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Vorwort des Herausgebers 
 

Ein Patient, der heute zu einem generellen Check-up in eine Klinik geht, wird 
erfahren, dass ein Großteil der diagnostischen Untersuchungen mit Ultraschall 
vorgenommen wird. Typisch hierfür sind Abbildungen von Herz, Gefäßen, Niere, 
Leber, Prostata, Brust und noch einiges weitere. Die möglichen räumlichen 
Auflösungen liegen bei unter einem Millimeter. Damit hat Ultraschall in den 
vergangenen 20 Jahren einen regelrechten Siegeszug durch die Medizin 
angetreten. Wo gibt es dann noch Probleme ? 

In der von Herrn Liebler vorgelegten Dissertation wird nicht der diagnostische, 
sondern der therapeutische Ultraschall untersucht. Dies heißt, dass extrem hohe 
Schalldrücke bis in die Größenordnung von 100 MPa eingesetzt werden. Diese 
hohen Drücke und die damit verbundenen Unterdruckanteile haben eine 
therapeutische Wirkung, führen jedoch im Vergleich zu diagnostischem Ultraschall 
auch zu unerwünschten Nebenwirkungen. Durch die unvermeidlichen, hohen 
Unterdruckphasen entsteht Kavitation, d.h. es bilden sich Bläschen, deren 
Auftreten und Verhalten Einfluss auf die biologische Wirkung der Ultraschallan-
wendung hat. Das Kavitationsverhalten kann bislang nicht kontrolliert werden. An 
dieser Stelle setzt der neue wissenschaftliche Beitrag von Herrn Liebler an. 
Systematisch werden die Ursachen und Wirkungen der Kavitation untersucht. Von 
besonderem Wert für zukünftige Arbeiten und Anwendungen sind dabei die 
präzisen Beschreibungen der Kavitation und insbesondere der Interaktion mit der 
Schallausbreitung. Die Arbeit wird es ermöglichen, den therapeutischen 
Ultraschall auf neuer Grundlage zu betrachten und auch ihm einen Siegeszug 
durch die Medizin zu bereiten. Ich wünsche allen Lesern eine interessante 
Lektüre. 

 

Prof. Dr.-Ing. Dr. h.c. Dr.-Ing. E.h. Werner Wiesbeck 

- Institutsleiter - 
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IR�9H �-N�2oIRQWSEH © s�:@MOH-JFAF�EA2�-NrqWs	q ¢ H-N�J k CEI|qWA�Cpq@HmM 0 k ?P8EMOH-C � NPC
$ JpD −1 ~ −1 �

Cv
© s�:@MOHmJKA��oA2�mNPqWs	q ¢ H-N J k C;I|qWAFC/q@H-M 0 k ?P8EMOHmC�� NPC $ ~ −1 �

CN ~ k C�2oDF8;:WA	q@N k C jlk C N
C;NyQWS/q�8EC/q@Hm:@IRQWSEH-NyG ¢ A�:@H-C��$?yAFIRH-C'NPCOH-NPCEH-M n�?P8ENyG

d ��� ¦�NPQTJKH�G;Hm:Xq@S;Hm:@MONPIRQTS;H-C UV:@HmC �-IRQWSENPQWSpq�� NPC M��
d ��� � � � ¦�NPQTJKH�G;Hm:=¦�A�MO�;t¥G;N�� 8EIRN k C;I|§¨UV:@H-C �-IRQWSENPQWS/q�� NPC M��
D

z¨C/q@Hm:R§ �$?yAFIRHmCoA ¢ I|qWAFCEG�� NPC^M��
D

�¡NP?rt¥IRD�:��2.lH ¢ HmN G;Hm: �$Hm:@H-QWSECp8EC;D G;Hm: �$?yAFIRH-CEG� LCoA�MONyJ CoAFQWS2G;H-M
U¡NP?yM k :@Hm§ � k G;H-?P?

D ��� � H-MO�9Hm:WA	q@8;:@?PH-NrqRt s�SENPDKJKH-Nrqh� NPC M 2 I −1 �
D �	� � � � ¦�N�� 8EIRN k C;IRJ k C;I|qWAFC/q@HXt¥v;:�G;NPH=¦�N�� 8EIRN k C jlk C�U�AFIR�oA	:Rq@NPJlH-?PC'NyC'H-NPC;Hm:(�^Nr§

IRQTSp8;CED5A�8EIVU�AFI|§�8ECEG*¦�A�MO�;twM k ?PH-JpvE?PH-C � NPC^M 2 I −1 �
D �	� 
 � � ¦�N�� 8EIRN k C;IRJ k C;I|qWAFC/q@H jlk C�U�AFIXNPC H-NPC;Hm:Vn�?yv;IRIRNPDKJlH-Nrq4� NPC M 2 I −1 �
D ��� � � � ¦�N�� 8EIRN k C;IRJ k C;I|qWAFC/q@Hhtwv;:�GLNPHf¦�N�� 8EIRN k C jlk C ¦�AFMO�Lt¥�oA	:Rq@NPJlH-?PC NyC H-NPC;Hm:

�^NPIRQTSp8EC;DOAF8;IVU�AFI|§�8ECoG�¦�AFMO�Lt¥M k ?yHmJLv;?PH-C � NyC^M 2 I −1 �
E ������ � � &L8;MOMOH¡A�8EIXJpNyC;Hmq@NPIRQTS;Hm:=8ECEG�� k q@H-C/q@NyHm?y?PHm:¡<xCEHm:@DFNyHO� NPC $ �
E � � � JpNyC;Hmq@NPIRQTS;H�<�C;Hm:@DKNPHO� NPC $ �
E ��� � � k q@H-C/q@NPH-?P?PH4<�C;Hm:@DKNPHO� NPC $ �
f ¢ H-?PNPH ¢ NPDKH4nE8;CEJ/q@N k C
f

n;:@H��/8EHmC �5� NPC^� �	�
f0

«VHmI k CoA�C �mtB:@H��/8EH-C
�O� NPC^���!�
fg

�VC
�!AFS;? GLHm:=n;:@H-NPSEHmNPq@IRD�:WAKGLHhGLHm: � k ?PH-Jpv;? ¢ H/��H-DF8ECED
F

n k Jp8;I@G;NPI|qWAFC
�O� ~�:@vEMOMf8;CEDFI|:WAKG;NP8;IW��GLHm:=�  ;GL: k t k C;H�G;HmIV� 0 ¦ � NPC^M��
F

�¡NP?rt¥I|tw8ECEJ/q@N k C �-8;: �$Hm:@HmQTS;CL8;CEDfG;Hm:VU�A�I@G;N�� 8EIRN k C[� NPC*M −3 �
~F xi

AFJp8EI|q@NPIRQWSEHm:Vn�?P8EIRI j H-J/q k :=NPC xi
§�«VNPQWS/q@8ECED

~FB
�;:@NPM's�:@H���|Hm:@JpC;H-I|§�~�:WA�twqh� NPC W �

~FR
~�:WA�tBq¡GL8;:@QWS GLH-C j NPIRJ k IRHmC^«=H-N ¢ 8EC;DKI �XNyG;HT:@I|qWAFCoG^G;Hm:
n�?PvEIRIRNPDKJlHmNPqh� NPC W �

~FM
~�:WA�tBq¡GL8;:@QWS GLNyH j Nr:Rq@8EHm?y?PH1� A�IRIRH*�������������! !��"#"%$'&)(�*#��+|��� NPC W �

H
<�C/q@SEAF?P�ENPH�G;HT:=n�?yv;IRIRNPDKJlH-Nrqh� NPC $ �

ki
~ k H����-NPH-C/q@H-C�G;HmIu«V~�§ 0�Hm:Rt A�S;:@H-C;I

K
© s�:@MOHm?yHmNPqRt¥sFS;NyDFJlH-Nrqh� NyC�© M

−1 ~ −1 �
K ��� ~ k MO�;:@H-IRIRN k C;IRM k G;8;?�� NPC^�>Al�
K ��� �

© s�:@MOHm?yHmNPqRt¥sFS;NyDFJlH-Nrq�GLH-I�U¡HmMONyIRQWSEHmI�AF8;I�U�A�I|§u8ECEG^¦�A�MO�;t¥M k ?PH-JpvE?PH-C
NPC�G;Hm:-��?BA�IRH'� NyC*© M

−1 ~ −1 �
M

� AFQWS �!A�SE?
n

�VC
�!AFS;?BGLNPQTS/q@H jlk C �$?yAFIRH-C NPM �$?yAFIRH-CL§{n�?yv;IRIRNPDKJlH-Nrq@IRDFH-MONPIRQTS � �$?yAFIRHmC;§
G;NPQWSpq@H!�¡� NyC^M

−3 �



� ���������
	����� ��� ��������� ��� �������������� �����3� §�N 4p§

n0
�VC;t¥AFC;DKI �-8;I|qWAFCoG0GLHm: �=C �!A�SE?yG;NPQWSpq@H jlk C �$?yAFIRH-C NyM �$?yAFIRHmC;§
n�?yv;IRIRNPDKJlH-Nrq@IRDFH-MONPIRQTSª� NPC M

−3 �
n

� k ?yAFC
�!AFS;? jlk C�U�AFIR�EA�:Rq@NPJlH-?PC NPC�GLHm:-�$?yAFIRH'� NPC M k ?w�
nv

�VC �-AFSE?yGLNyQWS/q@H jlk C^¦�A�MO�;twM k ?PH-JpvE?PH-C�NPC�G;Hm:-��?BA�IRH'� NyC^M −3 �
nv,R

�VC �-AFSE?yGLNyQWS/q@H jlk C^¦�A�MO�;twM k ?PH-JpvE?PH-C*AFM �$?yA�IRH-C;:WA�CoGª� NPC^M
−3 �

N
�VC �-AFSE? jlk C��$?yA�IRH-C�NPM ¢ HmqR:WAFQWS/q@Hmq@H-C n�?P8;NBG jlk ?P8;MOH-C

N
�VC �-AFSE? jKk C &pq k .'��Hm?y?PH-C �-8;:OJ k MO�E?PHmqRq@HmC n;:WAFDFMOH-C/qWA�q@N k CdH-NPCEH-I�� k §
G;H-?P?PI|q@H-NPCEH-I

Ng
�VC �-AFSE? jlk C�U�A�IRM k ?PH-JpvE?PH-C NPC^G;Hm: �$?yAFIRH

Ntot
&L8EMOMOHVAF8;IVU�AFI|§�8ECoG'¦�A�MO�;t¥M k ?PH-JpvE?PH-C�NyC G;Hm:-�$?yA�IRH

Nv
�VC �-AFSE? jlk C^¦�A�MO�;twM k ?PH-JpvE?PH-C�NPC G;HT:���?BA�IRH

Ny
�VC �-AFSE?9:Ws�8EMO?PNPQTS;Hm:X¦�NPIRJ/:@Hmq@NPIRNyHT:@8ECEDFIR�E8;CEJ/q@H�NPCEC;Hm:@SoA�? ¢ G;Hm:-�$?yA�IRH

�
2

~ k C
�-H-C/qR:WA�q@N k C^DKHm? �FI|q@H-C &;A�8EHm:@I|q k � H-I�� NPC MOD�� ` �
p

MONPqRq@?PHm:@HT:�¦¡:@8;QTJ���U¡H-I@AFM4qWGL:@8EQWJ;�XNPM �$?yAFIRH-CL§¨n�?Pv;IRIRNyDFJlH-Nrq@IRDKHmMONyIRQWS � NPC
�>Al�

p̃
AFJp8EI|q@NPIRQWSEHm:�¦¡:@8;QTJ �¥©ªHmQTS;IRH-?yGL:@8EQWJ;�fNPM ��?BA�IRH-C;§{n�?PvEIRIRNPDFJlH-Nrq@IRDKH-MONPIRQWS
� NyC^�>Al�

pa
�-H-NrqWA ¢ SosFC;DKNPDKH4A�JL8;I|q@NPIRQTS;H �VCL:@H-DK8;CED5GLHm:=~�A j NrqWA	q@N k CEI ¢ ?BA�IRH'� NyC^�>Al�

pa0
� A 4LNPM'AF?yAFMO�;?yNrq@8EG;H�GLHm:=AFJp8EI|q@NPIRQWSEH-C �VCL:@H-DK8;CED^� NPC��>AK�

pmin,max
MONyC;NPM'AF?PH'� ¢ �!���;M'A 4LNPM'AF?PH��VMO�E?PNrq@8oGLH�GLH-Iu©ªH-QWSEIRH-?yGp:@8EQWJlH-I�� NPC �>AK�

p`
¦¡:@8EQWJ���U¡H-I@AFM4qWGL:@8;QTJ;��NPC�GLHm:=n�?PvEIRIRNPDKJlHmNPqh� NPC �>AK�

p`0
«V8;SEH!Gp:@8EQWJOG;Hm:=n�?Pv;IRIRNyDFJlH-Nrq��9S  ;GL: k I|qWA�q@NPIRQTS;Hm:X¦¡:@8;QTJ�� NPC��>AK�

p̃`
AFJp8EI|q@NPIRQWSEHm:X¦¡:@8;QTJ'NPC GLHm:Vn�?PvEIRIRNPDKJlHmNPq4� NPC��>AK�

pi
NyC;CEHm:@HT:u¦¡:@8EQWJOGLHm:X~�A j NrqWA	q@N k CEI ¢ ?BA�IRHO� &L8;MOMOHXAF8EI=U�A�I|§�8ECoGO¦�A�MO�;tB§
GL:@8EQWJONPC�G;HT:-�$?yAFIRH	��� NPC �>Al�

pi0
z¨CEC;H-CoGp:@8EQWJ5NPM U¡?PH-NPQTS;DKH!�XNPQWSpq@I �m8EI|qWAFCEGª� NPC �>Al�

pg
U�AFI@GL:@8;QTJ ��U¡H-I@A�MhqWGp:@8EQWJE��NyC G;Hm:-�$?yA�IRH�� NPC^�>Al�

pg0
«V8;SEHm§¨U�AFI@Gp:@8EQWJ�� NPC �>Al�

pv
¦�AFMO�Lt GL:@8;QTJfNyC G;Hm:-�$?yA�IRH�� NPC��>AK�

pv0
«V8;SEHm§�¦�A�MO�;t Gp:@8EQWJ^� NPC �>AK�

pσ
¦¡:@8EQWJ'G;8L:@QTS^G;NPH�� ¢ Hm:��osFQWSEH-C;IR�oAFC;Cp8ECED σ

� NPC^�>Al�
p∞

J k C;I|qWAFC/q@Hm:�¦¡:@8EQWJfNPC'G;HT:uG;NPH=~�A j NrqWA	q@N k CEI ¢ ?BA�IRH¡8;MODKH ¢ H-CEG;H-C5n�?yv;IRIRNPDF§
JlH-Nrq�� NPC �>Al�

p(R)
¦¡:@8EQWJ'AFM ��?BA�IRH-C;:WA�CoGª� NPC �>AK�

Pa
0 k M } &/§ &pH-CoGLHm:uA ¢ DFH-I|qR:WAFS;?Pq@H4A�JL8;I|q@NPIRQTS;H�¬�H-NPI|q@8EC;D � NPC*© �

P ©[AFSL:@IRQTS;H-NPCE?PNPQTS;JlH-Nrq HmNyC;Hm: ~ k C�2oDK8L:WA�q@N k C G;HmI �$?yAFIRHmC;§
n�?yv;IRIRNPDKJlH-Nrq@IRDFH-MONPIRQTS;H-I

Q
© s�:@MOH5� NPC $ �

~Q
0�H-J/q k :uMONrqXDKH k MOHmqR:@NPIRQTS;H-C��¡8EHm?y?rq@Hm:@MOHmC

r
:WAKG;NyA�?yH�«VAF8;MOJ k/k :WGLNyCEA�q@Hh� NyC*M��



§ 4p§ �����������
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R
�$?yAFIRH-CL:WAKGLNy8;Ih� NPC M��

R0
«V8;SEHm:WAFG;NP8EI �EU¡?PH-NPQWSEDKH/�XNyQWS/q@I|:WAKGLNy8;If� NPC^M��

Re
«VHmIRNBGL8E8;M

Rmax
M'A 4LNPM'AF? Hm:R:@H-NPQWS/q@Hm: �$?yAFIRH-CL:WAKG;NP8;Ih� NPC^M��

S
�¡NP?rt¥I j A�:@NyA ¢ ?PH ¢ H-NxG;HT:1�$Hm:@H-QWSECp8;CED�G;Hm:V© s�:@MOHm?yHmNPq@8;CED'NPCEC;Hm:@SoA�? ¢ G;HT:
�$?yAFIRH'� NPC^©

−1 �
T

� H-MO�9Hm:WA	q@8;:�� NPC^~4�
T`

� H-MO�9Hm:WA	q@8;:=GLHm:=n�?PvEIRIRNPDKJlHmNPqh� NPC^~4�
T � , T � ��:WAFC;I|t k :@M'A�q@N k C;I jlk :@IRQWS;:@Nrtwqft¥v;:hH-NPCEH'SEA�:Rq@H ¢ �!��� ��H-NPQWSEH'«VAFCoG ¢ H!G;NPCL§

DK8;CED
t

7 HmNPq4� NPC^IW�
t , ~ k ?y?yA��EI �-H-Nrqh� NPC IW�
~u

0�H-J/q k :�GLHm:�MONrqRq@?PHm:@H-C &LQWSEC;H-?P?yH�NPM �$?yAFIRHmC;§{n�?PvEIRIRNPDKJlHmNPq@IRDFH-MONPIRQTS � NyC
M I

−1 �
~ug

0�HmJpq k :=G;Hm: &pQTS;CEH-?P?PH�NPC GLHm:¡U�AFIR�ESEAFIRHO� NPC MdI −1 �
~u`

0�HmJpq k :=G;Hm: &pQTS;CEH-?P?PH�NPC GLHm:Vn�?yv;IRIRNPDKJlH-Nrqh� NPC^MdI −1 �
~u`0

UV:@8ECEG;I|qR:��KMh8EC;DhNPC�GLHm:=n�?PvEIRIRNPDKJlHmNPqh� NPC^MdI
−1 �

|~u`| � � �
� A 4LNPM'AF? ¢ HmqR:WA�D'G;Hm: &pQTSEAF?P?PIRQTS;CEH-?P?PH�NyC^G;Hm:Vn�?PvEIRIRNPDFJlH-Nrq4� NyC^M I −1 �

u`n , u`t

&LQWSEC;H-?P?yHmJ k MO� k CEH-C/q@HONPC C k :@M'A�?PHm:�� ¢ �/����qWAFC;DKH-C/q@NyAF?PHm:O«=NPQTS/q@8;CED �-8L:
�$Hm:WA�CoG;8;CED � NPC*M I

−1 �
U

U¡H-IRQWS �XNPCEG;NPDKJlHmNPq¡G;HT:-�$?yAFIRH-C �uA�CoG ¢ H!��H-DF8EC;D�� NyC^MdI −1 �
U ����� &L�EAFCECp8;CEDKIRIRNPDFCoAF?�AFC G;H-C*�  ;GL: k t k C;H-C GLH-IX� 0 ¦ � NyC 0��
U � &L�;NPq��mH-C ��Hm:Rq�G;Hm:$&L�oA�CECp8EC;D�AFM ��SEHm:WA��ENPH-IRH-CEG;Hm:��¥©[AFCEG;?PHm:@IR�EAFCECp8;CED/�

� NPC�0��
~w

0�HmJpq k :=G;Hm:=<>:@SoA�?rq@8ECEDFIRDF:�� .lH-C
w

I|q@H-?P? j Hm:RqR:@Hmq@H-CEG*t¥vL:XH-NPCEH�~ k MO� k C;H-C/q@H�A�8EI ~w

w`
I|q@H-?P? j Hm:RqR:@Hmq@H-CEG*t¥vL:XH-NPCEH4UV:�� .lH4G;Hm:Vn�?PvEIRIRNPDFJlH-Nrq@IR�ESEAFIRH4AF8;I ~w

~x
�V:Rq@I j H-J/q k :

y ¢ H-?PNPH ¢ NPDKH1�-HmNPqWA ¢ SEsFCEDFNPDKH4nE8EC;J/q@N k C
y

C k :@MONyHT:Rq@Hm:-�$?yAFIRH-CL:WAKGLNy8;I
y

qR:WAFC;I|t k :@MONPHm:Rq@H�:WAFG;NyAF?PH�«VAF8EMOJ k/k :WG;NPCEA�q@H
yj

:WsF8;MO?yNPQWSEH1&/q@v;q��-I|q@Hm?y?PH-C ¢ H-NPM IR�9H-J/qR:WAF?PH-C 0�Hm:Rt¥AFS;:@HmC
z

«¡A�8EMOJ k/k :WG;NPCoA	q@H5� NPC^M��

� � �&��� /��
	�� � ����
	 � -0�0�

g
JlH-C;C �-H-NPQWSEC;H-CoGOt¥vL:¡GLNPH�U�AFIR�;SoAFIRH ¢ HmqR:@H � H-CoGLH�UV:��2.KH-C

j
¬ A�8�2oCEG;H 4

k
¬ A�8�2oCEG;H 4
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`
JlH-CEC
�-H-NPQWSECEHmCoG^t¥vL:4G;NPHOn�?PvEIRIRNPDFJlH-Nrq@IR�ESEAFIRH������������ "|� ¢ HmqR:@H � H-CEG;HOUV:���§
.lH-C

`
¬ AF8�2oCEG;H 4Otwv;:VG;N j Hm:@IRH¡~ k H����mNyHmCpq@HmC�G;Hm:XCp8;MOHm:@NPIRQTS;H-C�&pQTSEA ¢ ? k CEH-C

n
G;NPIRJ/:@Hmq@Hm:V79H-Nrq@NyCEG;H 4

norm
JlH-C;C �-H-NPQWSEC;H-CoG*twv;:�C k :@MONPHm:Rq@HfUV:��2.KH-C ¢ HmN>G;Hm:�$Hm:@H-QWSECp8;CED�G;Hm:�$?yA�§
IRH-CoG  ;CEAFMONPJ





��� ����� �� � �����

������� # 	 �.�5������� # #��#��	*�,� � � 	'� -��#�

¦¡NyH�$H-Nrq@H 0�HT: ¢ :@H-Nrq@8EC;D jlk C^}V?PqR:WA�IRQTSEAF?P?$� }&E�$NPC GLHm:��^H!G;N �-NPC ¢ AFIRNPHm:Rq¡AF8LtxG;H-C*H-NPC �-NPD�§
A	:Rq@NPDKH-C�� �KDF?yNPQWSEJlHmNPq@HmC ��G;NPHhG;Hm:¡}¡?rqR:WAFIRQWSoA�?y?xI k � k SE?>t¥vL:�GLNyHh¦�NyAFDFC k I|q@NPJ � AF?PI�A�8EQWS�t¥v;:
GLNPH���SEHm:WA��ENPH ¢ NPHmq@Hmq!�;z¨C^8EC �-sFSE?PNPDKHmC �VC ��HmCoG;8;CEDFH-C*SEA�q=IRNPQTS^DKH �-HmNyD�q��9G;AFIRIVAFJp8EI|q@NPIRQWSEH
<xCEHT:@DKNPH�©�H-NPQTS/q@H-NP?PDKH!�$H ¢ H�DF8;q^G;8L:@QTSEGL:@NPCEDFH-C�JKA�CEC
	 $ ¦�« + �>H����X¦¡NyHmI^Hm:@M��FDK?PNPQTS/q HmI �
A�8EQWSªq@NPHmt¡?PNPH-DFH-CoGLH U¡H!�$H ¢ H-I|qR:@8;Jpq@8L:@H-C CENPQWSpq@NPC j AFIRN j 8;C/q@Hm:@IR8EQWSEH-C[8;CoGªA�8;twDF:@8ECEG G;Hm:
DF8;q@H-C n k JL8;IRIRNPHm: ¢ A	:@JlH-Nrq jlk C }&[? k JKA�? ¢ HmSoAFCEG;H-?PC��-8dJ%�KC;CEH-C �x¦�NPH j HT:@SosF?rq@C;NyIRM's .lNPD
C;NPH!GL:@NPDKHmC��VHm:@I|q@H-?P?P8EC;DKIRJ k I|q@H-C jlk CO}&p§¨U¡Hm:Ws�q@HmC'twvESL:@H-C��-8'H-NPCEHm:$S k SEH-C�0�Hm:Rt¥v;D ¢ A�:@JlH-Nrq
GLNPH-IRHm:4� H-QWSEC k ? k DFNPHK� W NyQWS/q�-8;?PHmq��mq4AF8;I�G;NPH-IRH-M UV:@8ECoG DKH/�XNyC;C/q4G;NPH��VC �$H-CoGL8ECED jlk C
}&�NPC GLHm:=M k G;Hm:@C;H-C �^H!G;N �-NPC �$H-Nrq@Hm:�A�C��$H-G;H-8Lq@8ECEDL�

¦¡NyH'Hm:@I|q@H��=C �$H-CoGL8EC;D jlk Cª}¡?rqR:WAFIRQWSoA�?P?�NPC[G;Hm:��^H!GLN �mNyC ��A�:hq@SEHm:WA��9H-8;q@NPIRQWSEHm: W A	q@8;:
	 �¡AKAK�F�����������������8;CoG�������� �"! ¢ H kK¢ A�QTS/q@Hmq@HmC F �K£ Y G;NPH�IRQTSEsKG;NPDFH-CoGLH'© NP:@Jp8;CED jlk C
}V?rqR:WAFIRQWSoAF?P?�AF8Lt(�$?P8;q@J%��:@�9Hm:@QWSEH-C 8ECEG t k ?PDKHm:Rq@HmC[GEA	:WAF8EI4GLNyHf�;:@NPC �-NP�;NyHm?y?PH�� �FDK?PNPQTS;JlH-Nrq��
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� ¢ Hm§
:@HmNyQWS^8;CoG��XNr:WG^GEA�SEHm:=A�8EQWS A�?yIu¦¡«¡�>§ 0�Hm:Rt¥AFSL:@H-C�� ¦¡«¡� � G;NPIR�9Hm:@IRN k C^:@H-?yA�q@N k C^�;:@H-IRHm:R§
j NPCEDl� ¢ H!�-H-NPQTS;CEHmq!�!<�NPCEH$AF8;I|t¥vESL:@?PNyQWSEH��$H!�$Hm:Rq@8EC;D=G;H-I <�C/q �X8L:Rt¥I j HT:Rt AFSL:@H-CEI NyI|q NPC 	 &/q@H!� Y �
DFH-DKH ¢ H-C�� W H ¢ H-COGLHm:�~ k C;IRNPI|q@H-C �XH-NPCEHmI�0�Hm:Rt A�S;:@H-C;I �/GLNyHXDF?yHmNyQWS ¢ H!G;Hm8;q@H-CEG5MONPq�GLHm:"�=8EI|§
I@A�DKH�NPI|q��9G;AFIRIVG;Hm:=? k JFAF?PH�¦�NPIRJ/:@Hmq@NPIRNyHT:@8ECEDFI|t¥H-S;?PHm:�MONrq j Hm:@IRQWS �XNPCoG;HmCoG;HT: � AFIRQWSEH-C ��HmNPq@H
�
∆x → 0, ∆t → 0

��DFH-DKHmC W 8;?y?�DKHmSpq 	 �^8;Co�K���$8;CoG GEAFMONrq4G;AFI W s�SEHm:@8;CEDKI j Hm:Rt A�S;:@H-C
HmNyC;H^qWA�q@I@s�QTS;?PNyQWSEH��V�E�L: k 4;NPM'A	q@N k CdG;H-IO�;S  LIRNPJFAF?PNPIRQTS;H-C �=8EIRDKAFCEDFIR�;: kF¢ ?PH-MOIOG;A�:@I|q@H-?P?rq��
IR�;NPH-?rq¡GLNPH &pqWA ¢ NP?yNrqWs	q¡GLH-I(0�HT:Rt AFSL:@H-CEIuHmNyC;H�H-C/q@IRQTS;H-NyG;H-CEG;H�« k ?P?PHK�

<xNPC5H 4L�E?PN �-Nrq@H-I 0�Hm:Rt A�S;:@H-C��mH-NPDFq��lNPM U¡H-DFH-CEI@A	q��(�-85NPMO�E?PN �-Nrq@H-C �FJlH-NPC;H�8EC ¢ H!GLNyC;DFq@H(&/qWA ¢ NP§
?PNrqWs�q!�p7 8L:uU¡H!��sFSL:@?yHmNyI|q@8;CEDhG;Hm:"&pqWA ¢ NP?PNrqWs�q�Mf8EIRI��-8L:�¬,�KIR8EC;D�S  ;�9HT: ¢9k ?PNPIRQTS;Hm:uU¡?PH-NPQWSp8EC;§
DFH-C�G;NPH 0 k 8;:WA�CpqR§{n;:@NPH!Gp:@NPQTS;I|§¨¬ H j  � 0 n>¬ � �$H!GLNyC;DK8;CED�H-NPCEDFH-SoA�?Pq@HmC��$Hm:WG;H-C 	 ¬'0¡�l£����&LNPH
t k :WGLHm:Rq��9G;AFIRI�GLHm:=Cp8EMOHm:@NPIRQWSEH � ¢ Sos�CEDFNyDFJlH-Nrq@I ¢ Hm:@H-NPQWS G;H-C^�ES  LIRNyJFAF?PNPIRQWSEH-C v ¢ Hm:WG;HmQTJlHmC
Mh8EIRI 	 �^8;Co�K��� 8;CoG'DlA�:WA�C/q@NyHT:Rq¡G;AKGL8;:@QWS �;GEA�IRI=I@s�Mhq@?PNPQTS;H�z¨CLt k :@M'A�q@N k C jlk M�79H-Nrq@�E8;CEJ/q
tn �=GLNPHªAF8;QTS �ES  LIRNPJKA�?PNyIRQWS �-8;:�¬ �KIR8;CED �-8EM 7 HmNPq@�;8EC;Jpq

tn+1 ¢ H-NrqR:WAFDKHmC �XvL:WG;H'�=NPC
GLNPHhCp8EMOHT:@NyIRQWSEH1�=�E�L: k 4LNPM'A�q@N k C�H-NPCEDKHmSpq!�o¦�NPH 0 n>¬ § ��H!G;NPCEDF8EC;D'twvESL:Rq��-8 H-NPC;Hm:¡twH-I|q@H-C
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~ k �;�E?P8EC;D+�!�XNPIRQWSEH-C :Ws�8EMO?PNPQTS;Hm:X8ECEG��mH-Nrq@?yNPQWSEHm:V¦�NPIRJ/:@Hmq@NPIRNPHm:@8EC;D

c`0∆t

∆x
= γ .

��£p� F IF�

�$H-NuH-NPCEHmM 0�Hm:Rt A�S;:@H-C[S k S;Hm:'�V:WGLCL8;CED NPC��!�$H-Nu¦�NPMOH-CEIRN k CEH-C��XNr:WGdG;NPH 0 k 8L:WAFC/q��!AFS;?
γ
G;8L:@QTSdGLNyH j Hm: �$H-CoGLHmq@H-C Cp8EMOHm:@NPIRQWSEH-C &pQTSEA ¢ ? k CEH-Cd8ECEG[G;NPH^M'A 4;NPM'A�?uAF8LtwqR:@Hmq@H-CEG;H

� AFQWS �!A�SE?
M = |~u`| � � � /c`0

¢ H-I|q@NPMOMhq!� �^Nrq�G;H-M j Hm: �$H-CoGLHmq@H-C4¦�«¡�>§ 0�HT:Rt AFSL:@H-C4Hm:@DKN ¢ q
IRNyQWS�t¥vL: �VC �$H-CoGL8ECEDFH-C¡q@S;Hm:WAF�9H-8Lq@NPIRQTS;H-C�}¡?rqR:WAFIRQWSoA�?P?yI$�

M ≤ 0,2
�%	 U¡NPCo�K£�� �p8;q Y G��w� H-NPCEH

M'A 4LNPM'AF? �-8E?ys�IRIRNyDFH 0 k 8;:WA�C/q��!AFS;? jlk C γ ≈ 0,15
	 U¡NPCE�l£���

� � � ��� _�� �����=���$���$���$��� �o�

W H ¢ H-C H-NPC;Hm: ¢ H-JFAFC;C/q@H-C �VCLt AFC;DKI j HT:Rq@H-NP?y8;CED DKHmSEH-C NPC G;NPH�Cp8;MOHm:@NPIRQTS;H�¬,�KIR8;CEDdG;Hm:
�x: kF¢ ?PH-MOI|q@H-?P?P8EC;D+�$H-G;NPCEDF8ECEDFH-C'H-NPC �LGLNyHVAFM «¡A�CoG'G;HmI$«=H-QTS;H-CEDFH ¢ NPHmq@HmI$Hm:RtwvE?P?rq"��Hm:WGLH-C
MfvEIRIRHmC�� �$HmN>G;Hm:¡} &/§ �=8EI ¢ :@H-Nrq@8ECEDht¥v;:Vq@SEHm:WA��9H-8;q@NPIRQWSEH��VC ��HmCoG;8;CEDFH-C Mf8;IRI¡G;AFI 0�Hm:R§
t AFSL:@H-CONPC5GLHm:�¬ AFDFHXIRH-NPC �F8EC/q@Hm:@IRQWSENPH!G;?PNPQWSEH�«VAFCEG ¢ H!GLNyC;DK8;CEDKHmCfCp8EMOHm:@NPIRQWSh8;M��-8EIRHTq��-H-C��
¦�NPHh<xNPCEI|qR:WA�SE?P8EC;D'G;H-I &LQWSoA�?P?yIRNPDFCoAF?PH-IVNPC GEAFIX«=H-QWSEH-C;DKH ¢ NyHTqVHT:Rt k ?PD�q�v ¢ HT:VHmNyC;H &LH-CEG;Hm:R§
:WAFCoG ¢ H!G;NPC;DK8EC;D;�L¦�NPH�A ¢ I|qR:WAFS;?PH-CoGLH1&LH-CEG;Hm:��osFQWSEHVIRH-? ¢ I|qXMONrqXNPS;:@Hm:XMOH-QWSoA�CENPIRQWSEH-C'��A�?r§
q@Hm:@8EC;D�JFAFC;C�NPM �=?y?PDL� AF?PI�IRQWSoAF?P?PSoA	:RqO��AF8;QTS A�?yIVNyG;H!A�?>SoA�:Rq ¢ H �-H-NPQWSEC;HmqT�VA�CEDKHmC k MOMOHmC
��Hm:WGLH-C��o<�NPCEH�NyG;H-AF? SEA�:Rq@H�«VAFCEG ¢ H!GLNyC;DK8;CEDfI|q@Hm?y?rq¡G;NPH�&  LMOMOHmqR:@NPH!A�QTS;IRH�G;HT:=: k qWA�q@N k C;I|§
I  ;MOMOHTqR:@NyIRQWSEHmC �VC k :WG;Cp8;CEDuG;A�:!��798;: �$H-DF:@HmC �-8;CED=G;H-I�«VHmQTS;H-CEDFH ¢ NPHmq@H-I �-8ECoG¡GEAFMONrq G;H-I
CL8;MOHm:@NPIRQTS;H-C��V8Lt ��AFCoGLH-I � ��HT:WG;H-C ��HmNPq@HT:@SENPC I k D;��A ¢ I k : ¢ NPHm:@H-CoGLH^«VAFCEG ¢ H!GLNyC;DK8;CEDKHmC
¢ H-C ��q@NyD�q!� &pNyHOI|q@Hm?y?PH-C[HmNyC;H��$Hm:WAFCEG;8;CED�GLH-I�«VH-QWSEHmCEDKH ¢ NPHmq@H-I4GEA	:���GLNPHOJlH-NPCEHO«=vEQWJ �XNP:R§
JL8;CEDVAF8Lt G;NPH�¬,�KIR8;CED¡NPC;CEHm:@SEAF? ¢ GLH-I>«VHmQTS;H-CEDFH ¢ NPHmq@H-I>SEA ¢ H-ChGEA	:Rto8;CoG4AF?PIx�ES  LIRNyJFAF?PNPIRQWSEH
�$H-DF:@HmC �-8;CEDOCENPQWS/qXH 4LNyI|q@NPHm:Rq!�

<�NPCEH�A�Jp8EI|q@NPIRQTS*NyG;H!A�? SoA	:Rq@H �$Hm:WA�CoGL8ECED �XNr:WG^CENPQWSpq=GLHmt k :@MONPHm:Rq��;t k ?PDK?PNPQWS j Hm:@IRQWS �XNPCEG;Hmq
G;NPH W k :@M'AF?PH-CEJ k MO� k C;H-C/q@H$GLHm:�&LQWSoA�?P?yIRQWSEC;H-?P?PH u`n

H ¢ H-C;I k �XNPHXG;NPH W k :@M'AF?PH-CEA ¢ ?PH-Nrq@8;CED
G;H-I &LQWSoA�?P?BGp:@8EQWJlH-I

p̃`
A�C�G;HT:-�$Hm:WAFCEG;8;CEDKI �osFQWSEHK�

u`n = 0 ,
∂p̃`

∂n
= 0 .

��£p� FEY �

<�C/q@IR�;:@HmQTS;H-CoG�NyI|qVA�C H-NPCEHm:XNyGLH!AF?,��H-NPQWSEH-C ��Hm:WAFCEG;8EC;DfJlHmNyC*¦¡:@8EQWJFAF8;t ¢ A�8^M��KDF?PNyQWS��

∂u`n

∂n
= 0 , p̃` = 0 .

��£p� F �K�

¦�NPH�NyG;H!A�?�SEA�:Rq@H-C*8ECoGONyG;H-AF? ��H-NPQWSEH-C*«¡A�CoG ¢ H-G;NPCEDF8ECEDFH-C���Hm:WGLH-C*Cp8;MOHm:@NPIRQTS�MONrquH-NPCEHm:
&L�ENPH-DFH-?P�E8;CEJ/q@MOHmq@S k GLHu8EMODFH-IRHmq��mq!�K¦�A ¢ H-N��XNr:WG�G;AFI�«VHmQTS;H-CEDFH ¢ NPHmq�8EM GL:@HmNE�¡NP?rt¥IR�;8EC;Jp§
q@H�� &L�ENPH-DFH-?P�E8;CEJ/q@H	�VHm: �$H-Nrq@Hm:Rq��>GLHm:@H-C ©ªHm:Rq@HOv ¢ Hm:�H-NPCEH'��:WA�CEI|t k :@M'A�q@N k CEI jlk :@IRQTSL:@NPtBq TAF8EI�G;H-C �x8EC;Jpq@HmC�NyM «=H-QTS;H-CENPC;CEHm:@H-C ¢ HmI|q@NyMOM4q(��Hm:WGLH-C��9¦�AFMONrq¡JFAFC;C G;NPH�:WsF8EMO?PNPQWSEH
¦�NPIRJp:@HTq@NyIRNPHm:@8;CED ¢ NPIxAFC5GLH-Cf«VAFCEGhGLH-I>«=H-QTS;H-CEDFH ¢ NPHmq@HmI>MONPq>G;Hm: jlk ?P?yHmCf¦�«V�x§ &pQTSEA ¢ ? k CEH
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	 � ���7����� � ���#�/� ��� 	 ���/�3��� ����� �)� �����/��� � � ����� 	 � §¨£SH�§

GL8;:@QWSEDFHmt¥v;S;:Rq ��HT:WG;H-C58;CoGhG;NPH �¡8oAF?PNrqWs�q�GLHm:�CL8;MOHm:@NPIRQTS;H-C��=�E�L: k 4LNPM'A�q@N k C ¢ ?PH-N ¢ q$A�8EQWS
A�M «¡A�CoGdHm:@SoA�?Pq@HmC��(�^Nrq*G;HmC ~ k MO� k C;H-C/q@H-C GLH-I#&LQWSEC;H-?P?yH j H-J/q k :@IOC k :@M'AF? u`n

8ECEG
qWA�CEDFH-C/q@NBA�?

u`t

�-8L: ¢ HmqR:WA�QTS/q@Hmq@H-C^� ¢ Hm:��osFQWSEH¡HT:@DKN ¢ q=IRNPQTS't¥vL:=G;NPH���:WA�CEI|t k :@M'A�q@N k CEI jlk :R§
IRQWS;:@NrtBq

T � � T � ��t¥vL:�H-NPC;HhSEA�:Rq@H�� ��H-NPQWSEH	�X«¡A�CoG ¢ H-G;NPCEDF8ECED�� ρ̃`
j Hm:@SEsF?rq�IRNPQWS AFCoA�? k D��-8

p̃`
�T�

T � :

0

B

@

p̃`

u`n

u`t

1

C

A
→

0

B

@

p̃`

−u`n

u`t

1

C

A
, T � :

0

B

@

p̃`

u`n

u`t

1

C

A
→

0

B

@

−p̃`

u`n

u`t

1

C

A
.

��£p� £F�K�

W H ¢ H-CfG;NPH-IRH-C���H!G;NPCEDF8EC;DKH-C4t¥v;:�GLNyHXn;H-?yG;DF:�� .lH-CfIRH-? ¢ I|q�Hm:@DKH ¢ H-C5IRNPQTS5G;8;:@QWS5GLNPHun k :@Mh8;§
?PNPHm:@8;CED�NyC <>:@SoA�?Pq@8;CEDFI|t k :@M AF8EQWS ~ k M ¢ NPCoA	q@N k CEHmC G;Hm:�nEH-?yG;D�:��2.lHmC ��G;NPHfHmCpq@IR�L:@H-QWSEH-CEG
¢ HmSoAFCEG;H-?rq$�$Hm:WG;H-C

T � :

0

B

@

(ρ`0 + ρ̃`)u`n

(ρ`0 + ρ̃`)u`nu`t

p̃` + (ρ`0 + ρ̃`)u`nu`n

1

C

A
→

0

B

@

−(ρ`0 + ρ̃`)u`n

−(ρ`0 + ρ̃`)u`nu`t

p̃` − (ρ`0 + ρ̃`)u`nu`n

1

C

A
,

T � :

0

B

@

(ρ`0 + ρ̃`)u`n

(ρ`0 + ρ̃`)u`nu`t

p̃` + (ρ`0 + ρ̃`)u`nu`n

1

C

A
→

0

B

@

(ρ`0 − ρ̃`)u`n

(ρ`0 − ρ̃`)u`nu`t

−p̃` + (ρ`0 − ρ̃`)u`nu`n

1

C

A
.
��£p� £ F �

n�vL:�GLNPH�z{MO�E?PH-MOH-C/q@NPHm:@8;CED�GLHm:�&LH-CEG;Hm:R:WA�CoG ¢ H!G;NPCEDF8EC;D
�TI k �XNPH$G;Hm: A ¢ I k : ¢ NPHm:@HmCoG;HmC�«¡A�CoGL§
¢ H-G;NPCEDF8ECED�� �XNr:WG�HmNyC;H'n k :@Mh8E?PNPHm:@8EC;D GLHm:�CENPQWSpq@?PNPCEH-A�:@H-C[A�Jp8EI|q@NPIRQTS;H-C U¡?PH-NPQWSL8;CEDFH-CªNPC
QWSoA	:WAFJ/q@Hm:@NPI|q@NPIRQTS;Hm:=n k :@M A�CEDKH/�uAFCEGLq!�L¦�NPH-IRHVHm:@?yAF8 ¢ qXG;NPHVDKHmqR:@H-C;C/q@H��$HmH-NPC��o8;IRIR8EC;D jlk C
NPC;I^«=H-QTS;H-CEDFH ¢ NPHmq^H-NPC;§O8;CoG�A�8EIR?yAF8Lt¥H-CEG;H-C ©ªH-?P?PH-CEAFC/q@H-NP?PH-C��X¦�NPH }¡MOIRHmq��m8ECED[HT:Rt k ?PD�q
A�CoA�? k D��-8;:X¦�A�:@I|q@H-?P?P8EC;DONyC#	 U�¬ & + �K£��9U¡NPCE�l£����

� ��� ������� # # ��/�� ' �.��� 	 /*��1 � � ( ��� �	� � � #�	�! � � ���&���,� � ���,�.���'� �012�,��� 	��

z{M n k ?PDKHmCoG;HmC4I k ?P?yHmCfGLNyHxNPM «¡A�SEMOH-C�GLNPH-IRHm: �X: ¢ H-Nrq j HT: ��H-CEG;Hmq@H-C�IRHm? ¢ I|qRt k JL8;IRIRNPHm:@H-CoGLH-C
}&p§{��SEHT:WAF�ENPH-IRHmCoG;HT: jlk :@DFH-I|q@H-?P?rq �$Hm:WG;H-C �o¦�A ¢ H-N ��Hm:WGLH-C�G;NPH�Gp:@H-N,�XNPQWS/q@NyDFI|q@H-C��VC �$H-C;§
GL8EC;DKIRDKH ¢ NPHmq@H^q@S;Hm:WAF�9H-8Lq@NPIRQTS;H-C }V?PqR:WA�IRQTSEAF?P?PI ��GLNPH�< &/© ¬���GLNyH < &/© ���$I k �XNPH��¡z¨n�}V§
�=C ��H-CEG;8EC;DKH-C �¨H!��H-NP?PI=G;8L:@QTS'H-NPCEHmC &LHmCoG;HT:$:@H-�L:WsFIRH-C/q@NPHm:Rq!�
�V?P?PH�SENPHm:XHmNyC;DKH-IRHTq��mq@H-C^}&p§
&pH-CoGLHm:VA�: ¢ H-Nrq@H-C�CEAFQWS�G;HmM �;NPH � k H-?PH-J/qR:@NPIRQTS;H-C �>:@NyC
�-NP��8ECEG^IRNPCoG�AF?PI=I k DL� 0 k MO� k IRNPq@HT§
&/qR:@8EJ/q@8;:@HmC AF8Lt¥DFH ¢ A�8;q!�o¦¡NyH 0 SEA�:WAFJ/q@Hm:@NPIRNPHm:@8;CED�G;Hm: j Hm: �$H-CoGLHmq@H-C*} &p§ &pH-CoGLHm:=AFC;SoAFCEG
GLHm:OA�Jp8EI|q@NPIRQTS;H-C 0�Hm:@MOH-IRIR8EC;D ¢ �!���xCp8;MOHm:@NPIRQTS;H-C�&LNPMh8E?yA�q@N k C GLHm:�&pQTSEAF?P?rt¥H-?yGLHm:'G;NPH-C/q
GLHm:"0�Hm:@N�2oJFA�q@N k C'G;H-I�NyC'GLNPH-IRH-M ~�A��ENrq@H-? jKk :@DKHmI|q@H-?P?Pq@HmC �=8EI ¢ :@HmNPq@8;CEDFIRM k G;H-?P?PI-�/¦�A	:@v ¢ Hm:
S;NPCoAF8;I �$Hm:WG;HmC AF8EIfG;H-C�SENPHm: jKk :@DKHmI|q@H-?P?Pq@HmCd}&p§ &LNPDFCoAF?PH-C�NyC ~�A��ENrq@H-? H GLNyH��=C;t k :WG;Hm§
:@8;CEDFH-C�t¥v;:�GEA�I1&LNPMf8;?yA�q@N k C;IRM k G;H-?P? �-8L: �$HT:@H-QTS;Cp8ECED'GLHm:1�$?yA�IRH-CoG  ;CEAFMONPJ A ¢ DFH-?PH-Nrq@Hmq!�
¦¡NyH�0�HT:@N32EJKA	q@N k C�G;H-I4U¡H-I@A�Mhq@M k GLH-?P?yI¡H-NPCEIRQWSE?PNPH!.l?PNPQTS�~�A j NrqWA�q@N k C�NPC�~�A��ENrq@H-? c�HT:Rt k ?PD�q
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H ¢ H-C;t¥AF?P?PI�8EC/q@Hm: 0�Hm: ��H-CEG;8;CED'G;HT:�Gp:@H-N�SENPHm: ¢ HmqR:WA�QTS/q@Hmq@H-C�}&p§ &LHmCoG;HT:!� &LsFMhq@?PNPQWSEH jlk :R§
DKH-I|q@H-?P?rq@H-C ¦V:@8EQWJLMOHmIRIR8ECEDFH-C��X8;:WGLH-C*MONrquHmNyC;H-M k �;q@NPIRQWSEH-C U¡?BA�I|t A�IRHm:@S  EGp: k t k C[� j Hm:@DF? �
� ¢ IRQWSEC;NrqRqdcp� F � F �XG;8L:@QTS;DKHmtwvESL:Rq!�

� ������� �V�����$�����/�����F�E�
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3MQR4L# %�&-'b'-Q"� ( : 3R7 : .-!<!CDL7M& " !CQM467�& ��I k �XNPH=G;HT:>z¨C/q@H-D�:WA�q@N k ChH-NPCEHm:��-H-Nrq j HT:WsFCoGLHm:@?PNPQTS;H-C
A�Jp8EI|q@NPIRQTS;H-C��VCL:@H-DK8;CEDL� �V8;IRDlAFC;DKIR�;8ECEJ/qxt¥vL:uGLNyH=�¡HT:@?yHmNPq@8;CED�GLHm:$�$H/��H-DF8ECEDFIRDK?PH-NPQWSL8;CED
GLHm:���?BA�IRH�IRNPCoG ¢ H-N � %� ! ! �  	 �x?PH6Gl��=GLNPH^S  ;GL: k G� LCEAFMONPIRQTS;H-CdUV:@8ECEG;DF?yHmNyQWSp8EC;DKH-C NPC
~�8;DKH-?PJ k/k :WG;NPCoA	q@H-C�� �^NrqVG;H-M ¦¡:@8EQWJ

p(R)
AFC GLHm:(�$?yA�IRH-C �uAFCEG^8ECEG*GLH-M Cp8EC��-H-Nrq j HT:R§

s�CoGLHm:@?PNyQWSEHmC5H 4pq@Hm:@CEHmCf¦¡:@8;QTJ
p`(t)

NPCOG;Hm:�n�?PvEIRIRNPDFJlH-Nrq$HT:@DKN ¢ q�IRNPQTSht¥v;:�GLNyH jKk C � %� ! ! � 
¢ HTqR:WAFQWSpq@HTq@H-C^¦�A�MO�;t ¢ ?yAFIRH-C^G;NPH1�$H!�$H-DK8;CEDFIRDK?PH-NPQTSp8;CED

RR̈ +
3

2
Ṙ2 =

p(R) − p`(t)

ρ`
.

� HL� G/�

¦¡Hm:$H 4Lq@HT:@CEH=¦¡:@8EQWJ
p`(t)

NPC*GLHm:un�?Pv;IRIRNyDFJlH-Nrq"�XNr:WG'G;H 2ECENPHm:Rq$AF?PIuGLNyH�&L8;MOMOHuG;HmI$S  ;GL: k §
I|qWA	q@NPIRQTS;H-C ¦¡:@8;QTJlHmI

p`0
8ECEG^G;HT:=AFJp8EI|q@NPIRQWSEH-C �=C;:@H-DF8EC;D

pa(t)

p`(t) = p`0 + pa(t) .
� HL� cF�

¦¡Hm:=¦¡:@8EQWJ�AFM �$?yAFIRHmC;:WAFCEG
p(R)

� �$H-?PQTS;Hm:¡8;C/q@Hm:=G;Hm: �=CECoA�SEMOH=:WsF8EMO?PNPQWS^J k CEI|qWAFC/q@Hm:
0�Hm:@SEsF?rq@CENPIRIRH�NyC GLHm:+�$?yAFIRH^DF?PH-NPQTS G;H-M �$?yA�IRH-CENPCEC;H-CoGp:@8EQWJ�NPI|q��>IRHmq��Tq5IRNPQTS �m8EI@AFMOMOHmC
A�8EI=G;HmM ¦�AFMO�Lt Gp:@8EQWJO8ECoG�G;HmM ¦¡:@8EQWJ'G;8L:@QTS^G;NPH�� ¢ Hm:��osFQWSEH-C;IR�oAFC;Cp8ECED σ

p(R) = pv − 2
σ

R
.

� HL� ¤l�

¦¡Hm:�¦�A�MO�;t¥GL:@8EQWJ��XNr:WG�SENPHm: ¢ H-N A�?yIuJ k CEI|qWA�C/quAFC;DKH-C k MOMOH-C�� pv = pv0
�T�p¦�NPH-IRH�=CECoA�S;§

MOH2�KGLNPHuDK?PH-NPQTS ¢ H!GLH-8;q@HmCoGhNPI|q�MONrqxH-NPCEH-M NPI k q@SEHm:@MOH-C�0�HT:@SoAF?rq@H-C,��I|q@H-?P?Pqxtwv;:�G;NPHX<54;�EAFC;IRNP§
k CEI ¢ H!�$H-DK8;CED4H-NPCEHVDK8;q@H W s�SEHm:@8;CED4GEA	: 	 ��� Y c
�
����� F �L�(&MI�����p¦�NPH�0�Hm:@CoA�QTS;?ysFIRIRNPDK8;CED
jKk C+0�Hm:WG;AFMO�;tw8EC;DKI|§ 8ECEGh~ k CoGLH-CEI@A	q@N k CEIRH � H-J/q@H-ChtwvES;:RqxSEAF8;�;q@I@sFQWSE?PNPQWS5NPCOG;Hm:x~ k ?P?yAF�;I|§
�;SoA�IRH �-8 nEH-S;?yHT:@C ¢ H-N�GLHm: ¢ Hm:@H-QWSEC;Hmq@H-C �$?yA�IRH-CoG  ;CEAFMONPJ � j Hm:@DF?�� � ¢ IRQTS;CENrqRq�HL� cp� £F�T� z¨M
U¡HmDKH-C;I@A�q��(�-8 � %� ! ! �  ¢ HmqR:WA�QTS/q@H-C  ��  � �����*8ECEG  �

 �"� ��! 	 W W cF�&�9AF8;IRIRQTS;?PNyH/.l?PNPQTS
MONrq�U�A�I�DFHmt¥v;?P?Pq@H(��?BA�IRH-C��K¦�AFI�U�A�I�NPM z{CECEHT:@H-CfSEA�q�G;HmC5< � H-J/qxH-NPCEH-I�<xCEHm:@DFNyHmIR�9H-NPQTS;Hm:@I �
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sFSEC;?PNyQWS GLHm:XnEH-G;Hm: ¢ HmN HmNyC;H-M nEH-G;Hm:R§ � AFIRIRHT§ &  LI|q@H-M��pG;HT:XG;NPH�<xCEHm:@DFNPH�G;H-IuHmNyC ��s�:Rq@IuDKHT§
:@NyQWS/q@Hmq@H-C��$?yA�IRH-CEJ k ?P?BA��EIRH-IXA�8;twCENPMOMhq��KG;NPH-IRH=H-NPC �us�:Rq@I�DKHm:@NPQWS/q@Hmq@H���H!��H-DF8EC;D �m8EM &pq@NP?P?r§
I|qWAFCoG ¢ :@NyC;DFq¡8ECoG�G;AFC;C�8EMOJlH-SL:Rq 	 &pQTSE�SG���� �^Nrq�G;Hm:�0 k :WAF8EIRIRHTq��-8EC;D�HmNyC;Hm:�� k ?) LqR: k �9H-C
7 8;I|qWAFCoGLI@sFCEG;Hm:@8;CED�H-NPCEH-IuNyGLH!AF?PH-C^U�AFIRH-Iu8;CoGOH-NPCEHT:�:WsF8;MO?yNPQWS'J k C;I|qWAFC/q@H-C�� H-MO�9Hm:WA	q@8;:
NyC;CEHm:@SEAF? ¢ GLHm:-�$?yAFIRH�DKNP?rq=t¥v;:VGLH-C�U�A�I@GL:@8EQWJ

pg = pg0

„

R0

R

«χ

.
� HL� IF�

�¡NPHm: ¢ H-N ¢ H �-HmNyQWSEC;Hmq R0
G;H-CfU¡?PH-NPQTS;DKH!�XNPQWSpq@I|:WAFG;NP8EI�8ECEG

pg0
G;H-CfU�AFI@Gp:@8EQWJ�t¥v;:

R = R0
�

¦�Hm:X� k ?  pqR: k �9H-CENPCoGLH 4 χ
?yNPH-D�q ¢ H-N G;HT:u~ k MO�;:@H-IRIRN k C ¢ �!���;<�4L�oA�CEIRN k C�NyG;H!A�?PHm:VU�AFIRH�NPM

�V?P?PD;� �!�XNPIRQWSEH-C�G;H-C ¢ HmNBGLH-C <�4pqR:@H-M5t¥sF?P?PH-C χ = 1
� NPI k q@S;Hm:@MOH-I 0�Hm:@SEAF?rq@H-Co�X8;CoG χ = γ� NyIRHmCpqR: k �9H-I � AF8EQWS�AF?PI�AKGLNBA ¢ A	q@NyIRQWSEHmI 0�Hm:@SEAF?rq@H-C ¢ H �-H-NPQWSEC;HmqT� 	 � � &L�l£���� γ = cp/cv

NyI|q
GEAFI 0�HT:@SosF?rq@C;NyIVG;HT:�IR�9H �-N�2EIRQTS;H-C © s�:@MOHmJKA��oA2�mNPqWs	q@H-C��E¦�Hm:¡«V8;SEH!Gp:@8EQWJ

pg0
G;HmI�U�AFIRHmI

Hm:@DKN ¢ q=IRNPQWS�AF8;I¡U¡? �RHL� £h8EC/q@Hm:-��Hm:@vEQWJpIRNyQWS/q@NPDK8EC;DOG;HmI=¦�AFMO�;t¥GL:@8;QTJlHmI �-8

pg0 = p`0 + 2
σ

R0
− pv .

� HL� Y �

¦�NPHu«¡A  L?PH-NPDKS;§¨U¡?PH-NPQWSL8;CED��XNr:WGOG;AFMONrq�G;8L:@QTSfG;NPH(�=: ¢ H-Nrq@H-C jlk C ��%� ! ! �  	 ��?PH6GK� � �KI k �XNyH
 ��  � ������8ECEG ���

 �"� ��! 	 WdW cF�&� HT: ��H-Nrq@Hm:Rq-�-8

RR̈ +
3

2
Ṙ2 =

1

ρ`

»

pv + pg0

„

R0

R

«χ

− 2
σ

R
− p`(t)

–

.
� HL� �K�

� ��� �  !���� 	 � k :�cF£� ¢ Hm:@vEQWJpIRNPQTS/q@NPDFq5G;NPH *+9<4E,R "4E9CD 5MD '(7:/ U !B.(4E4E9C3",R7:9CD µ
8ECoG �-HmNyD�q��

GEAFIRI$G;Hm:$<xNyC��o8;IRI$GLHm: j NPIRJ k IRH-CO«VHmN ¢ 8EC;D�?PH!G;NPDK?PNPQWS*A�?PI$«VAFCoG ¢ H!G;NPC;DK8EC;D�AFC'GLHm:��$?yAFIRH-CL§
�uAFCEG�NPCªG;AFI4�x: kF¢ ?PH-M H-NPC;DKH-S/q!� ¦�Hm:4¦¡:@8;QTJ

p(R)
AFM ��?BA�IRH-C;:WA�CoG�HT:@DKN ¢ q�IRNPQWS[GEA�MONPq

�-8

p(R) = pv + pg0

„

R0

R

«χ

− 2
σ

R
− 4µ

Ṙ

R
.

� HL� F �K�

¦�NPH-I^t¥v;S;:Rq*?PHmq��mq@H-CEG;?PNPQTS AF8LthG;NPH�«V� W W �>§¨U¡?PH-NPQTSp8EC;D
��G;Hm: AF?P?PDKH-MOH-NPC;I|q@H-C n k :@M3G;Hm:
«¡A  L?PH-NPDKS;§{�x?PH-IRIRHmqR§¨U¡?PH-NPQTSp8EC;D;�

RR̈ +
3

2
Ṙ2 =

1

ρ`

»

pv + pg0

„

R0

R

«χ

− 2
σ

R
− 4µ

Ṙ

R
− p`(t)

–

.
� HL� F>F �

¦�NPH�«¡� W W �x§¨U¡?PH-NPQTSp8;CED ¢ HmIRQTSL:@H-N ¢ q*G;NPH��$H!�$H-DK8;CED GLHm:��$?yAFIRH-C ��AFCoG v ¢ Hm:�H-NPCEH ¢ Hm§
DF:@H-C
�mq@H �VC
�!AFS;? jlk C'M k GLHm:WA�q@H-C &LQWS �XNPCEDK8;CEDFH-C�� |Ṙ| < c`0/5

��t¥vL:uI|qWA ¢ NP?yH¡8ECoG5qR:WA�CEIRNr§
H-C/q@H�~�A j NrqWA	q@N k C SENPCL:@H-NPQTS;H-CoG�DKH-CEAF8 	 W H-� Y ���� �$HmN�I|qWA	:@J�C;NPQTS/q@?PNPCEH!A	:@H-C�&LQWS �XNPCEDK8;CEDFH-C
t¥vESL:Rq5GLNPH�0�Hm:@CEAFQWSE?ysFIRIRNPDK8;CED GLHm:f~ k MO�L:@H-IRIRN ¢ NP?PNPqWs	q �¨H!G k QWSdGEA �-8 ��GEAFIRIhG;NPH'�ES  LIRNPJKA�?PNP§
IRQTS;H-C*0 k :@DKsFC;DKH5CEAFQWS�GLH-M HT:@I|q@H-C �$?yA�IRH-CEJ k ?P?BA��EI4G;8L:@QTS GLNyHh«¡� W W �x§¨U¡?PH-NPQWSL8;CED'Cp8;:
8EC �m8;:@H-NPQWSEH-CEG ¢ H-IRQWS;:@NPH ¢ H-C���Hm:WGLH-C 	 «VA�q�I Y �E«VA�q�I������
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�x� � � � �[�E�l�/���$� `-]=�/�{�����{��� `m� � ���o�{�

<xNPCEH-C Hm:@I|q@HmC�&pQTSL:@NrqRq¡S;NyC �m8 HmNyC;H-M�:@H!AF?PNPI|q@NPIRQTS;Hm:@H-C�� k G;H-?P?>I|q@H-?P?rq�G;NPH�I k DL� ��� � "��� "	*� �
����� ( &�� �� �
��� &
�'G;A�:!� �$H-N�G;NPH-IRHm: �=CECoA�SEMOH(�XNr:WG*t¥vL:¡GLNPH�7 8;I|qWAFCEG;IRDK?PH-NPQWSp8ECED5G;Hm:=n�?PvEI|§
IRNPDFJlH-NrqhG;NPH��$H �-NPH-Sp8;CED

c2
`0 = ∂p`/∂ρ`

AFC;DKH-IRHTq��mq!��¦�NPH�&pQTSEAF?P?PDKH-IRQWS �XNyCEG;NPDKJKH-Nrq ¢ H-IRNrq��mq
G;AFMONrq=H-NPCEH-C H-CEG;?PNPQTS;H-C �oA ¢ Hm:¡J k C;I|qWAFC/q@H-C^©�Hm:Rq!� & k ?PQWS HmNyC��=CEI@A	q��1�X8L:WG;H �-8EHT:@I|q jlk C
��� � � � ��� 	 �VHm: G F � j Hm: ��H-CEG;HmqX8;CoG�IR�os�q@HT: jKk C � � �)/%� ����	 � :@NCcF£� HT: ��H-Nrq@Hm:Rq-�-8

„

1 − 2Ṙ

c`0

«

RR̈ +
3

2

„

1 − 4Ṙ

3c`0

«

Ṙ2 =

1

ρ`

»

p(R) − p`(t) +
R

c`0

„

1 − Ṙ

c`0

«

dp(R)

dt

–

.
� HL� F £F�

¦¡Hm:¡¦V:@8EQWJ^A�M ��?BA�IRH-C;:WA�CoG
p(R) ¢ HT:@H-QTS;CEHmqVIRNPQTS G;A ¢ H-N�CoA�QTS U¡? ��Hp� F �L�,�$HmN 0�HT:@CoAFQWS;§?ys�IRIRNyDF8EC;DOG;Hm:X~ k MO�L:@H-IRIRN ¢ NP?PNPqWs	q�� c`0 → ∞ ��Hm:@SEsF?rqXM'AFC*AF8;IXG;NPH-IRHm:-�$H!�-NPH-Sp8ECED �XNPH!G;HT:GLNPHh«VA  ;?PH-NPDFS;§{��?PH-IRIRHTqR§|U¡?PH-NPQWSp8ECED+HL� GL� <�NPC NyC Hm:@I|q@HT:��V:WG;Cp8;CED jlk C 1/c`0

s'�/8EN j AF?PH-C/q@H-I
� k GLH-?P? �X8;:WGLH jKk C�� ��/%� ��8ECEG	� � ��! � ! 	 ~ � Y ��9S;Hm:@DKH-?PH-Nrq@Hmq!�pz{CEIRDFH-I@AFM4q ¢ NyHTq@H-C'G;NPH-IRH
� k GLH-?P?PHfH-NPCEHhDK8Lq@H+�=�E�;: k 4LNPM'A�q@N k C G;Hm:�$H!��HmDK8EC;D^A�8EQWS ¢ H-N qR:WAFC;IRNPH-C/q@Hm:�~�A j NrqWA�q@N k C,�
I k ?yAFCEDFHOG;HT:�NPC�GLHm:�<54;�EAFC;IRN k CEIR�;SoAFIRHhHm:R:@H-NPQWSpq@HfM'A 4LNPM'AF?PHh«VAKGLNP8EI Rmax

CL8L:��HmCENPDKH
0VNPH-?rt AFQWSEH�GLH-Iu«=8ESEHT:WAKG;NP8;I

R0
Hm:R:@HmNyQWS/q 	 ¬�H-Ny�SG���En�v;:XD�:��2.KHm:@H�©ªHm:Rq@H jlk C Rmax/R0

NyI|q
A�8EQWS GLNyH�A�Jp8EI|q@NPIRQTS;H1�V�;�;: k 4LNyM'A	q@N k C�CENPQTS/qXMOH-SL:XAF8;I|:@H-NPQTS;H-CoG �

�x� � � � c��{��� ���/�;`m��� �$�o���

¦�AFIuU¡NP?PM k :@HT§ � k GLH-?P? 	 U¡Ny?$cF£� ¢ Hm:@vEQWJpIRNyQWS/q@NPDFq$G;NPHV~ k MO�L:@H-IRIRN ¢ NP?PNPqWs	qXG;HmI�©[A�IRIRHm:@IuGL8;:@QWS
GLNPH�
 � ���r§|U¡?PH-NPQWSp8ECED��pH-NPCEHm:�H-MO�ENr:@NPIRQTS;H-COCENPQWS/q@?yNPC;H!A�:@H-C^798EI|qWAFCEG;IRDF?yHmNyQWSp8EC;D4twv;:Xn�?PvEIRIRNPD�§
JKH-Nrq@H-C��L¦�NPH-I ¢ NPHmq@HTq=G;H-C#0 k :Rq@H-NP? �EGEA�IRI�t¥vL:¡GLNPH�7 8;I|qWAFCEG;I@sFCEG;Hm:@8;CEDfG;H-I�©ªAFIRIRHm:@I=AFC G;Hm:
��?BA�IRH-C �uA�CoG,��AFCEAF? k D��-8;M 8EMODKH ¢ H-CoGLH-Cªn�?P8ENyG � H-NPC;H�C;NPQTS/q@?PNPCEH!A	:@H'n k :@Mh8E?PNPHm:@8EC;D j Hm:R§
�$H-CoGLHmq1�XNr:WG �>¦�NPHO�VHm:@?PH-Nrq@8ECED GLHm:5U¡Ny?PM k :@Hm§¨U¡?yHmNyQWSp8EC;D ¢ Hm:@8ES/q4NPM ©ªH-IRH-C/q@?PNPQTS;H-C[A�8;t
GLHm:�I k DL�/~�Nr:@J � k/k GL§ �$Hmq@S;Hm§ �V�;�;: k 4LNyM'A	q@N k C 	 ~1� Gl£����/¦�NPH-IRH ¢ H-I@A�DFq��/G;AFIRI�t¥v;:�IR�;Sos�:@NPIRQWSEH
©�H-?P?PH-C^H-CEG;?PNPQTS;Hm:-�VMO�;?PNPq@8EG;H=G;NPH1&pQTSEAF?P?PDKH-IRQWS �XNPCoG;NPDFJlH-Nrq

c
CENPQWS/qXMOH-S;:$J k C;I|qWAFC/q��LI k C;§

GLHm:@COA ¢ Sos�CEDFNyD jKk C5GLHm: �$H!��HmDK8EC;D�IRH-? ¢ I|q�NPI|q!�l¦�NPH-&LQWSoA�?P?BA�8EI ¢ :@H-Nrq@8ECED�HT:Rt k ?PD�q�MONrqxH-NPCEHm:
U¡HmIRQTS �XNPCoGLNyDFJlH-Nrq��/GLNPHuDK?PH-NPQTS'GLHm:�&L8;MOMOH�GLHm:x? k JFAF?PH-C�U¡H-IRQWS �XNyCEG;NPDKJKH-Nrq$GLH-I�n�?P8ENyG;I�8ECEG
GLHm:u? k JFAF?PH-C�&LQWSoA�?y?PDFH-IRQTS �XNPCoGLNPDKJlH-NrqXNPI|q 	 ��:@H!�>c��;¬�H-Ny�SG���L¦�8L:@QTS�GLNyH¡G;Nr:@H-J/q@H��Hm:@vEQWJpIRNyQWS;§
q@NPDF8ECED^G;Hm:4<xC/q@SoA�?y�;NPHOv ¢ Hm: c2 = dp`/dρ`

8ECEG�U¡? �-HL� F G A�CEI|q@H-?P?PH'G;Hm:4¬ NPCEH!A	:@NyIRNPHm:@8;CED
c2
`0 = ∂p`/∂ρ`

A�8EI-� ¢ IRQTS;CENrqRq�HL� £p� £+�XNr:WG H-NPCEH4n k :@Mf8E?PNPHm:@8;CEDhtwv;:¡G;NPH &LQWSoA�?P?yDFH-IRQWS �XNPCL§
GLNPDKJlH-Nrq

c
Hm:R:@H-NPQWS/q��LG;NPH�GLNyHmIRH-C^< � H-J/q ¢ Hm:@v;QTJpIRNPQWSpq@NPD�q 	 ��¬ Y ¤ ���p¦�NPH jKk C � �)%� ��� �5A�CEDKHT§

DFH ¢ H-C;H�¦�U�¬ª£/� �V:WG;Cp8;CED4?BA�8;q@Hmq 	 U¡NP?$cK£���
„

1 − Ṙ

c

«

RR̈ +
3

2

„

1 − Ṙ

3c

«

Ṙ2 =

„

1 +
Ṙ

c

«

H +

„

1 − Ṙ

c

«

R

c

dH

dt
.

� HL� F HK�
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«
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H
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+
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+
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R(t = 0) 6= R0

DKH ¢ :WAFQWS/q�8ECoG GEA�CEC �{? k I|§
DKH-?yAFIRIRHmC +(�XNr:WG � � ¢;¢ NP?yG;8EC;D Hp� H;��Al�$�-H-NPD�q¡GLNPH�MONrqXG;H-M «¡� W W �x§ � k G;Hm?y?x��U¡? �MHL� F>F � ¢ Hm§
:@H-QTS;CEHmq@H#�$?yAFIRHmCoG� LCEAFMONPJ�t¥vL:

R0 = 3 µ
M�8;CoG

R(t = 0) = 15 µ
M � 0�Hm:@CEAFQWSE?ysFIRIRNPDFq

M'AFCdG;H-C j NPIRJ k IRHmC � HT:@M NPC U¡? � HL� FSF ��I k�j HT:@SosF?rqfIRNyQWS G;NPH��$?yA�IRH�AF?PIO8EC;DKH!G;sFMO�Ltwq@Hm:
CENPQTS/q@?PNPCEH!A	:@Hm:5�¡I �-NP?y?yA	q k :5MONrq�H-NPC;Hm:+&LQWS �XNPC;DFtw:@H �p8;H-C � jKk C f = 381,3

Jp���F� ¦�NPHO8;Cpq@HT:
G;Hm:(0 k :WA�8EIRIRHmq��-8;CEDhJL?PH-NPC;Hm:-�V8;IR?yHmCEJp8EC;DKH-C'DKv;?rq@NyDFH�?PNyC;H!A�:@H�<�NPDKHmC;tw:@H �p8;H-C ��HmNyC;Hm:-�$?yAFIRH
¢ Hm:@H-QWSECEHTqXIRNyQWS��-8 	 ¬�AF8E¤ Y �

f0 =
1

2πR0
√

ρ`0

s
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„

p`0 +
2σ

R0
− pv

«

− 2σ

R0
,

� HL� Hl£F�

�uAFI MONPq
R0 = 3 µ

M A�8;t
f0 = 1, 27

�^� ��twvESL:Rq!�!¦�NPH-I �-HmNyD�q���GEA�IRI�IRQTS k C ¢ H-NlHmNyC;H-M M'A 4LNr§
M'AF?PH-C5«VAKGLNy8;I

R � � � �lGLHm:�GEA�IxtwvEC�� AFQWSEHXG;HmI�«=8ES;Hm:WAKGLNP8EI R0
Hm:R:@HmNyQWS/q��K?PNPCEH-A�:@H-�$HmqR:WA�QTSL§

q@8ECEDFH-C�C;NPQTS/q�MOH-SL: �-8;?Bs�IRIRNPD�IRNyCEG � �$H-N��VCL:@H-DK8;CED�MONrq�q@SEHm:WA��9H-8;q@NPIRQWSEH-C�} &/§ &pNPDKCoA�?PH-C
��Hm:WGLH-C5C k QWSOGLH-8;q@?PNPQTShDF:�� .lHm:@H(0�Hm:@Sos�?Pq@C;NPIRIRH R � � � /R0

HT:R:@H-NPQTS/q!�F¦�NPH(�$Hm:@vEQWJpIRNPQTS/q@NPDK8;CED
G;H-I j NPIRJ k IRH-C^��Hm:@MOI ¢ H-N GLHm:(�$?yA�IRH-CoG  ;CEAFMONPJ5SEA�q�HmNyC;H-C*GEsFMO�Lt¥H-CEG;H-C'<xNPC��E8EIRIuA�8;t GEAFI
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,/2� D0�& � - 2�$�& .+2� 54#,/.�0
R0 = 3 µ
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R(t = 0) = 15 µ
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&pQTS �XNPCEDF8EC;DKI j Hm:@SEAF?rq@H-C � � ¢E¢ NP?BGL8EC;D]Hp� HL��Al�R�T�$¦�NPH�&LQWS �XNyC;DFtB:@H��/8EH-C
� Hm:@S �FS/q'IRNyQWS MONrq
Jp?PH-NPCEHT:���HT:WG;H-CEG;Hm:��VMO�;?yNrq@8EG;HK� �$Hm:@vEQWJpIRNPQTS/q@NPDFq¡M'AFC �-8;I@s�q��-?PNPQTS GLNyH4~ k MO�;:@H-IRIRN ¢ Ny?PNrqWs�q
GLHm:¡n�?yv;IRIRNPDKJlH-Nrq��9I k twvES;:Rq¡G;NPH-I �-8�H-NPCEHmM �$H-Nrq@Hm:@H-C GEs�MO�;twH-CoGLH-C�< � H-J/q��9GEA ¢ HmN �|H-G;H-M
��?BA�IRH-CEJ k ?P?yAF�EI�<xCEHm:@DFNPH^NPC n k :@M HmNyC;Hm:O~�8;DKH-?)��Hm?y?PH�NPCdGEA�IO8EMODKH ¢ H-CoGLH �^H-G;NP8EM A ¢ §
DFH-I|qR:WAFS;?rq��XNr:WG ��¦�NPH Gp:@H-N ¢ HmqR:WAFQWS/q@Hmq@H-C � k G;Hm?y?PH NPC � ¢;¢ NP?yG;8;CEDbHL� H;� ¢ �h?PNPHmt¥Hm:@C GEA�SEHm:
¢ NPI �-8EM Hm:@I|q@H-C ~ k ?P?yAF�;I�H-NPC�NyG;H-C/q@NPIRQWSEH-I�<>:@DKH ¢ CENPI � GEA�CoAFQWS���Hm:WGLH-C�MONrq�GLH-M NPC;J k M5§
�L:@H-IRIRN ¢ ?PH-CO«V� WdW �>§ � k G;H-?P?oGLH-8;q@?PNPQWS��-8ODF: k IRIRH��$?yA�IRH-C;:WAFG;NPH-C ¢ Hm:@H-QWSECEHTq��'�us�S;:@H-CEG5G;NPH
?PNPCEH-A�:@H �V�;�;: k 4LNyM'A	q@N k C G;H-IO�VHm:R:@NPCEDF§ � k GLH-?P?yI�8ECEG GLNyH U¡NP?PM k :@HT§|U¡?PH-NPQWSp8ECED�H-NPC j Hm:R§
DF?PH-NPQTS ¢ A	:@H-I�&LQWS �XNPC;DK8EC;DKI j HT:@SoAF?rq@H-C*�;: k DKC k I|q@N �-NPHm:@H-C��

�x� ��� � �^��� �F�o� �21x�$� � �����=�o�=� ��� � �43�� � ��� �E�^�����/�o���$�$�

¦¡NyH"�$?yAFIRH-CEG� LCoA�MONyJ ¢ H-N
�VCL:@H-DK8;CEDVMONPq�GLH-M n k Jp8EI@GL:@8;QTJpIRNPDKCEAF?pH-NPCEHmI�¬ Nrq@S k qR:@NP�Lq@Hm:@IxNyI|q
NPC#� ¢;¢ NP?yG;8EC;D Hp� GOGEA	:@DKH-I|q@H-?P?rq!�;¦�Hm:XS k SEH�7 8;DlAFC/q@H-NP? G;HT: &pq k .2��H-?P?PH�t¥v;S;:Rq$�m8^H-NPCEHT:XIRH-S;:
?yA�CEDKHmC^<54L�oAFC;IRN k CEIR�;SoA�IRHVMONrquA�CEIRQWSE?PNPH!.lHmCoG;HmM I|qWA�:@JKH-C��$?yAFIRH-C;J k ?P?yAF�;I-�;z{C�G;Hm:�<�4L�oA�C;§
IRN k CEIR�ESEAFIRH ��Hm:WGLH-C*� A 4LNPM'AF?r:WAKGLNyHmC HT:R:@H-NPQTS/q�� GLNyHhH-NPC�0¡NPH-?rt A�QTS;H-I�G;HmI¡«=8ESEHT:WAKG;NP8;I ¢ Hm§
qR:WA�DKH-Cd�

R � � � /R0 ≈ 90
�T�9© sFSL:@H-CoG G;NPHh¦�AF8;Hm:�GLHm:�A�JL8;I|q@NPIRQTS;H-C��=C;:@H-DF8EC;DOCL8L:�Hmq �uA

F c
µ
I ¢ HmqR:WsFD�q � IRNPH-S;H � ¢E¢ NP?yG;8;CED £/� Hl�/��GEA�8EHm:RqfG;NPH��$?yAFIRHmCoG� LCEAFMONPJ ¢ NyI��-8EM"~ k ?P?yAF�EI
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R0 = 10 µ
� F

MOH-S;:5AF?PI��-H-S;CEM'A�?$I k ?BA�CEDFHK��<�NPCEH��XNPQTS/q@NPDKH�UV:��2.lH ¢ H-NXG;HT:��$H-IRQWS;:@HmN ¢ 8EC;D qR:WA�CEIRNPH-CL§
q@H-C�~�A j NrqWA�q@N k C;I j Hm:@SoA�?rq@H-CEI�NPI|q4G;NPH5~ k ?P?yAF�;I �-H-Nrq t , ��&LNPH5NPI|q4G;H 2ECENPHm:Rq�A�?PIhGLNPH'7 HmNPq jlk M�$H-DKNPC;C GLHm:fAFJp8EI|q@NPIRQWSEH-C��=C;:@H-DF8ECED ¢ NPI+�-8;M"Hm:@I|q@H-C��$?yAFIRHmCEJ k ?y?yA��EI5CEAFQWS G;Hm:h?yAFCEDFH-C
<�4L�oA�CEIRN k C;IR�ESEAFIRH�8ECEG ¢ HmqR:Ws�DFq t , = 162 µ

I=twv;:VGEA�I-�$H-NPIR�ENPH-?>A�8EI-� ¢;¢ NP?yG;8;CED Hp� G;�o¦¡Hm:
0�Hm:@DF?PH-NPQTS GLHm: � k GLH-?P?PH��-HmNyD�q�� GEA�IRI¡GLNPH4~ k MO�L:@H-IRIRN ¢ NP?PNPqWs	q�GLH-I=n�?P8ENyG;I ¢ H-N I|qWA	:@JlH-C��$?yA	§
IRH-CEIRQWS �XNyC;DK8;CEDKHmC*H-NPC;H¡H-C/q@IRQWSEH-NyG;HmCoG;HX« k ?P?PH�IR�ENPH-?rq!�p¦�A�I�«V� WdW �>§ � k GLH-?P?oHm: �$H-NPI|qXIRNyQWS
AF?PI�8EC;DKH-HmNyDFCEHmq �-8;: �$H-IRQWS;:@HmN ¢ 8EC;DhGLHm: �$?yAFIRH-CEG� LCoA�MONyJ ¢ H-N �=C;:@H-DF8ECED�MONrq"&pq k .'��Hm?y?PH-C �
¦�NPHuMONPq�GLH-C�� k GLH-?P?yHmC jlk Ch�¡Hm:R:@NPCED¡8ECoGhU¡NP?PM k :@H ¢ Hm:@H-QWSEC;Hmq@H-Cf~�8L: j H-C48EC/q@Hm:@IRQWSEH-NyGLH-C
IRNyQWS SEAF8E�Lq@I@sFQWSE?PNPQTS*NPC G;HT:X~ k ?P?yAF�;IR�ESEAFIRHK� �^NPq=GLH-M �VHm:R:@NPCEDF§ � k GLH-?P? �XNr:WG^GLHm:-�$?yAFIRH-CL§
J k ?P?yAF�;I�?PH-NPQWSpqxIR�Es�q@Hm:�8;CoG�MONPqxS
�KS;Hm:@Hm:��$?yAFIRHmC;:WAFCEG;DFH-IRQTS �XNPCoGLNPDKJlH-Nrq ¢ Hm:@H-QWSEC;Hmq��lA�?PI�MONrq
G;Hm:=U¡NP?PM k :@HT§|U¡?PH-NPQWSp8ECED�� � ¢;¢ NP?yG;8;CED�HL� GE� ¢ �R�T�p¦�NPH¡IRNPQWS*S;NyHT:WAF8EI$Hm:@DKH ¢ HmCoG;HmC�� A�QTS
�!AFSL§
?yHmC jlk C M ≈ 40

I|q@HmSEH-C NyM © NBGLHm:@IR�;:@8;QTS �-8 GLHm:*G;H-M �VHm:R:@NPCEDF§ � k GLH-?P?��-8;DF:@8ECEG;H
?yNPH-DFH-CoGLH-C AFJp8;I|q@NyIRQWSEHmC��V�E�L: k 4;NPM'A	q@N k C � ¢ H-N$G;Hm:hGEA jlk C[AF8;IRDKH-DKAFC;DKH-C �XNr:WG,��GEAFIRIhG;NPH
�$?yAFIRH-C �uA�CoGLDKH-IRQWS �XNyCEG;NPDKJKH-Nrq

Ṙ
I|q@Hmq@IOJp?PH-NPCEHT:^A�?PI*GLNPH &LQWSoAF?P?PDKHmIRQTS �XNPCoGLNyDFJlH-Nrq

c`0
NPI|q!�

¦�AFI�U¡NP?PM k :@HT§ � k GLH-?P?xNyI|q�AF8EQWS�t¥vL: � AFQWS �!A�SE?PH-C� F C k QWS�DFvE?rq@NPD*8;CoG�G;AFMONrq¡twv;:�GLH-C
GEA�:@DFH-I|q@H-?P?rq@H-C noA�?y?�H-NPCEHm:Xq  ;�;NPIRQTS;H-C�&/q k .2��H-?P?PH-CoA�C;:@H-DF8EC;D'GEAFIXDFH-H-NPDKC;Hmq@H�� k G;H-?P? �
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Cp8;I|t �F:@MONPDFH-C��VCL:@H-DK8;CEDOMONrqVG;Hm:¡«VH-I k CoA�C �mtB:@H��/8EH-C
� f = 985
Jp� �hGLH-I=�¡z|n�}=§ &LH-CEG;Hm:@I

8;CoG4H-NPCEHm:x:@H-?yA�q@N j DKHm:@NPC;DKH-CO¦¡:@8;QTJFAFMO�;?PNPq@8EG;H jlk Cf��� F � �>A ¢ HmqR:WAFQWS/q@Hmq!��¦�NPH-IxH-C/q@IR�;:@NPQTS/q
¢ HmNyIR�;NPH-?PI ��H-NPIRH5GLH-C�&pQTSEAF?P?rt¥H-?yG ¢ H-G;NPCEDF8ECEDFH-C�NPC G;Hm: W sFSEH4GLHm:�&LH-CEG;Hm: kF¢ Hm:��9s�QTS;HK� �=8EQWS
¢ HmN A�CoG;HT:@H-C��=C �$H-CoGL8EC;DKI|t k :@MOH-C jKk C^}& � �XNPH�Hmq ��A ¢ H-N�G;Hm: �$NP?yG;DFH ¢ 8;CED k GLHm:=NyC G;Hm:
«=H-NPCENPDF8ECEDFI|q@H-QWSECENPJ �KqR:@HTq@H-C j Hm:@DF?yHmNyQWS ¢ A	:@HV¦¡:@8;QTJFAFMO�;?PNPq@8EG;H-C,���|H!G k QTS ¢ H-N9A�CoGLHm:@H-C'n;:@Hm§
�/8;H-C �-HmC � AF8;t{� W A�QTS[HmNyC;Hm:f<�NPCEIRQWS �XNPCEDK�;SoA�IRH jlk CªQ!Ap� Y µ

I �>G;NPH*NPC�� ¢E¢ NP?yG;8;CEDPHL� cL��AK�
A�8EIRDFH ¢ ?PH-CEG;HmqVNPI|q��9I|q@H-?P?rq�IRNPQTS ¢ HmN�G;HT:�$HT:@vEQWJLIRNPQWS/q@NyDF8EC;D'G;Hm:V~ k MO�;:@H-IRIRN ¢ NP?PNrqWs�q¡H-NPC G;Hm:
�=C;:@H-DF8EC;Dft k ?yDFH-CoGLHm:�I|qWA ¢ NP?PHm:&LQWS �XNPC;DK8EC;DKI �-8;I|qWAFCEG^H-NPC��E¦�NPHh<>:@DKH ¢ CENPIRIRHhG;Hm:�� k GLH-?P?yH
jKk Cd�¡Hm:R:@NPCED�8ECEG U¡NP?PM k :@H�8;Cpq@HT:@IRQTS;H-NyG;H-CdIRNPQTS SENPHm:'CENPQWS/q!��¦�AFDKHmDKH-C ¢ HT:@H-QTS;CEHmqOGEAFI
«V� W W �>§ � k G;H-?P?(�XNPH!G;Hm:@8;M H-NPCEH-C j �K?P?PNyD A�CoGLHm:@H-C 0�Hm:@?yAF8Lt�G;Hm:':WAFG;NyAF?PH-C �$H/��H-DF8ECEDL�
&pH-? ¢ I|q ¢ HmNhGLNPH-IRHm: M k G;HT:WA�q@H-C &LQWS �XNyC;DK8;CEDdMONPq

R � � � /R0 = 2,5
HT: ��H-NPI|q IRNPQTS GEA�I

NPC;J k MO�L:@H-IRIRN ¢ ?PH*� k G;H-?P?�GEA�MONrq A�?yI^8ECEDFH-CpvEDFH-CoG �$�V8Lt4G;Hm:�UV:@8ECEG;?yAFDFH q@S;H k :@Hmq@NPIRQWSEHm:
8;CoG'H 4L�9Hm:@NPMOH-C/q@H-?P?PHm: &pq@8EG;NPH-C#�XNr:WG^DFH!�"�FSEC;?yNPQWS H-NPC�0�Hm:@Sos�?rq@CENPI jlk C R � � � /R0 = 2

A�?PI
&pQTS �$H-?P?yHht¥v;:4G;AFI1�=8;twqR:@HTq@H-C qR:WA�CEIRNPH-C/q@Hm:�~�A j NrqWA�q@N k C�Hm:WAFQWS/q@Hmq 	 0 SL8E�8c���� 0 �8c ¢ ��� ¦�NPHm§
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8EM qR:WA�CEIRNPH-C/q@H�~�A j NrqWA�q@N k C��-8�NyCEG;8
�-NPHm:@H-C��pz{M n k Jp8EI ¢ Hm:@H-NPQWS*HmNyC;H-I��Vz|n�}V§ &pH-CoGLHm:@I�qR:@Hm§
q@H-C GLH-8;q@?PNPQTS*S �FSEHm:@H�¦V:@8EQWJKA�MO�E?PNrq@8oG;HmC'AF8;t$� IRNPH-SEH1� ¢E¢ NP?yG;8;CEDf£p� F �K�T�E¦¡NyH¡IRNyQWS S;NyHT:WAF8EI
Hm:@DKH ¢ HmCoG;H �$?yAFIRH-CEG� LCoA�MONPJ�NPI|q5NPC � ¢;¢ NP?yG;8EC;D�HL� cL� ¢ �fGEA	:@DKH-I|q@Hm?y?rq!��¦�H-M2S k QWSENPC/q@H-C;IRNP§
j H-C��Vz|n�}=§ &pNPDKCoA�?xJKA�CECªGLNPH��$?yAFIRH'CENPQWSpq�MOHmS;:�t k ?PDKH-C[8;CoG*�mH-NPDFq4H-NPCª8ECL:@H-DKHm?yM's .lNPDKHmI
&LQWS �XNPC;DK8EC;DKI j HT:@SoAF?rq@H-C ¢ �-DF? ��GLHm:h<�4L�oA�CEIRN k C;I|§=8ECoG ~ k ?P?BA��EIR�;SoAFIRHmC���z{M �$Hm:@HmNyQWS jlk C
t = 8 µ

I ¢ NPI(�-8EM ~ k ?P?yAF�;I ¢ HmN t ≈ 10 µ
IuqR:@Hmq@HmC�G;H-8Lq@?PNyQWSEH¡}¡C/q@Hm:@IRQWSENPH!G;H��!�XNPIRQTS;H-C G;H-C

<x:@DFH ¢ C;NyIRIRHmC[G;Hm:�J k MO�;:@HmIRIRN ¢ ?PH-C � k GLH-?P?PH*A�8;t{� ¦�A�CoA�QTS�G k MONyC;NPHm:Rq4G;Hm:h798EDKAFC/q@H-NP?�G;H-I
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¦�NPH GEA�:@DFH-I|q@H-?P?rq@H-C &pNyMh8E?yA�q@N k CEIRHm:@DFH ¢ C;NyIRIRH j Hm:WG;H-8Lq@?PNyQWSEHmC ��GEA�IRI�G;NPH ~ k MO�;:@H-IRIRN ¢ Ny?PNrqWs�q
G;Hm:�n�?Pv;IRIRNyDFJlH-Nrq ¢ H-N �VCL:@H-DK8;CED jlk C ~�A j NrqWA�q@N k C;I ¢ ?yAFIRH-C�MONrq�q@SEHm:WA��9H-8;q@NPIRQWSEH-C }&p§ &LNPDF§
CoAF?PH-C*H-NPCEH-C*IRH-S;:XI|qWA	:@JlH-C*<�NPC��o8EIRIXA�8;t�GEAFI-&pQTS �XNPCEDF8EC;DKI j Hm:@SEAF?rq@H-C�SoA	q!�;¦¡NyHmIRHm:V< � H-J/q
Mf8EIRIhGEA�SEHm:hNPC[M��KDF?yNPQWSEI|q jlk ?P?PI|qWsFCEG;NPDKHm:5n k :@M ¢ Hm:@v;QTJpIRNPQTS/q@NPDFq ��HT:WG;H-C �>¦�NPH�0�Hm: �$H-C;§
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G;Hm:@8;CED;���V?P?PH�CEAFQWS;t k ?PDKH-CEG4G;A�:@DFH-I|q@H-?P?rq@H-C�&pNPMf8E?yA	q@N k CEIRHm:@DFH ¢ C;NPIRIRH��X8L:WG;H-C�A�8EIRIRQWSE?PNPH!.l?PNPQTS
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.lHT:@H(&LQWSoA�?y?yA�C;:@H-DF8ECEDVNPCfH-NPCEH$&LQWS �XNPC;DK8EC;D
j Hm:@IRHmq��mq��XNr:WG,� j A	:@NyNPHm:Rq^G;HT:�U�A�I@GL:@8EQWJdNyM z{CECEHT:@H-C�G;HT: ��?BA�IRH�DFH-M's . U¡? � Hp� Ip�u¦�NPH-I
NyI|q NyM3AF?P?PDKHmMOH-NPCEH-C noAF?P?�GLH-I^NyGLH!AF?PH-C U�AFIRH-I AF8EQWS MONrq^H-NPC;Hm: � H-MO�9HT:WA�q@8;:Ws�CoGLHm:@8EC;D
j Hm: ¢ 8;CoGLH-C���¦�Hm:�H-C/q@I|q@H-S;H-CoGLHX� H-MO�9Hm:WA	q@8;:@D�:WAKG;NPH-C/q �!�XNPIRQWSEH-C'GLH-M �$?yAFIRHmCENPCEC;Hm:@H-CO8ECEG
G;Hm:�8;MODKH ¢ H-CEG;H-C n�?Pv;IRIRNyDFJlH-Nrq�t¥v;S;:Rq �-8 H-NPCEHmM q@SEHm:@MONPIRQWSEH-C �=8EI|qWAF8;IRQTS��!�XNPIRQWSEH-C�G;Hm:
�$?yAFIRH^8;CoGªNPS;:@HT:f}VMODKH ¢ 8ECEDL� z{C �XNyH/��H-Nrq5IRNPQWSdG;NPH-IRHm:��V8EI|qWA�8EIRQWSE�L: k �-H-IRI ¢ H-N�GLH-C[SENPHm:
¢ HmqR:WAFQWS/q@Hmq@H-C��VC ��H-CEG;8;CEDKI|t¥sF?P?PH-C5A�8;toG;NPH$�$?yAFIRHmCoG� LCEAFMONPJ�AF8;I �XNr:@Jpq��FI k ?P?pNPM n k ?yDFH-CoGLH-C
8EC/q@Hm:@IR8EQWS/q$��Hm:WGLH-C��

¦�NPHhn�?Pv;IRIRNyDFJlH-NrqVSoA�q=NPM 0�Hm:@DK?PH-NPQWS��-8EM U�A�IVNPC�GLHm: �$?yAFIRH4H-NPCEH�S k SEH�IR�9H!�-N�2oIRQWSEH�© s	:R§
MOH-JKA��oA �-NrqWs�q�8;CoG5H-NPC;H¡S k SEHXq@SEHm:@MONPIRQWSEH=¬�HmNPqRt¥sFS;NyDFJlH-Nrq!� &LNPH=JKA�CEC'AF?PI�8;CEH-CEG;?PNPQTS�A�8EIRDKHT§
G;H-S;Cpq@HT:u© s�:@MOH-IR�9HmNyQWSEHT:=AFCEDFH-IRH-S;H-C ��HT:WG;H-C �o<xNPCEH�G;8L:@QTS*G;NPH1�$?yA�IRH-CEIRQWS �XNyC;DK8;CED j Hm:R§
8;:@I@AFQWS/q@Hu� H-MO�9HT:WA�q@8;:Ws�CoGLHm:@8EC;DVNPC5GLHm:xn�?PvEIRIRNPDFJlH-Nrq�JKA�CEC4CoAFQWS 	 � 0 0 Y>Y � j Hm:@CEAFQWSE?ysFIRIRNPD�q
��Hm:WGLH-C��	¦�NPH-I�t¥vESL:Rq �-8�H-NPC;Hm:��$H-IRH-C/q@?PNyQWSEHmC�0�Hm:@H-NPC;t¥AFQWSp8ECED=GLHm:>�>: kK¢ ?yHmMOI|q@H-?P?y8;CED���GEA=GEA�§
MONPquAF8EIRIRQWSE?PNPH!.K?yNPQWS�GEA�Iu� H-MO�9HT:WA�q@8;: j Hm:@SoA�?Pq@HmC�NPC;CEHm:@SEAF? ¢ GLHm:(�$?yA�IRH�8ECoGOC;NyQWS/quA�8EQWS*NPC
G;Hm:$n�?PvEIRIRNPDKJlHmNPq ¢ HmqR:WAFQWS/q@Hmq ��Hm:WGLH-COMf8;IRI-�K¦¡NyH ¢ NyIRS;Hm:@NPDKH-C�&pNPMf8E?yA	q@N k CEH-C��X8;:WG;HmC58EC/q@Hm:
G;Hm:1�=CECEAFSEMOH�HmNyC;Hm:�AFG;NyA ¢ A�q@NPIRQTS;H-C�7 8;I|qWAFCoGLI@sFCEG;Hm:@8;CED � χ = γ

�=G;H-I�U�AFIRH-I�GL8;:@QWSEDKHT§
t¥vESL:Rq!�2�$H-NLH-NPCEH-M AFG;NyA ¢ A�q@NPIRQWSEH-Cf�x: k �-H-IRI 2oCoGLHmq�JKH-NPCh© s	:@MOH!AF8;I|qWAF8EIRQWS4MONPq>G;Hm:x}VMODKHm§
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¢ 8EC;DVI|qWA	qRq!�K¦�NPH-IxI|q@H-?P?rq jlk :�A�?P?yHmM t¥v;:�GLH-ChIRHmS;:�IRQTS;CEH-?P?PH-C�0 k :@DlAFC;D�G;HmI �$?yAFIRH-C;J k ?P?yAF�;IRH-I
HmNyC;HODK8Lq@H W sFS;Hm:@8EC;D�GEA	:���G;A^SENPHm:hGLHm:4NyM 0�Hm:@DF?yHmNyQWS �-8L:��$?yAFIRH-CEG� LCoA�MONyJ �$H-IRH-C/q@?PNyQWS
?yA�CEDKI@A�MOHm:@H4�x: k �-H-IRIVG;Hm:X© s	:@MOH-?PH-Nrq@8EC;DOG;Hm:-�-HmNPq@?PNPQWSEH-C «VAKGLNP8EI@sFCEG;Hm:@8;CED5C;NPQTS/qut k ?PDKH-C
JFAFC;C��E¦�Hm:VH-C/q@I|q@H-SEH-CEG;H�© s	:@MOH �o8;IRIVv ¢ Hm:¡G;NPH �$?yAFIRH-C �uA�CoG JKA�CEC NPC GLNyHmIRH-M nEAF?P? j Hm:R§
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«VAKGLNP8EI=GEA�DKH-DFH-C I|q@H-?P?rq¡HmNyC^NyI k q@SEHm:@MOHmI¡U�A�I j Hm:@SEAF?rq@H-C[� χ = 1
��H-NPC;H ¢ H-IRIRHm:@H W s�SEHm:@8;CED

G;A�:!�'�$H-N;H-NPCEH-M NPI k q@S;Hm:@MOH-Cf�x: k �-H-IRI$NPI|q�G;NPHX� HmMO�9Hm:WA�q@8L:xJ k C;I|qWAFC/q��lG �RS���M'A�CfDKHmSpq jlk C
HmNyC;H-M2NBGLH!AF?PH-C[© s	:@MOH!AF8;I|qWAF8;IRQTS MONrq5GLHm:h}¡MODKH ¢ 8EC;D�AF8;I-��� ¢;¢ NP?yG;8EC;D^HL� ¤ j Hm:WGLH-8;qR§
?PNPQWSpq$G;NPH &LNrq@8EA�q@N k C'A�CESoA�CoG5GLHm:�tw:@H-NPH-CO8;CEDKH-GEsFMO�Ltwq@H-C�&LQWS �XNPC;DK8EC;D�AF8;I � ¢ IRQWSEC;NPqRq Hp� GL�
n�vL: GLNPH�DFH-I@AFM4q@H ¦�AF8EHT:^H-NPC;Hm: �$?yA�IRH-C ¢ H!��H-DF8EC;D NPI|q �$H!G;HT: GLNyH�AKGLNyA ¢ A	q@NPIRQTS;H'�XC k QWS
GLNPH4NPI k q@SEHm:@MOH1�=CECoA�SEMOH�HT:Rt¥vE?P?rq!� 798EI@s	q��-?PNPQTS�t¥v;S;:RqVG;NPH�S k SEH�© s	:@MOH-?PH-NrqRt s�SENPDKJlHmNPq¡8ECEG
IR�9H!�-N�2oIRQWSEH�© s	:@MOH-JKA��oA �-NrqWs�qVG;Hm:Vn�?PvEIRIRNPDFJlH-Nrq��m8^H-NPCEHmM�� H-MO�9Hm:WA	q@8;:WAF8;IRDK?PH-NPQWS MONrqVHmNP§
C;Hm:hJ k C;I|qWAFC/q@H-C � H-MO�9HT:WA�q@8;:hA�M �$?yA�IRH-C;:WA�CoG,���usFSL:@H-CoG[NPM�7 HmCpqR:@8;M2G;Hm:+�$?yAFIRH*CoA�§
S;H �-8 JlH-NPC © s	:@MOH!AF8;I|qWAF8;IRQTS I|qWA�qRq�2oCEG;Hmq!�$<xNyC 0�Hm:@DF?PH-NPQTS G;Hm: &LNPMh8E?yA�q@N k C;IRHm:@DKH ¢ CENPIRIRH
twv;:$G;NPH ¢ Hm:@H-Nrq@I�8EC/q@Hm:�� ¢ IRQTS;CENrqRq�HL� G ¢ HmqR:WAFQWS/q@Hmq@H-Cfq  L�ENPIRQTS;H-COA�JL8;I|q@NPIRQTS;H-C��VCL:@H-DK8;CEDFH-C
¢ HmN>8EC/q@Hm:@IRQWSENPH!G;?PNPQWSEH-M U�AFI j HT:@SoAF?rq@H-C NPI|q�NPC � ¢E¢ NP?BGL8EC;D+Hp� I*GEA	:@DKH-I|q@Hm?y?rq!� ¦�Hm:¡«¡AFG;NP8EI|§
79H-Nrq j Hm:@?yA�8;t ¢ H-N$�=C;:@H-DF8ECED MONrq4H-NPCEHm:�&pq k .2��H-?P?PH�� � ¢E¢ Ny?yGL8ECED HL� IL��AK�R�hNPI|q5CoA�SEH �m8d8;C;§
A ¢ SEsFCEDFNPD jlk CªG;Hm:h798EI|qWA�CoG;I@s�CoGLHm:@8EC;D G;HmIfU�A�IRH-I4NyC;CEHm:@SEAF? ¢ GLHm: �$?yAFIRHK�>¬�H!GLNyDF?PNyQWS[NPC
GLH-C W A�QTS;IRQTS �XNPCEDF8EC;DKH-C,� G;NPH5GLH-M�I|qWA�:@JlHmC*��?BA�IRH-CEJ k ?P?yAF�EI�t k ?PDKHmC � Hm:@DKH ¢ H-C IRNyQWS ?yHmNyQWS;§
q@H�}VC/q@Hm:@IRQTS;NPH!G;H�/�XNyIRQWSEHmC AKG;NyA ¢ A�q@NPIRQWSEHm:V8ECEG�NPI k q@SEHm:@MOHm: �$HTqR:WAFQWSpq@8;CEDL�E¦�A	:WAF8;I=?ys�IRI|q
IRNPQWS IRQWSE?PNPH-IRIRH-C,��G;AFIRI ¢ H-Nu�;8E?PI|t ��:@MONPDKHm:��=C;:@H-DF8ECED MONrq5S k QTS;NyC/q@H-C;IRN j H-C } &/§ &pNPDKCoA�?PH-C
G;AFI=� H-MO�9HT:WA�q@8;: j Hm:@SoA�?Pq@HmC^GLH-IVU�AFIRH-I=Cp8;:uH-NPC;H-C DKHT:@NyC;DKH-C <�NPC��E8EIRI=AF8LtxG;NPH1�$?yA�IRH-CoG  L§
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:@vEQWJLIRNPQWS/q@NyDF8EC;DVGLHm: �=8EI|qWA�8EIRQWS jKk :@Dls�CEDFHK�!¦�NPH�NyM n k ?yDFH-CoGLH-C ¢ H-IRQWS;:@NPH ¢ H-C;H j HT:@H-NPC;t A�QTS/q@H
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pg(t) =
Ntot(t)k  T (t)

4π

3
[(R(t))3 − (R0(t)/8.86)3]
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� HL� HK¤K�
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NyC5G;Hm:��$?yAFIRHX8;CoG
Ntot(t)

GLNyH-&p8EMOMOH�AF8;I$U�A�I|§
Ng(t)

8;CoGh¦�AFMO�;twM k ?PH-JpvE?PH-C Nv(t)
NyM

�$?yAFIRH-C;NyC;CEHm:@HmC �
Ntot(t) = Ng(t)+Nv(t)

�	¦�Hm:�� Hm:@M
R0/8.86
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ρ ��� �
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〈w`〉 =
1

βN �

Z

dCNf`(~x, t; N)χ`(~x; N)P(N ; t) .
�BGL� cK�

¦¡NyH�DKH k MOHmqR:@NPIRQTS;H�z¨CEG;NPJFA�q k :Rtw8EC;Jpq@N k C χ`(~x; N)
Sos�CEDFq jlk ChG;Hm:�~ k C�2oDF8;:WA�q@N k Cf8ECEG�G;H-M

¢ HTqR:WAFQWSpq@HTq@H-C �V:Rq ~x
A ¢ 8ECEG^DKN ¢ q�AFC,� kK¢ IRNPQWS�GLHm:¡��8;CEJ/q ~x

NPC GLHm: �EvEIRIRNPDKH-C[�
χ` = 1

�
k GLHm:=DlA�I|t �F:@MONPDFH-C[� χ` = 0

�u�xSoA�IRH ¢ H 2oCEG;Hmq 	 7 ���ZGlA
�o7 ���SG ¢ ���

z{C G;NPH-IRHm: �=: ¢ H-Nrq��$Hm:WG;HmC � A�8;t�UV:@8ECoGL?yAFDKHhG;HT:�NPC � ¢ IRQWSEC;NrqRq Hp� F � F jlk :@DKH-I|q@H-?P?rq@H-C q  L�ENr§
IRQWSEHmC*©ªHT:Rq@H¡t¥vL:���?BA�IRH-CoGLNPQTS/q@H�8ECEG#��?BA�IRH-CED�:��2.KH-C j Hm:Rq@H-NP?P8EC;D
�otwv;:=GEA�I-�$?yAFIRH-CL§¨n�?Pv;IRIRNyD�§
JKH-Nrq@IRDKH-MONPIRQWS�G;NPH�t k ?PDKHmCoG;HmC+�=CECoA�SEMOH-CVDKHmqR: k � H-C��-¦�Hm: jKk ?P8EMOHmqR:@NPIRQWSEH�U�AFI@A�C/q@H-NP? ¢ ?PH-N ¢ q
Jp?PH-NPC �

β � 1
�/�=G �|S��=G;NPH��$?yAFIRH-CEG;NPQTS/q@H�NyI|q I k DKHT:@NyC;D
�VGEA�IRI G;Nr:@H-J/q@H z¨C/q@Hm:WAFJ/q@N k C;H-C

�/�XNyIRQWSEHmC�G;H-C �$?yAFIRH-C j HT:@CoAFQWSE?ys�IRIRNyD�q#�$Hm:WG;HmC J%�KC;CEH-C ��< � H-J/q@H'�$G;NPH ¢ H-N=S k SEHm:#�$?yA	§
IRHmCoG;NPQWS/q@HfA�8;twqR:@HTq@H-C � �XNPH5H-NPC;H��$H-HmNyC��o8;IRIR8ECED*G;HT: �$?yAFIRHmCoG� LCEAFMONPJ H-NPCEHT:1�$?yAFIRH'GL8;:@QWS
G;AFI-&pQTS �XNPCEDF8ECEDFI j Hm:@SEAF?rq@H-C�8ECoG�GEA�MONrqXG;NPH�~�:WA	twq �XNr:@Jp8EC;D^��GL8;:@QWS &pQTSEAF?P?yA ¢ I|qR:WAFSE?P8;CED/�
HmNyC;Hm: ¢ HmCoAFQWS ¢ A	:Rq@H-C �$?yAFIRH 	 ~�8LqW� Y � �$��HT:WG;H-C CENPQWS/q^Hm:Rt¥AFIRI|q!� �V?PI �=C;t¥AFCEDFI ¢ H!G;NPC;DK8EC;D
�$Hm:WG;HmC*:WsF8;MO?PNyQWS�S k M k DKH-C j Hm:Rq@H-NP?rq@H1�$?yAFIRHmC MONrquH-NPCEH-M ¢ HmI|q@NyMOM4q@H-C'«V8;SEHm:WAFG;NP8EI�AFC;§
DFH-C k MOMOH-C�� ¦�NPH^«=H-?yA�q@N jp¢ H!��HmDK8EC;D*�/�XNyIRQWSEHmC GLH-C��$?yAFIRH-C 8ECEG[G;Hm:'n�?Pv;IRIRNyDFJlH-Nrq��XNr:WG
¢ HT:@vEQWJLIRNPQWS/q@NyD�q!�p}¡C/q@Hm:�G;NPH-IRH-C�0 k :WAF8;IRIRHmq��-8EC;DKH-C't¥v;S;:@H-C�A�?y?PH kF¢ H-C�Hm: �us�SEC/q@H-C#�VCEI@s	q��-H
8;C/q@Hm:x?PNyC;H!A�:@HmC��$H!GLNyC;DK8;CEDKHmCOAF8Lt G;NPH-IRH-? ¢ H-C'UV:@8;CoGLDK?PH-NPQTSp8;CEDKHmC��'�$H-N ��Hm:@vEQWJpIRNyQWS/q@NPDK8EC;D
C;NPQTS/q@?PNPCEH!A	:@Hm:���Hm:@MOH'���XNyH4NPC G;NPH-IRHm:��=: ¢ HmNPq=Hm:Rt k :WGLHm:@?PNyQWS �oHm:@Sos�?PqVM'AFC ¢ H-N �=C �$H-CoGL8EC;D
jKk C <xCEIRH-M ¢ ?PHm§ k G;Hm:�0 k ?P8EMOH-C;MONPqRq@Hm?y8;CED^G;NPH-IRH-? ¢ H-C � k G;Hm?y?PDF?yHmNyQWSp8EC;DKH-C,��G;Hm:+�VC;I@A�q��
v ¢ Hm:�HmNyC;H�$HmIRQTSL:@H-N ¢ 8EC;DfGLHm:(�$?yA�IRH-C A�?yI$&pqR:@H-8;J%�F:@�9Hm:$NPI|quSENPHm:uC;NPQTS/q�MOHmS;:uA�8EI|:@H-NPQWSEH-CEG
	 ��:@H-�8c
�;�x: k � F �E��AFCE�SG �o7 ���ZG ¢ ���

z{M n k ?yDFH-CoGLH-C �XNr:WG�G;NPH �^NrqRq@H-?P8EC;D5H-NPCEHT:¡�;S  LIRNPJFAF?PNPIRQTS;H-C�UV:�� .lH'�E8ECoA ¢ SEsFCEDFNPD jlk C G;Hm:
�X:Rq�GLH-I(�^NrqRq@H-?P8EC;DKI j HT:Rt AFSL:@H-CEI �LGL8;:@QWS 〈 〉 DKHmJlH-CEC
�-H-NPQWSECEHTq!�/¦�NPH¡<>:@SoA�?rq@8ECEDFIRDF:�� .lH-C^G;H-I7 ��HmNP§{�xSoA�IRH-C;§¨U¡H-MONPIRQWSEH-I�IRNPCoG � �XNPHOIRQWS k C ¢ H-NPM NyG;H!A�?PH-Cªn�?P8ENyG�NPC�� ¢ IRQWSEC;NrqRq4£p� F � G;NPH
� A�IRIRHf8;CoG G;Hm:Vz¨MO�;8E?PI-�,�^Nrq�GLH-M jlk ?P8EMOHTqR:@NyIRQWSEHmC U�AFI@AFC/q@H-NP? β

DKNP?rq�twv;:�GLNPHh¦�NPQWS/q@H
ρ



§ IF£	§ � ���� ���3� ��� ��� � �� � � �
	����������������
	 � ��� ��� ���
	 ��� � �3� � � ��� ����	�� � � ����� �������
	�� ��� � �3����� ���

8ECoG*G;NPH�z¨MO�;8E?PI@G;NPQWS/q@H
ρ~u
GLH-I=U¡H-MONPIRQWSEH-I

〈ρ〉 = (1 − β)〈ρ`〉 + β〈ρg〉 ,
�BG;� ¤K�

〈ρ~u〉 = (1 − β)〈ρ`~u`〉 + β〈ρg~ug〉 .
�BG;� IF�

�¡NPHm: ¢ H-N JlH-C;C �-HmNyQWSEC;H-C�G;NPH�z{CoG;N �-HmI `
8ECoG

g
UV:�� .lH-C^G;Hm:Xn�?Pv;IRIRNyDFJlH-Nrq@I|§ ¢ �!���EU�AFIR�;SoA�IRHK�

�^NPq¡G;HmC 0 k :WAF8;IRIRHmq��-8;CEDKHmC ρg � ρ`
8ECEG

β � 1
J �KC;CEH-C^U¡? �RGL� ¤h8ECoG^U¡? �MGL� I5GL8;:@QWS

〈ρ〉 ' (1 − β)〈ρ`〉 ,
�BG;� Y �

〈ρ~u〉 ' (1 − β)〈ρ`~u`〉 ,
�BG;� �K�

AF�E�L: k 4;NPMONPHm:Rq$�$Hm:WG;H-C �E¦¡NyH4U¡?PH-NPQWSp8ECED+�-8;: � A�IRIRH-CEHm:@SEAF?rq@8EC;D5t¥vL:¡G;AFIVU¡H-MONPIRQWS^?yAF8Lq@Hmq

∂

∂t
〈ρ〉 + ∇ · 〈ρ~u〉 = 0 ,

�BGL� F �l�

MONPq=GLHm:=MONrqRq@?yHT:@H-C &pQTS;CEH-?P?PH 	 ��© Y G �97 ���SGlA �

〈~u〉 = (1 − β)〈~u`〉 + β〈~ug〉 .
�BG;� F>F �

¦�NPHfU¡?PH-NPQWSp8ECED��m8;:=z¨MO�;8E?PIRHm:@SoA�?rq@8ECED��XNP:WG H ¢ H-C;t¥AF?P?PI�G;Nr:@H-J/qVAF?PI=DKH-MONrqRq@H-?rq@HhU¡?PH-NPQTSp8;CED
t¥v;:fGEA�Ih7 �$H-Nr§¨�xSoA�IRH-C;§¨U¡H-MONPIRQWS[AF8Lt¥DFH-I|q@H-?P?rq!�x<�NPC;H#��HmqR:WAFQWS/q@8ECED G;Hm:�z{MO�E8E?PIRHm:@SEAF?rq@8EC;D
G;Hm:4<xNPC �-H-?P�;SoAFIRHmC��Xv;:WGLHOG;NPH5z{Cpq@HmDF:WA�q@N k CªG;HT:�©ªH-QWSEIRH-?)�XNr:@Jp8EC;DKIRJ/:Ws�tBq@H��!�XNPIRQTS;H-C[GLH-C
��SEAFIRH-C�NPC4G;Hm: <x:@SEAF?rq@8EC;DKIRDF?yHmNyQWSp8EC;D �¨H!G;HT:><xNyC
�-H-?P�ESEAFIRH�Hm:Rt k :WG;Hm:@C � �$NPIRSEHm: J k C;C/q@H�JKH-NPCEH
DKH-IRQWSE? k IRIRHmCEH(�$H-IRQWS;:@HmN ¢ 8EC;D=twv;:xGLNyH j Hm:@IRQWSENPH!GLH-CEH-C�©�H-QTS;IRH-?)�XNr:@JL8;CEDFIRH � H-J/q@H�HmCpq �XNPQTJlHm?Pq
��Hm:WGLH-C 	 ��© Y G%��� ¦�8;:@QWS G;NPH��^NrqRq@H-?P8;CED GLHm:�z{MO�E8E?PIRHm:@SEAF?rq@8EC;DOv ¢ Hm:�GEAFI¡DKH-I@A�Mhq@HOU¡HT§
MONyIRQWS#�XNr:WG GLNPH-IRH-IV�x: kF¢ ?PH-M j Hm:@MONPH!GLH-C��;<xIXHm:@DKN ¢ q=IRNPQWS 	 ��© Y G
�9�¡M4q Y I��

∂

∂t
〈ρ~u`〉 + ∇ · 〈ρ~u`~u`〉 =

− ∇〈p〉 − ∇
»

ρ`β

„

Ṙ2 +
1

2
(1 − β)2 |〈~ug〉 − 〈~u`〉|2

«–

.
�BG;� F £F�

¦�NPH�� Hm:@MOHxNPCEC;Hm:@SoA�? ¢ GLHm:�H-QWJpNPDKH-C�~�?yAFMOMOHm:�NPChU¡?��1GL� F £X:@HmIR8E?rq@NPHm:@H-ChAF8EI G;Hm:�«VH-?yA	q@N jp¢ Hm§
��H-DF8ECED5G;Hm: ¢ H-NyGLH-C �xSoA�IRH-C��;G;HT:(�-8 Ṙ2 �;: k � k :Rq@N k CoA�?PHh��Hm:@M ¢ H-IRQWS;:@H-N ¢ q=G;H-C*<�NPC��o8EIRI
G;Hm:�0 k ?P8;MOH-Cos�CoG;HT:@8ECED GLHm:���?BA�IRH-C ���us�S;:@H-CEG G;Hm:'A�CoGLHm:@H � HT:@M jlk C GLHm:fqR:WA�CEIR?yA�q k §
:@NyIRQWSEHmCª«VHm?BA	q@N jL¢ H/��H-DF8ECED �/�XNyIRQWSEHmC �$?yAFIRH-C[8;CoG�n�?yv;IRIRNPDKJlH-NrqhSEHm:R:@v;S;:Rq!� ¦�Hm:4MONrqRq@?PHm:@H
¦¡:@8EQWJ 〈p〉 NPM U¡H-MONPIRQTS*Hm:@DKN ¢ qVIRNPQWS��-8#	 ��© Y G �

〈p〉 = (1 − β)〈p`〉 + β〈pg〉 − 2σ

R
β .

�BG;� F HK�

¦�NPH ¢ NyIRS;Hm: jKk :@DKHmI|q@H-?P?Pq@HmCªU¡?PH-NPQWSL8;CEDFH-C��-8;:�$H-IRQWS;:@H-N ¢ 8;CED�G;HT:¡}&p§ �V8;I ¢ :@H-Nrq@8EC;D5NPC H-Nr§
CEH-M ��?BA�IRH-C;§{n�?PvEIRIRNPDFJlH-Nrq@IRDKH-MONPIRQWS���Hm:WGLH-CfHm:@DKsFC
�mq�G;8L:@QTSfG;NPHX798EI|qWAFCEG;IRDF?yHmNyQWSp8EC;DKH-C4t¥v;:
G;H-C ¦¡:@8;QTJ*NyC�G;HT: �|H/��H-NP?PNPDKH-C���SEAFIRH'� I k �XNPHOG;8L:@QTS GLNyH��$H!�$H-DK8;CEDFIRDK?PH-NPQTSp8;CED �m8;:1�$?yA	§
IRH-CoG  ;CEAFMONPJ9�p¦�NPH-IRH �X8;:WGLH-C^NPC GLH-C^~�A��ENrq@H-?PC £h8;CoG+HfSEHm:@DFH-?PH-Nrq@Hmq!�
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¦¡NyHuNPM :@8;SEH-CEG;H-C57 8;I|qWAFCEGfG;HmI�U¡H-MONPIRQTS;H-I�AF?PI�:Ws�8EMO?PNPQTShS k M k DKHmC5AFC;DKH-C k MOMOH-C;H"�$?yA	§
IRHmCoG;NPQWS/q@H1�XNr:WG�IRNPQTS GL8;:@QWS G;NPHh~�:WA	twq �XNP:@Jp8;CED�G;H-I&LQWSoA�?y?rtwH-?yG;H-I�A�8;t�G;NPH��$?yAFIRH-C,� I k �XNyH
GL8;:@QWS G;H-C qR:WAFC;IRNyHmCpq@HmC�~ k ?P?yAF�EI jlk C ~�A j NrqWA�q@N k CEI ¢ ?yA�IRH-C j Hm:Ws�CoGLHm:@C���798;:�<�C/q@I|q@H-Sp8EC;D
jKk C[~�A j NPqWA	q@N k CEI ¢ ?yAFIRH-C � W 8;JL?PH!A	q@N k C9��DKN ¢ q5H-I ¢ NPIfS;H-8;q@H'JlH-NPC;H j HT:@N32 �-NPHm:Rq@H-C � k GLH-?P?yH
� j Hm:@DK? � � ¢ IRQWSEC;NPqRq�Hp� F � F �T��U¡?PH-NPQWSEH-I4DKNP?rq4t¥v;:fGEA�I �V8�� �KIRH-C ¢ �!����G;H-Cª7 Hm:Rt¥AF?P? jlk Cª~�A�§
j NrqWA�q@N k CEI ¢ ?yA�IRH-C � �K���V�oG;8;:@QWS ��H-NP?y8;CEDOH-NPC;Hm:=DF:��2.KHm:@H-C��$?yA�IRHhNPC MOH-SL:@Hm:@H�Jp?PH-NPCEHm:@H�CEAFQWS
HmNyC;H-M �$?yAFIRH-C;J k ?P?yAF�;I>8ECoG�A�CEIRQWSE?PNPH!.lH-CEG;Hm: �V8EI@GLN�� 8EIRN k C �!z¨C�GLNyHmIRHm: �=: ¢ HmNPq ��Hm:WGLH-C4G;NPH-IRH
�>: k �mH-IRIRH j Hm:@CoA�QTS;?ysFIRIRNPDFqV8ECEG*H-I$�XNr:WG jlk C*H-NPCEHm:=J k CEI|qWA�Cpq@HmC��$?yAFIRHmCoAFC
�!AFS;?>AF8;IRDKH-DKAFCL§
DFH-C��o¦�NPH-I¡SEA�q �-8;:¡n k ?PDFH'� GEA�IRI�G;NPH �-H-Nrq@?PNPQTS;H + CoG;HT:@8ECED5G;Hm:V? k JFAF?PH-C �$?yAFIRH-CEG;NPQWSpq@H4Cp8;:GL8;:@QWS H-NPCEH*:Ws�8EMO?PNPQTS;H ��H!��H-DF8EC;DªG;HT:��$?yAFIRH-C j Hm:@8L:@I@AFQWSpq���Hm:WGLH-CdJKA�CEC���¦�AFMONrq5DFNP?Pq
A�8EQWS*twv;:VG;NPH1�$?yAFIRHmCoAFC
�!AFS;? H-NPC;H�<x:@SEAF?rq@8EC;DKIRDK?PH-NPQWSp8ECEDfNyC G;Hm:=n k :@M

∂n

∂t
+ ∇ · (n〈~ug〉) = 0 .

�BG;� F Gl�

¦�AFI1&  ;I|q@HmM NPI|q4GEA�MONrq �|H-G k QWS�C k QTS 8EC/q@Hm: ¢ H-I|q@NPMOM4q!�9<xI��XNr:WG j HT: jlk ?P?PI|qWsFCEG;NPDFq4GL8;:@QWS
HmNyC;H�U¡?PH-NPQTSp8EC;D
� ��H-?PQWSEH�G;NPHO«=H-?yA�q@N jp¢ H!��H-DF8EC;D G;Hm: ¢ H-NyG;HmC[��SEAFIRH-C ¢ HmIRQTSL:@H-N ¢ q!� �=8EI|§
DKAFC;DKIR�E8;CEJ/q �-8;: �¡Hm:@?PH-Nrq@8EC;D=G;NPH-IRHm:�U¡?PH-NPQWSp8ECEDXNPI|q>GLNPH"�VC;CoA�SEMOH'�mGEA�IRI>G;NPH � k ?PH-JpvE?PM'AFI|§
IRH�G;Hm:�U�A�IRHuNyCfG;Hm:���?BA�IRH j Hm:@CEAFQWSE?ysFIRIRNPD ¢ A�:�Jp?yHmNyChNPI|q��F8;CoG4G;NPH$�$?yA�IRH=I k MONrq�AF?PIxM'AFIRIRH-? k I
¢ HTqR:WAFQWSpq@HTq���HT:WG;H-C JFAFCEC �oz{M �^NrqRq@H-?�MhvEIRIRH-C G;AFMONrq�A�?P?yHfAF8Lt$GLNPH��$?yAFIRHhH-NPC �XNP:@JKH-CoGLH-C
~�:Ws	twq@H j Hm:@IRQTS �XNPCoGLH-C�� �V?PIu~�:Ws�tBq@H��XNr:@JlH-C�NyC*G;NPH-IRHmM noAF?P? G;NPHV�;:@NPM's�:@H����|Hm:@JpC;H-I|§�~�:WA�twq

〈~FB〉 = −〈4π

3
R3∇p〉 ,

�BG;� F cF�

�$H-?PQTS;H G;NPH�DKH-MONrqRq@H-?rq@H�~�:WA	twq �XNr:@Jp8EC;D[AF8Lt�H-NPCEH�~�A j NrqWA�q@N k C;I ¢ ?yAFIRH NPC H-NPCEH-M s�8
.KHm:@H-C
A�C;:@H-DFH-CoGLH-C &LQWSoA�?P?PtwH-?yG ¢ H-IRQTSL:@H-N ¢ q��-G;NPHx~�:WA�twq�G;8L:@QTS�GLH-C j NPIRJ k IRHmC4«=H-N ¢ 8;CEDFI �XNBGLHm:@I|qWAFCEG
GLHm:=n�?PvEIRIRNPDKJKH-Nrq�	 �^~��K¤��

〈~FR〉 = −12πµ`〈R
~ug − ~u`

2
〉 ,

�BG;� F ¤K�

I k �XNPH4G;NPH�~�:WA�tBqVG;8;:@QWS*G;NPH j NP:Rq@8;H-?P?PH � AFIRIRH'��������� ���  �)"�" $'&)( *#��+R�

〈~FM 〉 = −1

2
ρ`〈

4π

3
R3 ∂

∂t
(~ug − ~u`)〉 .

�BG;� F IF�

¦¡NyHV~�:WA�tBqXG;8L:@QTS�G;NPH j Nr:Rq@8;H-?P?yH� AFIRIRH�HmCpq@I|q@HmSpq�� �$H-CEC�GLNyH�U�AFI ¢ ?BA�IRH-C^:@H-?yA	q@N j �m8;:Xn�?PvEI|§
IRNPDFJlH-Nrq ¢ H-IRQWSE?PH-8EC;NPDFq���HT:WG;H-C �xz¨C G;NPH-IRH-M nEAF?P?$�XNP:WGdI|q@Hmq@IOH-NPC � H-NP?=G;Hm:O8;MODKH ¢ HmCoG;HmC
n�?Pv;IRIRNyDFJlH-NrqxMONrq ¢ H-IRQWSE?PH-8EC;NPDFq���� �$?yA�IRH-CEIRQWSE?PH-�;�9H +|�/�	8ECoG�GLNyHmIRH"�-8EI@s	q��-?PNPQTS;H$� AFIRIRH ¢ :@H-MOI|q
GLNPH�U�A�I ¢ ?yAFIRH�H-C/q@IR�;:@H-QWSEHmCoG A ¢ ��¦¡NyH ���������  !�)"�" $	&)(�*#��HT:@DKN ¢ q^IRNyQWS GEA�MONrq^A�8EI^G;Hm:
�^8;?rq@Ny�;?PNyJFA�q@N k C G;Hm:4MONrq@DKH-C k MOMOH-C;H-C n�?PvEIRIRNPDKJlHmNPqhMONrqhG;Hm:�:@H-?yA�q@N j HmC �$H-IRQWSE?PH-8;CENPDK8;CED
�/�XNyIRQWSEHmC ¢ HmNBGLH-C ��SEAFIRH-C � �$H-NxGLNPH-IRH-C �$HmqR:WA�QTS/q@8EC;DKH-C��X8L:WG;HhG;Hm:VJ k C j H-J/q@N j H1�$H-NrqR:WAFD
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Ṙ

R
,

�BGL� £��l�

U =
∂R

∂t
,

�BGL� HF�l�

∂U

∂t
=

"

−3U2

2R

 

c − U
3

c − U

!

+
H

R

„

c + U

c − U

«

+
1

c

∂H

∂t

#

»

1 +
4µ`D

1/Γ

Rcρ`0

–−1

,
�BGL� H F �

c = c`0

„

p(R) + B

p` + B

«(Γ−1)/2Γ

,
�BGL� HK£K�

H =
Γ

Γ − 1

p` + B

ρ`0

"

„

p(R) + B

p` + B

«(Γ−1)/Γ

− 1

#

,
�BGL� HSHl�

D =
p` + B

p(R) + B
.

�BGL� HZG/�



� ����� ���� � ��d�"���� ��K��(��� � � ��� � �  �

	 �
M� � � � �  �����


¦¡8;:@QWS G;H-C 0�Hm:@DK?PH-NPQWS jlk C*&LNPMh8E?yA�q@N k C;IRHm:@DKH ¢ CENPIRIRH-C MONrqVH 4L�9Hm:@NPMOH-C/q@H-?P?yHmC�¦�A�q@H-C �XNr:WG
NPC�GLNPH-IRH-M�~�AF�;NPq@Hm?�G;NPHhU¡vE?rq@NPDKJKH-Nrq�GLH-IV8;C/q@Hm:X~�AF�;NPq@Hm?-G jlk :@DKH-I|q@H-?P?rq@H-C�U¡H-I@A�Mhq@M k G;Hm?y?PI
twv;:�GLNPH ¢ HmqR:WA�QTS/q@Hmq@H-C*�VC �$H-CoGL8ECEDFI|t s�?y?PH5CEAFQWSEDFH!�XNPH-IRH-C���z¨C � ¢ IRQWSECENrqRq cp� F �$Hm:WG;H-C�G;NPH
j Hm: ��H-CEG;Hmq@HmC 0�Hm:Rt¥AFS;:@HmC �m8;:>MOH-IRI|q@HmQTS;CENPIRQTS;H-C4<x:Rt¥AFIRIR8;CED�GLH-I &pQTSEAF?P?rt¥H-?yG;HmI>8ECoG�GLHm:>~�A�§
j NrqWA�q@N k CEI ¢ ?yA�IRH-CoG  ;CEAFMONPJ jlk :@DKH-I|q@H-?P?rq!� �=8;twDF:@8ECEG^GLHm:XIRH-S;:=IRQWSEC;H-?P? 8;CoG':WsF8EMO?PNPQWS^I|qWA�:@J
¢ HmDF:@H-C
�mqOA ¢ ?yAF8Lt¥H-CEG;H-C 0 k :@DKsFCEDFH��$Hm:WG;HmC G;A ¢ H-N�S k SEH#�VC;t k :WGLHm:@8EC;DKH-C A�C G;NPH��^HmIRI|§
q@HmQTS;CENPJ^DFH-I|q@H-?P?rq!� ¦�NPH1��H-QWSEIRHm?yIRHmNPq@NPDFH��$H-H-NPC��E8EIRIR8;CED jlk C*&LQWSoA�?P?PtwH-?yG 8;CoG ~�A j NrqWA�q@N k C;I|§
¢ ?yAFIRH-C�Hm:Rt k :WG;Hm:Rq4H-NPCEH+0�Hm:@N�2EJKA	q@N k C G;H-I�Cp8EMOHT:@NyIRQWSEHmC�� k GLH-?P?PH-IhI k � k SE?xt¥vL:4G;NPHOGL8;:@QWS
G;AFI�&LQWSoA�?P?yIRNPDFCoAF? j Hm:@8;:@I@A�QTS/q@H5~�A j NrqWA�q@N k C;I ¢ ?yAFIRHmCoG� LCEAFMONPJ AF?PIfA�8EQWS�twv;:hG;H-Cª<�NPC��E8EIRI
GLHm:+�$?yAFIRH-C AF8Lt¡GLNPH�&pQTSEAF?P?yAF8EI ¢ :@H-Nrq@8EC;D;�>¦�NPH-IRH�0�Hm:@N�2oJFA�q@N k C[Hm:Rt k ?PDFq5NyC � ¢ IRQWSECENrqRq cp� £
A�CESEAFCoG*AF8;IRDKH!��sFSE?rq@Hm:��$H-NPIR�;NyHm?yH�twv;:Xq@SEHm:WA��9H-8;q@NPIRQWSEH�}&p§ �VC ��HmCoG;8;CEDFH-C��

� ��� � �3��� 	������*�*� ��������� ��� � � ) 	�� �&� ��� �,� /*��1 � �2� � # 	 �.�5������� # # � /*� 	
� ���"� 	�� 	�� �2��� ' # �5� �3�
	 ��# 	*�,� �

��H-NoGLH-CfNPM «¡A�SEMOH-ChG;NPH-IRHT:"�X: ¢ H-Nrq ¢ HTqR:WAFQWSpq@HTq@H-C5�>: kK¢ ?yHmMOI|q@H-?P?y8;CEDFH-CfqR:@Hmq@H-Cf} &p§{�x8E?PIRH
MONrq=H-NPCEHT:¡¦�A�8EHm: jlk C ��H-C;NPDKH-C �^NPJ/: k IRH-Jp8;CoG;HmC ¢ �!���oJ k C/q@NPCp8ENPHm:@?PNPQTS;H�} &p§ &pNyDFCoA�?yH�MONrq
nL:@H��/8EH-C
�-H-C�NPM �$Hm:@H-NPQWS+��HmCENPDKHm:��^� ��8ECEG4HmCpq@IR�L:@H-QWSEH-CEG�Jp?PH-NPCEHmCh©ªHm?y?PH-C;?ysFCEDFH-CfNPCfG;Hm:
UV:�� .lH-C k :WGLCL8;CED jlk C �^NP?P?yNPMOHmq@HT:@C^A�8;t¨�L¦�HT:u«¡AFG;NP8EI�G;Hm:u~�A j NrqWA�q@N k C;I ¢ ?yAFIRHmC ¢ HmqR:Ws�DFqXNPC
«=8ES;HXNyM �V?P?PD;�pHmNyC;NPDKH1�^NPJ/: k MOHmq@HT:�8ECEG5JKA�CEC ¢ H-N �VC;:@HmDK8EC;D4G;8;:@QWSOH-NPCEH�&pq k .'�$H-?P?yH¡8EM
HmNyC 0¡NPH-?rt¥AFQWSEH-IxA�C ��AFQWSEIRH-C,��8EM CoAFQWS;t k ?PDKHmCoG��m84J k ?P?yA ¢ NPHm:@HmC���¦�A ¢ HmN �$Hm:WG;HmC4~ k ?P?yAF�;I �-H-Nr§
q@HmC jlk C�HmNyC;NPDKH-C F �K���^NPJ/: k IRH-Jp8ECEG;H-C Hm: ��A�:Rq@Hmq!� W H ¢ H-C�GLH-C IRNPQTS�SENPHm:WAF8;I�Hm:@DKH ¢ H-CoGLH-C
�=C;t k :WG;HT:@8ECEDFH-C AFCdGLNyH':WsF8;MO?PNyQWSEH�8ECEG �-H-Nrq@?PNPQTS;H �=8�� �FIR8EC;D jKk C �^H-IRI j HT:Rt AFSL:@H-C �-8;:
<>:Rt A�IRIR8EC;DOG;H-I$&LQWSoAF?P?rt¥Hm?BGLH-I ¢ �!���;GLHm:(�$?yAFIRHmCoG� LCEAFMONPJ �;I|q@Hm?y?PH-C^G;NPH¡NPC^G;Hm:Xn k Jp8EI|:@H-DFN k C
A�8;tBqR:@Hmq@H-CoGLH-C^S k S;H-C^¦¡:@8;QTJFAFMO�;?PNPq@8EG;H-C,� �-8;I@AFMOMOH-C�MONrqXJ k ?P?yA ¢ NyHT:@H-CoGLH-C^~�A j NrqWA�q@N k C;I|§
¢ ?yAFIRH-C,� AF8EQWS�S k SEH��VCLt k :WGLHm:@8EC;DKH-C A�C G;NPHhMOHmQTSEAFCENPIRQWSEH�&pqWA ¢ NP?PNrqWs�q�H-NPC;Hm:1�^H-IRIRI k CoGLHK�
z{M n k ?yDFH-CoGLH-C �$Hm:WG;H-C^G;NPH�NPC GLNyHmIRHm: �=: ¢ H-Nrq j Hm: �$H-CoGLHmq@H-C��^Hmq@S k GLH-C �-8L:=MOH-IRI|q@H-QWSECENr§
IRQWSEHmC 0 SoA	:WAFJ/q@Hm:@NPIRNPHm:@8EC;D jKk C5}V?PqR:WA�IRQTSEAF?P?r§�8;CoGh~�A j NrqWA�q@N k C;I ¢ ?yAFIRHmC;t¥Hm?BGLHm:@C jlk :@DFH-I|q@H-?P?rq!�

I>I



§ I Y § ���-� ����� � ����	 ���3� ���;�������&� � 	�� �������� �'����� � 	 � ������3���

�x��� ��� i � ��� �{� �|�o����� � � � �$��� � ��� ��� �&��� �K��� � ���o� c���� � �|� �K�E� ��1 ���/� �|� �

¦�NPH 0 SoA�:WA�J/q@Hm:@NPIRNyHT:@8ECED jKk C�&LQWSoAF?P?rt¥Hm?BGLHm:@C ¢ H-N��VC �$H-CoGL8ECEDFH-C S k QWSENPC/q@H-CEIRN j H-C }¡?rqR:WA	§
IRQTSEAF?P?PI¡Hm:Rt k ?PDFq¡G;8L:@QTS^<x:Rt¥AFIRIRH-C GLH-I(�-H-Nrq@?PNyQWSEHmC &LQWSoAF?P?yGL:@8;QTJ j HT:@?BA�8;twH-I=AFC H-NPC;H-M «¡A�8EM5§
�E8EC;J/q*MONrq�H-NPCEHmM,�- ;GL: k t k C �$�V8;I^GLNPH-IRH-C�¦¡:@8;QTJ/§¨7 HmNPq@IRNPDFCoAF?PH-C�?yA�IRIRH-C IRNyQWS �XNPQTS/q@NPDKH
�>A�:WAFMOHTq@Hm:�� �XNyH�G;NPH�M'A 4LNPM'AF?PH-C'� k IRNPq@N j HmC*8;CoGOCEH-DKA�q@N j H-C�¦¡:@8;QTJ ��HT:Rq@H'�LG;NPH�z{Cpq@HmCEIRNrqWs�q
8ECoG G;AFI5nL:@H��/8EH-C
�-IR�9H-J/qR:@8EM2G;HmI�&LQWSoA�?P?yIRNPDFCoAF?PH-IOHT:@MONPqRq@Hm?yC �>¦�8L:@QTSª:Ws�8EMO?PNPQTS;H � ¢ qWA�§
I|q@8ECEDfG;H-I(�-8L: j Hm:@MOH-IRIRHmCoG;HmC#0 k ?P8EMOHmCEI$HT:@SosF?rq=M'AFC*G;NPH�DFH-I@AFM4q@H�Hm:Rt k :WG;Hm:@?PNPQWSEH�z¨CLt k :R§
M'A�q@N k C��m8;: 0 SoA	:WAFJ/q@Hm:@NPIRNPHm:@8EC;D'G;H-I &pQTSEAF?P?rt¥H-?yG;HmI 	 z|< 0 � Y ���

¦�NPH�CENPQWSpq@?PNPCEH-A�:@H$&pQTSEAF?P?yAF8;I ¢ :@H-Nrq@8EC;D=twvESL:Rq �-8;: �V8;twI|q@H-NP?P8ECEDVG;HT:�&LQWSoA�?y?PIRNPDKCEAF?PHu8ECEG1�V8EI|§
¢ NP?yG;8EC;D jlk C�&/q k .2��H-?P?PH-C MONrq�S k S;H-C^¦¡:@8;QTJFAFMO�;?PNPq@8EG;H-Cf8ECoG'Jp8;:��-HmC �=CEI|q@NPH-DKI �mH-Nrq@H-C^NPC
G;Hm:'n k Jp8EI|:@H-DFN k C q@SEHm:WA��9H-8;q@NPIRQWSEHm:f} &p§¨U¡Hm:Ws	q@HK�x¦�NPH-I5HT:Rt k :WGLHm:Rq��xCEH ¢ H-CdG;H-C kK¢ HmC ¢ Hm§
IRQTSL:@NyH ¢ H-CEH-C �=C;t k :WG;HT:@8ECEDFH-C ��AF8;QTS HmNyC;H S k S;H ��AFCEG ¢ :@HmNPq@H jlk C MONPCoGLH-I|q@H-CEI�� � F ¢ NyI
£F���^��� 	 ��A	:W�8c���z|< 0 � Y ����<�NPCEH��$H-Nrq@Hm:@H���HmIRH-C/q@?yNPQWSEH�UV:��2.KH NyI|q*GLNyH�� ¢ MOH-IRIR8;CED�G;H-I
�  ;GL: k t k C;I-�
&LNPH ¢ H-I|q@NPMOMhq�G;NPHX:WsF8EMO?PNPQWSEH �V8�� �KIR8;CED;� &LQWSE?PNPH!.l?PNPQWS�qR:@Hmq@HmC ¢ HmNEq@SEHm:WA��9H-8;§
q@NyIRQWSEHmM } &fC;H ¢ H-C'S k SEH-CO¦V:@8EQWJKA�MO�E?PNrq@8oG;HmCOAF8;QTS'S k SEH¡7 8;DlA�Cpq@HmNy?PHVAF8Lt¨�p¦�NPH¡J k :R:@H-J/q@H
©�NPH!G;Hm:@DKA ¢ H*G;NPH-IRHm:f}¡C/q@Hm:WGp:@8EQWJKA�MO�E?PNrq@8oG;HmC��XNr:WG[GL8;:@QWS[G;NPH��XG;Sos�IRN k C G;HmI+�=8EI ¢ :@HmNP§
q@8ECEDFIRMOH!G;NP8;MOI4� NPM �V?P?PD;�9©ªAFIRIRHm:T�¡A�C G;Hm:&LH-C;I k :��osFQWSEH4?yNPMONrq@NPHm:Rq�� �uA�I ¢ H-NPIR�ENPH-?PI �$H-NPIRH
¢ H-N�GLH-C�S;H-8;q@H5I|qWA�CoG;A�:WG;M's .lNPD H-NPC;DKH-IRHmq��Tq@H-C ��0V¦�n §��  ;GL: k t k CEH-C*�-8�H-NPC;Hm:�t¥H-S;?yHT:@SoA�tB§
q@H-C�© NyH-G;Hm:@DKA ¢ H�G;HT:=7 8;DK�;SoAFIRHmC�twvES;:Rq 	 &/qWAK� F �p© &;<��SG����
�=8EIuGLNyHmIRH-C�UV:@v;CoG;HmC��X8L:WG;H
t¥v;:VA�?y?PH�NPC�G;NPH-IRHT:��X: ¢ H-Nrq=G;8L:@QTS;DKHmtwvES;:Rq@HmC &LQWSoA�?P?PtwH-?yG;MOH-IRIR8;CEDFH-C H-NPC k �;q@NPIRQWSEH-I¡U¡?yAFI|t A	§
IRHm:@S  EGp: k t k Cª��n ������� j Hm: ��HmCoG;HTq��EG;AFI=G;NPH kF¢ NPDKH-C��VC;t k :WGLHm:@8EC;DKH-C*Hm:Rt¥v;?y?rq 	 &;<��>H���

�$H-N HmNyC;H-M k �Lq@NyIRQWSEHmC U¡?yAFI|t A�IRHm:@S  ;GL: k t k C G;NPH-C/q=H-NPCEH�NPC G;AFI �ov;IRIRNyDFH �V8EI ¢ :@H-Nrq@8EC;DKIRMOHm§
G;NP8EM H-NPC;DKHmqWA�8EQWSpq@Hf�E?yAFC;H'<�CEG��9s�QTS;H5H-NPCEHT:5U¡?yA�I|t AFIRHT:OAF?PIhAFJp8EI|q@NPIRQWSEHm:+&pH-CEI k :!� z{CªG;NPH
U¡?BA�I|t A�IRHm:��XNP:WG ¬�AFIRHm:@?PNPQTS/qOHmNyC;DKH-J k �E�9Hm?Pq���G;AFIfAFCdG;Hm:fIRH-CEIRNrq@N j H-Cdn�?ysFQWSEH'q@H-NP?PI5NPCdGEAFI
}¡MODKH ¢ 8EC;DKIRMOH!GLNP8EM AF8;I|qR:@NPqRq�8;CoG q@H-NP?PI�:@H �oHmJpq@NPHm:Rq��XNP:WG � ¦�AFI�U¡?yA�I|t AFIRHT:@S  ;Gp: k t k C G;Hm§
q@H-J/q@NyHT:Rq�G;H-C M k MOH-C/qWAFCEHmC k �;q@NPIRQWSEH-C*��:@H-QWSp8EC;DKIRNPCoGLH 4 AFC�G;HT:4UV:@H-C � �9sFQWSEH��!�XNPIRQTS;H-C
U¡?BA�I|t A�IRHm:�8ECEG n�?PvEIRIRNPDKJlHmNPq!� + CoGLHm:Rq=IRNPQTS GLHm:�&LQWSoAF?P?yGL:@8;QTJ*AFC GLHm:�UV:@H-C � �osFQWSEH'�EI k sFC;§G;Hm:Rq$IRNyQWS*AF8EQWS'G;HT: k �Lq@NPIRQTS;H��:@H-QWSp8EC;DKIRNPCoGLH 458;CoGOGEA�MONrquG;NPH=«VH �oH 4LN k C'GLH-I�¬�AFIRHm:@?PNPQTSL§
q@H-IOAFC G;HT:'noAFIRHT:@H-CoG �9sFQWSEHF� � ¢ Hm:fH-NPCoG;Hm8;q@NPDKH*8ECoG ¢ HmJKA�CEC/q@H ��H �-NPH-Sp8EC;DKH-C �!�XNPIRQTS;H-C
¦¡:@8EQWJ �X¦�NPQTS/q@H 8ECoG ��:@HmQTSp8EC;DKIRNPCoGLN �-H-I JFAFC;C G;AFMONrq�GLNr:@H-J/q AF8;I�G;Hm: + CoGLHm:@8EC;D G;Hm:¬�NPQTS/qR:@H �EH 4LN k C A�C GLHm:'noA�IRHm:@H-CoG �9s�QTS;H�AF8Lt�G;NPH ¦V:@8EQWJKs�CoG;HT:@8ECED NPC HmNyC;Hm:�n�?PvEIRIRNPDKJKH-Nrq
DKH-IRQWSE? k IRIRHmC ��Hm:WGLH-C 	 &L<��SH���$<xNPCEH�GLHmqWAFNP?P?PNPHm:Rq@H �$H-IRQWS;:@H-N ¢ 8;CED�G;Hm:���H �-NPH-Sp8EC;DKH-C �!�XNr§
IRQTS;H-C�G;H-M :@H �EH-J/q@NyHT:Rq@H-C��VC/q@H-NP?9GLH-I$¬�AFIRHm:@?PNPQWSpq@HmI�8ECEGOG;H-M �-8OMOH-IRIRHmCoG;HmC�&LQWSoAF?P?yGL:@8;QTJ
NyI|qVNPC 	 &;<��>H�� &/q@H!� Y � DFH-DKH ¢ HmC��

�$H-N�GLH-M NPC�GLNyHmIRHm:#�=: ¢ H-Nrq j Hm: �$H-CoGLHmq@H-C t AFIRHT: k �;q@NPIRQWSEH-C��- ;GL: k t k C�n ������HF�K���XNr:WG
¬�NPQTS/q�G;HT:>©ªH-?P?PH-CE?ys�CEDKH Y2F �xCEM NPCfHmNyC;H=U¡?yAFI|t A�IRHm:�MONrqxH-NPC;H-M ¦�8;:@QWSEMOHmIRIRHm: jlk C F �F� µ

M
H-NPCEDKH ¢ :WAFQWS/q!��z¨C � ¢E¢ NP?BGL8EC;D cp� F NPI|qªGLNPHdHmCpq@M'A�C/q@H-?rq@HdU¡?BA�I|t A�IRHm:[MONrq 8EMODKH ¢ H-CoGLH-M



� ����� �/��������	 �����3��� ��� ��� �+���� � �
	�������� �/���3�
	*� �  � � ��
	�� 	�� ����� ������� � � ��� � ������ § IF��§

~�8;CEI|q@I|q k � M'AFC/q@H-?u8ECEG nEAFIRHm:@SEAF?rq@Hm:@8EC;D[A ¢ DKH ¢ NP?BGLHmq!��¦�AFI'A�C�G;Hm:�nEAFIRHm:@H-CEG��osFQWSEH^:@Hm§

U¡?yAFI|t¥AFIRHm: noA�IRHm:@M'AFC/q@H-?

~�?PH-MOMOSEAF?rq@Hm:@8;CED

�	����
������������ ����� 1 ,/ � ,/ 5&A@ �)� 4 � 2�.' 545 5457 � 2�� �	,/.=45&+1!2�.�3 ��* 2�@ "%$/�)&+ # 5&A@"$ � � � � ( 2�.�0 � ,/1 E
45&+@52'.�3�F�* �!& � 	/.'3�& 0'&A@D&+.=4 �	,/. 4#&+1 45&A. � 1 ,/ � ,/ #&+@5 5��� 4 .A& 8�& 4#@ 	/3/4 "A,'F ����� � F

�EH-J/q@NPHm:Rq@H�¬�AFIRHm:@?PNPQWSpq �XNP:WG v ¢ HT: H-NPCEHmC nEAFIRHm:@J k �E�;?yHT: AF8;IRDKH-J k �E�9H-?rq�8;CoG MONrq*H-NPCEH-M
IRQWSEC;H-?P?PH-C n k q k GLHmq@H-J/q k :fNPC[H-NPCdHm?yHmJpqR:@NPIRQWSEH-I�&LNPDKCEAF?�8;MODKH-IRHTq��mq!��¦�NPH'Cp8;q�� ¢ A�:@H���A�CoGL§
¢ :@H-Nrq@H�G;H-Iu�- ;GL: k t k C;I=NPI|qVG;8L:@QTS*G;HmC�n k q k GLHmq@H-J/q k :X?PNPMONrq@NPHm:Rq=8ECoG ¢ HmqR:WsFD�qdH8c �^���K�

�>� ��� � ��� �K�����/��� � � �$� e4� �|� � � �$�$� �$�E� �^��� �K�o���|�o��� �21x�$� � ���

798;: 0 SoA�:WA�J/q@Hm:@NPIRNyHT:@8ECEDªG;H-IOG  LCoAFMONPIRQWSEH-C�0�Hm:@SoA�?rq@H-CEI5HmNyC;H-IODKHmI@AFMhq@HmC ~�A j NrqWA�q@N k C;I|§
¢ ?yAFIRH-CLt¥H-?yG;HmI�Mf8;IRIVGLNPH4:Ws�8EMO?PNPQTS;H 0�Hm:Rq@HmNy?P8;CED'G;HT: �$?yAFIRHmCoG;NPQWS/q@Hh8;CoG GLHm:��?BA�IRH-CED�:��2.KH
�mH-Nrq@?yNPQWS�A�8;twDKH-? �KI|q�DFH-MOH-IRIRH-C �$Hm:WG;H-C � �V8;I�GLNyHmIRH-C ¢ H-NyG;H-C�UV:��2.KH-C Hm:@DKN ¢ q�IRNyQWS G;Hm: jlk §
?P8;MOHmqR:@NPIRQTS;H�U�AFI@AFC/q@H-NP? �>¦�NPH��^H-IRIR8;CED GLHm:+�mH-Nrq@?yNPQWSEH-C <xC/q �XNPQWJL?P8;CED�GLH-I �$?yAFIRH-CL:WAKG;NP8;I
A�C H-NPCEH-M ¢ H-I|q@NPMOMhq@H-C �V:Rq ¢ �!��� NPC H-NPCEH-M :WsF8;MO?yNPQWS�I|qWA�:@J ¢ H-D�:@H-C �Tq@H-C �$Hm:@H-NPQWS � 8ECEG
GLNPHfIRNPQTS�GEA	:WAF8;I�A ¢ ?yHmNPq@HmCoG;Hh~ k ?y?yA��EI �-H-Nrq�� I|q@H-?P?rq�H-NPCEH ��H-Nrq@Hm:@H+�XNPQWS/q@NyDFH5~�H-C;CEDF:�� .lHfG;Hm:
~�A j NrqWA�q@N k C;I ¢ ?yAFIRHmCoG� LCEAFMONPJ�GEA�:!�

¦�AFI NyC � ¢ IRQWSECENrqRq-cp� F � F ¢ H-IRQWS;:@NPH ¢ H-C;H�U¡?BA�I|t A�IRHm:@S  EGp: k t k CfJFAFC;C��;:@NPC
�-NP�ENPH-?P?/AF8;QTS �m8;: k �;§
q@NPIRQWSEH-C�¦�Hmq@HmJpq@N k C jlk C*~�A j NrqWA�q@N k C;I ¢ ?yAFIRHmC j Hm: �$H-CoGLHmq"��HT:WG;H-C 	 �¡¦�� + �SG���o7 8;M H-NPC;H-C
s�CoGLHm:@C DlA�IRDKHmtwvE?P?rq@H�~�A j NrqWA�q@N k C;I ¢ ?yAFIRH-C jlk : GLHm:^UV:@H-C � �9sFQWSEH GLNyH «=vEQWJ/:@H �oH 4LN k C G;H-I
¬�AFIRHm:@?PNPQWSpq@HmI � �-8;M A�CoG;HT:@H-C HmMONPqRq@NPHm:@HmC J k ?P?BA ¢ NPHm:@H-CEG;H ~�A j NrqWA�q@N k C;I ¢ ?yAFIRHmC ¦¡:@8;QTJ ��Hm?P§
?PH-C,��GLNPH H ¢ H-CLt AF?P?PI GLHmq@H-J/q@NPHm:Rq���HT:WG;H-C J%�KC;CEH-C ��¦¡NyH^~�A j NrqWA�q@N k CEI@G;HTq@H-J/q@N k C MONrq'�¡NP?rt¥H
HmNyC;H-IuU¡?yA�I|t AFIRHT:@S  ;Gp: k t k CEH-IuSEA�q��|H!G k QTS��!�$H-NoH-C/q@IRQWSEH-NyG;HmCEH W AFQWS/q@H-NP?PHK�L798EM H-NPCEH-C'JFAFC;C
G;AFI5�- ;GL: k t k CdAF?PI5z{CES k M k DFH-CENrqWs	q5NPM �E8ENyG;HmC �=8EI ¢ :@H-Nrq@8ECEDFIRMOH!G;NP8;M"G;NPH^H-NPDFH-C/q@?yNPQWSEH
�^HmIRIRDF:��2.KH^IRH-? ¢ I|q5H-C/q@IRQWSEH-NyG;HmCoG ¢ H-HmNyC��o8;IRIRH-C��>7 8;M"AFCoGLHm:@H-C[NPI|qfGEAFI4IRH-C;IRNPq@N j H�0 k ?P8;§
MOHmC��-8L:�~�A j NrqWA�q@N k CEI@G;HTq@H-J/q@N k CªIRH-SL:hDFHm:@NPCEDL��¦�NPH'<>:Rt AFIRIR8;CED GLHm:�:WsF8EMO?PNPQWS;§ �-H-Nrq@?PNPQTS;H-C
¦  ;CEAFMONPJ5H-NPC;H-IVJ k MO�E?PHmqRq@HmC �$?yA�IRH-C;twH-?yG;H-I=NPI|q�G;AFMONrquCENPQWS/qXM��KDK?PNPQWS��

<xNPC^D�:��2.lHT:@H-IX¦�Hmq@H-J/q@N k C;I jlk ?P8EMOHmC�JFAFC;C*MONrq$H-NPCEHm:=��:WA�CEIRMONPIRIRN k C;IRMOHmq@S k GLH�8EC/q@Hm:$0�Hm:R§



§ Y ��§ ���-� ����� � ����	 ���3� ���;�������&� � 	�� �������� �'����� � 	 � ������3���

��H-CEG;8EC;D H-NPCEH-I DFHm:@NPQTS/q@Hmq@HmC ¬�AFIRHm:@I|qR:WA�SE?PH-I�MONrq*H-NPCEH-M3¦�8;:@QWSEMOH-IRIRHT: jlk C�MOH-S;:@HT:@H-C
�^Ny?P?PNPMOHmq@Hm:@C�Hm:R:@H-NPQTS/q ��Hm:WGLH-C��,�$HmN�GLNPH-IRHm: �^Hmq@S k G;H �XNP:WG G;NPH + CoGLHm:@8EC;D�G;Hm:¡H-MO�;t¥AFC;§DKH-C;H-C�¬�NPQTS/q@NPC/q@H-CEIRNrqWs	q�GL8;:@QWS'G;NPH¡¬ NPQTS/q@I|qR:@H-8;8ECED�A�C'G;H-CO~�A j NrqWA�q@N k C;I ¢ ?yAFIRHmC*DFH-MOH-IRIRH-C �
¦�Hm:"0 k :Rq@HmNy?;?PNyHmDFq�NPC'GLHm:�S k SEHmCO<�MO��2oCEG;?PNPQTS;JlH-Nrq�G;Hm:$¬�NPQWS/q@I|qR:@H-8E8;CED�AF8;QTS'A�COJp?yHmNyC;I|q@H-C
�$?yAFIRH-C�8ECEG5G;Hm:�H-NPC;t¥AFQWSEH-CO¦�A�q@H-CEAF8;twCoA�SEMOHX8ECEG��V8;I ��Hm:Rq@8;CED 	 � $ ���8c����/¦�NPHX~�A j NPqWA	q@Nr§
k CEI ¢ ?yAFIRH-CEG� LCoA�MONyJ �XNr:WG5GL8;:@QWS5G;NPH-�^H-IRIRHmNyCL:@NPQTS/q@8EC;D�CENPQWS/q ¢ HmH-NPC��o8;IRI|q!�K¦¡NyH + CoGLHm:@8EC;DG;Hm:�¬�NPQTS/q@NPC/q@H-CEIRNrqWs	q�I|q@H-?P?rq�AF?P?PHm:WGLNyC;DKI�Cp8L:¡H-NPC;HfNPC/q@H-DF:WA�?yHhz¨CLt k :@M'A	q@N k C�v ¢ HT:�G;NPHh¬�NPQWSpqR§
I|qR:@H-8E8;CED�NPM2AF8EIRDFH-?PH-8EQWS/q@Hmq@H-C 0 k ?P8EMOHmC[GEA	:!��¦�A�Ih?PNPMONrq@NyHT:Rq@H�¦¡Hmq@H-J/q@N k CEI jKk ?P8EMOH-C�NyI|q
AF8EQWS S;NyHT:XH-NPC W A�QTS/q@H-NP?�G;NPH-IRH-I(0�Hm:Rt A�S;:@H-C;I-�

<�NPC5<xNPCoGp:@8EQWJ�v ¢ Hm:xG;AFI :Ws�8EMO?PNPQTSL§ �-H-Nrq@?PNyQWSEH 0�Hm:@SEAF?rq@H-C4H-NPCEH-I>DFH-I@AFM4q@H-C4~�A j NrqWA�q@N k CEI ¢ ?yA	§
IRH-C;twH-?yG;H-IVJKA�CEC Cp8;:VGL8;:@QWS^t k q k DF:WA�2oIRQWSEH+�V8;twCoA�SEMOH-C*Hm:R:@H-NPQTS/q-��Hm:WGLH-C��E¦�NPH W 8EJp?PH!A	q@NP§
k C�GLHm:'~�A j NrqWA	q@N k CEI ¢ ?BA�IRH-C Hm:Rt k ?PDFq�I|qWA	q@NyI|q@NPIRQWS
	 �¡SE?y�l£ ����798EM 0�Hm:@DK?PH-NPQWS GLH-IOI|qWA�q@NPI|q@Nr§
IRQTS;H-C �xSos�C k MOHmCEIuGLHm:X~�A j NrqWA	q@N k CEI ¢ ?BA�IRH-C;twH-?yGEG  ;CEAFMONPJOMONrquCp8EMOHm:@NPIRQWSEH-C��$HT:@H-QTS;Cp8EC;§
DKH-CªMhvEIRIRH-C,� 8EC/q@Hm:�:@H-�L: k G;8
�-NPHm: ¢ A	:@H-C�0�Hm:@IR8EQWSEI ¢ H-G;NPCEDF8ECEDFH-C � MOHmS;:@Hm:@Hf<�4L�9Hm:@NPMOH-C/q@H
G;8;:@QWSEDFHmt¥v;S;:Rq¡8ECoG�GLNPH��^H-IRIRD�:��2.KH-CªA�CEIRQWSE?PNPH!.lH-CEG DFH-MONrqRq@H-?rq��$Hm:WG;H-C � �¡NPHm: ¢ NPHmq@Hmq¡IRNyQWS
H-NPC I|qR: kF¢9k IRJ k �ENPIRQWSEH-I�0�Hm:Rt¥AFS;:@HmC AFC � ¢ H-N�GLH-M �-8�8EC/q@Hm:@IRQWSENPH!GL?yNPQWSEH-C 0�Hm:�� �FDKHm:@8;CEDFI|§
�-H-Nrq@H-C�NPC��$H �-8;D AF8LtuG;AFI�A ¢ DKH-I|qR:WA�SE?rq@H�&LQWSoA�?P?yIRNPDFCoAF?�H-NPCEHf~�AFMOHm:WA�G;8L:@QTS H-NPCEH-C Jp8;:��m§
H-C�¬�NPQWS/q ¢ ?PNrq�� ¢ Hm?yHm8EQWSpq@HTq$�XNP:WG � �^Nrq¡G;NPH-IRH-M I|qR: kF¢9k IRJ k �ENPIRQTS;H-C 0�Hm:Rt A�S;:@H-C J'�KCEC;H-C A�?P?yH
�XNyQWS/q@NPDKH-C�UV:��2.KH-C�G;Hm:=:WsF8;MO?yNPQWS;§ �-H-Nrq@?PNPQTS;H-C�¦� LCoA�MONPJ�HmNyC;H-I¡J k MO�E?PHmqRq@HmC �$?yAFIRH-CLt¥H-?yGLH-I
MONPq j Hm:@DK?PH-NPQWSEI ��HmNyIRH4DKHT:@NyC;DKH-M �=8;t �uAFCEG^Hm:Rt¥AFIRI|q-��Hm:WGLH-C��

¦�NPHft k q k DF:WA�2oIRQWSEH��V8Lt¥CEAFSEMOH4H-NPCEHmI�CENPQTS/q�:@H-�L: k G;8
�-NPHm: ¢ A	:@H-C�0 k :@DKAFCEDFH-I k G;HT:4G;NPHO<>:R§
t AFIRIR8;CED G;HT:f¦� LCEAFMONPJ H-NPCEHm:hH-NPC �-Hm?yC;H-C[~�A j NPqWA	q@N k CEI ¢ ?yAFIRH�Hm:Rt k :WG;Hm:RqfG;NPH�0�HT: ��H-CEG;8EC;D
H-NPCEHm:*� k QWSEDFH-IRQTS �XNPCoGLNPDKJlH-Nrq@IRJFAFMOHm:WA�MONPq���Ny?yGp:WA�q@H-C jlk C MONPCoGLH-I|q@H-CEIOHmNyC;NPDKH-C F ���F�K�
�$NP?BGLHm:@C �	I �Etwv;:VG;HmqWA�NP?y?PNPHm:Rq@H �$HmqR:WA�QTS/q@8;CEDKHmC jlk C^MOH-SL:@Hm:@H-C F �K���K�F���$NP?yG;Hm:@C ��I 	 �=: k �F¤ � �
8ECoG�NPI|q¡G;AFMONrqXMONrqXHm:@SEH ¢ ?PNPQTS;H-C^~ k I|q@H-C j Hm: ¢ 8;CoGLH-C��

¦�NPH kK¢ H-C ¢ H-IRQTSL:@NPH ¢ H-CEHmC ¦�Hmq@HmJpq@N k CEI j Hm:Rt¥AFSL:@H-C I|q@H-S;H-C A�M ¦�H-�EA�:Rq@MOH-C/q k t1�V�;�E?PNPH!G
��S  LIRNPQ-I �>�xS  ;IRNPQ-I k t=n�?y8;NyG;I � G;Hm:4}¡C;N j Hm:@IRNrqWs�q4� �$H-C/q@H�� W NPH!GLHm:@?yAFCoGLH	��-8;:10�Hm:RtwvEDK8;CEDL�
¦ k :Rq ¢ H 2ECoG;HTquIRNPQTS H ¢ H-C;t¥AF?P?PIVH-NPC ¢ AF8;DK?PH-NPQTS;Hm:=�ENPH � k Hm?yHmJpqR:@NPIRQWSEHm:¡¬�Nrq@S k qR:@NP�;q@Hm:����XNPH�G;Hm:
NyC GLNPH-IRHm:��=: ¢ H-Nrq=H-NPCEDFH-IRHmq��mq@H�� 8EC/q@Hm:-� ¢ IRQWSECENrqRq¡£p� H jlk :@DKH-I|q@Hm?y?rqT�T�9¦¡NyH1�-8L:-0�Hm:@N�2EJKA	q@N k C
G;H-I(&pNPMf8E?yA	q@N k CEIRM k GLH-?P?yHmI$NPC�G;NPH-IRH-M ~�AF�ENrq@H-? j Hm: ��H-CEG;Hmq@HmCOI|qR: kK¢9k IRJ k �ENPIRQWSEH-C#�V8Lt¥CEAFS;§
MOH-C �X8;:WG;HmC�A�C�GLHm:�}¡C;N j Hm:@IRNrqWs�q��,��H-C/q@H jlk C ¦¡:!� � AFC;NyIRS��=: k :WA^G;8L:@QTS;DKHmtwvESL:Rq�8ECEG
G;H-M �=8;q k :utB:@H-8ECEG;?PNPQTS;Hm: ��HmNyIRH1�-8L:(0�HT:Rt¥vEDF8EC;DfDKHmI|q@H-?P?Pq!�

z¨C�� ¢E¢ Ny?yGL8ECEDdc/� £=NyI|q�GLHm:>H 4L�9Hm:@NPMOH-C/q@H-?P?PH$�V8Lt ¢ AF84IRJLN � �mNyHT:Rq!�l<>:xNPI|qxNyC 	 �V��¬��SG��'� $ ���8c&�
G;HmqWA�Ny?P?PNPHm:Rq ¢ H-IRQWS;:@NPH ¢ HmC58ECEG��XNr:WG5NyM n k ?PDKH-CEG;H-COJp8;:��uHT:@?Bs�8;q@Hm:Rq!�/<�NPCO�ENPH � k H-?PH-J/qR:@NyIRQWSEHT:
¬�Nrq@S k qR:@Ny�Lq@Hm:hNyI|qh8EC/q@Hm:4H-NPC;H-M ©�NPCEJlH-? jlk C 45◦

�-8L:h� k :@N � k CpqWA�?PH-CdAFCªH-NPC;H-M ©[AFIRIRHT:R§
¢ H-QTJKH-C A�CEDFH ¢ :WA�QTS/q!�x¦�A�I��$H-QWJlH-CdH-C/q@Sos�?Pq5Q!AL� c���¬�Nrq@Hm:5H-C/q@DlAFI|q@HmI5©[AFIRIRHT:'MONPqfH-NPCEHm:
&;AF8;Hm:@I|q k � J k C �mH-C/qR:WA�q@N k C jlk C'Hmq �uA�HK��� G;HmI$&;s	qRq@NPDK8EC;DKI �$Hm:Rq@H-I-�L¦�NPH¡I|qR: kF¢9k IRJ k �ENPIRQTS;H-C



� ����� �/��������	 �����3��� ��� ��� �+���� � �
	�������� �/���3�
	*� �  � � ��
	�� 	�� ����� ������� � � ��� � ������ § Y:F §

©[A�IRIRHm:RqWAFC;J

�$?PNrq��-?yAFMO�9H

&L�;NyHmDKH-?

}&p§ &LHmCoG;HT:

¦�N�� 8EI k :

0 0 ¦V§~�A�MOHm:WA

~�A j NrqWA�q@N k CEI ¢ ?yA�IRH-C

�!����	 ����� � ��	 ����� �

©ªAFIRIRHm:RqWA�CEJ
¬ A�IRHm:

~�A j NrqWA�q@N k C;I ¢ ?yAFIRHmC

IRH-? ¢ I|qRt k Jp8EIRIRNPHm:@HmCoG;HT:}¡?rqR:WAFIRQWSoA�?P?yIRHmCoG;HT:

�! �� �
��	 �������%� ��	 ����� �

�	����
�������� ��� � � � &+ # #,/2��8-,/2 ,/. 0�&+@*B;.'� � &A@  #� 4 	64 � <>&+.=45& .A2'@��7/4#7�3�@5,��- #"#$�&+.): 2��.-,/$/�)& � 7�.
� , �'� 4#,645�!7�.� #8�1 ,/ 5&+.�� &+1!0�&+@ . � .�,/"%$ ! : � # $ �'&)(%F

�=8;twCoAFS;MOH-C�GLHm:�~�A j NrqWA�q@N k C;I ¢ ?yAFIRH-CLt¥H-?yGLHm: ��Hm:WGLH-C MONPqVH-NPCEHT:�G;NPDKNrqWA�?yHmC 0 0 ¦¡§�~�A�MOHm:WA
GL8;:@QWSEDFHmt¥v;S;:Rq!��¦�NPH*��H-?PH-8EQWS/q@8ECED[HT:Rt k ?PD�q�MONrq*HmNyC;Hm: �¡H-C k C;§{¬�AFMO�9H�GL8;:@QWS�¬�NPQWSpq ¢ ?PNPqR§
�mH jlk Cª£ µ

I�¦�A�8EHm:!��¦�AFI�¦�HTq@H-J/q@N k CEI jlk ?P8EMOH-C �XNr:WG��-8L:5U¡H/�usFSL:@?PH-NPI|q@8ECED�HmNyC;H-I�DK8Lq@H-C
~ k C/qR:WAFI|q@HmI>AF8;IxG;H-M �¡NPC/q@Hm:@DF:@8;CoG�G;N�� 8EI ¢ H-?PH-8EQWS/q@Hmq!�	¦�AFMONrq>HT:@IRQTS;H-NPCEH-ChG;NPH$�$?yA�IRH-C5A�8;t
GLH-C �V8Lt¥CoA�SEMOH-C�A�?PIxG;8EC;Jp?yH2�!DKHmtwvE?P?rq@Hu~�:@H-NPIRHK��¦�NPH"�=8;t¥CEAFS;MOH-C ¢ H-IRNrq��-H-C4H-NPCEH�:WsF8EMO?PNPQWSEH
�=8�� �KIR8EC;D jlk C 100×100 µ

M �;: k ��Ny?yGL�E8EC;J/q!�%�=8;t¥D�:@8ECEG5G;Hm:�I|qWA�q@NPI|q@NPIRQWSEH-C W 8;Jp?yH-A�q@N k C
GLHm:�~�A j NrqWA�q@N k C;I ¢ ?yAFIRHmC �$Hm:WG;H-C �-8L:1�^NrqRq@H-?P8EC;D ¢ H-N �|H!GLHm:�<xNyC;I|q@H-?P?P8ECED F ���V8Lt¥CEAFSEMOHmC
DFH-M'AFQWS/q!�p¦�NPH�AFC;IRQTS;?PNyH/.lH-CEG^G;8L:@QTS;DKHmtwvESL:Rq@H�$NP?yG j HT:WA�: ¢ H-Nrq@8EC;D58ECEG5§¨A�8EI �$Hm:Rq@8EC;D ¢ H-NPC;§
SEAF?rq@HmquHmNyC;HV«VAF8;IRQTSp8;Cpq@HT:WGL:@vEQWJp8EC;D
�KG;NPH &pH-DKMOH-C/qWA	q@N k C'G;Hm:$�$NP?BGLNPC;t k :@M'A�q@N k C�NPC��$?yAFIRH-C
8;CoGf�VNPCpq@HT:@DF:@8ECEG,�KI k �XNPH¡G;NPH���H-I|q@NPMOMf8EC;D�G;HmIu�V:Rq@H-I�8ECoGfG;Hm:uUV:��2.lH¡G;Hm:$G;HTq@H-J/q@NyHT:Rq@H-C
��?BA�IRH-C 	 � $ ���8c����,�=8EI�GLNyHmIRHm:�z¨CLt k :@M'A�q@N k C ?yAFIRIRH-C IRNPQTS��V8EIRI@A�DKH-C v ¢ HT:�G;NPH4:WsF8EMO?PNPQWSEH
8;CoG��-HmNPq@?PNPQWSEH5<xC/q �XNPQWJL?P8;CED�G;Hm: �$?yAFIRH-C;DF:��2.KH58ECEG��$?yAFIRH-CEG;NPQTS/q@Hh8ECoG�G;AFMONrq�A�8EQWS G;H-I
jKk ?P8EMOHmqR:@NPIRQWSEH-C^U�AFI@A�C/q@H-NP?yI=qR:@H � H-C �

�>� ��� � �h� � �F����� �9� �����F��� � ���d\[��x� �F� �K��� � � ��� �K�;� �K��� �

¦�AFIXNPM jlk :@NPDKHmC�� ¢ IRQWSEC;NrqRq jlk :@DFH-I|q@H-?P?rq@H10�Hm:Rt¥AFSL:@H-C��-8L:=t k q k DF:WA�2EIRQTS;H-C <>:Rt AFIRIR8;CED jlk C
~�A j NrqWA�q@N k C;I ¢ ?yAFIRHmC;t¥Hm?BGLHm:@C NPI|q'MONrq5HmNyC;H-M S k S;H-C H 4L�9Hm:@NPMOH-C/q@H-?P?yHmC �=8;t �uAFCEG j Hm: ¢ 8;C;§



§ Y £	§ ���-� ����� � ����	 ���3� ���;�������&� � 	�� �������� �'����� � 	 � ������3���

G;H-C �p<�I$IRHmq��mq �$H-Nrq@Hm:@SENPC'H-NPC k �Lq@NyIRQWSOqR:WAFC;IR�oA�:@HmCpq@HmI"�V8;I ¢ :@H-Nrq@8;CEDKIRMOH-G;NP8EM jlk :WAF8;I$8ECEG
JKA�CEC ¢ H-NPIR�ENPH-?PI ��H-NPIRH ¢ H-N 0�Hm:@IR8EQWSEHmC�MONrq�8;CoGL8;:@QWSEIRNPQTS/q@NPDKHmC�U¡H/��H ¢ H-�;SoA�Cpq k MOH-C CENPQTS/q
H-NPCEDKHmIRHmq��mq �$Hm:WG;H-C � �V8;I GLNPH-IRH-M UV:@8;CoG��X8L:WG;HxNPM «VAFSEMOHmC�G;NPH-IRHm: �=: ¢ H-Nrq�H-NPCEH �^H-IRI@AFCL§
k :WG;Cp8;CEDXCoA�QTShG;H-M nE8;CEJ/q@N k CEIR�L:@NPC �-NP��G;HT:>�oA�IRIRN j H-CfA�Jp8EI|q@NPIRQTS;H-C�~�A j NrqWA	q@N k CEI@GLHmq@H-J/q@N k C
AF8;twDKH ¢ AF8Lq 	 0 ~ 0 &L�K¤
��<�M4qW�SG&����¦�NPH-IRH#�^H-IRIRMOHmq@S k G;H ¢ H-HmNyC��o8;IRI|qfGLNPHO~�A j NrqWA�q@N k CEI ¢ ?yA	§
IRH-CoG  ;CEAFMONPJ�CENPQWS/qh8;CoG NyI|q4�L:@NyC
�-NP�ENPH-?P?�A�8EQWS�twv;: ����� ����&'<54;�9HT:@NyMOHmCpq@HhDKH-HmNyDFCEHmq!� �^NPq
H-NPCEH-M k G;HT: MOH-SL:@Hm:@H-C t k Jp8EIRIRNPHm:@HmCoG;HmC��  ;GL: k t k C;H-C �$Hm:WG;H-C GLNPH jKk C�GLH-C ~�A j NPqWA	q@Nr§
k CEI ¢ ?yAFIRH-C[A ¢ DFH-I|qR:WAFS;?Pq@HmC &LQWSoA�?P? �$H-?P?PH-C[G;HTq@H-J/q@NyHT:Rq!� ¦�8;:@QWS G;NPH�0�Hm: ��H-CEG;8;CED jlk C �!�$H-N
�  ;GL: k t k C;H-C ?ys�IRI|q*IRNPQWS G;AFIO¦�Hmq@HmJpq@N k CEIRDKH ¢ NPHmq�AF8Lt1� ¢ MOH-IRIR8EC;DKH-C jlk C �$H-CENPDFH-C �^NP?r§
?yNPMOHmq@HT:@C[H-NPCEIRQWS;:WsFC;JlH-C 	 0 &
� 0 �K� ���>¦�NPH ¢ H-N�H-NPC;Hm:f�;8E?PI|t ��:@MONPDKH-C &LQWSoA�?P?BA�C;:@H-DF8EC;D MONrq
H-NPCEH-M�I k ?PQWSEH-C��EAFIRIRN j H-C�~�A j NrqWA�q@N k C;I@G;Hmq@HmJpq k :f��� 0 ¦+�EH-CEDF?��E�oA�IRIRN j H4Q-A j NrqWA�q@N k C�GLHmq@H-Qm§
q k :T��H-MO�;t¥AFC;DKH-C;H-C�&LNPDFCoAF?PH�Hm:@?yA�8 ¢ H-C�GLNPH1�$H-I|q@NPMOMf8;CED5GLHm:=~ k ?y?yA��EI �-H-Nrq t , G;Hm:=NPM ¦�Hm§
q@H-J/q@N k CEI jlk ?P8EMOH-C ¢ H 2ECoG;?PNPQWSEH-C ~�A j NPqWA	q@N k CEI ¢ ?yAFIRH-C ��¦¡NyHh~ k ?y?yA��EI �-H-Nrq�NPI|q�H-NPC;H��XNPQTS/q@NPDKH
~�H-CEC;DF:��2.KH �-8L:���H!��Hm:Rq@8;CED jlk C[~�A j NrqWA�q@N k CEIRHm:@H-NPDFCENPIRIRH-C����=8EIhG;Hm:h~ k ?y?yA��EI �-H-NrqOJFAFC;C
NyC[HT:@I|q@Hm: W sFS;Hm:@8EC;D�AF8Lt=G;H-CªM'A 4LNyM'A�?xHm:R:@H-NPQTS/q@H-C �$?yAFIRH-CL:WAKG;NP8;IfDKHmIRQTS;? k IRIRH-C ��Hm:WGLH-C
	 «VA  F I���� �$H-N¡J k C/q@NPCL8;NPHm:@?PNyQWSEHT:#&LQWSoAF?P?yAFCL:@H-DK8;CEDªqR:@Hmq@HmC G;8L:@QTS G;NPH�I|qWA�:@JdCENPQWS/q@?yNPC;H!A�:@H
�$?yAFIRH-CEG� LCoA�MONyJ^NyC�G;HmC jKk M � 0 ¦ HmMO�;t A�CEDFH-CEH-C &pNPDKCoA�?PH-C�I k � k SE?xS �FSEHm:@H4��A	:@M k C;NP§
IRQTS;H AF?PI'A�8EQWS &p8 ¢ SoA�:@M k CENPIRQWSEH�G;Hm:'UV:@8ECoGptw:@H��/8;H-C ��AF8Lt 	 0 k A>I F ����798oG;HmM�JFAFC;C ¢ HmN
�V8;tBqR:@Hmq@H-C qR:WAFC;IRNyHmCpq@HT:�~�A j NrqWA	q@N k C�DFH-CEHT:@H-?P?>H-NPCEH5<>:@S �FSp8ECED*G;HmI�«¡A�8EIRQWSoA�Cpq@HmNy?PI ¢ H kK¢ §
AFQWSpq@HTq���Hm:WGLH-C 	 ~ � ��¬ �SH ����¦�NPH*}V:@I@AFQWSEH G;NPH-IRH-I ¢ :@H-Nrq ¢ AFCEG;NPDKHmC «VAF8EIRQWSEHmCEI5IRNPCoGdG;NPH
¢ H-NPM �$?yAFIRH-C;J k ?P?yAF�;I�A ¢ DKH-I|qR:WA�SE?rq@H-C�A�Jp8EI|q@NPIRQTS;H-C�&/q k .'�$H-?P?PH-C 	 ¬�7 ¬ + �K¤����

)P% : �-QR%*%�&-'*U�%�&-,�DE9C �&-4 ( /S9<&(0e9 ( '-7:4���� \

<�NPC � 0 ¦ H-MO�;t¥sFCED�q����XNPH kK¢ HmC Hm: �us�SEC/q��$G;NPH jlk C H-NPCEH-M JFA j NPq@NPHm:@HmCoG;HmC �$?yAFIRHmC;t¥Hm?BG
A ¢ DFH-I|qR:WAFS;?rq@H-C[AFJp8;I|q@NyIRQWSEHmC�©ªHm?y?PH-C,� I k �XNPH'G;HmCªAFC jlk :@SEAFCEG;H-C;H-C���?BA�IRH-CªNPM ¦�HTq@H-J/q@NP§
k CEI jKk ?P8EMOH-C^DKH-I|qR:@H-8Lq@H-C�¦�Nr:@H-J/q@IRQWSoAF?P?>GLH-IV��SEHm:WA��ENPH!�uA�CoGL?yHT:@I-� 7 8L: 0 SEA�:WA�Jpq@HT:@NyIRNPHm:@8;CED
G;Hm:�~�A j NPqWA	q@N k CEI ¢ ?yAFIRH-CEG� LCoA�MONyJ�8;C/q@Hm: j Hm:@IRQWSENPH!GLH-CEH-C�0�HT:@IR8EQWSEI ¢ H!GLNyC;DK8;CEDKHmCh8;CoG1�-8EM
0�Hm:@DF?PH-NPQTS MONrq &pNyMh8E?yA�q@N k CEI|:@H-QWSECp8EC;DKH-C�I k ?P?rq@H�GEA�I �^H-IRIRI  LI|q@H-M�H-NPCEH¡:Ws�8EMO?PNPQTS;H �V8�� �F§
IR8ECED'NPC G;Hm:�=:Rq¡Hm:@?yAF8 ¢ HmC � G;AFIRI�Cp8;:¡G;NPHhAF8;I�H-NPCEH-M NPC/q@Hm:@H-IRIRNPHm:@H-CEG;H-C 0 k ?P8EMOH-C,� �K� �V�
G;Hm:fn k Jp8;I|:@H-DKN k C H-NPC;H-I5¬ NPq@S k qR:@NP�;q@HT:@I �>A ¢ DKH-I|qR:WA�SE?rq@H-C &LNPDFCoAF?PH*G;Hmq@HmJpq@NPHm:Rq ��HT:WG;H-C ��z¨I|q
GEAFI�¦�Hmq@HmJpq@N k CEI jlk ?y8;MOH-CfJp?PH-NPCODKHmDKH-Cpv ¢ HT:�GLH-Cf:WsF8;MO?PNyQWSEHmC + CEG;Hm:@8;CEDFH-COG;HT: ��?BA�IRH-C;:WA	§G;NP8EI j HT:Rq@H-NP?y8;CED��/I khj Hm:@SoA�?Pq@HmC�IRNPQWS�AF?P?PH�$?yAFIRHmC*NPCEC;Hm:@SoA�? ¢ GLNPH-IRH-I 0 k ?P8;MOH-CEI�Cos�SEHm:@8;CEDKI|§
��H-NPIRH�DK?PH-NPQWS��;<xNyC;H¡S k SEH=:WsF8;MO?yNPQWSEH �V8�� �KIR8;CEDhG;H-I�� 0 ¦ �XNP:WG�G;8L:@QTS�GLNyH 0�HT: ��H-CEG;8EC;D
jlk C �!�$H-N�t k Jp8EIRIRNPHm:@HmCoG;HmC��ENPH � k JlHm:WAFMONPIRQWSEH-C��- ;GL: k t k C;H-C MONrq=IRNyQWS�v ¢ HT:@IRQTS;CEH-NyG;HmCoG;HmC
n k Jp8EI|:@HmDKN k C;H-C Hm:R:@H-NPQWS/q!�

�^NPq*�ENPH � k JlHm:WA�MONPIRQTS;H-C ©[A�CoGL?yHT:@C JKA�CEC,��NPM3U¡H-DFH-CEI@A	q�� �m8�AFCEG;Hm:@H-C �  ;GL: k t k C;�;:@NPC;§
�-NP�ENPH-C �XNPH*Hmq ��A�� 0¡¦�n §{n k ?yNPH-C,�xH-NPCEH�t k Jp8;IRIRNyHT:@H-CoGLH �VC k :WG;Cp8;CED�NPC HmNyCLt A�QTS;Hm:O©ªH-NPIRH



� ����� �/��������	 �����3��� ��� ��� �+���� � �
	�������� �/���3�
	*� �  � � ��
	�� 	�� ����� ������� � � ��� � ������ § Y H�§

:@H-AF?PNPIRNyHT:Rq �$Hm:WG;H-C �E¦¡NyH¡S k S;H�<xMO��2oCEG;?PNPQTS;JlH-Nrq�NPI|q=H-NPC#�$H-Nrq@Hm:@Hm: 0 k :Rq@H-NP? jlk C^��NPH � k JlHm:WA	§
MONPJlHmC��9}VM G;AFI�<xNyDFH-CEIRQWS �XNPCEDK8;CEDFI j Hm:@SoA�?rq@H-CªGLHm:�©[A�CoGL?yHT:�-8�GEs�MO�;t¥HmC � �$Hm:WG;H-C�G;NPH
�xNPH � k JlHm:WAFMONPJlHmC�AF8Lt>H-NPC AFC;DKH-�EAFIRI|q@H-I���AFQWJpNyC;DOAF8Lt¥DFH-Jp?yH ¢ q 	 ~ k I@¤F¤���o¦�Hm:=MOH-QWSoA�CENPIRQWSEH
�=8;t ¢ AF8*8ECEG*GLNyH�U¡H k MOHmqR:@NPH�GLHm:XNPC�G;NPH-IRHm: �X: ¢ H-Nrq j Hm: ��HmCoG;HTq@H-C*�- ;GL: k t k C;H�NyI|qXNPC � ¢ §
¢ NP?BGL8EC;D c/� HVGEA	:@DKH-I|q@H-?P?rq!�2�V?PI ��A�QTJpNPCEDFM'A�q@Hm:@NyAF? �XNr:WG��^H-IRIRNPCED j HT: ��H-CEG;Hmq�� � k G;8L:@QTS4H-NPCEH

��A�QTJpNPCED

�xNPH � k JlHm:WAFMONPJ

¦�sFMO�Lt¥8EC;DKIRIRQWSENPQWSpq

F
� F �F�

a
� HK£

c HF� £

�	����
�������� � � � � ��<>&+�!0�� �)&+.� 5�!7�.-,/1!&+@ ��"%$�.'� 454 0�2�@ "%$ 0'�!& � &+7��)&+45@ �!&>0�&+@�� �'0'@57 �7�.�&>0�&+ -,���* �
:;.�3 ,/8�&+. �!. � �!1!1!� �)& 45&+@AF

k �;q@NPM'AF?PHVAFJp8EI|q@NPIRQWSEH=z¨MO�9H!G;AFC
�!AFC;�oAFIRIR8;CED�A�C*GLNPHV~�Hm:WA�MONPJfHm:R:@H-NPQWS/q �XNr:WG �L798;:$}¡C/q@Hm:R§
Gp:@vEQWJp8ECEDuI|q���:@H-CoGLHm:�«=H �EH 4LN k CEH-C�NPI|qxGLNPH�«=vEQWJpIRH-Nrq@H$GLH-I ��A�QTJpNPCEDFI>G;8L:@QTS�<xNPC ¢9k S;:@8;CEDFH-C
GLN�� 8EI�DFH-I|qWAF?rq@Hmq�8;CoG�MONrq�H-NPCEHm:�-8EI@s	q��-?PNyQWSEHmC�¦�s�MO�;t¥8;CEDFIRIRQTS;NyQWS/q�A�8EI�H-NPC;Hm: �^NPIRQTSp8;CED
jKk Cd<�� k 4LNyG;SEA�:���8ECoG <xNPIRH-CE�;8E? j Hm: j Hm:@IRH-S;H-C��>¦¡NyH U¡H k MOHTqR:@NyH^G;Hm:f�  ;GL: k t k CEH�Hm:@DKN ¢ q
IRNPQWS�A�8EI�GLHm:1�=C;t k :WG;Hm:@8;CED�� G;H-C � 0 ¦ NPC�GLNPH jlk :@SoAFCEG;H-C;Hf¬ Nrq@S k qR:@NP�Lq@Hm:WAFC k :WG;Cp8;CED��-8
NPC/q@H-D�:@NyHT:@H-C �xI k �XNPH�AF8;I5H-NPCEHmM AFC;DKH-I|qR:@H ¢ q@H-Cd¦�Hmq@H-J/q@N k C;I jlk ?P8;MOH-C[MONrq�� ¢ MOH-IRIR8;CEDKHmC
jKk C*�$H-CENPDFH-C��^NP?P?yNPMOHmq@HT:@C���¦�NPHO�  ;GL: k t k C;H5SoA ¢ H-C�HmNyC;H'n k Jp8;I@G;NPI|qWAFC
� � ~�:@vEMOMh8ECEDFI|§
:WAFG;NP8EIW� jKk C F = 100

MOM 8ECEGdHmNyC;H-C ©ªAFCEG;?PHm:R:WAKGLNP8EI jlk C a = 32
MOM ��¦�NPH ¦�NPQTJKH

GLHm:u�xNPH � k JlHm:WAFMONPJlHmC ¢ HmqR:Ws�DFq=£�MOM �K¦�NPH-I�H-C/q@IR�;:@NPQWS/q�H-NPCEHT:u«VHmI k CoA�C �mtB:@H��/8EH-C
��GLHm:�tw:@HmN
IRQWS �XNPCEDKHmCoG;HmC�~�HT:WAFMONPJ jKk C'Q!AL� F �^� �V8;CoG5I|q@H-?P?rquH-NPC;H-CO~ k MO�;: k MONPIRI��!�XNPIRQTS;H-C'H-NPCEHm:
M��FDK?PNPQTS;I|q�G;vEC;CEH-C4~�Hm:WA�MONyJ1�-8L: ¢ H-IRIRHm:@H-C��mH-Nrq@?yNPQWSEH-C��V8�� �KIR8;CED�GLHm:��-85H-MO�Lt A�CEDKHmCoG;HmC
~�A j NrqWA�q@N k C;IRNPMO�E8E?PIRHO8;CoGªGLHm:f�VHm:@I|q@H-?P? ¢ A	:@JlH-Nrqf8;CoG MOH-QTSEAFC;NyIRQWSEHmCª��A�CoG;SEA ¢ 8ECED^GEA	:!�
¦¡NyH�n k JL8;I@A ¢ MOH-IRIR8EC;DKH-CO�¥§{¤KG
��§�¦�8;:@QWSEMOHmIRIRHm:T�oIRNyCEG�G;8;:@QWS�G;HmC�� ¢ t¥AF?P?pG;Hm: ¦¡:@8EQWJFAFMO�E?PNr§
q@8EG;HVAF8Lt>G;NPH��¡sF?rtwq@H�G;H-I(� A 4LNyM'A�?)��Hm:Rq@H-IXGLH 2oC;NPHm:Rqu8ECEG ¢ HmqR:WAFDFH-C*twv;:=G;NPHVH-C/q �XNPQTJKH-?rq@H-C
�- ;GL: k t k C;H HZG
� H�MOM NPC*«=NPQTS/q@8;CED4G;Hm:$« k qWA�q@N k C;I@AFQWSEIRH5��A 4LNBA�?PH�«VNPQWS/q@8ECEDl�x8;CoG H�� £>MOM
NPC^:WAFG;NyAF?PHm:¡«VNPQWS/q@8ECED 	 <�M4qW�SG��� �V8;t>G;Hm:�UV:@8ECEG;?yAFDFH jKk C��=MO�E?PNrq@8oGLH-C j Hm:@DK?PH-NPQWSEH-C*?ys .Kq
IRNPQWS�GEA�I'¦�Hmq@H-J/q@N k C;IRDKH ¢ NyHTq G;AFMONrq'NPC :WAKGLNBA�?PHm:^«=NPQTS/q@8;CED�IRHmS;:�DK8Lq*HmNyC;IRQTSL:WsFC;JlH-C ��NPC
A 4LNBA�?PHm:f«=NPQTS/q@8;CED^NPI|qfG;NPH-I4CENPQWSpq4M��FDK?PNPQTS � ¦�8L:@QTS�G;NPH�0�HT: ��H-CEG;8EC;D jlk C �!�$H-N$�- EGp: k §
t k C;H-C �xGLHm:@H-C[« k qWA	q@N k CEI@A�QTS;IRH-C IRH-CEJ/:@H-QWS/q+�-8;H-NPCoA�CoG;HT:5A�CEDKH k :WG;C;Hmq5IRNPCEG,� �XNr:WG G;NPH-IRH-I



§ Y GF§ ���-� ����� � ����	 ���3� ���;�������&� � 	�� �������� �'����� � 	 � ������3���

�x: kF¢ ?PH-M DKH-? �KI|q!�o¦�NPH4IRNPQWS G;8L:@QTSEGL:@NPCEDFH-CoGLH-C n k Jp8EI jlk ?y8;MOH-C�Hm:@DKH ¢ HmC�H-NPC�I k D;�o~ k NPC
�-Nr§
G;H-C
�mt k JL8;I jlk ?P8;MOH-Cª� ¢ �/���oNPC�G;HT:�< ¢ H-CEH�GLHm:V« k qWA�q@N k C;I@AFQWSEIRH-C�H-NPC;H4~ k NPC �mNBGLH-C �Tt k Jp8;I|§
:@H-DKN k Co�/�pG;HmIRIRH-C��V8;I@G;H-S;CL8;CED jlk M §{¤KG
��§�«¡AFG;NP8EI ¢ H-I|q@NPMOM4q �XNP:WG �l¦�8L:@QTS5G;NPHXJ k CLt k JFAF?PH
�VC k :WG;Cp8EC;DXG;Hm: ¢ H-NyG;H-C��  ;Gp: k t k CEH��-8EI@A�MOMOH-C�MONrq�GLH-M q@S;Hm:WAF�9Hm8;q@NPIRQTS;H-C�} &/§�©ªAFCEG;?PHm:
��Hm:WGLH-C ~�A j NPqWA	q@N k CEIRHT:@H-NPDKCENPIRIRH4NPC G;HT:¡n k Jp8EI|:@H-DFN k C�GLH-I=��SEHm:WA��ENPH!�uA�CoGL?yHT:@I¡GLHmq@H-J/q@NPHm:Rq!�

�- EGp: k t k C F �  ;GL: k t k C £

�$?yA�IRH-C;twH-?yG

~ k NyC
�-NyG;H-C
�mt k Jp8EI|:@H-DFN k C n k Jp8EI|:@H-DFN k C H-NPCEHmIX©ªAFCEG;?PHm:@I

« k qWA	q@N k CEI@A�QTS;IRH��SEHm:WA��ENPH!�uA�CoGL?yHT:

� ����
�������� ��� )�� :;2��8-,/2 2�.�0 
-2�./� 4#�!7�.' #��@ �!./.+�!�)0�&+ , � * F�* 2�@ "%$)0��!&���7�.�� 7��6,/1!&D:;.�7�@ 0�.�2'.�3
0�&+@�� 7��=2� 5 #�!&+@5&+.�0'&A. �D��0�@ 7 � 7�.'& 0�&+ ,���* .+2� #, � �)&+. �)� 4�0'&�� B	�=E � $�&+@5,/���!& < ,/.�0�1!&+@*<D�!@50)0'�!&
&A@��7�@50�&+@ 1!�!"%$�& @ 	/2��)1!�!"%$�&  �!.' #"%$�@ 	/./�=2�.�3)0�&+ "* & 4#& � 4#�!7�.' � 7�1!2/�)&+.� ;&A@ @ &A�!"#$=4AF

z¨C�� ¢;¢ NP?yG;8;CED�c/� G NPI|qfG;NPH'�;:@NPC �-NP�;NyHm?y?PH#�VC k :WG;Cp8;CED IRJpN � �-NPHm:Rq!�>¦¡NyH ¢ H-NyGLH-Cª�  ;Gp: k t k CEH
�X8;:WG;HmC CEAFQWS nEH-NPC)�¨8EI|qWA�DKHfNPC�NPS;:@HT:�� k IRNrq@N k C �-8;H-NPCoAFCEG;Hm: 2.4LNPHm:Rq!� ��H-N>H-NPCEHm: k �Lq@NPM'AF?PH-C
�V8EI|:@NPQWS/q@8ECEDhG;HT:(�VC k :WG;Cp8;CED �XNr:WG*H-NPC^NPM n k Jp8EIuA ¢ DFH-I|qR:WAFS;?Pq@HmI�&pQTSEAF?P?PIRNPDKCoA�? jKk C ¢ H-Nr§
G;H-C �- ;GL: k t k C;H-C^DF?yHmNyQWS �mH-Nrq@NyD'H-MO�Lt A�CEDKHmC�� �^H-IRI|q@H-QWSECENPIRQWS �X8;:WGLH ¢ H-N�G;Hm:=H-CEG;DKv;?rq@NyDFH-C
�VC k :WG;Cp8EC;D�HmNyC ¬ A�8;t �mH-Nrq@8EC/q@Hm:@IRQWSENPH!G �/�XNyIRQWSEHmC ¢ H-NyG;H-Cd�  ;Gp: k t k CEH-C jlk C 0,1 µ

I � ¢ HT§
� k DFH-C[AF8LtuH-NPC�NPM"n k Jp8EI�H-NPC;H-I��  ;GL: k t k C;H-I�A ¢ DKH-I|qR:WA�SE?rq@H-Cªz{MO�E8;?yIRHmI ��HT:@MONPqRq@Hm?Pq!� ¦�NPH-I
H-C/q@IR�;:@NPQTS/qOHmNyC;H-M �=8EI|:@NPQTS/q@8;CEDKI|twH-SE?PHm:�GLHm:'n k JpN jKk CdQ!AL�$��� F c>MOM 8;CoG GEA�MONrq���H-C;Nr§
DKHm:4A�?yI�c � GLH-I�¦�8L:@QTS;MOH-IRIRHm:@I�GLHm:�~ k NPC �mNBGLH-C �Tt k Jp8;I|:@H-DKN k C � ¦¡NyH��^H-IRI@AFC k :WGLCL8;CED*G;H-I
� 0 ¦ ¢ HmN�GLH-C j Hm: ��HmCoG;HTq@H-C*�;NPH � k H-?PH-J/qR:@NPIRQTS;H-C���S;Hm:WAF�;NyHmIRH-CoGLHm:@C^NPI|qXNPC�� ¢E¢ NP?yG;8;CED�cp� c
GEA�:@DFH-I|q@H-?P?rq!�



� ����� �/��������	 �����3��� ��� ��� �+���� � �
	�������� �/���3�
	*� �  � � ��
	�� 	�� ����� ������� � � ��� � ������ § Y c	§

�!��� �
	 ��������
��0
% ��� 	 �.������� ������������� � ��� � �����
� �� �� ������ � 	 ��� 
 � ��	 �
������� �

�  ;GL: k t k C £

�  ;Gp: k t k C F

�¡z|n�}=§�©[AFCEG;?PHm:

�! �� �
��	 �������%� ��	 �������	 �(. �*#��)� � ������� ��� � 	 ���
� �������%��	 ������������ 	 �'� 	 � ��	 � �
��	 ������� ����� ��	 �
����+� ������������� � ��� � ����� � � � �
	 ��� ���� ���!%��� � 	 �����4�
�%��	 ���'���

�	����
�������� ������� � &+ 5 %,/2��8-,/2 0�&+ , � * .+2�@ � ,���� 4%,645�!7�.� #0'&+45& �=45�!7�.98�&+����2�1! � ��@ �)�!3�&+@;:;.�@5& E
3�2'.�3 �)� 4�&+�!.�& ��� � 45$�7/45@5�!��4#&+@  #�!3�.-,/1 �1!�!./�� ( 2�.�0 ��7�. 45�!.�2��!&+@ 1!�!"%$�&+@�:;.�@ &A3�2'.�3 0�2�@ "%$)0�&+. � 	 
 BDE
0?,/.�0'1!&A@ �@5&+"%$ 4# ( F

��9C3�&(QM!CQ"%-46`�72/1D1%�&(3 ��7:9 ( %-!C4�: �R/S�]9$3R72/P)+&(/1723�%�&(3

¦¡NyHuHmMO�;t A�CEDFH-CEH-CfAFJp8EI|q@NPIRQWSEH-C�&LNPDKCEAF?PH"��HT:WG;H-C jKk C5GLH-C ¢ HmNBGLH-Cf�- ;GL: k t k C;H-COG;HmIx� 0 ¦
NPC*H-?PH-J/qR:@NyIRQWSEH &p�oA�CECp8EC;DKH-C'8EMODFH-IRHmq��mqX8;CoG'MONrqXH-NPCEH-M �/��H-NPJFAFCoA�?PNyDFH-C G;NPDFNPqWA�?PH-C�&L�9HmNP§
QWSEHT: k I �-NP?P? k IRJ k �^A�8;t¥DFH-C k MOMOH-C��F¦�A�I �-8OHm: ��A�:Rq@H-CEG;H &LNPDFCoAF?EH-NPCEH-I�~�A j NrqWA�q@N k CEIRHm:@H-NPDFCENPI|§
IRHmI�H-C/q@Sos�?Pq ¢ H-N9H-NPCEHm:X�;8E?PI|t ��:@MONPDKH-C#�VCL:@H-DK8;CED�H-NPCEH-C*�>:@NyM's	:@NPMO�E8E?PI�8ECoGOH-NPC;H-C*IRHmJL8;C;§
G;s�:@H-C�~�A j NrqWA�q@N k CEIRNPMO�E8;?yI-� ¦�Hm:f�x:@NPM's	:@NyMO�;8E?PI�:@H-IR8E?rq@NPHm:RqfAF8;IfGLHm:�&pQTSEAF?P?yA ¢ I|qR:WAFSE?P8;CED
¢ HmNyM ~ k ?P?yAF�;I jlk CdNPM ©[A�IRIRHm: jlk :@SEAFCEG;H-C;H-C ��?BA�IRH-C �$G;NPH�GL8;:@QWS GLH-Cd� k IRNrq@N j H-C �=C;§
q@HmNy? H-NPC;Hm:=H-NPCpqR:@H � H-CoGLH-C�&/q k .2��H-?P?PH�J k MO�L:@NPMONyHT:Rq ��HT:WG;H-C,�;I k �XNPH4AF8;IXG;Hm: &/qR:@H-8E8;CEDhG;Hm:
&/q k .2��H-?P?PH4AFC�GLNyHmIRH-C��$?yAFIRH-C �o¦�HT:�798EDKAFC/q@H-NP?�G;Hm:�&pq k .'�$H-?P?yH�t¥v;S;:Rq(�-8^H-NPCEHm: j Hm:@DF?PH-NPQTS;I|§
�$H-NPIRH ?BA�CEDFH-C <�4L�EAFCEIRN k CEIR�ESEAFIRH GLNyHmIRHm:���?BA�IRH-C�MONrq�H-NPCEH-M A�CEIRQWSE?PNPH!.lH-CEG;H-C ~ k ?P?yAF�;I-�
�=8EIXGLH-C ¢ H-N�G;NPH-IRHmM ~ k ?P?yAF�;I¡A ¢ DFH-I|qR:WAFS;?Pq@HmC &LQWSoAF?P?)��Hm?y?PH-C :@HmIR8E?rq@NPHm:RqVG;Hm:X~�A j NrqWA�q@N k C;I|§
NPMO�;8E?PI-��¦�NPH�QTSEA�:WAFJ/q@Hm:@NPI|q@NPIRQWSEH 79H-Nrq#�/�XNyIRQWSEHmC ¢ H-NyG;H-C <x:@HmNyDFCENPIRIRH-C �XNr:WG ~ k ?P?yAF�EI �mH-Nrq
DFH-CoA�CEC/q!�pz¨C�� ¢E¢ NP?yG;8;CED�cp� ¤4NyI|qXHmNyC#�$H-NPIR�;NyHm? twv;:XGLNPH�AF8Lt¥DFH-C k MOMOH-CEH-C#&pNyDFCoA�?yH�G;Hm: ¢ HmNP§
GLH-CO�  ;Gp: k t k CEH(�-8OIRH-S;H-C��l¦�Hm: �VCEJp8;C;twq@I �mH-Nrq@�E8EC;J/q�G;H-I��x:@NPM's	:@NyMO�;8E?PIRH-I�?ysFIRI|quIRNPQWS'AF8EI
GLHm:=¬ A�8;t �-H-Nrq=G;Hm: &pQTSEAF?P?yAFCL:@H-DK8;CED ¢ NyI$�m8EM n k Jp8EIuGLH-IX��SEHm:WA��ENPH!��AFCoGL?PHm:@IV8;CoG�AF8;IXG;Hm:
¬�AF8Lt �-H-Nrq��!�XNPIRQTS;H-C'n k JL8;Ix8ECoGhG;H-Cf�  ;GL: k t k C;H-COGLH-I�� 0 ¦ ¢ Hm:@H-QWSEC;H-C��2�$HmN9AF?P?PH-CONPCOG;NPHm§
IRHT:��=: ¢ H-Nrq ¢ H-IRQWS;:@NPH ¢ HmCEH-C4<54;�9HT:@NyMOHmCpq@HmC �m8EM ~�A j NrqWA�q@N k C;I j Hm:@SEAF?rq@H-C ¢ H-Np�E8E?PI|t �F:@MONPDKHm:



§ Y ¤�§ ���-� ����� � ����	 ���3� ���;�������&� � 	�� �������� �'����� � 	 � ������3���

t
�
µ
IW�

U

�
�
�
�

��

~�A j NrqWA	q@N k CEIRNPMO�E8;?PI

�>:@NPM's�:@NPMO�E8;?PI
«=H �EH 4LN k C

~ k ?P?yAF�;I �-H-Nrq

200 300 400 500 600 700 800 900
−5

0

5

10

� ����
�������� � � � ��(*&A�! 5���!&+1�� ��@>0��!& �)� 4�0�& � , � *�0�& 45&�� 45�!&A@ 45&A. �=�!3�.-,/1!& 8�&A� : .�@ &+3�2�.�3)0�2'@5"%$
&A�!.'&A. � � 4#$'7/4#@ �!�'45&A@ ��2�1! ���D��0�@ 7 � 7�. � �

−−

(*2�.�0 �D��0�@ 7 � 7�. % � / (%F

�VC;:@HmDK8EC;D��X8;:WG;H4GLHm:��9NPC � ¢ IRQWSEC;NrqRq�£/� H ¢ H-IRQWS;:@NPH ¢ H-C;H'�9�;NyH!� k H-?PH-J/qR:@NPIRQTS;H5¬�Nrq@S k qR:@NP�;q@Hm:
j Hm: ��HmCoG;HTq!� �^Nrq�GLNyHmIRHm: �=C k :WGLCp8ECED��XNP:WG�GLHm:��>:@NPM's�:@NPMO�E8;?PI ¢ HmN H-NPCEHT:¡©[A�IRIRHm:Rq@H-MO�9Hm§
:WA�q@8;: jlk C T = 20 ◦

0 �
c`0
� F G Y £>M ��IW� �-8EM 79H-Nrq@�E8EC;J/q

t = 200 µ
IhHm: �uA	:Rq@Hmq�� ��AFI

G;8;:@QWSOG;AFI �lNPC�� ¢E¢ Ny?yGL8ECED cp� ¤�GEA	:@DKH-I|q@H-?P?rq@H'���^HmIRIRHm:@DKH ¢ CENPI ¢ HmI|qWs�q@NPDFq��XNr:WG �l¦¡NyHXNPM 79H-NrqR§
:WAF8EM �/�XNyIRQWSEHmC Q!Ap�

t = 300 µ
IO8;CoG

t = 450 µ
I'NyC � ¢;¢ NP?yG;8EC;D c/� ¤ �-8 Hm:@JKH-CEC;H-CoGLH

&pq��F:@8;CED ?ys�IRI|q5IRNPQTS[HmNyCEG;H-8Lq@NPD�G;Hm:+&/q k .'�$H-?P?PH-C;:@H �EH 4LN k CdAFC[GLHm:4©[AFIRIRHT: kK¢ Hm:��osFQWSEH��-8;§
k :WG;C;H-C 	 <�M4qW�SG���
&pNyH(�XNr:WG ¢ H-N9G;HT:�¦�A	q@H-CoA�8EI ��HT:Rq@8ECED1�-8L:u<>:@MONrqRq@?y8;CED�GLHm:�~ k ?P?yAF�EI �mH-Nrq
AF8EIRDFH ¢ ?PH-CEG;Hmq!�9n�v;:¡G;NPH+��H-I|q@NPMOMf8EC;D5GLHm:¡~ k ?P?yAF�;I �-H-Nrq�X8;:WGLH�H-NPC*�=?PD k :@Nrq@S;Mf8EIXNPMO�E?PHm§
MOH-C/q@NyHT:Rq��KGLHm:�AF8Lt ¬ A�8;t �mH-NrqR§�8ECEG+�=MO�E?PNrq@8oG;HmC j Hm:@DK?PH-NPQWSEH-C4G;HT: ¢ HmNBGLH-COA�8;t¥DFH-C k MOMOH-CEHmC
&LNPDKCEAF?PH�GLH-I�� 0 ¦ ¢ AFIRNPHm:Rq!�p¦�NPH=¬ A�8;t �-H-NrqWG;N�� Hm:@H-C
��GLHm: ¢ H-NyGLH-CO~�A j NrqWA	q@N k CEIRNPMO�E8;?PIRH¡G;A�:Rt
H-NPCEH ¢ H-I|q@NPMOM4q@H�79H-NrqxCENPQWSpq�v ¢ Hm:@IRQWS;:@H-Nrq@H-C,�FGEAFMONrq�AFCEDFH-C k MOMOH-C ��Hm:WGLH-CfJFAFC;C ��G;AFIRIxG;NPH
~�A j NrqWA�q@N k CEI ¢ ?yA�IRHONyC;CEHm:@SEAF? ¢ G;H-I�~ k NPC �mNBGLH-C � jlk ?P8EMOHmCEI¡J k ?P?yA ¢ NPHm:Rq@HF��¦¡NyHmIRH'7 HmNPq�Hm:@DKN ¢ q
IRNyQWS�A�8EI=G;H-C � ¢ MOH-IRIR8EC;DKH-C*G;H-Iu¦¡Hmq@H-J/q@N k CEI jKk ?P8EMOH-C;I�8ECEG^GLH-M ¬ A�8;t �-H-NrqRt¥H-S;?PHm:�GL8;:@QWS
G;NPH�CENPQTS/q@NyG;H-AF?PH1�V8;I|:@NyQWS/q@8EC;D5G;HT:V�- ;GL: k t k C;HK�o¦�NPH�¬�AF8;t �-H-NrqWG;N�� Hm:@HmC �4G;Hm:=~�A j NrqWA�q@N k C;I|§
NyMO�;8E?PIRH��XNr:WG A�8EIXG;HT:X~�:@H-8 �-J k :R:@H-?yA�q@N k C�G;Hm: ¢ HmNBGLH-C^HmMO�;t A�CEDFH-CEH-C &LNPDFCoAF?PH�A ¢ DKHm?yHmNPq@HTq
	 <xMhqW�ZG���un�NPCEG;Hmq'H-NPC ~�A j NrqWA�q@N k CEIRHm:@H-NPDFCENPI*NPM ¦�HTq@H-J/q@N k CEI jlk ?P8EMOH-C I|qWA�qRq���I k J%�FCEC;H-C
IRNyQWS � ¢ H-N9CEAFS;H �-8�DK?PH-NPQTS;Hm:=<xMO��2oCEG;?PNPQTS;JlH-Nrq�G;Hm: j Hm: ��HmCoG;HTq@H-C'�  ;GL: k t k C;H'�LG;NPHVH-MO�;t¥AFC;§
DKH-C;H-C &LNPDKCEAF?PH�NyC[NPSL:@Hm:��=MO�E?PNrq@8oGLHOM'A 4LNPM'AF?x8EM"H-NPCEHmC noAFJ/q k :��!�$H-N�8EC/q@Hm:@IRQWSEHmNBGLH-C��
¦�NPH-I�NPI|q4GEA�CEC G;Hm:�noAF?P? � ��H-C;C IRNyQWS�G;Hm:1��?BA�IRH-CEJ k ?P?yAF�EI�CEAFS;H5AFM n k Jp8;IR�E8EC;J/q¡A�8;t$G;Hm:
« k qWA�q@N k C;I@AFQWSEIRH�G;H-I�HmNyC;H-C �  ;GL: k t k C;H-I�8ECEG�A�CªGLHm:�§{¤KG ��§|UV:@HmC �-HOGLH-I �!�$H-Nrq@H-CªHm:@H-NPD�§



� ����� �/��������	 �����3��� ��� ��� �+���� � �
	�������� �/���3�
	*� �  � � ��
	�� 	�� ����� ������� � � ��� � ������ § Y I	§

C;Hmq!�/¦�NPH-IRHT:(�VMO�;?yNrq@8EG;H-C j Hm:@DF?PH-NPQTSOI|q@H-?P?rqXGLNyH �!��HmNPq@H��$H!GLNyC;DK8;CEDhGEA�:��LA�CESEAFCoG'GLHm:@Hm: ¢ HmN
GLHm:��V8;I ��Hm:Rq@8;CED�G;NPH�<xCpq@IRQWSEHmNBGL8EC;D�DFHmqR: k � H-C �XNP:WG � kF¢ H-NPC ~�A j NrqWA�q@N k CEIRHm:@H-NPDFCENPI*NPM
¦¡Hmq@H-J/q@N k CEI jKk ?P8EMOH-C*I|qWA�qRq@DFHmt¥8;CoG;HmC SoA	q!� &LQWSE?PNPH!.K?yNPQWS��XNr:WG�AF8;t�GLHm:¡UV:@8ECEG;?yAFDFH jKk C�&pNP§
Mh8E?yA�q@N k CEI|:@H-QWSECp8EC;DKH-C�8;CoG�¬ NPq@HT:WA�q@8;:WG;A�q@H-C 	 � 0 < + �SH�� 0 &
� 0 �K� �F7 7 � F �LG;NPH��$H!GLNyC;DK8;CED
DFH-I|q@H-?P?rq��pGEA�IRI$GLNPH �=MO�E?PNrq@8oGLHuG;H-I�~�A j NPqWA	q@N k CEIRIRNPDFCoAF?PH-I$S �KS;Hm:�AF?PI�GLNPHXG;H-I��x:@NPM's	:@IRNyDFCoA	§
?PH-I4IRH-NPCªMh8EIRI-� &LNPCoG�AF?P?PH#��H!G;NPCEDF8EC;DKH-CªHT:Rt¥vE?P?rq����XNr:WG[A�8EI4G;Hm:f79H-NrqWG;N�� Hm:@H-C
���!�XNPIRQTS;H-C
�>:@NPM's�:R§ 8ECoGh~�A j NrqWA�q@N k CEIRNPMO�E8;?yI�G;NPH=~ k ?y?yA��EI �-H-Nrq ¢ HT:@H-QTS;CEHmq!�Kz¨C 	 <xMhqW�SG��oNPI|quGLHm: �V?PD k §
:@Nrq@S;Mf8EI�GLHmqWAFNP?P?PNyHT:Rq ¢ H-IRQTSL:@NPH ¢ H-C�� �V?P?PHVNPC�G;NPH-IRHm:"�=: ¢ H-Nrq�GEA�:@DFH-I|q@H-?P?rq@H-C�H 4L�9Hm:@NPMOH-C/q@H-?P?yHmC
<>:@DKH ¢ CENPIRIRH��m8;:��$HmI|q@NyMOMh8EC;D G;Hm:O~ k ?P?yAF�;I �-H-Nrq��X8;:WGLH-C CoAFQWS G;NPH-IRHm:�0 k :@DFH-SEH-C;I ��H-NPIRH
HT:@MONPqRq@Hm?Pq!�

��9C3�&(QM!CQ"%-46`�72/1D1%�&(3 ��7:9 ,R �&"DE9B&�%-9C72/Z!<9<;S=(72/P)+&(/1723�%�&(3

��H-NoH-NPCEHT:�J k Cpq@NPCp8ENPHm:@?PNPQWSEH-C�&pQTSEAF?P?yAFC;:@HmDK8EC;DhMONrq�G;HT:un;:@H��/8;H-C � f0
�XNr:WGOH-NPCEHVn;:@H��/8EHmC �m§

A�CoA�?  LIRH$G;Hm: jKk M � 0 ¦ H-MO�;t¥AFCEDFH-CEHmC+&pNPDKCoA�?PH�G;8L:@QTS;DKHmtwvESL:Rq!� &pqWA ¢ NP? k I �-NP?P?PNPHm:@H-CoGLH�~�A j NP§
qWA	q@N k CEI ¢ ?yAFIRH-C*H-MONrqRq@NyHT:@H-C^A�8;twDF:@8ECEG*GLHm:uI|qWA	:@JOCENPQTS/q@?PNPCEH!A	:@H-C &LQWS �XNPC;DK8EC;Dh}&p§ &LNPDFCoAF?PH'�
GLNPH�CEH ¢ HmC^GLHm:VUV:@8ECEGLtw:@H �p8;H-C � f0

A�8EQWS^�¡A�:@M k C;NPIRQTS;Hf� 2f0, 3f0, ...
�/� &p8 ¢ SEA�:@M k CENPIRQTS;H

�
f0/2, f0/3, ...

��8ECoG }¡?rqR:WA�SoA�:@M k CENPIRQWSEH�� �K���=� 2f0/3, 3f0/2, ...
��H-C/q@SoA�?Pq@HmC 	 n>¬�� + �K� �

¬�AF8RIF¤��� ¦�A�I �V8LtwqR:@Hmq@H-C jlk C f0/2
8;CoG

2f0
NPM n;:@H �p8;H-C �mIR�9H-J/qR:@8EM G;Hm:¡H-MO�;t¥AFC;DKH-C;H-C

&pNPDKCoA�?PH��XNr:WG AF?P?PDKH-MOHmNyCdA�?yIfz¨CoGLNPJKA	q k :4t¥v;:fG;HmC <�NPCEI@A	q��^I|qWA ¢ NP?PHm:5~�A j NrqWA�q@N k CdAFC;DKH-IRHT§
S;H-C 	 n>¬�� + �K������$HmN S k QTS;NPCpq@HmCEIRN j H-C'} &/§ &LNPDKCEAF?PH-C'J%�KC;CEH-C�GLNyHVS �FSEHm:@H-C���A	:@M k C;NyIRQWSEHmC
�¨H!G k QWS5A�8EQWSfGL8;:@QWSfGLNPH$CENPQWS/q@?yNPC;H!A�:@H(&pQTSEAF?P?yAF8;I ¢ :@H-Nrq@8EC;D�GLH-I �VCL:@H-DK8;CEDKIRIRNPDFCoAF?PH-IxH-C/q@I|q@Hm§
S;H-C'8ECEGOAF?PI�¦�Nr:@H-J/q@IRQWSoAF?P? k GLHm:�v ¢ Hm:�«=H �oH 4;N k CEI|§�8;CoG��$H-8;DK8;CEDKIRH � H-J/q@H jlk M ¦¡Hmq@H-J/q k :
HmMO�;t A�CEDFH-C �$Hm:WG;H-C ��¦�A�I��V8;tBqR:@Hmq@H-C G;Hm:�Hm:@I|q@H-C &L8 ¢ SoA	:@M k CENPIRQWSEH-C � f0/2

�/�uG;NPH�H-NPCL§
�mNyD*G;8L:@QTS�~�A j NrqWA�q@N k C j HT:@8;:@I@AFQWS/q��$Hm:WG;H-C JFAFC;C �oI|q@Hm?y?rq�G;AFMONrq¡GEAFI¡DKH-H-NPDFCEHmq@H�� A .�t¥v;:
GLH-C�<�NPC;I@A�q�� jlk C'I|qWA ¢ NP?PHm:u~�A j NrqWA�q@N k C*GEA	:u8ECEG��XNP:WG�AF?P?PDKHmMOH-NPC^A�8EQWS#�-8L:$�$HmI|q@NyMOMh8EC;D
GLHm:�~�A j NrqWA�q@N k C;IRIRQTS �$H-?P?yH j Hm: ��H-CEG;Hmq�	 ¬ AF8RIF¤
� � k 8 Y �&��� <xNPCEHf<x:@S
�KSp8EC;D*GLHm:�z{Cpq@HmCEIRNrqWs�q
GLH-IhAFC;:@HmDKH-CEG;H-C�&pQTSEAF?P?PIRNPDKCoA�?PH-Ift¥v;S;:Rq �-8[I k D;��qR:WA�CEIRNPH-C/q@Hm:h~�A j NrqWA�q@N k C �>GLNPH�MONrq�I|qWA	:R§
JKH-C ��?BA�IRH-CEIRQWS �XNPCEDK8;CEDFH-C�8ECEG*GLH-M�79Hm:Rt A�?y? jlk C��$?yAFIRHmC ¢ H-NPM ~ k ?y?yA��EI j Hm: ¢ 8ECoGLH-C'NPI|q!�
z{C GLNyHmIRH-M,noAF?P?XqR:@NPqRq�C;H ¢ H-C�GLH-C kF¢ H-C Hm: ��sFSEC/q@H-C n;:@H��/8EH-C
�-J k MO� k CEHmCpq@HmC[NyM �=?y?PDL�
HmNyC ¢ :@H-Nrq ¢ A�CoGLNyDFH-I'«¡A�8EIRQWSEH-C ����~�A j NrqWA�q@N k CEI|:WAF8;IRQTS;H-C +|�fNPM H-MO�Lt AFC;DKH-C;H-C &pNyDFCoA�?¡A�8;t
	 n>¬ � + �K����

¦¡Hm:^NPM «VAFSEMOHmC�G;NPH-IRHm:��=: ¢ H-Nrq^AF8Lt¥DKH ¢ AF8Lq@H��Vz|n�}=§ &pH-CoGLHm: ¢ H-IRNrq��mq*H-NPCEH «VHmI k CoA�C �m§
tB:@H��/8EH-C
� jlk C f0 = 985

Jp� �K�x¦�NPH^�L:@NyM's	:5t¥vL:'G;HmC <xNPCEI@A�q�� ¢ H-NX�E8E?PI|t �F:@MONPDKHm:��=C;:@Hm§
DF8EC;DOH-C/q �XNPQTJKH-?rq@H-C��  ;GL: k t k CEH4G;H-IV� 0 ¦ SEA ¢ H-C�NPSL:@H4D�:��2.Fq@H5<xMO��2oCEG;?PNPQTS;JlH-Nrq ¢ H-N�G;Hm:
«=H-I k CoAFC
�mtw:@H �p8;H-C � jlk C F �^���K� �$H-N�H-NPC;Hm:fJ k C/q@NPCL8;NPHm:@?PNyQWSEHmC &LQWSoAF?P?yAFCL:@H-DK8;CED MONrqhG;Hm:
nL:@H��/8EH-C
�

f0
�XNr:WG G;AFMONrq5NPCdG;HmC H-MO�Lt A�CEDKHmCEH-C &LNPDFCoAF?PH-CdH-NPC G k MONPC;NyHT:@H-CoGLHm:��=Cpq@HmNy?

GLHm:��VC;:@HmDK8EC;DKI|tB:@H��/8EH-C
�hHm: ��A�:Rq@Hmq!� ¦¡NyHmIRHm:�H-C/q@I|q@H-S/q¡G;8L:@QTS GLNyH1� ¢ Hm:@?yAFDKHT:@8ECED*G;HT: jlk C



§ YSY § ���-� ����� � ����	 ���3� ���;�������&� � 	�� �������� �'����� � 	 � ������3���

�  ;Gp: k t k C�£

�- ;GL: k t k C F

��?BA�IRH-C � k ?yJKH

�!��� �
��	 ������������	 �����������)� ������%� 
%���&�
�(��������	 � �����% �	 ��
�� ��	 � � 	 ������������� 	���
�
	 ���%��	 
%� �� �� ������� �

f
� �^���!�� �

� � �
� �
� �
� ��
��
	 � 

� �
��
��
 � �
�

� 	
��

f0

f0

2
f0

4
2f0 3f0

3f0

2

��� c F F � c £ £ � c H
§ Y �

§{¤K�

§ GK�

§¨£F�

�

�! ���#"�����(����� ���� �!�������� ����� ��
�� ��� 	 �������
�!������������� ��	 �%���%� �&	 � � 
%������	 ������	 ����������	 �%��������� �
� ������� ��
�����	 ���'���%�������� � �%�
	 � ���  ��	

f0 =

985
!". �%�

� ����
�������� ����� � � &A 5 %,/.�7�@ 0�.=2�.�3 �)� 4 � 	 
 BDE 0?,/.�0�1!&+@ ��0�&+.98�&+�!0�&+. �D��0�@57 �7�.�&+. 0�&+ �,���*
2�.�0  54#,/8��!1!&+@ � ,���� 4%,645�!7�. �1!�!./�= ( �� 57 <D�!& 8�&+�! #���!&+1!$-,'� 4 &+�!. � @5&+2/.+1!&+�! 5452�.�3� 50��!"%$ 4#&+ #��& � 4#@ 2/� 0�&+@
&��)��� ,/.�3�&+.�&+. �D��0�@ 7 � 7�.�E ���!3�.-,/1!& � @ &+"%$=45 ( �  �'��&+@5� �)&+. 4 �!. 45&+�!1!&A. 453 ,/ 545&�� 0?,/ # 5&A@ � #

2 =
3,5
�)3��

`
(�8�&+��&+�!.�&+@D��& �)��&+@#,6452�@�� 7�.

T = 20 ◦
� 2�.�0 &+�!.�&+@ � 7�� �
	 
 B E 0?,/.�0�1!&+@D,/8�3�&+ 545@#,/$�1 E

4#&+. , �=2� 545�! #"#$�&+. � &+�! 5452�.�3 � 7�. 	�$ 0 F

G;H-C �$?yAFIRHmC�A ¢ DFH-I|qR:WAFS;?Pq@HmC &pQTSEAF?P?)��H-?P?PH-C MONPq=H-MO�Lt A�CEDKHmCEH-C��=Cpq@HmNy?PH-C GLH-I¡A�C;:@H-DFH-CoGLH-C
&LQWSoAF?P?PIRNPDKCEAF?PH-I-� �$H-NxGLHm: &pNPDKCoA�?yAF8EI �$Hm:Rq@8EC;D��$Hm:WG;HmC �-8ECEsFQWSEI|q¡G;NPH+�/8EAKGL:WA	q@NPIRQTS;H-C �^NrqR§
q@H-?)��Hm:Rq@HfG;Hm:VH-MO�;t¥AFC;DKH-C;H-C &L�EAFCECp8;CEDKIRIRNPDFCoAF?PH ¢ Hm:@H-QWSEC;Hmq!�o¦�NPH-IRH+�^NrqRq@H-?)��Hm:Rq@H ��Hm:WGLH-C
v ¢ Hm:=H-NPCEH�~ k :R:@H-J/q@8;:=GLHm:�&LNPDKCEAF?yAFMO�;?PNPq@8EG;H-C^AFC;DKH-DF?yNPQWSEH-C,�98EM�GLNPH�?yHmNyQWS/q=8EC/q@Hm:@IRQWSENPH!GL§
?yNPQWSEHf<�MO��2oCoGL?PNyQWSEJKH-Nrq¡GLHm: ¢ H-NyG;H-C �  ;Gp: k t k CEH �-8�J k MO�9H-CEIRNPHm:@H-C � �VC;IRQTS;?PNyH/.lH-CEG �XNP:WG �
�-8;:1��H-IRQTSL:WsFC;JL8;CED*G;H-I¡¦�Hmq@H-J/q@N k C;IRDKH ¢ NyHTq@H-I ��G;NPHf~�:@H-8
�-J k :R:@H-?yA�q@N k C�G;Hm: ¢ HmNBGLH-C*&L�EAFC;§
CL8;CEDFIRIRNyDFCoA�?yHODFH ¢ NP?yG;HTq!� ¦�8L:@QTS n k 8;:@NPHm:R§{��:WA�CEI|t k :@M'A�q@N k CªG;Hm:�~�:@Hm8 �-J k :R:@H-?yA�q@N k C�Hm:@DKN ¢ q
IRNyQWS�GLNyH�IR�9HmJpqR:WA�?PH�~�:@H-8 �-?PH-NPI|q@8;CEDKI@GLNPQTS/q@HK�

z¨C � ¢E¢ NP?yG;8;CED cp� IfNPI|q�GLHm:��^H-IRI@AF8Lt ¢ A�8 AF8;I � ¢E¢ Ny?yGL8ECED cp� c5C k QWSEM'A�?yI j HT:@DF:��2.KHm:Rq¡GEA�:R§
DKH-I|q@H-?P?rq!�
�V8�.lHm:WGLH-M �XNP:WG ¢ H-NPIR�ENPH-?PSEA�twq$t¥v;:$H-NPCEH��^H-IRIR8EC;DhNPC5q@H-NP?PH-C/q@DlA�I|q@H-M ©ªAFIRIRHm:uGEAFI
~�:@H-8 �-?PH-NPI|q@8;CEDKI@GLNPQTS/q@H-IR�9H-J/qR:@8;M DKH �mH-NPDFq!� W H ¢ H-C G;H-M HT: �uA�:Rq@HTq^I|qWA	:@JlH-C &pNPDKCoA�?yAFC/q@H-NP?
¢ H-N f0 = 985

JL� �hIRNPCEG�H-NPCENPDFHOG;Hm: ¢ HmIRQTSL:@NyH ¢ H-CEH-C ��A	:@M k C;NyIRQWSEHmC � &L8 ¢ SEA�:@M k C;NPIRQTS;H-C
8ECoG }V?rqR:WAFSoA	:@M k C;NyIRQWSEHmC G;Hmq@H-J/q@NPHm: ¢ A�:!��¦¡NyH���HmNPq@HT:@H-C AF8;tBqR:@Hmq@H-CEG;H-C ¬ NyC;NPH-C NyM3n;:@Hm§
�p8;H-C �mIR�9H-J/qR:@8EM J%�FCEC;H-C�C;NyQWS/q�H-NPCoGLH-8;q@NPD �-8;DKH k :WG;CEHTq �$Hm:WG;HmC���z¨M"GEA	:@DKH-I|q@Hm?y?rq@H-C nEAF?P?
�X8;:WG;HmCac�I>CoA�QTSfG;H-M �$H-DKNPC;C5G;HT:xJ k C/q@NPCp8ENPHm:@?PNPQTS;H-C�&pQTSEAF?P?yAFCL:@H-DK8;CED�GLNPH�MONrqxG;H-M � 0 ¦



� � � � ������3����������&� � 	�� ��� § Y ��§

HmMO�;t A�CEDFH-CEH-C#&p�oAFC;Cp8ECEDFIRIRNPDKCoA�?PHVt¥vL:uH-NPCEHV¦�AF8;Hm: jlk C Y �>MOI ¢ H-N9HmNyC;Hm:(� ¢ qWAFI|qR:WA	q@H jlk C
£Sc � & ��IVAF8Lt¥DFH-C k MOMOH-C��

� ��� � � 	*��# # �2� �&�  ) � 	�� ���

¦�AFIOH-C/q �XNPQWJlH-?rq@H�&pNyMh8E?yA�q@N k CEIRM k G;Hm?y?XHm:@M��FDK?PNPQTS/q�GLNyH��$Hm:@H-QWSECp8EC;D�GLHm:'I|qWA�:@J C;NyQWS/q@?PNP§
C;H!A�:@HmC �oMONrq@H-NPCEAFCoGLHm:$��HmQTS;IRH-?)�XNP:@JKH-CoGLH-C 0 k :@Dls�CEDKH4GLHm: &pQTSEAF?P?yAF8;I ¢ :@H-Nrq@8EC;DO8ECEG*~�A j NP§
qWA	q@N k C��x¦¡NyH � k G;Hm?y? j HT:@N32EJKA	q@N k Cd8EC/q@Hm:fq  L�ENPIRQTS;H-C��$H!GLNPCEDK8;CEDFH-Cdq@S;Hm:WAF�9Hm8;q@NPIRQTS;Hm:5}&p§
�=C ��H-CEG;8EC;DKH-C Hm:Rt k ?PDFqfG;8L:@QTS�G;H-C*0�HT:@DK?PH-NPQTS jlk C��^H-IRIR8EC;DKH-C�MONPq�&pNPMf8E?yA	q@N k CEIRHm:@DFH ¢ §
C;NPIRIRH-C[t¥v;:5G;NPH#�V8EI ¢ :@H-Nrq@8EC;D �;8E?PI|t ��:@MONPDKHm:f8ECoGªJ k C/q@NPCL8;NPHm:@?PNyQWSEHT:5} &/§ &LNPDKCEAF?PHK�>�VNyHT:��-8
�$Hm:WG;HmC�G;NPH�NPC � ¢ IRQTS;CENrqRq*£p� H jlk :@DKH-I|q@Hm?y?rq@H-C��;NPH � k H-?PH-J/qR:@NPIRQTS;H-C�} &/§�©[AFCEG;?PHm:5twv;:*G;NPH
<�&p©����oGLNyH�¬ Nrq@S k qR:@NP�;IRNyH�8;CoG��¡z|n�}=§ �VC ��H-CEG;8;CEDKHmC j Hm: ��HmCoG;HTq!�

��H-NXG;Hm:5¬�Nrq@S k qR:@NP�;q@Hm:R§ �VC k :WGLCL8;CED�J k CEC/q@H-C,�>NPM U¡H-DFH-CEI@A	q����-8L:O<�&p© �$§�8;CoGª�¡z¨n�}V§
�=C k :WG;Cp8EC;D
� A�?y?PH5NPC*� ¢ IRQTS;CENrqRq c/� F jlk :@DFH-I|q@H-?P?rq@H-C �^HmIRIRMOHmq@S k GLH-C H-NPCEDKHmIRHmq��mq ��HT:WG;H-C �
�=8EI�G;NPH-IRH-M UV:@8ECEG�Hm:Rt k ?PDFqxGLNyH�0�Hm:@N�2oJFA�q@N k C�GLH-I &pNPMf8E?yA	q@N k CEIRM k GLH-?P?yHmI NPM ©�H-IRH-C/q@?PNPQTS;H-C
GL8;:@QWS GLH-C�0�Hm:@DK?PH-NPQWS jlk C &LNPMf8;?BA	q@N k CEHmC MONrq �^H-IRIR8EC;DKH-C twv;:VG;NPH-IRH-C��=C ��H-CEG;8EC;DKI|t¥AF?P? �
¦¡NyHfU¡vE?rq@NPDKJKH-Nrq�G;HmI�0�Hm:Rt A�S;:@H-C;I�AF8;QTS twv;:�G;NPH ¢ HmNBGLH-C AFCEG;Hm:@HmC*�=C ��H-CEG;8EC;DKI|t¥sF?P?PH �XNr:WG
A�C H-NPC �mH-?PCEH-C^AF8EIRDFH!�=sFS;?rq@H-C��$H-NPIR�ENPH-?PH-C�DFH �-H-NPD�q!�

�>� � � � �O���l�=� ���/� � � � �$��� �o� � ��� � � � ���F� � ���$��� � ���o� �O�E�/� �$� � �F�{���

<xC/q@IRQTS;H-NyG;H-CEG�twv;:�G;NPHXU¡vLq@HuG;HT:�<x:@DFH ¢ C;NyIRIRHuHmNyC;Hm:�Cp8EMOHm:@NPIRQWSEH-C �$Hm:@HmQTS;CL8;CEDVNyI|q��FCEH ¢ H-C
GLH-M 0�Hm:Rt¥AFSL:@H-C�IRHm? ¢ I|q�� G;NPHfM��FDK?PNPQTS;I|q�DKHmCoAF8;Hf~�H-C;C/q@CENPI�GLH-I�=8EIRDlA�CEDFI �-8EI|qWA�CoG;HmI�G;H-I
�m8 ¢ Hm:@H-QWSECEHmCoG;HmC &  LI|q@H-MOI-�o¦¡NyHmI ¢ H!GLH-8;q@Hmq=t¥vL:�GLNyH4H 4L�9Hm:@NPMOH-C/q@H-?P?PH10�Hm:@N�2EJKA	q@N k C�H-NPCEH-I
Cp8;MOHm:@NPIRQTS;H-C 0�HT:Rt AFSL:@H-CEI �9GEAFIRI�G;NPH+0�Hm:@IR8EQWSEI ¢ H-G;NPCEDF8ECEDFH-C ¢ H-I|q@M��FDK?PNPQTS ¢ H-JFAFCEC/qV8ECEG
NPCdG;H 2oCENPHm:Rq@HT:f8;CoG�:@H-�L: k G;8 �mNyHT: ¢ A�:@HT:5©ªH-NPIRH j Hm:Ws�CoG;HT: ¢ A�:fIRH-NPC I k ?P?PH-C���<xNPC 0�Hm:@DF?yHmNyQWS
jKk C�&pNyMh8E?yA�q@N k CEIRHm:@DFH ¢ C;NyIRIRHmC5MONrq�H 4;�9HT:@NyMOHmCpq@Hm?y?PH-Ch¦�A�q@HmC �/GLNPHXAF8;t HmNyC;H-M I|qWA�q@NPI|q@NPIRQTS;H-C
0 k :@DKAFC;D
���XNyH�G;Hm: W 8EJp?PH!A�q@N k C jlk C�~�A j NPqWA	q@N k CEI ¢ ?yAFIRH-C,� ¢ Hm:@8;SEH-C,�LHm:Rt k :WG;Hm:Rq=GLNyH �^NPqRq@HT§
?P8;CEDOGLHm: �^HmIRI@GEA�q@HmC�v ¢ Hm:=MOH-SL:@Hm:@H 0�HT:@IR8EQWSEH'�;8EM�GLNyHmIRH-I¡I|qWA	q@NyI|q@NPIRQWSEH 0�HT:@SoAF?rq@H-C AF8EI|§
:@HmNyQWSEHmCoG��-8�Hm:Rt¥AFIRIRH-C � z¨C�GLNPH-IRH-M � ¢ IRQWSEC;NrqRq-�XNr:WG AF8Lt�G;NPH��$H-I|q@NPMOMf8;CED
�EG;HmC <�NPC��E8EIRI
8;CoG�G;NPH � �KDF?PNyQWSEJKH-Nrq@H-C G;Hm:(0�A�:@NyA	q@N k C�G;HT:��=C;t¥AFCEDFI ¢ H!G;NPC;DK8EC;DKH-C*H-NPCEDFH-DlA�CEDKHmC��

��H-N�G;H-C ¢ HmqR:WAFQWS/q@Hmq@H-C �>: kK¢ ?PH-MOI|q@Hm?y?P8;CEDKHmC�IRNPCoG G;NPH��$H-IRH-C/q@?PNPQTS;H-C �=C;t A�CEDFIR�oA�:WA�MOHmq@Hm:
G;AFI jlk M }&p§ &LH-CEG;Hm:�A ¢ DKH-I|qR:WA�SE?rq@HO¦¡:@8EQWJpIRNPDKCoA�? ��I k �XNPH'G;NPHhNyM �V8EI ¢ :@H-Nrq@8EC;DKIRMOH!GLNy8;M
jKk :@SoA�CoGLH-CEH-C ~�A j NPqWA	q@N k CEIRJKH-NPMOHK� ¦�AFI�¦¡:@8;QTJpIRNPDKCEAF?�NPI|q�MOH-IRI|q@H-QWSECENPIRQWS�DF8;q�Hm:Rt¥AFIRI ¢ A	:��
HmNyC;H�0�Hm:@N�2oJFA�q@N k C G;H-I¡� H-NP?PM k G;H-?P?PH-I�GLHm:¡:@H-NPC;H-C } &p§ �=8EI ¢ :@HmNPq@8;CED5NPI|q¡NyC � ¢ IRQWSECENrqRq�£p� H
DFH-DKH ¢ H-C��K¦�NPHu¦¡:@8EQWJKA�MO�E?PNrq@8oGLH�G;HmI�A ¢ DFH-I|qR:WAFS;?Pq@HmC�&LQWSoAF?P?PIRNPDKCEAF?PH-I$JFAFC;Cf?PNPCEH!A	:$v ¢ Hm:�G;NPH



§¨�F��§ ���-� ����� � ����	 ���3� ���;�������&� � 	�� �������� �'����� � 	 � ������3���

AFM ©[A�CoGL?yHT:xAFC;?yNPH-DFH-CoGLH-&L�EAFCECp8;CED j Hm:Ws�CoG;HT:Rq ��Hm:WGLH-C���¦�HT:xNyM n k ?PDKHmCoG;HmC j Hm: �$H-CoGLHmq@H
�>A�:WAFMOHTq@Hm:=G;Hm:u©ªAFCEG;?PHm:@IR�oA�CECp8EC;D

U � ¢ H �-H-NPQWSECEHTqXGEA ¢ H-N G;H-C�&L�ENrq��-HmC �$Hm:RqXGLHm:=AFC*G;Hm:«Vv;QTJpIRH-Nrq@H�H-NPC;H-I¡G k �;�9H-?��9sFQWSENPDFH-C*©ªAFCoGL?PHm:@IXDKH-MOH-IRIRHmCEH-C�&L�oA�CECp8EC;D;�

z¨C�� ¢ IRQWSECENrqRq HL� F � F �X8L:WG;H=AF8;I|t¥vESL:@?PNyQWSOA�8;t�G;NPHX�>: kK¢ ?PH-M'A	q@NPJ5G;HT: ��H-I|q@NPMOMf8EC;D�GLHm:��VC;§
�!AFS;?BGLNPQTS/q@H48ECoG UV:�� .lH-C j HT:Rq@H-NP?y8;CED jlk C�~�A j NrqWA�q@N k CEIRJlH-NPMOH-C�HmNyC;DKH-DKAFC;DKH-C � n�v;:¡G;NPHfA�?PI
?y8Ltwq@DFHmt¥v;?y?rq@H �^NPJp: kF¢ ?yAFIRHmC A�CEDFH-C k MOMOH-CEH-C ~�A j NPqWA	q@N k CEIRJKH-NPMOHOJ%�KC;CEH-C�GEA ¢ HmN ��AF8LtXG;Hm:
UV:@8ECoGL?yAFDKH jlk C��^H-IRIR8EC;DKH-C,� �VC;t¥AFC;DKI|:WAKGLNPH-C��!�XNPIRQWSEH-C R0 = 1 µ

M 8;CoG
R0 = 20 µ

M
AF?PI*:@H!A�?PNyI|q@NPIRQWS Hm:WAFQWS/q@Hmq#�$Hm:WG;HmC��u�  L�ENPIRQTS;H�~�H-NPM'G;NPQWSpq@HmC ?PNPH-DKH-C NPC�GLHm:�UV:�� .lH-C k :WGp§
CL8;CED jlk C'H-NPC;NyDFH-C#�$H-CENPDFH-C ¢ NyI$H-NPCENPDKH-C F �F��~�H-NPMOH-C ��Q-M 3 8ECEGOIRNyCEG*A ¢ SEsFCEDFNPD jlk C^GLH-C
©[AFIRIRHT: ¢ H!G;NPCEDF8EC;DKH-C,���XNPHVHmq ��AfG;HmM U¡H-SEAF?rqXA�C*DFH-? �KI|q@H-C U�AFIRH-C k G;Hm:XGLHm:$�=C �!A�SE? jlk C
&LQWS �$H ¢ H-�EA�:Rq@NPJlH-?PC NPM ©[A�IRIRHm:!�9<xNPCEH�GLNP:@HmJpq@H�MOHmIRI|q@H-QTS;CENPIRQWSEH �$HmI|q@NyMOMh8EC;DfGLHm:¡UV:��2.lH
8ECoG ¦�NPQTS/q@H jlk C�~�A j NrqWA�q@N k C;IRJlH-NPMOH-CªNPI|q4MONrq�Hm:@SEH ¢ ?PNyQWSEHmM �V8;t �uA�CoG j HT: ¢ 8ECEG;H-C 8ECEG
�uA�:=NPM «VAFS;MOH-C^GLNPH-IRHm:-�=: ¢ HmNPqXC;NPQTS/quM��FDK?PNPQTS �En�vL:=G;NPH1&pNyMh8E?yA�q@N k CEH-C��XNr:WG GEA�SEHm:=A�8;t
G;NPH�Hm: �us�SEC/q@H-C*�E8 ¢ ?PN �mNyHT:Rq@H-C ¦�A	q@H-C�� j HT:@DK? � � ¢ IRQWSEC;NPqRq�Hp� F � F �$�-8;:@v;QTJpDFH-DF:@N�� H-C �

�$H-N¡H 4;�9HT:@NyMOHmCpq@Hm?y?PH-C &pq@8EG;NPH-C JKA�CECdNyC H-NPC;t A�QTS;Hm:'©ªH-NPIRH GLHm:*U�AFIRDFH-SoA�?Pq���U¡H-SEAF?rq*AFC
NyC G;Hm:Vn�?PvEIRIRNPDKJKH-NrqVDFH-? �KI|q@H-C U�A�IRH-C9� ¢ H-I|q@NPMOMhq$8ECEG*MONrqX�¡NP?rt¥H�H-NPC;Hm:X©[AFIRIRHT:@H-C/q@DlAFIR8;CED
j Hm:WsFCEG;Hm:Rq1�$Hm:WG;H-C �><xNPC[S �KS;Hm:@Hm:fU�AFIRDFH-SoA�?rq5t¥v;S;:Rq�� G;8;:@QWSªH-NPC;H�HT:@S �KS/q@H��$NP?yG;8;CED jlk C
�^NyJ/: kF¢ ?yAFIRH-C*AFCONPM ©[A�IRIRHm: ¢ H 2ECoGL?yNPQWSEH-C5�>A�:Rq@NPJlH-?PC �/G;Nr:@H-J/q�A�8;t H-NPC;HVS
�KSEHT:@H=¦¡NyQWS/q@H=AFC
~�A j NrqWA�q@N k CEI ¢ ?yA�IRH-C���©ªH-Nrq@Hm:@S;NPChGLN�� 8ECoGLNPHm:Rq ¢ H-N/HmNyC;Hm:�&/q k .'�$H-?P?PH-CoA�C;:@H-DF8ECED¡MOH-S;:�U�AFI>NPC
G;NPH�H 4L�oAFCEG;NPHm:@H-CEG;H ��?BA�IRH'� �uA�I ¢ HmNyM�~ k ?P?yAF�EI=8ECEG*H-NPC;H-M GEAFMONrq j HT: ¢ 8ECEG;H-C;H-C�79Hm:Rt¥AF?P?
G;Hm:¡~�A j NrqWA�q@N k CEI ¢ ?yA�IRH+�-8�H-NPC;Hm:�Hm:@S
�KS/q@H-C��=C �!A�SE?�G;A�:WA�8EIV:@HmIR8E?rq@NPHm:@H-CoGLHm:1�^NPJ/: kK¢ ?yAFIRH-C
t¥vESL:Rq!�F<�NPCEH"�$H-Nrq@Hm:@H(� �FDK?PNPQTS;JlH-Nrq��/GLNyH"�VC �-AFSE? jKk C4~�A j NrqWA�q@N k CEIRJlH-NPMOH-C��-8 ¢ H-H-NPC��E8EIRIRH-C,�
¢ H-I|q@H-S/q�NyCfG;Hm:��=8EI 2E?Pq@HT:@8ECED ¢ �!���KG;HmM �V8�� �KIRHmC^� �K���=�lGL8;:@QWSO798EDlA ¢ H jlk C5<xIRIRNyDFI@sF8L:@H	�
jlk C MONPCEHm:WA�?PNyIRQWSEHmC �^NPJ/: k �EA�:Rq@NPJlH-?PC NPM2©ªAFIRIRHm:!�x¦¡NyH�NPC � ¢ IRQWSEC;NrqRqO£/� H jlk :@DKH-I|q@H-?P?rq@H-C
�^H-IRIR8EC;DKH-C �-8L:�0�Hm:@N�2EJKA	q@N k C�G;HT:�&pQTSEAF?P?yAF8;I ¢ :@H-Nrq@8EC;D[NPM,NyGLH!AF?PH-C n�?P8ENyG �X8L:WG;H-C AF8EI
G;NPH-IRH-M UV:@8ECEG�NPC HmCpq@DKAFI|q@H-M ©ªAFIRIRHm:=8;Cpq@HT:V7 8;DlA ¢ H jKk C <xIRIRNPDKI@s�8;:@HhG;8;:@QWSEDFHmt¥v;S;:Rq!�

¦�Hm:><xNPC��E8EIRI jKk C�~�A j NrqWA	q@N k C4AF8;tEG;NPH &LQWSoA�?y?yA�8EI ¢ :@HmNPq@8;CED$�XNr:WGhA�8EI�� ¢E¢ NP?BGL8EC;D�cp� Y GLH-8;qR§
?yNPQWS��pz{C�� ¢E¢ NP?BGL8EC;D�cp� Y ��AK��IRNPCoG5t¥v;C;t MONrq�GLH-M t¥AFIRHm: k �;q@NPIRQWSEH-C��  ;GL: k t k C'AF8;twDKH-C k MOMOHm§
CEHf¦V:@8EQWJp§¨79H-Nrq j Hm:@?ysF8Lt¥HhNyM n k Jp8;I�G;H-I�< &/© �$§�©[AFCEG;?PHm:@I�G;A�:@DFH-I|q@H-?P?rq!� ¦�NPH��^HmIRIR8ECEDFH-C
�X8;:WG;HmC�CEAFQWSEH-NPCoA�CoGLHm:�� NyM �-H-Nrq@?PNPQTS;H-C � ¢ I|qWAFCEG jKk CbHK�xI � 8EC/q@Hm:�GLH-CEIRHm? ¢ HmC*0�Hm:@IR8EQWSEI|§
¢ H!G;NPCEDF8EC;DKH-C NPC HmCpq@DKAFI|q@H-M ©ªAFIRIRHm: ���

2
� F � c>MOD��

`
�OG;8L:@QTS;DKHmtwvES;:Rq!��¦�NPH �^H-IRIR8;CED

G;Hm:h~ k C �-H-C/qR:WA	q@N k C[DKH-? �FI|q@H-C &LAF8;Hm:@I|q k � H-I4NPCª©[A�IRIRHm: ���
2
��Hm:Rt k ?PDFq@H*MONPq4H-NPC;H-M"H-?PH-J/§

qR: k QTS;H-MONPIRQTS;H-C�&;A�8EHm:@I|q k � MOH-IRIRDKHT:Ws�q!�9¦�NPH10�Hm: ��H-CEG;8;CEDOGLH-I���H-DF:@N�� H-I ��U�AFIRDFH-SoA�?Pq + NPC
G;NPH-IRHm:-�X: ¢ H-Nrq ¢ H �-NPH-S/qXIRNPQTS�I|q@Hmq@IXA�8;t>GLNPH¡DKHmMOH-IRIRH-CEH¡~ k C
�-H-C/qR:WA�q@N k C^A�C*DFH-? �KI|q@H-M &LAF8;§
Hm:@I|q k �dNPC�©ªAFIRIRHm:!� � AFC�Hm:@JlH-C;Cpq�NyC�� ¢;¢ NP?yG;8EC;D c/� Y ��Al��GLNyHfS k S;H5«=H-�;: k GL8 �-NPHm: ¢ A�:@JlH-Nrq
G;H-I4Hm:@I|q@H-C�� � k IRNPq@N j HmC9� �VC/q@H-NP?PIfGLH-I4¦¡:@8EQWJpIRNyDFCoA�?yHmI-�><>q �uA A ¢ G;H-M"M'A 4;NPM'A�?�HT:R:@H-NPQTSL§
q@H-C 7 8;DlA�Cpq@HmNy?�qR:@Hmq@H-C �|H-G k QWS IRNPDFCEN�2oJFAFC/q@H10$A	:@NyA�q@N k C;H-C NyM &LNPDFCoAF? j HT:@?BA�8;t�AF8Lt¨� �=?PI¡}V:R§
I@AFQWSEH GLNPH-IRHm: + CoGLHm:@8EC;DKH-C[J%�FCEC;H-C 0$A	:@NyA�q@N k C;H-CdG;Hm:fH-?PH-J/qR:@NyIRQWSEHmC �=CEI|q@H-8;Hm:@8EC;D k G;Hm:



� � � � ������3����������&� � 	�� ��� §{� F §

t
�
µ
IW�

p̃

�
��
�� &LNPDFCoAF? j A�:@NyA�q@N k C

38 39 40 41 42 43 44 45 46
−20

−10

0

10

20

30

40

50

�!����� �������������� � ��������� �

t
�
µ
IW�

p̃

�
��
��

38 39 40 41 42 43 44 45 46
−20

−10

0

10

20

30

40

50

�! "��� ���������'������ ����������� ����������	 �����������%�

�	����
�������� ����� � � & �)&+ # 5&A.'& * @ 2�" � E���&A� 4 � &+@51 	/2�� & � � 
-7���2� )0'&A  � 0 �>E 0?,/.�0�1!&+@5 )�!. :;8'E
$ 	/.�3��!3���&+� 4 0�&+@�0?,/ # 5&A@ 8�&+0��!.�3�2�.�3�&+.�F

<xNPC��EvEIRIRH�G;8L:@QTS�GEAFI+�^H-IRIRI  LI|q@H-M2IRH-? ¢ I|q^� �K���V� «VH �EH 4LN k CEHmC[AFC GLHm:hnoAFIRHm:@SEAF?rq@Hm:@8;CED/�
A�8EIRDFH-IRQTS;? k IRIRH-C���Hm:WGLH-C���¦�NPH-IRH�&pNPDKCoA�? j A	:@NBA	q@N k CdMf8EIRI4G;AFMONrq5A�8;t=H-NPCEHmM2IRNPQWS��-H-Nrq@?PNyQWS
j Hm:WsFCEG;Hm:@CEG;H-C#�V8;I ¢ :@H-Nrq@8EC;DKI j HT:@SoAF?rq@H-C ¢ Hm:@8;SEH-C �;¦¡Hm:-0�Hm:@DF?PH-NPQTS*MONPq �^HmIRIRHm:@DKH ¢ CENPIRIRH-C
¢ HmN�GL:WA�I|q@NPIRQTS;Hm:^«=H!GL8EJ/q@N k C�GLHm:#�VC �-AFSE? jlk C ~�A j NrqWA�q@N k CEIRJlH-NPMOH-C �-H-NPDFq���GEAFIRI^G;NPH-IRH-I
�/8EAFIRNoI|qWA	q@NyI|q@NPIRQWSEH-0�HT:@SoAF?rq@H-C'GLH-I$¦V:@8EQWJp§¨79H-Nrq j Hm:@?yAF8Lt¥H-I�AF8Lt�G;H-C'<xNPC��o8;IRI jlk CO~�A j NrqWA	q@NP§
k CEI ¢ ?BA�IRH-C��-8;:@v;QTJ �-8Lt¥vESL:@H-CONPI|q!�L¦�NPH¡«=H!G;8;Jpq@N k C'G;Hm:u~�HmNyM'GLNPQTS/q@H$�X8;:WGLH�G;8L:@QTS�798EDKA ¢ H
jKk C�Q!AL��H � <xIRIRNyDFI@sF8L:@H�Hm:R:@H-NPQTS/q�� IRNPH-S;H�AF8;QTS#� ¢ IRQTS;CENrqRq�Hp� F � F �T� W AFQWS�H-NPCEHm:u©ªA�:Rq@H �-HmNPq
jKk C�HTq �uA F c�&pq@8ECEG;H-C��X8;:WGLH-CªGLNPH kK¢ H-C ¢ HmIRQTSL:@NyH ¢ H-CEH-C &LQWSoA�?y?yGp:@8EQWJLMOHmIRIR8ECEDFH-C��XNyHT§
GLHm:@S k ?rq!�pz¨C�� ¢;¢ NP?yG;8EC;D�cp� Y � ¢ ��IRNPCoG'Hm:@CEHm8;q$twvECLt j Hm:@IRQTS;NPH!G;H-C;H¡n k Jp8EI@Gp:@8EQWJLIRNPDFCoAF?PH¡GEA�:R§
DFH-I|q@H-?P?rq�� G;NPH�8;Cpq@HT:XI k ?PQTS;Hm:V«VH!GL8EJ/q@N k C*G;Hm:=~�A j NrqWA�q@N k C;IRJlH-NPMOH�AF8Lt¥DKHmC k MOMOHmC#�X8;:WGLH-C��
¦¡NyH=¦¡:@8;QTJpIRNPDKCEAF?PHVIRNPCEG5CoAFS;H �-8'NyG;H-C/q@NPIRQWS �pGLNyHXNPC'H-C/q@DlA�I|q@H-M ©ªAFIRIRHm:uAF8;twDKHmqR:@HTq@H-CEH-C#&pNP§
DFCoA�? j A�:@NyA	q@N k CEH-C�qR:@Hmq@H-C ¢ H-NKH-NPCEHm: «VH!GL8EJ/q@N k C�GLHm: �=C �!A�SE? jlk C�~�A j NrqWA	q@N k CEIRJlHmNyMOHmC�CENPQTS/q
A�8;t{�E¦�HT:V7 8;DlAFC/q@H-NP? G;HT: &LNPDKCEAF?PH�8EC/q@Hm:=798EDKA ¢ H jKk C <xIRIRNPDKI@s�8;:@H�NPI|q=G;H-8Lq@?yNPQWS^?ysFC;DKHm:VA�?yI
GLHm:'NPC H-C/q@DKAFI|q@H-M ©ªAFIRIRHm:�8;CoGdG;NPH�G;HmM 798EDlA�C/q@H-NP?=t k ?PDKH-CEG;H-C ¦¡:@8EQWJpIRQTS �uA�CEJp8EC;DKH-C
IRNPCEG���H-C;NyDFHm:5I|qWA	:@JªA�8EIRDKHm�;:WsFD�q!�x¦�NPH-IRH �^H-IRIR8EC;DKH-C GLH-M k C;I|qR:@NyHT:@H-C G;H-C <xNPC��E8EIRIhG;Hm:
�=C �!A�SE?yG;NPQWS/q@H jlk C*~�A j NrqWA	q@N k CEIRJlHmNyMOHmC AF8LtxG;NPH1&pQTSEAF?P?yAF8;I ¢ :@H-Nrq@8EC;D;�

W H ¢ H-C4G;HT: �$?yAFIRHmCoG;NPQWS/q@H�I|q@H-?P?rqxG;NPHuUV:�� .lH-C j HT:Rq@H-NP?y8;CEDVG;Hm: ~�A j NrqWA	q@N k CEI ¢ ?BA�IRH-CfNPM «V8;SEHm§
�m8EI|qWAFCEG HmNyC;H-C���H-Nrq@Hm:@H-C*�VCLt A�CEDKIR�EA�:WA�MOHmq@Hm:4G;HT:�Cp8EMOHm:@NPIRQWSEH-C��$HT:@H-QTS;Cp8ECED*GEA	:!� 0 k C
0 k :Rq@HmNy?uHT: ��H-NPI|q'IRNPQTSdSENPHm:���G;AFIRIOGLNPH ¢ H-N�q@S;Hm:WAF�9H-8Lq@NPIRQTS;H-C }&p§ &LNPDFCoAF?PH-CdA�8;twqR:@HTq@H-CoGLH-C
S k S;H-CO798EDKAFC/q@H-NP?PHVGLNPHu~�A j NrqWA�q@N k CEI ¢ ?yA�IRH-CoG  ;CEAFMONPJ4G k MONyC;NPHm:@H-C��F¦�NPH(� ¢ Sos�CEDKNPDFJlH-Nrq�G;H-I



§¨�K£	§ ���-� ����� � ����	 ���3� ���;�������&� � 	�� �������� �'����� � 	 � ������3���

t
�
µ
IW�

R

� µ

�

R0 = 1 µ
M

R0 = 10 µ
M

R0 = 20 µ
M

� cF� F �F� F cF� £F�F� £>c���
£��K�
Gl�K�
¤K�K�
Y �K�
F �K�K�

�!��� � ������������ ��� � � ���������&%
������	 ! � ��� ������	
����� ����������	 ����� 	 ������#�� ����������	 ���

R0

�

R0
�
µ
M��

R

�
� �

�

�

� c F � F c £��F � �8c

F � �K¤

F � �>I

F � � Y

F � �K�

F � F

�! �� � �%�
	 ���%� ��������	 ��������� #�����	 � �
R �����

	 �
��  ��������	 ��!���	 �$��
%�

R0

�

� ����
�������� ��� � � :;8�$ 	/.�3��!3���&+� 4 0'&A@ 8�&+@ &+"%$�.�& 45&A.9(*1 ,/ #&+.�0'��.-, �)� � � 7�� -D2�$'&A@5,/0��!2� 
R0

8�&A�
: .�@ &+3�2�.�3 �)� 4>0�& �  � 0 � E ���!3�.-,/1�,/2� D: 8'8��!1!0�2�.�3 %'F ��F

&LQWS �XNPC;DK8EC;DKI j HT:@SoAF?rq@H-C;I jKk M �=C;t A�CEDFI|:WAKG;NP8;I
R0

NPI|q�DKHm:@NPC;D;�/¦�NPH-IxNPI|q�NyC�� ¢E¢ NP?BGL8EC;D cp� �
GEA�:@DFH-I|q@H-?P?rq!�p¦�Hm: ¢ H-N;H-NPCEHm: �VCL:@H-DK8;CED�MONrq�G;H-M <�&p©��$§ &pNPDKCoA�? ¢ Hm:@H-QWSEC;Hmq@H-� A 4LNPM'AF?r:WA	§
G;NP8EI j A	:@NyNPHm:Rq¡v ¢ Hm:¡G;HmC ¢ HmqR:WAFQWS/q@Hmq@H-C��$Hm:@HmNyQWS�AFC q  L�;NyIRQWSEHmC�«V8;SEHm:WAFG;NPH-C[� R0 = 1 µ

M
¢ NPI R0 = 20 µ

M��>8EM ?yH-G;NPDK?PNPQTS £ � ¤ ���/¦�NPH-IRH¡nEH-I|q@I|q@H-?P?P8EC;DhNPI|qXA�8EQWS'twv;:�AFCoGLHm:@H¡�;8E?PI|t ��:R§
MONyDFH-�VC;:@HmDK8EC;DKIRIRNPDKCEAF?PH=DKvE?rq@NPD 	 ����� F ���l¦¡NyH-�$?yA�IRH-CoG  ;CEAFMONPJ ¢ HmN &pq k .'�$H-?P?yHmCoAFCL:@H-DK8;CED
NyI|q'CEAFS;H �-8d8ECoA ¢ SEsFCEDFNPD jlk C GLH-CdSENPHm: ¢ HmqR:WA�QTS/q@Hmq@H-C �=C;t A�CEDFI|:WAKG;NPH-C �$¦¡NyH �VC;CoAFS;MOH
:WsF8EMO?PNPQWS*S k M k DFH-C j Hm:Rq@H-NP?rq@Hm:-�$?yAFIRHmC MONrq�DK?PH-NPQWSEH-M «=8ES;Hm:WAKGLNP8EI �LAF?PI(�=C;t A�CEDFI �-8EI|qWA�CoG
t¥v;:$G;NPHuCp8EMOHT:@NyIRQWSEHmC+�$HT:@H-QTS;Cp8ECEDFH-C �FNPI|q�GEAFMONrqxDFHm:@H-QWSpqRtwHm:Rq@NPDFq!�/¦¡Hm:�<�NPC��o8EIRI jlk C5~�A j NP§
qWA�q@N k C'A�8;t G;NPH &LQWSoA�?P?BA�8EI ¢ :@H-Nrq@8ECED¡?Bs�IRI|q�IRNPQWS5I k G;8L:@QTSOGLNPH$0$A	:@NBA	q@N k COH-NPCEHmI�H-NPC
�-NPDKH-C'�>A	§
:WAFMOHmq@Hm:@I �/G;Hm: �VC
�!AFS;?BGLNPQTS/q@H jlk C��$?yAFIRH-C,�p8EC/q@Hm:@IR8;QTS;H-C��F¦�NPH-I �XNP:WG'GL8;:@QWSOG;NPHXNPC�� ¢E¢ NP?P§
G;8EC;D�cp� F �hGEA�:@DFH-I|q@H-?P?rq@H-C &pNPMf8E?yA	q@N k CEIRHm:@DFH ¢ C;NPIRIRH��-8;M <xNPC��o8;IRIuG;HT:$�VCLt A�CEDKI ¢ H-G;NPCEDF8EC;§
DKH-C jlk C���?BA�IRH-CoGLNPQTS/q@Hf8;CoG �$?yA�IRH-C;:WAFG;NP8EI�A�8;t$G;H-C n k Jp8EI@GL:@8;QTJ j HT:@?BA�8;t ¢ H-I|qWs	q@NPDFq!� n�v;:
G;NPH�&LQWSoAF?P?yAF8;I ¢ :@H-Nrq@8;CED'NPM ¬ Nrq@S k qR:@NP�Lq@Hm:��mH-NPDFq¡G;Hm: 0�HT:@DK?PH-NPQTS GLH-IVn k Jp8EI@Gp:@8EQWJ j Hm:@?yAF8Lt¥H-I
k SEC;H-�$Hm:@vEQWJpIRNPQTS/q@NPDK8;CED�G;HT:�~�A j NrqWA�q@N k C�� n0 = 0

�>MONrq�G;H-CO<>:@DKH ¢ CENPIRIRH-C'8;Cpq@HT: ��Hm:@vEQWJ/§
IRNyQWS/q@NPDK8EC;D'G;Hm:u©�H-QWSEIRH-?)�XNr:@Jp8ECEDFH-C � ¢ H-N H-NPCEHm: �=C;t A�CEDFI ¢ ?yAFIRH-CEG;NPQWSpq@H jKk C n0 = 5/

Q-M 3 �
H-NPCEH-C�GLH-8;q@?PNPQWSEH-C^<�NPC��E8EIRI=G;HT:X~�A j NrqWA�q@N k CEI ¢ ?yA�IRH-C AF8LtxG;NPH��x8E?PI|t k :@M �E¦�A�DKH-DFH-C NPI|qVG;Hm:
¢ Hm:@H-QWSECEHTq@H�n k JL8;I@GL:@8;QTJ j Hm:@?yA�8;t 8ECEA ¢ SosFC;DKNPD jlk M �VC;t¥AFC;DKI|:WAKGLNP8EI-�p¦�NPH¡~�8L: j H-C'NPC�� ¢ §
¢ NP?yG;8EC;D�cp� F ��IRNPCoG5t¥vL:�8EC/q@Hm:@IRQWSENPH!GL?PNyQWSEH R0

CoA�SEH �-8ONyGLH-C/q@NyIRQWS��l¦�Hm:$�=C;t¥AFCEDFIR�oA	:WAFMOHmq@Hm:
«V8;SEHm:WAFG;NP8EIhSoA�q5GEA�MONPq�� NPM �$Hm:@HmNyQWS G;Hm:hSENPHm: ¢ HTqR:WAFQWSpq@HTq@H-Cªq  L�ENPIRQWSEH-Cª©�Hm:Rq@H'�>HmNyC;H-C
j Hm:@CoA�QTS;?ysFIRIRNPD ¢ A�:@H-Cd<xNyC��o8;IRIhA�8;tXG;AFI+&LNPMf8;?yA�q@N k C;IRHm:@DKH ¢ CENPI�8ECEG�JFAFCEC�NPC[G;NPH-IRH-M �$HT§
:@H-NPQTS tB:@H-N¡DFH!�us�SE?rq#�$Hm:WG;HmC���¦�Hm:#�VCLt AFC;DKI �$Hm:Rq*twv;:*G;NPH��$?yA�IRH-CoGLNyQWS/q@H I|q@H-?P?Pq*G;AFDKHmDKH-C



� � � � ������3����������&� � 	�� ��� §{�>H�§

t
�
µ
IW�

p̃

�
��
��

n0 = 0

n0 = 5/
Q-M 3, R0 = 3 µ

M

n0 = 5/
Q-M 3, R0 = 10 µ

M

n0 = 5/
Q-M 3, R0 = 20 µ

M

F Hl£ F HZG F HK¤ F H Y F GK� F G/£

�

£F�

Gl�

¤F�

Y �

�	����
�������� � ������ ��� � 2�1 ,645�!7�.� 5&A@ 3�&+8�.��! 5 #& .+2/�  �!. �-2� # 0'&A@ :;.�� ,/.'3� #8�&+0��!.�3�2�.�3�&+.9(*1 ,/ #&+.'E
0'�!"%$=45&

n0
2�.�0 (*1 ,/ 5&+.�@#,/0'�!2� 

R0
,/2�� 0�&+. 8�&+@ &+"%$�.�& 45&A. 
-7��=2� #0'@52�" � � &+@ 1 ,/2�� �

U � = 2, 6
��, F

HmNyC;H-C��-8ECEsFQWSEI|qh8EC ¢ H-JFAFC;Cpq@HmCª�>A�:WA�MOHmq@Hm:ht¥v;:5G;NPH &LNPMf8;?BA	q@N k C GEA	:!� �V8;IfDFH-MOH-IRIRH-C;H-C
~�HmNyM'GLNPQTS/q@H-C � � ¢ IRQTS;CENrqRq HL� F � F �5?Bs�IRI|q^IRNPQWS�G;HT:��$Hm:@H-NPQWS t¥vL:Oq  L�ENPIRQWSEH �=C;t A�CEDFI ��Hm:Rq@H
GLHm:-�$?yAFIRHmCoG;NPQWS/q@H4Cp8L:uDF: kF¢ H-NPCED�:@H-C �-HmC��

¦¡NyH��=C �!A�SE?yG;NPQWS/q@H jlk C �^NPJ/: kK¢ ?yAFIRH-C Sos�CED�q��$C;H ¢ H-C�GLH-C ©[A�IRIRHm: ¢ H!GLNyC;DK8;CEDKHmC �uA�8EQWS
jKk C G;HT:��x8E?PI|t k :@M 8;CoG GLHm:��x8E?PI �XNPH!GLHm:@S k ?P:WA	q@H^���>©�«¡�=A ¢ �9<xNPCEH4S �FSEHm:@H4�>©�« t¥v;S;:Rq
�m8 j Hm:@I|qWs	:@Jpq@HT:¡~�A j NrqWA�q@N k C,�9GEAOGLNPH47 H-Nrq �!�XNPIRQTS;H-C��!��HmN�AF8Lt¥H-NPCEAFCoGLHm:Rt k ?PDKH-CEG;H-C �x8E?PIRH-C
C;NPQTS/qhAF8;I|:@H-NPQTS/q��>G;AFMONrq4G;NPH ¢ H-NPM ~ k ?P?BA��EIfAF8EIhG;HmM �$?yAFIRH-C
�-Hm:Rt A�?P?uH-C/q@I|q@H-SEH-CEG;H-C �^Nr§
J/: kF¢ ?yAFIRH-C^AF8;I@G;N�� 8ECEG;NPHm:@H-C'J%�FCECEHmC��p¦�A�MONPq�I|q@H-SEH-C't¥vL:XG;HmC*CEAFQWS;t k ?PDKH-CEG;H-C^��8;?yIuMOHmS;:
~�A j NrqWA�q@N k C;IRJlH-NPMOH �-8;:�0�HT:Rt¥vEDF8EC;D;� �$HmN/¬ A ¢9k :@H 4L�9Hm:@NPMOH-C/q@H-C�XNr:WG�MOH-NPI|q�H-NPC;H$�>©�« jlk C
F � ��DKH!��sFS;?Pq��ENPC�G;Hm:XJp?PNPCENPIRQWSEH-C �=C ��H-CEG;8EC;DhIRNPCEG^�x8E?PI �XNPH!G;Hm:@S k ?r:WA�q@HmC jlk C £>� ��8ECEG
G;A�:@v ¢ Hm:�q  L�;NyIRQWS 	 ��¬ ¬ + �K£&���l7 8;M 0�Hm:@DK?PH-NPQWSfMONrqxG;HmM ¢ H-NLG;Hm:�&pNPMf8E?yA	q@N k C ¢ HTqR:WAFQWSpq@HTq@H-C
nEAF?P?�GLHm: �V8EI ¢ :@H-Nrq@8EC;D5H-NPCEH-I=H-NPC �mH-?PCEH-C �x8E?PIRH-I �EI k ?P?rq@H ¢ H-N G;Hm:=MOH-IRI|q@HmQTS;CENPIRQTS;H-C�0�Hm:@N�2E§
JFA�q@N k COG;H-IxCp8EMOHT:@NyIRQWSEHmC�� k G;Hm?y?PH-I�H-NPCEHuM��FDK?PNPQTS;I|q$?yAFC;DKHu©[A	:Rq@H �-H-Nrq��!�XNPIRQTS;H-COGLHm:"�=8EI|§
¢ :@H-Nrq@8EC;D+�!�$H-NPHm:V��8;?yIRH�HmNyC;DKH-SEAF?rq@H-C �$Hm:WG;HmC �;8ECoG�GEA�MONrquNyG;H!A�?yHT: ��H-NPIRH4H-NPCEH��>©�« ≈ 0

�
¦¡NyHmI�I|q@H-S/q �|H-G k QWS�NPM U¡HmDKH-C;I@A�q����-8L:�Hm:Rt k :WG;HT:@?yNPQWSEH-C �^NrqRq@H-?P8ECED^G;Hm:�H 4L�9Hm:@NPMOH-C/q@H-?P?yHmC
¦�A�q@H-C�v ¢ Hm: M��FDK?PNPQTS;I|q j NPH-?PH*0�Hm:@IR8EQWSEH 8;Cpq@HT:^DF?yHmNyQWS ¢ ?PH-N ¢ H-CEG;H-C 0�HT:@IR8EQWSEI ¢ H!GLNyC;DK8;C;§
DFH-C �>GEA�IRNPQTS��K� �V�>G;Hm:OU�AFIRDKHmSoAF?rq���sFSL:@H-CoG G;HT:��^H-IRIR8;CED sFCEG;Hm:@C JFAFCEC ��}VM�GLNPH-IRH-C
<xNPC��E8EIRI=AF8;QTS�v ¢ Hm:=H-NPCEH�?yAFC;DKH 0�Hm:@IR8;QTS;I@GEA�8EHm:=A�8EI �-8;IRQTS;?yNPH!.KH-C �oMfvEIRI|q@H�HmNyC;H�J k C/q@NPCp8;§
NPHm:@?PNPQWSEH*<�C/q@DlA�IR8EC;D HT:Rt k ?PDFH-C ��G;NPH �|H-G k QWSdC;NPQTS/q��-8;:+0�Hm:RtwvEDF8ECED�I|qWA�CoG �x798oG;HmM2I k ?P?Pq@H



§¨�ZGF§ ���-� ����� � ����	 ���3� ���;�������&� � 	�� �������� �'����� � 	 � ������3���

MONPquG;Hm:$DKH!��sFSE?rq@H-C^�x© « HmNyC;H¡H����-NPH-C/q@H �^H-IRI@G;A�q@H-CEAF8;twCoA�SEMOH ¢ HmN HmNyC;Hm:$0VNyHm? �-AFSE? jlk C
�^H-IRIR8EC;DKH-C M��KDF?PNyQWS�IRH-NPC�� �V8;IVGLNPH-IRH-M UV:@8ECoG��X8;:WG;H�GLHm:¡<�NPC��E8EIRIVG;Hm:V�>©�« A�8;t�G;NPH
&LQWSoAF?P?yAF8;I ¢ :@H-Nrq@8;CED�8EC/q@Hm:@IR8EQWS/q¡8;CoG�GLNyHf�x© « I k ?yAFC;DKHf:@H-G;8 �mNyHT:Rq�� ¢ NPI¡JlHmNyC MOH-IRI ¢ A�:@Hm:
< � H-J/q=A�8;txGLNyH���8;?yI|t k :@M MOH-SL:uHm:@JlHmCEC ¢ A	:"�uA	:!�on�vL:=G;NPH�I k Hm:@MONrqRq@H-?rq@H¡�x©�« JFAFCEC�H-NPC
j Hm:@CoA�QTS;?ysFIRIRNPD ¢ A�:@Hm:�<�NPC��E8EIRIXA�8;txG;AFIX~�A j NrqWA	q@N k CEI j HT:@SoAF?rq@H-C AFCEDFH-C k MOMOH-C���Hm:WGLH-C��

z¨C�� ¢E¢ NP?yG;8;CED cp� F>F NPI|q�H-NPC�0�Hm:@DK?PH-NPQWSOG;Hm:�n k Jp8EI@GL:@8;QTJpMOH-IRIR8;CEDFH-C�NyCfH-C/q@DlAFI|q@HmM ©ªAFIRIRHm:
8ECoG�8EC/q@Hm:x7 8;DlA ¢ H jlk Ch<xIRIRNyDFI@sF8L:@HXtwv;: �!�$H-Np8EC/q@Hm:@IRQWSENPH!GL?yNPQWSEH$�x©�« GEA	:@DKH-I|q@Hm?y?rq!�F¦�A ¢ HmN
�X8;:WG;HmC �|H!�$H-NP?yI Gl�OCoA�QTS;H-NPCoAFCEG;Hm:¡AF8Lt¥DFH-C k MOMOH-CEH �^H-IRIR8;CEDFH-C G;Nr:@H-J/qVAFM �¡I �-NP?y? k IRJ k �
DKH-MONrqRq@H-?rq��/8;M I|qWA	q@NPI|q@NyIRQWSEH&LQWS �uAFC;Jp8ECEDFH-COGLH-I$~�A j NrqWA�q@N k C;I j Hm:@SoA�?rq@H-CEI$AF8EI �m8EDK?PH-NPQWSEH-C �
¦�NPH��^H-IRIRJp8L: j H-C t¥vL:�GLNyH ¢ H-NyGLH-C ©[A�IRIRHm: ¢ H!G;NPC;DK8EC;DKH-C 8;Cpq@HT:@IRQTS;H-NyG;H-C�IRNPQWS�CENPQTS/q��oG �RS �

t
�
µ
IW�

p̃

�
��
��

F HZG F HF¤ F H Y F GK� F G/£ F G>G F GK¤ F G Y

�

£��

GK�

¤K�

Y �

�!���$� � #�� �&' � . �%�

t
�
µ
IW�

p̃

�
��
��

F HSG F HK¤ F H Y F Gl� F Gl£ F GSG F Gl¤ F G Y

�

£F�

Gl�

¤F�

Y �

�! "�$� � #�� �"' ��. �%�

� ����
����������������� � & �)&+ # #&+.�&+@"* @ 2�" � E���&+� 4 � &A@ 1 ,/2��"� � & <>&+�!1! �+$� �!./.+&A1 �)&+ 5 #2�.�3�&+. 3�&��)� 4 45&A1 4 (
� � 
-7���2� >0'&A >�'�!&�.+7=&+1!&�� 45@5�! 5"%$�&+. � � 45$�7/45@5�!��4#&+@  F", &+@53�1!&+�!"%$ 0�&+@ � &+ # 52�.�3�&+. �!.)&A. 453 ,/ 545&�� 0?,/ 5E
 #&+@ � #

2
�
$ � 	-�)3��

`
�
−−

(*2�.�0 2�. 4#&+@ ��2�3 ,/8�& � 7�.   # #�!3� 	/2�@ & � #
2
�

� � � �)3��
`
� / (�� ��@ .+<*&A�

2�.=45&+@5 5"%$��!&+0�1!�!"%$'& , 2�1! 5<D�!&+0�&+@5$'7�1!@#,645&+. �
U � = 2,6

�+, F

GEAFIRIxGLNPH�G;8L:@QTShG;NPH�7 8;DlA ¢ H jlk Ch<xIRIRNyDFI@sF8L:@HuHm:Rt k ?yD�q@Hu«VH-G;8EJ/q@N k C jlk C�~�H-NPMOH-C ¢ HmN/H-NPCEH-M
U�AFIRDKHmSoAF?rq jlk C G�� Y MOD�� ` G;H-C;IRH-? ¢ H-C�<�NPC��E8EIRI�A�8;t�G;NPHf~�A j NrqWA�q@N k C��XNPH5H-NPCEH5IRHmS;:�I|qWA	:R§JlH5<xC/q@DlAFIR8;CED������ ��MOD �

`
�¡AF8;IRv ¢ q!� }¡C/q@Hm:�GLNyHmIRH-C�CEAFSEH!�-8�NyGLH!AF?PH-C��$H!G;NPC;DK8EC;DKH-C k S;CEH

~�A j NrqWA�q@N k C ?ysFIRI|qVIRNyQWS JlHmNyC;H � ¢ Sos�CEDKNPDFJlH-Nrq=G;Hm:V�x8E?PI|t k :@M jlk C^G;Hm:=�>©�« twH-I|q@I|q@H-?P?PH-C��

¦�Hm:'<xNPC��o8;IRI5GLHm:'�>©�«�AF8Lt�GLNyH�DKHmMOH-IRIRH-CEH^��8;?PI|t k :@M NyC[q@H-NP?PH-C/q@DlA�I|q@H-M ©ªAFIRIRHm: ¢ HmN
�V8;tBqR:@Hmq@H-C jlk C4~�A j NrqWA	q@N k CEIRH � HmJpq@HmChNPI|qxNPC�� ¢E¢ NP?yG;8;CED cp� F £VGEA�:@DFH-I|q@H-?P?rq!�K¦¡Hm:xDKH-MOHmIRIRH-CEH
&LQWSoAF?P?yGL:@8;QTJfNyI|q$t¥v;:�G;NPH��x8E?PI �XNPH!GLHm:@S k ?P:WA	q@H-C jKk C���� c>���=8ECoG F � ��� �VCEAFSEH!�-8'NBGLH-C/q@NPIRQTS �
¦�AFMONrq'JFAFCEC NPM ¢ HmqR:WA�QTS/q@Hmq@H-C noA�?y?Xt¥vL:�G;NPH-IRH��x8E?PI �XNPH!GLHm:@S k ?P:WA	q@H-C G;HT:�<�NPC��E8EIRI jlk C



� � � � ������3����������&� � 	�� ��� §{�8c	§

t
�
µ
IW�

p̃

�
��
��

�>©�« � � � cx� �
�>©�« � F � ��� �
�>©�« � £ � ��� �
�>©�« � G�� ��� �

F HSG F HF¤ F H Y F Gl� F G/£ F GSG F GK¤ F G Y
§ F �

�

F �

£��

HF�

Gl�

�	����
�������� � ���� � 	 . 45&A�!1!&+. 4#3 ,/ 4#& ��0?,/ 5 #&+@ � #
2
�
� � �-�)3��

`
(�3�&��)&+ 5 #&+.�&+@-* @52'" �=E���&+� 4 � &+@ 1 ,/2��

� � &+<*&A�!1! �+$  �!.�.A&+1 �)&+ # 52�.�3�&+.	3�& �)� 4545&+1 4 (�� � 
-7��=2� 0�&+ ���!& .A7=&+1!& �=45@5�! 5"%$�&+. ��� 4#$�7/45@ �!�'4#&+@  F  �!.'E
��2� # 0�&+@",-0 - ,/2���0��!& , 2�1! � 7�@ � �

U � = 2, 1
��, F

~�A j NrqWA�q@N k C AF8Lt�G;AFI�&pQTSEAF?P?yGL:@8;QTJpIRNPDKCEAF? j Hm:@CEAFQWSE?ysFIRIRNPD�q���Hm:WGLH-C��x� �KS;Hm:@H �x8E?PI �XNPH!G;HT:R§
S k ?r:WA�q@HmC'twvESL:@H-C��-8'H-NPCEHm: 0�Hm:@JpvL:��-8EC;D�G;H-I�7 8;DlA�Cpq@HmNy?PI�MONrq�CoA�QTSLt k ?PDFH-CoG�AFC;I|q@H-NPDKH-CEG;H-M
� k IRNrq@N j H-C�¦V:@8EQWJKA�Cpq@HmNy?>8;CoG GEA�MONrq�-8�G;H-C;IRH-? ¢ H-C�< � H-J/q@H-C,� G;NPHOA�8EQWS ¢ H-N>HmNyC;Hm:4<>:@S �F§
Sp8;CED5GLHm:X~�H-NPM'G;NPQWS/q@H'� �XNyH�NPC � ¢E¢ Ny?yGL8ECED cp� Y DFH �-H-NPDFq��oAF8LtwqR:@Hmq@H-C �

¦¡NyH�� ¢ SEsFCEDFNPDKJlH-Nrq*G;HmI*~�A j NrqWA�q@N k C;I j Hm:@SoA�?rq@H-CEI jlk C�G;Hm:�z{Cpq@HmCEIRNrqWs�q*G;HmI�&pQTSEAF?P?PIRNyDFCoA	§
?PH-I�NPI|q4NPC � ¢E¢ NP?yG;8;CED+cp� F H�G;8;:@QWS G;NPH5MONrq�GLH-M � 0 ¦ DKH-MOHmIRIRH-CEH-C�~ k ?y?yA��EI �-H-Nrq@H-C,� ¢ HmN
Gp:@H-N 8EC/q@Hm:@IRQWSENPH!GL?yNPQWSEH-C�©[A�CoG;?PHm:@IR�EAFC;CL8;CEDFH-C �LG;A�:@DKHmI|q@H-?P?Pq!�E¦�NPH �^H-IRIR8EC;DKH-C#�X8;:WG;HmC^NPC
q@HmNy?PH-C/q@DKAFI|q@H-M ©[A�IRIRHm:h���

2 = 3,2
MOD��

`
� ¢ H-N H-NPCEHT:�� HmMO�9Hm:WA�q@8L: jlk C 21,6 ◦

0 G;8L:@QTS;DKHm§
twvESL:Rq!� z¨C G;Hm:��;:WAFJ/q@NPIRQWSEH-C �VC �$H-CoGL8ECED�GLH-I�¬�Nrq@S k qR:@NP�;q@Hm:@I¡H-C/q@IR�;:@H-QWSEH-C GLNyH4©[A�CoG;?PHm:R§
IR�EAFC;CL8;CEDFH-C

U � = 2,6
J�0 8ECEG

U � = 3,0
J�0 q  L�ENPIRQWSEH-C MONrqRq@?yHT:@H-C�z{C/q@H-CEIRNrqWs�q@IRI|q@8Lt¥H-C,�

GLNPH'©ªAFCEG;?PHm:@IR�oA�CECp8EC;D jlk C U � = 5,1
J�0 H-C/q@IR�;:@NPQWSpqhGLHm:4M'A 4LNPM'AF?�H-NPCEI|q@H-?P? ¢ A	:@H-C z¨C;§

q@HmCEIRNrqWs�qVG;HmIV��S;Hm:WAF�;NPH-I  LI|q@H-MOI-�

�=8EI�� ¢;¢ NP?yG;8EC;D cp� F HhNPI|q�Hm:@IRNPQWS/q@?yNPQWS �pG;AFIRI�H-NPCEHV<x:@S
�KSp8EC;D�G;Hm:�©[AFCEG;?PHm:@IR�EAFCECp8;CED
�K8ECEG
G;AFMONrq=AF8;QTS^G;Hm:=A�8;tBqR:@Hmq@H-CoGLH-C ¦¡:@8;QTJ/§x8;CoG*7 8;DlAFMO�;?PNPq@8EG;H-C,�LHm: �uA	:Rq@8ECEDFIRDKH-M's .��-8 HmNP§
C;H-M �=CEI|q@NPH-D GLHm:�~ k ?P?BA��EI �-HmNPq�twvES;:Rq!��<xNPCEH'<>:@S �KSp8;CED GLHm:��>©�« SoA�q�H ¢ H-C;t¥AF?P?PIhH-NPC;H-C
GLH-8;q@?PNPQWSEH-C*�VC;I|q@NyHmD^GLHm:�~ k ?y?yA��EI �-H-Nrq �-8L:�n k ?PDFHK��©�sFS;:@HmCoG G;NPH-IRHm:4< � H-J/q ¢ H-NxGLHm:�M'A�§
4LNPM'AF?PH-C z¨C/q@H-C;IRNrqWs�q@IRH-NPCEI|q@Hm?y?P8;CED^IRQWS k C twv;:�H-NPC;H5�>©�« > 0,2

� �5A�8;twqR:@NrqRq�� �XNr:WG�Hm: ¢ H-N
GLH-C CENPH!GL:@NPDFHm:@H-C�©ªAFCEG;?PHm:@IR�oA�CECp8EC;DKH-C!�¨H!G k QWS�Hm:@I|q ¢ HmN�HmNyC;Hm:4�>©�« > 1

� �OG;Hm8;q@?PNPQTS �



§¨�F¤�§ ���-� ����� � ����	 ���3� ���;�������&� � 	�� �������� �'����� � 	 � ������3���

�>©�« � ���	�

t

�

� µ

�
�

��� £u��� c F £ H G
£��K�

HF�K�

Gl�F�

cF�F�

¤F�K�

IF�F�

Y �K�

�F�K�

� ����
�������� ��� � � � � & �)&+ # #&+.�& �;7�1!1 ,/�� .A&+� 4
t , �!. : 8�$ 	/.'3��!3���&A� 4 � 7�. 0�&+@ ,-0 - � ��@ 0��!& 0�@ &A�

09,/.'0�1!&+@5 5�-,/.�.=2�.�3�&+.
U � = 2,6

�+, �
−−

( �
U � = 3,0

�+, � � ( 2�.�0
U � = 5,1

��, �
− · −

(%F
* ,/@53�&+ 4#&+1!1 4D�! 54>0'&A@ � � 4 45&A1 <*&A@ 4D,/2� ��$ � &A 5 #2�.'3�&A. �' 57 <D�!& 0��!& �=45@5&+2�2�.'3 0�&+@>3�& �)&A 5 #&+.�&+. �;7�1 E
1 ,/�� .+&+� 4#&+. 8�&+��0'&A@ � & <>&+�!1!�!3�&A.  �!.' 545&A1!1!2'.�3�F * �!& � &A 5 #2�.'3�&A. <D2�@50'&A. �!. 45&+�!1!&A. 453 ,/ 545&�� 09,/ 5 #&+@
� #

2 = 3,2
�)3��

`
(D0'2�@5"#$�3�& � ��$'@ 4AF  �!.�&  @ $ ��$=2�.�3 0�&+@ , 0 -�� ��$�@ 4 .+2 &A�!.'&�� 0�&+2'451!�!"%$�&+.?: .'E

 545�!&A3 0�&+@ �D7�1!1 ,/�� .+&+� 4 F

n�v;:
U � = 2,6

J�0 8ECoG
U � = 3,0

J�0 ¢ HmqR:WsFD�q�G;NPH10�A�:@NyA�q@N k C GLHm:V~ k ?P?yAF�;I �-H-Nrq ¢ HmN��x8E?PI|§
�XNyH-G;Hm:@S k ?r:WA�q@H-C��!�XNPIRQWSEH-C � � £x� ��8ECoG F � ���H-C;NPDKHm:¡AF?PI c ���E¦�NPH��x© « SoA	q¡NPC�GLNPH-IRH-C
n>sF?P?PH-C JlH-NPCEH-C[MOHT:@JL?PNPQWSEH-C[<xNPC��E8EIRIhAF8;tVG;AFI4~�A j NrqWA�q@N k CEI j Hm:@SEAF?rq@H-C �>¦�NPH-IRH-Ih<x:@DFH ¢ C;NPI
¢ H-I|qWs�q@NPDFqhGLNyHf<x:@JKH-CEC/q@CENPIRIRHfG;Hm:�&pQTSEAF?P?yGL:@8EQWJpMOH-IRIR8EC;DKH-C��-8;M <xNPC��o8;IRI�G;HT:4�x©�« A�8;t
G;NPHª�x8E?PI|t k :@M�� � ¢;¢ NP?yG;8;CEDKcp� F £K�T�=¦�Hm:��VCEI|q@NPH-DdGLHm: ~ k ?P?yAF�EI �mH-Nrq ¢ H-N�<x:@S
�KSp8EC;D G;Hm:
�x©�« NPI|qVNPC�GLHm:VGEAFG;8;:@QWS^HT:@S �KS/q@H-C��VC �-AFSE?yGLNyQWS/q@H jlk C �^NPJ/: kK¢ ?yA�IRH-C ¢ H-DF:@v;CoGLHmq!�o<xNPCEH
S �KS;Hm:@H���?BA�IRH-CoGLNPQTS/q@H*twvESL:Rq��xG;8L:@QTSdG;NPH'©ªH-QWSEIRHm? �XNr:@Jp8EC;D�MONrq5G;Hm:�&LQWSoAF?P?yAF8;I ¢ :@H-Nrq@8;CED
8ECoG G;Hm: j Hm:Ws�CoG;HT:Rq@H-C ¦�NPQWSpq@H 8;CoG ~ k MO�;:@HmIRIRN ¢ NP?yNrqWs	q^NPM37 �$H-Nr§{��SEAFIRH-CL§|U¡HmMONyIRQWS � �-8
H-NPCEHm:'?ysFC;DKHm:@HmC�<�4L�EAFCEIRN k CEIR�ESEAFIRHª� j Hm:@DK? ��� ¢ IRQTS;CENrqRq cp� £/� HK�58ECoGdGEA�MONrq��-8dDF:��2.KHm:@H-C
~ k ?P?yAF�;I �-H-Nrq@H-C ��¦�Hm:10�Hm:@DF?yHmNyQWS[GLHm:�DKH-MOHmIRIRH-CEH-C�~ k ?y?yA��EI �-H-Nrq@H-C ¢ H-Nx8EC/q@Hm:@IRQWSENPH!G;?PNPQWSEH-M
U�AFIRDKHmSoAF?rq�NPC � ¢;¢ NP?yG;8EC;D cp� F G ¢ H-I|qWs	q@NyD�q�G;NPH-I-� & k � k SE?xAF8;I� ¢E¢ NP?yG;8;CED c/� F H���AF?PI�A�8EQWS
AF8EI � ¢;¢ NP?yG;8EC;D�cp� F G��pNPI|quH-NPCEH &;s	qRq@NPDK8EC;D4G;NPH-IRH-Iu< � H-J/q@H-I ¢ H-NoS k SEHT:u�>©�« ¢ �/���/S k SEH-M
U�AFIRDKHmSoAF?rq¡Hm:@JlH-C;C ¢ A�:!�

7 8;I@AFMOMOH-CLt AFIRIRHmCoG ?Bs�IRI|q4IRNyQWS�AF8EI�GLH-C jlk :@DFH-I|q@H-?P?rq@H-C[<>:@DKH ¢ CENPIRIRH-C�IRQWSE?PNPH!.KH-C � GEA�IRI�H-Nr§
CEH 0�A�:@NyA�q@N k C GLH-I-�VCLt AFC;DKI|:WAFG;NP8EI R0

NPM ¢ HmqR:WA�QTS/q@Hmq@H-C �$Hm:@H-NPQWS q  L�ENPIRQWSEHm:X«=8ES;Hm:WAKGLNPH-C



� � � � ������3����������&� � 	�� ��� §{�8I	§

Q

�>©�« � ���	�

t

�

� µ

�
�

� F £ H G
£ScF�

HK�F�

H8cF�

Gl�K�

Gec��

cF�K�

c>c��

�	����
������������ ��)�� � & �)&A 5 #&+.�&��;7�1!1 ,/�' .+&+� 4
t , �!. :;8�$ 	/.�3��!3���&+� 4 � 7�. 0'&A@ ,-0 - � ��@ . <>&+��2�.'E

45&+@5 5"%$��!&+0�1!�!"%$'&"0?,/ # 5&A@ 8�&+0��!.�3�2�.�3�&+.�F�* ,/@ 3�&+ 545&A1!1 4��! 54 0�&+@ � � 4 45&A1 <*&A@ 4>,/2' ��$ � &+ # 52�.�3�&+.��= #7A<;�!&
0'�!& � 4#@ &+2�2�.�3 0�&+@ 3�& �)&+ # 5&A.'&A. �;7�1!1 ,/�� .A&+� 45&+. 8�&+�>0�&+@ �5& <>&+�!1!�!3�&+.  �!.' 545&A1!1!2'.�3�F * �!& � &+ # 52�.'E
3�&+.9<D2�@ 0�&+. �!.?45&+�!1!&+.=453 ,/ 545& � 09,/ 5 #&+@ � #

2 = 3,2
�)3��

`
� � ( 8�.+< F�.'�!"%$=4 &+.=453 ,/ 545& � 0?,/ # #&+@

� #
2 = 6,4

�)3��
`
�
−−

(�0�2�@ "%$�3�& � ��$�@ 4��
U � = 3,0

��, F  �!.�&  @ $ ��$�2'.�3 0�&+@ �;7�./.+&+. 4#@5,64#�!7�. 3�&+1 �/E
 4#&+@�� ,/ #& � � 0?,/ # #&+@ � �'$�@ 4 .+2 &+�!.�& � : .� 4#�!&+3 0�&+@ �;7�1!1 ,/�' .+&+� 4 F
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Jp8;CED��!�XNPIRQWSEH-C ~�A j NPqWA	q@N k C 8ECEG &LQWSoA�?y?yA�8EI ¢ :@HmNPq@8;CED��XNr:WG�NyM�©ªHmIRH-C/q@?yNPQWSEH-C GL8;:@QWS�G;NPH
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:@8;CED*H-NPCEHm: 0¡NPH-? �!A�SE? jlk C �^H-IRIR8EC;DKH-C �m8;:4I|qWA�q@NPI|q@NPIRQTS;H-C��^NrqRq@H-?P8EC;D�8EC/q@Hm:�J k CEI|qWA�C/q@H-C
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¦�NPH-IOG;HmM k CEI|qR:@NPHm:Rq5G;NPH W k q ��H-CEG;NPDKJlHmNPq�� ©ªH-QWSEIRH-?)�XNr:@Jp8EC;DKIRMOH-QWSoA�CENPIRMOH-C ¢ H-NXGLHm:��$HT§
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SEAF?rq¡G;H-8Lq@?yNPQWS�IRNPQTS/q ¢ A	:�� ��sFS;:@HmCoG Hm: ¢ H-N D�:��2.KHm:@H-C ¦¡:@8EQWJ/§�8;CoG�798EDKAFMO�;?yNrq@8EG;H-C IRQWS k C
¢ HmN¡DKHT:@NyC;DKHm:@HmM U�AFI@A�C/q@H-NP?�H-NPCEIRHmq��Tqª� � ¢;¢ NP?yG;8;CED c/� F ¤;� ¢ �R�T�(�$H-N�HmNyC;Hm:�©[AFCEG;?PHm:@IR�EAFC;§
Cp8;CED jKk C U � = 2, 6

J�0�qR:@NPqRq���CEH ¢ H-C GLH-M <xNyC��o8;IRI'AF8;t�G;H-C 7 8;DlAFC/q@H-NP?VG;H-I#&pNyDFCoA	§
?PH-I �>AF8EQWSªH-NPC;H�?PH-NPQWS/q@H�«=H!GL8EJ/q@N k CªGLH-I4� k IRNrq@N j H-C &L�;Nrq��-H-CoGp:@8EQWJlH-I�MONrq �-8EC;H-SEMOHmCoG;HmM
U�A�I@AFC/q@H-NP? AF8Lt¨�Lz¨M 0�Hm:@DF?PH-NPQTS#�-8EM DKH-MOHmIRIRH-CEH-C &L�;Nrq��-H-CoGp:@8EQWJ jlk C p � � � = 78

� �>A ¢ H-N
�

2 = 0,9
MOD �

`
Hm:@DFN ¢ q�IRNPQWS ¢ H-N �

2 = 3,8
MOD��

`
H-NPCEH-0�HT:R:@NyC;DKHm:@8;CED�8;M

7,7
� � IF£�� �>AK�

8;CoG ¢ HmNu�
2 = 6,4

MOD �
`
8;M

12,2
� �

68,5
� �>AK�T� �$H-NuA�?P?yHmC A�CoGLHm:@H-C[NPC G;NPH-IRH-M � ¢ §

IRQWSEC;NrqRq�DKH �-HmNyD�q@H-C �^H-IRIRHm:@DFH ¢ C;NPIRIRH-C ¢ HmqR:WsFD�qhG;NPH�0�A�:@NyA�q@N k C GLH-I &L�;Nrq��-H-CEIRQWSoA�?P?BGp:@8EQWJlH-I
¢ HmN�8;Cpq@HT:@IRQTS;NyH-G;?PNPQTS;H-C�0�Hm:@IR8EQWSEI ¢ H!GLNPCEDK8;CEDFH-C#�$H-CENPDKHT:�A�?yI c ��� ��H-N U � = 2, 6

J�0 8ECEG
HmNyC;H-M,U�AFI@A�C/q@H-NP? jlk C 6,4

MOD��
`
twvESL:Rq^GLNPH�~�A j NrqWA�q@N k C NPC G;HmC DKH-MONrqRq@H-?rq@H-C &LNPDKCEAF?PH-C

A�8
.KHm:WG;H-M �-8fH-NPCEH-M��KG;Hm:�798EDK�;SoA�IRHuCoAFQWS;t k ?PDKHmCoG;HmC �/� k IRNPq@N j HmC'U¡?PH-NPQTSEAFC/q@H-NP?oNPM DKH-MOH-I|§
IRHmCEH-C &LQWSoAF?P?yGL:@8;QTJ9� ¦�NPH-I�NPI|q�H-NPC �^H-IRI@A�:Rq@Hmt¥AFJ/q��>GLHm:�Cp8;: ¢ HmN�IRHmS;:�I|qWA	:@JlHm:�~�A j NPqWA	q@N k C
8;CoG H-NPCEHm:hH-C/q@IR�;:@H-QWSEHmCoG�S k SEHmC �$?yAFIRH-CEG;NPQWSpq@H'NPC[GLHm:f}VMODKH ¢ 8EC;D G;HmI�t¥AFIRHm: k �;q@NPIRQWSEH-C
�- ;GL: k t k C;IVA�8;tBqR:@NPqRq!�E¦�NPH�}V:@I@A�QTS;HhGLNPH-IRH-I �=:Rq@Hmt¥AFJ/q@H-IXNPI|q¡C;NyQWS/q jlk ?P?PI|qWsFCEG;NPDODKH-Jp?ys�:Rq!�o<�I
�XNr:WG j Hm:@Mh8;q@Hmq��lGEA�IRI$~�A j NPqWA	q@N k C�NyC�GLHm: W sFSEHVG;HT:�noA�IRHm:@IR�ENrq��-H��-8OH-NPCEHm:�MOH-QTSEAFC;NyIRQWSEHmC
¦¡Hmt k :@M'A�q@N k C[8;CoG�G;AKGL8;:@QWS j Hm:Ws�CoG;HT:Rq@H-Cª¬ NyQWS/q@?PH-Nrq@H-NPDKH-C;IRQTSEA�twq@HmC GLHm:5U¡?BA�I|t A�IRHm:5t¥v;S;:Rq
	 ��&
� + �>c����

¦¡Hm: 0�Hm:@DK?PH-NPQWS��!�XNPIRQWSEH-C�G;H-C*&LNPMh8E?yA�q@N k C;IRHm:@DKH ¢ CENPIRIRH-C�MONrq�8EC/q@Hm:@IRQWSENPH!GL?yNPQWSEHm: �$?yAFIRH-CL§
GLNPQTS/q@H 8ECEG G;H-C�DFH-MOH-IRIRH-C;H-C�¦¡:@8;QTJpIRNPDKCEAF?PH-C ¢ H-N�8;C/q@Hm:@IRQTS;NPH!G;?PNPQTS;H-M3U�AFIRDFH-SoA�?Pq�G;H-I
©ªAFIRIRHm:@I1�-HmNyD�q���G;AFIRI�GLHm: �/8oAF?PNrqWA�q@N j Hf<�NPC��o8EIRI�GLHm:�~�A j NPqWA	q@N k CªA�8;t�G;NPH�&LQWSoA�?P?BA�8EI ¢ :@H-Nr§
q@8;CED�GL8;:@QWS'GEAFI"&LNPMf8;?yA�q@N k C;IRM k G;H-?P?E:@NPQWSpq@NPD �XNPH!G;HT:@DKH-DFH ¢ H-C#�XNr:WG �/¦�NPH-I�DFNy?rq$I k � k S;?ot¥v;:
GLNPH � ¢ Sos�CEDFNyDFJlH-NrqOGLH-I5n k Jp8EI@Gp:@8EQWJLIRNPDFCoAF?PH-I jlk C GLHm:���?BA�IRH-CoGLNPQTS/q@H A�?PIOAF8;QTS jlk CdG;Hm:
z{C/q@H-CEIRNrqWs�q5G;H-I�&LQWSoAF?P?PIRNPDKCEAF?PH-I-��¦¡Hm:��VCLt A�CEDKI �$Hm:Rq'GLHm:��$?yAFIRHmCoG;NPQWS/q@H �X8;:WGLH GEA ¢ H-NuI k
DFH!�us�SE?rq��pG;AFIRIxt¥v;:

U � = 2,6
J�0 H-NPCEH ¢ H-I|q@M��FDK?PNPQTS;H(� ¢ Hm:@H-NPC;I|q@NyMOMh8EC;D �!�XNPIRQWSEH-C#&pNyMh8;§

?yA	q@N k C�8ECEG��^H-IRIR8;CED5Hm:R:@HmNyQWS/q(�XNP:WG �9n�vL:¡GLNPH-IRH-C�noA�?P?�NPI|qVNyC�� ¢E¢ NP?BGL8EC;D c/� F I5C k QWSEM'AF?PI
GLHm:fG;Nr:@H-J/q@H�0�HT:@DK?PH-NPQTS �/�XNyIRQWSEHmC GLHm:��^H-IRIR8EC;D�8ECoG�G;H-M �|H/��H-NP?PI5H-C/q@IR�;:@HmQTS;H-CoGLH-C &pNP§
Mh8E?yA�q@N k CEIRHm:@DFH ¢ C;NyI ¢ H-N>8EC/q@Hm:@IRQWSENPH!GL?yNPQWSEHm: �$?yAFIRH-CEG;NPQTS/q@HhDKH �-HmNyD�q!� ¦¡NyHmI�Hm:@?yAF8 ¢ q�� CEH ¢ H-C
GLH-M �/8oAF?PNrqWA�q@N j HmC 0�Hm:@DF?yHmNyQWS �uAF8EQWS�H-NPCEH*�/8oA�Cpq@NrqWA	q@N j H*��H!��Hm:Rq@8;CEDdG;HT:^Cp8EMOHT:@NyIRQWSEHmC
�=�E�L: k 4LNPM'A�q@N k C � ¢ H-NPIR�ENPH-?PI ��H-NPIRH ¢ �-DK? �XGLHm:#0�Hm:@JpvL:��-8EC;D[G;H-I^798EDlA�C/q@H-NP?yHmI-�X¦�8;:@QWS�G;NPH
0�A�:@NyA	q@N k C GLHm:��$?yA�IRH-CoGLNyQWS/q@H 8ECEG G;H-C 0�HT:@DK?PH-NPQTSdMONrq��^H-IRIR8;CEDFH-C JFAFC;CdNPCEG;Nr:@H-J/qOA�8;t
GLNPH'�o8;Cpq@HT:=G;H-C DFH-DKH ¢ H-CEH-C 0�Hm:@IR8;QTS;I ¢ H!G;NPCEDF8EC;DKH-C,� jlk :@SoA�CoG;HmCEH�~�H-NPM'GLNyQWS/q@H�DKH-IRQWSE? k I|§
IRHmC��$Hm:WG;HmC��>z{C � ¢E¢ Ny?yGL8ECEDbc/� F IL��AK�hIRNPCoG G;NPH*<x:@DFH ¢ C;NPIRIRH*t¥vL:OGLNyH �V8;I ¢ :@H-Nrq@8EC;D k S;CEH
~�A j NrqWA�q@N k C;IRH-NPC��E8EIRIVGEA�:@DFH-I|q@H-?P?rq!� �$HmN�G;HT:&pQTSEAF?P?yAF8;I ¢ :@H-Nrq@8EC;DONPC^q@H-NP?PH-C/q@DlAFI|q@HmM�©ªAFIRIRHm:
� � ¢E¢ Ny?yGL8ECED cp� F Ip� ¢ �R� �-H-NPDFq�I k � k S;?9G;NPH �^H-IRIR8;CED�AF?PI$AF8EQWSOGLNyHXCp8EMOHT:@NyIRQWSEH"�$Hm:@H-QWSECp8EC;D
HmNyC;HX?yHmNyQWS/q@HX«VH!GL8EJ/q@N k COGLH-I &L�ENrq��-HmCEIRQWSoAF?P?yGL:@8;QTJKH-I �KI k �XNPH¡HmNyC;H(0�Hm:@JpvL:��-8EC;D�G;HmI�798EDKAFC;§
q@HmNy?PH-I-�lz¨M U¡H-DKHmCEI@A�q��-�-8L:$�^H-IRIR8;CED�Hm:@DFN ¢ q�IRNPQWS ¢ H-NoGLHm:$&pNPMf8E?yA	q@N k C5MONrq$S k S;H-M U�AFIRDKHT§
SEAF?rqX� � ¢;¢ NP?yG;8;CEDdcp� F Ip� Q	�R��H-NPCfHm:@C;H-8;q@HT:>©�NPH!G;Hm:WA�CEI|q@NPH-D�GLH-I�&L�;Nrq��-H-CEIRQWSoA�?P?BGp:@8EQWJlH-I-�	¦�NPH-I
JFAFC;C^GL8;:@QWS G;AFI-�^H-IRIRHm:@DFH ¢ C;NPIVC;NyQWS/q ¢ H-I|qWs�q@NPD�q-�$Hm:WG;HmC��E<�NPCEH�DF8;q@H� ¢ Hm:@H-NPCEI|q@NPMOMh8ECED
HT:@DKN ¢ q¡IRNyQWS t¥v;:�G;H-C �$H-IRH-C/q@?PNyQWSEHmC�<xNPC��E8EIRI�GLHm:�~�A j NrqWA�q@N k C;I ¢ ?yAFIRH-C�AF8Lt�G;H-C�798EDlA�C/q@H-NP?
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GLH-I+&LNPDKCEAF?PH-I-�>¦�NPHO�;S  LIRNPJFAF?PNPIRQTS;H�}=:@I@AFQWSEH'GLHm: j Hm:WsFCEG;Hm:Rq@H-C���8;?PI|t k :@M�G;8L:@QTS�~�A j NrqWA�§
q@N k CEIRH-NPC��E8EIRI-�XNP:WG�NPC � ¢ IRQTS;CENrqRq�¤p� F GL8;:@QWS�G;NPH��VCoA�?) ;IRH jlk C &LNPMf8;?BA	q@N k CEIRHT:@DKH ¢ CENPIRIRH-C
j Hm:WG;H-8Lq@?PNyQWS/q!�

�>� � � � Y�� �F�E� �F�{��� �$� � �^��� �F�o����� ����� ���^�=�o��i �K��� ���o�{���o��� ���/�o���$�$�

¦¡NyHV~ k ?y?yA��EI �-H-Nrq t , NyI|qXHmNyC#�/8oA�Cpq@NrqWA	q@N j H-I$� A .��-8L:(�$H!�$Hm:Rq@8EC;DfGLHm:u~�A j NPqWA	q@N k CEI ¢ ?yAFIRH-CL§G  LCoAFMONPJ ¢ HmN��=C;:@H-DF8EC;D^MONrq�H-NPCEHmM } &/§¨�x8E?PI-� UV:��2.KHm:@HO~ k ?P?BA��EI �-HmNPq@HmC ¢ H!G;Hm8;q@H-C H-NPCEH
?ys�CEDKHT:@Hu<�4L�EAFCEIRN k CEIR�ESEAFIRHXGLHm: �$?yAFIRHmC58ECEG�NPM �=?P?yDL��H-NPCEH�I|qWs	:@JlHm:@H�~�A j NrqWA�q@N k C;I �XNP:@Jp8;CED
NPC��$H �m8EDhAF8;t�MOH-QWSoA�CENPIRQTS;H&pQTSEsKGLH-C'AFC^U¡H!��H ¢ H k G;HT:u~ k CEJ/:@H-MOH-C/q@H-C �Kz{C*GLNPH-IRH-M � ¢ §
IRQWSEC;NrqRq��XNr:WG,�$G;8;:@QWSdG;H-C 0�HT:@DK?PH-NPQTS �!�XNPIRQWSEH-C�GLH-C AF8EI'GLH-C &LNPMf8;?BA	q@N k CEIRHT:@DKH ¢ CENPIRIRH-C
¢ HT:@H-QTS;CEHmq@HmC�8;CoG'G;HmC*MONrquGLH-M ~�A j NrqWA�q@N k CEI@G;HTq@H-J/q k :���� 0 ¦���DKHmMOH-IRIRH-CEHmC�~ k ?P?yAF�;I �-H-Nr§
q@HmC �;GEA�I=HmCpq �XNPQTJlHm?Pq@H &pNPMf8E?yA	q@N k CEIRM k GLH-?P? j Hm:@N�2 �-NPHm:Rq!�

z{C � ¢E¢ Ny?yGL8ECED cp� FEY IRNyCEGdtwv;:�H-NPCEH^©ªAFCEG;?PHm:@IR�oA�CECp8EC;D jKk C U � = 3,0
J�0 A�M ¬�Nrq@S k §

qR:@NP�Lq@Hm:�GLNPHhIRNPMf8;?PNyHT:Rq@H���?BA�IRH-CoG  LCoAFMONPJ*8ECoG^G;NPHhHmMO�;t A�CEDFH-CEH-C &LNPDKCEAF?PH5GLH-I¡� 0 ¦ GEA�:R§
DFH-I|q@H-?P?rq!��n�v;:¡G;NPH��=C;t A�CEDFIR�oA�:WA�MOHmq@Hm:�G;Hm: &LNPMf8;?BA	q@N k C��X8;:WGLH-C G;NPH4NyC � ¢ IRQWSECENrqRq cp� £p� £
¢ HmI|q@NyMOM4q@H-C ©ªHm:Rq@H � n0 = 5/

Q-M 3 � R0 = 10 µ
M�� ¢ H-N�GLHm: �V8;I ¢ :@H-Nrq@8EC;D^NPC�q@H-NP?PH-C/q@DlA	§

I|q@HmM ©[AFIRIRHT: j Hm: ��H-CEG;Hmq!��¦�Hm:10�Hm:@DF?yHmNyQWS �!�XNPIRQWSEH-C GLHm: ¢ Hm:@H-QWSEC;Hmq@H-C��$?yAFIRH-CEG� LCoA�MONyJ
8;CoG�GLH-C MONPq�G;H-M � 0 ¦ H-MO�Lt AFC;DKH-C;H-C*&LNPDKCEAF?PH-C JKA j Nrq@NPHm:@H-CoGLHm:�~�A j NrqWA�q@N k C;I ¢ ?yAFIRHmC�NPC
� ¢E¢ Ny?yGL8ECED cp� FEY �mH-NPDFqhH-NPCEH'IRH-S;:4DF8;q@H�� ¢ HT:@H-NPCEI|q@NPMOMf8;CED't¥v;:hGLH-Cª~ k ?P?BA��EI �-HmNPq@�;8EC;Jpq!�
<xNPC^H-C/q@J k �E�9H-?rq@H-I-� k GLH-?P? �9GEA�IXAF8LtxG;Hm:XDFHmqR:@H-C;Cpq@HmC �$HT:@H-QTS;Cp8ECED jlk C*} &/§ �=8EI ¢ :@H-Nrq@8ECED
� MONrq

n0 = 0
��8ECEGf<xNPC �-H-? ¢ ?BA�IRH-CoG  LCoAFMONPJ ¢ A�IRNPHm:Rq��l8;Cpq@HT:@IRQTSEs�q��mq�G;NPH�qWA	q@I@sFQWSE?PNPQTSOA�8;tBqR:@Hm§

q@HmCoG;HV<54;�EAFC;IRN k CEIR�;SoAFIRH�GEAFDFH-DKHmC G;Hm8;q@?PNPQTS �p¦�NPHV©ªHmQTS;IRH-?)�XNP:@Jp8;CED �!�XNPIRQTS;H-C &pQTSEAF?P?rt¥H-?yG
8;CoG'~�A j NrqWA	q@N k CEI ¢ ?BA�IRH-C t¥v;S;:Rq(�-8^H-NPCEH-M Jpv;:��mHm:@H-C�798EDKAFC/q@H-NP? NyM�A�C;:@H-DFH-CoGLH-C &pQTSEAF?P?PIRNr§
DFCoA�?E8ECEGfH-NPCEHT:�A�8EIRDKHm�;:WsFD�q@H-C��!��HmNPq@HmC�� k IRNrq@N j H-CO¦¡:@8EQWJp�ESEAFIRH�� IRNPH-SEH-� ¢ IRQWSECENrqRq cp� £/� £F�T�
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U � =
3,0
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§ F � Y § ���-� ����� � ����	 ���3� ���;�������&� � 	�� �������� �'����� � 	 � ������3���

G;H-IuA�C;:@H-DFH-CoGLH-C'} &/§¨�x8E?PIRH-I �l?BA�CEDFH�<54;�EAFC;IRN k CEIR�;SoAFIRH¡G;Hm:$~�A j NrqWA	q@N k CEI ¢ ?BA�IRH-C�� � A�C�HT:R§
JlH-CEC/qxNPC�� ¢;¢ NP?yG;8;CED c/� £F�;��AK��GLNyHXH-?P?PNP�EI k NBGpt ��:@MONyDFH���?BA�IRH-C � k ?yJKHf� 0 ?P8EI|q@Hm:T�/�lG;NPHuIRNPQTSOMONrq
�-8EC;H-SEMOH-CEG;Hm:x7 H-Nrq�NPC5� k IRNrq@N j H z

§�«=NPQTS/q@8EC;D j Hm:@IRQTS;NPH ¢ q!�l7 8;M 79H-Nrq@�E8EC;J/q
t = 250 µ

IxSoA	q
G;NPH¡~�A j NrqWA�q@N k C;I ¢ ?yAFIRH-C � k ?PJlH�H-NPC;H�V8;I@G;H-S;Cp8ECED¡NyC*A 4LNyAF?PHm:�«VNPQWSpq@8;CED jlk C'Hmq ��Ah¤F��MOM �
W AFQWS�G;H-M ~ k ?P?BA��EIuGLH-I 0 ?P8;I|q@Hm:@I ¢ H-N t ≈ 450 µ

I 	 �=��¬ �8c �9IRQWS �XNPC;DKH-C*G;NPH=~�A j NrqWA�q@N k CEI|§
¢ ?yAFIRH-C#�XNyH-G;Hm:VAF8Lt �
�uAFIXNPC GLHm:-�V8Lt¥CEAFSEMOH ¢ H-N t = 550 µ

I=G;Hm8;q@?PNPQTS��XNP:WG �E¦¡Hm:X~ k ?y?yA��EI
G;H-I 0 ?P8EI|q@Hm:@I ¢ H-DFNPCEC/q ¢ H-N�G;H-C��$?yAFIRH-C[NPCªGLHm:4sF8�.lHm:@HmCª«VHmDKN k C[GLHm: �$?yAFIRHmC � k ?PJlH'8ECEG
IRHmq��mq=IRNPQTS CEAFQWS^NPCEC;H-C*t k :Rq!�

z¨C � ¢E¢ NP?yG;8;CED cp� £F�L� ¢ �uNPI|q¡GLHm:XCp8EMOHm:@NPIRQWS ¢ Hm:@HmQTS;CEHmq@H�U�A�I@AFC/q@H-NP?�twv;:VG;HmCEIRH-? ¢ H-C^:Ws�8EM5§
?yNPQWSEH-C �V8;IRIRQTS;CENrqRq �XNPH�NPC � ¢E¢ Ny?yGL8ECED cp� £��;��Al�uG;A�:@DKHmI|q@H-?P?Pq!�;z¨M U¡H-DKHmCEI@A�q����-8 GLH-C�t k q k §
DF:WA�2EIRQTS;H-C �=8;twCoAFS;MOH-C��XNr:WG�S;NyHT:�JlH-NPCEHf�x: k �|HmJpq@N k C ��I k CoGLHm:@C H-NPC*�!�$H-NyG;NPMOH-C;IRN k CoA�?yHT:
&LQWSECENrqRq G;8;:@QWS GEA�I^: k qWA	q@N k CEIRI  LMOMOHmqR:@NPIRQWSEH �$?yAFIRHmC;t¥Hm?BG ¢ HmqR:WAFQWS/q@Hmq!�-�V?PI#0�Hm:@DF?PH-NPQTS;I|§
DF:��2.KH��!�XNPIRQTS;H-C�t k q k D�:WA�2EIRQTS;H-C �V8Lt¥CEAFSEMOHmC 8;CoG*&LNPMf8;?yA�q@N k C;IRHm:@DKH ¢ CENPIRIRH-C �X8;:WG;HfG;Hm:
U�AFI@AFC/q@H-NP?�DKH!��sFS;?Pq�� GEA��-8;M jlk ?y8;MOHmqR:@NPIRQTS;H-C�U�AFI@A�Cpq@HmNy?�I k � k SE?�G;Hm: �$?yAFIRH-CL:WAKG;NP8;IhA�?PI
AF8EQWS'G;NPH �$?yAFIRH-CEG;NPQWSpq@H ¢ H-NrqR:WAFDFH-C�� �$H-NyG;H¡UV:��2.KH-C'DKH-S;H-C�AF8EQWSONPC'G;NPHut k q k DF:WA�2oIRQWSEH�� ¢ §
¢ NP?yG;8EC;D�GLHm:��$?yAFIRH-C � k ?PJlHXH-NPC��'�$H-N;G;Hm:�&pNPMf8E?yA	q@N k C �XNr:WG5G;AFI>NPC�� ¢E¢ Ny?yGL8ECED¡£p� £¡DFH �-H-NPDFq@H
¦¡:@8EQWJpIRNyDFCoA�?/MONPq�H-NPCEHT: �VMO�;?yNrq@8EG;H jlk C p0 = 1, 17

� �>A=A ¢ DFH-I|qR:WAFS;?rqu� H-C/q@IR�;:@H-QWSEHmCoG�G;HT:
©[AFCEG;?PHm:@IR�EAFCECp8;CED

U � = 3, 0
J�0��/� AF?PI1��H-Nrq@Hm:@H#�VCLt A�CEDKI ¢ H-G;NPCEDF8ECEDFH-C[IRNPCoGªS k M k DFH-C

j Hm:Rq@H-NP?rq@H ��?BA�IRH-C MONrq R0 = 10 µ
M"8ECEG�H-NPCEHm:��$?yAFIRH-CEG;NPQWSpq@H jlk C n0 = 5

�	Q-M 3 A�CEDKHT§
C k MOMOHmC��

z¨CEIRDFH-I@AFM4q�Hm:@DKN ¢ q�IRNPQWSOH-NPCEHuDK8Lq@H$� ¢ Hm:@HmNyC;I|q@NPMOMf8EC;D �/�XNyIRQWSEHmCOG;H-Cht k q k DF:WA�2oIRQWSEH-C��=8;tw§
CoAFS;MOH-C 8ECEG GLH-M &pNPMf8E?yA	q@N k CEIRHm:@DFH ¢ C;NPI�NPC��$H!�-8ED^AF8;t�G;NPHh:Ws�8EMO?PNPQTS;Hf¬�AFDFH'� �=8EI@GLH-S;§
CL8;CEDu8;CoG��-HmNPq@?PNPQWSEH�<�C/q �XNPQWJp?y8;CEDXGLH-I���?BA�IRH-C;twH-?yG;H-I-�'� A�C�Hm:@JlH-C;Cpq NPC1� ¢;¢ NP?yG;8;CED c/� £��;� ¢ �
G;NPH�<54L�oAFC;IRN k CEIR�;SoA�IRH$GLHm: �$?yA�IRH-C � k ?PJlH �!�XNPIRQTS;H-C t = 200 µ

I�8;CoG
t = 350 µ

I�MONrq HmNyC;H-M
M'A 4LNPM'AF?PH-C jKk ?P8EMOHmqR:@NPIRQWSEH-C^U�AFI@A�C/q@H-NP? jlk CPG
� c � �-8EM 7 H-Nrq@�;8ECEJ/q

t = 350 µ
I-�

z¨C�� ¢;¢ NP?yG;8EC;D�cp� £ F NPI|quG;NPH¡A 4LNyAF?PH¡8;CoGf:WAKGLNyAF?PH0�Hm:Rq@H-NP?P8ECED4GLH-I ¢ Hm:@HmQTS;CEHmq@H-C�U�A�I@AFC/q@H-NP?PI
β
�-8�GL:@H-N�AF8;IRDKH!��sFSE?rq@H-Cd79H-Nrq@�E8;CEJ/q@H-C�GEA	:@DKH-I|q@H-?P?rq!� �=8EQWS�NPC[GLHm:�&LNPMh8E?yA�q@N k C�Hm:R:@H-NPQWSpq

G;NPH �$?yAFIRH-C � k ?PJlH ¢ HmN t = 250 µ
I�NPS;:@H DF:�� .Kq@H*�V8EI@GLH-SECp8;CED;��z{C���A ¢ Hm?y?PH cp� £ªNPI|q^HmNyC

�p8EAFC/q@NrqWA�q@N j Hm:(0�Hm:@DF?yHmNyQWS GLHm:XIRNPQTS#�-8EM 7 H-Nrq@�;8ECEJ/q
t = 250 µ

I=AF8;IXG;H-C �^H-IRI@G;A�q@H-C 8;CoG
G;H-C &LNPMf8;?BA	q@N k CEIRHT:@DKH ¢ CENPIRIRH-C Hm:@DFH ¢ H-CEG;H-C � ¢ MOH-IRIR8;CEDFH-C GLHm:��$?yAFIRHmC � k ?PJlH DKHmDKH ¢ H-C �
z¨C � ¢ HT:@H-NPCEI|q@NPMOMf8;CED5MONrqVG;H-M <54;�9HT:@NyMOHmCpq=Hm:Rt k ?PDFq�G;Hm:VIRNPMf8E?PNPHm:Rq@H4~ k ?y?yA��EI�GLH-I 0 ?P8L§
I|q@Hm:@IXH ¢ H-C;t¥AF?P?PI jlk C*AF8;IRIRH-C^CEAFQWS*NPCEC;H-C��;798EM 7 H-Nrq@�;8ECEJ/q

t = 450 µ
I ¢ H 2ECoGLH-C'IRNyQWS GLNPH

�$?yAFIRH-C�NPM�79H-C/qR:@8EM G;H-I 0 ?P8EI|q@Hm:@IXC k QTS*NyC^G;Hm:X~ k ?P?yAF�;IR�ESoA�IRH'���usFSL:@H-CoG#�$?yAFIRH-C^NyC^G;Hm:
sF8
.KHm:@H-CO«=H-DKN k C ¢ Hm:@H-Nrq@I �XNyH-G;Hm:$AF8Lt¥IRQWS �XNPC;DKH-C�� � ¢E¢ NP?yG;8;CED cp� £ F � ¢ �R�T�K¦�NPH-IRH(�!��H-Nrq@H=<54L§
�oAFC;IRN k CEIR�;SoA�IRHVNPI|q ¢ HmN9G;H-C��$?yAFIRH-C�NPM 79H-C/qR:@8EM NPC�� ¢;¢ NP?yG;8;CED c/� £��;� ¢ ���-8;M 79H-Nrq@�E8;CEJ/q
t = 550 µ

I(�-8^HT:@JlH-CEC;H-C��

W H ¢ H-C�GLHm:��$HmqR:WAFQWS/q@8EC;DXG;Hm: �!��HmNBGLNPMOH-CEIRN k CEAF?PH-C�¦�A	:@I|q@H-?P?P8ECEDFH-C1�-8;: :WsF8;MO?PNyQWS;§ �-HmNPq@?PNPQWSEH-C
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β
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r
� MOM��

�
��
� �
� �
��

β

�
��

� £ G ¤ Y�

F

£

H

G

c

�! �� #��%��	 �%� ��� ��������	 � �����������/ ������������	 � �
β
	 �

����� �  ����� �����%�
���� ����	 ���������0# 
�!(��� �
z =

194
��� � �

�	����
�������� ��������� (*&+@5&+"%$�.'&+45& , &+@ 45&+�!1!2�.�3 0�&+ � ,/ #,/.=45&+�!1! ,/2��D0�&+@ -D7/4#,645�!7�.� %,/"%$' #& 2'.�0 �!.
0'&A@�
-7��=2� #&+8�&+.�&
.+2 0�&+. 0�@ &A� ��&+� 4#�'2�./� 4#&+.

t = 250 µ
 �

−−

( �
t = 350 µ

 � � (*2�.�0
t = 450 µ

 
�
− · −

( F

M'A 4;NPM'A�?yH��V8;I@G;H-S;CL8;CEDhG;Hm: �^H-IRIR8EC;D &pNPMf8E?yA	q@N k C
~�A j NPqWA	q@N k CEI ¢ ?yAFIRH-C � k ?PJlH � MOM�� � MOM��

A 4LNyAF? ¤K� ¤>c
:WAKGLNyAF? F � F H

��� � �'� � � ������� � 2-,/. 4#� 4#,645� � &A@., &+@53�1!&+�!"%$ . <;�! 5"%$�&+. 0�&+.  5�!"%$ ,/2� )0�&+. (*�!1!0'0-,64#&+. 2�.�0 ��� � 2'E
1 ,645�!7�.� 5&A@ 3�&+8�.��! 5 #&+. &+@53�&+8�&+.�0�&+. �	, ��� �	,/1!&+.): 8/�)&+ # 52�.�3�&+. 0�&+@"� , �'� 4#,645�!7�.� #8�1 ,/ 5&+.=<>7�1 ��& .+2/�
��&+� 4#��2'./�=4

t = 250 µ
 F * �!& : 8��)&A 5 #2�.'3�&A. 0'&A@ (*1 ,/ #&+.=<*7�1 ��& <D2�@ 0�&+.�� ��@ 0��!& �=� � 2�1 ,645�!7�. ,/2� �0�&+@

, &+@ 45&+�!1!2�.�3)0�&+ �� 7�1!2/�)& 45@5�! 5"%$�&+. � ,/ #,/.=45&+�!1! ;8�&+ 545� � � 4 ��<*7�8�&+��,/1! D:;2� 5<*&A@ 45&A3�@ &+./.+&
β = 0, 1 �3�& < 	/$'1 4;<D2�@ 0�&�F



§ FSF �	§ ���-� ����� � ����	 ���3� ���;�������&� � 	�� �������� �'����� � 	 � ������3���

<�C/q �XNPQWJp?y8;CED�G;H-I���?BA�IRH-C;twH-?yG;H-I��XNr:WG HmNyC;H NPC/q@H-DF:WA�?yH�UV:��2.lH G;H 2ECENPHm:Rq���G;NPH�G;AFIOG  LCoA�§
MONyIRQWSEH 0�Hm:@SoA�?Pq@HmC G;Hm:¡DKH-I@A�Mhq@H-C�~�A j NrqWA�q@N k C;I ¢ ?yAFIRH-C � k ?PJlHOA ¢E¢ NP?yG;HTq!�9�¡NPHm:��-8 �XNr:WG G;Hm:
�-H-Nrq@?PNyQWSEH10�Hm:@?yAF8Lt>G;HmI=NPC*H-NPCEH-M «=Hmt¥HT:@H-C � jKk ?P8EMOH-C V ���� :Ws�8EMO?PNPQTS*NyC/q@H-D�:@NPHm:Rq@H-C jlk ?P8EMOHm§qR:@NyIRQWSEHmC�U�AFI@A�C/q@H-NP?yI ¢ HmqR:WA�QTS/q@Hmq!�p¦�NPH-IRHmC^NPC/q@H-DF:WA�?yHmC U�AFI@A�Cpq@HmNy? β �

�-8*HmNyC;H-M ¢ H-I|q@NPMOM5§
q@H-C�79H-Nrq@�E8;CEJ/q

t
Hm:@Sos�?PqXM'A�C^A�8EIXGLH-C*�L: k �-HmIRIRNyHT:Rq@H-C �$NP?yGEG;A�q@H-C^G;8;:@QWS�G;NPH1&p8EMOM'A�q@N k C

v ¢ Hm:VAF?P?PH jlk C G;HmC�G;Hmq@HmJpq@NPHm:Rq@HmC �$?yA�IRH-C�H-NPCEDFH-C k MOMOH-CEH-C�0 k ?P8EMONPCoA 	 � $ ���>c&�

β � (t) =
1

NiV ����

Ni
X

n=1

NB
X

k=0

VB(t) .
� c/� F �

Ni
NPI|q�G;NPH �=C �!A�SE?/GLHm:>GL8;:@QWSEDFHmt¥v;S;:Rq@H-C�<54L�9Hm:@NPMOH-C/q@Hx�;: k <�NPC;I|q@H-?P?y8;CED�� V ���� NPI|q�HmNyC�«=Hmt¥HT§:@H-C � jKk ?P8EMOH-Ch8ECEG VB

G;AFI �|H/��H-NP?PNPDKH-0 k ?y8;MOH-ChG;Hm:�NPCOG;HmC��$NP?yG;Hm:@C5G;Hmq@H-J/q@NPHm:Rq@H-C+�VC
�!AFS;?
jlk C NB

�$?yA�IRH-C��F¦�NPH ¢ H-IRQWS;:@NPH ¢ HmCEH(�^Hmq@S k G;H�NyI|qxNPC4NPS;:@Hm:��=C �$H-CoGL8EC;DXAF8;ton>sF?P?PHuMONrq�DKHT§
:@NyC;DKHm:$�$?yAFIRH-CEG;NPQTS/q@H ¢ H-IRQTSL:WsFC;Jpq�� ¢ H-N9G;HmCEH-C'IRNPQTS��$?yA�IRH-C*HmCpq@?yA�CEDhG;Hm: k �;q@NPIRQWSEH-C��uQWSEIRH
G;Hm:�~�AFMOHT:WA4��GLNyHuIRHmCEJ/:@H-QWSpq �-8;:x�¡AF8E�LqWAFQWSEIRHuGLHm:x~�A j NPqWA	q@N k CEI ¢ ?yAFIRH-C � k ?PJlHXI|q@H-S/qT� CENPQTS/q
v ¢ Hm:@?yAF�;�9H-C ¢ �!��� jlk ?P?yI|qWs�CoGLNyD j Hm:WG;H-QWJlH-C �p¦�NPH-IRH �$H!GLNyC;DK8;CED+��A�: ¢ H-N GLH-C�<54L�9Hm:@NPMOH-C;§
q@H-C Hm:RtwvE?P?rq��oH-I$�X8;:WGLH�H-NPCEH � ¢ Hm:@?yAF�E�;8EC;D jlk C#��HmCENPDKH-C �x: k �-H-C/q�GLHm:-�$?yAFIRHmC ¢ H-I|q@NPMOMhq
	 � $ ���8c&���$798;:���Hm:@H-QWSECp8EC;D�GLH-IONPCpq@HmDF:WAF?PH-C U�AFI@A�Cpq@HmNy?PI β �

�XNP:WG ��H-C/q@IR�;:@H-QWSEH-CEG G;H-M
NyC#� ¢;¢ NP?yG;8;CED�cp� £��;��Al��G;A�:@DFH-I|q@H-?P?rq@H-C��=8EIRIRQWSECENrqRq$G;Hm:uU¡H-I@AFM4qWAFC k :WG;Cp8;CED
�lH-NPC#�! L?PNPCoGp:@NP§
IRQTS;H-I�«VHmtwHm:@H-C
� jlk ?P8;MOH-C V ���� = π × 10 × 10 × 80

MOM 3 j Hm: �$H-CoGLHmq!� ¦�NPH-IRH-I10 k ?P8EMOHmC
NyI|q ¢ H-?PNPH ¢ NPD DKH!��sFS;?Pq58ECoG�G;NPH-C/q4?yH-G;NPDK?PNPQTS G;HT:��$HT:@H-QTS;Cp8ECED^H-NPCEH-I+�p8EAFC/q@NrqWA�q@N j H-C�0�Hm:R§
DK?PH-NPQTS;I ��Hm:Rq@HmIuMONPq$G;HmC�&LNPMf8;?BA	q@N k CEHmC��/<xI$HmCpq@IR�L:@NPQTS/q �|H!G k QTS'NPCOHmq ��AhGLH-M 0 k ?P8EMOH-C,�KNPC
G;H-M�A�8EQWS^~�A j NPqWA	q@N k CEI ¢ ?yAFIRH-C GLHmq@H-J/q@NPHm:Rq$�X8;:WGLH-C 	 � $ ���8c����

¦�NPH��$Hm:@HmQTS;CL8;CED�G;H-IfNyC/q@H-D�:WAF?PH-C U�AFI@A�Cpq@HmNy?PI
β � (t)

AF8EI5G;H-C &LNPMf8;?yA�q@N k C;IRHm:@DKH ¢ CENPIRIRH-C
Hm:Rt k ?yD�q�GL8;:@QWS Cp8EMOHm:@NPIRQWSEH�z{Cpq@HmDF:WA�q@N k C�G;H-I¡U�AFI@A�C/q@H-NP?yI β

v ¢ Hm:VGEAFI-�! L?PNPCoGL:@NPIRQWSEH�«=Hmt¥HT§
:@H-C � jKk ?P8EMOH-C,�

β � (t) =
2π

V � ��

Z z=229 ���

z=149 ���

Z r=10 ���

r=0

rβ(r, z, t) dr dz .
� cp� £K�

z¨C � ¢E¢ NP?BGL8EC;D]c/� £K£�NPI|q�G;HT:�0�HT:@DK?PH-NPQTS �!�XNPIRQTS;H-C GLH-M H 4;�9HT:@NyMOHmCpq@Hm?y?uHT:@MONPqRq@Hm?Pq@HmC NPC;§
q@H-DF:WA�?yHmC[U�AFI@A�C/q@H-NP?�8;CoG G;HmM AF8;I�G;HmC�&pNPMf8E?yA	q@N k CEIRHm:@DFH ¢ C;NPIRIRH-C ¢ HT:@H-QTS;CEHmq@HmC NPC H-NPCEHm:
C k :@MONPHm:Rq@HmC*¦�A	:@I|q@H-?P?P8ECEDfv ¢ Hm:XGLHm:V79H-NrqXAF8Lt¥DKHTqR:WAFDKHmC�� � A�C^Hm:@JKH-CEC/q�HmNyC;H�DK8Lq@H �/8oA�?yNrqWA	§
q@N j H$� ¢ Hm:@H-NPC;I|q@NyMOMh8EC;D-�/�XNyIRQWSEHmC'<�4L�9Hm:@NPMOH-C/q>8;CoG�&pNPMf8E?yA	q@N k C��F¦�NPHX<�4L�EAFCEIRN k CEIR�ESEAFIRH
MONPq�G;H-M � A 4LNPMf8;M GLH-I�NPC/q@H-DF:WA�?PH-C�U�A�I@AFC/q@H-NP?PIu8ECoG'GLHm:�~ k ?P?yAF�EIXGLH-I 0 ?P8EI|q@HT:@I ��Hm:WGLH-C
NyC'NPS;:@HmM �mH-Nrq@?yNPQWSEH-C�0�Hm:@?yAF8Lt�DF8;q$G;8L:@QTSOGLNPHVCp8EMOHT:@NyIRQWSEH(��Hm:@H-QWSECp8EC;D�AF�E�L: k 4;NPMONPHm:Rq!�Fz¨M
0�Hm:@DF?PH-NPQTS*SENPHm:��-8��XNr:WG*MONrq�HmNyC;H-M HmCpq@J k �E�9Hm?Pq@HmC � k GLH-?P? ��H!GLHm:XG;NPH�¦�AF8EHT:uG;HT:X<�4L�EAFC;§
IRN k CEIR�;SoAFIRH2� C k QTS�G;Hm: �$Hm:@H-NPQWS�M'A 4LNPM'AF?PHm:�<�4L�EAFCEIRN k C � C k QWS�G;AFI�<xNPCEIRHmq��-HmC�GLHm:�~ k ?r§
?BA��EIR�;SoAFIRHhG;HT:�$?yA�IRH-C � k ?PJlH4:@NPQTS/q@NPD ¢ Hm:@H-QWSEC;Hmq!�o¦�NPH�©ªHT:Rq@H�twv;:¡G;H-C A�8EI�&LNPMf8;?yA�q@N k C;H-C
8ECoG��^HmIRI@GEA�q@HmC ¢ Hm:@HmQTS;CEHmq@H-C[NPC/q@H-D�:WAF?PH-C U�AFI@AFC/q@H-NP?u?PNPH-DKHmC NPCdG;Hm:@IRHm? ¢ HmC UV:�� .lH-C k :WGp§
CL8;CED�� AF?P?PHm:WG;NPCEDFI �XNP:WG�AF8;I�G;H-C�&LNPMf8;?yA�q@N k C;IRHm:@DKH ¢ CENPIRIRH-Cd� β � � � � = 0,27
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¢ NPI j NPHm:Rt A�QTS;H4©�Hm:Rq�A�?PI�G;8L:@QTS G;NPH4t k q k DF:WA�2EIRQTS;H-C*�V8;twCoA�SEMOH-C�� β � � � � = 0,075
�5�XHT:R§

MONrqRq@H-?rq!��©�sFS;:@HmCoG G;Hm:f©�NPH!G;Hm:WA�8;twIRQTS �XNPCEDF�ESoA�IRH CoA�QTS G;HmM�~ k ?P?yAF�EI ¢ HmN t ≈ 420 µ
I

�XNr:WG GLNPH-IRHm:=}¡C/q@Hm:@IRQWSENPH!G'C k QWS�AF8;IRDKH-�L:WsFD�q@Hm:!�oz{C#	 � $ ���8c��,�XNr:WG G;NPH¡t k q k D�:WA�2EIRQTS;H��^Hm§
q@S k G;H*MONPqfH-NPCEH-M AF8Lt�¬�AFIRHm:@I|qR:@H-8;8EC;D ¢ AFIRNPHm:@H-CEG;H-C �^H-IRI j Hm:Rt¥AFSL:@H-C ��GEA�I5H-NPCEH^S �KS;Hm:@H
:Ws�8EMO?PNPQTS;H��V8�� �KIR8;CED ¢ H-IRNrq��mq�� j HT:@DK?PNPQTS;H-C��x<xI+�mH-NPDFqOIRNPQWS �xG;AFIRI5DFHm:WAKGLH*NPCdG;Hm:5��SEAFIRH
CEAFQWS^GLH-M ~ k ?P?yAF�;I(�$H-DKHmC G;HT:XAF8LtwqR:@Hmq@H-CEG;H-C�Jp?PH-NPCEH-C#�$?yAFIRH-C G;NPH¡t k q k D�:WA�2oIRQWSEH �^HTq@S k §
GLH�GLH-C U�A�I@AFC/q@H-NP? NyM �V?P?PD;�;8EC/q@Hm:@IRQWSos�q��Tq!���$H-N G;Hm:XCp8;MOHm:@NPIRQTS;H-C��$Hm:@H-QWSECp8EC;D �XNr:WG*G;Hm:
U�A�I@AFC/q@H-NP?�NPC G;NPH-IRHT:O�xSoAFIRH�H-S;Hm:fv ¢ Hm:@IRQWSos�q��Tq��>GEA�GLHm:hNyC GLHm:h«VH!A�?PNPqWs	q5I|qWA	qRq�2oCoGLH-CoGLH
79Hm:Rt¥AF?P? jlk C��$?yAFIRHmC*NPC'MOH-S;:@HT:@HVJp?PH-NPCEHm:@H��$?yAFIRH-C�CENPQWS/q ¢ Hm:@v;QTJpIRNPQTS/q@NPDFq��XNr:WG �pz¨C;IRDKH-I@A�Mhq
?yA�IRIRH-C�IRNPQWS G;NPH�� ¢ ��H-NPQWSp8ECEDFH-C��!�XNPIRQWSEH-C�&LNPMh8E?yA�q@N k C;IRHm:@DKH ¢ CENPIRIRH-C 8;CoG^H 4L�9Hm:@NPMOH-C/q@H-?r§
?PH-C ¦�A�q@H-C AF8;t�G;NPH &LQWS �XNyHT:@NyDFJlH-Nrq#�-8;:@v;QTJ/t¥v;S;:@H-C,��AFC�GLHm:�}¡CEN j HT:@IRNPqWs	q*� ��H-C/q@H�H-NPC;H-C
j Hm:@DK?PH-NPQWS ¢ A�:@H-C+�VCLt AFC;DKI �-8;I|qWAFCEG ¢ �mDK? �lGLHm: �$?yA�IRH-CoGLNyQWS/q@H$�-85GLH-ChAFM z{��< G;8;:@QWSEDFHmt¥v;S;:R§
q@HmC �^H-IRIR8;CEDKHmCªSEHm:��m8EI|q@H-?P?PH-C�� ¦�NPH��=C;t A�CEDFIR�oA�:WA�MOHmq@Hm:�twv;:4G;NPH�&pNyMh8E?yA�q@N k CEH-C��X8;:WGLH-C
A�8;t ��A�IRNyI'GLHm:5}VC/q@Hm:@IR8EQWSp8ECEDFH-C[A�M z¨�¡< AF8;I�� ¢ IRQTS;CENrqRq cp� £p� £ 8;CoG � ¢ IRQWSECENrqRq cp� £p� H
DFH!�us�SE?rq!�

¦¡8;:@QWS'G;H-C�0�HT:@DK?PH-NPQTS jlk COt k q k DF:WA�2oIRQWSEH-C �V8;twCoA�SEMOH-C'GLHm:�~�A j NrqWA�q@N k C;I ¢ ?yAFIRH-C*MONrq�Cp8;§
MOHT:@NyIRQWSEHmC�<x:@DFH ¢ C;NPIRIRH-C�J k C;C/q@H�GEA�MONPq=DFH �-H-NPDFq ��Hm:WGLH-C �oGEA�IRI¡G;AFI jlk :@DFH-I|q@H-?P?rq@H�� k GLH-?P?
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GEAFI1�/8EAF?PNrqWA�q@N j H5G  LCoAFMONPIRQWSEH10�Hm:@SoA�?Pq@HmC�GLHm:�~�A j NPqWA	q@N k CEI ¢ ?yAFIRH-C � k ?PJlH5DK8Lq�CoA�QTS ¢ Ny?yGLH-C
JKA�CEC���¦�NPH-I��XNr:WGdMONrq�� k G;H-?P?PH-C �m8;:�&pQTSEAF?P?yAF8EI ¢ :@H-Nrq@8EC;D ¢ �!�����$?yAFIRH-CEG� LCoA�MONPJª8EC/q@Hm:
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¦�NPH�0�Hm:@N�2oJFA�q@N k C�G;H-I�� k G;H-?P?PI twv;:��¡z|n�}=§ �VC ��H-CEG;8;CEDKHmC-�XNr:WG�MONrq�GLH-M NPC1� ¢ IRQWSEC;NrqRq�£p� HL� H
jlk :@DFH-I|q@H-?P?rq@H-C &pH-CoGLHm:OGL8;:@QWSEDKHTt¥vESL:Rq!�xz¨C � ¢;¢ NP?yG;8;CEDbcp� £ZH�NPI|q'G;NPH���?BA�IRH-CoG  LCoAFMONPJªNPM
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n k Jp8EIXGLH-Iu�¡z¨n�}V§�©[A�CoGL?yHT:@I�t¥vL:X8EC/q@Hm:@IRQWSENPH!GL?yNPQWSEH�«=8ES;Hm:WAKGLNPH-C R0
DKH!�-H-NPDFq!�Ez¨M U¡HmDKH-CL§

I@A�q����-8;:��VCL:@H-DK8;CED MONrq�&/q k .'�$H-?P?PH-C JKA�CEC ¢ H-N�G;HT:fS;NyHT: ¢ HTqR:WAFQWSpq@HTq@H-C �VCL:@H-DK8;CED MONrq
H-NPCEH-M S k QTS;NPCpq@HmCEIRN j H-C 0 © § �$8L:@I|q��

f = 985
JL� �'� F �F����Hm:@N k GLH-C � Pa

� F c��x© �hG;NPH
� ¢ SEsFC;DKNPDKJlHmNPquG;Hm:(��?BA�IRH-CEIRQWS �XNPCEDK8;CED jlk M «V8;SEHm:WAFG;NP8EI�CENPQTS/q j Hm:@CoA�QTS;?Bs�IRIRNPDFq$��HT:WG;H-C �
¦�AFMONrq�JKA�CECftwv;:$G;NPH-&LNPMh8E?yA�q@N k COMONrqx�Vz|n�}V§ &pNyDFCoA�?yHmC5CENPQWSpq�D�:@8ECoGLI@s�q��-?PNPQWS jlk COGLHm:�� ¢ HmN
�E8E?PI|t �F:@MONPDKH-C &pNPDKCoA�?PH-C j Hm: �$H-CoGLHmq@H-C � �=C;t A�CEDFI ¢ H!G;NPCEDF8EC;D H-NPCEHm:hS k M k DFH-CEH-C��$?yAFIRH-CL§
j Hm:Rq@H-NP?P8EC;D�AF8;IRDKH-DKAFCEDFH-C��$Hm:WG;H-C � }VC/q@Hm:�H-NPCEHm:�S k M k DKH-C;H-C �$?yA�IRH-C j Hm:Rq@H-NP?P8EC;D ��Hm:WGLH-C
SENPHm:5:Ws�8EMO?PNPQTS DK?PH-NPQWS j Hm:Rq@H-NP?rq@H �$?yAFIRHmC ��G �RS��xH-NPC;H*:WsF8;MO?PNyQWS J k C;I|qWAFC/q@H#�$?yAFIRH-CEG;NPQTS/q@H	�
H-NPCEH-I�«V8;SEHm:WAFG;NP8EI j Hm:@I|qWAFCEG;H-C � �=?P?yHT:WG;NPCEDFI*?yAFIRIRHmC�IRNyQWS�GLNyH ©�Hm:Rq@H^twv;:'q  L�ENPIRQWSEH «=8;§
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S;Hm:WAKGLNPH-C�AF8Lt4G;H-C �$Hm:@H-NPQWS jlk C R0 = 1 µ
M ¢ NPI R0 = 20 µ

M H-NPCEIRQWS;:Ws�CEJlHmC � IRNPH-SEH
� ¢ IRQWSEC;NPqRq HL� F � F �T�p©ªH-Nrq@Hm:@S;NyC��$Hm:WG;H-C ¢ H-N 0 © § �=C;:@H-DF8EC;DKH-C,�pG;8L:@QTS'GLNyHVAF?rq@Hm:@C;NPHm:@H-CoGLH-C
¦V:@8EQWJp§�8;CoG�798EDKAFC/q@H-NP?PH'�9NPM 0�Hm:@DF?PH-NPQTS �-8 &pq k .2��H-?P?PH-CL§ �=C;:@H-DF8EC;DKH-C ¢ H-N sFS;CE?PNPQTS;Hm:�798;§
DKAFMO�;?yNrq@8EG;H GLH-8;q@?PNPQWS DFHm:@NPCEDKHT:@H��$?yAFIRH-C;H 4L�oAFC;IRN k CEHmC Hm:R:@H-NPQWSpq!��¦�A�MONrq��XNr:WG AF8;QTSdH-NPC
NPC;IRDKH-I@A�MhqVDKHm:@NPCEDFHm:@Hm:�<xNPC��E8EIRI jlk C ~�A j NrqWA�q@N k C;I ¢ ?yAFIRHmC�A�8;t�G;NPH�&LQWSoA�?P?BA�8EI ¢ :@H-Nrq@8ECED'Hm:R§
��A�:Rq@Hmq!��z¨C �XNPH!�$H-NrqhIRNPQWSªGLNyH�� ¢ SEsFCEDFNPDKJlH-Nrq�GLHm: �$?yAFIRHmCoG� LCEAFMONPJ jlk M «=8ES;Hm:WAKGLNP8EI�A�8;t
GLNPH�©�H-QTS;IRH-?)�XNr:@JL8;CEDFIRMOH-QTSEAFC;NyIRMOHmC ¢ H-N/GLHm: &pQTSEAF?P?yAF8;I ¢ :@H-Nrq@8EC;D=AF8EI �XNr:@J/q�� �XNr:WG�AFC;SoAFCEG
jKk C &pNPMf8E?yA	q@N k CEH-C*MONrqu8EC/q@Hm:@IRQWSENPH!GL?yNPQWSEH-C �VCLt AFC;DKI ¢ H!GLNPCEDK8;CEDFH-C 8EC/q@Hm:@IR8;QTS/q!�

� ¢E¢ Ny?yGL8ECEDOc/� £1G �-HmNyD�q G;H-C <xNPC��o8;IRI�G;HT: DKH/�usFS;?rq@H-C �=C;t A�CEDFI ¢ H!G;NPCEDF8EC;DKH-C AF8Lt5GLH-C
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n0 = 300/
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MOH^H-NPCEHm:*S k M k DKHmCEH-C ��?BA�IRH-C j Hm:Rq@H-NP?P8EC;D[MONrq��VC;t¥AFC;DKI|:WAKGLNPH-C jlk C R0 = 3 µ
M ¢ �!���

R0 = 10 µ
M Hm:@DKH ¢ H-C IRNyQWS CoA�SEH �-8�NyGLH-C/q@NyIRQWSEHhn k JL8;I@GL:@8;QTJ j Hm:@?ys�8;t¥H2�
��sFS;:@HmCoG GEA�I�<>:R§

DFH ¢ C;NPI'twv;: R0 = 20 µ
M jlk C�G;H-C ¢ H-NyG;H-C AFCoGLHm:@H-C�A ¢ ��H-NPQWSpq � � ¢E¢ NP?yG;8;CED cp� £ZG;��Al�R�T�

¦¡NyH5qWA	q@I@sFQWSE?PNPQTS;H�0�Hm:Rq@HmNy?P8;CED GLHm:��VCLt AFC;DKI|:WAFG;NPH-CªJ k CEC/q@H5NPC[GLNyHmIRHm:��=: ¢ H-Nrq4MOH-IRI|q@H-QWS;§
C;NPIRQTS[C;NyQWS/q ¢ H-I|q@NPMOMhq ��HT:WG;H-C � �V8LtXG;Hm:5UV:@8ECEG;?yAFDFH jKk C[¬ NPq@HT:WA�q@8;:WG;A�q@H-C�� IRNPH-S;H � ¢ §
IRQWSEC;NrqRq Hp� F � F �VNPI|qVH-NPCEH1�-8Lt sF?P?PNPDKH�0�Hm:Rq@H-NP?P8EC;DOG;HT:�$?yA�IRH-CED�:��2.lHmC :@H!A�?PNPqWs	q@IRCos�SEHm:�� A�?yIVG;NPH
�=CECEAFSEMOH2� GEAFIRI4A�?y?PH��$?yAFIRHmC[G;H-C;IRH-? ¢ H-C�«=8ES;Hm:WAKGLNP8EI�SoA ¢ H-C�� �^NrqhG;Hm: �=C;t A�CEDFI ¢ H!G;NPC;§
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DK8EC;D^H-NPC;Hm:4U¡?PH-NPQTS j HT:Rq@H-NP?y8;CED^G;Hm:1��?BA�IRH-C;:WAFG;NPH-CªNPM �$Hm:@H-NPQWS F
µ
M ≤ R0 ≤ 20 µ

M ¢ H-N
:WsF8EMO?PNPQWS J k CEI|qWA�Cpq@HT:��$?yAFIRH-CEG;NPQWSpq@H#��Hm:WGLH-C <xNPC��EvEIRIRH A�8;t�GEAFI�&pNPMf8E?yA	q@N k CEIRHm:@DFH ¢ C;NPI �
G;NPH�A�8EI^G;Hm:^IR�9H �-NPH-?P?PH-C ©ªAFS;?¡H-NPCEHmI^H-NPC �mNyDFH-C �$?yAFIRH-CL:WAKG;NP8;I^:@H-IR8E?rq@NPHm:@H-C,� j Hm:@MONPH!GLH-C��
z¨C�� ¢;¢ NP?yG;8;CED�cp� £1GE� ¢ �xIRNPCoG'G;NPH�&LNPMf8;?BA	q@N k CEIRHT:@DKH ¢ CENPIRIRH=twv;:�GL:@H-No8;C/q@Hm:@IRQTS;NPH!G;?PNPQTS;H-�V8EI|§
DlAFC;DKI �-8;I|qWsFCEG;HXMONrq��m8;t s�?P?yNPDFH-C��$?yAFIRH-CL:WAKGLNyHmC*G;A�:@DFH-I|q@H-?P?rq!�/¦�NPHu¦¡:@8EQWJ/§¨7 H-Nrq j HT:@?Bs�8;twH�IRNPCoG
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CEAFQWS;t k ?PDKH-CEG;H �$H-8;DK8;CEDKI �$H-?P?PHK� z¨C^G;NPH-IRH-M � ¢ IRQTS;CENrqRq$�XNr:WG�G;8L:@QTS�GLNPH1�VCoA�?) ;IRH jKk C�&pNP§
Mh8E?yA�q@N k CEIRHm:@DFH ¢ C;NyIRIRHmC�GLNPHh�;S  LIRNPJFAF?PNPIRQTS;Hh}=:@I@AFQWSEH4G;H-I¡<�NPC��o8EIRIRHmI jlk C�~�A j NrqWA�q@N k C A�8;t
GLNPH &LQWSoAF?P?yAF8;I ¢ :@H-Nrq@8;CED j HT:WG;H-8Lq@?yNPQWS/q!�

��H-N>G;HmC Cp8EMOHm:@NPIRQWSEH-C ��Hm:@H-QWSECp8EC;DKH-C �XNr:WG G;NPH�IRQWS k C�NPC�� ¢ IRQWSECENrqRq¡£p� Hp� £OH-NPCEDFHmt¥v;S;:Rq@H
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GEA�:@DFH-I|q@H-?P?rq!� � ¢E¢ NP?BGL8EC;D[¤L� F � ¢ ���-HmNyD�q�G;AFI ¢ HmN�G;HmC &LNPMf8;?BA	q@N k CEHmC jlk C GLHm: &pH-CoGLHm: k §
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r = 0
�
z = 55

� � F

MONPqRq@Hm? �$Hm:RqRtw:@HmNyHT:O} &/§¨�x8E?PI 	 ¬�NPH!�K� � j Hm: ��HmCoG;HTq��>G;HT:fIRNPQWS ¢ �-DK? ���x8E?PI@GEA�8EHm:�� �VMO�E?PNrq@8oGLH
8ECoG#0�Hm:@SEsF?rq@CENPI jlk C^M'A 4LNPM'AF?PH-M ¦¡:@8;QTJ/§��-8 798EDlA�C/q@H-NP?�AFC q  L�ENPIRQTS;H-C�&pNyDFCoA�?yHmC q@S;Hm:WA�§
�9H-8;q@NPIRQWSEHm:=} &/§ &  LI|q@H-MOH k :@NPH-C/q@NPHm:Rqf� j Hm:@DK? � � ¢ IRQWSEC;NrqRqV£p� Hl�T�E¦�NPH j Hm: ��HmCoG;HTq@H���8;?PI|t k :@M
�-H-NPQTS;CEHmq�IRNPQWS � NPM 0�Hm:@DK?PH-NPQWS��-8 :@H!AF?PH-C &LNPDKCEAF?PH-C � G;8L:@QTS�G;HmC�H-NPCLt AFQWSEHmC &LNPDFCoAF? j HT:@?BA�8;t
AF8EI ��GLHm:�?PH!G;NPDF?yNPQWSªA�8EI�H-NPC;H-M � k IRNrq@N j H-C ¦¡:@8;QTJp�E8;?PI¡DKHTt k ?PD�q jlk C H-NPCEH-M 7 8;DlA�Cpq@HmNy? ¢ Hm§
I|q@H-S/q!��¦�AFG;8;:@QWS JFAFC;C�G;Hm:^<xNyC��o8;IRI jlk C ~�A j NPqWA	q@N k C AF8Lt4G;NPH H-NPC �-Hm?yC;H-C �VC/q@H-NP?PH G;H-I
��8;?yIRHmI ¢ H-IRIRHm: ¢ H kK¢ AFQWS/q@Hmq��$Hm:WG;HmC A�?PI ¢ H-N�J k MO�;?yH 4;HT:@H-C�&LNPDFCoAF? j HT:@?Bs�8;twH-C[:@H!AF?PHm:f} &p§
��8;?yIRHF��¦�NPH�&pNyMh8E?yA�q@N k CEH-C �X8;:WG;HmC MONrq�G;H-M U¡H-I@AFM4q@M k G;H-?P? �$U¡?�� G;� F � ¢ NPI*U¡?�� G;� HZG
�
¢ H-N�HmNyC;Hm:�¦�NPIRJ/:@Hmq@NPIRNPHm:@8EC;D jlk C ∆x = 100 µ

M G;8L:@QTS;DKHmtwvES;:Rq!� ¦�NPHf©ªAFIRIRHm:Rq@HmMO�9Hm:WA�q@8L:
�X8;:WG;H �m8

T = 20 ◦
0 AFC;DKH-C k MOMOH-C �

� ¢E¢ NP?BGL8EC;D[¤L� £ �-H-NPDFq^G;NPH <>:@DKH ¢ CENPIRIRH��-8EM ¦¡:@8;QTJ/§¨7 HmNPq j Hm:@?yAF8;t�AFC�8;Cpq@HT:@IRQTS;NyH-G;?PNPQTS;H-C
��8;CEJ/q@H-C A�8;t4GLHm:'« k qWA�q@N k C;I@AFQWSEIRHK��¦�A ¢ H-N(�XNr:WG G;8L:@QTS G;H-C 0�Hm:@DF?PH-NPQTS �/�XNyIRQWSEHmC�G;Hm:
&LQWSoAF?P?yAF8;I ¢ :@H-Nrq@8;CED k S;CEH�~�A j NrqWA	q@N k CEI ¢ ?BA�IRH-C�MONrq�GLH-M�noA�?y?�G;Hm:��$Hm:@v;QTJpIRNPQTS/q@NPDK8;CED jlk C
©ªH-QWSEIRH-?)�XNr:@Jp8EC;DKIRH � H-J/q@H-C�C k QTS;M'AF?PI�GLHm: <�NPC��E8EIRI jlk C�~�A j NrqWA�q@N k C j HT:WG;H-8Lq@?yNPQWS/q!�-z¨C� ¢ §
¢ NP?yG;8EC;D^¤p� £L��Al��JFAFC;C�G;AFI jKk M &pH-CoGLHm:�A ¢ DFH-I|qR:WAFS;?Pq@H'�>:@NPM's�:@IRNPDKCEAF? �-H-Nrq@?PNPQTS�C k QWS�Jp?yA�:
jlk CfG;Hm:xCEAFQWS;t k ?PDKH-CEG;H-C���H-8EDF8ECEDFI ��H-?P?PHXDKHmqR:@HmCEC/q ��HT:WG;H-C �K¦�NPH$��H-8EDF8ECEDFI ��H-?P?PHXHm:R:@H-NPQWSpq
AF8;t$G;HT:�« k qWA�q@N k CEI@AFQWSEIRHhNPC ?PNPCEH-A�:@Hm: W sFS;Hm:@8EC;D*GLNPH-IRH-? ¢ H��=MO�E?PNrq@8oG;H�XNPHfGEAFI��x:@NPM's�:R§
IRNyDFCoA�? ��A�?y?PHm:WGLNPCEDKI¡MONPq=NPC j Hm:Rq@NPHm:Rq@H-M &LNPDFCoAF? j HT:@?BA�8;t 	 ��A�M'�l£��E«VNPH Y ¤���9¦�Hm:�<�NPC��E8EIRIVG;Hm:
©ªH-QWSEIRH-?)�XNr:@Jp8EC;DKH-C��!�XNPIRQTS;H-C�&pQTSEAF?P?rt¥H-?yGf8;CoG�~�A j NrqWA	q@N k CEI ¢ ?BA�IRH-C+�XNr:@J/qxIRNPQTShI k � k S;?EA�8;t
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G;NPH��x8E?PI|t k :@M G;HmIu�x:@NPM's	:@IRNyDFCoA�?yHmIVA�?PIXAF8EQWS�AF8Lt�GLNyH��$H-8;DK8EC;DKI �$H-?P?yH�A�8EI-�p¦�NPH-IRHT:=< � H-J/q
qR:@NPqRq ¢ HT:@H-Nrq@IuCoAFS;H�A�C^GLHm:-&LHmCoG;HT: kK¢ Hm:��osFQWSEH�A�8;t 8ECoGONPI|qXCENPQWS/quAF8Lt>GLNyHV}¡MODFH ¢ 8;CED4G;H-I
n k Jp8EIR�;8EC;Jpq@HmI ¢ H-IRQTSL:WsFC;Jpq!�F¦�Hm:�Hm:@I|q@H2�l� k IRNrq@N j H(�=Cpq@HmNy?;G;HmI$�>:@NPM's�:@IRNPDKCEAF?PH-I��XNr:WG5GL8;:@QWS
~�A j NrqWA�q@N k C�C;NyQWS/q ¢ H-HmNyC��o8;IRI|q!� 0 k :@SoA�CoG;HmCEH�~�A j NrqWA	q@N k CEI ¢ ?BA�IRH-C ¢ H/�XNP:@JKH-C!�|H!G k QTS H-NPCEH
«VH!GL8EJ/q@N k C^G;Hm:¡798EDlA�C/q@H-NP?yH ¢ H-N �x:@NPM's	:@IRNyDFCoA�? 8ECEG �$Hm8EDK8;CEDFI ��H-?P?PH'� I k �XNPH4HmNyC;H4G;NPH-IRH-M
< � H-J/q�CoA�QTSLt k ?yDFH-CoGLH��¡I �-NP?y?yA	q@N k C G;H-I &LQWSoA�?y?yGp:@8EQWJlH-I-��z¨C GLHm: W s�SEH G;HmI^n k Jp8EIR�E8;CEJ/§
q@H-IO� � ¢;¢ NP?yG;8EC;D�¤L� £L��GE�R�VJKA�CEC,� G;8L:@QTS G;NPH�� ¢ Hm:@?yAFDFHm:@8EC;D^GLH-I��>:@NyM's	:@IRNPDKCoA�?PH-I�MONPq�G;Hm:
�$H-8EDF8EC;DKI ��Hm?y?PH'��GLHm:f<�NPC��E8EIRI jlk Cª~�A j NrqWA	q@N k C AF8Lt=G;NPH'H-NPC �-H-?PC;H-C &LNPDKCEAF?yAFC/q@H-NP?PH�CENPQTS/q
MOH-S;: DKHmqR:@H-C;C/q ¢ HmqR:WA�QTS/q@Hmq ��Hm:WGLH-C��	¦¡Hm: ¢ H kF¢ A�QTS/q@Hmq@Hx©ªH-QWSEIRHm? �XNr:@Jp8EC;DKIRH � HmJpq �XNr:WG jlk C
}¡C/q@Hm:WGL:@8;QTJp�;SoAFIRHmC^NPM &LQWSoAF?P?PIRNPDKCEAF?xAF8;IRDKH-? �FI|q�8ECEG#�XNr:@JpqVIRNPQTS A�8;t�G;NPH�CoA�QTSLt k ?yDFH-CoGLH-C
&LNPDKCEAF?yAFC/q@H-NP?PH4AF8EI-�

¦�NPH ¢ HmN GLHm: �V8EI ¢ :@H-Nrq@8EC;D5H-NPCEH-I=} &/§{��8;?yIRHmIVGL8;:@QWS GLH-C 798EDlA�C/q@H-NP? j HT:@8;:@I@AFQWS/q@H�<�4L�EAFC;§
IRN k C G;Hm:'~�A j NrqWA�q@N k C;I ¢ ?yAFIRHmC t¥vESL:Rq��-8 HmNyC;Hm: + CEG;Hm:@8;CEDªGLH-I jlk ?y8;MOHmqR:@NPIRQTS;H-C�U�A�I@AFCL§q@H-NP?yI

β
8;CoG�G;AFMONrq �-8ªH-NPC;Hm: j Hm:WsFCEG;Hm:Rq@H-C�¦�NPQTS/q@HO8;CoG�~ k MO�L:@H-IRIRN ¢ NP?PNPqWs	q5GLH-I �$?yAFIRH-CL§

n�?yv;IRIRNPDKJlH-Nrq@IRDFH-MONPIRQTS;H-I-� n�v;:=GLNPH�¦�NPQTS/q@H
ρ
GLH-IVU¡H-MONPIRQTS;H-IXDKNP?rq

ρ ≈ (1 − β)ρ` .
��¤L� F �

¦�NPH &LQWSoAF?P?PDKHmIRQTS �XNPCoGLNyDFJlH-Nrq
c0
Hm:@DFN ¢ q=IRNyQWS NPC ?PNPCEH!A	:@Hm: W s�SEHm:@8;CED$	 W ��&;�SH�� AF8;I

1

c2
0ρ0

=
β

c2
g0ρg0

+
(1 − β)

c2
`0ρ`0

,
��¤L� £F�

MONPq�G;Hm:"&LQWSoA�?P?yDFH-IRQWS �XNPCEG;NPDKJlHmNPq
cg0

8ECEGOG;Hm:$«V8;SEH!GLNPQTS/q@H
ρg0

G;HT:XU�AFIR�;SoA�IRHK�/©�Nr:WG'GEAFI
�^H!G;NP8EM A�?PI�S k M k DFH-CEHmI�U¡H-MONPIRQTS ¢ HmqR:WAFQWS/q@Hmq��KI k JKA�CEC48EC/q@Hm:�G;HT: 0 k :WAF8EIRIRHTq��-8EC;D�H-NPCEHm:
AKG;NyA ¢ A�q@NPIRQWSEH-C 798EI|qWA�CoGLI@sFCoGLHm:@8EC;DfNPC^?PNPCEH-A�:@Hm: W s�SEHm:@8;CED5G;AFIX~ k MO�;:@H-IRIRN k CEIRM k G;8;?

K ��� = c2
0ρ0 ,

��¤L� HK�
G;H 2ECENPHm:Rq �$Hm:WG;HmC 	 �p8;q Y G� ��MONPq G;Hm:^«V8;SEH!GLNPQTS/q@H

ρ0
8;CoG�GLHm:�&pQTSEAF?P?PDKH-IRQWS �XNyCEG;NPDKJKH-Nrq

c0
G;H-I-�$?yA�IRH-C;§{n�?PvEIRIRNPDKJKH-Nrq@IRDKH-MONPIRQWSEH-I-� ¦�NPH�:@H �mNy�L: k JlH4UV:�� .lH4G;NPH-IRHmIV?PNPCEH!A	:@H-C AKGLNyA ¢ A	q@Nr§

IRQTS;H-C ~ k MO�;:@H-IRIRN k CEIRM k G;8;?PIuCEH-C;Cpq�M'AFC AFG;NyA ¢ A�q@NPIRQWSEH�~ k MO�;:@H-IRIRN ¢ Ny?PNrqWs�q!�

z¨C � ¢;¢ NP?yG;8EC;Dd¤L� H IRNPCoG GLNyH ¢ Hm:@H-QWSEC;Hmq@H-C �-H-Nrq@?PNPQTS;H-C 0�Hm:@?ysF8Lt¥H j Hm:@IRQWSENPH!G;HmCEHm:^�ES  LIRNP§
JKA�?yNPIRQWSEHm:*UV:�� .lH-C G;H-I��$?yAFIRH-CL§¨n�?Pv;IRIRNyDFJlH-Nrq@IRDKHmMONyIRQWSEHmI*A�M ¢ H-?PNPH ¢ NyD�DKH!��sFS;?Pq@HmC �x8ECEJ/q
r = 10

MOM��
z = 50

MOM��xGEA	:@DKH-I|q@Hm?y?rq!� � ¢;¢ NP?yG;8EC;D ¤L� H;��AK���mH-NPDFq'C k QTS;M'AF?PIOG;HmC <xNPC;§
�o8EIRI jlk C ~�A j NrqWA	q@N k C AF8;t�GLNPHh�x8E?PI|t k :@M G;H-IV�x:@NPM's	:@IRNyDFCoA�?yHmI�8ECEG^G;HT:�$Hm8EDK8;CEDFI ��H-?P?PHK�
¦�NPH5G;8L:@QTS GLH-C }¡C/q@Hm:WGL:@8;QTJ j Hm:@8L:@I@AFQWS/q@Hf<54L�oAFC;IRN k C�G;Hm:�~�A j NrqWA�q@N k C;I ¢ ?yAFIRHmC twvES;:Rq��-8
H-NPCEHm: + CEG;Hm:@8;CED^G;H-I jlk ?P8EMOHmqR:@NPIRQWSEH-CªU�AFI@AFC/q@H-NP?PH-I β ∼ R3 8EM MOHmS;:@Hm:@H'UV:�� .lH-C k :WGp§
CL8;CEDFH-C � � ¢E¢ Ny?yGL8ECED ¤p� HL� ¢ �R�T��¦�NPH�A�8EIRIRQWSE?PNPH!.l?PNPQTS AF8;t�G;Hm: + CoGLHm:@8EC;D G;H-I'U�A�I@AFC/q@H-NP?PI
¢ Hm:@8ES;H-CoGLH$0$A	:@NBA	q@N k C�G;Hm:�U¡H-MONPIRQWSoG;NPQWS/q@H ρ ¢ HTqR:WsFDFq���H-C;NPDKHm:$AF?PI 0,02

� 8;CoGfNPI|q$GEA�MONPq
j Hm:@CoA�QTS;?ysFIRIRNPD ¢ A�:!�/¦�A�DKH-DFH-COHm:@DFN ¢ q�IRNyQWS5H-NPCOGLH-8;q@?PNPQWSEHm:�<xNyC��o8;IRI�A�8;t GLNPHu~ k MO�L:@H-IRIRN ¢ NP?PNr§
qWs�q�G;H-I$U¡H-MONPIRQWSEH-I-�F¦�NPHX<�4L�EAFCEIRN k COG;Hm:�~�A j NrqWA�q@N k C;I ¢ ?yAFIRH-C5twvESL:Rq �-85H-NPCEHmM DKHm:@NPCEDFHm:@H-C
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β ����� � = β/β(t = 0)
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%� 	�
%�����������	 
������+
(�����
K � � ����� �&������� � �%���������	 ����	 ��!���	 �

c0

 ���
%����� ��� � ����� �����!�%����� �����'������� �
K �!� �"� � � � K �!� /K � � (t = 0)

��� ��'
c0 ����� � =

c0/c0(t = 0)
�
−−

� �

t
�
µ 	�


p̃

# $
% &'

�(� ��� ��� �)�* �
� �
�

�!�"� � 
�!+�%� ��� � 	 �,+ ����� ����� ����	 � �%  ��������	 �����,� � ������	 ��� ��	 �%��� ������� �!����� ��� ������ �&������� � �
��������!�������� ��� � �

p̃(t) = c2

0
(t) · ρ̃(t)

�
−−

��'
p̃(t) = c2

`0 · ρ̃(t)
��� � �

�	����
�������� � ��� � :;.-,/1 �' 5& .+2/�  �!. �-2' # 	0�&+@ � ,���� 4%,645�!7�.� #8'1 ,/ #&+.�0'��.-, �)� � ,/2�� 0�&+. �="%$-,/1!1 E
0'@52�" � � &+@ 1 ,/2�� , � , 2�.��=4

r = 10
� � �

z = 50
� � �)� 4 0�&+. : .�� ,/.�3� #8�&+0��!.�3�2'.�3�&+.

n0 =
50
�6"�� 3 � R0 = 10 µ

� F
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~ k MO�L:@H-IRIRN k C;IRM k G;8E? �LG �RS��/HmNyC;Hm:uHm:@S
�KS/q@H-C�~ k MO�;:@H-IRIRN ¢ NP?PNrqWs�q��p8;CoGOMONrq c0 ∼
√

K ��� �-8H-NPCEHm:$0�Hm:R:@NPCEDFHm:@8EC;D�G;Hm:$? k JFAF?PH-C#&LQWSoA�?y?PDFH-IRQTS �XNPCoGLNPDKJlH-NrqXA�8;t ¢ NPI �m8*¤F� � GLH-I$«=8ES;H!��Hm:R§
q@H-I-�l¦�A�I�G� LCoA�MONyIRQWSEH 0�Hm:@SEAF?rq@H-CfG;Hm:�~�A j NPqWA	q@N k CEI ¢ ?yAFIRH-C5twvES;:Rq�G;AFMONrq �-8fHmNyC;H-M ? k JFAF?PH-C
< � H-J/q4GLHm:�IR� k C/qWA�CEH-C + CoGLHm:@8EC;D�G;Hm:�~ k MO�;:@HmIRIRN ¢ NP?yNrqWs	q�8ECoG A�?y?PDFH-MOH-NPC �-8 k :Rq@I|§=8ECEG�-H-NrqWA ¢ SosFC;DKNPDKHmC � A	q@Hm:@NyAF?PH-NPDKHmCEIRQWSoA�tBq@H-C��x¦¡Hm:4? k JKA�?PH*<xNPC��E8EIRI�I k ?P?uGL8;:@QWSªG;NPHOH-NPCLt AFQWSEH
?yNPC;H!A�:@H W s�SEHm:@8;CED

p̃ ≈ K ���
ρ0

ρ̃ = c2
0ρ̃ ,

��¤L� Gl�

A ¢ DFH-IRQWSos�q��Tq+��HT:WG;H-C,��� kF¢ H-N�S;NyHT:fGLNPH ¢ HT:@H-QTS;CEHmq@H'¦�NPQWS/q@H-IRQTS ��AFCEJp8;CED ρ̃
twv;:fG;H-C[nEAF?P?

k SEC;H��$?yA�IRH-C � HmCpq@IR�L:@H-QWSEH-CEG � ¢E¢ NP?BGL8EC;D ¤L� H;��AK�R�hH-NPCEDFH-IRHmq��mq��XNr:WG � � ¢E¢ Ny?yGL8ECED ¤p� H;��Go�
�-H-NPDFq'G;AFIh<x:@DFH ¢ C;NPI5G;NPH-IRHT: W s�SEHm:@8;CEDL��¦�NPH�Hm:@S �FSpq@H'~ k MO�;:@HmIRIRN ¢ NP?yNrqWs	q ¢ H!�XNr:@J/qfHmNyC;H-C
DKHm:@NPCEDFHm:@H-C'©ªH-QWSEIRHm?BGp:@8EQWJ �/GEA�IuU¡H-MONPIRQWS'AF8;I$H 4L�oA�CoGLNyHT:@H-CoGLH-C��$?yAFIRH-C'8;CoGOn�?PvEIRIRNPDKJKH-Nrq
NyI|q�A�Jp8EI|q@NPIRQTS � ��H-NPQWSEHm: + AF?PI'GEA�If:@H-NPCEH^n�?P8ENyG �x¦�NPH#�F:Rq@?PNPQTS;H 8ECEG��mH-Nrq@?yNPQWSEH + CoGLHm:@8EC;DG;Hm:O~ k MO�L:@H-IRIRN ¢ NP?PNPqWs	qONPI|q��-8oGLH-M�G;NPH^}=:@I@AFQWSEH*twv;:'GLNPH G;HmM 798EDlA�C/q@H-NP?uCoAFQWS;t k ?PDKHmCoG;H
�¡I �-NP?y?yA	q@N k C G;H-I-&pQTSEAF?P?yGL:@8EQWJlH-I-�

¦�Hm:�<�NPC��o8EIRI jKk Cf~�A j NrqWA�q@N k C;I ¢ ?yAFIRHmCOAF8Lt G;NPHu�x8E?PI|t k :@M :@H-IR8E?rq@NPHm:Rq�GEA�MONPq>AF8EI�GLHm: � ¢ Hm:R§
?BA�DKHm:@8;CED�MOH-SL:@Hm:@Hm:4< � H-J/q@HK� W H ¢ H-C�H-NPCEH-M ? k JKA�?yHmC[< � HmJpq�� G;HT:hIRNPQWS[AF8;I4G;Hm:�I|qWA	:@JlH-C
0 k ?y8;MOH-Cos�CoGLHm:@8EC;D G;HT:+��?BA�IRH-C 8EC/q@Hm:h<xNyC �XNr:@Jp8EC;D�H-NPCEH-I4}¡C/q@Hm:WGp:@8EQWJlH-I�Hm:@DFN ¢ q���t¥v;S;:Rq
G;NPH1�$?yAFIRH-C;H 4L�oA�CEIRN k C �-8 j Hm:Ws�CoG;HT:Rq@H-C^<xNPDKH-C;IRQTSEA�tBq@H-C G;H-I(�=8EI ¢ :@H-Nrq@8ECEDFIRMOH!G;NP8;MOI$8ECEG
¢ H-H-NPC��E8EIRI|qVGEA�MONPqVGLNyH1�=8EI ¢ :@H-Nrq@8ECEDhCoA�QTSLt k ?PDFH-CoGLHm: &pNPDKCoA�?yAFC/q@H-NP?PHK� �$H-NyGLHh< � H-J/q@H��HT:R§
G;H-C jlk COG;HT: + CoG;HT:@8ECED�G;Hm:�~ k MO�;:@H-IRIRN ¢ NP?PNrqWs�q$G;H-I$U¡H-MONPIRQWSEH-I�G k MONyC;NPHm:Rq��'��sFS;:@HmCoGOG;NPH0$A	:@NBA	q@N k C[GLHm:fU¡H-MONPIRQTSEG;NPQTS/q@HhNyM ¢ HTqR:WAFQWSpq@HTq@H-CªnoA�?P?$A�?yI j HT:@CoAFQWSE?ys�IRIRNyD ¢ A	:5A�CEDKHmC k M5§
MOH-C#�$Hm:WG;H-C*JKA�CEC �

<�NPCEHmCf<xNPCoGL:@8;QTJ¡v ¢ Hm:xGLH-C4<�NPC��o8EIRI jlk C4~�A j NrqWA	q@N k CfA�8;tEG;NPH�:Ws�8EMO?PNPQTS;H$&pQTSEAF?P?yGL:@8EQWJ j Hm:R§
q@H-NP?y8;CED1�-8OH-NPC;H-M t¥H-I|q@H-C*79H-Nrq@�E8;CEJ/q=�

t = 25 µ
IW��DFH!�XNPCEC/q�M'AFCOA�8EI"� ¢E¢ Ny?yGL8ECED�¤L� G;�p¦�A	§

¢ H-N
�mH-NPDFq � ¢E¢ NP?BGL8EC;D¡¤p� G;� ¢ �>GEA�Ix¦�N�� Hm:@H-C �Tt¥H-?yG+�!�XNPIRQWSEH-C5G;H-M &pNPMf8E?yA	q@N k CEIRHm:@DFH ¢ C;NPI�MONrq
�$Hm:@vEQWJpIRNPQTS/q@NPDK8;CED jlk C�©�H-QTS;IRH-?)�XNr:@JL8;CEDFIRH � H-J/q@H-C � n0 = 50

�	Q-M 3 � R0 = 10 µ
M��V8;CoG

G;H-M"<>:@DKH ¢ CENPI k S;CEH��$Hm:@v;QTJpIRNPQWSpq@NPDF8ECED jlk C�~�A j NrqWA�q@N k C � � ¢;¢ NP?yG;8EC;D^¤p� GE��Al�R�T� z¨C�� ¢ §
¢ NP?yG;8EC;D4¤L� GE��AK��NPI|qXGEA�I�t k Jp8EIRIRNPHm:Rq@H &pQTSEAF?P?rt¥H-?yG'MONrq�GLHm: jlk M &LH-CEG;Hm:R:WA�CoGOA ¢ DKH-I|qR:WA�SE?rq@H-C
�$H-8EDF8EC;DKI ��Hm?y?PH"�m84HT:@JlH-CEC;H-C��!0�HT:@DK?PH-NPQTS/q M'AFC1� ¢;¢ NP?yG;8;CEDX¤L� G;��Al� MONrq � ¢E¢ Ny?yGL8ECEDX¤p� GE� ¢ �
I k �XNP:WGfG;H-8Lq@?yNPQWS �FGEA�IRIxIRNyQWSOGL8;:@QWS5G;HmC5<xNyC��o8;IRI jlk Ch~�A j NrqWA�q@N k C+��H-IRHmCpq@?PNPQWSEH + CEG;Hm:@8;C;§DKH-C ¢ H-N;G;HT: �=8EI ¢ :@H-Nrq@8ECED�G;H-I�798EDlA�C/q@H-NP?yHmI$GLHm:$&pQTSEAF?P?)��H-?P?PH'�/I k �XNPH ¢ H-NoGLHm:��V8;I ¢ :@H-Nrq@8EC;D
G;Hm:(��H-8EDF8ECEDFI ��H-?P?PH�Hm:@DFH ¢ H-C �p¦�AFDFH-DKH-C ¢ ?PH-N ¢ qXG;Hm:$Hm:@I|q@H¡� k IRNrq@N j H�VC/q@H-NP?9GLH-Iu�x8E?PIRH-I�NPM
DKH-I@A�Mhq@H-C ��Hm:@H-QWSECp8EC;DKIRDKH ¢ NPHmq=8EC ¢ H-H-NPC��o8EIRI|q jlk C*~�A j NrqWA�q@N k CEIRH � H-J/q@H-C �

7 8;I@AFMOMOH-CLt AFIRIRHmCoG ?ysFIRI|q IRNyQWS AF8;I^GLH-C�NPC G;NPH-IRH-M � ¢ IRQWSECENrqRq jlk :@DKH-I|q@H-?P?rq@H-C �$Hm:@HmQTSL§
CL8;CEDFH-C �EI k �XNPHhAF8;I�G;HmC��^H-IRIR8EC;DKH-C 8;CoG &pNyMh8E?yA�q@N k CEH-C NPC�� ¢ IRQWSECENrqRq cp� £/� £OIRQWSE?PNPH!.lH-C,�
GEAFIRI4GLNyH'GL8;:@QWS�GLH-C[798EDKAFC/q@H-NP?�G;H-I�}&p§{��8;?PIRH-I�IRH-? ¢ I|q�NPCoGL8 �-NPHm:Rq@HmC�~�A j NPqWA	q@N k CEI ¢ ?yAFIRH-C
G;NPH ��H-Nrq@Hm:@H��V8;I ¢ :@H-Nrq@8EC;DOG;NPH-IRHmI¡�x8E?PIRH-I ¢ H-H-NPC��E8EIRIRH-C �o<xNPCEH�S �FSEHm:@H �VC
�!AFS;?yG;NPQTS/q@H jlk C
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t = 25 µ

 F

��?BA�IRH-C�twvESL:Rq�-8 H-NPCEHT: 0�HT:@JLvL:��-8EC;D�G;H-I�7 8;DlAFC/q@H-NP?PI�8ECEG�G;H-8Lq@?PNyQWS j Hm:WsFCEG;Hm:Rq@HmC W AFQWS;§
IRQWS �XNPCEDK8;CEDFH-C�� ~�A j NrqWA�q@N k C SoA	q�G;AFMONrq�� A ¢ Sos�CEDKNPD��K���V� jKk C G;H-C�©ªAFIRIRHm: ¢ H!GLNPCEDK8;CEDFH-C
k GLHm:�G;HT:��x©�«1�xIRH-? ¢ I|q ¢ H-N=GLHm:��V8;I ¢ :@H-Nrq@8;CED jlk C H-NPC �-H-?PC;H-C �x8E?PIRH-C H-NPCEH-C <�NPC��E8EIRI
A�8;t=GLNyH'DFH-MOH-IRIRH-C;H*�x8E?PI|t k :@M �>¦�NPH-IRHT:5< � H-J/q ¢ Hm:@8ES/q48��@Ap�>A�8;t j Hm:Ws�CoGLHm:Rq@H-C �=8EI ¢ :@HmNP§
q@8;CEDFI ¢ H!G;NPCEDF8EC;DKH-C t¥v;:hG;AFI+&LQWSoAF?P?PIRNPDKCEAF?$8;CoG SoA�qhG;AFMONrq ¢ H-NPIR�ENPH-?PI ��HmNyIRH^<�NPC��o8EIRI4A�8;t
GLNPH 0 k :@DlsFC;DKH jlk C���:@HmQTSp8EC;D
� �$H-8;DK8EC;D k G;HT:V¦¡NyIR�9HT:@IRN k C��E¦�Hm:-�V8;I ¢ :@H-Nrq@8;CEDKIRH � H-J/qXNyI|q
C;NPQTS/q�AF8Lt H-NPCEH ¢ H-I|q@NPMOMhq@H�«VHmDKN k C,�lHmq �uA�8EM GLH-C5n k Jp8EIR�;8ECEJ/qxMONrq�G;HmCOG k :Rq$A�8;tBqR:@Hmq@H-C;§
GLH-C M'A 4;NPM'A�?yHmC 798EDKAFMO�E?PNrq@8oGLH-C � ¢ H-IRQWS;:Ws�CEJ/q!� ��H-N�GLHm:�&LNPMf8;?BA	q@N k C^MhvEIRIRH-C^GEA�SEHm:VG;NPH
©�H-QWSEIRH-?)�XNr:@Jp8ECEDFIRH � H-J/q@H�NPM DKHmI@AFMhq@HmC �$Hm:@H-QWSECp8;CEDKIRDFH ¢ NPHmq ¢ Hm:@v;QTJpIRNPQWSpq@NPD�q$��Hm:WGLH-C��

�=8EIODFH-MOH-IRIRH-C;H-C��x8E?PI|t k :@MOH-C ��HT:WG;H-C CoAFQWS NPC/q@Hm:@CoA	q@N k CoA�?PHm: W k :@M 	 z¨< 0 � Y ��GLNyH*t¥v;:
GLNPHVq@SEHT:WAF�9H-8Lq@NyIRQWSEH��VC ��HmCoG;8;CED�:@H-?PH j AFC/q@H-C��>A	:WAFMOHmq@Hm:uA ¢ DFH-?PH-Nrq@Hmq��
�K���V�LGLNyHVM'A 4LNPM'A�§
?PH-C^¦¡:@8EQWJ/§�8;CoG^7 8;DlAFMO�;?PNPq@8EG;H-C k G;Hm:¡G;NPH4<xCEHm:@DFNyH-G;NPQTS/q@HK�on�v;:VG;NPH�<xCEHm:@DFNPH!G;NPQWSpq@H2�9G;NPH
IRNPQWSdAF8EIhG;HmM �-HmNPq@?PNPQWSEH-C z¨C/q@H-D�:WAF?$G;H-I+�p8EAKGp:@NyHT:Rq@H-C[¦¡:@8EQWJpIRNPDKCoA�?PH-I ¢ Hm:@HmQTS;CEHmq�� Hm:@DKN ¢ q
IRNPQWS ¢ H-NPIR�ENPH-?PI ��H-NPIRH�A�8EI$G;H-CONPC�� ¢;¢ NP?yG;8EC;D�¤L� £L��GE� ¢ HmqR:WA�QTS/q@Hmq@HmCO} &p§{�x8E?PIRH-COH-NPC;HV¦�N�� Hm§



§ F £ZG�§ � � ����� � � � �3� ��� ��� ��������� �/� � � �  �'����� 	���� ��� � �)���������/� � ��� 	�� � � ��� ��� �

:@H-C � jlk C 23,8
� �!�XNPIRQWSEH-C�GLH-M nEAF?P?9G;HT:(&LQWSoA�?P?BA�8EI ¢ :@H-Nrq@8ECED k SECEH=~�A j NPqWA	q@N k C'8ECEG5MONPq

�$?yAFIRH-C ��z¨C�G;HT: W k :@M 	 z¨< 0 � Y � �XNr:WG �|H!G k QTS�JlH-NPCEH+0 k :@IRQTSL:@NPtBq ¢ �-DF? � GLHm: �¡8oA�?PNPqWs	q4G;Hm:
<�C/q@DlA�IR8EC;D k GLHm:xG;HT:x�x© «[DKH-M'A�QTS/q!�	<xI�Hm:Rt k ?PDFq�?PH!G;NPDF?yNPQWSfGLHm:>�VNyC �$H-NPI ��GEAFIRIxGLNPH"&pQTSEAF?P?r§
GL:@8EQWJpMOH-IRIR8EC;DKH-C NPCªH-C/q@DlA�I|q@H-M ©[A�IRIRHm:hG;8L:@QTS;DKHmtwvES;:Rq �$Hm:WG;HmCªI k ?P?rq@H-C�� ¦�NPHONPC[G;NPH-IRHm:
�=: ¢ H-Nrq jlk :@DFH-I|q@H-?P?rq@H-C <>:@DKH ¢ CENPIRIRH j Hm:WG;Hm8;q@?PNPQTS;H-CªGLNyH W k q ��H-CEG;NPDKJlHmNPq jlk C�H-NPCEG;H-8Lq@NyDFH-C
0 k :@DlA ¢ HmC NPC�G;NPH-IRH-M ��Hm:@H-NPQTS �

� ��� � ���"� 	�� 	�� �2��� � � � ) /*��1 �#� & ' � ����1 � 1 ) � � 	 ���2��	�� � � /'# � 	 ���&�

¦�AFI��=8;tBqR:@Hmq@H-C jlk C[~�A j NrqWA�q@N k C ¢ HmN$q@SEHm:WA��9H-8;q@NPIRQWSEH-C �=C �$H-CoGL8EC;DKH-CªS k QTS;NPCpq@HmCEIRN j Hm:
} &p§{�x8E?PIRHfNPI|q�}=:@I@AFQWSEH j Hm:@IRQWSENPH!G;HmCEHm:�HT: �XvECEIRQWS/q@Hm: ¢ N k ? k DKNPIRQWSEHm:�© NP:@Jp8;CEDKHmC�A�?yI�A�8EQWS
8ECEHT: �XvECEIRQWS/q@Hm: W H ¢ H-C �XNr:@Jp8EC;DKH-C � j Hm:@DK? ��~�A��ENrq@H-? F �T�xn�v;:hGLNyH*<xCpq �XNPQTJp?P8EC;D �-8EJpvECLtw§
q@NyDFHm: ��S;Hm:WAF�;NyHmI  ;I|q@HmMOH ¢ H-I|q@HmSpq GEA�SEHm:^H-NPC D�: k .KH-I z¨C/q@Hm:@HmIRIRH�A�C � �FDK?PNPQTS;JlH-Nrq@H-C �-8;:
~�A j NrqWA�q@N k CEIRJ k CpqR: k ?P?yHF�>¦�AFIh79NPH-?�NPI|q4SENPHm: ¢ HmN$H-NPC�:Ws�8EMO?PNPQTS�AF8;tuG;NPHODKH!�Xv;CEIRQWS/q@H5©�Nr:@Jp§
:@H-DKN k C ¢ H-D�:@H-C �Tq@H-I¡~�A j NrqWA�q@N k C;I ¢ ?yAFIRH-CLt¥H-?yG�MONrq=M��KDK?PNPQWSEI|q�S k S;Hm:V<�C;Hm:@DKNPH!A ¢ DlA ¢ H ¢ H-NPM
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q@H+&pq k .'�$H-?P?yH2� G;NPHhIRNPQWS!�|H4CoAFQWS <xCpqRtwHm:@Cp8EC;D��m8;:V~�8EDKHm? kF¢ Hm:��9s�QTS;Hh8;C/q@Hm:@IRQTS;NPH!G;?PNPQTS�MONrq
GLH-M2798EDlA�C/q@H-NP?$GLH-I�SENPCE?yAF8Lt¥H-CEG;H-Cª��8;?yIRHmIhv ¢ Hm:@?yAFDKHT:Rq!��¦�NPH'NPC � ¢;¢ NP?yG;8EC;D^¤p� F>F �-8ªHm:R§
JKH-CEC;H-CoGLH&pQTS;NyQWS/q@I|qR:@8EJ/q@8;:�:@H-IR8E?rq@NPHm:RqVAF8;I$�!��HmN < � H-J/q@H-C 	 ¬ �=� + �K¤���o7 8;M H-NPCEHmC*t¥v;S;:Rq
GLNPH�� ¢ Hm:@?yAFDFHm:@8EC;D�G;HmIhA�8;tXGLNPH5~�8EDFH-? kK¢ Hm:��osFQWSEH��-8;?BA�8;twH-CoGLH-Cª8ECEG�G k :Rq�:@H �EH-J/q@NyHT:Rq@H-C
¬ Nrq@S k qR:@NP�Lq@Hm:@�E8;?yIRHmIhG;A2�-8,��G;AFIRI �$?yAFIRHmC �xGLNyH jlk C[GLHm:�SENPC;?BA�8;twH-CoGLH-C�©ªHm?y?PH'A�8;t¥DFH � k DKH-C
�$Hm:WG;HmC �$G;8;:@QWS G;H-Cd:@H �oH-J/q@NPHm:Rq@H-C ��8;?PI�J k MO�;:@NPMONPHm:Rq��$Hm:WG;HmC 8ECEGdJ k ?P?BA ¢ NPHm:@H-C ��¦�NPHm§
IRHT:5< � H-J/q ¢ HmH-NPC��o8;IRI|qhGEAFMONrqhG;NPHO:WAKGLNyAF?PH ��?BA�IRH-CoG  LCoAFMONPJ9� �=CoGLHm:@Hm:@IRH-Nrq@I1��Hm:WGLH-C[G;NPH
��?BA�IRH-C[GL8;:@QWS�GLNPH5~�:WA�tBq �XNr:@Jp8ECED^G;H-I &LQWSoAF?P?rt¥Hm?BGLH-I�NPC�H-NPCEH4qR:WAFC;IR?BA	q k :@NPIRQWSEH��$H!�$H-DK8;CED
j Hm:@IRHmq��mq��KG;NPH�NPC�� ¢ Sos�CEDFNyDFJlH-Nrq jlk CfG;Hm:�&pQTSEAF?P?rt¥H-?yG j Hm:Rq@H-NP?P8EC;D �-8f«=H-DKN k CEH-C5S
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IRHmC;:WAKGLNP8EI¡8;CoG���?BA�IRH-CoGLNPQTS/q@H4NyC�� ¢E¢ Ny?yGL8ECED5¤L� F H��-8�Hm:@JlHmCECEHmC�� & k � k SE?>GLHm:��?BA�IRH-C;:WA	§
GLNP8EI �KAF?PI�A�8EQWSOG;NPH(�$?yAFIRHmCoG;NPQWS/q@H=SEA ¢ H-CfNyCfNySL:@Hm:�A 4LNyAF?PH-C�0�Hm:Rq@H-NP?P8EC;D�H-NPC��^NPCENPMf8;M���GEAFI
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U�AFI@AFC/q@H-NP?PI4G;8L:@QTS GLH-C G k :Rq�M'A 4LNPM'AF? �$Hm:WG;HmCoG;HmC*��?BA�IRH-C;:WAFG;NP8EI�J k MO�9H-CEIRNPHm:RqV8ECEG�NyI|q
GEAFS;Hm:=NPC G;H-C�&LNPMf8;?BA	q@N k CEIRHT:@DKH ¢ CENPIRIRH-C �-8;M U�AFI@AFC/q@H-NP?�� � ¢E¢ NP?BGL8EC;D5¤L� FSF �=C;NPQTS/q(�-8 HT:R§
JlH-CEC;H-C��;z¨C*H-NPCEHm:¡<xCpqRtwHm:@Cp8EC;D jlk C*Q!AL�9£	§ GxMOM �-8EM�n k Jp8EI�� r = 0, z = 194

MOM����XNr:WG
H-NPCEH ��H-Nrq@Hm:@H�<>:@S �FSp8ECED5G;H-I-�$?yAFIRHmC;:WAKGLNP8EI=8ECoG*G;Hm:-��?BA�IRH-CoGLNPQTS/q@H ¢ Hm:@H-QWSEC;Hmq!�
�V8EI=GLH-C
t k q k DF:WA�2oIRQWSEH-Cª¦�A�q@H-C��XNr:WG�GLNyHmIRH-I1�!��H-Nrq@H�� A 4LNyMh8EM NPM � ¢ I|qWAFCEG jlk C Q!AL��G�MOM ¢ Hm§
I|q@NyMOM4q 	 �=: k �K¤���F¦�NPH ¢ Hm:@H-QWSECEHTq@H-ChM'A 4LNyM'A�?PH-C+��?BA�IRH-C;:WAFG;NPH-CO?PNPH-DKHmC5NPC5G;HT:�UV:�� .lH-C k :WGp§
CL8;CEDXH-NPCEHmI��^Ny?P?PNPMOHmq@Hm:@I>8;CoG�I|q@NPMOMOH-C�GEA�MONPq DK8Lq�MONrq>GLH-ChH 4;�9HT:@NyMOHmCpq@Hm?y? ¢ H kK¢ AFQWSpq@HTq@H-C
©ªHm:Rq@H-C#	 �=: k �F¤��v ¢ Hm:@H-NPC �

z¨CfHmNyC;H-M A ¢ IRQWSE?PNPH!.lH-CEG;H-C+0�Hm:@DF?PH-NPQTS��!�XNPIRQTS;H-COG;HT:>t k q k DF:WA�2oIRQWSOHm:Rt A�IRI|q@H-C5¦� LCoA�MONPJ�G;Hm:
�$?yAFIRH-C � k ?PJlHf8;CoG^GLH-C�&pNyMh8E?yA�q@N k CEIRHm:@DFH ¢ C;NyIRIRHmC��XNP:WG�GLNPH�:WsF8EMO?PNPQWS;§ �-H-Nrq@?PNPQTS;Hh<xC/q �XNPQWJp§
?y8;CED4G;HmI�U�A�I@AFC/q@H-NP?PI�NPCOH-NPCEHm: �!��H-NyGLNyMOHmCEIRN k CEAF?PH-C'¦�A�:@I|q@Hm?y?P8;CED�DKH �mH-NPDFq!�p¦�NPH-I�I k ?P?9C k QWS;§
M'AF?PI�GLH-C5}¡C/q@Hm:@IRQWSENPH!G��!�XNPIRQTS;H-C�G;Hm:$n;:@H-Nrt¥Hm?BG ¢ H!G;NPC;DK8EC;D�8ECoGfG;Hm: &LNrq@8EA�q@N k C'MONrq�H-NPCEH-M
&pq@H-NPCE�;SoA�Cpq k M j Hm:WG;Hm8;q@?PNPQTS;H-C�� �¡NPHm: ¢ H-N �XNr:WG � �XNPH^NPC�� ¢ IRQTS;CENrqRqac/� £p� G
�xH-NPC NPC/q@H-DF:WA�?yHT:
U�AFI@AFC/q@H-NP? ¢ HmqR:WA�QTS/q@Hmq��%� kK¢ H-NENyC�GLNyHmIRH-M nEAF?P? G;NPH=z¨C/q@H-DF:WA	q@N k C'Cp8;:�v ¢ Hm:�G;NPH=:WAFG;NyAF?PHV~ k §
k :WG;NPCEA�q@H�Hm:Rt k ?PDFq!�o<�I"�XNr:WG G;AFMONrqXG;HT:(�-H-Nrq j Hm:Ws�CoG;HT:@?yNPQWSEH�NPC/q@H-D�:WAF?PH4U�AFI@A�Cpq@HmNy?�NPC^H-NPC �mH-?r§
CEH-C�&LQWSENPQWS/q@H-C�H-C/q@?BA�CEDVG;Hm:

z
§ �uQTS;IRH ¢ Hm:@HmQTS;CEHmq!� �=?PI�«VHTt¥Hm:@H-C
� jlk ?y8;MOH-C ¢ H-NpGLHm: �V8;I ��Hm:R§

q@8ECED=GLHm: �$NP?yGEG;A�q@H-C4G;NPH-C/q H-NPCEH �/ ;?PNPCoGp:@NPIRQTS;H"&pQTS;NyQWS/q jlk C π×10
MOM ×10

MOM ×0,1
MOM��

H-C/q@IR�;:@H-QWSEH-CEG GLHm:��V8�� �FIR8ECED H-NPCEHmI'��N 4LH-?PI jlk C 0,1
MOM � �$H-NVG;HmC &pNyMh8E?yA�q@N k CEI@GEA	q@H-C

�XNP:WG AF?PI�&LQWSENPQWSpqWGLNPQTJlH*G;NPH^:Ws�8EMO?PNPQTS;H^¦�NPIRJ/:@Hmq@NPIRNPHm:@8EC;D jlk C H ¢ HmC;t A�?P?yI ∆z = 0,1
MOM
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t k :@M �p}VM H-NPC;H�0�Hm:@DK?PH-NPQWS ¢ A�:@JlHmNPq"�-8*DFH!�us�S;:@?PH-NPI|q@H-C,���$Hm:WG;HmC*8;Cpq@HT:@IRQTS;NyH-G;?PNPQTS;H��x8E?PI|t k :R§
MOHmC MONrqVNyGLH-C/q@NyIRQWSEHT:�<xCEHm:@DFNyH ¢ HmqR:WA�QTS/q@Hmq!�o<�I-�XNP:WG�DFH �-H-NPDFq�� G;AFIRI¡G;NPH �$?yAFIRH-CEG� LCoA�MONyJ
NPM ©�H-IRH-C/q@?PNPQTS;H-CfGL8;:@QWS4G;NPH$¦�A�8EHm:�GLHm:>}VCpq@HT:WGL:@8EQWJp�ESEAFIRH�G;H-I�&pQTSEAF?P?PIRNPDKCoA�?PH-I ¢ HmI|q@NyMOM4q
�XNr:WG � ��H-N DK?PH-NPQTS;Hm:=<xCEHm:@DFNyHVt¥vESL:@H-C�JL8L:��-H¡7 8;DK�ESEAFIRH-C�S k SEHm:$�VMO�E?PNrq@8oGLH'�/NPM 0�Hm:@DF?yHmNyQWS
�m8 ?yAFC;DKH-C 7 8;DK�;SoAFIRHmC C;NyH-GL:@NPDKHm:��=MO�E?PNrq@8oGLH'� �-8dH-NPCEHm:f:WsF8EMO?PNPQWSEH-C �$H-D�:@H-C �-8;CED�G;Hm:
~�A j NrqWA�q@N k C;I �XNr:@JL8;CED�MONrq�H-NPCEHT:�DKHm:@NPC;DKHm:@H-C�<xCEHm:@DFNyH-A ¢ DKA ¢ H ¢ HmNyM �$?yAFIRH-C;J k ?P?yAF�;I-� �=8EI
GLNPH-IRH-M��LH-SEHT:X8ECEHT: �uA�:Rq@HTq@H-C �;<>:@DKH ¢ CENPIXHm:@DKH ¢ HmC IRNPQTS*J k C;Jp:@HTq@H�VC;I@s�q��-H��-8;:=��S;Hm:WAF�;NyHT§
k �;q@NPMONPHm:@8EC;Df8;CoG'«VH!GL8EJ/q@N k C jlk C W H ¢ H-C �XNr:@Jp8EC;DKH-C ¢ H-N�&pq k .2��H-?P?PH-CEAFC ��H-CEG;8;CEDKHmC��

¦¡NyHmIRH*�X: ¢ H-Nrq�?yHmNyI|q@HTq^H-NPC;H-C ��H-IRHmCpq@?PNPQWSEH-C ��H-NrqR:WAFD��-8EM 0�Hm:@I|qWs�CoG;C;NPI*GLHm: ¢ H-NVq@S;Hm:WA�§
�9Hm8;q@NPIRQTS;H-C�} &/§ �VC ��H-CEG;8;CEDKHmC^A�8;twqR:@HTq@H-CoGLH-C ©ªH-QWSEIRHm? �XNr:@Jp8EC;DKH-C��!�XNPIRQWSEH-C*&pQTSEAF?P?rt¥H-?yG
8;CoG ~�A j NrqWA	q@N k C���¦�NPH-I�NPI|q�t¥v;:4GLNPHOn k :@IRQWSp8EC;D^NPM �$Hm:@HmNyQWS ¢ N k ? k DKNPIRQWSEHm:4©�Nr:@Jp8EC;DKIRMOHm§
QWSoA�CENPIRMOH-C jlk C S k SEHm:�«=H-?PH j AFC
�K��U¡?PH-NPQTS
�-H-Nrq@NPD ¢ NPHmq@Hmq4G;AFI1�$Hm:@HmQTS;CL8;CEDFI j Hm:Rt A�S;:@H-C�G;NPH
UV:@8;CoGL?BA�DKH��m8EM <xC/q �X8L:Rt"�-8;JLv;C;tBq@NyDFHm:���S;Hm:WAF�;NyHmI  ;I|q@HmMOH'� ¢ H-N�G;H-C;H-C G;8;:@QWS�G;NPHf~ k C;§
qR: k ?P?yH jlk Cª~�A j NPqWA	q@N k CEIRH � H-J/q@H-C[I k � k S;?uG;HT:f��S;Hm:WAF�;NPH-Hm:Rt k ?PD�H-C/q@IRQWSEH-NyGLH-CoG j Hm: ¢ H-IRIRHm:Rq
�XNr:WG A�?PI¡A�8EQWS W H ¢ H-C �XNP:@Jp8;CEDKHmC�:@H!GL8 �-NPHm:Rq(�$Hm:WG;H-C^J%�KC;CEH-C �
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& ��� � ����� � � �./*��1 	*�,� % # ��� ��� /���1 ��� -0/ �����#��-0��# ' # �5����� 	*!���� � � )

��H-NXG;Hm:��$Hm:@H-QWSECp8EC;D G;Hm:���?BA�IRH-CoG  LCoAFMONPJ��$Hm:WG;HmC NPCdG;Hm:5~ k ?P?yAF�;IR�ESEAFIRH IRH-SL:5Jp?PH-NPCEH
��?BA�IRH-C;:WAFG;NPH-C

R(t)
Hm:R:@H-NPQWS/q��%��H-?PQWSEH¡G;NPH=q  L�ENPIRQTS;H-C'«V8;SEHm:WAFG;NPH-C

R0
NPC*GLHm:XUV:�� .lH-C k :WGp§

Cp8;CED jlk C�HmNyC;NPDKH-C �^NPJp: k MOHmq@Hm:@C�G;Hm8;q@?PNPQTS'8EC/q@Hm:@IRQWS;:@HmNPq@HmC��/¦�A�MONrq�JFAFCECOHmI ¢ H-N � Hm:@MOHmC
S
�KS;Hm:@Hm:*�V:WG;Cp8;CEDd�

R2 � ṘR2 �R8EI �����+�-8 <x:@DFH ¢ C;NyIRIRHmC J k MOMOHmC �xGLNyH^NyM ��Hm:@H-NPQTS G;Hm:
U¡HmCoAF8;NPDKJlH-Nrq5G;Hm:O7 A�SE?PH-CoG;A�:@I|q@H-?P?P8EC;D�?PNPH-DFH-C���¦�NPH-IRH�Sos�CEDFq5AF?P?PDKH-MOHmNyC GEA jlk CdA ¢ ���XNyHT§
j NPH-? �� Lq@HmI�AFC�&L�9HmNyQWSEHT:@�E?yA�q���t¥vL:�H-NPCEH 0�A�:@NyA ¢ ?yH4:@H-IRHm: j NPHm:Rq��$Hm:WG;HmC �9q  L�;NyIRQWS�IRNPCoG �K���=�
G��� Lq@HmI�� HK£ �$Nrq@IW�T�u¦�8;:@QWS�GLNyH Cp8EMOHT:@NyIRQWSEH^}¡MOIRHmq��-8;CED[GLHm:^U¡?PH-NPQTSp8EC;DKH-C �m8;:^<�NPC;§
�mH-? ¢ ?yAFIRH-CEG� LCoA�MONPJ[NyC H-NPCEHm:'C k :@MONPHm:Rq@H-C n k :@M ��Hm:WGLH-C M��FDK?PNPQTS;H��>: kK¢ ?PH-MOH^MONPqOG;Hm:
7 AFS;?PH-CoG;A�:@I|q@H-?P?P8EC;D MONPC;NyMONPHm:Rq!��n�v;:fG;NPH^UV:��2.lHmC 79H-Nrq

t
� �$?yAFIRHmC;:WAKGLNP8EI

R(t)
8ECoG U¡HT§

IRQWS �XNPCoG;NPDFJlH-Nrq*G;Hm:#�$?yAFIRHmC ��AFCEG
U(t) = dR/dt

��Hm:WGLH-C�GLNyH�C k :@MONPHm:Rq@H-C�UV:��2.lHmC τ
�

Rnorm(τ )
8ECoG

Unorm(τ )
HmNyC;DKHmtwvESL:RqVMONrq

τ =
t

R0

r

p`0

ρ`0
,

Rnorm =
R

R0
,

Unorm = U

r

ρ`0

p`0
.

� �4� F �

¦�AFMONrq(��Hm:WGLH-C NyC GLH-C U¡?PH-NPQTSp8;CEDKHmC t¥v;:¡G;NPH��$?yAFIRH-CEG� LCoA�MONPJ^GLNyHfUV:��2.KH-C
t
�
R(t)

8ECEG
U(t)

H-NPC;t¥AFQWS Hm:@IRHmq��Tq¡GL8;:@QWS

t = τR0

r

ρ`0

p`0
,

R(t) = Rnorm(τ )R0 ,

U(t) = Unorm(τ )

r

p`0

ρ`0
.
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¦�NPH-IRH W k :@MONPHm:@8EC;D�XNP:WGOt¥vL:XAF?P?PH�U¡?PH-NPQWSL8;CEDFH-C#�m8;:$��?BA�IRH-CoG  LCoAFMONPJOGL8;:@QWSEDFHmt¥v;S;:Rq!� �=?yI
�$H-NPIR�ENPH-?�HT:@DKN ¢ q=IRNPQTS�t¥vL:¡GLNPH�«¡� W W �x§¨U¡?PH-NPQTSp8;CED^��U¡? �MHL� F>F �

Unorm =
dRnorm

dτ
,

U̇norm =
1

Rnormp`0

"

−3

2
U2

normp`0 + pv + pg0

„

1

Rnorm

«3χ

− 2σ

RnormR0
− 4µ

Unorm

q

p`0

ρ`0

RnormR0
− p`(t)

3

5 .
� �4� Hl�

& ��� � /'� �,��� ������� � � ��� 	�-3/���1 	*�,��� � �&� ��# ��� 	 /*��12��1$# � � ��� /*��1

7 8L:��$Hm:@HmQTS;CL8;CED G;HT:f:WsF8;MO?PNyQWSEHmC[8ECoG �mH-Nrq@?yNPQWSEH-C <xCpq �XNPQTJp?P8EC;D�GLH-I5��H-MO�9Hm:WA�q@8L: j Hm:R§
SoAF?rq@H-C;I¡NPC H-NPCEHm:¡~�A j NrqWA	q@N k CEI ¢ ?BA�IRH��XNr:WG G;NPH4NyC � ¢ IRQWSECENrqRqdHL� c/� F H-NPCEDFHmt¥v;S;:Rq@H�© s�:@MOHm§
?yHmNPq@8;CEDFIRDK?PH-NPQTSp8;CEDONPC ~�8EDFH-?PJ k/k :WGLNPCoA�q@HmC^DKHm? �FI|q!�

γ

γ − 1

pg

T

»

∂T

∂t
+

1

γpg

„

(γ − 1)K
∂T

∂r
− 1

3
rṗg

«

∂T

∂r

–

− ∂pg

∂t
= ∇(K∇T ) .

� ��� Gl�

�$H-NuI|qWA�:@JKH-Cd� H-MO�9Hm:WA	q@8;:@IRQWS ��AFC;JL8;CEDFH-CªMf8;IRI�SENPHm: ¢ H-NXGLNyH*� H-MO�9HT:WA�q@8;:WA ¢ SEsFCEDFNPDKJlH-Nrq
G;Hm:�©�s�:@MOH-?PH-NrqRt s�SENPDKJKH-Nrq

K ¢ Hm:@vEQWJpIRNyQWS/q@NPDFq�$Hm:WG;H-C � �¡NPHm:��-8��XNr:WG�GLNyHh�¡NP?rt¥I j A�:@NyA ¢ ?PH SH-NPCEDKHTt¥vESL:Rq 	 � 0 0 Y>Y �

S =

Z T

T`

K(Θ) dΘ .
� ��� cF�

©ªH-Nrq@Hm:@S;NyC NPI|q*HmI ¢ HmNVGLHm:'Cp8EMOHm:@NPIRQWSEH-Cd}¡MOIRHTq��-8EC;D jlk :Rq@H-NP?PSoA�tBq��$HmNyC;H-C twH-I|q@H-C «VAFCEG
AFCEI|qWA	qRq=H-NPCEH-I ¢ H!�$H-DFq@H-C �m8 ¢ HmqR:WA�QTS/q@H-C �;¦¡NyHmI(�XNr:WG GL8;:@QWS GLNyH W k :@MONPHm:@8;CED

y =
r

R(t)

8;CoG�GEAFMONrq
∂r = R · ∂y ,

� ��� ¤K�

8EMODKHmIRHmq��mq!�E<�NPCEIRHTq��-H-C jlk C�U¡? � �4� ch8ECEG U¡? � �4� ¤fNPC U¡? � ��� Gft¥v;S;:Rq=AF8Lt

∂S

∂t
+

γ − 1

γpgR2

 

∂S

∂y
− ∂S

∂y

˛

˛

˛

˛

y=1

y

!

∂S

∂y
− D ��� ṗg =

D ���
R2

„

2

y

∂S

∂y
+

∂2S

∂y2

«

,
� �4� IK�

MONPq=GLHm:$0�A�:@NyA ¢ ?PH-C D ��� � ��H-?PQWSEH�GLNPH�� H-MO�9Hm:WA	q@8;:@?PH-NrqRt s�SENPDKJlHmNPqXHmNyC;H-IXNyG;H!A�?yHmC�U�AFIRHmI ¢ Hm§IRQTSL:@H-N ¢ q 	 ~�� Y ��

D ��� =
(γ − 1)

γ

K(T )T

pg
.

� �4� Y �
�V8;twDKH-? �FI|q¡CEAFQWS

∂S/∂t
HT:@DKN ¢ q=IRNPQTS

∂S

∂t
= − γ − 1

γpgR2

 

∂S

∂y
− ∂S

∂y

˛

˛

˛

˛

y=1

y

!

∂S

∂y
+ D ��� ṗg +

D ���
R2

„

2

y

∂S

∂y
+

∂2S

∂y2

«

.
� �4� �l�
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¦¡NyH�q@H-MO�9Hm:WA	q@8;:WA ¢ Sos�CEDFNyDFHh© s	:@MOH-?PH-NrqRt s�SENPDKJlHmNPq K(T )
JFAFCEC NPM � H-MO�9Hm:WA	q@8;:@NPC/q@Hm: j A�?P?

200
~

< T < 3000
~ ?PNPCEH-A�:¡AF�E�L: k 4;NPMONPHm:Rq"�$Hm:WG;HmC 	 � 0 0 YSY �

K(T ) = CT + B ,
� �4� F �K�

MONrq
C = 5,528·10−5 © �L� Md~ 2 � 8;CoG B = 1,165·10−2 © �p� M ~4�T�-¦�Hm:�798EI@A�MOMOH-CESEAFCED

�/�XNyIRQWSEHmC
S
8;CoG

T
Hm:@DKN ¢ q=IRNPQWS�AF8;IVGLHm:V¬ �FIR8ECED5G;H-Iuz{Cpq@HmDF:WAF?PI¡U¡? � ��� c �-8

S =
1

2C

ˆ

(CT + B)2 − (CT` + B)2
˜

.
� ��� F>F �

�=8;twDKH-? �KI|qVCoA�QTS
T
t k ?PD�q

T =
1

C

h

`

2CS + (CT` + B)2
´1/2 − B

i

.
� ��� F £K�

�^NrqfG;NPH-IRH-C[U¡?yHmNyQWSp8EC;DKH-CªJFAFC;C�Cp8ECªG;Hm:h� H-MO�9HT:WA�q@8;: j Hm:@?yAF8;t$NPC[G;Hm:��$?yA�IRH ¢ Hm:@HmQTS;CEHmq
�$Hm:WG;HmC�� ��H-N9� H-MO�9HT:WA�q@8;:@HmC

T ≥ 3000
~ �XNr:WG'U¡? � �4� F ��?yNPC;H!A�:$H 4pqR:WAF� k ?PNPHm:Rq!�/¦¡NyH=� HmM5§

�9HT:WA�q@8;: AFM �$?yAFIRHmC;:WAFCEG�H-C/q@IR�;:@NPQTS/q G;Hm: AF?PI�J k C;I|qWAFC/q�A�CEDFH-C k MOMOH-CEH-C�n�?yv;IRIRNPDKJlH-Nrq@I|q@H-M5§
�9HT:WA�q@8;:

T`
� ¦�NPH5«VAFCEG ¢ H!GLNPCEDK8;CED�8EC/q@Hm:1��H!AFQWS/q@8ECED^G;Hm: W k :@MONPHm:@8;CED^U¡?����4� ¤�?BA�8;q@Hmq

G;AFMONrq

T (y = 1, t) = T`
¢ �/��� ∂T

∂t

˛

˛

˛

˛

y=1

= 0 .
� �4� F HK�

n�vL:=G;NPH 0�A�:@NyA ¢ ?yH S
Hm:@DFN ¢ q=IRNyQWS H-C/q@IR�L:@H-QTS;H-CoG

S(y = 1, t) = 0 ¢ �/��� ∂S

∂t

˛

˛

˛

˛

y=1

= 0 .
� �4� F Gl�

<xNPCEHfAFCoA�?) Lq@NPIRQWSEHO¬,�KIR8;CED jlk C�U¡? � �4� ��NPI|q�C;NyQWS/q�M��FDK?PNPQTS � z¨M n k ?PDKH-CEG;H-C���HT:WG;H-C G;NPH
NPC^G;NPH-IRHm:��=: ¢ H-NrqX8;MODKH-IRHmq��Tq@H-C^Cp8EMOHT:@NyIRQWSEHmC��^Hmq@S k G;H-C jlk :@DFH-I|q@H-?P?rq!�

� � � ��� a � �$�{� �L� �F� � ���{��� �F� � Y�� �=�E�/�E���L�o� �O�E� �|� ���/�o�

��H-NPM NPMO�E?PN �-Nrq@H-C�n�NPCENrq@H-C�¦¡N3� HT:@H-C �-HmC 0�Hm:Rt¥AFSL:@H-C��Hm:WGLH-C�XNPH ¢ HmNyM 8EC/q@Hm: � ¢ IRQWSECENrqRq�£p� £
¢ HTqR:WAFQWSpq@HTq@H-C^H 4L�;?yN �-Nrq@H-C 0�Hm:Rt¥AFS;:@HmC G;NPH�NPC U¡? � ��� � jlk :@J k MOMOH-CoGLH-C'¦�N�� Hm:@H-C/q@NyAF? �/8 k q@NP§
HmCpq@HmC G;8;:@QWS�¦�N�� Hm:@H-C
�-H-C �p8 k q@NPH-C/q@H-C A��E�;: k 4LNPMONPHm:Rq!��¦�NPH��V:Rq@IRJ k/k :WGLNPCoA�q@H r

8ECEG G;NPH
79H-Nrq@J k/k :WG;NPCoA	q@H t

��HT:WG;H-C MONrqRq@H-?PIuH-CEG;?PNPQTS;Hm:=z¨C/q@Hm: j AF?P?PH ∆r ¢ �!��� ∆t
G;NPIRJ/:@Hmq@NPIRNyHT:Rq!�o¦�Hm:

A�J/q@8EH-?P?PH47 HmNPq@�;8EC;Jpq
tn CEAFQWS n

7 HmNPq@IRQWS;:@NrqRq@H-C#�XNP:WG*MONPq

tn = n∆t ,
� �4� F cF�

GLNPH4�V:Rq@IRJ k/k :WGLNyCEA�q@H r
AFM��x8EC;Jpq

k
MONrq

rk = k∆r ,
� �4� F ¤K�
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AFCEDFH-DKH ¢ H-C��E¦�AFMONrqut k ?PDFq¡AF8EI=GLHm:XJ k C/q@NPCp8ENPHm:@?PNPQTS;H-C GLNPH�G;NPIRJ/:@Hmq@H�� H-MO�9HT:WA�q@8;:Rtw8EC;Jpq@N k C

T (r, t) → T (rk, tn) .
� ��� F IK�

¦�Hm:�mH-Nrq@?yNPQWSEHh¦�N�� Hm:@H-C/q@NyAF? �/8 k q@NPH-C/q¡Hm:@I|q@Hm:��V:WGLCp8ECED��XNr:WG G;8L:@QTS�HmNyC;H-C H-NPC;t¥AFQWSEH-C jlk :R§
G;Hm:@H-C^¦�N�� Hm:@H-C �mH-C �/8 k q@NPH-C/q@H-C^A��E�L: k 4LNPMONPHm:Rq

∂T

∂t
≈ T (k,n+1) − T (k,n)

∆t
.

� ��� FEY �

z¨M"U¡H-DFH-CEI@A	q����-8EM H 4L�E?PN �-Nrq@H-C�0�Hm:Rt A�S;:@H-C ��Hm:WGLH-CªGLNPHf:WsF8;MO?yNPQWSEH-C ¦�N�� Hm:@H-C/q@NyAF? �/8 k q@Nr§
H-C/q@H-C'Hm:@I|q@Hm:X8ECEG��!��HmNPq@HT:V�V:WG;Cp8EC;D�CENPQTS/q$MONPq ¢ H-JFAFCEC/q@H-C5©�Hm:Rq@H-C��-8;M 79H-Nrq@IRQTSL:@NPqRq

tn �
I k CoGLHm:@C MONrqXC k QWS �m8 ¢ Hm:@H-QWSEC;H-CoGLH-C*©�Hm:Rq@H-C#�-8EM�79H-Nrq@IRQWS;:@NrqRq

t(n+1) A��E�L: k 4LNPMONPHm:Rq

∂T

∂r
≈ T (k+1,n+1) − T (k−1,n+1)

2∆r
,

� ��� F �l�

∂2T

∂r2
≈ T (k+1,n+1) − 2T (k,n+1) + T (k−1,n+1)

(∆r)2
.

� ��� £F�l�

�$H-N>H-NPCEHT:¡:WsF8;MO?PNyQWSEHmC ¦�NPIRJ/:@Hmq@NPIRNyHT:@8ECED'MONrq
Ny + 1

��8;CEJ/q@H-Cª�
∆y = 1/Ny

�
y = 0...1

�
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(∆y)2

1

A · S(k−1,n+1)

+

 

∆t(n+1)

(R(n+1))2
2D̄

(k)���
(∆y)2

+ 1

!

· S(k,n+1)

+
∆t(n+1)

(R(n+1))2

0

@

(γ − 1)

γp̄g

“

S̄(k+1) − S̄(k−1)
”

4(∆y)2

− y(k) (γ − 1)

γp̄g

“

S̄(Ny) − S̄(Ny−1)
”

2(∆y)2

− D̄
(k)���

y(k)∆y
− D̄

(k)���
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qR:WA�?PH-C �^Hmq@S k GLHhNPM 0�Hm:@DK?PH-NPQWS �-8EM�NPMO�E?PN �-Nrq@H-C 0�Hm:Rt A�S;:@H-C HmNyC;HhHT:@SEH ¢ ?yNPQWSEH�«=H!G;8;Jpq@N k C
GLHm:4«VHmQTS;H-C �-HmNPq4Hm:R:@HmNyQWS/q 	 &p«¡�ZG� �$Hm:WG;HmC�� �=?P?yHT:WG;NPCEDFIhIRNPCoG�AF8EQWS G;NPH-IRH�0�Hm:Rt A�S;:@H-C��-8;:
<xNPC ¢ NPCoGL8ECED�NPC�GEA�IXU¡H-I@AFM4q@M k G;H-?P?oC k QTS��-8O:@H-QWSEH-C;NPCpq@HmCEIRN j 8ECEGOG;NPH-C;H-C^G;AFMONrq�NyC*G;NPHm§
IRHT:��=: ¢ HmNPqf?PH!G;NPDK?PNPQWS AF?PI5«=HmtwHm:@H-C ���-8L:��$H-8L:Rq@H-NP?P8ECED H-NPCEHT:5H-NPC;t¥AFQWSEHm:@HmC � k GLH-?P?yNPHm:@8;CED
GLH-I4�x: kF¢ ?PH-MOI-� � ¢E¢ NP?BGL8EC;D��4� H��-HmNyD�q5A ¢ IRQWSE?PNPH!.lHmCoG[G;HmC 0�HT:@DK?PH-NPQTS �/�XNyIRQWSEHmC[NyMO�;?PN �mNP§
q@HmM 8ECoG�IR�9H-J/qR:WAF?PH-M 0�Hm:Rt A�S;:@H-Cªtwv;:hG;NPH��$H-NPIR�ENPH-?PH�H-NPCEHm:4J k C/q@NyCp8;NyHT:@?yNPQWSEH-C �VC;:@HmDK8EC;D
A�8EI$� ¢E¢ Ny?yGL8ECED Hp� cp�
�$H-NyG;H 0�HT:Rt AFSL:@H-C'?PNyHTt¥Hm:@C't¥vL:uG;NPH ¢ HmqR:WAFQWS/q@Hmq@H-C�n>sF?P?PH¡CEAFSEH!�-8'NBGLH-C;§
q@NPIRQWSEH�<>:@DKH ¢ CENPIRIRHK�

& ��� % �5��	 ����/���� �2�

¦¡Hm:�<�NPC��E8EIRI G;HT:�U�AFI@G;N�� 8;IRN k C AF8Lt�G;NPHª:WAKGLNBA�?PI  ;MOMOHTqR:@NyIRQWSEH �$?yAFIRH-CEG� LCoA�MONyJ �XNr:WG
GL8;:@QWS G;H-C ¦�N�� 8EIRN k C;I jlk :@DKAFC;D NPC�GLHm:4n�?PvEIRIRNPDKJlHmNPq ¢ HmI|q@NyMOM4q!�9¦�NPH-IRHm:�?ys�IRI|qhIRNPQWSªGL8;:@QWS
GLNPH4U¡?yHmNyQWSp8EC;D
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«

,
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NPC ~�8EDFH-?PJ k/k :WGLNPCoA�q@HmC ¢ HmIRQTSL:@H-N ¢ H-C�� C(r, t)
NPI|q�GLNPHªU�A�IRJ k C
�-H-C/qR:WA�q@N k C � �=C �!A�SE? jKk C

� k ?PH-JpvE?PH-C��;: k 0 k ?P8EMOH-Co�x8;CoG D �	� 
 � � G;NPH¡¦¡N3� 8;IRN k CEIRJ k CEI|qWA�C/q@H¡GLH-IuU�A�IRH-IuNPC*GLHm:Xn�?PvEI|§IRNPDFJlH-Nrq!��¦�NPH �VCLt A�CEDKI|§h8ECEG «VAFCEG ¢ H!GLNyC;DK8;CEDKHmC �-8L: ¬,�KIR8EC;D jlk C U¡? �$�4� £��ªIRNyCEG G;NPH
J k CEI|qWA�C/q@HOU�AFIRJ k C �mH-C/qR:WA�q@N k C Ci

NyC�8EC;H-CoGL?yNPQWSEHm:�<�C/qRtwHm:@Cp8ECED jlk C�GLHm:1�$?yAFIRHO8;CoG G;NPH
~ k C
�-H-C/qR:WA�q@N k C jlk C U�AFIVAFM �$?yA�IRH-C;:WA�CoG^NPC�GLHm:=n�?PvEIRIRNPDKJlHmNPq

Cs

C(r, 0) = Ci , r > R ,

lim
r→∞

C(r, t) = Ci ,

C(R, t) = Cs , t > 0 .
� �4� HK�K�

UV:@8;CoGLI@s�q��-?PNPQTS[Mh8EIRI4GEA�MONrq5G;AFIh�x: kF¢ ?PH-M2H-NPCEHm:��-H-NrqR§�8;CoG k :Rq@I@A ¢ SEsFC;DKNPDKH-C «VAFCEG ¢ Hm§
GLNPCEDK8;CED DFH-? �KI|q���Hm:WGLH-C ��GEA�G;NPHO~ k C �mH-C/qR:WA�q@N k C C

AFC[GLHm:+�$?yAFIRH-C �uA�CoG jlk M"«¡AFG;NP8EI
GLHm:��$?yAFIRH�A ¢ Sos�CEDFq48;CoG�GLNPH-IRHm:4IRNPQTS �mH-Nrq@?yNPQWS sFCEG;Hm:Rq!��¦�8;:@QWS�HmNyC;HO~ k/k :WG;NPCoA	q@H-C/qR:WAFCEI|§
t k :@M'A	q@N k C JFAFCEC�H-NPCEH k :Rq@I|t¥H-I|q@H�«VAFCEG ¢ H!GLNyC;DK8;CED ¢ H-N r = R

Hm:R:@H-NPQWS/q$��Hm:WGLH-C^8;CoG*M'A�C
HT:@SosF?rq 	 <�� cF���

y =
1

3
(r3 − R3(t)) ,

∂U

∂y
= C(y, t) − Ci .
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©�H-Nrq@Hm:@SENPC��XNP:WG^G;NPH��¡NP?rt¥IRD�:��2.lH
τ
HmNyC;DKHmtwvESL:RqVMONrq

τ =

Z t

0

R4(t′)dt′ .
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<�NPCEIRHTq��-H-C jlk C U¡? � ��� H F 8;CoG U¡? � �4� Hl£fNPC U¡?�� �4� £F�4t¥vESL:Rq=AF8Lt
„

1 +
3y

R3

« 4

3 ∂2U

∂y2
=

1

D �	� 
 � �
∂U

∂τ
,

� ��� H>Hl�

MONPq=GLH-C^«VAFCEG ¢ H!GLNPCEDK8;CEDFH-C

U(y, 0) = 0 ,
� �4� HSGl�

lim
y→∞

∂U

∂y
= 0 ,

� �4� H8cF�

∂U

∂y

˛

˛

˛

˛

y=0

= Cs − Ci ≡ F (τ ) .
� �4� HK¤K�

¦�NPH jlk ?P?PI|qWsFCEG;NPDKHuCp8EMOHT:@NyIRQWSEH$¬ �FIR8ECED jlk C5U¡?��'�4� HSH¡NPI|q�IRHmS;:>:@H-QWSEH-CEAF8Lt ��HmCoG;NPDL�l¦�A=IRNyQWS
G;Hm:�<xNPC��o8;IRI�G;Hm:*U�A�IRJ k C
�-H-C/qR:WA�q@N k C AF8;t�G;NPH��$?yAFIRHmCoG� LCEAFMONPJ AF8Lt�H-NPCEH�GLvEC;CEH n�?Pv;I|§
IRNyDFJlH-Nrq@IRIRQWSENPQTS/q^8EM,G;NPH*�$?yAFIRH ¢ HmIRQTSL:WsFCEJ/q#	 &L~1� + �K£�� �"�XNr:WG �m8;:#0�Hm:@HmNyCLt A�QTSp8EC;D G;H-I
�x: kF¢ ?PH-MOI�NyC 	 <�n>¤8c�EH-NPCEH-�V�;�;: k 4LNyM'A	q@N k CEIR? �FIR8ECEDVt¥v;:�U¡? � �4� HSH jlk :@DFH-I|q@H-?P?rq!�/¦�NPHX«¡A�CoGL§
¢ H!G;NPCEDF8EC;D[U¡? �$��� HF¤*�XNr:WG NPC GLHm:'}¡MODFH ¢ 8;CED 3y/R2 < 1

H-C/q �XNPQWJlH-?rq����uAFI�A�8;t�GLNyH
�V�E�L: k 4;NPM'A	q@N k C

∂2U

∂y2
≈ 1

D �	� 
 � �
∂U

∂τ
,

� ��� H8IK�

t¥vESL:Rq!�>¦�Hm:OU�AFI �E8EIRI5v ¢ Hm:5GLH-C��$?yAFIRHmC;:WAFCEG��XNr:WG G;8L:@QTS GLNPH#�-HmNPq@?PNPQWSEH + CoGLHm:@8EC;D�G;Hm:� k ?yAFC
�!AFS;? n jKk C�U�A�IR�oA	:Rq@NyJKH-?PC NPC G;HT:���?BA�IRH ¢ H-IRQTSL:@NPH ¢ H-C

dn

dt
= 4πD �	� 
 � � R4 ∂2U

∂y2

˛

˛

˛

˛

y=0

.
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dn

dτ
= 4π

∂U

∂τ

˛

˛

˛

˛

y=0

,
� ��� HK�l�

8ECoG�v ¢ Hm:XHmNyC;H�z¨C/q@H-D�:WA�q@N k C

∆ ≡ n(τ ) − n0 = 4π U |y=0 .
� ��� Gl�l�

¦�NPH + CoGLHm:@8EC;D5GLHm: � k ?yAFC
�!AFS;? jlk C�U�A�IVNPC GLHm: �$?yAFIRH�Hm:@DFN ¢ q=IRNyQWS IRQWSE?PNPH!.l?PNPQWS �-8

∆ = −4
p

πD �	� 
 � �
Z τ

0

F (τ − τ ′)√
τ ′

dτ ′ .
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