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Abstract

Variational formulations for direct time-harmonic scattering problems in a three di-
mensional waveguide are formulated and analysed. We prove that the operators defined
by the corresponding forms satisfy a Garding inequality in adequately chosen spaces of
test and trial functions and depend analytically on the wave number except at the modal
numbers of the waveguide. It is also shown that these operators are strictly coercive if
the wave number is small enough. It follows that these scattering problems are uniquely
solvable except for possibly an infinite series of exceptional values of the wave number
with no finite accumulation point. Furthermore, two geometric conditions for an obsta-
cle are given, under which uniqueness of solution always holds in the case of a Dirichlet
problem.

1 Introduction

The direct scattering problem in waveguides has received much attention in recent years
due to increasing interest in developing new technologies for underwater acoustics. In [2],
a mathematical formulation of the problem of underwater acoustics is given using the basic
assumption that the acoustic behavior of an ocean with flat bottom is well described by a
waveguide bounded by two planes. On one of these planes, a Dirichlet condition is assumed
to hold, a Neumann condition on the other. This description serves as a model for a stratified
ocean.

The problem of scattering of acoustic waves by obstacles in a waveguide with plane bound-
aries is considered by Gilbert and Xu in a series of papers [10-13] and in the references
therein. In [22] a detailed analysis of this scattering problem is presented. It is proved that
under certain geometric assumptions on a sound soft obstacle, i.e. an obstacle with a Dirichlet
boundary condition, uniqueness of solution holds. Similar geometric conditions and methods
of proof appear in uniqueness results for other types of boundary conditions on the two planar
boundaries of the waveguide [18,19].

For the sound hard obstacle, i.e. an obstacle with a Neumann boundary condition, unique-
ness of solution is in general an open question and a geometric condition similar to that of
the Dirichlet case is not available [22]. There are many papers proving the existence of non
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trivial waves for the corresponding homogeneous problem, called trapped modes [4, 6,7, 16].
The solvability of the scattering problem can be proved via boundary integral equations and
the limiting absorption principle [22].

The vast majority of the papers cited above consider the problem in a classical setting.
Some, such as [22], consider weak solutions of the Helmholtz equation that are elements
of certain Sobolev spaces, however no explicit variational formulations appear to have been
analysed, yet. For the applications we have in mind, namely solving inverse problems for
scattering in a waveguide by modern methods such as the Factorization method [15], well-
posed variational formulations of the direct problem are a pre-requesite.

Thus, the goal of this paper is to give proper variational formulations of the waveguide
problems. To this end, a finite cylindrical section of the waveguide containing the scattering
obstacle is singled out. The Dirichlet-to-Neumann map for the cylindrical outer boundary,
mapping Dirichlet traces of scattered fields onto their Neumann traces, is used to define a
non local boundary condition. The operator is obtained via an expansion of the solution
in cylindrical coordinates, a technique well established in the literature for various types of
geometries (see e.g. [21]).

By establishing various properties of the Dirichlet-to-Neumann map, it is possible to show
a Garding inequality for the variational form of the scattering problem. We can thus conclude
that uniqueness of solution implies existence and that, by analyticity properties of the prob-
lem, non-uniqueness may only hold for a countable sequence of wave numbers with no finite
accumulation points. This result holds independently of the actual boundary condition on the
scattering obstacle.

We furthermore analyse the uniqueness results obtained in [18,19,22] in the framework of
the new variational formulation. We conclude that uniqueness of solution for the Dirichlet
scattering problem always holds if the obstacle satisfies suitable geometric conditions. We give
two such conditions and the corresponding proofs of unique solvability in the last section of
the paper.

In the remainder of this section, we want to present some notation and basic results used
throughout the paper. The direct scattering problems to be investigated are set in a three-
dimensional waveguide R? x (0, h) of height h > 0. As the third coordinate axis is singled out
as the one orthogonal to the waveguide, we combine the first two coordinates, writing

= (z1,20,23)" = (Z,23)", r € R3.

We will use this notation throughout the paper.
The upper and the lower boundary of the waveguide are denoted by

It :={xeR®: 23 = h} and I :={zcR®: 23 =0},

respectively. A bounded and impenetrable scatterer D is assumed to be compactly contained
in the waveguide, and for notational reasons we place D around the z3 axis, i.e., we assume
that
Dn{zeR*: =0} #0.

The part of the waveguide not occupied by D is denoted by € := {R2 x (0, h)} ~ D and we
always assume that (2 is connected. Let us already point out here that later on we often work
in the bounded domain Qr := {z € Q: |#|? < R?}, where the radius R is assumed to be large
enough such that 1 + |#|2 < R? for all # € D. This in particular implies that D is contained
in the interior of Q. The cylinder

Cr:={z€Q: |7]* = R?}



Figure 1: The obstacle D, consisting of possibly multiple disconnected components, located
inside the waveguide € of height h intersects the xs axis and is contained in a cylinder of
radius R around the x3 axis.

denotes the part of the boundary of Qi that is contained in 2. The two other parts of 9Qpg,
contained in the upper and lower boundary of the waveguide, are denoted as

Ih:={zreR®: |7| <R, 23 = h} and Iy :={reR®: |Z| < R, 23 =0},
respectively. We also will make use of the two-dimensional horizontal cross section
Sk :={& €R?: |i| > R}.

Figure 1 shows a diagram of the waveguide’s geometry.
In the classical setting of an acoustic waveguide problem [22,23] the total field u is assumed
to satisfy the Helmholtz equation

Au+ku=0 inQ, (1)

and sound soft and sound hard boundary conditions are imposed on the lower and upper
boundaries of the waveguide, respectively,

0
u=0 onl", and 6—;;:0 on 't (2)

The wave number k is often assumed to be strictly positive, however we will consider k such
that Re(k) > 0, Im(k) > 0.
In the simplest case, a Dirichlet boundary condition is also imposed on the obstacle D,

u=0 on 0D. (3)



Other possibilities which we will consider, are a Neumann condition

% =0 on 0D, (4)
or an impedance boundary condition
0
a—g—iﬁu:O on OD. (5)

Here, and througout the paper, v denotes the unit normal vector to 0D directed into 2. The
quantity 8 termed the impedance is assumed to satisfy 5 > 0.

The classical direct scattering problem is then to find the scattered field ©® = u—u' subject
to (1), (2) and one of the boundary conditions (3)—(5), where the given incident field u® itself
satisfies (1) and (2).

As in all scattering problems, a minimum requirement to ensure uniqueness of solution is
that the scattered field additionally satisfies a radiation condition. In the case of a waveguide
problem this is usually obtained by carrying out a separation of variables in  and z3, leading
to an expansion of u®,

u®(z) = Z sin(a,x3)u, (Z) for x € Q\ Qpg, (6)

with
2n—-1)7

2h

The field u® then automatically satisfies the waveguide boundary conditions (2). The modes
u, are required to satisfy the two-dimensional Helmholtz equation

Aty + k2w, =0 in Sp with k,, := k% — a2, (7)

and the Sommerfeld radiation condition

Q1=

un
lim 71/2 (8L — zknun) =0, where r := |z, (8)

uniformly for all directions & /r.

In the case of a real wave number k, the modal wave numbers k,, are only real for a finite
number of values of n, say n < N. These values correspond to modal frequencies of the
waveguide and their number N is of course dependent on k. For n > N, the wave numbers
k., become purely imaginary, corresponding to exponentially decaying modes.

It may also be possible that k,, = 0 for some n € N and this corresponds to an exceptional
frequency. In this paper we will only state solvability results on the waveguide problem in
case of absence of exceptional frequencies, i.e. we will assume throughout the arguments that

k # anp, n € N.

Possible exceptional frequencies of the problem impact our analysis nevertheless, as we show
in detail in the sequel.

In the case of a wave number with positive imaginary part, the square root in the definition
of ky, in (7) is to be understood in the sense of an analytic extension of the square root function
to the complex plane. A branch cut v can be chosen along the negative imaginary axis, such
that /- is analytic in C\ . It then follows that all k,, are well defined with arg(k,) € (0,7/2)
and that |k, | > p > 0 for all n € N.



2 The Dirichlet-to-Neumann map

In what is to follow, we will consider solutions to the waveguide scattering problem consisiting
of (1), (2) and one of the boundary conditions (3)-(5) in a weak sense. As a technical pre-
requisite, we need to assume from here on that the obstacle D is a Lipschitz domain, see,
e.g., [17]. Formally using Green’s first identity for a solution u of the Helmholtz equation (1)
we find that

/ (Vuvo — k*uv) dz =0 for all v € C° (). (9)
)

The set C§°(2) of compactly supported smooth functions in 2 is usually referred to as the
set of testfunctions. The weak formulation of the direct scattering problem is now defined as
follows: Find u € H}} _(Q), the space of functions belonging to H'(K) for any compact set
K C Q, such that (9) holds. Moreover, u has to satisfy the waveguide boundary conditions (1)
and (2) as well as one of the boundary conditions (3)-(5) on the obstacle in the trace sense.
We need to impose also in this weak formulation the radiation conditions (8) on u® = u — u’.
This makes indeed sense, as it follows from interior regularity results [9,17] that u® is a smooth
function in €.

The stated weak formulation is difficult to tackle directly. This is partially due to a lack
of symmetry: The space of testfunctions differs from the solution space. It is therefore a
standard procedure to proceed with a truncation of the domain by an artificial boundary,
combined with the construction of a non local boundary condition on the artificial boundary,
using the Dirichlet-to-Neumann map. This idea is of course well established, however, in
contrast to the two dimensional case mapping properties of this operator are far from trivial.
We carefully derive in the sequel that the Dirichlet-to-Neumann operator is bounded between
suitable Sobolev spaces on the artificial boundary and afterwards, in the next section, set up
a proper variational formulation. Uniqueness of solution of this formulation is investigated
and established and we also show in Proposition 3.2 that each solution of this variational
formulation can be extended to a solution of the weak formulation stated above and vice
versa.

A key problem in setting up a variational formulation of the scattering problem in a three-
dimensional waveguide is an appropriate choice of function spaces. Considering functions in
H'(Qg) satisfying a Dirichlet boundary condition on I'; is one possible approach. Here we
choose a seemingly more complicated method via periodic extensions in the z3 direction. The
benefit is that we obtain certain expansions of the traces of the solutions on C'r for free which
are directly useful in the formulation of the Dirichlet-to-Neumann map.

As a first observation, any function u continuous in R? x [0, k] and satisfying (2) can be
extended by

u(Z,2h —xz3),  x3 € (h,2h],
w(Z,x3) == { —u(Z,x3 — 2h), w3 € (2h,3h], (10)
—u(Z,4h — x3), x3 € [3h,4h),

and by periodic extension with period 4h in the 23 direction to a continuous function on R3.
Taking account of the obstacle D, we define

Mp = {x € R? x (0,4h) : either z, (Z,2h — x3), (&, 23 — 2h) or (Z,4h — x3) € QR}.

Further denoting by C}.,(Mg) the space of continuously differentiable functions on My that

can be extended to 4h-periodic continuously differentiable functions with respect to x3 and



setting
o Vul? 2\1/2 d
ully;nry, = (IVul® + [ul?) " da,
Mg

we obtain the Sobolev space H,, (Mg) as the closure of C}.,(Mg) in norm |||y, . Tt is also

a Hilbert space with the usual H! inner product. The set of functions in H},.(Mg) satisfying

per
(10) almost everywhere forms a closed subspace of H_. (Mg).

The solution space for the variational formulation can now be defined as

W= {u € H'(Qr) : u = v|q, for some v € H! (Mg) and v satisfies (10) a.e.}. (11)

per

From the above considerations it is clear that W is the closed subspace of H!(2y) characterized
by “|r]; =0foralueW.

We now employ the theory of periodic Sobolev spaces to obtain expansion representations
of the traces on Cg of functions in W. The space of traces on Cr := {x € dMp : |#| = R} of
functions in H!, (Mg) is

per

~ n . .27
() = {ule) = 3 U ety exp (1257 )

n, €L

Z (1+n?2+)V2Ur? < oo},
n,l€Z

where we have set 2 = (Rcos ¢, Rsinp,23)". A norm for this space is given by

1/2

lll iy = | 5 (U4 422 P
n,l€Z

Again exploiting (10), we obtain the trace space for functions in W,

V= {v =ty i u € HYZ(Cr), U™ =0, U™ = -U7 ™ meN,l e Z} :

per

ie. u|c, € V for all u € W and the map u — wu|c, is bounded. Rather than using this
definition directly, we insert the relations for the coefficients in the expansion and obtain

V= {’U(CE) = Z Z V" exp(ilp) sin(apzs) :

n=1Il€Z

i ST+ a?) VR < oo},

n=1l€Z

again using r = (Rcosp, Rsinp,r3)". This space is also a Hilbert space with the inner
product

(u,v)y = Z Z(l + 1P+ ap) UMV
n=11ez

An element v of the dual space V' of V can be written formally as a series

v(x) = Z ZVZ” exp(ily) sin(anxs), z = (Rcosp, Rsing, x3) ",
n=11€Z



and the condition

SN+ +al) VP < oo

n=1leZ

assures that v is indeed a bounded linear form on V. The application of v € V' tou € V is

then expressed as
[ avdsi=mnr Y STV
Cr n=1l€Z

This definition is consistent with the usual definition of the surface integral when both u and
v are such that wov is an integrable function on Cg.

We now turn to derive a representation of the Dirichlet-to-Neumann map on the surface
CRr. A classical approach to the waveguide problem is to perform a separation of variables
in cylindrical coordinates. Application of the boundary conditions (2) and the radiation
conditions (8) leads to a representation of the form already encountered in the definition of
V. The result is that the solution can be written as a series,

Z ZUZ k: r) exp(ily) sin(a,z3) (12)

n=11€Z

for z = (rcosp,rsing,x3)’ € Qp. Here Hl(l) denotes the Hankel function of the first kind
and of order [. In this expression, the normal derivative on C'r can be computed,

ou > ! . .
E(m) = Z Z kn, U Hl(l) (knR) exp(ily) sin(anx3),
n=1I1€Z

x = (Rcosp, Rsinp,z3) € Chg.

From this consideration, we obtain a formal definition of the Dirichlet-to-Neumann map on
the space V. For u € V with Fourier coefficients U}*, set

7Y (k,R
Z Zk up % exp(ily) sin(a,x3). (13)
=1 iz Hy (kn )
an#k
This formal definition indeed makes sense for k # 0, arg(k) € [0,7/2), as Im(k,,) > 0 in

this case and the modulus of the Hankel function hence strictly positive (see (A.2) in the
appendix).
From the relation H(_ll) (z) = (fl)lHl(l)(z), we obtain that

/
Hl(l)/(knR) _ H(—ll) (knR)
HY(k,R)  HY (k. R)

This motivates the definition of the auxiliary coefficients

ur =0
W .= L .
: {(|Uf|2+|U"l|2>1/2, 1#0

We will now address the issue of well-definedness of the operator A formally given in (13).



Lemma 2.1 The Dirichlet-to-Neumann operator A defined by (13) is a bounded operator from
V to V' for all k € C such that |k| > 0, arg(k) € [0,7/2).

Proof: For u € V with Fourier coefficients U;* there holds

oo (1)’
_ H" (k,R)
2 _ 2 2\—1/2 n n
[Aully, =7hR > > (1+12+ad) ky U T
"1 ez 1 (knR)
an #k
& HY (our) ||
— iR Y S (4 a2) 2 |, wp Dl
= =0 H; " (knR)

From the relation (A.3) in the appendix, we obtain the estimate

2
H, (ko R)
HY (ko R)

l2
+ |k’n|2R2

[Aully,, < 27hR ZZ (1412 4 a2) ™2k W) ‘
n=11=0

The sum on the right hand side will now be split into two sums which we estimate separately.
First,

oo oo l2
2 2\—1/2 ny |2
Z Z(1+l +an) |Wl knl |kn|2R2

n=1 =
an#k

oo

ZZ (1+2+a2) 22 U0 < R2 [ul3 -
€7

Second, as a,, = O(n), the estimate
[kn|? = |07, = ¥*] < Cagy

holds. Also note that k, R is bounded away from zero for all n € {m : k # a.,, }. Hence Lemma
A.2 and (A.10) in the appendix yield that for these terms the fraction of Hankel functions is
bounded uniformly. Thus

2

HY, (kyR)
(1)(k R)

ii + 1P+ ap) 2 ap (W
n=11=0

<C Z YA+ +a) PP = O ully -

n=1 l€Z

ii 14124+ a2) Y2k, W2

n=11=0

This final estimate completes the proof. [

The second result addresses the issue of bounding a certain form associated with A from
below. This estimate is valid for all wave numbers that are small enough.



Lemma 2.2 There exists ko > 0 and ¢ > 0 such that for all k € (0, ko] the estimate

—/ UAuds > ck > S UM =ckllullzcn,  weV,
Cr )

n=11€Z

holds, where U* denote the Fourier coefficients of u € V.

Proof: We suppose that ky > 0 be so small that all k,, are purely imaginary for 0 < k < kg.
For u € V with Fourier coefficients U]*, we start from the representation

k: R)
— | wAuds=—7hR En W2
J. R
Using the recurrence relation (A.3) for the fraction of Hankel functions, we obtain

(1) kR
_/ uAuds——ﬂ'hRZZk: < 1 R) klR> |2
Cr n

1
n=11=0 H()kR)

We can then replace the fraction of Hankel functions by a fraction of modified Bessel functions
(compare (A.6)) to obtain

K4 |k |R) l) 9
- uAuds =7mhR kn, — ) [W~.
L. ZZ(' Rkm ')

n=11=0

Using Lemma A.1 in the appendix yields

[e.°] 1
- n|2 n|2
— /CRuAuds > whR g [|kzn| W3 + |knl (1 - —|kn|R) (W

n=1
> |kn| R l 9
K, w2l
+;| |<|kn|R+21+|k:n|R w7l

The binomial formula implies

|kn|R + ! > 92 ! >c 1
bl R+20 " [kal R ="\ knl R4 20 =7\ k|

Now, observe that for k < kg

2 a2
|kn|? = a2 — k* = k2 (k—;—1) > k2 (k—g—1) > k2,
0

and also vk > k for k < kg < 1. Hence, we obtain

f/ uwAuds > ck iz U2
Cr

n=1Il€Z

This is the assertion. n

In the case of larger wave numbers a similar bound appears not to hold. However, it is
possible to give a negative bound for the real part of the form in this case.



Lemma 2.3 Suppose k € R~o. Then there exists C' > 0 such that for all u € V with Fourier
coefficients U}, there holds

N
Re (/ v ds) > =C Y SN 2 =Cllulfacpy:
Cr

n=1I1€Z

where N is such that k, is real for n < N and imaginary for n > N.

Proof: Using the coefficients W} and equation (A.3) from the appendix, we write

0o 00 (1)
| HOR)
- uwAuds =mhR E E koW - .
/cR YA\kBR HO(,R)

n=1 =0

We can argue as in the proof of Lemma 2.2 that all terms in this series for n > N are real and

positive. Hence
N o (1)
l H knR
Re (_/ ﬂAuds) > rhR Re sz W - 1(1)1( :
Cr n=11=0 fn It Hy (ko R)

> —nh ZZkz W2

n=1 1=0

HY, (ke R)
HY (k,R) |

Because of the assumption that «,, # k for all n € N, the numbers k, R, n =1,..., N, form
a compact set bounded away from zero. Applying Lemma A.2 and (A.10) from the appendix
now yields the assertion. n

Lemma 2.4 Let k. be any positive number such that k. # «ay, for alln € N. Then there exists
a neighborhood U of k. in which the Dirichlet-to-Neumann operator depends analytically on
the wave number k € U.

Proof: Let us first recall that for u, v € V

0 HY (kaR) . —n
/ vAudr = ThR § kn§ %Uﬁ‘/l. (14)
Cr n=1 ez Hi (knR?)

By the equivalence of weak and strong analyticity of a bounded linear operator [20, Theorem
8.12] it is sufficient to show that the latter expression depends analytically on %k in some

neighborhood of k.. The number
(2n — 1)272
_ 2 _ A
n = \/k 4h?2

is again defined using the analytic extension of the square root to the complex plane with
branch cut [0, —ico) along the negative imaginary axis. Thus, k, depends analytically on &
except for certain curved branches in {z € C, Rez > 0, Im 2z < 0} which end at the points «,,
respectively. By definition of k. there exists an open ball U with center k., in which we can
expand k, in an absolutely and uniformly convergent power series,

=Y dk—k) keUc eC. (15)
7=0

10



Next we define

H(l)l(k:nR) . H(i) (knR) I o
by = S By s AL Ly
ez Hy (knR) ez L H (ko R) n
and observe that
1)
H " (k,R
bk 0,0) = b 3 2 g ) (16)

i HV (knR)

can be written as an analytic part in series form and a part A, which is a bounded bilinear
form independent of k. The series in (16) converges absolutely and uniformly, as

D

[>L

H, (ko R)

= vl < e S || <
Hl(l)(knR) LV Z g

[>L

C
WHUHV”'UHV-

To show analyticity we note that each term H, l(i)l (knR)/H l(l)(knR) is analytic in the neigh-
borhood U of k.. Thus, exploiting its uniform convergence, we conclude that the series in (16)
is analytic in k. Therefore we can write

> HY) (kqR)

U =) O o) (k- k) kET, (17)
iz H" (knR) =

where the C7' are bounded sesquilinear forms on V' x V' and the series is absolutely convergent
in U.
To conclude we remark that one shows as in the proof of Lemma 2.1 that

Ykl falkyw,0)| < Cllullv|ollv

n=1

and therefore the series in (14) is absolutely convergent. Thus, we can plug in (15) and (17)
in (14) and interchange the summation, yielding

/ vAudr = Z(kfk:*)jHZC}’C’Z"(U,U)JrZAn(u,v),
Cr 3,1=0 n=1 n=1
and the statement of the lemma follows. n

Corollary 2.5 Let 0 < k < K such that k, K # a,, n € N. Then there exists an open
connected set U including k and K such that A is an analytic operator function in U.

Remark 2.6 Applying these results on analytic dependence of A on k makes it possible to
extend the estimate of Lemma 2.3 to k such that Im(k) > 0. It follows that there exists a
function d : R~y — R+ such that, defining the set

U:={keC:Re(k) >0, 0<Im(k) < 5(Re(k))},

the assertion of Lemma 2.3 remains valid for k € U. n

11



3 Variational Formulations

We want to investigate the Dirichlet scattering problem in a variational form, using the Hilbert
space W from the previous section. Taking account of the Dirichlet boundary conditions on
the obstacle D leads to the closed subspace

Wo:={ueW:u=0o0ndD}.

Suppose now we are given a weak solution u of the Dirichlet scattering problem, i.e., u €
H () solves (9), (2), (3) and u® = u — u’ satisfies the radiation conditions (8). We remark

that u|QR belongs to Wy. Multiplying the equation Au + k?u = 0 in Qg by a test function
v € Wy and an application of Green’s first identity yields

ou ou ou
_ 2 — - - _ -
/QR (Vqu k uv) dzx /CR Vvd8+/F;uFR Vvds /6 Vvds

0
= —uﬁds,
Cr (91/

(18)

since all other boundary terms drop out either by construction of Wy or by definition of the
direct problem. Here v denotes the unit normal to the respective surfaces pointing out of D
in the case of 9D and out of Qg in the case of all other surfaces. We put emphasis on the
fact that the boundary integrals over C'r are to be interpreted in the sense of a dual pairing
between V and V.

The Dirichlet-to-Neumann operator, introduced in Section 2, gives us the tool to state a
variational formulation of our scattering problem. Since u® = v — v’ is a radiating solution,

we find that 5 5 o o
u i u' i u'
A AR R Vi Cl R »

on C'r. Consequently, we have

/ (VuVo — k*ud) d:v—/ Muds:/ 5(5“ —Aui) ds (19)
Qr Cr Cr v

and we can state the following variational formulation of the scattering problem for a sound
soft obstacle corresponding to (1)—(3) and the radiation condition (6)—(8), where we set

Bp(u,v) := / (VuVo — k*uv) do f/ vAuds. (20)
QR CR

Problem 3.1 (Dirichlet Scattering Problem) Given an incident field u' satisfying (1)
and (2), find v € Wy such that

o’ ;
BD(u,v):/ ﬁ( - Auz> ds for allv e Wy.
Cr aV
Before investigating solvability of the variational problem we want to point out the equiv-
alence between the variational and the weak formulation of the Dirichlet scattering problem,
see Equation (9).

Proposition 3.2 The restriction of any solution of the weak formulation of the Dirichlet
scattering problem is a solution of the variational formulation in Problem (3.1). Vice versa,
any solution of Problem (3.1) can be extended in a unique way to a solution of the weak
formulation of the Dirichlet scattering problem in all of §2.

12



Proof: The first claim of the proposition is clear by construction of the variational formulation
using a weak solution of the scattering problem.

Concerning the second claim, we extend a given solution u € Wy of Problem (3.1) by the
following ansatz to all of Q

u(x) = > S UP HY (kn p) explilep) sin(anas), (21)

n=11€Z

for z = (pcosyp, psing,x3) € Q\ Qr and U* being the Fourier coefficients of u|cR that we
already encountered in the definition (13) of A. The extension w is a radiating continuation of
u in the exterior of Qi that satisfies the waveguide boundary conditions. It remains to show
that the extension fits to u at Cg, i.e., that u belongs to H*(U) for some neighborhood U of
Cr in 2 and solves the Helmholtz equation weakly in the sense of (9). Therefore we observe
by (12) that the series extension (21) holds in an entire neighborhood U of C'r. We remark that
convergence of the series in H!(U) can be shown in the same way as we proved boundedness of
the Dirichlet-to-Neumann operator. The proof is then completed by the observation that the
basis functions (Hl(l)(kn p) exp(ily) sin(anzs))k,i,n solve the Helmholtz equation classically
and a final limit process. =

In the subsequent arguments, we will analyse solvability of the variational problem posed
in Problem (3.1). As a first step, we will show that the form satisfies a Garding inequality,
implying by the Fredholm alternative that the variational problem is solvable whenever there
is at most one solution.

Lemma 3.3 For every s € (1/2,1), there exists a constant C > 0, dependent on k, such that
2 2
ReBo(u,u) > ullyy — C Jul2ngny, o€ Wo.

Proof: We rewrite

BD(u,v):/ (VuVﬁ—&—uﬁ)dx—/ (k:2+1)u6dx—/ vAu ds,
Qn Q

R Cr

and immediately conclude
ReBo(u,u) > ully = (8 + 1) [ullaq, ~Re | whuds.
R

Lemma 2.3 implies
_ 2 2
Re /C Thuds > —C ullbaiey = —C lulden)
R
for any s € (1/2,1) by the trace theorem. This completes the proof. [

Corollary 3.4 Suppose that the variational Dirichlet problem 3.1 posseses at most one so-
lution in Wy for any incident field u*. Then there exists a unique solution u € Wy for any
incident field u®.

Proof: As W is compactly imbedded in the space WOMHS(QR) C H*(Qp) for any s € (1/2,1),
the operator associated with Bp(+,-) is the sum of a coercive and a compact operator. Hence
the Fredholm Alternative implies solvability for any right hand side, whenever uniqueness of
solution holds. (]
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Theorem 3.5 Suppose that Re(k), Im(k) > 0. Then the Dirichlet Scattering Problem 3.1 is
uniquely solvable for any incident field u’.

Proof: By Corollary 3.4 it suffices to show that uniqueness holds. Suppose u € Wy is a
solution to the Dirichlet scattering problem for u’ = 0. Setting v = u and multiplying the
variational equation by —Fk,

/ (—k[Vul® + k|k|* [u]?) dz + E/ uAuds = 0.
Qr Cr
If we can prove that the last term on the left hand side has non negative imaginary part, then
all terms have non negative imaginary part and the assertion is proved.

Now let r > R. Using a separation of variables ansatz in cylindrical coordinates, we can
determine a solution v to the Helmholtz equation in ©Q, \ Qz of the form

v(x) = Z Z v Hl(l)(k:n p) exp(ily) sin(a,xs), (22)
n=11l€Z

for x = (pcosp, psing,x3) € Q. \ Qr, such that

ov

— = Au.
ov Y

Cr

vlep = uloy and

The function v is simply the radiating continuation of u to the outside of Qp, i.e. it satisfies

(2) and (6)—(8).

Now, using Green’s first identity, we obtain

Im (E/ ﬂAuds) =Im (E/ E@ds>
Cr Cr (91/
_ |k|2/ Tm (k) |v|2dac—/ I (F) [Vol? dz
QT\E Qr\m

+Im(/ Ei@ds).
C, (91/

From (22), the last integral is seen to tend to 0 as r — oo. Hence

fm (E/ ﬂAuds) _ |k|2/ T (k) |v|2dw—/ T (F) [Vo|2 dz > 0.
Cr Q\m QT\m

This completes the proof. [

In physical terms the last theorem is by no means surprising, as the situation treated
here corresponds to energy absorption by the medium. The case of real k£ is much more
difficult to treat and it is an open question whether uniqueness holds for all wave numbers.
Here, we will establish some results detailing the nature of the set of wave numbers for which
non-uniqueness may occur. The idea is to use the analyticity properties of the Dirichlet-to-
Neumann map established in Lemma 2.4. To this end we will make use of a slight generalization
of [14, Theorem 1.5.1] proved in [3].
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Theorem 3.6 Let H denote a Hilbert space. Assume that C C C is an open connected set
and that A, : H — H is a compact linear operator for all i € C' that depends analytically on
. Then, for all p € C except possibly for some isolated points, the equation

(I —A)e=0
has the same number of linearly independent solutions.

Applying this Theorem and also Corollary 2.5 to the situation at hand, as the Dirichlet
scattering problem is always uniquely solvable for Im(k) > 0, it follows that in a neighborhood
of any real wave number k, there exists at most a finite number of wave numbers k at which
uniqueness may not hold. Indeed, otherwise the points where non-uniqueness is not guaranteed
had a limit point, which contradicts the statement of Theorem 3.6. Thus we have proved the
following theorem.

Theorem 3.7 The Dirichlet Scattering Problem 3.1 is uniquely solvable for any incident field
u' except possibly for a sequence of real wave numbers (kW) such that kU — oo (j — 00).

Remark 3.8 The proof of Theorem 3.6 reveals that the modal wave numbers k£ = «,, are
among the sequence of wave numbers, at which non-uniqueness may hold. However, it allows
for other numbers to be in this sequence. To the authors’ knowledge it is an open question
whether non-uniqueness may occur only at the modal wave numbers or not. ]

So far we have only discussed the case of a Dirichlet boundary condition on the obstacle
D. However, the treatment of a Neumann or an impedance condition is quite similar and we
briefly treat these two cases in the remainder of this section.

The Neumann condition (4) permits to discuss the sound-hard scattering problem in the
space W, defined in (11). An application of Green’s first identity yields as in (18)

/ (VuVE - k2u6) dr = / @6 ds,
Qr Cr 61/
for a weak solution u € H{

15 (€2) of the Neumann scattering problem and a testfunction v € W.
The boundary term on 0D vanishes this time due to (4). Hence, for a variational formula-
tion, we obtain again the form Bp encountered for the Dirichlet problem which incorporates
the radiation condition (6)—(8) for u® = u — u’ using the Dirichlet-to-Neumann operator A
from (13).

Problem 3.9 (Neumann Scattering Problem) Given an incident field u® satisfying (1)
and (2), find w € W such that

Bp (u,v) :/ E(ZU —Aui) ds for allve W.
Cr v

Because the form for the Neumann problem is the same as for the Dirichlet problem one
shows the following result on existence and uniqueness of solutions by essentially copying the
proof for the Dirichlet problem.

Theorem 3.10 The Neumann Scattering Problem 3.9 is uniquely solvable for any incident
field u® except possibly for a sequence of real wave numbers (k(j)) such that kU) — oo (j — ).
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Finally, we investigate the impedance boundary condition (5) where the impedance § €
L>(AD) is positive. Once again, we integrate by parts using the total field u € H () that
satisfies the impedance scattering problem weakly and a test function v € W, to find

/ (VUVE— k2uﬁ) dx :/ @ﬁds — @ﬁds :/ @5&9 —i/ Buv ds.
Qg Cr ov ap OV Cr ov 8D

The Dirichlet-to-Neumann operator A is again used as a non local boundary condition on Cg
that realizes the radiation condition,

/ (VuVo — k*uv) da —/ vAuds +1i Buvds = / v <8u - Aui) ds. (23)
Qr Cr oD Cr ov

In consequence, we use the sesquilinear form

Bi(u,v) :/ (VuVo — k2uﬁ) dx —/ vAuds+ i Buv ds (24)
QR C

R Cr

to state the variational formulation of the impedance scattering problem (1), (2), (5)—(8).

Problem 3.11 (Impedance Scattering Problem) Given an incident field u® satisfying
equations (1) and (2), find w € W such that

14

ou’ ,
Br(u,v) = / v ( © oy Auz) ds forallveW.
Cr
Proving existence and uniqueness of solutions of Problem 3.11 is much simpler than for
the Dirichlet and Neumann case due to energy absorption caused by the impedance 3.

Theorem 3.12 The Impedance Scattering Problem 3.11 is uniquely solvable for any incident
field u* and all real wave numbers k > 0.

Proof: By Lemma 3.3 it is easy to see that B; satisfies a Garding inequality. Thus, if we
show uniqueness of a solution of Problem 3.11 with u? = 0, the Fredholm alternative theorem
implies uniqueness and existence of a solution for general u’. Hence, assume u € W solves
Problem 3.11 with u* = 0. It follows that

O:BI(u,u):/ (|Vu|27k2|u|2) dxf/
QR C

Arguing exactly as in the proof of Theorem 3.5 we see that Im fCR uAuds = 0 since k is real

ﬂAud5+i/ Blul|? ds. (25)
oD

R

and, taking the imaginary part of (25), it follows that [, Blu|* ds = 0. In consequence, u = 0

on 0D and the impedance boundary condition implies % = 0 on dD. Since both trace and
normal trace of u vanish at I', Holmgren’s theorem implies that « = 0 in Qp. [

We finally remark that one can show in analogy to Proposition 3.2 equivalence of weak
and variational formulation of the Neumann and impedance scattering problems.

4 Uniqueness in Special Cases

In this section, we will investigate a solution u € Wy of the homogeneous Dirichlet problem

Bp(u,v) =0 for all v € W. (26)
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It is the goal to derive conditions that guarantee uniqueness of solution of the scattering
problem, i.e. that u vanishes throughout 2z. We wish to emphasize that the conditions
given here are not new. We give references below. However, what is new is that we use these
conditions to prove uniqueness of solution for a variational formulation of the problem for
which the Fredholm Alternative can be applied.

As a first observation, we note that using (22) and the transmission conditions on Cr, listed
subseqently, u can be uniquely extended to a radiating solution of the Helmholtz equation in
all of Q. For ease of notation, this extension will again be denoted by w. From [17, Theorem
4.18] we conclude that u € HZ _(Q) if the scatterer D is of class C11.

The conditions that ensure uniqueness of solution take the form of geometrical condi-
tions on the shape of 0D. We will give two such conditions and also show some examples
demonstrating that these conditions indeed characterize different classes of scatterers. We
also remind the reader at this point that the coordinate system is chosen such that there
exists a point x € D such that = (z1,22) " = 0.

Condition 1 Suppose D of class C1! is such that 7- % > 0 for all z € OD.

Condition 2 Suppose D of class C1! is such that 121 > 0 for all z € 9D.

While there are some scatterers that satisfy both conditions (i.e. a sphere or a cylindrical
disc parallel to the waveguide boundaries) in general they are not equivalent. Figure 2 displays
some typical examples of shapes satisfying both, either or none of these conditions, respectively.

Condition 1 refers to domains which we call cylindrically star shaped: the intersection of
the domain with any horizontal plane is star shaped. A more general version of this condition
is given in [18] to cover also perturbations of the planes in an n-dimensional space. Also in [8]
this condition is assumed to prove uniqueness results in waveguides.

Condition 2 states that on both sides of the plane x; = 0, the object is shaped as a graph
of a function of two variables. Of course, the orientation of the x1- and x,-axis are arbitrary in
the setting of the scattering problem investigated here. Hence the z;-direction can be replaced
by any other direction parallel to the waveguide boundaries. This condition is given in [22, p.5]
as assumption A.

In the following arguments, we will assume that D satisfies Condition 1 or 2, and we will
establish uniqueness of solution for the scattering problem under this assumption.

We will start with two technical lemmas. For ease of notation, we introduce n as the unit
normal to 0f) pointing out of Q2. Hence, n = —v on 9D.

Lemma 4.1 Foru € H? (Qg) there holds
- _0 - 0u
/ [x : (va—“ + vu—“) i (|vu|2 e |u|2)} ds
O0R on on
ou

:2]{:2/ ul? dx—2/
QR QR a

Proof: Using a completeness argument, it suffices to prove the assertion for u € C?(Qg).
From Green’s first identity,

2
dx

T3

where V = (0/dx1,0/dx3) " .

0% s — /Q 6 A + V- Vo] da, (27)

Nr 31}
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T

(a) Conditions 1 & 2 satisfied (c) only Condition 2 is satisfied

(b) Only Condition 1 is satisfied (d) neither condition is satisfied

Figure 2: Four obstacles as examples for Conditions 1 & 2.

we first obtain, setting ¢ = |[Vu|? and ¢ = i |z?, that

/ i |Vul* ds = 2/ \Vul? da +/ AV, (|Vu|2) dz.
Fioy Q Q

R R

Secondly, setting ¢ = & - Va and ¢ = u, in (27) yields that

/ 5:0~ﬂ@ds:/QR[i'@aAu+V(9~co@ﬂ)oVu}dx,

18



and similarly for ¢ = i - Vu and ¥ = @. So, we conclude

/BQ [f-(w%er%)—f-mvuﬁ]ds
:/ [:z-(%mw@um)+v(:z-@a)-w+v(5c-@u)-Va
Qr
2 Vuf* — 7V <‘w‘2)] dz. (28)

2

)

Using the identity
v(is-w) .vu+v(gz.w) ~Vﬁ—f~@(|Vu|2) :2‘%

we infer that (28) can be written as
/ [i-(w@er@)—f-mvuﬁ]ds
O0R on 0

n
= / T - (@ﬂAu—&— @uAa) de — 2/ (|Vu|2 — ‘@ur) dz. (29)
Qr Qr

The right hand side of (29) can be further rewritten using the divergence theorem to obtain

2

~ ~ 0
/ j-(V@Au—i—VuAﬂ)dac—Q/ S
Qr ap |0x3
:—k2/ [v- (x |u|2) —2|u|2} d:v—?/ ouf dz
Qr Qr Oz
2 -2 2 2 ou |
=—k Z-n|ul” ds+ 2k |u|” dox — 2 —| dux.
00 Qn Qn | 013
So, (29) can be written as
~ 0 - Ou
/ [x (w-“ +Vu —“> —FR (|Vu|2 — k2 |u|2)] ds
Ieys on on
2 2 Gu 2
=2k |u|” do — 2 —| dux.
Qr Qr Oz
This completes the proof.
Lemma 4.2 Foru € H? (Qg), there holds
ou Ou ou o0u 2 2 9
cugn, gut) Vul? — k d
/[mR [xl <0m1 on + 0x1 an) i (| ul b ) y
2 2 2 ou ?
=k |u|” da — [Vul|” dx + 2 —| dz.
Qr Qr Qp | 011

19



Proof: Again, it suffices to prove the assertion for u € C2(Qg). We set ¢ = |Vu|* and
¢ = 3 |z1|° in (27) to obtain

/ z1ny |Vul® ds = / \Vul® da +/ zie; -V <|Vu|2) dz
BQR QR QR

where e; denotes the unit vector in the direction of the x;-axis. Next, we insert ¢ = x é‘?—g
and ¥ = v in Green’s first identity, and so,

/ xlﬂ%dSZ/ xlﬂAudx+/ V(zla—) -Vudzx
o0 Ox1 On Qn, 071 O 0z

and similarly we deduce a relation for ¢ = xlé?—“ and v = 4. From these applications of

Green’s first identity we infer
9z on oz on) d

/aszR [xl <5m1 on + 0x, an) x1ny |Vul } s

:/ <%A +@Au)
Qr 0y 1o)

+/ [v( 5_) Vu+v( au).vu}dx
Qr a 81'1
0
2
_ dor —
/QR|VU| x /QRl'lal' (IV | )

2

Using the identity

ou ou _ 0 ou
[V(:cl 0:51) vu+v< axl)vu] —mg (|v |) '5—331

and the divergence theorem we obtain the assertion. ]

One further ingredient for the uniqueness proof is the fact that a solution to (26) decays
exponentially with distance from the obstacle. We formulate this statement in the following
lemma.

Lemma 4.3 Let w be the unique radiating extension of a solution of (26) to all of Q. Then
w € HY(Q) and for some constants r, C, ¢ > 0, we have

jw(@)] + [Vw(z)] < Cem*lz| > 7, (30)

/|Vw|2 dgc:k:2/|w|2 dx. (31)
Q Q

Proof: Green’s first identity together with the boundary condition wl|,, = 0 yields

0= / (WAw — wAW) dx = / (WAw — wAw) ds = 2iIm </ wAw ds> .
Qr Cr Cr
Recall from (14) and (A.4) that

(1)
H " (knR l
_/ wAwds—WhRE E < 1(1)1 ) E) WP
Cr

n=1n€ez R)

as well as
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Let us now denote by IV the largest entire number such that k,, is real for n < N. It was shown

in the proof of Lemma 2.2 that for n > N the imaginary part of anl(i)l (k:nR)/Hl(l)(knR)
vanishes. Hence we obtain

N o'} (1)
H” (kR
Im </ EAwds) = —7hR g kn, g Im % ‘Wfl|2
Cr =0 Hl (knR)

n=1

From the recurrence relation (A.4) it follows that

o B R)  HE (R B)  H (e RV (ke R) — H (knR)H,Y (ki R)
HY (k. R) H (k,R) 2i|H" (k, R)|? ’

where Hl(2) = Hl(l). Formula 9.1.16 in [1] shows that

2
o RIH (K )

and collecting terms we arrive at

L
0=1Im (/ EAwds) = 2mwh 27n2
Cr n=11=0 ‘Hl(l)(knR)‘

The last equation implies that ’Wfl’ =0for 1 <n < N and | € Ny, thus, w possesses only
evanescent modes. As these are exponentially decaying, (30) follows. Using (18) we infer that

/ (|Vw|2*k2 |w|2) dx:/ a—wﬁds@ﬂ) as R — oo.
QR CR al/

Hence follows (31) and the proof is complete. ]

We are now ready to formulate the uniqueness result for the Dirichlet problem.
Theorem 4.4 Assume that either Condition 1 or 2 holds. Then any solution of
Bp(u,v) =0 for all v € Wy.
satisfies u = 0 in Qg.

Proof: Suppose first that Condition 1 holds. We have that Qr = CrUT L UTz UAD and so
the surface integral in the identity of Lemma 4.1 is written as the sum of four integrals I¢,,,
I+, I—, Isp over Ckg, FJISL, I';; and 0D, respectively. The integrand in all four integrals is

R R

- ~7@u - 0u I 2 2 9
[m-(Vu%—I—Vu%)—x-n(Wm —k u)}

From (30), I, — 0 (R — o0). The integral Ips vanishes because of the Neumann conditions
and £-n =0 on FJISL . The integral I - vanishes also, because on I', Dirichlet conditions hold,

so, Vu = 71 (Qu)/(dn) and again Z - 2 = 0.
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Now letting R — oo, from (31), we conclude that

/ . _|ou
r-n|—
aD 871

Since Z -1 < 0 for all x € 0D we obtain that v = 0.
Suppose now that Condition 2 holds. Here the integral over 902 in Lemma 4.2 is written
as a sum of four integrals Joy,, Jp+, Jp- and Jop over Ckg, FE, I'; and 0D respectively. The
) R R

2 2
d5:2/’Vu‘ dz > 0.
Q

integrand in all cases is

ou Ou ou o0u 2 2 9
[xl <0m1 on + 0x1 an) i (|Vu| W ) ’

From Lemma 4.3 we obtain J¢,, — 0 as R — co. The Neumann conditions and x1n; = 0 on FE

imply that JF; = 0. Similarly, JFE = 0 because the Dirichlet conditions imply 66—;1 =ny %.

Hence, letting R — oo and using (31) again,

/ A / L

rny |—| ds= —| dx .

oD Y on o |0z a

Since x1n1 < 0 for all x € 9D, we conclude also in this case that u = 0. [

Remark 4.5 In [22] a further uniqueness result is given, based on a geometric condition
(Condition B of this reference) that is satisfied by star shaped obstacles. The proof given
there is based on an identity similar to the one presented by us in Lemma 4.1 but without the
tilde operators. We were not able to verify this identity for the waveguide. [

A Bounds for Fractions of Bessel functions

The Hankel functions of the first kind are related to the modified Bessel functions by the
relation

Ki(2) = gilHHl(l)(iz) for I € No,arg(z) € [ (A1)

T
23]
As the modified Bessel funktion K; has no zeros in the right half-plane [24, p. 511] of the
complex plane, it follows that the modulus of the Hankel function is stricly positive in the
upper half-plane,

’Hl(l)(z) >0, zeC, arg(z)e[0,n), €N (A.2)

From the recurrence formula for Hankel functions
d
= (H () = 2 H ()

zdz

we conclude
lzl_lHl(l)(z) + lel(l)/(z) = lel(i)l (2) for z # 0,

and therefore




Analogously to (A.3) the recurrence formula
% (z_le(l)(Z)) = _Z_l_lHl(ﬂ (2)
holds and yields
HY'(z) 1 Hn()
a2 1)
Combining (A.3) for [ > 0 and (A.4) for | < 0, bearing in mind that H(}l) (2) = (—1)1Hl(1)(z),
we obtain

(A.4)

e H -

Hl(l)(z) Hl(ll\)(z) z

This formula is valid for all [ € Z.
For purely imaginary argument it is convenient to work with the modified Bessel functions
given by (A.1). We rewrite the fraction of Hankel functions as

1) .

Hl(7)1(m) _ iKl_l(m) (A 6)
HOGz) | Faa)

and observe that this fraction is purely imaginary if x is real, since the K; are real functions

of real arguments. From the integral representation [1, 9.6.24]

K(z) = / e~ eosht cosh(it) dt for z € Ry, [ €Ny
0

we obtain immediately that

K@) _ 1

, x €Rsg, [€N. A7
Kl(m) - >0 ( )

Using the recurrence relation [1, 9.6.26)

Kl71($)7K1+1($) = 7; KZ(ZL'), I€R>0, ZGN,

we further conclude using (A.7) that
KH—I (m) N Kl_l(:n) 21 x+ 2]

Ki(z)  Ki(z) x - oz

.TGR>O, ZEN

Hence

K (x) "
Kipi(z) —x+2U
Combining (A.7) and (A.8) we obtain the following Lemma.

x€Rsg, €N (A.8)

Lemma A.1 Suppose x > 0. Then

Eal) Folw) .2,
Ko(x) Ki(x) T
and
) > L@ i leN.




Proof: It remains to prove the second estimate which follows directly from (A.7) and the
recurrence formula:

With these bounds on fractions of modified Bessel functions it is also possible to obtain
corresponding bounds for the modulus of fractions of Hankel functions for complex arguments.
We will only require an upper bound here.

Lemma A.2 Let z € C such that |z| > 0 and arg(z) € (—n/2,7/2]. Then

0| < A

D) rem.

Proof: The proof relies on the following integral identity for the absolute value of the Bessel
function H, l(l), which is due to the well-known Macdonald formula [24, p. 439] (see also [5]),

22 [T e 2%E |22 dt
aY ‘ :_/ S g a A
‘ l (Z) 2 0 e l t t ( 9)

for z # 0 with non negative real and imaginary part. An elementary computation shows that
2247 =22+ 7% - 222 + 2022 = 4Im(2)? + 2|23,

and in consequence the integrand in (A.9) is real and positive. Now we exploit (A.7) to obtain

the assertion of the lemma. (]

Of course, it follows from Lemma A.2 that

<1, leN.

Hl(i)1 (2)
Hl(l)(z)

In the case of I = 0, we can also obtain an upper bound for arguments bounded away from
zero from the asymptotic expansion for the Hankel functions [1, 9.2.3]. It follows that for all
p > 0 there exists C(p) such that

< C(p), |z| > p, arg(z) € [0, g} , lelN. (A.10)
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