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Numeri
al approximation ofin
remental in�nitesimal gradient plasti
ityPatrizio Ne�, Antje Sydow, and Christian WienersAbstra
t. We investigate a representative model of 
ontinuum in�nitesimal gradient plasti
ity.The formulation is an extension of 
lassi
al rate-independent in�nitesimal plasti
ity based on theadditive de
omposition of the symmetri
 strain-tensor into elasti
 and plasti
 parts. It is assumedthat dislo
ation pro
esses 
ontribute to the storage of energy in the material whereby the 
url ofthe plasti
 distortion appears in the thermodynami
 potential and leads to an additional nonlo
alba
kstress tensor. The formulation is 
ast into a numeri
al framework by a saddle point approxi-mation of the 
orresponding minimization problem in ea
h in
remental loading step. This allows toreformulate the (nonlo
al) dissipation inequality into a point-wise �ow rule and yields to a solutions
heme whi
h is a dire
t extension of the standard approa
h in 
lassi
al plasti
ity. Our numeri
alresults show the regularizing e�e
ts of the additional physi
ally motivated terms.1. Introdu
tionThis arti
le addresses the numeri
al analysis of a geometri
ally linear isotropi
 gradient plasti
itymodel. There is an abundant literature on gradient plasti
ity formulations, in most 
ases lettingthe yield-stress K0 depend also on some higher derivative of a s
alar measure of a

umulated plasti
distortion [27, 7, 10℄. Experimentally, the dependen
e of the yield stress on plasti
 gradients is well-do
umented (see, e. g., [9℄), and several experimental fa
ts testify to the length s
ale dependen
eof materials. E. g., the Hall-Pet
h s
aling1 relates the grain size in poly
rystals to the yield stressin the form K0 = K0
0 +

k+

√
grainsize

.Similarly, the Taylor s
aling relates the yield stress K0 to the dislo
ation density qualitatively by
K0 = K0

0 + k+| curl(F p)|, where F p is the in
ompatible intermediate 
on�guration appearing inthe multipli
ative de
omposition [33℄ and curlF p is a measure for the defe
t density.2It is also known that the thinner the grains, the sti�er the material gets. As a rule one may thereforesay: the smaller the sample is the sti�er it gets (while unbounded sti�ness must be ex
luded fromatomisti
 
al
ulations).From a numeri
al point of view the in
orporation of plasti
 gradients may also serve the purposeof removing the mesh-sensitivity, ubiquitous in the softening 
ase, or, more di�
ult to observe1991 Mathemati
s Subje
t Classi�
ation. 65N55, 65F10.Key words and phrases. Plasti
ity, dislo
ation density, kinemati
 hardening, gradient plasti
ity.1There is also a reverse Hall-Pet
h s
aling for very small grains in the nano-range.2Note that we use the transpose of Gurtin's de�nition of the curl-operator for se
ond order tensors, i.e., curl a
tsrow-wise su
h that curl Dϕ = 0. Formulas given in [11℄ do not obtain for this de�nition.



2 P. NEFF, A. SYDOW, AND C. WIENERSnumeri
ally, already in 
lassi
al Prandtl-Reuss plasti
ity (shear bands and slip lines with ill-de�nedband width, as e.g. in the 
ase of a plate with a hole under uniform tension [32℄).The in
orporation of a plasti
 length s
ale, whi
h is a natural by-produ
t of gradient plasti
ity,has the potential to remove the mesh sensitivity. The presen
e of the internal length s
ale should
ause the lo
alization zones to have �nite width. It makes possible the analysis of failure problemsin whi
h strain lo
alization into shear bands o

urs. However, the a
tual plasti
 length s
ale of amaterial is di�
ult to establish experimentally and theoreti
ally, and it remains basi
ally an openquestion how to determine the additionally appearing material 
onstants. Moreover, it is also notentirely 
lear, how the shear band width depends on the 
hara
teristi
 length.Models, similar in spirit to our formulation, may be found in [22, 18℄. While gradient plasti
ityseems to be of high 
urrent interest [12, 14, 13, 37, 38℄ we have not been able to lo
ate manyrigorous mathemati
al studies of the time 
ontinuous higher gradient plasti
ity problem, apart forReddy et. al. [35℄, treating a geometri
ally linear model of Gurtin [13℄ whi
h is substantiallydi�erent from our proposal.3 A rigorous mathemati
al study of a rate-independent problem withfull gradient regularization, although 
oming from ferroelasti
ity is presented in [26, 24℄.Gurtin in
ludes curl(F p) in the free energy and takes free variations with respe
t to F p, leading toa model with additional balan
e equations for mi
rofor
es, similar, e.g., to a Cosserat or Toupin-Mindlin type model. We refer to [30, 32℄ for a model in
luding plasti
ity and Cosserat e�e
ts.In modi�
ation of Gurtin's approa
h, in [28, 31℄ the plasti
 distortion F p and then
e curl(F p) istreated as an inner variable in
luded only in the thermodynami
 potential, leading to a system ofevolution equations for F p of degenerate paraboli
 type.In Mielke-Müller [25℄ the time-in
remental �nite-strain problem is investigated. It is shown thaton
e the update potential for one time step is established and known to be properly 
oer
ive andpoly
onvex as a fun
tion of F e in the multipli
ative de
omposition of the deformation gradient,then, adding a regularizing term depending only on curl(F p) is indeed enough to show existen
eof minimizers for the new deformation and the new plasti
 variable.4Adding a curl(F p)-related term to the time-in
remental problem has also been suggested in [34℄for the des
ription of subgrain dislo
ation stru
tures. It seems therefore ne
essary to investigatethe general stru
ture of these 
lass of gradient plasti
ity models. Our interest here resides mainlywith respe
t to the regularizing power of these models. Fo
ussing therefore on lo
alization limiterswe investigate a well-posed plasti
ity model whi
h in
ludes the dislo
ation energy density and lo
allinear Prager kinemati
 hardening. In the large s
ale (
lassi
al) limit of vanishing plasti
 lengths
aleour model turns into Prandtl-Reuss plasti
ity with linear kinemati
 hardening.As far as 
lassi
al rate-independent perfe
t elasto-plasti
ity is 
on
erned we remark that globalexisten
e for the displa
ement has been shown only in a very weak, measure-valued sense, whilethe stresses 
ould be shown to remain in L2(Ω, Sym(d)). For these results we refer for exampleto [3, 6, 39℄. If hardening or vis
osity is added, then global 
lassi
al solution are found, see,e. g., [1, 5, 4℄. A 
omplete theory for the 
lassi
al rate-independent 
ase remains elusive, see also3In Reddys analyti
al treatment of the 
orresponding in�nitesimal model strong assumptions on the presen
e of thefull plasti
 strain rate gradient (instead of the curl) are introdu
ed in the dependen
e of the yield stress on theplasti
 gradients (isotropi
 hardening) in order to show existen
e and uniqueness. His model features a priori purelysymmetri
 plasti
 strains. Su
h a model is 
alled "irrotational", it does not allow for plasti
 spin. Lo
al kinemati
hardening is not 
onsidered.4It is noteworthy that the update problem in [25℄ is a two-�eld minimization problem for he deformation and plasti
distortion (ϕ, F p) in the spirit of a mi
romorphi
 model [29℄ with a very spe
ial 
oupling between the di�erent �elds
ϕ and F p. Poly
onvexity in F e alone is not su�
ient to obtain existen
e by Ball's method sin
e F e is not a gradient,but the term curl(F p) provides additional 
ompa
tness in the spirit of Murat/Tartars method.



INCREMENTAL INFINITESIMAL GRADIENT PLASTICITY 3the remarks in [6℄. It is therefore hoped, that in
luding plasti
 gradients in the formulation willregularize the problem and lead to a well-posed model. This is what is shown in [31℄.In the small strain gradient plasti
ity model proposed in [31℄ the plasti
 distortion p is in general notsymmetri
. Imposing 
ertain form-invarian
e 
onditions (invarian
e of the referential, intermediateand spatial 
on�guration under superposed rotations) on the thermodynami
 potential shows thatthe lo
al kinemati
al ba
kstress in the linearized regime 
an only depend on sym(p), while thenonlo
al ba
kstress depends on the (in general non-symmetri
) expression curl(curl(p)).However, assuming that plasti
 spin (i.e. skew(F−1
p Ḟp)) generates in�nite dissipation (no spinassumption, see [23, 15℄) leads, after linearization, to a symmetri
 plasti
 distortion rate (ṗ ∈

Sym(3)) thereby 
onsidering only the symmetri
 part of the relative (elasti
) stress α = σ −Dp−
curl(curl(p)). Taking symmetri
 initial values for the plasti
 distortion p it is thus possible to
onsider a gradient plasti
ity model in whi
h only symmetri
 plasti
 strains o

ur. This is whatwe do here; we may rename therefore εp = sym p.Our 
ontribution is organized as follows. In the �rst Se
tion, we introdu
e the model step by step,where we dis
uss in parti
ular the relation of �ow rule and dissipation inequality for the nonlo
almodel. Then, in Se
tion 3, we 
onsider the in
remental model and we derive a mixed approximationin spa
e. It is shown that this problem 
orresponds to a 
onstraint minimization problem, and wederive the 
hara
terizing KKT-system. For this KKT-system an iterative numeri
al s
heme isdeveloped in Se
tion 4 by linearizing the �ow rule in every step, where ea
h iteration step itself isa nonlinear problem (solved by a nonsmooth Newton method). Finally, in Se
tion 5 we present anumeri
al study whi
h shows that the proposed s
heme is a robust and e�
ient solution method.Moreover, the results indi
ate 
learly the regularization properties of the nonlo
al method.2. A representative model for in�nitesimal nonlo
al plasti
ityWe develop a model for nonlo
al plasti
ity in three stages: beginning with in�nitesimal perfe
tplasti
ity (whi
h is not well-posed in the primal setting), the model is �rst regularized by in
ludinglo
al kinemati
 hardening, and �nally it is extended by a nonlo
al term whi
h depends on the 
urlof the plasti
 distortion.2.1. Data. Let Ω ⊂ R

3 be the referen
e 
on�guration, and let ΓD ∪ΓN = ∂Ω be a de
ompositionof the boundary. The outer unit normal ve
tor on the boundary is denoted by n(x). Let [0, T ] bea �xed time interval. We pres
ribe a displa
ement ve
tor
uD : ΓD × [0, T ] −→ R

3for the essential boundary 
onditions on ΓD and a load fun
tional
ℓ(t, δu) =

∫

Ω
b(t) · δu dx +

∫

ΓN

tN (t) · δu dadepending on body for
e densities and tra
tion for
e densities
b : Ω × [0, T ] −→ R

3, tN : ΓN × [0, T ] −→ R
3 .In all 
ases below we assume that the data are su�
iently smooth.Let Sym(d) = {τ ∈ R

d,d : τT = τ} be the set of symmetri
 matri
es. The elasti
 material properties(in the in�nitesimal model) are given through the isotropi
 elasti
ity tensor C : Sym(d) −→ Sym(d)de�ned by C : ε = 2µ ε + λ trace(ε)11, depending on the Lamé 
onstants λ, µ > 0. On Sym(d),the elasti
ity tensor is symmetri
 and positive de�nite. For a displa
ement ve
tor u, the linearizedstrain tensor is denoted by ε(u) = sym(Du).



4 P. NEFF, A. SYDOW, AND C. WIENERSWe restri
t ourselves to von Mises plasti
ity φ(σ) = |dev(σ)| − K0 depending on the yield stress
K0 > 0, where dev(σ) = σ − 1

d
trace(σ)11 is the deviatori
 part of the stress. In the following wetake d = 3.2.2. Perfe
t plasti
ity revisited. We start with the 
lassi
al Prandtl-Reuss model:�nd displa
ements

u : Ω × [0, T ] −→ R
3 ,symmetri
 stresses

σ : Ω × [0, T ] −→ Sym(d) ,symmetri
 plasti
 strains
εp : Ω × [0, T ] −→ Sym(d) ,and a plasti
 multiplier
γ : Ω × [0, T ] −→ R ,satisfying the essential boundary 
onditions
u(x, t) = uD(x, t), (x, t) ∈ ΓD × [0, T ] ,the linear elasti
 
onstitutive relation
σ(x, t) = C :

(

ε(u)(x, t) − εp(x, t)
)

, (x, t) ∈ Ω × [0, T ] ,the equilibrium equations
−div σ(x, t) = b(x, t), (x, t) ∈ Ω × [0, T ] , (1a)
σ(x, t)n(x) = tN (x, t), (x, t) ∈ ΓN × [0, T ] , (1b)the lo
al �ow rule

ε̇p(x, t) = γ(x, t)
dev(σ(x, t))

|dev(σ(x, t))| , (x, t) ∈ Ω × [0, T ] , (2)and the 
omplementary 
onditions
γ(x, t)

(

|dev(σ(x, t))| − K0

)

= 0, γ(x, t) ≥ 0, |dev(σ(x, t))| ≤ K0 . (3)The �ow rule and 
omplementary 
ondition 
an be reformulated in form of a dissipation inequality,and the equilibrium equation 
an be stated in integrated form. To this end we de�ne the spa
es
S = L2(Ω, Sym(d)), E = {η ∈ S : dev(η) = 0}, K = {τ ∈ S : |dev(τ )| ≤ K0 a. e. in Ω}, and
V = H1(Ω,R3), V 0 = {v ∈ V : v|ΓD

= 0}, V (uD) = {v ∈ V : v|ΓD
= uD}.Lemma 1. If σ(t) ∈ K, we have (the integrated dissipation inequality)

∫

Ω
K0 |δεp| dx ≥

∫

Ω
K0 |ε̇p(t)|d x +

∫

Ω
σ(t) :

(

δεp − ε̇p(t)
)

dx , δεp ∈ E . (4)Proof. The �ow rule (2) gives γ(t) = |ε̇p(t)| and thus
ε̇p(t) : σ(t) = γ

dev(σ(t)) : σ(t)

|dev(σ(t))| = |ε̇p(t)| |dev(σ(t))| = K0 |ε̇p(t)| ,i. e., 0 = K0 |ε̇p(t)| − σ(t) : ε̇p(t). Together with
K0 |δεp| ≥ |dev(σ(t))| |δεp| ≥ dev(σ(t)) : δεp = σ(t) : δεp



INCREMENTAL INFINITESIMAL GRADIENT PLASTICITY 5and integrating in Ω this gives the result. �The equilibrium equation (1) give in integrated form
∫

Ω
σ(t) : ε(δu) dx = ℓ(t, δu) , δu ∈ V 0and adding the dissipation inequality (4) we obtain

∫

Ω
σ(t) : ε(δu) dx +

∫

Ω
K0 |δεp| dx

≥ ℓ(t, δu) +

∫

Ω
K0|ε̇p(t)|d x +

∫

Ω
σ(t) :

(

δεp − ε̇p(t)
)

dx .Inserting the 
onstitutive relation σ(t) = C :
(

ε(u(t)) − εp(t)
) and testing with δu − u̇(t) yields

∫

Ω

(

ε(u(t)) − εp(t)
)

: C : ε(δu − u̇(t)) dx +

∫

Ω
K0 |δεp| dx

≥ ℓ(t, δu − u̇(t)) +

∫

Ω
K0|ε̇p(t)|d x +

∫

Ω

(

ε(u(t)) − εp(t)
)

: C :
(

δεp − ε̇p(t)
)

dx .De�ning the symmetri
 bilinear form
app

(

(u, εp), (δu, δεp)
)

=

∫

Ω

(

ε(u) − εp

)

: C :
(

ε(δu) − δεp

)

dx(
orresponding to perfe
t plasti
ity) and the 
onvex, one-homogeneous integrated dissipation fun
-tional
j(ε̇p) =

∫

Ω
K0 |ε̇p| dx ,allows to rewrite the equations of quasi-stati
 in�nitesimal plasti
ity as variational inequality:

app

(

(u(t), εp(t)), (δu, δεp) − (u̇(t), ε̇p(t))
)

+ j(δεp) − j(ε̇p(t)) ≥ ℓ(t, δu − u̇(t)) .2.3. Lo
al kinemati
 hardening. Sin
e app(·, ·) is not 
oer
ive on V 0 × E, we next study aregularized problem de�ning
akh

(

(u, εp), (δu, δεp)
)

=

∫

Ω

(

ε(u) − εp

)

: C :
(

ε(δu) − δεp

)

dx +

∫

Ω
εp : D : δεp dxwith a lo
al kinemati
 hardening modulus D = µH0 id (where H0 > 0 is non-dimensional s
alingfa
tor).For c = 2/H0 ≥ 0 we have εp : C : εp = 2µ εp : εp = c εp : D : εp. This gives

(ε − εp) : C : (ε − εp) + εp : D : εp ≥ 1

1 + 2c
ε : C : ε +

1

2
εp : D : εpand therefore (by Korn's inequality)

akh

(

(u, εp), (u, εp)
)

≥ C1 ‖(ε(u), εp)‖2
L2(Ω) ≥ C2 ‖(u, εp)‖2

V ×E (5)with ‖v‖V = ‖v‖H1(Ω,R3) and ‖ε‖E = ‖ε‖L2(Ω,R3×3). Now, standard theory applies [16, Th. 7.3℄:Theorem 2. A unique solution (u, εp) ∈ H1(0, T ; V × E) with u(t) ∈ V (uD) and
akh

(

(u(t), εp(t)), (δu, δεp) − (u̇(t), ε̇p(t))
)

+ j(δεp) − j(ε̇p(t)) ≥ ℓ(t, δu − u̇(t)) (6)exists for all (δu, δεp) ∈ V 0 × E and a. a. t ∈ [0, T ]



6 P. NEFF, A. SYDOW, AND C. WIENERSTesting with δu = u̇(t) in (6) and inserting the 
onstitutive equation for the stress yields thedissipation inequality for plasti
ity with hardening in the form
∫

Ω
K0 |δεp| dx ≥

∫

Ω
K0 |ε̇p(t)| dx +

∫

Ω

(

σ(t) − D : εp(t)
)

: (δεp − ε̇p(t)) dx . (7)Within the hardening model, β = D : εp is the lo
al symmetri
 ba
k-stress, and α = σ − β =
σ − D : εp is the automati
ally symmetri
 relative (elasti
) stress (
f. [36, Chap. 3.3.1℄).Lemma 3. If (7) holds for all δεp ∈ E, we have α(t) ∈ K a. e. in Ω. In addition, it holds ε̇p(t) = 0a. e. in the elasti
 zone Ωel(t) = {x ∈ Ω: |dev α(t)| < K0 a. e. in some neighborhood of x}, andwe have K0 , εp(t) = |εp(t)|dev(α(t)) a. e. in Ω.Proof. Testing (7) with s δεp for s > 0 gives

s

∫

Ω
K0 |δεp| dx ≥

∫

Ω
K0 |ε̇p(t)| dx + s

∫

Ω
α(t) : δεp dx −

∫

Ω
α(t) : ε̇p(t) dxand thus

∫

Ω
K0 |δεp| dx ≥ 1

s

∫

Ω
K0 |ε̇p(t)| dx +

∫

Ω
α(t) : δεp dx − 1

s

∫

Ω
α(t) : ε̇p(t) dx .Passing to the limit s −→ ∞ yields

∫

Ω
dev(α(t)) : δεp dx =

∫

Ω
α(t) : δεp dx ≤

∫

Ω
K0 |δεp| dx (8)for all δεp ∈ E. For all open subsets Ω̃ ⊂ Ω we 
an insert a test fun
tion δεp whi
h is de�ned by

δεp(x) = dev(α(x, t)) for x ∈ Ω̃ and δεp(x) = 0 else. This results in
∫

Ω̃
|dev(α(t))|2 dx ≤

∫

Ω̃
K0 |dev(α(t))| dx .Sin
e Ω̃ ⊂ Ω is arbitrary, this gives |dev(α(t))|2 ≤ K0 |dev(α(t))| a. e. in Ω, i. e., dev(α(t)) ∈ K.Now, testing (7) with δεp = s ε̇p(t) on Ω̃ ⊂ Ω gives for s > 0

(s − 1)

∫

Ω̃
K0 |ε̇(t)| dx ≥ (s − 1)

∫

Ω̃
α(t) : ε̇p(t) dx ,and thus (by inserting s = 1 ± 1

2) equality
∫

Ω̃
K0 |ε̇(t)| dx =

∫

Ω̃
α(t) : ε̇p(t) dx =

∫

Ω̃
dev(α(t)) : ε̇p(t) dx .Then, |dev(α(t))| ≤ K0 yields K0 |ε̇(t)| = α(t) : ε̇p(t) a. e. in Ω. In 
ase of |α(x, t)| < K0this implies ε̇p(x, t) = 0, otherwise we have equality in the Cau
hy-S
hwarz inequality. Thus,

s dev(α(x, t)) = ε̇p(x, t) are linearly dependent with s = |ε̇p(x, t)|/K0. �Reformulating this lemma shows that the solution (u, εp) of (6) satis�es the pointwise �ow rule
ε̇p = γ

dev
(

α
)

|dev
(

α
)

| , γ = |ε̇p|, σ = C : (ε(u) − εp), α = σ − D : εp , (9)



INCREMENTAL INFINITESIMAL GRADIENT PLASTICITY 7and the 
omplementary 
onditions
γ

(

|dev(α)| − K0

)

= 0, γ ≥ 0, |dev(α)| ≤ K0 (10)a. e. in Ω × [0, T ] whi
h 
an also be reformulated as a subdi�erential in
lusion [31, p. 17℄.Remark 4. The equivalen
e of (point-wise) �ow rules and (integrated) dissipation inequalities iswell studied in the general framework of 
onvex analysis [16, Chap. 4℄, [2℄. Extensions of this 
on-
ept are 
onsidered within the energeti
 plasti
ity approa
h by Mielke [19℄. In general, 
orrespondingequivalen
e relations hold for lo
al models only [31℄.2.4. Nonlo
al dislo
ation based plasti
ity with symmetri
 plasti
 strains. Next, we ex-tend akh(·, ·) by a further term involving nonlo
al dislo
ation density e�e
ts to read
anl

(

(u, εp), (δu, δεp)
)

= akh

(

(u, εp), (δu, δεp)
)

+

∫

Ω
curl(εp) : E : curl(δεp) dxwith E = µL2

c id. Here, Lc > 0 is the internal plasti
 length s
ale with units of length. The
curl-related term represents the energy stored in the material due to deformation in
ompatibility.In parti
ular, di�use phase boundaries are energeti
ally favored by larger values of Lc while sharpphase boundaries are favored by smaller values of Lc.We de�ne the spa
e

Enl := {εp ∈ L2(Ω,Rd,d) : curl(εp) ∈ L2(Ω,Rd,d), trace(εp) = 0, skew(εp) = 0}(where the curl-operator is applied row-wise on εp). Equipped with the norm
‖εp‖2

Enl
:= ‖εp‖2

L2(Ω,Rd,d) + ‖ curl εp‖2
L2(Ω,Rd,d) (11)this is a 
losed subspa
e of H(curl, Ω)3. From (5) we 
on
lude that anl(·, ·) is ellipti
 in V 0 ×Enl,so that again [16, Th. 7.3℄ applies:Theorem 5. A unique solution (u, εp) ∈ H1(0, T ; V × Enl) with u(t) ∈ V (uD) and

anl

(

(u(t), εp(t)), (δu, δεp) − (u̇(t), ε̇p(t))
)

+ j(δεp) − j(ε̇p(t)) ≥ ℓ(t, δu − u̇(t)) (12)for all (δu, δεp) ∈ V 0 × Enl and a. a. t ∈ [0, T ] exists.Testing with δu = u̇(t) in (12) and inserting the stress σ = C : (ε(u)−εp) yields the 
orrespondingintegrated dissipation inequality for the nonlo
al plasti
ity model in the form
∫

Ω
K0 |δεp| dx ≥

∫

Ω
K0 |ε̇p(t)| dx +

∫

Ω

(

σ(t) − D : εp(t)
)

: (δεp − ε̇p(t)) dx

−
∫

Ω
curl(εp(t)) : E : curl(δεp − ε̇p(t)) dx . (13)Without additional regularity, we 
annot derive a point-wise �ow rule in this 
ase (in general,the stress is not bounded in L∞). Formally, if curl(E : curl(εp(t))) exists and if one in
ludeshomogeneous boundary 
onditions in Enl, integration by parts yields the dissipation inequality instrong form

∫

Ω
K0 |δεp| dx ≥

∫

Ω
K0 |ε̇p(t)| dx

+

∫

Ω

(

σ(t) − D : εp(t) − curl(E : curl(εp(t)))
)

: (δεp − ε̇p(t)) dx .This 
orresponds to �ow rule (9) and 
omplementarity 
ondition (10), where the relative stress hasthe form σ − D : εp − curl(E : curl(εp)). In fa
t�sin
e εp is symmetri
�only its symmetri
 part



8 P. NEFF, A. SYDOW, AND C. WIENERSenters the model. Thus, for simpli
ity of notation, be denote by α in the following the symmetrizedrelative stress. This means that with the pre
eding provisions, a smooth solution (u, εp) of (12)satis�es the pointwise �ow rule
ε̇p = γ

dev
(

α
)

|dev
(

α
)

| , γ = |ε̇p|, α = σ − D : εp − sym(curl(E : curl(εp))) , (14)and the 
omplementary 
onditions
γ

(

|dev(sym α)| − K0

)

= 0, γ ≥ 0, |dev(sym α)| ≤ K0 (15)a. e. in Ω× [0, T ]. In Theorem 8 this is addressed in more detail, where a saddle point formulationis introdu
ed in order to provide an elegant framework whi
h avoid extra boundary 
onditions andwhi
h re
overs (numeri
ally) a point-wise �ow rule.Remark 6. This 
onstru
tion of a nonlo
al model is only one prototype for a large 
lass of dislo
a-tion models whi
h 
an be handled in the same framework. Observe that our model 
an be obtainedas a spe
ial non-spin 
ase of a model in [31℄. Sin
e our main fo
us is the 
lear presentation of anumeri
al solution method, we do not dis
uss other models; see [31, 35, 8℄ for other proposals inthis respe
t. 3. In
remental nonlo
al plasti
ityRepla
ing the time derivative by ba
kward di�eren
e quotients and introdu
ing suitable �nite ele-ment spa
es for displa
ements and plasti
 strains dire
tly yields the dis
rete analog to the nonlo
alproblem (12). This in
remental problem is fully impli
it, and the solution of the in
rementalproblem 
an be 
hara
terized by a minimization problem.Unfortunately, this approa
h is not 
ompatible with standard (lo
al) plasti
ity, sin
e it requiresdis
rete plasti
 strains in H(curl). Thus, in a se
ond step we dis
uss a saddle point formulation(introdu
ing an additional variable for the approximation of curl εp), whi
h results in a 
onstraintminimization problem.3.1. A primal approa
h. Let V h ⊂ V be a �nite element dis
retization of the displa
ements,and let 0 = t0 < t1 < · · · < tN = T be a de
omposition of the time interval [0, T ]. We set
∆un

D = uD(tn) − uD(tn−1), V h(uD) = {vh : vh(x) = uD(x) for all nodal points on ΓD} and
V h

0 = V h(0). Let Eh
nl ⊂ Enl be a �nite element dis
retization for the plasti
 strains.For �xed tn and given (uh,n−1, εh,n−1

p ) ∈ V h × Eh
nl we de�ne

ℓn(δuh) = ℓ(tn, δuh), ℓh,n
nl (δuh, δεh

p) = ℓn(δuh) − anl

(

(uh,n−1, εh,n−1
p ), (δuh, δεh

p)
)

.Now we obtain by [16, Th. 6.6℄ for the ba
kward Euler dis
retization of (12):Theorem 7. A unique minimizer (∆uh,n, ∆ε
h,n
p ) ∈ V h(∆un

D) × Eh
nl of

Jh,n
nl (∆uh, ∆εh

p) =
1

2
anl

(

(∆uh, ∆εh
p), (∆uh, ∆εh

p)
)

+ j(∆εh
p) − ℓh,n

nl (∆uh, ∆εh
p) (16)exists. Moreover, the minimizer is 
hara
terized by the dis
rete variational inequality

anl

(

(uh,n−1 + ∆uh,n, εh,n−1
p + ∆εh,n

p ), (δuh, δεn
p ) − (∆uh,n, ∆εh,n

p )
)

+ j(δεh
p) − j(∆εh,n

p ) ≥ ℓn(δuh − ∆uh,n) , (δuh, δεh
p) ∈ V h

0 × Eh
nl . (17)Thus, the in
remental problem is well-de�ned, and we set

(uh,n, εh,n
p ) = (uh,n−1, εh,n−1

p ) + (∆uh,n, ∆εh,n
p ) . (18)



INCREMENTAL INFINITESIMAL GRADIENT PLASTICITY 93.2. A mixed formulation. There is no need to impose or dis
uss expli
it boundary 
onditionson εp, sin
e 
oer
ivity is automati
ally satis�ed. This results in natural boundary 
onditions forthe variational solution. In the dual formulation this 
orresponds to essential boundary 
onditions:for given εp ∈ H(curl, Ω)3 we 
an de�ne gp ∈ H0(curl, Ω)3 = {g ∈ H(curl, Ω)3 : g × n = 0} by
∫

Ω
gp : E

−1 : δgp dx =

∫

Ω
εp : curl(δgp) dx , δgp ∈ H0(curl, Ω)3 ,whi
h de�nes gp = E : curl(εp) in terms of distributions.Thus, in order to obtain a dis
rete �ow rule for the nonlo
al model, we 
onsider a mixed formulationin Eh × Gh ⊂ E × H0(curl, Ω)3: we introdu
e a �nite element fun
tion gh

p ∈ Gh approximating
E : curl(εh

p) in a variational (weak) sense: the pair (gh
p , εh

p) ∈ Gh ×Eh is assumed to be 
oupled by
∫

Ω
gh

p : E
−1 : δgh

p dx =

∫

Ω
εh

p : curl(δgh
p) dx , δgp ∈ Gh . (19)The extended bilinear form is obtained from anl(·, ·) by repla
ing E : curl(εp) with gp, i. e.,

amx

(

(u, εp, gp), (δu, δεp, δgp)
)

= akh

(

(u, εp), (δu, δεp)
)

+

∫

Ω
gp : E

−1 : δgp dx .The bilinear form amx(·, ·) is positive de�nite in the dis
rete, extended spa
e V h
0 × Eh × Gh andthus in the 
losed subspa
e Xh(0), where

Xh(uD) = {(uh, εh
p , gh

p) ∈ V h(uD) × Eh × Gh : (gh
p , εh

p) satis�es (19)} .For the in
remental problem we now �x the values (uh,n−1, εh,n−1
p , gh,n−1

p ) ∈ Xh(un−1
D ) of theprevious time step. Introdu
ing

ℓh,n
mx (δuh, δεh

p , δgh
p) = ℓn(δuh) − amx

(

(uh,n−1, εh,n−1
p , gh,n−1

p ), (δuh, δεh
p , δgh

p)
) (20)we obtain:Theorem 8. A unique minimizer (∆uh,n, ∆ε

h,n
p , ∆g

h,n
p ) ∈ Xh(∆un

D) of
Jh,n

mx (∆uh, ∆εh
p , ∆gh

p) =
1

2
amx

(

(∆uh, ∆εh
p , ∆gh

p), (∆uh, ∆εh
p , ∆gh

p)
)

+ j(∆εh
p) − ℓh,n

mx (∆uh, ∆εh
p , ∆gh

p)exists. Moreover, (uh,n, εh,n
p , gh,n

p ) = (uh,n−1, εh,n−1
p , gh,n−1

p ) + (∆uh,n, ∆ε
h,n
p , ∆g

h,n
p ) is 
hara
ter-ized by the linear variational saddle point problem

∫

Ω
σh,n : C : ε(δuh) dx = ℓn(δuh), δuh ∈ V h

0 , (21a)
∫

Ω
gh,n

p : E
−1 : δgh

p dx =

∫

Ω
εh,n

p : curl(δgh
p) dx , δgh

p ∈ Gh (21b)and the variational inequality
∫

Ω
K0|δεh

p | dx ≥
∫

Ω
K0|∆εh,n

p | dx +

∫

Ω
αh,n : (δεh

p − ∆εn,h
p ) dx , δεh

p ∈ Eh , (21
)with σh,n = ε(uh,n) − ε
h,n
p and αh,n = σh,n − D : ε

h,n
p − sym(curl(gh,n

p )).



10 P. NEFF, A. SYDOW, AND C. WIENERSProof. The proof uses standard te
hniques of 
onvex analysis and is in
luded for 
onvenien
eof the reader. Sin
e Jh,n
mx (·) is uniformly 
onvex, a unique minimizer (∆uh,n, ∆ε

h,n
p , ∆g

h,n
p ) in thedis
rete spa
e Xh(∆un

D) exists. Now we show (21
). Therefore, we de�ne
Jh,n

red (δεh
p , δgh

p) =
1

2
amx

(

(∆uh,n, δεh
p , δgh

p), (∆uh,n, δεh
p , δgh

p)
)

, (δεh
p , δgh

p) ∈ Eh × Gh .For any s ∈ (0, 1), the inequality
Jh,n

mx (∆uh,n, ∆εh,n
p , ∆gh,n

p ) ≤ Jh,n
mx

(

∆uh,n, ∆εh,n
p + s(δεh

p − ∆εh,n
p ), ∆gh,n

p + s(δgh
p − ∆gh,n

p )
)
an be rewritten as

Jh,n
red (∆εh,n

p , ∆gh,n
p ) + j(∆εh,n

p ) ≤ Jh,n
red

(

∆εh,n
p + s(δεh

p − ∆εh,n
p ), ∆gh,n

p + s(δgh
p − ∆gh,n

p )
)

+ j
(

∆εh,n
p + s(δεh

p − ∆εh,n
p )

)

− s ℓh,n
mx (0, δεh

p − ∆εh,n
p ) .Using the 
onvexity of j(·), i. e., j

(

∆ε
h,n
p + s(δεh

p − ∆ε
h,n
p )

)

= j
(

(1 − s)∆ε
h,n
p + s δεh

p)
)

≤ (1 −
s) j(∆ε

h,n
p ) + s j(δεh

p), gives
Jh,n

red (∆εh,n
p , ∆gh,n

p ) ≤ Jh,n
red

(

∆εh,n
p + s(δεh

p − ∆εh,n
p ), ∆gh,n

p + s(∆gh,n
p − δgh

p)
)

+ s
(

j(δεh
p) − j(∆εh,n

p )
)

− s ℓh,n
mx (0, δεh

p − ∆εh,n
p )and thus

0 ≤ s amx

(

(∆uh,n, ∆εh,n
p , ∆gh,n

p ), (0, δεh
p − ∆εn,h

p , δgh
p − ∆gh,n

p )
)

+ s2 amx

(

(0, δεh
p − ∆εn,h

p , δgh
p − ∆gh,n

p ), (0, δεh
p − ∆εn,h

p , δgh
p − ∆gh,n

p )
)

+ s
(

j(δεh
p) − j(∆εh,n

p )
)

− s ℓh,n
mx (0, δεh

p − ∆εh,n
p ) .Dividing by s and then taking the limit s −→ 0 yields

0 ≤ amx

(

(∆uh,n, ∆εh,n
p , ∆gh,n

p ), (0, δεh
p − ∆εn,h

p , δgh
p − ∆gh,n

p )
)

+ j(δεh
p) − j(∆εh,n

p ) − ℓh,n
mx (0, δεh

p − ∆εh,n
p ) ,i. e.,

j(∆εh,n
p ) ≤ −

∫

Ω
∆σh,n : (δεh

p − ∆εn,h
p ) dx +

∫

Ω
∆εh,n

p : D : (δεh
p − ∆εn,h

p ) dx

+

∫

Ω
∆gh,n

p : E
−1 : (δgh

p − ∆gh,n
p ) dx + j(δεh

p)

−
∫

Ω
σh,n−1 : (δεh

p − ∆εn,h
p ) dx +

∫

Ω
εh,n−1

p : D : (δεh
p − ∆εn,h

p ) dx

+

∫

Ω
gh,n−1

p : E
−1 : (δgh

p − ∆gn,h
p ) dx .The linear 
onstraint (19)

∫

Ω
(δgh

p − ∆gh,n
p ) : E

−1 : gh,n
p dx =

∫

Ω
(δεh

p − ∆εh,n
p ) : curl(gh,n

p ) dx



INCREMENTAL INFINITESIMAL GRADIENT PLASTICITY 11gives
j(∆εh,n

p ) ≤ −
∫

Ω
σh,n : (δεh

p − ∆εn,h
p ) dx +

∫

Ω
εh,n

p : D : (δεh
p − ∆εn,h

p ) dx

+

∫

Ω
curl(gh,n

p ) : (δεh
p − ∆εh,n

p ) dx + j(δεh
p) ,whi
h shows the dissipation inequality (21
).Next, we derive (21a). Sin
e the 
orresponding redu
ed fun
tional

Jh,n
u (∆uh) = Jh,n

mx (∆uh, ∆εh,n
p , ∆gh,n

p ) , ∆uh ∈ V h(∆un
D)is quadrati
 with respe
t to ∆uh, the minimizer ∆uh,n of Jh,n

u (·) is a 
riti
al point of Jh,n
u (·) and
hara
terized by DJh,n

u (∆uh,n)[(δuh] = 0, i. e.,
amx

(

(∆uh,n, ∆εh,n
p , ∆gh,n

p ), (δuh,0,0)
)

− ℓh,n
mx (δuh,0,0) = 0 , δuh ∈ V h

0 .This yields for the stress in
rement ∆σh,n = C :
(

ε(∆uh,n) − ∆ε
h,n
p

)

∫

Ω
∆σh,n : ε(δuh) dx = ℓn,h

mx (δuh,0,0), δuh ∈ V h
0 ,and inserting (20) gives (21a). In the same way, we obtain (21b) by minimizing

Jh,n
g (δgh

p) = Jh,n
mx (∆uh,n, ∆εh,n

p , δgh
p) , δgh

p ∈ Ghat given (∆uh,n, ∆ε
h,n
p ). �In the fully dis
rete s
heme, all integrals are repla
ed by a quadrature formula

∫

Ω
v · w dx =

∑

ξ∈Ξh

ωξ v(ξ) · w(ξ) , v, w ∈ V h ,where Ξh ⊂ Ω are the integration points and ωξ the 
orresponding quadrature weights. Then,the spa
e Eh is identi�ed with its values at the integration points, i. e., Eh = {εp : Ξh −→ sl(d) ∩
Sym(d)}. In the same way, the dis
rete return parameter γh,n is approximated in Γh = {γh : Ξh −→
R} at integration points only. This allows for a point-wise evaluation of the �ow rule. We obtain(analogous to Lemma 3) independently for every integration point:Lemma 9. The dis
rete dissipation inequality

K0|δεh
p | ≥ K0|∆εh,n

p | + αh,n : (δεh
p − ∆εn,h

p ) , δεh
p ∈ sl(d) ∩ Sym(d) (22)is equivalent to the �ow rule

∆εh,n
p = γh,n

dev
(

αh,n
)

|dev
(

αh,n
)

| , γh,n = |∆εh,n
p | (23)and the 
omplementary 
onditions

γh,n
(

|dev(αh,n)| − K0

)

= 0, γh,n ≥ 0, |dev(αh,n)| ≤ K0 . (24)Together, the dis
rete solution 
an be obtained by the solution of the �nite element problem(21a), (21b) and�independently for every integration point ξ ∈ Ξh�by the �ow rule (23) and the
omplementary 
onditions (24).
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 nonlo
al plasti
ityIn the mixed form we 
an apply a proje
tion method, where �ow rule and 
omplementary 
onditionsare evaluated by the standard 
losest point proje
tion [36, Chap. 3.3.2℄ depending on the a
tualtrial stress, and the result is inserted into the variational problem (21a), (21b). This yields anonlinear system for (uh,n, gh,n
p ) whi
h is solved with a generalized Newton method by insertingthe 
onsistent tangent modulus in both equations, linearizing the stress response in (21a) and thestrain response in (21b). Note that this results in a fully 
oupled nonlinear formulation, sin
e aderivative of the proje
tion with respe
t to both, ε(uh) and gh

p , has to be provided (whi
h makesthe realization of su
h a method quite involved).Thus we de
ided for a modi�ed algorithmi
 approa
h. We extend the linearized proje
tion methodintrodu
ed in [41℄ to our mixed formulation of nonlo
al plasti
ity: for a given iterate, the �owrule is linearized, so that in every step a linear variational system with linear 
onstraints at theintegration points is solved. This subproblem is�due to the 
onstraints�nonlinear itself, but the
orresponding proje
tions on linear half spa
es are easy to 
ompute (in 
omparison with the fullynonlinear 
onstraints).In order to simplify the notation, we skip in the following the mesh parameter h.4.1. The linearized proje
tion method. For �xed values (un−1, εn−1
p , gn−1

p ) ∈ X(un−1
D ) of thepre
eding time step we 
onsider the in
remental problem for the 
omputation of the approximationin step n at time tn. The linearized proje
tion method iterates on the extended spa
e Y n =

X(un
D) × Γ, where the linearized parameter is an independent variable.Inserting the �ow fun
tion φ(α) = |dev(α)|−K0 the in
remental problem de�ned by (21a), (21b),(23), (24) is reformulated as follows: �nd (un, εn

p , gn
p , γn) ∈ Y n with

∫

Ω

(

ε(un) − εn
p

)

: C : ε(δu) dx = ℓn(δu), δu ∈ V 0 , (25a)
∫

Ω
gn

p : E
−1 : δgp dx =

∫

Ω
εn

p : curl(δgp) dx , δgp ∈ G , (25b)
εn

p − εn−1
p = γnDφ(αn) , αn = C : (ε(un) − εn

p ) − D : εn
p − sym(curl(gn

p )) (25
)
γnφ(αn) = 0, γn ≥ 0, φ(αn) ≤ 0 . (25d)This nonlinear problem (25) is solved iteratively: for an iterate (un,k−1, εn,k−1

p , gn,k−1
p , γn,k−1) ∈ Y nof the previous step we de�ne the 
orresponding relative elasti
 stress

αn,k−1 = C :
(

ε(un,k−1) − εn,k−1
p

)

− D : εn,k−1
p − sym(curl(gn,k−1

p ))and the linearized �ow rule
φn,k(α) = φ(αn,k−1) + Dφ(αn,k−1)(α − αn,k−1) . (26)The next iterate (un,k, εn,k

p , gn,k
p , γn,k) ∈ Y n is determined as the solution of the linearized system

∫

Ω

(

ε(un,k) − εn,k
p

)

: C : ε(δu) dx = ℓn(δu), δu ∈ V 0 , (27a)
∫

Ω
gn,k

p : E
−1 : δgp dx =

∫

Ω
εn,k

p : curl(δgp) dx , δgp ∈ G , (27b)
εn,k

p − εn−1
p = γn,kDφ(αn,k−1) + γn,k−1D2φ(αn,k−1) : (αn,k − αn,k−1) , (27
)

γn,kφn,k(α
n,k) = 0, γn,k ≥ 0, φn,k(α

n,k) ≤ 0 (27d)
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n,k
p )−D : ε

n,k
p − sym(curl(gn,k

p )), where the derivatives of the �ow ruleare
Dφ(α) =

dev(α)

|dev(α)| , D2φ(α) : η =
dev(η)

|dev(α)| −
dev(α) : dev(η)

|dev(α)|2
dev(α)

|dev(α)| , α 6= 0 .For the solution of the system (27) we introdu
e the elasti
 trial stress
θn(u, gp) = C : (ε(u) − εn−1

p ) − D : εn−1
p − sym(curl(gp)) .Lemma 10. The equations (27
) and (27d) have a unique solution

γn,k = Gn,k(θ
n,k) , (28a)

εn,k
p = Rn,k(θ

n,k) , (28b)depending only on the trial stress θn,k = θn(un,k, gn,k
p ), where the return parameter and the plasti
strain response are de�ned by

Gn,k(θ) =
max{0, φn,k(θ)}

(2 + H0)µ

Rn,k(θ) = εn−1
p +

1

(2 + H0)µ

γn,k−1 |dev(αn,k−1)|
γn,k−1 + |dev(αn,k−1)|D

2φ(αn,k−1) : θ + Gn,k(θ)Dφ(αn,k−1) .Proof. We have (C + D) : (εn,k
p − εn−1

p ) = θn,k − αn,k, and (27
) 
an be rewritten in the form
(C + D)−1 :

(

θn,k − αn,k
)

= γn,kDφ(αn,k−1) + γn,k−1D2φ(αn,k−1) : (αn,k − αn,k−1) .This gives (using D2φ(αn,k−1) : αn,k−1 = 0)
(

id−(2 + H0)µ)γn,k−1D2φ(αn,k−1)
)

: αn,k = θn,k − (2 + H0)µγn,kDφ(αn,k−1) .Inserting (27d) yields (2 + H0)µγn,k = max{0, φn,k(θ
n,k)} and

θn,k − αn,k =
γn,k−1 |dev(αn,k−1)|

γn,k−1 + |dev(αn,k−1)|D
2φ(αn,k−1) : θn,k + (2 + H0)µγn,kDφ(αn,k−1)(this 
an be veri�ed by dire
t 
omputation, see [41℄ for details). �Inserting (28b) in (27a), (27b) results in a variational nonlinear problem:�nd (un,k, gn,k

p ) su
h that
Fn,k(u

n,k, gn,k
p )[δu, δgp] = ℓn(δu) , (δu, δgp) ∈ V 0 × G ,with

Fn,k(u, gp)[δu, δgp] =

∫

Ω

(

ε(u) − Rn,k(θn(u, gp))
)

: C : ε(δu) dx

+

∫

Ω
Rn,k(θn(u, gp)) : curl(δgp) dx −

∫

Ω
gp : E

−1 : δgp dx .
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onsistent tangent operator. The plasti
 strain response Rn,k(·) is only nonlinearwith respe
t to the term max{0, φn,k(θ)} and therefore a Lips
hitz fun
tion. Thus, a generalizedmulti-valued derivative exists (see [17℄ for the de�nition and for properties of generalized deriva-tives). A 
onsistent linearization of the plasti
 strain response is obtained by the spe
i�
 
hoi
e
Rn,k(θ) =

1

(2 + H0)µ

( γn,k−1 |dev(αn,k−1)|
γn,k−1 + |dev(αn,k−1)|D

2φ(αn,k−1)

+ sgn(Gn,k(θ))Dφ(αn,k−1) ⊗ Dφ(αn,k−1)
)

∈ ∂Rn,k(θ)(see [41℄ for details on the subdi�erential 
al
ulus for the 
omputation of 
onsistent tangent oper-ators). Thus, a 
onsistent linearization of Fn,k is given by the symmetri
 bilinear form
an,k(u, gp)[(∆u, ∆gp), (δu, δgp)]

=

∫

Ω
ε(∆u) :

(

C − 4µ2
Rn,k(θ)

)

: ε(δu) dx +

∫

Ω
2µ curl(∆gp) : Rn,k(θ) : ε(δu) dx

+

∫

Ω
2µ ε(∆u) : Rn,k(θ)

)

: curl(δgp) dx

−
∫

Ω

(

∆gp : E
−1 : δgp + curl(∆gp) : Rn,k(θ) : curl(δgp)

)

dxwith θ = θn(u, gp). This results in the following algorithm:S0) Start for t0 = 0 with u0 = 0 and ε0
p = 0. Set n = 1.S1) Choose (un,0, εn,0

p , gn,0
p , γn,0) ∈ Y n. Set k = 1.S2) Set (un,k,0, gn,k,0

p ) = (un,0, gn,0
p ). Set m = 1.S3) Evaluate the residual rn,k,m = ℓn(un,k,m−1) − Fn,k(u

n,k,m−1, gn,k,m−1
p ).If ‖rn,k,m‖ is small enough, go to S5).S4) Assemble the linearization an,k,m = an,k(u

n,k,m−1, gn,k,m−1
p ).Compute the Newton update (∆un,k,m, ∆g

n,k,m
p ) by solving

an,k,m[(∆un,k,m, ∆gn,k,m
p ), (δu, δgp)] = rn,k,m[δu, δgp] , (δu, δgp) ∈ V 0 × G ,
hoose a suitable damping parameter ρn,k,m ∈ (0, 1] and set

(un,k,m, gn,k,m
p ) = (un,k,m−1, gn,k,m−1

p ) + ρn,k,m(∆un,k,m, ∆gn,k,m
p ) .Set m := m + 1 and go to S3).S5) Set un,k = un,k,m, g

n,k
p = g

n,k,m
p , ε

n,k
p = Rn,k(u

n,k, gn,k
p ), γn,k = Gn,k(u

n,k, gn,k
p ).Compute αn,k = C : (ε(un,k) − ε

n,k
p ) − D : ε

n,k
p − sym(curl(gn,k

p )).S6) If ‖εn,k
p − εn−1

p − γn,kDφ(αn,k)‖ and max{0, φ(αn,k)} are small enough,set un = un,k, εn
p = ε

n,k
p , n := n + 1 and go to S1).S7) k := k + 1 and go to S2).In our appli
ation, the damping is realized by a simple line sear
h: 
hoose ρn,k,m ∈ {1, 1/2, 1/4, ...}maximal su
h that ‖rn,k,m‖ < ‖rn,k,m−1‖. For su�
ient small ∆tn, we have ρn,k,m = 1 in most
ases.



INCREMENTAL INFINITESIMAL GRADIENT PLASTICITY 155. Numeri
al experimentsIn this se
tion we dis
uss numeri
al test 
al
ulations for the evaluation of the regularizing propertiesof the nonlo
al model. The 
omputations are realized in the parallel �nite element 
ode M++ [40℄.Note that all our dis
retizations and all nonlinear and linear solution methods are provided in ageneral fashion and do not spe
i�
ally depend on the studied representative model; they easilytransfer to other nonlo
al models without substantial 
hanges.5.1. An example 
on�guration. For the numeri
al test we 
onsider a tra
tion problem wherethe load fun
tional
ℓ(t, δu) = t

∫

ΓN

tN · δu da, tN = (0, 0, 1)Tdepends linearly on the loading parameter t (see Fig. 1 for some 
on�guration details).Material parametersPoisson ratio ν = 0.29Young modulus E = 206900.00 [N/mm2℄
µ = 80193.8 [N/mm2℄
λ = 110743.82 [N/mm2℄yield stress K0 = 450.00 [N/mm2℄Figure 1: Initial 
on�guration Ω ⊂ (0, 4) × (0, 1) × (0, 7).On the bottom ΓD = (0, 4) × (0, 1) × {0} the body is �xed(homogeneous Diri
hlet boundary 
onditions uD ≡ 0 on
ΓD), a tra
tion for
e is applied on the top surfa
e ΓN =
(0, 4) × (0, 1) × {7}.5.2. Reparametrization. Sin
e this model is rate independent, the parameter t has no dire
t linkto the physi
al time. Here we are interested in the regularization properties of the lo
al hardeningparameters H0 and the nonlo
al plasti
 length s
ale Lc, so that we will evaluate the model 
lose tothe limit load of the model of perfe
t plasti
ity. For small hardening the model is quite sensitivewith respe
t to the 
ase where the loading parameter t is 
lose to the limit load. This 
an be easilyavoided by the following reparametrization.We 
onsider a loading 
y
le with 2N loading steps using uniform steps sn = n∆s, n = 1, ..., Nwith a �xed in
rement ∆s = S/N and sn = S − (n−N)∆s, n = N + 1, ..., 2N . In our tests we use
S = 0.6 and N = 60. For every parameter sn we 
ompute tn su
h that the external work satis�es

ℓ(tn, un) = sn . (30)Therefore, in every step of the nonlinear iteration we now solve the following problem: �nd
(un,k, gn,k

p , tk,n) su
h that
Fn,k(u

n,k, gn,k
p )[δu, δgp] = ℓ(tn,k, δu) , (δu, δgp) ∈ V 0 × Gsubje
t to the linear 
onstraint ℓ(tn,k, u

n,k) = sn. Thus, for the iterate (un,k,m−1, gn,k,m−1
p , tk,n,m−1)in S3) we 
ompute the modi�ed residual

rn,k,m = ℓ(tn,k,m−1, δu) − Fn,k(u
n,k,m−1, gn,k,m−1

p ) ,



16 P. NEFF, A. SYDOW, AND C. WIENERSand in S4) the following saddle point problem is solved: �nd (∆un,k,m, ∆g
n,k,m
p , ∆tk,n,m) su
h that

an,k,m[(∆un,k,m, ∆gn,k,m
p ), (δu, δgp)] + ℓ(∆tk,n,m, δu) = rn,k,m[δu, δgp] , (31a)

ℓ(δt, ∆un,k,m) = sn − ℓ(tn,k,m−1, u
n,k,m−1) (31b)for all (δu, δgp) ∈ V 0 × G and δt ∈ R.5.3. Solution of the linearized system. The linear system (31) has the form

(

K ℓ
ℓT 0

)(

x
t

)

=

(

r
q

)with K ∈ R
Nh×Nh , ℓ ∈ R

Nh , where Nh = dim Xh. This bordered linear system is resolved by thefollowing algorithm:solve Kc = ℓ , (32a)set t = (cT r − q)/(cT ℓ) , (32b)solve Kx = r − tℓ . (32
)For the solution of the two linear subproblems (32a) and (32
) we use a parallel Krylov method [42℄a

elerated with a multilevel ILU pre
onditioner with pivoting and dropping strategy by Mayer[20, 21℄. Note that the matrix K =

(

A B
BT −C

) is symmetri
, invertible but inde�nite (A and
C are symmetri
 positive de�nite), so that simple 
g-iterations with standard pre
onditioners donot apply.5.4. Convergen
e properties. The result for a sample 
omputation is illustrated in Fig. 3, andin Fig. 2 we illustrate the 
onvergen
e with respe
t to the mesh size.

level 1level 2level 3
u3(z)0.70.60.50.40.30.20.10-0.1

t150100500-50-100-150Figure 2: Mesh-
onvergen
e of the load-displa
ement 
urve for level 1,2,3 with 400, 3 200, 25 600 
ells(6 904, 46 420 and 338 500 degrees of freedom) for Lc = 0.01 and H0 = 0.001. Here, the load is proportionalto t, and the displa
ement u = (u1, u2, u3) is given at the point z = (0, 0, 7)T .
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t = 10 t = 30 t = 60

Figure 3: Distribution of the plasti
 strain on the boundary and on an isosurfa
e for the nonlo
al model(Lc = 0.01 and H0 = 0.001).Due to the reparametrization and the su�
iently small 
hoi
e of the in
rement parameter ∆s wealways observe lo
al quadrati
 
onvergen
e of the nonlinear s
heme; a typi
al 
onvergen
e historyis illustrated in Tab. 1.5.5. Evaluation of the parameter dependen
e. Finally, we 
onsider the dependen
e of theresults on the non-dimensional hardening parameter H0 and the plasti
 length s
ale Lc in Fig. 4.Here, we observe 
learly, that both�kinemati
 hardening and gradient plasti
ity�have a regulariz-ing e�e
t and 
an be used (for small parameters) to substitute the not well-posed model of perfe
tplasti
ity. Moreover, we observe stable 
onvergen
e and approximation properties for all tested
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k m ‖rn,k,m‖ max{φ(σn,k,m, 0} ‖εn,k

p − εn−1
p − γn,kDφ(αn,k)‖0 0 0.00000000 0.94854414 0.00000422441 1 11.531898021 2 0.112053301 3 0.003240811 4 0.00000032 0.12747705 0.00000358372 1 0.017116592 2 0.000038642 3 ε 0.00001832 ε3 1 0.000002923 2 ε ε εTable 1: Nonlinear 
onvergen
e of the linearized proje
tion method in loading step n = 32 on level 2 with3200 
ells. The iteration is started with the extrapolated solution from the previous loading step. Thus,the initial residual vanishes in the equilibrium equation. Here, we need 3 steps in the linearized proje
tionmethod, where proje
tion onto the linear half spa
e requires 4,3, and 2 generalized Newton steps. Theiteration is stopped for ε < 10−9. Note that the algebrai
 error in this nonlinear test is far smaller than theapproximation error of the �nite element s
heme.parameters, so that the new model is now ready to use in the 
ontext of experimental data �ttingor for the extension to geometri
ally nonlinear models. Both will be topi
s for further resear
h.

0.150.10.050

150100500-50-100-150 Lc = 0, H0 = 0

Lc = 0, H0 = 0.03

Lc = 0.01, H0 = 0.0001

Lc = 0.01, H0 = 0.01

Lc = 0.1, H0 = 0.0001

u3(z)

t

Figure 4: Load-displa
ement 
urves for the models perfe
t plasti
ity (Lc = 0 and H0 = 0), kinemati
hardening (lo
al plasti
ity with Lc = 0), and the nonlo
al model with three di�erent parameters (H0, Lc).Here, we use 3200 
ells on level 2, and again the displa
ement is given for the point z = (0, 0, 7)T .Comparing with the results in Fig. 2 and Fig. 4 we observe in addition, that for 
oarse meshesthe regularization e�e
ts 
aused by the FEM-dis
retization dominates over the regularization dueto the material model; this indi
ates that the evaluation of regularization e�e
ts indeed require
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al methods, otherwise it is not possible to separate 
learly between dis
retizatione�e
ts and material properties.Remark 11. Our model does not feature plasti
 spin; this would required to 
onsider non-symmetri
plasti
 distortions p as well. The di�
ulty whi
h one en
ounters for this extension is tied to thefa
t that 
oer
ivity is not obtained in known Hilbert spa
es su
h as H(curl) sin
e only the symmetri
part of the plasti
 distortion is an L2(Ω)-fun
tion a priori, so that a suitable analyti
al frameworkhas to be developed. Referen
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