 
Hochempfindliche Impedanzmessungen an Supraleiter / Fest-
elektrolyt-Kontakten 

Band 7 Edward Pillai 
Derivation of Equivalent Circuits for Multilayer PCB and Chip 
Package Discontinuities Using Full Wave Models 

Band 8 Dieter J. Cichon 
Strahlenoptische Modellierung der Wellenausbreitung in urba-
nen Mikro- und Pikofunkzellen 

Band 9 Gerd Gottwald 
Numerische Analyse konformer Streifenleitungsantennen in 
mehrlagigen Zylindern mittels der Spektralbereichsmethode 

Band 10 Norbert Geng 
Modellierung der Ausbreitung elektromagnetischer Wellen in 
Funksystemen durch Lösung der parabolischen Approximation 
der Helmholtz-Gleichung 



Forschungsberichte aus dem  
Institut für Höchstfrequenztechnik und Elektronik (IHE) 
der Universität Karlsruhe (TH) 
  

Band 11 Torsten C. Becker 
Verfahren und Kriterien zur Planung von Gleichwellennetzen für 
den Digitalen Hörrundfunk DAB (Digital Audio Broadcasting) 

Band 12 Friedhelm Rostan 
Dual polarisierte Microstrip-Patch-Arrays für zukünftige satelli-
tengestützte SAR-Systeme 

Band 13 Marcus Demmler 
Vektorkorrigiertes Großsignal-Meßsystem zur nichtlinearen 
Charakterisierung von Mikrowellentransistoren 

Band 14 Andreas Froese 
Elektrochemisches Phasengrenzverhalten von Supraleitern 

Band 15 Jürgen v. Hagen 
Wide Band Electromagnetic Aperture Coupling to a Cavity: An 
Integral Representation Based Model 

Band 16 Ralf Pötzschke 
Nanostrukturierung von Festkörperflächen durch elektro-
chemische Metallphasenbildung 

Band 17 Jean Parlebas 
Numerische Berechnung mehrlagiger dualer planarer Antennen 
mit koplanarer Speisung 

Band 18 Frank Demmerle 
Bikonische Antenne mit mehrmodiger Anregung für den räumli-
chen Mehrfachzugriff (SDMA) 

Band 19 Eckard Steiger 
Modellierung der Ausbreitung in extrakorporalen Therapien 
eingesetzter Ultraschallimpulse hoher Intensität 

Band 20 Frederik Küchen 
Auf Wellenausbreitungsmodellen basierende Planung terrestri-
scher COFDM-Gleichwellennetze für den mobilen Empfang 

Band 21 Klaus Schmitt 
Dreidimensionale, interferometrische Radarverfahren im Nah-
bereich und ihre meßtechnische Verifikation 



Forschungsberichte aus dem  
Institut für Höchstfrequenztechnik und Elektronik (IHE) 
der Universität Karlsruhe (TH) 
  

Band 22 Frederik Küchen, Torsten C. Becker, Werner Wiesbeck 
Grundlagen und Anwendungen von Planungswerkzeugen für 
den digitalen terrestrischen Rundfunk 

Band 23 Thomas Zwick 
Die Modellierung von richtungsaufgelösten Mehrwegegebäude-
funkkanälen durch markierte Poisson-Prozesse 

Band 24 Dirk Didascalou 
Ray-Optical Wave Propagation Modelling in Arbitrarily Shaped 
Tunnels 

Band 25 Hans Rudolf 
Increase of Information by Polarimetric Radar Systems 

Band 26 Martin Döttling 
Strahlenoptisches Wellenausbreitungsmodell und System-
studien für den Satellitenmobilfunk 

Band 27 Jens Haala 
Analyse von Mikrowellenheizprozessen mittels selbstkonsis-
tenter finiter Integrationsverfahren 

Band 28 Eberhard Gschwendtner 
Breitbandige Multifunktionsantennen für den konformen Einbau 
in Kraftfahrzeuge 

Band 29 Dietmar Löffler 
Breitbandige, zylinderkonforme Streifenleitungsantennen für 
den Einsatz in Kommunikation und Sensorik 

Band 30 Xuemin Huang 
Automatic Cell Planning for Mobile Network Design: Optimiza-
tion Models and Algorithms 

Band 31 Martin Fritzsche 
Anwendung von Verfahren der Mustererkennung zur Detektion 
von Landminen mit Georadaren 

Band 32 Siegfried Ginter 
Selbstkonsistente Modellierung der Erhitzung von biologischem 
Gewebe durch hochintensiven Ultraschall 

Band 33 Young Jin Park 
Applications of Photonic Bandgap Structures with Arbitrary 
Surface Impedance to Luneburg Lenses for Automotive Radar 



Forschungsberichte aus dem  
Institut für Höchstfrequenztechnik und Elektronik (IHE) 
der Universität Karlsruhe (TH) 
  

Band 34 Alexander Herschlein 
Entwicklung numerischer Verfahren zur Feldberechnung kon-
former Antennen auf Oberflächen höherer Ordnung 

Band 35 Ralph Schertlen 
Mikrowellenprozessierung nanotechnologischer Strukturen am 
Beispiel von Zeolithen 

Band 36 Jürgen von Hagen 
Numerical Algorithms for the Solution of Linear Systems of 
Equations Arising in Computational Electromagnetics 

Band 37 Ying Zhang 
Artificial Perfect Magnetic Conductor and its Application to An-
tennas 

Band 38 Thomas M. Schäfer 
Experimentelle und simulative Analyse der Funkwellenausbrei-
tung in Kliniken 

Band 39 Christian Fischer 
Multistatisches Radar zur Lokalisierung von Objekten im Boden 

Band 40 Yan C. Venot 
Entwicklung und Integration eines Nahbereichsradarsensor-
systems bei 76,5 GHz 

Band 41 Christian Waldschmidt 
Systemtheoretische und experimentelle Charakterisierung in-
tegrierbarer Antennenarrays 

Band 42 Marwan Younis 
Digital Beam-Forming for high Resolution Wide Swath Real and 
Synthetic Aperture Radar 

Band 43 Jürgen Maurer 
Strahlenoptisches Kanalmodell für die Fahrzeug-Fahrzeug-
Funkkommunikation 

Band 44 Florian Pivit 
Multiband-Aperturantennen für Basisstationsanwendungen in 
rekonfigurierbaren Mobilfunksystemen 

Band 45 Sergey Sevskiy 
Multidirektionale logarithmisch-periodische Indoor-Basissta-
tionsantennen 



Forschungsberichte aus dem  
Institut für Höchstfrequenztechnik und Elektronik (IHE) 
der Universität Karlsruhe (TH) 
  

Band 46 Martin Fritz 
Entwurf einer breitbandigen Leistungsendstufe für den Mobil-
funk in Low Temperature Cofired Ceramic 

Band 47 Christiane Kuhnert 
Systemanalyse von Mehrantennen-Frontends (MIMO) 

Band 48 Marko Liebler 
Modellierung der dynamischen Wechselwirkung von hoch-
intensiven Ultraschallfeldern mit Kavitationsblasen 



 

 

 

 

 

 

 

 

Für Regina und Miriam 
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cv
IR�9H �-N�2oIRQWSEH © s�:@MOH-JFAF�EA2�-NrqWs	q ¢ H-N�J k CEI|qWA�Cpq@HmM 0 k ?P8EMOH-C � NPC
$ JpD −1 ~ −1 �

Cv
© s�:@MOHmJKA��oA2�mNPqWs	q ¢ H-N J k C;I|qWAFC/q@H-M 0 k ?P8EMOHmC�� NPC $ ~ −1 �

CN ~ k C�2oDF8;:WA	q@N k C jlk C N
C;NyQWS/q�8EC/q@Hm:@IRQWSEH-NyG ¢ A�:@H-C��$?yAFIRH-C'NPCOH-NPCEH-M n�?P8ENyG

d ��� ¦�NPQTJKH�G;Hm:Xq@S;Hm:@MONPIRQTS;H-C UV:@HmC �-IRQWSENPQWSpq�� NPC M��
d ��� � � � ¦�NPQTJKH�G;Hm:=¦�A�MO�;t¥G;N�� 8EIRN k C;I|§¨UV:@H-C �-IRQWSENPQWS/q�� NPC M��
D

z¨C/q@Hm:R§ �$?yAFIRHmCoA ¢ I|qWAFCEG�� NPC^M��
D

�¡NP?rt¥IRD�:��2.lH ¢ HmN G;Hm: �$Hm:@H-QWSECp8EC;D G;Hm: �$?yAFIRH-CEG� LCoA�MONyJ CoAFQWS2G;H-M
U¡NP?yM k :@Hm§ � k G;H-?P?

D ��� � H-MO�9Hm:WA	q@8;:@?PH-NrqRt s�SENPDKJKH-Nrqh� NPC M 2 I −1 �
D �	� � � � ¦�N�� 8EIRN k C;IRJ k C;I|qWAFC/q@HXt¥v;:�G;NPH=¦�N�� 8EIRN k C jlk C�U�AFIR�oA	:Rq@NPJlH-?PC'NyC'H-NPC;Hm:(�^Nr§

IRQTSp8;CED5A�8EIVU�AFI|§�8ECEG*¦�A�MO�;twM k ?PH-JpvE?PH-C � NPC^M 2 I −1 �
D �	� 
 � � ¦�N�� 8EIRN k C;IRJ k C;I|qWAFC/q@H jlk C�U�AFIXNPC H-NPC;Hm:Vn�?yv;IRIRNPDKJlH-Nrq4� NPC M 2 I −1 �
D ��� � � � ¦�N�� 8EIRN k C;IRJ k C;I|qWAFC/q@Hhtwv;:�GLNPHf¦�N�� 8EIRN k C jlk C ¦�AFMO�Lt¥�oA	:Rq@NPJlH-?PC NyC H-NPC;Hm:

�^NPIRQTSp8EC;DOAF8;IVU�AFI|§�8ECoG�¦�AFMO�Lt¥M k ?yHmJLv;?PH-C � NyC^M 2 I −1 �
E ��
���� � � &L8;MOMOH¡A�8EIXJpNyC;Hmq@NPIRQTS;Hm:=8ECEG�� k q@H-C/q@NyHm?y?PHm:¡<xCEHm:@DFNyHO� NPC $ �
E � � � JpNyC;Hmq@NPIRQTS;H�<�C;Hm:@DKNPHO� NPC $ �
E ��� � � k q@H-C/q@NPH-?P?PH4<�C;Hm:@DKNPHO� NPC $ �
f ¢ H-?PNPH ¢ NPDKH4nE8;CEJ/q@N k C
f

n;:@H��/8EHmC �5� NPC^� �	�
f0

«VHmI k CoA�C �mtB:@H��/8EH-C
�O� NPC^���!�
fg

�VC
�!AFS;? GLHm:=n;:@H-NPSEHmNPq@IRD�:WAKGLHhGLHm: � k ?PH-Jpv;? ¢ H/��H-DF8ECED
F

n k Jp8;I@G;NPI|qWAFC
�O� ~�:@vEMOMf8;CEDFI|:WAKG;NP8;IW��GLHm:=�  ;GL: k t k C;H�G;HmIV� 0 ¦ � NPC^M��
F

�¡NP?rt¥I|tw8ECEJ/q@N k C �-8;: �$Hm:@HmQTS;CL8;CEDfG;Hm:VU�A�I@G;N�� 8EIRN k C[� NPC*M −3 �
~F xi

AFJp8EI|q@NPIRQWSEHm:Vn�?P8EIRI j H-J/q k :=NPC xi
§�«VNPQWS/q@8ECED

~FB
�;:@NPM's�:@H
���|Hm:@JpC;H-I|§�~�:WA�twqh� NPC W �

~FR
~�:WA�tBq¡GL8;:@QWS GLH-C j NPIRJ k IRHmC^«=H-N ¢ 8EC;DKI �XNyG;HT:@I|qWAFCoG^G;Hm:
n�?PvEIRIRNPDKJlHmNPqh� NPC W �

~FM
~�:WA�tBq¡GL8;:@QWS GLNyH j Nr:Rq@8EHm?y?PH1� A�IRIRH*�������������! !��"#"%$'&)(�*#��+|��� NPC W �

H
<�C/q@SEAF?P�ENPH�G;HT:=n�?yv;IRIRNPDKJlH-Nrqh� NPC $ �

ki
~ k H����-NPH-C/q@H-C�G;HmIu«V~�§ 0�Hm:Rt A�S;:@H-C;I

K
© s�:@MOHm?yHmNPqRt¥sFS;NyDFJlH-Nrqh� NyC�© M

−1 ~ −1 �
K ��� ~ k MO�;:@H-IRIRN k C;IRM k G;8;?�� NPC^�>Al�
K ��� �

© s�:@MOHm?yHmNPqRt¥sFS;NyDFJlH-Nrq�GLH-I�U¡HmMONyIRQWSEHmI�AF8;I�U�A�I|§u8ECEG^¦�A�MO�;t¥M k ?PH-JpvE?PH-C
NPC�G;Hm:-��?BA�IRH'� NyC*© M

−1 ~ −1 �
M

� AFQWS �!A�SE?
n

�VC
�!AFS;?BGLNPQTS/q@H jlk C �$?yAFIRH-C NPM �$?yAFIRH-CL§{n�?yv;IRIRNPDKJlH-Nrq@IRDFH-MONPIRQTS � �$?yAFIRHmC;§
G;NPQWSpq@H!�¡� NyC^M

−3 �



� ���������
	�����
 ��� ��������� ��� ��
������������ �����3� §�N 4p§

n0
�VC;t¥AFC;DKI �-8;I|qWAFCoG0GLHm: �=C �!A�SE?yG;NPQWSpq@H jlk C �$?yAFIRH-C NyM �$?yAFIRHmC;§
n�?yv;IRIRNPDKJlH-Nrq@IRDFH-MONPIRQTSª� NPC M

−3 �
n

� k ?yAFC
�!AFS;? jlk C�U�AFIR�EA�:Rq@NPJlH-?PC NPC�GLHm:-�$?yAFIRH'� NPC M k ?w�
nv

�VC �-AFSE?yGLNyQWS/q@H jlk C^¦�A�MO�;twM k ?PH-JpvE?PH-C�NPC�G;Hm:-��?BA�IRH'� NyC^M −3 �
nv,R

�VC �-AFSE?yGLNyQWS/q@H jlk C^¦�A�MO�;twM k ?PH-JpvE?PH-C*AFM �$?yA�IRH-C;:WA�CoGª� NPC^M
−3 �

N
�VC �-AFSE? jlk C��$?yA�IRH-C�NPM ¢ HmqR:WAFQWS/q@Hmq@H-C n�?P8;NBG jlk ?P8;MOH-C

N
�VC �-AFSE? jKk C &pq k .'��Hm?y?PH-C �-8;:OJ k MO�E?PHmqRq@HmC n;:WAFDFMOH-C/qWA�q@N k CdH-NPCEH-I�� k §
G;H-?P?PI|q@H-NPCEH-I

Ng
�VC �-AFSE? jlk C�U�A�IRM k ?PH-JpvE?PH-C NPC^G;Hm: �$?yAFIRH

Ntot
&L8EMOMOHVAF8;IVU�AFI|§�8ECoG'¦�A�MO�;t¥M k ?PH-JpvE?PH-C�NyC G;Hm:-�$?yA�IRH

Nv
�VC �-AFSE? jlk C^¦�A�MO�;twM k ?PH-JpvE?PH-C�NPC G;HT:���?BA�IRH

Ny
�VC �-AFSE?9:Ws�8EMO?PNPQTS;Hm:X¦�NPIRJ/:@Hmq@NPIRNyHT:@8ECEDFIR�E8;CEJ/q@H�NPCEC;Hm:@SoA�? ¢ G;Hm:-�$?yA�IRH

�
2

~ k C
�-H-C/qR:WA�q@N k C^DKHm? �FI|q@H-C &;A�8EHm:@I|q k � H-I�� NPC MOD�� ` �
p

MONPqRq@?PHm:@HT:�¦¡:@8;QTJ���U¡H-I@AFM4qWGL:@8EQWJ;�XNPM �$?yAFIRH-CL§¨n�?Pv;IRIRNyDFJlH-Nrq@IRDKHmMONyIRQWS � NPC
�>Al�

p̃
AFJp8EI|q@NPIRQWSEHm:�¦¡:@8;QTJ �¥©ªHmQTS;IRH-?yGL:@8EQWJ;�fNPM ��?BA�IRH-C;§{n�?PvEIRIRNPDFJlH-Nrq@IRDKH-MONPIRQWS
� NyC^�>Al�

pa
�-H-NrqWA ¢ SosFC;DKNPDKH4A�JL8;I|q@NPIRQTS;H �VCL:@H-DK8;CED5GLHm:=~�A j NrqWA	q@N k CEI ¢ ?BA�IRH'� NyC^�>Al�

pa0
� A 4LNPM'AF?yAFMO�;?yNrq@8EG;H�GLHm:=AFJp8EI|q@NPIRQWSEH-C �VCL:@H-DK8;CED^� NPC��>AK�

pmin,max
MONyC;NPM'AF?PH'� ¢ �!���;M'A 4LNPM'AF?PH��VMO�E?PNrq@8oGLH�GLH-Iu©ªH-QWSEIRH-?yGp:@8EQWJlH-I�� NPC �>AK�

p`
¦¡:@8EQWJ���U¡H-I@AFM4qWGL:@8;QTJ;��NPC�GLHm:=n�?PvEIRIRNPDKJlHmNPqh� NPC �>AK�

p`0
«V8;SEH!Gp:@8EQWJOG;Hm:=n�?Pv;IRIRNyDFJlH-Nrq��9S  ;GL: k I|qWA�q@NPIRQTS;Hm:X¦¡:@8;QTJ�� NPC��>AK�

p̃`
AFJp8EI|q@NPIRQWSEHm:X¦¡:@8;QTJ'NPC GLHm:Vn�?PvEIRIRNPDKJlHmNPq4� NPC��>AK�

pi
NyC;CEHm:@HT:u¦¡:@8EQWJOGLHm:X~�A j NrqWA	q@N k CEI ¢ ?BA�IRHO� &L8;MOMOHXAF8EI=U�A�I|§�8ECoGO¦�A�MO�;tB§
GL:@8EQWJONPC�G;HT:-�$?yAFIRH	��� NPC �>Al�

pi0
z¨CEC;H-CoGp:@8EQWJ5NPM U¡?PH-NPQTS;DKH!�XNPQWSpq@I �m8EI|qWAFCEGª� NPC �>Al�

pg
U�AFI@GL:@8;QTJ ��U¡H-I@A�MhqWGp:@8EQWJE��NyC G;Hm:-�$?yA�IRH�� NPC^�>Al�

pg0
«V8;SEHm§¨U�AFI@Gp:@8EQWJ�� NPC �>Al�

pv
¦�AFMO�Lt GL:@8;QTJfNyC G;Hm:-�$?yA�IRH�� NPC��>AK�

pv0
«V8;SEHm§�¦�A�MO�;t Gp:@8EQWJ^� NPC �>AK�

pσ
¦¡:@8EQWJ'G;8L:@QTS^G;NPH�� ¢ Hm:��osFQWSEH-C;IR�oAFC;Cp8ECED σ

� NPC^�>Al�
p∞

J k C;I|qWAFC/q@Hm:�¦¡:@8EQWJfNPC'G;HT:uG;NPH=~�A j NrqWA	q@N k CEI ¢ ?BA�IRH¡8;MODKH ¢ H-CEG;H-C5n�?yv;IRIRNPDF§
JlH-Nrq�� NPC �>Al�

p(R)
¦¡:@8EQWJ'AFM ��?BA�IRH-C;:WA�CoGª� NPC �>AK�

Pa
0 k M } &/§ &pH-CoGLHm:uA ¢ DFH-I|qR:WAFS;?Pq@H4A�JL8;I|q@NPIRQTS;H�¬�H-NPI|q@8EC;D � NPC*© �

P ©[AFSL:@IRQTS;H-NPCE?PNPQTS;JlH-Nrq HmNyC;Hm: ~ k C�2oDK8L:WA�q@N k C G;HmI �$?yAFIRHmC;§
n�?yv;IRIRNPDKJlH-Nrq@IRDFH-MONPIRQTS;H-I

Q
© s�:@MOH5� NPC $ �

~Q
0�H-J/q k :uMONrqXDKH k MOHmqR:@NPIRQTS;H-C��¡8EHm?y?rq@Hm:@MOHmC

r
:WAKG;NyA�?yH�«VAF8;MOJ k/k :WGLNyCEA�q@Hh� NyC*M��
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R
�$?yAFIRH-CL:WAKGLNy8;Ih� NPC M��

R0
«V8;SEHm:WAFG;NP8EI �EU¡?PH-NPQWSEDKH/�XNyQWS/q@I|:WAKGLNy8;If� NPC^M��

Re
«VHmIRNBGL8E8;M

Rmax
M'A 4LNPM'AF? Hm:R:@H-NPQWS/q@Hm: �$?yAFIRH-CL:WAKG;NP8;Ih� NPC^M��

S
�¡NP?rt¥I j A�:@NyA ¢ ?PH ¢ H-NxG;HT:1�$Hm:@H-QWSECp8;CED�G;Hm:V© s�:@MOHm?yHmNPq@8;CED'NPCEC;Hm:@SoA�? ¢ G;HT:
�$?yAFIRH'� NPC^©

−1 �
T

� H-MO�9Hm:WA	q@8;:�� NPC^~4�
T`

� H-MO�9Hm:WA	q@8;:=GLHm:=n�?PvEIRIRNPDKJlHmNPqh� NPC^~4�
T � , T � ��:WAFC;I|t k :@M'A�q@N k C;I jlk :@IRQWS;:@Nrtwqft¥v;:hH-NPCEH'SEA�:Rq@H ¢ �!��� ��H-NPQWSEH'«VAFCoG ¢ H!G;NPCL§

DK8;CED
t

7 HmNPq4� NPC^IW�
t , ~ k ?y?yA��EI �-H-Nrqh� NPC IW�
~u

0�H-J/q k :�GLHm:�MONrqRq@?PHm:@H-C &LQWSEC;H-?P?yH�NPM �$?yAFIRHmC;§{n�?PvEIRIRNPDKJlHmNPq@IRDFH-MONPIRQTS � NyC
M I

−1 �
~ug

0�HmJpq k :=G;Hm: &pQTS;CEH-?P?PH�NPC GLHm:¡U�AFIR�ESEAFIRHO� NPC MdI −1 �
~u`

0�HmJpq k :=G;Hm: &pQTS;CEH-?P?PH�NPC GLHm:Vn�?yv;IRIRNPDKJlH-Nrqh� NPC^MdI −1 �
~u`0

UV:@8ECEG;I|qR:��KMh8EC;DhNPC�GLHm:=n�?PvEIRIRNPDKJlHmNPqh� NPC^MdI
−1 �

|~u`| � � �
� A 4LNPM'AF? ¢ HmqR:WA�D'G;Hm: &pQTSEAF?P?PIRQTS;CEH-?P?PH�NyC^G;Hm:Vn�?PvEIRIRNPDFJlH-Nrq4� NyC^M I −1 �

u`n , u`t

&LQWSEC;H-?P?yHmJ k MO� k CEH-C/q@HONPC C k :@M'A�?PHm:�� ¢ �/����qWAFC;DKH-C/q@NyAF?PHm:O«=NPQTS/q@8;CED �-8L:
�$Hm:WA�CoG;8;CED � NPC*M I

−1 �
U

U¡H-IRQWS �XNPCEG;NPDKJlHmNPq¡G;HT:-�$?yAFIRH-C �uA�CoG ¢ H!��H-DF8EC;D�� NyC^MdI −1 �
U ����� &L�EAFCECp8;CEDKIRIRNPDFCoAF?�AFC G;H-C*�  ;GL: k t k C;H-C GLH-IX� 0 ¦ � NyC 0��
U � &L�;NPq��mH-C ��Hm:Rq�G;Hm:$&L�oA�CECp8EC;D�AFM ��SEHm:WA��ENPH-IRH-CEG;Hm:��¥©[AFCEG;?PHm:@IR�EAFCECp8;CED/�

� NPC�0��
~w

0�HmJpq k :=G;Hm:=<>:@SoA�?rq@8ECEDFIRDF:�� .lH-C
w

I|q@H-?P? j Hm:RqR:@Hmq@H-CEG*t¥vL:XH-NPCEH�~ k MO� k C;H-C/q@H�A�8EI ~w

w`
I|q@H-?P? j Hm:RqR:@Hmq@H-CEG*t¥vL:XH-NPCEH4UV:�� .lH4G;Hm:Vn�?PvEIRIRNPDFJlH-Nrq@IR�ESEAFIRH4AF8;I ~w

~x
�V:Rq@I j H-J/q k :

y ¢ H-?PNPH ¢ NPDKH1�-HmNPqWA ¢ SEsFCEDFNPDKH4nE8EC;J/q@N k C
y

C k :@MONyHT:Rq@Hm:-�$?yAFIRH-CL:WAKGLNy8;I
y

qR:WAFC;I|t k :@MONPHm:Rq@H�:WAFG;NyAF?PH�«VAF8EMOJ k/k :WG;NPCEA�q@H
yj

:WsF8;MO?yNPQWSEH1&/q@v;q��-I|q@Hm?y?PH-C ¢ H-NPM IR�9H-J/qR:WAF?PH-C 0�Hm:Rt¥AFS;:@HmC
z

«¡A�8EMOJ k/k :WG;NPCoA	q@H5� NPC^M��

� � �&��� /��
	�� � ��
��
	 � -0�0�

g
JlH-C;C �-H-NPQWSEC;H-CoGOt¥vL:¡GLNPH�U�AFIR�;SoAFIRH ¢ HmqR:@H � H-CoGLH�UV:��2.KH-C

j
¬ A�8�2oCEG;H 4

k
¬ A�8�2oCEG;H 4
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`
JlH-CEC
�-H-NPQWSECEHmCoG^t¥vL:4G;NPHOn�?PvEIRIRNPDFJlH-Nrq@IR�ESEAFIRH������������ "|� ¢ HmqR:@H � H-CEG;HOUV:���§
.lH-C

`
¬ AF8�2oCEG;H 4Otwv;:VG;N j Hm:@IRH¡~ k H����mNyHmCpq@HmC�G;Hm:XCp8;MOHm:@NPIRQTS;H-C�&pQTSEA ¢ ? k CEH-C

n
G;NPIRJ/:@Hmq@Hm:V79H-Nrq@NyCEG;H 4

norm
JlH-C;C �-H-NPQWSEC;H-CoG*twv;:�C k :@MONPHm:Rq@HfUV:��2.KH-C ¢ HmN>G;Hm:
�$Hm:@H-QWSECp8;CED�G;Hm:
�$?yA�§
IRH-CoG  ;CEAFMONPJ





��� ����� 
�� � �����

������� # 	 �.�5������� # #��#��	*�,� � � 	'� -��#�

¦¡NyH
�$H-Nrq@H 0�HT: ¢ :@H-Nrq@8EC;D jlk C^}V?PqR:WA�IRQTSEAF?P?$� }
&E�$NPC GLHm:��^H!G;N �-NPC ¢ AFIRNPHm:Rq¡AF8LtxG;H-C*H-NPC �-NPD�§
A	:Rq@NPDKH-C�� �KDF?yNPQWSEJlHmNPq@HmC ��G;NPHhG;Hm:¡}¡?rqR:WAFIRQWSoA�?y?xI k � k SE?>t¥vL:�GLNyHh¦�NyAFDFC k I|q@NPJ � AF?PI�A�8EQWS�t¥v;:
GLNPH���SEHm:WA��ENPH ¢ NPHmq@Hmq!�;z¨C^8EC �-sFSE?PNPDKHmC �VC ��HmCoG;8;CEDFH-C*SEA�q=IRNPQTS^DKH �-HmNyD�q��9G;AFIRIVAFJp8EI|q@NPIRQWSEH
<xCEHT:@DKNPH�©�H-NPQTS/q@H-NP?PDKH!�$H ¢ H�DF8;q^G;8L:@QTSEGL:@NPCEDFH-C�JKA�CEC
	 $ ¦�« + �>H����X¦¡NyHmI^Hm:@M��FDK?PNPQTS/q HmI �
A�8EQWSªq@NPHmt¡?PNPH-DFH-CoGLH U¡H!�$H ¢ H-I|qR:@8;Jpq@8L:@H-C CENPQWSpq@NPC j AFIRN j 8;C/q@Hm:@IR8EQWSEH-C[8;CoGªA�8;twDF:@8ECEG G;Hm:
DF8;q@H-C n k JL8;IRIRNPHm: ¢ A	:@JlH-Nrq jlk C }
&[? k JKA�? ¢ HmSoAFCEG;H-?PC��-8dJ%�KC;CEH-C �x¦�NPH j HT:@SosF?rq@C;NyIRM's .lNPD
C;NPH!GL:@NPDKHmC��VHm:@I|q@H-?P?P8EC;DKIRJ k I|q@H-C jlk CO}
&p§¨U¡Hm:Ws�q@HmC'twvESL:@H-C��-8'H-NPCEHm:$S k SEH-C�0�Hm:Rt¥v;D ¢ A�:@JlH-Nrq
GLNPH-IRHm:4� H-QWSEC k ? k DFNPHK� W NyQWS/q
�-8;?PHmq��mq4AF8;I�G;NPH-IRH-M UV:@8ECoG DKH/�XNyC;C/q4G;NPH��VC �$H-CoGL8ECED jlk C
}
&�NPC GLHm:=M k G;Hm:@C;H-C �^H!G;N �-NPC �$H-Nrq@Hm:�A�C��$H-G;H-8Lq@8ECEDL�

¦¡NyH'Hm:@I|q@H��=C �$H-CoGL8EC;D jlk Cª}¡?rqR:WAFIRQWSoA�?P?�NPC[G;Hm:��^H!GLN �mNyC ��A�:hq@SEHm:WA��9H-8;q@NPIRQWSEHm: W A	q@8;:
	 �¡AKAK�F�
����������������8;CoG�������� �"! ¢ H kK¢ A�QTS/q@Hmq@HmC F �K£ Y G;NPH�IRQTSEsKG;NPDFH-CoGLH'© NP:@Jp8;CED jlk C
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ρ` = ρ`0 + ρ̃` ,
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p` = p`0 + p̃` ,
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MOHmC��/¦�NPH-IRHT:=<�C/q �X8L:Rt j HT:@JLCpv;�;twq$G;NPH�~ k C;IRNyI|q@HmC ��GLH-Iu��A  L? k : j Hm:Rt¥AFSL:@H-CEIuMONrqXGLHm: ¢ :@HmNPqR§
¢ AFCEG;NPDKH-C �V�;�;: k 4LNPM'A�q@N k CdG;HT:OAFCEAF?) pq@NPIRQTS;H-C ¦�NPIR�9Hm:@IRN k CEI ¢ H �-NPH-Sp8;CED�NPM n;:@H��/8EH-C
� ¢ Hm§
:@HmNyQWS^8;CoG��XNr:WG^GEA�SEHm:=A�8EQWS A�?yIu¦¡«¡�>§ 0�Hm:Rt¥AFSL:@H-C�� ¦¡«¡� � G;NPIR�9Hm:@IRN k C^:@H-?yA�q@N k C^�;:@H-IRHm:R§
j NPCEDl� ¢ H!�-H-NPQTS;CEHmq!�!<�NPCEH$AF8;I|t¥vESL:@?PNyQWSEH��$H!�$Hm:Rq@8EC;D=G;H-I <�C/q �X8L:Rt¥I j HT:Rt AFSL:@H-CEI NyI|q NPC 	 &/q@H!� Y �
DFH-DKH ¢ H-C�� W H ¢ H-COGLHm:�~ k C;IRNPI|q@H-C �XH-NPCEHmI�0�Hm:Rt A�S;:@H-C;I �/GLNyHXDF?yHmNyQWS ¢ H!G;Hm8;q@H-CEG5MONPq�GLHm:"�=8EI|§
I@A�DKH�NPI|q��9G;AFIRIVG;Hm:=? k JFAF?PH�¦�NPIRJ/:@Hmq@NPIRNyHT:@8ECEDFI|t¥H-S;?PHm:�MONrq j Hm:@IRQWS �XNPCoG;HmCoG;HT: � AFIRQWSEH-C ��HmNPq@H
�
∆x → 0, ∆t → 0

��DFH-DKHmC W 8;?y?�DKHmSpq 	 �^8;Co�K���$8;CoG GEAFMONrq4G;AFI W s�SEHm:@8;CEDKI j Hm:Rt A�S;:@H-C
HmNyC;H^qWA�q@I@s�QTS;?PNyQWSEH��V�E�L: k 4;NPM'A	q@N k CdG;H-IO�;S  LIRNPJFAF?PNPIRQTS;H-C �=8EIRDKAFCEDFIR�;: kF¢ ?PH-MOIOG;A�:@I|q@H-?P?rq��
IR�;NPH-?rq¡GLNPH &pqWA ¢ NP?yNrqWs	q¡GLH-I(0�HT:Rt AFSL:@H-CEIuHmNyC;H�H-C/q@IRQTS;H-NyG;H-CEG;H�« k ?P?PHK�

<xNPC5H 4L�E?PN �-Nrq@H-I 0�Hm:Rt A�S;:@H-C��mH-NPDFq��lNPM U¡H-DFH-CEI@A	q��(�-85NPMO�E?PN �-Nrq@H-C �FJlH-NPC;H�8EC ¢ H!GLNyC;DFq@H(&/qWA ¢ NP§
?PNrqWs�q!�p7 8L:uU¡H!��sFSL:@?yHmNyI|q@8;CEDhG;Hm:"&pqWA ¢ NP?PNrqWs�q�Mf8EIRI��-8L:�¬,�KIR8EC;D�S  ;�9HT: ¢9k ?PNPIRQTS;Hm:uU¡?PH-NPQWSp8EC;§
DFH-C�G;NPH 0 k 8;:WA�CpqR§{n;:@NPH!Gp:@NPQTS;I|§¨¬ H j  � 0 n>¬ � �$H!GLNyC;DK8;CED�H-NPCEDFH-SoA�?Pq@HmC��$Hm:WG;H-C 	 ¬'0¡�l£
����&LNPH
t k :WGLHm:Rq��9G;AFIRI�GLHm:=Cp8EMOHm:@NPIRQWSEH � ¢ Sos�CEDFNyDFJlH-Nrq@I ¢ Hm:@H-NPQWS G;H-C^�ES  LIRNyJFAF?PNPIRQWSEH-C v ¢ Hm:WG;HmQTJlHmC
Mh8EIRI 	 �^8;Co�K��� 8;CoG'DlA�:WA�C/q@NyHT:Rq¡G;AKGL8;:@QWS �;GEA�IRI=I@s�Mhq@?PNPQTS;H�z¨CLt k :@M'A�q@N k C jlk M�79H-Nrq@�E8;CEJ/q
tn �=GLNPHªAF8;QTS �ES  LIRNPJKA�?PNyIRQWS �-8;:�¬ �KIR8;CED �-8EM 7 HmNPq@�;8EC;Jpq

tn+1 ¢ H-NrqR:WAFDKHmC �XvL:WG;H'�=NPC
GLNPHhCp8EMOHT:@NyIRQWSEH1�=�E�L: k 4LNPM'A�q@N k C�H-NPCEDKHmSpq!�o¦�NPH 0 n>¬ § ��H!G;NPCEDF8EC;D'twvESL:Rq��-8 H-NPC;Hm:¡twH-I|q@H-C
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~ k �;�E?P8EC;D+�!�XNPIRQWSEH-C :Ws�8EMO?PNPQTS;Hm:X8ECEG��mH-Nrq@?yNPQWSEHm:V¦�NPIRJ/:@Hmq@NPIRNPHm:@8EC;D

c`0∆t

∆x
= γ .

��£p� F IF�

�$H-NuH-NPCEHmM 0�Hm:Rt A�S;:@H-C[S k S;Hm:'�V:WGLCL8;CED NPC��!�$H-Nu¦�NPMOH-CEIRN k CEH-C��XNr:WGdG;NPH 0 k 8L:WAFC/q��!AFS;?
γ
G;8L:@QTSdGLNyH j Hm: �$H-CoGLHmq@H-C Cp8EMOHm:@NPIRQWSEH-C &pQTSEA ¢ ? k CEH-Cd8ECEG[G;NPH^M'A 4;NPM'A�?uAF8LtwqR:@Hmq@H-CEG;H

� AFQWS �!A�SE?
M = |~u`| � � � /c`0

¢ H-I|q@NPMOMhq!� �^Nrq�G;H-M j Hm: �$H-CoGLHmq@H-C4¦�«¡�>§ 0�HT:Rt AFSL:@H-C4Hm:@DKN ¢ q
IRNyQWS�t¥vL: �VC �$H-CoGL8ECEDFH-C¡q@S;Hm:WAF�9H-8Lq@NPIRQTS;H-C�}¡?rqR:WAFIRQWSoA�?P?yI$�

M ≤ 0,2
�%	 U¡NPCo�K£�� �p8;q Y G��w� H-NPCEH

M'A 4LNPM'AF? �-8E?ys�IRIRNyDFH 0 k 8;:WA�C/q��!AFS;? jlk C γ ≈ 0,15
	 U¡NPCE�l£
���

� � � ��� _�� �����=���$���$���$��� �o�

W H ¢ H-C H-NPC;Hm: ¢ H-JFAFC;C/q@H-C �VCLt AFC;DKI j HT:Rq@H-NP?y8;CED DKHmSEH-C NPC G;NPH�Cp8;MOHm:@NPIRQTS;H�¬,�KIR8;CEDdG;Hm:
�x: kF¢ ?PH-MOI|q@H-?P?P8EC;D+�$H-G;NPCEDF8ECEDFH-C'H-NPC �LGLNyHVAFM «¡A�CoG'G;HmI$«=H-QTS;H-CEDFH ¢ NPHmq@HmI$Hm:RtwvE?P?rq"��Hm:WGLH-C
MfvEIRIRHmC�� �$HmN>G;Hm:¡} &/§ �=8EI ¢ :@H-Nrq@8ECEDht¥v;:Vq@SEHm:WA��9H-8;q@NPIRQWSEH��VC ��HmCoG;8;CEDFH-C Mf8;IRI¡G;AFI 0�Hm:R§
t AFSL:@H-CONPC5GLHm:�¬ AFDFHXIRH-NPC �F8EC/q@Hm:@IRQWSENPH!G;?PNPQWSEH�«VAFCEG ¢ H!GLNyC;DK8;CEDKHmCfCp8EMOHm:@NPIRQWSh8;M��-8EIRHTq��-H-C��
¦�NPHh<xNPCEI|qR:WA�SE?P8EC;D'G;H-I &LQWSoA�?P?yIRNPDFCoAF?PH-IVNPC GEAFIX«=H-QWSEH-C;DKH ¢ NyHTqVHT:Rt k ?PD�q�v ¢ HT:VHmNyC;H &LH-CEG;Hm:R§
:WAFCoG ¢ H!G;NPC;DK8EC;D;�L¦�NPH�A ¢ I|qR:WAFS;?PH-CoGLH1&LH-CEG;Hm:��osFQWSEHVIRH-? ¢ I|qXMONrqXNPS;:@Hm:XMOH-QWSoA�CENPIRQWSEH-C'��A�?r§
q@Hm:@8EC;D�JFAFC;C�NPM �=?y?PDL� AF?PI�IRQWSoAF?P?PSoA	:RqO��AF8;QTS A�?yIVNyG;H!A�?>SoA�:Rq ¢ H �-H-NPQWSEC;HmqT�VA�CEDKHmC k MOMOHmC
��Hm:WGLH-C��o<�NPCEH�NyG;H-AF? SEA�:Rq@H�«VAFCEG ¢ H!GLNyC;DK8;CEDfI|q@Hm?y?rq¡G;NPH�&  LMOMOHmqR:@NPH!A�QTS;IRH�G;HT:=: k qWA�q@N k C;I|§
I  ;MOMOHTqR:@NyIRQWSEHmC �VC k :WG;Cp8;CEDuG;A�:!��798;: �$H-DF:@HmC �-8;CED=G;H-I�«VHmQTS;H-CEDFH ¢ NPHmq@H-I �-8ECoG¡GEAFMONrq G;H-I
CL8;MOHm:@NPIRQTS;H-C��V8Lt ��AFCoGLH-I � ��HT:WG;H-C ��HmNPq@HT:@SENPC I k D;��A ¢ I k : ¢ NPHm:@H-CoGLH^«VAFCEG ¢ H!GLNyC;DK8;CEDKHmC
¢ H-C ��q@NyD�q!� &pNyHOI|q@Hm?y?PH-C[HmNyC;H��$Hm:WAFCEG;8;CED�GLH-I�«VH-QWSEHmCEDKH ¢ NPHmq@H-I4GEA	:���GLNPHOJlH-NPCEHO«=vEQWJ �XNP:R§
JL8;CEDVAF8Lt G;NPH�¬,�KIR8;CED¡NPC;CEHm:@SEAF? ¢ GLH-I>«VHmQTS;H-CEDFH ¢ NPHmq@H-I>SEA ¢ H-ChGEA	:Rto8;CoG4AF?PIx�ES  LIRNyJFAF?PNPIRQWSEH
�$H-DF:@HmC �-8;CEDOCENPQWS/qXH 4LNyI|q@NPHm:Rq!�

<�NPCEH�A�Jp8EI|q@NPIRQTS*NyG;H!A�? SoA	:Rq@H �$Hm:WA�CoGL8ECED �XNr:WG^CENPQWSpq=GLHmt k :@MONPHm:Rq��;t k ?PDK?PNPQWS j Hm:@IRQWS �XNPCEG;Hmq
G;NPH W k :@M'AF?PH-CEJ k MO� k C;H-C/q@H$GLHm:�&LQWSoA�?P?yIRQWSEC;H-?P?PH u`n

H ¢ H-C;I k �XNPHXG;NPH W k :@M'AF?PH-CEA ¢ ?PH-Nrq@8;CED
G;H-I &LQWSoA�?P?BGp:@8EQWJlH-I

p̃`
A�C�G;HT:-�$Hm:WAFCEG;8;CEDKI �osFQWSEHK�

u`n = 0 ,
∂p̃`

∂n
= 0 .

��£p� FEY �

<�C/q@IR�;:@HmQTS;H-CoG�NyI|qVA�C H-NPCEHm:XNyGLH!AF?,��H-NPQWSEH-C ��Hm:WAFCEG;8EC;DfJlHmNyC*¦¡:@8EQWJFAF8;t ¢ A�8^M��KDF?PNyQWS��

∂u`n

∂n
= 0 , p̃` = 0 .

��£p� F �K�

¦�NPH�NyG;H!A�?�SEA�:Rq@H-C*8ECoGONyG;H-AF? ��H-NPQWSEH-C*«¡A�CoG ¢ H-G;NPCEDF8ECEDFH-C���Hm:WGLH-C*Cp8;MOHm:@NPIRQTS�MONrquH-NPCEHm:
&L�ENPH-DFH-?P�E8;CEJ/q@MOHmq@S k GLHu8EMODFH-IRHmq��mq!�K¦�A ¢ H-N��XNr:WG�G;AFI�«VHmQTS;H-CEDFH ¢ NPHmq�8EM GL:@HmNE�¡NP?rt¥IR�;8EC;Jp§
q@H�� &L�ENPH-DFH-?P�E8;CEJ/q@H	�VHm: �$H-Nrq@Hm:Rq��>GLHm:@H-C ©ªHm:Rq@HOv ¢ Hm:�H-NPCEH'��:WA�CEI|t k :@M'A�q@N k CEI jlk :@IRQTSL:@NPtBq TAF8EI�G;H-C �x8EC;Jpq@HmC�NyM «=H-QTS;H-CENPC;CEHm:@H-C ¢ HmI|q@NyMOM4q(��Hm:WGLH-C��9¦�AFMONrq¡JFAFC;C G;NPH�:WsF8EMO?PNPQWSEH
¦�NPIRJp:@HTq@NyIRNPHm:@8;CED ¢ NPIxAFC5GLH-Cf«VAFCEGhGLH-I>«=H-QTS;H-CEDFH ¢ NPHmq@HmI>MONPq>G;Hm: jlk ?P?yHmCf¦�«V�x§ &pQTSEA ¢ ? k CEH
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GL8;:@QWSEDFHmt¥v;S;:Rq ��HT:WG;H-C58;CoGhG;NPH �¡8oAF?PNrqWs�q�GLHm:�CL8;MOHm:@NPIRQTS;H-C��=�E�L: k 4LNPM'A�q@N k C ¢ ?PH-N ¢ q$A�8EQWS
A�M «¡A�CoGdHm:@SoA�?Pq@HmC��(�^Nrq*G;HmC ~ k MO� k C;H-C/q@H-C GLH-I#&LQWSEC;H-?P?yH j H-J/q k :@IOC k :@M'AF? u`n

8ECEG
qWA�CEDFH-C/q@NBA�?

u`t

�-8L: ¢ HmqR:WA�QTS/q@Hmq@H-C^� ¢ Hm:��osFQWSEH¡HT:@DKN ¢ q=IRNPQTS't¥vL:=G;NPH���:WA�CEI|t k :@M'A�q@N k CEI jlk :R§
IRQWS;:@NrtBq

T � � T � ��t¥vL:�H-NPC;HhSEA�:Rq@H�� ��H-NPQWSEH	�X«¡A�CoG ¢ H-G;NPCEDF8ECED�� ρ̃`
j Hm:@SEsF?rq�IRNPQWS AFCoA�? k D��-8

p̃`
�T�

T � :

0

B

@

p̃`

u`n

u`t

1

C

A
→

0

B

@

p̃`

−u`n

u`t

1

C

A
, T � :

0

B

@

p̃`

u`n

u`t

1

C

A
→

0

B

@

−p̃`

u`n

u`t

1

C

A
.

��£p� £F�K�

W H ¢ H-CfG;NPH-IRH-C���H!G;NPCEDF8EC;DKH-C4t¥v;:�GLNyHXn;H-?yG;DF:�� .lH-CfIRH-? ¢ I|q�Hm:@DKH ¢ H-C5IRNPQTS5G;8;:@QWS5GLNPHun k :@Mh8;§
?PNPHm:@8;CED�NyC <>:@SoA�?Pq@8;CEDFI|t k :@M AF8EQWS ~ k M ¢ NPCoA	q@N k CEHmC G;Hm:�nEH-?yG;D�:��2.lHmC ��G;NPHfHmCpq@IR�L:@H-QWSEH-CEG
¢ HmSoAFCEG;H-?rq$�$Hm:WG;H-C

T � :

0

B

@

(ρ`0 + ρ̃`)u`n

(ρ`0 + ρ̃`)u`nu`t

p̃` + (ρ`0 + ρ̃`)u`nu`n

1

C

A
→

0

B

@

−(ρ`0 + ρ̃`)u`n

−(ρ`0 + ρ̃`)u`nu`t

p̃` − (ρ`0 + ρ̃`)u`nu`n

1

C

A
,

T � :

0

B

@

(ρ`0 + ρ̃`)u`n

(ρ`0 + ρ̃`)u`nu`t

p̃` + (ρ`0 + ρ̃`)u`nu`n

1

C

A
→

0

B

@

(ρ`0 − ρ̃`)u`n

(ρ`0 − ρ̃`)u`nu`t

−p̃` + (ρ`0 − ρ̃`)u`nu`n

1

C

A
.
��£p� £ F �

n�vL:�GLNPH�z{MO�E?PH-MOH-C/q@NPHm:@8;CED�GLHm:�&LH-CEG;Hm:R:WA�CoG ¢ H!G;NPCEDF8EC;D
�TI k �XNPH$G;Hm: A ¢ I k : ¢ NPHm:@HmCoG;HmC�«¡A�CoGL§
¢ H-G;NPCEDF8ECED�� �XNr:WG�HmNyC;H'n k :@Mh8E?PNPHm:@8EC;D GLHm:�CENPQWSpq@?PNPCEH-A�:@H-C[A�Jp8EI|q@NPIRQTS;H-C U¡?PH-NPQWSL8;CEDFH-CªNPC
QWSoA	:WAFJ/q@Hm:@NPI|q@NPIRQTS;Hm:=n k :@M A�CEDKH/�uAFCEGLq!�L¦�NPH-IRHVHm:@?yAF8 ¢ qXG;NPHVDKHmqR:@H-C;C/q@H��$HmH-NPC��o8;IRIR8EC;D jlk C
NPC;I^«=H-QTS;H-CEDFH ¢ NPHmq^H-NPC;§O8;CoG�A�8EIR?yAF8Lt¥H-CEG;H-C ©ªH-?P?PH-CEAFC/q@H-NP?PH-C��X¦�NPH }¡MOIRHmq��m8ECED[HT:Rt k ?PD�q
A�CoA�? k D��-8;:X¦�A�:@I|q@H-?P?P8EC;DONyC#	 U�¬ & + �K£��9U¡NPCE�l£����

� ��� ������� # # ��/�� ' �.��� 	 /*��1 � � ( ��� �	� � � #�	�! � � ���&���,� � ���,�.���'� �012�,��� 	��

z{M n k ?PDKHmCoG;HmC4I k ?P?yHmCfGLNyHxNPM «¡A�SEMOH-C�GLNPH-IRHm: �X: ¢ H-Nrq j HT: ��H-CEG;Hmq@H-C�IRHm? ¢ I|qRt k JL8;IRIRNPHm:@H-CoGLH-C
}
&p§{��SEHT:WAF�ENPH-IRHmCoG;HT: jlk :@DFH-I|q@H-?P?rq �$Hm:WG;H-C �o¦�A ¢ H-N ��Hm:WGLH-C�G;NPH�Gp:@H-N,�XNPQWS/q@NyDFI|q@H-C��VC �$H-C;§
GL8EC;DKIRDKH ¢ NPHmq@H^q@S;Hm:WAF�9H-8Lq@NPIRQTS;H-C }V?PqR:WA�IRQTSEAF?P?PI ��GLNPH�< &/© ¬���GLNyH < &/© ���$I k �XNPH��¡z¨n�}V§
�=C ��H-CEG;8EC;DKH-C �¨H!��H-NP?PI=G;8L:@QTS'H-NPCEHmC &LHmCoG;HT:$:@H-�L:WsFIRH-C/q@NPHm:Rq!�
�V?P?PH�SENPHm:XHmNyC;DKH-IRHTq��mq@H-C^}
&p§
&pH-CoGLHm:VA�: ¢ H-Nrq@H-C�CEAFQWS�G;HmM �;NPH � k H-?PH-J/qR:@NPIRQTS;H-C �>:@NyC
�-NP��8ECEG^IRNPCoG�AF?PI=I k DL� 0 k MO� k IRNPq@HT§
&/qR:@8EJ/q@8;:@HmC AF8Lt¥DFH ¢ A�8;q!�o¦¡NyH 0 SEA�:WAFJ/q@Hm:@NPIRNPHm:@8;CED�G;Hm: j Hm: �$H-CoGLHmq@H-C*} &p§ &pH-CoGLHm:=AFC;SoAFCEG
GLHm:OA�Jp8EI|q@NPIRQTS;H-C 0�Hm:@MOH-IRIR8EC;D ¢ �!���xCp8;MOHm:@NPIRQTS;H-C�&LNPMh8E?yA�q@N k C GLHm:�&pQTSEAF?P?rt¥H-?yGLHm:'G;NPH-C/q
GLHm:"0�Hm:@N�2oJFA�q@N k C'G;H-I�NyC'GLNPH-IRH-M ~�A��ENrq@H-? jKk :@DKHmI|q@H-?P?Pq@HmC �=8EI ¢ :@HmNPq@8;CEDFIRM k G;H-?P?PI-�/¦�A	:@v ¢ Hm:
S;NPCoAF8;I �$Hm:WG;HmC AF8EIfG;H-C�SENPHm: jKk :@DKHmI|q@H-?P?Pq@HmCd}
&p§ &LNPDFCoAF?PH-C�NyC ~�A��ENrq@H-? H GLNyH��=C;t k :WG;Hm§
:@8;CEDFH-C�t¥v;:�GEA�I1&LNPMf8;?yA�q@N k C;IRM k G;H-?P? �-8L: �$HT:@H-QTS;Cp8ECED'GLHm:1�$?yA�IRH-CoG  ;CEAFMONPJ A ¢ DFH-?PH-Nrq@Hmq!�
¦¡NyH�0�HT:@N32EJKA	q@N k C�G;H-I4U¡H-I@A�Mhq@M k GLH-?P?yI¡H-NPCEIRQWSE?PNPH!.l?PNPQTS�~�A j NrqWA�q@N k C�NPC�~�A��ENrq@H-? c�HT:Rt k ?PD�q
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H ¢ H-C;t¥AF?P?PI�8EC/q@Hm: 0�Hm: ��H-CEG;8;CED'G;HT:�Gp:@H-N�SENPHm: ¢ HmqR:WA�QTS/q@Hmq@H-C�}
&p§ &LHmCoG;HT:!� &LsFMhq@?PNPQWSEH jlk :R§
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+
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3
+
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3
+
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twv;:VGEA�I(0�Hm:Rt¥AFSL:@H-C*twvEC;tBq@Hm:¡�V:WG;Cp8EC;D ¢ HT:@H-QTS;CEHmqXIRNPQWS�GEA ¢ H-N CoAFQWS

k1 = ∆t · f(tn, yn) ,

k2 = ∆t · f(tn + a2∆t, yn + b21k1) ,

k3 = ∆t · f(tn + a3∆t, yn + b31k1 + b32k2) ,

...

k6 = ∆t · f(tn + a6∆t, yn + b61k1 + b62k2 + b63k3 + b64k4 + b65k5) .

yn+1
(5) = yn + c1k1 + c2k2 + c3k3 + c4k4 + c5k5 + c6k6 + O(∆t6) .
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(4) = yn + c′1k1 + c′2k2 + c′3k3 + c′4k4 + c′5k5 + c′6k6 + O(∆t5) ,
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7 8;CosFQWSEI|q��XNr:WG�G;NPH �$?yAFIRHmCoG� LCEAFMONPJ ¢ HmN¡H-NPCEHT:^I k D;��tB:@H-NPH-C &LQWS �XNyC;DK8;CEDª8;Cpq@HT:@IR8EQWSpq!�
z¨C G;NPH-IRH-M��¥q@SEH k :@Hmq@NPIRQTS;H-C9�=noAF?P? 2ECoG;HTq¡JlHmNyC;Hfs�8
.KHm:@H5A�JL8;I|q@NPIRQTS;H+�=C;:@H-DF8ECED'I|qWA	qRq�8ECEG
G;NPH��$H!��HmDK8EC;D �XNP:WGªHmNyC;DKH-?PH-Nrq@Hmq���NyCEG;H-M �-8;M27 HmNPq@�;8EC;Jpq

t = 0
G;NPH��$?yAFIRH*AF8EI4NPS;:@H-M

«V8;SEHm:WAFG;NP8EI
R0

AF8;t�H-NPCEH-C��VC;t¥AFC;DKI|:WAKGLNP8EI
R(t = 0) 6= R0

DKH ¢ :WAFQWS/q�8ECoG GEA�CEC �{? k I|§
DKH-?yAFIRIRHmC +(�XNr:WG � � ¢;¢ NP?yG;8EC;D Hp� H;��Al�$�-H-NPD�q¡GLNPH�MONrqXG;H-M «¡� W W �x§ � k G;Hm?y?x��U¡? �MHL� F>F � ¢ Hm§
:@H-QTS;CEHmq@H#�$?yAFIRHmCoG� LCEAFMONPJ�t¥vL:

R0 = 3 µ
M�8;CoG

R(t = 0) = 15 µ
M � 0�Hm:@CEAFQWSE?ysFIRIRNPDFq

M'AFCdG;H-C j NPIRJ k IRHmC � HT:@M NPC U¡? � HL� FSF ��I k�j HT:@SosF?rqfIRNyQWS G;NPH��$?yA�IRH�AF?PIO8EC;DKH!G;sFMO�Ltwq@Hm:
CENPQTS/q@?PNPCEH!A	:@Hm:5�¡I �-NP?y?yA	q k :5MONrq�H-NPC;Hm:+&LQWS �XNPC;DFtw:@H �p8;H-C � jKk C f = 381,3

Jp���F� ¦�NPHO8;Cpq@HT:
G;Hm:(0 k :WA�8EIRIRHmq��-8;CEDhJL?PH-NPC;Hm:-�V8;IR?yHmCEJp8EC;DKH-C'DKv;?rq@NyDFH�?PNyC;H!A�:@H�<�NPDKHmC;tw:@H �p8;H-C ��HmNyC;Hm:-�$?yAFIRH
¢ Hm:@H-QWSECEHTqXIRNyQWS��-8 	 ¬�AF8E¤ Y �

f0 =
1

2πR0
√

ρ`0

s

3χ

„

p`0 +
2σ

R0
− pv

«

− 2σ

R0
,

� HL� Hl£F�

�uAFI MONPq
R0 = 3 µ

M A�8;t
f0 = 1, 27

�^� ��twvESL:Rq!�!¦�NPH-I �-HmNyD�q���GEA�IRI�IRQTS k C ¢ H-NlHmNyC;H-M M'A 4LNr§
M'AF?PH-C5«VAKGLNy8;I

R � � � �lGLHm:�GEA�IxtwvEC�� AFQWSEHXG;HmI�«=8ES;Hm:WAKGLNP8EI R0
Hm:R:@HmNyQWS/q��K?PNPCEH-A�:@H-�$HmqR:WA�QTSL§

q@8ECEDFH-C�C;NPQTS/q�MOH-SL: �-8;?Bs�IRIRNPD�IRNyCEG � �$H-N��VCL:@H-DK8;CED�MONrq�q@SEHm:WA��9H-8;q@NPIRQWSEH-C�} &/§ &pNPDKCoA�?PH-C
��Hm:WGLH-C5C k QWSOGLH-8;q@?PNPQTShDF:�� .lHm:@H(0�Hm:@Sos�?Pq@C;NPIRIRH R � � � /R0

HT:R:@H-NPQTS/q!�F¦�NPH(�$Hm:@vEQWJpIRNPQTS/q@NPDK8;CED
G;H-I j NPIRJ k IRH-C^��Hm:@MOI ¢ H-N GLHm:(�$?yA�IRH-CoG  ;CEAFMONPJ5SEA�q�HmNyC;H-C*GEsFMO�Lt¥H-CEG;H-C'<xNPC��E8EIRIuA�8;t GEAFI



� � � � �
� � ��� 	�� ��� ��� ��� � � ��������� ������� ����
����/��� � � § Gl��§

t
�
µ
IW�

R

� µ


�

� £ G ¤ Y F ��

c

F �

F c

�!����� 	 � ����� #����������	��
(����� �� �����
������� ���
� � ����������������	 ���%����������� ����� ������������� ������	 �������
��� � ����� � ����� ��!"��	 ������	 �%����� ������� 	 ��!�
���	 ���%�
�
−−

�������$# � ������	 ��!���	 ���

t
�
µ
IW�

R

� µ


�

� £ G ¤ Y F ��

c

F �

F c

�! �� � � ���������&%
������	 ! '� �����
������� � ��	 � 	 ��!�
%�(�
�����
����	  �� ��� #)���)�����*��
(����� � �

−−

��'+��

��	 �
�����,!�
��������
����	  �� ���-��
(����� � ��� ��
��,.�������	 ���
�
− · −

�������0/ 	 � �+
������ � � �

�	����

�
������� � ��� � 
-@ &+�!& �="%$=<D�!.�3�2'.�3	&A�!.'&A@D8�&+�
t = 0

,/2� D0�& � - 2�$�& .+2� 54#,/.�0
R0 = 3 µ

� ,/2��

R(t = 0) = 15 µ
� ,/2� 53�&A1!&+./� 45&A.9(*1 ,/ #&�F 
 �!. ��2� # 0�&+@ , �! ��7� 5� 4 	64 � ,+(;8/. < F �D7��)��@ &A 5 #�!8��!1!� 4 	64

�
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 1��' # #�!3���&+� 4AF

&pQTS �XNPCEDF8EC;DKI j Hm:@SEAF?rq@H-C � � ¢E¢ NP?BGL8EC;D]Hp� HL��Al�R�T�$¦�NPH�&LQWS �XNyC;DFtB:@H��/8EH-C
� Hm:@S �FS/q'IRNyQWS MONrq
Jp?PH-NPCEHT:���HT:WG;H-CEG;Hm:��VMO�;?yNrq@8EG;HK� �$Hm:@vEQWJpIRNPQTS/q@NPDFq¡M'AFC �-8;I@s�q��-?PNPQTS GLNyH4~ k MO�;:@H-IRIRN ¢ Ny?PNrqWs�q
GLHm:¡n�?yv;IRIRNPDKJlH-Nrq��9I k twvES;:Rq¡G;NPH-I �-8�H-NPCEHmM �$H-Nrq@Hm:@H-C GEs�MO�;twH-CoGLH-C�< � H-J/q��9GEA ¢ HmN �|H-G;H-M
��?BA�IRH-CEJ k ?P?yAF�EI�<xCEHm:@DFNPH^NPC n k :@M HmNyC;Hm:O~�8;DKH-?)��Hm?y?PH�NPCdGEA�IO8EMODKH ¢ H-CoGLH �^H-G;NP8EM A ¢ §
DFH-I|qR:WAFS;?rq��XNr:WG ��¦�NPH Gp:@H-N ¢ HmqR:WAFQWS/q@Hmq@H-C � k G;Hm?y?PH NPC � ¢;¢ NP?yG;8;CEDbHL� H;� ¢ �h?PNPHmt¥Hm:@C GEA�SEHm:
¢ NPI �-8EM Hm:@I|q@H-C ~ k ?P?yAF�;I�H-NPC�NyG;H-C/q@NPIRQWSEH-I�<>:@DKH ¢ CENPI � GEA�CoAFQWS���Hm:WGLH-C�MONrq�GLH-M NPC;J k M5§
�L:@H-IRIRN ¢ ?PH-CO«V� WdW �>§ � k G;H-?P?oGLH-8;q@?PNPQWS��-8ODF: k IRIRH��$?yA�IRH-C;:WAFG;NPH-C ¢ Hm:@H-QWSECEHTq��'�us�S;:@H-CEG5G;NPH
?PNPCEH-A�:@H �V�;�;: k 4LNyM'A	q@N k C G;H-IO�VHm:R:@NPCEDF§ � k GLH-?P?yI�8ECEG GLNyH U¡NP?PM k :@HT§|U¡?PH-NPQWSp8ECED�H-NPC j Hm:R§
DF?PH-NPQTS ¢ A	:@H-I�&LQWS �XNPC;DK8EC;DKI j HT:@SoAF?rq@H-C*�;: k DKC k I|q@N �-NPHm:@H-C��

�x� ��� � �^��� �F�o� �21x�$� � �����=�o�=� ��� � �43�� � ��� �E�^�����/�o���$�$�

¦¡NyH"�$?yAFIRH-CEG� LCoA�MONyJ ¢ H-N
�VCL:@H-DK8;CEDVMONPq�GLH-M n k Jp8EI@GL:@8;QTJpIRNPDKCEAF?pH-NPCEHmI�¬ Nrq@S k qR:@NP�Lq@Hm:@IxNyI|q
NPC#� ¢;¢ NP?yG;8EC;D Hp� GOGEA	:@DKH-I|q@H-?P?rq!�;¦�Hm:XS k SEH�7 8;DlAFC/q@H-NP? G;HT: &pq k .2��H-?P?PH�t¥v;S;:Rq$�m8^H-NPCEHT:XIRH-S;:
?yA�CEDKHmC^<54L�oAFC;IRN k CEIR�;SoA�IRHVMONrquA�CEIRQWSE?PNPH!.lHmCoG;HmM I|qWA�:@JKH-C��$?yAFIRH-C;J k ?P?yAF�;I-�;z{C�G;Hm:�<�4L�oA�C;§
IRN k CEIR�ESEAFIRH ��Hm:WGLH-C*� A 4LNPM'AF?r:WAKGLNyHmC HT:R:@H-NPQTS/q�� GLNyHhH-NPC�0¡NPH-?rt A�QTS;H-I�G;HmI¡«=8ESEHT:WAKG;NP8;I ¢ Hm§
qR:WA�DKH-Cd�

R � � � /R0 ≈ 90
�T�9© sFSL:@H-CoG G;NPHh¦�AF8;Hm:�GLHm:�A�JL8;I|q@NPIRQTS;H-C��=C;:@H-DF8EC;DOCL8L:�Hmq �uA

F c
µ
I ¢ HmqR:WsFD�q � IRNPH-S;H � ¢E¢ NP?yG;8;CED £/� Hl�/��GEA�8EHm:RqfG;NPH��$?yAFIRHmCoG� LCEAFMONPJ ¢ NyI��-8EM"~ k ?P?yAF�EI
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R0 = 10 µ
� F

MOH-S;:5AF?PI��-H-S;CEM'A�?$I k ?BA�CEDFHK��<�NPCEH��XNPQTS/q@NPDKH�UV:��2.lH ¢ H-NXG;HT:��$H-IRQWS;:@HmN ¢ 8EC;D qR:WA�CEIRNPH-CL§
q@H-C�~�A j NrqWA�q@N k C;I j Hm:@SoA�?rq@H-CEI�NPI|q4G;NPH5~ k ?P?yAF�;I �-H-Nrq t , ��&LNPH5NPI|q4G;H 2ECENPHm:Rq�A�?PIhGLNPH'7 HmNPq jlk M�$H-DKNPC;C GLHm:fAFJp8EI|q@NPIRQWSEH-C��=C;:@H-DF8ECED ¢ NPI+�-8;M"Hm:@I|q@H-C��$?yAFIRHmCEJ k ?y?yA��EI5CEAFQWS G;Hm:h?yAFCEDFH-C
<�4L�oA�CEIRN k C;IR�ESEAFIRH�8ECEG ¢ HmqR:Ws�DFq t , = 162 µ

I=twv;:VGEA�I-�$H-NPIR�ENPH-?>A�8EI-� ¢;¢ NP?yG;8;CED Hp� G;�o¦¡Hm:
0�Hm:@DF?PH-NPQTS GLHm: � k GLH-?P?PH��-HmNyD�q�� GEA�IRI¡GLNPH4~ k MO�L:@H-IRIRN ¢ NP?PNPqWs	q�GLH-I=n�?P8ENyG;I ¢ H-N I|qWA	:@JlH-C��$?yA	§
IRH-CEIRQWS �XNyC;DK8;CEDKHmC*H-NPC;H¡H-C/q@IRQWSEH-NyG;HmCoG;HX« k ?P?PH�IR�ENPH-?rq!�p¦�A�I�«V� WdW �>§ � k GLH-?P?oHm: �$H-NPI|qXIRNyQWS
AF?PI�8EC;DKH-HmNyDFCEHmq �-8;: �$H-IRQWS;:@HmN ¢ 8EC;DhGLHm: �$?yAFIRH-CEG� LCoA�MONyJ ¢ H-N �=C;:@H-DF8ECED�MONrq"&pq k .'��Hm?y?PH-C �
¦�NPHuMONPq�GLH-C�� k GLH-?P?yHmC jlk Ch�¡Hm:R:@NPCED¡8ECoGhU¡NP?PM k :@H ¢ Hm:@H-QWSEC;Hmq@H-Cf~�8L: j H-C48EC/q@Hm:@IRQWSEH-NyGLH-C
IRNyQWS SEAF8E�Lq@I@sFQWSE?PNPQTS*NPC G;HT:X~ k ?P?yAF�;IR�ESEAFIRHK� �^NPq=GLH-M �VHm:R:@NPCEDF§ � k GLH-?P? �XNr:WG^GLHm:-�$?yAFIRH-CL§
J k ?P?yAF�;I�?PH-NPQWSpqxIR�Es�q@Hm:�8;CoG�MONPqxS
�KS;Hm:@Hm:��$?yAFIRHmC;:WAFCEG;DFH-IRQTS �XNPCoGLNPDKJlH-Nrq ¢ Hm:@H-QWSEC;Hmq��lA�?PI�MONrq
G;Hm:=U¡NP?PM k :@HT§|U¡?PH-NPQWSp8ECED�� � ¢;¢ NP?yG;8;CED�HL� GE� ¢ �R�T�p¦�NPH¡IRNPQWS*S;NyHT:WAF8EI$Hm:@DKH ¢ HmCoG;HmC�� A�QTS
�!AFSL§
?yHmC jlk C M ≈ 40

I|q@HmSEH-C NyM © NBGLHm:@IR�;:@8;QTS �-8 GLHm:*G;H-M �VHm:R:@NPCEDF§ � k GLH-?P?��-8;DF:@8ECEG;H
?yNPH-DFH-CoGLH-C AFJp8;I|q@NyIRQWSEHmC��V�E�L: k 4;NPM'A	q@N k C � ¢ H-N$G;Hm:hGEA jlk C[AF8;IRDKH-DKAFC;DKH-C �XNr:WG,��GEAFIRIhG;NPH
�$?yAFIRH-C �uA�CoGLDKH-IRQWS �XNyCEG;NPDKJKH-Nrq

Ṙ
I|q@Hmq@IOJp?PH-NPCEHT:^A�?PI*GLNPH &LQWSoAF?P?PDKHmIRQTS �XNPCoGLNyDFJlH-Nrq

c`0
NPI|q!�

¦�AFI�U¡NP?PM k :@HT§ � k GLH-?P?xNyI|q�AF8EQWS�t¥vL: � AFQWS �!A�SE?PH-C�
 F C k QWS�DFvE?rq@NPD*8;CoG�G;AFMONrq¡twv;:�GLH-C
GEA�:@DFH-I|q@H-?P?rq@H-C noA�?y?�H-NPCEHm:Xq  ;�;NPIRQTS;H-C�&/q k .2��H-?P?PH-CoA�C;:@H-DF8EC;D'GEAFIXDFH-H-NPDKC;Hmq@H�� k G;H-?P? �
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¦¡NyH��$?yA�IRH-CoG  ;CEAFMONPJ ¢ H-N �VCL:@H-DK8;CED�MONrq J k Cpq@NPCp8ENPHm:@?PNPQWSEH-C &pNyDFCoA�?yHmC�NyI|q NPC1� ¢E¢ NP?BGL8EC;D�HL� c
G;A�:@DFH-I|q@H-?P?rq!�o798ECEsFQWSEI|q"�XNr:WG'NPC#� ¢E¢ Ny?yGL8ECED�Hp� cp��Al��GLHm:u«VAKG;NP8;I|§|79H-Nrq j Hm:@?yA�8;t ¢ H-N9H-NPCEHT:uIRNr§
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pa(t) = pa0 sin(2πft)
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Cp8;I|t �F:@MONPDFH-C��VCL:@H-DK8;CEDOMONrqVG;Hm:¡«VH-I k CoA�C �mtB:@H��/8EH-C
� f = 985
Jp� �hGLH-I=�¡z|n�}=§ &LH-CEG;Hm:@I

8;CoG4H-NPCEHm:x:@H-?yA�q@N j DKHm:@NPC;DKH-CO¦¡:@8;QTJFAFMO�;?PNPq@8EG;H jlk Cf��� F � �>A ¢ HmqR:WAFQWS/q@Hmq!��¦�NPH-IxH-C/q@IR�;:@NPQTS/q
¢ HmNyIR�;NPH-?PI ��H-NPIRH5GLH-C�&pQTSEAF?P?rt¥H-?yG ¢ H-G;NPCEDF8ECEDFH-C�NPC G;Hm: W sFSEH4GLHm:�&LH-CEG;Hm: kF¢ Hm:��9s�QTS;HK� �=8EQWS
¢ HmN A�CoG;HT:@H-C��=C �$H-CoGL8EC;DKI|t k :@MOH-C jKk C^}
& � �XNPH�Hmq ��A ¢ H-N�G;Hm: �$NP?yG;DFH ¢ 8;CED k GLHm:=NyC G;Hm:
«=H-NPCENPDF8ECEDFI|q@H-QWSECENPJ �KqR:@HTq@H-C j Hm:@DF?yHmNyQWS ¢ A	:@HV¦¡:@8;QTJFAFMO�;?PNPq@8EG;H-C,���|H!G k QTS ¢ H-N9A�CoGLHm:@H-C'n;:@Hm§
�/8;H-C �-HmC � AF8;t{� W A�QTS[HmNyC;Hm:f<�NPCEIRQWS �XNPCEDK�;SoA�IRH jlk CªQ!Ap� Y µ

I �>G;NPH*NPC�� ¢E¢ NP?yG;8;CEDPHL� cL��AK�
A�8EIRDFH ¢ ?PH-CEG;HmqVNPI|q��9I|q@H-?P?rq�IRNPQTS ¢ HmN�G;HT:
�$HT:@vEQWJLIRNPQWS/q@NyDF8EC;D'G;Hm:V~ k MO�;:@H-IRIRN ¢ NP?PNrqWs�q¡H-NPC G;Hm:
�=C;:@H-DF8EC;Dft k ?yDFH-CoGLHm:�I|qWA ¢ NP?PHm:
&LQWS �XNPC;DK8EC;DKI �-8;I|qWAFCEG^H-NPC��E¦�NPHh<>:@DKH ¢ CENPIRIRHhG;Hm:�� k GLH-?P?yH
jKk Cd�¡Hm:R:@NPCED�8ECEG U¡NP?PM k :@H�8;Cpq@HT:@IRQTS;H-NyG;H-CdIRNPQTS SENPHm:'CENPQWS/q!��¦�AFDKHmDKH-C ¢ HT:@H-QTS;CEHmqOGEAFI
«V� W W �>§ � k G;H-?P?(�XNPH!G;Hm:@8;M H-NPCEH-C j �K?P?PNyD A�CoGLHm:@H-C 0�Hm:@?yAF8Lt�G;Hm:':WAFG;NyAF?PH-C �$H/��H-DF8ECEDL�
&pH-? ¢ I|q ¢ HmNhGLNPH-IRHm: M k G;HT:WA�q@H-C &LQWS �XNyC;DK8;CEDdMONPq

R � � � /R0 = 2,5
HT: ��H-NPI|q IRNPQTS GEA�I

NPC;J k MO�L:@H-IRIRN ¢ ?PH*� k G;H-?P?�GEA�MONrq A�?yI^8ECEDFH-CpvEDFH-CoG �$�V8Lt4G;Hm:�UV:@8ECEG;?yAFDFH q@S;H k :@Hmq@NPIRQWSEHm:
8;CoG'H 4L�9Hm:@NPMOH-C/q@H-?P?PHm: &pq@8EG;NPH-C#�XNr:WG^DFH!�"�FSEC;?yNPQWS H-NPC�0�Hm:@Sos�?rq@CENPI jlk C R � � � /R0 = 2

A�?PI
&pQTS �$H-?P?yHht¥v;:4G;AFI1�=8;twqR:@HTq@H-C qR:WA�CEIRNPH-C/q@Hm:�~�A j NrqWA�q@N k C�Hm:WAFQWS/q@Hmq 	 0 SL8E�8c���� 0 �8c ¢ ��� ¦�NPHm§
IRH�&LQWS ��H-?P?PH+�XNr:WG MONrq�G;H-C SENPHm:�DKH!��sFSE?rq@H-C��>A�:WA�MOHmq@Hm:@C v ¢ Hm:@IRQWS;:@NrqRq@H-C � �$H-N�n;:@H��/8;H-C;§
�mH-C 8;M F �^� � IRNPCoG GEAFMONrq'IRQWS k C :@H-?yA�q@N j CENPH!GL:@NPDFH�¦¡:@8EQWJKA�MO�E?PNrq@8oGLH-C AF8;I|:@H-NPQTS;H-CoG �
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8EM qR:WA�CEIRNPH-C/q@H�~�A j NrqWA�q@N k C��-8�NyCEG;8
�-NPHm:@H-C��pz{M n k Jp8EI ¢ Hm:@H-NPQWS*HmNyC;H-I��Vz|n�}V§ &pH-CoGLHm:@I�qR:@Hm§
q@H-C GLH-8;q@?PNPQTS*S �FSEHm:@H�¦V:@8EQWJKA�MO�E?PNrq@8oG;HmC'AF8;t$� IRNPH-SEH1� ¢E¢ NP?yG;8;CEDf£p� F �K�T�E¦¡NyH¡IRNyQWS S;NyHT:WAF8EI
Hm:@DKH ¢ HmCoG;H �$?yAFIRH-CEG� LCoA�MONPJ�NPI|q5NPC � ¢;¢ NP?yG;8EC;D�HL� cL� ¢ �fGEA	:@DKH-I|q@Hm?y?rq!��¦�H-M2S k QWSENPC/q@H-C;IRNP§
j H-C��Vz|n�}=§ &pNPDKCoA�?xJKA�CECªGLNPH��$?yAFIRH'CENPQWSpq�MOHmS;:�t k ?PDKH-C[8;CoG*�mH-NPDFq4H-NPCª8ECL:@H-DKHm?yM's .lNPDKHmI
&LQWS �XNPC;DK8EC;DKI j HT:@SoAF?rq@H-C ¢ �-DF? ��GLHm:h<�4L�oA�CEIRN k C;I|§=8ECoG ~ k ?P?BA��EIR�;SoAFIRHmC���z{M �$Hm:@HmNyQWS jlk C
t = 8 µ

I ¢ NPI(�-8EM ~ k ?P?yAF�;I ¢ HmN t ≈ 10 µ
IuqR:@Hmq@HmC�G;H-8Lq@?PNyQWSEH¡}¡C/q@Hm:@IRQWSENPH!G;H��!�XNPIRQTS;H-C G;H-C

<x:@DFH ¢ C;NyIRIRHmC[G;Hm:�J k MO�;:@HmIRIRN ¢ ?PH-C � k GLH-?P?PH*A�8;t{� ¦�A�CoA�QTS�G k MONyC;NPHm:Rq4G;Hm:h798EDKAFC/q@H-NP?�G;H-I
�¡z|n�}=§ &LNPDKCEAF?PH-I=G;NPH �$?yA�IRH-CoG  ;CEAFMONPJ'8ECEG^G;NPH�~�8L: j H-C�?yNPH-DFH-C �XNPH!GLHm:�A�8;twH-NPCoAFCEG;Hm:!�

¦�NPH GEA�:@DFH-I|q@H-?P?rq@H-C &pNyMh8E?yA�q@N k CEIRHm:@DFH ¢ C;NyIRIRH j Hm:WG;H-8Lq@?PNyQWSEHmC ��GEA�IRI�G;NPH ~ k MO�;:@H-IRIRN ¢ Ny?PNrqWs�q
G;Hm:�n�?Pv;IRIRNyDFJlH-Nrq ¢ H-N �VCL:@H-DK8;CED jlk C ~�A j NrqWA�q@N k C;I ¢ ?yAFIRH-C�MONrq�q@SEHm:WA��9H-8;q@NPIRQWSEH-C }
&p§ &LNPDF§
CoAF?PH-C*H-NPCEH-C*IRH-S;:XI|qWA	:@JlH-C*<�NPC��o8EIRIXA�8;t�GEAFI-&pQTS �XNPCEDF8EC;DKI j Hm:@SEAF?rq@H-C�SoA	q!�;¦¡NyHmIRHm:V< � H-J/q
Mf8EIRIhGEA�SEHm:hNPC[M��KDF?yNPQWSEI|q jlk ?P?PI|qWsFCEG;NPDKHm:5n k :@M ¢ Hm:@v;QTJpIRNPQTS/q@NPDFq ��HT:WG;H-C �>¦�NPH�0�Hm: �$H-C;§
G;8EC;D�G;H-I�U¡NP?yM k :@Hm§ � k G;H-?P?PH-I$�-8L:"��H-IRQTSL:@H-N ¢ 8;CED4G;Hm:"�$?yAFIRH-CEG� LCoA�MONPJfHm:RtwvE?P?rquG;NPH-IRHVn k :R§
G;Hm:@8;CED;���V?P?PH�CEAFQWS;t k ?PDKH-CEG4G;A�:@DFH-I|q@H-?P?rq@H-C�&pNPMf8E?yA	q@N k CEIRHm:@DFH ¢ C;NPIRIRH��X8L:WG;H-C�A�8EIRIRQWSE?PNPH!.l?PNPQTS
MONPq=GLHm:¡U¡NP?yM k :@Hm§¨U¡?PH-NPQTSp8EC;D ¢ Hm:@H-QWSEC;Hmq!�
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z¨C4H-NPCEHm:x~�A j NrqWA�q@N k C;I ¢ ?yAFIRH'�KG;NPHuGL8;:@QWS�H-NPCEHus�8
.lHT:@H(&LQWSoA�?y?yA�C;:@H-DF8ECEDVNPCfH-NPCEH$&LQWS �XNPC;DK8EC;D
j Hm:@IRHmq��mq��XNr:WG,� j A	:@NyNPHm:Rq^G;HT:�U�A�I@GL:@8EQWJdNyM z{CECEHT:@H-C�G;HT: ��?BA�IRH�DFH-M's . U¡? � Hp� Ip�u¦�NPH-I
NyI|q NyM3AF?P?PDKHmMOH-NPCEH-C noAF?P?�GLH-I^NyGLH!AF?PH-C U�AFIRH-I AF8EQWS MONrq^H-NPC;Hm: � H-MO�9HT:WA�q@8;:Ws�CoGLHm:@8EC;D
j Hm: ¢ 8;CoGLH-C���¦�Hm:�H-C/q@I|q@H-S;H-CoGLHX� H-MO�9Hm:WA	q@8;:@D�:WAKG;NPH-C/q �!�XNPIRQWSEH-C'GLH-M �$?yAFIRHmCENPCEC;Hm:@H-CO8ECEG
G;Hm:�8;MODKH ¢ H-CEG;H-C n�?Pv;IRIRNyDFJlH-Nrq�t¥v;S;:Rq �-8 H-NPCEHmM q@SEHm:@MONPIRQWSEH-C �=8EI|qWAF8;IRQTS��!�XNPIRQWSEH-C�G;Hm:
�$?yAFIRH^8;CoGªNPS;:@HT:f}VMODKH ¢ 8ECEDL� z{C �XNyH/��H-Nrq5IRNPQWSdG;NPH-IRHm:��V8EI|qWA�8EIRQWSE�L: k �-H-IRI ¢ H-N�GLH-C[SENPHm:
¢ HmqR:WAFQWS/q@Hmq@H-C��VC ��H-CEG;8;CEDKI|t¥sF?P?PH-C5A�8;toG;NPH$�$?yAFIRHmCoG� LCEAFMONPJ�AF8;I �XNr:@Jpq��FI k ?P?pNPM n k ?yDFH-CoGLH-C
8EC/q@Hm:@IR8EQWS/q$��Hm:WGLH-C��

¦�NPHhn�?Pv;IRIRNyDFJlH-NrqVSoA�q=NPM 0�Hm:@DK?PH-NPQWS��-8EM U�A�IVNPC�GLHm: �$?yAFIRH4H-NPCEH�S k SEH�IR�9H!�-N�2oIRQWSEH�© s	:R§
MOH-JKA��oA �-NrqWs�q�8;CoG5H-NPC;H¡S k SEHXq@SEHm:@MONPIRQWSEH=¬�HmNPqRt¥sFS;NyDFJlH-Nrq!� &LNPH=JKA�CEC'AF?PI�8;CEH-CEG;?PNPQTS�A�8EIRDKHT§
G;H-S;Cpq@HT:u© s�:@MOH-IR�9HmNyQWSEHT:=AFCEDFH-IRH-S;H-C ��HT:WG;H-C �o<xNPCEH�G;8L:@QTS*G;NPH1�$?yA�IRH-CEIRQWS �XNyC;DK8;CED j Hm:R§
8;:@I@AFQWS/q@Hu� H-MO�9HT:WA�q@8;:Ws�CoGLHm:@8EC;DVNPC5GLHm:xn�?PvEIRIRNPDFJlH-Nrq�JKA�CEC4CoAFQWS 	 � 0 0 Y>Y � j Hm:@CEAFQWSE?ysFIRIRNPD�q
��Hm:WGLH-C��	¦�NPH-I�t¥vESL:Rq �-8�H-NPC;Hm:��$H-IRH-C/q@?PNyQWSEHmC�0�Hm:@H-NPC;t¥AFQWSp8ECED=GLHm:>�>: kK¢ ?yHmMOI|q@H-?P?y8;CED���GEA=GEA�§
MONPquAF8EIRIRQWSE?PNPH!.K?yNPQWS�GEA�Iu� H-MO�9HT:WA�q@8;: j Hm:@SoA�?Pq@HmC�NPC;CEHm:@SEAF? ¢ GLHm:(�$?yA�IRH�8ECoGOC;NyQWS/quA�8EQWS*NPC
G;Hm:$n�?PvEIRIRNPDKJlHmNPq ¢ HmqR:WAFQWS/q@Hmq ��Hm:WGLH-COMf8;IRI-�K¦¡NyH ¢ NyIRS;Hm:@NPDKH-C�&pNPMf8E?yA	q@N k CEH-C��X8;:WG;HmC58EC/q@Hm:
G;Hm:1�=CECEAFSEMOH�HmNyC;Hm:�AFG;NyA ¢ A�q@NPIRQTS;H-C�7 8;I|qWAFCoGLI@sFCEG;Hm:@8;CED � χ = γ

�=G;H-I�U�AFIRH-I�GL8;:@QWSEDKHT§
t¥vESL:Rq!�2�$H-NLH-NPCEH-M AFG;NyA ¢ A�q@NPIRQWSEH-Cf�x: k �-H-IRI 2oCoGLHmq�JKH-NPCh© s	:@MOH!AF8;I|qWAF8EIRQWS4MONPq>G;Hm:x}VMODKHm§
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¢ 8EC;DVI|qWA	qRq!�K¦�NPH-IxI|q@H-?P?rq jlk :�A�?P?yHmM t¥v;:�GLH-ChIRHmS;:�IRQTS;CEH-?P?PH-C�0 k :@DlAFC;D�G;HmI �$?yAFIRH-C;J k ?P?yAF�;IRH-I
HmNyC;HODK8Lq@H W sFS;Hm:@8EC;D�GEA	:���G;A^SENPHm:hGLHm:4NyM 0�Hm:@DF?yHmNyQWS �-8L:��$?yAFIRH-CEG� LCoA�MONyJ �$H-IRH-C/q@?PNyQWS
?yA�CEDKI@A�MOHm:@H4�x: k �-H-IRIVG;Hm:X© s	:@MOH-?PH-Nrq@8EC;DOG;Hm:-�-HmNPq@?PNPQWSEH-C «VAKGLNP8EI@sFCEG;Hm:@8;CED5C;NPQTS/qut k ?PDKH-C
JFAFC;C��E¦�Hm:VH-C/q@I|q@H-SEH-CEG;H�© s	:@MOH �o8;IRIVv ¢ Hm:¡G;NPH �$?yAFIRH-C �uA�CoG JKA�CEC NPC GLNyHmIRH-M nEAF?P? j Hm:R§
CEAFQWSE?ysFIRIRNPD�q���Hm:WGLH-C���z¨C G;HT:f?yAFC;DKH-Cd<54L�oAFC;IRN k CEIR�;SoA�IRH*MONrqh?BA�CEDFI@AFM j Hm:WsFCEG;Hm:@?PNPQTS;H-M
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«VAKGLNP8EI=GEA�DKH-DFH-C I|q@H-?P?rq¡HmNyC^NyI k q@SEHm:@MOHmI¡U�A�I j Hm:@SEAF?rq@H-C[� χ = 1
��H-NPC;H ¢ H-IRIRHm:@H W s�SEHm:@8;CED

G;A�:!�'�$H-N;H-NPCEH-M NPI k q@S;Hm:@MOH-Cf�x: k �-H-IRI$NPI|q�G;NPHX� HmMO�9Hm:WA�q@8L:xJ k C;I|qWAFC/q��lG �RS���M'A�CfDKHmSpq jlk C
HmNyC;H-M2NBGLH!AF?PH-C[© s	:@MOH!AF8;I|qWAF8;IRQTS MONrq5GLHm:h}¡MODKH ¢ 8EC;D�AF8;I-��� ¢;¢ NP?yG;8EC;D^HL� ¤ j Hm:WGLH-8;qR§
?PNPQWSpq$G;NPH &LNrq@8EA�q@N k C'A�CESoA�CoG5GLHm:�tw:@H-NPH-CO8;CEDKH-GEsFMO�Ltwq@H-C�&LQWS �XNPC;DK8EC;D�AF8;I � ¢ IRQWSEC;NPqRq Hp� GL�
n�vL: GLNPH�DFH-I@AFM4q@H ¦�AF8EHT:^H-NPC;Hm: �$?yA�IRH-C ¢ H!��H-DF8EC;D NPI|q �$H!G;HT: GLNyH�AKGLNyA ¢ A	q@NPIRQTS;H'�XC k QWS
GLNPH4NPI k q@SEHm:@MOH1�=CECoA�SEMOH�HT:Rt¥vE?P?rq!� 798EI@s	q��-?PNPQTS�t¥v;S;:RqVG;NPH�S k SEH�© s	:@MOH-?PH-NrqRt s�SENPDKJlHmNPq¡8ECEG
IR�9H!�-N�2oIRQWSEH�© s	:@MOH-JKA��oA �-NrqWs�qVG;Hm:Vn�?PvEIRIRNPDFJlH-Nrq��m8^H-NPCEHmM�� H-MO�9Hm:WA	q@8;:WAF8;IRDK?PH-NPQWS MONrqVHmNP§
C;Hm:hJ k C;I|qWAFC/q@H-C � H-MO�9HT:WA�q@8;:hA�M �$?yA�IRH-C;:WA�CoG,���usFSL:@H-CoG[NPM�7 HmCpqR:@8;M2G;Hm:+�$?yAFIRH*CoA�§
S;H �-8 JlH-NPC © s	:@MOH!AF8;I|qWAF8;IRQTS I|qWA�qRq�2oCEG;Hmq!�$<xNyC 0�Hm:@DF?PH-NPQTS G;Hm: &LNPMh8E?yA�q@N k C;IRHm:@DKH ¢ CENPIRIRH
twv;:$G;NPH ¢ Hm:@H-Nrq@I�8EC/q@Hm:�� ¢ IRQTS;CENrqRq�HL� G ¢ HmqR:WAFQWS/q@Hmq@H-Cfq  L�ENPIRQTS;H-COA�JL8;I|q@NPIRQTS;H-C��VCL:@H-DK8;CEDFH-C
¢ HmN>8EC/q@Hm:@IRQWSENPH!G;?PNPQWSEH-M U�AFI j HT:@SoAF?rq@H-C NPI|q�NPC � ¢E¢ NP?BGL8EC;D+Hp� I*GEA	:@DKH-I|q@Hm?y?rq!� ¦�Hm:¡«¡AFG;NP8EI|§
79H-Nrq j Hm:@?yA�8;t ¢ H-N$�=C;:@H-DF8ECED MONrq4H-NPCEHm:�&pq k .2��H-?P?PH�� � ¢E¢ Ny?yGL8ECED HL� IL��AK�R�hNPI|q5CoA�SEH �m8d8;C;§
A ¢ SEsFCEDFNPD jlk CªG;Hm:h798EI|qWA�CoG;I@s�CoGLHm:@8EC;D G;HmIfU�A�IRH-I4NyC;CEHm:@SEAF? ¢ GLHm: �$?yAFIRHK�>¬�H!GLNyDF?PNyQWS[NPC
GLH-C W A�QTS;IRQTS �XNPCEDF8EC;DKH-C,� G;NPH5GLH-M�I|qWA�:@JlHmC*��?BA�IRH-CEJ k ?P?yAF�EI�t k ?PDKHmC � Hm:@DKH ¢ H-C IRNyQWS ?yHmNyQWS;§
q@H�}VC/q@Hm:@IRQTS;NPH!G;H
�/�XNyIRQWSEHmC AKG;NyA ¢ A�q@NPIRQWSEHm:V8ECEG�NPI k q@SEHm:@MOHm: �$HTqR:WAFQWSpq@8;CEDL�E¦�A	:WAF8;I=?ys�IRI|q
IRNPQWS IRQWSE?PNPH-IRIRH-C,��G;AFIRI ¢ H-Nu�;8E?PI|t ��:@MONPDKHm:��=C;:@H-DF8ECED MONrq5S k QTS;NyC/q@H-C;IRN j H-C } &/§ &pNPDKCoA�?PH-C
G;AFI=� H-MO�9HT:WA�q@8;: j Hm:@SoA�?Pq@HmC^GLH-IVU�AFIRH-I=Cp8;:uH-NPC;H-C DKHT:@NyC;DKH-C <�NPC��E8EIRI=AF8LtxG;NPH1�$?yA�IRH-CoG  L§
CEAFMONPJ SEA�q!� z¨M U¡H-DKHmCEI@A�q��OS;NPHm:��-8 qR:@Hmq@H-C ¢ H-N��VC;:@HmDK8EC;D'MONPq�H-NPCEH-M J k C/q@NPCp8ENPHm:@?PNPQTS;H-C
&pNPDKCoA�?=G;H-8Lq@?yNPQWSEH*}¡C/q@Hm:@IRQWSENPH!G;H^AF8Lt5� � ¢;¢ NP?yG;8;CEDbHL� IL� ¢ �R�T���V8EQWS SENPHm:'Hm:@DFN ¢ q'IRNPQTSdH-NPC
NyGLH-C/q@NyIRQWSEHmI+&pQTS �XNPCEDF8EC;DKI j Hm:@SEAF?rq@H-C ¢ NPI �-8EM HT:@I|q@H-C�~ k ?P?yAF�EI ��GEA�CoAFQWS�SEA�q �|H-G k QWSªG;NPH
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pg(t) =
Ntot(t)k  T (t)
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3
[(R(t))3 − (R0(t)/8.86)3]
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NyC5G;Hm:��$?yAFIRHX8;CoG
Ntot(t)

GLNyH-&p8EMOMOH�AF8;I$U�A�I|§
Ng(t)

8;CoGh¦�AFMO�;twM k ?PH-JpvE?PH-C Nv(t)
NyM

�$?yAFIRH-C;NyC;CEHm:@HmC �
Ntot(t) = Ng(t)+Nv(t)

�	¦�Hm:�� Hm:@M
R0/8.86
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∂Q

∂t
= 4πR2K ��� �

∂T

∂r

˛

˛

˛

˛

r=R

≈ 4πR2K ��� �
T` − T

d ��� .
� HL� H Y �

¦¡NyH���H-MO�9Hm:WA�q@8L:@?PH-NrqRt sFS;NPDKJlH-Nrq
D ��� t¥vL:¡G;AFI¡U�AFIRDFH-MONPIRQTS ¢ HT:@H-QTS;CEHmq=IRNPQWS�AF?P?PDKH-MOHmNyC AF8EI

D ��� = K ��� � /(ρ ��� � Cp, ��� � )
��z{M,U¡H-DKHmCEI@A�q����-8L:�¦�NPQTS/q@H

ρ ��� �
8ECEGd© s	:@MOH-JFAF�oA �-NrqWs�q

Cp, ��� �
H 4LNPI|q@NPHm:RqVJlH-NPCEH�q@S;H k :@Hmq@NPIRQWS ¢ H-DF:@v;CoGLHmq@H4U¡?PH-NPQTSp8EC;D��-8;: �$HT:@H-QTS;Cp8ECED5G;Hm:=© s�:R§

MOHm?yHmNPqRt¥sFS;NyDFJlH-Nrq�HmNyC;H-IXU¡H-MONPIRQWSEH-I$AF8;I$� k ?) pA	q k M'A	:@H-C�U�AFIRH-C 	 � 0 ��¤ZG �
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pa(t) = pa0 sin(2πft)
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f = 985
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pa0 = 0, 1
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JKA�CEC�G;NPHOU�A�IRJ k C
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H-NPCENPDKH-C �^NP?P?PNPMOHmq@Hm:@C�� � ¢;¢ NP?yG;8;CED�£/� £�8;CoG*� ¢E¢ NP?BGL8EC;D�£p� ¤K�T�x¬�H!GLNPDK?PNPQTS[NPC[GLHm:hn k Jp8EI|§
:@H-DKN k CdqR:@Hmq@H-C ¢ H-NXA�8;t¥DFH-I|q@H-NP?rq@H-C &/q k .2��H-?P?PH-C ¢ H-G;H-8Lq@H-CoGLH�¦V:@8EQWJKs�CoG;HT:@8ECEDFH-C AF8;QTS NPC
JL?PH-NPC;Hm:@Hm:O¦�NPI|qWA�C � A�8;th� � ¢;¢ NP?yG;8EC;D £p� H 8ECoG � ¢E¢ Ny?yGL8ECED�£/� IF�T���� L�ENPIRQWSEH 0 © §¨U¡Hm:Ws�q@H
A�: ¢ H-Nrq@H-C ¢ H-N n;:@H��/8EHmC �-H-C jlk C^H-NPC ¢ NPI(��H-C;NyDFH-C �^����MONrqXH-C/q@IR�;:@HmQTS;H-CoGLH-C*©�H-?P?yHmCE?ysFCL§
DKH-C �

f = 1
�^� � ⇒ λ = 1, 5

MOM MONrq
c`0 = 1500

M ��IW�¡GLHm: &pNyDFCoA�?yHONPM �$Hm:@H-NPQWSª8EM
F MOM �	¦�NPHu©ªHm?y?PH-C;?ysFCEDFHXNyI|q$GEA�MONrq$A�8EQWS ¢ H-N �VC;:@HmDK8EC;D�MONrqxI|qWA�:@J4t k Jp8;IRIRNyHT:Rq@H-COS k QWSENPC;§
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�mH-Nrq@?yNPQWS �|H!G k QTSO?yAFC;DKHVCoAFQWSoGLH-M G;HT:�A�C;:@H-DFH-CoGLH
&pQTSEAF?P?P�E8E?PI�G;NPH-�$?yAFIRHV�oAFIRIRNPHm:Rq$SoA	q��/8ECEG
v ¢ q�GEAFMONrquJKH-NPCEH-C*<�NPC��o8EIRI$MOH-S;:XA�8;t�G;NPH &pQTSEAF?P?yAF8EI ¢ :@H-Nrq@8EC;D5AF8;I-�Lz¨C�«VH-DFN k CEHmC^A�8
.lHT:R§
SEAF? ¢ GLH-I=n k Jp8;I jlk ?P8EMOHmCEI � � k DKHm:@NPCEDFHm:@Hh7 8;DlA�Cpq@HmNy?PH�A�8;twqR:@HTq@H-C 8ECEG�JKH-NPCEH �=8;t¥I|q@HmNy?P8;CED
GLH-I-&LQWSoA�?P?y�;8E?PIRH-IuHm:Rt k ?PDFq�� ¢ ?PH-N ¢ H-C^G;NPH�Hm:R:@HmNyQWS/q@H-C � A 4LNPM'AF?r:WAKGLNyHmC^Jp?PH-NPC^DKHmDKH-Cpv ¢ HT:=G;Hm:
�x8E?PIR?ysFC;DKH 	 ����� F ��� z{CEIRDKHmI@AFMhq�NyI|q4G;AFMONrq�twv;:4G;NPH ¢ HmqR:WAFQWS/q@Hmq@H-C*�VC ��H-CEG;8;CEDKI|t¥sF?P?PHOG;NPH
�=CECEAFSEMOHxHm:RtwvE?P?rq��FGEAFIRI�G;Hm: ��?BA�IRH-C;:WAFG;NP8EI>I|q@HTq@I�Jp?yHmNyC ¢ ?PH-N ¢ q>NPM 0�Hm:@DK?PH-NPQWS��-8hG;HmC�:Ws�8EM5§
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q@H�GLH-I¡U¡H-MONPIRQTS;H-I$�XNP:WG�G;A ¢ H-N jlk C G;Hm:=¦�NPQWSpq@H�GLHm:¡n�?yv;IRIRNPDKJlH-NrqV8ECEG G;NPH�~ k MO�;:@H-IRIRN ¢ NP§
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<xNPCEH��$HTqR:WAFQWSpq@8;CED[GLH-I^U¡H-MONPIRQTS;H-I�AF?PI*S k M k DKH-C;H-I#�^H!G;NP8EM � �XNPH Hmq ��A�NPC
	 ©�N �R¤ Y �¥�
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MOHmC'G;NPH�U¡H-MONPIRQWSEH-NPDFH-CEIRQWSoA	twq@H-C ¢ H-I|q@NPMOMhq�8ECoG5C;NPQTS/quGLNPH�0�Hm:Rq@H-NP?P8ECEDhG;HmIXU�AFIRDFH-SoA�?Pq@HmI
v ¢ Hm:$G;NPH���?BA�IRH-C�H-NPCEHm: ¢ H-I|q@NPMOMhq@H-C'UV:�� .lHK�p¦¡NyHmIRH 0 k :WA�8EIRIRHmq��-8;CED�NPI|q ¢ H-NoG;H-CONPC�G;NPH-IRHm:
�X: ¢ H-Nrq ¢ HmqR:WAFQWS/q@Hmq@H-C^�x: kF¢ ?PH-MOI|q@H-?P?P8EC;DKH-C C;NPQTS/qXHm:RtwvE?P?rq!�

��H-NEGLHm:�SENPHm: j HT: ��H-CEG;Hmq@H-ChI|qR:@8EJ/q@8;:@Hm?y?PH-C+�$HmqR:WA�QTS/q@8EC;D5��	 W ��&;�SH�� W NPDl� F �w�>MONrq�GLHm:�U¡?PNyHT§
GLHm:@8EC;DuNPC j Hm:@IRQWSENPH!G;HmCEH�UV:��2.KH-CES;NyHT:WA�:@QWSENPH-C ���XNPH�NPC�� ¢E¢ Ny?yGL8ECED G;� F G;A�:@DFH-I|q@H-?P?rq��	MfvEIRIRHmC
GLNPH�<xNyDFH-CEIRQWSoA	twq@H-C^G;Hm:(&LQWSoAF?P?yAF8;I ¢ :@H-Nrq@8;CEDhAF8;t�G;Hm:$I k DL� � A�Jp: k IRJKA�?yAfGEA�SEHm:�NyC�DKHmH-NPDKCEHT§
q@HT:�©ªH-NPIRH5MONrq�GLHm:1�$?yAFIRHmCoG� LCEAFMONPJ[� �^NPJp: k IRJKA�?yAl��DKH-J k �E�9Hm?Pq �$Hm:WG;HmC�� ¦�NPH-I�DKHmIRQTS;NyHmSpq
GL8;:@QWS�H-NPCEH$�^NrqRq@H-?P8;CED�A�8;toG;Hm:��^HmI k IRJFAF?yA¡NPCfGLHm:�UV:�� .lH-C k :WG;Cp8;CEDVG;H-I ��?BA�IRH-CoA ¢ I|qWA�CoG;HmI
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A�?yI�nEH-?yG;D�:��2.lHfAF8Lt¥DKHTt AFIRI|q�8;CoG ¢ H-IRQWS;:@HmN ¢ q¡HmNyC;H-C MONrqRqR§

?PHm:@HmC��$?yAFIRH-CL:WAKG;NP8;I¡NPC G;Hm:=}VMODKH ¢ 8ECEDfG;H-IV�x8ECEJ/q@H-I ~x
� �^Nrq�GLHm:V? k JKA�?PH-C��$?yAFIRH-CEG;NPQWSpq@H

n(~x, t)
Hm:@DFN ¢ q>IRNPQTS�8;Cpq@HT:�GLHm: �=CECoA�SEMOH>Jp8EDFH-?rt ��:@MONyDFHm:x<xNPC �-H-? ¢ ?BA�IRH-C5GLHm: jlk ?P8EMOHTqR:@NyIRQWSEH
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U�AFI@AFC/q@H-NP?
β(~x, t)

�m8

β =
4

3
πnR3 .

�BG;� F �
¦�NPH-IRH�U¡?PH-NPQWSp8ECED�DFNy?rq$8EC/q@Hm:�G;Hm: 0 k :WAF8;IRIRHmq��-8EC;D�H-NPCEHm: �VCLt A�CEDKI j Hm:Rq@H-NP?P8ECED�MONrq�DK?PH-NPQTS;H-C
�$?yAFIRH-CL:WAKG;NPH-CfNyM ¢ HmqR:WAFQWS/q@Hmq@H-C+�^NrqRq@H-?P8ECEDFI jlk ?P8;MOH-C�� & k ?P?pH-NPC5U¡HmMONyIRQWS4M k G;H-?P?PNPHm:Rq ��HT:R§
G;H-C,�oG;AFI-�$?yAFIRH-C�8;C/q@Hm:@IRQTS;NPH!G;?PNPQTS;Hm:VUV:��2.KH�H-C/q@SosF?rq��LI k �XNr:WG

dn = f(a; ~x) da ,
�BG;� £K�

AF?PI��VC �-AFSE?yGLNyQWS/q@H jlk C+��?BA�IRH-CfMONrq>HmNyC;H-M U¡?PH-NPQWSEDKH/�XNyQWS/q@I|:WAKGLNy8;I �!�XNPIRQTS;H-C
a
8;CoG

a+ da
¢ H-N GLHm:¡UV:��2.KH-C j Hm:Rq@H-NP?P8EC;D f(a; ~x)

GLH 2oC;NPHm:Rq�� � k MONrqXt¥vL:VG;H-C U�AFI@AFC/q@H-NP? β
t k ?PDFq

β =
4

3
π

Z

∞

0

R3(a; ~x, t)f(a; ~x) da .
�BG;� Hl�

z¨C G;NPH-IRHmM�nEAF?P? ¢ H �-HmNyQWSEC;Hmq R(a; ~x, t)
G;HmCª«¡AFG;NP8EI4H-NPCEHT:��$?yA�IRH AFM��V:Rq

~x
�-8;M27 H-NrqR§

�E8EC;J/q
t
MONrq�G;HmM U¡?PH-NPQWSEDKH/�XNyQWS/q@I|:WAKGLNy8;I

a
�,�V8;t�GLNyHhNPM n k ?yDFH-CoGLH-C jlk :@DFH-I|q@H-?P?rq@H-C ��Hm§

IRQTSL:@H-N ¢ 8EC;DKIRDF?yHmNyQWSp8EC;DKH-C[t¥vL:fHmNyCd7 ��HmNP§{�xSoA�IRH-C;§¨U¡H-MONPIRQWS �XNP:@J/qfIRNyQWS G;NPH��$HmqR:WA�QTS/q@8;CED
NyC�n k :@M jlk C�U¡? �-GL� H*CENPQTS/q�A�8EI � H-I�Mh8EIRI�?PH!GLNyDF?PNyQWS[A�C �|H-G;H-M �x8EC;J/q

~x
twv;: �¨H!G;H���?BA	§

IRH-CED�:��2.lH
a
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DKHm:@NPCEDFH-C'~�H-CEC/q@C;NyIRIRH�� IRNPH-S;H=AF8EQWS�� ¢ IRQWSECENrqRq�Hp� F � F ��v ¢ Hm:x:@H!AF?PNPI|q@NPIRQTS;H��$?yA�IRH-C j Hm:Rq@H-NP?P8ECL§
DKH-C�NPM :@8ES;H-CoGLH-C��^H!GLNy8;M"� �$?yAFIRH-C;JlH-NPMOH	�/���XNP:WG�NPC�GLH-C MOH-NPI|q@H-C��X: ¢ H-Nrq@H-C H-NPCEH�H-C;DKH
0�Hm:Rq@HmNy?P8;CED^8;M H-NPCEHmC ¢ H-I|q@NPMOMhq@HmC��$?yAFIRH-CL:WAKG;NP8;I ¢ �!��� H-NPCªH-NPC �-NPDFHm:��$?yAFIRH-CL:WAKG;NP8;IhA�?PI
�VC;t¥AFC;DKI ¢ H!GLNyC;DK8;CED^DFH!�us�SE?rq!� z¨C G;NPH-IRHmM noAF?P?xHm:Rt k ?PDFq4GLNyH��$Hm:@H-QWSECp8EC;D�G;H-I�U�A�I@AFC/q@H-NP?PI
MONPq�U¡? �"G;� F � �uAFI-�XNPHfHm: ��sFSEC/q �|H!G k QTS JlHmNyC;H4AF?P?PDKH-MOH-NPC;Hf<xNPCEIRQWS;:WsFC;Jp8ECED'GLH-I � k GLH-?P?PI
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7 8L: �VHm:@?PH-Nrq@8EC;D�G;Hm: �$H-IRQWS;:@HmN ¢ 8EC;DKIRDK?PH-NPQWSp8ECEDFH-C t¥vL: H-NPC"G;NPIR�9Hm:@IRH-I 7 �$H-Nr§{��SEAFIRH-CL§
U¡H-MONPIRQTS H 4;NPI|q@NPHm:RqVH-NPCEH10¡NPH-? �!A�SE? jlk C �=: ¢ H-Nrq@H-C 	 ��A	q�IZG � �uU��K� � ��© Y G � 0 n�G8I�� W NPDeIF���
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AF?PI &pqR:@H-8;J%�F:@�9Hm:$t¥v;:=GLNPH &LQWSoAF?P?yAF8;I ¢ :@H-Nrq@8;CED 	 0 n�G8I
� ¢ �!���;AF8LtxG;Hm:��¡Hm:@?PH-Nrq@8EC;D jlk C � k §
G;H-?P?PDK?PH-NPQWSL8;CEDFH-Cft¥vL:�GEA�I�U¡H-MONPIRQTShG;8L:@QTS��VC ��HmCoG;8;CED=I|qWA�q@NPI|q@NPIRQTS;Hm:�<�C;IRH-M ¢ ?PHm§ 	 ��© Y G �
7 ���SGKA �;7 ���SG ¢ � k G;Hm:$0 k ?P8;MOH-C;§ �^NrqRq@H-?P8EC;D 	 �uU��F� � W NPDeI�� ���p¦�8;:@QWS^GLNPH �^NrqRq@H-?P8EC;D���HT:R§
G;H-C�G;NPHVAF8Lt GLHm:(�^NPJ/: k IRJFAF?yA4G;NPIRJ/:@Hmq@H-C�UV:�� .lH-C,� �XNyH¡G;Hm: �$?yAFIRHmC;:WAKGLNP8EI k G;HT:uG;HT:$¦¡:@8;QTJ
NyC�G;Hm:�U�AFI|§ ¢ �!��� n�?Pv;IRIRNyDFJlH-Nrq@IR�ESEAFIRH'��NPC�:Ws�8EMO?PNPQTS J k Cpq@NPCp8ENPHm:@?PNPQWSEH5n;8ECEJ/q@N k C;H-C v ¢ Hm:R§
t¥vESL:Rq!�

�$H-NhG;Hm:�0 k ?P8EMOHmCEMONrqRq@H-?P8EC;D ��Hm:WGLH-C GLNyH��$H-IRQWS;:@H-N ¢ 8ECEDFIRDK?PH-NPQWSL8;CEDFH-C t¥vL: GEA�I 7 �$H-Nr§
��SEAFIRH-CL§|U¡HmMONyIRQWS[GL8;:@QWSªG;NPH��^NrqRq@H-?P8;CED G;HT:4<x:@SEAF?rq@8EC;DKIRDK?PH-NPQWSp8ECEDFH-Cªt¥vL: �|H!GLH'<�NPC �mH-?r§
�ESoA�IRH$v ¢ Hm:>G;AFI jKk C4G;NPH-IRHm:>��SEAFIRH$HmNyC;DKH-C k MOMOH-C;H 0 k ?y8;MOH-C ¢ H-I|q@NPMOMhq!�mn�v;: H-NPCEH�UV:��2.lH
w`
GLHm:=n�?PvEIRIRNPDKJKH-Nrq@IR�ESoA�IRHhHT:@DKN ¢ q=IRNPQTS^G;NPH jlk ?y8;MOH-CEDFH-MONrqRq@H-?rq@H�UV:�� .lH 〈w`〉
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Z
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JKH-Nrq@IRDKH-MONPIRQWSEH-C[MONrqhH-NPCEHm:��VC �-AFSE? jlk C N
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AF8;t{�
¦�AFMONrq¡?ys�IRI|q�IRNPQTS AF8;QTS!�¨H!G;H4�ES  LIRNPJKA�?yNPIRQWSEHhUV:��2.KH

w
GLH-I�7 ��H-Nr§{�xSoAFIRHmC;§¨U¡H-MONPIRQTS;H-I�A�?yI

n;8ECEJ/q@N k C f = f(~x, t; N)
H-NPCEHm: ¢ H-I|q@NPMOMhq@H-C ~ k C�2oDF8;:WA�q@N k C ¢ H-IRQTSL:@H-N ¢ H-C���<�NPC;H DFHm§

MONrqRq@H-?rq@H�798EI|qWA�CoG;IRD�:��2.KH��XNr:WGªIRQWSE?PNPH!.l?PNPQTSdGL8;:@QWS[G;NPH#�^NrqRq@H-?P8ECED�v ¢ Hm:fAF?P?PH*M��FDK?PNPQTS;H-C
~ k C�2oDK8L:WA�q@N k C;H-C���<xCEIRH-M ¢ ?PH	�>Hm:R:@H-NPQTS/q!� ��H-NPIR�ENPH-?PI ��H-NPIRH¡t k ?PDFq �XNyH-G;Hm:@8;M twv;:�HmNyC;HVUV:��2.lH
GLHm:=n�?PvEIRIRNPDKJKH-Nrq@IR�ESoA�IRH

w` = f`(~x, t;N)
	 7 ���ZGlA �o7 ���SG ¢ �

〈w`〉 =
1

βN �

Z

dCNf`(~x, t; N)χ`(~x; N)P(N ; t) .
�BGL� cK�

¦¡NyH�DKH k MOHmqR:@NPIRQTS;H�z¨CEG;NPJFA�q k :Rtw8EC;Jpq@N k C χ`(~x; N)
Sos�CEDFq jlk ChG;Hm:�~ k C�2oDF8;:WA�q@N k Cf8ECEG�G;H-M

¢ HTqR:WAFQWSpq@HTq@H-C �V:Rq ~x
A ¢ 8ECEG^DKN ¢ q�AFC,� kK¢ IRNPQWS�GLHm:¡��8;CEJ/q ~x

NPC GLHm: �EvEIRIRNPDKH-C[�
χ` = 1

�
k GLHm:=DlA�I|t �F:@MONPDFH-C[� χ` = 0

�u�xSoA�IRH ¢ H 2oCEG;Hmq 	 7 ���ZGlA
�o7 ���SG ¢ ���

z{C G;NPH-IRHm: �=: ¢ H-Nrq��$Hm:WG;HmC � A�8;t�UV:@8ECoGL?yAFDKHhG;HT:�NPC � ¢ IRQWSEC;NrqRq Hp� F � F jlk :@DKH-I|q@H-?P?rq@H-C q  L�ENr§
IRQWSEHmC*©ªHT:Rq@H¡t¥vL:���?BA�IRH-CoGLNPQTS/q@H�8ECEG#��?BA�IRH-CED�:��2.KH-C j Hm:Rq@H-NP?P8EC;D
�otwv;:=GEA�I-�$?yAFIRH-CL§¨n�?Pv;IRIRNyD�§
JKH-Nrq@IRDKH-MONPIRQWS�G;NPH�t k ?PDKHmCoG;HmC+�=CECoA�SEMOH-CVDKHmqR: k � H-C��-¦�Hm: jKk ?P8EMOHmqR:@NPIRQWSEH�U�AFI@A�C/q@H-NP? ¢ ?PH-N ¢ q
Jp?PH-NPC �

β � 1
�/�=G �|S��=G;NPH��$?yAFIRH-CEG;NPQTS/q@H�NyI|q I k DKHT:@NyC;D
�VGEA�IRI G;Nr:@H-J/q@H z¨C/q@Hm:WAFJ/q@N k C;H-C

�/�XNyIRQWSEHmC�G;H-C �$?yAFIRH-C j HT:@CoAFQWSE?ys�IRIRNyD�q#�$Hm:WG;HmC J%�KC;CEH-C ��< � H-J/q@H'�$G;NPH ¢ H-N=S k SEHm:#�$?yA	§
IRHmCoG;NPQWS/q@HfA�8;twqR:@HTq@H-C � �XNPH5H-NPC;H��$H-HmNyC��o8;IRIR8ECED*G;HT: �$?yAFIRHmCoG� LCEAFMONPJ H-NPCEHT:1�$?yAFIRH'GL8;:@QWS
G;AFI-&pQTS �XNPCEDF8ECEDFI j Hm:@SEAF?rq@H-C�8ECoG�GEA�MONrqXG;NPH�~�:WA	twq �XNr:@Jp8EC;D^��GL8;:@QWS &pQTSEAF?P?yA ¢ I|qR:WAFSE?P8;CED/�
HmNyC;Hm: ¢ HmCoAFQWS ¢ A	:Rq@H-C �$?yAFIRH 	 ~�8LqW� Y � �$��HT:WG;H-C CENPQWS/q^Hm:Rt¥AFIRI|q!� �V?PI �=C;t¥AFCEDFI ¢ H!G;NPC;DK8EC;D
�$Hm:WG;HmC*:WsF8;MO?PNyQWS�S k M k DKH-C j Hm:Rq@H-NP?rq@H1�$?yAFIRHmC MONrquH-NPCEH-M ¢ HmI|q@NyMOM4q@H-C'«V8;SEHm:WAFG;NP8EI�AFC;§
DFH-C k MOMOH-C�� ¦�NPH^«=H-?yA�q@N jp¢ H!��HmDK8EC;D*�/�XNyIRQWSEHmC GLH-C��$?yAFIRH-C 8ECEG[G;Hm:'n�?Pv;IRIRNyDFJlH-Nrq��XNr:WG
¢ HT:@vEQWJLIRNPQWS/q@NyD�q!�p}¡C/q@Hm:�G;NPH-IRH-C�0 k :WAF8;IRIRHmq��-8EC;DKH-C't¥v;S;:@H-C�A�?y?PH kF¢ H-C�Hm: �us�SEC/q@H-C#�VCEI@s	q��-H
8;C/q@Hm:x?PNyC;H!A�:@HmC��$H!GLNyC;DK8;CEDKHmCOAF8Lt G;NPH-IRH-? ¢ H-C'UV:@8;CoGLDK?PH-NPQTSp8;CEDKHmC��'�$H-N ��Hm:@vEQWJpIRNyQWS/q@NPDK8EC;D
C;NPQTS/q@?PNPCEH!A	:@Hm:���Hm:@MOH'���XNyH4NPC G;NPH-IRHm:��=: ¢ HmNPq=Hm:Rt k :WGLHm:@?PNyQWS �oHm:@Sos�?PqVM'AFC ¢ H-N �=C �$H-CoGL8EC;D
jKk C <xCEIRH-M ¢ ?PHm§ k G;Hm:�0 k ?P8EMOH-C;MONPqRq@Hm?y8;CED^G;NPH-IRH-? ¢ H-C � k G;Hm?y?PDF?yHmNyQWSp8EC;DKH-C,��G;Hm:+�VC;I@A�q��
v ¢ Hm:�HmNyC;H
�$HmIRQTSL:@H-N ¢ 8EC;DfGLHm:(�$?yA�IRH-C A�?yI$&pqR:@H-8;J%�F:@�9Hm:$NPI|quSENPHm:uC;NPQTS/q�MOHmS;:uA�8EI|:@H-NPQWSEH-CEG
	 ��:@H-�8c
�;�x: k � F �E��AFCE�SG �o7 ���ZG ¢ ���

z{M n k ?yDFH-CoGLH-C �XNr:WG�G;NPH �^NrqRq@H-?P8EC;D5H-NPCEHT:¡�;S  LIRNPJFAF?PNPIRQTS;H-C�UV:�� .lH'�E8ECoA ¢ SEsFCEDFNPD jlk C G;Hm:
�X:Rq�GLH-I(�^NrqRq@H-?P8EC;DKI j HT:Rt AFSL:@H-CEI �LGL8;:@QWS 〈 〉 DKHmJlH-CEC
�-H-NPQWSECEHTq!�/¦�NPH¡<>:@SoA�?rq@8ECEDFIRDF:�� .lH-C^G;H-I7 ��HmNP§{�xSoA�IRH-C;§¨U¡H-MONPIRQWSEH-I�IRNPCoG � �XNPHOIRQWS k C ¢ H-NPM NyG;H!A�?PH-Cªn�?P8ENyG�NPC�� ¢ IRQWSEC;NrqRq4£p� F � G;NPH
� A�IRIRHf8;CoG G;Hm:Vz¨MO�;8E?PI-�,�^Nrq�GLH-M jlk ?P8EMOHTqR:@NyIRQWSEHmC U�AFI@AFC/q@H-NP? β

DKNP?rq�twv;:�GLNPHh¦�NPQWS/q@H
ρ
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8ECoG*G;NPH�z¨MO�;8E?PI@G;NPQWS/q@H
ρ~u
GLH-I=U¡H-MONPIRQWSEH-I

〈ρ〉 = (1 − β)〈ρ`〉 + β〈ρg〉 ,
�BG;� ¤K�

〈ρ~u〉 = (1 − β)〈ρ`~u`〉 + β〈ρg~ug〉 .
�BG;� IF�

�¡NPHm: ¢ H-N JlH-C;C �-HmNyQWSEC;H-C�G;NPH�z{CoG;N �-HmI `
8ECoG

g
UV:�� .lH-C^G;Hm:Xn�?Pv;IRIRNyDFJlH-Nrq@I|§ ¢ �!���EU�AFIR�;SoA�IRHK�

�^NPq¡G;HmC 0 k :WAF8;IRIRHmq��-8;CEDKHmC ρg � ρ`
8ECEG

β � 1
J �KC;CEH-C^U¡? �RGL� ¤h8ECoG^U¡? �MGL� I5GL8;:@QWS

〈ρ〉 ' (1 − β)〈ρ`〉 ,
�BG;� Y �

〈ρ~u〉 ' (1 − β)〈ρ`~u`〉 ,
�BG;� �K�

AF�E�L: k 4;NPMONPHm:Rq$�$Hm:WG;H-C �E¦¡NyH4U¡?PH-NPQWSp8ECED+�-8;: � A�IRIRH-CEHm:@SEAF?rq@8EC;D5t¥vL:¡G;AFIVU¡H-MONPIRQWS^?yAF8Lq@Hmq

∂

∂t
〈ρ〉 + ∇ · 〈ρ~u〉 = 0 ,

�BGL� F �l�

MONPq=GLHm:=MONrqRq@?yHT:@H-C &pQTS;CEH-?P?PH 	 ��© Y G �97 ���SGlA �

〈~u〉 = (1 − β)〈~u`〉 + β〈~ug〉 .
�BG;� F>F �

¦�NPHfU¡?PH-NPQWSp8ECED��m8;:=z¨MO�;8E?PIRHm:@SoA�?rq@8ECED��XNP:WG H ¢ H-C;t¥AF?P?PI�G;Nr:@H-J/qVAF?PI=DKH-MONrqRq@H-?rq@HhU¡?PH-NPQTSp8;CED
t¥v;:fGEA�Ih7 �$H-Nr§¨�xSoA�IRH-C;§¨U¡H-MONPIRQWS[AF8Lt¥DFH-I|q@H-?P?rq!�x<�NPC;H#��HmqR:WAFQWS/q@8ECED G;Hm:�z{MO�E8E?PIRHm:@SEAF?rq@8EC;D
G;Hm:4<xNPC �-H-?P�;SoAFIRHmC��Xv;:WGLHOG;NPH5z{Cpq@HmDF:WA�q@N k CªG;HT:�©ªH-QWSEIRH-?)�XNr:@Jp8EC;DKIRJ/:Ws�tBq@H��!�XNPIRQTS;H-C[GLH-C
��SEAFIRH-C�NPC4G;Hm: <x:@SEAF?rq@8EC;DKIRDF?yHmNyQWSp8EC;D �¨H!G;HT:><xNyC
�-H-?P�ESEAFIRH�Hm:Rt k :WG;Hm:@C � �$NPIRSEHm: J k C;C/q@H�JKH-NPCEH
DKH-IRQWSE? k IRIRHmCEH(�$H-IRQWS;:@HmN ¢ 8EC;D=twv;:xGLNyH j Hm:@IRQWSENPH!GLH-CEH-C�©�H-QTS;IRH-?)�XNr:@JL8;CEDFIRH � H-J/q@H�HmCpq �XNPQTJlHm?Pq
��Hm:WGLH-C 	 ��© Y G%��� ¦�8;:@QWS G;NPH��^NrqRq@H-?P8;CED GLHm:�z{MO�E8E?PIRHm:@SEAF?rq@8EC;DOv ¢ Hm:�GEAFI¡DKH-I@A�Mhq@HOU¡HT§
MONyIRQWS#�XNr:WG GLNPH-IRH-IV�x: kF¢ ?PH-M j Hm:@MONPH!GLH-C��;<xIXHm:@DKN ¢ q=IRNPQWS 	 ��© Y G
�9�¡M4q Y I��

∂

∂t
〈ρ~u`〉 + ∇ · 〈ρ~u`~u`〉 =

− ∇〈p〉 − ∇
»

ρ`β

„

Ṙ2 +
1

2
(1 − β)2 |〈~ug〉 − 〈~u`〉|2

«–

.
�BG;� F £F�

¦�NPH�� Hm:@MOHxNPCEC;Hm:@SoA�? ¢ GLHm:�H-QWJpNPDKH-C�~�?yAFMOMOHm:�NPChU¡?��1GL� F £X:@HmIR8E?rq@NPHm:@H-ChAF8EI G;Hm:�«VH-?yA	q@N jp¢ Hm§
��H-DF8ECED5G;Hm: ¢ H-NyGLH-C �xSoA�IRH-C��;G;HT:(�-8 Ṙ2 �;: k � k :Rq@N k CoA�?PHh��Hm:@M ¢ H-IRQWS;:@H-N ¢ q=G;H-C*<�NPC��o8EIRI
G;Hm:�0 k ?P8;MOH-Cos�CoG;HT:@8ECED GLHm:���?BA�IRH-C ���us�S;:@H-CEG G;Hm:'A�CoGLHm:@H � HT:@M jlk C GLHm:fqR:WA�CEIR?yA�q k §
:@NyIRQWSEHmCª«VHm?BA	q@N jL¢ H/��H-DF8ECED �/�XNyIRQWSEHmC �$?yAFIRH-C[8;CoG�n�?yv;IRIRNPDKJlH-NrqhSEHm:R:@v;S;:Rq!� ¦�Hm:4MONrqRq@?PHm:@H
¦¡:@8EQWJ 〈p〉 NPM U¡H-MONPIRQTS*Hm:@DKN ¢ qVIRNPQWS��-8#	 ��© Y G �

〈p〉 = (1 − β)〈p`〉 + β〈pg〉 − 2σ

R
β .

�BG;� F HK�

¦�NPH ¢ NyIRS;Hm: jKk :@DKHmI|q@H-?P?Pq@HmCªU¡?PH-NPQWSL8;CEDFH-C��-8;:
�$H-IRQWS;:@H-N ¢ 8;CED�G;HT:¡}
&p§ �V8;I ¢ :@H-Nrq@8EC;D5NPC H-Nr§
CEH-M ��?BA�IRH-C;§{n�?PvEIRIRNPDFJlH-Nrq@IRDKH-MONPIRQWS���Hm:WGLH-CfHm:@DKsFC
�mq�G;8L:@QTSfG;NPHX798EI|qWAFCEG;IRDF?yHmNyQWSp8EC;DKH-C4t¥v;:
G;H-C ¦¡:@8;QTJ*NyC�G;HT: �|H/��H-NP?PNPDKH-C���SEAFIRH'� I k �XNPHOG;8L:@QTS GLNyH��$H!�$H-DK8;CEDFIRDK?PH-NPQTSp8;CED �m8;:1�$?yA	§
IRH-CoG  ;CEAFMONPJ9�p¦�NPH-IRH �X8;:WGLH-C^NPC GLH-C^~�A��ENrq@H-?PC £h8;CoG+HfSEHm:@DFH-?PH-Nrq@Hmq!�
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¦¡NyHuNPM :@8;SEH-CEG;H-C57 8;I|qWAFCEGfG;HmI�U¡H-MONPIRQTS;H-I�AF?PI�:Ws�8EMO?PNPQTShS k M k DKHmC5AFC;DKH-C k MOMOH-C;H"�$?yA	§
IRHmCoG;NPQWS/q@H1�XNr:WG�IRNPQTS GL8;:@QWS G;NPHh~�:WA	twq �XNP:@Jp8;CED�G;H-I
&LQWSoA�?y?rtwH-?yG;H-I�A�8;t�G;NPH��$?yAFIRH-C,� I k �XNyH
GL8;:@QWS G;H-C qR:WAFC;IRNyHmCpq@HmC�~ k ?P?yAF�EI jlk C ~�A j NrqWA�q@N k CEI ¢ ?yA�IRH-C j Hm:Ws�CoGLHm:@C���798;:�<�C/q@I|q@H-Sp8EC;D
jKk C[~�A j NPqWA	q@N k CEI ¢ ?yAFIRH-C � W 8;JL?PH!A	q@N k C9��DKN ¢ q5H-I ¢ NPIfS;H-8;q@H'JlH-NPC;H j HT:@N32 �-NPHm:Rq@H-C � k GLH-?P?yH
� j Hm:@DK? � � ¢ IRQWSEC;NPqRq�Hp� F � F �T��U¡?PH-NPQWSEH-I4DKNP?rq4t¥v;:fGEA�I �V8�� �KIRH-C ¢ �!����G;H-Cª7 Hm:Rt¥AF?P? jlk Cª~�A�§
j NrqWA�q@N k CEI ¢ ?yA�IRH-C � �K���V�oG;8;:@QWS ��H-NP?y8;CEDOH-NPC;Hm:=DF:��2.KHm:@H-C��$?yA�IRHhNPC MOH-SL:@Hm:@H�Jp?PH-NPCEHm:@H�CEAFQWS
HmNyC;H-M �$?yAFIRH-C;J k ?P?yAF�;I>8ECoG�A�CEIRQWSE?PNPH!.lH-CEG;Hm: �V8EI@GLN�� 8EIRN k C �!z¨C�GLNyHmIRHm: �=: ¢ HmNPq ��Hm:WGLH-C4G;NPH-IRH
�>: k �mH-IRIRH j Hm:@CoA�QTS;?ysFIRIRNPDFqV8ECEG*H-I$�XNr:WG jlk C*H-NPCEHm:=J k CEI|qWA�Cpq@HmC��$?yAFIRHmCoAFC
�!AFS;?>AF8;IRDKH-DKAFCL§
DFH-C��o¦�NPH-I¡SEA�q �-8;:¡n k ?PDFH'� GEA�IRI�G;NPH �-H-Nrq@?PNPQTS;H + CoG;HT:@8ECED5G;Hm:V? k JFAF?PH-C �$?yAFIRH-CEG;NPQWSpq@H4Cp8;:GL8;:@QWS H-NPCEH*:Ws�8EMO?PNPQTS;H ��H!��H-DF8EC;DªG;HT:��$?yAFIRH-C j Hm:@8L:@I@AFQWSpq���Hm:WGLH-CdJKA�CEC���¦�AFMONrq5DFNP?Pq
A�8EQWS*twv;:VG;NPH1�$?yAFIRHmCoAFC
�!AFS;? H-NPC;H�<x:@SEAF?rq@8EC;DKIRDK?PH-NPQWSp8ECEDfNyC G;Hm:=n k :@M

∂n

∂t
+ ∇ · (n〈~ug〉) = 0 .

�BG;� F Gl�

¦�AFI1&  ;I|q@HmM NPI|q4GEA�MONrq �|H-G k QWS�C k QTS 8EC/q@Hm: ¢ H-I|q@NPMOM4q!�9<xI��XNr:WG j HT: jlk ?P?PI|qWsFCEG;NPDFq4GL8;:@QWS
HmNyC;H�U¡?PH-NPQTSp8EC;D
� ��H-?PQWSEH�G;NPHO«=H-?yA�q@N jp¢ H!��H-DF8EC;D G;Hm: ¢ H-NyG;HmC[��SEAFIRH-C ¢ HmIRQTSL:@H-N ¢ q!� �=8EI|§
DKAFC;DKIR�E8;CEJ/q �-8;: �¡Hm:@?PH-Nrq@8EC;D=G;NPH-IRHm:�U¡?PH-NPQWSp8ECEDXNPI|q>GLNPH"�VC;CoA�SEMOH'�mGEA�IRI>G;NPH � k ?PH-JpvE?PM'AFI|§
IRH�G;Hm:�U�A�IRHuNyCfG;Hm:���?BA�IRH j Hm:@CEAFQWSE?ysFIRIRNPD ¢ A�:�Jp?yHmNyChNPI|q��F8;CoG4G;NPH$�$?yA�IRH=I k MONrq�AF?PIxM'AFIRIRH-? k I
¢ HTqR:WAFQWSpq@HTq���HT:WG;H-C JFAFCEC �oz{M �^NrqRq@H-?�MhvEIRIRH-C G;AFMONrq�A�?P?yHfAF8Lt$GLNPH��$?yAFIRHhH-NPC �XNP:@JKH-CoGLH-C
~�:Ws	twq@H j Hm:@IRQTS �XNPCoGLH-C�� �V?PIu~�:Ws�tBq@H��XNr:@JlH-C�NyC*G;NPH-IRHmM noAF?P? G;NPHV�;:@NPM's�:@H����|Hm:@JpC;H-I|§�~�:WA�twq

〈~FB〉 = −〈4π

3
R3∇p〉 ,

�BG;� F cF�

�$H-?PQTS;H G;NPH�DKH-MONrqRq@H-?rq@H�~�:WA	twq �XNr:@Jp8EC;D[AF8Lt�H-NPCEH�~�A j NrqWA�q@N k C;I ¢ ?yAFIRH NPC H-NPCEH-M s�8
.KHm:@H-C
A�C;:@H-DFH-CoGLH-C &LQWSoA�?P?PtwH-?yG ¢ H-IRQTSL:@H-N ¢ q��-G;NPHx~�:WA�twq�G;8L:@QTS�GLH-C j NPIRJ k IRHmC4«=H-N ¢ 8;CEDFI �XNBGLHm:@I|qWAFCEG
GLHm:=n�?PvEIRIRNPDKJKH-Nrq�	 �^~��K¤��

〈~FR〉 = −12πµ`〈R
~ug − ~u`

2
〉 ,

�BG;� F ¤K�

I k �XNPH4G;NPH�~�:WA�tBqVG;8;:@QWS*G;NPH j NP:Rq@8;H-?P?PH � AFIRIRH'��������� ���  �)"�" $'&)( *#��+R�

〈~FM 〉 = −1

2
ρ`〈

4π

3
R3 ∂

∂t
(~ug − ~u`)〉 .

�BG;� F IF�

¦¡NyHV~�:WA�tBqXG;8L:@QTS�G;NPH j Nr:Rq@8;H-?P?yH
� AFIRIRH�HmCpq@I|q@HmSpq�� �$H-CEC�GLNyH�U�AFI ¢ ?BA�IRH-C^:@H-?yA	q@N j �m8;:Xn�?PvEI|§
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∂R

∂t
,

�BGL� HF�l�

∂U

∂t
=

"

−3U2

2R

 

c − U
3

c − U

!

+
H
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Γ
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p` + B
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#
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AFM ©[A�CoGL?yHT:xAFC;?yNPH-DFH-CoGLH-&L�EAFCECp8;CED j Hm:Ws�CoG;HT:Rq ��Hm:WGLH-C���¦�HT:xNyM n k ?PDKHmCoG;HmC j Hm: �$H-CoGLHmq@H
�>A�:WAFMOHTq@Hm:=G;Hm:u©ªAFCEG;?PHm:@IR�oA�CECp8EC;D

U � ¢ H �-H-NPQWSECEHTqXGEA ¢ H-N G;H-C�&L�ENrq��-HmC �$Hm:RqXGLHm:=AFC*G;Hm:«Vv;QTJpIRH-Nrq@H�H-NPC;H-I¡G k �;�9H-?��9sFQWSENPDFH-C*©ªAFCoGL?PHm:@IXDKH-MOH-IRIRHmCEH-C�&L�oA�CECp8EC;D;�
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CEH 0�A�:@NyA�q@N k C GLH-I-�VCLt AFC;DKI|:WAFG;NP8EI R0

NPM ¢ HmqR:WA�QTS/q@Hmq@H-C �$Hm:@H-NPQWS q  L�ENPIRQWSEHm:X«=8ES;Hm:WAKGLNPH-C
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2 = 3,2
�)3��

`
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� #
2 = 6,4
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JKH-NPCEH-C�<xNyC��o8;IRIXAF8;t G;NPH �=8EI ¢ :@H-Nrq@8ECED�S k QTS;NyC/q@H-C;IRN j Hm:u}
&p§{��8;?PIRHVSEA�q!�L¦�NPHV©�H-QTS;IRH-?)�XNr:R§
Jp8;CED��!�XNPIRQWSEH-C ~�A j NPqWA	q@N k C 8ECEG &LQWSoA�?y?yA�8EI ¢ :@HmNPq@8;CED��XNr:WG�NyM�©ªHmIRH-C/q@?yNPQWSEH-C GL8;:@QWS�G;NPH
�=C �!A�SE?yG;NPQWS/q@H jlk C�~�A j NrqWA�q@N k CEI ¢ ?yA�IRH-C ¢ H-I|q@NPMOMhq!� ¦�NPH-IRH*UV:��2.KH*JFAFC;C�v ¢ HT:fGLH-C U�A�I|§
DFH-SoA�?rq¡GLH-Iu©[A�IRIRHm:@I j Hm:WsFCEG;Hm:Rq$�$Hm:WG;H-C �E¦¡Hm:VAF?PI 0�Hm:@DF?yHmNyQWSEI �m8EI|qWAFCEG ¢ H-N��^H-IRIR8EC;DO8ECEG
&pNPMf8E?yA	q@N k C�GLNPH-CEH-CEG;H4z|GLH!AF?rt A�?P?$GLHm:�:@H-NPCEHmC�}
&p§ �V8;I ¢ :@H-Nrq@8EC;D
� k SEC;H5G;NPH+�$H-H-NPC��E8EIRIR8;CED
GL8;:@QWS ~�A j NrqWA�q@N k C;IRH � H-J/q@H'��JFAFC;C NPM,<�4L�9Hm:@NPMOH-C/q�G;8L:@QTS H-NPCEH IRH-SL:^DF8;q@H <xCpq@DKAFIR8;CED
k GLHm:4G;8L:@QTS «=H!G;8;Jpq@N k C jlk C�~�A j NrqWA�q@N k C;IRJlH-NPMOH-C�AFCEDFH-Cos�SEHm:Rq1�$Hm:WG;H-C � � ¢ SEsFC;DKNPD jlk C
GLHm:Xz¨C/q@H-C;IRNrqWs�qu8;CoG�G;H-C'©[A�IRIRHm: ¢ H!G;NPC;DK8EC;DKH-C^JKA�CEC'H-NPCEH��>©�« ¢ H-I|q@NPMOMhq���Hm:WGLH-C �;G;NPH
G;AFI'~�A j NPqWA	q@N k CEI j Hm:@SoA�?Pq@HmC IRH-? ¢ I|q�CENPQWS/q ¢ H-H-NPC��E8EIRI|q�8ECEG DK?PH-NPQWS �-HmNPq@NPD GLNyH�¦¡8;:@QWS;t¥v;S;§
:@8;CED*H-NPCEHm: 0¡NPH-? �!A�SE? jlk C �^H-IRIR8EC;DKH-C �m8;:4I|qWA�q@NPI|q@NPIRQTS;H-C��^NrqRq@H-?P8EC;D�8EC/q@Hm:�J k CEI|qWA�C/q@H-C
0�Hm:@IR8;QTS;I ¢ H!G;NPCEDF8EC;DKH-C�Hm:@?yAF8 ¢ q!�



§¨� Y § ���-� ����� � ����	 ���3� ���;�������&� � 	�� ����
���� �'����� � 	 � ��
����3���

�x� � � � ef���	� ��� � � ��� \[���x���K� �F�{�����F�$�{� �F�o� � � � �$���di � ��� �{��� ���F���/�o��� ���$�
�=�o��i �K��� �*�E�{���o�$� � ���o��� �$��� �o�

z¨C#� ¢ IRQWSEC;NrqRq cp� £/� F �X8;:WG;HVH 4L�9Hm:@NPMOH-C/q@H-?P?9DKH �mH-NPDFq��EGEAFIRIXGLNPH�G;8L:@QTS�GLH-C*}
&p§{�x8E?PI�IRH-? ¢ I|q
NyCEG;8
�-NPHm:Rq@H-C ~�A j NrqWA	q@N k CEI ¢ ?BA�IRH-C�G;NPH �$H-Nrq@Hm:@H��=8EI ¢ :@H-Nrq@8ECED'GLNPH-IRH-I��x8E?PIRH-I ¢ H-H-NPC��E8EIRIRH-C �
¦�NPH-IOG;HmM k CEI|qR:@NPHm:Rq5G;NPH W k q ��H-CEG;NPDKJlHmNPq�� ©ªH-QWSEIRH-?)�XNr:@Jp8EC;DKIRMOH-QWSoA�CENPIRMOH-C ¢ H-NXGLHm:��$HT§
:@H-QTS;Cp8ECEDXGLHm:��ES  LIRNyJFAF?PNPIRQWS��XNr:@JlH-CoGLH-C�nEH-?yGLHm:��m8 ¢ Hm:@vEQWJpIRNyQWS/q@NPDKH-C �-¦�A�I NPC�G;NPH-IRHm:��=: ¢ HmNPq
H-C/q �XNPQTJKH-?rq@H�� k G;H-?P?�I k ?P?$GLH-CªGL8;:@QWS�GLNPHf©ªH-QWSEIRHm? �XNr:@Jp8EC;DKH-C j Hm:@8L:@I@AFQWSpq@HmC � MOH-IRI|q@H-QWS;§
CENPIRQTS ¢ H kF¢ AFQWS/q ¢ A	:@H-C�<xNPC��E8EIRI jlk C ~�A j NrqWA�q@N k C�A�8;tuGLNPH�&LQWSoA�?P?BA�8EI ¢ :@H-Nrq@8ECED�M��KDF?PNyQWSEI|q
DK8;q(�XNPH!GLHm:@DKH ¢ HmC��9n�vL:=G;NPH 0�Hm:@N�2oJFA�q@N k C^G;H-I � k G;Hm?y?PH-I(��HT:WG;H-C�G;AFS;Hm: �^H-IRIR8EC;DKH-C �-8EM
&LQWSoAF?P?yGL:@8;QTJ j HT:@?BA�8;t9MONrq &LNPMh8E?yA�q@N k C;IRHm:@DKH ¢ CENPIRIRH-C ¢ HmNLq  ;�;NPIRQTS;H-C�&/q k .'�$H-?P?PH-CoA�C �$H-CoGL8ECL§
DKH-C j Hm:@DK?PNPQTS;H-C��

@ �;4 6 #��(9C3"&(QR!

¦�NPH NPC � ¢;¢ NP?yG;8;CED cp� Y G;A�:@DKHmI|q@H-?P?Pq@HmC�n k Jp8;I@GL:@8EQWJpMOH-IRIR8EC;DKH-C ¢ HmNyM < &/© �$§�©[AFCEG;?PHm:
�-H-NPDKH-C,��GEAFIRI ¢ H-N�H-NPCEHT:�«=H!G;8;Jpq@N k C jlk C ~�A j NPqWA	q@N k CEIRJKH-NPMOH-C�NPC HmCpq@DKAFI|q@H-M ©[A�IRIRHm:�G;NPH
I|qWA�q@NPI|q@NPIRQTS;H-C�0�A�:@NyA�q@N k C;H-C^NPM n k Jp8EI@Gp:@8EQWJ j Hm:@?yAF8;t�CENPQWS/quMOH-S;:�AF8LtwqR:@Hmq@H-C � ��H-N 0�Hm: �$H-C;§
G;8EC;D jlk C CENPQWSpq�H-C/q@DKAFI|q@H-M,¬�HmNPq@8;CEDFI �uAFIRIRHT:ª���

2 = 6,3
MOD��

`
�OAFC;I|q@H-?P?yH jlk C H-C/q@DlA	§

I|q@H-M�©ªAFIRIRHm:��XNP:WG H-NPC DKH-DFH-C/q@H-NP?PNyDFHm:�< � H-J/q5Hm: ��A�:Rq@Hmq!��� ¢E¢ NP?yG;8;CEDbc/� F cL��AK� ¢ H-I|qWs�q@NPD�q
G;NPH-I�GL8;:@QWS G;H-C 0�Hm:@DK?PH-NPQWS jKk C �|H/��H-NP?PI �-H-S;C DFH-MONrqRq@H-?rq@H-C n k JL8;I@GL:@8;QTJpIRNPDKCEAF?PH-C�t¥vL:�G;NPH
GL:@H-N ¢ HmqR:WA�QTS/q@Hmq@H-C�©ªAFIRIRHm: ¢ H!GLNPCEDK8;CEDFH-C���<xNyC;H5S �FSEHm:@Hh¦�NPQTS/q@H jlk C ~�A j NPqWA	q@N k CEI ¢ ?yAFIRH-C
t¥vESL:Rq��m8�H-NPCEHm:�G;H-8Lq@?yNPQWSEH-C �-H-Nrq@?PNyQWSEHmC 0�Hm:@Jpv;:��m8ECEDfG;H-I¡798EDlA�C/q@H-NP?yI � j Hm: ¢ 8;CoG;HmC^MONrq=H-Nr§
CEHm:O?PH-NPQWS/q@H-C�0�Hm:R:@NPC;DKHm:@8;CED�G;Hm:fM'A 4LNPM'AF?$HT:R:@H-NPQTS/q@H-C 7 8;DlA�MO�E?PNrq@8oG;H'I k �XNPH I|qWs�:@JKHm:@H-C
W AFQWSEIRQWS �XNPCEDK8;CEDFH-C��

¦�NPH &LNPMf8;?BA	q@N k C^�L: k DFC k I|q@N �-NPHm:RqVG;AFIRIRH-? ¢ H10�HT:@SoAF?rq@H-C �L¦�NPH�Cp8EMOHm:@NPIRQWSEH-C*<x:@DFH ¢ C;NPIRIRH�t¥v;:
AFC;t¥sFC;DK?PNPQTS�DK?PH-NPQWS;t ��:@MONPD j HT:Rq@H-NP?Pq@H �$?yAFIRHmC*MONrq�H-NPCEH-M «=8ESEHT:WAKG;NP8;I jlk C R0 = 3 µ

M 8;CoG
G;H-C��$?yAFIRHmCoG;NPQWS/q@H-C

n0 = 0
� JlH-NPCEH �$?yAFIRHmC9�/�

n0 = 50
�	Q-M 3 8;CoG n0 = 250

�	Q-M 3 IRNPCoGONPC
� ¢E¢ NP?BGL8EC;D c/� F cL� ¢ ��G;A�:@DFH-I|q@H-?P?rq!� &LNPH��mH-NPDKH-C�H-NPCEH5IRH-SL:�DK8Lq@H��/8oAF?PNrqWA�q@N j H+� ¢ Hm:@H-NPC;I|q@NyM5§
Mf8EC;DfMONrq=G;HmC H 4L�9Hm:@NPMOH-C/q@H-?P?PH-C <>:@DKH ¢ CENPIRIRH-C A�8EI-� ¢;¢ NP?yG;8EC;Dac/� F cL��AK�T�9¦�NPH-IRHm:VG;Nr:@H-J/q@H
<�NPC��E8EIRI jlk CO~�A j NrqWA�q@N k C;I ¢ ?yAFIRH-C�A�8;t�G;H-CO¦V:@8EQWJ j Hm:@?yAF8;t GLH-I��VC;:@HmDK8EC;DKIRIRNPDKCEAF?PH-I �X8L:WG;H
NyM�«VAFS;MOH-C^GLNPH-IRHm: �=: ¢ H-Nrq=Hm:@I|q@M'A�?yIXDF?yHmNyQWS �mH-Nrq@NyD�GL8;:@QWS^<54L�9Hm:@NPMOH-C/q@H�8ECEG�&LNPMh8E?yA�q@N k §
CEH-C DFH �-H-NPD�q�	 ¬�NPH!�SHKA �o¬�NPH!�>H ¢ �E¬�¦�«V�SG��o¬ ¦�«¡�F¤KA
�E¬�¦¡«¡�F¤ ¢ ���Ez¨C �/�XNyIRQWSEHmC NPI|q¡GLNPH-IRHm:¡<xtB§
t¥H-J/q$AFCO8EC/q@Hm:@IRQWSENPH!GL?PNyQWSEHmC5} &/§ &  LI|q@H-MOH-C ¢ H-I|qWs�q@NPD�q � k :WG;H-C 	 �=��¬ �>c �l� &�� + �8c � &;A�Co�8c �
��AFCE�SG �����V8EQWS NPM «¡A�SEMOH-C G;NPH-IRHT: �=: ¢ H-Nrq �X8;:WGLH-C���H-Nrq@Hm:@HO}VCpq@HT:@IR8EQWSL8;CEDFH-C AFC�G;H-M
jlk :@DFH-I|q@H-?P?rq@H-C �ENPH � k H-?PH-J/qR:@NyIRQWSEHmC ¬�Nrq@S k qR:@NP�;q@Hm:OG;8;:@QWSEDFHmt¥v;S;:Rq��x8;M G;NPH*MONPqOG;H-M�J k M5§
�oAFJ/q@H-C�< &/© �$§�©[A�CoG;?PHm: ¢ H kK¢ AFQWSpq@HTq@H-Cª< � H-J/q@H ¢ H-NxH-NPC;H-M"AFCEG;Hm:@H-C���SEHT:WAF�ENPH-I  LI|q@H-M
�-8 ¢ H-I|qWs	q@NyDFH-C��
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@ �;4 � #���9C3�&(QM!

��H-N G;H-C*¬�Nrq@S k qR:@NP�;q@Hm:R§{<54;�9HT:@NyMOHmCpq@HmC��X8L:WG;H-C�NPM n k JL8;IuG;HT:-�VC k :WG;Cp8EC;D�&LQWSoAF?P?yGL:@8;QTJ/§
MOHmIRIR8ECEDFH-CfNPC+� ¢ SEsFC;DKNPDKJlHmNPq jKk C5GLHm:��$?yAFIRH-CEG;NPQWSpq@Hu8;CoG4G;Hm:�&pQTSEAF?P?PNPCpq@HmCEIRNrqWs�q$G;8L:@QTS;DKHm§
twvESL:Rq!�K¦�NPH$©ªAFIRIRHm:Rq@HmMO�9Hm:WA�q@8L: ¢ HmN;GLH-C��^H-IRIR8;CEDFH-C ¢ HmqR:@8;D��!�XNPIRQWSEH-C T = 18, 1 ◦

0 8ECEG
T = 24, 5 ◦

0 �L<xI ��HT:WG;H-C��!�$H-N j Hm:@IRQWSENPH!GLH-CEH=z¨C/q@H-C;IRNPqWs	q@IRI|q@8;twH-C ¢ HmqR:WAFQWS/q@Hmq��pG;NPH=©[AFCEGL§
?PHm:@IR�EAFC;CL8;CEDFH-C jlk C U � = 2, 1

J�0 ¢ �!��� U � = 2, 6
J�0 H-C/q@IR�;:@H-QWSEH-C �E¦¡NyH4�>©�« ¢ HTqR:@8ED

0,5
� �K�;¦�NPH
0$A	:@NyA�q@N k C GLHm:-�VC
�!AFS;?BGLNPQTS/q@H jlk C ~�A j NPqWA	q@N k CEI ¢ ?yAFIRH-C �X8L:WG;H�GL8;:@QWS^8EC/q@Hm:R§

IRQWSENPH!GL?PNyQWS�I|qWA�:@JKHh<xC/q@DlA�IR8ECED�GLH-I j Hm: ��H-CEG;Hmq@HmC�¬�H-Nrq@8;CEDKI ��AFIRIRHm:@I¡Hm:R:@H-NPQTS/q!�o<�I-��Hm:WGLH-C
¦V:@8EQWJLMOHmIRIR8ECEDFH-C NPC�IRH-SL: DK8Lq H-C/q@DKAFI|q@H-M ���

2
�2��� �xMOD��

`
�/�$q@HmNy?PH-C/q@DKAFI|q@H-M ���

2
�

H � Y MOD �
`
�$8ECoG'CENPQWS/qXH-C/q@DlAFI|q@HmM ©[AFIRIRHT:f���

2
� ¤ � G�MOD��

`
� jlk :@DFH-I|q@H-?P?rq!�

� ¢E¢ Ny?yGL8ECEDacp� F ¤��-H-NPD�q�G;HmC�0�HT:@DK?PH-NPQTS �/�XNyIRQWSEHmC DFH-MOH-IRIRH-C;H-C 8;CoG ¢ Hm:@HmQTS;CEHmq@H-C n k Jp8EI|§
Gp:@8EQWJpIRNyDFCoA�?yHmCªt¥v;:fG;NPH�� ¢ Sos�CEDFNyDFJlH-NrqfG;H-I4¦¡:@8EQWJ/§¨7 H-Nrq j HT:@?BA�8;twH-I jlk M�U�AFIRDFH-SoA�?rq ¢ �/���
GLHm: �VC �-AFSE?yGLNyQWS/q@H jlk C�~�A j NrqWA�q@N k C;I ¢ ?yAFIRH-C ¢ H-NV8EC/q@Hm:@IRQWSENPH!G;?PNPQWSEH-C�z{Cpq@HmCEIRNrqWs�q@IRI|q@8Lt¥H-C �
¦¡NyH*�^H-IRIRJp8L: j H-C �-H-NPDFH-C GEAFIRIRHm? ¢ H 0�Hm:@SoA�?Pq@HmC �XNyH ¢ H-N�GLH-C <54;�9HT:@NyMOHmCpq@HmC MONrq GLH-M
<�&p©��$§�©ªAFCEG;?PHm:!��<xNyC S �FSEHm:@Hm:*U�A�I@AFC/q@H-NP?Xt¥vESL:RqONPM �^NrqRq@H-?(�-8 HmNyC;Hm:��-H-Nrq@?PNPQTS;H-C 0�Hm:R§
JpvL:��-8EC;D5G;HmI¡798EDKAFC/q@H-NP?PH-I¡8;CoG�I|qWs�:@JlHm:@HmC W A�QTS;IRQTS �XNPCEDF8ECEDFH-C��;¦�NPH-IRHm:¡< � H-J/q-�XNr:WG ¢ HmN
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SEAF?rq¡G;H-8Lq@?yNPQWS�IRNPQTS/q ¢ A	:�� ��sFS;:@HmCoG Hm: ¢ H-N D�:��2.KHm:@H-C ¦¡:@8EQWJ/§�8;CoG�798EDKAFMO�;?yNrq@8EG;H-C IRQWS k C
¢ HmN¡DKHT:@NyC;DKHm:@HmM U�AFI@A�C/q@H-NP?�H-NPCEIRHmq��Tqª� � ¢;¢ NP?yG;8;CED c/� F ¤;� ¢ �R�T�(�$H-N�HmNyC;Hm:�©[AFCEG;?PHm:@IR�EAFC;§
Cp8;CED jKk C U � = 2, 6

J�0�qR:@NPqRq���CEH ¢ H-C GLH-M <xNyC��o8;IRI'AF8;t�G;H-C 7 8;DlAFC/q@H-NP?VG;H-I#&pNyDFCoA	§
?PH-I �>AF8EQWSªH-NPC;H�?PH-NPQWS/q@H�«=H!GL8EJ/q@N k CªGLH-I4� k IRNrq@N j H-C &L�;Nrq��-H-CoGp:@8EQWJlH-I�MONrq �-8EC;H-SEMOHmCoG;HmM
U�A�I@AFC/q@H-NP? AF8Lt¨�Lz¨M 0�Hm:@DF?PH-NPQTS#�-8EM DKH-MOHmIRIRH-CEH-C &L�;Nrq��-H-CoGp:@8EQWJ jlk C p � � � = 78

� �>A ¢ H-N
�

2 = 0,9
MOD �

`
Hm:@DFN ¢ q�IRNPQWS ¢ H-N �

2 = 3,8
MOD��

`
H-NPCEH-0�HT:R:@NyC;DKHm:@8;CED�8;M

7,7
� � IF£�� �>AK�

8;CoG ¢ HmNu�
2 = 6,4

MOD �
`
8;M

12,2
� �

68,5
� �>AK�T� �$H-NuA�?P?yHmC A�CoGLHm:@H-C[NPC G;NPH-IRH-M � ¢ §

IRQWSEC;NrqRq�DKH �-HmNyD�q@H-C �^H-IRIRHm:@DFH ¢ C;NPIRIRH-C ¢ HmqR:WsFD�qhG;NPH�0�A�:@NyA�q@N k C GLH-I &L�;Nrq��-H-CEIRQWSoA�?P?BGp:@8EQWJlH-I
¢ HmN�8;Cpq@HT:@IRQTS;NyH-G;?PNPQTS;H-C�0�Hm:@IR8EQWSEI ¢ H!GLNPCEDK8;CEDFH-C#�$H-CENPDKHT:�A�?yI c ��� ��H-N U � = 2, 6

J�0 8ECEG
HmNyC;H-M,U�AFI@A�C/q@H-NP? jlk C 6,4

MOD��
`
twvESL:Rq^GLNPH�~�A j NrqWA�q@N k C NPC G;HmC DKH-MONrqRq@H-?rq@H-C &LNPDKCEAF?PH-C

A�8
.KHm:WG;H-M �-8fH-NPCEH-M��KG;Hm:�798EDK�;SoA�IRHuCoAFQWS;t k ?PDKHmCoG;HmC �/� k IRNPq@N j HmC'U¡?PH-NPQTSEAFC/q@H-NP?oNPM DKH-MOH-I|§
IRHmCEH-C &LQWSoAF?P?yGL:@8;QTJ9� ¦�NPH-I�NPI|q�H-NPC �^H-IRI@A�:Rq@Hmt¥AFJ/q��>GLHm:�Cp8;: ¢ HmN�IRHmS;:�I|qWA	:@JlHm:�~�A j NPqWA	q@N k C
8;CoG H-NPCEHm:hH-C/q@IR�;:@H-QWSEHmCoG�S k SEHmC �$?yAFIRH-CEG;NPQWSpq@H'NPC[GLHm:f}VMODKH ¢ 8EC;D G;HmI�t¥AFIRHm: k �;q@NPIRQWSEH-C
�- ;GL: k t k C;IVA�8;tBqR:@NPqRq!�E¦�NPH�}V:@I@A�QTS;HhGLNPH-IRH-I �=:Rq@Hmt¥AFJ/q@H-IXNPI|q¡C;NyQWS/q jlk ?P?PI|qWsFCEG;NPDODKH-Jp?ys�:Rq!�o<�I
�XNr:WG j Hm:@Mh8;q@Hmq��lGEA�IRI$~�A j NPqWA	q@N k C�NyC�GLHm: W sFSEHVG;HT:�noA�IRHm:@IR�ENrq��-H��-8OH-NPCEHm:�MOH-QTSEAFC;NyIRQWSEHmC
¦¡Hmt k :@M'A�q@N k C[8;CoG�G;AKGL8;:@QWS j Hm:Ws�CoG;HT:Rq@H-Cª¬ NyQWS/q@?PH-Nrq@H-NPDKH-C;IRQTSEA�twq@HmC GLHm:5U¡?BA�I|t A�IRHm:5t¥v;S;:Rq
	 ��&
� + �>c����

¦¡Hm: 0�Hm:@DK?PH-NPQWS��!�XNPIRQWSEH-C�G;H-C*&LNPMh8E?yA�q@N k C;IRHm:@DKH ¢ CENPIRIRH-C�MONrq�8EC/q@Hm:@IRQWSENPH!GL?yNPQWSEHm: �$?yAFIRH-CL§
GLNPQTS/q@H 8ECEG G;H-C�DFH-MOH-IRIRH-C;H-C�¦¡:@8;QTJpIRNPDKCEAF?PH-C ¢ H-N�8;C/q@Hm:@IRQTS;NPH!G;?PNPQTS;H-M3U�AFIRDFH-SoA�?Pq�G;H-I
©ªAFIRIRHm:@I1�-HmNyD�q���G;AFIRI�GLHm: �/8oAF?PNrqWA�q@N j Hf<�NPC��o8EIRI�GLHm:�~�A j NPqWA	q@N k CªA�8;t�G;NPH�&LQWSoA�?P?BA�8EI ¢ :@H-Nr§
q@8;CED�GL8;:@QWS'GEAFI"&LNPMf8;?yA�q@N k C;IRM k G;H-?P?E:@NPQWSpq@NPD �XNPH!G;HT:@DKH-DFH ¢ H-C#�XNr:WG �/¦�NPH-I�DFNy?rq$I k � k S;?ot¥v;:
GLNPH � ¢ Sos�CEDFNyDFJlH-NrqOGLH-I5n k Jp8EI@Gp:@8EQWJLIRNPDFCoAF?PH-I jlk C GLHm:���?BA�IRH-CoGLNPQTS/q@H A�?PIOAF8;QTS jlk CdG;Hm:
z{C/q@H-CEIRNrqWs�q5G;H-I�&LQWSoAF?P?PIRNPDKCEAF?PH-I-��¦¡Hm:��VCLt A�CEDKI �$Hm:Rq'GLHm:��$?yAFIRHmCoG;NPQWS/q@H �X8;:WGLH GEA ¢ H-NuI k
DFH!�us�SE?rq��pG;AFIRIxt¥v;:

U � = 2,6
J�0 H-NPCEH ¢ H-I|q@M��FDK?PNPQTS;H(� ¢ Hm:@H-NPC;I|q@NyMOMh8EC;D �!�XNPIRQWSEH-C#&pNyMh8;§

?yA	q@N k C�8ECEG��^H-IRIR8;CED5Hm:R:@HmNyQWS/q(�XNP:WG �9n�vL:¡GLNPH-IRH-C�noA�?P?�NPI|qVNyC�� ¢E¢ NP?BGL8EC;D c/� F I5C k QWSEM'AF?PI
GLHm:fG;Nr:@H-J/q@H�0�HT:@DK?PH-NPQTS �/�XNyIRQWSEHmC GLHm:��^H-IRIR8EC;D�8ECoG�G;H-M �|H/��H-NP?PI5H-C/q@IR�;:@HmQTS;H-CoGLH-C &pNP§
Mh8E?yA�q@N k CEIRHm:@DFH ¢ C;NyI ¢ H-N>8EC/q@Hm:@IRQWSENPH!GL?yNPQWSEHm: �$?yAFIRH-CEG;NPQTS/q@HhDKH �-HmNyD�q!� ¦¡NyHmI�Hm:@?yAF8 ¢ q�� CEH ¢ H-C
GLH-M �/8oAF?PNrqWA�q@N j HmC 0�Hm:@DF?yHmNyQWS �uAF8EQWS�H-NPCEH*�/8oA�Cpq@NrqWA	q@N j H*��H!��Hm:Rq@8;CEDdG;HT:^Cp8EMOHT:@NyIRQWSEHmC
�=�E�L: k 4LNPM'A�q@N k C � ¢ H-NPIR�ENPH-?PI ��H-NPIRH ¢ �-DK? �XGLHm:#0�Hm:@JpvL:��-8EC;D[G;H-I^798EDlA�C/q@H-NP?yHmI-�X¦�8;:@QWS�G;NPH
0�A�:@NyA	q@N k C GLHm:��$?yA�IRH-CoGLNyQWS/q@H 8ECEG G;H-C 0�HT:@DK?PH-NPQTSdMONrq��^H-IRIR8;CEDFH-C JFAFC;CdNPCEG;Nr:@H-J/qOA�8;t
GLNPH'�o8;Cpq@HT:=G;H-C DFH-DKH ¢ H-CEH-C 0�Hm:@IR8;QTS;I ¢ H!G;NPCEDF8EC;DKH-C,� jlk :@SoA�CoG;HmCEH�~�H-NPM'GLNyQWS/q@H�DKH-IRQWSE? k I|§
IRHmC��$Hm:WG;HmC��>z{C � ¢E¢ Ny?yGL8ECEDbc/� F IL��AK�hIRNPCoG G;NPH*<x:@DFH ¢ C;NPIRIRH*t¥vL:OGLNyH �V8;I ¢ :@H-Nrq@8EC;D k S;CEH
~�A j NrqWA�q@N k C;IRH-NPC��E8EIRIVGEA�:@DFH-I|q@H-?P?rq!� �$HmN�G;HT:
&pQTSEAF?P?yAF8;I ¢ :@H-Nrq@8EC;DONPC^q@H-NP?PH-C/q@DlAFI|q@HmM�©ªAFIRIRHm:
� � ¢E¢ Ny?yGL8ECED cp� F Ip� ¢ �R� �-H-NPDFq�I k � k S;?9G;NPH �^H-IRIR8;CED�AF?PI$AF8EQWSOGLNyHXCp8EMOHT:@NyIRQWSEH"�$Hm:@H-QWSECp8EC;D
HmNyC;HX?yHmNyQWS/q@HX«VH!GL8EJ/q@N k COGLH-I &L�ENrq��-HmCEIRQWSoAF?P?yGL:@8;QTJKH-I �KI k �XNPH¡HmNyC;H(0�Hm:@JpvL:��-8EC;D�G;HmI�798EDKAFC;§
q@HmNy?PH-I-�lz¨M U¡H-DKHmCEI@A�q��-�-8L:$�^H-IRIR8;CED�Hm:@DFN ¢ q�IRNPQWS ¢ H-NoGLHm:$&pNPMf8E?yA	q@N k C5MONrq$S k S;H-M U�AFIRDKHT§
SEAF?rqX� � ¢;¢ NP?yG;8;CEDdcp� F Ip� Q	�R��H-NPCfHm:@C;H-8;q@HT:>©�NPH!G;Hm:WA�CEI|q@NPH-D�GLH-I�&L�;Nrq��-H-CEIRQWSoA�?P?BGp:@8EQWJlH-I-�	¦�NPH-I
JFAFC;C^GL8;:@QWS G;AFI-�^H-IRIRHm:@DFH ¢ C;NPIVC;NyQWS/q ¢ H-I|qWs�q@NPD�q-�$Hm:WG;HmC��E<�NPCEH�DF8;q@H
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HT:@DKN ¢ q¡IRNyQWS t¥v;:�G;H-C �$H-IRH-C/q@?PNyQWSEHmC�<xNPC��E8EIRI�GLHm:�~�A j NrqWA�q@N k C;I ¢ ?yAFIRH-C�AF8Lt�G;H-C�798EDlA�C/q@H-NP?
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GLH-I+&LNPDKCEAF?PH-I-�>¦�NPHO�;S  LIRNPJFAF?PNPIRQTS;H�}=:@I@AFQWSEH'GLHm: j Hm:WsFCEG;Hm:Rq@H-C���8;?PI|t k :@M�G;8L:@QTS�~�A j NrqWA�§
q@N k CEIRH-NPC��E8EIRI-�XNP:WG�NPC � ¢ IRQTS;CENrqRq�¤p� F GL8;:@QWS�G;NPH��VCoA�?) ;IRH jlk C &LNPMf8;?BA	q@N k CEIRHT:@DKH ¢ CENPIRIRH-C
j Hm:WG;H-8Lq@?PNyQWS/q!�

�>� � � � Y�� �F�E� �F�{��� �$� � �^��� �F�o����� ����� ���^�=�o��i �K��� ���o�{���o��� ���/�o���$�$�

¦¡NyHV~ k ?y?yA��EI �-H-Nrq t , NyI|qXHmNyC#�/8oA�Cpq@NrqWA	q@N j H-I$� A .��-8L:(�$H!�$Hm:Rq@8EC;DfGLHm:u~�A j NPqWA	q@N k CEI ¢ ?yAFIRH-CL§G  LCoAFMONPJ ¢ HmN��=C;:@H-DF8EC;D^MONrq�H-NPCEHmM } &/§¨�x8E?PI-� UV:��2.KHm:@HO~ k ?P?BA��EI �-HmNPq@HmC ¢ H!G;Hm8;q@H-C H-NPCEH
?ys�CEDKHT:@Hu<�4L�EAFCEIRN k CEIR�ESEAFIRHXGLHm: �$?yAFIRHmC58ECEG�NPM �=?P?yDL��H-NPCEH�I|qWs	:@JlHm:@H�~�A j NrqWA�q@N k C;I �XNP:@Jp8;CED
NPC��$H �m8EDhAF8;t�MOH-QWSoA�CENPIRQTS;H
&pQTSEsKGLH-C'AFC^U¡H!��H ¢ H k G;HT:u~ k CEJ/:@H-MOH-C/q@H-C �Kz{C*GLNPH-IRH-M � ¢ §
IRQWSEC;NrqRq��XNr:WG,�$G;8;:@QWSdG;H-C 0�HT:@DK?PH-NPQTS �!�XNPIRQWSEH-C�GLH-C AF8EI'GLH-C &LNPMf8;?BA	q@N k CEIRHT:@DKH ¢ CENPIRIRH-C
¢ HT:@H-QTS;CEHmq@HmC�8;CoG'G;HmC*MONrquGLH-M ~�A j NrqWA�q@N k CEI@G;HTq@H-J/q k :���� 0 ¦���DKHmMOH-IRIRH-CEHmC�~ k ?P?yAF�;I �-H-Nr§
q@HmC �;GEA�I=HmCpq �XNPQTJlHm?Pq@H &pNPMf8E?yA	q@N k CEIRM k GLH-?P? j Hm:@N�2 �-NPHm:Rq!�

z{C � ¢E¢ Ny?yGL8ECED cp� FEY IRNyCEGdtwv;:�H-NPCEH^©ªAFCEG;?PHm:@IR�oA�CECp8EC;D jKk C U � = 3,0
J�0 A�M ¬�Nrq@S k §

qR:@NP�Lq@Hm:�GLNPHhIRNPMf8;?PNyHT:Rq@H���?BA�IRH-CoG  LCoAFMONPJ*8ECoG^G;NPHhHmMO�;t A�CEDFH-CEH-C &LNPDKCEAF?PH5GLH-I¡� 0 ¦ GEA�:R§
DFH-I|q@H-?P?rq!��n�v;:¡G;NPH��=C;t A�CEDFIR�oA�:WA�MOHmq@Hm:�G;Hm: &LNPMf8;?BA	q@N k C��X8;:WGLH-C G;NPH4NyC � ¢ IRQWSECENrqRq cp� £p� £
¢ HmI|q@NyMOM4q@H-C ©ªHm:Rq@H � n0 = 5/

Q-M 3 � R0 = 10 µ
M�� ¢ H-N�GLHm: �V8;I ¢ :@H-Nrq@8EC;D^NPC�q@H-NP?PH-C/q@DlA	§

I|q@HmM ©[AFIRIRHT: j Hm: ��H-CEG;Hmq!��¦�Hm:10�Hm:@DF?yHmNyQWS �!�XNPIRQWSEH-C GLHm: ¢ Hm:@H-QWSEC;Hmq@H-C��$?yAFIRH-CEG� LCoA�MONyJ
8;CoG�GLH-C MONPq�G;H-M � 0 ¦ H-MO�Lt AFC;DKH-C;H-C*&LNPDKCEAF?PH-C JKA j Nrq@NPHm:@H-CoGLHm:�~�A j NrqWA�q@N k C;I ¢ ?yAFIRHmC�NPC
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IRQWSEHmI�NPCfGLNyHmIRH-M �$Hm:@HmNyQWS���¦�8L:@QTS�GLH-ChGEAKGL8;:@QWS j Hm:@MONPCoGLHm:Rq@H-C�¦¡:@8;QTJ�J'�KCEC;H-C�G;NPH �$?yAFIRH-C
GLH-8;q@?PNPQWS�?ysFC;DKHm:4A�C �uAFQWSEIRHmC�8;CoG�Hm:R:@H-NPQWSEH-C IRH-S;: j NPH-?xIR�Es�q@Hm:�GLH-C M'A 4LNPM'AF?PH-C�«VAKG;NP8;I �
A�?PI=NPM H-C/q@J k �E�9H-?rq@H-C^noAF?P? k S;CEH1�$Hm:@v;QTJpIRNPQWSpq@NPDF8ECEDfG;NPH-IRHm:=©ªHmQTS;IRH-?)�XNP:@Jp8;CEDKHmC��

z{C � ¢;¢ NP?yG;8EC;D cp� F �dNPI|q HmNyC �$H-Nrq@Hm:@Hm: 0�Hm:@DK?PH-NPQWS �!�XNPIRQTS;H-C ¢ Hm:@H-QWSEC;Hmq@Hm: ��?BA�IRH-CoG  LCoA�§
MONPJO8;CoG�G;H-C*MONPq=GLH-M � 0 ¦ H-MO�Lt AFC;DKH-C;H-C &pNPDKCoA�?PH-C^t¥vL:XH-NPCEH�©ªAFCoGL?PHm:@IR�oA�CECp8EC;D jlk C
U � = 5,1

J�0 GEA	:@DKH-I|q@Hm?y?rq!� �$H-N G;NPH-IRHT:uM'A 4LNPM'AF?PH-C�<xNyC;I|q@H-?P?P8ECED4J k CEC/q@HVNPC*¤ jKk C F �4n>sF?r§
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HmNyC;H-C �!�$H-Nrq@H-C ~ k ?P?yAF�;I5GLHm:���?BA�IRH-C CoA�QTS GLH-M ©�NPH!G;Hm:WA�8;twIRQTS �XNPCEDFH-CdG;Hmq@H-J/q@NPHm:Rq ��Hm:R§
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G;H-C ��¦¡Hm:10�HT:@DK?PH-NPQTS�MONrq�G;H-M <x:@DFH ¢ C;NPIhGLH-I�H-C/q �XNPQWJlH-?rq@H-C�&LNPMf8;?yA�q@N k C;IRM k G;H-?P?PH-I �-H-NPD�q
�XNyH-G;Hm:@8;M HmNyC;H�IRH-SL:VDF8;q@H � ¢ Hm:@H-NPCEI|q@NPMOMf8;CED�� �usFSL:@H-CoG�H-NPCEH�Cp8EMOHT:@NyIRQWSEH
�$Hm:@H-QWSECp8EC;D
AF8;t¡G;HT:���A�IRNyIOHmNyC;H-IfHmCpq@J k �E�9Hm?Pq@HmC � k G;H-?P?PH-I'G;NPH�qWA�q@I@sFQWSE?PNPQWSEH���?BA�IRH-CoG  LCoAFMONPJ�CENPQTS/q
AFCECEsFS;Hm:@CoG��XNPH!G;HT:@DKH ¢ H-C�JKA�CEC � �V8;QTS�NPC*�$H �-8;D^A�8;t$G;H-C MOH-IRI|q@H-QWSEC;NPIRQTS G;HTq@H-J/q@NyHT:Rq@H-C
�!��H-Nrq@H-C I|qWA�:@JlHmCd~ k ?P?yAF�;IOHm:@DKN ¢ q5IRNyQWSdMONPqfG;HmM U¡H-I@A�Mhq@M k G;Hm?y?$H-NPCEH^DF8;q@H W sFS;Hm:@8EC;D
G;Hm: �$?yAFIRH-CEG� LCoA�MONPJ ��¬�H!GLNPDK?PNPQTS G;NPH ¦�A�8EHm:#�!�XNPIRQTS;H-C Hm:@I|q@H-M 8ECEG �!�$H-Nrq@H-M3~ k ?P?yAF�;I
�XNP:WG�NPC G;Hm:
&LNPMh8E?yA�q@N k C[� ≈ 233 µ

IW�=NPM 0�HT:@DK?PH-NPQTS �m8;:1�^HmIRIR8ECED � ≈ 289 µ
IW�VA�8;t¥D�:@8ECEG

G;Hm:-0�Hm:@CoA�QTS;?Bs�IRIRNPDK8EC;DOG;HT:�U�A�I@G;N�� 8EIRN k C 8EC/q@Hm:@IRQWSos	q��mq�� j Hm:@DF?�� � ¢;¢ NP?yG;8;CED Hp� F cK�T�

z¨C���A ¢ H-?P?PH c/� F NyI|qXtwv;:VGL:@H-N 8EC/q@Hm:@IRQWSENPH!GL?PNyQWSEH�z{C/q@H-CEIRNrqWs�q@IRI|q@8Lt¥H-C^H-NPC �/8oAFC/q@NrqWA�q@N j HT:(0�Hm:R§
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©[AFCEG;?PHm:@IR�EAFCECp8;CED �^H-IRIR8;CED ��� 0 ¦�� &LNPMf8;?yA�q@N k C
U � � J�0�� t , � µ IW� t , � µ IW�
£ � ¤ £�¤ F ± HK� £SIF¤ � � c � I �5�
H � � H F ¤ ± £ F HK£F¤ � � H � £ �5�
c � F c1G8H ± £F¤ cF�ZG��¥§ I � £ �f�
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7 8L: 0�HT:@N32EJKA	q@N k C4G;H-I � k G;H-?P?PH-I �X8;:WGLH-C ¢ NPIRSEHm:xGLHm:�&pQTSEAF?P?yGL:@8EQWJ j Hm:@?yAF8LtL8ECoG�GLNyH �$?yAFIRH-CL§
G� LCoA�MONyJ*AFC�HmNyC
�-H-?PCEHmC ��8;CEJ/q@H-C ¢ HmqR:WA�QTS/q@Hmq!�Ez¨C GLNyHmIRH-M � ¢ IRQWSEC;NPqRq(�$Hm:WG;H-C t k q k DF:WA�2;§
IRQTS;H1�V8;twCoA�SEMOH-C'MONrq-&LNPMh8E?yA�q@N k C;IRHm:@DKH ¢ CENPIRIRH-C �-8;:�:Ws�8EMO?PNPQTSL§ �-H-Nrq@?PNyQWSEHmC^¦� LCoA�MONPJOG;H-I
~�A j NrqWA�q@N k CEI ¢ ?yA�IRH-C;twH-?yG;H-IuNPM n;:@H-Nrt¥Hm?BG �LG �RS � ¢ H-N;8EC;DKH-I|q���:Rq@Hm:(&pQTSEAF?P?yAF8EI ¢ :@H-Nrq@8EC;D
� j HT:@DK?PNr§
QTS;H-C��9¦¡NyHh<54;�9HT:@NyMOHmCpq@H
�X8L:WG;H-C A�C G;Hm:V}¡C;N j Hm:@IRNrqWs�q��,��H-C/q@H�MONrq¡H-NPC;H-M ¢ AF8;DK?PH-NPQTS;H-C
¬�Nrq@S k qR:@Ny�Lq@Hm:�� �XNPH5GLH-M�NyC GLNyHmIRHm:1�=: ¢ HmNPq j Hm: �$H-CoGLHmq@H-C,�9G;8L:@QTS;DKHmtwvESL:Rq!� �$H-NxGLH-C <�4L�9Hm§
:@NyMOHmCpq@HmC��X8L:WG;H¡AF?PI$�V8;I ¢ :@H-Nrq@8;CEDKIRMOH-G;NP8EM ©[A�IRIRHm:XMONrq�H-NPC;H-M U�A�IRDKH-SEAF?rq jlk C+H>MOD�� `� ¢ H-N���H-DKNPCEC G;Hm: �^H-IRIR8;CEDFH-C9� j Hm: �$H-CoGLHmq 	 � $ ���>c���� �=8;t�G;Hm: ��A�IRNyIVG;NPH-IRHmI=DFH-MOH-IRIRH-C;H-C
U�AFIRDKHmSoAF?rq@H-I �X8L:WG;H�G;NPH �=C;t¥AFCEDFI@G;NPQWSpq@H�G;HT: �$?yAFIRHmCht¥vL:>GLNyH�Cp8EMOHm:@NPIRQWSEH��$Hm:@HmQTS;CL8;CEDXDKHT§
�usFS;?rq!�F¦�AFMONrq J'�KCEC;H-C j Hm:@DF?yHmNyQWS ¢ A	:@H'���|H!G k QTS4JlH-NPC;H�NyG;HmCpq@NPIRQWSEH-C,� 0�HT:@IR8EQWSEI ¢ H!GLNyC;DK8;CEDKHmC
�-8�G;HmCEH-C�A�M z¨�¡< jlk :WAF8EIRDFH-IRHmq��mq-��HT:WG;H-C �o¦�NPH-IXMf8;IRI ¢ H-N GLHm: �$H!�$Hm:Rq@8EC;D'G;Hm:V<>:@DKH ¢ §
CENPIRIRH jlk C �^H-IRIR8EC;D^8;CoG*&LNPMf8;?BA	q@N k C ¢ HT:@vEQWJLIRNPQWS/q@NyD�q
��HT:WG;H-C ��0 k : �XNPH-DFH-CoG I k ?P?$GL8;:@QWS
G;NPH-IRH-C�0�HT:@DK?PH-NPQTS�DKH!�-H-NPDFq"�$Hm:WG;HmC �LGEA�IRIuGEA�I(&LNPMh8E?yA�q@N k C;IRM k G;H-?P?9GLNPH=:Ws�8EMO?PNPQTSL§ �mH-Nrq@?yNPQWSEH
<�C/q �XNPQWJp?y8;CEDOGLH-I-�$?yAFIRH-CLt¥H-?yGLH-I��/8EAF?PNrqWA�q@N j :@NPQWS/q@NyD��XNyH-G;Hm:@DFN ¢ q!�

z¨C�� ¢;¢ NP?yG;8;CEDbcp� £��;��Al�4NyI|q5G;NPH'�xA�8EI �|H!�$H-NP?yI��mH-SEC <xNPC �-H-?yA�8;t¥CEAFS;MOH-C[DKH-MONrqRq@H-?rq@H'� 0�Hm:R§
q@H-NP?y8;CEDhG;H-I�~�A j NrqWA	q@N k CEI ¢ ?BA�IRH-C;twH-?yG;H-I �-8'8EC/q@Hm:@IRQWSENPH!G;?PNPQWSEH-C�79H-Nrq@�E8;CEJ/q@H-C5DFH �-H-NPDFq!�
�=8;tw§
DF:@8ECEG5G;HT:$IRH-Nrq@?PNPQTS;H-C��$HmqR:WA�QTS/q@8;CED�GLH-I ��?BA�IRH-C;twH-?yG;H-I�NPI|q$NPCOGLH-C��$NP?yG;Hm:@C'GLNPHV�>: k �|H-J/q@N k C
G;Hm:-�$?yA�IRH-C � k ?PJlH�A�8;t H-NPCEH�< ¢ H-C;H�GEA	:@DKH-I|q@H-?P?rq!�;¦�8EC;JlH-?9A ¢ DKH ¢ NP?yG;Hmq@H�«=H-DFN k CEH-C*H-C/q@IR�;:@Hm§
QTS;H-C�GEA ¢ H-NlH-NPCEHT:�S k SEH-C1��?BA�IRH-CoGLNPQTS/q@H'����sFS;:@HmCoG�NPC4G;H-C
�$H-N).lH-C��$Hm:@H-NPQWSEH-C�JlHmNyC;H��$?yAFIRH-C
G;Hmq@H-J/q@NPHm:Rq �X8;:WGLH-C���¦�Hm:4DKH k MOHmqR:@NPIRQWSEH�n k Jp8;IhGLHm:f¬�Nrq@S k qR:@Ny�Lq@Hm:R§ �VC k :WG;Cp8;CED ¢ H 2oCEG;Hmq
IRNyQWS ¢ HmN r = 0, z = 194

MOM � IRNPH-S;H"� ¢E¢ NP?yG;8;CEDV£p� F �T�K¦�NPH"&pq k .2��H-?P?PH ¢ :@HmNPq@HTq>IRNPQTShNyC4� k IRNr§
q@N j Hm: z

§�«VNPQWS/q@8ECED=A�8EI>8ECEG�Hm:R:@H-NPQTS/q�GLNyH$n k Jp8;I|:@H-DKN k C��-8EM 7 H-Nrq@�;8ECEJ/q t ≈ 130 µ
I-��¦�8L:@QTS

G;H-C�798EDlA�C/q@H-NP?>G;H-I�&LQWSoA�?P?yIRNPDFCoAF?PH-I ¢ HmDKNPCEC/q�CEAFQWS;t k ?PDKH-CEG G;NPH'�9NPM 0�Hm:@DF?PH-NPQTS��-8L:¡¦�A�8EHm:



� � � � ��
����3��
��������&� � 	�� ��� § F �8I!§

z

�



�

r
� MOM��

z
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�

r
� MOM��

£ F �

£ F �

F �K�

F �F�

F IF�

F I��

F cF�

F c��

F �

F �F �

F �

�
�

�

H

F � c

t = 200 µ
I

t = 200 µ
I

t = 250 µ
I

t = 250 µ
I

t = 350 µ
I

t = 350 µ
I

t = 450 µ
I

t = 450 µ
I

t = 550 µ
I

t = 550 µ
I

�
��
� �
� �
��

β
�
��

��Al�(&pqR: kF¢9k IRJ k �ENPIRQWSEH1�V8Lt¥CEAFSEMOHmC^GLHm:X~�A j NrqWA	q@N k CEI ¢ ?BA�IRH-C � k ?yJKH����>: k �|H-J/q@N k Co�T�

� ¢ �$&LNPMf8;?yA�q@N k C;IRHm:@DKH ¢ CENPIRIRH1�-8;:=<xC/q �XNPQWJL?P8;CED5GLH-IVU�AFI@A�Cpq@HmNy?PI4� &LQWSEC;NPqRq ¢ NP?BGE�T�

�	����

�
������� ����� � � - 	/2��)1!�!"%$'E .+&+� 4#1!�!"#$�& 
 .=4 <D�!" �=1!2�.�3 0�&+ � ,���� 4%,645�!7�.� 58�1 ,/ #&+.��
&+1!0�&+ F", &+@53�1!&+�!"%$
. <D�! #"#$�&+. � 7/457�3�@5,��- #"%$'&A.�:;2�� .�,/$/�)&+. � ,/2� ! :"# � $ �'&)( 2�.�0 �=� � 2�1 ,645�!7�.� #&+@ 3�&+8�.��! # 5&+. �

U � =
3,0
��, F



§ F � Y § ���-� ����� � ����	 ���3� ���;�������&� � 	�� ����
���� �'����� � 	 � ��
����3���

G;H-IuA�C;:@H-DFH-CoGLH-C'} &/§¨�x8E?PIRH-I �l?BA�CEDFH�<54;�EAFC;IRN k CEIR�;SoAFIRH¡G;Hm:$~�A j NrqWA	q@N k CEI ¢ ?BA�IRH-C�� � A�C�HT:R§
JlH-CEC/qxNPC�� ¢;¢ NP?yG;8;CED c/� £F�;��AK��GLNyHXH-?P?PNP�EI k NBGpt ��:@MONyDFH���?BA�IRH-C � k ?yJKHf� 0 ?P8EI|q@Hm:T�/�lG;NPHuIRNPQTSOMONrq
�-8EC;H-SEMOH-CEG;Hm:x7 H-Nrq�NPC5� k IRNrq@N j H z

§�«=NPQTS/q@8EC;D j Hm:@IRQTS;NPH ¢ q!�l7 8;M 79H-Nrq@�E8EC;J/q
t = 250 µ

IxSoA	q
G;NPH¡~�A j NrqWA�q@N k C;I ¢ ?yAFIRH-C � k ?PJlH�H-NPC;H
�V8;I@G;H-S;Cp8ECED¡NyC*A 4LNyAF?PHm:�«VNPQWSpq@8;CED jlk C'Hmq ��Ah¤F��MOM �
W AFQWS�G;H-M ~ k ?P?BA��EIuGLH-I 0 ?P8;I|q@Hm:@I ¢ H-N t ≈ 450 µ

I 	 �=��¬ �8c �9IRQWS �XNPC;DKH-C*G;NPH=~�A j NrqWA�q@N k CEI|§
¢ ?yAFIRH-C#�XNyH-G;Hm:VAF8Lt �
�uAFIXNPC GLHm:-�V8Lt¥CEAFSEMOH ¢ H-N t = 550 µ

I=G;Hm8;q@?PNPQTS��XNP:WG �E¦¡Hm:X~ k ?y?yA��EI
G;H-I 0 ?P8EI|q@Hm:@I ¢ H-DFNPCEC/q ¢ H-N�G;H-C��$?yAFIRH-C[NPCªGLHm:4sF8�.lHm:@HmCª«VHmDKN k C[GLHm: �$?yAFIRHmC � k ?PJlH'8ECEG
IRHmq��mq=IRNPQTS CEAFQWS^NPCEC;H-C*t k :Rq!�

z¨C � ¢E¢ NP?yG;8;CED cp� £F�L� ¢ �uNPI|q¡GLHm:XCp8EMOHm:@NPIRQWS ¢ Hm:@HmQTS;CEHmq@H�U�A�I@AFC/q@H-NP?�twv;:VG;HmCEIRH-? ¢ H-C^:Ws�8EM5§
?yNPQWSEH-C �V8;IRIRQTS;CENrqRq �XNPH�NPC � ¢E¢ Ny?yGL8ECED cp� £��;��Al�uG;A�:@DKHmI|q@H-?P?Pq!�;z¨M U¡H-DKHmCEI@A�q����-8 GLH-C�t k q k §
DF:WA�2EIRQTS;H-C �=8;twCoAFS;MOH-C��XNr:WG�S;NyHT:�JlH-NPCEHf�x: k �|HmJpq@N k C ��I k CoGLHm:@C H-NPC*�!�$H-NyG;NPMOH-C;IRN k CoA�?yHT:
&LQWSECENrqRq G;8;:@QWS GEA�I^: k qWA	q@N k CEIRI  LMOMOHmqR:@NPIRQWSEH �$?yAFIRHmC;t¥Hm?BG ¢ HmqR:WAFQWS/q@Hmq!�-�V?PI#0�Hm:@DF?PH-NPQTS;I|§
DF:��2.KH��!�XNPIRQTS;H-C�t k q k D�:WA�2EIRQTS;H-C �V8Lt¥CEAFSEMOHmC 8;CoG*&LNPMf8;?yA�q@N k C;IRHm:@DKH ¢ CENPIRIRH-C �X8;:WG;HfG;Hm:
U�AFI@AFC/q@H-NP?�DKH!��sFS;?Pq�� GEA��-8;M jlk ?y8;MOHmqR:@NPIRQTS;H-C�U�AFI@A�Cpq@HmNy?�I k � k SE?�G;Hm: �$?yAFIRH-CL:WAKG;NP8;IhA�?PI
AF8EQWS'G;NPH �$?yAFIRH-CEG;NPQWSpq@H ¢ H-NrqR:WAFDFH-C�� �$H-NyG;H¡UV:��2.KH-C'DKH-S;H-C�AF8EQWSONPC'G;NPHut k q k DF:WA�2oIRQWSEH�� ¢ §
¢ NP?yG;8EC;D�GLHm:��$?yAFIRH-C � k ?PJlHXH-NPC��'�$H-N;G;Hm:�&pNPMf8E?yA	q@N k C �XNr:WG5G;AFI>NPC�� ¢E¢ Ny?yGL8ECED¡£p� £¡DFH �-H-NPDFq@H
¦¡:@8EQWJpIRNyDFCoA�?/MONPq�H-NPCEHT: �VMO�;?yNrq@8EG;H jlk C p0 = 1, 17

� �>A=A ¢ DFH-I|qR:WAFS;?rqu� H-C/q@IR�;:@H-QWSEHmCoG�G;HT:
©[AFCEG;?PHm:@IR�EAFCECp8;CED

U � = 3, 0
J�0��/� AF?PI1��H-Nrq@Hm:@H#�VCLt A�CEDKI ¢ H-G;NPCEDF8ECEDFH-C[IRNPCoGªS k M k DFH-C

j Hm:Rq@H-NP?rq@H ��?BA�IRH-C MONrq R0 = 10 µ
M"8ECEG�H-NPCEHm:��$?yAFIRH-CEG;NPQWSpq@H jlk C n0 = 5

�	Q-M 3 A�CEDKHT§
C k MOMOHmC��

z¨CEIRDFH-I@AFM4q�Hm:@DKN ¢ q�IRNPQWSOH-NPCEHuDK8Lq@H$� ¢ Hm:@HmNyC;I|q@NPMOMf8EC;D �/�XNyIRQWSEHmCOG;H-Cht k q k DF:WA�2oIRQWSEH-C��=8;tw§
CoAFS;MOH-C 8ECEG GLH-M &pNPMf8E?yA	q@N k CEIRHm:@DFH ¢ C;NPI�NPC��$H!�-8ED^AF8;t�G;NPHh:Ws�8EMO?PNPQTS;Hf¬�AFDFH'� �=8EI@GLH-S;§
CL8;CEDu8;CoG��-HmNPq@?PNPQWSEH�<�C/q �XNPQWJp?y8;CEDXGLH-I���?BA�IRH-C;twH-?yG;H-I-�'� A�C�Hm:@JlH-C;Cpq NPC1� ¢;¢ NP?yG;8;CED c/� £��;� ¢ �
G;NPH�<54L�oAFC;IRN k CEIR�;SoA�IRH$GLHm: �$?yA�IRH-C � k ?PJlH �!�XNPIRQTS;H-C t = 200 µ

I�8;CoG
t = 350 µ

I�MONrq HmNyC;H-M
M'A 4LNPM'AF?PH-C jKk ?P8EMOHmqR:@NPIRQWSEH-C^U�AFI@A�C/q@H-NP? jlk CPG
� c � �-8EM 7 H-Nrq@�;8ECEJ/q

t = 350 µ
I-�

z¨C�� ¢;¢ NP?yG;8EC;D�cp� £ F NPI|quG;NPH¡A 4LNyAF?PH¡8;CoGf:WAKGLNyAF?PH
0�Hm:Rq@H-NP?P8ECED4GLH-I ¢ Hm:@HmQTS;CEHmq@H-C�U�A�I@AFC/q@H-NP?PI
β
�-8�GL:@H-N�AF8;IRDKH!��sFSE?rq@H-Cd79H-Nrq@�E8;CEJ/q@H-C�GEA	:@DKH-I|q@H-?P?rq!� �=8EQWS�NPC[GLHm:�&LNPMh8E?yA�q@N k C�Hm:R:@H-NPQWSpq

G;NPH �$?yAFIRH-C � k ?PJlH ¢ HmN t = 250 µ
I�NPS;:@H DF:�� .Kq@H*�V8EI@GLH-SECp8;CED;��z{C���A ¢ Hm?y?PH cp� £ªNPI|q^HmNyC

�p8EAFC/q@NrqWA�q@N j Hm:(0�Hm:@DF?yHmNyQWS GLHm:XIRNPQTS#�-8EM 7 H-Nrq@�;8ECEJ/q
t = 250 µ

I=AF8;IXG;H-C �^H-IRI@G;A�q@H-C 8;CoG
G;H-C &LNPMf8;?BA	q@N k CEIRHT:@DKH ¢ CENPIRIRH-C Hm:@DFH ¢ H-CEG;H-C � ¢ MOH-IRIR8;CEDFH-C GLHm:��$?yAFIRHmC � k ?PJlH DKHmDKH ¢ H-C �
z¨C � ¢ HT:@H-NPCEI|q@NPMOMf8;CED5MONrqVG;H-M <54;�9HT:@NyMOHmCpq=Hm:Rt k ?PDFq�G;Hm:VIRNPMf8E?PNPHm:Rq@H4~ k ?y?yA��EI�GLH-I 0 ?P8L§
I|q@Hm:@IXH ¢ H-C;t¥AF?P?PI jlk C*AF8;IRIRH-C^CEAFQWS*NPCEC;H-C��;798EM 7 H-Nrq@�;8ECEJ/q

t = 450 µ
I ¢ H 2ECoGLH-C'IRNyQWS GLNPH

�$?yAFIRH-C�NPM�79H-C/qR:@8EM G;H-I 0 ?P8EI|q@Hm:@IXC k QTS*NyC^G;Hm:X~ k ?P?yAF�;IR�ESoA�IRH'���usFSL:@H-CoG#�$?yAFIRH-C^NyC^G;Hm:
sF8
.KHm:@H-CO«=H-DKN k C ¢ Hm:@H-Nrq@I �XNyH-G;Hm:$AF8Lt¥IRQWS �XNPC;DKH-C�� � ¢E¢ NP?yG;8;CED cp� £ F � ¢ �R�T�K¦�NPH-IRH(�!��H-Nrq@H=<54L§
�oAFC;IRN k CEIR�;SoA�IRHVNPI|q ¢ HmN9G;H-C��$?yAFIRH-C�NPM 79H-C/qR:@8EM NPC�� ¢;¢ NP?yG;8;CED c/� £��;� ¢ ���-8;M 79H-Nrq@�E8;CEJ/q
t = 550 µ

I(�-8^HT:@JlH-CEC;H-C��

W H ¢ H-C�GLHm:��$HmqR:WAFQWS/q@8EC;DXG;Hm: �!��HmNBGLNPMOH-CEIRN k CEAF?PH-C�¦�A	:@I|q@H-?P?P8ECEDFH-C1�-8;: :WsF8;MO?PNyQWS;§ �-HmNPq@?PNPQWSEH-C
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H
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c
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	 �%� � � ���'� ��	 � ����� ���
��/ �����%������	 � �
β
�

r
� MOM��

�
��
� �
� �
��

β

�
��

� £ G ¤ Y�

F

£

H

G

c

�! �� #��%��	 �%� ��� ��������	 � ���������
��/ ������������	 � �
β
	 �

����� �  ����� ���
�
�%�

���� ����	 ���������0# 
�!(��� �
z =

194
��� � �

�	����

�
������� ��������� (*&+@5&+"%$�.'&+45& , &+@ 45&+�!1!2�.�3 0�&+ � ,/ #,/.=45&+�!1! ,/2��D0�&+@ -D7/4#,645�!7�.� %,/"%$' #& 2'.�0 �!.
0'&A@�
-7��=2� #&+8�&+.�&
.+2 0�&+. 0�@ &A� ��&+� 4#�'2�./� 4#&+.

t = 250 µ
 �

−−

( �
t = 350 µ

 � � (*2�.�0
t = 450 µ

 
�
− · −

( F

M'A 4;NPM'A�?yH��V8;I@G;H-S;CL8;CEDhG;Hm: �^H-IRIR8EC;D &pNPMf8E?yA	q@N k C
~�A j NPqWA	q@N k CEI ¢ ?yAFIRH-C � k ?PJlH � MOM�� � MOM��

A 4LNyAF? ¤K� ¤>c
:WAKGLNyAF? F � F H

��� � �'� � � ������� � 2-,/. 4#� 4#,645� � &A@., &+@53�1!&+�!"%$ . <;�! 5"%$�&+. 0�&+.  5�!"%$ ,/2� )0�&+. (*�!1!0'0-,64#&+. 2�.�0 ��� � 2'E
1 ,645�!7�.� 5&A@ 3�&+8�.��! 5 #&+. &+@53�&+8�&+.�0�&+. �	, ��� �	,/1!&+.): 8/�)&+ # 52�.�3�&+. 0�&+@"� , �'� 4#,645�!7�.� #8�1 ,/ 5&+.=<>7�1 ��& .+2/�
��&+� 4#��2'./�=4

t = 250 µ
 F * �!& : 8��)&A 5 #2�.'3�&A. 0'&A@ (*1 ,/ #&+.=<*7�1 ��& <D2�@ 0�&+.�� ��@ 0��!& �=� � 2�1 ,645�!7�. ,/2� �0�&+@

, &+@ 45&+�!1!2�.�3)0�&+ �� 7�1!2/�)& 45@5�! 5"%$�&+. � ,/ #,/.=45&+�!1! ;8�&+ 545� � � 4 ��<*7�8�&+��,/1! D:;2� 5<*&A@ 45&A3�@ &+./.+&
β = 0, 1 �3�& < 	/$'1 4;<D2�@ 0�&�F



§ FSF �	§ ���-� ����� � ����	 ���3� ���;�������&� � 	�� ����
���� �'����� � 	 � ��
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<�C/q �XNPQWJp?y8;CED�G;H-I���?BA�IRH-C;twH-?yG;H-I��XNr:WG HmNyC;H NPC/q@H-DF:WA�?yH�UV:��2.lH G;H 2ECENPHm:Rq���G;NPH�G;AFIOG  LCoA�§
MONyIRQWSEH 0�Hm:@SoA�?Pq@HmC G;Hm:¡DKH-I@A�Mhq@H-C�~�A j NrqWA�q@N k C;I ¢ ?yAFIRH-C � k ?PJlHOA ¢E¢ NP?yG;HTq!�9�¡NPHm:��-8 �XNr:WG G;Hm:
�-H-Nrq@?PNyQWSEH10�Hm:@?yAF8Lt>G;HmI=NPC*H-NPCEH-M «=Hmt¥HT:@H-C � jKk ?P8EMOH-C V ��
�� :Ws�8EMO?PNPQTS*NyC/q@H-D�:@NPHm:Rq@H-C jlk ?P8EMOHm§qR:@NyIRQWSEHmC�U�AFI@A�C/q@H-NP?yI ¢ HmqR:WA�QTS/q@Hmq!�p¦�NPH-IRHmC^NPC/q@H-DF:WA�?yHmC U�AFI@A�Cpq@HmNy? β �

�-8*HmNyC;H-M ¢ H-I|q@NPMOM5§
q@H-C�79H-Nrq@�E8;CEJ/q

t
Hm:@Sos�?PqXM'A�C^A�8EIXGLH-C*�L: k �-HmIRIRNyHT:Rq@H-C �$NP?yGEG;A�q@H-C^G;8;:@QWS�G;NPH1&p8EMOM'A�q@N k C

v ¢ Hm:VAF?P?PH jlk C G;HmC�G;Hmq@HmJpq@NPHm:Rq@HmC �$?yA�IRH-C�H-NPCEDFH-C k MOMOH-CEH-C�0 k ?P8EMONPCoA 	 � $ ���>c&�

β � (t) =
1

NiV ��
��

Ni
X

n=1

NB
X

k=0

VB(t) .
� c/� F �

Ni
NPI|q�G;NPH �=C �!A�SE?/GLHm:>GL8;:@QWSEDFHmt¥v;S;:Rq@H-C�<54L�9Hm:@NPMOH-C/q@Hx�;: k <�NPC;I|q@H-?P?y8;CED�� V ��
�� NPI|q�HmNyC�«=Hmt¥HT§:@H-C � jKk ?P8EMOH-Ch8ECEG VB

G;AFI �|H/��H-NP?PNPDKH-0 k ?y8;MOH-ChG;Hm:�NPCOG;HmC��$NP?yG;Hm:@C5G;Hmq@H-J/q@NPHm:Rq@H-C+�VC
�!AFS;?
jlk C NB

�$?yA�IRH-C��F¦�NPH ¢ H-IRQWS;:@NPH ¢ HmCEH(�^Hmq@S k G;H�NyI|qxNPC4NPS;:@Hm:��=C �$H-CoGL8EC;DXAF8;ton>sF?P?PHuMONrq�DKHT§
:@NyC;DKHm:$�$?yAFIRH-CEG;NPQTS/q@H ¢ H-IRQTSL:WsFC;Jpq�� ¢ H-N9G;HmCEH-C'IRNPQTS��$?yA�IRH-C*HmCpq@?yA�CEDhG;Hm: k �;q@NPIRQWSEH-C��uQWSEIRH
G;Hm:�~�AFMOHT:WA4��GLNyHuIRHmCEJ/:@H-QWSpq �-8;:x�¡AF8E�LqWAFQWSEIRHuGLHm:x~�A j NPqWA	q@N k CEI ¢ ?yAFIRH-C � k ?PJlHXI|q@H-S/qT� CENPQTS/q
v ¢ Hm:@?yAF�;�9H-C ¢ �!��� jlk ?P?yI|qWs�CoGLNyD j Hm:WG;H-QWJlH-C �p¦�NPH-IRH �$H!GLNyC;DK8;CED+��A�: ¢ H-N GLH-C�<54L�9Hm:@NPMOH-C;§
q@H-C Hm:RtwvE?P?rq��oH-I$�X8;:WGLH�H-NPCEH � ¢ Hm:@?yAF�E�;8EC;D jlk C#��HmCENPDKH-C �x: k �-H-C/q�GLHm:-�$?yAFIRHmC ¢ H-I|q@NPMOMhq
	 � $ ���8c&���$798;:���Hm:@H-QWSECp8EC;D�GLH-IONPCpq@HmDF:WAF?PH-C U�AFI@A�Cpq@HmNy?PI β �

�XNP:WG ��H-C/q@IR�;:@H-QWSEH-CEG G;H-M
NyC#� ¢;¢ NP?yG;8;CED�cp� £��;��Al��G;A�:@DFH-I|q@H-?P?rq@H-C��=8EIRIRQWSECENrqRq$G;Hm:uU¡H-I@AFM4qWAFC k :WG;Cp8;CED
�lH-NPC#�! L?PNPCoGp:@NP§
IRQTS;H-I�«VHmtwHm:@H-C
� jlk ?P8;MOH-C V ��
�� = π × 10 × 10 × 80

MOM 3 j Hm: �$H-CoGLHmq!� ¦�NPH-IRH-I10 k ?P8EMOHmC
NyI|q ¢ H-?PNPH ¢ NPD DKH!��sFS;?Pq58ECoG�G;NPH-C/q4?yH-G;NPDK?PNPQTS G;HT:��$HT:@H-QTS;Cp8ECED^H-NPCEH-I+�p8EAFC/q@NrqWA�q@N j H-C�0�Hm:R§
DK?PH-NPQTS;I ��Hm:Rq@HmIuMONPq$G;HmC�&LNPMf8;?BA	q@N k CEHmC��/<xI$HmCpq@IR�L:@NPQTS/q �|H!G k QTS'NPCOHmq ��AhGLH-M 0 k ?P8EMOH-C,�KNPC
G;H-M�A�8EQWS^~�A j NPqWA	q@N k CEI ¢ ?yAFIRH-C GLHmq@H-J/q@NPHm:Rq$�X8;:WGLH-C 	 � $ ���8c����

¦�NPH��$Hm:@HmQTS;CL8;CED�G;H-IfNyC/q@H-D�:WAF?PH-C U�AFI@A�Cpq@HmNy?PI
β � (t)

AF8EI5G;H-C &LNPMf8;?yA�q@N k C;IRHm:@DKH ¢ CENPIRIRH-C
Hm:Rt k ?yD�q�GL8;:@QWS Cp8EMOHm:@NPIRQWSEH�z{Cpq@HmDF:WA�q@N k C�G;H-I¡U�AFI@A�C/q@H-NP?yI β

v ¢ Hm:VGEAFI-�! L?PNPCoGL:@NPIRQWSEH�«=Hmt¥HT§
:@H-C � jKk ?P8EMOH-C,�

β � (t) =
2π

V � 
��

Z z=229 ���

z=149 ���

Z r=10 ���

r=0

rβ(r, z, t) dr dz .
� cp� £K�

z¨C � ¢E¢ NP?BGL8EC;D]c/� £K£�NPI|q�G;HT:�0�HT:@DK?PH-NPQTS �!�XNPIRQTS;H-C GLH-M H 4;�9HT:@NyMOHmCpq@Hm?y?uHT:@MONPqRq@Hm?Pq@HmC NPC;§
q@H-DF:WA�?yHmC[U�AFI@A�C/q@H-NP?�8;CoG G;HmM AF8;I�G;HmC�&pNPMf8E?yA	q@N k CEIRHm:@DFH ¢ C;NPIRIRH-C ¢ HT:@H-QTS;CEHmq@HmC NPC H-NPCEHm:
C k :@MONPHm:Rq@HmC*¦�A	:@I|q@H-?P?P8ECEDfv ¢ Hm:XGLHm:V79H-NrqXAF8Lt¥DKHTqR:WAFDKHmC�� � A�C^Hm:@JKH-CEC/q�HmNyC;H�DK8Lq@H �/8oA�?yNrqWA	§
q@N j H$� ¢ Hm:@H-NPC;I|q@NyMOMh8EC;D-�/�XNyIRQWSEHmC'<�4L�9Hm:@NPMOH-C/q>8;CoG�&pNPMf8E?yA	q@N k C��F¦�NPHX<�4L�EAFCEIRN k CEIR�ESEAFIRH
MONPq�G;H-M � A 4LNPMf8;M GLH-I�NPC/q@H-DF:WA�?PH-C�U�A�I@AFC/q@H-NP?PIu8ECoG'GLHm:�~ k ?P?yAF�EIXGLH-I 0 ?P8EI|q@HT:@I ��Hm:WGLH-C
NyC'NPS;:@HmM �mH-Nrq@?yNPQWSEH-C�0�Hm:@?yAF8Lt�DF8;q$G;8L:@QTSOGLNPHVCp8EMOHT:@NyIRQWSEH(��Hm:@H-QWSECp8EC;D�AF�E�L: k 4;NPMONPHm:Rq!�Fz¨M
0�Hm:@DF?PH-NPQTS*SENPHm:��-8��XNr:WG*MONrq�HmNyC;H-M HmCpq@J k �E�9Hm?Pq@HmC � k GLH-?P? ��H!GLHm:XG;NPH�¦�AF8EHT:uG;HT:X<�4L�EAFC;§
IRN k CEIR�;SoAFIRH2� C k QTS�G;Hm: �$Hm:@H-NPQWS�M'A 4LNPM'AF?PHm:�<�4L�EAFCEIRN k C � C k QWS�G;AFI�<xNPCEIRHmq��-HmC�GLHm:�~ k ?r§
?BA��EIR�;SoAFIRHhG;HT:
�$?yA�IRH-C � k ?PJlH4:@NPQTS/q@NPD ¢ Hm:@H-QWSEC;Hmq!�o¦�NPH�©ªHT:Rq@H�twv;:¡G;H-C A�8EI�&LNPMf8;?yA�q@N k C;H-C
8ECoG��^HmIRI@GEA�q@HmC ¢ Hm:@HmQTS;CEHmq@H-C[NPC/q@H-D�:WAF?PH-C U�AFI@AFC/q@H-NP?u?PNPH-DKHmC NPCdG;Hm:@IRHm? ¢ HmC UV:�� .lH-C k :WGp§
CL8;CED�� AF?P?PHm:WG;NPCEDFI �XNP:WG�AF8;I�G;H-C�&LNPMf8;?yA�q@N k C;IRHm:@DKH ¢ CENPIRIRH-Cd� β � � � � = 0,27

�5�VG;Hm:�Gp:@H-Nr§
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β �
� .�7�@ �)�!&+@ 4 ,/2���0'&A. � &+<*&A�!1! �	, ��� �	,/1 ,/2�� 4#@ & 4#&+.�0'&A. � ,/ %,/.'E

45&+�!1
β � � � � F ��2/� , &+@53�1!&+�!"%$ �! 54>0�,/ 	�=� � 2�1 ,645�!7�.� #&+@ 3�&+8�.��! >8�&+��&+�!.�&+@>&+.=4 ��7�����&+1 4#&+. (*&+@ &A"#$�.�2'.�3
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¢ NPI j NPHm:Rt A�QTS;H4©�Hm:Rq�A�?PI�G;8L:@QTS G;NPH4t k q k DF:WA�2EIRQTS;H-C*�V8;twCoA�SEMOH-C�� β � � � � = 0,075
�5�XHT:R§

MONrqRq@H-?rq!��©�sFS;:@HmCoG G;Hm:f©�NPH!G;Hm:WA�8;twIRQTS �XNPCEDF�ESoA�IRH CoA�QTS G;HmM�~ k ?P?yAF�EI ¢ HmN t ≈ 420 µ
I

�XNr:WG GLNPH-IRHm:=}¡C/q@Hm:@IRQWSENPH!G'C k QWS�AF8;IRDKH-�L:WsFD�q@Hm:!�oz{C#	 � $ ���8c��,�XNr:WG G;NPH¡t k q k D�:WA�2EIRQTS;H��^Hm§
q@S k G;H*MONPqfH-NPCEH-M AF8Lt�¬�AFIRHm:@I|qR:@H-8;8EC;D ¢ AFIRNPHm:@H-CEG;H-C �^H-IRI j Hm:Rt¥AFSL:@H-C ��GEA�I5H-NPCEH^S �KS;Hm:@H
:Ws�8EMO?PNPQTS;H��V8�� �KIR8;CED ¢ H-IRNrq��mq�� j HT:@DK?PNPQTS;H-C��x<xI+�mH-NPDFqOIRNPQWS �xG;AFIRI5DFHm:WAKGLH*NPCdG;Hm:5��SEAFIRH
CEAFQWS^GLH-M ~ k ?P?yAF�;I(�$H-DKHmC G;HT:XAF8LtwqR:@Hmq@H-CEG;H-C�Jp?PH-NPCEH-C#�$?yAFIRH-C G;NPH¡t k q k D�:WA�2oIRQWSEH �^HTq@S k §
GLH�GLH-C U�A�I@AFC/q@H-NP? NyM �V?P?PD;�;8EC/q@Hm:@IRQWSos�q��Tq!���$H-N G;Hm:XCp8;MOHm:@NPIRQTS;H-C��$Hm:@H-QWSECp8EC;D �XNr:WG*G;Hm:
U�A�I@AFC/q@H-NP?�NPC G;NPH-IRHT:O�xSoAFIRH�H-S;Hm:fv ¢ Hm:@IRQWSos�q��Tq��>GEA�GLHm:hNyC GLHm:h«VH!A�?PNPqWs	q5I|qWA	qRq�2oCoGLH-CoGLH
79Hm:Rt¥AF?P? jlk C��$?yAFIRHmC*NPC'MOH-S;:@HT:@HVJp?PH-NPCEHm:@H��$?yAFIRH-C�CENPQWS/q ¢ Hm:@v;QTJpIRNPQTS/q@NPDFq��XNr:WG �pz¨C;IRDKH-I@A�Mhq
?yA�IRIRH-C�IRNPQWS G;NPH�� ¢ ��H-NPQWSp8ECEDFH-C��!�XNPIRQWSEH-C�&LNPMh8E?yA�q@N k C;IRHm:@DKH ¢ CENPIRIRH-C 8;CoG^H 4L�9Hm:@NPMOH-C/q@H-?r§
?PH-C ¦�A�q@H-C AF8;t�G;NPH &LQWS �XNyHT:@NyDFJlH-Nrq#�-8;:@v;QTJ/t¥v;S;:@H-C,��AFC�GLHm:�}¡CEN j HT:@IRNPqWs	q*� ��H-C/q@H�H-NPC;H-C
j Hm:@DK?PH-NPQWS ¢ A�:@H-C+�VCLt AFC;DKI �-8;I|qWAFCEG ¢ �mDK? �lGLHm: �$?yA�IRH-CoGLNyQWS/q@H$�-85GLH-ChAFM z{��< G;8;:@QWSEDFHmt¥v;S;:R§
q@HmC �^H-IRIR8;CEDKHmCªSEHm:��m8EI|q@H-?P?PH-C�� ¦�NPH��=C;t A�CEDFIR�oA�:WA�MOHmq@Hm:�twv;:4G;NPH�&pNyMh8E?yA�q@N k CEH-C��X8;:WGLH-C
A�8;t ��A�IRNyI'GLHm:5}VC/q@Hm:@IR8EQWSp8ECEDFH-C[A�M z¨�¡< AF8;I�� ¢ IRQTS;CENrqRq cp� £p� £ 8;CoG � ¢ IRQWSECENrqRq cp� £p� H
DFH!�us�SE?rq!�

¦¡8;:@QWS'G;H-C�0�HT:@DK?PH-NPQTS jlk COt k q k DF:WA�2oIRQWSEH-C �V8;twCoA�SEMOH-C'GLHm:�~�A j NrqWA�q@N k C;I ¢ ?yAFIRH-C*MONrq�Cp8;§
MOHT:@NyIRQWSEHmC�<x:@DFH ¢ C;NPIRIRH-C�J k C;C/q@H�GEA�MONPq=DFH �-H-NPDFq ��Hm:WGLH-C �oGEA�IRI¡G;AFI jlk :@DFH-I|q@H-?P?rq@H�� k GLH-?P?
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GEAFI1�/8EAF?PNrqWA�q@N j H5G  LCoAFMONPIRQWSEH10�Hm:@SoA�?Pq@HmC�GLHm:�~�A j NPqWA	q@N k CEI ¢ ?yAFIRH-C � k ?PJlH5DK8Lq�CoA�QTS ¢ Ny?yGLH-C
JKA�CEC���¦�NPH-I��XNr:WGdMONrq�� k G;H-?P?PH-C �m8;:�&pQTSEAF?P?yAF8EI ¢ :@H-Nrq@8EC;D ¢ �!�����$?yAFIRH-CEG� LCoA�MONPJª8EC/q@Hm:
0�Hm:@CEAFQWSE?ysFIRIRNPDF8ECED'GLHm:u©ªHmQTS;IRH-?)�XNP:@Jp8;CEDKIRH � H-J/q@H�CENPQTS/q=A�CECos�SEHm:@CEG*Hm:R:@HmNyQWS/q!�

�x� � ��� � � � ���F�o� �����K� �$�$���o� �=�o� �[a���g `-� � ���o� ���$��� �o�

¦�NPH�0�Hm:@N�2oJFA�q@N k C�G;H-I�� k G;H-?P?PI twv;:��¡z|n�}=§ �VC ��H-CEG;8;CEDKHmC-�XNr:WG�MONrq�GLH-M NPC1� ¢ IRQWSEC;NrqRq�£p� HL� H
jlk :@DFH-I|q@H-?P?rq@H-C &pH-CoGLHm:OGL8;:@QWSEDKHTt¥vESL:Rq!�xz¨C � ¢;¢ NP?yG;8;CEDbcp� £ZH�NPI|q'G;NPH���?BA�IRH-CoG  LCoAFMONPJªNPM
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 BDE
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R0 = 3 µ
� � / ( �

R0 = 10 µ
� �
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(D2�.�0

R0 = 20 µ
� �

− · −

( �
Pa
�
����$ 0 F

n k Jp8EIXGLH-Iu�¡z¨n�}V§�©[A�CoGL?yHT:@I�t¥vL:X8EC/q@Hm:@IRQWSENPH!GL?yNPQWSEH�«=8ES;Hm:WAKGLNPH-C R0
DKH!�-H-NPDFq!�Ez¨M U¡HmDKH-CL§

I@A�q����-8;:��VCL:@H-DK8;CED MONrq�&/q k .'�$H-?P?PH-C JKA�CEC ¢ H-N�G;HT:fS;NyHT: ¢ HTqR:WAFQWSpq@HTq@H-C �VCL:@H-DK8;CED MONrq
H-NPCEH-M S k QTS;NPCpq@HmCEIRN j H-C 0 © § �$8L:@I|q��

f = 985
JL� �'� F �F����Hm:@N k GLH-C � Pa

� F c��x© �hG;NPH
� ¢ SEsFC;DKNPDKJlHmNPquG;Hm:(��?BA�IRH-CEIRQWS �XNPCEDK8;CED jlk M «V8;SEHm:WAFG;NP8EI�CENPQTS/q j Hm:@CoA�QTS;?Bs�IRIRNPDFq$��HT:WG;H-C �
¦�AFMONrq�JKA�CECftwv;:$G;NPH-&LNPMh8E?yA�q@N k COMONrqx�Vz|n�}V§ &pNyDFCoA�?yHmC5CENPQWSpq�D�:@8ECoGLI@s�q��-?PNPQWS jlk COGLHm:�� ¢ HmN
�E8E?PI|t �F:@MONPDKH-C &pNPDKCoA�?PH-C j Hm: �$H-CoGLHmq@H-C � �=C;t A�CEDFI ¢ H!G;NPCEDF8EC;D H-NPCEHm:hS k M k DFH-CEH-C��$?yAFIRH-CL§
j Hm:Rq@H-NP?P8EC;D�AF8;IRDKH-DKAFCEDFH-C��$Hm:WG;H-C � }VC/q@Hm:�H-NPCEHm:�S k M k DKH-C;H-C �$?yA�IRH-C j Hm:Rq@H-NP?P8EC;D ��Hm:WGLH-C
SENPHm:5:Ws�8EMO?PNPQTS DK?PH-NPQWS j Hm:Rq@H-NP?rq@H �$?yAFIRHmC ��G �RS��xH-NPC;H*:WsF8;MO?PNyQWS J k C;I|qWAFC/q@H#�$?yAFIRH-CEG;NPQTS/q@H	�
H-NPCEH-I�«V8;SEHm:WAFG;NP8EI j Hm:@I|qWAFCEG;H-C � �=?P?yHT:WG;NPCEDFI*?yAFIRIRHmC�IRNyQWS�GLNyH ©�Hm:Rq@H^twv;:'q  L�ENPIRQWSEH «=8;§
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S;Hm:WAKGLNPH-C�AF8Lt4G;H-C �$Hm:@H-NPQWS jlk C R0 = 1 µ
M ¢ NPI R0 = 20 µ

M H-NPCEIRQWS;:Ws�CEJlHmC � IRNPH-SEH
� ¢ IRQWSEC;NPqRq HL� F � F �T�p©ªH-Nrq@Hm:@S;NyC��$Hm:WG;H-C ¢ H-N 0 © § �=C;:@H-DF8EC;DKH-C,�pG;8L:@QTS'GLNyHVAF?rq@Hm:@C;NPHm:@H-CoGLH-C
¦V:@8EQWJp§�8;CoG�798EDKAFC/q@H-NP?PH'�9NPM 0�Hm:@DF?PH-NPQTS �-8 &pq k .2��H-?P?PH-CL§ �=C;:@H-DF8EC;DKH-C ¢ H-N sFS;CE?PNPQTS;Hm:�798;§
DKAFMO�;?yNrq@8EG;H GLH-8;q@?PNPQWS DFHm:@NPCEDKHT:@H��$?yAFIRH-C;H 4L�oAFC;IRN k CEHmC Hm:R:@H-NPQWSpq!��¦�A�MONrq��XNr:WG AF8;QTSdH-NPC
NPC;IRDKH-I@A�MhqVDKHm:@NPCEDFHm:@Hm:�<xNPC��E8EIRI jlk C ~�A j NrqWA�q@N k C;I ¢ ?yAFIRHmC�A�8;t�G;NPH�&LQWSoA�?P?BA�8EI ¢ :@H-Nrq@8ECED'Hm:R§
��A�:Rq@Hmq!��z¨C �XNPH!�$H-NrqhIRNPQWSªGLNyH�� ¢ SEsFCEDFNPDKJlH-Nrq�GLHm: �$?yAFIRHmCoG� LCEAFMONPJ jlk M «=8ES;Hm:WAKGLNP8EI�A�8;t
GLNPH�©�H-QTS;IRH-?)�XNr:@JL8;CEDFIRMOH-QTSEAFC;NyIRMOHmC ¢ H-N/GLHm: &pQTSEAF?P?yAF8;I ¢ :@H-Nrq@8EC;D=AF8EI �XNr:@J/q�� �XNr:WG�AFC;SoAFCEG
jKk C &pNPMf8E?yA	q@N k CEH-C*MONrqu8EC/q@Hm:@IRQWSENPH!GL?yNPQWSEH-C �VCLt AFC;DKI ¢ H!GLNPCEDK8;CEDFH-C 8EC/q@Hm:@IR8;QTS/q!�

� ¢E¢ Ny?yGL8ECEDOc/� £1G �-HmNyD�q G;H-C <xNPC��o8;IRI�G;HT: DKH/�usFS;?rq@H-C �=C;t A�CEDFI ¢ H!G;NPCEDF8EC;DKH-C AF8Lt5GLH-C
¢ HT:@H-QTS;CEHmq@HmC ¦¡:@8EQWJ/§¨7 H-Nrq j HT:@?BA�8;tfNyM n k Jp8EI G;H-I �Vz|n�}V§�©ªAFCoGL?PHm:@I-� �^Nrq�G;Hm:*�=CECoA�S;§
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 BDE 0?,/.�0'1!&A@  8�&+� 2�.'E
45&+@5 5"%$��!&+0�1!�!"%$'&A.?: .�� ,/.�3� .A2' 54 	/.�0�&+. 8/.+3�1 F 0�&+ (*1 ,/ 5&+.�@#,/0'�!2� F ,�&+@ 3�1!&A�!"#$ . <D�! #"%$'&A. $�7��)7�3�&+.�&+@
(*1 ,/ 5&+. � &+@ 4#&+�!1!2�.�3 2�.'0 @ 	/2��)1!�!"%$?3�1!&+�!"%$+� &+@ 45&+�!1 4#&+. (*1 ,/ #&+. �)� 4 .A2�� 	/1!1!�!3�& � :;.�� ,/.�3� #@5,/0��!2� 8�&+�

n0 = 300/
"�� 3 2�.'0 &+�!.�&+@D,/8�3�&+ 545@#,/$�1 45&+. , ��2� 4#�! 5"%$�&+. � &+�! 4#2�.'3 � 7�. Pa

�
����$ 0 F

MOH^H-NPCEHm:*S k M k DKHmCEH-C ��?BA�IRH-C j Hm:Rq@H-NP?P8EC;D[MONrq��VC;t¥AFC;DKI|:WAKGLNPH-C jlk C R0 = 3 µ
M ¢ �!���

R0 = 10 µ
M Hm:@DKH ¢ H-C IRNyQWS CoA�SEH �-8�NyGLH-C/q@NyIRQWSEHhn k JL8;I@GL:@8;QTJ j Hm:@?ys�8;t¥H2�
��sFS;:@HmCoG GEA�I�<>:R§

DFH ¢ C;NPI'twv;: R0 = 20 µ
M jlk C�G;H-C ¢ H-NyG;H-C AFCoGLHm:@H-C�A ¢ ��H-NPQWSpq � � ¢E¢ NP?yG;8;CED cp� £ZG;��Al�R�T�

¦¡NyH5qWA	q@I@sFQWSE?PNPQTS;H�0�Hm:Rq@HmNy?P8;CED GLHm:��VCLt AFC;DKI|:WAFG;NPH-CªJ k CEC/q@H5NPC[GLNyHmIRHm:��=: ¢ H-Nrq4MOH-IRI|q@H-QWS;§
C;NPIRQTS[C;NyQWS/q ¢ H-I|q@NPMOMhq ��HT:WG;H-C � �V8LtXG;Hm:5UV:@8ECEG;?yAFDFH jKk C[¬ NPq@HT:WA�q@8;:WG;A�q@H-C�� IRNPH-S;H � ¢ §
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��A�:@M k CENPIRQWSEH-C ¢ HmN f ≈ 2
�^����8;CoG

f ≈ 3
�^� �4AF8;tBqR:@Hmq@H-C,�9G;NPH�A�8EIVG;Hm:=CENPQWS/q@?yNPC;H!A�:@H-C

&LQWSoAF?P?yAF8;I ¢ :@H-Nrq@8;CEDu:@H-IR8E?rq@NPHm:@H-C,� �XNr:WG�NyC�C;NPQTS/q@H-C/q@DlA�I|q@H-M�©[A�IRIRHm:>A�8EQWS�G;NPH�&L8 ¢ SoA	:@M k CENr§
IRQTS;H ¢ H-N f ≈ 0, 5

�^� �XG;Hmq@HmJpq@NPHm:Rq!�2�=8EIxG;HmM �V8;tBqR:@Hmq@H-CfG;NPH-IRHm: &L8 ¢ SEA�:@M k C;NPIRQTS;H-C�JKA�CEC
H-NPCoG;Hm8;q@NPD�AF8Lt I|qWA ¢ NP? k I �-NP?P?PNyHT:@H-CoGLH¡~�A j NPqWA	q@N k CEI ¢ ?yAFIRH-CODFH-IRQTS;? k IRIRH-C���HT:WG;H-C �l~�A j NPqWA	q@N k C
qR:@NPqRq4G;AFMONrq�NPC H-C/q@DlA�I|q@H-M ©[A�IRIRHm:4AF8;QTS IRQWS k C ¢ H-N Pa
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GLNPCEDK8;CED�8;C/q@Hm:@IRQTS;H-NyG;Hmq!�F¦�NPH�t¥vL:�GLNPH�q@SEHm:WA��9H-8;q@NPIRQWSEH(�VC �$H-CoGL8ECED=:@H-?PH j AFC/q@H-C�&pNyMh8E?yA�q@Nr§
k CEIRHm:@DFH ¢ C;NPIRIRH-�$Hm:WG;H-C'GLNPIRJL8Lq@NPHm:Rq$8;CoG��=CEI@s	q��-H(�-8;:$��SEHm:WA��ENPH k �;q@NPMONPHm:@8EC;D�GEA�:@DFH-I|q@H-?P?rq!�

� ��� & ��� # !,��� -0/'� ���#��� /�� �����2� � ���"� 	�� 	�� �2� ��/
	 	 � �
������� # # ��/�� ' �.��� 	 /*��1

¦¡NyH'QWSoA	:WAFJ/q@Hm:@NPI|q@NPIRQTS;H + CEG;Hm:@8;CED�GLHm:�&LNPDKCEAF?rt k :@M G;8L:@QTSªG;NPH�G� LCoA�MONyIRQWSEHmC�©ªH-QWSEIRHm?P§
�XNr:@Jp8EC;DKH-C��!�XNPIRQWSEH-C ~�A j NPqWA	q@N k CEI ¢ ?yAFIRH-C�8ECoG�&pQTSEAF?P?yAF8;I ¢ :@H-Nrq@8EC;D��X8L:WG;HhNyC ~�A��ENrq@H-?�c
�m8;:�0�Hm:@N�2oJFA�q@N k C GLH-IfHmCpq �XNPQTJlHm?Pq@HmC &pNPMf8E?yA	q@N k CEIRM k GLH-?P?yHmI5DKH-Cp8Lq��mq!�x<xNyC;H^S
�KSEHT:@H �$?yA	§
IRHmCoG;NPQWS/q@H*t¥v;S;:Rq��m8 H-NPC;H-M j Hm:Ws�CoGLHm:Rq@H-C &LNPDKCEAF? j Hm:@?yA�8;t ��� kF¢ H-N=H-NPCEH�GLH-8;q@?PNPQTS;H 0�A�:@NyA�§
q@N k C �XNPM 0�Hm:@DF?yHmNyQWS �-8;: &LQWSoAF?P?yAF8;I ¢ :@H-Nrq@8;CED k SEC;H�~�A j NrqWA�q@N k C,�(�-H-Nrq@?PNPQTS Hmq ��A A ¢ G;Hm:
M'A 4LNyM'A�?PH-C 7 8;DlAFMO�;?PNPq@8EG;H'H-NPCEHmIO�E8E?PI|t �F:@MONPDKH-C &LNPDFCoAF?PH-I'A�8;tBqR:@NPqRq!��¦�NPH*�ES  LIRNyJFAF?PNPIRQWSEH
}=:@I@AFQWSEH�GLNyHmIRH-I¡< � H-J/q@H-I(�X8;:WGLH�NyC^~�AF�ENrq@H-?�chCENPQWS/qV8;C/q@Hm:@IR8EQWS/qX8ECoG�NPI|q ¢ NyIR?yA�CEDO8EC;DKHm§
Jp?ys�:Rq!� z{C 	 ��&
� + �>c�� �XNr:WG j Hm:@Mh8;q@Hmq��oGEA�IRI�G;NPH5<xCEHm:@DFNPH!A ¢ DlA ¢ H'GLHm: &pQTSEAF?P?)��H-?P?PHOAFC�G;NPH
H 4;�EAFCEG;NPHm:@H-CEG;H-C �$?yAFIRHmC��-84H-NPCEHm:x«=H!G;8;J/q@N k C4G;H-I�798EDKAFC/q@H-NP?PH-I�t¥v;S;:Rq!� � � ����� � � 	 � 0 �SH �
twvESL:Rq>G;NPH�0$A	:@NBA	q@N k ChG;Hm:���8;?yI|t k :@M A�8;t;H-NPCEH j Hm:WsFCEG;Hm:Rq@H��V8;I ¢ :@H-Nrq@8;CEDXG;HT: �$H-8;DK8EC;DKI �$H-?r§
?PH��m8;:@vEQWJ9�9¦�NPH jlk M �>:@NPM's�:@IRNPDKCEAF?=� jlk C G;HT: &LH-CEG;Hm: kF¢ Hm:��9s�QTS;H5A ¢ DKHmI|qR:WAFSE?rq@H-I�&pNyDFCoA�?w�
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MONPqRq@Hm? �$Hm:RqRtw:@HmNyHT:O} &/§¨�x8E?PI 	 ¬�NPH!�K� � j Hm: ��HmCoG;HTq��>G;HT:fIRNPQWS ¢ �-DK? ���x8E?PI@GEA�8EHm:�� �VMO�E?PNrq@8oGLH
8ECoG#0�Hm:@SEsF?rq@CENPI jlk C^M'A 4LNPM'AF?PH-M ¦¡:@8;QTJ/§��-8 798EDlA�C/q@H-NP?�AFC q  L�ENPIRQTS;H-C�&pNyDFCoA�?yHmC q@S;Hm:WA�§
�9H-8;q@NPIRQWSEHm:=} &/§ &  LI|q@H-MOH k :@NPH-C/q@NPHm:Rqf� j Hm:@DK? � � ¢ IRQWSEC;NrqRqV£p� Hl�T�E¦�NPH j Hm: ��HmCoG;HTq@H���8;?PI|t k :@M
�-H-NPQTS;CEHmq�IRNPQWS � NPM 0�Hm:@DK?PH-NPQWS��-8 :@H!AF?PH-C &LNPDKCEAF?PH-C � G;8L:@QTS�G;HmC�H-NPCLt AFQWSEHmC &LNPDFCoAF? j HT:@?BA�8;t
AF8EI ��GLHm:�?PH!G;NPDF?yNPQWSªA�8EI�H-NPC;H-M � k IRNrq@N j H-C ¦¡:@8;QTJp�E8;?PI¡DKHTt k ?PD�q jlk C H-NPCEH-M 7 8;DlA�Cpq@HmNy? ¢ Hm§
I|q@H-S/q!��¦�AFG;8;:@QWS JFAFC;C�G;Hm:^<xNyC��o8;IRI jlk C ~�A j NPqWA	q@N k C AF8Lt4G;NPH H-NPC �-Hm?yC;H-C �VC/q@H-NP?PH G;H-I
��8;?yIRHmI ¢ H-IRIRHm: ¢ H kK¢ AFQWS/q@Hmq��$Hm:WG;HmC A�?PI ¢ H-N�J k MO�;?yH 4;HT:@H-C�&LNPDFCoAF? j HT:@?Bs�8;twH-C[:@H!AF?PHm:f} &p§
��8;?yIRHF��¦�NPH�&pNyMh8E?yA�q@N k CEH-C �X8;:WG;HmC MONrq�G;H-M U¡H-I@AFM4q@M k G;H-?P? �$U¡?�� G;� F � ¢ NPI*U¡?�� G;� HZG
�
¢ H-N�HmNyC;Hm:�¦�NPIRJ/:@Hmq@NPIRNPHm:@8EC;D jlk C ∆x = 100 µ
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��8;CEJ/q@H-C A�8;t4GLHm:'« k qWA�q@N k C;I@AFQWSEIRHK��¦�A ¢ H-N(�XNr:WG G;8L:@QTS G;H-C 0�Hm:@DF?PH-NPQTS �/�XNyIRQWSEHmC�G;Hm:
&LQWSoAF?P?yAF8;I ¢ :@H-Nrq@8;CED k S;CEH�~�A j NrqWA	q@N k CEI ¢ ?BA�IRH-C�MONrq�GLH-M�noA�?y?�G;Hm:��$Hm:@v;QTJpIRNPQTS/q@NPDK8;CED jlk C
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� ¢ §
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G;NPH��x8E?PI|t k :@M G;HmIu�x:@NPM's	:@IRNyDFCoA�?yHmIVA�?PIXAF8EQWS�AF8Lt�GLNyH��$H-8;DK8EC;DKI �$H-?P?yH�A�8EI-�p¦�NPH-IRHT:=< � H-J/q
qR:@NPqRq ¢ HT:@H-Nrq@IuCoAFS;H�A�C^GLHm:-&LHmCoG;HT: kK¢ Hm:��osFQWSEH�A�8;t 8ECoGONPI|qXCENPQWS/quAF8Lt>GLNyHV}¡MODFH ¢ 8;CED4G;H-I
n k Jp8EIR�;8EC;Jpq@HmI ¢ H-IRQTSL:WsFC;Jpq!�F¦�Hm:�Hm:@I|q@H2�l� k IRNrq@N j H(�=Cpq@HmNy?;G;HmI$�>:@NPM's�:@IRNPDKCEAF?PH-I��XNr:WG5GL8;:@QWS
~�A j NrqWA�q@N k C�C;NyQWS/q ¢ H-HmNyC��o8;IRI|q!� 0 k :@SoA�CoG;HmCEH�~�A j NrqWA	q@N k CEI ¢ ?BA�IRH-C ¢ H/�XNP:@JKH-C!�|H!G k QTS H-NPCEH
«VH!GL8EJ/q@N k C^G;Hm:¡798EDlA�C/q@H-NP?yH ¢ H-N �x:@NPM's	:@IRNyDFCoA�? 8ECEG �$Hm8EDK8;CEDFI ��H-?P?PH'� I k �XNPH4HmNyC;H4G;NPH-IRH-M
< � H-J/q�CoA�QTSLt k ?yDFH-CoGLH��¡I �-NP?y?yA	q@N k C G;H-I &LQWSoA�?y?yGp:@8EQWJlH-I-��z¨C GLHm: W s�SEH G;HmI^n k Jp8EIR�E8;CEJ/§
q@H-IO� � ¢;¢ NP?yG;8EC;D�¤L� £L��GE�R�VJKA�CEC,� G;8L:@QTS G;NPH�� ¢ Hm:@?yAFDFHm:@8EC;D^GLH-I��>:@NyM's	:@IRNPDKCoA�?PH-I�MONPq�G;Hm:
�$H-8EDF8EC;DKI ��Hm?y?PH'��GLHm:f<�NPC��E8EIRI jlk Cª~�A j NrqWA	q@N k C AF8Lt=G;NPH'H-NPC �-H-?PC;H-C &LNPDKCEAF?yAFC/q@H-NP?PH�CENPQTS/q
MOH-S;: DKHmqR:@H-C;C/q ¢ HmqR:WA�QTS/q@Hmq ��Hm:WGLH-C��	¦¡Hm: ¢ H kF¢ A�QTS/q@Hmq@Hx©ªH-QWSEIRHm? �XNr:@Jp8EC;DKIRH � HmJpq �XNr:WG jlk C
}¡C/q@Hm:WGL:@8;QTJp�;SoAFIRHmC^NPM &LQWSoAF?P?PIRNPDKCEAF?xAF8;IRDKH-? �FI|q�8ECEG#�XNr:@JpqVIRNPQTS A�8;t�G;NPH�CoA�QTSLt k ?yDFH-CoGLH-C
&LNPDKCEAF?yAFC/q@H-NP?PH4AF8EI-�

¦�NPH ¢ HmN GLHm: �V8EI ¢ :@H-Nrq@8EC;D5H-NPCEH-I=} &/§{��8;?yIRHmIVGL8;:@QWS GLH-C 798EDlA�C/q@H-NP? j HT:@8;:@I@AFQWS/q@H�<�4L�EAFC;§
IRN k C G;Hm:'~�A j NrqWA�q@N k C;I ¢ ?yAFIRHmC t¥vESL:Rq��-8 HmNyC;Hm: + CEG;Hm:@8;CEDªGLH-I jlk ?y8;MOHmqR:@NPIRQTS;H-C�U�A�I@AFCL§q@H-NP?yI

β
8;CoG�G;AFMONrq �-8ªH-NPC;Hm: j Hm:WsFCEG;Hm:Rq@H-C�¦�NPQTS/q@HO8;CoG�~ k MO�L:@H-IRIRN ¢ NP?PNPqWs	q5GLH-I �$?yAFIRH-CL§

n�?yv;IRIRNPDKJlH-Nrq@IRDFH-MONPIRQTS;H-I-� n�v;:=GLNPH�¦�NPQTS/q@H
ρ
GLH-IVU¡H-MONPIRQTS;H-IXDKNP?rq

ρ ≈ (1 − β)ρ` .
��¤L� F �

¦�NPH &LQWSoAF?P?PDKHmIRQTS �XNPCoGLNyDFJlH-Nrq
c0
Hm:@DFN ¢ q=IRNyQWS NPC ?PNPCEH!A	:@Hm: W s�SEHm:@8;CED$	 W ��&;�SH�� AF8;I
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c2
0ρ0

=
β

c2
g0ρg0

+
(1 − β)

c2
`0ρ`0
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MONPq�G;Hm:"&LQWSoA�?P?yDFH-IRQWS �XNPCEG;NPDKJlHmNPq
cg0

8ECEGOG;Hm:$«V8;SEH!GLNPQTS/q@H
ρg0

G;HT:XU�AFIR�;SoA�IRHK�/©�Nr:WG'GEAFI
�^H!G;NP8EM A�?PI�S k M k DFH-CEHmI�U¡H-MONPIRQTS ¢ HmqR:WAFQWS/q@Hmq��KI k JKA�CEC48EC/q@Hm:�G;HT: 0 k :WAF8EIRIRHTq��-8EC;D�H-NPCEHm:
AKG;NyA ¢ A�q@NPIRQWSEH-C 798EI|qWA�CoGLI@sFCoGLHm:@8EC;DfNPC^?PNPCEH-A�:@Hm: W s�SEHm:@8;CED5G;AFIX~ k MO�;:@H-IRIRN k CEIRM k G;8;?

K ��� = c2
0ρ0 ,

��¤L� HK�
G;H 2ECENPHm:Rq �$Hm:WG;HmC 	 �p8;q Y G
� ��MONPq G;Hm:^«V8;SEH!GLNPQTS/q@H

ρ0
8;CoG�GLHm:�&pQTSEAF?P?PDKH-IRQWS �XNyCEG;NPDKJKH-Nrq

c0
G;H-I-�$?yA�IRH-C;§{n�?PvEIRIRNPDKJKH-Nrq@IRDKH-MONPIRQWSEH-I-� ¦�NPH�:@H �mNy�L: k JlH4UV:�� .lH4G;NPH-IRHmIV?PNPCEH!A	:@H-C AKGLNyA ¢ A	q@Nr§

IRQTS;H-C ~ k MO�;:@H-IRIRN k CEIRM k G;8;?PIuCEH-C;Cpq�M'AFC AFG;NyA ¢ A�q@NPIRQWSEH�~ k MO�;:@H-IRIRN ¢ Ny?PNrqWs�q!�

z¨C � ¢;¢ NP?yG;8EC;Dd¤L� H IRNPCoG GLNyH ¢ Hm:@H-QWSEC;Hmq@H-C �-H-Nrq@?PNPQTS;H-C 0�Hm:@?ysF8Lt¥H j Hm:@IRQWSENPH!G;HmCEHm:^�ES  LIRNP§
JKA�?yNPIRQWSEHm:*UV:�� .lH-C G;H-I��$?yAFIRH-CL§¨n�?Pv;IRIRNyDFJlH-Nrq@IRDKHmMONyIRQWSEHmI*A�M ¢ H-?PNPH ¢ NyD�DKH!��sFS;?Pq@HmC �x8ECEJ/q
r = 10

MOM��
z = 50

MOM��xGEA	:@DKH-I|q@Hm?y?rq!� � ¢;¢ NP?yG;8EC;D ¤L� H;��AK���mH-NPDFq'C k QTS;M'AF?PIOG;HmC <xNPC;§
�o8EIRI jlk C ~�A j NrqWA	q@N k C AF8;t�GLNPHh�x8E?PI|t k :@M G;H-IV�x:@NPM's	:@IRNyDFCoA�?yHmI�8ECEG^G;HT:
�$Hm8EDK8;CEDFI ��H-?P?PHK�
¦�NPH5G;8L:@QTS GLH-C }¡C/q@Hm:WGL:@8;QTJ j Hm:@8L:@I@AFQWS/q@Hf<54L�oAFC;IRN k C�G;Hm:�~�A j NrqWA�q@N k C;I ¢ ?yAFIRHmC twvES;:Rq��-8
H-NPCEHm: + CEG;Hm:@8;CED^G;H-I jlk ?P8EMOHmqR:@NPIRQWSEH-CªU�AFI@AFC/q@H-NP?PH-I β ∼ R3 8EM MOHmS;:@Hm:@H'UV:�� .lH-C k :WGp§
CL8;CEDFH-C � � ¢E¢ Ny?yGL8ECED ¤p� HL� ¢ �R�T��¦�NPH�A�8EIRIRQWSE?PNPH!.l?PNPQTS AF8;t�G;Hm: + CoGLHm:@8EC;D G;H-I'U�A�I@AFC/q@H-NP?PI
¢ Hm:@8ES;H-CoGLH$0$A	:@NBA	q@N k C�G;Hm:�U¡H-MONPIRQWSoG;NPQWS/q@H ρ ¢ HTqR:WsFDFq���H-C;NPDKHm:$AF?PI 0,02

� 8;CoGfNPI|q$GEA�MONPq
j Hm:@CoA�QTS;?ysFIRIRNPD ¢ A�:!�/¦�A�DKH-DFH-COHm:@DFN ¢ q�IRNyQWS5H-NPCOGLH-8;q@?PNPQWSEHm:�<xNyC��o8;IRI�A�8;t GLNPHu~ k MO�L:@H-IRIRN ¢ NP?PNr§
qWs�q�G;H-I$U¡H-MONPIRQWSEH-I-�F¦�NPHX<�4L�EAFCEIRN k COG;Hm:�~�A j NrqWA�q@N k C;I ¢ ?yAFIRH-C5twvESL:Rq �-85H-NPCEHmM DKHm:@NPCEDFHm:@H-C
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0'@52�" � � &+@ 1 ,/2�� , � , 2�.��=4

r = 10
� � �

z = 50
� � �)� 4 0�&+. : .�� ,/.�3� #8�&+0��!.�3�2'.�3�&+.

n0 =
50
�6"�� 3 � R0 = 10 µ
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§ F £K£!§ � � ����� � � � �3� ��� ��� ��������� �/� � � � 
 �'����� 	���� ��� � �)���������/� � ��� 	�� � � ��� ��� �

~ k MO�L:@H-IRIRN k C;IRM k G;8E? �LG �RS��/HmNyC;Hm:uHm:@S
�KS/q@H-C�~ k MO�;:@H-IRIRN ¢ NP?PNrqWs�q��p8;CoGOMONrq c0 ∼
√

K ��� �-8H-NPCEHm:$0�Hm:R:@NPCEDFHm:@8EC;D�G;Hm:$? k JFAF?PH-C#&LQWSoA�?y?PDFH-IRQTS �XNPCoGLNPDKJlH-NrqXA�8;t ¢ NPI �m8*¤F� � GLH-I$«=8ES;H!��Hm:R§
q@H-I-�l¦�A�I�G� LCoA�MONyIRQWSEH 0�Hm:@SEAF?rq@H-CfG;Hm:�~�A j NPqWA	q@N k CEI ¢ ?yAFIRH-C5twvES;:Rq�G;AFMONrq �-8fHmNyC;H-M ? k JFAF?PH-C
< � H-J/q4GLHm:�IR� k C/qWA�CEH-C + CoGLHm:@8EC;D�G;Hm:�~ k MO�;:@HmIRIRN ¢ NP?yNrqWs	q�8ECoG A�?y?PDFH-MOH-NPC �-8 k :Rq@I|§=8ECEG�-H-NrqWA ¢ SosFC;DKNPDKHmC � A	q@Hm:@NyAF?PH-NPDKHmCEIRQWSoA�tBq@H-C��x¦¡Hm:4? k JKA�?PH*<xNPC��E8EIRI�I k ?P?uGL8;:@QWSªG;NPHOH-NPCLt AFQWSEH
?yNPC;H!A�:@H W s�SEHm:@8;CED

p̃ ≈ K ���
ρ0

ρ̃ = c2
0ρ̃ ,

��¤L� Gl�

A ¢ DFH-IRQWSos�q��Tq+��HT:WG;H-C,��� kF¢ H-N�S;NyHT:fGLNPH ¢ HT:@H-QTS;CEHmq@H'¦�NPQWS/q@H-IRQTS ��AFCEJp8;CED ρ̃
twv;:fG;H-C[nEAF?P?

k SEC;H��$?yA�IRH-C � HmCpq@IR�L:@H-QWSEH-CEG � ¢E¢ NP?BGL8EC;D ¤L� H;��AK�R�hH-NPCEDFH-IRHmq��mq��XNr:WG � � ¢E¢ Ny?yGL8ECED ¤p� H;��Go�
�-H-NPDFq'G;AFIh<x:@DFH ¢ C;NPI5G;NPH-IRHT: W s�SEHm:@8;CEDL��¦�NPH�Hm:@S �FSpq@H'~ k MO�;:@HmIRIRN ¢ NP?yNrqWs	q ¢ H!�XNr:@J/qfHmNyC;H-C
DKHm:@NPCEDFHm:@H-C'©ªH-QWSEIRHm?BGp:@8EQWJ �/GEA�IuU¡H-MONPIRQWS'AF8;I$H 4L�oA�CoGLNyHT:@H-CoGLH-C��$?yAFIRH-C'8;CoGOn�?PvEIRIRNPDKJKH-Nrq
NyI|q�A�Jp8EI|q@NPIRQTS � ��H-NPQWSEHm: + AF?PI'GEA�If:@H-NPCEH^n�?P8ENyG �x¦�NPH#�F:Rq@?PNPQTS;H 8ECEG��mH-Nrq@?yNPQWSEH + CoGLHm:@8EC;DG;Hm:O~ k MO�L:@H-IRIRN ¢ NP?PNPqWs	qONPI|q��-8oGLH-M�G;NPH^}=:@I@AFQWSEH*twv;:'GLNPH G;HmM 798EDlA�C/q@H-NP?uCoAFQWS;t k ?PDKHmCoG;H
�¡I �-NP?y?yA	q@N k C G;H-I-&pQTSEAF?P?yGL:@8EQWJlH-I-�

¦�Hm:�<�NPC��o8EIRI jKk Cf~�A j NrqWA�q@N k C;I ¢ ?yAFIRHmCOAF8Lt G;NPHu�x8E?PI|t k :@M :@H-IR8E?rq@NPHm:Rq�GEA�MONPq>AF8EI�GLHm: � ¢ Hm:R§
?BA�DKHm:@8;CED�MOH-SL:@Hm:@Hm:4< � H-J/q@HK� W H ¢ H-C�H-NPCEH-M ? k JKA�?yHmC[< � HmJpq�� G;HT:hIRNPQWS[AF8;I4G;Hm:�I|qWA	:@JlH-C
0 k ?y8;MOH-Cos�CoGLHm:@8EC;D G;HT:+��?BA�IRH-C 8EC/q@Hm:h<xNyC �XNr:@Jp8EC;D�H-NPCEH-I4}¡C/q@Hm:WGp:@8EQWJlH-I�Hm:@DFN ¢ q���t¥v;S;:Rq
G;NPH1�$?yAFIRH-C;H 4L�oA�CEIRN k C �-8 j Hm:Ws�CoG;HT:Rq@H-C^<xNPDKH-C;IRQTSEA�tBq@H-C G;H-I(�=8EI ¢ :@H-Nrq@8ECEDFIRMOH!G;NP8;MOI$8ECEG
¢ H-H-NPC��E8EIRI|qVGEA�MONPqVGLNyH1�=8EI ¢ :@H-Nrq@8ECEDhCoA�QTSLt k ?PDFH-CoGLHm: &pNPDKCoA�?yAFC/q@H-NP?PHK� �$H-NyGLHh< � H-J/q@H
��HT:R§
G;H-C jlk COG;HT: + CoG;HT:@8ECED�G;Hm:�~ k MO�;:@H-IRIRN ¢ NP?PNrqWs�q$G;H-I$U¡H-MONPIRQWSEH-I�G k MONyC;NPHm:Rq��'��sFS;:@HmCoGOG;NPH0$A	:@NBA	q@N k C[GLHm:fU¡H-MONPIRQTSEG;NPQTS/q@HhNyM ¢ HTqR:WAFQWSpq@HTq@H-CªnoA�?P?$A�?yI j HT:@CoAFQWSE?ys�IRIRNyD ¢ A	:5A�CEDKHmC k M5§
MOH-C#�$Hm:WG;H-C*JKA�CEC �

<�NPCEHmCf<xNPCoGL:@8;QTJ¡v ¢ Hm:xGLH-C4<�NPC��o8EIRI jlk C4~�A j NrqWA	q@N k CfA�8;tEG;NPH�:Ws�8EMO?PNPQTS;H$&pQTSEAF?P?yGL:@8EQWJ j Hm:R§
q@H-NP?y8;CED1�-8OH-NPC;H-M t¥H-I|q@H-C*79H-Nrq@�E8;CEJ/q=�

t = 25 µ
IW��DFH!�XNPCEC/q�M'AFCOA�8EI"� ¢E¢ Ny?yGL8ECED�¤L� G;�p¦�A	§

¢ H-N
�mH-NPDFq � ¢E¢ NP?BGL8EC;D¡¤p� G;� ¢ �>GEA�Ix¦�N�� Hm:@H-C �Tt¥H-?yG+�!�XNPIRQWSEH-C5G;H-M &pNPMf8E?yA	q@N k CEIRHm:@DFH ¢ C;NPI�MONrq
�$Hm:@vEQWJpIRNPQTS/q@NPDK8;CED jlk C�©�H-QTS;IRH-?)�XNr:@JL8;CEDFIRH � H-J/q@H-C � n0 = 50

�	Q-M 3 � R0 = 10 µ
M��V8;CoG

G;H-M"<>:@DKH ¢ CENPI k S;CEH��$Hm:@v;QTJpIRNPQWSpq@NPDF8ECED jlk C�~�A j NrqWA�q@N k C � � ¢;¢ NP?yG;8EC;D^¤p� GE��Al�R�T� z¨C�� ¢ §
¢ NP?yG;8EC;D4¤L� GE��AK��NPI|qXGEA�I�t k Jp8EIRIRNPHm:Rq@H &pQTSEAF?P?rt¥H-?yG'MONrq�GLHm: jlk M &LH-CEG;Hm:R:WA�CoGOA ¢ DKH-I|qR:WA�SE?rq@H-C
�$H-8EDF8EC;DKI ��Hm?y?PH"�m84HT:@JlH-CEC;H-C��!0�HT:@DK?PH-NPQTS/q M'AFC1� ¢;¢ NP?yG;8;CEDX¤L� G;��Al� MONrq � ¢E¢ Ny?yGL8ECEDX¤p� GE� ¢ �
I k �XNP:WGfG;H-8Lq@?yNPQWS �FGEA�IRIxIRNyQWSOGL8;:@QWS5G;HmC5<xNyC��o8;IRI jlk Ch~�A j NrqWA�q@N k C+��H-IRHmCpq@?PNPQWSEH + CEG;Hm:@8;C;§DKH-C ¢ H-N;G;HT: �=8EI ¢ :@H-Nrq@8ECED�G;H-I�798EDlA�C/q@H-NP?yHmI$GLHm:$&pQTSEAF?P?)��H-?P?PH'�/I k �XNPH ¢ H-NoGLHm:��V8;I ¢ :@H-Nrq@8EC;D
G;Hm:(��H-8EDF8ECEDFI ��H-?P?PH�Hm:@DFH ¢ H-C �p¦�AFDFH-DKH-C ¢ ?PH-N ¢ qXG;Hm:$Hm:@I|q@H¡� k IRNrq@N j H
�VC/q@H-NP?9GLH-Iu�x8E?PIRH-I�NPM
DKH-I@A�Mhq@H-C ��Hm:@H-QWSECp8EC;DKIRDKH ¢ NPHmq=8EC ¢ H-H-NPC��o8EIRI|q jlk C*~�A j NrqWA�q@N k CEIRH � H-J/q@H-C �

7 8;I@AFMOMOH-CLt AFIRIRHmCoG ?ysFIRI|q IRNyQWS AF8;I^GLH-C�NPC G;NPH-IRH-M � ¢ IRQWSECENrqRq jlk :@DKH-I|q@H-?P?rq@H-C �$Hm:@HmQTSL§
CL8;CEDFH-C �EI k �XNPHhAF8;I�G;HmC��^H-IRIR8EC;DKH-C 8;CoG &pNyMh8E?yA�q@N k CEH-C NPC�� ¢ IRQWSECENrqRq cp� £/� £OIRQWSE?PNPH!.lH-C,�
GEAFIRI4GLNyH'GL8;:@QWS�GLH-C[798EDKAFC/q@H-NP?�G;H-I�}
&p§{��8;?PIRH-I�IRH-? ¢ I|q�NPCoGL8 �-NPHm:Rq@HmC�~�A j NPqWA	q@N k CEI ¢ ?yAFIRH-C
G;NPH ��H-Nrq@Hm:@H��V8;I ¢ :@H-Nrq@8EC;DOG;NPH-IRHmI¡�x8E?PIRH-I ¢ H-H-NPC��E8EIRIRH-C �o<xNPCEH�S �FSEHm:@H �VC
�!AFS;?yG;NPQTS/q@H jlk C
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t = 25 µ

 F

��?BA�IRH-C�twvESL:Rq
�-8 H-NPCEHT: 0�HT:@JLvL:��-8EC;D�G;H-I�7 8;DlAFC/q@H-NP?PI�8ECEG�G;H-8Lq@?PNyQWS j Hm:WsFCEG;Hm:Rq@HmC W AFQWS;§
IRQWS �XNPCEDK8;CEDFH-C�� ~�A j NrqWA�q@N k C SoA	q�G;AFMONrq�� A ¢ Sos�CEDKNPD��K���V� jKk C G;H-C�©ªAFIRIRHm: ¢ H!GLNPCEDK8;CEDFH-C
k GLHm:�G;HT:��x©�«1�xIRH-? ¢ I|q ¢ H-N=GLHm:��V8;I ¢ :@H-Nrq@8;CED jlk C H-NPC �-H-?PC;H-C �x8E?PIRH-C H-NPCEH-C <�NPC��E8EIRI
A�8;t=GLNyH'DFH-MOH-IRIRH-C;H*�x8E?PI|t k :@M �>¦�NPH-IRHT:5< � H-J/q ¢ Hm:@8ES/q48��@Ap�>A�8;t j Hm:Ws�CoGLHm:Rq@H-C �=8EI ¢ :@HmNP§
q@8;CEDFI ¢ H!G;NPCEDF8EC;DKH-C t¥v;:hG;AFI+&LQWSoAF?P?PIRNPDKCEAF?$8;CoG SoA�qhG;AFMONrq ¢ H-NPIR�ENPH-?PI ��HmNyIRH^<�NPC��o8EIRI4A�8;t
GLNPH 0 k :@DlsFC;DKH jlk C���:@HmQTSp8EC;D
� �$H-8;DK8EC;D k G;HT:V¦¡NyIR�9HT:@IRN k C��E¦�Hm:-�V8;I ¢ :@H-Nrq@8;CEDKIRH � H-J/qXNyI|q
C;NPQTS/q�AF8Lt H-NPCEH ¢ H-I|q@NPMOMhq@H�«VHmDKN k C,�lHmq �uA�8EM GLH-C5n k Jp8EIR�;8ECEJ/qxMONrq�G;HmCOG k :Rq$A�8;tBqR:@Hmq@H-C;§
GLH-C M'A 4;NPM'A�?yHmC 798EDKAFMO�E?PNrq@8oGLH-C � ¢ H-IRQWS;:Ws�CEJ/q!� ��H-N�GLHm:�&LNPMf8;?BA	q@N k C^MhvEIRIRH-C^GEA�SEHm:VG;NPH
©�H-QWSEIRH-?)�XNr:@Jp8ECEDFIRH � H-J/q@H�NPM DKHmI@AFMhq@HmC �$Hm:@H-QWSECp8;CEDKIRDFH ¢ NPHmq ¢ Hm:@v;QTJpIRNPQWSpq@NPD�q$��Hm:WGLH-C��

�=8EIODFH-MOH-IRIRH-C;H-C��x8E?PI|t k :@MOH-C ��HT:WG;H-C CoAFQWS NPC/q@Hm:@CoA	q@N k CoA�?PHm: W k :@M 	 z¨< 0 � Y ��GLNyH*t¥v;:
GLNPHVq@SEHT:WAF�9H-8Lq@NyIRQWSEH��VC ��HmCoG;8;CED�:@H-?PH j AFC/q@H-C��>A	:WAFMOHmq@Hm:uA ¢ DFH-?PH-Nrq@Hmq��
�K���V�LGLNyHVM'A 4LNPM'A�§
?PH-C^¦¡:@8EQWJ/§�8;CoG^7 8;DlAFMO�;?PNPq@8EG;H-C k G;Hm:¡G;NPH4<xCEHm:@DFNyH-G;NPQTS/q@HK�on�v;:VG;NPH�<xCEHm:@DFNPH!G;NPQWSpq@H2�9G;NPH
IRNPQWSdAF8EIhG;HmM �-HmNPq@?PNPQWSEH-C z¨C/q@H-D�:WAF?$G;H-I+�p8EAKGp:@NyHT:Rq@H-C[¦¡:@8EQWJpIRNPDKCoA�?PH-I ¢ Hm:@HmQTS;CEHmq�� Hm:@DKN ¢ q
IRNPQWS ¢ H-NPIR�ENPH-?PI ��H-NPIRH�A�8EI$G;H-CONPC�� ¢;¢ NP?yG;8EC;D�¤L� £L��GE� ¢ HmqR:WA�QTS/q@Hmq@HmCO} &p§{�x8E?PIRH-COH-NPC;HV¦�N�� Hm§



§ F £ZG�§ � � ����� � � � �3� ��� ��� ��������� �/� � � � 
 �'����� 	���� ��� � �)���������/� � ��� 	�� � � ��� ��� �

:@H-C � jlk C 23,8
� �!�XNPIRQWSEH-C�GLH-M nEAF?P?9G;HT:(&LQWSoA�?P?BA�8EI ¢ :@H-Nrq@8ECED k SECEH=~�A j NPqWA	q@N k C'8ECEG5MONPq

�$?yAFIRH-C ��z¨C�G;HT: W k :@M 	 z¨< 0 � Y � �XNr:WG �|H!G k QTS�JlH-NPCEH+0 k :@IRQTSL:@NPtBq ¢ �-DF? � GLHm: �¡8oA�?PNPqWs	q4G;Hm:
<�C/q@DlA�IR8EC;D k GLHm:xG;HT:x�x© «[DKH-M'A�QTS/q!�	<xI�Hm:Rt k ?PDFq�?PH!G;NPDF?yNPQWSfGLHm:>�VNyC �$H-NPI ��GEAFIRIxGLNPH"&pQTSEAF?P?r§
GL:@8EQWJpMOH-IRIR8EC;DKH-C NPCªH-C/q@DlA�I|q@H-M ©[A�IRIRHm:hG;8L:@QTS;DKHmtwvES;:Rq �$Hm:WG;HmCªI k ?P?rq@H-C�� ¦�NPHONPC[G;NPH-IRHm:
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�m8ECos�QTS;I|q�G;8L:@QTS�GEA�I�AFCL:@H-DKH-CEG;H�&LQWSoAF?P?rt¥Hm?BG ¢ NPI �-8EM 7 HmNPq@�;8EC;Jpq
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,
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R
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k
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rk = k∆r ,
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T (r, t) → T (rk, tn) .
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∂T

∂t
≈ T (k,n+1) − T (k,n)

∆t
.
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t(n+1) A��E�L: k 4LNPMONPHm:Rq

∂T

∂r
≈ T (k+1,n+1) − T (k−1,n+1)

2∆r
,

� ��� F �l�

∂2T

∂r2
≈ T (k+1,n+1) − 2T (k,n+1) + T (k−1,n+1)

(∆r)2
.
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�
y = 0...1
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S(k,n+1) = S(k,n) + D
(n+1)��� ∆t(n+1) ∂p

(n+1)
g

∂t

− (γ − 1)∆t(n+1)

γp
(n+1)
g (R(n+1))2

„

S(k+1,n+1) − S(k−1,n+1)

2∆y

− y(k) S(Ny ,n) − S(Ny−1,n)

∆y

«

·
„

S(k+1,n+1) − S(k−1,n+1)

2∆y

«

+ D
(n+1)���

∆t(n+1)

(R(n+1))
2 ·
„

S(k+1,n+1) − S(k−1,n+1)

y(k)∆y

+
S(k−1,n+1) − 2S(k,n+1) + S(k+1,n+1)

(∆y)2

«

.
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�

S̄(k) = S(k,n) + ∆t
∂S(n)

∂t
,
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S(k,n) = −D̄
(k)��� ∆t(n+1) ∂p̄g

∂t
+

∆t(n+1)

(R(n+1))2

0

@

(γ − 1)

γp̄g

“

S̄(k−1) − S̄(k+1)
”

4(∆y)2

+ y(k) (γ − 1)

γp̄g

“

S̄(Ny) − S̄(Ny−1)
”

2(∆y)2
+

D̄
(k)���

y∆y
− D̄

(k)���
(∆y)2

1

A · S(k−1,n+1)

+

 

∆t(n+1)

(R(n+1))2
2D̄

(k)���
(∆y)2

+ 1

!

· S(k,n+1)

+
∆t(n+1)

(R(n+1))2

0

@

(γ − 1)

γp̄g

“

S̄(k+1) − S̄(k−1)
”

4(∆y)2

− y(k) (γ − 1)

γp̄g

“

S̄(Ny) − S̄(Ny−1)
”

2(∆y)2

− D̄
(k)���

y(k)∆y
− D̄

(k)���
(∆y)2

!

· S(k+1,n+1) .
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�$Hm:@H-QWSECp8EC;D=G;H-I � H-MO�9Hm:WA	q@8;: j Hm:@SEAF?rq@H-C;I�H-NPC;Hm:�H-NPC
�-H-?PCEH-C�~�A j NrqWA�q@N k C;I ¢ ?yAFIRH�JFAFC;C�G;NPH-IRHm:
�V8;t �uA�CoG C k QWS�A�J��mH-�;q@NPHm:Rq-��Hm:WGLH-C �;H-NPCEH�z{Cpq@HmDF:WA�q@N k C�NyC GEAFI¡U¡H-I@A�Mhq@M k G;Hm?y? Hm:Rt k :WG;HT:Rq
�|H!G k QTS^G;H-8Lq@?yNPQWS*H ���-NPH-C/q@Hm:@H
0�Hm:Rt A�S;:@H-C k G;HT:XH-NPCEH�A�CoGLHm:@H1� k G;Hm?y?PNPHm:@8;CEDOGLHm:X�>: kK¢ ?PH-M5§
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���L¦�NPH¡}VMOIRHmq��-8EC;D�MONPq$�¡NP?rt¥H�HmNyC;Hm:XNPMO�E?PN �-Nrq@H-C#�^Hmq@S k GLH�G;NPH-C/quNPC*G;NPH-IRHm:
�=: ¢ H-NrqVGEA�SEHm:XCp8;:=A�?PIV«=Hmt¥HT:@H-C �
�m8;: �$H-8L:Rq@H-NP?y8;CED+�$H-Nrq@Hm:@Hm:¡¬ �FIR8ECEDFI@AFC;I@s�q��-HK�

�d� � � � ix�=�E� ���/� �{� ��� ���$� �$�

¦�NPH UV:@8ECEG;NyG;H-H ¢ H-N4G;Hm: �VC ��H-CEG;8;CED H-NPCEH-I�IR�9HmJpqR:WA�?PH-C 0�Hm:Rt¥AFS;:@HmCEI ¢ H-I|q@H-S/q�NPC G;Hm:
�V�E�L: k 4;NPM'A	q@N k CdG;H-I5:Ws�8EMO?PNPQTS;H-Cd� H-MO�9Hm:WA	q@8;: j Hm:@?yA�8;t¥HmI T N (r, t) ¢ �!����GLHm:'nE8;CEJ/q@N k C
SN (y, t)

G;8;:@QWS H-NPCEH5DFH!�XNPQTS/q@Hmq@H�&L8EMOMOH4A�8EI
N
?PNPCEH-A�:48ECEA ¢ SEsFC;DKNPDKH-C �;: kF¢ ?PH-M'A�CEDKHT§

�oAFIRI|q@HmC ��AFIRNPI|tw8ECEJ/q@N k C;H-C φk(y)

SN (y, t) =

N
X

k=1

ak(t)φk(y) .
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q@8ECED5G;NPH-IRHm: 0�HT:Rt AFSL:@H-C �XNr:WG�AF8Lt�G;NPH�&pqWA�CoGEA	:WG��$Hm:@JlH��XNPH 	 � k  E�F� � 0 � ��7 YSY � U¡��� Y G��
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 � 	 ~�� Y �
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φk = TP2k − TP0 ,
� ��� £>cK�

MONPq
TP2k = cos(2k(cos−1 y))

IRNPCoG G;NPH4NPM C k :@MONPHm:Rq@H-C��$H �m8EDKIRI  LI|q@H-M jlk :@DFH-DKH ¢ HmCEH-C
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∂S/∂y = 0
� ~�8EDKHm?yI  LMOMOHmqR:@NPH	�X8ECEG�A�M �$?yA�§

IRH-C;:WA�CoG
S(y = 1) = 0
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∂S

∂t
= V(SN ) ,
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„
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∂SN
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A�8EI$� ¢E¢ Ny?yGL8ECED Hp� cp�
�$H-NyG;H 0�HT:Rt AFSL:@H-C'?PNyHTt¥Hm:@C't¥vL:uG;NPH ¢ HmqR:WAFQWS/q@Hmq@H-C�n>sF?P?PH¡CEAFSEH!�-8'NBGLH-C;§
q@NPIRQWSEH�<>:@DKH ¢ CENPIRIRHK�

& ��� % �5��	 ����/���� �2�

¦¡Hm:�<�NPC��E8EIRI G;HT:�U�AFI@G;N�� 8;IRN k C AF8Lt�G;NPHª:WAKGLNBA�?PI  ;MOMOHTqR:@NyIRQWSEH �$?yAFIRH-CEG� LCoA�MONyJ �XNr:WG
GL8;:@QWS G;H-C ¦�N�� 8EIRN k C;I jlk :@DKAFC;D NPC�GLHm:4n�?PvEIRIRNPDKJlHmNPq ¢ HmI|q@NyMOM4q!�9¦�NPH-IRHm:�?ys�IRI|qhIRNPQWSªGL8;:@QWS
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∂t
+ ~u`

∂C

∂r
= D �	� 
 � �

„

∂2C

∂r2
+

2

r

∂C

∂r

«

,
� ��� £F�l�

NPC ~�8EDFH-?PJ k/k :WGLNPCoA�q@HmC ¢ HmIRQTSL:@H-N ¢ H-C�� C(r, t)
NPI|q�GLNPHªU�A�IRJ k C
�-H-C/qR:WA�q@N k C � �=C �!A�SE? jKk C

� k ?PH-JpvE?PH-C��;: k 0 k ?P8EMOH-Co�x8;CoG D �	� 
 � � G;NPH¡¦¡N3� 8;IRN k CEIRJ k CEI|qWA�C/q@H¡GLH-IuU�A�IRH-IuNPC*GLHm:Xn�?PvEI|§IRNPDFJlH-Nrq!��¦�NPH �VCLt A�CEDKI|§h8ECEG «VAFCEG ¢ H!GLNyC;DK8;CEDKHmC �-8L: ¬,�KIR8EC;D jlk C U¡? �$�4� £��ªIRNyCEG G;NPH
J k CEI|qWA�C/q@HOU�AFIRJ k C �mH-C/qR:WA�q@N k C Ci

NyC�8EC;H-CoGL?yNPQWSEHm:�<�C/qRtwHm:@Cp8ECED jlk C�GLHm:1�$?yAFIRHO8;CoG G;NPH
~ k C
�-H-C/qR:WA�q@N k C jlk C U�AFIVAFM �$?yA�IRH-C;:WA�CoG^NPC�GLHm:=n�?PvEIRIRNPDKJlHmNPq

Cs

C(r, 0) = Ci , r > R ,

lim
r→∞

C(r, t) = Ci ,

C(R, t) = Cs , t > 0 .
� �4� HK�K�

UV:@8;CoGLI@s�q��-?PNPQTS[Mh8EIRI4GEA�MONrq5G;AFIh�x: kF¢ ?PH-M2H-NPCEHm:��-H-NrqR§�8;CoG k :Rq@I@A ¢ SEsFC;DKNPDKH-C «VAFCEG ¢ Hm§
GLNPCEDK8;CED DFH-? �KI|q���Hm:WGLH-C ��GEA�G;NPHO~ k C �mH-C/qR:WA�q@N k C C

AFC[GLHm:+�$?yAFIRH-C �uA�CoG jlk M"«¡AFG;NP8EI
GLHm:��$?yAFIRH�A ¢ Sos�CEDFq48;CoG�GLNPH-IRHm:4IRNPQTS �mH-Nrq@?yNPQWS sFCEG;Hm:Rq!��¦�8;:@QWS�HmNyC;HO~ k/k :WG;NPCoA	q@H-C/qR:WAFCEI|§
t k :@M'A	q@N k C JFAFCEC�H-NPCEH k :Rq@I|t¥H-I|q@H�«VAFCEG ¢ H!GLNyC;DK8;CED ¢ H-N r = R

Hm:R:@H-NPQWS/q$��Hm:WGLH-C^8;CoG*M'A�C
HT:@SosF?rq 	 <�� cF���

y =
1

3
(r3 − R3(t)) ,

∂U

∂y
= C(y, t) − Ci .

� ��� H F �

©�H-Nrq@Hm:@SENPC��XNP:WG^G;NPH��¡NP?rt¥IRD�:��2.lH
τ
HmNyC;DKHmtwvESL:RqVMONrq

τ =

Z t

0

R4(t′)dt′ .
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<�NPCEIRHTq��-H-C jlk C U¡? � ��� H F 8;CoG U¡? � �4� Hl£fNPC U¡?�� �4� £F�4t¥vESL:Rq=AF8Lt
„

1 +
3y

R3

« 4

3 ∂2U

∂y2
=

1

D �	� 
 � �
∂U

∂τ
,

� ��� H>Hl�

MONPq=GLH-C^«VAFCEG ¢ H!GLNPCEDK8;CEDFH-C

U(y, 0) = 0 ,
� �4� HSGl�

lim
y→∞

∂U

∂y
= 0 ,

� �4� H8cF�

∂U

∂y

˛

˛

˛

˛

y=0

= Cs − Ci ≡ F (τ ) .
� �4� HK¤K�

¦�NPH jlk ?P?PI|qWsFCEG;NPDKHuCp8EMOHT:@NyIRQWSEH$¬ �FIR8ECED jlk C5U¡?��'�4� HSH¡NPI|q�IRHmS;:>:@H-QWSEH-CEAF8Lt ��HmCoG;NPDL�l¦�A=IRNyQWS
G;Hm:�<xNPC��o8;IRI�G;Hm:*U�A�IRJ k C
�-H-C/qR:WA�q@N k C AF8;t�G;NPH��$?yAFIRHmCoG� LCEAFMONPJ AF8Lt�H-NPCEH�GLvEC;CEH n�?Pv;I|§
IRNyDFJlH-Nrq@IRIRQWSENPQTS/q^8EM,G;NPH*�$?yAFIRH ¢ HmIRQTSL:WsFCEJ/q#	 &L~1� + �K£�� �"�XNr:WG �m8;:#0�Hm:@HmNyCLt A�QTSp8EC;D G;H-I
�x: kF¢ ?PH-MOI�NyC 	 <�n>¤8c
�EH-NPCEH-�V�;�;: k 4LNyM'A	q@N k CEIR? �FIR8ECEDVt¥v;:�U¡? � �4� HSH jlk :@DFH-I|q@H-?P?rq!�/¦�NPHX«¡A�CoGL§
¢ H!G;NPCEDF8EC;D[U¡? �$��� HF¤*�XNr:WG NPC GLHm:'}¡MODFH ¢ 8;CED 3y/R2 < 1

H-C/q �XNPQWJlH-?rq����uAFI�A�8;t�GLNyH
�V�E�L: k 4;NPM'A	q@N k C

∂2U

∂y2
≈ 1

D �	� 
 � �
∂U

∂τ
,

� ��� H8IK�

t¥vESL:Rq!�>¦�Hm:OU�AFI �E8EIRI5v ¢ Hm:5GLH-C��$?yAFIRHmC;:WAFCEG��XNr:WG G;8L:@QTS GLNPH#�-HmNPq@?PNPQWSEH + CoGLHm:@8EC;D�G;Hm:� k ?yAFC
�!AFS;? n jKk C�U�A�IR�oA	:Rq@NyJKH-?PC NPC G;HT:���?BA�IRH ¢ H-IRQTSL:@NPH ¢ H-C

dn

dt
= 4πD �	� 
 � � R4 ∂2U

∂y2

˛

˛

˛

˛

y=0

.
� ��� H Y �
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dn

dτ
= 4π

∂U

∂τ

˛

˛

˛

˛

y=0

,
� ��� HK�l�

8ECoG�v ¢ Hm:XHmNyC;H�z¨C/q@H-D�:WA�q@N k C

∆ ≡ n(τ ) − n0 = 4π U |y=0 .
� ��� Gl�l�

¦�NPH + CoGLHm:@8EC;D5GLHm: � k ?yAFC
�!AFS;? jlk C�U�A�IVNPC GLHm: �$?yAFIRH�Hm:@DFN ¢ q=IRNyQWS IRQWSE?PNPH!.l?PNPQWS �-8

∆ = −4
p

πD �	� 
 � �
Z τ

0

F (τ − τ ′)√
τ ′

dτ ′ .
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