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Chapter 0

Introduction

Let A = A(Q) be the ring of adeles of the field of rational numbers and A its
finite part. Further, for an integer n > 3 let m and o be cuspidal automorphic
representations of GL, (A) and GL,_1(A), respectively. Note, that for us an auto-
morphic representation of GL,(A) is a topological GL, (A)-module, whose subspace
of admissable vectors is an automorphic representation of the Hecke algebra .7 of
GL,(R) and O,(R) (cf. [BJ], Section 4.6).

For such pairs (7, 0), Jacquet, Piatetski-Shapiro, and Shalika introduced an L-
function L(m, 0; s), that “would be” the L-function of an automorphic representation
T ® 0 of GLyn-1)(A) (cf. [JPS4]). Here, the tensor product notation is in accor-
dance to the Langlands dictionary, whenever the automorphic representation ™ ® o
exists. L(m, o;s) is defined as a certain Rankin-Selberg integral, which is an entire
function in s, and satisfies a functional equation of the expected type, interchanging
s and 1 — s. The family of those functions L(7,o;s) for fixed 7 and varying o
plays a key role in the converse theorems, whose goal is to describe an automorphic
representation 7 analytically by its Mellin transform (cf. [CP1]).

Having such a well-working theory of complex valued L-functions already, it is only
natural to try to step further. So for a fixed pair (7, o) like before we are interested
in the package of twisted L-functions L(7 ® x, 0;s), where x runs through all finite
Dirichlet characters. Let s; with @ = 1,2,... be the critical values (cf. [Del])
of the variable s for the fixed pair (m,0). We want to show that the function
X — L(r®x,0;s;), after division by an appropriate period depending only on i and
the sign of y, takes algebraic numbers as values. Furthermore, we want to control
the number fields containing those values.

In the cases n = 2,3 those questions have been answered by Manin, Mazur,
Swinnerton-Dyer, and Schmidt, under suitable assumptions concerning the infin-
ity components (7o, 0s0) and the components (m,, 0,) at a fixed place p (cf. [Man],
[MS], [Schm1]). The basic requirement on the infinity components is, that there
indeed are critical values, or more specifically, that 7., and 0., have non-trivial Lie
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Chapter 0. Introduction 5

algebra cohomology.

For general n results are known only for a certain class of cuspidal automorphic
representations: In [KMS], Kazhdan, Mazur, and Schmidt discuss the case of re-
presentations, that “occur in cohomology” with constant coefficients. In this case,
s = % is the only critical value. The authors fix a prime p throughout the whole
paper and assume, that both 7 and ¢ are unramified at p. Further they make
some simplifying assumptions on the nature of the twisting Dirichlet character y, in

particular its conductor has to be a power f of p. They study the product
POO(S) ' L(TF ® X7 J; 8)7

where P, (s) is an entire function of which one knows that it can be written as an
integral depending only on the Whittaker models of the infinity parts 7., and o.,.
Since 7 and o are cohomological, the function P (s) even is uniquely determined
by the number n. Kazhdan, Mazur, and Schmidt express the special value POO(%) .
L(m ® x, o; %) by relative modular symbols and show that this value is indeed an
algebraic number.

In this thesis, we generalise the results of [KMS] by allowing a larger class of co-
homological representations studied before by Mahnkopf (cf. [Mah]). The precise
definition of this class is given in section 1.1; roughly speaking, the cohomology
modules, in which our representations 7 and ¢ occur, may now have coefficients in
certain finite dimensional irreducible representations M, ¢ of GL,(Q) resp. M, ¢ of
GL,-1(Q). For the sake of coherence we show that the cohomological representations
in [KMS] are indeed just a special case of ours (cf. Lemma 1.1).

The main result is Theorem 1 below, which describes Py o(3)- L(r®x, 05 3) in terms
of algebraic numbers and values of a pairing %, on cohomology. Here, Py »(s) is a
modification of the entire function Py (s) of [KMS], depending on an at first arbitrary
linear form A on the tensor product of the coefficient systems of the cohomology
modules, in which 7 and ¢ occur. Explicitly, for n > 3, under some assumptions on
the infinity components of the central characters w, of m and w, of o, and the same
assumptions on the Dirichlet character x like in [KMS] we get

Theorem 1

ws0p ()11 G(X?flp__f ool

Zpr Jvol(K! ) B ((u™")7),

where w = u, (with uy =1 for all £ # p) is taken from a representative system for

U,(Z,) modulo U, (Z,)¢ with ¢ = diag(f~', ..., f™™).
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Here, w, and v, are the p-components of certain Whittaker functions, x, denotes
the continuation of x, to Z, by X,(pz) = 0 for all x € Z,, and G(x,) denotes the
Gaufl sum of y, (cf. Chapter 2). Finally, the K ; -1 are certain compact subgroups

of GL,_1(Z).

We prove the theorem in Chapter 3 by constructing the pairing %, carefully. In
Section 3.8 we show that we still have the freedom to choose %, in such a way
that Pyoo(3) - L(m ® x, 03 3) is indeed an algebraic number. This works because %y
(and \) may be chosen respecting a Q-structure, the Whittaker models of the finite
parts 7y and o are already defined over some number field by [Clo], and because of
the one-dimensionality of certain relative Lie algebra cohomology modules proved
in Corollary 1.5.

There is, however, a blemish to our result, since we cannot guarantee that P,\po(%)
does not vanish in general. In Chapter 4 we will study this problem for n = 3 and

will finally show

Theorem 2 Let n = 3 and assume the coefficient modules M, ¢ and M, ¢ to be

trivial. Then the period P,\,OO(%) in Theorem 1 does not vanish.

This result makes use of the fact, that different sets of submodules of the relative
Lie algebra cohomology can be used to prove Theorem 1. We can show that there
is one such set for which Pj «(3) does not vanish.

Finally, in Chapter 5 we will discuss, how Theorem 2 may be generalised to coho-
mological representations like in Chapter 1. We will see, that in those cases it will
be of interest to determine whether or not s = % is a critical value.

At this place I want to use the opportunity to thank all those, whose support helped
to bring this thesis into being. First and foremost, my gratitude goes to my thesis
advisor, Prof. Dr. Claus-Giinther Schmidt. The many fruitful discussions with him
have been of great value for me. In particular, I wish to thank him for providing me
with the main ideas of Section 4.5. His understanding, encouraging and personal
guidance have provided a good basis for the present thesis. Also it is a pleasure for
me to thank PD Dr. Stefan Kiihnlein, who patiently helped me in countless details
and thoroughly revised my work. His talent for translating problems into a language
I could understand was vital for my progressing. Furthermore, I want to thank Prof.
Laurent Clozel for supervising me during my research stay at the Université Paris-
Sud. His profound knowledge in the field of automorphic representations proved
very precious to me. Finally, I wish to thank Dr. Oliver Baues and Sebastian
Holzmann for helpful discussions about Lie algebra theory and the members of the
“Kaffeerunde” for everything, even for their odd sense of humor.



Chapter 1

Representations with non—vanishing cohomology

The first aim of this thesis is to generalise a theorem of Kazhdan, Mazur, and
Schmidt, Theorem 3.5 of [KMS], concerning the algebraicity of the critical values
of twisted Rankin-Selberg L-functions of pairs of automorphic representations of
GL,(A) resp. GL,_1(A). The representations they consider fulfil a special prop-
erty, namely, they occur in cohomology with constant coefficients (cf. [loc.cit.], p.
99). In this chapter we want to introduce a larger class of representations that con-
tains those cohomological ones. More precisely, we will study representations that
occur in cohomology with coefficients in certain finite dimensional representations
of GL,(Q). In Chapter 3 we will see that the algebraicity result still holds for those
new representations.

1.1 The coefficient systems

Let n € IN be a natural number. Throughout this thesis we write Z,, for the centre
of GL,, and set K, o, = SO,(R)Z,(R)?, where by Z,(R)° we mean the connected
component of the neutral element in Z,(R). We will always use small letters to
identify the respective Lie algebras gl,,, sl,, 50,, 3n, €00, --.0f GL,(R), SL,(R),
SO,(R), Z.(R), Koo, ---

As we will prove in Section 1.4 being cohomological is a local property at infinity:

Lemma 1.1 An irreducible cuspidal automorphic representation m occurs in coho-
mology in the sense of [KMS] if and only if

We want to generalise this notion. The idea is to consider irreducible cuspi-
dal automorphic representations 7 that occur in cohomology modules of the kind

7



8 Cohomological Representations and Twisted Rankin-Selberg Convolutions

H g'K(g[n, K003 Too @ M), where M is some finite dimensional rational representation
of GL,(R). The next step is to make precise how M may look like. In order to do
this, we follow the work of Mahnkopf (cf. Chapter 3 of [Mah]).

Let B,, = T,U, denote the group of upper triangular matrices in GL,,. Here, T,
resp. U, is the standard maximal torus in GL,, resp. the unipotent radical of B,.
Let X (T},) be the set of algebraic characters v : T,, — G, of T,,. Then X*(T,,) resp.
X*H(T,,) denotes the set of dominant resp. dominant regular weights in X (7,,). We
identify Z" with X (T,,) by sending p = (y1;) to t +— [[, ¢/*. For a weight p € X*(T},)
we denote by (o, M,) the irreducible algebraic representation of GL,(Q) of highest
weight p. Note, that by Satz 1 of [Kral, II1.1.4, such a representation always exists,
and is unique up to equivalence. Since by [Clo], p. 122, the representation g, :
GL,(Q) — GL(M,) is defined over Q, we may assume that M, is a Q-vector space.
For any extension E/Q we set M, p = M, ® E.

With this new vocabulary get a more general notion of cohomological representations
as follows (cf. [Mah], 3.1.1):

Definition 1.2 The set of all irreducible cuspidal automorphic representations w of
GL,(A) satisfying
Hg.K(g[naKn,oo;ﬂ-oo ®MM,C) 7é 0 (11)

for the relative Lie algebra cohomology is called Coh(GL,,, ). Here, s is the infinity
component of .

Lemma 1.1 now reads: Coh(GL,,0) is the set of all representations that occur in
cohomology in the sense of [KMS]. In that case, yu = 0 is the dominant weight and
0, is the trivial representation.

As a concluding remark in this section we should mention that as an effect of (1.1)
not every dominant weight occurs as maximal weight in the coefficient system of
a cohomological representation. More precisely, let us denote by i € X7 (T},) the
dual weight of u, i. e. fi is the highest weight of the contragredient representation
(04, M,,). As before, for any extension /Q we set M, p == M, ® E. Let further
War, = War, (T,,) be the Weyl group of GL,, and wqy,, its longest element. We
view Wqr,, as subgroup of GL,, as usual. Then we define X (T},) resp. X, (T,,) to
be the set of all dominant resp. dominant regular weights u € X(7,,) satisfying

4w, = (W), . wE(p)) (1.2)

for some wt(p) € Z, where the vector on the right side should be identified with a
weight in X(7,,) like above. We call wt(u) the weight of the weight vector u. Since
i = —wgqr, i (cf. [Kra], IT1.1.4), (1.2) amounts to saying that u is self-contragredient
up to twist. In particular, (1.1) implies that u € X (7;,) for non-empty Coh(GL,,, i)
by Lemme 4.9 in [Clo].
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1.2 The action of the group of connected components

For later use we are interested in a submodule of Hy(gl,, Kn oo} oo @ M), ¢) that is
one-dimensional as a C-vector space and easy to describe. In Corollary 1.5 we will see
that under minor assumptions H (gl,,, Kn oo} Too @ M, ¢)°®) is a suitable choice.
In order to get there we study the action of the group m(0,) = O, (R)/SO,(R) of
connected components on cohomology. The results of this section are taken from
[Mah], 3.1.2.

If we put m(GL,) = GL,(R)/ GL,(R)° and 7(Z,,) = Z,/Z° we see, that all three
groups are isomorphic to the multiplicative group {£1} of order 2, and all their
groups of characters are isomorphic to the group {1,sgn} of (complex) characters

of {£1}.

We embed m(Z,) — Z,(R) via £1 — =+1,,, where 1, is the unit matrix of GL, (R),
hence we may restrict characters w on Z,(R) or on 7,,(R) to my(Z,,). For simplicity,
we write this w|,. Moreover, the inclusion map O,(R) — GL,(R) induces an
isomorphism 7(0,) = m(GL,), hence we may identify m(O,) = m(GL,). On
the other hand, the inclusion Z,(R) — GL,(R) induces an isomorphism 7 (Z,) =
mo(GL,,) only if n is odd. Hence, in the case n is odd we may identify my(Z,) =
mo(GL,,) as well as their character groups. Furthermore we may embed my(Z,,) —
GL,(R) via +£1 — =£1,, and, again, restrict characters on GL,(R) to mo(Z,,).

Let m € Coh(GL,, 1) for a weight 1 € X (T,,). SO,(R) is a normal subgroup in
O,(R), since it has index 2. We have an action of O, (R) on

L] Kn [e o]
aic (80, K003 oo @ M) e (A(g[n/gnm)* @ Moo ® M#’C>

via the GL, (R)-module structure of the factors. Note, that the results of section 1.5
of [BW] hold in this case, although K, » is not compact. Since the action of SO, (R)
is trivial, we have even an action of the quotient 7y(GL,) = O,(R)/SO,(R).

We want to determine the structure of our cohomology H g (gl,,, Kn oo; Too & M, .C)
as a mo(GL,,)-module. We set

{1,sgn} it n is even ,
{ttlroz} = {sgn"t/2} if n is odd.

7ATO(GLna :u) = {

Using the identification 7o(Z,,) = mo(GL,,) in the case n odd we may view 71o(GL,,, 1)
as a set of characters of my(GL,). We note that 7o(GL,,u) = @o(GL,, 1),
since i = —wgr,p. Lemme 3.14 in [Clo] (and its proof) then shows that
Hee (8l On(R)Z0(R); £ © Trag @ M) # 0 0nly if 2oc € Wyl 70(GLy, f2), where
wy 1s the central character of m. We set

mey, = dime Hg (gl,, On(R) Z,(R)"; €00 ® Too @ M,,.0),

n’
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where €5 € wr|r,Mo(GLy, f1). The formula in [loc.cit.] shows that mg,;, only depends
on the rank of the group GL,. Since the restriction WOO|SLR(R) breaks into a direct
sum of two irreducible representations if n is even and remains irreducible if n is
odd, we thus obtain by [loc.cit.]

. - " e sgn @ id if n is even,
gK(g[na Kn,oo; Too & M,u,C) - mGLn { (13)

Wr | sSENVHH/2 - if 1 is odd,

as mo(GLy)-modules. Finally, if we set

2 . .
I o if n is even,
" wolif s odd,
P % —1 if nis even,
" et 1 ifpis odd,

we get from Lemme 3.14 in [Clo] that m¢y, # 0 if and only if b, < e <, and
mlg’Ln = mtéLLn =1.

1.3 A closer look on relative Lie algebra cohomology

In Chapter 3 we will need an explicit description of relative Lie algebra cohomology
in order to make good use of the fact, that a cuspidal automorphic representation
7 lies in Coh(GL,, 1) for some regular weight . We provide such a description by
the following proposition, that seems to be well known to the experts but seems not
to be explicitly proved in the literature.

Proposition 1.3 [t holds

SO, (R)
H;K<g[n’ Kn,oo; Moo @ MN’C) - </\(5[n/50n)* QD Too & M ’C) '

Proof. Since K, is connected, by section 1.5 of [BW]' we may write

H;K(g[n7 Kn,ooa Moo & MN,C) = H;%(Q[na En,oo; Too X MM,C)-

INote, that since the central action is by a scalar, the K, oo-invariant submodules of 7 QM 1,
are just the same as the SO,,-invariant ones. Therefore, we may apply the results of [BW] on K, «,
even if the latter is not compact. In the results we cite, the maximality of the compact subgroup
is never needed.
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Consider the complex

[BW], 1.1.2

Cgf(g[m oo Too @ MM,C) = Homﬁn,oo (/\ g[n/gn,om oo & MM,C)'

By Theorem 1.5.3 of [loc. cit.], and since 7 € Coh(GL,, ), the central character
of T equals the one of g,, implying that 7o ® MH,@ has trivial central character.
Recall that mo, and M both are irreducible representations of GL,(R). By the
triviality of the central character of 7, ® MM@ the latter uniquely corresponds to
the tensor product of the irreducible representations of SL¥(R) given by restriction.
We will identify the respective modules and denote them the same.

Because of ¢, . = s0,, @ 3, the vector spaces gl, /¢, ~ and sl,/s0,, are identical, so
that we have

C’;E(g[m En,oo§ Moo & M/MD) = Homﬁon(/\s[n/ﬁﬁn, Too & MM,C)
= £;E(g[n,son; Moo & Mu,c),

whence ) )
Hg.K(g[n7 K00 Too @ MM,C) = ng(ﬁ[naﬁﬂn; Too & M[},,C)-

Now, since SO, (R) is connected, all that is left to show is

Hyy(80y, 50,5 oo ® M), ) = Homgo, (/\ 81,/50,, oo ® M, ). (1.4)

But this follows directly from Proposition I1.3.1 of [BW], we just have to verify
that we are allowed to use it. In order to do that we choose SL,(R) as connected,
reductive Lie group and SO, (R) as its maximal compact subgroup. We have to
guarantee that dr.(C) and dg, c(C) are scalar operators, where C' is the Casimir
element of the envelopping algebra 4(sl,,), and dr,, and dg, ¢ are the respective
induced mappings on #(sl,,). By Schur’s Lemma (cf. [Kna2|, Proposition 5.1), and
since C' is in the centre of (sl,), it would suffice to show that 7., and M, ¢ are
irreducible SL,,(R)-modules. Obviously, this does not hold in general, but since all
representations are irreducible as SL¥(IR)-modules, we may use

Lemma 1.4 Let o : SLE(R) — GL(V) be an irreducible SLE(R)-module and do the
induced mapping on $A(sl,). Then there is a scalar r such that do(C) = r -id.

By applying the lemma on 7., and on ]\qu,@ we may use Proposition 11.3.1 of [BW]
now. Since m € Coh(GLy, i), we get dm(C) = dp,.c(C), and therefore (1.4). This
concludes the proof of Proposition 1.3. O

Proof of Lemma 1.4. If V is still irreducible as SL, (R)-module, there is nothing
to show. So assume that V' decomposes into a direct sum of (irreducible) SL,,(R)-
modules (01, V1) and (02, V5). Note, that since the index is 2 this is the only other
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case. If V} and V5 are isomorphic, still there is nothing to show. So assume that V}
and V5 are not isomorphic as SL,(R)-modules. Choose g € SLZ(R) ~ SL,(R) and
vy € Vi with gvy € V. Then gV] is not contained in Vj. Since for all h € SL,(R)
we have

h(gVi) = (997 )h(gVi) = g(g~ hg)Vi = gV, (1.5)
gVi is a SL,(R)-module. Note, that SL,(R) is normal because of its index 2 in
SLE(R).
Since Vi 2 V4, the only SL, (R)-submodules of V' are 0,V}, Vs, and V| so that gV}

is isomorphic to V5. Then (1.5) tells us how the module structures of V; and V; are
related: Clearly it is enough to proof g7'Cg = C to get do,(C) = d»(C).

We may write C' = ). X; X7, where the X; resp. the X form a basis of sl,, dual

(2

to each other via the Killing form x of sl,. It holds
Rl Xig, 97X} g) = k(X5 X7) Vg € SL(R),

so that the basis formed by the ¢7' X;g and the one formed by the g~!X}g are also
dual to each other. The lemma follows because of g~'Cg = >, 7' X;99 ' X} ¢ and
the independence of the Casimir element of its basis. U

Now let mﬁ? ") denote the space of O, (R)-finite vectors in the representation space

of 7. Note, that since M, ¢ is of finite dimension, we have M L(L%”) = M,c. Let

further HO»®) = H, and H_ denote the respective (£1)-eigenspaces of any SO,,(R)-
invariant module H. We get the following corollary, which will be useful in Section
3.6.

Corollary 1.5 (a) If n is even, then Hg}}(g[n,Kn,oo;Woo ® M,c). is a one-
dimensional C-vector space for both € € {+, —}.
(b) If n is odd, then Hg;((g[n,Kn,oo;ﬂoo ® ]\7[%@)5 is a one-dimensional C-vector
space, if sgn(wy(—1,)(=1)"""/2) = ¢ the other one is trivial.

) b, ) SO (R)
(c) Hg;((g[n, K oo; Moo @ My ¢)x = (/\(s[n/son)* @1 ® Mu@)
+
Proof. By Proposition 1.3 we have
- On(R)
Hg?((Q[nv Kn,om Too & MM,C)OTL(R) = (/\(5[71/5071)* &Q oo @ MIMC)

bn

O, (R)
- (/\<5[n/son>*®7r£§">®m@> '

Assertion (c) follows, since Hg}‘((g[n, Ky o0i Too @ M, ¢) is the direct sum of its (+1)-
eigenspaces. Assertions (a) and (b) result from (1.3). O
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1.4 Proof of Lemma 1.1

Let m = 7y ® T be an irreducible cuspidal automorphic representation of GL,,(A).
In the special case i = 0 of Section 1.3 we find

Hgfl((g[m Kn,oo; 7Too) = HS?(EIn,EOn; 7TOO).

On the one hand, assume that 7 occurs in (s-dimensional) cohomology with constant
coefficients in the sense of [KMS], p. 99. We want to show that 7 lies in Coh(GL,, 0)
by proving

Hgg(s[n,son;woo) £0

with the above. By p. 122 of [KMS] we have
H (80, 50,5 Tog) O R/ SOn(R) BV, 1.8 H (80, Op; M) #£ 0.

So we have found a non-trivial summand of H(gl,,, Ky o0} Too), Which proves the
first inclusion.

On the other hand, let 7 = 7y ® 7o be in Coh(GL,,,0). Like in Section 1.3 we see
that 7., has trivial central character, so that we may use Corollary 1.5 to get

C = Hgy(sl,, 50, Woo)o"(R)/So"(R) L H (s, 0 '77(0"))-

ny oo

By p. 122 of [KMS] this gives us the second inclusion.

1.5 The Langlands parameter

We denote by L (GL,,) the set of all pairs (w,1), where w € Z and 1 = (Iy,...,l,) €
Z" is a finite sequence satisfying Iy > -+ > Il > 0, ; + 41—, = 0 for all
i €{0,...,n}, and the purity condition

1 mod (2), if nis even,
w+1l= L (1.6)
0 mod (2), ifnis odd,
where we identify w with (w,...,w). We note, that for n odd this immediately

implies w =1 = 0 mod (2) since l(,41y2 = 0. If we let ®qr,, = ®(GL,,T},) denote
the set of roots of 7, in GL,, and <I>J(§Ln the subset of positive roots determined by
the choice of B, we see, that the sets L (GL,) and X (7,,) are in bijection:

LE(GL,) «— X (T,) (1.7)
w+1

(W) = ="
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Here,

1 n—1n-—3 n—1
=5 > a=( : e — ) € X(GL,) ®zQ

+
aE@GLn

is the half-sum of positive roots of GL,, relative to T,,. Explicitly, we have

wHli—(n—1) w+lo—(n—3) w—l1+(n—1)
2 ) 2 PRI 2 )

= w
+l1—(n—1) wHla—(n—3) w w—l1+(n—1) : .
5 , 5 ey, —5— ], if nisodd.

if n is even,

In the inverse direction the parameter associated with a dominant, integral weight
w reads (w, 1), where w = 1y + p, is the weight of g and 1 = 2(u + 0,) — w.

To any (w,1) € £J(GL,) we attach an induced representation of Langlands type:
we write D, for the discrete series representation of GL2(R) of lowest weight | 4 1
(cf. [Buml], p. 216); we then set

Indg(Lﬁ)(]R)(‘ . ﬁ/Q Q@ Dyyyoy | ﬁﬂ ® Dy, ,), if n is even,
J(w,1) := GLn(R) w/2 w/2 w/2 e
IndQ(R) (- [R"® Dy |- IR ®Dl(n7w2,|- R ), ifnis odd.

Here, @ < GL,, is the parabolic subgroup of type (2,...,2) resp. (2,...,2,1).

Let (w,1) € L (GL,,) correspond to u € X (T},) as in (1.7). By (3.6) of [Mah] any
7 € Coh(GL,, ) has infinity component

Too Zsgn* @J(w,1), k€ Z/27. (1.8)

For later use (cf. Chapter 5) we remark that to each such representation 7., there
is a corresponding representation Y of the Weil group Wgr of R via Langlands
correspondence. Wpg is the non-split extension of C* by Gal(C/R) = Z /27 given
by

Wr =C*UjC*,
where j2 = —1 and jzj~! = z for all z € C*. Thus any representation of Wy
is determined by how elements of the form z = re” and j act. There are exactly

three types of irreducible representations, which are given explicitly in Chapter 3 of
[Knal]:

m The one-dimensional representations (+,¢) with ¢ € C, which act via ¢ are
given by
p(z) = |2|" and p(j) = +1.
» The one-dimensional representations (—,¢) with ¢ € C, which act via ¢ are
given by
p(2) = [2|" and o(j) = —1.
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» The two-dimensional representations ([, t), where [ > 1 is an integer and ¢t € C.
In those we may always choose a basis {u, u'} such that we have

p(re®yu = 12, (ré®)! = e o(j)u = o, p(iN = (—1)',

where (,t) acts via ¢.

Using this notation we have

W (1,20 (b, ) D & (2. %), if n is even,
(h,5)© (2, 5) - & (-2, 5) @ (sgn, 5), i nis odd.

We will need to determine the tensor product of two such Weil group representations.
So let
Ooo = sgn® @J (W, 1), Kk €7/2Z

be a representation of GL,,(RR), notation being clear from the context. Analogously,
we get

w_ J5) el 5)® @1, 5) @ (sen®,§),  if mis odd,
(1,88 (1, 8) & & (1008, if m is even.
We want to calculate the tensor product of 7¥¥ and ¢Y. Therefore we have to

calculate the various tensor products of the building blocks. We distinguish three
cases:

m Let 0,0" be in {+,—}, and let ¢,¢' be in C. Obviously, we get

(+,t+t), ifo=0d,
(—,t+t), ifo#o.

(o,t) @ (o', 1) = {

m Let [ > 1 be an integer, 0 € {+,—} and ¢,¢ in C. Let further {u,«’} be the
special basis from the definition of (/,¢) and v an arbitrary element of (£,t').
Then it is an easy calculation to show, that

(L,t) @ (o,t") = (I,t + 1),

where an associated special basis is given by {u ® v, v’ ® v}, if 0 = 4, and by
{u@uv,—u v}, if o = —.

m Let [,I' > 1 be integers, and let ¢, ¢ be complex numbers. Let further be {u, v’}
and {v, v'} the respective special bases of (I,¢) and (I',#). A quick calculation
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shows that u ® v and ' ® v' span a two-dimensional representation of the type
(Il +1,t+t). Analogously,

D'y ®v',u' ®@ v} is well-defined for [ > I,
D' @ v,u ®v'} is well-defined for [ < I,

(I = U',t +t') with special basis {(—
(I" = 1,t +t') with special basis {(—

In the case [ = I’ the representation (I,¢) ® (I',t') is not irreducible any more,
but splits into

Du®v +u @,
lu®@v +u ®@w.

(4,t +t') spanned by (—
(—,t+t') spanned by (—1)"~

We may subsume the results of this case by

[+0U.t+t =0V t+t
o< {LHEEFDOU=T]t+),
I+ t+t)® (+,t+t) D (—,

ifl £ 1,
t+t), ifi=1.
We will only be interested in the case m = n — 1. There we get

Proposition 1.6 The tensor product ¥ ®@ oYY takes the value

2 2y

5 / N

D (1, 22 e DB o+, @ - 0,25 i is even

=1 i=1 j=1 & -

anl nlnl

/ /]

@l’ w+w @69@ (li+l3,$)@(lli—l}|,wzw) . if nis odd,
j=1 i=1 j=1 & -
where by (0, %"V/) we denote (+, YY) @ (—, %W/)Q

1.6 Cohomology of locally symmetric spaces

We want to relate the results up to now to the cohomology of the orbifolds

S (K

) = GL

where K is a compact open subgroup of GL, (Af). Note, that if det(K)

have, by strong approximation, the isomorphism

n(Q\ GLn(A)/ K K oo,

= 7> we

GLn(Q)\ GLH(A)/KKn,oo = FK\ GLn(R)O/ SOn(R)7

ZNote, that in [Knal] the integer | belonging to the representation (I,t) is at least 1, so that
there is no conflict of notation.
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where
Iy :={y€ GL,.(Q)" | v; € K} C SL,(Z).

We set 3
Sy = lim S, (K),
pai—
K

where K runs through all compact open subgroups of GL, (Ay). For any finite-
dimensional representation (g,,, M,,) we define the locally constant sheaf M Mu K
on S, (K) by setting M, x(U) for any open U C S, (K) to be the set of locally
constant functions f : pr~'(U) — M, satisfying

vy € GLu(Q), z € pr '(U) : f(v2) = 8,(1)(f(2)),

where pr : GL,(A)/K K, » — S,(K) is the natural projection. Analogously, we get
a locally constant sheaf on S'n, noted 3\/[ as well. Similarly, for any field extension
E/Q we denote by Mu =M, gk the correspondmg sheaf on S,,(K). Analogously
to the rational case, Mu, & denotes as well the respective sheaf on S,.

We then define the cohomology groups with coefficients in J\V/[MC,K (cf. [Clo], p. 121):

H3 (S, My ) = lim H3 (S, (K), Mycx), 7 € { blank, ¢, cusp }.
K

These groups are modules under the canonical action of GL,,(Af) x mo(GLj,).

Viewed as a GL,(Af)-module, the cuspidal cohomology decomposes into a direct
sum of GL,, (A f)-isotypic components:

cusp(Sn?J\/[,u C) @ cusp(STH:N[,u C)(ﬂ-f>

7€Coh(GLy,,ft)

Since the actions of GL,(A ) and my(GL,) commute, the isotypical components are
stable under the action of mo(GL,,). Since furthermore by [Clo], Lemme 3.15 (ii) we
have

cusp(Sn7 MH C)(ﬂ-f) - 7Tf ® HgK(g(rn Kn ,007 oo ® MMC) (19)

and since GL,, satisfies multiplicity one by [Sha], we obtain from (1.3) and the
definition of 7(GL,,, 1)

cusp(Sn’ MIJ« C)(Trf) = @ mE}Ln (7Tf ® ﬁ-00)'

Moo € Wrr |7r0 7o (GLn St

Note, that wy|., € {id,sgn}. Altogether we find a decomposition into irreducible
GL,,(Af) x m(GL;,)-modules:

He (S Muo) = 6D P mey, (Tf ® Too). (1.10)

7TECOh(GLp,f1) Too€ wr |7T() 70(GLn,u)

Since m® = 1, this decomposition is multiplicity free in degree b,,.



Chapter 2

The Rankin-Selberg convolution

In this chapter we will introduce the Rankin-Selberg L-series, whose critical values
we want to study in Chapter 3. Starting from the Global Birch Lemma of [KMS]
we will give a first description of those values in terms of integrals over certain
Whittaker functions.

We fix a non-trivial character 7 = @, 7 : Q\A — C*, such that for all finite places
¢ the conductor of 7, equals Z,. We also denote by

n—1

T(n) = HT(ni’Z’+1)

=1

the induced (generic) character of U,(A). For any automorphic representation
T = Tf ® Moo We write # (m,7) for the Whittaker model of m with respect to 7.
This Whittaker space can be described as the restricted tensor product of the local
Whittaker spaces defined as in [JPS2] resp. [JPS1] in the infinite resp. finite case,
that is
W (m,7) =W (Moo, Too) ® ®/7/(7Tg, T¢).
lfoo

Hereby, we restrict in the following way: For any prime ¢ where 7, is unramified
the subspace of GL,,(Z,)-fixed elements in # (m, 7¢) is one-dimensional (cf. §4 in
[JPS3]). Tts normalised generator wy is called the new vector of # (m;, 1), normal-
isation being by w?(1,) = 1 (cf. (3.3) in [loc.cit.]). Now an element of # (r,7)
is a tensor in @, # (m, 7¢), where all but finitely many factors are given by the
respective new vector. This is possible, since 7, is unramified for all but finitely
many primes £.

Throughout this thesis, we will always assume that for every finite place ¢ the
respective additive character 7, has exponent 0, meaning that Z, is the biggest
broken ideal of Q, on which 7 is trivial. We may do so without loss of generality,
since by [JPS1] the Whittaker models for two additive characters 7, and 7, are
isomorphic.

18



Chapter 2. The Rankin-Selberg convolution 19

Now we fix a prime p, and two cuspidal automorphic representations 7 = 7 ® 7o
resp. 0 = 05 ® 0o 0f GL,(A) resp. GL,_1(A) both unramified at p. Following
[JPS1] we now introduce the local Rankin-Selberg convolution for 7 and o at some
fixed prime number ¢ # p: For each pair of Whittaker functions

(U}g,vg) - W(ﬂ'g,Tg) X 7/(0’@,7_'4)

the associated zeta integral

g 1
stwnus)i= [ w(? ) ule) - detla) g
Un—1(Qe)\ GLn—-1(Q¢)

converges for Re(s) large enough. These zeta integrals span a fractional ideal L of
the ring C[¢*,¢*]. In that way the local L-function L(m;,04;s) is defined uniquely
by fixing a polynomial P(X) € C[X], such that P(0) = 1 and P(¢~%)~! generates
L, and by setting

P(t=*)"t =: L(my, 04; 8).

Obviously, we have a linear map on the tensor product # (m, 7,) ® # (04, Ty) given
by
- {V/(W,n) ® W (01, 71) — C(£°),
¢

Wy ® Vy \I/g(wg ® Uy, S) = '(ﬁg(’u)g, Uy, 8).

Moreover, if m, and o, are both unramified, by §3.2 in [KMS] the zeta integral for
the associated new vectors w) and v) represents the L-function

L(my, 00;8) = \I/g(wg ® vg; s).

From now on we will write in short ¢ := wj ® v). Let S denote the set of primes ¢,
where 7, or o, is ramified. For any ¢ € S there is a tensor t) € ¥ (m, 7¢) @ # (04, T¢)
such that we have

L(mg, 00, 8) = Wy(t); 5).

Note, that for general n such a vector does not need to be pure. In the case n = 3
however Riedel recently showed, that there is always a choice of a pure ¢) (cf. [Rie]).

We will now consider pairs (w,v) of global Whittaker functions on GL,(A) and
GL,_1(A) given as products of local Whittaker functions w := [[, w, and v := [], v,
where we choose wy = wj and v, = v} for £ not contained in S U {p}. For £ = p we
let w, and v, vary among all Whittaker functions which are right invariant under
the respective Iwahori subgroup I, or I,_;. Here, I, consists of those matrices in
GL,(Z,) which are upper triangular modulo p. For ¢ € S we will choose a tensor as
described above.

For any choice of wy € #4(Too, Too) and Vs € #5(000, Too ), for arbitrary wy, v, for
(€ S, for (wy,ve) = (wf, vy) for £ & SU{p}, and for (w,, v,) like in the last paragraph
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we get global Whittaker functions (w,v) with associated automorphic forms (¢, ).
Here, the 0 in the index means, that we consider the space of O, (R)-finite resp.
O,,—1(R)-finite Whittaker functions (cf. [JPS2]). Like above we set

Ho(m,7) = Wi (Toos Too) @ Q)W (1, 70).-

lfoo

The product of all local zeta integrals then becomes a Rankin-Selberg convolution
(cf. [JS)])

Motwows= [ o(*,) plo) et

GLr—1(Q)\ GLr—1(A)

for Re(s) > 0, admitting an analytic continuation to an entire function in s (cf.
[CP1], Prop. 6.1). This function only depends on the pure tensor w ® v and can
be extended linearly to the algebraic tensor product of Whittaker spaces #4(m,7) ®
#o(o, T) by sending

Hwe ® HW — H Uy (wy @ vg; 8).
¢ ¢ ¢
In particular we find (up to the infinity factor) the global L-function

L(m,0;s) = H L(my, 003 5)
¢

in the image of this map. For each choice of the pair (w.,vs) there is an entire
function P(s) such that

P(5) - L(Too, 005 5) = Vo(Weo @ Voo; 5),
and therefore

P(s)- L(m,0;5) = V(oo @ Voo S) - H Wy(t);s).
loo
Recall, that L(7e, 0s0; ) is defined by the Weil group representation as in [JPS2].

Writing each ¢ for £ € S as a sum of pure tensors leads to a finite sum of (global)
pure tensors in #4(m, 7) @ #y(0, T)

ZU}]‘ ®Uj = (woo ®’UOO) . Htg (21)

lfoo

We fix this explicit decomposition and in what follows our formulas will depend
on it. Separating finite and infinite parts we will sometimes write w; = woo - wj ¢



Chapter 2. The Rankin-Selberg convolution 21

and vj; = vs - v;, 5. The associated automorphic forms ¢; and ¢; yield the integral
representation

P(s)- L(r,0:5) Z/@( ) (¢)] det(g)* dg.

We will in particular consider modified (wj,v;)’s and (¢;,p,)’s, where at ¢ = p

the local component (wp, vg) is replaced by an arbitrary pair (w,,v,) of Whittaker

functions invariant under the respective Iwahori subgroup.

We want to consider x-twists of m for a finite idele class character x = [, x¢ satis-
fying the properties®

(a) Xoo = 1,

(b) x,x?,...,x" ! have the same non-trivial conductor f = p-power.

Let X, denote the continuation of x, to Z, by X,(pz) = 0 for all x € Z,, and let
further G(x,) denote the GauBl sum of x,. Then it holds

Global Birch Lemma (Kazhdan, Mazur, Schmidt) For any choice of (oo, Vo)
and any (wy,v,) right-invariant under the respective Iwahori subgroup the corre-
sponding triples (P, ¢;, ;) for all j satisfy

(1)1 P [T 22 i v

i=1

- Sy [ al(?))e o) e

u i=l I GLp_1(Q)\ GLn_1(A)

where w = u, (with uy =1 for all £ # p) is taken from a representative system for
Un(Z,) modulo ©U,(Z,)p~" with ¢ = diag(f~*,..., ™).

For a proof look at page 114 of [KMS]. In view of Chapter 3 we want to reformulate
the lemma such that the integrals on the right side of the formula do not involve the
character x. Let f be a non-trivial power of our fixed prime p and C} the inverse
image of the idele class group

QX\QX-<R>0>< I z; =< 1+ ) p) C QU\AX

L#p,00

3The first assumption ensures that P(s) will not change when passing from 7 to m ® y since
oo = (T ® X)oo- The work of Schmidt and Utz indicates that the second assumption on y may be
omitted (cf. [Schm2] and [Utz]).
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under the determinant map
det : GLnfl(Q)\ GLn,1<A) — QX\AX.

We decompose the domain of integration into finitely many shifts of C'; as follows.
Write

GL, 1(Q)\ GL, 1(A) = chf diag(z,1,...,1),

where z runs over a representative system of (Z/f*""VZ)* in Zx. Note, that this
shift only effects the p-component.

1

Corollary 2.1 Specialising to s = 5 we gel

nflG i -1
w50 P (3) T pre o)

= Z%fﬂn—l)Zﬁxp(uj)Z/aﬁj((g 1)90‘1us0)90j(g)d9~

u 1=1 i o



Chapter 3

The algebraicity of the special L-value

From now on, let 7 € Coh(GL,, 1) and ¢ € Coh(GL,_1,7) be two cohomologi-
cal representations like we introduced them in Chapter 1. Accordingly, we have
p € XS (T,) and v € X (T,,—1). Our aim is to show that we may choose a Whit-
taker function to, € #5(Too, Too) @ #(000, To) such that for these representations
the integrals on the right side of the equation in Corollary 2.1 up to a constant
factor are algebraic numbers (cf. Theorem 1). The idea is to make use of the non-
vanishing of cohomology for m and 0. We thus will be able to construct a pairing on
cohomology having the above-mentioned integrals as values. Since both representa-
tions are already defined over the algebraic numbers, and since this pairing respects
algebraicity by construction, this will prove the assertion. Note, that the results of
this chapter hold, no matter what the critical values of (7, o) are. However, we keep
in mind the important case, where s = % is a critical value of (7, o), or even the only
one (cf. Chapter 5 for a discussion of this point). The title of this chapter should
be viewed in that light.

3.1 A map of differential forms

We will begin not by constructing a pairing on cohomology but by finding a natural
pairing on differential forms instead. However, this cannot be done straight forward,
since belonging to 7 and o we will get differentials on different symmetric spaces.
So the first thing we will have to do is to find a method that translates one type of
differentials into the other. In this and the next two sections we will thus construct
a chain map from the differential forms of the first type into those of the second one.

By [JPS3], Théoreme (5.1) for n > 3 the global representations 7 and o have finite
parts 7y and oy with new vectors wy resp. vy right-invariant under some open
compact subgroup K C GL,(Z) resp. K' C GL,_1(Z), such that the respective

23
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image under the determinant map is the full unit group ix, i. e.
det(K) = det(K") = Z*.

We will assume n > 3 from now on. Moreover, the canonical embedding
. g
j:GL,_1 — GL,, g+ ( 1)

sends K’ into K, since by Théoreme (4.1) of [loc.cit.] wy is even right invariant
under j(GL,_1(Z)), so we may choose K containing j(K'). Recall that we defined
all of our additive characters 7, to have exponent 0, what allows us to use those
results.

Separating finite and infinite parts of adelic elements we write ¢ = (gr, g) for

g € GL,(A) = GL,(Ay) x GL,,(R). We put
Zn = GL,(R)/ O,(R) = GL,(R)°/SO,(R) = Rso x 2!

with
2} = SL,(R)/SO,(R) = SLX(R)/ 0,,(R) C 2,
and
[:={y€GL.(Q)" | 7y € K} C SL,(Z).

Then by the surjectivity of the determinant map we have the bijections

and

'\, 2 GL,(Q)\ GL,(A)/K - SO, (R) Zu(R) = 5,,(K). (3:2)
For a proof look in [Buml], Prop. 3.3.1.* The common dimension of 2, and T'\ 2,
is d, = "2% The same argument applies to GL,_; with a discrete subgroup

[V C SL,_1(Z) attached to K’. The embedding j : GL,_; — GL, induces an
embedding of symmetric spaces

ji Xt — Zons g On 1 (R) <g 1) - On(R).

Moreover we can create a whole family of embeddings by composing j with left
translation by any element h € GL,(R). Set

Jn: X — @, - O 1(R) = - (g 1) L Ou(R).

4The proof is written down only for n = 2 but holds for general n.
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We are in particular interested in those embeddings j, which define maps of arith-
metic quotients. For any h € GL,(Q) let

U, = {yel"|j(y) € h~'Th}.
Then 75, induces a proper mapping
o DI\ Ziy — T\ 2, T,gOn_1(R) v Th (g 1) O,(R).
We want to compose the maps j, with the projections py into the second component
of 2, = R x 2}, induced by the map
P : GLo(R) — SLE(R), g g- |det(g)[ /",
Recall that the passage to quotients only effects the second component, i. e.
N\Z, =R x I\ 2.
On arithmetic quotients we have the homotopy equivalence
P2 D\Z;, — T\.2:1.
Of course the same arguments apply to n — 1 instead of n.

For each u € U,(Q) the map

J = F;\%n,1 - F\%nl
u ::p OJU: / —1/n
’ ['gO0,1 = Tu(? ) |det(g)] /"0,

is proper by [KMS], p. 102. We want to keep track of the effect of these maps J,, on
certain differential forms. We denote by [, left translation by u and we decompose
the map

p20 ju : GLy—1(R) — SL:GR)? g p2(u-j(g))
further into py 0 j, = pg o1, 0 j. Since det(u) = 1, the maps py and [, commute,
hence we have

b2 Oju = lu © P2 Oj'

We observe that p, o 7 is an injective Lie group homomorphism and hence the
induced map on invariant 1-forms is surjective. Specifically, letting * denote dual
vector space, this induced mapping

d(p2oj):sl, — gl
is given by the formula

6(p2 0 J)(W)(X) := w(d(pz 0 7)(X)) (3-3)



26 Cohomological Representations and Twisted Rankin-Selberg Convolutions

for X € gl,_,. Here d(py o j) denotes the Lie algebra homomorphism gl, ; — sl,
induced by p, o j. Since the pullback [ acts trivially on sl we have

d(p20j) = 0(p2 0 ju) = (d(p2 © ju))"-
The map d(ps o j) respects the Cartan decompositions
sl, =50, ® Opand gl, | =50,1 D Pn_1 (=100 D Pn1),

where so0,, denotes the set of skew symmetric n X n matrices and @, (resp. @)
stands for the set of symmetric n x n matrices (resp. of trace equal to zero). In
particular we have

(p2 0 5)(9,) = P

We can now describe the map of differential forms
Jp s Q2 M) — QTN 2o, M)

in terms of the complex defining the Lie algebra cohomology. Note, that since
MM@ can be viewed as a GL,_;(RR)-module via j, we can define a locally constant
sheaf on S,_; just like in 1.6. We identify this sheaf with the one defined on S,
and name it J\v/[u,c also. Since Mu,c can be viewed as a finite dimensional complex
linear representation of GL,(RR) and therefore as one of any discrete subgroup I';, of
SLE(R), we may use Corollary VI1.2.7 and VII1.2.4 (5) of [BW] to get

On(R)
Q(0\ 2., M,.¢ (/\ ® C=(T,\ SLE(R )MM@)) . (3.4)

Here, we view the sheaf M, ¢ over S, (KT, ) as a sheaf over the arithmetic quotient

L.\ 2.} via (3.2).

An analogous statement holds for an arbitrary discrete subgroup I'y—1 of
GL,-1(R), if we write M, ¢ as well for the locally constant sheaf of M, ¢ over

(3.1)
GL,1(Q)\ GL,_1(A)/Kr, , 0,1(R) = T,_1\Z,_1 that we get like in Section

1.6:

On-1(R)
Q* (T 1\ 21, Myuc) = (/\m 1 ®C%(T,e I\GLM(R),Mm) . (3.5)

We want to choose bases for pn and @ . Thereby the dimension of p! ;is d,—1 =

”22_", and the one of ¢* is dy, ==d, —1 =12 +” — 1. By IL.7 in [Hel] for any basis

{X1,..., X } of 9, there is a ba81s {wi, .. wdn} of left-invariant differential forms
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in o given by w;(X;) := 0;; for all 1 <4,j < d,. Those forms are called Maurer-
Cartan forms. Now we fix such a basis {w;,...,w; } of Maurer-Cartan forms such
that

w, = 08(proj)(w;) fori=1,....d, 4

is a basis of p! ; and W} = 0 for i@ > d,,_;. Then the w, for 1 < i < d,,_; are

Maurer-Cartan forms as well. For any set I = {iy,...,4,} C {1,...,d,} of pairwise
disjoint elements iy, . ..,4, we put wy := wy; A... Aw;, resp. Wy =w; A...Aw; . It
holds

Lemma 3.1 Let r € N. Given a differential form

n= Z wigr € V' (T\Z,!, My,¢)

[|=r

with ¢; € C=(I'\ SLE(R), M,,.¢) we have

Tim) = wi(dropaoju) € U (T\ 201, M)

[|=r

Since J, is proper we also get a map on differential forms with compact support
Jy Q;(F\%nl7mu,0) - QE(F;\%n—hMu,C)a

just by replacing C'*°-functions by compactly supported C*°-functions in our de-
scription above. We will later need a version of J; on differential forms with certain
growth conditions (which we get just the same).

3.2 Growth conditions

The next thing is to make precise those growth conditions. Let ¢ be a function in
C>=(SLE(R), M, ¢). With an arbitrary norm | - | : M, ¢ — R of M, ¢ as a C-vector
space we can generalise the growth conditions described in [KMS], p. 119.

Choose a norm |-| of M, u,c- The function ¢ is of moderate growth or slowly increasing,
if there is a constant C' and a positive integer m such that for all ¢ € SLZ(R) we
have

19(9)] < C-]g]I™,

where ||g|| := tr(*g - g)'/?. The function ¢ is fast decreasing, if for each integer m
there is a constant C' = (), such that this inequality holds for all g. Those concepts
are well-defined (i.e. independent of the norm | - |) since all norms on M, ¢ are
equivalent, M, u,c being finite dimensional as a C-vector space.

1/2
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We will denote the compactly supported C'*°-functions by C¢°, the fast decreasing
ones by Cgy, and the ones of moderate growth by CF.

A differential form n = Y ,w;¢; on I'\Z,! is of moderate growth (resp. fast
decreasing), if the ¢; have this property (cf. [Bor]). Following Borel we de-
note by Q2. (I\Z;}, M,c) (resp. Qu(T\Z,!,M,¢)) the complex of forms n €
Q(T\ 2.}, y M, ¢) which together with their exterlor de Rham differentials dn are

n

of moderate growth (resp. fast decreasing).

3.3 Integration along the fibre

In this section we want to find a map from the image of J! to differentials on
[\ Z;L | such that the composition of this map and J is a chain map of the de
Rham complex. In order to do this we will integrate along the fibre: We consider
the canonical projection

™ F;\‘%‘n—l - F;\%nl—l X IE{>0 - F;\‘%nl—l

onto the first component and consider the push-forward 7, like in [BT], p. 37. We
will show that for n > 3 the forms in

O (DN 21, Myue) = (D21 % Roo, Muc)

which are in the image J*(Q8,(T\ 2.}, M,.¢)) can be integrated along the fibre, i. e.

Lemma 3.2 For n > 3 the push-forward m, is a chain map lowering the degree of
forms by one, more precisely

e Lo QN2 Mue)) — Q5 (T2 Mie)-

Remark We need n > 3 only for the identifications (3.1) and (5.2). The lemma
is true for n = 2 as well, if we view M, ¢ as a sheaf over the respective arithmetic
quotients.

Proof. Let n =3~ ;_,wr¢s be an arbitrary differential in Q8(T\Z;}, M,.c). Then
we have J;(n) = Zmz. wy (@1 0 p2 0 ju).

We want to use the fact that ¢; is fast decreasing to show that for each N > 0 there
is a constant C(y) independent of g such that

o (u(” )Lt )| < Con - min{ldes) . des)). 6



Chapter 3. The algebraicity of the special L-value 29

By definition of fast decrease, there is a constant C,, such that |¢;(g)| < Cpllg||™
for all g € G. In particular, we have
9 _1
o)) el

on (o7 ) laetal )| <

Now, the norm ||z[| := (3 «%)"/? on SL;; satisfies ||z|| > 1 and
i,

m

el My~ < M-yl < Hlf] - [lyll-

We use this information to find an estimate

g (“(g 1) | !det(g)ti)\ <Ch (g 1) | det(g)|

Put N .= ——2_ and

n(n—1)
[l form >0,
Civy =0C,, -
() {Hu—lu—m for m < 0.

" |l ™ for m > 0,
[lu=t||”™ for m < 0.

Then we get the required inequality (3.6), because for any m < 0 we have

H( ) [det(g)| || = [det(g) ¥ (1+3¢3)"

Since ) g7 > | det(g)|7-T, this implies for n > 2

m m
2

(1 det(g)]7T) T = (Idet(g)l 7 + |det(g) 7T

= (ldet(g)# + |det(g) oy

|- A" < [det(g)]”

ﬁ) ? < min{|det(g)|~ ™, | det(g)

n>2
< min{] det(g)[*V}.

For the last estimate we have to distinguish the two cases | det(g)| < 1 and |det(g)| >
1.

Let ¢ denote the global parameter of the factor R~q in I7,\Z;_1. Integration along
the fiber means that for each w} having the invariant differential £ =: ),  as a
wedge factor® we must consider the integrals

o oo

°In difference to [BT] we use the multiplicative Haar measure.




30 Cohomological Representations and Twisted Rankin-Selberg Convolutions

for h € SLE¥ |(R). These integrals are absolutely convergent by (3.6). Morecover,
the resulting functions gzvﬁLu are bounded, hence in particular, they are of moderate
growth. For wy |, & I we set gEl,u = 0. The same proof as for compact supports
shows that integration along the fibre is a chain map lowering the degree of forms
by 1, i. e. ) )

m s QD2 W) — Qo (T2 W)

If we write, in abuse of notation, w’I\{ o1} for the exterior product of the fitting
Wi 21, the image of m, can be described by

Ty (n) = Z él,uw}\{dn,l}‘

=

Since A\* pf_; — A° 95, is surjective, those restricted differentials generate ¢ ;.

Note, that
d(m.Jy () = mJ; (dn)

has coefficient functions of moderate growth, since for n € ¢, the coefficient func-
tions of dn are by definition also fast decreasing. So the proof of the lemma is
complete. O

We thus have constructed a composed chain map
. \ I *\ T °o— \
fd(F\’%;? MMC) - 1m(‘]u) - ngl (F;\%n1—17 Mlla@) (37)

similar to the Poincaré Lemma for forms with compact support (cf. [BT)).

Now let J\V/[W,,C be the locally constant sheaf belonging to the tensor product M, 1€ ®
M, ¢. We want to construct a natural pairing

B, : QU (T\ZL, Mye) x Qi (A2, Mye) — Qe (D2, Me).

Note, that b, + b,_1 — 1 = d,_1 = dim(2,! ;). Because of (3.7) it suffices to find a
pairing

By s O (T2 Mye) X Qi (T2, Mue) — Q7 (T2, Mywe)

and to set B,(n,n') := Bu(mJ{i(n% ).

3.4 A pairing on the differentials

We want to construct such a natural pairing B, now. In order to do this we need
to write down elements 7 of Qln=1(T"\Z:L |, M,.¢) and 1/ of Q0 (T \ 2011, M,,.¢)

b
mg



Chapter 3. The algebraicity of the special L-value 31

quite explicitly the way suggested by (3.4). In the proof of Lemma 3.2 we saw that
the w! with ¢ running from 1 to d,,_y — 1 = dn 1 form a basis of ¢ ;. We let I
and I’ run through the subsets of this basis like above Lemma 3.1, and let m run
through a basis of M, and m’ through a basis of M,,.

Then we may write 1) = 7, w}éi with

61 = ($im @m) € Con(TL\SLE | (R),C) @ M, ¢ = Con(I,\ SLE | (R), M,,¢)

m

and 0 =375, Wppr with
or =Y (prw@m) e CFA\SLL(R),C) ® M,¢ = C (I, \ SLi_ (R), M,,0).

Now consider the mapping given by
Bulisnf) i= ) (@A) 3 (Grn - v @ (m @ m))

where the first sum is over all pairs of subsets I and T "of {1,...,d, 1} fulfilling
[I| = b, — 1 and [I'| = b,—1. It is well defined, since B, (7, 7’) is invariant under
On_1(R): The latter acts on A“~ @, by action on the factors. So from the

invariance of w} and wi,.® follows, that ) A wj, is also invariant under O,_;(R).
Using this we can show that

9-Bu(i1,1') = Bu(g-i1, 9-n')
for all g in O,,_1(R). The assertion follows from the invariance of 77 and 7.

A straight-forward calculation shows that B, is bilinear as a map of
O (T3 SLF | (R), C)-modules. From the definitions of moderate growth and fast
decrease we get that, if 7/ is fast decreasing, the same is true for the image B, (7}, 7).
All in all B, has the properties we were searching for.

We want to use this formula for B, to describe B, explicitly. Soif we set 1) := m..J (n)
with n = )", ¢;wy like before, and if we write qblu => qb]um ® m, we get

Bu(n,n) = Bu(m.J;(n).n) (3.8)
— Z Err Z (Prum - Prm @ (M@M)) Wi A ... Awy
\Ilfl:bl:il o
where ey = +1if TUI' ={1,...,d,_1} and ey = 0 otherwise. This is true, since

from the proof of Lemma 3.2 we know

W*J* Z ¢Iuw[\{dn 1}

I|=bn—1

6The subgroup O,,_1(R) of SL¥ | (R) acts on {F _; by conjugation.
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and since for all h € SLE | (R) we have

i = ol )ee)

o

TS (o)) om®
[*

- o (o)) ent
™o

- 27% (u(" ) Fom

@

3.5 A cohomological pairing

By Theorem 5.2 of [Bor] the inclusion €. — Qg induces isomorphisms in cohomo-
logy. In particular, each fast decreasing cohomology class can be represented by a
form with compact support. This allows us to integrate over the values of B,. By
§5 of [BT]" we get an induced pairing

B HP (D\2}, M) x HP(T\ZL, Mye) — Mo © Mo

on cohomology. It is given by

B[, 1)) = / Bu(m,p5()),

DIAZ,

where p, : D'\ 2.}, — I"\Z,! | is the natural projection. For simplicity we will
write 7’ for pi(n').

"Bott and Tu work in the real case and with trivial coefficents, but the proof is the same in our
situation. Note, that integration and tensoring with elements of M), ¢ ® M, ¢ commutes.
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With Section 3.4 we can describe the values of 4, more explicitly. Indeed we have

/ Bu(n,n)

AL

3.8 ~

Y[ Y Y G v mom) A
Y= 1,1 m,m/

T ht 1—n dt
= [ e X forn (o™ ) ) et o o man,
m,m’ 0

I
DIAZ,

recognising that a left-invariant d,,_;-form® on Z:L | uniquely corresponds to a left-
invariant measure dh on 2! | = SL,_; /SO,,_; induced from a Haar measure on

SLy,—1.

But then our differentials are invariant under O,,_;(R) by choice® so that we can
integrate over I\ SL¥ | (R) instead of I"\Z;' , = I\ SLE ,(R)/O,_1(R). The
measure dh is the push forward of a Haar measure dg of GL,,_1(R) under the canon-
ical projection. Let us extend the functions ¢;,, and ¢y, in such a manner that
they have actions of the respective centres via the central characters w, resp. w, of
our representations 7 resp. o. Then we get

Sear T o (u(" ) - orante)-all et )

D\ GL,_1(R) T
- wy (| det(g)] "7 T) @ (m @ m') dg.

Now, if we assume that w,(r"™') = w,(r™) holds for all r € R, we may therefore
ignore the central parts of their arguments and get the following simplification:

2= [ TewX o (u(g 1)) orm(g) & (m © m') dy.

i !
I\ GLy_1(R) 1,1 m,m

3.6 The Whittaker model

Remember from Corollary 1.5, that for suitable e € {4, —}

b SO (R)
U (8L K3 o (Tocs Toc) @ M) = </\ 5 @ W (oo 7o) © M n)

€

8The w} were defined as left-invariant differentials of p,,_1 in Section 3.1
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is one-dimensional as a C-vector space. We choose a generator 7,,. Using the known
bases of ©; and M, we can write

TNoo = Z Zwoo,l,mwl Km
[=b, m
with Whittaker functions wee 1.m € #(Teos Too)-

The Fourier transform F(m) : LZ(GL,(Q)\ GL,(A)) D V, = # (m, 1) (cf. [Mah],
1.2) induces a mapping F(m)°" on the spaces of (gl,, K, «)-cohomology, which
commutes with the action of m(0,) = m(GL,). Composing F(7)*" with the
injection of # (7, 7s) into Lie algebra cohomology given by

W (np1) — Hilgl, Knoo; # (7,7) @ My, c)-
wf — wf-noo
we get

?(7?) _ (gj(ﬂ_)coh)*l Moo - W(Wf, Tf) — Hgf((g[n, Kmoo; Ve ® M,u,@)e-

The image of w; under F(n) is
n:i= Z Z Grmwr @ m,
[I[=bs m

where ¢r,,, is the cusp form related to wwee 1m by F(m). Analogously, for a gener-
ator 7., of the one-dimensional C-vector space

Hsi?l(g[n_p K100 Y(0o0, Too) @ My,¢)er (€' € {4, —} suitable )
and some wy € # (oy,Tf) we can construct an injection
F(o) = (F(o)™") " e s # (05, 71) = Hor (@ly1, K100} Vo ® My )
mapping vy € # (o, 7f) to
W= > > ermwp@m,
|| =bpoy

where we use w}, the same sense as in the proof of Lemma 3.2. The rest of the
notation should be clear.

Now remember from (2.1), that we may decompose an element of #4 (7, 7) Q@ #4 (0, T)
into a finite sum Zj w; ® v; of pure tensors. Evaluating our pairing %, at the
corresponding 7; and 7; we get

Bu(nj ) = Y [ Denr / G5,1.m(Wj(9)) s m (9)dg | @ (m@m'),
1,1

m,m’ T2\ GLn—1(R)
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where the cusp forms ¢;,, (belonging to w; fwee 1m) and @; . (belonging to
Vj fUso,1’,m) are restricted to the infinity component. Note, that we are free to
choose Weo 1, and Vo 7 5y independent of j.

We are summing up terms exactly like those on p. 123 of [KMS], and we can
apply the same arguments. In order to do this we need to introduce some notation:
We denote conjugation by ¢ := diag(f~,..., f™") by the superscript ¢, so that if
g = (gij) € GL,, then ¢g¥ = pgo = (f7"g;;). We will interpret u € U, (Q) as an
element of U, (Q,) and not embed U,(Q) diagonally into U, (A). From now on, we
will only consider elements u € U,(Q), that also lie in U,(Z,)?  C Un(Q,). For
those we write

K :={ke K'|uj(k)u' € K}.
From [KMS] we get’

p— 1f’2n 1)

Bu(njsn;) = Vol KN Z Z€Ilf/¢ﬂm u i m(9)dg | @ (mem').

m,m/ I

3.7 Main Theorem

Remember n > 3. Assume that we have

wa(r"Y) = w,(r™) for all r € Ry
for the central characters w, of m and w, of o. Note, that these are local conditions
at infinity.

We will be interested in %,(n;,n;) from the last section as a function of u. So if A
is an (at first) arbitrary linear form on M, ¢ ® M, ¢, we set

PBr(u) == Ao Z (Bu(nj,15)) -
J
Now we can express the integrals in the formula of Corollary 2.1 and thereby the
value at 1 of the Rankin-Selberg L-function in terms of the function %, (u). In
order to do this we define Py s, ($) to be the entire function belonging to the pair

(Woo 1 .m» Voo,rr.m) (cf. [KMS], 3.2) such that we have

\Ij(woo,l,m & Voo, I' m!; 8) = pI,I/,m,m/(S) : L(T‘-ooa 000, 3)7 (39)

9Note, that in [KMS] the factor pp%lfQ("_l) is actually missing in the cited formula on p. 123
and afterwards. However, this does obviously not change the statement substantially.
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and
P.oo(s Zs”,ZAm@m VPr 1 e (5). (3.10)

1,1

Now let x =[], x¢ be an idele class character satisfying

(a) Xoo = 1,

(b) x, X% ..., x" ! have the same non-trivial conductor f = p-power,

like in Chapter 2. Then it holds

Theorem 1

wﬂn%aﬂme)IiG“”“if”Lw®xmﬁ»

2) L 1—p 2
ZHXP )vol(K/ ) Ba((u™1)?"),

where u = w, (with up =1 for all { # p) is taken from a representative system for

U,(Z,) modulo U, (Z,)¢ with ¢ = diag(f~',..., ™).
Proof. This is straight forward. We have

n— 1G .
I OG)(L—p") L

w5 Pre(3) [T 2 L 3,05
i=1
n—1 ; —
Loy GO0 —p ) 1
2511’2/\7”@7” PII’mm’(Q)H }17—p_i L(W®X=U;§)
LI i=1

from the definition of Py .. Because of (3.9) we may use Corollary 2.1, the corollary
of the Global Birch Lemma, in this situation. We get

2811/2)\771@7” { _1f2(n DZHX;; /¢j1m Ju? 1)9011' m' (g )dg},

r u =1 JCf

where u runs through a representative system like in the statement of the theorem.
A little rearrangement of terms yields

IS [S e fountion et e

u i=1 J mm' =11
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so that we just have to put in the definition of %,. Voila

ST 5o vl By,

u i=1

which proves the theorem. O

We do not know if Py  is non-zero at s = % in general. However, in Chapter 4 we
will show this in the case n = 3 and for trivial coefficient systems.

3.8 Algebraicity

By [Schl], Satz 1.10, the cuspidal cohomology classes restrict to zero on the border
of the Borel-Serre compactification of S, (K), so that we get an injection of cuspidal
cohomology into cohomology with compact support:

Cubp(S'V“ MM C) — H.(Sna M,u C)

The latter is a module under Aut(C/Q) x GL,,(Af) x mo(GL,,), where the actions of
the factors commute and the (image of the) cuspidal cohomology even is defined over
Q (cf. [Clo], Théoreme 3.19). So this suggests that we try to choose the cuspidal
cohomology Classes [n] and [] in such a way that the values of %, and therefore
the L-values at are subject to good rationality conditions.

Let Q(7y) denote the field of rationality of 7y in the notation of §3.1 in [Clo], that
is the subfield of C fixed by the automorphisms o € Aut(C/Q) fulfilling “7; = .
It is a field of definition by Proposition 3.1 of [loc.cit.], and in our case in fact a
number field by the Drinfel’d-Manin argument (cf. Proposition 3.16 in [loc.cit.]).
For the field of rationality Q(oy) of oy the analogous statements hold.

If we denote by F' := Q(7s,0) the smallest field that contains Q(7;) and Q(oy),
the global (finite) Whittaker spaces # (m¢, 77) and # (o, 7f) carry an F-structure,
whose underlying F-spaces we denote by #r(ms, 7¢) resp. #r(0y,7r). Now since by
Corollary 1.5 the cohomology spaces

HS?{(Q[WJ KTMOO’ %(ﬂ-oov TOO) ® Mu,@)s
and
bn— _ ~
HgK 1(g[n717 anl,oo; %(0007 7—oo) ® Mu,@)s’

are one-dimensional, an immediate consequence is

Proposition 3.3 We can normalise the co-part 1. by a non-trivial scalar factor
such that for any Whittaker function wy € Wp(myp,7p) the cohomology class [n]
attached to wy - N s F'-rational, i. e.

1) € Hen(P\2,, My p) © He"(D\2,, M, )

cusp
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An analogous normalisation of n. yields

1] € Hepg! (N2, Mup) © He (T2, M)

cusp

with the obvious notation.

The pairings %, of cohomology spaces we considered in the sections before are
defined purely topologically and moreover with coefficients in an arbitrary subring
of C, in particular with coefficients in F'. Furthermore we may choose the linear
form A to be induced from a linear form on the Q-vector space M, or, slightly more
general, from a linear form on the F-vector space M, r. By the definition of %, we
then have

Corollary 3.4 If the linear form X is already defined over F, there is a choice of
good local tensors t) of Whittaker functions for all £ # p such that for any "Twahori
fixed “ pair

(wp, vp) € WF(Wpan)In X WF(Upvfpynfl

the formula in Theorem 1 holds for the associated pairing By with values By(u) in
the number field F.



Chapter 4

The non-vanishing of the fudge term

The algebraicity results of the last chapter have the one big flaw, that we can not
guarantee the period Py (3) not to vanish. The second aim of this thesis is to
improve this situation. So in this chapter we will study the case n = 3 and will
show, that for trivial coefficient systems M ¢ and Ml,’@ we have PA,OO(%) = 0 indeed
(cf. Theorem 2), where we may assume A to be the identity map. The general
assumptions from the last chapter still hold. Note, that in the case studied s = % is
the only critical value of (m, o) (cf. Chapter 5).

A large portion of the proof works fine with general coefficient systems, so that we
will assume them to be trivial only when we need it. The idea of proof is to construct
a pairing on

2
(/\ 53 ® Wo(meer ) ®Mu,m) . (p X (00T ®My,oo),

whose image equals P)\,oo(%) - C if restricted to the one-dimensional cohomology
modules

HQQK(Q[37 K3,oo; To X M,LL,C)& and HglK(g[27 KQ,OO; O X MV,C)E’-

This is done in Section 4.3. Here, we will need, that s = % is a critical value of the
pair (m,0). It remains to show, that the restricted pairing is not trivial, thus has
an image isomorphic to C. In order to do this, we split it up into a pairing B) » on
the infinite Whittaker spaces times the coefficient modules and a pairing B, on the
exterior powers.

In Section 4.2 we will study the SO3(R)-types resp. SOq(R)-types of #4(7oo, Too) @
MM,@ resp. #6(0oo, Too) @ MMC that contribute to cohomology. We will show, that
those are minimal as SO3(R)-types resp. SOs(R)-types. After proving some nice
properties of B o in Section 4.4, that hold for A like in the first paragraph, we show
in Section 4.5, that under the assumption of trivial coefficient systems B) » is not
trivial restricted to the cohomological types. Finally, we show in Section 4.6, that
B, ® B « is not trivial restricted to cohomology, which proves Theorem 2.

39
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4.1 Notation

In this section we want to get to know the modules we will be working with in this
chapter. Because of the small dimensions, everything is quite explicit.

s03-modules. We may write so03(C) := s03 ® C = (H, Ey, E_1)¢ with

0 10 0 0 1
H=|-1 0 0)andEy =0 0 =i,
0 00 -1 T 0

where we have [H, Fy] = +iEy; and [Fy, E_1] = 2iH for the Lie brackets. The
standard torus is given by hs = (H)¢. We define e; to be the root given by e (H) =
1.

From now on, we denote #(7eo, Too) ® M%@ by V. By [Mah], Proposition 6.1.3, the
SO3(R)-type of V' supporting cohomology in /\2 03 is the irreducible representation
of s03(C) with highest weight 3e; with respect to the standard torus, which we
denote by p3. It occurs with multiplicity 1. The restriction s — p3|s0, defines a
bijection between irreducible (complex) representations of so3(C) and sos, and we
also denote by p3 the restriction of ug to sos.

Now, in general, for k& € Ny let &) denote the irreducible soz-module of highest
weight ke;. By [FH], §11.1 and §18.2, the irreducible so3-modules &}, are given by
the 2k-th symmetric power of the standard representation of sly(C) on C?. By Claim
11.4 of [loc.cit.] as an sog-module V,,, = s has a basis v_g, v_s,v_1, v, v1, V2, v3 With

P LU
0 ifa=3

a|-3[-2|-1] 0| 1] 2|3
¢a| 0 [—6]—-10]-12]-12]-10| —6

m F_{.v, = cau,—1 with

By [BW], Theorem 1.5.3, and since 7 is cohomological, we know that both the central
and the infinitesimal character of V' are trivial (cf. Footnote ! in Section 1.3). Like
before, we mean the central character on Kj .

Furthermore, @5 is isomorphic to %, so that by [FH|, Claim 11.4, again it has a
basis Z,Q, Z,l, Z(], Zl; Z2 fulﬁlhng

Za+1 ifa ;é 2

B, 7, =
" 1B Z] {0 ifa—2
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a|-2|-1]0]1]2

" (Bor Zal = doZooy With oG e g

We normalise those basis vectors of g3 by putting

0 0
1 0,
0 0 0 1 —i 0 0 -2

1 —i 0 00 1 1
Zo=|-i -1 0|,2Z,==2-l0 0 —i|,zo=-4-{0
0

s0o-modules. Analogously, we may write §05(C) = s0, ® C = C - H, if we identify

0
H = 0 1 with | —1
-1 0 0

o O =

0
0
0
By embedding o into o3 via

100
1
X (2 22wy (o 10
0 0) 3 00

we identify o with (Z_5, Zy, Z2)¢, and @o with (Z_o, Z5)¢. Here, the standard torus
b2 is all of s05(C). The root that sends H to 1 will be denoted with e; as well.

From now on, we denote #4(0u, Too) ® M, ¢ by W. Like above, the SOy(R)-types
supporting cohomology in @, are u, and u_o, the irreducible representations of
505(C) with highest weight 2e; resp. —2e;. Again, the sos-modules obtained by
restriction are denoted the same. uy and p—5 both occur with multiplicity 1, so that
we have W, = po and W, , = p_,. For the same reasons as for V, the central
character and the infinitesimal character of W are trivial.

For k € Z let 2, denote the irreducible soo-module of weight ke;.

4.2 Minimal K-types

In this section we want to study p+s and p3. From now on, when discussing both
cases simultanously we will simply talk of the cohomological K-types of V and W,
respectively. We will show that the cohomological K-types are indeed the smallest
K-types of their respective representation. The fact that thus all smaller K-types
do not occur will be useful in Section 4.5.
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s0p-modules. Let o be in Coh(GLy, 7) for a dominant weight v € X (Tz). We
are interested in the SOs(R)-types of W. By Lemma 6.1.1 of [Mah] the lowest
SO2(R)-types of oo are isomorphic to &, _,,,, resp. &, _,, _, as s0y-modules. On
the other hand M, ¢ is of dimension v; — 15 + 1 and decomposes into SOy (R)-types

i Dy g5 s Dy, (cf. Theorem 2.5.4 of [Buml]). Because of the one-
dimensionality of irreducible so,-modules dualisation is easy to control, so that the

same is true for Ml,,@. By the Clebsch-Gordon Formula for so; we have
D@ D = Dy

for two irreducible so,-modules &, and %] with highest weights k resp. [. Hence,
we have to study

(9121—1/2—&-2 @ Lz—l/1—2) ® (‘91,11—112 @ 9;1_1/2_2 @ T @ “@ILQ—Vl)
2(1/171/24»1) -2
~ 2e H

k=2 l:—Q(Vl—VQ-‘rl)

Note, that like in Section 1.5 we have v; > 5. Altogether we see like in the proof of
Lemma 6.1.1 of [Mah] that the smallest SO5(R)-types of W are isomorphic to 2’ ,
and 25 as soy-modules, and both occur with multiplicity one. Those are just p_o
and po.

soz-modules. Let m be in Coh(GLs, i) for a dominant weight u € X (73). We
want to show, that the cohomological SO3(R)-type ps of V' is indeed the smallest
SO3(R)-type. By Lemma 6.1.1 of [Mah] the lowest SO3(R)-type of s is isomor-
phic to Z,,_,,+3 as an sog-module. We still need to study the SO3(R)-types of
M, u,c. Therefor we split up M#,@ into the irreducible highest weight representation
T popn—ps OF SL3(C) and the power det™2 of the determinant (cf. §15.5 of [FH]
and (1.2)). Note, that M, ¢ and T, ., 4 us have the same SO3(R)-types, and
consider

Proposition 4.1 Let a,b € IN. Then the biggest SO3(R)-type of U'np is Dorp. It
occurs with multiplicity one.

Proof. Let V; be the standard representation of s03(C) on C3. Then s03(C) acts on
the vector space Sym“ V; of homogeneous polynomials of degree a in the variables
X, Y, Z via

—Pe™ [ Y ])|i=o-
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The weights are given by all expressions of the kind (I; — kj)e; where we have
ko + k1 + 13 = a with kg, k1,01 € IN. The belonging weight vectors are given by
(X +4Y)k (X —iY) Z* . Tt is just a question of thorough bookkeeping to find

Sy Vs 2 2, ® Doz ® -+ ® Dy_sg|a).
Analogously, we get
Sym*Vy 2 D, B Dy 2@ -+ D @a_QL%J.

By (13.5) of [FH] we have

min(a,b)

Sym“ V, ® Sym" V; = @ Loipi-

1=0

The assertion follows by the Clebsch-Gordon formula for so3 (cf. [Bou], VIII, §9)°.
0J

So the biggest SO3(R)-type of M u,C 18 Dy, 5. Again by the Clebsch-Gordon formula
we get that %5 is the smallest SO3(R)-type of V. It occurs with multiplicity one.

4.3 Splitting up the pairing

For the moment let n > 3 be arbitrary again. Assume that s = % is a critical value
of the pair (7, ). In order to show that the value P o (3) from Theorem 1 does not
vanish we study a pairing

bn bn_1
B (/\ Pn © WHo(m, 7) @ MIMC) X </\ On1 @ Wo(0,7) ® MV,C> —C

very similar to the pairing %, of Chapter 3 that takes the whole left side

n—1 ; _
1 G(x;)1—p™) 1

0P () [T e ey

of the formula in the theorem as a value. We construct B as a tensor product of
three pairings. In this way we can split up B and study our non-vanishing problem

in the factors. Those are:

0Note, that our soz-module 2 relates to the slo-module V(2k) in Bourbaki.
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The archimedean Rankin-Selberg pairing. We define a pairing
B)\,oo : (W(](Wooﬂ—oo) & M,u,C) X (%(0007 7_-oo> & Mu,@) - (D

on the infinite parts of the Whittaker spaces by setting
1
Brae(S e 0 3 e @) = 3 P (3) @ Ama )

Here, m and m' run through bases of Mm@ resp. MMC like in Section 3.6, and it
holds

\Il(wm,ooa Um! 004 3) = pwm,oo,vm/’oo (3) : L(ﬂ'ooa 005 3)

like in Chapter 2. We will call By o, the archimedean Rankin-Selberg pairing.

The non-archimedean Rankin-Selberg pairing. On the finite parts of the Whit-
taker spaces we let
Bf : %(Wf,Tf) X %(O'f,ff) — C

be the pairing given by
1
By(wy,vp) = [ [ v (we, ve; )
loo

We will call By the non-archimedean Rankin-Selberg pairing.

The pairing on the exterior powers. A problem in defining a pairing with values
in C on the exterior powers of @, resp. ©,_1 is to make the arguments compatible.
However, this is a problem we solved in Chapter 3: The differentials w; with |I| = b,

n—1 ~x%

generate A ¢, and the differentials o), with |I’| = b,_; generate A\’ ~* ¢ _,. Thus
a pairing of the sought-after type is given by

B. - {/\bn On X /\bnﬂ on1 — G,
/\ .

(wl,w’[,) — 8[71/.

We may now define B by putting

B(w,w') := ZB’\"’O(Z W00 @M, Zvll,m/m @m') - By(wr,f,vp ¢) - Balwr,wp),

I,I m

where we have w =37, _, > wrmwr@mand w' =3, D0 vpmwy @ .

The next thing now is to determine the relation between B and #,. In order to
do this we compare the special L-values L(7 ® x, o; %) with zeta-integrals like they
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occur as values of B. Let wj,, resp. v; s be the Whittaker functions belonging
to the automorphic forms ¢, 1., resp. @ from the proof of Theorem 1. From
Chapter 2 we already know the “good tensors” t9 for (7, 0¢) at an arbitrary prime

¢ # p tulfilling
= wie® vy,
J

where j runs through a finite sum independently of £. Analogously, x,(det) - t? is a
“good tensor” for (m; ® xy,04). Like in the proof of the Global Birch Lemma (cf.
[KMS)) it follows

L(m ® X¢, 005 8) = V(xe(det) - t9; 5) for £ # p, oo

At the place p we have
L(m, ® xp,0p;8) =1
by page 113 of [KMS]. On the other hand, if we put

—1
Wjpx,(9) = xp(det(y Z H X (up)w;p(gu? ),

u 1=1

where the summation over u is taken over a representative system for U, (Z,) modulo
Un(Z,)%, we get

n—1 1 —
G(x;)1—p™)
w(wj,p,xw Vj,ps s) = wj,p(l)vj,p(l) H i —p

i=1

by Proposition 3.1 of [loc.cit.].

We still have to study L(7oo®X oo, Oco; §). Note, that this is the same as L(7o, 0oo; §),
since we chose Y to be trivial. The latter value can be calculated via Langlands cor-
respondence at infinity (cf. Chapter 5). As a product of I'-values L(7s ® Xoos Too; S)
has no zeroes, and since we assumed s = % to be a critical value L(7s ® Xoos Oco; %)
is indeed a number in C*. So without loss of generality we may renormalise some
Whittakerfunctions and ignore the factor L(Te ® Xoo; Ooc; 3)-

Now that we know the respective values of the zeta integrals and the local Rankin-
Selberg L-series at all places we use this information to find Whittaker functions
such that L(m ® x, 0; %) occurs as a factor in the associated value of B. If we set

wj,f’X - wpuxp : H X[(det)w‘%[
L#p,00
we may define

/ !/
Wi = DD WipWeomwr @m and vy = > > 0 veg gy @

\I|=b, m |I'|=bp_1 ™
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Compare with  and 7" in Section 3.6. By Proposition 3.1 of [KMS] and (3.10) we
get

n—lG i -1
Bw; . v;) = Proc (%) -wp(1)vp(1)g (Xi)ilpip ). I1 @z)(xg(det)wj,z,vj,g;%).

{#p,00

All in all we have

nflG i 1
5 Bluse) = w3 ) [T T wootaen )

1=1 1- p- L#p,00 2

— wy(1)v,(1) Proc (1) 1:[ G4 (1 —p™) Lrexo: b,

2 Pl 1—p 2

Like in the proof of the Global Birch Lemma we may express the values B(wj ., v;)
as a sum of u-shifts, where u runs through a representative system of U,,(Z,) modulo

Un(Zp)?.

Remark Because of our choice of Whittaker functions the image of By ® B)
restricted to the one-dimensional cohomology modules

Hgﬁ(g[”’ K”7°0; %(ﬂ-om 7_oo> ® M ,C)OH(R)

and
bn—l _ o B
H i (a1, K105 #0(000, Too) @ M, ) Ot

from Chapter 3 is spanned by P,\po(%).

To prove, that Py (3) does not vanish, it thus suffices to show that the restriction
of B\ ® B)  to cohomology is not trivial. In the case n = 3 and for trivial coefficient
systems this will be done in the following sections.

4.4 The archimedean Rankin-Selberg pairing

In this section we want to study a special case of the archimedean Rankin-Selberg
pairing B) o, we introduced in the last section.!' So from now on assume that the
GL,,_1-module MmC contains the contragredient of M,,,@. The manifest linear form
A MM@ ® MMC — C; m®m' — m/(m) is defined over F' as well and is compatible
with the respective module structures, so that all results up to now still hold. If
we talk about this special case, we will omit the subscript A and write B, for our
pairing. We show the following

Note, that this case contains the case of trivial coefficient systems we will be studying from
Section 4.5 on.
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Proposition 4.2 The archimedean Rankin-Selberg pairing B, fulfils the following
properties:

(a) It is (gl,_1, On_1(R))-invariant.
(b) Bo(V,W) # 0.

Proof. We first show that the zeta integral ¢ (W, Voo; 3) 18 (gl,_1, On—1(R))-invariant
as a function on the Whittaker models. Therefor we have to show its O,_1(R)-
invariance!?, i. e.

D (D)t T (1) 5) = W0, s 3)

for all h € O,,_1(R), and its gl,,_;-equivariance, i. e.

W (AT o0 (X ) Woo, Voo; %) + P (Woo, Ao (X ) Voo %) =0

for all X € gl,,_,. Here, dn,, and do, are the infinitesimal representations belonging
to the GL,_1(RR)-representations 7y, resp. 0, that is for all X € gl,_; we have

(X)) = 5 (T (3D ) ) o

and
10 (X)) = 5 (00 (ex(X)) 1) 1o

We consider the Rankin-Selberg zeta integral

.

g s—1
ww( 1)Uw(g)|det(g)| 2dyg
Up—1(R)\ GLp-1(R)

on # (Toos Too) X # (000, Too). The group GL,_;(R) acts on the tensor product of
Whittaker spaces via right translation, so that we have

gh o1
)it )i 5) = | wn (") )ostomldento) g
Up—1(R)\ GL,—1(R)

for every h € GL,,_;(R). Now we change the integration variable from g to gh™!.
Because of the transitivity of the action on the quotient U,_;(R)\ GL,_1(R) we get

(Moo (B Wos, 0o (h)Vsc; 8) = | det(R)] 272 - 1h(woo, Voo 8).

121ike in Chapter 3, we view 7 as a GL,_1(R)-module via j.
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Evidently 9(weo, Voo; 5) is SLE | (R)-invariant, so that the O,,_;(R)-invariance of 1
on the product #4(7eo, Too) X #5(000, Too) Of the O,_1(R)-finite Whittaker spaces
follows.

In the special case s = 1, the whole action of GL,_;(R) is trivial, meaning

(s ()0, s (R 00 %) (W, Vo %) VheGL, o(R).  (41)

We use this fact to prove the gl,,_;-equivariance of ¢)(weo, Voo; %) We have

Yﬂ(d%o(X)woo,voo;l) _ /%ww(yexp(t)() 1)

2

d (g ~exp(tX)
Weo

dt

Uso(g)dyg
t=0

1) Uss(9)dyg .

4 / o (g 1)%0@ exp(—tX))dg |
ﬁ / o (9 1>voo<g exp(tX))dg

= —w(woo,dUoo(X)Uoo;%>a

—
N
—

=

t=0

where integration is always over U,_;1(R)\ GL,-1(R). All in all we find that
Y (Wos, Voo; 3) 18 (gl,_1, Op—1(R))-invariant. Since we have

1

1 1
00y UVoos 3 :Pw v —|-L 00y 00y 5 )5
Bl ) = Poce (3 ) Dl i )

and L(Ts, 000} 5) does not depend on the choice of our Whittaker functions, the

same is true for P, .. (%)

Because of our choice of M u,c and M%@ we get for all h € GL,,_1(R), for allm € M 0,C
and all m' € M, ¢ that o, (h)m’ (0.((* |))m) = m/(m) by (4.1) of [Kna2]. So in our
case A(m ® m/') is invariant under the action of GL,,_1(R), thus O,,_;(R)-invariant.
The gl,,_;-equivariance follows like above.

So up to now we identified B, as the tensor product of two (gl,_;,0,-1(R))-
invariant pairings. But then, in general, if we have two (gl,_;, O,_1(R))-invariant
pairings

<','>WIW1XW2—>@ and <','>MZM1><M2—>C

of (gl,,_1, On—1(R))-modules, the pairing

(,): (W@ M) x (We® M,) — C
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given by

(w1 ® my,we ® ma) = (wy, wa)w - (M1, M) m
for all wy € Wy, wy € Wy, my € My, mg € My is (gl,_;, O,—1(R))-invariant as well.
In what concerns the O,,_;(R)-invariance, this is obvious. The gl, ;-equivariance
follows from

(X (w1 @mq),ws @ma) = (Xwi @ my + w1 @ Xmy,wy ® ma)
= < wl®m1,w2®m2>+<w1®Xm1,w2®m2>
= (Xwy,wa)w - (my, ma)y + (Wi, wohw - (Xmy, mo)

= _<w17XU)2>W : <m17m2>M - <w1,w2>W : <m17X7n2>M

= —(w; ® my, X(wy @ my)),

where wy, wy, mq, mo are like above, and X € gl,_; is arbitrary. Eventually, this
proves (a).

To show (b) it suffices to find Whittaker functions in V' and W that B, does not send
to zero. Recall that we fixed bases of Mu,c and MM@ in Chapter 3. Let m &€ MM,@
and m’ € M, ¢ be such basis vectors fulfilling A\(m ® m/) # 0. By Theorem 1.2
of [CP2] we are able to choose Whittaker functions wy, « in #4(Teo, Too) and v o
in #4(0s0, To) such that P oot o (%) does not vanish. Hence, wy, o ® m and
Um/.0o ® m' are suitable choices of elements of V' and W such that B (V,W) # 0,
so that we have showed the proposition. O

4.5 Reduction to the cohomological K-types

We return to the case n = 3 now. Further, we assume M, uc and ]\7[1,70 to be trivial
from now on. In that way V and W are both irreducible. The main goal is to show
that B, restricted to the infinity parts of the cohomology modules on which %,
was defined in Chapter 3 does not vanish. In this section we start by showing the
following

Theorem 4.3 The pairing Bo, is not trivial on the K-types supporting the coho-
mology, that is

Boo(Viy W) 20 and  Buo(V,,, W,,) £ 0.

Note, that the theorem holds for an arbitrary non-trivial (gly, O2(R))-invariant pair-
ing on V' x W with values in C instead of the archimedean Rankin-Selberg pairing
Beo.
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Proof. Because of the gl,-equivariance of B,, and the irreducibility of W as gl,-
module we get
Boo(v> W) = Boo(vva Wug) = Boo(‘/a W,u_g)-

But then we assumed B, (V, W) # 0, so that the Theorem follows from Proposition
4.4 below, which we could prove the same for uy instead of p_s. OJ

Proposition 4.4 B (V,W,,) = Boo(V,uy, W,,_,).

Proof. Let U(sl3) be the universal envelopping algebra of sl3, and let p : T(sl3) —
i(sl3) be the belonging projection, where ¥(sl3) is the tensor algebra. Since each
element of T(sl3) can be found as a representative of an element of p(€P,2, Q" ¥s3),

it holds
EB ® 0s) = LU(sl;). (4.2)

This can be shown by proving that the left side contains a basis of sl3. But then,
©3 is obviously contained, and we have

1 1 1
H=—iZ_{, 7|, F Zo, L1\, E_1 = =|Z_1, Zy]|.
482[ 1, 1] 1= 48[ 05 1]7 1 8[ 15 0]

From now on we write g% for ®"ps.
A direct implication of (4.2) is V =} _ @5 . Vj.,, where the dot denotes the action
of U(sl3) on V. Thus the proof of Propostion 4.4 is reduced to showing that

Vr € Ny : BOO(@ZZ : V#av Wuz) C BOO(VM?WM)'
We will do this by induction on r, where we will need the cases r — 1 and r — 2 in
the step. Therefore we will start with »r =1 and r = 2.

Since W is irreducible as a gl,-module, it is generated by a single element w_5 of,
say, weight —2e;. Like in the proof of the theorem from the gl,-equivariance of B,
follows

B (Vu37W ) B (Vusv )

Now consider an arbitrary v € V),,. Since V,,, is the direct sum of its weight spaces
and because of the bilinearity of B,, we may without loss of generality assume v to
have a weight wt(v). But then we have

Wt(0) Boo (0, w_2) = Boo(H . v,w_3) = —Boo(v, H . w_3) = 2B (v, w_3),

so that B (v,w_2) = 0 if wt(v) # 2e;. So all we have to study is the 2e; weight
space of V,,.
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The case r = 1. By the Clebsch-Gordan Formula for sos (cf. [Bou], VIII, §9) we
have
P30V 2 D@D ®D® DD Dn® Ds.

Since Z; has no 2e; weight space, the 2e; weight space of 3@V, is four dimensional.
A set of generators is given by

ZO ® Vg,

Z2 & Vo,

Zy@uy—Z1 Q0+ Zy@va—Z_1Q@vs € (P33 V),

E(Zy®@u —Z1®@ua+Zy®@v3) € (03 Vi)
Recall from Section 4.2 that %5 is the smallest SO3(R)-type in V. On the one
hand, this is why Zy.vg — Z1.v1 + Zy.ve — Z_1 .v3 € (§3.V,3) 9, is zero. On the
other hand E_1(Z; . vy — Z1 . v2 + Zpy . v3) lies in the 2e; weight space of (§3.V,.;) 2,
which is isomorphic to %5, since the smallest K-type always occurs with multiplicity

one. But then we know that vy is a basis of the 2e; weight space of %5, so that
E_l(ZQ U1 — Zl . VU9 + ZO . U3> lies in C - V3. Thus it holds

(93 - Viug)2er € (Zo.v2, Za.v0)e + C - vy
From the gl,-equivariance of B, it follows

Boo(Zy . v,w) = Byo(v, Zg.w) =0 YveV,weW,

Boo(Zy . v,w_9) = Boo(v,Zy.w_5) =0 Yv €V, (4.3)

where we have Z;.w = 0 because of the triviality of the central character of W, and
Zy . w_g € (§2. W)g = 0 since Z; is the minimal SO, (R)-type of W by Section 4.4.
So the C-vector space generated by Zy . ve and Zs . v lies in the kernel of By (-, w_s),
which we denote by a. All in all, this proves the case r = 1.

The case r = 2. A set of generators of the 2e; weight space of (3 .V, is given by

Like in the case r = 1 we will show that all those generators lie in a+C-vy. By (4.3)
we already know this in the case that ¢ or j is 0 or 2. So we only have to consider

{Z,ng . Vs, Z,121 . Vg, le,Q . Vs, lefl . Vg, le . Uo}.

Since from [Z1, 7 o] = —24F_; and [Z, Z_1| = 48iH we have [Z1,Z 5] .v3 € C - vy
and [Z1, Z_1].vy € C - 09, it even suffices to study

{Z_2Z1 . Vs, le—l . Vg, 212 . ’U()}.
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By the Lemma of Schur we have x(X,Y) = 6-tr(XY') for the Killing form « on sos.
From this we can calculate the Casimir operator C3 € $d(sl3) explicitly. It holds

1 1 1 1
=—— (2-H+H*+EE | —— 7> — -7 oo+ —-Z 17, ).
Cs 12(2 tH + Eby = e 20— o 222+ o 1 1)

Since the infinitesimal character of V' is trivial, ('3 annihilates V', and we have
Cs.V,, =0.
Because of [Z_y, Z3] = —96i - H and (4.3) it follows
Z_1Zy .V, Ca+C- vy, (4.4)
and even
Z_ 17,V CU(so3) +a+ C- v, (4.5)

Since %5 is the smallest SO3(R)-type of V', we have (g5.V,;)9,+9, = 0, thus

ZQ.U_l_Zl.UO‘I—ZO.Ul_Z_l.UQ_’_Z_Q.Ug:O,
ZQ.Uo—Zl.U1+ZQ.U2—Z_1.U3:0.

We apply E_; on the latter equation. Using E_17Z, = [E_1, Z,] + Z,E_1 and the
known actions of E_; on V,, and o3, we get

ZQ.U_l—Zl.U0+Zo.U1—Z_l.UQ—f—Z_Q.Ug:O,

—1222 U1+ 8Z1 .V — 4Z0 .U+ 4Z_2 .UV3 = 0. (46)

Now, on the one hand we have

0 = (—12Zy.v_1+8Z1.v9—4Zy.v1 +4Z_5.v3)
—A(Zy. vy —Zy. v+ Zy.vy — Z_1 .09+ Z_9.03)
= 47 1. v9—8Zy.v1 + 1271 .v9g — 1625 . v_1
= 72147 1 .v9—8Zy.v1 + 1271 .vg — 1625 . v_1),

from which we get
ZIQ‘UO ca+C- vy

by (4.3) and (4.4). On the other hand applying Z; on the first equation in (4.6) we
find
le_g .V3 = —Z1Z2 .U_1 + Z12 .Uy — leo .U+ Z1Z_1 . Vo,

which lies in a+ C- vy by the anteceding. This shows the assertion in the case r = 2.
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Induction. Now assume that » > 2 and for all ¢ < r — 1 we have
04 Viy Ca+C- v,
In order to show the same for ¢ = r we have to consider terms like
Ly Ly Vg € 3. Vi,

where ky, ..., k., d are natural numbers whose sum is 2, since we are still studying
the 2e; weight space. From (4.3) we already know that

Zoy Vi + Zogs t V,, Coa,

leading to
o5 2o .- Vi + O 7. Vie Ca+C- vy

because of [Zk, Z;] € so03 and the induction hypothesis. Thus is suffices to study
terms of the form
AVASVAISEN

where a, b, ¢ are natural numbers whose sum equals r, and it holds a—b—2c+d = 0.

From (4.4) and the induction hypothesis we get that for all u € G52 and all v € V,,
the terms Z_1Zyu.v and Z3Z_qu.v lie in a + C - ve. Since [Zy, Z;] € so3, it follows
that it suffices to study the case where a = 0 or b = 0. But then, the case a = 0
does not occur, since we would have b +c=1r > 3 and —b — 2c + d = 2. Note, that
d < 3, since 3e; is the highest weight in V,,,. So we only have to study terms like

Z87°, v, (4.7)

where a > 0 and ¢ are natural numbers whose sum equals r, and it holds a —2c+d =
0.

We still have (@3 . V) 2+2, = 0, and we want to get some relations in gs.V),, from
that. Therefore, we study bases of the Z;- and the Z,-part of 3@ V,,,. The Z;-part
has the highest weight vectors

ZyQ@Uoy —Z1 @V +ZyQ@v — Z_1 QUa+ Z_9 R U3 for 1le,
E_l(ZQ R v_q1 — Zl X vy + ZO X v — Z_l X vg + Z_2 X ’U3) for 061,
Ezl(ZQ Xv_1 — Zl X Vo + ZO X v — Z,l & Vo + Z,Q X ’1)3) for —161.

The Z,-part has the highest weight vectors

Zg®U0—21®U1+ZQ®’U2—Z_1®U3 for 261,
E 1(Zo®vy—2Z1Q00+ZyQ@uy — Z_1 ®us) for ley,
E? (Zo®@uy—Z1 Qv+ Zog®@uvy — Z_1 Qug) for Oey,
EEI(ZQ X vy — Zl &K vy + Z() X vy — Z_1 & U3) for —161,
Eﬁl(ZQ X Vo — Zl ® vy + Z() & vy — Z_1 & Ug) for —261.
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Like in (4.6) we get the relations

ZQ.U_l—Zl.U0+Zo.U1—Z_I.U2+Z_2.U3:O
5Z2.U_2—4Z1.U_1+3ZO.U0—5Z_1.1)1+Z_2.U2:O
15Z2.U_3 - 10Z1.’U_2—|—GZ().U_1 —21Z_1.U0 —5Z_2.U1 =0 for —161

for the Z;-part and

for 1leq,
for Oeq,

ZQ.UQ—Zl.U1+Z0.U2—Z_1.U3:O for 261,
322./(),1—QZl.Uo—f—Zo.Ul—Z,Q.Ug:0 for 161,
5Z2 L U_9 + Z,1 U1 — Z,Q Vg = 0 for 061,
1522 .U_3 + 1021 .U_9 + 6Z_1 .Uy — ?)Z_Q .U = 0 for —].61,
]_OZl .VU_3 + 5ZO .U_9 + 6Z_1 A Z_2 .V = 0 for —261
for the Zy-part. Applying (4.7) we get for an arbitrary u € g5 '
uZy . vy — uZ_o . v =0mod (a+ C-vq) for ley,
—4duZy . vy +uZ_o5.v2 =0mod (a+ C-vy) for Oey, (4.8)
uZy . v g+ uZ o.vp  =0mod (a+ C-wvy) for —leg
and
uZy . vy =0mod (a+ C-vy) for 2ey,
2uZy . vg +uZ_y .03 =0mod (a+ C-wvy) for ley,
uZ_g .o =0mod (a4 C-vy) for Oe, (4.9)
10uZy . v_9 —3uZ_5.v; =0mod (a+ C-vy) for —ley,
10uZy . v_g—uZ _5.v9g =0mod (a+ C-vy) for —2e;.

Note, that we still keep track of the weight of the terms in g3 ® V,,, we started with.
We show that every term uZy . v, like above vanishes modulo a + C - vy. Therefore,
we distinguish the cases where k + d takes different values. From the case r = 1 we
already know that k£ + d only varies between —5 and 5. All in all we thus have to
consider eleven cases. Five of those follow directly from the antecedent:

m Weight —1le;. From (4.8) and (4.9) we get

uZy . v_g =uZ_5.v; =0mod (a+ C - vy).

Again, by (4.7) we are done in this case.

s Weight Oe;. From (4.8) and (4.9) we get

uZ_9.v9 =uZy.v; =0mod (a+ C-vy).

By (4.7) we are done in this case.
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s Weight le;. From (4.8) and (4.9) we get
uZy . vg = uZ_9.v3 =0mod (a+ C - vy).
Again, by (4.7) we are done in this case.
s Weight 2¢,. From (4.9) we get
uZy.v1 =0mod (a+ C-vg).
Since k = —2 can not happen in this case and by (4.7) we are done.

m Weight 5e;. Neither k£ = —2 nor & = 1 can happen in this case. By (4.7) we
are done.

The rest can be reduced to those five cases as follows:

m Weight 3e;. Since kK = —2 can not happen in this case and by (4.7) we only
have to show that uZ;.vy lies in a + C - v5. We know that u is of the form
28Z¢ witha+c=r—1>2anda—2c+1+2=2 It follows a = 2c — 1
and ¢ > 1. We use this information to study uZ; . v modulo a + C - vs:

uZy vy = 297 vy = (Z8T 25N 25 vs.
Since we already studied the case of weight Oe;, we are done.

m Weight 4e;. Since kK = —2 can not happen in this case and by (4.7) we only
have to show that uZ; .v3 lies in a + C - v5. We know that u is of the form
217°y witha+c=r—1>2and a—2c+1+3 = 2. It follows a = 2¢—2 and
3c > 4, thus ¢ > 2. We use this information to study uZ; . v3 modulo a4+ C-vy:

uZy vz = 297 vy = (28T 25N 25 vs.
Since we already studied the case of weight le;, we are done.

s Weight —2¢;. Because of (4.7) we only have to study uZ_5 . vy and uZy . v_s;
because of (4.9) it even suffices to show that uZ_s . vy lies in a+C-vy. Without
loss of generality let therefor u be of the form Z{Z¢, witha+c=7r—12> 2
and a —2c — 2+ 0 = 2. Then we have a = 4 + 2¢ > 4, so that we have with
the case of weight 1e;

UZ,Q .Uy = ZilZing .Uy = (folngl)Zl LUy = 0 mod (a +C- 'UQ).
m Weight —3e;. Again by (4.7), we only have to consider uZ_5.v_;. Without

loss of generality let u = Z{Z¢, witha+c=r—1>2anda—2c—-2—-1=2.
Then it holds a = 5 + 2¢ > 5. It follows with the case of weight Oeq

uZ_o.v_ = (2812927 vy =0mod (a+ C - vy).
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m Weight —4e;. By (4.7), the only interesting terms are of the form uZ_,.v_j.
Without loss of generality let w = Z§2¢, witha+c=r—-12>2 and a —2c —
2 —2 =2, s0that a =6+ 2¢c > 6. It follows with the case of weight —1e;

uZ_g.v_g = (291252, .v_o = 0mod (a + C - vy).

m Weight —5e;. We only have to study uZ_s.v_3. Foru = Z7Z¢, with a+c =
r—1>2anda—2c—2—3=2wehave a =7+ 2¢c > 7, so that it follows
with the case of weight —2e;

uZ_y.v_g = (291212, .v_s =0mod (a+ C - vy).

All in all, this proves Proposition 4.4. 0

4.6 Reduction to cohomology

We still want to show that for n = 3 the value P/\,oo(%) in Theorem 1 does not
vanish. Up to now we showed that B, does not vanish on the cohomological K-
types. Recalling the remark in Section 4.3 we want to prove, that B, ® B, restricted
to cohomology is still nontrivial. Like in Section 3.6 we may write

SO3(R) SO2(R)

2
(/\ P3 ® Vm,) resp. (@; ® (W @ Ww))

£

EJ

for the respective cohomology spaces. This invites us to do the proof in two steps.
At first we show

Proposition 4.5 (B, ® Boo)((/\2 05 ® V%)503 , ({33 Q@ (W, ,® Wm))m’?) £ 0.

Proof. A basis of the soz-module /\2 03 is given by

570 A Zo,
570 A Zo,

37 A NZy+220N 21, ZoANZy—Z 1 A o,

27 ANTo+ T oNZay ZANZy—27 5N Zo, (4.10)
ZANZo+ZoNZy, 3Z0NZo—27 9N 7,

Z_Q A Z(),

Z 9N,

whence /\2 ©3 is isomorphic to %) & Z5 as an soz-module. The same is true for
its dual A\* @3, since @3 = 9, is self-contragredient as an soz-module. To show the
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latter, let H, Ey, E_; act on @3 with the basis {(—1)*Z} | ZX(Z,) = 6w Va,b €
{=2,-1,0,1,2}} and compare the results with the values in Section 4.1. Note, that
(—1)*Z* has weight —ae;. The cohomological SO3(R)-type us of V' is isomorphic
to Z5. So by the Clebsch-Gordon formula (cf. [Bou|, VIII, §9) we get

2
AoV, = (9@ 2)0 P
>~ (DD DD)D (DD DD D ® DD Du® D5 D Do)

The sos-invariant vectors are just the Zy-part by definition, so that it follows

2 503 2
(/\ @3®VM3) = </\ @3®VM3> = 90'
Yo

. 2 ~
If we choose basis vectors v’ 5, v’ 5, v 1, vy, v], vh, v§ of (/\ pg)% = 95 such that the

weight of each v), is aey, a generator of (/\2 05 @ Vus)% is given by 22:73 v, ® .

Now consider the two cohomological SOy (R)-types W, _, = 2', and W, = Z;. The
s09-types of Qg are (Zo)ec = 24 and (Z_o)¢ = P’ 4, so that we have @, = ', & Z).
Since @9 is self-contragredient with H.Z*, = 2iZ*, and H.Z5; = —2iZ, the same is
true for @5. We get

oW, , 2 (2,0 D) @D, =29, © %,
and
0y W, 2 (2, ® Dy) @ Dy = Dy @ D,

so that in both cases it follows
(95 @ Wpi)™ = .

Now let w_y and wy denote basis vectors of W, , resp. W,,, and choose a basis
{w’ 5, wh} of G such that w’ , has weight —2e; and w}, has weight 2e;. Then a basis

of (5@ W, ,)™ resp. ({5 ® W,,,)™ is given by wh ® w_o resp. w', ® ws.

We still have to show that the restriction of B, ® By is not trivial. From Section
4.5 we know that By (v,, w_2) vanishes for a # 2. But then by Theorem 4.3 we
have 0 # Boo(Viy, Wy,) = Boo(Vyy, w_2), so that By (ve,w_3) # 0. Analogously,
Boo(v_9,w3) # 0 and By, (v,, ws) = 0 for a # —2. We showed for all o, 3,7 € C

3
(B/\®Boo)(04 Z Ul_a®va75'w/_2®w2+/7'UJ/2®UJ_2)

a=-3

— 0y Ba(t g w4) B (03, 1_3) + 4 - Ba(0h, w0 5) B (03, w3),

(4.11)

where the values of B, do not vanish. So we reduced the proof to showing

Bp(vg,w'y) #0 and  Ba(v),,wh) # 0.
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In order to do this we choose bases of /\2 o5 and @3 consisting of Maurer-Cartan
forms like in Section 3.1. We set

wy i= 2y, wy =2y, wy =2y, Wy =41, ws = 4],
Recalling the embedding of g, into (3 from Section 4.1 we also put
Wy =20, wh =2y, wy = 2,

where we define Z by Z;(Z,) = 04 with a,b € {—2,0,2} in analogy to the above.
It follows
wi ifi=1,2,3
6 o . i — 7 Y Y Y
(p2 © j)(ws) {O ifi=4.5
just like in Section 3.1.

Via (4.10) we can express v’ 5, v5 in terms of those Maurer-Cartan forms, and get
vy =5 w3 Awp and vy = wy A ws.
Further we may set
/ e !/ A !/
Wy 1= Wy and wy 1= wj.

So, following the definition of ¢; p in Chapter 3 and taking into account that wj
corresponds to the differential 4 there, we find that B (vh, w’,) and By (v_y, wh) do
not vanish. U

It remains to study the action of the groups of connected components of the respec-
tive orthogonal groups. The case of my(O3) is already described by Corollary 1.5:
For & = sgn(wy(—1,)(—1)""W/2) = 4 we get

2 SOg(R) 2 503
(/\ @§®Vu3> = </\ @3®VM3> .

£

The case of m(O2) is more interesting. If we set do = (01 le) we may write
OQ(R) = <52> X SOQ(R) resp. OQ(C) = <52> X SOQ(C)

By [Mah], p. 624, we know how d5 acts on the weights of an arbitrary representation
of s09: Let 7 be such a weight. Then we have

e =o' s) =3 %) (5 3) (6 ) =rt-m ==,

Thus d, interchanges the two weights —2e; and 2e; both in ¢f and W, whence by
[loc.cit.] it also interchanges the two so,-modules in ($3 ® (W,_, ® VV,Q))502 that
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are isomorphic to Z;. Without loss of generality we may assume that the basis
vectors why ® w_y and w’ 5 ® wy merge under the action of d;. Then we get

SO2 (]R)

1%

(@@@%Q@W%Q (1 @ w_s + w5 ® whle.

+

and

SO2(R)
(@®am4@wg0 > (wh @ w_y — .y ® Wy

But since the (B ® Bo)-value in (4.11) can not be zero in the cases a = 3 =y =1
and a = = —v = 1 simultaneously by the above-mentioned, it follows that there
are €, € {+,—}, such that

SO3(R) SO4(R)

(Bomew)) ")z

5/

<m®3@(ﬂ@®wg

Recalling the remark in Section 4.3 we find

Theorem 2 Let n = 3 and assume the coefficient modules MMC and MM@ to be
trivial. Then there is a choice of signs € and €' in Section 3.6, such that the period
Pyroo(3) in Theorem 1 does not vanish.



Chapter 5

Conclusion and further questions

In Chapters 3 and 4 we showed under certain conditions, that the function y —
L(m ® x, o; %), after division by an appropriate period depending only on n takes
algebraic numbers as values, like we hoped for. The most restricting conditions are:

m 7 has to be in Coh(GLg, i) for some dominant weight p € X (T3),
m 0 has to be in Coh(GLy, ) for some dominant weight v € X (T3),

m the coefficient modules Mm@ and Mu,@ are trivial.

How would one step further? While improvement at the first two points seems out of
reach with the brute force methods of Chapter 4, the last point seems less persistent:
We needed this assumption only in Section 4.5 and in Section 4.3!3, so that it seems
possible to replace it by conditions like

s viewed as a GLo-module, M u,c has to contain the contragredient of ]\7[1,7@,

» s =1 has to be a critical value of (7, 0).

As an obvious consequence the function x — L(7 ® x, 0; %) from above would also
depend on the coefficient systems Mu and M, but still not on the character y.
Summing up, a first question would be

Question 1 Is it possible to generalise the results of Chapter 4 to the bigger set of
representations like we described it above?

Assuming that it is, we should ask next, how restrictive those two new conditions

are. While the first one seems to be natural to this kind of problems, the second

one needs some discussion. In the following we will see, that in general s = % is

no critical value, although there are many examples, where it is. Finally we will
discuss, how to interpret our results in the case of arbitrary sets of critical values.

when we assumed that s = 1 really was a critical value

60
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5.1 Critical values

In this section we want to study the critical values of pairs (7, 0) of cohomological
representations. Therefore we need to study L(ma ® Yoo, 0o} 8).14 Since we chose
Xoo to be trivial, this is the same as L(7, 0x;s). The latter value can be calcu-
lated via Langlands correspondence at infinity as follows. Recalling the Langlands
classification we may associate to 7., and o, representations wY and o¥¥ of Wg like
in Section 1.5. So if we write

Too Zsgn* @J(w,1), k€ 7Z/27
and
Ooo = sgn® @J(W. 1), Kk €Z/2Z,

we can give a concrete formula for L(7¥¥ @ olV; s) by (3.6) in [Knal] and Proposition
1.6. Taking into account that that the L-functions in [loc.cit.] are defined slightly
different from those used by us, causing a shift by % in the formula, we find the
following expression for L(m¥% ® o¥; s+ 3):

2 ww' +1; / 3 31 wow/ 1 +1
([T 202m) =520 1 (s o) | [T 1T 2020 =)
) =
T (s + —W+W/;“+ZQ> . 2(27r)*(5+%”r11'|) T (S N W+Wu;|zi—z;|>]
n o n_1
T e wtw’ s W s wHw’
'[qg2(2w)(+2+11)F(S++T+li>'77(+2)/Q'F(§++T)
U.=1;
J
s W+W 1)/2 s wHw’ 1
ml sy F(§++T+§)},
if n is even and
n—1 n—1
2 wAw/ 1% wew! 1 5= T3 wew! 140,
(11 22m) 045 1 (s 220 [ ] 2o
- =
(S 4 w+w’ ;—l +l’) ' 2(27_(_)—(3—',-%) T < 4 W+W/_;|l1._l9‘>i|
T 2 W , - /
[H H 2(27’(’) (s+ -; —Hi)r(s‘l’%‘i‘li)'ﬂ'(s—’_ '; )/ZF(g‘i‘%)

@
Il
A

SR,
—~

k3

RSP (54 e )],

if n is odd. By definition we have (cf. [JPS2])
L(To0; 000 8) = L(TY @ 0¥ 5).

4\We do this for general n, since the arguments are the same as in the case n = 3.
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Now by [Del] the critical values of (m,0) are the numbers n + 1 for those integers n
where neither L(7¥¥ @ o%V;s) nor L((7¥¥ @ o¥)";1 — s) have a pole. Note, that we
can calculate L((7l¥ @ 0¥¥)";1—s) easily by (1.2). One the one hand, there are quite
a lot of pairs (7, 0) for which s = £ is indeed a critical value. For example consider
pairs (7, 0) with w = —w’. In this case we get from (1.6) that I; # [} for all i and
j, and the formulae above simplify a lot. Obviously, there are plenty of choices for
the [; and the [; giving us what we want, in particular we may set w = w’ = 0 and
1 =20, and I' = 2p,,_1, which is the case from [KMS]| and from Chapter 4. On the
other hand, in general s = % does not need to be a critical value. Actually, quite a
lot of sets of critical values seem possible. So the natural question in this situation

1S

Question 2 What are in general the critical values of a pair (w, o) of cohomological
representations like in Chapters 3 and 47

Here, the condition, that viewed as a GLy-module Mu,c has to contain the contra-
gredient of M, ¢, should give a relation between w and w’.

5.2 Pairs with arbitrary critical values

Obviously, our results from Chapter 3 are mainly interesting, if s = % is indeed a
critical value of the pair (m,¢). In Chapter 4 we even need this as an assumption.

But the question remains

Question 3 How can this work be generalised such that we can treat arbitrary"® sets
of critical values?

Note, that the value s = % plays a special role in this kind of problem, because of

the factor |det(g)|* 2 in the definition of the zeta integral. In our special case we
could ignore this factor, which for instance helped to prove the gl,,_;-invariance in
Section 4.4. This is why simply copying the methods of this thesis to the case of
another critical value should not work. However, if s = % is indeed a critical value,
we should be able to use the algebraicity (modulo period) of L(m ® x, 05 3) to show
algebraicity (modulo period) of the values L(m ® x,0;s;) for all critical values s;.
This has been done in the cases for small n that have already been studied in more

detail (cf. [Man] for instance).

15Which sets of critical values are of interest, clearly depends on Question 2.



Symbols

Dar,
Jr
P,

3
M2
O

m&

7T0(G)

Ou

central character of m

set of roots of T}, in GL,,

set of positive roots of T, in GL,, relative to
Bn

finite idele class character

linear form on M, ¢ ® M, ¢

cohomological SO3(R)-type of V
cohomological SO3(R)-types of W

fast decreasing differentials

differentials of moderate growth

K-finite vectors of 7

group of connected components of the group
G

algebraic representation of GL,,(Q) with high-
est weight p

half-sum of positive roots of GL,

additive character of Q\A

unit matrix of GL,(R)

group of upper triangular matrices in GL,,
pairing on differentials

cohomological pairing

pairing on differentials

lower cohomological limit

set of cohomological representations

C*-functions with compact support
fast decreasing C'*°-functions
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13
13

21
35
40
41
27
27
12

13
18

30
32
30
10

27
27
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Che C*°-functions of moderate growth 27

D, discrete series representation of GLg(R) of 14
lowest weight [ + 1

78 irreducible soy-module of highest weight ke; 41

D irreducible soz-module of highest weight ke; 40

d,, dimension of 2!, that is ”2% -1 26, 30

AT s infinitesimal representation belonging to m,, 47

d, dimension of Z;,, that is 24 24, 26

F compositum of the fields of rationality of 7y 37
and oy

f nontrivial p-power, conductor of x 21

1, Iwahori subgroup of GL, 19

Ji canonical embedding of GL,,_; in GL,, 24

K open compact subgroup of GLn(Z) or 16,23
GLn(Af ) R

K’ open compact subgroup of GL,,_1(Z) 23

L4 (GL,) set of possible Langlands classification data 13

M, algebraic representation of GL,,(Q) with high- 8
est weight

M, locally constant sheaf belonging to M w=M; 16

©On symmetric n X n matrices of trace zero 26

©On symmetric n X n matrices 26

Q(7y) field of rationality of 7 37

Sp(K) locally symmetric space 16

T, standard maximal torus in GL,, 8

t9 tensor product w) @ v? 19
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65

upper cohomological limit

unipotent radical in B,
universal envelopping algebra of sl3

short for #4 (7o, Too) ® Mu,c

short for #(0ue, Too) ® M,,¢

Weil group of R

Weyl group of GL,

Whittaker space of m with respect to 7

local Whittaker space of 7, at v with respect
to 7,

O,,(R)-finite vectors of # (7so, Too)

weight of the weight vector u

longest element of W,

set of dominant regular weights in X (T,,)
GL,(R)/ On(R)
SLn(R)/SO.(R)

10

40

41
14

18
18

oo

24
24
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