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Spectroscopy of the Kondo Problem in a Box
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Motivated by experiments on double quantum dots, we studyptioblem of a single magnetic impurity
confined in a finite metallic host. We prove an exact theoremntHe ground state spin, and use analytic and
numerical arguments to map out the spin structure of theatiam spectrum of the many-body Kondo-correlated
state, throughout the weak to strong coupling crossovegsé& lexcitations can be probed in a simple tunneling-
spectroscopy transport experiment; for that situation ebeesrate equations for the conductance.

PACS numbers: 73.23.Hk, 73.21.La, 72.10.Fk

An impurity spinS coupled anti-ferromagnetically to elec- that the charging energies of both the large and small dets ar
trons is one of the most fundamental many-body systems, thiarge and that both are tuned in the Coulomb blockade regime.
Kondo problem([1]. In the classic versionSa= 1/2 impu-  In addition, suppose that the level spacing of the small slot i
rity is coupled with anti-ferromagnetic couplin@ to an in-  large while that of the large dafy, can be small. Under these
finite reservoir of conduction electrons with density ofteta  conditions, the large dot acts as a finite conduction elactro
p. At low temperatures, the spin is screened: its entropy iseservoir with a fixed number of electrons,. The leads in
qguenched by the formation of a singlet with the conductionFig. [ are just used to probe the excitation spectrum of the
electrons below the Kondo temperatuig;, given approxi- large dot and are assumed to be very weakly coupled.
mately byTx ~ D e~1/77 for small values of7, with D the If the tunnel coupling between the large and small dots is
bandwidth of the conduction electrons. small, we can represent the small dot through a 8pia 1/2

When the size of the electronic reservoir is finite, ag, ~ OPerator, and write down a simple model to describe the
in ultra-small metallic particles [2) 3], electron-holecita- ~ '€S€rvoir-spin system:
tions cost a minimum energy of order the mean level spacing
A = 1/p. WhenA ~ Ty, the level spacing interferes with ~ Hrs= Y _ €achycao + T S-5(0) + Ec(N —ng)* . (1)
the screening of the impurity, leading to new physiés [3]. A oo
finite electronic reservoir can also occur in MESO0SCOPIG-SeM 1 . &t tarm describes electron-hole excitations in tiserre

conductor structuresi[4, 5]: a small quantum dot acts asma spi, .. . .
. : ' ~Tvoir (large dot), with the operators,,, creating one bod
S = 1/2 impurity and is coupled to a large quantum dot with (larg ) P & 9 y

. ) eigenstates on R with energy, wave functio and spin
a finite level spacing comparable . In these latter struc- 9 9 W (1) P

) X . The second term describes the antiferromagnetic exchange
tures, the ratid’x /A can be tuned by varying the voltage on 7 g 9

. interaction between the two dots, witt0) = L f1 50 for
the gates separating the two dots. the spin density in the large dot at the tunneling positian 0

In this paper we elucidate the manifestations of the styong| andfg(, =" ¢a(0)cl,. For completeness we retain with the
correlated Kondo state in the excitation spectrum of these

finite size systems. The excitations can easily be obtained

through measurements of the tunneling spectrum in both S
semiconductor systemsl [5] and metallic nano-particles [2]
We provide an exadheoremon the ground state spin of the
system for arbitrary coupling, and make specific statements

V., <—> ~J
on the excitation spectrum. Tunirfigc /A provides a way to
. . . L1 L2
study the parametric evolution of the system, a standaiid top
in mesoscopic physicsi[6] but now in a many-body context,
N
'

through the full weak to strong coupling crossover. In the-sp
cial case of uniform level spacing [3], we find the parametric

—
NC

evolution of the first excitation energyFE = A F(Tx/A), Vs
where the. universal funptioﬁ depends only on the parity of FIG. 1: (color online) A double dot system, coupled very wega&
electrons in the reservoir. leads (“L1” and “L2”). In the Coulomb blockade regime, theam

For concreteness, we consider the double-dot set-up shovatot S behaves as a spifi that is coupled to a finite reservoir “R”
in Fig.[. In this set-up a large dot plays the role of the reserprovided by the large dot. The leads are used to measure ¢ita-ex
voir (R) while the small dot provides the spin (S). We assumdion spectrum of the system.
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last term the electrostatic energy of the reservejrand E¢ extended forNV even to prove thathe ground state spin of
are the dimensionless gate voltage applied to the largendiot a Hr.swith S = 1/2, is alwaysS;. = 0 for N odd andS;.; =
its charging energy. 1/2for N even.
Ground state spin affr.s—\We now prove an exact theorem  Note that so far we have made no assumptions regarding
for the ground state spin of the system described by[Hq. (1}he energies, and wave functions,, (0) and so, remarkably,
To simplify the ensuing discussion, we dividg;_g into di-  the above theorem holds regardless of how disorderedichaot
agonal and off-diagonal parf$g.s = Hp + Hop, with the electrons in the reservoir are. We pause here to point out
that the theorem applies to arbitrary spi,> 1/2, or fer-
Hp = J&8%s%(0) + Z oy f;,,fia + Ec(N —ny)? (2)  romagnetic coupling7 < 0. It is also straightforward to
i generalize it to the Anderson model, which then takes into ac
count charge fluctuations on the small cot [8]. Interestingl
forS =1andJ > 0, we find that the ground state can never
be a singlet: forV odd it is a doublet while forV even it is
We first made a unitary transformation to represent the kinet & spin triplet[8]. In theS = 1/2 ferromagnetic Kondo prob-
part of Hr.s by a one-dimensional chain (tridiagonal matrix). lem, we find that the ground state is always eitSer 1 or
The coefficientsy;, ¢; and the basis statgy, are fixed by the S = 1/2 depending on the parity oY .
choice of the first basis statg/_. Absolute value signs may  Excited states+a addressing the nature of the excited
be used because the signs of the hopping coefficieatsd,7 ~ States, we now specialize to the usdal= 1/2, 7 > 0
can be fixed arbitrarily by choosing the phases of fheand ~ case, but similar arguments can be constructedfor 1,2

Hop = LZ' [S+S_(O) + h.C.} — Z(|t1| fggfi+1g + h.C.).

1,0

making ar rotation about the axis defined bys*. orJ < 0. Foran arbitrary//A intheS = 1/2, 7 > 0 case,
Consider now the following set of many body states thatMarshall’s sign theorem combined with a weak coupling ex-
span the Fock space of Ef] (1), pansion only guarantees that the first excited state isreithe

Stot = 00r1(1/2 or 3/2) for the N odd (even) case. There-
|6a) = (_1)m‘5f;mT"'flefﬂTli""fﬂTNx1|O> ®|m), (3) fore, we shall examine the excited states by perturbatien th
ory in the two limitsA > Tk (J < A) andA < Tk to gain

with m = S* and the site labels (positive integers) ordered asnore insight into the structure of the excitation spectrum.
iy < --- <y, andj; < --- < jn,. Inthis basisHp has In the weak coupling regime) > Tk, given a realiza-
only diagonal matrix elements adtbp has only off-diagonal tion of the reservoir R, we can always malesmall enough
ones. Note that the Hamiltonian conserves both the totat nunthat the spectrum can be constructed through lowest order de
ber of electronsN = N; + N|, and thez-component of the generate perturbation theory. Fdrodd, the ground state is
total magnetizationSz, = (N7 — N|)/2 + m. a singlet and the first excited state is a triplet with exmtat

It is easy to show that in this basis alfff-diagonalmatrix  energydE = J|¢a,., (0)]* < A, whereay,,, is the topmost
elements of the Hamiltonian areegative Furthermore, re- singly occupied level of the large dot. The next excitedesist
peated application offr.s connects every basis state within a a singlet of energy- A separated from a triplet by a splitting
subspacéS? ., N) of fixed Sz, and chargeV. These facts ~ J. ForN even, the ground state is a doublet and the first
allow us to generalize the proof of the “Marshall sign theo-excited state is an 8-fold degenerate multipletjor= 0 that
rem” [[4] to this case with several implications: the expansi gets split into twoS;., = 1/2 doublets and oné,.; = 3/2
of the ground state in the basis (3) has strictly positivéffeoe quadruplet. In general the two doublets have lower (though
cients, and hence the ground state in e@f,, V) sectoris  unequal) energy than the quadruplet.
unique. For Tx > A, on the other hand, the impurity spi

These results allow us to make specific statements about thie screened by the conduction electrons, and we can use
ground statepinof Hg _g. First considelS = 1/2. Since the  Nozieres’ “Fermi-liquid” theory|[9]. ForN odd (even) we
Hamiltonian has SU(2) symmetry, we can label its eigenstateend up effectively with aeven (odd) numbef quasiparticles
by SZ,. and the total spirbi.. For a fixed realization of the that interact with each other only at the impurity site thgbu
reservoir R, we can always makésmall enough that simple a repulsive effective interactidiip;, ~ (A%/Tk) nyn;. The
degenerate perturbation is convergent. Witlodd, it is then  quasiparticles have the same mean level spagiag the orig-
easy to show that the ground sta€e) s, is a singlet with  inal electrons, but the spacing between two quasiparisie |
Stot = Six = 0. Because bothG) 7 .o and|G)s: —o 7,  €lsis notsimply related to the spacing of the original level
the ground state in sectdiz,, = 0 at arbitrary7, can be the chaotic quantum dot. Fo¥ odd, we find that the ground
expanded in the basis (3) with strictly positive coefficggnt state is a singlet (as expected from our theorem), and the ex-
they must have non-zero overlap, implying th@)s: —o, 7 citations start at energy A. The first two excitations consist
also has total spi;,; = 0. Furthermore, this state must be of a spinS;,; = 1 followed by aS;,; = 0 whose energy is
the overall ground state, since any multiplet wih, > 0  split due to the residual quasiparticle interaction by aam
necessarily has a state witi,, = 0. ~ A?/Ty. A similar analysis for theV even case shows that

Thus we conclude that the ground state is always a spiat strong coupling the ground state and first two excitations
singlet for any/N odd. These considerations can be easilyare all doublets.
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FIG. 2: (color online) Schematic illustration of the enegigenval- 0 5 101520 2530
ues of the double dot system Efl (1) as a function of the cogpli w----w-»**--”'*m#ﬁ"”
J for N odd (left) and even (right). In the double-dot experiment 0 **EM - Lo L L
proposed in the text, the y-axis is liké1as and the x-axis is like 10 10 10 10 107

10
Veincu. The trajectory of the excitations will show up as peaks in X= TK/A
the differential conductanag.
FIG. 3: (color online) Universal form of the singlet-triplgap (V
odd). Note the excellent data collapse upon plotting theaeted
gaps as a function dfx /A. Inset: Pomc(08) for D/A = 41. Cir-

ot : les are data for fixed = 0.05, 0.10, 0.13, 0.15, 0.19, 0.23, 0.26,
the ground state and two lowest excitations is the same bOt;ndO.Z%O (right to left). Lines are one parameter fits to the two state

theTk > A andTx < A limits. It is therefore quite natural single-triplet form.
to assume that the order and quantum numbers are indepen-
dent of the precise value dfx/A. Thus we arrive at the

schematic illustration in Figl2. term of Eq. [1). However, exchange interaction between the
Scaling for/N odd— o make further progress, we consider gjectrons also induces a Hund's rule couplifigy = —Js S3
the standard simplification®, (0)|* = 1 andea+1 —€a = A  (Sx is the total electronic spin in the reservoir), which will
independent ofy [3]. Under these conditions, the spectrum, compete with the Kondo effect [12]. The form of this cou-
and thus the splitting between the ground and first exciteghjing invalidates our exact theorem. However, since the cou
states, must be a universal functionG/A that only de-  pling 75 > 0 is typically smaller than the level spacing in
pends on thearity of the number electrons on the dot. For semiconductor systemis [13] and its effect (to our knowl@dge
N odd, for example, the singlet-triplet gap must scale ahas not been observed yet in the metallic grihs [2], we expec
dEst/A = F(Tk/A). At strong coupling, the behavior that it would only slightly modify the predicted spectrum; i
F(z > 1) ~ 1 follows from the arguments above. To obtain troducing a small splitting between the states having dfie
the scaling behavior of at weak-coupling, we sum the lead- gpins in Fig[R. There is a statistical chance that mesoscopi
ing logarithmically divergent series in the perturbativ@an-  fluctuations of the level spacing will completely destrojsth
sion of 6 Esr in J; this givesd Est = 7 /(1 — £ In(D/A)),  picture for some realizations of R |14].
whencel”(z < 1) ~ 1/In(1/x). Tunneling spectrum+a the setup of Figl1, for very weak
We find F'(z) in the whole crossover regime through con- tynneling to the leads, the differential conductance betwe
tinuous time quantum Monte Carlo calculations. The methodhe leads as a function of bias voltage allows one to extract
we use relies on a mapping ontod1” spin chain withanim-  directly the excitation spectrum of the S-R system in itslfina
purity attached to it.[10, 11]. The updates maintain the numstate [2]. Assuming, e.g., that the reservoir initially fzas
ber of particles (canonical ensemble). Details of the m#tho eyven number of electrons, it is possible to measure\truld
and additional results shall be presented elsewhzre [8]. excitation spectrum. We have predicted (Elg. 2) that théssp
To extractd Egr, we measure the fractioR of states with  trum changes in an essential way as a function of the pinth-of
Sz .2 = 1 visited in the Monte Carlo sampling at temperaturevoltage between the two dots that drives the system from the
T. For afixed7 and large3 = 1/T', P(3) can be excellently weakly coupled limit to the strongly correlated Fermi lidui
fit to the form2/(3 + ¢#9%s7) valid for a two-level singlet-  state. A further probe is achieved by applying a parallelmag
triplet system (inset to Fi@l 3). Repeating this procedigklg  netic field (Zeeman) that couples to the system BigS7,,,
dEgr for avariety of 7 andA. Plotted as a function dfix /A thus splitting the spin multiplets.
(see Fig[B), we find a nice data collapse for different combi- To find the conductance in such a tunneling experiment,
nations of the bare parameters over eight orders of magnitudye have solved the rate equations for transferring an electr
in Tk /A. These calculations thus illustrate in this special casérom lead 1 to the reservoir and then to lead 2 [2, 15]. We
that the ground state is a singlet far odd and that the first assume that (1) the coupling of the lead to each state in R
excited state remains indeed a triplet for all valuegof is the same (mesoscopic fluctuations are neglected), (2) the
Exchange coupling-So far, electron-electron interactions Kondo correlations that develop in S-R do not affect the ma-
on the large dot have only been incorporated through the lastix element for coupling to the leads, (3) there is a traosit

Remarkably, the ordering of th&,,; quantum numbers of
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again justified in doing perturbation theory, and we recover
BT 0o-12 that the ground staté,,; = 1 is separated from the first sin-

L2 o l ] , l 0 lﬂi . glet excitation by an asymptotically small energy. Thus, th
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signature of the underscreened Kondo effectrisdactionof

the gap between triplet ground and singlet excited stafes, o
logarithmic form as a function df’x /A, as one tunes from
weak to strong coupling.

In conclusion, with a combination of an exact theorem, per-
turbative arguments, and Monte Carlo simulations, we have
made specific predictions on the low-lying excitation spec-
trum for a double dot system and a metallic grain contain-
ing a single magnetic impurity. The excitation spectrum was

N found to reflect the formation of the Kondo-correlated many-
BIAS BIAS body state in an essential way. Further by numerically sglvi
the corresponding rate equations, we have shown that the gat
voltage and magnetic field dependencies of conductance mea-

FIG. 4: Conductance through the S-R system of Hp. 1 3surements can be used to observe our predictions directly in
a function of the bias between the two leads f&; = P y

(0,0.05,0.1,0.15,0.2)5 E (from top to bottom). For clarity, all the &N €xperiment.
zero field splittings) F of the resonances shown are taken equal. See ) ) )
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