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Robust estimates for the approximation
of the dynamic consolidation problem

Martin Sauter and Christian Wieners

ABsTRACT. We consider stable discretizations in time and space for the linear dynamic consoli-
dation problem describing the wave propagation in a porous solid skeleton which is fully saturated
with an incompressible fluid. Introducing the hydrostatic pressure, the flow problem is described
by Darcy’s law. In particular, we discuss the case of nearly impermeable solids which requires
inf-sup stable discretizations in space for the limiting saddle point problem. Together with an
(implicit) Newmark discretization in time we derive convergence estimates for the fully discrete
scheme which are robust with respect to the coupling parameter of fluid and solid.

1. Introduction

We consider the following system of partial differential equations
pii(t) — div (o(t) ~ p(t)I) = pb(t). (1a)
div (u(t) — k Vp(t)) =0, (1b)

in [0,7] x Q C R x R? extending Biot’s quasi-static consolidation problem by an inertial term (the
classical quasi-static model is obtained by neglecting the acceleration term). The consolidation
problem describes the dynamics of a system composed of a materially incompressible porous solid
which is saturated by an incompressible viscous pore fluid. After imposing a constitutive equation
relating the Cauchy stress and the solid displacement, the primary variables are the displacement
vector of the solid skeleton w and the hydrostatic pressure p. In the above equations, we already
inserted Darcy’s law, describing the difference of the pore fluid velocity and the skeleton velocity (the
seepage velocity w), which is obtained by w(t) = —k Vp(t). Here, & is the hydraulic conductivity.
Phenomenological, the second equation corresponds to the conservation of fluid content where
div @ represents the additional fluid content due to the dilation of the structure. The first equation
describes the conservation of momentum. Thereby, o(t) — p(¢)I is the effective stress, which is
decomposed into the Cauchy stress o (¢) of the solid structure and the additional stress due to the
fluid pressure given by —p(t)I. Finally, b(t) denotes the volume forces (e. g., gravity forces).

The qualitative analysis of (1) is well established and a governing framework for the consolidation
problem is now given by the the system of poro-elasticity. We refer to [23| and the references
therein for a recent survey article on related problems and links to other applications, e.g. thermo-
elasticity. It also addresses extensions in regard to plastic deformations of the solid skeleton. Finite
element approximations of the quasi-static problem have been considered by various authors, see
e.g. [12, 14] and the references therein. Approximations of a different fully dynamic consolidation
problem have been considered by Santos et. al. [18, 19].

In this work, we focus our attention on the behavior of the system for varying x = £ > 0 and &

might as well be tensor-valued. In the above relation, k represents the permeability of the pores
and n the viscosity of the fluid. Of particular interest is the behavior for very small x. This can
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be interpreted in two ways: either the pores are almost impermeable or the fluid is highly viscous.
Freely spoken, both cases imply that the fluid does no longer flow through the porous solid, and the
two-phase problem reduces to a single-phase problem for the displacement of the solid-fluid mixture.
Then, p can be interpreted as the Lagrange multiplier of the constraint diva = 0. However, we do
not consider the case of vanishing x.

In particular, we aim for robust discretizations in time and space for the full problem. Therefore, we
combine two methods which are robust for its own: in time, the Newmark scheme is applied (which
is unconditionally stable for a suitable choice of parameters) and in space an inf-sup stable saddle
point discretization provides robust estimates. Our main result in Section 5 proves convergence
estimates in space and time independent of k and without mesh-dependent restrictions on At.
Numerically, this was already observed in [21].

Here, we restrict ourselves to the basic linear model. The full numerical analysis of convergence
in time and space for nonlinear models is more involved, see, e. g., [4] for a first order method in
time applied to a dynamic model in finite elasticity. The extension of the numerical analysis to
other nonlinear applications, e. g., models in poro-plasticity, is not done so far (see |6, 25| and the
references therein for numerical simulations).

The paper is organized as follows. We start with a precise formulation of the dynamic consolidation
model, and we review the main properties of the problem. Then, in Section 3 the Newmark scheme
is introduced, its properties and some variants are discussed. In Section 4, based on an inf-sup
stable discretization in space, a robust semi-discrete estimate is derived, and finally, in Section 5
estimates for the full discretization are considered. We close with some remarks on discrete energy
conservation properties of the scheme.

2. The continuous problem

In this section we briefly recall the full equations of the consolidation problem, and we summarize
the basic analytical properties. It does not contain new results; it serves for the clear definition of
the problem and for the introduction of the notation.

2.1. Equations and boundary conditions. We assume that [0,7] C R is a finite time interval
and  C R is a bounded domain with Lipschitz boundary I = 9Q. We consider disjoint boundary
decompositions I' = I'.UT"; corresponding to Dirichlet (clamped) and Neumann (¢raction) boundary
conditions for the solid, and for the pressure I' = T'yUTI'¢, corresponding to Dirichlet (drainage) and
Neumann (flux) boundary conditions. We assume that the Dirichlet parts have positive measure
measy_1(I'c), measy_1(I'y). Depending on the boundary, we use the spaces X = {w € H'(Q,R?) :
w = 0on .} for the displacements and Q = {q € H'(2) : ¢ = 0on Iy} for the pressure.
Furthermore, define H = Lo(Q,R?) and H = Lo(Q, R).

In Q, the following data are given: a density distribution p € Lo (2, R) with p(z) > pp > 0 a.e. in Q,
a permeability tensor & € Loo(€Q, R%*?) which is uniformly positive definite, i. e., €Tk (x)€ > ro|€|?
for ¢ € R, and a volume force b € Lo(0,T; H).

Finally, the system (1) needs to be closed by a constitutive equation describing the stress-strain
relation. In the following, we only consider the linear and isotropic case where the relation between
the Cauchy stress o and the linearized Green-St. Venant strain e(u) = 3(Vu + Vu®) is given by
Hooke’s law

o(t)=C:e(u(t)) =2ue(u(t)) + Atre(u(t))I . (2)

Here, C denotes the fourth order elasticity tensor and p and A are the Lamé constants.
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Now, the full system is given by the differential equations and the boundary conditions

pii(t) — div (o(t) — p(t)I) — pb(t) =0 in €, (3a)
div (w(t) — K Vp(t)) =0 in Q, (3b)
p(t) =0 on Ty, (3c)
kVp(t)-m=0 only, (3d)
u(t)=0 onT,, (3e)
(o) —p(t)I)n=0 onTy, (3f)
subject to initial values
u(0) = ug and u(0) = vo. (4)

2.2. Norms and operators. We define the following bilinear forms and operators:

A: X — X', (Au, w) x7y x = a(u, w) ::/Qe(u):(C:s(w)dx,
B: X —-Q, (Bu,p)grxg = b(u,p) := —/pdivudac,
B':Q— X', (B'p,u) x'x x = b(u,p), ’

Q- Q. (Coptlarea = cnlp.a) = [ (590 Vado,
M:H— H', (Mu,w) g o i = m(u, w) ::/qu-'wd:r.

The bilinear form a(-, -) defines an inner product on X due to Korn’s second inequality. Since a(-, -)
is symmetric, the operator A is self-adjoint. We define a norm on X by setting

lullx = Va(u,u) .

Similarly, the operator Cy is self-adjoint and defines an inner product on ), but the associated
norm is not appropriate in our context since this would result in parameter dependent estimates.
Therefore, we define the parameter dependent norm

Iplle = +/lIpllE + 1IpIl% (5)

with ||p|lx = v/cx(p, p) and ||p||s = ||A~1 B’p||x, which now allows for the robust estimate

b(u, p)
sup
0AueX ”UHX

= 1Bpllx = A7 B'plx < pllo- (6)

Finally, we use the weighted norm ||u|| g = /m(u,u) on H. Note that for u € X, we can estimate

[ullar < G, [lulx

2.3. Weak formulation. The finite element discretization of (3) is based on the weak formulation:
find w € C?(0,T; V) and p(t) € Q such that

m(i(t), w) + a(u(t), w) + b(w, p(t)) = m(b(t), w) we X, (7a)
b(u(t), q) — cx(p(t),q) =0 1€Q. (7b)

Using the introduced notation, this can be rewritten as an operator equation in X’ x Q'
Mii(t) + Au(t) + B'p(t) = (t), (8a)
Bu(t) — Cp(t) =0, (8b)

where ((t) € X' is defined by (((t), w) = [, pb(t) - w dz.
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2.4. Existence and uniqueness of a solution. Eliminating the pressure in (8) by the second
equation gives p(t) = C;!Bu(t), and substitution into the first equation yields the wave equation
with damping

Mii(t) + Dyptn(t) + Au(t) = £(t) , 9)

where D, = B'C;'1B: X — X'. Since Cj is strongly monotone, so is the inverse C;! and
consequently, also D, is monotone: (D,v,v) > 0. Standard analysis applies to this problem (see,
e. g., [22, Prop. 1.6.1] for a proof in a modified setting with homogeneous right-hand side).

THEOREM 1. For £ € C°(0,T; X') the second order differential equation (9) with initial values (4)
has a unique solution u € C*(0,T; H) N C*(0,T; X).

As a consequence, we obtain p € C*(0,T; Q). In case of smooth right-hand sides and initial values,
higher regularity can be studied, cf. [7, Sect. 7.2.3].

Note that the operator D, is not bounded independently of x, so that the pressure elimination is
not suitable for a robust discretization.

2.5. Monotonicity. Introducing the velocity v(t) = 4(t) we consider an extended system. We
define the product space
W=XxXx@

and the operators A, B: W — W by Alu, v, p|] = (—Av, Au+B'p, — Bv+Cyp) and by Blu, v, p] =
(Au, Mv,0), and the linear form £ € W' by L(t)[u,v,p] = ({(t),v).

Together with Av(t) = A4(t) this rewrites (8) as an implicit evolution equation W’
o (Bw(t)) + Aw(t) = L(t), Bw(0) = (Aug, My, 0), (10)
for w(t) := (u(t), v(t), p(t))-

LEMMA 2. The operators A and B are monotone.
PRrOOF. This follows from (Bw,w) = a(u,u) + (v,v)g > 0 and
<A’LU,’U)> = Cﬂ(pap) - b(’l],p) + b(’l],p) + a(u,v) - CL(’U,U) = Cn(p>p> > 07

due to the symmetry of a(-,-) and the positivity of c,(-,-). O

Note that B is singular, so that this has the structure of a differential algebraic equation. Thus,
the application of semi-group theory requires a suitable factorization technique [22;, Ch. IV].
This technique is applied in [24], where existence and uniqueness of a closely related system is
investigated. In the following, monotonicity plays a major role in the estimates.

2.6. Energy estimates. The kinetic and potential energy of the wave equation

gwave('u'a U) = %m(va ’U) + %CL(’U,, u)

is extended by the damping term, which defines the free energy by

E(U”p’t) = gwave(u(t)aﬂ(t)) +/0 Cﬁ(p(S),p(S)) d37

and the external work is given by

t
Eext (v, 1) :/0 (0(s),v(s))ds.

The initial energy is denoted by & = Ewave(wo, Vo).
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THEOREM 3. Assume b € L?(0,T; H), and let (u,p) € H'(0,T; X) x L2(0,T;Q) be a solution of
(7) for initial values (ug,vo) € X x X. Then we have energy conservation in the form

E(u,p,t) =& + Eext (U, 1), te[0,T]. (11a)
and an a priori estimate
£(u,p,1) < C(T) (€ + 1bl220 1)) (1)
where C(T) is a constant only depending on time T.
PROOF. Inserting w = 4(t) and ¢ = p(t) in (7) yields b(@(t), p(t)) = cx(p(t),p(t)) and

m(ti(t), (t)) + a(u(t), u(t)) + cx(p(t), p(t)) = (€(t),0(t)) -
This gives (11a) by

Evane(w(1), V(1)) — Enave (w(0), v(0)) = /0 t (miis), i(s)) + a(u(s), i(s)) ) ds
[ ()

Eua () = /0 m(b(s), v(s)) ds < /0 16(5) el () Lo s

(s)) — culp(s), p(s))) ds .

=]

We obtain from Young’s inequality

t t
<5 [ 1rds+ 4 [ o) s

which gives

t t
E(u,p,t) §50+%/ \|b(s)|%{ds+/ E(u,p,s)ds.
0 0

Then, (11b) is directly obtained from Gronwall’s Lemma [11, Lem. A.4.12]. O

As an immediate consequence in case of vanishing external work (¢ = 0), it follows that energy is
conserved (i. e., E(u,p,t) = &), and the wave energy is dissipative in the form

& Euaelu(t) 6(6) = ex(p(t),p(1)) < 0. (12)

2.7. Lagrange principle. Finally, we introduce the corresponding Lagrange principle. For the
generalized coordinates g = (u,p) define the Lagrangian by

L(g, ¢.t) =5{Ma(t), a(t)) — 3(Au(t), u(?)) +/O (Cup(s),p(s)) ds — (Bu(t), p(t)) + (£(t), @(t)) -

The corresponding Euler-Lagrange equation (obtained by the first variation of the action integral)

00L 0L
9 94 = 94 yields the equation (8) in integrated form

Mi(t) + Au(t) + B'p(t) = ((t),

Bu(t) — /Ot Cyp(s)ds =0.
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3. Discretization in time

In many cases physical restrictions require very small time steps for hyperbolic equations, and then
explicit time stepping methods a favorable. Here, we consider applications in solid mechanics where
in particular stability requirements would lead—in case of fine meshes—to unrealistic small time
steps. Thus, one aims for time discretizations which are unconditionally stable. This can be easily
obtained by enlarging the system by an equation for the velocity and the application of stable
implicit Runge-Kutta schemes. However, the realization of such schemes is numerically expensive,
and therefore in many cases Newmark schemes are applied: their realization has the same structure
as implicit schemes for the quasi-static case, and it is quite easy to extend quasi-static applications
to the full dynamic problem.

3.1. The Newmark scheme. We consider the Newmark discretization in time for the system
(7), see [17, Ch. 6.5]. Therefore, let 0 = ¢ty < ¢ < ta < ---ty = T be a time series, and let
At = t, — t,—1 be the time increment. Set " = ((t,).

Starting with u® = wuo and v° = vy we compute for n = 0,1,2, ..., N the acceleration vector a”,
the velocity vector v™, the displacement vector u”, and the pressure p” satisfying

m(a”, w) + a(u”, w) + bw, p") = (", w), weX, (13a)
b(vnaQ) _Cﬁ(pn7q) :07 qc Q7 (13b)
and for n >0
Aty
vt =" 4 Tt (a” + an_1> , (14a)
At,,)?

u" = w4 A"+ (4) (a" + a"il) . (14b)

Algorithmically, one can solve a saddle point problem for (u”,p")
4
() a(u”w) £ bl ) = (7 w) we X,
Atn n n
b(unvq)_TcH(p7Q):<r7q>7 q€Q7

with

(r";w) = (", w) + mm(u"’l,w) + A—tnm(vnfl,w) +m(a" 1 w), we X,

_ AN
<Tn7q>:b(’u’n 17q)+7b('l) 1,(]); qu?
and then recover v"™ and a” from
2
v = AL (u” - u”_l> — "t (17a)
n __ 4 n n—1 i n—1 n—1
a" = ONE (u —u ) Atnv a"" . (17b)

3.2. The Newmark discretization as a Nystrom method. For the system
u(t) = v(t), o(t) = a(t,u,u),

an s-stage Nystrom method is given by

S S
k;, — a(tn_l + ¢iAty, u" 4 ¢ At + (Aty,)? Zaijk:j, "4+ At Z aijk:j) ,
i=1 j=1

u = w4 At 0"+ (A1) ik, 0" =0"T At Y bk
i=1

=1
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Following [9, Ch. I1.14], a Nystrém method is equivalent to a Runge-Kutta method, if the coeffi-
cients @;; and b; fulfill the relations

S
;= Zaikakj , b, = Z = brag; . (18)
k=1

k=1
The Newmark method as it is defined above is a Nystrom method (s = 2 stages) with

=B 5 Y - ) sl -l

A short computation evaluating (18) shows that this corresponds to the trapezoidal rule. This
equivalence is useful for characterizing the Newmark method since all properties can be traced
back to the trapezoidal rule. In particular, we can directly conclude that the Newmark method is
A-stable and second order accurate.

The trapezoidal rule is symmetric in the sense of |8, Ch. 5|, since the coeflicients a;;, b; fulfill
Qsi1—ist1—j + a5 = bj forall 1<i,j<s.

Moreover, in the context of linear problems, the concepts of symmetry and symplecticity coincide |8,
Ch. VI.4.2], and hence, quadratic invariants are conserved. In particular—in regard to the linear
dynamic consolidation problem—this implies the energy conservation by the Newmark method.
This fact is also reflected in the close relationship of the trapezoidal rule with the midpoint rule.
For linear problems, both methods are equivalent, and since the midpoint rule is symplectic, so
is the trapezoidal rule for linear problems. The trapezoidal rule is also referred to as conjugate
symplectic to the midpoint rule [20, Ch. 14.3], since it is the result of a change of variables in the
midpoint rule.

REMARK 4. The general form of the Newmark method, as given in [17, Ch. 6.5], is paramelerized
by B and v such that

1
v =" 4 Aty (’Ya" + (5 - ’Y)a"”) ;

u" =u" 4+ At " 4 (AL,)? <Ba” + (% — B)a’%l) .

The equivalent Nystrom method is given by

T A N R

Suitable combinations of the parameters allow for controllable stability properties, and certain meth-
ods are retained in the general formulation, e.q. for v = i and 3 = 0, the leap-frog (or Stormer-
Verlet) algorithm is recovered.

Since our fully discrete estimate in the next section is restricted to the basic Newmark scheme
(v = %, 8= %), we do not analyse the variants here.

REMARK 5. In the engineering literature, the Newmark method can be traced back to [15]. Based on
the Newmark method, further extensions were proposed: the HHT-a method of Hilber et. al. [10]
and the WBZ-a method of Wood et. al. |26] were combined to the generalized-a method by Chung
and Hulbert [5], yielding a four parameter method allowing for adjustable numerical dissipation
while retaining second order accuracy and unconditional stability in the linear regime. As special
cases, the trapezoidal rule and the midpoint rule are recovered.

4. Discretization in space

Since we aim for robust estimates with respect to x, a full control of the acceleration and the
pressure is required. This is obtained by employing an inf-sup stable finite element discretization.
Then, in order to prepare the structure of the proof for the full estimate in the next section, we
consider a semidiscrete estimate.
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Note that for the wave equation both, semi-discrete and fully discrete estimates for the displace-
ments, are considered in [13, Th. 13.2], but for a robust estimate with respect to x (based on the
inf-sup stability) substantial extentions are required.

4.1. The elliptic projection in space. Let h € (0,hg) be a discretization parameter and let
Xn x Qn C X X Q@ be a stable finite element discretization such that

b b
sup (uhvph) Z 5 sup (uvph)
we Xy |unllx wex |lullx

. Ph€Qn, (19)

where (3 is independent of the discretization parameter h. In particular, (6) implies
b(wn; pn)

weXx, |lunllx
For the discrete system, standard theory for linear ODE’s apply, see |1, Th. 11.9.5]:

1
< —llpnllgs,  pn€Qn- (20)

THEOREM 6. For £ € C*(0,T; X') the second order semidiscrete equation
m(tip(t), wp) + a(un(t), wn) + b(wn, pr(t)) = (€(t), wp) wy, € Xy, (21a)
b(4(t), qn) — cx(pn(t);qn) =0 an € Qn (21b)
with initial values
(un(0),@r(0)) = (un,0,vh0) € Xp X Xp,
has a unique solution (wp,pp) € C*T2(0,T; X}) x C*1(0,T;Qp).

For the semidiscrete analysis we introduce a coupled elliptic projection
(n, Jn): X x Q — X5 x Qp
by solving the saddle point problem
a(In(w,p), ws) + b(wp, Ju(u,p)) = a(uw, wy) + b(wp, p) wy € Xy, (22a)
b(In(w,p), qn) — cu(Jn(u,p), an) = b(w, qn) — cx(p, qn) qn € Qn - (22b)

Elaborate stability investigations related with such saddle point problems have been performed in
the context of penalized saddle point problems. In particular, we obtain quasi-optimal estimates
uniformly in &, see [2, 3].

THEOREM 7. A constant C > 0 depending only on [ ezists such that

|lu — In(w,p)||x + [[p — Jn(u,p)|lo < C inf ([lw —wrlx + lp — anllo)-
(wh,qn)EX K XQp

Moreover, if u € H*(Q,R3) and p € H*(Q), and if the mesh is sufficiently reqular, we have
lw = In(u, p)| x + llp = Jn(w,p)llq < Clu,p) b,
with C(u,p) independent of k.

4.2. A semidiscrete estimate in space. The elliptic projection allows for decompositions
u(t) —up(t) = @u(t) + Ou(t),  0u(t) = u(t) = In(u(t),p(t), Ou(t) = In(u(t),p(t)) — un(t),
p(t) — pu(t) = op(t) + 0,(1), op(t) = p(t) — Ju(u(t),p(t)) , Op(t) = Jn(u(t), p(t)) — pn(t),

where first terms will we estimated by Theorem 7; the second term (in discrete spaces) is estimated
in Theorem 8 below.

Temporal derivatives are defined accordingly, e. g., 04, (t) = Ip(tu(t), p(t)) — @p(t).
THEOREM 8. Ifu € H3(0,T,X) and p € H3(0,T;Q), the estimate
16, (D17 + 16u()l1F + 11u(D) 15 + 16w(8) %
S 116013 + 16(0) 5 + 118(0) 1 + 195(O)NE + lep(®)IE + Il ullFra 0,5

holds, where the constant contained in < is independent of k.



ROBUST ESTIMATES FOR THE DYNAMIC CONSOLIDATION PROBLEM

PRrROOF. The construction of the projection implies

a(@y(t), wr) + b(wp, 0p(t)) = 0, wy € Xy,
b(eu(t), an) — cx(op(t), an) = 0, an € Qn
and b(0,,(t), qn) — cx(0p(t),qn) = 0. Subtracting (7) and (21) and inserting (23) gives
m(Gu(t), wh) + a(Bu(t), wh) + b(wh, Op(t)) + m(By (1), wn) = 0 wy € Xp,
b(0u(1), qn) — cx(Bp(t), n) + b(04 (1) — 0u(t),an) = 0 qn € Qn -

Choosing wy, = 04 (t) and ¢, = 0p(t) in (24) yields together

(23a)
(23b)

(24a)
(24Db)

m(Ou(t), u(t)) + a(Bu(t), Bu(t)) + cx(Bp(1), Op(t)) = —m(Bu(1), Ou(t)) + b(Gu(t) — u(t). (1)) ,

and integrating results in

t
10 (t)]1Z1 + \Gu(t)H?er?/O 16, ()13 ds

— (160 (0)]2; + 00(0) % +2 /O b(6u(5) — 0u(t), 0p(s)) ds — 2 /0 (B (5), Buls)) ds

t t
< Ci(u,p) + /O 16,(s)[2 ds + /0 160 ()3 ds.

t t
with O (u p) = [|0(0) 21 + 18(0) % + /0 18u(s) — ou(s)l% ds + /0 1B (3)34 ds.

Differentiating (23) and (24) in time analogously yields

t
1617 + |0u(t)\|%c+2/0 16()1% ds

(25)

— 1602 + 16(0)[% +2 /0 D(Ba(5) — Bu(5). 0p(5)) ds — 2 /0 (03 0u(s), Buls)) ds

Using integration by parts and Young’s inequality, we insert the estimate
t
| #@uls) = el (51 ds
t
= b(gu(t) - Q.u(t)vep(t)) - b(@u(o) - éu(o)a ep(o)) - /0 b<a1§gu(s)a 017(8)> ds
1 . 2 M 2 L. . 2 1 2
< 5 l18u(t) — Ol + 310013 + 318,(0) - 2Ol + 5 18,(0)13

I I
5 [0 eulids+ 5 [ 16,(s) B ds,
0 0

which gives together

t t
10 (t)]1 + 16(t)[13% §n||9p(t)!|§+02(u,p)+/0 IIOp(S)II%dSJr/0 10u(s) |2 ds.

with

(26)

Ca(u,p) = 60 (0)| 7 + 10u(0)|I% + ;!éu(t) = 0u(®)l5 + 184(0) = 0 (0)I% + 16,(0) 1%

t t
4 /0 162 0u(s) 1% ds + /0 162 0u(s) 31 ds -
Estimating b(wy, 6,(t)) in (24a) gives

165()lls < Co(I10u(t)lx + | 8u(®)ll2r) + [162(t)llx -
and choosing g, = 0,(t) in (24b) results in

16, (D11% < 16(0)1% + 18u(DI5 + 12u(®) — €u(®)l -
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Together we obtain

16, (1)1, < 3C2 (116u(t)lIFz + 18u()lFr) + 318w (®)l5 + 18u(t)]% + [[€u(t) — eu(®)lk .
and inserting (25) and (26) and choosing 1 > 0 sufficiently small combines to

105017 + 18(8) 132+ 16u(®)l% + 1021
< Cy(u,p) + /0 (165 ()1% + 116(5) 3 ds + 16 (s)1131 ) ds.

with Cs(u,p) = C1(u,p) + C2(u,p) + |8.(t) — 0u.(t)|% + |8.(t)]|% Now, applying Gronwall’s
lemma [11, Lem. A.4.12] and Sobolev’s embedding theorem [7, Th. 5.9.2] give the assertion. [

COROLLARY 9. If u € H3(0,T, H*(Q,R3)) and p € H3(0,T; H*(Y)), we have in case of exact
witial values

[6(t) — dn ()| e + lla(t) — an(®)]x + [[u(t) — un(t)x + lp(t) —pa()ll@ S C(u) h -
PrOOF. The desired estimate is obtained from
I (t) — din (0) 1 + [la(t) — an ()5 + lu(t) — un(®)3% + () — pr(B)])
< 116u() 131 + 10(8) 1% + 10:(8) 1% + 116, ()11
+18u @l + 10u®)3% + lleu®lx + o)

and inserting Theorem 7 for the estimate of the interpolation error. g

5. Convergence in space and time

5.1. The Newmark discretization as a finite difference method. For simplicity, we restrict
ourselves to the case of uniform time step size At,, = At.

Furthermore, let Aw" = w" — w" ! and A?w" = A(Aw") = w" — 2w" ! + w" 2 be the
first and second finite difference, let da;w™ = (At)"1Aw™ and 9%,w" = aAt((?Z;lw”) be the
difference quotients in time, and we introducing the averaged values {w"} = (w" + w"~!) and
flwm}) = S({w"} + {wr 1) = Lo + 2w 4 wr?),

For time-continuous quantities, the above operators have to be interpreted as evaluations at times
t =1y, e.g {u(ty)} = 3(utn) + u(tn-1)).

The fully discrete scheme is defined as follows: for given initial values u%,v% € X compute
approximations uy, vy, ay € X, and pj € Q) satisfying

m(ay, wy) + a(up, wp) + b(wy, pr) = ", wp) wy, € Xy, , (29a)
b(vy, qn) — cx(ph,qn) =0 an € Qn (29Db)

forn=0,1,2,..., N, and for n > 0 (according to (17))
'UZ = EA’LLZ — 'UZ 5 ag = (Atn)QAuZ - E"’Z - (IZ ’ (30)

For n > 1, we observe the identities {v7} = daul and {{all}} = 03, uy = {Oarv}} .
In analogy to Sect. 4.2 we define

oy = u(ty) — In(u(ty),p(t,)) € X, 0y, = In(u(ty),p(ty)) —up € Xy,

op = p(tn) — Jn(u(tn), p(tn)) € Q, Oy = Jn(u(ty),p(tn)) — ph € Qn,
and we set

Eu=u(tn) —up = 0y + 607, , & =p(tn) —ph = 05 + 0y .

The corresponding quantities for the velocities and the acceleration are denoted by o4, 67, &, and
ol. 0, &, respectively.
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The estimate in the fully discrete case follows the lines of the semi-discrete estimate, where the
Gronwall Lemma is replaced by the discrete version [16, Lemma 1.4.2|, and the integration by
parts is also replaced by a discrete counterpart.

LEMMA 10. Assume Cy > 0, and that the sequence (a,) is non-negative. If the sequence (¢n)

n—1 n—1

satisfies g < Co and ¢, < Co + Z a;¢; forn > 1, then ¢, < Cpexp (Zai) holds.
i=0 =0
LEMMA 11. We have for an arbitrary bilinear form B(-,-) and sequences u', v"
B({u"},0a0") = —B(0aru”, {v"}) + 0acB(u",v"),
If additionally, the bilinear form is symmetric we have

2At B({u"}, 0au™) = B(u", u™) — B(u" a1, (31)

ProOF. It holds
B({u"},0a0") + B(Oau™, {v"})

1
— 7<B(un + un—l7,vn _ Un—l) + B(un _ un—l’,vn + vn—l))
2At
1
— — (2B(u™.v") —2RB n—1 n—l): B(u™. v").
2At( (u”,v") (u" ") oatB(u", v")
The second statement immediately follows. O

The error in space will be estimated in terms of g7,.

LEMMA 12. We have for n > 1

At {080} 3 < 10ullZ 1, o000 < 2818071, a1t 30) (32a)
At [0 0ulx S 18ullLy, otn.x) < 28t 18ulIT 1 at0x) - (32b)
and for n > 2
At [{0Rr0u 5 S 18ullZyt, o030 < 3D N8BT 1,y 0, 30) (32¢)
At 03,05l S 1080wl v (324)

Moreover, it holds for n > 1
At [HeuB 1 < lewlZ, i, o) + (A NEW T, 0, ot x) - (32€)

PROOF. We only show (32a) since the others follow similarly. Taylor expansions gives
tn tn—1
ot [ ads ad @togt- [ s ds,
tn—1 tn—2

and hence {Oa;00} = (2At) 71 j;i"ig 0.(s)ds. Applying | - ||% and Holder’s inequality gives
2 of| [ 2
Hoxeiilk = a0~ [ eutyas
n—2

tn tn
< (2A0) / 12 ds / 16u(s)1% ds = CAD 6wl 00 i 50+

tn—2 tn—2

which is the first assertion. The estimate (32e) is the achieved by using the error estimate of the
trapezoidal quadrature rule. O
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Summing up suitable quantities (as they will be used in the proof of the following theorem), for

= ||0AseullEs + [{0aceu} % + H{eu 5 + 03,0t I3 + 1{0ardl X

1 (33a)
+ 102 @llE + e N + 10223 + {03, €0}x
this Lemma immediately gives the bound
ALY 0 SH S (14 (A leullFso,,x) - (33b)

The error in time is estimated by comparison with finite differences in the following Lemma.

LeEMMA 13. We have for n > 1

{{eal) = 93,60 + o7 with At 673 < C(AO)Y 0 ull, ¢, e - (34a)

{& = {0n&u} + 05 with At[|83 % < CAO 1wl 00 - (34b)

{0ae€3} = OAs€L + 0% with 1655 < CAOYulL ¢,y 0% - (34c)
and forn > 2

{onc€altt = OAEL + 0} with At |07 |3 < C(AO)YFull?, ¢, e - (34d)

{0A:€5} = 0L + 05 with At||85 % < CAOY N ull?, 1,y 10:x) - (34e)

PROOF. Again, we only show the first estimate since the others may be obtained likewise. By
Taylor expansion, we find that
tn 1 1
. a2 2 4
(it = Rt + [ -] - sanztn — o)) Otu(s) ds

tn—1

n—2

and inserting {{a]'}} = 9%,u} gives together with Holder’s inequality
1671z = @t} - 3Atu( )z

2| /tn - 6(Alt)2(tn — 5?)otuls) dsHiI
= /tn";(s - tH)G - 6(A1t)2(s ~ta)?)Ofuls) ds|

IN

tn 1 1 ) 2 tn | ,
< - _— —
tn—1 1 1 ) 2 tn_1 | ,
*2/tn (6t (- gt —ea?)) o [ s
- 2520(At) H34uHL2 (tn—2,tn;H) *
U
Again we summarize for later use: the term
= 1|05 113 + 1105115 + 1165 13 + 1051115 + (105113 + 165 1% . (350)
can be estimated by
ALY T < (AL |ul}s 0.x) - (35b)

k=3
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5.2. A fully discrete estimate in time and space. Having finished the preparations, we
present a fully discrete estimate. As indicated, the approach is akin to the spatially discrete
estimate of the last section.

THEOREM 14. Ifu € H(0,T,X) and p € H3(0,T;Q), the estimate
102,07 1% + {0005 + IO 3 + IIK{05 B 11

2
< Clup, uy, py) + (A1) HuHHS(QT;X) + HQuHHB(QT;X)
holds with constants independent of k, At, and h.

PROOF. The construction of the projection (22a) implies

a(@y, wp) + b(wp, 0y) =0 wp, € X, (36a)

b(0%> qn) — cx(0p>qn) =0 qn € Q- (36b)
Subtracting (7) for t = ¢,, and inserting (29) gives

m(0g, wy) + a(0y, wy) + b(wy, 0)) + m(0g, wp) =0, wp, € Xy, (37a)

b(0%, an) — cx(0y . an) +b(oy — 04, qn) =0, qn € Qn - (37b)

Averaging and inserting wy, = {9a:05,} and g, = {0} }} in (37), for n > 1, together yields
m({{0a + 0o 1}, {0a:04,}) + a({0, 1}, {0a:04}) + e ({10, 1}, {0, 1)
= b({0, + 0y — eult — {0a:0y}, {05 }) )
and inserting (34) gives
m(03,0%, {0a00}) + a({OL), {0a00}) + e (O 1 {6, 1)
= m(93,0% + 07, {0a03}) + b({0acei} + 05 — {{eu}}, oy 1)
< 10:0% + 07| l{0a 07} | 1 + [{Oacl} + 05 — {eL B Ix IH{O } s

< 2717 (10302 + 8713 + I{0aegn} + 6% — (@il ) + o (1110205} 3 + IO

where 11 € (0,1) will be fixed later. From (31) we obtain
10260717 + {67} X

— 0005 I + {05 Mk + 28t (m(0R,0%, {02:0%)) + a({OL}}, One{0%)) )

n— n— At n 7 0
< 1080 s+ {0 Ve + = (10R02h + 8132 + {0 + 8% — el %)

+ mAt (I{0a0} I + IO )
Summing up and using (33) and (35) gives

n—1

10502 1% + {021 < €1+ iz“k + %)+ At S (IHOnO% 3 + 1051 12)
k=3 k=2
+ m At ({0005} 3 + IO 1) (38)

with C1 = [[0a04/|3 + ({0} -
Again using (37), we obtain for n > 2
m({0a1041} wn) + a({{0aiby ), wa) + b(wn, {00, 1}) + m({Oar@al}t, wn) =0,
b({0atbu}} an) — cu({{0at0p 1}, an) + b({{0acey — Oareult, an) =0,

and inserting wy, = {03,0%.} and g, = {{0a/0]'}} gives

m({0ac€a}}, {03,00}) + a({0a0u}}, {02,00}) + b({02,04}, {Oalp ) = 0
b({0a:0 3}, {Oaiby 1) — cx({O0aeby 1} {OaOp 1) + 0(H{Oar0y — Oaveuly, {0ai0; 1) =0,
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and we obtain
m({0ac€al}, {0R:0%}) + a({0a070 )}, {0A,0%}) + cu({Onib) 1}, {08y 1)
= b(Oa{{€} — 00}y — {03,0%), {0, 1)) -
Inserting (34) and using Lemma 11 gives
m(O€0 + 04, {03,0%}) + a({{0a00 )}, {0R,00}) + cu({Oaeby }}, {{0aeb) 1)
= b(0ac{E0 )} — Onllel )} — {0R.60) + {0A:0u} On{{O}}))
= —b(0R,{€0} — OR. 1@} — OAu&h + OXve: [ 1Y)
+ Onib(0a{€0} — Onl @} — ORuE% + DAy, 653}
= —0(85 + 9R,0n — {0R,00), {HOy 1Y) + 0acb (05 + 03, 0% — {Oacen}, {O5 1) -

Now we set nj = 0}, + 03, ny = 85 + 0},0%, — {9%,0u} , m% = 05 + 0%,€%, — {Oac0l}. From
(31) we obtain

10%,0l13r + {005 % = 103,05 I3 + IH0a0% Mk
+ 28t (m(03,0%, {03,:0)) + a({{Ox0L 1}, 3, (02)))

< 10205 17 + {0800 M3 + 2A¢ 0} || |{02,00} | ;2
+ 2Atb(ny, {05 1) + 248t Oarb(nz, {0, 1) -

Summing up and using [[{0; W s < zI1{{6; " Hs + 31 HOp s gives
1020517 + {0800} 5

< 03,0517 + {065, }Hx+2AtZ(HmHHH{5m }HH+Hn’éHx\l{{{H’;}}}lls>
k=3

+20(n3, {65 1) — 2 b(ni o

n n—1
At
<Oty (8P T+ H'nng + 2> (103,053 + KOS %)
k=3 k=3

+ UzAt(llaitOZHfH + H{{G”}}Ilé) + sl PSS (39)
with Co = 03,0213 + {0802 % + Im31% + {621}, Estimating b(wy,, 67) in (37a) gives

{05 B s < Col{{€atila + [1{0ul}llx
and choosing g, = {{0,}} in (37b) results in

L0 B2 < IO IS + IHEE N % + IH{eul ik -

Together we obtain

O BIG < 10200l + I{0a:O 5 + H{OLI 5 + 8™ + T (40)
and combining (38), (39), (40) and choosing n1,m2,m3 € (0,1) sufficiently small, we obtain

IO IHIE + 10200l 7 + ({0800 5 + {001} 1%

SO+ Oy + Ik + Atz (Tk + Sk>

k=3
n—1
+ At S (IO BB + 193,853 + {00 + 14051 ) -
k=3

Now, we estimate ||n}||% by Lemmata 12 and 13 and by Sobolev’s embedding theorem |7, Th. 5.9.2]

In515% < (At ”UHWMc(OTX +HQuHW2°°(OTX) (An)* Hu|’H5(OTX +HQuHH3(OTX)
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Together with (33) and (35) follows

KGO, 11 + 10200515 + {0800} 15 + {0
<SG+ G+ (A ||U||H5(0,T;X) + ||Qu||H3(o,T;X)

n—1

Fary (IO 112 + 193,053 + 1110803 I + I1H(OL Ik ) -

Finally, applying the dlscrete Gronwall’s lemma (Lemma 10) gives for ¢, < T

IO B1D + 1005117 + 11{0a:00} % + (O} 5 S C3 + (A0 wlls 0 m.x) + l@wllirso..x)
with a larger constant depending on exp(T’) and C5 = Cy + Cs. O

Together with Theorem 7 and Lemma 12, the final estimate follows.

COROLLARY 15. Ifu € H3(0,T, H*(Q,R3))NH?>(0,T; X) and p € H3(0,T; H*(Q,R)NQ) we have
wmn case of sufficiently accurate initial values and sufficiently accurate first steps

[{i(tn) — ap e + 1H{a(tn) — vp Hix + [[{u(tn) — up Bix + () — pr 1l
< C(u, p) (h + (At)2>
with C(u,p) independent of k, At and h.

5.3. A discrete energy estimate. Lemma 11 directly yields the time-discrete analog to (11)
and (12). For this purpose, we define for n > 0

1 1
xave,h<u27 'UZ) = im(vzv UZ) + 50’(”2’ ’U;LL) ’ (41a)
n
Ep(up, v, pi) = Eaven (Wi, v7) + ALY cx({ph}, {ph}) - (41b)
=1

Let u}, v}, a} € X} and p} € @y, be a solution of (29) with homogeneous right-hand side £ = 0

and initial values (u?l, ’02) € X x Xp. Then, for n > 0, we have energy conservation in the form

E (uh, vk, Ph) = Eqaven(Wh, v}) -
OntExiaven(uns Vi) = —cx({pji}, {Pi}) < 0.
In particular, in the undamped case kK = 0, energy would be conserved exactly.

A discrete interpretation of the Lagrange principle in Sect. 2.7 is not obvious.
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