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Preface

Failure of cracked components is governed by the stresses in the vicinity of
the crack tip. The singular stress contribution is characterised by the stress
intensity factor K, the first regular stress term is represented by the so-called
T-stress. Sufficient information about the stress state is available, if these two
parameters are known.

While stress intensity factor solutions are reported in handbooks for many
crack geometries and loading cases, T-stress solutions are available only for a
small number of test specimens and simple loading cases as for instance pure
tension and bending.

One of the most frequently applied methods for the computation of stress in-
tensity factors and T-stress even under highly complicated loading is the
Green’s function or weight function method. These procedures are explained
in detail and are extensively applied.

The computations quoted in this booklet were performed since 1997 when the
book on “Weight functions and stress intensity factors” by T. Fett and D. Munz
appeared. The results are compiled in form of figures, tables, and approximate
relations.

The author has to thank his colleagues Gabriele Rizzi (Forschungszentrum
Karlsruhe, IMF) for supplementary Finite Element computations and Michael
Politzky (Forschungszentrum Karlsruhe, IKET) for his support in the field of
computer application.

Universitat Karlsruhe

Karlsruhe, April 2008 Theo Fett
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PART A

THE STRESS FIELD NEAR A CRACK

Fracture behaviour of cracked structures is dominated mainly by the near-tip stress field. In
linear-elastic fracture mechanics interest is focussed mostly on stress intensity factors which
describe the singular stress field ahead of a crack tip and govern fracture of a specimen when
a critical stress intensity factor is reached. The usefulness of crack tip parameters representing
the singular stress field was shown very early by numerous investigations. Nevertheless, there
is experimental evidence that also the stress contributions acting over a longer distance from
the crack tip may affect fracture mechanics properties. The constant stress contribution (first
“higher-order” term of the Williams stress expansion, denoted as the T-stress term) is the next
important parameter. Sufficient information about the stress state is available, if the stress
intensity factor and the T-stress are known. In special cases, it may be advantageous to know
also higher coefficients of the stress series expansion. This is desirable e.g. for the computa-
tion of stresses over a somewhat wider distance from a crack tip. For this purpose, additional
higher-order terms are necessary.

While stress intensity factor solutions are reported in handbooks for many crack types and
loading cases, T-stress terms and higher-order stress solutions are available only for a small
number of fracture mechanics test specimens and simple loading cases as for instance pure
tension and bending.

In real applications the stresses in a component can be highly non-linear. A method which
allows stress intensity factors and T-stresses for such complicated loading cases to be deter-
mined is the Green’s function or weight function method. In part A the stress intensity factors,
and T-stresses are defined and the weight function methods are explained in detail.






Al

Stresses in a cracked body

Al.1 Airy stress function

The complete stress state in a cracked body is known, if a related stress function is known. In
most cases, the Airy stress function @ is an appropriate tool, which results as the solution of

AMD=0, O=0 +, (AL1.1.1)

For a cracked body a series representation for @ was given by Williams [A1.1]. The solutions
of (A1.1.1) are of the type

@ = 2 cos(A +2)p, 12 cosAg, 1 sin(A+2)p, 2 sindg)l  (Al.12)

written in polar coordinates r, ¢ with the crack tip as the origin. The symmetric part of the
Airy stress function, @, reads for a crack with surfaces free of tractions (with values A multi-
ple of %)

- 7 (A1.1.3)
+> "B, cos(n+2)p+y, cosng]

n=0
In this representation, the coefficients o, s, and y, are proportional to the applied loading
and contain a length in their dimension. For traction free crack faces it holds y,=-f,. In order
to obtain dimensionless coefficients it is sometimes of advantage to normalise the crack-tip
distance » on either the component width W, r—#/W resulting in

3

O, = WD (rI W)y 4, {cos(n +)p- nr Lcos(n—1) (o}
n

n=0 )

+o*W? (r/W)"? B,[cos(n+2)p —cosng] (Al.1.4)

n=0

or on the crack length a, r—r/a with

3

N ~ +
®, =o*a’) (r/a)™ 4, {COS(”I +%)(0—n—fcos(” —%)(ﬂ}
n_i

n=0 2

+O'*azz(r/a)”+2§n[cos(n+2)(p—cos nej (A1.1.5)

n=0



where c* is a characteristic stress. The geometric data are explained in Fig. Al.1. In the fol-
lowing the formulation according to (A1.1.4) will be used predominantly.

Fig. A1.1 Geometrical data of a crack in a component.

The tangential, radial and shear stresses result from the stress function by

2 2 2

o 10® 10 1od 10°®
6, =02 gt 100 100 10 (A1.16)
or ror r-op r-op rorop

In the symmetric case, the stress components are given by

0_1 =3 A, (/WY (431 2)(n +1/2)[cos(n +3/2)p-" +3/§ cos(n —1/2)4
o n=0 n—
+ > B, (r/W)" (n+2)(n+1)[cos(n +2)p — cos ng] (A1.1.7)
n=0
© 2 _ _
O = A, W) P (n +3/2)[Mcos(n —1/2)p—(n+1/2)cos(n +3/2)(/)}
o n=0 -
+ ZBn (r/W)'[(n* —n—2)cosng—(n+2)(n+1)cos(n +2)p] (A1.1.8)
n=0

T—’: =S 4,(r /WY (0 43/ 2)(n+1/ 2)[sin(n +3/ 2)p —sin(n — 1/ 2)g]
(e

n=0

+ iBn (/W) (n+1)[(n+2)sin(n + 2)p — nsin ne] (A1.1.9)



The coefficients o, Ay, Zn, Bn, By, and En are simply related by

A?‘l Z}'l
a, :O-*Wn—l/Z za*an_l/z (A1.1.10)
B B
p,=oc*—=0*-2= (A1.1.11)
w" a"

In all mode-I considerations the symmetric part has to be used exclusively. For pure mode-II
loadings the anti-symmetric part must be applied. The anti-symmetric part @, reads, e.g.

O, =c*W’ z (r/ W32 121,1 [sin(n + 2)¢p —sin(n — 1)@]

n=0

+G*W22(r/W)”+2f3n[sin(n+3)(p— n+i’
n+

n=0

sin(n + 1)(4 (A1.1.12)

Al.2  Stress intensity factor

The stress intensity factor K is a measure of the singular stress term occurring near the tip of a
crack and defined by

o, = \/%f,j(co) (A1.2.1)

with  and ¢ according to Fig. Al.1. The angular functions are for mode I:
f. = cos(% :1 —sin(%jsin[%”ﬂ (A1.2.2a)
fy = cos(%) :1 + sin(%) sin(%oﬂ (A1.2.2b)
PRRCRENG

and for mode 1I:

—sm( ){2+sm( )sin(%oﬂ (A1.2.3a)
WERENC

= j 1—s1n cos 3;)} (A1.2.3¢c)



The stress intensity factors K and Ky are expressed as

K, =oc*\ra F(a/W) (Al.2.4a)
K, =t*\ma F,(alW) (A1.2.4b)

where a is the crack length, W is the width of the component, and c*, t* are characteristic
stresses in the component, e.g. the outer fibre stress in a bending bar. F7 and Fy; are functions
of the ratio of crack length to specimen width as well as of the type of load applied.

In terms of the coefficients o, Ay, Zn , the stress intensity factor K; reads

K, = ay\187 =c * A, \[187W = o * 4,187 a (A1.2.5)

and the geometric function F;

F =20 J18/a = 4,V18/a = 4,418 (A1.2.6)
(o2

with the relative crack depth oo =a/W.

a) b)

On

-
- - -

T f T
Fig. A1.2 Edge crack in a non-symmetric component under normal and shear stresses.

Mode-I stress intensity factors are not necessarily caused by normal stresses. Also shear
stresses can be responsible for mode-I stress intensity factors. For demonstration purposes a
crack in a non-symmetric plate is given in Fig. A1.2. Under a pure crack-face pressure c,, a
stress intensity factor of

K" =0, F"\m (A1.2.9)
and a mode-II contribution of

K\ =0,F"\m (A1.2.10)



are generated. Under constant shear stress t acting in the crack face direction, two stress in-
tensity factors occur

K® =tFJm (A1.2.11)
K'Y =tFP\m (A1.2.12)

Only in the case of a crack normal to the surface and located in a symmetric component do
the stress intensity factors K’ and K* disappear.

A1.3 T-stress term for traction free crack faces

The first higher-order stress term (7=0) is given by the dependency ° (i.e. the stress compo-
nent is independent on the distance from the crack tip) with the coefficients By, By, and EO.

From relations (A1.1.7-A1.1.9) it results for the case of loading by remote stresses

c,0="4p5 sin” @ (A1.3.1)
o,,=—4f,cos’ ¢ (A1.3.2)
7,50 =2 By sin(2p) (A1.3.3)

By the general stress transformation from polar to Cartesian coordinates (rotated by an arbi-
trary angle y) according to

o, =0,c08" y+ o, sin” y—2t,,sinycosy (A1.3.4)
o, =0,sin’ y+0o,cos’ y+27,, sinycosy (A1.3.5)
r,, =(o,—0,)sinycosy +17,,(cos’ y —sin’ y) (A1.3.6)

and identifying y with n+e, it yields

.o =—4 B, =—4c*B, (A1.3.7)
G,0=0 (A1.3.8)
7,0=0 (A1.3.9)

Since for remote stresses the constant stress components Tyy 0=Tyx,0 and Gyy o disappear (trac-
tion free crack faces), the stress tensor reads

., 0Y (-4c*B, 0) (T 0
Ouo=| = = (A1.3.10)
i 0 0 0 0)7\0 0

where T is the so-called "T-stress".



The T-stress in the different stress function representations is
T=-4p8,=-40*B,=—40*B, . (A1.3.11)

Leevers and Radon [A1.2] proposed a dimensionless representation of 7' by the stress biaxial-
ity ratio f3, defined as

B= = (A1.3.12)

Different methods were applied in the past to compute the T-stress term for fracture mecha-
nics standard test specimens. Regarding one-dimensional cracks, Leevers and Radon [A1.2]
carried out a numerical analysis based on a variational method. Kfouri [A1.3] applied the
Eshelby technique. Sham [A1.4, A1.5] developed a second-order weight function based on a
work-conjugate integral and evaluated it for the straight edge notched (SEN) specimen using
the FE method. In [A1.6, A1.7] a Green's function for T-stresses was determined on the basis
of boundary collocation results. Wang and Parks [A1.8] extended the T-stress evaluation to
two-dimensional surface cracks using the line-spring method. A compilation of results from
literature was given by Sherry et al. [A1.9].

Most of the T-stress solutions derived by the author were obtained with the boundary collo-
cation method (BCM) and Green's function technique. Therefore, these methods shall be de-
scribed in more detail in Section A2.2. The boundary collocation method can provide a large
number of coefficients of a Williams expansion of the stress function. Therefore, additional
coefficients are reported in some cases.

A1.4 T-stress in case of crack faces loaded by tractions
From eq.(A1.3.10) it can be concluded that
) the T-stress is identical with the constant x-stress term, 7=0xy o, Or

. the T-stress is identical with the first coefficient of the regular part of the Williams
expansion, namely, 7=-4f (or —46*B,, —-4c* EO ).

It has to be emphasized that these two definitions of the T-stress are equivalent only in the
case of crack faces free of tractions (e.g. Fig. Al.3a), the case for which the Williams expan-
sion was derived [A1l.1]. However, in practical problems also traction loaded crack faces are
of interest. Examples are for instance:

° Cracks in walls of tubes under internal gas or liquid pressure,
. crack bridging stresses due to crack-face interactions in coarse grained ceramics (Fig.
Al1.3b).

In this context the question has to be answered what the appropriate definition of T-stress in
such cases is. In the following considerations the modifications in the Airy stress function are
addressed.



Al.4.1 The Airy stress function

The stress state of a component containing a crack can be described in terms of the Airy stress
function @ that results by solving the bi-harmonic equation (Al.1.1) with the solutions
(Al1.1.2).

The symmetric Airy stress function for a crack with surfaces free of shear tractions reads

O = Zr”+3/2an {cos(n + %)gp - zn i f cos(n — %)gp}
n=0 (A1.4.1)
+ Zr"+2[ﬂn cos(n +2)p +y, cosne]

n=0
The tangential stresses o, result from (A1.1.6) yielding
ol
Op = Z P2 (n+ %)(n + %)an [cos(n + %)gp - %cos(n - %)(p]
n=0 (A1.4.2)

+ i’”n (n+2)(n+1)[B, cos(n +2)p + y, cosnep]
n=0

A1.4.2 Crack surfaces free of tractions
The case of a crack with traction free surfaces requires that 6,=0 for @=mn. This condition is
automatically fulfilled for the first sum of (A1.4.2). From the second sum

Vn =D (A1.4.3)

is obtained. This yields the well-known Williams stress function [A1.1]

@ = Zr"+3/2an {cos(n + %)gp - in * f cos(n — %)gp}
n=0 (A.1.4.4)
+ Zr”+2ﬂn [cos(n +2)p — cosng]
n=0
from which the radial stresses result as
2 5
% 1 n-—-2n-=
o, = Zanrn 2(n+ %)[Tl“ cos(n — %)(o —(n+ %) cos(n + %)(p}
n=0 2 (A1.4.5)
+ 3 Bur"[(n* —n—2)cosng — (n +2)(n +1)cos(n +2)p]
n=0
The constant stress term related to n=0 is
0,0 =-2By(1+cos2¢p) (A1.4.6)

and the constant x-stress results by setting ¢=m as



O'xx’o = —4ﬂ0 (A147)

This relation is one possibility to define the T-stress, namely by

T =—-44, (A1.4.8)
D 4 4
Go
y‘ y ; p(r) ,
1 e | Ll e
a ) a ] N
W

W
%%&Go

Fig. A1.3 a) A crack with traction free surfaces loaded by externally applied tractions oy, b) crack,
loaded by crack-face tractions p(r).

A1.4.3 Cracks loaded by crack-face tractions

Next, the case of cracks with loaded surfaces is considered. A crack-face pressure distribution
along the crack faces p(r) is assumed to be described by the power series expansion

p(r) = po +plr+p2r2 +... +pnr" +.= —O'y(r) (A1.4.9)

with positive p for pressure on the crack. In order to satisfy these traction boundary conditions
it is sufficient to consider the part of the Airy stress function containing integer exponents
exclusively. By adjusting the terms with same exponent of " in eqgs.(A1.4.2) and (A1.4.9), we
obtain

(n+2)(n+1[B, cos(n+2)z +y, cosnz]=—p, (A1.4.10)

This allows eliminating the coefficient vy,

_(_1\ntl Pn _
7n =1 2 in (A1.4.11)

resulting in

10



- 2n+3
D= Zr””/zan{cos(n +%)(p ~ cos(n —%)(o}
n=0 (A1.4.12)
+ Y 2 cos(n +2)p —cosng]+ (=1 —Ln o5y
ng,) {ﬂn[ (n+2)p 1+ ) O
From (A1.4.12), the tangential stresses
S ol
O, = D+ %)(n + %)an [cos(n + %)(p - %Zj cos(n — %)(p]
n=0 (A1.4.13)
+ D " {(n+2)(n+1)B,[cos(n +2)p — cosng] + ()" p, cosngp}
n=0
the radial stresses
R *_2n-3
o, =Y r'(n+da, n—nl“cos(n ~Dp—(n+L)cos(n+ %)(o}
n=0 2 (Al.4.14)
+ Zr” {(n+1)B,[(n-2)cosnp —(n+2)cos(n+2)p]—(-)""p, n- i cosne}
pr n+
and the shear stresses
T,, = z P (n+Hn+da, [sin(n +2¢)—sin(n - %)go]
0 (A1.4.15)

+ Zr" {(n+1)B,[(n+2)sin(n+2)p—nsinnp]+(-)""p, " 5 sin ng}
=0 n+
result. Equations (A1.4.12) to (A1.4.15) are appropriate for the application of the boundary

collocation procedure to problems with crack-face loading.
The constant stress terms related to n=0 for crack-face loading are given by

o o} -4, — 0
O'l-j’oz( xx,O xy,O]:( IBO pO j (A1416)

Oyx0 Oyp,0 0 = Po

For traction free crack faces the T-stress could be defined equivalently by the total constant x-
stress Oxx0, €q. (A1.4.7), or by the coefficient By of the Williams expansion, eq.(A1.4.8). In
the case of crack-face loading, these two possibilities of defining the T-stress result in differ-
ent values of 7. In order to distinguish the two attempts, the T-stresses are indicated as 7"
and 7. Similar to eq. (A1.4.8) we still can identify again T with the Williams coefficient By
resulting in

7D =4 Al.4.8a
0

On the other hand one can define T via the total constant x-stress, i.e.
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T =5 =40 - po (A1.4.17)

as for instance done in [A1.10]. The different definitions of T-stress are not a physical prob-
lem because the x-stress as the physically relevant quantity is the same in both cases.

A1.5 T-stress under crack loading by residual stresses

The T-stress term is the first regular stress term in the Williams series expansion [Al.1]. As
outlined in Section A1.3, the Cartesian components of the first regular term of traction-free

crack faces are
Kl

szmfxx((p)+T+O(r”2) (A1.5.1)
o, = K, £ (@) +00""?) (A1.5.2)

> A27Tr

with the angular functions f« and fy, that are identical for ¢=0, namely, .= fyy=1. Due to the
r-independence of the T-term in eq.(A1.5.1), it is often used to represent the stress at the
crack faces over a wide crack-tip distance. This is correct for e.g. an internal through-the-
thickness crack in an infinite body under tension for which 6x=T holds along the whole crack.
Unfortunately, this is not a general result. Especially in the case of residual stresses this as-
sumption is misleading as will be shown in the following considerations.

Let us now consider a more complicated loading case. In a limited zone of a component a
residual stress field may occur (Fig. Al.4a). Such a stress field may be created by a local
martensitic phase transformation in zirconia ceramics due to the high stresses near a crack tip.
Another possibility is the development of an ion exchange layer at the crack surfaces of soda-
lime glass which is in contact with water or humid air. The volumetric expansion in these
zones might be &,,. The two relevant stress components generated in this zone are denoted by
Gresx aNd Ores y.

a)

Fig. A1.4 Residual stresses caused in crack-tip zones by a volumetric expansion strain &, a) zone of
finite length s, b) limit case of an infinitely long zone.
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The x-stresses in such a volumetric expansion zone at y=0 are superimposed by the residual
Stresses Ores x, Ores,y and the contributions by the stress intensity factor and the T-stress.

Let us consider a phase transformation zone at the crack surfaces as shown in Fig. Al.4a. The
T-stress of this configuration was obtained from a finite element study. For this purpose, the
transformation strains were replaced by thermal strains. The related volume strain g, is then

given for a temperature increase A® in the zone

£ =3aA® (A1.5.3)

vol —

with the thermal expansion coefficient a.
The x-stresses in an infinitely long layer is under plane strain or generalized plane strain con-

ditions

E
it (A1.5.4)

Computations were carried out with ABAQUS Version 6.2, providing the individual stress
intensity factors Kj and Kj; as well as the T-stress. For this purpose, ABAQUS employs an
interaction integral according to Shih and Asaro [A1.11]. This quantity was used in [A1.12].
For an infinitely long zone of s—, Fig. A1.4b, the T-stress evaluation in [A1.12] yields

E
71502 (A1.5.5)

where &, 1s the volume strain, £ is Young’s modulus, and v Poisson’s ratio. For the negative
sign in (A1.5.5) see the remark in Section C22.4.

0 0
G G —
X I y=0 . S I y_o
evolE/(1-V) evolE/(1-V)
0.1+ 01
g ~:> o O o O0O0OO0 000003333&
T ---- o . = —
02 F E 02+ T
q
a) b)
0.3 F J 0371
04 L 1 L 1 L 1 L 1 L 1 L 1 04 1 1 1 1
-300 -250 -200 -150 -100 -50 O -0.0008 -0.0004 0
x/b x/b

Fig. A1.5 a) Finite element results of x-stresses for an expansive zone along the free surface in the
crack wake according to Fig. A1.4b, b) detail near x/6=0.
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Figure A1.5 shows the x-stress component for y=0 from finite element computations. At x=0,
the total x-stress is roughly

E
~ —0.136 2w (A1.5.6)
1-v

(o2

X

x=0

as indicated in Fig. A1.5b, and reaches a value of -1/3 &,,E/(1-v) for x/b<<1 as becomes ob-
vious from Fig. Al.5a and would be expected from eq.(A1.5.4). It is obvious that the stress
value T is hardly representative for the x-stresses in the crack wake.
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A2
Methods for the determination of K and T

Numerous methods are described in literature for the determination of stress intensity factors
and T-stress. Analytical and semi-analytical approaches are applicable mostly in the case of
special geometries and simple loading cases as for instance internally cracked infinite and
edge-cracked semi-infinite bodies under remote tractions. As an example, the analytical
procedure reported by Wigglesworth [A2.1] may be briefly addressed.

For cracks in finite components, numerical procedures have to be used predominantly. For
this purpose a few of the available methods may be mentioned, namely

e Finite element methods with evaluation of K and 7 from the stresses or by the
evaluation of energy integrals,

e Boundary element procedure,

e Boundary collocation method

In the K-T-compendium (Section C) some results are given which were obtained with
ABAQUS [A2.2] Versions 6.2 and 6.3 which provide stress intensity factors Kj, Ky, and T
directly. For the analysis of 7, ABAQUS employs an interaction integral according to Shih
and Asaro [A2.3].

Most of the numerical data were obtained by application of the Boundary collocation
procedure. Since this method also provides the next higher-order stress terms it is described in
Section A2.2.

A2.1 Analytical method by Wigglesworth

Very early, Wigglesworth [A2.1] derived an analytical solution for the edge-cracked half-
space under a constant crack-face pressure p (Fig. A2.l1a) or, equivalently, by a remote
tension o.. The procedure enables to determine the coefficients of a series expansion of the
stress distribution (here denoted as 4, and B,). Unfortunately, the Wigglesworth analysis is

somewhat fallen in oblivion. One reason might be the iterative procedure necessary for the
evaluation.
As the main result Wigglesworth [A2.1] showed that the coefficients 4, and B, could be

obtained from the asymptotic expansion of a function g(m) for large integer numbers m,
where g(m) is defined by

q(m) = —2h(l)%h(m) (A2.1.1)

with
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ek =2 20

and the function y(Vv)
w(v) = log[l/(1-v’cosech® L zv)]

The asymptotic expansion of log /#(m) reads

logh(m)— a,/m—a, /| m +..= Z( )

2n+l
n=0

1 r 2n
where a, = —J- v 'y (v)dv

4 0
The function A(m) can now be expressed by using (A2.1.4) as

h(m) = exp(at, /m—a, /m’ +...)
with the asymptotic expansion
Wm) =1+ B,/ m+ B,/ m*+ B,/ m’+...

The coefficients are interrelated by

Bi=a,, B,=a)l/2, B,=a,/3-a,,etc.

with the o, known from (A2.1.5).

Vo e

Fig. A2.1 Edge-cracked semi-infinite body, a) crack loaded by an internal pressure p, b) crack loaded
by remote y-tractions o.
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The first coefficients o, and B,, obtained by application of Mathematica 3.0 [A2.4], are

compiled in Table A2.1.

Table A2.1 Coefficients o, and B, according to egs.(A2.1.5) and (A2.1.8)

n Oy Bn

0 0.1594228254 1

1 0.1157911013 0.1594228254
2 0.3171665716 0.0127078186
3 1.7462768020 -0.1151157958
4 15.774232536 -0.0184328297
5 210.33303560 0.31569597745
6 3874.8986328 0.05718920898
7 94197.687783 -1.7411806856
8 2.9202579843x10° | -0.3148221728
9 1.1243271x10® 15.745940668

The coefficients Zn are then iteratively given by

A, =8h(D),
_ (A2.1.9)
An =

V8h()d + Bd, +..+ B,dl)

with A(1)=1.12152, identical with the geometric function F for the stress intensity factor of
the edge-cracked semi-infinite body, and the coefficients

1
d;(z) = _%)n(z] s
n

dy+d! +..+d]

3
n+l"+5

(A2.1.10)

r+l
d’= =

A similar procedure is described in [A2.1] for the coefficients En. Compared with the stress

coefficients in (A1.1.5), which are slightly different from those defined by Wigglesworth, it
holds (after dropping the tilde symbol)

A =\8h()A, =84 F (A2.1.11)

B =\8h()(n+1)B,,, =8 (n+1)B,,, F (A2.1.2)

The Wigglesworth procedure was carried out for 150 coefficients by using Mathematica
Version 3.0. In Table A2.2, the first coefficients for 4, and B, are compiled. It results for the
geometric function of the stress intensity factor of an edge crack in a semi-infinite body under
remote tension
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F =1.12152225523... (A2.1.13)
The coefficient By, representing the T-stress according to eq.(A1.3.11) is
B, =0.131491901... (A2.1.14)
and, consequently
T=-40, B, =-0.5259676026 0, (A2.1.15)

It should be mentioned, that a very similar value of -0.526 was already reported in literature
[A2.5, A2.6]. In [A2.7], this value was given with an increased accuracy by —4By= —0.52596
+0.00003.

Table A2.2 Coefficients 4, and B, according to eqs.(A2.1.6) and (A2.1.9).

no | (=™ g% A, | 4¢-1)"(n+1)B,
0 |1 0.5259676026
1 |-0.143718116 -0.384982976
2 00199655992 -0.214309639
300196651671 -0.086876065
4 |0.0118558588 -0.0142437609
5 |0.0062538226 0.0193802356
6 |0.0029935128 0.0305459991
7 |0.0012562099 0.0306628565
8 |0.0003899590 0.0263270316
9 |-9.7144x10° 0.0208939094
10 |-0.0001717008 0.0158426721
11 | -0.0002189425 0.0116784377
12 |-0.0002148644 0.0084544707
13 |-0.0001908770 0.0060469457
14 |-0.0001617433 0.0042866037
15 | -0.0001338496 0.0030144163
16 | -0.0001095285 0.0021000215
17 | -0.0000892583 0.0014436503
18 | -0.0000727470 0.0009718567
19 | -0.0000594446 0.0006317771
20 | -0.0000487713 0.0003858288

The total constant x-stress is for loading by remote tractions .

and in the case of the constant crack-face pressure p
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Ooo=T+p (A2.1.17)

The reason for these different values is explained in Section A1l.4.

A2.2 Boundary collocation procedure

A2.2.1 Boundary conditions

A simple possibility to determine the coefficients A4, and B, is the application of the boundary
collocation method [A2.8-A2.10]. For practical application of eq.(A1.1.3), which is used to
determine A, and B, the infinite series for the Airy stress function ® must be truncated after
the Nth term, for which an adequate value must be chosen. The still unknown coefficients are
determined by fitting the stresses and displacements to the specified boundary conditions. The
stresses result from the relations A1.1.6.

Stresses firstly derived by Williams [A2.11] are given in eqs.(Al.1.7-A1.1.9). The
displacements in radial and tangential direction, u and v, respectively, read

o0

n+1/2
S () P s av- heos(n 3o (n- ) eosin + Dl +

oxw E = "\w 2n—1
l+v & rY
+TZBn W [(n+4v —2)cosng—(n+2)cos(n+2)¢] (A2.2.1)
n=0

- n+1/2
v _1+ VZAn(Lj 2 —P)sin(n +3)p — (n —4v+)sin(n - 1)p]+

o*W E 3 w 2n—1
l+v rY . .
+ Z ZBH W [(n+2)sin(n+2)p—(n—4v +4)sinng] (A2.2.2)
n=0

(v=Poisson's ratio), from which the Cartesian components u, and u, result as
u, =Ucos@—Vvsing (A2.2.3a)

u, =using+Vvcosy (A2.2.3b)

In the special case of an internally cracked circular disk of radius R (Fig. A2.2), the stresses at
the boundaries are

o, =1,=0 (A2.2.4)

n re

along the quarter circle. Along the perpendicular symmetry line, the boundary conditions are:
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u_=const. - i’;‘ 0 (A2.2.5)

. =0 (A2.2.6)

Fig. A2.2 Node selection and boundary conditions for an internally cracked disk.

About 100 coefficients for eq.(Al.1.3) were determined from 600-800 stress and
displacement equations at 400 nodes along the outer contour (symbolised by the circles in
Fig. A2.2). For a selected number of (NV+1) collocation points, the related stress components
(or displacements) are computed, and a system of 2(N+1) equations allows to determine up to
2(N+1) coefficients. The computation expenditure can be reduced by the selection of a clearly
larger number of edge points and by subsequently solving the then over determined system of
equations using a least-squares routine.

In the case of the edge-cracked rectangular plate of width W and height 2H (Fig. A2.3), the
stresses at the border are

c,=0,7,=0 for x=0 (A2.2.7a)
c,=0* 17,=0 for y=H (A2.2.7b)
c,=0,7, =0 for x=W (A2.2.7¢)

and in the case of the double-edge-cracked plate (Fig. A2.4), it holds
c,=0,7 =0 for x=0 (A2.2.8a)

o,=0c* 1_=0 for y=H (A2.2.8b)
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£ =0, 7.=0 for x=W (A2.2.8¢)

<
N
I

Fig. A2.3 Collocation points for the edge-cracked rectangular plate.

a) i b) Eg
| y B

1 =
R el S
I

2:W ~—w—<R

<B

Fig. A2.4 Double-edge-cracked plate a) geometric data, b) half-specimen with symmetry boundary
conditions.

A2.2.2 Boundary collocation procedure for point forces

The treatment of point forces at the crack face in case of a finite body shall be illustrated in
the following sections for a circular disk with an internal crack loaded by a couple of forces at
x=y=0. In order to describe the crack-face loading by concentrated forces, we superimpose
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two loading cases. First, the singular crack-face loading is modelled by the centrally loaded
crack in an infinite body described by the Westergaard stress function

_ Pa 1
T ozAlz? —a?

The stresses resulting from this stress function disappear at infinite distances from the crack

z (A2.2.9)

only. In the finite body the stress-free boundary condition consequently is not fulfilled. To
nullify the traction at the outer boundaries, stresses resulting from the Airy stress function,
eq.(A1.1.3), are added, which do not superimpose additional stresses at the crack faces. The
basic principle used for such calculations, the principle of superposition, shall be illustrated in
more detail in Section A2.3.

Fig. A2.5 Coordinate system for the application of the Westergaard stress function to a finite

component.
The stresses caused by Z are
o,=ReZ-yImZ (A2.2.10a)
c,=ReZ+ylmZ (A2.2.10b)
7, =—-yReZ (A2.2.10c)

with
2 2
_dz__Pa_ 2z -4 (A2.2.11)

Z'= =——
dZ T ZZ(ZZ _a2)3/2

For practical use it is of advantage to introduce the coordinates shown in Fig. A2.5. The fol-
lowing geometric relations hold

z=rexp(ip), z—a=rexp(ip,), z+a=r,exp(ip,) (A2.2.12)
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r=+x+y>, tanp=y/x (A2.2.13)
n=+y(x-a)y+y’, tang,=y/(x—a) (A2.2.14)
r=y(x+a)y+y’, tangp,=y/(x+a) (A2.2.15)

Rez =14 cos(p+1p +1p,) (A2.2.16)
wr I"ll"z
Pa ) . .
ImZ =- sin(@+5¢, +5¢,) (A2.2.17)

7w\ nr,

T

. Pa 2 a’
ReZ'= —7{WCOS%(¢1 +(Pz)—WCOS(2¢+%(Pl +%(Pz)} (A2.2.18)
172 172
2
mz="% 2 (e, +0) -t sinRp+20, +10,)| (A22.19)
(nr,) re(nn,)
172

1"

The stress function Z does not provide any T-stress term. Nevertheless, the equilibrium
traction at the circumference acts as a normal external load and may produce a T-stress.
Radial and tangential stress components along the contour of the disk are plotted in Fig. A2.6
for a crack with a/R=0.4.

* 1
c/oc

/6"
05 C ’Cr(p

0]
05} r

0 01 02 03 04 05
o/t

Fig. A2.6 Normal and shear tractions created by the stress function eq.(A2.2.9) along the fictitious
disk contour (for ¢ see Fig. A2.5), o* = P/(nRf{), t=thickness.

23



A2.3 Principle of superposition

The procedure necessary for the computations addressed in Section A2.2 is illustrated below.
Disk geometry may be chosen. Figure A2.7 explains the principle of superposition for the
case of T-stresses. Part a) shows a crack in an infinite body, loaded by a couple of forces P.
The T-stress in this case is denoted as 7). First, we compute the normal and shear stresses
along a contour (dashed circle) which corresponds to the finite disk. We cut out the disk along
this contour and apply normal and shear traction at the free boundary, which are identical to
the stresses computed before (Fig. A2.7b).

Fig. A2.7 Illustration of the principle of superposition to compute T-stresses for single forces.
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The disk loaded by the combination of single forces and boundary traction exhibits the same
T-term Tp. Next, we consider the situation b) to be the superposition of the two loading cases
shown in part c), namely, the cracked disk loaded by the couple of forces (with T-stress
T-AT) and a cracked disk loaded by the boundary traction, having the T-term AT. As
represented by part d), the T-term of the cracked disk is the difference 7=7,—AT. If the sign of
the boundary traction is changed, the equivalent relation is given by part e).
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A3
Weight function technique

A3.1 Weight function

Most numerical methods require a separate calculation of the stress intensity factor for each
given stress distribution and each crack length. The weight function procedure developed by
Biickner [A3.1] simplifies the determination of stress intensity factors. If the weight function
is known for a crack in a component, the stress intensity factor can be obtained by multiplying
this function by the stress distribution and integrating it along the crack length. The weight
function does not depend on the special stress distribution, but only on the geometry of the
component.

The method is considered below for the case of an edge crack. If oy(x) is the normal stress
distribution in the uncracked component along the prospective crack line of an edge crack, the
stress intensity factors are given by [A3.2]

K" = [h,(xa)0,(0dx, K = [hy,(x,a)0, (x)dx (A3.1.1)
0 0

They define the weight functions /1, and /,;. For shear stresses 1, acting at the crack faces it
results

K = [ha(ra)e, (e, K = [y (v a)z, (de (A3.1.2)
0 0

defining the weight functions /4;, and /4,;. Under a combined crack-face loading, the stress in-
tensity factors can be superimposed, which results in

K, = [l (x,@)0, (x) + by, (x, Q)7 () (A3.13)
0
Ky = [y (x,@)0, () + hyy (x, Q)7 () (A3.1.4)
0
or in matrix form
K:J.Ede’ K=(K,.K,)", S=(0,,0) (A3.1.5)
0
with
hll h12
H=(H,)= (A3.1.6)
h21 h22
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The weight function %(x,a) can be interpreted as the Green's function for a stress intensity
factor problem. This means that the weight function is identical to the stress intensity factor
caused by a pairs of forces P and Q acting at the points x =x' and x". We express the single
forces by stress distributions

O'(x):gé‘(x—x'); z'(x):%c?(x—x”) (A3.1.7)

d=Dirac delta function, B=thickness. Inserting the stress distributions into eq.(A3.1.3) yields
— P T ! Q r "
K= _([ hy (6, @) = ¥+ = ! hy, (x,a)8(x — x'")dx
K, :Ehn(x',a)+gh12(x”,a) (A3.1.8)
B B
and in the same way from eq.(A3.1.4)
K=o Iy (,0) + (2,0 (A3.19)

In most practical applications the weight functions /4, and 4, disappear. In such cases we
drop the superscripts and write simply

K, = th (x,a)o, (x)dx (A3.1.10a)
K, = j.hn (x,a)r(x)dx (A3.1.10b)

A3.2 Determination of weight functions

The general procedures for the determination of weight functions are described below for the
weight function component /;(=k;;). The relation of Rice [A3.3] allows to determine the
weight function from the crack opening displacement vi(x,a) under any arbitrarily chosen
loading and the corresponding stress intensity factor Ki(a) according to

E' 0v,.(x,a)
K, (a) Oa

h(x,a) = (A3.2.1)
(E' = E for plane stress and E' = E/(1-v?) for plane strain conditions), where the subscript r
stands for the reference loading case. It is convenient to use G(x) = oy = constant for the
reference stress distribution.

One possibility to derive the weight function with eq.(A3.2.1) is the evaluation of numerically
determined crack opening profiles which may be obtained by BCM computations. By
applying the BCM procedure to a couple of cracks with slightly different lengths a and a+da,
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a large number of coefficients 4, and B, are obtained. Then, eq.(A2.2.3b) provides the related
couple of crack opening displacements v(a) and v(a+da) from which the derivative in
eq.(A3.2.1) can be obtained. In order to minimise the numerical effort, approximate methods
are often used in literature.

A3.2.1 Petroski-Achenbach procedure

As a consequence of the Williams stress function [A3.4], the crack opening displacement can
be expressed as [A3.2]

v,(x,a)=> 4,(1-x/a)"* = 4,5 C,(1-x/a)"" (A3.2.2)
n=0 n=0
. 8 o,
with A=\~ tav(alW), C,=4,/4,. C =1 (A3.2.3)
T

By introducing eq.(A3.2.2) into eq.(A3.2.1), we obtain

h(x,a) = 32{(3 —2n)C,_ +(2n+1)C, + 2%(1 +2a %}(l “x/a)"” (A32.4)

n—1
n=0

with C.1=dC_.;/da=0 and a=a/W. According to a proposal of Petroski and Achenbach [A3.5],
the series expansion (A3.2.4) may be truncated after the term with » = 2. The unknown
coefficient C; can be determined from the energy balance equation

J.Klzr (a")da'= E'jar V. (x,a)dx (A3.2.5)
0 0

The basic idea of Petroski and Achenbach was modified and additional conditions were intro-
duced, for instance, the disappearing second and third derivatives of the crack opening dis-
placement at the crack mouth [A3.6]

av, v,

= =0for x=0 (A3.2.6)

which provided additional coefficients. For details see references [A3.7] and [A3.2].

A3.2.2 Adjustment of weight functions to reference stress intensity factors

A minor disadvantage of the Petroski-Achenbach procedure (Section A3.2.1) is that
numerical integrations are necessary to evaluate the integral over K* in eq.(A3.2.5). A direct
determination of the weight function coefficients is possible by adjusting the weight function
to reference stress intensity factors. As can be seen from eq.(A3.2.4), a representation of the
weight function by the power series expansion [A3.8, A3.9]
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(A3.2.7)

| I |

2 1 > n+l
h(x,a)= |— | ——=+» D,(1-x/a)""
(x,a) 1/M[ — Z ,(1-x/a)

is possible. A number of conditions allow determining the coefficients D,. If a number of m
reference loading cases with the stress distributions G,i(x) are known, the weight function
must satisfy a number of m conditions

[nxa)o, ()dx=o* Nay,, i=1.m (A3.2.8)
0

In eq.(A3.2.8) c*;; denotes a characteristic value of the stress distribution o (x). Additional
coefficients can be derived from the conditions (A3.2.6). By use of (A3.2.1), they result in

ch E 8 Fu
&K A (A3:2.9)
SFh E' 6 Fu
& Kaa (432.10)

where
h, v,
h = , u= (A3.2.11)
hy, u,
Finally, the conditions (A3.2.6) read

°h
dCz

~0 (A3.2.12)

x=0

A3.2.3 Most general case

The procedure for the determination of weight function coefficients by adjusting to reference
stress intensity factors may also be applied to the most general case of mixed-mode problems
as addressed in Section A3.1. As outlined in [A3.2], the series expansions for the four weight
functions read

By =23 DUV (1 - x/ @) (A3.2.13a)

n=0

hy, = ,/%ZDS” (A-x/a)"""? (A3.2.13b)
n=0

b, = %Zm”)(l—x/a)("““ (A3.2.13¢)

n=0
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h, = %z D (1—x/ )"V (A3.2.13d)
n=0

with
DM =p®™ =1, DM =p& =0 (A3.2.13¢)

From the stress intensity factors for the two reference loading cases shown in Fig. A3.1 and
e.g. from the disappearing second and third derivatives for /;; and 4, at x =0, a sufficient
number of coefficients were determined in [A3.10, A3.11] for eqgs.(A3.2.13a-d).

a) b)
Oy To
——
E B
1, V1 Eq,vi
Eo vz E,, v,
-~ W -~ W

Fig. A3.1 Reference loading cases (constant normal traction and constant shear traction along the
crack faces) for an edge-cracked bimaterial joint.

a) b)
Go To
A{-%%B A===—=p

e
PZaﬂ ‘* Zﬂ

Fig. A3.2 Reference loading cases (constant normal traction and constant shear traction) for an
internal crack.
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In the case of an internal crack (see Fig. A3.2), the weight function contributions for
symmetric loading, o(x) =oc(-x), T(x) =t(-x), can be expressed for point A by

2
g =—= ﬁ+ 40 (A=p*)r (A3.2.14a)
11,4 \/_I: 1 p %
Py g = \/—ZA“”(l P2 p=x/a (A3.2.14b)
Ry 4 = ZA(ZI) (1-pH)m e (A3.2.14c¢)

n 0

—+ DA (- p2)<"+'>/2] (A3.2.14d)

and for point B

2 1 =
h o, =—— + B (- p*)rh (A3.2.15a)
11,B /_7ZZI I: /—1_p2 ;

By = 2302)(1 pH" ", p=xla (A3.2.15b)

Iy y = Z B (1- p*)h (A3.2.15¢)

n 0

2
hys =—= [ ZB@”(I ,0)(”“)/2} (A3.2.15d)
[1_

where for the coefficients B# A4 in general.

A3.2.4 Numerical evaluation of weight function integrals

The integration of the weight function may lead to numerical problems, since the value of %
tends to infinity for x—a. Therefore, it is recommended to split the integral and to apply the
mean value theorem to the right hand term of

K, j h(x,a)o(x)dx = j h(x,a)o(x)dx+ o, j h(x,a)dx (A3.2.27)

a—&

with € << a, where the first integral up to a—¢ can be evaluated numerically (e.g. by use of
Simpson's rule) and the second one by analytical integration. Having in mind that for e—0 all
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terms of the weight function can be neglected compared with the singular term, we obtain e.g.
for the weight function of the type of eq.(A3.2.27)

K, = Jh(x, a)yo(x)dx+o _ N8/ (A3.2.28)
0
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Ad

Green's function for T-stress

A4.1 Green's function for symmetric crack problems

As a consequence of the principle of superposition, stress fields for different loadings can be
added up in the case of single loadings acting simultaneously. This leads to an integration
representation of the loading parameters. The method was applied very early to the singular
stress field and for the computation of the related stress intensity factor by Biickner. Similarly
to stress intensity factors [A4.1], the T-stress contribution can be expressed by an integral
[4.2-4.8]

T = —ay\x:a+ft(x,a) o (x) dx (A4.1.1)
0

where the integration has to be performed using the stress field oy in the uncracked body (Fig.
A4.1a). The stress contributions are weighted by a weight function ¢ as a function of the
location x where the stress oy acts.

If in the uncracked body a oy stress component already exists at the location of the tip of the
prospective crack, the total T-value is obtained by adding this stress contribution, i.e.

.t Tt(x, a) o(x)dx (A4.1.2)
0

For loading by a crack-face pressure distribution p(x), the T-stress results from

a

Tcrack face = jt(x,a)p(x)dx (A4.1.3)
0

(see e.g. [4.7]) since there are no stresses in the uncracked body, i.e. Ox|x=a=0y|x=a=0.

The Green's function ¢ can be interpreted as the T-term for a pair of single forces P acting at
the crack face at the location x=x, (Fig. A4.1b). This can be shown easily for the single forces
represented by a singular pressure distribution

p(x) zgé'(x—xo) (Ad.1.4)

where 0 is the Dirac delta function and B the thickness of the plate (often chosen to be B=1).
By introducing this stress distribution into eq.(4.1.3), we obtain

T, :§I5(x—x0)t(x,a)dxzgt(xo,a) (A4.1.5)
0
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i.e. the weight function term #(x¢,a) is the Green's function for the T-stress term.

Fig. A4.1 Crack loaded by a) continuously distributed normal traction o, (present in the uncracked
body), b) by a pair of concentrated forces.

A4.2 Set-up of Green's function

A4.2.1 Type of the Green's function
Following the analysis of Sham (eq.(32) in [4.3]), the 7-stress contribution given by the in-
tegrals in (A4.1.1-A4.1.3) can be expressed as

Tt(x,a) o (x) dx oc L j [X(s)u, +Y(s)V,]ds (A4.2.1)

0 Crack area

for a crack face loading (extending over the upper and lower crack surfaces) with tractions X
and Y acting in x- and y- directions, respectively.
The relevant displacements in the surroundings of a crack read (see Section A2.2.2)

U o z w2 20 +3 [( +4v —2)cos(n—1)p—(n—1L)cos(n +2)p] +
+ Z s [(n+4v—2)cosnp—(n+2)cos(n+2)p (A4.2.2)
n=0

v Ya, i” +?[(n —L)sin(n+2)p — (n—4v + I)sin(n — L)p] +
n=0 -

+ i " (n+2)sin(n+2)p — (n—4v +4)sinng] (A4.2.3)

In the following considerations, we are exclusively interested in tractions Y(s) normally to the
crack surface. Therefore, we set X(s)=0.
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The crack face displacements (¢==xm) result as

V, o Z_(;an Pl %4@ 1), r=a-x (A4.2.4)

From (A4.2.1), we can conclude easily that

jz(x,a) o, (x) dx oc j [X(s)U, + Y (s)V,]ds IY(s)vrds o jay (X)V,.dx  (A42.5)
0 Crack Crack 0

The Green’s or weight function is the T-stress caused by a point force P at location x for the
2-dimensional specimen or a line load in thickness direction P/B (in the 3-dimensional case)
with

o, (x) = PS(x—x') (A4.2.6)

(0=Dirac delta function). It results from inserting (A4.2.6) into (A4.2.5) using the well-known
properties of &

t(x',a)cv,(x',a) (A4.2.7)
and, with (A4.2.4), a power series expansion for the Green’s function

1(x',a)=1> C,(1-x"/a)""? (A4.2.8)
n=0

A4.2.2 Determination of the coefficient Cy

In principle, the total Green’s function can be determined for instance from finite element
computations by application of pairs of concentrated forces P on the crack faces. The results
can be fitted to #(x,a) by use of a sufficient number of terms ( 1-x/a)”"? in eq.(A4.2.8) [A4.6-
A4.10]. Whereas a polynomial with a restricted number of terms is an appropriate Green’s
function representation for cracks loaded by tractions over the whole crack length, the use of
a more accurate near-tip solution may be of advantage for theoretical considerations.
Unfortunately, the accuracy of T-stresses from concentrated forces decreases for a very small
crack-tip distance. For the evaluation of 7 at (a-x)—0, it is of advantage to determine the T-
stress under constant crack-face tractions distributed over the near-tip region.

The first coefficients Cy were determined in [A4.10] for several crack geometries. Crack
elements very close to the tip were loaded with a constant crack face pressure po. The results
were determined for a large number of contours and are plotted in Fig. A4.2a versus the
contour number. The plateau values are plotted in Fig. A4.2b as a function of the size d of the
loaded crack surface. From this plot and Fig. A4.2c, one obtains for the DCB specimen

T/p,=0.747(d/ H)*"? (A4.2.9)

and for the edge crack in a large plate (Fig. A4.2d)
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T/py=020(d/a)*? (A4.2.10)

All these results allow the first coefficient of the power series representation to be determined.
It results

a 3/2
d
T/p,=1 ICO\/I—x/adxz%Co(— (A42.11)
a—d a
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Fig. A4.2 Constant stress term for near-tip loading by a constant pressure py, a) results for a DCB
specimen versus number of contours, b) plateau values of Fig. A4.2a versus size of the loading region,
¢) results for DCB specimens with different heights A, d) results for a small crack of a=1 in a large
body of H=12.5 and W=25.

When comparing the coefficients of the d°* dependency of (A4.2.9) and (A4.2.10) with
(A4.2.11), we obtain for the DCB specimen
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Cozg(_
8\ H

and for the edge crack in the half-space

j3/2

C, =03

(A4.2.12a)

(A4.2.12b)

In the case of the finite CT specimen, the coefficient Cy depends on the relative crack length
a/W as shown in Fig. A4.3a. Figure A4.3b shows the results for the edge-cracked bar often
used for bending tests.
The coefficient Cy of the standard CT specimen can be approximated for 0.3 <a/W<0.7 as

C, =(0.9626+0.9981c —8.532a” +11.45a° )’ ,a =alW

and of the edge-cracked bar for 0.2<a/W<0.6 as

0.8
Co
061

04r

0.2

CT specimen

Da
O

—w

a)

1

—— eq.(4.2.12c)

1

0
0.2

0.4

a/'wW
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0.8

0.8
Co
0.6

0.4

0.2

C, =0.308-0.0951c —2.896a° + 6.286a°
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e v

— eq.(4.2.12d)

1 1 1

0.2 0.4 0.6
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(A4.2.12¢c)

(A4.2.12d)

Fig. A4.3 Coefficient Cy: a) Results of the standard CT specimen, b) results of edge-cracked bars.

A4.3 Adjustment to reference T-stress solutions

A4.3.1 General procedure

From the considerations made in the preceding Section, it was found that the Green’s function
for the T-stress can be expressed in the form

© N
t=1%C,(1-x/a)""? =13 C,(1-x/a)""
v=0 v=0
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The determination of the first N coefficients is simply possible if T-stress solutions for special
loading cases, so-called reference loading cases, are available. Similar to the direct
adjustment method (DAM), applied in [A4.6] for the determination of weight functions for
stress intensity factors (see also Section A3.2.2), the coefficients C, for Green’s functions of
T-stresses may be determined.

A number of p reference loading cases is assumed with the stress distributions oj(x) acting in
the uncracked body normally the prospective crack plane. The Green’s functions must fulfil a
number of p conditions

+o

x=a Vi

i=1l..u (A4.3.2)

L1C,(0-x/a)"" o, ,(x)dx=T,-0,,

X=a

=

Equation (A4.3.2) leads to a system of p linear equations. Its solution provides a number of p
coefficients.

A4.3.2 Single-term approximation

This procedure may be demonstrated for the case of an edge crack in a rectangular plate of
width W and height 2H. For a long plate of H/W=6, the tensile and bending solutions, 7t and
Ty, obtained by Sham [A4.3], are given for some relative crack lengths, a=a/W, by the data of
Table A4.1. The T-stress under tension is scaled with the remote tensile stress o and the
bending solution with the outer fibre bending stress Gy.

Table A4.1 T-stress solutions for an edge-cracked plate under tension and bending loading (H/W=6)

[A4.3].
o Ti/c, Tv/oy
0 -0.526 -0.526

0.2 -0.5919 -0.2407

0.3 -0.6143 -0.0824

04 -0.5853 0.1159

0.5 -0.4314 0.3911

0.6 0.0278 0.8275

0.7 1.3332 1.6609

0.8 5.9755 39115

First, it is assumed, that only the tensile reference solution 7; might be available. Introducing
this solution into (A4.3.2) gives with cx=0

C, =—(—f+ 1) (A4.3.3)

The approximation for the Green’s function

t=1C\1-x/a (A4.3.4)
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is plotted as the dashed curves in Fig. A4.4a for deep cracks and in Fig. A4.4b for the limit
case a=0 which represents the edge-cracked half-space. Finite element results are entered as
the circles. For the deep cracks, the weight function data were taken from [A4.3]. The results
for the edge-cracked half-space are given in [A4.11].

Comparison of the numerical data with the results of eqs.(A4.3.3) and (A4.3.4) shows that the
agreement is very poor.

20 1.4

txW 4 txal

15F a/W=0.8 s alW=0
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b 06 | S
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0.2+

: P T B b o« o v+ v
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

x/a x/a

Fig. A4.4 Approximate Green’s functions (dashed curves) obtained by direct adjustment to only one
reference loading case (tensile load); dashed curve: single-term representation by eq.(A4.3.4), symbols
in a) results from [A4.3], in b) finite element results from [A4.11].

A4.3.3 Approximation with two terms

As a second loading case, bending is considered. In this case it holds cx=0 and

o,=0,1-2x/W) (A4.3.5)

This second loading case allows for deriving an improved Green’s function
t=L[C,V1-x/a+C (1-x/a)"?] (A4.3.6)

The coefficients follow as
C, = 15 (7-4«a )——7 Ly +10a (A4.3.7a)
16a o, O,
C, __3% (5-4a )——5 Ly + 6« (A4.3.7b)
l6a o, o,

that results in
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_ 15(—0.3889 +1.8706 — 2.0012 a* —1.0544 &> +2.283a* —0.3932 )

C
0 8(1 - )

(A4.3.7¢)

3505487 - 21127 +2.1180 0 +1.18450° —2.0864 0" +0.3932°)

C
! 8(1—a)?

(A4.3.7d)

The Green’s functions according to eq.(A4.3.6) are shown in Fig. A4.5 as the solid curves.
For the edge-cracked half-space the bending loading case is not applicable since it is identical
with the tensile case. Therefore, increasing deviations have to be expected for decreasing
relative crack depths.
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Fig. A4.5 Comparison of the approximate two-term Green's functions (A4.3.6) with results from
[A4.3].
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If, for instance, the T-stresses for constant stress, 7;, and for a pair of point forces P acting at
the crack mouth, 7p, are available with

o, =0,,0, :§§(x) (A4.3.8)

(B=thickness) the coefficients result as

T
c =B L 4] 348, (A4.3.92)
e 2P
T
¢, =-2f L] 298 (A4.3.9b)
4\ o, 2P’

A4.3.4 Approximate Green’s functions with integer exponents

If only a single reference loading case is available, the determination of the Green's function
makes some problems. A set-up according to eq.(A4.3.4) cannot be recommended for this
case. From the numerical Green’s functions for deep edge cracks, Fig. A4.5a, it can be seen
that the square-root-shaped part near x/a=1 is very small and the curves are nearly linear.
Therefore, a simpler linear set-up for approximate Green’s function was proposed in [A4.6]

by

t=LE (1-x/a) (A4.3.10)
or in a more general representation [A4.12]

N
t=1> E,(-x/a)™" (A4.3.11)
v=0

It should be mentioned that such a set-up has no deeper theoretical basis; nevertheless the
good numerical results seem to justify its application. If we restrict the expansion to the first
term, we obtain the unknown coefficient £,

T=-0,|., +E,+[(1-x/a)o, dx (A4.3.12)
0

Let us assume the T-term 7; of an edge-cracked plate under pure tension o; to be known.
Introducing this constant stress into eq.(A4.3.10) yields

T,=-0,+0,E,L[(1-x/a)dx =0, (-1+1E,) (A4.3.13)
0

and the coefficient Ej results trivially as
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T
E, = 2[1 +—fJ (A4.3.14)

o,

Knowledge of additional reference solutions for 7" allows further coefficients to be deter-
mined.

Figure A4.6 gives a comparison of the FE-results of Sham [A4.3] with the straight-line
approximation according to eq.(A4.3.9). The agreement is good especially for deep cracks of
a/W>0.6 as becomes obvious from Fig. A4.6a.

In order to improve this type of Green's function, the next regular term may be added. Con-
sequently, the Green's function expansion reads for edge cracks

(x)=LE,(1-x/a)+LE (1-x/a)’ (A4.3.15)

The determination of the two coefficients £y and E| is possible, if T-stress solutions for two
different reference loading cases are available. If, for instance, the T-stresses for constant
stress, T;, and for a pair of point forces P acting at the crack mouth, 7p, are available with
reference stresses according to (A4.3.8), the coefficients result as

T
E, = 6(—’ + 1) —2“—BTP (A4.3.162)
o, P
T
E = —6(—’ + 1) + 3“—BTp (A4.3.16b)
o, P
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Fig. A4.6 Comparison of the approximate linear single-term Green's functions, eq.(A4.3.10) with FE
results from Sham [A4.3].

A4.3.5 Symmetrically loaded internal crack

The derivation of an approximate Green's function for internal cracks is similar to those of

edge cracks. Due to the symmetry at x = 0, the general set-up must be modified. Improved

descriptions, symmetric with respect to x=0, are

- 2 2 1/2
t=1%C,(1-x"/a*)""
v=0

t=L>E,(1-x*/a%)

v=0

with the first approximations

t=1C

0(1_x2/a2)1/2

t=LlE,(1-x*/a’)

In this case, the coefficients Cy and Ej result from the pure tension case as

CO

EO

i1+
T

2 1+~
2
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(A4.3.17a)

(A4.3.17b)

(A4.3.182)

(A4.3.18b)

(A4.3.192)

(A4.3.19b)



The two-term representations

t=1C,(1-x*/a*)"? +1C/(1-x*/a*)"? (A4.3.20a)
t=1E,(1-x*/a’)+LE (1-x"/a%)’ (A4.3.20b)
yield for a concentrated force in the crack centre (x=0) as the second loading case with
P
o,=0,,0, =E5(x) (A4.3.21)

(Note: the force is different from that of eq.(A4.3.8) by a factor of 1/2 since the total
symmetric load P belongs only half to the crack part along the positive x-axis) the coefficients

T
C, =E(—f+1j——3"3 T, (A4.3.222)
7\ o, P
T
C, :—5(—%1}4“—3@ (A4.3.22b)
7w\ o, P
T
and E, D —4+1 —Sa—BTp (A4.3.23a)
2\ o, P
T
B =2 Loy | 1098 (A4.3.23b)
2\ o, p 7

A4.4 Modified Green’s functions for non-symmetric crack problems
A4.4.1 Extended set-up

Relation (A4.1.2) used so far is restricted to symmetric crack problems, for instance, an edge
crack normal to the free surface of a rectangular plate. In the case of more complicated crack
and component geometries (e.g. oblique edge cracks, Fig. A4.7a, and kink cracks, Fig. A4.7b)
and loading cases including shear stresses, the T-stress can be computed from [A4.8]

+ ax|x:a

a a
1 2
T :J‘t( )(x,a) oy a’x+J‘t( )(x,a)rxy dx —o
0 0

y‘x:a (A4.4.1)

similar to stress intensity factors [A4.6].
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The weight functions /" and #? are the T-terms for a pair of single forces P and Q acting
normal and parallel to the crack face at the location x=x’. This can be shown easily for the
case of single forces represented by delta-shaped stress distributions

P 0
o=—0(x—-x"), 7. =—0(x—x' A4.4.2
B (x—x"), 7, 3 (x —x") ( )

where 0 is the Dirac delta function and B the thickness of the plate (often chosen to be B=1).
By inserting these stress distributions into eq.(A4.4.1), it is obtained that

g}[ S(x —x)t" (x,a)dx+ %-([ S(x —x)t? (x,a)dx = %t(” (x',a)+ %t(z)(x' ,a) (A4.4.3)

i.e. the weight function terms /" and #® are the Green's functions for the T-stress term. The
Green’s functions /" and /% can be expressed by power series expansions

V=1 iD,ﬁl) (1=x/a)®"? | ? = 5?1),52) (1—x/a)®""? (A4.4.4)

n=l1 n=1

with unknown coefficients which have to be determined e.g. by fitting numerically obtained
results. For practical applications, the infinite series have to be truncated after the N™ term.

Thickness: B P

a)

Fig. A4.7 Non-symmetric crack problems, a) oblique edge crack, b) semi-infinite kinked crack in an
infinite body, reference crack of length a.

A4.4.2 Numerical results

Finite element results of the T-stress for the semi-infinite crack with a kink, Fig. A4.7b, are
shown in Fig. A4.8. The data, normalized on the concentrated normal (P) and shear forces
(Q), are identical with the Green’s function. The T-stress data were fitted in the Green’s
function representation according to

N N
t(l) — %ZD,(,D (1 _ r/ﬁ)(anl)/Z , t(Z) — %ZDEZ)(I _ r/ﬁ)(anl)/Z (A445)
n=1

n=1
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for N terms with the coefficients compiled in Tables A4.1 and A4.2.

0.6 0
TiPI(B) | P T/Q/B)
0.5 M(P -0.1
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0.3 -0.3
0.2 -0.4
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ogLb——1 1 1
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24 24

Fig. A4.8 Green’s functions for the T-stress of kinked cracks.

Table A4.2 Coefficients for eq.(A4.4.5) as obtained under normal forces P.

o| oo | o | po [ pp
15° -0.002 0.0191 | -0.0459 | 0.0386
30° 0. 0.0327 | -0.0368 | 0.0447

45° 0.017 0.1526 |-0.2973 | 0.2259
60° | 0.0437 | 0.1408 | -0.2466 | 0.2534
90° | 0.1326 | 0.1823 | 0.0436 | 0.2063

(P DI(Z) DéZ) D3(2) DiZ)
15° 0. -0.2126 | 0.3384 | -0.2026
30° | -0.0516 | -0.0776 | 0.1414 | -0.1507
45°1-0.0732 | -0.2411 | 0.4552 | -0.3645
60° | -0.1294 | -0.1842 | 0.2507 | -0.2464
90° | -0.2873 | -0.1696 | -0.1486 | 0.0501
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A5

Perturbation method

Many stress intensity factor solutions are available in literature for the cases of straight
cracks. Computation of stress intensity factors for deviating crack shapes are seldomly
reported. For the treatment of such a fracture mechanics problem we can use the so-called
perturbation theory, well-known in physics, especially in astronomy and atomic physics.
Perturbation theory comprises mathematical methods to find an approximate solution for a
problem which cannot be solved exactly with a sufficient effort. The iterative procedure starts
with the exact solution of the unperturbed problem and a disturbance that has to be small.

In the fracture mechanics problem of a slightly curved or kinked crack, the disturbance is the
small deviation between the crack of interest and an undisturbed crack, for which the exact
solution of the stress field is known. In this sense, “small disturbance” means that for the
disturbed crack the deviations normal to the straight crack and also the slopes within the
disturbance have to be small, but not necessarily the length of the disturbance.

AS.1 Cracks in infinite bodies

An analysis of straight cracks with small perturbations was presented by Goldstein and
Salganik [AS5.1] and Cotterell and Rice [AS5.2]. They computed the mixed-mode stress
intensity factors and crack paths under restrictions of a first-order analysis

dyldx<<1, y<<a (A5.1.1)

(for x, y, and a, see Fig. A5.1). These procedures were originally derived for internal cracks in
an infinite body. Recently, a simpler approach was presented by means of the weight function
method [A5.3, A5.4]. It was shown in [A5.4] that this procedure can be extended to cover
crack configurations in finite bodies.

Cotterell and Rice [AS5.2] computed the mixed-mode stress intensity factors for slightly
curved or kinked semi-infinite cracks in an infinite body. A crack for which the stress
intensity factor solution is known is considered as the unperturbed crack. This may be a
straight crack of length a¢ (Fig. AS.1a), loaded by remote y-tractions. For this crack, the stress
field in the vicinity of the crack is the sum of the singular stresses and the constant stress
term, the so-called T-stress (stress field symbolised by the hatched zone in Fig. A5.1b). The
perturbed crack is assumed to be again a straight crack of length ao, but now having a kink of
length /¢ at the end, Fig. AS.1c. This perturbed crack is embedded in the stress field caused by
the unperturbed crack (Fig. A5.1d). The mixed-mode stress intensity factors K and Kj; for the
perturbed crack can be computed by use of the weight function method. It should be
mentioned that the unperturbed crack has not necessarily to be a straight crack. The only
advantages of the straight crack are the availability of exact stress intensity factor and weight
function solutions, necessary for the numerical evaluation.
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Fig. AS5.1 Procedure proposed by Cotterell and Rice [A5.2] (schematic): a) unperturbed crack loaded
by remote tractions, b) stress field around the unperturbed crack (perturbed crack removed), c¢) crack
with a kink of length ¢ at the tip, d) perturbed crack embedded in the stress field caused by the
unperturbed crack.

AS.2 Perturbation procedure for finite cracks in semi-infinite bodies

AS.2.1 Basic relations

For demonstrating the procedure, a straight edge crack of length a in a half-space is
considered that is loaded by a remote y-stress (Fig. A5.2a). Figure A5.2b represents the same
crack with a small perturbation behind the crack tip x,<a. For the computation of stress
intensity factors, the small disturbance of the crack is considered to be loaded by the stress
field existing in the vicinity of the unperturbed crack of Fig. A5.2a.

The stress intensity factor solutions Kjy and Kjjo of the straight undisturbed crack in Fig. A5.2a
are

K,=0 F\ra (A5.2.1)

with the geometric function F, and, trivially
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Ky =0 (A5.2.2)

unperturbed crack

Q
) J

perturbed crack

[« ‘ ﬁ{
a-X

Fig. AS5.2 Perturbation in the wake of the crack excluding the tip: a) straight edge crack, b) crack with
a small perturbation between x; and x,<a, ¢) geometric data of the perturbation (y-coordinate
exaggerated; origin of the y-axis always in height of the crack tip).

The first order terms of stress intensity factors of the slightly perturbed crack are given by

K" =Ky +[Ac, hy dx (A5.2.3)
0
K\ = [At,,hy, dx (A5.2.4)
0

The stresses Aoy, and Az, are the stress fields in the vicinity of the unperturbed crack. They
act in the &n-plane along the prospective perturbation and do not fulfil the traction-free
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boundary conditions at the curved crack. The stress fields yield stress intensity factors which
can be calculated in first order by means of the mode-I and mode-II weight functions /4;; and
hy; for the unperturbed straight crack with 4;,=h,, for the semi-infinite body.

The normal stresses near a straight edge crack are of second order in y, i.e. Ac,,)* and,
therefore, Ao, cannot create a K contribution in first order. Consequently, the evaluation of
(A5.2.3) considering only first-order terms in y, yields

K" =K, =0,Fra (A5.25)

i.e. the mode-I stress intensity factor is unaffected by the perturbation.
If in addition remote stresses o, and r;‘; exist, the additional mode-II stress intensity factors

in first order are
K ==07 [ hyy'(x)dx (A5.2.6)
0
and

Ky =17 F\rma (A5.2.7)

In the special case of a perturbation ending directly at the crack tip, x,=a, the perturbation can
exhibit a certain slope y’(a) as indicated in Fig. A5.3 by the dash-dotted straight line. The
perturbed crack and the unperturbed one constitute a kink at x=a defining the angle ® by

tan(y)=y’=0o.

y A

unperturbed Y

o | e

perturbed AN
,” slope y'(a)

Fig. A5.3 Crack perturbation ending at the crack tip, x,=a.

It was shown by Cotterell and Rice [A5.2] that the mode-II stress intensity factor for such a
crack is

KI(I4) = K& (@) = FO_;O wTa g, (w) (A5.2.8)

with
g,, =sin(w/2)cos’(w/2) ud Lo =1y'(a) (A5.2.9)

For the evaluation of the stress intensity factor Ky by use of eq.( A5.2.4), we first have to
determine the stress field in the vicinity of the straight crack. The shear stress Az, results
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from the usual transformation of the radial stress o, and the shear 7,4 (for the origin of the
coordinates r, 6, see Fig. A5.2a) according to

At, =-o0,sinacosa +7, (cos’ @ —sin’ a) » —o,a +1,, (A5.2.10)

where « is the angle between the £ and r-coordinates.
The angles o and y in Fig. A5.2c are

o = y'(x) -2 D=y (A5.2.11)
a—x
y = y(a) y(a)—y(x) (A52.12)
a a—Xx
With the abbreviations
o, T, i
—=£6), =Ly (A5.2.13)
O'y O'y

it holds for 79

Aty ==07£(2) [y'(x) —%) ol f, (%)(y @)yl (’“)j (A52.14)

a—x

By summing up all the stress intensity factor terms K’ we obtain the total Kj; as

Ky =Y K =1y (@Fo]Jra-o7 [h,y' (x)dx+751.1215/7a
(@) 0

vor | {fl G OOy |- MO0 (x)}hzz 2
a—x a—x

a
0

(A5.2.15)

AS5.2.2 Numerical data

The stresses in the vicinity of the normal edge crack in the half-space were computed with the
analytical procedure proposed by Wigglesworth [AS5.5]. For this purpose the first 100 terms of
the stress series expansions were determined in [A5.6]. The stresses series were determined
by the evaluation of the first 100 terms of the Williams stress expansion. The normalised
stresses, expressed by (A5.2.13), were found to be

14
fi=o,/or=>d,(-x/a)"+R (A5.2.16)

n=0

R, = —(0.259* +0.0003364) exp(—29.792x/ @) (A5.2.17)
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/s =124:(71+1)a’n(l—x/a)”+R2 (A5.2.18)

n=0
R, =-0.1551exp(—xx/a)+0.1177 exp(—2xx/a) +0.32627 exp(—4xx/ a) (A5.2.19)

with k=17.173 and the coefficients d, compiled in Table AS5.1.

It should be noted that the first coefficient dy of Table AS.1 represents the so-called T-stress,
namely,

T=0,d,=-0.5259676026 o (A5.2.20)

Additional values of d, can be found in the third column of Table A2.2.

The geometric function F' was found in Section A2.1 to be

F =1.12152225523... (A5.2.21)
Evaluation of the integral in (A5.2.15) needs the weight function solution. The computations

in [A5.4] were performed with the weight function proposed in [A5.7], namely

5
h, =h, = i(;+20n(l—x/a)’””2J (A5.2.22)

wra\l-x/a =

with ¢p=0.58852, ¢1=0.031854, ¢,=0.463397, c3=0.227211, c4=-0.828528, ¢5s=0.351383.

AS.3 Applications
AS5.3.1 Computation of Kj; for a slant edge crack

In this section, it will be demonstrated that the mode-II stress intensity factor of the slant
crack with a small angle B (Fig. A5.4) can be computed from the stress intensity factor of a
normal edge crack. The slant crack is considered as the perturbed crack with x;=0 and x,=a.
Having in mind that the slant crack is characterized by a constant slope

a)—y(x
y(a)—y(x) _ y'(x)= B (A5.3.1)
a—x
the first term in the second integral of eq.(A5.2.15) disappears. For loading by remote y-
tractions, it results with y(a)=0

Ky =oiNmF L -7 [ £,(2) by, dx (A5.3.2)
0

The numerical evaluation of (A5.3.2) yields
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Kll

0

Fh:

=0.6904 f3 (A5.3.3)

o

3 wa

which is in good agreement with finite element results of [A5.8] expressed by

F, =0.6928+0(3°) (A5.3.4)

unperturbed crack

perturbed crack

Fig. A5.4 The slant edge crack as the perturbed crack with the kink edge crack normal to the surface
and disappearing kink length as the unperturbed crack.

Table AS5.1 Coefficients d, for egs.(A5.2.16) and (A5.2.18).

do=—0.525968 ds=—0.0193802 dio=—-0.0158427
d1=0.384983 de=—0.030546 di1=-0.0116784
d,=0.21431 d7=-0.0306629 dip=—-0.00845447
d>=0.0868761 dg=—0.026327 diz=—0.00604695
ds=0.0142438 do=—0.0208939 dis=—0.0042866

AS5.3.2 Mode-II stress intensity factor for a kink crack with finite kink length

A kink crack with finite kink length is represented as a perturbed crack (Fig. A5.5a). The
first-order results obtained with eq.(A5.2.15) are plotted in Fig. A5.5b as the curve. Finite
element results are entered as the squares and circles. The diamond square represents the limit
case Fyi/f=1.1215/2 for c/a—0 by Cotterell and Rice [A5.2]. A good agreement is obvious.
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Fig. A5.5 Kink crack as the perturbed crack, a) geometric data, b) results from eq.(A5.2.15) (curve),
finite element (FE) computations (squares and circles), and limit case from [A5.2] (diamond square).
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PART B

EFFECTS OF THE T-STRESS IN BRITTLE MATERIALS

In fracture mechanics interest is focussed mostly on stress intensity factors which describe the
singular stress field ahead of a crack tip and govern fracture of a specimen when a critical
stress intensity factor is reached. The influence of 7 on the fracture mechanics behaviour of
metals was already mentioned in Section A. Since the author is predominantly working on
ceramics and glass, some examples from this field of work will be addressed below.

The T-stress term must have an influence on several fracture mechanics features. Well-known
from literature are the effects on

e Path stability [B1-B4]: Local path stability during crack propagation is often discussed
in terms of the T-stress [B1]. This aspect shall be discussed here in detail for ceramic
materials.

e Size of phase transformation zones [B5]: In materials undergoing stress-induced phase
transformations (e.g. transformation-toughened ceramics), the size of phase
transformation zones at the crack tip is larger under positive than under compressive
T-stress. Consequently, a steeper R-curve has to be expected for positive than for
compressive T-stress.

e Size of micro-cracking zones [B5]: A very similar effect has to be expected for micro-
cracking zones in polycrystalline ceramics as well as for domain switching zones in
piezoelectric materials.

In particular, effects occurring in the crack wake are affected predominantly by the T-term,
because the singular stress field caused by the stress intensity factor disappears near the crack
faces.

e As an example, the effect of T on crack-face interactions in coarse-grained ceramics is
addressed [B6].
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Bl
T-stress and path stability

B1.1 Local path stability

The question of crack path stability and instability is important for understanding crack
propagation. Most of experimental investigations and numerical computations in this field
were carried out on materials exhibiting plasticity effects [B1.1] or on interface problems
[B1.2,B1.3].

Local path stability during crack propagation is often discussed in terms of the T-stress
[B1.4]. This aspect shall be addressed here for ceramics [B1.5].

Cotterell and Rice [B1.4] investigated the behaviour of the path of an originally straight crack
in an infinite body under mode I loading. They applied a perturbation method to obtain the
stress intensity factors of a slightly curved or kinked crack and used the solution to examine
the directional stability of a straight crack after a disturbance.

Figure B1.1 illustrates a crack kinking situation. A straight crack of initial length a, is consid-
ered. By application of a disturbing Kj; stress intensity factor, the crack kinks and grows out
of the initial straight plane by an angle of ®¢ (Fig. B1.1a). The disturbing mode-II loading
may be caused e.g. by a small unavoidable misalignment of the loading arrangement. For
small Kj-values, K;<<Kj, the kink angle is

0, = - 2Ku(@) (BL.L1)
K (a,)

where Kj(ao) and Kyi(ao) are the stress intensity factors for the initial crack of length ay, i.e. for
the crack situation before kinking.
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—— "\ '
— '
———X__, : i j
- I
ao \ f
| K

a)

Fig. B1.1 a) Geometrical data of a crack growing under mode-I loading (vertical arrows) with a
superimposed small mode-II disturbance (horizontal arrows), b) general influence of the T-stress after
crack kinking.
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Cotterell and Rice [B1.4] analyzed the crack development for an isotropic material after kink-
ing on the basis of the condition of local symmetry, i.e. on the requirement of a disappearing
mode-II stress intensity factor at the tip of the actual (grown) crack, K;=0. The total mode-II
stress intensity factor Ki was given in [B1.4] by the integral equation

Ky (a)=K,(a,)+7y (@K (a,)— \/7 aao\/&dg (B1.1.2)

valid for small crack extensions a-ay<<a, small deviations from the initial crack plane, y, and
small derivatives y’<<1 of the crack trajectory. From the condition Kj(a)=0, the solution of
(B1.1.2) was derived as

=®—2M{exp(8—zﬂ2jerfc[ i 81] 1——5@} —% (B1.13)
p° 8 T a,

with the initial biaxiality ratio 3 [B1.6]

T\ra,

p= K, (a,)

(B1.1.4)

Although eq.(B1.1.3) is a solution for short crack extensions only, this relation allows to dis-
cuss the effect of local path stability.

Discussions in literature [B1.7, B1.8] deal also with global path stability after a longer crack
extension, i.e. with the general validity of the T-stress criterion, its application to finite
cracks, and loading by non-homogeneous tractions.

B1.1.1 Path stability prediction for ceramics test specimens

The most important conclusion of [B1.4] is illustrated in Fig. B1.1b, namely, increasing de-
viation from the prescribed kink angle for >0 and decreasing deviations for 3<O0.

From eq.(B1.1.3), it has to be expected that crack path stability is only guaranteed for <0. In
nearly all fracture mechanics test specimens, however, the T-stress and, consequently, the
biaxiality ratio B are positive, at least in the commonly used range of crack lengths [B1.5].

In Fig. B1.2a the biaxiality ratios are plotted for the compact tension (CT) specimen, the 4-
point bending specimen, and the opposite roller test [B1.9]. The solutions for the double
cleavage drilled compression (DCDC) specimen and the double cantilever beam (DCB)
specimen are plotted in Fig. B1.2b and Fig. B1.2¢, respectively. Most of the specimens show
positive biaxiality ratios. There are two exceptions for standard test specimens, namely, small
cracks in bending bars with a relative crack length a/W<0.35 (specimen width /) and the
DCDC specimen that shows strongly negative 3 in the whole range of possible crack lengths.
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In different crack-containing specimens, the path stability may differ strongly even at the
same biaxiality ratio 3. This may be illustrated for the cases of a CT specimen and a crack in a
bar loaded by opposite cylinders (=0.6).

Figure B1.3 shows the deviations of the crack from the linear propagation direction under the
angle ®y that is prescribed by the disturbing mode-II loading contribution. The results for a
crack in a bar under opposite cylinder loading at two crack lengths ay are shown by the solid
curves. Results for the CT specimen are given by the dashed curve. The curves are plotted for
maximum crack extensions of 1/3 of the initial crack length, having in mind that eq.(B1.1.3)
is valid for small extensions exclusively.
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Fig. B1.2 a) Biaxiality ratio for 4-point bending test, CT specimen, and opposite roller test; b) for the
DCDC specimen (2H=specimen height, R=hole radius), ¢) for the DCB specimen.
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Fig. B1.3 a) Opposite roller fracture toughness tests, b) deviation of the crack path from the straight-
line behaviour for a crack of length a¢p=1 mm and 2.5 mm in an opposite roller toughness test and in a
CT specimen of typical crack length of ay=15 mm; curves plotted for maximum crack extensions of
1/3 of the initial crack length.
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For a better understanding of the effect of the parameters 3 and ay, the series expansion of
eq.(B1.1.1) may be considered

y:(a—ao)@o+i iﬂ@o(a—ao)m+O(a—ao) (B1.1.5)
3z V a,

It becomes obvious that the effect of the T-stress is proportional to B/Vao. At the same biaxial-
ity ratio 3, short cracks are significantly more sensitive to path instabilities than long cracks.
In Table B1.1 the parameter B/ao is compiled for several test specimens and crack lengths.
The best path stability is found for the DCDC specimen with negative values for B/Vao. In
principle, all specimens with positive B and, consequently, positive B/Nay are path-unstable.
The instability effect is small for the CT specimen and also for the edge-cracked bending bar
with a short crack. Problems in path stability, however, have to be expected for deep cracks in
bending bars, DCB specimens, and edge-cracked bars under opposite cylinder loading.

In literature, innumerable experimental results on R-curves are reported. In contrast to the
expectation from eq.(B1.1.3), however, no crack-path instability worth mentioning was de-
tected. This is not astonishing for DCDC tests, CT tests, and bending bars with short cracks
because of their negative or only moderately positive parameter B/Nao (Table B1.1). Stein-
brech et al. [B1.10], for example, measured R-curves on coarse-grained alumina in bending
up to relative crack lengths of about a/W=0.9, where strong path instability has to be ex-
pected.

The same holds for tests with opposite roller loading and DCB tests [B1.5], although only
positive biaxiality ratios are involved in these tests.

Table B1.1 Ranking of path stability for different test specimens with typical crack lengths.

Test Crack length ay | Biaxiality ratio 3 | Path instability parameter
BNa, (mm™?)
DCDC (R=0.5 mm) 2 mm -12 -8.5
4 mm -24 -12
CT (W=30 mm) 15 mm 0.6 0.155
Bending (W= 4mm) 1 mm -0.14 -0.14
2 mm 0.26 0.18
3.5 mm 1.05 0.56
DCB (H=12.5 mm) 30 mm 2.85 0.52
Opposite cylinder load- 1 mm 0.67 0.67
ing 2.5 mm 1.7 1.07
(W= 4mm)

B1.1.2 Influence of bridging-induced mode-II R-curve on path stability

In [B1.5], the surprising effect of path stability under positive T-stresses was interpreted as a
consequence of the crack resistance curve.
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For coarse-grained materials, a mode-I shielding stress intensity factor term Kjg, exists that
shields the crack tip partially from the applied loads. This term is caused by crack bridging in
the wake of a growing crack. It has to be expected that crack-face interactions will also affect
crack extension under pure or superimposed mode-II loading.

The interlocking of the two opposite crack faces must result in shear tractions which suppress
the shear displacements in the crack-tip region which would be caused by the externally ap-
plied mode-II loading. These shear bridging tractions, T, are illustrated in Fig. B1.4 together
with the mode-I bridging tractions Gy,.

In [B1.5] it was outlined that the shear tractions generated under small mode-II load contribu-
tions can result in a disappearing effective crack-tip stress intensity factor Kiy p.

The mode-II shielding stress intensity factor can be computed from the distribution of the
shear tractions over the crack. It holds by use of the mode-II weight function /4y

Ko = Tr(x) hy (x) dx (B1.1.6)

ag
Mode-I loading

Superimposed
mode-I| load

mation by bridging interactions, b) modelling of crack-face interactions by friction under loading with
bridging stresses.

The actual mode-II crack tip stress intensity factor Ki i, then results from

0 for K appt T K, <0

ILtip
Kot T K else

(B1.1.7)

It governs the local stability of crack paths. Crack paths are stable for any disturbing K-
contribution that fulfils the upper part of eq.(B1.1.7).

If the value Ki i, does not disappear, the crack must kink by an angle of ® out of the initial
crack plane and will propagate then under Kj i,=Kio and Ki 4,=0. For small values of Ky 4ip/Kio,
the crack kink angle ® can be expressed by a modified form of eq.(B1.1.1)
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K, .
@=-2—"17 (B1.1.8)

B1.2 Global path stability

In the first-order approximation by Cotterell and Rice [B1.4] the special case of local stability
(or instability) was considered for small crack extensions.

A simple procedure was proposed in [B1.11] that allows computing the stress intensity factors

for slightly curved and kinked cracks even at large crack extensions. If a body is loaded by
remote stresses af , o, ,and T;‘j,, the mode-II stress intensity factor reads (see Section A5)

1 a
K, =Fo}\|za Ey'(a)—afj‘huy'(x)dx+r;F wa
0

a (B1.2.1)
o | {f] (f)[—y (@=y) _ y'(x)j - £ M} Iy d
. a—x a—-x

with the geometric function F=1.1215, the mode-II weight function /4y, and the functions f;
and £, given by eqs.(A5.2.16)-(A5.2.19).

Here, the case of an edge-cracked semi-infinite body may be considered with the initial crack
of length ay oriented in the x-direction (Fig. B1.5).

Fig. B1.5 Crack in a semi-infinite body.

Equation (B1.2.1) can be applied for the computation of crack paths y=f(x) by setting K;=0.
This relation is not restricted to small crack extensions as is required for (B1.1.2). The only
remaining conditions for the validity of the first-order analysis are the assumptions of small
values of y<<a and y’<<l1. The influence of the free surface at x=0 is considered by the geo-
metric function F and the weight function Ay for the edge-cracked half-space.

As an example of application, the edge-cracked half-space under remote stresses in x and y
direction (Fig. B1.6a) was analyzed in [B1.11]. As the disturbance a pair of forces P at the
crack mouth was chosen. The curved edge crack paths in Fig. B1.6b were calculated from
KHZO.
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In Fig. B1.6b, the crack paths calculated by solving the integro-differential equation (B1.2.1)
are compared with the results from FE simulation in [B1.8, B1.11]. A very good agreement of
both methods can be concluded. The maximum differences between the two solutions are
0.9% at a/ap=3 and o /(7;0 =0.8.

b) o7 =0.8

1 L 1 L 1

1 1.5 2 25 a/ao

Fig. B1.6 a) Biaxially stressed half-space with a disturbance force P, b) crack paths of the original
edge crack after disturbance by P, solid lines: numerical integration of the first-order integro-
differential equation (B1.2.1), hollow circles: Finite element simulation.
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B2

Effect of T-stress on phase transformation zones

B2.1 Phase transformation in zirconia ceramics

Due to the singular stress field near a crack tip in transformation-toughened zirconia, the ma-
terial undergoes a stress-induced martensitic transformation and the tetragonal phase changes
to the monoclinic phase (t- to m-ZrO;). This transformation occurs when the characteristic
local stress Gepar reaches a critical value Geparc

Oy =0 (B2.1.1)

char char,c

The result is a crack-tip transformation zone. Several stress criteria for the onset of phase
transformation were applied in literature.

In one of the earliest attempts [B2.1], it was assumed that volume strains of the phase trans-
formation only are playing a part in the transformation criterion, because the transformation
shear strains are nearly annihilated by twinning. Since volume strains are proportional to the
hydrostatic stress onyg, a hydrostatic transformation criterion was proposed [B2.1]

Opa =3(0,+0,+0.)=0,,., (B2.1.2)

In compressive experiments over a wide range of multiaxial stress states, it was found that
also the shear strains have to be included in the transformation criterion [B2.2, B2.3]. This
was done by adding a von-Mises stress contribution Gy to the hydrostatic term [B2.2, B2.3]

(o2 o
hyd
hd | Ovm

~1 (B2.1.3)

O-hyd,c' O-VM,C

and later backed by theoretical considerations [B2.4].

In addition, other criteria were used, such as for instance the maximum normal stress criterion

o, =0, (B2.1.4)

in which o indicates the first principal stress.

In this Chapter let us concentrate on the simple model of the hydrostatic stress criterion. For
the special case of small-scale transformation conditions (transformation zone size negligible
compared to crack size and component dimensions), McMeeking and Evans [B2.1] and Budi-
ansky et al. [B2.5] computed the transformation zone, neglecting the perturbation of the stress
field due to transformations.
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B2.2 Phase transformation zone and R-curve in presence of T-stress

B2.2.1 Phase transformation zone

To the knowledge of the author, the first theoretical study of the effect of T-stress on phase
transformation zones was published by Giannakopoulos and Olsson [B2.6]. This investigation
is the basis of the following considerations.

In the presence of a T-stress contribution, the hydrostatic stress near the tip of the crack under
plane strain conditions reads

2K
Opa =5 —==cos(p/2)+T (B2.2.1)

N2rw

From (B2.1.2) and (B2.2.1), the shape r(¢) of the phase transformation zone for plane strain
results as

r= ia)cos2 (6/2) (B2.2.2)

33

with the height ® of the zone

2

(1+v)’ K,
w =
437 | Oy —(1+V)T/3

(B2.2.3)

(for r, @, and ® see Fig. B2.1). Figure B2.1a illustrates the transformation zone for a non-
extending crack, Fig. B2.1b the shape after a crack extension of Aa. Due to the martensitic
transformation, a volumetric expansion strain of about 4.5% occurs. These strains cause ten-
sile stresses at a certain distance ahead of the crack tip and compressive stresses along the
length Aa at the crack line. The compressive stresses lead to a shielding stress intensity factor
which has to be overcome during crack propagation, i.e. the applied stress intensity factor
must be increased to maintain stable crack growth.

In later, more complicated numerical studies (e.g. [B2.7]) the influence of shear stresses and
strains on the transformation criterion and on the zone calculation also was taken into consid-
eration.
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Fig. B2.1 a) Phase transformation zone ahead of a crack tip, b) zone after crack extension.
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B2.2.2 Influence of T on the R-curve

McMeeking and Evans [B2.1] computed the crack resistance curve under small-scale trans-
formation conditions assuming weak transformations. This means that the singular stresses
caused by the stress intensity factor only are considered, whereas the stresses caused by the
phase transformations were neglected. From the analysis in [B2.1], the surface tractions result
in a shielding stress intensity factor K,

K, = p§rn-hds (B2.2.4)

where I' is the contour line of the transformation zone and dS is a line length increment. The
vector h represents the weight function h=(#4,, h,)" with the components h, and h,. In the spe-
cial case of a pure dilatational transformation, the surface tractions are given by the normal
pressure p defined by

p= e JE (B2.2.5)

S 30-2v)
where €' is the volumetric phase transformation strain, f'the volume fracture of transformed
material, and v Poisson's ratio.

In Fig. B2.2 the shielding (residual) stress intensity factor for the case 7=0, denoted as K, 1S
plotted for the phase transformation zone shown in Fig. B2.1b. The shielding stress intensity
factor tends asymptotically to a value of 0.22.

-Ko,sh(1-v)
Efe’ Vo | 022
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Fig. B2.2 Normalised shielding stress intensity factor K, in the absence of a T-term computed with
the method proposed by McMeeking and Evans [B2.1].

As a consequence of (B2.2.4), it may be concluded that the shielding stress intensity factor
K must be proportional to the square root of the zone height

K, <o (B2.2.6)

with the factor of proportionality depending on the zone length Aa, the elastic constants £ and
v, and the transformation strain gl

In the presence of a T-stress, the shielding stress intensity factor is
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_ KO,sh

K, = -7y
ER Uhyd,c

Introducing the biaxiality ratio 3 results in

with the dimensionless parameter

4 l+v K
3 \/Wo-hyd,c

(B2.2.7)

(B2.2.8)

(B2.2.9)

Figure B2.3 shows the shielding stress intensity factor for an edge-cracked bending bar under

weak transformation conditions.

For very small initial cracks with a/W—0, the quantity BV(a/W) tends to —o and, conse-
quently, the zone height tends to zero, i.e. the shielding stress intensity factor disappears. In

the case of long cracks with a/W—1, the zone height tends to +oo, since f—>+oo.

At least for an extreme relative crack length of a/W—1, the conditions of small-scale behav-

iour and weak transformation assumed are violated, because not only the zone height must be
small compared to the crack (w<<a) but also to the crack ligament w<<(W-a). This is indi-

cated by the dashed parts of the curves in Fig. B2.3.
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Fig. B2.3 Influence of the T-stress on the shielding stress intensity factor (bending).

The preceding results are approximations, because rather rigid restrictions had to be chosen to

allow for a simple analysis. For a more exact derivation, the following points have to be con-

sidered by the analysis:

e The phase transformation causes a stress field that has to be added to the singular

stresses. This requires an iterative procedure.
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e Instead of the near-tip weight function, the weight function for the finite test specimen
has to be used in (B2.2.4).

e The transformation zones cause an additional T-stress-term of about

&"E
1-v

T,. =(0.435—Llarctan(Aa/b)) (B2.2.10)

(see Section C22 and [B2.8]).
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B3

Effect of T-stress on micro-cracking zones

B3.1 Micro-cracking zones

In a poly-crystalline material, e. g. ceramics, the high stresses ahead of a crack result in the
fracture of favourably oriented grain boundaries (Fig. B3.1). This micro-cracking at grain
boundaries is caused by internal and superimposed externally applied stresses. The internal
stresses are a consequence of thermal expansion mismatch in differently oriented grains. Dif-
ferent stress criteria for micro-cracking were used in literature.

In this section we will use a critical value of the first invariant of the stress tensor (hydrostatic
stress), as proposed by Evans and Faber [B3.1], and to a minor extent an effective stress used
in the study of Charalambides and McMeeking [B3.2].

crack

broken
grain boundary

Fig. B3.1 Broken grain boundaries in a region ahead of a crack tip defining the micro-cracking zone.

B3.1.1 Stress criteria for micro-cracking
In [B3.1] the shape and size of the micro-crack zone is assumed to be governed by the condi-
tion of a critical value of the hydrostatic stress being responsible for cracking, i.e.

Opa =35(0,+0,+0.)=0,,. (B3.1.1)
In eq.(B3.1.1), o; and o, are the stress components in polar coordinates and o, is the stress in

thickness direction. It holds for o,

0 for plane stress

o. :{ (B3.1.2)

v(o,+0,) for plane strain

where v 1s Poisson’s ratio.

In [B3.2] the cracking condition is expressed by an effective stress

Oy =0 e (B3.1.3)
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with o defined by the principal stresses o, 62, 03

O =.o! +0; +0; (B3.1.4)

The principal stresses are given by the three ¢ solutions of

oco.—0.12)=0 (B3.1.5)

x2yTz z%xy

o’ —(o, + o, + c.)o’ + (0,0,+0,0.+0.0.— rfy Jo —(o

B3.1.2 Micro-cracking ahead of a crack

The stresses ahead of a mode-I loaded crack are

KI 3 <2 1/2
o, = cos’(@/2)+Tsin” o+ O(r B3.1.6a
= Jorn (p/2) p+0@r"") ( )
K
o =———cos(¢/2)(1+sin’(¢/2))+Tcos’ p+O(r"?) (B3.1.6b)

' N2rw

with the origin of the polar coordinates » and ¢ located at the crack tip. The higher-order
stress terms O(r''?) may be neglected in the following considerations.

It is not the aim of this Section to compute the “true” zone size and shape, but rather to show
the principal influence of the constant stress term on the zone size and its consequence on the
crack tip toughness. In order to simplify the analysis, two assumptions will be made:

I.  The crack length a and the ligament W-a (W=specimen width) are assumed to be large
compared to the length of the micro-cracking zone

II. The case of “weak micro-cracking” is considered, i.e. the near-tip stress field is assumed
to be unaffected by the micro-cracks. This behaviour is similar to the case of “weak
transformation” zones at the tip of ceramics undergoing phase transformations under high
stresses, where the effect of volume change during transformation is ignored [B3.3].

B3.1.3 Size and shape of the micro-cracking zone

The hydrostatic stress near the tip of the crack under plane strain conditions reads

2K
o =HTV[—ICOS(¢/2)+T] (B3.1.7)

N2rw

This case allows for an analysis that is identical to that of the phase transformation zones in
zirconia (see Section B2). The zone contour resulting from condition (B3.1.1) is given by

) _[K_MJ B5.18)

c b4 3
1+v O-hyd,c T
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The shape of this zone is plotted in Fig. B3.2 for several values of 7. The results for the two
criteria are very similar. Therefore, the hydrostatic stress criterion will be applied exclusively
in the further numerical analyses.

2 hydrostatic stress 2 effective stress
y_ I criterion y I criterion
(T=0
\ 1t
-0.3
0
0
Ar
T/6,=0.3 I T/6:=0.3
“ .05 0 05 1 15 2 “05 0 05 1 15 2
X/ o(T=0) X/®(T=0)

Fig. B3.2 Micro-cracking zones for the two cracking criteria.

Below, the influence of T-stress will be discussed for the case of an edge-cracked bending
bar. The biaxiality ratio 3 [B3.4] for such a crack of length a is given by [B3.5]

 —0.469 +1.2825a +0.6543a* —1.2415a° +0.07568a"
- NI ’

and plotted in Fig. B3.3 versus the relative crack length a/W.

B

a=a/W (B3.1.9)
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Fig. B3.3 Biaxiality ratio B for an edge-cracked bending bar (4-point bending).
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B3.2 R-curve for a hydrostatic stress criterion

According to the analyses of McMeeking and Evans [B3.3] and Giannakopoulos and Olsson
[B3.6], the shielding stress intensity factor under weak and small-scale micro-cracking (in
presence of a T-stress term) is given by

K
= 0.5h (B3.2.1)

sh I+v
l R T / O-hyd,c

where Ko s denotes the shielding stress intensity factor for the case of 7=0. Introducing the
biaxiality ratio 3 results in

K,=— " (B3.2.2)

with the dimensionless parameter

1 l+v K,
3 \/Wo-hyd,c

For negative T and B, i.e. for relative crack lengths a/W<0.37, the micro-cracking zone size 7

(B3.2.3)

decreases. Consequently, the shielding stress intensity factor is reduced as indicated in Fig.
B3.3. In case of longer cracks with a/>036, the inverse effect occurs. For details, see Sec-
tion B2.2.2.
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B4

T-stress and crack-face bridging

B4.1 T-stress contribution generated by crack-face bridging

For coarse-grained ceramic materials, a shielding stress intensity factor term exists, that
shields the crack tip partially from the applied loads. This term is often caused by crack bridg-
ing in the wake of a growing crack.

In cases of materials without a crack resistance curve (R-curve), the externally applied load
exclusively is responsible for the stress intensity factor Kj and the T-stress. In ceramics with
R-curve effects caused by crack-face bridging, an additional crack loading by the bridging
stresses will occur. In this case, the question arises: What are the T-term and the biaxiality
ratio in the presence of bridging stresses?

The T-stress term caused by the externally applied mechanical load is denoted here as Typp1. In
a material with an R-curve effect due to bridging stresses oy(x)<0 acting in the crack wake
(Fig. B4.1), a T-stress portion Ty, is created that can be computed by the Green’s function (or
weight function) technique. For bridging stresses disappearing at x=a, it results

T, = [tx.a)0, (x)dx, o, <0 (B4.1.1)
0

Fig. B4.1 Bridging stresses in the wake of a crack grown from a notch of depth a.

The Green’s function ¢ in (B4.1.1) can be approximated by a two-term expression [B4.1,
B4.2] (see also Section A4.3.3). For the edge-cracked rectangular bar of width W, a three-
term Green’s function was determined in [B4.1] as

t:l(Cos/l—x/a+C1(1—x/a)3/2) (B4.1.2)
a

with the coefficients Cy and C; expressed by

_ 15(-0.3889 +1.8706 @ — 2.0012 * —1.0544 &> +2.283* —0.3932 )
8(1—a)?

C, (B4.1.3)
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3505487 —2.1127 ¢ +2.1180 ¢ +1.1845a° —2.0864 a* +0.3932 )

C
: 8(1 - )

(B4.1.4)

(a=a/W). Apart from the T-stress term Ty, also the bridging stress intensity factor, Ky, can be
calculated from the bridging stresses. It holds

K, = j.h(x, a)o,, (x)dx (B4.1.5)

with the weight function /(x,a), which is available in literature for most crack types (see Part
A).

The total T-stress term, Tiorl, really present in the near-tip region is given by the sum of the
applied and the bridging contributions, i.e. by

T T  +T B4.1.6
/ br

total — app.

If K,pp1 denotes the stress intensity factor caused by the externally applied load, the total stress
intensity factor Ky representing the singular stresses near the crack tip is given by

K

total

=K, +K, (B4.1.7)

On the basis of the externally applied load, the (applied) biaxiality ratio Bappi is given as

T A~m
B = —’}”{l (B4.1.8)

appl
The real (total) biaxiality ratio can be written as

]‘total \/% — (Tappl + Tbr )\/%

%+
appl
K K appl + K br

Brow = (B4.1.9)

total

Consequently, Biowr 1s different from Bapp , and path stability for cracks in materials with
bridging effects must deviate from path stability for materials without a bridging behaviour.
Since the total stress intensity factor during stable crack extension equals the crack-tip tough-
ness, K=K, €q.(B4.1.9) may be expressed as

T  +T Wm K T
( appl br) _ appl +i% (B4.1.10)

ﬁ total — — Fappl
KIO KIO KIO

Computation of Ty for a sintered reaction-bonded silicon nitride

As an example of application, let us consider a result from literature. In [B4.3] the R-curve of
a commercial, sintered reaction-bonded silicon nitride (SRBSN) was studied. A narrow notch
was introduced in a bending bar by using the razor blade procedure [B4.4, B4.5). The notch
was extended in a stiff loading device. After stable crack extension, crack opening displace-
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ment (COD) measurements were carried out under load. From these results, bridging stresses
were derived [B4.3].

Figure B4.2 shows the bridging stress distribution in the crack wake, Gy(a-x). From this, T,
results by inserting the stress distribution into eq.(B4.1.5) and Bt from eq.(B4.1.9).

The biaxiality ratio Bapp1 caused by the applied bending load can be expressed as

—0.469 +1.2825c +0.6543a* —1.2415a° +0.07568a*
ﬂappl = l_a (B4111)

In Fig. B4.3a the applied and the total biaxiality ratios are plotted versus the relative crack
length a/W. The main effect of an R-curve behaviour on the biaxiality ratio is represented by
the ratio Kuppi/Kio>1. The steepness of the function Biw=f(a/W) is strongly increased com-
pared to the function Bapp=f(a/W). The direct influence of the bridging tractions on the T-
stress is of minor importance, as shown by the difference of the circles and squares in Fig.
B4.3b. The region of negative biaxiality ratios is slightly extended from 0 <a/W<0.34 to 0 <
a/W <0.36 by the contribution of bridging tractions. Roughly, it can be concluded that in the
region of Bapp<0 (for the edge-cracked bending bar at a/#<0.34) the effective biaxiality ratio
becomes stronger negative and crack path stability is promoted. In the region with Bapp>0, an
increased crack path instability has to be expected.

Based on these results, eq.(B4.1.10) can be approximated by

K
apl (B4.1.12)

appl K
10

ﬂtoml =

From the considerations made above, path stability can be concluded for a slightly extended
range of crack lengths.

200
iy b)

150 +
(MPa) |

100 r

50 r

0| ] ] ] ]
0 01 02 03 04 05

a-x  (mm)
Fig. B4.2 Bridging stress distribution in the wake of a crack in sintered reaction-bonded silicon nitride
[B4.3] after Aa=0.52 mm crack extension.
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Fig. B4.3 a) Applied biaxiality ratio for an edge-cracked bending bar (solid curve) and total biaxiality
ratios for the two bending results from [B4.3] (circles), b) contribution of the ratio K,,,/Kio and of the
bridging stresses.

B4.2 Bridging stress contribution caused by the T-stress term

In the bridging model by Mai and Lawn [B4.6], tractions are transmitted between the upper
and lower crack faces by friction. Large grains with the lattice orientation different from the
surrounding matrix undergo local residual stresses by thermal mismatch. Figure B4.4 shows
the simple case of a large grain with the thermal expansion coefficients o, in the c-axis direc-
tion and o; normal to the c-axis. The “matrix” in which this grain is embedded is assumed to
have average material parameters, for instance an average expansion coefficient of o ap-
proximated as

a, +2a,
3

a = (B4.2.1)

Fig. B4.4 A single anisotropic grain embedded in a matrix of average material parameters (dash-dotted
line: prospective crack plane).
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As an approximation the different elastic constants in the different lattice directions are ne-
glected and assumed to be sufficiently identical with the average values.

After cooling down from the sintering temperature, the temperature change AT gives rise for
thermal strains in the grain with respect to the matrix

Ae!” =—AT(a, - @) (B4.2.2)
Ael™ = AT (a, — @) (B4.2.3)
The thermal stresses caused by these strains are
o™ =-CEAT(a, - @) (B4.2.4)
o™ =-CEAT(a, — @) (B4.2.5)

with a coefficient C depending on Poisson’s ratio v. Generally, the quantity C is in the range
of 1<C<1/(1-2v) depending on the specially chosen boundary conditions (plane strain, gener-
alized plane strain, plane stress). If o>, it results ;> and o»<a . Consequently, we
have different stress signs in the two lattice directions with tension in 1-direction and com-
pression in 2-direction. In the case of ALOs it is al-oc2;0.55><10'6/°, E=360 GPa, and AT= -
1000°. For an average value of C=1.5, the typical mismatch stress is "’ =130 MPa, o{"=-
65 MPa, i.e. stresses in the order of about |6~ 100 MPa result. The mismatch stresses will
decrease when a crack passes in the vicinity creating a new free surface. Whereas the stress
component normal on the new surface disappears completely, the stress parallel to the crack
face is slightly reduced.

In Fig. B4.5, a large grain is shown, acting as a crack bridging event. For reasons of simplici-
ty, a 2-dimensional bridging contact may be assumed (L/D—x). The x-component of the
thermal mismatch tractions is indicated. During crack-face separation resulting in an increas-
ing displacement, 0, a friction stress G occurs which is proportional to the x-stress compo-
nent.

o_(th)

D

Fig. B4.5 Crack surface interactions due to a local frictional bridging event.
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The loads transferred by crack face interactions are localized at single grains. They can be
modelled in a more homogeneous way by so-called bridging stresses oy, which average the
localized interactions over a large number of grains. If ¢ denotes the x-stress component

due to thermal mismatch, the bridging stress oy, can be expressed by

= uc (B4.2.6)

defining an effective friction coefficient .

In the preceding considerations the x-stress clamping the large grains was assumed to be gen-
erated by thermal mismatch exclusively. A second source for the occurrence of an x-stress
component is the existence of a non-disappearing T-stress [B4.7]. Whereas the influence of
thermal mismatch is an intrinsic effect independent on the special test specimen, the influence
of the T-stress reflects an influence of the chosen specimen. Since 7 can be negative and posi-
tive, the bridging stresses can be increased and decreased by this stress term. Frictional bridg-
ing is possible only if the total x-stress component is negative resulting in “clamping” effects.
Therefore, only those bridging events are of importance.

If oopr denotes the bridging stresses in the absence of a T-stress term, the bridging stresses in
presence of 7 result simply from (B4.2.6) as

o, =0y, — (B4.2.7)

”

By use of the biaxiality ratio 3 this reads

B
O, = O-O,br(l—'—mKl (B428)

Having in mind that during stable crack extension the crack-tip stress intensity factor must
equal the so-called crack-tip toughness Kjo, it follows

(B4.2.9)

Oy =04, 1+—'B K,
' '( o™ ra

The bridging stresses shield the crack tip from the external loads. The related bridging stress
intensity factor Ky, can be computed from the distribution of the bridging stresses along the
crack wake by use of the weight function technique.

Figure B4.6a shows the geometric data of the most commonly used bending test specimen
and Fig. B4.1 illustrates the bridging stress distribution (here for the case of a bar with an ini-
tial notch of depth ay).

K, :[ - \/_ loJIh(x a) O'Obr(x)dx—[1+ Jj/ﬁ KIOJKOM (B4.2.10)

with the bridging stress intensity factor Koy at 7=0. In Fig. B4.6a, the biaxiality ratio for a 4-
point bending bar is plotted. The bridging stress intensity factor is represented by the ratio
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Kiu/Kopr in Fig. B4.7a. While for long cracks, 0.2<a/W<0.8, the influence of the T-stress is
moderate with Ky,/Kop = 120.2, it becomes significant in the case of very short cracks (size
comparable with natural cracks), Fig. B4.7b.

Finally, the crack resistance curve (“R-curve”) results as

K,=K,-K, =K, —[1+ (B4.2.11)

K K "
)(Cth) [ a 10 0,b

with Ko p<0.

In early investigations on R-curve behaviour of ceramics it was often assumed that the R-
curve would be a material specific property. In the actual literature there is common agree-
ment that the bridging stresses are the real material specific quantity. The influence of the T-
stress again gives rise for an influence of the specially chosen test specimens on bridging
properties. Having this in mind we have to consider the bridging stress relation for 7=0 as the
true material property.

1.5
s B b)
a) nt
0.5

a W o
" 05F

0 02 04 06 08 1
a/lW
Fig. B4.6 a) Geometry of a bending bar, b) biaxiality ratio for 4-point bending tests.

3 -
Kor | W=4 mm Kor
Koory s Kio=2.4 MPavm Ko,br4
' cM=-100 MPa

0 ‘ 0.2 ‘ 0.4 ‘ 0.6 ‘ 0.8 ‘
a/lW
Fig. B4.7 a) Influence of the T-stress on the bridging stress intensity factor, b) details for small cracks.
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In this context, it must be confessed that there were no systematic experimental investigations
so far to establish proof of a 7-stress effect.

The R-curve effects mentioned before for crack bridging by large grains should be also rele-
vant for crack bridging by fibres or by whiskers in reinforced ceramics. Measurements on
such model materials might simplify the experimental evidence.
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PART C

COMPENDIUM OF STRESS INTENSITY FACTOR
AND T-STRESS SOLUTIONS

The content of this section is divided in the following items
1) Cracks in infinite bodies
Section C1 (Internal crack)
2) Cracks in the semi-infinite body (half-space)
Section C2 (straight, oblique, and kink edge crack)
3) Semi-infinite cracks
Sections C3 (kink crack) and C4 (fork crack)
4) Cracks in finite bodies
Internally cracked components: Sections C5 and C6
Edge-cracked components: Sections C7 to C10
Double-edge-cracked components: Sections C11 and C12
5) Fracture mechanics test specimens

6) Miscellaneous crack problems
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Cl1

Crack in an infinite body

C1.1 Couples of forces

The T-stress term resulting from a couple of symmetric point forces (see Fig. C1.1) can be
derived from the Westergaard stress function [C1.1], which for this special case reads

2P va* —x?

Z = z=y+ix (CI1.1.1)

T (22 —xWl-(al/z)?

The real part of eq.(C1.1.1) gives the x-stress component for y=0

2P a’—x*x'
ol  =ReiZ{=— (C1.1.2)
|y70 { } T (x.z_xz) /x.z_az
Its singular part

provides the well-known stress intensity factor solution

a 2P
K =1lim+/27(x'-a) o :‘/—— Cl.14
x'=a ( * T m ( )

Then, the regular stress term reads

_2p (a* —x*)x'—va /2 (x*=x*Wx'+a

Cl1.1.5
w0 g (x'z—xz)\/x'z—az \/az ) ( )
and for the T-stress term it results
) 0 forx<a
T=limo_,, = (C1.1.6)
¥=a V" yundefined (— ) forx=a
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Fig. C1.1 Crack in an infinite body loaded by symmetric couples of forces.

C1.2 Constant crack-face loading

In the case of a constant crack-face pressure p =const. (Fig. C1.2a), the stress function reads

Zzp[ z —1} (C1.2.1)
2’ —a’
resulting in the x-stress of
x|
Oilio = p[ —— —1} (C1.2.2)
x'"—a

_____________________________________________________________________________________

\
| \ Gw

BERTITIL TAT T I I N
a é’b) N

Fig. C1.2 Crack in an infinite body under a) constant crack-face pressure, b) remote tension.

The stress intensity factor results from eq.(C1.2.2) as

K, = pira (C1.2.3)
and the T-stress term as

T=0. (C1.2.4)



C1.3 Remote tension

In the case of the crack under the remote tensile stress c., Fig. C1.2b, the stress function

reads
z
Z=0,—F——— (C1.2.5)
2’ —a’
yielding the x-stress of
x'
o, =0 =6w? (C126)
—a
with the stress intensity factor resulting as
K, =0 +ma (C1.2.7)
and the T-stress term as
T'=-0c, . (C1.2.8)

Reference C1

[C1.1] Irwin, G.R., Analysis of stresses and strains near the end of a crack transversing a plate, J.
Appl. Mech. 24 (1957), 361-364.
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2

Crack in a semi-infinite body

C2.1 Edge crack normal to the surface

The stress intensity factor of an edge-cracked semi-infinite body (Fig. C2.1) is under the re-
mote stress G =G, 1s (see Section A2.1)

K=o F\ra (C2.1.1)

F =1.12152225523... (C2.1.2)
The weight function can be described by

2 1

N 1
h= || ——+Y'D (a-x/a)" C2.1.3
M( — Z ( ) j ( )

An approximate representation of 4 was given in [C2.1] with the coefficients
Dy=0.58852, D;=0.031854, D,=0.463397

Ds=0.227211, D4=-0.828528, Ds=0.351383

On the basis of the Wigglesworth analysis [C2.2], the crack opening displacements v can be
determined and the weight function 4 results simply from the Rice [C2.3] equation

_E'av

h=—" C2.14
K Oa ( )

A weight function was given in [C2.1] determined from the first 12 coefficients of [C2.2] to-
gether with an extended solution with coefficients up to n=22. By application of Mathematica
[C2.4] one can easily increase the accuracy of these coefficients [C2.5]. In Table C2.1 the
first coefficients are compiled.

The T-stress and the biaxiality ratio 3 are
T =-0.5259676026 ¢, (C2.1.5)

L =-0.46897652 (C2.1.6)

The Green's function for T-stresses reads
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-0, ‘x:a+ _Tt(x, a)o(x)dx
0

with
t=1>C,(1-x/a)®""?

n=l

An approximate solution for ¢ is

t=1[0.345(1-x/a)""* +0.087(1— x/a)*"* +0.733(1— x/a)*"*]
or with reduced accuracy (see Fig. A4.6d) by the linear relation

0.948
I~
a

]Z-O'y (x)1—=x/a)dx

Table C2.1 Coefficients D, for eq.(C2.1.3).

D, n D, n D,

0.568846 10 | -0.00177336 20 1 0.00017319
0.243546 11 | -0.00077382 21 1 0.00014924
0.077759 12 | -0.00021180 22 1 0.00012834
0.0083769 13 | 0.00008136 23 10.00011041
-0.014199 14 | 0.00021773 24 1 0.00009516

-0.0173687 15 10.00026719 25 10.00008223
-0.0140855 16 |0.00027134 26 | 0.00007127
-0.00970142 17 10.00025389 27 10.00006197
-0.00603396 18 1 0.00022780 28 | 0.000054065
-0.00344057 19 | 0.00019983

O 0 9 O L A W NN~ O3

Fig. C2.1 Edge crack in a semi-infinite body loaded by remote y-stresses oy.
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C2.2 Oblique crack in the half-space

A slant edge crack in a semi-infinite body under an angle ¢ to the x-axis is illustrated in Fig.
C2.2. This crack is loaded either by pairs of normal forces P or shear forces Q at a distance of
x from the crack mouth (Fig. C2.2a) or constant tractions (Fig. C2.2b) in £ and y direction, c¢
and oy.

Gt

ttttrts
PV

Fig. C2.2 Oblique edge crack in a half space, a) loaded with concentrated forces acting on the crack
faces, b) loaded by constant tractions.

C2.2.1 Stress intensity factors and weight functions

As outlined in Section A3.1, the stress intensity factors under a combined crack-face loading
can be superimposed resulting in

K, = .a[[h” (x,a)o, (x)+ hy,(x,a)t(x)]dx (C2.2.1)

K, =|[hy (x,a)c,(x)+ h,, (x,a)r(x)]dx (C2.2.2)

O ey

The subscripts of the weight functions indicate the type of the resulting stress intensity factor,
the superscripts are related to the type of the tractions. In relations (C2.2.1) and (C2.2.2), the
stress G, 1s the stress normal to the crack and t is the shear stress acting in the crack plane.
The weight function contributions can be expressed by power series expansions as shown in
[C2.1]

h, = iZDyﬂ (1-x/a)"" (C2.2.3)
Ta ,=o
with DV =p¢» =1, D =DV =0 . (C2.2.4)
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The coefficients of the weight functions can be obtained from the stress intensity factors for
pairs of normal or shear forces, Fig. C2.2a, as described by eq(A3.1.7-A3.1.9) [C6].
The finite element results for concentrated normal and shear forces were fitted according to
eq.(C2.2.3) using terms with n=1 and 2, exclusively. The coefficients are compiled in Table
C2.2. At small angles of <30°, the mixed weight functions can be approximated by

by = — |2 (094201 x/a —0.411(1— x/a) )p (C2.2.5)
wa

hy =— /1(0.689«/1 —x/a +1.2501(1—x/a)3/2)(p (C2.2.6)
wa

with ¢ in radian.

6 0.5
h11\/a' h21\/a'
S 0
4
0.5
3
-1
2
15
1
0 1 1 1 1 1 2 1 1 n 1 1 1
0 02 04 06 08 1 0 02 04 06 08 1
x/a x/a
h21\/a
=15°
0.1F ¢
_0.2_
30°
03F
45°
0.4
c)
_05 " 1 " 1 n 1 " 1 n 1 O " 1 " 1 " 1 " 1 " 1
"0 02 04 06 08 1 0 02 04 06 08 1
x/a x/a

Fig. C2.3 Weight functions from stress intensity factors for pairs of concentrated forces, a) and b) for
normal forces P, ¢) and d) for shear Q.
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Table C2.2 Coefficients for approximate weight functions of stress intensity factors, eq.(C2.2.3).

11 11 12 12 21 21 22 22
(P(O) l)f ) l); ) l)f ) l); ) l)f ) l); ) l)f ) l)é )

0 0.568 |0.283 |0 0 0 0 0.568 0.283
15 10.678 [0.306 |-0.233 |0.094 -0.179 | -0.351 | 0.607 0.276
30 1.051 |{0.413 |-0.500 |0.222 -0.399 | -0.807 |0.756 0.210
45 1.880 | 0.679 |-0.846 | 0.421 -0.737 | -1.576 | 1.061 0.022
60 |3.787 [1.600 |-1.383 |0.783 -1.461 | -3.308 1.727 -0.253
75 1032 | 6.574 | -2.557 [1.702 -4.270 | -10.03 | 3.600 -1.382

C2.2.2 T-stress and Green’s functions

For the most general case, the integral representation must read

to (C2.2.7)

x=a Xlx=a

T = It(l)(x,a) o, dx + J.t(z) (x,a)r,, dx—0,
0 0

Green’s functions £ and /% can be determined as the T-term for a pair of concentrated forces
P and Q acting normal and parallel to the crack face. They can be expressed by

(O =13 CO(1 — x/a) 2" (C2238)
n=1

(P =13 CP(1—x/a)> " (C2.2.9)
n=1

Finite element results are shown in Fig. C2.4.From the T-stresses for the concentrated forces
P and O, the Green’s functions were obtained. A 3-terms fit of the data with respect to
eqs.(C2.2.8) and (C2.2.9) yields the coefficients compiled in Table C2.3.

5 0
T | a) T b)
P/(aB) L Q/(aBY
¢=15°
0.5r
3k
30°
oF
45° Ar 45°
s 30°
¢=15°
% 02 04 06 08 1 0 02 04 06 08 1
(a-x)/a (a-x)/a

Fig. C2.4 Green’s functions for T-stress under concentrated forces P and Q.
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Table C2.3 Coefficients for weight functions of T-stress, eqgs.(C2.2.8) and (C2.2.9).

© cO o cV c® P c
©)

0 0.345 |0.087 |0.733 |0 0 0

15 0.346 0.279 0.701 -0.185 | -0.413 | 0.277
30 0.381 0.956 0.582 -0.446 |-0.861 |0.613
45 10461 [2.882 |0.085 |-0911 |-1.422 |1.126

C2.2.3 Stress intensity factor for remote stresses

By applying of the weight functions given before, the stress intensity factors and the T-stress
term were computed for a remote stress in m-direction, oy, and for a constant stress in &-
direction, c:. The normal and shear tractions to be used in eqs.(C2.2.1), (C2.2.2), and (C2.2.7)

arc

c,=0; sinz(p+0'y cos’ @ (C2.2.10)

7=(0,—0;)sinpcosy (C2.2.11)

Figure C2.5 shows the geometric functions for the stress intensity factors defined by

K, =cF\ra, K,=0cF;\na (C2.2.12)

In Fig. C2.5 the squares represent results obtained with the weight function method. The cir-
cles indicate FE results.

F 1E)\D\_:£/G/D
0.5 F,
G—Gg 051
r. Fu
0[
0.5
Fu Tlo,
-0.50
1 " 1 " 1 " 1 " 1 " " 1 n 1 " 1 " 1 n
o 10 20 30 40 50 0 10 20 30 40 50
¢ () ¢ ()

Fig. C2.5 Mixed-mode stress intensity factors and T stress; a) constant stresses in &-direction, b) re-
mote stresses in n-direction. Squares: Weight function method, circles: Finite element results.

For small angles o, it holds

F, =1.12152-0.768p> + O(p*) (C2.2.13)
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F, =0.69050+ 0(¢p”) (C2.2.14)

resulting in the stress intensity factor ratio

Ka _Fu L 61560 (C2.2.15)

1 1

with ¢ in radian.

C2.3 Kink edge crack

The edge crack with a kink is illustrated in Fig. C2.6. Stress intensity factors and T-stress
were computed for constant stresses in y- and x- direction and for a constant pressure p on the
crack faces [C2.7]. The results are compiled in Tables C2.4-C2.6 and Fig. C2.7. The results of
Table C2.6 also reflect the well-known feature that the fracture mechanics parameters for
crack-face pressure are identical with the sum of parameters under ¢,=cy loading.

1

a

Fig. C2.6 Kinked edge crack.

0.5
041
b)
03 r G=Gy
02
017
0.5 0
-01 [
G=0y [ =
02[ G=0x
K L X L _03 " 1 L 1 " 1 L 1
09 15 30 45 0 10 20 30 40
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Fig. C2.7 Stress intensity factors for ¢;/a=0.9 under loading in x and y- direction.
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Fig. C2.8 T-stress for ¢;/a=0.9 under loading in x and y- direction.

Table C2.4 Stress intensity factors and T-stress under constant x-stresses from [C2.7].

cla |cla |9 | K,/oNar |K,/oc~Naxr |T/o,
0 0 0 1

0 1 15 0.0928 -0.296 0.9545
0 1 30 0.400 -0.613 0.9026
0 1 45 1.056 -1.036 1.169

0.9 0.1 15 0.0203 -0.0742 0.8732
0.9 0.1 30 0.0810 -0.1380 0.5284
0.9 0.1 45 0.1838 -0.1831 0.0636
095 [0.05 |15 0.0140 -0.0519 0.8730
0.95 ]0.05 |30 0.0559 -0.0964 0.5284
0.95 [0.05 |45 0.1258 -0.1273 0.0628
0.97 10.03 |15 0.0108 -0.0401 0.8731
0.97 10.03 |30 0.0428 -0.0744 0.5288
0.97 [0.03 |45 0.0961 -0.0980 0.0643
1 0 15 0 0

1 0 30 0 0

1 0 45 0 0

In order to check the accuracy, the finite element results were compared with the highly pre-
cise results of Noda and Oda [C2.8] obtained by using the body force method. In Table C2.7,
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the results from [C2.7] are compared with those of [C2.8] for ¢;/a=0.1 and loading in y-
direction. Maximum deviations are less than 0.25%.

Table C2.5 Stress intensity factors and T-stress under remote y-stresses.

ci/a |cla | ¢(°) KI/O'},\/E KII/GJ)\/E T/o,
0 1.1215 0 -0.526
0 1 15 1.088 0.177 -0.526
0 1 30 0.989 0.329 -0.411
0 1 45 0.838 0.434 -0.1013
0.9 0.1 15 1.087 0.1696 -0.3805
0.9 0.1 30 0.989 0.3172 0.0002
0.9 0.1 45 0.838 0.4255 0.4985
095 1005 |15 1.061 0.1625 -0.3506
0.95 |10.05 |30 0.967 0.304 0.1132
0.95 |10.05 |45 0.824 0.4044 0.6999
0.97 10.03 |15 1.050 0.159 -0.4415
0.97 10.03 |30 0.960 0.294 0.2309
0.97 10.03 |45 0.820 0.3918 0.9231
1 0 15 1.093 0.1437
1 0 30 1.011 0.2695
1 0 45 0.887 0.3626

Table C2.6 Stress intensity factors and T-stress under constant internal pressure p.

ci/a |c/a | (°) K, /p\/ﬁ K, /p\/% T/p
0 1.1215 0 0.474
0 1 15 1.179 -0.119 0.544
0 1 30 1.387 -0.285 0.804
0 1 45 1.893 -0.602 1.484
0.9 0.1 15 1.108 0.0951 0.4926
0.9 0.1 30 1.070 0.1792 0.5309
0.9 0.1 45 1.022 0.2424 0.5616
095 [(0.05 |15 1.075 0.1086 0.5226
095 [0.05 |30 1.023 0.2045 0.6418
095 [0.05 |45 0.950 0.2771 0.7630
1 0 15 1.093 0.1437
1 0 30 1.011 0.2695
1 0 45 0.887 0.3626
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Table C2.7 Comparison of stress intensity factors from [C2.7] with data of Noda and Oda [C2.8] for

c/a=0.1.
¢ (%) K, /oNar | K,/oNar | K,/o Nar K,/loNar
[C2.7] [C2.7] [C2.8] [C2.8]
15 1.087 0.1693 1.087 0.170
30 0.989 0.3172 0.990 0.317
45 0.839 0.4255 0.841 0.426
0.6 0.5
K;L F — K;L L G=Gv (p=45°
oVna o5t G=Cy oVna /
0.4r
041 |
03F
30°
03
02r
02F //
F 150
01r
01 a) ' b)
0 oz 04 06 08 0% o1 o0z 03
sin @ V(co/a)

Fig. C2.9 Influence of kink length and angle on the mode-II stress intensity factor for 6=o,.

In Fig. C2.9 the mode-II stress intensity factors for remote stress in y-direction are plotted as
a function of the sine of the angle ¢ and the square root of the parameter c,/a. Figure C2.10
represents the data for constant stress in x-direction and Fig. C2.11 for constant crack-face
pressure p. The values for ¢,/a=0 in Fig. C2.9 were obtained from the limit case of a small
kink crack ahead of a semi-infinite crack in an infinite body that is loaded by a mode-I contri-
bution, exclusively [C2.9].

For small angles ¢ and c,<<a, the data shown in Figs. C2.9-C2.11 can be expressed by the
following approximations:

0=0y:
K, . 2 P [
=1.1215sin(¢/2)cos” (¢/2) +0.2168sin 5 @, |— (C2.3.1)
o,\7ma a
0=0x:
K
& ;—ﬁsingocos”z(p cz/a—O.204c—2(p2 (C2.3.2)
o.7ma 7T a

crack-face pressure p:
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K . .
—H;1.121551n(¢)/2)(:052((0/2)—0.399s1n%(p1/c—2 (C2.3.3)
py7a a
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Fig. C2.10 Influence of kink length and angle on the mode-II stress intensity factor for c=oc.
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Semi-infinite kink crack

C3.1 Stress intensity factors and weight functions

C3.1.1 Approximate stress intensity factors from the Cotterell and Rice analysis

During spontaneous failure or during subcritical crack growth under mixed-mode loading, an
abrupt change of the initial crack plane occurs. The behaviour of such kinked cracks was dis-
cussed early in terms of the crack-tip stress field by Lawn and Wilshaw [C3.1] and in terms of
estimated stress intensity factors and T-stress by Cotterell and Rice [C3.2].

P
y Thickness: B Q

X (0) P

do

Fig. C3.1 Kink crack with kink length ¢, and kink angle ¢, loaded by point forces P and Q.

A straight crack of length a¢ is shown in Fig. C3.1. A kink of length ¢/ with a sudden change
of the original crack direction by an angle ¢ is assumed at its end. Following the analysis by
Cotterell and Rice [C3.2], the local mixed-mode stress intensity factors Ki(/) and Ky(¢) repre-
senting the singular stresses ahead of the kink can be computed from the singular stress field
produced ahead of the original (unkinked) crack. Taking into consideration the singular stress
term and the first regular term, the near-tip stress field caused by the original crack of length a
can be described by

K K
o, =Kla) o K@) o L rgint g (C3.1.1)
2rz 2rr

_Kl(ao) +K11(a0)

= g
2rw 2 N2rmw

with the distance » from the tip of the original crack and the angular functions

g,, —I'sinpcosp (C3.1.2)

re

gy, =cos’(p/2) (C3.1.3)

g, = =3sin(p/2)cos’ (p/2) (C3.1.4)
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g, =sin(@/2)cos’ (@ /2) (C3.1.5)

g, = cos(p/2)(1-3sin’*(¢/2)) (C3.1.6)

In (C3.1.1) and (C3.1.2) Ki(ap) and Ky(ap) are the stress intensity factors of the original (un-
kinked) crack. By considering these stresses on the projective plane of the kink as the stresses
in the “uncracked component” and regarding the kink of length 7 as the “crack”, the weight
function procedure provides the stress intensity factors Kj(¢) and Kyi(?) related to the tip of the
kink.
This technique was applied by Cotterell and Rice [C3.2] for the case of the simplified asymp-
totic weight function

hy,=hy, =_|— . (C3.1.7)

Tr

ignoring mixed weight function terms, i.e. for /1,=h,=0.
In this approximation, the stress intensity factors at the tip of the kink can be written as

KI(E):KI(ao)gu+K11(ao)g12+b1T\/Z (C3.1.8)
Ky (0) = K,(ay) g5, + K,y (a,) g5 + b, T (C3.1.9)
with the angular functions

b, =\/§sin2(p (C3.1.10)

V4

8 .
b, =—\/:sm(pcosgo (C3.1.11)

V4

Highly accurate stress intensity factors for kinked cracks were reported by Bilby et al. [C3.3],
Hayashi and Nemath-Nasser [C3.4], Lo [C3.5], and Isida and Nishino [C3.6]. These results
showed deviations from eqs.(C3.1.8) and (C3.1.9), especially for the terms with g, and g2».

C3.1.2 Weight function procedure including higher-order weight function terms
The stress intensity factors K(/) for the kinked cracks were computed in [C3.7] by the weight
function method as

l l
K, (0)= j &y, (r,0) dr + j 7., hy, (r,0) dr (C3.1.12)
0 0

0 v
K, (0)= j o hy, (r,0) dr + j 7, by (r, 0) dr (C3.1.13)
0 0

with the weight functions A(r,/) as defined in [C3.8]
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with

Dé“)

D@ -1,

i205;‘”(1—r/z)"-“
7Z'€ n=0

12 21
D{? = DY =0

The stress intensity factors at the tip of the kink can be written as

with the coefficients

_81 Z
_812 Z
Cy = 811 z

_812 Z

K, (0)=K,(a,)C,, + K, (a,)C,,

K, (0)=K(a,)Cy +K(a,)C,,

(11) I'(n+1/2)

(12) I'(n+1/2)

(11) F(n+l/2)

g21 Z

C(n+1) [(n+1)

(12) F(I’Z + 1/2)

peh I(n+1/2) L 8

g-p)
I'(n+1) 7[ Z I'(n+1)

(22) F(n + 1/2)

(21) F(I’l + 1/2)

Z

F(n+l) Jz ! F(n+1)

(22) F(I’l + 1/2)

gzz
I(n+1) 7[ Z I(n+1)

(C3.1.14)

(C3.1.15)

(C3.1.16)

(C3.1.17)

(C3.1.18)

(C3.1.19)

(C3.1.20)

(C3.1.21)

(I'=Gamma function). The application of these improved relations of course needs knowledge
of the coefficients D!” . A number of coefficients were reported in [C3.7].

For this purpose, finite element computations were performed for point forces P and Q at the
kink at variable distance /¢ from the tip of the kink crack (Fig. C3.1). Figure C3.2 shows the
so obtained weight functions as the symbols.

The coefficients D,Sij) were determined by application of a fit procedure. They are compiled
in Tables C3.1 and C3.2.

Table C3.1 Coefficients for the weight functions 4, and /,,.

B p(v p§y p{y p® | p D@
30° 1 0.002757 | 0.001539 | -0.000088 | 0.03657 | 0.00724 0.01350
60° | 0.045588 | 0.026197 | -0.004604 | 0.13621 | 0.04521 0.02746
90° ] 0.236603 | 0.167142 | -0.059586 | 0.28997 | 0.18191 |  -0.04287
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Table C3.2 Coefficients for the mixed weight function terms 4, and 4,;.

B | pi2 D§ p{12) D D& DY

30° | -0.00893 | -0.00347 |0.001890 | -0.009522 | -0.00222 | -0.00714
60° | -0.06765 | -0.02787 |0.021586 | -0.07466 |-0.01029 | -0.06851
90° |-0.21696 | -0.07370 |0.084911 | -0.22917 |-0.11355| -0.18260

| erere———— ——
’ 30°
h11\/€, hzﬂ/f 5
-0.11
60°
15
-0.21
1 »=90
-0.31
05 1 1 1 1 0.4 .‘ 1 1 N 1 1
0 02 04 0 08 1 0 02 04 06 08 1
r/ r/¢
3 p; ! 0
hgg\/f , Q// h12\/€
-0.05
ok
_._._._._ asymptotic

solution

©=90°

0 PR IR IR NI R Y T S| 1

0 0.2 0.4 0.6 0.8 1 0 0. 04 06 0.8 1
r/¢ r/e

Fig. C3.2 Approximate weight functions eqs.(C3.1.22-C3.1.25) (curves) compared with finite element
results (circles: data from [C3.7], squares: unpublished finite element results).

Approximate weight functions can be sufficiently expressed by use of the first series terms
exclusively as given by eqs.(C3.1.8) and (C3.1.9). The next higher approximation is

2 1
h :1/— —+D(“)\/l—r/€j C3.1.22
11 ﬂé[ M-,/ ¢ 1 ( )
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2 1

by = |2 L DT €3.1.23
2 ﬁﬁ(\/I—r/E : ( :
h,, = /%(Df%/l —r/l +D§21>(1—r/£)3/2) (C3.1.24)
b, = ,/%(Dl“z)«/il ZrI+ DO (1 -/ 1)) (C3.1.25)

The coefficients D,Sij ) are functions of the kink angle exclusively and can be fitted from data

reported in [C3.7] as

D"V =0.05135¢"*, D =0.1562 ¢

D™ =-0.04523¢" , D" = ~0.08449 ¢’ (C3.1.26)

D" =-0.064¢°, D{'* =0.000705¢"

with ¢ to be inserted in radian. These weight function approximations are shown in Fig. C3.2
as the solid curves together with the numerical results from [C3.7] (circles) and additional
finite element results (squares).

C3.1.3 Computation of the coefficients Cj;

Using the weight functions, the mixed-mode stress intensity factors Kj(¢) and Ky(/) were
determined. From eqs.(C3.1.18-C3.1.21), the coefficients Cj;, Ci, Cz;, and C,; were
obtained. Table C3.3 shows these coefficients for different kink angles. These data are
introduced in Fig. C3.3 as circles. An excellent agreement with the numerical results from
literature is evident. These results indicate that the higher-order weight function terms
missing in [C3.2] are responsible for the differences between the Cotterell-Rice
approximation and the exact solution.

For 0<¢p<90° the dashed curves in Fig. C3.3 can be described by the simple relation of
C,=zg,—1isin*(Qp), C,, =g, +isin’({gp) (C3.1.27)

A more increased accuracy can be reached by use of the solutions reported in [C3.9].

Table C3.3 Coefficients for the stress intensity factors Kj(¢) and Ky (/).

Q Ci C Cyy Cy

0° 1 0 1 0
30° 1 0.901708 | -0.72983 | 0.24052 0.79694
60° | 0.655697 | -1.16820 | 0.36946 0.30721
90° 1 0.372209 | -1.19417 | 0.34845 -0.19696
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¢ ()

Fig. C3.3 Stress intensity factor for a kink crack, as obtained from the weight function (circles) and
compared with the approximation by Cotterell and Rice [C3.2] (solid curves). Dashed curves: repre-
sentation by eq.(C3.1.27).

C3.1.4 Stress intensity factors caused by the T-stress

Knowledge of the weight function allows to compute the stress intensity factor contributions
caused by the T-stress term, 7, the first regular stress term. By use of the normal and shear
stress components

o, =Tsin’ @, 7,, =—T'sinpcosp (C3.1.28)

the stress intensity factors result from (C3.1.12) and (C3.1.13) as

K, (0)=bT~l , K (0)=bTl (C3.1.29)

with the coefficients defined by

2 © D(]l) © D(12)
b, =.|=|sin? " _sin@cos Zn C3.1.30
1 \/;[ ¢§n+; peospd ( )

n=0 2

1
n=0 N 2 n:0n+5

2| . D, & DY
b, :\/;{_ singpcosp) — 0 +sin’ @) (C3.1.31)

110



Neglecting all coefficients with n>0 leads to the approximations reported by Cotterell and

Rice [C3.2]
b, = ‘/§ sin” ¢
7

I8 .
b, =—,|—sin@cosg
V4

Evaluation of egs.( C3.1.30) and (C3.1.31) yields the coefficients b, and b, compiled in the
second and third columns of Table C3.4. Columns 4 and 5 contain data as taken from a dia-

(C3.1.32)

(C3.1.33)

gram in [C3.10] (where b; and b, are computed for a negative kink direction, i.e. for -¢) and
columns 6 and 7 present the approximate solution according to eqs.(C3.1.32) and (C3.1.33).
Taking into account the limited accuracy for extracting the data from the plot in [C3.10],
agreement of these data with the results from (C3.1.30) and (C3.1.31) is good.

Table C3.4 Coefficients for the stress intensity factors Ki(¢) and Ky(¢) due to the T-stress, eq.

(C3.1.29).
¢ b] bz b] bz bl b2
30°| 0.402 -0.704 0.46 -0.70 0.399 -0.691
60° | 1.238 -0.737 1.30 -0.73 1.197 -0.691
90° | 1.761 -0.200 1.80 -0.17 1.596 0

C3.2 T-stress and Green’s function

A kink crack ahead of a semi-infinite crack was modelled in [C3.11] by a crack of length
a=450x/ in a plate of height 900x/ and width 900x/. The T-stresses for concentrated forces
(see Fig. C3.1) are plotted in Fig. C3.4. The data were fitted according to

N N
(V=13 DOA—r/ ) B =1 DI (A=) ) (C3.2.1)
n=l1

n=1

for N=5 and 6 terms with the coefficients compiled in Tables C3.5 and C3.6.

Table C3.5 Coefficients for eq.(C3.2.1) as obtained under normal forces P (forked crack under sym-
metrical load).

o | o | o | po | po | pw
30° | 0.1096 | -0.5694 | -4.4385 | 7.9583 | -3.5310
45°1-0.0662 | -0.1610 | -1.177 | 1.0680 | -0.0130
60° | -0.057 | -0.190 | 0.3400 | -0.9839 | 0.7213
90° | 0.0982 | 0.2950 | -0.5274 | 1.1234 | -0.4927

111



Table C3.6 Coefficients for eq.(C3.2.1) as obtained under shear forces O (forked crack under symmet-
rical load).

¢ | p®» | D | p® | p» | DP | DP
15° | -0.1355 | -6.5790 | 45.026 | -89.694 | 75.588 | -23.430
30° | -0.1301 | -1.3333 | 3.9832 | -2.8202 | 0.4441 | -
45° | -0.2310 | -0.0820 | -1.0491 | 2.4794 | -1.2822 | -
60° | -0.2877 | -0.1457 | -0.2574 | 0.2991 | 0.0004 | -
90° | -0.3821 | -0.2418 | -0.0300 | -0.2447 | 0.1720 | -

Considering the conditions of symmetry and anti-symmetry, a fit procedure for N=3 terms
yields the coefficients of

DV = 4V p? + BV (C3.2.2)
D = 4% ¢+ BPp? (C3.2.3)
with the numbers A\, B compiled in Table C3.7 (for ¢ in radian).

n °>-n

Table C3.7 Coefficients for eqs.(C3.2.2) and (C3.2.3).

n|  4m B el B
1]0.0742 | -0.00462 |-0.1223 | -0.02335

-0.1277 0.0531 0.1144 -0.0995
31 0.1763 -0.00651 -0.2288 0.07505

0.6 0
T/(PI/B) | = T/(Q//B)t
0.5 (P -0.1
0.4 -0.2
0.3 -0.3
0.2 0.4
0.1 -0.5
0 of—1—1r . 1.1 .
0 0.2 04 06 08 1 0 02 04 06 08 1
4 r/¢

Fig. C3.4 Green’s functions for the T-stress of kinked cracks.
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c4

Semi-infinite fork cracks

C4.1 Stress intensity factors and weight functions

Forked cracks occur for instance in thermal shock problems at the moment of crack arrest
after an extended phase of spontaneous crack extension. This is the case in the centre region
of thermally shocked circular disks. Also in fatigue experiments on metals branching takes
place (see e.g. [C4.1]). Such a crack is illustrated in Fig. C4.1a together with the initially
straight crack of length a, present at the moment before forking. Highly precise stress inten-
sity factor solutions are available for the special case of remote tractions (e.g. [C4.2, C4.3]).
For locally varying stress distributions along the kink (e.g. in presence of crack bridging ef-
fects), stress intensity factor computation needs knowledge of the weight function. The fol-
lowing sections provide FE solutions.

C4.1.1 Loading on one branch

Figure C4.1 illustrates the case of the upper branch loaded by pairs of concentrated forces.
The weight functions under normal forces P are plotted in Fig. C4.2 for point A. The “asymp-
totic solution” entered as the dashed curve is given by

2
hll,asympt = 7[(6—}") (C411)

The weight function for point B on the lower branch is shown in Fig. C4.3.

Loading the upper branch by a pair of shear forces yields the weight functions of Fig. C4.4 for
point A. The weight functions for point B are given in Fig. C4.5.

Px P« crack tip A
Thickness: t Q Q
=)
a) R\
ao X < crack tip B

b) '

Fig. C4.1 a) Geometrical data of a semi-infinite forked crack in an infinite body, b) reference crack of
length a,.
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L - asymptotic
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Fig. C4.2 Weight functions for a fork crack under loading by a normal force P on the upper branch,
stress intensity factor also for the upper branch (A).

hotVO |

90°

1 L 1 L 1 L 1 " L 1 " 1 L 1 L 1

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
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Fig. C4.3 Weight functions for a fork crack under loading by a normal force P on the upper branch,
stress intensity factor for the lower branch (B).
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Fig. C4.4 Weight functions for a fork crack under shear loading by a shear force O on the upper
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Fig. C4.5 Weight functions for a fork crack under shear loading by a shear force Q on the upper
branch, stress intensity factor for the lower branch (B).

C4.1.2 Loading on both branches
The weight functions for symmetric loading are shown in Fig. C4.6 for normal forces P and in
Fig. C4.7 for shear forces Q. These results can also be obtained by adding and subtracting the
weight functions of Figs. C4.2-C4.5. From the results of Figs. C4.6 and C4.7, the coefficients
for the weight function representations

0.8 1

branch, stress intensity factor also for the upper branch (A).

h12\/€ |

01
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h; = 320,?">(1—r/z)"-“2 (C4.1.1)
72% n=0

with DY =D =1, D§? =D =0 (C4.1.2)

can be determined (see also [C4.4] and Section A3).

Table 4.1 Coefficients for a 4-terms weight function 4;; (symmetric loading).

0 Dl(u) Déll) D;n) D‘(‘ll)
15° -2.3693 5.7222 -5.6661 2.0038
30° -0.6906 -0.1901 1.7514 -1.0583
45° -0.1869 -0.4855 1.1566 -0.5172
60° 0.0353 -0.1374 0.3450 -0.1126
90° 0.3750 0.0358 0.3053 -0.1736
A P A ho Ve + P A

5 -

01r

| h21(B)=-h21(A)

ar P 0
o omoe || o1

-0.2r
2 -

0.3

| 30°
L o
’ 15 -04 15°
hy1(B)=h41(A)
0 n 1 L 1 L 1 1 n _05 L 1 n 1 L 1 L 1 n
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
r/¢ 24

Fig. C4.6 Weight functions for a fork crack under normal force P on both branches.

Table 4.2 Coefficients for a 4-terms weight function 4,, (symmetric loading)

® Dl(zz) D;zz) D3(22) Dizz)

15° 1 -0.0691 | 3.5919 | -4.5084 | 1.8392
30° | -0.0351 | 0.3243 | 0.5140 | -0.4062
45° | -0.0078 | -0.3362 | 0.9521 | -0.3929
60° | -0.0224 | 0.0093 | -0.0012 | 0.1653
90° | 0.2168 | 0.0563 | 0.1441 | -0.1389
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-0.1
h12(B)=h12(A)
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Fig. C4.7 Weight functions for a fork crack under symmetrical shear loading on both branches.

Table 4.3 Coefficients for a 5-terms weight function /4,; (symmetric loading)

Table 4.4 Coefficients for a 5-terms weight function /4, (symmetric loading)

® D1(21) D;z]) D3(21) Df;m D5(21)
15°| -0.2243 | -4.3809 | 11.2858 | -10.8232 | 3.6477
30°| -0.3036 | -1.3556 1.7585 -0.6234 -
45°| -03139 | -0.3497 | -0.1272 0.2778 -
60° | -0.2638 | -0.1313 | -0.2522 0.1469 -
90° | -0.2529 | -0.0022 | -0.4668 0.1785 -

® Dl(lz) Délz) D§12) Dim D5(12)
15°1-0.3233 | 4.4178 | -10.0998 | 9.1825 | -2.9823
30° | -0.4122 | 1.0553 -0.8749 0.1926 -
45° | -0.3215 | 0.0754 0.4026 -0.2933 -
60° | -0.2551 | -0.0593 0.2103 -0.0796 -
90° | -0.2401 | 0.0052 -0.1085 0.1181 -

C4.2 T-stress and Green’s function

T-stress results for symmetrically loaded forked cracks are represented in Fig. C4.8. The data
plotted refer to the upper part of the crack (i.e. for point A). Under P-load, the T-stress in the
lower crack part (point B) is identical with the results at A. Under Q-load, the T-stress at
point B has the same value as at point A, but an opposite sign. The coefficients for the
Green’s function representation according to eq.(A4.4.1) and
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N N
t(l) — %ZDS)(I _ r/g)(Zn—l)Q , t(z) — %ZDP(I _ r/g)(2n—1)/2 (C4.2.1)
n=l1

n=1

are compiled in Tables C4.5 and C4.6 up to N=5 and 6.
In Fig. C4.9, the T-stresses are shown for the case of the upper crack part only being loaded.
Also in this case the symmetric loading case can be obtained by superposition of these results.

1 1
T/(PI¢B) P A TipiB) TB=TA) g £OA

0.5

-0.5

0 02 04 06 08 1 0 . . .
r/¢ r/¢

Fig. C4.8 Green’s functions for the T-stress of symmetrically loaded forked cracks.

Table C4.5 Coefficients for eq.(C4.2.1) as obtained under normal forces P (symmetrical load).

o | oo | o | po | oo | pw
30° | 0.1096 | -0.5694 | -4.4385 | 7.9583 | -3.5310
45° | -0.0662 | -0.1610 | -1.177 | 1.0680 | -0.0130

60° | -0.057 | -0.190 | 0.3400 | -0.9839 | 0.7213
90° | 0.0982 | 0.2950 | -0.5274 | 1.1234 | -0.4927

Table C4.6 Coefficients for eq.(C4.2.1) as obtained under shear forces O (symmetrical load).

¢ | p®» | D | p@® | p®» | p® | D@
15° | -0.1355 | -6.5790 | 45.026 | -89.694 | 75.588 | -23.430
30° | -0.1301 | -1.3333 | 3.9832 | -2.8202 | 0.4441 | -
45° | -0.2310 | -0.0820 | -1.0491 | 2.4794 | -1.2822 | -
60° | -0.2877 | -0.1457 | -0.2574 | 0.2991 | 0.0004 | -
90° | -0.3821 | -0.2418 | -0.0300 | -0.2447 | 0.1720 | -
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Fig. C4.9 Green’s functions for the T-stress of non-symmetrically loaded forked cracks.
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C5

Circular disk with internal crack

C5.1 Disk under constant radial load

The circular disk with a symmetrical internal crack is shown in Fig C5.1. This configuration
under constant circumferential traction has been analysed with the boundary collocation
method (BCM).

Fig. C5.1 Circular disk with internal crack under constant normal traction at the circumference.

The stress intensity factor solution is given by [C5.1]

K  1-05a+16873a” —2.671a’ +32027a* —18935a°

o, N l-a

F =

(C5.1.1)

with a=a/R. Figure C5.2a shows the BCM results as the circles and the relation (C5.1.1) as
the curve (se also Table C5.1).

The T-stress is plotted in Fig. C5.2. The BCM results are introduced by the circles. The curve
can be approximated by

_ —234a’ +4.27a° -3.326a" +0.9824a°
l-«a

T/o

n

(C5.1.2)

The T-values compiled in Table C5.1 were extrapolated to oo = 1. Within the numerical accu-
racy of extrapolation, the limit values are

lim?7/o*(1-a)=-0.413 =~ (C5.1.3)

Nzt -4
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and for the biaxiality ratio

1

lirrll,B\/l —a=g (C5.1.4)
1.1
F(1-a)"2 | T(1-a)/o|
1 0.2
09 r
I -0.4
0sF © BCM . o BCM
-0.6
07 r
-0.8 |
06T a) _ b)
05 L 1 \ 1 \ 1 , 1 L _1 L 1 L 1 L 1 L 1 L
0 02 04 06 08 1 0O 02 04 06 08 1
a/R a/R

Fig. C5.2 T-stress for an internal crack in a circular disk.

Table C5.1 T-stress, stress intensity factor, and biaxiality ratio for an internally cracked circular disk
with constant tensile traction at the circumference (values for a.=1 extrapolated).

a=a/R | F-(1-o)"* | T/o-(1-a0) | B-(1-a)2
0 1.000 0.000 0.00

0.1 0.965 | -0.019 | -0.020
0.2 0.951 -0.064 | -0.067
0.3 0.951 0.120 | -0.126
0.4 0962 | -0.176 | -0.183
0.5 0979 | -0228 | -0.233
0.6 0.998 | -0275 | -0.275
0.7 1.011 0315 | -0.311
0.8 1.004 | -0352 | -0.351
0.9 0.953 | -0.385 | -0.404
1.0 | 0.8255 | -0.413 -0.50
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Figure C5.3 represents the displacement at the crack centre x =0 for constant normal tractions
G, 1n the form of

s=209 U sy, a=alR (C5.1.5)
a l-«a

'

The open circles result from boundary collocation computations and the solid curve is the
result obtained by application of the procedure proposed by Paris (see e.g. Appendix B in
Tada’s handbook [C5.2]). The solid circles are analytical values resulting from limit case con-
siderations. The dashed curve in Fig. C5.3 is the solution for the endless parallel strip with an
internal crack, as reported by Tada [C5.2].

1.4

7\( @ analytical values (/\

/
1.2 /

0.8

0 0.2 0.4 0.6 0.8 1
a/R

Fig. C5.3 Crack opening displacements for the internally cracked disk according to eq.(C5.1.5) (open
circles: BCM results, solid curve: procedure proposed by Paris). Dashed line: data for an internally
cracked endless strip [C5.2].
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C5.2 Disk partially loaded by normal traction at the circumference

A partially loaded disk is shown in Fig. C5.4a. Constant normal tractions G, are applied at the
circumference within an angle of 2y.

Fig. C5.4 a) Partially loaded disk, b) diametrical loading by a couple of forces (disk thickness: B).

The total force in y-direction results from
v
P, =2Boc, I Rcosy'dy'=2Bc, Rsiny (C5.2.1)
0
The geometric function F, defined by
K, =oc*JmF(alR) , (C5.2.2)

is plotted in Fig. C5.5, with the characteristic stress o* defined as

P
o*=—" . (C5.2.3)
TRB

From the limit case y—0, the solutions for concentrated forces (see Fig. C5.4b) are obtained
as represented in Fig. C5.6. Comparison with the results from literature [C5.3-C5.5] reveals
good agreement of stress intensity factors. The solution given by Tada et al. [C5.2] (dashed
curve in Fig. C5.6) deviates by about 20% near a/R = 0.8. The results obtained here can be

expressed by
K, =oc*JmkF,
F 312542170130 +4.0597a - 2.8059a* (C5.2.4)
=

|
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with a=a/R and 6* given by eq.(C5.2.3).

3
Fp(1-0t)1/2 Y /16
/8 V
25 S
: TC/4 \ZKA\
2
{TD”D’—D‘D\

3m/8 %

0 02 04 06 08 1
a/R

Fig. C5.5 Stress intensity factors for a circular disk, partially loaded over an angle of 2y (see Fig.
C5.4a).

3

Fe(1-0)" |

2.5 \‘

15|

1 I . . . .
0O 02 04 06 08 1
a/R

Fig. C5.6 Stress intensity factor and T-stress for a circular disk loaded diametrically by concentrated
forces (Fig. C5.4b). Comparison of stress intensity factors; solid squares: partially distributed stresses
with an angle of y=m/16, circles: results by Atkinson et al. [C5.3] and Awaji and Sato [C5.4], open
squares: results obtained with the weight function technique [C5.5], dashed line: solution proposed by
Tada et al.[C5.2].
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The x-stress term 7 is shown in Fig. C5.7. From the limit case y — 0, the solutions for concen-
trated forces (see Fig. C5.4b) are obtained as represented in Fig. C5.8.

T(1-0))/c*

a)

0 02 04 06 08 1
a
Fig. C5.7 T-stress for a circular disk partially loaded over an angle of 2y (see Fig. C5.4a).

-1 -

L

4 ‘ ‘ ‘
0O 02 04 06 08 1

a/R

Fig. C5.8 T-stress for a circular disk loaded diametrically by concentrated forces (Fig. C5.4b). T-stress
results including partially distributed stresses with an angle of y=m/16 (squares) and exact limit cases
for a=0.
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The T-stress can be fitted by

T _Ald-a)+767T71 a’—160169a’ +8.7994a* — 110849 o’

C5.2.5
o* -« ( )
In this case, the limit value is (at least in very good approximation)
im7 /o *(1- o) = —0.648 = dd (C5.2.6)

“Nr-a

C5.3 Central point forces acting on the crack face

A centrally cracked circular disk loaded by a couple of forces at the crack centre is shown in
Fig. C5.9. The corresponding stress intensity factor and T-stress were calculated by boundary
collocation computations.

Fig. C5.9 Circular disk with a couple of forces acting on the crack faces.

The stress intensity factor for central point forces is

K, =——F, (C5.3.1)

N ma
with the geometric function being

_ 1-107884c + 8249560 —17.9026c” +203339a" — 93054

NEr

Fy

Figure C5.10 gives a comparison of the BCM results with results obtained by Tada et al.
[C5.2] using an asymptotic extrapolation technique. Maximum differences are in the order of
about 10%.
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The T-stress data obtained with the BCM method are plotted in Fig. C5.11 by the squares.
Together with the limit value, eq.(C5.2.6), the numerically found T-values were fitted by the
polynomial of

T -41971 4661a’ —11497 > - 0. 4
T _ 971 + 54661 97 a” —0.7677 (C5.3.2)

o* -«

This relation is introduced into Fig. C5.11 as the solid line.

Fp(1-0.)'"
1.6
Wl TN
1.2
1
0 0.2 04 0.6 0.8 1

a/R

Fig. C5.10 a) Geometric function for a couple of forces P at the crack centre. Solid curve: [C5.6],
dashed curve: [C5.2].

T(1-0)/c*

i

0 0.2 0.4 0.6 ‘0.8 | 1
(04

Fig. C5.11 T-stress for an internally cracked circular disk with a couple of forces acting in the crack
centre on the crack faces [C5.7]. Symbols: numerical results, solid line: fitting curve.
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Mode-I weight function [C5.1] for symmetrical loading o(x) = o(-x):

2 1

E 1/1—,02

_ 8—4a +3.8612a” —15.9344a’ +24.6076a " —13.234a’ B

h, = +Dy\1-p° +D,(1-p*)"? |, p=x/a (C5.3.3)

D, 8 (C5.3.4)
-«
_ 2 3 4 5
D1:_8 4o +0.6488c” —14.1232a° +24.2696" —12.596¢¢ .8 (C5.3.5)
l-«
A two-terms Green's function for the T-stress term reads
tz%CO(l—xz/az)”+%C1(1—x2/az)3/2 (C5.3.6)
with
2 3 4 5
C, = 3902a° +11.307a” —14.743ca” + 6.469 (C5.3.7)
l-a
1.2297a* —7.828¢a” +14.012a* —6. >
C - 970 —7.828¢ca” +14.012a™ — 6.958c (C5.3.8)
l-«
or in the form
t=L1E,(1-x"/a’)+LE (1-x*/a")’ (C5.3.9)
2 3 4
E, - 6.8622c +18.1057a” —22.0173c” +9.3229c (C5.3.10)
l-a
4.1902c —14.626a* +21.2854a” —9.8117a*
E = 902 626" + 854a” -9.8117x (C53.11)

l-«

With the Green's function, the stress intensity factor for the diametrical tension specimen (Fig.
C5.4b) was computed by using the stress distribution

o, 4

&:_H_“%ﬂz : (C5.3.13)
o * 1+

The result is plotted in Fig. C5.12. It becomes obvious that in this approximation small devia-
tions between BCM and Green’s function results are visible for large o only.
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T(1-a)lc* | o c536-C53.8

= C5.3.9-C5.3.11 Qﬁﬁ,e»@‘““

4

0 02 04 06 08 1

a/R
Fig. C5.12 T-stresses for an internally cracked circular disk loaded by a couple of diametric forces at
the free boundary (see Fig. C5.4b). Results from 2-terms Green's functions (symbols) compared with
results from boundary collocation (BCM) computations (curve represents eq.(C5.2.5)).
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C5.4 Mode-II loading

Figure C5.13 shows the crack-face loading by a constant shear stress T and a pair of concen-
trated tangential forces Q.

a) b)

Fig. C5.13 Internal radial crack loaded by shear traction, a) constant shear stress t, b) pair of concen-
trated shear forces Q.

The stress intensity factor under constant shear traction t is [C5.5]

— 1-0.50 +0.9274a> — 0.88414c° + 0.28226a*
Ky=tFm , =

-

(C5.4.1)

with a=a/R.

The stress intensity factor for a point load Q (line load over plate thickness B) in the crack
centre is [C5.5]

_1-0.5a+1.977a* —1.5655¢° +0.3851a*

20
X F . F = (C5.4.2)
0" g ™ 1 -«
A mode-II weight function for symmetric loading t(x) = t(-x) is [C5.5]
hy = |+ D 1= p7 +D,(1- p*)" (€54.3)
11 \/% 11 _ pz 0 :
2 3 4
D, = 5-25a+14882a° —23766a” +1.1028c s (C5.4.4)
V-«
2 3 _ 4
D, - 4+20+04888a” +081112a° —0.7177« " (C5.4.5)

Vi—a
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C5.5 Brazilian disk with internal crack

The mixed-mode loading situation for a disk under diametrically applied concentrated forces
is shown in Fig. C5.14. The angle between crack plane and loading line deviates from ®=90°.
This configuration is called Brazilian disk test.

Fig. C5.14 Diametrical compression test with internal crack (disk thickness: B).

The mixed-mode stress intensity factors Ki, Ki and related geometric functions £, Fi; read
K, =c*Fm = ja(x)hl (x,a)dx (C5.5.1)
0

K,=c*FNm = jr(x)hn (x,a)dx (C5.5.2)

0

with the characteristic stress * defined by

P

o¥=——

, C5.5.3
7IRB ( )

(identical with the maximum tensile stress in the centre of the disk).

The tangential, radial, and shear stress components (G, Gr, and Ty,) in an uncracked Brazilian
disk were given by Erdlac (quoted in [C5.3]) as

o —2o¥| L. (1-pcos®)sin’®  (1+pcos@)sin’ O (C5.5.4)
7 2 (1+p>=2pcos®)’ (1+p° +2pcos®)’ o
S 1 (1-pcos@)(cos®—p)*  (1+pcos®)(cos® + p)° (C5.5.5)
’ 2 (1+ p*> —2pcos®)’ (1+ p* +2pcos®)’ o
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2P {(l — pcos®)(cos® — p)sin O N (1+ pcos®)(cos® + p)sin O

o, = C5.5.6
""" 7BR (1+ p*> =2pcos®)’ (1+ p* +2pcos®)’ } ( )

with p=r/R. T-stresses and geometric functions are given in Figs. C5.15-C5.17 and in Tables
C5.2-C5.4.

3
Fu F
2+ o°
3 M/
1 15°
r oy
0
2 ) NO\
2 ‘\\
5 N
1 4k 90° o
1 L 1 1 -5 1 I L I
0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8
a/R a/R

Fig. C5.15 Geometric functions for mode-II and mode-I stress intensity factors at several angles ©.
Curves: obtained with weight functions [C5.5]; solid squares: Atkinson et al. [C5.3]; open squares:
Sato and Kawamata [C5.8].

Fi [ Fi
1 a/R=0.5
ol
0
1F
1._
2L
3F
o 30 60 9 % 30 60 9

® (°) ® )

Fig. C5.16 Geometric functions for a/R=0.5 as a function of the angle ®. Curves: obtained with the
weight function procedure; squares: results from Atkinson et al. [C5.3] and Awaji and Sato [C5.4].
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Fig. C5.17 T-stress for the Brazilian disk as a function of the angle ®.

Table C5.2 T-stress 7(1-a/R)/c* for the Brazilian disk test.

a/R [®=0° |15° 30° 45° 60° 75° 90°
0 -4.000 (-3.464 |[-2.000 [0.000 |2.000 |3.464 |[4.000
0.1 [-3.656 ([-3.136 [-1.745 |0.091 |1.855 |3.104 |[3.552
0.2 |-3.398 |-2.829 [-1.396 |0.312 |1.773 [2.711 |3.029
0.3 |-3.197 |-2.515 [-0.969 [0.581 |1.684 [2.294 |2.485
0.4 |[-3.033 [-2.1623(-0.491 |0.813 |1.543 |1.882 |[1.980
0.5 |[-2.895 [-1.732 [-0.013 |0.936 |1.344 |1.508 |[1.552
0.6 |-2.775 |-1.182 (0.370 |0.919 |1.115 |1.200 |1.223
0.7 |-2.668 |-0.505 [0.557 ]0.795 [0.903 [0.971 |0.970
0.8 [-2.574 [0.119 [0.518 (0.642 |0.741 |0.815 [0.820
Table C5.3 Geometric function Fy; for the Brazilian disk tests.

a/R |®=0° |[15° 30° 45° 60° 75° 90°

0 0. 1.000 (1.732 (2.000 |1.732 |1.000 |O.

0.1 |o0. 1.023 [1.758 (2.010 |1.724 |0.988 |0.

0.2 |0. 1.092 [1.835 |2.036 [1.698 |0.955 |O.

0.3 |0. 1.214 [1.957 |2.069 [1.656 |0.907 |O.

0.4 |0. 1.400 (2.116 [2.097 |1.603 |0.856 |O0.

0.5 |0. 1.670 (2.299 (2.119 |1.554 |0.813 |O0.

0.6 |0. 2.053 |2.491 |2.146 |1.530 |0.792 |O.

0.7 |0. 2.578 12.697 |2.220 |1.564 |0.808 |O.

0.8 |0. 3.260 (3.009 (2.441 [1.720 |0.889 |O0.
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Table C5.4 Geometric function F; for the Brazilian disk tests.

alR |©@=0° |15° 30° 45° 60° 75° 90°

0 1.000 |0.732 |0 -1.000 |-2.000 |-2.732 [-3.000
0.1 (1.017 |0.737 |-0.020 |-1.037 |-2.033 |-2.750 |-3.016
0.2 |1.063 |0.746 |[-0.084 (-1.141 |-2.120 |-2.793 |-3.031
0.3 [1.137 |0.752 |-0.200 |-1.308 |-2.248 |-2.854 |-3.062
0.4 |1.241 |0.742 |-0.379 |[-1.527 |-2.406 |-2.940 |-3.118
0.5 [1.384 ]0.693 |-0.635 |-1.789 |-2.594 |-3.065 |-3.220
0.6 |[1.578 |0.562 [-0.973 |[-2.083 |-2.819 |-3.250 [-3.393
0.7 [1.846 |0.263 |-1.381 |-2.413 |-3.108 |[-3.525 |[-3.665
0.8 [2.244 |-0.302 |[-1.843 |[-2.824 |-3.530 |-3.965 |-4.112
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C5.6 Mixed boundary conditions

C5.6.1 Constant radial displacement and zero shear traction

The internally cracked circular disk under constant radial displacement and disappearing
shear tractions along the circumference is illustrated in Fig. C5.18.

u,=const.
//"1“‘\(/

BN TRm=0
AN

1.8 L
F

1.6

1.4

1.2

05 ‘ ‘ ‘
0 0.2 04 06 0.8

Fig. C5.19 Geometric function £ according to eq.(C5.6.1)

The stress intensity factor for the loading case of u, = const, Tr,, =0 is defined by

K=c*ra F(a/R,v), o= ”}E (C5.6.1)

where E is Young’s modulus and v Poisson’s ratio.
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The geometric function F is plotted versus a/R and v in Fig. C5.19. For the special case of v

=(0.25 and a0 £0.7 a fit relation reads

F=%4-2154a*+3.200a" —-1.987a°

(C5.6.2)

The T-stress normalised to the stress 6* is represented in Fig. C5.20. The higher-order coeffi-
cients A and By, see eq.(A1.1.4), are compiled in Tables C5.5 and C5.6

Fig. C5.20 T-stress as a function of crack size and Poisson's ratio.

For v=0.25 and aa=a/R<0.7 we find

T/c*

0.6 -

0.4

0.2

a/R

T/c%¥=2597a* -2.685a" +0.6495a"

Table C5.5 Coefficient 4, according to eq.(A1.1.4).

v=0 0.1 0.2 0.3 0.4
a/R=0.15 |-0.1255 |[-0.1393 |-0.1565 [-0.1784 |-0.2073
0.2 -0.1060 [-0.1175 |-0.1317 |-0.1497 [-0.1734
0.3 -0.0826 [-0.0911 |-0.1016 |[-0.1147 [-0.1316
0.4 -0.0692 |-0.0757 |-0.0836 |[-0.0933 |-0.1056
0.5 -0.0624 |-0.0674 |-0.0734 |-0.0807 |-0.0897
0.6 -0.0617 [-0.0656 |-0.0702 |[-0.0758 |-0.0825
0.7 -0.0689 [-0.0722 |-0.0760 |[-0.0805 |-0.0858
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Table C5.6 Coefficient B, according to eq.(A1.1.4)

v=0 0.1 0.2 0.3 0.4
a/R=0.15 [0.0018 10.0019 |0.0020 [0.0020 |0.0022
0.2 0.0036 [0.0035 [0.0034 |0.0033 |0.0031
0.3 0.0105 [0.0101 [0.0097 ]0.0093 |0.0089
0.4 0.0211 [0.0202 (0.0193 |0.0184 ]0.0174
0.5 0.0346 [0.0330 (0.0313 |0.0296 |0.0277
0.6 0.0506 [0.0480 [0.0453 ]0.0424 |0.0392
0.7 0.0704 [0.0665 [0.0624 |0.0579 |0.0531
\ \
" a) 1 \ b) |
1.5 A1-v)
\\ 0.8
AREANEN
NN 06
\0.4 v=0
\( | 2
0.2 \
) 0.4
0.5 i 0.4
0 02 04 06 08 0 02 04 06 08 1
a/R a/R

Fig. C5.21 Crack opening displacement 6 at x=0 (for d and x see Fig. C5.3) as a function of Poisson's

ratio.

The crack opening displacements at x =0, represented as

S=

_ 2ac*
E|

AMa), a=alR

with o* defined in (C5.6.1), are shown in Fig. C5.21.
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C5.6.2 Constant radial traction and zero tangential displacements

The internally cracked circular disk under constant radial traction o, and zero tangential dis-
placements along the circumference is illustrated in Fig. C5.22.

O=const.

v,=0

Fig. C5.22 Boundary conditions ,=const, V,=0.

The stress intensity factor for the loading case of o, = constant, v, = 0 is represented by
eq.(C5.6.1) with now o, instead of o*. The related geometric function is shown in Fig.
C5.23a. For v=0.25 and a/R <0.7 an approximation is given by

F=1+0.8162a” +3.8905a° —6.3161a* +2.0754c° . = a/ R (C5.6.5)

The T-stress is represented in Fig. C5.23b. A fit relation is

T/o,=-0.7379a’ —7.7055a> +16.00a* —7.9212a° (C5.6.6)

Only a minor influence of v on F' and 7/c, is visible in Fig. C5.23. From the additionally in-
troduced results for the boundary conditions of tr, =0 instead of v, =0 (see dashed curves),
we find an influence of the different tangential boundary conditions only, if o.> 0.4.

The higher-order coefficients A; and B, are compiled in Table C5.7 for v=0.25.

Table C5.7 Coefficients 4, and B; for v=0.25 according to eq.(A1.1.4).

alR |4, By

0.2 |-0.1166 |[-0.0100
0.3 |-0.0974 |-0.0403
0.4 |[-0.0800 |-0.0959
0.5 |[-0.0548 |-0.1917
0.6 |-0.0103 [-0.3472
0.7 10.0706 |[-0.5967
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Fig. C5.23 Geometric function and T-stress under the boundary conditions of ¢, =const., v,=0
(dashed curves: stress boundary conditions &, =const., Tr,=0).

C5.7 Full displacement boundary conditions

The internally cracked circular disk under constant radial displacement u, and zero tangential
displacement v,, is shown in Fig. C5.24. The stress intensity factor solution expressed by the
geometric function F (see eq.(C5.6.1)) is represented in Fig. C5.25a. The T-stress term is
shown in Fig. C5.25b.

For v=0.25 the results are approximated by

F=%4-25727a” +2.0487a" +0.9988a" —1.4003¢° , a=a/R  (C5.7.1)
T/o*=3271a”-5.628a’ +3.826a" (C5.7.2)
The higher order coefficients 4; and B; are compiled in Tables C5.8 and C5.9.

u,=const.

Fig. C5.24 Boundary conditions u, = const., V,=0.
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1.5

0.5

Fig. C5.25 Geometric function and T-stress under the boundary conditions of u, =const., v, =0.

Table C5.8 Coefficient 4, according to eq.(A1.1.4).

v=0 0.2 0.3 0.4
a/R=0.2 |-0.106 [-0.132 [-0.150 {-0.174
0.3 -0.082 |-0.102 |-0.116 |-0.133
0.4 -0.067 |-0.084 |-0.096 [-0.110
0.5 -0.057 |-0.073 |-0.083 |-0.095
0.6 -0.049 |-0.064 |-0.074 |-0.085
0.7 -0.041 |-0.057 |-0.067 |-0.079

Table C5.9 Coefficient B, according to eq.(A1.1.4).

v=0 0.2 0.3 0.4
a/R=0.2 {0.003 |0.006 [0.007 {0.010
0.3 0.008 [0.014 |0.018 [0.023
0.4 0.013 {0.023 [0.030 {0.040
0.5 0.012 {0.028 [0.039 [0.052
0.6 0.000 {0.021 [0.036 [0.053
0.7 -0.040 {-0.009 [0.010 {0.033
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C5.8 Partially loaded disks

C5.8.1 Stress boundary conditions

The case of different stress boundary conditions over parts of the circumference is dealt with
in Section C5.2. Results for the stress intensity factor K are expressed by the geometric func-
tion F according to

K =0 mF(y,alR) (C5.8.1)

and represented in Fig. C5.26.

The T-stresses are illustrated in Fig. C5.27 as a function of the loading angle y and crack size
a/R. In Tables C5.10 and CS5.11 the next higher-order coefficients of the stress function,
eq.(Al.1.4), are given.

14 r b)
F |
1.2 r
i1

; a/R=0.3
0.8
a) oor b)
0O 0.2 04 0.6 0.8 0 30 60 90
a/R Y

Fig. C5.26 Geometric function /" according to eq.(C5.6.1).
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Fig. C5.27 T-stress as a function of crack size and loading angle y.
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Table C5.10 Coefficients 4, and B, according to eq.(A1.1.4) for y=45°.

A By
a/R=0.2 {-0.115 |-0.1659
0.3 -0.0766 |-0.2554
0.4 -0.0393 [-0.3977
0.5 0.0056 [-0.5672
0.6 0.0598 |[-0.7338
0.7 0.1344 (-0.9290

Table C5.11 Coefficients 4, and B, according to eq.(A1.1.4) for y=90°,

A By
a/R=0.2 [-0.117 [-0.0116
0.3 -0.0979 [-0.0359
0.4 -0.0828 [-0.0796
0.5 -0.0640 [-0.1465
0.6 -0.0346 |-0.2473
0.7 0.0179 |[-0.4107

C5.8.2  Mixed boundary conditions in the loading region

An internally cracked circular disk with constant radial displacements u, over the angle 2y
and zero normal traction G, acting on the remaining part of the surface is shown in Fig. C5.28.
In this loading case, the shear traction along the circumference is chosen to be tr,=0.

Fig. C5.28 Partially loaded, internally cracked disk under mixed boundary conditions: constant radial
displacement over the angle 2y, zero normal traction over the remaining part, zero shear traction along
the whole circumference.
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The stress intensity factor for the loading case of u, = constant, tr, =0 is defined by

_u,E
R

K =c*+na F(a/R,v,y), o* (C5.8.2)
(E=Young's modulus, F'= geometric function). Results of boundary collocation computations
are represented in Fig. C5.29 for a Poisson's ratio of v =0.25 and several loading angles y.

The influence of the Poisson's ratio is shown in Fig. C5.30. The T-stress is represented in Fig.
C5.31.

1.4

1.2

0.8 r

. . . 0o 30 60 90
a/lR Y
Fig. C5.29 Geometric function F, eq.(C5.8.2), as a function of crack size and loading angle.
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1.2

0.8
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Fig. C5.30 Influence of Poisson's ratio v on the geometric function F.
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Fig. C5.31 T-stress as a function of crack size, Poisson's ratio, and loading angle y.

C5.8.3 Displacement boundary conditions in the loading region

The internally cracked circular disk with constant radial displacements u,, zero tangential dis-
placements v, over the angle 2y, and traction-free surfaces elsewhere is shown in Fig. C5.32.
The geometric function according to eq.(C5.8.2) is plotted in Fig. C5.33 as a function of v,
a/R, and v. The T-stress is shown in Fig. C5.34.

In Fig. C5.35, the geometric function and the T-stresses are plotted for the two boundary con-
ditions in the loading region: u, = constant, v, =0 (solid curves) and u, = constant, Tr, = 0
(dashed curves). Only very small differences can be detected.
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Fig. C5.32 Partially loaded, internally cracked disk under mixed boundary conditions: constant radial
and zero tangential displacements over the angle 2y, zero traction elsewhere.

Fig. C5.33 Influence of Poisson's ratio v on the geometric function F.
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Fig. C5.35 Influence of a tangential boundary condition in the loading range on F and T-stress. Solid
curve u,=const., V,=0; dashed curve: u,=const., Tr,=0.
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Cé6

Rectangular plate with an internal crack

C6.1 Stress conditions at the plate ends

The geometric data of the rectangular plate with an internal crack are illustrated in Fig. C6.1.
At the ends of the plate constant tractions ¢ act. Data for the stress intensity factor

K =oFNm, F=Fhl-alW (C6.1.1)

from boundary collocation are represented by Fig. C6.2 and Table C6.1.

0 o e

0)

Yi
X

2w _
YT AT T TTeaTy

Fig. C6.1 Rectangular plate with a central internal crack (geometric data).

Table C6.1 Normalised geometric function £ for tension.
H/W=1.5 1.25 1.00 0.75 0.5 0.35
o=0 1.00 1.00 1.00 1.00 1.00 1.00
0.2 0.916 0.924 0.940 0.977 1.051 1.182
0.3 0.888 0.905 0.940 1.008 1.147 1.373
0.4 0.869 0.890 0.942 1.053 1.262 1.562
0.5 0.851 0.877 0.943 1.099 1.391 1.742
0.6 0.827 0.856 0.937 1.130 1.533 1.938
0.7 0.816 0.826 0.914 1.125 1.668 2.197
0.8 0.814 0.818 0.840 1.088 1.689 241
1.0 0.826 0.826 0.826 0.826 0.826 0.826
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Fig. C6.2 Stress intensity factor for tensile loading.

T-stress results from BCM-computations are shown in Fig. C6.3a and Table C6.2 for different

height-to-width ratios.

Table C6.2 T-stress term normalised according to 7'(1-a)/c for

different crack and plate geometries.

o=a/W|HW=035| 050 | 0.75 | 1.00 | 1.25
0 -1.0 -1.0 -1.0 -1.0 -1.0
0.1 -0.97 -096 | -092 | -091 | -0.9
0.2 -0.95 -0.92 | -0.88 | -0.85 | -0.83
0.3 -0.766 | -0.855| -0.85 |-0.809 | -0.777
0.4 -0.455 | -0.745 | -0.805 | -0.756 | -0.716
0.5 -0.110 | -0.616 | -0.738 | -0.692 | -0.656
0.6 0.145 -0.502 | -0.647 | -0.620 | -0.596
0.7 0.215 -0.400 | -0.543 | -0.55 | -0.53
0.8 0.13 -0.291 | -0.45 | -0.46 | -0.47
0.9 -0.10 -0.25 | -0.38 | -0.41- | -0.43
1.0 -0.413 |-0.413|-0.413|-0.413 |-0.413
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Fig. C6.3 Internal crack in a rectangular plate under tension, a) T-stress, b) biaxiality ratio.

The biaxiality ratio, as defined by eq.(A1.3.12), is plotted in Fig. C6.3b and additionally given
in Table C6.3.

For a long plate (H/W>1.5) and a=a/W<0.8, the biaxiality ratio  can be approximated by

_l—O.Sa
-«

B

I

(C6.1.2)

For the evaluation of arbitrarily distributed stresses in the uncracked plate (e.g. thermal
stresses) application of the Green's function procedure is recommended. An approximate
computation of 7 is possible by use of the T-solution for tension, exclusively. This
approximation reads

3 a
=~ (1+1,/0, )!(1 -x'/a’)o,(Ndv-0,| +o[_ . (C6.13)

with 7; given by the data in Table C6.2. The related stress intensity factor (necessary for the
computation of the biaxiality ratio B) can be calculated by using the weight function
procedure. A rough approximation of the weight function reads

,/1”/‘1{ ! +2(F—1)\/1—x/a} (C6.1.4)
ma Ji-x/a

h

1
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with the geometric function F for constant stress as given in Table C6.1. Coefficients for a
weight function representation according to

[2 1
h=,———=+DJ1-p+D,(1-p)*|, p=|x/a C6.1.5
ﬂal:m 0 P 1 P) o= | ( )

are compiled in Tables C6.4 and C6.5.

Table C6.3 Biaxiality ratio normalised by p (1-o.)"? for different crack and plate geometries.

aw | HHw=035 | 0.50 0.75 1.00 1.25
0 -1.0 -1.0 -1.0 -1.0 -1.0
0.1 -0.93 -0.95 | -0.955 | -0.955 | -0.95
0.2 -0.801 -0.872 | -0.90 | -0.91 | -0.905
0.3 -0.558 -0.746 | -0.843 | -0.860 | -0.858
0.4 -0.291 -0.591 | -0.764 | -0.803 | -0.805
0.5 -0.063 -0.443 | -0.672 | -0.734 | -0.749
0.6 0.075 -0.328 | -0.573 | -0.661 | -0.693
0.7 0.098 -0.241 | -0.483 | -0.598 | -0.645
0.8 0.055 -0.173 | -0.418 | -0.54 | -0.59
0.9 -0.1 -0.2 -0.41 0.5 -0.54
1.0 -0.5 -0.5 -0.5 -0.5 -0.5

Table C6.4 Coefficient D,.

HWwW |1.00 [0.5 0.35
o=0 10.165 |0.165 |0.165
0.1 0.210 |0.395 |0.395
0.2 0.366 (0.813 [1.071
0.3 0.600 |1.362 |1.89
0.4 0.897 [2.038 [2.78
0.5 1.264 |2.879 |3.85
0.6 1.699 |3.879 |5.29
0.7 [2.095 |4.804 |6.85
0.8 275 [6.173 [9.17
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Table C6.5 Coefficient D;.

HW | 1.00 0.5 0.35
a=0 | 0.278 | 0.278 | 0.278
0.1 |0.263 | 0.260 | 0.195
0.2 |0.227 | 0.171 | 0.555
0.3 10.239 | 0.343 | 0.963
04 | 0259 |0.651 | 1.57
0.5 |0.300 | 1.127 | 2.27
0.6 |0.397 | 1.996 | 3.20
0.7 1 0.775 | 3.906 | 5.85
0.8 | 0.848 | 5.686 | 9.65

The Williams coefficients A4, B, A2, and B», as defined by eq.(A1.1.4), are entered in Tables
C6.6-C6.9.

Table C6.6 Coefficient 4, for different crack and plate geometries.

aw | HW=0.35 0.50 0.75 1.00 1.25

0.2 -0.0651 | -0.0817 | -0.0837 | -0.0824 | -0.0817
0.3 0.0117 -0.0508 | -0.0674 | -0.0685 | -0.0686
0.4 0.1223 -0.0074 | -0.0493 | -0.0575 | -0.0603
0.5 0.2665 0.0557 | -0.022 | -0.0452 | -0.0549
0.6 0.4560 0.1584 | 0.0216 | -0.0300 | -0.0485
0.7 0.7797 0.3607 | 0.0893 | -0.0133 | -0.1178
0.8 0.7242 0.7987 | 0.1645 | -0.3734 | -0.2886

Table C6.7 Coefficient B, for different crack and plate geometries.

oa=a/W | HW=0.35 0.50 0.75 1.00 1.25
0.2 -0.2608 | -0.0792 | -0.0180 | -0.0064 | -0.0019
0.3 -0.5306 | -0.1920 | -0.0527 | -0.0197 | -0.0053
0.4 -0.7606 | -0.3129 | -0.1065 | -0.0409 | -0.0089
0.5 -0.9124 | -0.4263 | -0.1787 | -0.0655 | -0.0086
0.6 -0.9652 | -0.5736 | -0.2694 | -0.0812 | -0.0041
0.7 -1.096 -0.9091 | -0.3629 | -0.0555 | 0.333
0.8 -1.429 -1.709 | -0.3075 | 1.154 | 0.8425
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Table C6.8 Coefficient A,.

alWw H/W=0.50 | 0.75 1.25
0.2 0.1977 0.136 | 0.113
0.3 0.2126 0.118 | 0.070
0.4 0.2372 0.139 | 0.057
0.5 0.2797 0.188 | 0.057
0.6 0.4367 0.278 | 0.079
0.65 0.6322 0.352 | 0.119
0.7 0.9848 0.462 | -0.079
0.8 2.748 0.911 | -0.463
Table C6.9 Coefficient B,.
alWw H/W=0.50 | 0.75 1.25
0.2 -0.06174 | -0.023 | -0.003
0.3 0.0133 -0.032 | -0.005
0.4 0.1697 -0.031 | -0.003
0.5 0.3255 -0.032 | 0.000
0.6 0.3194 -0.063 | -0.004
0.65 0.1475 -0.104 | -0.022
0.7 -0.2523 -0.190 | 0.025
0.8 -2.747 -0.816 | 0.092
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C6.2 Mixed boundary conditions at the ends

A rectangular plate with an internal crack is loaded by application of a constant displacement
v but disappearing shear stress (Fig. C6.4). The geometric function for K, T-stress, and higher
coefficients A; and B, are given in Tables C6.10-C6.16. The characteristic stress G is defined
by the constant plate end displacements v as

o, = %E (C6.2.1)

(E= Young's modulus).

-~ | 2H

Fig. C6.4 Internally cracked plate with mixed boundary conditions at the ends.

Table C6.10 Geometric function F for stress intensity factor solution.

aw | HW=0.25 | 0.50 | 0.75 | 1.00 | 1.25
0.00 1.00 1.00 | 1.00 | 1.00 | 1.00
0.25 0.570 0.790 | 0.889 | 0.937 | 0.959
0.3 0.518 0.735 ] 0.852 | 0.913 | 0.944
0.4 0.446 0.642 | 0.778 | 0.860 | 0.907
0.5 0.399 0.573 | 0.737 | 0.805 | 0.865
0.6 0.364 0.523 | 0.652 | 0.751 | 0.823
0.7 0.338 0.485 ] 0.603 | 0.702 | 0.778
0.8 0.319 0.455 | 0.562 | 0.667 -
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Table C6.11 T-stress data 7/c,.

aw | HHw=0.25 | 0.50 0.75 1.00 1.25
0.00 -1.00 -1.00 | -1.00 | -1.00 | -1.00
0.25 -0.606 -0.756 | -0.869 | -0.932 | -0.964
0.3 -0.596 -0.707 | -0.832 | -0.910 | -0.952
0.4 -0.592 -0.646 | -0.770 | -0.869 | -0.928
0.5 -0.592 -0.626 | -0.737 | -0.840 | -0.912
0.6 -0.594 -0.637 | -0.734 | -0.833 | -0.913
0.7 -0.600 -0.674 | -0.760 | -0.857 | -0.965
0.8 -0.635 -0.740 | -0.831 | -0.98 -
Table C6.12 Biaxiality ratio p.

aw | HHw=0.25 | 0.50 0.75 1.00 1.25
0.00 -1.00 -1.00 | -1.00 | -1.00 | -1.00
0.25 -1.064 -0.957 | -0.977 | -0.995 | -1.005
0.3 -1.151 -0.962 | -0.976 | -0.997 | -1.008
0.4 -1.327 -1.007 | -0.990 | -1.010 | -1.022
0.5 -1.485 -1.093 | -1.037 | -1.044 | -1.054
0.6 -1.630 -1.219 | -1.125 | -1.110 | -1.109
0.7 -1.777 -1.389 | -1.260 | -1.220 | -1.240
0.8 -1.993 -1.627 | -1.477 | -1.474 -

Table C6.13 Coefficient 4, for the internally cracked plate.

alW | H'W=0.25 0.50 0.75 1.00 1.25
0.25 -0.0734 | -0.0624 | -0.0648 | -0.0668 | -0.0682
0.3 -0.0735 | -0.0575 | -0.0581 | -0.0599 | -0.0614
0.4 -0.0740 | -0.0533 | -0.0499 | -0.0503 | -0.0515
0.5 -0.0742 | -0.0527 | -0.0457 | -0.0439 | -0.0448
0.6 -0.0743 | -0.0532 | -0.0430 | -0.0393 | -0.0396
0.7 -0.0748 | -0.0528 | -0.0398 | -0.0349 | -0.0416
0.8 -0.0758 | -0.0488 | -0.0348 | -0.0392

158




Table C6.14 Coefficient B, for the internally cracked plate.

aw | HW=025 | 0.50 0.75 1.00 1.25
0.25 0.2239 0.0514 | 0.0167 | 0.0071 | 0.0038
0.3 0.2384 0.0699 | 0.0258 | 0.0116 | 0.0063
0.4 0.2454 0.1005 | 0.0466 | 0.0232 | 0.0140
0.5 0.2457 0.1220 | 0.0675 | 0.0374 | 0.0261
0.6 0.2468 0.1385 | 0.0853 | 0.0542 | 0.0428
0.7 0.2544 0.1524 | 0.1001 | 0.0721 | 0.0873
0.8 0.2822 0.1634 | 0.1222 | 0.1262

Table C6.15 Coefficient A, for the internally cracked plate.

alWw | HW=025 1| 0.50 | 0.75 | 1.00 | 1.25
0.25 -0.087 0.025 | 0.057 | 0.068 | 0.072
0.3 -0.092 0.000 | 0.035 | 0.048 | 0.053
0.4 -0.090 -0.024 | 0.009 | 0.026 | 0.033
0.5 -0.089 -0.032 | 0.000 | 0.018 | 0.024
0.6 -0.089 -0.030 | 0.004 | 0.021 | 0.028
0.7 -0.092 -0.011 | 0.029 | 0.049 | 0.037
0.8 -0.079 0.059 | 0.109 | 0.125

Table C6.16 Coefficient B, for the internally cracked plate.

alWw | HW=0.25 | 0.50 0.75 1.00 1.25
0.25 -0.035 0.038 | 0.018 | 0.008 | 0.004
0.3 -0.077 0.032 | 0.020 | 0.010 | 0.006
0.4 -0.104 0.014 | 0.020 | 0.011 | 0.008
0.5 -0.106 0.000 | 0.011 | 0.007 | 0.007
0.6 -0.101 -0.011 | -0.009 | -0.006 | -0.002
0.7 -0.084 -0.042 | -0.052 | -0.061 | -0.033
0.8 -0.072 -0.159 | -0.188 | -0.276
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C6.3 Displacement boundary conditions at the ends

If free deformation in x-direction is suppressed, u=0, pure displacement boundary conditions
are fulfilled (Fig. C6.5). The geometric function, T-stress, and higher coefficients 4; and B,
are given in Tables C6.17-C6.31. The characteristic stress oy is again defined by eq.(C6.2.1).

Fig. C6.5 Internally cracked plate with pure displacement conditions at the ends.

Table C6.17 T-stress T/c, for H/W=0.25.

alW |v=0 0.1 0.2 0.3 0.4

0 -1.000

0.3 |-0.612 [-0.567 |[-0.527 |-0.492 |-0.462
0.4 |-0.600 |-0.563 [-0.533 |-0.509 |-0.491
0.5 |[-0.598 [-0.568 [-0.545 [-0.529 [-0.520
0.6 [-0.602 [-0.578 |-0.561 |[-0.551 [-0.549

Table C6.18 Geometric function F for H/W=0.25.

alW |v=0 0.1 0.2 0.3 0.4

0 1.000

03 |[0.518 |0.519 |0.527 [0.541 |0.561
0.4 (0447 [0.449 |0.456 [0.467 |0.483
0.5 10399 [0.402 |0.408 |0.417 |0.430
0.6 10365 [0.367 10.372 10.380 ]0.391
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Table C6.19 Biaxiality ratio 3 for H/W=0.25.

alW |v=0

0.1

0.2

0.3

0.4

0

0.3
0.4
0.5
0.6

-1.000
-1.182
-1.343
-1.499
-1.651

-1.090
-1.253
-1.413
-1.575

-1.000
-1.169
-1.336
-1.508

-0.992
-1.090
-1.268
-1.451

-0.825
-1.016
1210
_1.404

Table C6.20 Coefficient 4; for H/W=0.25.

alWw

v=0

0.1

0.2

0.3

0.4

0.3
0.4
0.5
0.6

-0.0757
-0.0759
-0.0761
-0.0767

-0.0777
-0.0780
-0.0783
-0.0787

-0.0813
-0.0816
-0.0817

-0.0817

-0.0865
-0.0866
-0.0864
-0.0857

-0.0932
-0.0931
-0.0924
-0.0908

Table C6.21 Coefficient B, for H/W=0.25.

alWw

v=0

0.1

0.2

0.3

0.4

0.3
0.4
0.5
0.6

0.2287
0.2376
0.2411
0.2451

0.2302
0.2386
0.2444
0.2575

0.2380
0.2455
0.2530
0.2740

0.2520
0.2582
0.2668
0.2945

0.2723
0.2768
0.2858

0.319

Table C6.22 T-stress 7/c, for H/W=0.50.

alW |v=0

0.1

0.2

0.3

0.4

0

0.3
0.4
0.5
0.6
0.7

-1.000
-0.729
-0.675
-0.660
-0.667
-0.697

-0.697
-0.656
-0.650
-0.665
-0.698

-0.673
-0.643
-0.645
-0.666
-0.701

-0.657
-0.636
-0.645
-0.671
-0.707

-0.648
-0.634
-0.651
-0.679
-0.715

Table C6.23 Geometric function F for H/W=0.50.

alWw

v=0

0.1

0.2

0.3 0.4

0

0.
0.
0.
0.
0.

1.000

3 10.731 |0.735
4 10.640 |0.642
5 [0.572 10.574
6 [0.522 10.523
7 10.484 10.485

0.745
0.649
0.579
0.527
0.487

0.762 |0.786
0.661 (0.677
0.587 [0.599
0.533 [0.541
0.490 10.495
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Table C6.24 Biaxiality ratio 3 for H/W=0.50.

aW |v=0 10.1 0.2 0.3 0.4

0 -1.000

0.3 1-0.998 |-0.949 |-0.904 [-0.863 [-0.825
0.4 |-1.056 |-1.022 |-0.991 [-0.963 (-0.937
0.5 |-1.152 |-1.132 |-1.114 |-1.099 |-1.087
0.6 |[-1.278 |-1.269 |-1.263 |-1.259 |-1.257
0.7 ]-1.440 [-1.439 [-1.439 [-1.440 |-1.443

Table C6.25 Coefficient A; for H/W=0.50.

alW |v=0 0.1 0.2 0.3 0.4

0.3 [-0.0586 |-0.0597 |-0.0614 |-0.0637 |-0.0665
0.4 [-0.0548 |-0.0561 |-0.0579 |-0.0601 [-0.0628
0.5 |-0.0541 |-0.0554 |-0.0571 |-0.0591 |-0.0614
0.6 |-0.0542 |-0.0552 |-0.0565 |-0.0580 |-0.0597
0.7 [-0.0540 |-0.0543 [-0.0549 ]-0.0557 |-0.0567

Table C6.26 Coefficient B; for H/W=0.50.

alW |v=0

0.1

0.2

0.3

0.4

0.3 10.0717
0.4 ]0.1000
0.5 [0.1172
0.6 [0.1309
0.7 10.1499

0.0806
0.1089
0.1257
0.1370
0.1489

0.0904
0.1190
0.1348
0.1433
0.1492

0.1012
0.1303
0.1446
0.1499
0.1509

0.1129
0.1429
0.1550
0.1569
0.1540

Table C6.27 T-stress T/o, for H/W=1.0.

alW |v=0 0.1 0.2 0.3 0.4

0 -1.000

0.3 {-0.910 |[-0.911 |{-0.918 |-0.930 |-0.947
0.4 |-0.871 |-0.870 |-0.873 [-0.880 (-0.892
0.5 |-0.845 |-0.842 |-0.843 [-0.847 [-0.855
0.6 [-0.842 |-0.838 |-0.837 |-0.838 |-0.842
0.7 [-0.872 |-0.867 |-0.864 |-0.863 |-0.865
0.8 1-0.958 [-0.960 [-0.963 [-0.967 |-0.973
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Table C6.28 Geometric function F for H/W=1.0.

alW

v=0

0.1

0.2

0.3 0.4

0

0.
0.
0.
0.
0.
0.

1.000

3 10.905 |0.915
4 10.851 [0.857
5 [0.795 [0.798
6 |[0.744 |0.744
7 10.699 10.698
8 10.666 |0.665

0.929
0.866
0.803
0.746
0.698
0.665

0.948 10.971
0.879 10.895
0.811 [0.822
0.750 (0.757
0.700 |{0.703
0.667 [0.669

Table C6.29 Biaxiality ratio B for H/W=1.0.

aW |v=0 10.1 0.2 0.3 0.4

0 -1.000

0.3 |-1.006 |-0.996 |-0.988 [-0.981 [-0.975
0.4 |-1.024 |-1.015 |-1.008 [-1.002 (-0.997
0.5 |[-1.063 |-1.056 |-1.050 |-1.045 |-1.040
0.6 |-1.132 |-1.127 |-1.122 [-1.117 |-1.113
0.7 |-1.247 |-1.242 |-1.238 [-1.234 |-1.231
0.8 ]-1.440 |-1.444 [-1.448 [-1.451 |-1.454

Table C6.30 Coefficient A; for H/W=1.0.

alW

v=0

0.1

0.2

0.3

0.4

0.3
0.4
0.5
0.6
0.7
0.8

-0.0599
-0.0507
-0.0451
-0.0416
-0.0388
-0.0329

-0.0602
-0.0506
-0.0447
-0.0410
-0.0380
-0.0338

-0.0608
-0.0507
-0.0445
-0.0405
-0.0374
-0.0346

-0.0616
-0.0510
-0.0444
-0.0401
-0.0369
-0.0353

-0.0626
-0.0514
-0.0444
-0.0398
-0.0365
-0.0359

Table C6.31 Coefficient B; for H/W=1.0.

alW

v=0

0.1

0.2

0.3

0.4

0.3
0.4
0.5
0.6
0.7
0.8

0.0123
0.0245
0.0402
0.0594
0.0842
0.1202

0.0127
0.0248
0.0399
0.0583
0.0817
0.1227

0.0127
0.0248
0.0395
0.0572
0.0797
0.1252

0.0124
0.0245
0.0389
0.0561
0.0781
0.1278

0.0118
0.0238
0.0381
0.0549
0.0770

0.1304
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C6.4 Sub-surface cracks

A sub-surface crack is shown in Fig. C6.6. A stress intensity factor solution for constant
crack-face loading 6y was proposed by Isida [C1] for the region of a/(d+a)=a<0.9 as

19 19
F =1+ Ca", Fy=1+>.(-1)"C,a" (C6.4.1)
n=2 n=2
with
C,=025 C,=0125 C,=01328 C,=00781 C,=00967 C,=00671
C, = 00836 C,=00618 C,=00766 C, =00585 C,=00724 C, =00562
C,, =00697 C,=00544 C,, =00678 C,=00529 C,=00662 C,=00517.

Values of the weight function for the sub-surface cracks are shown in Fig. C6.6. The
integration has to be performed according to

K,=[h(@o@d , K,=[h(a8o@)d. (C6.4.2)

A simple solution (for not too high ratios a/d) was proposed in [C6.2]

h(x,a) = % 11—,0 +2F, D1+ p (C6.4.3)

:

b= [P L o, 1=, (C6.4.4)
m | ivp _

(p=t/a) where Fa and Fp are the geometric functions for the sub-surface crack having a
constant crack surface loading ¢ = o= constant, see (C6.4.1).

This approximate solution is indicated by the curves in Fig. C6.6. Results of Aliabadi et al.
[C6.3] are entered as squares. The data from the weight function procedure are shown by the
circles. Deviations between the numerical results and the approximation (C6.4.3, C6.4.4) are
less than 1% 1in this case.

In Fig. C6.7 the deviations between the weight function for the sub-surface crack and the
weight function for the crack in an infinite body

1+ p
h, = h, = |—— C6.4.5
»=Aarh, 1% p ( )

are plotted. In (C6.4.5), the upper signs are related to location A, the lower ones to location B.

The differences between the numerical results (circles) and the approximate solution,
eq.(C6.4.4) (curves), clearly indicate the occurrence of an antisymmetric term.
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h' b)
2 —
ha
o Aliabadi et al.
1T a/d=1
hs
0 L 1 L L 1 L
-1 -0.5 0 0.5 1

Ela

Fig. C6.6 a) Subsurface crack, b) curves: Fett and Munz [C6.2] and eqs.(C6.4.3, C6.4.4)), circles
[C6.4], squares: Aliabadi et al.[C6.3]. Normalisation: 4'=h+/7a .

In order to improve the approximate weight function, the next term of the weight function is
considered by

h(pra) = ﬁ1 /:—Z[l +2(F, 1)1+ p) = C,p(1+ p)] (C6.4.6)
hy(poa) =——= [P 2020, == p) = o= p) (C6.4.7)
r

As can be seen from these relations, the next correction term is antisymmetric with respect to
p=0 (see Fig. C6.7). The numerical results can be described well by eqs.(C6.4.6,C6.4.7) up to
o = 0.7 (a/d = 2.3) with maximum deviations of less than 3%. The coefficients Cx and Cg
obtained by curve fitting are

C,=1492a*" |, C,=0221**", a=a/(a+d). (C6.4.8)
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0.2
A
h'-h'y |

L 1 L 1
0

-1 -0.5 0 &/a 0i5

1

Fig. C6.7 Deviation of the (normalized) weight function for the sub-surface crack, /', from the weight

function solution for a crack in an infinite body /4',, (circles: numerical results, dashed curves:

eqs.(C6.4.3, C6.4.4), continuous curves: egs.(C6.4.6, C6.4.7)).

C6.5 Transverse loading

An edge-cracked plate under transverse traction oy is illustrated in Fig. C6.8. Under this

loading, the stress intensity factor may be defined by

K=O'XF\/E

(C6.5.1)

The geometric function F is plotted in Fig. C6.9 for several values of a/W, H/W, and d/W.

Figure C6.10 represents the T-stresses.

2W

Fig. C6.8 Internally cracked plate with transverse loading.
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a/W a/W

Fig. C6.9 Geometric function F according to eq.(C6.5.1).
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Fig. C6.10 T-stresses represented as T/oy.
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C7

Edge-cracked circular disk

Edge-cracked circular disks are often used as fracture mechanics test specimens. Examples
are the RCT specimen and a modification of the Brazilian disk test. Figure C7.1 shows the
geometric data.

Fig. C7.1 Geometric data of an edge-cracked circular disk.

C7.1 Circumferentially loaded disk (traction boundary conditions)

A circular disk is loaded by constant normal tractions o, along the circumference (for loading
see Fig. C7.2)

c,=const, T, =0 (C7.1.1)

Fig. C7.2 Edge-cracked circular disk under pure stress boundary conditions.
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The stress intensity factor solution for this loading case is

K =0 Fm, F=—121 o uiD (C7.1.2)
1 n (l—a)3/2

For a single-edge-cracked disk a weight function is given in [C7.1] as

h(x,a) = \/% L/lp__p + Dy1=p + D, (1-p)*> + D, (1-p)*? (C7.1.3)

with p=x/a and the coefficients of

D, =(1.5721+2.4109a — 0.8968c” —1.4311a”) /(1 - o)™
D, =(0.4612+0.5972c +0.7466a> +2.2131a” ) /(1 - )" (C7.1.4)
D, =(=0.2537 +0.4353a — 0.2851a* —0.5853c° ) /(1 - a)’'*

In this case, it holds [C7.1]

B,(1-a)* =-0.11851 (C7.1.5)
and
T 4p = 0470 (C7.1.6)
. (l-a)
The biaxiality ratio is given by
422
p= 04227 (C7.1.7)
-«

Figure C7.3a shows the Green’s function for several crack depths. For a/D<0.6, it can be
expressed by

1

t=—————(CoJl-x/a+C(1-x/a)’* +C,(1-x/a)""?) (C7.1.8)
a(l-a/ D)

with the coefficients
C, =0.328—- 0.2927a*
C, =0.179+0.1134a +1.746> (C7.1.9)

C, =0.663-0.4171a —1.308a"
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In Fig. C7.3b a common curve unique curve approximates all data. As a consequence of Fig.
C3.7b, an approximation can be given by

= ;2(0.3«/1 —x/a +0.3945(1—-x/a)’* +0.4025(1-x/a)*"*) (C7.1.10)
a(l—a/D)
8
ta| a) = b)
q }4—»‘ ‘\P }<—>‘
6 D S D
S P
aD=06 © R N
1 -
4 r P P
e /D=0 o
0.4 fm 02
2 02 a 0.4
o 0.6
0
0 L 1 L 1 L 1 L n O L 1 L 1 L 1 L 1 L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
x/a x/a

Fig. C7.3 Green's function for the edge-cracked disk: a) Results for several relative crack depths, b)
results of a) in a normalized representation.

A rough estimation of the Green’s function can be derived from the reference solution
eq.(C7.1.6) as

t~L1E,(1-x/a) (C7.1.11)
with EozL“glz, a=alD (C7.1.12)
(l1-a)

This relation is introduced in Fig. C7.4a as the dashed straight line. In this rough
approximation, the T-stress reads

0.9481
(1-a)’

~
~

, p=xla (C7.1.13)

xX=a

1
Ja=pyo,(pydp-o,|_ +o.
0

The Green’s function at the crack mouth, x=0, is plotted in Fig. C7.4b. The straight-line fit of
the data points is
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Fig. C7.4 Green's function for the edge-cracked disk: a) Results of Fig. C7.3b fitted by a straight line
relation according to eq.(C7.1.11), b) Green's function at the crack mouth (x/a=0).

Further coefficients of the Williams stress function [C7.2] are

-0.02279+ 01322
= - (C7.1.15)
(1-a)*Ja
5 - 0.0422113;;)3.;1850! (C7.1.16)
—-0.00680 — 0.03416c + 0.0991c*
Az = (1- a)7/2a3/2 (€7.1.17)
2
B, - 0.01787 +0.09627a — 0.1185 1 (C7.1.18)

(1-a)'a’

For special applications also crack opening displacements 6 at the crack mouth x =0 are of
interest. Figure C7.5 represents the displacements under constant normal traction G, in the
form of

_ 2ao,

== (1- o)’ M(aw) (C7.1.19)
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The results of boundary collocation computations are represented by the circles. From a least-
squares fit, one obtains

A=1454+0.526 (C7.1.20)

The dashed curve in Fig. C7.5 is the solution for the single edge-cracked endless parallel strip
as reported by Tada [C7.3].

—"gl\)
(7]

0 02 04 06 08 1
o

Fig. C7.5 Crack-mouth displacements (x=0) according to eq.(C7.1.19); circles: edge-cracked disk,
dashed curve: results for the single edge-cracked endless parallel strip, reported by Tada [C7.3].

0 02 04 06 08 1
o

Fig. C7.6 Geometric function for loading of the crack faces by constant shear traction.

The stress intensity factor for mode-II loading by constant shear traction 1y is
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K, =1,FNm (C7.1.21)

The related geometric function F7 is plotted in Fig. C7.6. A fit relation for o = a/D <0.8 is
given by

_ 2 3 4
F, = 1.1216 - 0.5608c +1.3433a” —1.9734a” + 0.8954« (C7.1.22)

-«

A mode-II weight function is

hy(x,a) = /% L/ll__p +Dy\[1—p+D,(1-p)’"* + D,(1- p)*'* (C7.1.23)

with the coefficients compiled in Table C7.1, which can be interpolated by cubic splines.

For a/D <0.8 the coefficients are approximated as

~0.407+0.2393a +0.04666c> —0.547¢°

D, e (C7.1.24a)
2 3
D, = 0.6863-1.1193c + 0.93()/(2)205 0.836lx (C7.1.24b)
(1-a)
2 3
D, = 0.3117+0.552 - 0.2758a " + 0.125% (C7.1.24c)

a —0{)3/2

Higher-order coefficients for the antisymmetric stress function, eq.(A1.1.12), are compiled in
Table C7.2.

Table C7.1 Coefficients for the mode-II weight function eq.(C7.1.23).
a/D | Dy D, D,

0.1 [0.4981 |0.6931 |-0.305
0.2 [0.6228 |0.6853 |-0.296
0.25 [0.7069 |0.6856 |-0.290
0.3 [0.8032 |0.6896 |-0.284
0.35 [0.9118 |0.6965 |-0.278
0.4 |[1.034 ]0.7044 |-0.272
0.45 [1.172 ]0.7096 |-0.264
0.5 1.332  [0.7064 |-0.253
0.55 [1.523 |0.6861 |-0.236
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0.6 |1.759 [0.6352 |-0.210
0.65 [2.062 [0.5321 |-0.169
0.7 12.470 (0.3394 |-0.103
0.75 |3.052 |[-0.013 ]0.006
0.8 13944 |[-0.674 |0.198

Table C7.2 Higher-order coefficients for mode-II loading according to eq.(A1.1.12).

A A A

a/D B() Al Bl

0.2 ]0.175 [0.217 |-0.832
0.3 ]0.164 [0.144 |[-0.441
0.4 ]0.178 [0.089 [-0.276
0.5 10.215 [0.039 [-0.159
0.6 10.294 (-0.018 [0.000
0.7 10.471 [-0.094 |0.412
0.8 10981 [-0.229 [2.231
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C7.2 Diametrically loaded disk

A disk of unit thickness is considered, which is diametrically loaded by a pair of tensile forces
P (Fig. C7.7). The forces may act perpendicularly to the crack plane. In this case, the stresses
are given by

S+ (C7.2.1)

o* [+(1-8°T

o, _ 4(1—%)222_1, N (C7.2.2)
o* [1+(1-8)]

with £=x/R, R=D/2

as illustrated in Fig. C7.7.

P

Fig. C7.7 Diametrically loaded circular disk.

The stress intensity factor results from application of eq.(A3.1.10a) with the weight function
of eq.(C7.1.3) and the T-term from eq.(C7.1.8)

« 2
T 0'94§10 - 4(1—£jarctan(1—£j+2£—a_z_”(l_ﬁ) B
2(1-a)’(a/R) R R) "R R R

y

I

(C7.2.3)

x=a x=a
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The geometric function of the stress intensity factor, defined as

K, =c*F\ra, O'*:L
TBR

is plotted in Fig. C7.9a as the curve. This curve may be approximated by

—24.0950 +9.41> +18.516tanh(1.4131cx)

F
(1 _ a)3/2

I

with o=a/D.

A simplified approximation represented by the straight dashed lines is

3.18a  for ¢ £0.55

F 1—0! 3/2 ~
( ) { 1.75 else

(C7.2.4)

(C7.2.5)

(C7.2.6)

The biaxiality ratio is plotted as the solid curve in Fig. C7.9b and compiled in Table C7.3.
Application of the simple set-up eq.(C7.1.13) results in the dashed curve. A very good
agreement of the two solutions is visible. This is an indication of an adequate description of

the Green's function by the set-up of eq.(C7.1.11) using one regular term only.

In addition to the Green's function computations, the biaxiality ratios were determined
directly using the boundary collocation method (BCM). The results are entered as circles. An
excellent agreement is found between the BCM results and those obtained from the Green's

function representation.
The result of Fig. C7.9b can be described by

~1.236+0.6925c —8.8735a” +52.901cr” —85.839a" +54.96a° —12.181a*

p=
l-«a
3 L
L
G/G*, 5
y
1 L
0
Ar Gy
0 0.2 0.4 0.6 0.8
x/D

Fig. C7.8 Stresses along the x-axis in a diametrically loaded disk.
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Fig. C7.9 Edge-cracked circular disk diametrically loaded by a pair of forces; a) geometric function
for the stress intensity factor, b) Biaxiality ratio, solid line: eqs.(C7.1.8) and (C7.1.9), dashed line:
single-term approximation (C7.1.13), circles: BCM results.

Table C7.3 T-stress and biaxiality ratio for diametrical point forces.

a/D | T(1-a/D)* | B(1-a/D)"*
0 0 -1.236
0.1 | -0.365 -1.220
02| -0.735 -1.139
03 | -0.975 -0.965
04 | -0.921 -0.688
0.5 | -0.532 -0.336
0.6 | 0.003 0.002
0.7 | 0431 0.246
0.8 | 0.655 0.373
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C7.3 Radially loaded disk under mixed boundary conditions

Edge-cracked circular disks under mixed boundary conditions are shown in Fig. C7.10. In
Fig. C7.10a the load is given by constant radial tractions o, at the circumference with
disappearing tangential displacements. In Fig. C7.10b a constant radial displacement u and
disappearing shear along the circumference are prescribed.

Fig. C7.10 Edge-cracked disk under mixed boundary conditions; a) constant normal traction,
disappearing circumferential displacements, b) constant radial displacement, disappearing shear
traction at the surface.

C7.3.1 Case u,=_constant, Tr,=0

With the characteristic stress

o*=—= C7.3.1
R ( )
the stress intensity factor is
K, =oc*\mF(a/Dy) (C7.3.2)

The geometric function F is plotted in Fig. C7.11a for several Poisson's ratios. For the special
value of v=0.25 the results are fitted as

F =4+0.953a +20.157a* =107.35¢> +156.09* —72.69¢° (C7.3.3)

(with aa=a/D). Using a modified geometric function of the form

F*=(1-V)F (C7.3.4)

a coincidence of the curves becomes visible at a/D—0 (see Fig. C7.11b).
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The T-stresses are shown in Fig. C7.12. An approximation for v=0.25 and aa.=a/D <0.75 is
T/o*=-3.137a’ +40.744a’ —76.904a* + 41.623c° (C7.3.5)

For v=0.25 a 3-terms weight function is given by

wa 1/1—p

with the coefficients compiled in Table C7.4.

hy = L{Lﬂ% 1-p+D,(1-p)"” +D,(1-p)"" |, p=x/a,  (C73.6)

The higher-order coefficients of eq.(A1.1.4) are compiled in Tables C7.5 and C7.6.

Table C7.4 Coefficients for the mode-I weight function eq.(C7.3.6).

al/D D() D1 D2

0 -0.1380 1.0932 -0.4278
0.1 0.3626 1.0805 -0.3919
0.2 0.6191 1.3460 -0.4279
0.3 0.3251 1.5681 -0.4920
04 |[-0.4503 1.6524 -0.5605
0.5 -1.3284 1.4336 -0.5753
0.6 |[-1.1857 -0.6181 -0.1554
0.7 1.1930 -6.5147 1.1825

1.5 F

F*

1

L L 1 L L 1 L L
0 02 04 06 038 1 0 02 04 06 08 1

1 L 1 L 0 L 1 L 1

a/D a/D

Fig. C7.11 Stress intensity factor for the boundary conditions of u, = constant, Tz, =0. For F" see
eq.(C7.3.2) and for F* eq.(C7.3.4).
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02r
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Fig. C7.12 T-stress for the boundary conditions of u, = const., Tr,=0.

Table C7.5 Coefficient 4, according to eq.(A1.1.4).

a/D | v=0 0.2 0.4

0.1 [-0.0983 [-0.1209 |-0.158
0.2 |[-0.0389 [-0.0450 |-0.0546
0.3 (0.0189 [0.0239 |0.0305
0.4 |(0.0721 [0.0802 |0.0901
0.5 (0.1035 |0.110 0.1166
0.6 (0.1113 [0.1153 |0.1196
0.7 (0.1036 [0.1072 |0.1108
0.8 [0.0879 ]0.0920 |0.0960

Table C7.6 Coefficient B, according to eq.(A1.1.4).
a/D | v=0 0.2 0.4

0.1 (0

02 |0 0

0.3 (0 0

0.4 (0.001 (O 0

0.5 [0.007 [0.006 |[0.005
0.6 (0.017 [0.013 [0.010
0.7 (0.030 [0.024 [0.017
0.8 [0.047 [0.037 [0.027
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Figure C7.13 represents the crack opening displacements & (for & see Fig. C7.5) under
constant radial displacements and disappearing shear traction at the circumference as

k
5= 2““' Aa/ D) (C7.3.7)
with o* given by eq.(C7.3.1).
=0
A /({5\ v
v=0.4 2 :
2.5 | 0.2
i | | g
% ﬂ\% 0.2 (1-v)
iz sl LF
2 T
[ % JEANN
¢
1.5 /) X 1 >\
1 0.5
0 02 04 06 0.8 1 0 02 04 06 0.8 1
a/D a/D
Fig. C7.13 Crack-mouth displacement represented by eq.(C7.3.7). Boundary conditions: #,=const.,
TR ™ 0.
C7.3.2 Case o,=constant, v,=0
In this case, the stress intensity factor is
K, =0, NmF(a/D,y) (C7.3.8)

The geometric function is plotted in Fig. C7.14a for several values of v. Figure C7.14b
represents the T-stress.

For the special value of v=0.25 the geometric function is fitted for o <0.75 as

F =0.6163+0.2603c +0.7739a> — 0.4497a° (C7.3.9)

For v=0.25 a 3-terms weight function is given by eq.(C7.3.6) with the coefficients compiled
in Table C7.7.
The higher-order coefficients 4; and B; of eq.(A1.1.4) are listed in Tables C7.8 and C7.9.
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Table C7.7 Coefficients for the mode-I weight function eq.(C7.3.6).

a/D D() D1 D2

0 -2.004 [2.3359 |-.801
0.1 |-1.8374 [2.2169 |-.766
0.2 |-1.6113 |2.0637 |-.720
0.3 [-1.3594 |1.9233 |-.675
0.4 |-1.1044 |1.8252 |-.639
0.5 |-0.8624 |1.7833 |-.614
0.6 [-0.6434 |1.8003 |-.603
0.7 [-0.454 |1.8723 |-.605
0.8 1-0.300 |1.9927 |-.619

14 F
F a)
12+ T/o™* |
0.4
0.2 -0.1
1F v=0
0.8 -
-0.2
0.6 -
0.4 -0.3

L 1 L 1 L 1 L 1 L L 1 " 1 L 1 L 1 L
0 02 04 06 08 1 0 02 04 06 08 1
a/D a/D

Fig. C7.14 Geometric function for the stress intensity factor K and T-stress under the boundary
conditions of ¢,=const., V,=0.

Table C7.8 Coefficient 4, according to eq.(A1.1.4).
alD | v=0 0.2 0.4
0.1 |-0.176 [-0.176 |-0.176
0.2 |-0.124 [-0.123 |-0.122
0.3 [-0.100 [-0.099 |-0.098
0.4 |-0.080 (-0.080 |-0.080
0.5 [-0.058 [-0.059 |-0.061
0.6 |-0.029 (-0.031 |-0.034
0.7 10.018 |[0.013 |0.009
0.8 [0.100 [0.096 |0.088
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Table C7.9 Coefficient B, according to eq.(A1.1.4).
a/D |v=0 0.2 0.4
0.1 {0.047 |0.040 ]0.024
0.2 [-0.059 |-0.067 |-0.078
0.3 (-0.087 [-0.092 |-0.095
0.4 (-0.130 |-0.130 |-0.129
0.5 (-0.191 [-0.186 |-0.181
0.6 ([-0.281 [-0.270 |-0.260
0.7 [-0.420 |-0.405 |-0.392
0.8 [-0.664 |-0.657 |-0.626
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C7.4 Disk under displacement boundary conditions

An edge-cracked circular disk under pure displacement boundary conditions is shown in Fig.
C7.15. In this case a constant radial displacement and disappearing tangential displacements
are prescribed.

Fig. C7.15 Edge-cracked disk under pure displacement boundary conditions: constant radial
displacement, disappearing tangential displacements.

Case: u,=constant, V=0
With the characteristic stress value given by eq.(C7.3.1), the stress intensity factor is

K, =c*JmF(a/Dy) (C7.4.1)

The geometric functions F and F* according to eq.(C7.3.4) are plotted in Fig. C7.16 for
several Poisson's ratios. The T-stresses are shown in Fig. C7.17.

0.7
F i a) £ b)
0.8r
0.6 -
0.6r 0.4
I % 0.2 05L
04+ v=0
v=0
0.4+
02k 0.2
04
0 0.3 1

0 02 04 06 08 1 0 02 04 06 08 1
a/D a/D

Fig. C7.16 Geometric functions for the boundary conditions of u,= const., v,,=0. For F see
eq.(C7.4.1), for F* eq.(C7.3.4).

185



For the special value of v=0.25 the results are fitted as

F=0814-0.175a - 0.2192a* 0 = a/ D (C7.4.2)

and the related T-stress (for 0.1 < a/D <0.8) by
T/o*=0.0388+0.5568 ¢ —1.1934 * +1.448 o’ (C7.4.3)

For v=0.25 a 3-terms weight function is given by eq.(C7.3.6) with the coefficients compiled
in Table C7.10.

Table C7.10 Coefficients for the mode-I weight function eq.(C7.3.6).

a/D | Dy D D,

0 -2.0340 |2.3560 |[-0.8068
0.1 [-2.1094 (2.4119 |-0.8230
0.2 |-2.2105 [2.4972 |-0.8468
0.3 |-2.3398 [2.6175 |-0.8795
0.4 |-2.5015 (2.7814 |-0.9230
0.5 |-2.7020 {3.0014 |-0.9804
0.6 |-2.9501 [3.2955 |-1.0558
0.7 |-3.2593 [3.6902 |-1.1553
0.8 |-3.6498 [4.2264 |-1.2886

Higher-order coefficients of eq.(A1.1.4) are compiled in Tables C7.11 and C7.12.

0.6
Tlo* |

04 +

0.2 +
v=0

0.2
0.4

0 s 1 s 1 s 1 s 1 s
0 02 04 06 08 1

a/D
Fig. C7.17 T-stress for the boundary conditions of u, = constant, v,=0.
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Table C7.11 Coefficient 4, according to eq.(A1.1.4).

a/D | v=0 0.2 0.4

0.1 |-0.171 |[-0.213 [-0.283
0.2 [-0.120 {-0.149 [-0.197
0.3 [-0.097 {-0.120 [-0.157
0.4 |-0.083 |[-0.102 [-0.133
0.5 |-0.073 [-0.090 [-0.115
0.6 [-0.064 [-0.080 [-0.102
0.7 [-0.057 [-0.071 |-0.091
0.8 |-0.047 |[-0.062 [-0.082

Table C7.12 Coefficient B, according to eq.(A1.1.4).

a/D {v=0 (0.2 0.4

0.1 [0.257 [0.248 [0.260
0.2 0.136 [0.142 |0.159
0.3 10.099 |0.107 [0.125
0.4 10.082 {0.090 [0.108
0.5 [0.071 [0.080 |[0.098
0.6 |0.061 [0.073 |0.092
0.7 10.048 |0.063 [0.085
0.8 10.014 |0.037 {0.067
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C7.5 Brazilian disk (edge-cracked)

The diametric compression test carried out on an edge-cracked circular plate of diameter
D=2R is illustrated in Fig. C7.18. This arrangement is called Brazilian disk test.

YP

thickness B
Fig. C7.18 Brazilian disk test with edge-cracked disk.

The tangential, radial, and shear stress components (G, oy, and ty,) in an uncracked Brazilian
disk were given by Erdlac (quoted in [C7.4]) as

_ . 2 . 2
2P {l_ (1-pcos®)sin“®  (1+ pcosO)sin @}’ p=riR (C75.1)

Gy, =0, = 2 2 2 2
BR|2 (1+p° =2pcos®)” (1+p° +2pcos®)
2 2
o = 2P 11 pcozs®)(cos® g)) _(1+pcozs®)(cos®+£3) (C7.5.2)
nBR | 2 (I+p~ —2pcos®) (I+p~ +2pcos®)
o, = 2P | (1-pcos (;))(cos@ - p)2s1n® N (1+ pcos (:))(cos@ + p)zsln® (C7.5.3)
7BR (1+p° —2pcos®) 1+ p" +2pcos®)

Using eq.(C7.1.8), the T-stress has been determined. The T-stress term, evaluated for several
relative crack depths a/W and several angles @, is compiled in Table C7.13.

The mode-I stress intensity factor K; (necessary for the computation of the biaxiality ratio) is
compiled in Table C7.14 and plotted in Fig. C7.19a in form of the geometric function F
which in this case is defined as

K, =oc*F\ra, o*=——
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The biaxiality ratio B is compiled in Table C7.15 and plotted in Fig. C7.19b. In both

172

representations the values of B are given in the normalized form B(1-a/D) *~.

0
F(1-a/D)*?

-0.5

-1.5

/2

B(1-a/D)" I

® b)
i /8 —
05 L /4
0
-0.5
-1
15 A R T S B
0 02 04 06 0.8 1
a/D

Fig. C7.19 Brazilian disk test with an edge-cracked disk: a) Geometric function for the mode-I stress

12

intensity factor, b) biaxiality ratio (1-a/D) .

Table C7.13 T-stress 7/c* for the Brazilian disk test (c*=P/(nBR)).

a/D ®=xn/16 | w8 /4 3n/8 | Tn/16 /2
0 0.000 0.000 [0.000 {0.000 [0.000 [0.000
0.05 |[1.89 1.079 [0.379 [0.229 [0.204 |0.197
0.1 -1.93 1.12 0.769 [0.516 [0.468 [0.454
0.15 |[-4.53 0.00 1.032 |0.846 [0.792 |[0.775
0.2 -5.45 -1.42  [1.045 |[1.185 |[1.165 |1.157
0.25 |[-5.66 -2.56  [0.777 |1.488 [1.561 |[1.581
0.3 -5.65 -3.34 (0296 [1.699 [1.936 |[2.009
0.35 [-5.59 -3.85 [-0.285 |[1.773 [2.226 [2.375
0.4 -5.57 -422 [-0.864 [1.689 ([2.360 ([2.591
045 [-5.59 -4.49 |-1.388 [1.435 |[2.263 |2.557
0.5 -5.70 -475 |-1.846 (0993 [1.862 (2.174
0.55 [-5.90 -5.00 |[-2.272 ({0315 [1.09 1.358
0.6 -6.20 -533 [-2.751 [-0.70 |[-0.16 [0.028
0.65 |[-6.55 -5.60 |-3.450 |-2.24 |-2.03 |-1.941
0.7 -7.1 -6.04 [-4.600 (-4.58 [-4.72 |-4.825
0.75 |[-7.9 -6.8 -6.946 |-87.37 [-8.9 -9.290
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Table C7.14 Geometric function Fx(1-a/D)*” for the Brazilian disk test.

a/D | ©=n/8| mn/4 3n/8 /2
0 0 0 0 0

0.05 |-0.905]-0.283 | -0.168 | -0.144
0.1 -1.495 | -0.565 | -0.348 | -0.300
0.2 -1.568 | -1.003 | -0.723 | -0.650
0.3 -1.221 | -1.182 | -1.063 | -1.015
0.4 -0.958 | -1.200 | -1.316 | -1.346
0.5 -0.795 | -1.186 | -1.477 | -1.584
0.6 -0.702 | -1.192 | -1.570 | -1.709
0.65 |-0.675]-1.204|-1.597 | -1.738
0.7 -0.660 | -1.217 | -1.613 | -1.753
0.75 |-0.655]-1.230|-1.622 | -1.759

Table C7.15 Biaxiality ratio B(1-a/D)"* for the Brazilian disk test.

alD ®=n/16 | w8 /4 3n/8 | /16 /2
0 -1.228 -1.228 [-1.228 |[-1.228 |[-1.228 |[-1.228
0.05 |[-0.62 -1.072 [-1.206 |[-1.227 |-1.224 |-1.225
0.1 0.535 -0.60 |[-1.097 |[-1.198 |-1.214 |[-1.212
0.15 |[1.43 0.006 [-0.910 (-1.137 |[-1.176 |-1.187
0.2 1.98 0.590 |[-0.662 |[-1.046 |(-1.116 |[-1.138
025 (2.30 1.040 |[-0.384 [-0.924 |[-1.031 |[-1.064
0.3 2.46 1.345 |[-0.117 [-0.779 [-0.920 [-0.965
0.35 [2.53 1.519 [0.106 [-0.620 [-0.785 [-0.838
0.4 2.52 1.586 [0.265 [-0.459 [-0.632 [-0.688
045 (247 1.570 [0.357 |[-0.305 |[-0.465 |[-0.517
0.5 2.38 1.492 10.393 [-0.165 |[-0.293 |[-0.337
0.55 [2.25 1.367 [0.390 [-0.039 |[-0.132 |[-0.160
0.6 2.09 1.208 [0.369 [0.073 [0.017 {0.00
0.65 |[1.87 1.016 [0.347 |0.172 |0.146 |0.138
0.7 1.63 0.827 [0.338 [0.256 |[0.248 |0.246
0.75 |[1.36 0.65 0.348 [0.324 (0.323 (0.323
1 0.423 0.423 (0423 [0.423 (0423 (0423
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C7.6 Edge-cracked disk with thermal stresses

In a thermally loaded circular disk the stresses in the absence of a crack consist of the circum-
ferential stress component 6, and of the radial stress distribution c,. The two stress com-
ponents can be computed from the temperature distribution @(r) with »=R-x (see e.g. [C7.5])

1 17
o = ozTE(F ! Ordr—— { G)rdr] (C7.6.1)
~ 1% 1
o, =k o5 ! Ordr+— _([ Ordr—© (C7.6.2)
with the thermal expansion coefficient air. The temperature distributions may often be repre-

sented by
o(r) = @{1 +B, [lj +B, (ij } (C7.6.3)
R R

with the maximum temperature occurring in the centre of the disk (» = 0). In this case, the
related stresses are given by

B 1 1 3 PRI '
O-(p _aTE®O ZBZ +gB4—ZBZ E —gB4 E (C764)

1 r 1 r
o, :aTE®0|:ZBZKI—F]+gB4£1—F]:| (C765)

For the special case of ®=0 at the circumference it must hold

B, =—(B, +1) (C7.6.6)
with the stresses
_ o\ ) .
o, =0,E0, -1t+%B, —%BZ[EJ +%(1+Bz)(Ej (C7.6.7)
I r : r ]
o,=a,EQ, —++5B, —%B{Ej +%(I+BZ)[E] (C7.6.8)
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As an example of application, the coefficient B, may be chosen to be B,=-2. Figure C7.20a
shows the temperature distribution. The related stresses are given in Fig. C7.20b.

04F
1r o I
0/, | ) | GO b)
0.8 - 0.2
06
0
04
02
02r
0 . | . L . | . 04 . | . | . L .
1 05 0 05 1 1 05 0 05 1
x/R x/R

Fig. C7.20 a) Temperature distribution and b) stresses in a thermally heated disk (for B,=-2).
The stress intensity factor can be computed with the weight function for the edge-cracked
disk. The resulting K is given in Fig. C7.21a in normalized form. The T-stress computed by
use of the 3-terms Green's function (C7.1.8, C7.1.9) is represented in Fig. C7.21b as the solid
curve. The 3-terms Green's function with averaged coefficients, eq.(C7.1.10) is shown by the

dash-dotted line.
The approximate T-stress solution obtained by using the single-term Green's function

eq.(C7.1.13) reads
a aY
T'=a,EOQ, 0'9481|:%+(1+BZ)[%_%E—F%(EJ H

2 2
a a a
and for the specially chosen value of B,=-2

2 2
a a a a

This solution is introduced in Fig. C7.21b as the dashed curve.

(C7.6.9)

=SS

))]} 1610

The biaxiality ratio 3, as defined by eq.(A1.3.12), is plotted in Fig. C7.21c. Very high B-
values occur for a/D > 0.5. The main reason is the very small stress intensity factor, which
disappears at approximately a/D =0.75.
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aE®o\D
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0.1

0.8

'a/D- ' - ' a/D'

5 06

Mo 01 02 03 04 0

a/D
Fig. C7.21 a) Stress intensity factor and b) T-stress for a disk under thermal loading (solid curve:
eqgs.(C7.1.8, C7.1.9), dashed curve: single-term approximation (C7.1.11), dash dotted: approximation
(C7.1.10)), c) biaxiality ratio.
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Cs

Single-edge-cracked rectangular plates

C8.1 Rectangular plate under pure tension

The edge-cracked rectangular plate under constant tensile loading is shown in Fig. C8.1.

Fig. C8.1 Edge-cracked plate under tensile load.

The stress intensity factor solution for this case is given by

K =ovmF, (C8.1.1)
with the geometric function compiled in Table C8.1.

A 2-terms weight function for the edge-cracked plate reads [C8.1]

| 2 1 32
h=,—|——+ Dy J1-p+D,(- , =x/ C8.1.2
= {H 0 P ((1-p) p=xra ( )

with the coefficients of Tables C8.2 and C8.3. The T-stress is plotted in Fig. C8.2 and
compiled in Table C8.4. In Fig. C8.2 the biaxiality ratios for H/W=0.5 and 1.0 are compared
with a solution by Leevers and Radon [C8.2] available for these geometries. The agreement is
very good.

Figure C8.3 shows the biaxiality ratio 3 (see also Table C8.5).

For a long plate (H/W=1.5) the stress intensity factor is given by [C8.1]

F :%[1—0.23566(1—a)+ﬁ(1—a)2 13’ (1-a) +0.229exp(-7.52-2)] (C8.1.3)
-
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with a=a/W. The T-stress is described by

T -0526+0641a+02049a” +0.755a° - 0.7974 " + 019664’

— C8.1.4
o (1-a)’ ( )
In this case, the biaxiality ratio reads
-04 14 13394 0> + 0.4 721025 +1.0726
B 0469 +0.1456 ¢ +1339%4 " + 04369 025" +1.0726 (C8.1.5)
N
) 2
T(1-a)/o
1.5
1
0.5
0
-0.5
-1 . 1 L 1 . 1 L 1 .
0 02 04 06 038 1
(04
Fig. C8.2 T-stress under tensile loading.
1.5
H/W
04 [ Q) B (1-a)"?} b) o025
r 0.3
02 - H/W=05
\
05F 0.4
0.5
0
H/W=1.0 0.75
| 1.5
-0.5F
0‘0.12‘0.14‘0.16‘0.8 0‘0|.2‘0|.4‘0i6‘0i8‘1
a/W a/W

Fig. C8.3 Biaxiality ratios [3: a) data from Table C8.5 (circles) compared with data reported by
Leevers and Radon [C8.2] (squares), b) influence of the specimen height.
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Table C8.1 Geometric function for tension Fy(1-a/W)*>.

HW=1.5 1.25 1.00 0.75 0.5 0.4 0.3 0.25
o=0 | 1.1215 | L.1215 | 1.1215 | 1.1215 | 1.1215 | 1.1215 | 1.1215 | 1.1215
0.1 1.0170 | 1.0172 | 1.0174 | 1.0182 | 1.0352 | 1.0649 | 1.1455 | 1.2431
0.2 0.9800 | 0.9799 | 0.9798 | 0.9877 | 1.0649 | 1.1625 | 1.3619 | 1.5358
0.3 0.9722 | 0.9723 | 0.9729 | 0.9840 | 1.0821 | 1.2134 | 1.4892 | 1.7225
0.4 0.9813 | 0.9813 | 0.9819 | 0.9915 | 1.0819 | 1.2106 | 1.5061 | 1.7819
0.5 0.9985 | 0.9986 | 0.9989 | 1.0055 | 1.0649 | 1.1667 | 1.4298 | 1.7013
0.6 1.0203 | 1.0203 | 1.0204 | 1.0221 | 1.0496 | 1.1073 | 1.2898 | 1.5061
0.7 1.0440 | 1.0441 | 1.0441 | 1.0442 | 1.0522 | 1.0691 | 1.1498 | 1.2685
0.8 1.0683 | 1.0683 | 1.0683 | 1.0690 | 1.0691 | 1.0734 | 1.0861 | 1.1201
1.0 1.1215 | 1.1215 | 1.1215 | 1.1215 | 1.1215 | 1.1215 | 1.1215 | 1.1215

Table C8.2 Coefficient Do(1-a/W)** for the weight function (C8.1.2).

a/W |H/W=1.5 {125 [1.00 |0.75 |0.5 0.4

0.2 |1.001 1.001 |1.003 {1.010 |1.249 |1.347
0.3 [1.298 1.302 [ 1.326 [1.317 |1.539 |1.816
0.4 [1.581 1.581 [1.598 [1.616 |[1.836 [2.036
0.5 |1.827 1.829 |1.835 |1.859 [1.973 |2.122
0.6 |1.996 1.996 [1.998 {2.001 |2.060 |2.110
0.7 {2.070 2.071 [2.071 [2.079 [2.104 |2.094
0.8 [2.015 2.015 [2.017 [2.054 [2.064 [2.094

Table C8.3 Coefficient D;(1- a/W)** for the weight function (C8.1.2).

aW |HW=1.5 1.25 1.00 0.75 0.5 0.4

0.2 |0.1963 0.200 |0.2100 |0.2245 |0.300 |0.634
0.3 10.3072 0.301 10.2641 |0.3422 |0.460 |0.784
0.4 ]0.4909 0.4909 |0.4661 [0.4887 |0.624 |0.970
0.5 10.7329 0.7300 |0.7213 [0.7183 |0.857 |1.170
0.6 |[1.074 1.074 [1.072 |1.077 |1.186 |1.368
0.7 |1.526 1.525 [1.525 |1.513 |1.516 [1.629
0.8 [2.128 2.128 12.128 [2.066 |2.050 [2.018
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Table C8.4 T-stress for a plate under tension 7/c-(1-a/W)*.

alW | HW=15| 1.00 0.75 0.50 0.40 0.30 0.25

0 -0.526 | -0.526 | -0.526 | -0.526 | -0.526 | -0.526 | -0.526
0.1 -0.452 | -0.452 | -0.452 | -0.444 | -0.432 | -0.416 | -0.400
0.2 -0.374 | -0.376 | -0.373 | -0.334 | -0.270 | -0.084 | 0.143
0.3 -0.299 |-0.298 | -0.282 | -0.148 | 0.030 | 0.449 | 0.890
0.4 -0.208 |-0.205 | -0.175 | 0.040 | 0.310 | 0.912 | 1.526
0.5 -0.106 |-0.102 | -0.070 | 0.167 | 0.473 | 1.165 | 1.858

0.6 0.006 0.008 | 0.032 | 0.220 | 0.490 | 1.142 | 1.812
0.7 0.122 0.123 | 0.134 | 0.234 | 0.404 | 0.869 | 1.387
0.8 0.232 0.234 | 0.240 | 0.268 | 0.324 | 0.524 | 0.760
0.9 0.352 0.353 | 0.356 | 0.364 | 0.372 | 0.376 | 0.380
1.0 0.474 0474 | 0474 | 0.474 | 0.474 | 0.474 | 0.474

Table C8.5 Biaxiality ratio B(1-a/W)"?.

aW |HW=15| 1.00 | 0.75 | 0.50 | 0.40 | 0.30 | 0.25

0 -0.469 | -0.469 | -0.469 | -0.469 | -0.469 | -0.469 | -0.469
0.1 -0.444 | -0.444 | -0.444 | -0.429 | -0.406 | -0.363 | -0.322
0.2 -0.382 |-0.384 | -0.377 | -0.314 | -0.232 | -0.062 | 0.093
0.3 -0.308 |-0.306 | -0.287 | -0.137 | 0.025 | 0.302 | 0.517

0.4 -0.212 |-0.209 | -0.176 | 0.037 | 0.256 | 0.606 | 0.856
0.5 -0.106 |-0.102 | -0.070 | 0.157 | 0.405 | 0.815 | 1.092
0.6 0.006 | 0.008 | 0.031 | 0.210 | 0.443 | 0.885 | 1.203
0.7 0.117 | 0.118 | 0.128 | 0.222 | 0.378 | 0.756 | 1.093
0.8 0.217 | 0.219 | 0.225 | 0.251 | 0.302 | 0.482 | 0.679
1.0 0.423 | 0.423 | 0.423 | 0.423 | 0.423 | 0.423 | 0.423

Tables C8.6 and C8.7 represent some values for the coefficients 4, and B; of the Williams
series expansion. The next higher-order terms are compiled in Tables C8.8 and C8.9.For long
plates (H/W=1.5) the coefficients 4; and B; can be approximated by

. ~0.02279 + 0.04107c + 0.0323 la® +02470a’ — 03241a* +0.1358a’

(1—0()5/2\/5

Al

(C8.1.6)

0.04813-0.1062c — 0.08187a” + 03276’ — 04092 + 01511’

A*
: (l-a)a

I

(C8.1.7)
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Table C8.6 Coefficients 4, for tension.

H/W=1.00| 0.75 0.5 0.4 0.3 0.25
a=0.2 | -0.0459 |-0.0440 |-0.0251 | 0.0061 | 0.0907
0.3 -0.0140 |-0.0084 | 0.0436 | 0.1219 ] 0.3205 | 0.5414
0.4 0.0438 0.0537 | 0.1431 [ 0.2782 ] 0.6248 | 1.011
0.5 0.1655 0.1770 | 0.2933 [ 0.4836 | 1.0043 | 1.595
0.6 0.4513 0.4606 | 0.5774 |1 0.8001 | 1.477 | 2.294
0.7 1.254 1.257 1.335 [ 1.5314 | 2.240 | 3.195
0.8 3.768 4284 | 4346 | 4440 | 4.81
Table C8.7 Coefficients B; for tension.
H/W=1| 0.75 0.5 0.4 0.3 0.25
a=0.2 | 0.2473 | 0.2379 | 0.1574 | 0.0561 | -0.1510
0.3 | 0.1453 | 0.1223 |-0.0188 | -0.1640 | -0.4022 | -0.5714
0.4 | 0.0551 | 0.0328 |-0.1050 | -0.2557 | -0.4886 | -0.5957
0.5 |[-0.0807|-0.0815 |-0.1247 | -0.2257 | -0.4073 | -0.4062
0.6 |-0.3932-0.3563 | -0.1838 | -0.0893 | -0.0277 | 0.1377
0.7 -1.383 | -1.313 | -0.821 |-0.2534 | 0.7099 | 1.446
0.8 -5.22 -5.90 -5.26 -4.04 0.866

Table C8.8 Coefficients 4, for tension.

Hw=1 0.5 0.25
a=0.3 [ 0.0111 | 0.0328 | -0.7476
0.4 | 0.0888 | -0.0130 | -1.8675
0.5 | 0.2546 | -0.0451 | -3.4075
0.6 |0.7246 | 0.1850 | -5.415
0.7 24535 | 1.7412 | -7.471
0.8 10.61 11.55

Table C8.9 Coefficients B, for tension.

H/W=1 0.5 0.25
0=0.3 | -0.2882 | -0.0631 | 3.368
04 |-0.2302 | 0.2938 | 5.898
0.5 |-0.3278 | 0.5297 | 8.845
0.6 |-0.8237 | 0.3264 | 12.513
0.7 -3.088 | -1.981 | 16.688
0.8 -16.39 | -18.47
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C8.2 Rectangular plate under bending load

The plate under pure bending stresses

o(x)=o0,1-2x/W) ,

is shown in Fig. C8.4. The stress intensity factor is given by

Kzab\/%Fb

with the geometric function F compiled in Table C8.10.

2H

W
i

!

Fig.C8.4 Edge-cracked plate under bending load.

o)

o

Table C8.10 Geometric function for bending Fy-(1-a/W)*”.

aWw | HW=15| 1.25 1.00 0.75 0.5 0.4
0 1.1215 | 1.1215 | 1.1215 | 1.1215 | 1.1215 | 1.1215
0.2 0.7561 | 0.7561 | 0.7562 | 0.7628 | 0.8279 | 0.9130
0.3 0.6583 | 0.6583 | 0.6589 | 0.6677 | 0.7444 | 0.8475
0.4 0.5861 | 0.5861 | 0.5865 | 0.5930 | 0.6567 | 0.7505
0.5 0.5293 | 0.5293 | 0.5296 | 0.5332 | 0.5717 | 0.6388
0.6 0.4842 | 0.4842 | 0.4842 | 0.4852 | 0.5022 | 0.5367
0.7 0.4481 | 0.4479 | 0.4478 | 0.4478 | 0.4514 | 0.4621
0.8 0.4203 | 0.4188 | 0.4191 | 0.4185 | 0.4180 | 0.4185
1.0 0.374 0374 | 0374 | 0374 | 0.374 | 0.374
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Table C8.11 T-stress for a plate under bending 7/cy(1-a/W)>.

aw |HW=15| 075 | 0.50 | 040 | 0.30 | 0.25

0 -0.526 |-0.526 |-0.526 | -0.526 | -0.526 | -0.526
0.2 -0.150 |-0.148 [ -0.114 { -0.061 | 0.099 | 0.292
0.3 -0.039 |-0.024 | 0.080 | 0.222 | 0.559 | 0.920

0.4 0.044 | 0.067 | 0.224 | 0.424 | 0.873 | 1.333
0.5 0.099 | 0.124 | 0.283 | 0.493 | 0.964 | 1.439
0.6 0.133 | 0.150 | 0.269 | 0.438 | 0.840 | 1.251
0.7 0.151 | 0.158 | 0.217 | 0.314 | 0.574 | 0.857
0.8 0.158 | 0.158 | 0.174 | 0.204 | 0.302 | 0.426
0.9 0.140 | 0.142 | 0.150 | 0.162 | 0.169 | 0.186
1.0 0.113 | 0.113 { 0.113 | 0.113 | 0.113 | 0.113

For a long plate (H/W=>1.5) the stress intensity factor is [C8.1]

1.1215 |5 5
b ™ (1—6!)3/2

1 2 2 6 3
———a+—a +5a°(1- +— —6.1342a /(1 -« C8.2.3
. 120{ 80: a’(l-a) 8exp( al( ))} ( )

The T-stress can be expressed by

T —0.526+2.48la—3.553a" +2.6384a’ - 0.9276c*

— C8.2.4
, (-ay (529
with the bending stress oy, defined in eq.(C8.2.1). For other H/W see Table C8.11.
The biaxiality ratio for a long plate (H/W=1.5) is approximated by
—0.469 +1.282 6543a* —12415a° + 0. i
B= 0469 +1.2825a + 0.6543c S5a° +0.07568 a (C8.2.5)

N

(for other H/W see Table C8.12). Higher-order coefficients of the Williams stress function for
bending are compiled in Tables C8.13 and C8.14.
For long plates (H/W=1.5) the coefficients 4, and B, can be approximated by

-0.02279 + 0.1966 1 — 0.30552a* +0.247618a — 0.08037*

(1—0{)5/2\/;

4 (C8.2.6)

I

0.04813 —0.4224a +1.0005¢* —1.0269a° +0.3799«*
(l-a)a

B,

1

(C8.2.7)

Figure C8.5 shows the T-stresses. In Fig. C8.6a, the biaxiality ratios for bending are
compared with those for tension.
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In Fig. C8.6b the biaxiality ratios for H/W=1.5 are compared with a solution from literature
[C8.3]. It should be noted that the results given by Sham [C8.3] were determined for a very
long plate of H/W=6. Nevertheless, this solution (squares) is very close to the BCM results of
Table C8.12 (curve: interpolated by application of cubic splines). This excellent agreement
indicates that the plates are represented by the limit case of an "infinitely long plate" in both
cases.

2
T(1-0)/op |
1.5 | H/W
1F
05 F
0
% 15 0.75
-0.5
_1 s 1 s 1 s 1 s 1 s
0 02 04 06 0.8 1
a/W
Fig. C8.5 T-stress under bending loading.
1 1
a) O H/W=6
B Bl —Hw=15
bendin
0.5F \g 05 L
0 0
tension b)
-05F -05 F
0 02 04 06 08 0 02 04 06 08
a/lW a/W

Fig. C8.6 a) Biaxiality ratio of an edge-cracked plate or bar under tension and bending, b) biaxiality
ratio 3 (Table C8.12, curve) compared with data reported by Sham [C8.3] (squares) for bending.
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Table C8.12 Biaxiality ratio for bending p-(1-a/W)">.

alW | HW=15] 0.75 0.5 0.4
0 -0.469 |-0.469 | -0.469 | -0.469
0.2 | -0.198 [-0.194|-0.138 | -0.067
0.3 | -0.059 |-0.036| 0.107 | 0.262
0.4 0.075 | 0.113 | 0.341 | 0.565
0.5 0.187 | 0.233 | 0.495 | 0.772
0.6 0.275 | 0.309 | 0.536 | 0.816
0.7 0.337 | 0.353 | 0.481 | 0.679
0.8 0.376 | 0.378 | 0.416 | 0.487
1.0 0.423 | 0.423 | 0.423 | 0.423

Table C8.13 Coefficient 4, for bending.

aw | HW=15 | 1.25 1.00 0.75 0.5 0.4
0.2 0.024 0.024 | 0.024 | 0.025 | 0.0419 | 0.067
0.3 0.065 0.065 | 0.065 | 0.0696 | 0.1104 | 0.1722
0.4 0.116 0.118 | 0.1185 | 0.1257 | 0.1906 | 0.2887
0.5 0.201 0.201 | 0.2023 | 0.2104 | 0.2885 | 0.4148
0.6 0.362 0.362 | 0.3623 | 0.3684 | 0.4409 | 0.5751
0.7 0.746 0.744 | 0.744 | 0.747 | 0.792 | 0.900
0.8 2.059 2.051 | 2.045 | 2.043 | 2.049 2.09
Table C8.14 Coefficient B, for bending.

a/W| H'W=1.5 1.25 1.00 0.75 0.5 0.4
0.2 -0.035 | -0.04 | -0.103 | -0.188
03| -0.1216 | -0.127 | -0.123 | -0.141 | -0.251 | -0.363
0.4 | -0.1944 | -0.1958 | -0.197 | -0.213 | -0.310 | -0.408
0.5 | -0.2884 | -0.2872 | -0.289 | -0.289 | -0.308 | -0.348
0.6 | -0.4666 | -0.467 | -0.464 | -0.440 | -0.315 | -0.213
0.7 -0.96 -0.951 | -0.950 | -0.907 | -0.598 | -0.230
0.8 -3.07 -3.03 -3.00 | -294 | -2.52 | -1.84
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C8.3 Weight and Green's functions for plates of arbitrary height

The two loading cases of tension and bending allow for deriving a weight function for stress
intensity factor computations according to eq.(A3.1.10a) as outlined in Section A3.2.2 (see
also [C8.1], Chapter 3). For a 3 terms set-up

2 1

h= || —
ﬂaL/l—x/a

the additional crack-mouth condition d*4/dx*=0 at x=0 (see [C8.1]) can be used. Then the
coefficients read

+DyNl-x/a+D,(1-x/a)’? +D2(1—x/a)5/2} (C8.3.1)

Dy =-11- 12?;/7%a (27F, -(27-16a)F)) (C8.3.2)
= ?+ 1923’%(1 (81F, — (81— 64a)F,) (C8.3.3)
D, = _%_ 1221/”5(1 (21F, - (21-16a)F,) (C8.3.4)

where the geometric functions from Tables C8.1 and C8.10 can be used. Since the
coefficients Dy-D; contain differences between tensile and bending solutions (which are
identical for a/W—0), the application of (C8.3.2-C8.3.4) is recommended for a/W>0.2. Figure
C8.7a shows the weight function 4 for a relative crack depth of a/W=0.5 for a long and a short
plate. The Green’s functions for T-stress are given in Fig. C8.7b. It is clearly visible that the
effect of the specimen height is more pronounced for the Green’s function z.

25 14 F
h\/W | a/W=0.5 a) tXV\42_ a/W=05 b)
20 I
H/W=0.4 10k
15 . _ H/W=0.4
10 6 '
4 -
5r ,f H/W71 5
0 " 1 " 1 " 1 " 1 N O n 1 n 1 n 1 i L n
0 02 04 06 08 1 0 02 04 06 08 1
x/a x/a

Fig. C8.7 Influence of the plate height H on a) the weight function /4, b) the Green’s function 7.
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The tension and bending solutions also allow for deriving a Green’s function for T-stress

t=L1[C,V1-x/a+C (1-x/a)"?] (C8.3.5)

According to eqs.(A4.3.6) and (A4.3.7), the coefficients follow as

C, = 15 (7-4a )——7 L +10a (C8.3.6)
16a o, O,
T,

C =- 33 (5-4a )——5—”+6a (C8.3.7)
160 o, O,

with the T-stresses 7; for tension and 73, for bending as obtained from Tables C8.4 and CS8.11.

In the special case of the long plate with H/W>1.5, it holds

15(—0.3889 +1.8706 & — 2.0012 % —1.0544 &> +2.283a* —0.3932°)

Cy= (C8.3.8)
0 8(1—a)?
— 2 3 4 5
C _35(0.5487-2.1127 + 2.1180« +1.1§45a 2.0864a" +0.3932a7) (C8.3.9)
8(1-a)
A Green's function approximation with integer exponents can be given by
t(x)=L[E,(1-x/a)+E,(1-x/a)’] (C8.3.10)

with the coefficients £y and £, compiled in Tables C8.15 and C8.16.

Table C8.15 Coefficient Ey/a-for the Green's function, eq.(C8.3.10).

aw | HW=1.5]0.7510.50| 0.40 | 0.30
0.2 2531 |[2.02]253| 4.78 | 8.16
0.3 1.456 |1.31[4.00| 6.53 |11.74
0.4 1.290 |1.79 {4.93 | 833 |15.13
0.5 1.728 | 2.25|5.71 | 9.46 | 18.67
0.6 3.167 |3.42|6.04|10.21 | 21.60
0.7 6.204 |6.428.05(11.73 | 23.31
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Table C8.16 Coefficient £;/a for the Green's function, eq.(C8.3.10).

aw | HwW=15 | 0.75 | 050 | 0.40 | 0.30
0.2 2.438 3.234 | 337 | 1.50 | 0.80
0.3 1.714 2.286 | 0.980 | 0.82 | 1.55
0.4 1.417 1.167 | 0.925 | 1.46 | 3.81
0.5 0.864 1.152 | 1.44 | 3.17 | 5.95
0.6 0.437 0.875 | 2.81 | 5.00 | 8.28
0.7 0.789 1.034 | 3.35 [ 593 | 10.71
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C8.4 Transverse loading

An edge-cracked plate under transverse tractions oy is illustrated in Fig. C8.8. Under this

loading, the stress intensity factor is defined by

K:(J'XF\/E

The geometric function F' is plotted in Fig. C8.9 for several values of a/W, H/W, and d/W.
Figure C8.10 represents the T-stresses. For the long plate (H/W>1.3) the data are compiled in
Tables C8.17 and C8.18. The limit cases for F' are: F =0 for d/H=0 and d/H=1. For T it

holds: T=0 for d/H=0 and T/o,=1 for d/H=1.

Table C8.17 Geometric function F for stress intensity factor representation eq.(C8.4.1).

Fig. C8.8 Edge-cracked plate under transverse traction.

alW | d/Ww=0.05| 0.1 0.2 0.4 0.6 0.8

0.2 0.0852 |0.1488 | 0.2162 | 0.1911 | 0.1048 | 0.0461
0.3 0.0549 |0.0950 | 0.1394 | 0.1300 | 0.0750 | 0.0341
0.4 0.0441 |0.0734 | 0.1005 | 0.0870 | 0.0493 | 0.0221
0.5 0.0399 |0.0631 | 0.0775 | 0.0560 | 0.0286 | 0.0118
0.6 0.0385 |0.0568 | 0.0600 | 0.0307 | 0.0138 | 0.0043
0.7 0.0381 |[0.0504 | 0.0422 | 0.0147 | 0.0034 | 0.0000
0.8 0.0381 |[0.0410 | 0.0206 | 0.0033 | -0.0009 | -0.0013
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Table C8.18 T-stress represented as 7/cy.

Fig. C8.9 Geometric function F according to eq.(C8.4.1)

208

alW d/W=0.05 0.1 0.2 04 0.6 0.8
0.2 0.4561 0.7713 | 1.0695 | 1.0888 | 1.0549 | 1.0242
0.3 0.3425 [0.615810.9670 | 1.1540 { 1.1173 | 1.0630
0.4 0.2871 0.533210.8960 | 1.1750 | 1.1574 | 1.0907
0.5 0.2693 [0.507210.8725|1.1797 { 1.1717 | 1.1011
0.6 0.2828 [0.531710.9003 | 1.1866 | 1.1568 | 1.0920
0.7 0.3345 [0.6161 109786 | 1.1627 | 1.1233 | 1.0661
0.8 0.4498 |[0.780511.0903 | 1.1157 | 1.0663 | 1.0326
F 02¢ a) 0'2% b)
0.2 44 0.2
01 H/W=1.3 0.1 H/W=1
06
0.1} 282 01F—R
0.05 0.05
r 08 r 08
dw dw
T T T
0O 02 04 06 08 1 0O 02 04 06 08 1
a/lW a/W
[ 02 030229
F 0.4 c) F d)
0.2 I /
= H/W=0.5
. H/W=0.75 0l 0t
I 0.4
06 i
a& \
0.1 0.05 o1 0.05;\
Tl dw
| dw
0 0
1 I
0 02 04 06 0.8 1 0O 02 04 06 08 1
a/W a/W




1.5 1.5 | ‘
H/W=1 b)
T/oy | Tlox | 06 0.4
0.8| 0.2 O~
0.5 0.5 01 W/
el
dw
o)L 1. 0
0 02 04 06 08 1 0O 02 04 06 08 1
a/W a/W
1.5 ‘ ‘ 1.5 \ \
H/W=0.75 c) H/W=0.5 d)
Tlo,. ™ T/o, | 0.4
0.6
1 1 0.2
o<

N AR
0.5 xg\o/(/ 0.5 - )_H)/O/

0.05
dw dw
oL— : : : : 0L : : : :
0 02 04 06 08 1 0O 02 04 06 08 1
a/W a/w

Fig. C8.10 T-stresses represented as 7/0.
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C8.5 Shear loading on crack surfaces

An edge-cracked plate with crack faces loaded by constant shear stresses is illustrated by Fig.
C8.11. The stress intensity factors Ky are compiled in Fig. C8.12 and Table C8.19 in the form
of the geometric function Fy; according to

K, =tF\ra (C8.5.1)

— 2H

Fig. C8.11 Edge-cracked plate under shear loading.

1.6

FN1-a/W

1.4

1.2

0.8 1 . 1 . 1 . 1
0

| a/W
Fig. C8.12 Geometric function Fy; for the edge-cracked plate under shear loading.

A representation of i is given for H/W>1.25 by
_ 1.1215-0.5608a — 0.20a* + 0.891a° - 0.426 &
V-«

Approximate relations for any H/W are reported in [C8.1].

£y

(C8.5.2)
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Table C8.19 Geometric function Fi\(1-o) according to eq.(C8.5.1).

aW | HW=125| 1.00 0.75 0.5 0.25 0.15
0 1.1216 |1.1216 | 1.1216 | 1.1216 | 1.1216 | 1.1216
0.2 1.007 1.008 | 1.011 | 1.027 | 1.146 | 1.348
0.3 0.955 0.958 | 0.964 | 0983 | 1.215 | 1.475
0.4 0.912 0913 | 0926 | 0993 | 1.252 | 1.539
0.5 0.876 0.878 | 0.893 | 0.969 | 1.246 | 1.549
0.6 0.851 0.852 | 0.864 | 0.932 | 1.202 | 1.502
0.7 0.834 0.835 | 0.842 | 0.885 | 1.112 | 1.395
0.8 0.826 0.826 | 0.828 | 0.843 | 0.978 | 1.212

A weight function 4y is given by

2 1
h o= |—|——+Dl-x/a+D,(1-x/a 3“} C8.5.3
11 ra |:m 0 l( ) ( )

with the coefficients Dy and D; compiled in Tables C8.20 and C8.21.

Table C8.20 Coefficients for the weight function eq.(C8.5.3) at H/W>1.25.

Dy D

0 |0.672 | 0.109
0.1 {0.674 | 0.108
0.2 [ 0.699 | 0.095
0.310.774 | 0.058
0.4 0.932 | -0.018
0.5 1.219 | -0.151
0.6 | 1.703 | -0.372
0.7 ] 2.535 | -0.768

Table C8.21 Coefficients for the weight function eq.(C8.5.3) at H/W=0.5.

Do D,
0 0672 0.110
0.1 |0.683 | 0.102
0210783 | 0.074
0.3 10966 | 0.077
04| 1.165| 0.178
0.5 1.389 | 0.299
0.6 | 1.741 | 0.277
0.7 | 2.469 | -0.149
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(01
Partially loaded rectangular plate

C9.1 Stress intensity factor solution

An edge-cracked rectangular plate with constant stresses acting on a part of the plate ends is
illustrated in Fig. C9.1.

it ©

!
T%d#

(9

Rt

Fig. C9.1 Partially loaded edge-cracked rectangular plate.

The geometric function of the stress intensity factor defined by
K, =0c*F\Nm (Co.1.1)

is compiled in Tables C9.1-C9.4 for several geometries [C9.1].

Table C9.1 Geometric function F for H/W=1.25.

alW | dw=0 | 0.25 0.5 0.75 1.0
0.3 0 1.049 | 1.643 | 1.859 | 1.637

0.4 0 1.245 | 1.990 | 2.318 | 2.103
0.5 0 1.546 | 2.538 | 2.968 | 2.825
0.6 0 2.054 | 3.472 | 4.080 | 4.034
0.7 0 3.138 | 5.274 | 6.191 | 6.327
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Table C9.2 Geometric function F for H/W=1.00.

alWw |(d/w=0| 025 | 05 | 075 | 1.0
0.3 0 1.056 | 1.668 | 1.871 | 1.656

0.4 0 1.280 1 2.009 | 2.296 | 2.112
0.5 0 1.568 | 2.599 | 2.982 | 2.824
0.6 0 2.139 | 3.483 | 4.101 | 4.035
0.7 0 3.207 | 5.229 | 6.280 | 6.353

Table C9.3 Geometric function F for H/W=0.75.

aw | d/w=0| 025 | 05 [ 075 | 1.0
0.3 0 1.100 | 1.697 | 1.864 | 1.681

0.4 0 1.302 | 2.038 | 2.295 | 2.135
0.5 0 1.61412.612|3.012 | 2.842
0.6 0 2.129 | 3.435 | 4.099 | 4.043
0.7 0 3.174 | 5.209 | 6.284 | 6.357

Table C9.4 Geometric function F for H/W=0.50.

aw | d/w=0| 025 | 05 [ 075 | 1.0
0.3 0 1.296 | 1.862 | 1.961 | 1.847

0.4 0 1.479 | 2.242 | 2.422 | 2.323
0.5 0 1.676 | 2.752 | 3.126 | 3.007
0.6 0 2.193 | 3.575 | 4.249 | 4.146
0.7 0 3.190 | 5.240 | 6.307 | 6.386

An example of application of this loading case may be demonstrated for a plate with H/W =
1.25 loaded by a couple of point forces P at several locations d/W, as illustrated in Fig. C9.2.

First, we determine the stress intensity factors for two values d; and d, with d; =d— and d, =
d+e (¢ «d) by interpolation of the tabulated results applying cubic splines. The normal force P

is given by
P=c*(d,-d)B (C9.1.2)

(B = thickness). The stress intensity factor for this case is

K=K K (K K\ P (C9.13)
c* o c* o*)B(d,-d))

(K1=K(x=d)), K;=K(x=d,)) and in case of d|, d» —> d (¢ — 0)

*
X _JdK/c*) P

= . (C9.1.4)
o(d /W) WB
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Results for Kp are given in Fig. C9.3.

A 2 b)

P o* m
?

Al

Fig. C9.2 Computation of stress intensity factors in plates loaded by a couple of point forces.

15
Kp
P/(WB) alW
0.7
10 [ 0.6
0.5
5
0.3
0.4
0
5 L ] 1 L ] L ] L
~0 0.2 04 06 0.8 1

d/w
Fig. C9.3 Stress intensity factor caused by a couple of forces acting at location d (H/W=1.25).

If an arbitrary smooth distribution of normal tractions acts on the ends of the plate, it is of
advantage to evaluate
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C9.2 T-stress solution

The T-stress terms 74 and the biaxiality ratios for a constant stress over a distance d (Fig.

K:

nlx=d=Ww

C9.1) are entered into Tables C9.5-C9.12.

Due to the non-homogeneous traction at the plate ends, a stress component oy will be

=4 2% g

—_[K do

generated along the crack line in the uncracked component already.

Table C9.5 T-stress Ty/c* for H/W=1.25.

alW | d/w=0| 0.25 0.5 0.75 1.0

0.3 0 -0.196 | -0.362 | -0.501 | -0.608
0.4 0 -0.072 | -0.197 | -0.372 | -0.577
0.5 0 0.123 | 0.092 | -0.102 | -0.419
0.6 0 0.461 | 0.660 | 0.468 | 0.040
0.7 0 1.199 | 1.90 | 1.806 | 1.337

Table C9.6 T-stress Ty/c* for H/W=1.00.

alWw | d/w=0| 0.25 0.5 0.75 1.0

0.3 0 -0.174 1 -0.360 | -0.515 | -0.606
0.4 0 -0.042 | -0.193 | -0.383 | -0.570
0.5 0 0.157 | 0.117 | -0.118 | -0.409
0.6 0 0.522 | 0.680 | 0.474 | 0.051
0.7 0 1.329 | 1.959 | 1.917 | 1.366

Table C9.7 T-stress Ty/c* for H/ W=0.75.

a/W | d/w=0| 0.25 0.5 0.75 1.0

0.3 0 -0.094 | -0.333 | -0.524 | -0.571
0.4 0 0.098 | -0.115|-0.369 | -0.485
0.5 0 0.348 | 0.251 | -0.039 | -0.277
0.6 0 0.703 | 0.808 | 0.560 | 0.199
0.7 0 1.456 | 2.052 | 2.011 | 1.485
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Table C9.8 T-stress Ty/c* for H/W=0.50.

alWw |d/w=0] 025 | 0.5 0.75 1.0

0.3 0 0.257 | -0.119 | -0.317 | -0.299

0.4 0 0.722 | 0.457 | 0.136 | 0.110
0.5 0 1.157 | 1.195 | 0.783 | 0.666
0.6 0 1.614 | 2.007 | 1.668 | 1.372
0.7 0 2.250 | 3.174 | 3.007 | 2.593

Table C9.9 Biaxiality ratio f(1-a/W)"* for H/W=1.25.

alw | dw=025| 0.5 0.75 1.0

0.3 -0.156 |-0.184 | -0.225]-0.311
0.4 -0.045 |[-0.077 | -0.124 | -0.213
0.5 0.056 0.026 |-0.024 | -0.105
0.6 0.142 0.122 | 0.073 | 0.006
0.7 0.209 0.213 | 0.160 | 0.116

Table C9.10 Biaxiality ratio p(1-a/W)"* for H/W=1.00.

alW | dWw=025| 0.5 0.75 1.0

0.3 -0.138 [ -0.181 | -0.230 | -0.306
0.4 -0.026 |-0.0741-0.129 | -0.209
0.5 0.071 0.032 |-0.028 | -0.102
0.6 0.154 0.124 | 0.073 | 0.008
0.7 0.227 0.205 | 0.167 | 0.118

Table C9.11 Biaxiality ratio B(1-a/W)"* for H/W=0.75.

alW |d/w=0.25| 0.5 0.75 1.0

0.3 -0.071 |-0.164 | -0.235 | -0.284
0.4 0.059 |-0.044|-0.125|-0.176
0.5 0.153 0.068 |-0.009 | -0.069
0.6 0.209 0.149 | 0.086 | 0.031
0.7 0.251 0.216 | 0.175 | 0.128
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Table C9.12 Biaxiality ratio p(1-a/W)"* for H/W=0.50.

alW |dw=0.25| 0.5 0.75 1.0

0.3 0.166 |-0.054 | -0.135|-0.136
0.4 0.378 0.158 | 0.043 | 0.037
0.5 0.488 0.329 | 0.177 | 0.157
0.6 0.466 0.355 | 0.248 | 0.209
0.7 0.386 0.332 | 0.261 | 0.222

An example of application of this loading case may be demonstrated for a plate with H/W =
1.25 loaded by a couple of point forces P at several locations d/W, as illustrated in Fig. C9.2a.
The evaluation of the related T-stress term is explained in Fig. C9.2b.

The T-stress for this case is [C9.2]

T, = i_i o¥ = i_i P (C9.2.1)
c* o c* o*)B(d,—-d,)

and for the case of di, d, > d (¢ —> 0)

AT, /o%) P

(C9.2.2)
o(d /W) WB

P

In Fig. C9.4 the T-stresses are plotted as a function of the relative crack length a/W.

6

ToWB/P: a/W

4r 0.7
0.6

2 0.5
0 %
Al 0.3 04
4

n 1 n 1 n 1 n 1 n
0O 02 04 06 08 1
d/W
Fig. C9.4 T-stress caused by a couple of forces acting at location d (H/W=1.25).
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The results compiled in Tables C9.5-C9.8 can be used to compute the T-stress for any given
distribution of normal traction G, at the ends of the plate

P
=—|— d = — C9.2.3
j o, (dr, o= (C9.2.3)

If a smooth distribution of normal traction acts at the ends of the plate it is of advantage to
rewrite also eq.(C9.2.3) and apply integration by parts. This leads to

WT do
T:— xdW—I——dx (C9.2.4)

0

As an example, the T-stress for bending was computed from eq.(C9.2.4). The results for two
values of H/W are shown in Fig. C9.5 (circles) together with the data of Table C8.11 (curves),
which were obtained directly from BCM computations. The agreement is good.

04
T(1'a)2/0b | H/W=0.5
0.2+
0.75
0
-0.2
-04
Bending
B ) J) PR P R E— —
0O 02 04 06 08 1
(04
Fig. C9.5 Comparison of bending results obtained with eq.(C9.2.4) (circles) and BCM results

(curves).
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C10

Edge-cracked plate under mixed boundary
conditions

C10.1 Mixed boundary conditions at the ends

The single-edge-cracked plate under displacement-controlled loading is shown in Fig. C10.1.
In Fig. C10.1a the plate is extended in y-direction by a constant displacement v. Under plane
stress conditions, the related stress in the uncracked plate is

o, :%E (C10.1.1)

(E =Young's modulus). As second condition, disappearing shear traction at the ends of the
plate may be prescribed, leading to a mixed boundary problem. The equivalent description of
the crack problem is shown in Fig. C10.1b, where the crack faces are loaded by G and y-
displacements at the ends of the plate are suppressed (v = 0). The rollers ensure free
deformation in x direction.

b) — =0 v=0

a) r =0 v=const

7 %,
[OHONOIIONONONO!

yﬂ GO

hiry  2H
¢
X
%aJ <«—3a
W NOOOOOOO

Fig. C10.1 Edge-cracked plate under displacement boundary conditions, a) loading by constant
displacements v at the plate ends, b) equivalent crack face loading resulting from the superposition
principle.

Results for the stress intensity factors are illustrated in Fig. C10.2a in the form of the
geometric function F with o* = . Boundary collocation results are entered as circles. For
H/W<0.5 a simple representation of the results is given by [C10.1, C10.2]
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Y
Fe 2 tanh”{l.lZlS‘/ﬂJ . oy =22 (C10.1.2)
ma H

This solution is indicated by the curves in Fig. C10.2a. Figure C10.2b illustrates the T-stress
normalised to oy. In the case of H/W=0.25, the T-stress is nearly constant within the range of
0.4<a/W<0.7. In order to allow interpolations, Tables C10.1 and C10.2 provide single values
for FF and T. The biaxiality ratio is compiled in Table C10.3 and higher stress function
coefficients are given in Tables C10.4-C10.7.

a) T/oo | b)

0.4+

0.8

0.6

0.4

H/W=0.25
0.2r
0 " 1 L 1 " 1 " 1 " L 1 L 1 L 1 L 1 L
0 02 04 06 08 1 0 02 04 06 08

a/lW a/W

Fig. C10.2 Results of BCM computations; a) stress intensity factor, expressed by F (symbols: BCM
results, curves: eq.(C10.1.2)), b) T-stress (symbols as in a)).

3F 4l
F ol oo 0.50 a) H/W=0.25
o5k T/Go
L 3+ 0.50
stress
2r conditions
L 2 -
15
stress
1+ conditions
L displgpement
I conditions displacement
05r 0 conditions
I H/W=0.25 0.50
O L 1 " 1 " 1 " 1 L _1 1 1 1 1
0 02 04 06 08 1 0 02 04 06 08 1
a/W a/W

Fig. C10.3 Comparison of solutions for constant normal traction and constant displacements at the
plate ends; a) geometric function for stress intensity factor, b) T-stress.
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Figure C10.3 gives a comparison of the stress intensity factor and T-stress solutions for the
stress conditions of (6y =0y, Ty =0 at y=H) and the results obtained with the displacement
condition (v=const., 1x,=0 at y=H) at H/W=0.25 and H/W=0.5.

Strong deviations of the results are obvious from Fig. C10.3. Whereas the geometric functions
F for the stress boundary conditions increase monotonically with increasing a/W, the
geometric function for the displacement boundary conditions decreases with a/WW. This result
illustrates that application of correct boundary conditions is necessary to compute the fracture
mechanics parameters for a given crack problem.

As a second displacement condition, the case of prescribed bending displacements

v:aoﬂ(l—zij (C10.1.3)
E w

is considered with the outer fibre tensile stress oy in the uncracked plate. The results obtained
for this type of loading are compiled in Tables C10.8 to C10.10. Higher order coefficients of
the Williams stress function are entered into Tables C10.11 and C10.12.

Table C10.1 Geometric function F if the stress intensity factor solution at v=const.

aw | HW=0.25 | 0.50 0.75 1.00 1.25

0.00 1.1215 1.1215 | 1.1215 | 1.1215 | 1.1215
0.25 0.558 0.794 | 0.938 | 1.030 | 1.094
0.3 0.510 0.726 | 0.883 | 0.992 | 1.071
0.4 0.445 0.627 | 0.782 | 0.909 | 1.012
0.5 0.399 0.561 | 0.701 | 0.826 | 0.937
0.6 0.364 0.515 | 0.638 | 0.750 | 0.855
0.7 0.338 0.481 | 0.588 | 0.684 | 0.774
0.8 0.318 0.453 | 0.548 | 0.629 | 0.704

Table C10.2 T-stress data 7/c, at v=const.

alWw | HW=0.25 | 0.50 0.75 1.00 1.25
0.00 -0.526 -0.526 | -0.526 | -0.526 | -0.526
0.25 -0.536 -0.448 | -0.467 | -0.490 | -0.509
0.3 -0.564 -0.460 | -0.462 | -0.484 | -0.503
0.4 -0.587 -0.505 | -0.481 | -0.490 | -0.498
0.5 -0.592 -0.555 | -0.530 | -0.525 | -0.521
0.6 -0.594 -0.606 | -0.596 | -0.583 | -0.567
0.7 -0.600 -0.662 | -0.674 | -0.661 | -0.641
0.8 -0.634 -0.735 | -0.774 | -0.776 | -0.768
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Table C10. 3 Biaxiality ratio B for v=const.

aW | HW=0.25 | 0.50 0.75 1.00 1.25

0.00 -0.469 -0.469 | -0.469 | -0.469 | -0.469
0.25 -0.961 -0.564 | -0.498 | -0.476 | -0.465
0.3 -1.106 -0.634 | -0.523 | -0.488 | -0.470
0.4 -1.319 -0.805 | -0.615 | -0.539 | -0.492
0.5 -1.484 -0.989 | -0.756 | -0.636 | -0.556
0.6 -1.632 -1.177 | -0.934 | -0.777 | -0.663
0.7 -1.775 -1.376 | -1.146 | -0.966 | -0.828
0.8 -1.994 -1.623 | -1.412 | -1.234 | -1.091

Table C10.4 Coefficient A; for v=const.

aw | HW=0.25 0.50 1.00

0.3 -0.0737 | -0.0459 | -0.0356
0.4 -0.0744 | -0.0489 | -0.0296
0.5 -0.0744 | -0.0517 | -0.0264
0.6 -0.0744 | -0.0532 | -0.0235
0.7 -0.0748 | -0.0532 | -0.0186
0.8 -0.0760 -0.050 | -0.0098

Table C10.5 Coefficient B, for v=const.

alW | HW=0.25 | 0.50 1.00

0.3 0.2775 0.1945 | 0.1669
0.4 0.2523 0.1752 | 0.1450
0.5 0.2464 0.1630 | 0.1364
0.6 0.2468 0.1589 | 0.1281
0.7 0.2544 0.1613 | 0.1156
0.8 0.2834 0.1664 | 0.1024

Table C10.6 Coefficient A, for v=const.

aw | HW=0.25 0.50 1.00

0.3 -0.1052 | -0.0785 | -0.0356
0.4 -0.0900 | -0.0610 | -0.0340
0.5 -0.0886 | -0.0468 | -0.0166
0.6 -0.0895 | -0.0343 | 0.0123
0.7 -0.0919 | -0.0111 | 0.0649
0.8 -0.0806 0.0590 | 0.192
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Table C10.7 Coefficient B, for v=const.

alW | H'W=0.25 0.50 1.00

0.3 -0.1880 | -0.1082 | -0.1501
0.4 -0.1282 | -0.0685 | -0.0758
0.5 -0.1091 | -0.0498 | -0.0635
0.6 -0.1017 | -0.0394 | -0.0870
0.7 -0.0836 | -0.0577 | -0.153
0.8 -0.0736 | -0.1636 | -0.380

Table C10.8 Geometric function F for bending displacements, eq.(C10.1.3).

aw | HW=0.25 | 0.50 0.75 1.00 1.25

0.00 1.1215 1.1215 | 1.1215 | 1.1215 | 1.1215
0.2 0.431 0.639 | 0.740 | 0.798 | 0.829
0.3 0.250 0.412 | 0531 | 0.614 | 0.677
0.4 0.129 0.238 | 0.344 | 0.432 | 0.503
0.5 0.035 0.102 | 0.186 | 0.262 | 0.330
0.6 -0.041 -0.008 | 0.050 | 0.109 | 0.164
0.7 -0.105 -0.103 | -0.070 | -0.032 | 0.007
0.8 -0.162 -0.188 | -0.183 | -0.168 | -0.148

Table C10.9 T-stress data 7/c, for bending displacements.

aWw | HHw=0.25 | 0.50 0.75 1.00 1.25

0.00 -0.526 -0.526 | -0.526 | -0.526 | -0.526
0.2 -0.165 -0.121 | -0.146 | -0.165 | -0.182
0.3 -0.072 0.033 | 0.033 | 0.016 | 0.003
0.4 0.040 0.161 | 0.184 | 0.176 | 0.171
0.5 0.158 0.282 | 0318 | 0.323 | 0.326
0.6 0.276 0.402 | 0.446 | 0.462 | 0.476
0.7 0.396 0.525 | 0.580 | 0.608 | 0.631
0.8 0.525 0.662 | 0.741 | 0.790 | 0.828
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Table C10.10 Biaxiality ratio 3 for bending displacements.

aw | HHw=0.25 | 0.50 0.75 1.00 1.25
0.00 -0.469 -0.469 | -0.469 | -0.469 | -0.469
0.2 -0.383 -0.189 | -0.197 | -0.207 | -0.219
0.3 -0.288 0.080 | 0.062 | 0.026 | 0.004
0.4 0.310 0.676 | 0.535 | 0.407 | 0.340
0.5 4.514 2.765 | 1.710 | 1.233 | 0.988
0.6 -6.732 -0.020 | 8.92 | 4.238 | 2.902
0.7 -3.771 -5.097 | -8.285 | -1.906 | 90.14
0.8 -3.241 -3.521 | -4.050 | -4.702 | -5.590

Table C10.11 Coefficient 4, for bending displacements.

aw | HHw=0.25 | 0.50 1.00

0.3 0.0170 0.0406 | 0.0487
0.4 0.0318 0.0534 | 0.0674
0.5 0.0466 0.0647 | 0.0822
0.6 0.0615 0.0757 | 0.0959
0.7 0.0764 0.0870 | 0.1107
0.8 0.0917 0.0997 | 0.1304

Table C10.12 Coefficient B, for bending displacements.

aw | HW=0.25 0.50 1.00

0.3 -0.0206 | -0.0843 | -0.1074
0.4 -0.0768 | -0.1107 | -0.1344
0.5 -0.1264 | -0.1318 | -0.1512
0.6 -0.1754 | -0.1518 | -0.1681
0.7 -0.2255 | -0.1759 | -0.1960
0.8 -0.2849 | -0.2177 | -0.2560

A weight function for the crack problem illustrated in Fig. C10.1 was given in [C10.2] as

2 1 4
h=[|— +YCA-p)™"| , p=x/a C10.1.4
,/ﬁa{ = Z (1= p) p ( )

with the coefficients C, compiled in Table C10.13. In order to allow wide range interpolations
of the weight function it is of advantage to know the solution for the limit case H/W—0 which
may be approximated by [C10.1]
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[1 - 2(%)2(1 - p)ilexp(—f&%(l —p)—(a/ HY(1- p)3) (C10.1.5)

Table C10.13 Coefficients for the weight function representation of eq.(C10.1.4).

HW a/w=03 (04 0.5 0.6 0.7 0.8
025 |Ci [-1.6924 |-2.3107 |[-2.9654 |-3.6544 |-4.3576 |-50441
C, (0.4181 1.1296 |2.3576 |4.15225 |6.4217 |[9.0209
C; |0.8616 1.0018 [0.4213 |-1.1047 |-3.5700 |[-6.7893
Cs [-0.7010 |-0.9450 [-0.9149 [-0.4561 |0.4673 |1.7795
0.50 |C; [-0.7560 |-1.0480 |[-1.3366 |[-1.5870 |-1.8665 |-2.2770
C, (0.0813 0.0515 [0.1397 |0.3347 0.3478 [0.0345
C; [0.5542 0.6190 [0.6893 [0.7303 |1.3338 |3.0820
Cs |-03818 |-0.4584 |[-0.5345 [-0.6192 |-0.9558 |-1.7863
1.00 |C; [0.1158 -0.1735 [-0.4305 |-0.6369 |-0.7176 |[-0.5953
C, (0.1943 0.1825 [0.1079 |-0.0455 |-0.4514 |-1.3617
C; (0.4413 0.4832 [0.5914 |0.7634 |1.1138 |1.8879
Cs |-03196 |-0.3369 [-0.3962 [-0.4931 |-0.6423 |-0.9200
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C10.2 Pure displacement conditions at the plate ends

In the loading situation illustrated in Fig. C10.4 the displacements u are also kept constant.
Since a rigid body motion has no influence on the stresses, we restrict the considerations to
the case U=0. The characteristic stress is chosen as

o, =%E (C10.2.1)

Geometric functions F for stress intensity factors defined by
K=0,FVm (C10.2.2)

are represented in Tables C10.14-C10.16. An impression of the influence of the Poisson's
ratio on the geometric function is given in Fig. C10.5.
T-stress solutions for several Poisson's ratios v are compiled in Tables C10.17-C10.19.

i u=0 v=const

yA

2H

X

a

Fig. C10.4 Edge crack under pure displacement boundary conditions.

0.4
F
0.39

0.38

0.37

0.36 -

0.35 P O S SR
0 01 02 03 04

\%

Fig. C10.5 Influence of Poisson's ratio v on the geometric function F in eq.(C10.2.2).
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The higher-order stress coefficients 4; and B; (see eq.(Al.1.4)) are compiled in Tables
C10.20-C10.25.

Table C10.14 Geometric function for H/W=0.25.

alW [ v=0 0.1 0.2 0.3 0.4
0 1.1215
0.3 10512 [0.516 [0.524 |0.537 [0.555
0.4 10.444 10.447 [0.455 |0.466 [0.482
0.5 10398 [0.401 [0.407 |0.417 |0.430
0.6 (0364 [0.367 [0.372 |0.380 [0.390
0.7 10338 [0.341 [0.345 |0.351 [0.358
0.8 10.318 ]0.320 [0.322 10.326 [0.330

Table C10.15 Geometric function for H/W=0.5.

aW |v=0 0.1 0.2 0.3 0.4
0 1.1215
0.3 (0.727 {0.730 {0.736 [0.744 [0.754
0.4 [0.630 [0.636 {0.643 [0.652 [0.664
0.5 [0.563 [0.568 [0.575 [0.584 |0.595
0.6 [0.516 [0.520 {0.525 [0.532 [0.540
0.7 (0.480 [0.482 {0.485 [0.490 [0.496
0.8 [0.451 [0.452 [0.453 |0.455 [0.458

Table C10.16 Geometric function for H/W=1.0.

aW |v=0 0.1 0.2 0.3 0.4
0 1.1215
0.3 (0.993 [0.994 {0.996 |1.000 |1.005
0.4 (0909 (0911 {0.914 [0.918 [0.924
0.5 (0.827 [0.828 {0.831 [0.835 [0.840
0.6 [0.751 [0.752 [{0.754 [0.757 |0.762
0.7 10.684 [0.685 [0.686 [0.688 [0.692
0.8 [0.629 [0.629 [0.630 [0.632 [0.635

Table C10.17 T/oc, for H/W=0.25.

alW |v=0 0.1 0.2 0.3 0.4
0 -0.526
0.3 |-0.547 [-0.522 |[-0.506 |-0.498 |-0.499
04 |[-0.577 |-0.547 [-0.525 [-0.511 [-0.505
0.5 |-0.590 [-0.563 |[-0.544 |-0.533 |-0.529
0.6 [-0.599 [-0.579 [-0.568 |[-0.565 |[-0.570
0.7 |-0.614 [-0.607 [-0.605 |-0.608 |-0.616
0.8 [-0.651 [-0.653 |-0.659 [-0.669 [-0.682
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Table C10.18 T/c, for H/W=0.5.

alW |v=0 0.1 0.2 0.3 0.4

0 -0.526

0.3 |-0.468 |-0.479 |-0.494 [-0.513 [-0.535
0.4 [-0.509 |-0.518 |-0.531 |-0.549 |-0.571
0.5 [-0.557 |-0.564 |-0.575 |-0.591 |-0.611
0.6 |-0.608 |-0.614 |-0.623 [-0.635 [-0.651
0.7 1-0.664 |-0.668 [-0.674 [-0.684 |-0.696
0.8 [-0.740 |-0.740 |-0.742 |-0.747 |-0.754

Table C10.19 T/c, for H/W=1.0.

aw |v=0 0.1 0.2 0.3 0.4

0 -0.526

0.3 |-0.484 |-0.488 [-0.494 [-0.501 [-0.510
0.4 |-0.492 |-0.497 |-0.504 [-0.512 [-0.521
0.5 [-0.526 |-0.531 |-0.538 |-0.546 |-0.555
0.6 [-0.583 [-0.587 {-0.592 |-0.599 |-0.607
0.7 1-0.661 |-0.664 |-0.668 [-0.673 [-0.678
0.8 1-0.776 |-0.776 |-0.779 [-0.784 [-0.791

Table C10.20 Coefficient A, for H/W=0.25.

alW | v=0 0.1 0.2 0.3 0.4

0.3 |-0.0752 |-0.0775 [-0.0815 |-0.0871 [-0.0944
0.4 |-0.0761 |-0.0782 [-0.0817 |-0.0868 [-0.0933
0.5 [-0.0762 |-0.0783 |-0.0817 |-0.0863 |-0.0922
0.6 [-0.0763 |-0.0785 [-0.0817 |-0.0859 [-0.0911
0.7 1-0.0767 |-0.0787 [-0.0815 |-0.0850 [-0.0891
0.8 |-0.0771 |-0.0784 [-0.0799 |-0.0818 |-0.0839

Table C10.21 Coefficient 4; for H/W=0.5.

alW |v=0 0.1 0.2 0.3 0.4

0.3 [-0.0489 |-0.0518 |-0.0551 |-0.0589 |-0.0632
0.4 [-0.0509 |-0.0531 [-0.0558 |-0.0589 [-0.0625
0.5 |-0.0528 |-0.0544 [-0.0564 |-0.0588 |-0.0616
0.6 |-0.0538 |-0.0549 [-0.0562 |-0.0578 |-0.0596
0.7 1-0.0536 |-0.0539 |-0.0545 |-0.0552 |-0.0562
0.8 [-0.0506 |-0.0503 [-0.0501 |-0.0500 [-0.0501
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Table C10.22 Coefficient 4; for H/W=1.0.

alW |v=0 0.1 0.2 0.3 0.4

0.3 |-0.0356 |-0.0363 [-0.0370 |-0.0378 |-0.0387
0.4 1[-0.0298 |-0.0302 |-0.0310 |-0.0321 |-0.0326
0.5 [-0.0265 |-0.0269 |-0.0274 |-0.0280 |-0.0286
0.6 |-0.0234 |-0.0236 [-0.0239 |-0.0243 [-0.0248
0.7 1-0.0188 {-0.0189 [-0.0190 |-0.0192 [-0.0195
0.8 [-0.0106 |-0.0105 |-0.0106 |-0.0108 |-0.0112

Table C10.23 Coefficient B, for H/W=0.25.
alW |v=0 0.1 0.2 0.3 0.4
0.3 [0.2742 [0.2626 [0.2559 |0.2542 |0.2574
0.4 10.2532 |0.2494 [0.2506 |0.2568 |0.2679
0.5 ]0.2466 |0.2489 [0.2561 |0.2682 |0.2852
0.6 [0.2472 [0.2555 [0.2672 |0.2822 |0.3006
0.7 [0.2552 [0.2673 [0.2815 {0.2978 |0.3163
0.8 10.2778 10.2868 [0.2951 [0.3027 |0.3095

Table C10.24 Coefficient B; for H/W=0.5.

alW |v=0 0.1 0.2 03 0.4

0.3 10.1936 |0.1953 [0.1993 |0.2056 |0.2141
0.4 [0.1744 [0.1759 [0.1790 [0.1837 |0.1899
0.5 [0.1647 [0.1672 [0.1706 [0.1749 |0.1801
0.6 |0.1611 |[0.1635 [0.1663 |0.1695 |0.1731
0.7 10.1628 [0.1632 [0.1637 |0.1643 |0.1649
0.8 [0.1726 [0.1699 [0.1672 [0.1645 |0.1619

Table C10.25 Coefficient B; for H/W=1.0.

alW |v=0 0.1 0.2 0.3 0.4

0.3 [0.1684 [0.1713 [0.1743 [0.1775 |0.1809
0.4 10.1455 [0.1468 [0.1486 {0.1509 |0.1536
0.5 ]0.1363 [0.1363 [0.1367 {0.1375 |0.1386
0.6 [0.1280 [0.1271 [0.1265 |0.1263 |0.1264
0.7 [0.1171 [0.1155 |0.1144 |0.1138 |0.1136
0.8 10.1058 |[0.1066 [0.1073 {0.1078 |0.1081
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cil

Double-edge-cracked circular disk

The double-edge-cracked circular disk is shown in Fig. C11.1. Different traction and displace-
ment boundary conditions will be considered in the following sections.

Fig. C11.1 Double-edge-notched disk.

C11.1 Traction boundary conditions

The pure traction loading by o, = constant and tr,, =0 is illustrated in Fig. C11.2.

Fig. C11.2 Double-edge-cracked disk under traction boundary conditions &, =const., Tr,=0.

The geometric function F for the stress intensity factor is

K=o,FJm , a=alR (C11.1.1)
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as shown in Fig. C11.3 and approximated by

1.1215+0.2746a — 0.7959a* —1.1411a> +1.1776a*

-«

F

1

(C11.1.2)

In contrast to the single-edge-cracked disk, the relative crack length here is defined by a=a/R
(R=DJ/2).

1.2

F(1 -a/R)11’2;

1
0.9
0.8

0.7

0.6 _ o0 BCM )

0‘5 L 1 L 1 L 1 L 1 L
0 02 04 06 08 1

a/R

Fig. C11.3 Geometric function £ for the double-edge-cracked disk.

The weight function for the double-edge cracked disk under traction boundary conditions
reads

h= i{ L D T-p+D(-py2 +D,0-p)** |, p=xia (CI1.13)

wa 4/1—10

with the coefficients of

_0.4594 +2.3454 o —1.0205 a’-1.7547a’ +9.1403 o*

D (C11.1.4)
0 Nl-a
2 3 4
D, = 0.6833-0.1484 ¢ —1.8811cx" +7.0112 ° —8.9802 & (C11.1.5)
l-a
D, - 0.3059+0.2829 a +0.3552 ¢~ —1.9646 o + 2.4682 o (C11.1.6)

-«

The T-stress under loading by constant normal traction G, along the circumference is shown
in Fig. C11.4 together with the biaxiality ratio [3.
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The T-stress can be expressed by

T 0.474+0.282a° —0.857a" —0.385a° +0.486a°

- (C11.1.7)
o, l-a
the biaxiality ratio by
2 4 6 8
ﬂ=0.423+0.145a +1.301la” -3.679a" +1.81 (C11.1.8)
l-a
05 0.6 -
, BV1-a/lR
T(1'a/R) 05
on 04 |
0.4c
03
0.3
0.2
0.2
0.1 01
0 ‘ 0.2 ‘ 0.4 ‘ 0.6 ‘ 0.8 ‘ 1 00L l 0?2 l 0.14 l 0.|6 l 0.18 l 1
a/lR a/lR

Fig. C11.4 T-stress and biaxiality ratio of the double-edge-cracked circular disk under circumferential
normal traction.
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Fig. C11.5 Double-edge-notched disk; a) Green’s function from finite element computations, b) nor-
malized representation.
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From the data of Fig. C11.5b, the average Green’s function results as

1

W[O.S\/l—x/a +0.347(1-x/a)’* +0.473(1-x/a)*"*] (C11.9)
a\l—a

t

1

For the Green's function under symmetrical loading the same approximate set-up is chosen as
used for single-edge-cracked components. It reads

t=LE,(1-x/a) (C11.1.10)

with the parameter £y entered into Table C11.1 and fitted for . <0.8 by the polynomial of

E 0.948+0.564a’ —1.714a* —0.770a° +0.972 2"

0

(C11.1.11)
l-«

Table C11.1 T-stress, biaxiality ratio, and coefficient for the Green's function.
Loading: Constant circumferential normal traction, zero shear traction.

o |Tlo, [P Ey

0 0.474 10.423 [0.9481
0.2 {0.599 10472 |1.199
0.3 {0.702 |0.528 |1.405
0.4 10.829 [0.604 |1.658
0.5 {0.977 [0.698 |1.954
0.6 [1.136 |0.795 |2.273
0.7 {1.290 |0.865 |2.580
0.8 |1.425 {0.873 {2.850

The higher order coefficients 4; and B; according to eq.(A1.1.4) are compiled in Table C11.2.

Table C11.2 Coefficients 4, and B, according to eq.(A1.1.4).

alR |4, B

0.2 |[-0.039 [0.472
0.3 |[-0.012 |0.285
0.4 (0.008 |0.170
0.5 [0.021 |0.085
0.6 (0.023 |0.022
0.7 [0.007 |-0.016
0.8 [-0.051 |-0.025
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Figure C11.5 represents the displacements under constant normal traction &, in the form of

_2a0, 1y 1 @), a=alR (C11.1.12)
E' a 1-a

d

The results of boundary collocation computations are represented by the circles. From a least-
squares fit we obtain the representation of

A=1454+03893a +5.0022a” —19.5054 &’ + 236198 ¢* —103233 ¢’ (C11.1.13)

The dashed curve in Fig. C11.6 is the solution for the double-edge-cracked endless parallel
strip as reported by Tada [C11.1].

05
0 02 04 06 08 1
a/R

Fig. C11.6 Crack mouth displacements (x=0) according to eq.(C11.1.12); circles: Double-edge-
cracked disk, dashed curve: Results for the double-edge-cracked endless parallel strip, as reported in
[CI11.1].

The double-edge-cracked disk under constant shear traction t, on the crack faces is illustrated
in Fig. C11.7 together with the stress intensity factor solution represented by

K, =1, FNm , F'y=Fn1-alR (C11.1.14)
The data of Fig. C11.7 can be expressed by

~ 1.1215-0.5608¢ +0.2185a* —0.5007c° + 0.3584a*

l-«

F, ,a=al/R (C11.1.15)

In addition, Fig. C11.7 contains the mode-II stress intensity factor solution for the double-
edge-cracked endless strip [1] as the dashed curve. Only small deviations from this solution
are visible in the region of 0.3 <a/R < 0.7. An approximate weight function can be derived
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from eq. (C11.1.15) by application of the extended Petroski-Achenbach procedure (see e.g.
[C11.2]).

The coefficients for a representation

h, = 2 L*‘Do 1-p+D,(1-p)"*+D,(1-p)"*|, p=x/a(Cl1.1.16)
ma | \J1-p

are given by

p o 04594-04274a +2.5860” -5.42a° +5.677a*

0 NIy

(C11.1.17)

_0.630-0.25162 +1.2866a” —3.440°

l-a

D, (C11.1.18)

— — : ’
D, = 0.2541 0.1658a-i1-0.4396a +0.3636 ¢ (C11.1.19)
—a

i
1.1F
I:II'
1
0.9}

0.8}
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080"02 04 06 08 1
a/R

Fig. C11.7 Double-edge-cracked disk under constant shear traction on the crack faces; dashed curve:
Solution for the double edge-cracked endless strip (see e.g. [C11.1]).
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C11.2 Mixed boundary conditions

Figure C11.8 shows the case of constant normal traction o, and disappearing tangential dis-
placements v, along the circumference. The stress intensity factor described by

K =0,F(v,a/R)\mna (C11.2.1)

and the T-stress are plotted in Fig. C11.9. In this loading case the T-stresses are very small.
The higher order terms A4; and B; of eq.(A1.1.4) are compiled in Tables C11.3 and C11.4.

Gn

Fig. C11.8 Mixed boundary conditions o,=const., v,=0.
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Fig. C11.9 Geometric function F and T-stress as functions of v and a/R.

For v=0.25 and aa=a/R <0.75 the geometric function can be approximated by

F=059+0462a-1171a” +1197a° (C11.2.2)
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and the related T-stress at o <0.75 by

T/o*=0127a’ +5024a’ —18468 a* +26.0173c° —13.7978 a° (C11.2.3)

A weight function for v =0.25 is given in the form of eq.(C11.1.3) with the coefficients com-
piled in Table C11.5.

Table C11.3 Coefficient 4, according to eq.(A1.1.4).

v=0 0.2 0.4
a/R=0.2 |-0.172 |-0.172 |-0.171
0.3 -0.137 |-0.137 |-0.137
0.4 -0.119 |-0.118 |-0.118
0.5 -0.108 |-0.107 |-0.107
0.6 -0.104 |-0.103 |-0.102
0.7 -0.108 |-0.107 |-0.107
0.8 -0.127 1-0.127 |-0.126

Table C11.4 Coefficient B, according to eq.(A1.1.42).

v=0 0.2 025 |04
a/R=0.2 10.011 [0.009 |[-0.008 {-0.014
0.3 -0.035 |-0.041 |-0.043 |-0.048
0.4 -0.038 |-0.045 |-0.046 |-0.051
0.5 -0.039 |-0.047 |-0.049 [-0.053
0.6 -0.038 |-0.045 |-0.047 |-0.051
0.7 -0.029 |-0.034 |-0.035 |-0.039
0.8 -0.017 1-0.022 |-0.023 [-0.026

Table C11.5 Coefficients for the weight function according to eq.(C11.1.3) at v=0.25.

a/R Dy D, D,

0 -2.1306 [2.4203 |-0.8261
0.1 -1.9737 [2.3346 |-0.7985
0.2 -1.9052 [2.3238 |-0.7918
0.3 -1.8619 (2.3044 |-0.7850
0.4 -1.7853 [2.2064 |-0.7603
0.5 -1.6213 [1.9680 |-0.7017
0.6 -1.3276 |[1.5511 |-0.5987
0.7 -0.8859 [0.9657 |-0.4522
0.75 -0.6128 [0.6308 |-0.3670
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Figure C11.10 shows the case of constant radial displacements u;, and disappearing shear trac-
tions Tre. The stress intensity factor is given by

E
K=c*F(v,alR\ra, o*= “;{ (C11.2.4)

The geometric function F is plotted in Fig. C11.11a. In the form of

F*=F(1-v) (C11.2.5)

the results (which now coincide for a/R = 0) are shown in Fig. C11.11b.
For v=0.25 the geometric function F in the region of a/R <0.8 can be approximated by

F =4+0.8251a+0.65527a* —12.6637° +17.6804a* —7.1736 >  (C11.2.6)

and the T-term by
T/oc*=-09611a” +11.812a° —23.8847a" +20.5897a’ —6.7657a° (C11.2.7)

Fig. C11.10 Mixed boundary conditions u, =const., Tr,=0.

2 1.2
0.4 a) F* ' b)

1

0.8
v=0
0.5+ 0.6 0-2
04
00 02 04 06 08 1 0'40 02 04 06 08 1

a/lR a/lR

Fig. C11.11 Geometric function according to eq.(C11.2.4).

241



0.8

Tlo*
0.6

0.2 -

0

0 02 04 06 08 1
a/R

Fig. C11.12 T-stress term under the conditions of u, =const., Tr,=0.

Values of the higher order coefficients 4; and B; of eq.(A1.1.4) are compiled in Tables C11.6
and C11.8.

Table C11.6 Coefficient 4, according to eq.(A1.1.4).

al/R v=0 0.2 0.25 0.4

0.2 -0.094 |(-0.116 |(-0.122 (-0.149
0.3 -0.064 |[-0.075 |[-0.079 |[-0.094
0.4 -0.041 |[-0.047 [-0.049 [-0.055
0.5 -0.025 [-0.027 |[-0.028 |(-0.030
0.6 -0.016 |[-0.016 |(-0.016 (-0.017
0.7 -0.015 [-0.015 [-0.015 |[-0.016
0.8 -0.027 [-0.030 (-0.030 (-0.033

Table C11.7 Coefficient B; according to eq.(A1.1.4).

a/R v=0 0.2 0.4

0.2 0.003 [0.002 |0.001
0.3 0.007 |0.006 |0.004
0.4 0.010 |0.008 |0.007
0.5 0.011 [0.009 |0.008
0.6 0.010 |0.008 |0.007
0.7 0.007 |0.006 |0.004
0.8 0.003 |0.003 |0.002
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A weight function for v=0.25 is given in the form of eq.(C11.1.3) with the coefficients com-
piled in Table C11.8.

Table C11.8 Coefficients for the weight function according to eq.(C11.1.3) at v=0.25.

a/R Dy D, D,

0 -0.1384 | 1.0933 -0.4279
0.1 0.0604 1.0713 -0.4102
0.2 0.1270 1.1218 -0.4159
0.3 0.0186 1.2145 -0.4417
0.4 -0.2367 | 1.3033 -0.4764
0.5 -0.5643 1.3301 -0.5036
0.6 -0.8484  |1.1932 -0.4952
0.7 -0.9663  10.7742 -0.4193
0.8 -0.9132  |0.1456 -0.2900

Figure C11.13 represents the crack opening displacements o (for & see Fig. C11.6) under con-
stant radial displacements and disappearing shear traction at the circumference in the form of

_ 2ac0*

O=—7—MalR) (C11.2.8)
with 6* given by eq.(C11.2.4).
14
Ao | o0 A(1-v) |

1.2 %

| K v=0

15 K 1 7 0.2
/ 0.4 0.4
7 fﬁ% . 0.8

1 / 0.6

0 02 04 06 08 1 °0 02 04 06 08 1
(04 (04

)

2
v=0
" ]

Fig. C11.13 Crack mouth displacement represented by eq.(C11.2.8). Boundary conditions: u,=const.,
TR ™ 0.
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C11.3 Displacement boundary conditions

The case of pure displacement boundary conditions is illustrated in Fig. C11.14. Under these
boundary conditions, the geometric functions F for the stress intensity factor defined by
eq.(C11.2.4) result as shown in Fig. C11.15a. The T-stress term is given in Fig. C11.15b.

Fig. C11.14 Displacement boundary conditions u, =const., V,=0.

For v=0.25 the geometric function F in the range of a/R <0.8 can be approximated by

F =0.824-0.1267a +0.02799a° (C11.3.1)

and the T-stress in the range 0.2 <a/R<0.8 by

T/0*=0.0496+0.175a - 0.1016a* —0.22512° +0.5331a* (C11.3.2)
r * [ b)
F | a) | Tlo
09r 02k
0.4
08r I
0.7 - M%b@ 0.1 —V=O
| 0.2 0.2
0.6 - L 0.4
' M V=0
0.5 0

0 02 04 06 08 1 0 02 04 06 08 1
a/R a/R

Fig. C11.15 Geometric function F and T-stress as functions of v and a/R.
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Higher-order stress coefficients are compiled in Tables C11.9 and C11.10.

Table C11.9 Coefficient 4, according to eq.(A1.1.4).
a/R | v=0 0.2 0.25 0.4

0.2 |-0.170 [-0.212 |-0.226 |[-0.282
0.3 |-0.138 [-0.172 |-0.183 [-0.228
04 |-0.119 |-0.148 [-0.158 |-0.195
0.5 |-0.106 [-0.132 |-0.140 [-0.172
0.6 |-0.096 [-0.119 |-0.126 |-0.154
0.7 1-0.090 [-0.111 |-0.117 [-0.142
0.8 |[-0.090 |-0.110 |[-0.117 |-0.140

Table C11.10 Coefficient B according to eq.(A1.1.4).
a/R | v=0 0.2 025 104
0.2 10.239 10.237 ]0.232 |0.23
0.3 (0.167 |0.171 |0.174 [0.188
0.4 |(0.130 |0.138 |0.141 |0.156
0.5 [0.106 |0.114 |0.117 [0.133
0.6 [0.085 10.093 |0.096 [0.110
0.7 10.065 10.072 |{0.074 [0.085
0.8 [0.043 0.048 |0.050 [0.056

A weight function for v=0.25 is given in the form of eq.(C11.1.3) with the coefficients com-
piled in Table C11.11.

Table C11.11 Coefficients for the weight function according to eq.(C11.1.3) for v=0.25.

a/R Dy D D,

0 -1.9974 12.3316 |[-0.7995
0.1 -2.0420 [2.3613 [-0.8084
0.2 -2.0850 [2.3898 [-0.8170
0.3 -2.1258 [2.4166 |[-0.8250
0.4 -2.1642 (2.4414 |-0.8326
0.5 -2.2002 [2.4640 |-0.8395
0.6 -2.2336 |[2.4842 |[-0.8457
0.7 -2.2643 [2.5017 |-0.8513
0.8 -2.2922 [2.5164 |-0.8561
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C11.4 Double-edge-cracked Brazilian disk
The Brazilian disk test with a double-edge-cracked circular disk is illustrated by Fig. C11.16.

VP

-

thickness B

P

Fig. C11.16 Brazilian disk test with double-edge-cracked specimen.

For the computation of the biaxiality ratio, the mode-I stress intensity factor is necessary.
Stress intensity factors Kj computed with the weight function, eqs.(C11.1.3)-(C11.1.6), and
expressed by the geometric function F are presented in Table C11.12. The geometric function
F is defined by

K, =c*Fm , o*=P/(7RB) (C11.4.1)

Table C11.12 Stress intensity factors represented by the geometric function F for the Brazilian disk.

a=a/R | ®=7n/32 | /16 /8 n/4 3n/8 | Tm/16 /2

0 0 0 0 0 0 0 0

0.1 -6.188 | -2.952 | -0.970 | -0.304 | -0.180 | -0.160 | -0.154
0.2 -4.104 | -3.311 | -1.709 | -0.648 | -0.399 | -0.357 | -0.344
0.3 -2.728 | -2.680 | -1.989 | -0.987 | -0.652 | -0.590 | -0.571
0.4 -1.901 | -2.044 | -1.927 | -1.274 | -0.927 | -0.854 | -0.832
0.5 -1.343 | -1.541 | -1.713 | -1.479 | -1.212 | -1.145 | -1.127
0.6 -0.934 | -1.153 | -1.469 | -1.607 | -1.500 | -1.459 | -1.445
0.7 -0.614 | -0.855 | -1.263 | -1.705 | -1.809 | -1.817 | -1.817

Using the Green's function and the stress distribution given by eqs.(7.5.1) and (7.5.2), the T-
stress was computed. Table C11.13 contains the data for several angles ® (see Fig. C11.16).
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The biaxiality ratio resulting from the 7- and the Kj-solution is plotted in Fig. C11.17 for sev-
eral values of the angle ©.

Table C11.13 T-stress 7/c* for the Brazilian disk test (6*=P/(nRB)).

a/R O=n/32 | n/16 /8 /4 3n/8 | Tn/16 | w2
0 0 0 0 0 0 0 0
0.1 -3.04 1.88 | 1.074 | 0.378 | 0.228 | 0.204 | 0.196
0.2 -8.85 -1.96 | 1.105 | 0.763 | 0.513 | 0.465 | 0.450
0.3 -8.75 -4.62 | -0.051 | 1.013 | 0.835 | 0.783 | 0.765
0.4 -8.00 -5.60 | -1.516 | 1.001 | 1.159 | 1.141 | 1.132
0.5 -7.40 -5.90 | -2.726 | 0.688 | 1.430 | 1.508 | 1.527
0.6 -7.01 -6.02 | -3.611 | 0.126 | 1.577 | 1.824 | 1.896
0.7 -6.43 -5.84 | -4.11 | -0.50 | 1.61 | 2.07 | 2.22

—2
BV1-a/R |
1.5
/8

alR
Fig. C11.17 Biaxiality ratio for the double-edge-notched Brazilian disk.
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c12

Double-edge-cracked rectangular plate

C12.1 Double-edge-cracked plate under traction boundary conditions

A double-edge-cracked rectangular plate under pure tensile loading is shown in Fig. C12.1.
Stress intensity factors defined by

K, =oFJm , F'=F(1-a/W)" (C12.1.1)
are compiled in Table C12.1. A weight function for symmetric loading is given by

h= i[#+DO 1—p+Dl(1—p)3/2j, p=x/a (C12.1.2)
ma\ \1-p

with the coefficients Dy, D, listed in Tables C12.2 and C12.3. T-stresses are compiled in Ta-
ble C12.4.

clitithitiins

~a~

IFE Y

Fig. C12.1 Double-edge-cracked rectangular plate

For a long plate (H/W =1.5) the T-stress term and biaxiality ratio f may be approximated by

T _-0.526+0.46720.+0.1844 0" —0.1256 a (C12.1.3)

o l1-a
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~ —0.469 +0.14067 o + 0.35646 o> — 0.00986 o

B

and for the quadratic plate (H/W=1) by

Jl-a

T/o=-0526+01804ca—2.7241a* +9.5966 & — 63883 a*

L =-0469+01229a —12256 > + 60628 o> — 44983 *

The biaxiality ratios 3 are given in Table C12.5.

Table C12.1 Geometric function F7, eq.(C12.1.1).

alW |LIW=15 |1.25 1.0 0.75 0.50 0.35

0 1.1215 1.1215 |1.1215 |1.1215 |1.1215 |1.1215
0.3 10.94 0.96 1.029 |1.18 1.496 |1.891
0.4 ]0.8891 0.9197 [0.9946 [1.1926 |1.646 |2.196
0.5 (0.8389 0.8659 10.9427 |1.1537 |1.719 |2.437
0.6 [0.7900 0.8135 |0.8760 |1.0597 |1.6529 |2.535
0.7 10.7420 0.7492 10.8029 [0.9297 |1.4142 |2.46
1.0 ]0.6366 0.6366 |0.6366 [0.6366 |0.6366 |[0.6366

Table C12.2 Coefficient D, for eq.(C12.1.2).

a/W |L/IW=0.35 [0.50 |0.75 |1.00 |[1.50

0 0.585 0.584 |0.584 [0.584 |0.584
0.3 |3.75 243 |1.403 [0.932 [0.614
04 4091 3.26 |1.777 [1.085 |0.720
0.5 |6.46 3.93 |2.004 [1.252 |0.879
0.6 |8.14 429 |2.12 |1.478 |1.160
0.7 19.62 4.05 233 |1.88 |[1.494

Table C12.3 Coefficient D, for eq.(C12.1.2).

aWw |L/W=0.35 [0.50 |0.75 [1.00 |[1.50

0 0.256 0.256 [0.256 [0.256 [0.256
0.3 |1.303 0.953 [0.552 [0.302 (0.216
04 |2.56 148 10.624 |0.335 |0.178
0.5 |3.37 2.05 [0.739 [0.325 [0.134
0.6 |3.71 243 10.787 ]0.243 |0.01

0.7 13.95 2.83  [0.557 [0.024 [0.034
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In Fig. C12. 2 results of Table C12.5 are compared with data from literature (Kfouri [C12.1]).
Differences of less than 0.01 were found, i.e. an excellent agreement can be stated. Further
coefficients of the Williams stress function, eq.(A1.1.4), are listed in Tables C12.6 - C12.9.

B o =
L H/W=1
01T 1)
02
I a]
03[
B
04T a
- O
-0.5
" 1 " 1 " 1 "
0' 0.2 0.4 0.6 0.8
a/wW

B
H/W=1.5
-0.351
®)
0.4
()
8
-045
8
-0.5 L 1 " 1 L 1 L
0 0.2 0.4 0.6 0.8
a/lW

Fig. C12. 2 Comparison with data available from literature

[C12.1].

. Circles: Table C12.5, squares: Kfouri

Table C12.4 T-stress 7/c of the double-edge-cracked plate in tension.

o=a/W | HW=15 | 1.25 1.00 0.75 0.50 0.35
0.0 -0.526 | -0.526 | -0.526 | -0.526 | -0.526 | -0.526
0.1 -0.530 | -0.530 | -0.530
0.2 -0.532 | -0.528 | -0.527
0.3 -0.532 | -0.520 | -0.512 | -0.473 | -0.257 | 0.293
0.4 -0.528 | -0.504 | -0.440 | -0.282 | 0.256 | 1.546
0.5 -0.522 | -0.464 | -0.316 | 0.045 | 1.058 | 3.135
0.6 -0.510 | -0.409 | -0.153 | 0.483 | 2.202 | 5.24
0.7 -0.4932 | -0.32 | 0.023 | 0.969 | 3.68 8.13

Table C12.5 Biaxiality ratio B of the double-edge-cracked plate in tension.

oa=a/W | HW=1.5| 1.25 1.00 0.75 0.50 0.35
0.0 -0.469 | -0.469 | -0.469 | -0.469 | -0.469 | -0.469
0.1 -0.475 | -0.470 | -0.464
0.2 -0.476 | -0.465 | -0.451
0.3 -0.472 | -0.453 | -0.416 | -0.336 | -0.144 | 0.174
0.4 -0.460 | -0.425 | -0.343 | -0.183 | 0.120 | 0.545
0.5 -0.440 | -0.379 | -0.237 | 0.028 | 0.435 | 0.910
0.6 -0.408 | -0.318 | -0.110 | 0.288 | 0.842 | 1.307
0.7 -0.364 | -0.228 | 0.016 | 0.571 | 1.424 | 1.903
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Table C12.6 Coefficient 4, of the double-edge-cracked plate in tension.

alW | HHW=1.5 1.25 1.00 0.75 0.50

0.3 -0.045 -0.043 | -0.0362 | -0.0192 | 0.0441
0.4 -0.0416 | -0.0371 | -0.0237 | 0.0147 | 0.1395
0.5 -0.0414 | -0.0339 | -0.0118 | 0.0522 | 0.2591
0.6 -0.0454 | -0.0277 | -0.0053 | 0.0840 | 0.3936

0.7 -0.0591 | -0.0457 | -0.0110 | 0.0956 | 0.5074

Table C12.7 Coefficient B, of the double-edge-cracked plate in tension.

aWw | HW=15 | 1.25 1.00 0.75 0.50

0.3 0.1555 0.148 | 0.1208 | 0.0771 | -0.0509
0.4 0.1086 | 0.0911 | 0.0489 | -0.0382 | -0.1991
0.5 0.0759 | 0.0505 | -0.0099 | -0.1384 | -0.3478
0.6 0.0515 | 0.0014 | -0.0496 | -0.2157 | -0.5472
0.7 0.0356 0.0039 | -0.0671 | -0.2510 | -0.7722

Table C12.8 Coefficient 4,.

alWw 0.25 0.50 1.00

0.3 0.541 | 0.0447 | -0.0173
0.4 -1.867 | 0.007 | 0.0026
0.5 -3.24 | -0.061 | 0.0023
0.6 -4.43 | -0.158 | -0.022
0.7 -5.54 | -0372 | -0.083

Table C12.9 Coefficient B,.

alW | 0.25 0.50 1.00

0.3 | 3.37 | -0.096 | -0.244
04 | 590 | 0.203 | -0.142
0.5 | 850 | 0.390 | -0.075
0.6 | 1048 | 0.497 | -0.017
0.7 | 11.45 | 0.661 | 0.036
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C12.2 Mixed boundary conditions at the ends

The double-edge-cracked plate under mixed boundary conditions is shown in Fig. C12.3. Re-
sults for stress intensity factors (expressed by the geometric function F' according to
eq.(C12.1.1)) are illustrated in Fig. C12.4a and compiled in Table C12.10. Also in this case,
the curves introduced are described by eq.(C12.2.1). The numerical data are represented well

up to H/W=0.5 by
V4
Fe | tanh1/7(l.1215‘/ﬂj .y =22 (C12.2.1)
a H

with a maximum deviation of less than 3%. For the characteristic stress 6=c it holds

%
o, = EE (C12.2.2)
Figure C12.4b and Table C12.11 represent the T-stress. Values for 3 are compiled in Table
C12.12. Higher order coefficients A1, B1, A2, and B, according to eq.(A1.1.4) are given in Ta-
bles C12.13 -C12.16.

2H

Fig. C12.3 Double-edge-cracked plate under mixed boundary conditions.

Table C12.10 Geometric function F for the double-edge-cracked plate.

aw | HW=0.25 | 0.50 0.75 1.00 1.25

0.00 1.1215 1.1215 | 1.1215 | 1.1215 | 1.1215
0.3 0.5104 0.726 | 0.868 | 0.940 [ 0.976
0.4 0.4446 0.625 | 0.764 | 0.853 | 0.905
0.5 0.3987 0.557 | 0.680 | 0.772 | 0.834
0.6 0.3641 0.508 | 0.614 | 0.703 | 0.772
0.7 0.337 0.468 | 0.563 | 0.648 | 0.722
0.8 0.314 0.480 | 0.527 | 0.612 | 0.693
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Table C12.11 T-stress data 7/c, for the double-edge-cracked plate.

alW | HwW=0.25 | 0.50 0.75 1.00 1.25
0.00 -0.526 -0.526 | -0.526 | -0.526 | -0.526
0.3 -0.5632 -0.456 | -0.443 | -0.455 | -0.471
0.4 -0.5872 -0.494 | -0.434 | -0.423 | -0.433
0.5 -0.5919 -0.530 | -0.437 | -0.396 | -0.396
0.6 -0.5922 -0.546 | -0.436 | -0.369 | -0.359
0.7 -0.5903 -0.534 | -0.417 | -0.336 | -0.315
0.8 -0.5740 -0.480 | -0.370 | -0.290 | -0.290

12} a) b)

F L T/Go 075
04f
1
I Ry 0.50
0.8 s
H/W=0.25
04
H/W=0.25
024 0.8F
0 " 1 " 1 " 1 " 1 " " 1 " 1 " 1 " 1 "
0 02 04 06 08 1 0 02 04 06 08 1
a/lW a/W

Fig. C12.4 Results of BCM computations for the double-edge-cracked plate; a) stress intensity factor
expressed by the geometric function /' (symbols: BCM results, curves: Eq.(C12.2.1)), b) T-stress
(symbols as in a)).

Table C12.12 Biaxiality ratio 3 for the double-edge-cracked plate.

aWw | HHw=0.25 | 0.50 0.75 1.00 1.25

0.0 -0.469 -0.469 | -0.469 | -0.469 | -0.469
0.3 -1.103 -0.628 | -0.510 | -0.484 | -0.483
0.4 -1.321 -0.790 | -0.568 | -0.496 | -0.478
0.5 -1.485 -0.952 | -0.643 | -0.513 | -0.475
0.6 -1.626 -1.075 | -0.710 | -0.525 | -0.465
0.7 -1.752 -1.141 | -0.741 | -0.519 | -0.436
0.8 -1.828 -1.00 | -0.702 | -0.474 | -0.418
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Table C12.13 Coefficient 4, for the double-edge-cracked plate.

alW | HW=0.25 0.50 0.75 1.00 1.25

0.3 -0.0737 | -0.0457 | -0.0387 | -0.0386 | -0.0397
0.4 -0.0744 | -0.0490 | -0.0364 | -0.0335 | -0.0342
0.5 -0.0743 | -0.0504 | -0.0366 | -0.0314 | -0.0315
0.6 -0.0742 | -0.0509 | -0.0372 | -0.0313 | -0.0311
0.7 -0.0740 | -0.0501 | -0.0383 | -0.0334 | -0.0337
0.8 -0.0726 | -0.0495 | -0.0424 | -0.0409 | -0.0433

Table C12.14 Coefficient B, for the double-edge-cracked plate.

a/W | HWwW=0.25 0.50 0.75 1.00 1.25
0.3 0.2776 0.1913 | 0.1543 | 0.1426 | 0.1368
0.4 0.2522 0.172 | 0.1245 | 0.1021 | 0.0960
0.5 0.2461 0.1470 | 0.1044 | 0.0772 | 0.0676
0.6 0.2449 0.1266 | 0.0841 | 0.0573 | 0.0465
0.7 0.2420 0.1027 | 0.0610 | 0.0394 | 0.0303
0.8 0.2220 0.0697 | 0.0371 | 0.0236 | 0.0200
Table C12.15 Coefficient A4,.
a/Ww | HWwW=0.25 0.50 1.00
0.3 -0.0773 | -0.0416
0.4 -0.0899 -0.0600 | -0.0291
0.5 -0.0885 -0.0432 | -0.0242
0.6 -0.0884 -0.0326 | -0.0233
0.7 -0.0866 -0.0264 | -0.0312
0.8 -0.0766 -0.0362 | -0.0694
Table C12.16 Coefficient B,.
a/lWw | HW=0.25 | 0.50 1.00
0.3 -0.188 -0.113 | -0.159
0.4 -0.128 -0.09 | -0.088
0.5 -0.110 -0.067 | -0.058
0.6 -0.108 -0.065 | -0.047
0.7 -0.117 -0.074 | -0.041
0.8 -0.176 -0.091 | -0.032
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C12.3 Displacement boundary conditions at the ends

The geometric function F, the T-stress, and the higher-order coefficients 4, and B, of the dou-
ble-edge-cracked rectangular plate under pure displacement conditions at the plate ends (see
Fig. C12.5) are given in Tables C12.17-C12.30 (for oy see eq.(C12.2.2)).

2H

Fig. C12.5 Double-edge-cracked plate under pure displacement boundary conditions.

Table C12.17 Geometric function F for H/W=0.25.

alW |v=0 0.1 0.2 0.3 0.4
0 1.1215
0.3 05119 [0.5156 |0.5243 |0.5381 [0.557

0.4 (0.4443 (0.4471 |0.4549 |0.4677 |0.4854
0.5 103982 [{0.4003 |0.4071 [0.4185 |0.4346
0.6 [0.3637 (03656 |0.3717 |0.3821 |0.3967
0.7 103365 [0.3384 |0.3441 [0.3536 |0.3670
0.8 (0.3137 [0.3159 |0.3214 |0.3301 |0.3420

Table C12.18 T-stress T/c, for H/W=0.25.

alW |v=0 0.1 0.2 0.3 0.4
0 -0.526
0.3 [-0.5460 |-0.5152 [-0.4915 |-0.4749 |-0.4654
0.4 |-0.5744 |-0.5337 [-0.4997 |-0.4724 |(-0.4517
0.5 |[-0.5845 |-0.5404 |-0.5024 |-0.4705 |-0.4448
0.6 |-0.5856 |[-0.5412 [-0.5030 |-0.4709 [-0.4449
0.7 [-0.5794 |-0.5375 |-0.5021 |-0.4732 |-0.4507
0.8 |-0.5578 |[-0.5232 [-0.4953 |-0.4741 |-0.4596
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Table C12.19 Coefficient A; for H/W=0.25.

alWw

v=0

0.1

0.2

0.3

0.4

0.3
0.4
0.5
0.6
0.7
0.8

-0.0752
-0.0760
-0.0760
-0.0759
-0.0757
-0.0747

-0.0774
-0.0778
-0.0778
-0.0778
-0.0777
-0.0770

-0.0816
-0.0816
-0.0815
-0.0815
-0.0815
-0.0809

-0.0879
-0.0873
-0.0872
-0.0871
-0.0871

-0.0863

-0.0960
-0.0950
-0.0948
-0.0947
-0.0944
-0.0932

Table C12.20 Coefficient B, for H/W=0.25.

alW

v=0

0.1

0.2

0.3

0.4

0.3
0.4
0.5
0.6
0.7
0.8

0.2737
0.2518
0.2432
0.2388
0.2330
0.2149

0.2568
0.2412
0.2354
0.2327
0.2292
0.2156

0.2442
0.2355
0.2331
0.2322
0.2311
0.2214

0.2359
0.2347
0.2361
0.2374
0.2386
0.2324

0.2318
0.2387
0.2446
0.2483
0.2517
0.2485

Table C12.21 Geometric function F for H/W=0.5.

alW |v=0 0.1 0.2 0.3 0.4

0 1.1215

0.3 (0.722 |0.722 [0.725 |0.732 [0.742
04 10.625 [0.629 [0.637 |0.649 |0.666
0.5 [0.558 [0.563 [0.573 |0.587 [0.605
0.6 10509 [0.515 [0.524 [0.538 [0.555
0.7 10.469 |0.475 [0.484 |0.496 (0.512
0.8 10.437 [0.441 [0.449 |0.460 |0.474

Table C12.22 T-stress 7/c, for H/W=0.5.

alW |v=0 0.1 0.2 0.3 0.4

0 -0.526

03 |[-0.456 (-0.458 |[-0.466 |[-0.481 [-0.502
04 |-0.479 [-0.472 |-0.473 |-0.481 |-0.496
0.5 |[-0.502 [-0.488 |[-0.481 [-0.482 [-0.491
0.6 |-0.512 [-0.494 |[-0.483 |-0.480 |-0.485
0.7 |[-0.500 [-0.482 |[-0.472 [-0.496 |(-0.473
0.8 |-0.455 [-0.441 |-0.433 |-0.460 |-0.436
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Table C12.23 Coefficient A; for H/W=0.50.

alW |v=0 0.1 0.2 0.3 0.4
0.3 |-0.0439 |-0.0529 |[-0.0578 [-0.0638 [-0.0711
0.4 [-0.0506 |-0.0534 |-0.0574 |-0.0626 [-0.0690
0.5 |-0.0519 |-0.0541 |-0.0575 [-0.0620 [-0.0676
0.6 [-0.0523 |-0.0542 |-0.0572 |-0.0613 [-0.0664
0.7 1-0.0518 |-0.0539 |-0.0564 [-0.060 [-0.0646
0.8 [-0.0515 |-0.0532 |-0.0556 |-0.0587 [-0.0624
Table C12.24 Coefficient B, for H/W=0.50.
alW |v=0 0.1 0.2 0.3 0.4
0.3 ]0.1808 [0.1726 [0.1678 |0.1664 |0.1683
0.4 [0.1550 |0.1460 |0.1398 [0.1364 |0.1357
0.5 ]0.1368 |[0.1302 {0.1261 [0.1245 |0.1254
0.6 [0.1207 |0.1173 |0.1162 [0.1174 |0.1210
0.7 10.1012 [0.1007 {0.1022 [0.1058 |0.1114
0.8 [0.0716 |0.0727 |0.0753 [0.0793 |0.0847
Table C12.25 Geometric function F for H/W=1.0.
alW |v=0 0.1 0.2 0.3 0.4
0 1.1215
0.3 (0925 0918 [0.913 [0.911 |0.912
0.4 10.841 |0.839 [0.840 |0.844 [0.851
0.5 (0.767 10.769 [0.774 [0.781 |0.791
0.6 10.703 |[0.708 |0.715 |0.724 [0.736
0.7 10.653 ]0.658 [0.666 [0.676 |0.688
0.8 10.619 [0.627 |0.634 |0.642 [0.649
Table C12.26 T-stress 7/c, for H/W=1.0.
alWw |v=0 0.1 0.2 0.3 0.4
0 -0.526
0.3 |-0.460 |(-0.473 [-0.486 |-0.498 |-0.509
0.4 |[-0.434 |-0.446 |(-0.460 |-0.477 |-0.497
0.5 |-0411 [-0.425 [-0.441 |-0.460 |-0.482
0.6 [-0.385 |-0.399 [-0.416 |-0.436 |[-0.459
0.7 1-0.351 [-0.364 [-0.379 |-0.398 |-0.419
0.8 [-0.302 |-0.316 [-0.329 |-0.342 [-0.354

258




Table C12.27 Coefficient 4; for H/W=1.0.

alWw

v=0

0.1

0.2

0.3

0.4

0.3
0.4
0.5
0.6
0.7
0.8

-0.0409
-0.0371
-0.0354
-0.0351
-0.0367
-0.0433

-0.0433
-0.0395
-0.0377
-0.0371
-0.0384
-0.0452

-0.0459
-0.0422
-0.0403
-0.0395
-0.0404
-0.0469

-0.0488
-0.0452
-0.0432
-0.0422
-0.0426
-0.0483

-0.0520
-0.0484
-0.0463
-0.0452
-0.0451
-0.0493

Table C12.28 Coefficient B; for H/W=1.0.

alW

v=0

0.1

0.2

0.3

0.4

0.3
0.4
0.5
0.6
0.7
0.8

0.1456
0.1047
0.0783
0.0575
0.0391
0.0239

0.1477
0.1082
0.0806
0.0592
0.0402
0.0245

0.1521
0.1128
0.0840
0.0616
0.0418
0.0252

0.1589
0.1185
0.0883
0.0647
0.0439
0.0259

0.1681
0.1252
0.0937
0.0686
0.0465
0.0266

Table C12.29 Geometric function F for H/W=1.25.

alW |v=0 0.2 0.4

0 1.1215

0.3 10964 [0.954 [0.958
04 |[0.895 0.894 [0.904
0.5 10.829 [0.833 [0.847
0.6 |[0.770 |0.779 [0.795
0.7 10.724 {0.733 [0.752

Table C12.30 T-stress T/c, for H/W=1.25.

alW |v=0 0.2 0.4

0 -0.526

0.3 |[-0.477 [-0.490 [-0.509
0.4 |-0.442 |-0.462 |[-0.488
0.5 |[-0.411 (-0.436 |[-0.465
0.6 |-0.377 |-0.404 |[-0.432
0.7 [-0.338 [-0.356 [-0.399
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C12.4 Transverse loading

A double-edge-cracked plate under transverse traction oy is illustrated in Fig. C12.6. Under
this loading, the stress intensity factor is defined by

K=o Fm (C12.4.1)

The geometric function F is plotted in Fig. C12.7 for several values of a/W, H/W, and d/W.
Figure C12.8 represents the T-stresses.
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Fig. C12.6 Double-edge-cracked plate under transverse loading.
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Fig. C12.7 Geometric function F according to eq.(C12.4.1).
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Fig. C12.8 T-stress represented as 7/cy.

Reference C12

[C12.1] Kfouri, A.P., Some evaluations of the elastic T-term using Eshelby's method, Int. J. Fract.
30(1986), 301-315.
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C13
Edge-cracked bar in 3-point bending

C13.1 Symmetric loading

An edge-cracked bending bar loaded by a concentrated force P is shown in Fig. C13.1. Under
symmetric loading (crack and force P on the symmetry line y=0), only mode-I stress intensity
factors K occur. These stress intensity factors are expressed by the geometric function which
are defined as

K, =o,F\m, aoz%, F =F'[(1-a/W)*? (C13.1.1)

The geometric function is given in Table C13.1.

The T-stresses for the 3-point bending test were computed by application of the Green's
function method using an expansion with two terms. 7 is entered into Table C13.2 and the
related biaxiality ratios are compiled into Table C13.3 and plotted in Fig. C13.2.

P

thickness: B

|2
-

y
2L
Fig. C13.1 3-point bending test.

N

Table C13.1 Geometric function F(1-a/W)*>.

alW | L/IW=10 5 4 3 2.5 2

0.1 | 0.8964 | 0.8849 | 0.8791 | 0.8694 | 0.8616 | 0.8504
0.2 | 0.7493 | 0.7381 | 0.7325 | 0.7231 | 0.7156 | 0.7046
0.3 | 0.6485 | 0.6387 | 0.6337 | 0.6255 | 0.6188 | 0.6091
0.4 | 0.5774 | 0.5690 | 0.5651 | 0.5582 | 0.5527 | 0.5447
0.5 | 0.5242 | 0.5177 | 0.5145 | 0.5091 | 0.5048 | 0.4985
0.6 | 0.4816 | 0.4770 | 0.4744 | 0.4704 | 0.4672 | 0.4626
0.7 | 0.4458 | 0.4430 | 0.4408 | 0.4381 | 0.4359 | 0.4328
0.8 | 0.4154 | 0.4140 | 0.4124 | 0.4108 | 0.4094 | 0.4076
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Table C13.2 T-stress in the form of 7/c*(1-a/W)>.

alW | L/IW=10 5 4 3 2.5 2

0 -0.526 | -0.526 | -0.526 | -0.526 | -0.526 | -0.526
0.1 | -0.291 |-0.292 | -0.291 | -0.290 | -0.289 | -0.288
0.2 | -0.150 | -0.149 | -0.149 | -0.149 | -0.149 | -0.149
0.3 | -0.044 | -0.049 | -0.054 | -0.056 | -0.058 | -0.063
0.4 0.035 0.026 | 0.022 | 0.014 | 0.008 | -0.001
0.5 0.088 0.077 | 0.071 | 0.061 | 0.054 | 0.044
0.6 0.122 0.111 | 0.105 | 0.096 | 0.088 | 0.077
0.7 0.141 0.132 | 0.127 | 0.119 | 0.113 | 0.103
0.8 0.143 0.137 | 0.132 | 0.125 | 0.120 | 0.112
0.9 0.132 0.128 | 0.126 | 0.122 | 0.119 | 0.115

1 0.113 0.113 | 0.113 | 0.113 | 0.113 | 0.113

Table C13.3 Biaxiality ratio in the form of B(1-a/W)"*.

aW | L/W=10 5 4 3 2.5 2

0 -0.469 | -0.469 | -0.469 | -0.469 | -0.469 | -0.469
0.1 -0.325 | -0.330 | -0.331 | -0.334 | -0.335 | -0.339
0.2 -0.200 | -0.202 | -0.203 | -0.206 | -0.208 | -0.211
0.3 -0.068 | -0.077 | -0.085 | -0.090 | -0.094 | -0.103
0.4 0.061 0.046 | 0.039 | 0.025 | 0.014 | -0.002
0.5 0.168 0.149 | 0.138 | 0.120 | 0.107 | 0.088

0.6 0.253 0.233 | 0.221 | 0.204 | 0.188 | 0.166
0.7 0.316 0.298 | 0.288 | 0.272 | 0.259 | 0.238
0.8 0.344 0.331 | 0.320 | 0.304 | 0.293 | 0.259
0.9 0.332 0.327 | 0321 | 0.314 | 0.309 | 0.301

1 0.302 | 0.302 | 0.302 | 0.302 | 0.302 | 0.302

0.6 =
B

04 L

0.2 L

0
-0.2 +

0.2 ‘ 04 ‘ 0.6

a/W

Fig. C13.2 Biaxiality ratio 3 for edge-cracked 3-point bending specimens with different ratios L/W.
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C13.2 Misalignment in loading and crack location

If the loading application point or the crack location are out of the symmetry plane, the stress
distribution also reveals shear stresses in the uncracked body at the location of the crack.
Based on the normal stresses o, and the shear stresses t,, , the stress intensity factors for
bending tests with edge cracks can be determined by application of the weight function
technique [C13.1]. Figure C13.3 shows the relevant geometric data. The mixed-mode stress
intensity factors are represented in Tables C13.4-C13.25 in terms of the geometric function
F1,eq.(C13.1.1), and the Fy; by

K, =0,F\m (C13.2.1)

P

e Y
-

2L -
Fig. C13.3 Edge-cracked bar under 3-point loading.

A

The mode-I stress intensity factors for L/W=2.5 and 5 are shown in Fig. C13.4 and the mode-
II solutions in Fig. C13.5.

F'

08
06

04r

0.2

d/W

Fig. C13.4 Geometric function F''| as a function of eccentricity and crack depth.
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Fig. C13.5 Geometric function F'y; as a function of eccentricity and crack depth.

For the crack depth a/W = 0.5 the influences of the misalignments e/ and d/W are illustrated
in normalised form. In Fig. C13.6a the geometric functions F'| are plotted versus e/ W-d/W, i.e.
versus the relative distance between the crack and the inner load application point. The data
points obtained for different L/W ratios are nearly symmetrical to the axis e/W-d/W=0. In Fig.
C13.6b the data points of Fig. C13.6a are plotted in the form of

e/W_d/Wj. (C13.2.2)

Fowamw=F ow-am=0=T (W

In this representation all data points can be represented by the same curve. The function fin
eq.(C13.2.2) can be approximated by

_ _ 2
f(Mj ~ 1075 W =d/W) (C13.2.3)
NLIW LW
The geometric function F' can be written as
_ 2
FelW=dIW)=F, 1075 WL / ”VZV/ ) (C13.2.4)

with

0.4980forL /W = 2.0
F'0)=F",, 4 y=10.5048forL /W =2.5. (C13.2.5)
0.5177forL/W =5.0
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Fig. C13.6 Influence of ¢/W and d/W on the mode-I geometric function in normalised representation.

Table C13.4 Geometric function F'; for d/W=0, L/W=2.0.

e/W | a/W=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0.000 | 0.8500 | 0.7043 | 0.6089 | 0.5445 | 0.4984 | 0.4625 | 0.4327 | 0.4075
0.025 | 0.8495 | 0.7040 | 0.6086 | 0.5442 | 0.4980 | 0.4620 | 0.4321 | 0.4067
0.040 | 0.8488 | 0.7033 | 0.6080 | 0.5436 | 0.4974 | 0.4614 | 0.4313 | 0.4056
0.100 | 0.8425 | 0.6982 | 0.6033 | 0.5389 | 0.4924 | 0.4557 | 0.4246 | 0.3971
0.300 | 0.7882 | 0.6536 | 0.5632 | 0.5003 | 0.4536 | 0.4157 | 0.3832 | 0.3553
0.500 | 0.7013 | 0.5827 | 0.5014 | 0.4439 | 0.4009 | 0.3663 | 0.3373 | 0.3131
1.000 | 0.4624 | 0.3860 | 0.3327 | 0.2946 | 0.2661 | 0.2434 | 0.2245 | 0.2087
-0.025 | 0.8495 | 0.7040 | 0.6086 | 0.5442 | 0.4980 | 0.4620 | 0.4321 | 0.4067
-0.040 | 0.8488 | 0.7033 | 0.6080 | 0.5436 | 0.4974 | 0.4614 | 0.4313 | 0.4056
-0.100 | 0.8425 | 0.6982 | 0.6033 | 0.5389 | 0.4924 | 0.4557 | 0.4246 | 0.3971
-0.300 | 0.7882 | 0.6536 | 0.5632 | 0.5003 | 0.4536 | 0.4157 | 0.3832 | 0.3553
-0.500 | 0.7013 | 0.5827 | 0.5014 | 0.4439 | 0.4009 | 0.3663 | 0.3373 | 0.3131
-1.000 | 0.4624 | 0.3860 | 0.3327 | 0.2946 | 0.2661 | 0.2434 | 0.2245 | 0.2087
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Table C13.5 Geometric function Fy; for d/W=0, L/W=2.0.

e/W | a/Ww=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0.000 0 0 0 0 0 0 0 0
0.025 | -0.0027 | -0.0048 | -0.0067 | -0.0086 | -0.0110 | -0.0147 | -0.0213 | -0.0366
0.040 | -0.0043 | -0.0077 | -0.0107 | -0.0137 | -0.0176 | -0.0233 | -0.0337 | -0.0573
0.100 | -0.0105 | -0.0188 | -0.0261 | -0.0335 | -0.0425 | -0.0556 | -0.0777 | -0.1212
0.300 | -0.0267 | -0.0477 | -0.0653 | -0.0816 | -0.0984 | -0.1177 | -0.1416 | -0.1733
0.500 | -0.0336 | -0.0603 | -0.0818 | -0.0999 | -0.1159 | -0.1314 | -0.1488 | -0.1739
1.000 | -0.0314 | -0.0578 | -0.0798 | -0.0980 | -0.1137 | -0.1287 | -0.1460 | -0.1719
-0.025 | 0.0027 | 0.0048 | 0.0067 | 0.0086 | 0.0110 | 0.0147 | 0.0213 | 0.0366
-0.040 | 0.0043 0.0077 | 0.0107 | 0.0137 | 0.0176 | 0.0233 | 0.0337 | 0.0573
-0.100 | 0.0105 0.0188 | 0.0261 | 0.0335 | 0.0425 | 0.0556 | 0.0777 | 0.1212
-0.300 | 0.0267 | 0.0477 | 0.0653 | 0.0816 | 0.0984 | 0.1177 | 0.1416 | 0.1733
-0.500 | 0.0336 | 0.0603 | 0.0818 | 0.0999 | 0.1159 | 0.1314 | 0.1488 | 0.1739
-1.000 | 0.0314 | 0.0578 | 0.0798 | 0.0980 | 0.1137 | 0.1287 | 0.1460 | 0.1719

Table C13.6 Geometric function F'; for d/W=0.00, L/W=2.5.
e/lW | a/W=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0.000 0.8617 | 0.7156 | 0.6189 | 0.5528 | 0.5048 | 0.4673 | 0.4359 | 0.4095
0.025 0.8613 | 0.7153 | 0.6186 | 0.5525 | 0.5045 | 0.4669 | 0.4355 | 0.4089
0.040 0.8607 | 0.7148 | 0.6181 | 0.5520 | 0.5040 | 0.4664 | 0.4348 | 0.4079
0.100 0.8557 | 0.7107 | 0.6143 | 0.5483 | 0.5000 | 0.4619 | 0.4295 | 0.4011
0.300 0.8123 | 0.6750 | 0.5822 | 0.5174 | 0.4690 | 0.4299 | 0.3964 | 0.3677
-0.025 | 0.8613 | 0.7153 | 0.6186 | 0.5525 | 0.5045 | 0.4669 | 0.4355 | 0.4089
-0.040 | 0.8607 | 0.7148 | 0.6181 | 0.5520 | 0.5040 | 0.4664 | 0.4348 | 0.4079
-0.100 | 0.8557 | 0.7107 | 0.6143 | 0.5483 | 0.5000 | 0.4619 | 0.4295 | 0.4011
-0.300 | 0.8123 | 0.6750 | 0.5822 | 0.5174 | 0.4690 | 0.4299 | 0.3964 | 0.3677
Table C13.7 Geometric function Fy; for d/W=0, L/W=2.5.

e/lW | a/W=0.1 0.2 03 0.4 0.5 0.6 0.7 0.8
0.000 0 0 0 0 0 0 0 0
0.025 | -0.0022 | -0.0038 | -0.0053 | -0.0069 | -0.0088 | -0.0117 | -0.0170 | -0.0293
0.040 | -0.0034 | -0.0061 | -0.0085 | -0.0110 | -0.0141 | -0.0187 | -0.0270 | -0.0458
0.100 | -0.0084 | -0.0151 | -0.0209 | -0.0268 | -0.0340 | -0.0445 | -0.0621 | -0.0970
0.300 | -0.0214 | -0.0382 | -0.0523 | -0.0653 | -0.0788 | -0.0942 | -0.1133 | -0.1387
-0.025 | 0.0022 | 0.0038 | 0.0053 | 0.0069 | 0.0088 | 0.0117 | 0.0170 | 0.0293
-0.040 | 0.0034 | 0.0061 | 0.0085 | 0.0110 | 0.0141 | 0.0187 | 0.0270 | 0.0458
-0.100 | 0.0084 | 0.0151 | 0.0209 | 0.0268 | 0.0340 | 0.0445 | 0.0621 | 0.0970
-0.300 | 0.0214 | 0.0382 | 0.0523 | 0.0653 | 0.0788 | 0.0942 | 0.1133 | 0.1387
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Table C13.8 Geometric function £} for d/W=0, L/W=5.0.

e/W | a/W=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0.000 | 0.8848 | 0.7381 | 0.6387 | 0.5692 | 0.5177 | 0.4768 | 0.4425 | 0.4134
0.025 | 0.8846 | 0.7379 | 0.6385 | 0.5690 | 0.5176 | 0.4767 | 0.4423 | 0.4131
0.040 | 0.8844 | 0.7377 | 0.6383 | 0.5688 | 0.5174 | 0.4764 | 0.4419 | 0.4126
0.100 | 0.8819 | 0.7356 | 0.6364 | 0.5669 | 0.5154 | 0.4742 | 0.4393 | 0.4092
0.300 | 0.8602 | 0.7178 | 0.6203 | 0.5515 | 0.4998 | 0.4582 | 0.4227 | 0.3925
-0.025 | 0.8846 | 0.7379 | 0.6385 | 0.5690 | 0.5176 | 0.4767 | 0.4423 | 0.4131
-0.040 | 0.8844 | 0.7377 | 0.6383 | 0.5688 | 0.5174 | 0.4764 | 0.4419 | 0.4126
-0.100 | 0.8819 | 0.7356 | 0.6364 | 0.5669 | 0.5154 | 0.4742 | 0.4393 | 0.4092
-0.300 | 0.8602 | 0.7178 | 0.6203 | 0.5515 | 0.4998 | 0.4582 | 0.4227 | 0.3925

Table C13.9 Geometric function Fy; for d/W=0, L/W=5.0.

e/W | a/W=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0.000 0 0 0 0 0 0 0 0
0.025 | -0.0011 | -0.0019 | -0.0027 | -0.0035 | -0.0044 | -0.0059 | -0.0085 | -0.0146
0.040 | -0.0017 | -0.0031 | -0.0043 | -0.0055 | -0.0070 | -0.0093 | -0.0135 | -0.0229
0.100 | -0.0042 | -0.0075 | -0.0104 | -0.0134 | -0.0170 | -0.0222 | -0.0311 | -0.0485
0.300 | -0.0107 | -0.0191 | -0.0262 | -0.0327 | -0.0394 | -0.0471 | -0.0567 | -0.0693
-0.025 | 0.0011 0.0019 | 0.0027 | 0.0035 | 0.0044 | 0.0059 | 0.0085 | 0.0146
-0.040 | 0.0017 | 0.0031 | 0.0043 | 0.0055 | 0.0070 | 0.0093 | 0.0135 | 0.0229
-0.100 | 0.0042 | 0.0075 | 0.0104 | 0.0134 | 0.0170 | 0.0222 | 0.0311 | 0.0485
-0.300 | 0.0107 | 0.0191 | 0.0262 | 0.0327 | 0.0394 | 0.0471 | 0.0567 | 0.0693

Reference C13

[C13.1] Baratta, F.I., Fett, T., The effect of load and crack misalignment on stress intensity factors for

bend-type fracture toughness specimens, J of Testing and Evaluation, 28(2000), 96-102.
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ci4

Four-point bending test with edge-cracked bars

The 4-point bending test on an edge-cracked bar is shown in Fig. C14.1 for the most general
case with misalignments in the load application and in the crack location. Both influences
were studied in [C14.1]. The case of an offset e in the crack location is addressed here
exclusively.

The mixed-mode stress intensity factors are given by

K, =0, FNm , F=F'/(1-a/W)*? (C14.1)
and Ky =0 Fy\m (C14.2)
with the bending stress

oy = % (C14.3)

Results are compiled in Tables C14.1-C14.4.

P 2d P

Fig. C14.1 Four-point bending test with edge-cracked specimen.

Table C14.1 Geometric function F'| for d/W=1.25, L/W=2.5 (for ¢/W<0 the same geometric function
F'; results as in case of e/ W>0).

e/W | a/W=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

0.000 | 0.9096 | 0.7617 | 0.6592 | 0.5860 | 0.5308 | 0.4864 | 0.4490 | 0.4173
0.125 | 0.9100 | 0.7620 | 0.6594 | 0.5861 | 0.5309 | 0.4865 | 0.4490 | 0.4173
0.250 | 0.9113 | 0.7628 | 0.6599 | 0.5864 | 0.5310 | 0.4865 | 0.4490 | 0.4173
0.500 | 0.9169 | 0.7663 | 0.6620 | 0.5876 | 0.5317 | 0.4868 | 0.4491 | 0.4173
0.800 | 0.9247 | 0.7703 | 0.6644 | 0.5895 | 0.5332 | 0.4879 | 0.4496 | 0.4175
1.000 | 0.9173 | 0.7628 | 0.6585 | 0.5857 | 0.5316 | 0.4879 | 0.4504 | 0.4180
1.250 | 0.8633 | 0.7168 | 0.6196 | 0.5532 | 0.5050 | 0.4673 | 0.4359 | 0.4095
1.500 | 0.7425 | 0.6152 | 0.5294 | 0.4699 | 0.4260 | 0.3908 | 0.3606 | 0.3345
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Table C14.2 Geometric function Fy; for d/W=1.25, L/W=2.5 (for e/W<0 the geometric function is the

same, but with a changed sign).

e/lW | a/W=0.1 0.2 03 0.4 0.5 0.6 0.7 0.8
0.000 0 0 0 0 0 0 0 0
0.125 | 0.0005 0.0008 | 0.0009 | 0.0009 [ 0.0007 [ 0.0005 | 0.0003 | 0.0001
0.250 | 0.0011 0.0017 | 0.0019 | 0.0018 | 0.0015 | 0.0011 | 0.0006 | 0.0002
0.500 | 0.0023 0.0035 | 0.0039 | 0.0037 | 0.0033 | 0.0025 | 0.0016 | 0.0007
0.800 | 0.0010 0.0005 | -0.0002 | -0.0003 | 0.0003 | 0.0013 | 0.0021 | 0.0019
1.000 | -0.0063 | -0.0125 | -0.0174 | -0.0199 | -0.0195 | -0.0158 | -0.0088 | -0.0008
1.250 | -0.0245 | -0.0451 | -0.0624 | -0.0770 | -0.0897 | -0.1021 | -0.1163 | -0.1374
1.500 | -0.0415 | -0.0760 | -0.1057 | -0.1325 | -0.1588 | -0.1876 | -0.2234 | -0.2737

Table C14.3 Geometric function F'; for d/W=2.50, L/W=5.0.
e/lW | a/W=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0.000 [ 0.9080 | 0.7605 | 0.6584 | 0.5856 [ 0.5307 | 0.4864 | 0.4490 | 0.4173
0.125 | 0.9080 | 0.7605 | 0.6584 | 0.5856 | 0.5307 | 0.4864 | 0.4490 | 0.4173
0.250 | 0.9080 | 0.7605 | 0.6584 | 0.5856 | 0.5307 | 0.4864 | 0.4490 | 0.4173
0.500 [ 0.9080 | 0.7605 | 0.6584 | 0.5856 [ 0.5307 | 0.4864 | 0.4490 | 0.4173
1.000 | 0.9081 | 0.7606 | 0.6585 | 0.5856 | 0.5307 | 0.4864 | 0.4490 | 0.4173
1.250 | 0.9084 | 0.7608 | 0.6586 | 0.5857 | 0.5307 | 0.4864 | 0.4490 | 0.4173
1.500 | 0.9097 | 0.7617 | 0.6591 | 0.5860 | 0.5308 | 0.4865 | 0.4491 | 0.4173
2.000 [ 0.9161 | 0.7654 | 0.6614 | 0.5875 | 0.5318 | 0.4870 | 0.4493 | 0.4174
Table C14.4 Geometric function Fy; for d/W=2.500, L/W=5.0.
e/lW | a/W=0.1 0.2 03 0.4 0.5 0.6 0.7 0.8
0.000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
0.125 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
0.250 { 0.0000 | 0.0000 [ 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
0.500 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
1.000 | 0.0000 | 0.0001 | 0.0001 | 0.0001 | 0.0001 | 0.0000 | 0.0000 | 0.0000
1.250 | 0.0002 | 0.0003 | 0.0004 | 0.0004 | 0.0003 | 0.0002 | 0.0001 | 0.0000
1.500 | 0.0006 | 0.0009 | 0.0011 | 0.0010 | 0.0008 | 0.0006 | 0.0003 | 0.0001
2.000 | 0.0009 | 0.0010 | 0.0009 | 0.0008 | 0.0010 | 0.0012 | 0.0012 | 0.0008
Reference C14

[C14.1] Baratta, F.I., Fett, T., The effect of load and crack misalignment on stress intensity factors for
bend-type fracture toughness specimens, J. of Testing and Evaluation, 28(2000), 96-102.
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C15
DCDC test specimen

C15.1 Symmetric specimen with a central hole

The “double cleavage drilled compression” (DCDC) specimen is a rectangular bar with a
circular hole in the centre (Fig. C15.1) [C15.1]. The specimen is loaded by compressive
tractions p at the ends. It is used for the determination of crack growth behaviour of brittle
materials [C15.2-C15.5].

—> I ?_'3 a <«
=P G
—p ’ > PR
— J Thickness: B | X «—
_> 4_

1< 2w :

Fig. C15.1 Standard DCDC specimen.

Stress intensity factor solutions for the DCDC specimen are available in literature. The stress
intensity factor of the symmetric test specimen, 5/R=0, was determined by He et al. [C15.2],
who proposed

|pIN7ZR

l:£+[o.235£—0.259}£ (C15.1.1)
K; F R R R
(see also [C15.6]). This relation is shown by the dashed curves in Fig. 2.1a.

Based on the finite element results of Fig. C15.2a (circles), the geometric function for the
stress intensity factors was fitted as (see [C15.7], C15.8)

Lo o376 4 0216 —0.1575 |4 (C15.1.2)
F R R R

This relation is plotted in Fig. C15.2a as the solid curves.
The T-stress is shown in Fig. C15.2b. It can be expressed by [C15.8]

S R TR T R 1\ Py Y Kl (C15.1.3)
(T/|p|)+1 R R R
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Fig. C15.2 a) Geometric function for the stress intensity factor (symbols: finite element results, solid
curves: fit relation eq.(C15.1.2), dashed curves: eq.(C15.1.1) from [C15.2], b) T-stress (symbols: finite
element results, solid curves: fit relation eq.(C15.1.3).
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Fig. C15.3 Biaxiality ratio obtained from the results of Figs. C15.2a and C15.2b; a) symbols: finite
element results [C15.7], solid curves: based on data fit relation eq.(C15.1.2), dashed curves:
eq.(C15.1.1), from [C15.2], b) simplified straight-line fit according to eq.(C15.1.5).

The biaxiality ratio B according to Leevers and Radon [C15.9]

_T wa
= X,

B (C15.1.4)

is plotted in Fig. C15.3a. The symbols represent the finite element results. The dashed curves
were computed from eq.(C15.1.1) and eq.(C15.1.3), the solid curves from eq.(C15.1.2) and
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eq.(C15.1.3). For the mostly chosen geometry H/R=4, the biaxiality ratio may be expressed
for 2<a/R<7 by a simple straight-line approximation

a
p=-3 (C15.1.5)

as introduced in Fig. C15.3b.

C15.2 Asymmetric specimen with hole offset

For mixed-mode crack loading, the asymmetric DCDC specimen was applied [C15.3]. This
specimen with an offset of the hole is shown in Fig. C15.4 (see [C15.6]).

2R

—p —
=0 T [
—p U «—

J2H N —p
—Pp b ——
—p «—
—p <+—

Fig. C15.4 DCDC specimen with hole offset for mixed-mode tests.

The mode-I stress intensity factors, Fig. C15.5a, were fitted for a/R>4 [C15.7] according to

1 H H a
FIZCO +CIE+|:C2E+C3i|E (C1521a)
with the coefficients
¢, =—0.3703-0.2706| b/ R | —0.2716(b/R)2 (C15.2.1b)
c =1.1163+0.1864|b/R|—0.0140(b/R)2 (C15.2.1¢)
¢, =0.2160-0.0326(b/ R) + 0.0040 (b/R)2 (C15.2.1d)
¢, =—0.1575+0.0176| b/ R | +0.OO4O(b/R)2 (C15.2.1e)

For the commonly used geometry H/R=4 and small misalignments |b|/R<0.2, it holds

2
F = F, {1 + (0. 122 -0.003 %)(%j } (C15.2.2)

Mode-II stress intensity factors are given in Fig. C15.5b and C15.5¢ in the form of the mixed-
mode ratio Ky/K.
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Fig. C15.5 a) Mixed-mode stress intensity factors, b) mode mixity, ¢) mode mixity at a/R=10 [C15.8].

Figure C15.6a represents the T-stress results, and in Fig. C15.6b the biaxiality ratio B is
plotted. Since P is strongly negative, growing cracks must exhibit a very high path stability
[C15.10,C15.11,C15.12].
The data of Fig. C15.6a were fitted for a/R>4 by the equation of

Efo"'ﬁ%"'[fzg"'ﬂ}%

f, =—1.3903+0.9310| 5/ R | —0.1038(b/ R)’
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£, =1.1801-0.3575| b/ R| +0.0222(b/ R) (C15.2.3¢)
£, =0.2003+0.1061| b/ R | -0.0039(b/ R)> (C15.2.3d)

f, =-0.2397-0.3471| b/ R | -0.0827 (b/ R)* (C15.2.3¢)
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Fig. C15.6 a) T-stress of an asymmetric DCDC specimen, b) biaxiality ratio [3.

C15.3 Weight functions

Weight functions were determined in [C15.8] by finite element computations. Figure C15.7
shows stress intensity factors for pairs of concentrated normal forces P and shear forces QO
acting symmetrically on the faces of the crack at distance x. These stress intensity factors are
identical with the weight functions. It becomes obvious that for shear loading the total weight
function differs only slightly from the limit cases represented by the singular term (dashed
curves).

The stress intensity factors of Fig. C15.7 were fitted by the relation

2 1
hoo= |= —+D(I,II) /l_x/a +D(I,II)(1_x/a)3/2j (C1531)
b ﬂa(\/l—x/a 1 ’

The coefficients for several crack lengths are compiled in Table C15.1. Values of intermediate
lengths can be obtained by parabolic interpolation. Table C15.2 presents the coefficients for
the case of “one-side loading” as illustrated in Fig. C15.8.

Stress intensity factors for antisymmetrically applied shear forces (Fig. C15.9) are given in
Table C15.3.
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Fig. C15.7 a) Symmetric loading by point forces acting on the crack, b) stress intensity factors for
pairs of normal stresses, c) stress intensity factor for shear forces.

Table C15.1 Coefficients for the weight function representation (C15.3.1) under symmetric loading.

Crack length @/R | Mode | D" D"
2 I 1.465 | 0.208
4 I 3.379 | 0.591
6 I 5.561 1.184
8 I 8.222 | 1.482

Crack length a/R | Mode | D! | D"
2 II |0.1460 | 0.1843
4 II |0.5687 | -0.3493
6 II 1.266 | -1.132
8 II 2.034 | -2.020
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The coefficients in Table C15.1 for mode-I were fitted by

and for mode-II by

D™ =0.568—0.45444 +0.2134(£)> —0.0293(%)’ +0.0014 (%)

D™ =0.283+0.0956 < — 0.0824 (%)* +0.00518(£)° —0.00011(%)*

Fig. C15.8 One-side loading by point forces acting on the crack.

DY =-3.97+1.46604% +4.533exp[-0.2914]

D" =-0.246 +0.222 < +0.5288 exp[-2.08 4]

(C15.3.2)

(C15.3.3)

(C15.3.4)

(C15.3.5)

Table C15.2 Coefficients for the weight function representation (C15.3.1) under one-side loading.

Crack length a/R | Mode | D" DY’
2 I 0.6988 | -0.0445
4 I 2.242 | -0.379
6 I 4226 | -0.8553
8 I 6.740 | -1.816

Crack length @/R | Mode | D™ D"
2 II |0.4529 | 0.1358
4 II | 1.0752 | -0.1948
6 II | 1.8564 |-0.7194
8 II 2.704 | -1.413

279



2R a
_____ J—DQ‘ /_R +»Q
Q® ~at

X

Fig. C15.9 Antisymmetric shear loading.

Table C15.3 Coefficients for the weight function representation (C15.3.1) under anti-symmetric shear

loading.
Crack length a/R | Mode | D™ D"
2 | 0.7594 | 0.0879
4 | 1.600 | -0.0674
6 | 2449 | -03095
8 II 3.373 | -0.8041

C15.4 Eccentricity of loading

A possibility of misalignment is an offset yp between the externally applied force P and the
symmetry axis of the specimen (see Fig. C15.10). This eccentricity gives rise to a moment

M, =Px Cl15.4.1
b Yp

and bending stresses in the specimen. Whereas for small yp/H the mode-I stress intensity
factor is hardly affected, a mode-II stress intensity factor contribution is created, as shown in
Fig. C15.11 for H/R=4 in normalised form. This effect does not only occur for point forces.
Also in the case of a non-symetrically distributed load, a moment results as

M, = ]{p(y)ydy (C15.4.2)
y
?
] 2R| a
PP v 6V47 ,,,,,,,,,,,,,,,,,,, P
l T x TYP

« 2W g

Fig. C15.10 DCDC specimen under eccentric loading.
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Fig. C15.11 Mode-II stress intensity factor caused by a misalignment yp of the externally applied load
P.

C15.5 Non-symmetrically extending cracks

Cracks may be generated during loading which are not exactly symmetric with different
lengths a¢ and a;. At the longer crack, the stress intensity factor is reduced. Finite element
results for such different cracks are shown in Fig. C15.12 as the squares.
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Fig. C15.12 Influence of non-symmetric cracks on the mode-I stress intensity factor.
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A fit of these data yields
F(al);F(aO)—O.lfS(Z—(‘)—l) (C15.5.1)

where F(ap) is the geometric function for two cracks with identical length of a, given for
instance by eqs.(C15.1.1) or (C15.1.2).
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C16

Compact tensile (CT) specimen

C16.1 Rectangular CT specimen

Several analyses of the CT specimen (see Fig. C16.1) are available in literature [C16.1-
C16.4]. Under slightly modified boundary conditions, rather strong differences were found
especially for short crack lengths.

1.2W

<a "

P
PP

Fig. C16.1 Compact tension specimen.

A stress intensity factor solution for the standard CT specimens was proposed by Newman
[C16.5] and Srawley [C16.6]

P (2+)(0.886+4.64c —13.32¢° +14.72¢° - 5.6a*

K. = Cle.1.1
I B'\/W (1 _ a)3/2 ( )
with a=a/W.
A weight function was proposed in [C16.7] for 0.2 <a < 0.8 by the polynomial of
h= |2 ! [(1-a)+>. D, (1-x/a)"" a"] (C16.1.2)
ma 1-x/a(l-a)” "
with the coefficients listed in Table C16.1.
Literature results for the biaxiality ratio 3
T,
p=— (C16.1.3)
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proposed by Leevers and Radon [C16.2] are entered in Fig. C16.2a. Figure C162b compiles
own FE results (solid symbols) and data from Knesl and Bednar [C16.8] (open symbols) for
the ASTM E399 standard specimen together with the limit case oo — 1 taken from Tables
C8.5 and C8.12. The curve plotted in Fig. C16.2b can be described by

0.7702 - 6.572c +26.665a" —43.446c¢” +29.695a™ — 6.6886c¢ (C16.1.4)

N

1

s

Table C16.1 Coefficients D,, for eq.(C16.1.2)

n=0 1 2 3 4
2.673 |-8.604 |20.621 |-14.635 |0.477
-3.557 [24.973 |-53.398 |50.707 |-11.837
1.230 |-8.411 |16.957 |-12.157 |-0.940
-0.157 [0.954 |-1.284 |-0.393 |1.655

wl\)»—OE

The T-stress term results from eqs.(C16.1.1), (C16.1.3), and (C16.1.4). In this context, it has
to be noted that the results in Fig. C16.2a were not derived for the standard CT specimen with
large holes. In reference [C16.2], the T-stress was determined by applying of shear tractions
along the loading line and by application of point forces in the centres of fictitious holes. In
Fig. C16.2b the test specimen according to ASTM E399 was modelled with point forces to be
active at the contact points. Based on these results, it is recommended to use cracks with

o>0.25.

B(1-0)"* | a) B(1-0)"?|  b)
O
L 9w >
0.4 7N 0.4
//‘ a\
o a
03 r Fz' L
’ / 0.3
I’
|
/ ¢
02r o] 0.2F
01 r O & Kfouri 01F
O Cotterell
O Leevers&Radon
0 L L L L L L L O n 1 L 1 L 1 L 1 L
0.2 04 0.6 0.8 1 0 02 04 06 038 1
a=a/W a/W

Fig. C16.2 a) Biaxiality ratio of the CT specimen from literature; curve: eq.(C16.1.4), squares:
Leevers and Radon [C16.2], circles: Cotterell [C16.3], diamond squares: Kfouri [C16.1], b) biaxiality
ratio for a standard CT specimen loaded by point forces: full symbols: FE results, open symbols:
Knesl and Bednar [C16.8], triangle: limit case from Tables C8.5 and C8.12.
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C16.2 Round-CT specimen

The RCT specimen is identical with the single-edge-cracked circular disk, if the load appli-
cation holes are neglected. Figure C16.3 shows this fracture mechanics test specimen.

w

Fig. C16.3 Geometric data of the RCT specimen.

The stress intensity factor solution was derived by Newman [C16.9] as

K =L v, a=aiw (C16.2.1a)

N4

_(2+a)(076+48a-1158a” +1143a” — 408 a*

Y*
(1 _ a)3/2

(C16.2.1b)

valid for 0>0.2. This stress intensity factor solution deviates by less than 6% from the solu-
tion for the rectangular CT specimen addressed in Section C16.1.

The biaxiality ratio can be approximated by

0.5473 -5.5305a +21.478a* —30.305a° +17.265a* —3.0312a°

l-o

B

I

(C16.2.2)

This relation is plotted in Fig. C16.4 together with eq.(C16.1.2) for the CT specimen.
The weight function can be expressed for 0.2 <a < 0.8 by the polynomial [C16.10] of

h= \/Z /l—x/al(l—a)”z [(A-a)” +ZDnm (I-x/a)""a"] (Cl6.2.3)

with the coefficients listed in Table C16.2.
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Fig. C16.4 Comparison of biaxiality ratios for the CT and RCT specimens.

Table C16.2 Coefficients D, for eq.(C16.2.3)

n |m=0 1 2 3 4

0 [2.826 -5.865 0.8007 |[-0.2584 |0.6856

1 [-10.948 [48.095 -3.839 1.280 -6.734

2 [35.278 [-143.789 [6.684 -5.248 |25.188
3 [-41.438 [196.012 |-4.836 |[11.435 |[-40.140
4 115.191 |-92.787 |-0.7274 |-7.328 |22.047
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C17

Double Cantilever Beam

The Double-Cantilever-Beam (DCB) specimen is shown in Fig. C17.1. A line load P/B
(B= specimen thickness, here chosen as B=1) is applied in distance (a-x) from the crack

tip.

~ -
!
'

- W >
Fig. C17.1 Double Cantilever Beam specimen under crack-face loading by line load P.

p
) 2d
p

hd
« a/d=6
20 . 3
10 N
0 &
0 — 1 1 1 1 n 1 L 1 n 1 L 1 L 1 L 1 1 1
0 1 2 3 4 5 6 0 1 2 3 4
(a-x)/d (a-x)/d

Fig. C17.2 a) Weight function for stress intensity factors, b) Green’s function for T-stress (W>6d).

The weight function is given in [C17.1] as

e 55 o

and introduced in Fig. C17.2a as the curve. Its agreement with the FE results is excellent. The
stress intensity factor for the specimen loaded at the crack mouth x=0 results from eq.(C17.1)

K~ 1204 668+ |2 exp| = 124 (C17.1b)
P/B d\d byt d
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as




The T-stress results are shown in Fig. C17.2b. The asymptotic solution for (a-x)/d>1 can be
expressed by
a—x

4.95
d

-09 for (a—x)/d>1
T

P/(Bd) o5 [z

(C17.2)

for (a—x)/d —>0

This relation is represented by the dashed line. A relation for any (a-x)/d reads

T :/1(§ a"‘+g(a"‘j )+(1—z)(4.95a_"—0.9j (C17.3)
P/(Bd) d d d

with A= exp(— 2(" ; xj J (C17.4)

represented by the (solid curve).
Figure C17.3 shows the biaxiality ratio as the curve. An approximation from [C17.1] for
0.1<d/a<0.6

i; 0.681i+0.0685 (C17.5)

a

is entered as the dash-dotted line.

0.6
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] eq.(C17.5) y
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d/a
Fig. C17.3 Biaxiality ratio.
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C18

Cracked bars under opposed forces

C18.1 Stresses by a single pair of concentrated opposite line forces

Figure C18.1 shows an edge-cracked parallel strip under loading by a pair of opposite concen-
trated forces at the distance x from an edge crack.

P

Fig. C18.1 Edge-cracked plate loaded by a single pair of opposite forces.

The stresses in the strip of width W =2H and thickness B under the loading of opposite con-
centrated line forces P have been computed by Filon [C18.1]. With the geometric data shown
in Fig. C18.1 the stresses can be expressed by

2P Tsinhu—ucoshu  ux uy
G, =- j . cos— cosh —du —
’ nHBy  sinh2u+2u H H

2P Tuy sinhu
0

- : cos 2 sinh 2 dy (C18.1.1)
nHB* H sinh2u + 2u H H

2P Tsinhu+ucoshu  ux uy
c,=— I - cos — cosh —du
7 nHBy  sinh2u +2u H

2P ]'iuy sinh u
0

+
T H sinh 2u + 2u

cos 2 sinh 2 dy (C18.1.2)
HB H H
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sin " sinh ﬂdu
H

sinh2u + 2u H

2P ¢ wucoshu
’E’CV = J.
v nHB,

2P % inh .
225 sin ™ cosh “du (C18.1.3)

nHBy Hsinh2u+2u  H H

The geometric functions for the mode-I and mode-II stress intensity factors, here denoted as

Y1 and Yy, are defined by

K, =o*Y W (C18.1.4a)
K, =c*Y W (C18.1.4b)
with the characteristic stress
cs*:i (C18.1.5)
HB

Figures C18.2 and C18.3 show the results which are also compiled in Tables C18.1 and C18.2
[C18.2].

a/lW
Fig. C18.2 Geometric function Y according to eq.(C18.1.4a) for 2-point loading.

Table C18.1 Mode-I stress intensity factors represented by the geometric function Y;, eq.(C18.1.4a).

alW |x/W=0.1 0.2 0.3 0.4 0.5

0.1 [-0.2718 ]0.0123 [0.097 |0.1096 |0.0970
0.2 |[-0.2324 |-0.0654 |0.0415 |0.0830 |0.0872
0.3 |-0.1717 |[-0.0596 [0.020 [0.0591 |0.0687
04 |-0.1375 |[-0.0329 |0.025 [0.0503 |0.0549
0.5 |[-0.1142 |-0.0033 [0.039 |0.0490 |0.0449
0.6 |[-0.0879 10.0273 |[0.051 |0.0457 |0.0343
0.7 |-0.047 0.055 0.052  10.0323 [0.0205
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Table C18.2 Mode-II stress intensity factors represented by the geometric function Yy, eq.(C18.1.4b).

alW |x/W=0.05 0.1 0.15 0.2 0.25 0.3 0.4 0.5

0.1 |[1.433 0.660 [0.296 |0.134 [0.0556 (0.0147 |-0.021 |-0.031
0.2 |1.340 0.920 [0.634 [0.392 {0.226 |0.117 [0.0005 [-0.044
0.3 |1.185 0.942 [0.712 [0.506 [0.337 10.205 [0.0396 |-0.037
04 |[1.083 0.876 |0.686 |0.510 [0.358 [0.232 |0.0598 |-0.028
0.5 |[1.029 0.814 |0.625 |0.459 [0.318 [0.205 |0.0511 |-0.027
0.6 |1.012 0.754 [0.542 (0.371 [0.238 |0.140 [0.0214 |-0.032
0.7 |1.020 0.673 [0.418 [0.242 {0.128 ]0.0568 [-0.012 [-0.034

2
Y|| c/W=0.05

A

1 L 1 0.5 L 1 L 1

a/'W

Fig. C18.3 Geometric function Y} according to eq.(C18.1.4b).

T-stresses were computed in [C18.3]. Normalised values 7/c* are given in Table C18.3.

Table C18.3 7/c* for the edge-cracked strip under a pair of opposite concentrated forces.

aw | x/W=0.1 0.2 0.5 0.7 1 1.5

0.2 -1.24 -0.292 | 0.0522 | 0.0356 | 0.013 | 0.001
0.3 -1.22 -0.585 | 0.0532 | 0.0693 | 0.032 | 0.003
0.4 -1.14 -0.695 | 0.0330 | 0.0879 | 0.045 | 0.004
0.5 -1.11 -0.724 | 0.0219 | 0.0930 | 0.050 | 0.05
0.6 -1.14 -0.701 | 0.0325 | 0.0884 | 0.045 | 0.004
0.7 -1.23 -0.594 | 0.0590 | 0.0733 | 0.033 | 0.003

In Fig. C18.4, the biaxiality ratio B is given by the ratio of T-stress and stress intensity factor
according to

293



b= (C18.1.6)

The curve in Fig. C18.4 can be described by

_ —0.469 +18589 ar + 34.527 a’ —133477a’ +12799%4 o*

B (C18.1.7)
-«
2
B(1_a)1/2
1.5 L
1+
05 L
0
-0.5
s 1 L 1 s 1 s
0 0.2 04 0.6 0.8
o

Fig. C18.4 Biaxiality ratio  for ¢/W=1.

C18.2 Stresses and stress intensity factors for two pairs of forces

Superposition of the results obtained for one pair of concentrated forces (Section C18.1) al-
lows computing the loading problem illustrated in Fig. C18.5.
In the uncracked bar we obtain for the symmetry line (x=0)

8P tsinhu—ucoshu  ud 2uy
G, =- j cos
0

nWB sinh 2u + 2u

_ 8P ]'32uy sinh u

- cosﬂsinhzﬂdu (C18.2.1)
nWBY W sinh2u + 2u w w

0

The stress oy is plotted in Fig. C18.6, normalised to the characteristic stress

_2p

C18.2.2
WB ( )

o*
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Fig. C18.5 Controlled fracture test device with load application via four symmetrical rollers.

The stress intensity factors for the edge-cracked specimen were computed from the stresses in
the uncracked specimen by use of the weight function (Section C8.3). The geometric function
for the mode-I stress intensity factor, Y7, is defined by

K, =c*YW. (C18.2.3)

and plotted in Fig. C18.7 [C18.2] as a function of a/W with d/W as a parameter. It is also en-
tered into Table C18.4.

c,/oc*
0.5
| W=
04 05 06
-0.5
0.3
A
d/W=0.2
15 —_—
-1 0.5 0 0.5 1

2y/\W

Fig. C18.6 Axial stresses oy along the symmetry line x=0 in the absence of the crack.
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1.0

1.4

a/W

Fig. C18.7 Geometric function Y; according to eq.(C18.2.3) for 4-point loading.

Table C18.4 Stress intensity factors for 4-point loading, represented by the geometric function Y,

eq.(C18.2.3).
aiw
aw | 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
0.05 |-0.26 0.171 ]0.2234 [0.2066 | 0.1686 [0.1279 |0.0916 [0.0624
0.1 |-0.53710.034 ]0.1997 [0.2196 {0.1942 [0.1538 |0.1136 [0.0792
0.15 |-0.531 |-0.034 |0.1346 [0.1971 {0.1903 [0.1578 |0.1199 [0.0854
0.2 |-0.458 |-0.077 |0.0836 [0.1660 |0.1746 [0.1510 |0.1176 |0.0853
0.25 |-0.389 |-0.1331 {0.0526 |0.1384 |0.1556 [0.1389 |0.1103 [0.0811
0.3 -0.117 ]0.0403 [0.1186 |0.1377 |0.1250 [0.1003 |0.0743
0.35 -0.0915 10.0414 {0.1068 |0.1224 {0.1110 [0.0891 |0.0660
0.4 0.0506 {0.1011 {0.1101 |0.0977 [0.0774 |0.0569
0.45 0.0641 [ 0.0991 {0.0998 |0.0850 [0.0658 |0.0419
0.5 0.0791 {0.0984 {0.0902 |0.0727 [0.0542 |0.0382
0.55 0.0931 [ 0.0968 [{0.0804 |0.0606 {0.0431 |0.0291
0.6 0.1041 [ 0.0924 {0.0693 |0.0483 [0.0322 |0.0207
0.65 0.1094 | 0.0838 [0.0564 |0.0359 {0.0221 |0.0131
0.7 0.1064 [ 0.0703 {0.0422 |0.0239 {0.0132 |0.0068
For the special case of d/W=1, Y} is fitted for ac =a/W <0.6 by
Y, =0905a" -3358a”* +3857a”* +14425a"* 3873’ (C18.2.4)

T-stresses were computed in [C18.3]. The normalised T-stresses 7/c* are given in Table
C18.5. The biaxiality ratio 3 is identical with that for a single pair of opposite forces (see Fig.
C18.4) and can be described for d/W=1 by
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B

_ —0469 +1.8589 « +34.527 a’ —133477a’ +12799%4 o*

Ji-a

1.e. by the same relation as given in eq.(C18.1.7).

(C18.2.5)

Table C18.5 T-stress 7/c* for the edge-cracked strip under two pairs of opposite forces, Fig.C18.5.

alW | d/w=0.2 0.4 1 1.4 2 3

0.2 -2.48 -0.584 | 0.1044 | 0.0713 | 0.026 | 0.002
0.3 -2.44 -1.169 | 0.1064 | 0.1386 | 0.063 | 0.006
0.4 -2.28 -1.390 | 0.0660 | 0.1758 | 0.090 | 0.008
0.5 -2.22 -1.448 | 0.0438 | 0.1859 | 0.100 | 0.010
0.6 -2.28 -1.401 | 0.0650 | 0.1768 | 0.090 | 0.008
0.7 -2.47 -1.188 | 0.1804 | 0.1466 | 0.066 | 0.006

C18.3 Double-edge-cracked bars

In this section the mode-I stress intensity factors are reported for a double-edge-cracked bar
under 4-roller loading [C18.2]. The specimen and the load application are illustrated in Fig.

C18.8.

The stress intensity factor is plotted in Fig. C18.9 and compiled for a number of crack depths
in Table C18.6. Since in case of double-edge-cracked bars, H= /2 is the characteristic width
dimension for normalising the crack length a (i.e. a is limited by a < H), K is defined by

K, =c*Y,\H

with o* defined by eq.(C18.1.5).

(C18.3.1)

Fig. C18.8 Double-edge-cracked bar loaded by two pairs of opposite forces.
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Fig. C18.9 Geometric function Y; according to eq.(C18.3.1) for different roller distances.

Table C18.6 Geometric function Y;according to eq.(C18.3.1).

aw |dw=02 |04 0.6 0.8 1.0

0.05 |-0.016 0.258 [0.267 |[0.230 |0.182
0.1 [-0.374 0.218 10.302 ]0.280 |0.229
0.15 |-0.627 0.121 ]0.285 |0.291 |0.248

0.2 0.017 (0.244 |0.281 [0.250
0.3 -0.132 |0.144 |0.229 [0.226
0.4 -0.185 0.061 |0.165 [0.184
0.5 -0.177 10.009 {0.109 |0.138
0.6 -0.140 (-0.015 [0.065 [0.095
0.7 -0.095 |[-0.020 [0.035 |0.059
0.8 -0.054 1-0.015 ]0.016 [0.031
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c19

Cracks ahead of notches

C19.1 Stress intensity factor

Many test specimens contain narrow notches which are introduced in order to simulate a
starter crack. A specimen containing a slender edge notch of depth ay with the notch root the
radius R is considered (Fig. C19.1). A small crack of length ¢ is assumed to occur directly at
the notch root.

Fig. C19.1 A small crack emanating from the root of a notch.

In the absence of a crack, the stresses near the notch root are given by

__2K(ay) R+¢
O = TR e3E Ko 22 (C19.1.1)
2KGa,) ¢ (C19.1.2)

[0
Y Jm(R+28) R+2¢

(for € see Fig. C19.1) as shown by Creager and Paris [C19.1]. The quantity K(ay) is the stress
intensity factor of a crack having the same length a as the notch under identical external load

K(a,)= o * F(ay)\Jma, (C19.1.3)

with the characteristic stress 6* (e.g. remote tensile stress, outer fibre bending stress) and the
geometric function F. The stresses resulting from eqs.(C19.1.1) and (C19.1.2) are plotted in
Fig. C19.2. The solid parts of the curves represent the region (0 < § < R/2) where higher-order
terms in the stress approximation are negligible.

For cracks ahead of slender notches the stress intensity factor can be represented as [C19.2]
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K = K *tanh(2.243v/(/ R) (C19.1.4)

with the stress intensity factor K* formally computed for a fictitious crack of total length ap+/
according to

K*=c*F(a, + O)\Jr(a, + ) (C19.1.5)
y
R
15 -
c/oc g
——ap
1 15 >

ER

Fig. C19.2 Stresses ahead of a slender notch in bending computed according to Creager and Paris
[C19.1] for ap/ W = 0.5 and R/W = 0.025; W=width of the bending bar.

C19.2 T-stress

In Fig. C19.3 the T-stress for bending is plotted versus a/W for several notch depths ay. The
"long-crack solution" given by eq.(C8.2.4) is introduced as the solid curve. This curve
represents the T-stress for an edge crack of the total length a=a+/.

Results obtained under tensile loading are plotted in Fig. C19.4. In this case, the characteristic
stress is identical with the remote tensile stress 6* = 6. In this representation the solid line is
described by eq.(C8.1.4).

For the limit case //R—0 the T-stress can be determined from the solution for a crack in a
semi-infinite plate under a tensile stress omax as occurring directly at the notch root

o = 2a*F(a0)1/"—]§ (C19.2.1)

Directly at the free surface (§ = 0) it holds ox=0. It can be concluded

Tﬁm’te plate
T =T _ _ Jinite plate
0 (/R—0 . *

o (C19.2.2)

300



T,
—Jinite plate. =-0.526 (C19.2.3)
o *
al/W—0
and, consequently,
T _ 1052 F(ay), % (C19.2.4)
o* R

It becomes obvious from eq.(C19.2.4) that for slender notches very strong compressive T-
stresses occur in the limit case //R — 0. The limit values Tj for tension and bending (location
indicated by the arrows in Figs. C19.3 and C19.4) are compiled in Table C19.1.

An approximate description for the T-stress is given by

T ~-05260,, +(T*+0.5260,,, )tanh*3(5¢/R)*"* (C19.2.5)

max

T ~ Ty + (T *-T,)tanh**(5¢/ R)*'* (C19.2.6)

where T* is the T-stress term for the “long-crack solution”, i.e. the T-stress for a crack of total
length a=/+a, according to eqgs. (C8.1.4) and (C8.2.4).

The T-stress approximation by eq.(C19.2.6) is plotted in Fig. C19.5 for bending together with
the data of Fig. C19.3.

Table C19.1 Limit values for the T-stress term (/R — 0), R/W=0.025.

a/W | Ty/c* (bending) | Ty/c* (tension)
0.3 -4.11 -6.05
0.4 -5.28 -8.91
0.5 -7.01 -13.31
0.6 -9.86 -20.74

T/c*

0.5

_05 1 L 1 s 1 L 1
a/'W

Fig. C19.3 T-stress for a small crack ahead of a slender notch in bending, computed with the
Boundary Collocation Method for R/W = 0.025. Solid line: Long-crack solution.
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a/W

Fig. C19.4 T-stress for a small crack ahead of a slender notch in tension, computed with the Boundary
Collocation Method for R/W = 0.025. Solid line: Long-crack solution.

1.5
R/W=0.025
Tlo™ |
1L
bending
0.5 +
F 0
Al ‘
+  bending
_101‘1‘|‘0.| o5 L L L
03 04 05 06 0.7 03 04 05 06 07
a/lW a/lW

Fig. C19.5 Comparison of the approximation eq.(C19.2.6) with the results of Fig. C19.3, R/W=0.025.

Figure C19.6 shows the influence of the crack length ¢ on the T-stress for a bending bar of
width W=4mm and two different notch root radii. From this diagram, it can be concluded that
the first few micrometers of crack extension from a notch are automatically stable, since 7<0
over about a-ap=6-12 um for notch radii of R=10 and 20 um [C19.3]. The crack lengths /gupie
for which path stability occurs even at a/W>0.35 can be roughly expressed as

gstable = Aggble — Ao ® 0.6R (C1927)

For a/W<0.35, the condition 7<O0 is trivially fulfilled, since the “long-crack solution” 7(a) is
negative in this case, see Fig. C19.5.
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T/Gappl | R=10um

-201 ag/W=0.4
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0 2 4 6 8 10 ‘ 12
C (um)
Fig. C19.6 T-stress for small cracks [C19.3] ahead of a narrow notch (bending).
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Array of edge cracks

Figure C20.1 shows an array of periodical edge cracks. BCM computations were performed
for an element of periodicity. The boundary conditions are given by a constant displacements
v (defining the characteristic stress 6) and disappearing shear stresses along the symmetry
lines (dash-dotted lines), i.e.

z1; r,=0 for y=xd/2 (C20.1)

)

(E' = E for plane stress and E' = E/(1-v?) for plane strain, £ = Young's modulus, v = Poisson's
ratio) as illustrated in Fig. C20.2. The coefficient By is shown in Fig. C20.3a as a function of
the ratio d/a for different relative crack lengths a/W. The result can be summarised as

B,=0.148 ,d/a<l5 (C20.2)

o

—

~—a =

S

W

Fig. C20.1 Periodical edge cracks in an endless strip.

The coefficient Ay is plotted in Fig. C20.3b in the normalised form of
A¥=6ANW /d (C20.3)

For all values of a/W investigated it was found

A4,%=1.000=%0.002 (C20.4)
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resulting in the stress intensity factor solution of

K, =ovd/2
(see e.g. [C20.1]). The T-stress term is

I'=-4B, =-0.5920

and the biaxiality ratio 3 according to eq.(A1.3.12) results as

B=-1484a/ d

P t=0 v=const

yA

Fig. C20.2 Boundary conditions representing an endless strip with periodical cracks.

*
Bo a) Ao 1.1 b)
0.16
0.148 1.05 1.00
e D>—5—C C ;
! C
0.14
o 04 0.95 o o4
o U o O
alW o 05 aW s
0.6 0.6
0.12 ! ! .
0.5 1 0.9 0.5
d/a d/a

(C20.5)

(C20.6)

(C20.7)

Fig. C20.3 a) Influence of the geometric data on the first regular term of the Williams stress function
By, b) Coefficient A, in the normalisation A4,*=6A,~72W /d .

[C20.1] Tada, H., Paris, P.C., Irwin, G.R., The stress analysis of cracks handbook, Del Research

Corporation, 1986.
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Special problems

C21.1 The first derivative of the weight function

For the application of the Petroski-Achenbach procedure (Section A3.2.1) and the direct
adjustment method (Section A3.2.2) disappearing second and third derivatives of the crack
displacement field and the weight function allowed determining higher-order coefficients. As
a further condition, a disappearing first derivative of the crack opening displacements at the
crack mouth was proposed [C21.1]

oh

=0 C21.11
0x| .o ( )

The validity of this condition can be proved for edge-cracked semi-infinite bodies [C21.2]
and infinitely long double-edge cracked plates [C21.3]. In this Section, the second possibility
is addressed.

C21.1.1 Double edge-cracked strip of infinite length

In order to compute the first derivative of the weight function for the double-edge-cracked
strip, first this specimen is loaded by pairs of forces P acting directly at the crack faces (Fig.
C21.1).

Fig. C21.1 a) Double-edge-cracked plate, b) symmetry conditions (shaded areas: surface tractions
which reproduce the stress state of the internal cracks for the same load, see Fig. C21.2).

The specimen is assumed to be cut out of an infinite array of collinear cracks in an infinite
body (see Fig. C21.2), which are also loaded by concentrated forces at the crack faces. The
cutting lines are the dash-dotted lines of Fig. C21.2. The total stress state in such a structure
can be derived from the Westergaard stress function (see e.g. [C21.4])

307



2P cos(nh/ W)\/sin2 (na /W) —sin’(nb/W)

® =
W [sin®(nz /W) —sin®(nb/ W)1—sin’(ra /W)/sin*(nz /| W)

(C21.13.2)

with the geometric data a, b, and W as illustrated in Fig. C21.2. The complex variable z is
given by z=x+iy with the origin of x, y in the crack centre.
The ox-stresses are given by

Gx(x,y,b)zReCD—yImdiCD (C21.1.3)
z

The tractions, which have to be applied at the surface x=0 of the double-edge-cracked plate to
satisfy the displacement conditions in the case of the internal crack are

G =—0.(0,5,0) (C21.1.4)

These surface tractions (illustrated schematically by the shaded areas in Fig. C21.1) are re-
sponsible for a stress intensity factor contribution AK; which can be expressed by the weight
function formulation

AK, = [0,(0.y.b)h, e (a, ) dy (C21.1.5)
0

where hy pg 1s the weight function for surface tractions acting in x-direction. The subscript DE
stands for “Double Edge”. On the other hand, the stress intensity factor caused by the free
surface condition can be expressed by

AK, = K, oy =Ky = [y (@) = by (@, )]0, (v = 0,x)dx (C21.1.6)

0

with the crack surface tractions oy acting normal to the crack and the subscript INT denoting
the “Internal Crack”. The crack-face weight functions are 4, pg for the double-edge crack and
hy it for the internal crack.

Fig. C21.2 Array of collinear cracks loaded by point forces.
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The stress distribution of a pair of forces P acting on the crack surface at x =b is expressed
in terms of the Dirac 6 function as

S, (x) = P8(x —b) (C21.1.7)

(assuming the plate thickness B=1). Introducing this into eq.(C21.1.6) gives

AK, = Ph,, . (a,b) — Ph,  (a,b) (C21.1.8)

and, finally,

1 o0
h,pe(a,b)=h, \; + E-[Gx (0,y,D) h, pp(a,y)dy (C21.1.9)
0

We are now interested in the first derivative of the weight function directly at the free surface.
Since the weight function for the internal crack is symmetric at the crack centre,

Oy (@B) (C21.1.10)
ob |,
we find
oh . (a,b) 1 o,
Dot @O Ly LBt C21.1.11
5| " j e (@) = & ( )

From eq.(C21.13.2) we can see that the Westergaard stress function is symmetric with respect
to the real variable b. This is the case because b occurs in the terms of

cos(nb /W), sin’(nb/W)

only. Consequently, it holds 0®/0b=0 and we obtain for the derivatives

O _pe@® _,md 22 (C21.1.12)
ob |,_, ob |, dz ob|,_,
From eq.(C21.1.11) it results
oh
—2PEL = (C21.1.13)
ob |, ,

i.e. the first derivative of the crack-face weight function of an infinitely long double-edge-
cracked strip must disappear at the crack mouth.

C21.1.2 Finite edge-cracked plate

It has to be emphasized that the condition (C21.1.1) is fulfilled only for special problems. In
most crack problems, eq.(21.1.1) is invalid. This can be shown for the case of a single edge-
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cracked strip of infinite length. Figure C21.3a shows the well-established weight function
derived by Kaya and Erdoan [C21.5]. A monotonically increasing non-disappearing slope at
x/a=0 is clearly visible. Figure C21.3b represents the first derivative of 4 at x=0 as a function
of the relative crack length a/W. The first derivative 4’ vanishes only for a/W=0, i.e. for the
edge crack in the half space.

7 0
P a
hva ) dh -
6 d(X/ a) b)
5 1k
x/a=0
4
3 2
2
0
1 L 1 L 1 L 1 L 1 n -3 1 1 1 1 1
0 02 04 06 08 1 0 01 02 03 04 05
x/a a/W
Fig. C21.3 a) Weight function solution by Kaya and Erdogan [C21.5], b) first derivative of the weight
function.

C21.2 Limit values for stress intensity factor and T-stress

Limit case a/W=0

The limit values of stress intensity factor and T-stress can be computed according to the
analysis made by Wigglesworth [C21.6]. The exact value of the geometric function F for the
semi-infinite body under constant crack-face pressure p is given by

K = pFna, F=exp{lfln( 1 j du } (C21.2.1)
TEO

1—u’ cosech®(mu/2) ) 1+u’

resulting in [C21.7]
F =1.12152225523... (C21.2.2)

The T-stress under remote tensile loading ¢ reads (see Section A2)

T =-40, B, =-0.5259676026 0, (C21.2.3)
and the x-stress under constant crack-face pressure (for the difference see section A1.4)

0o =T+ p=04740324p (C21.2.4)

Limit case a/W=1
The limit case a/W =1 can be analytically evaluated for the double-edge-cracked plate. This
may be done here for the two cracks loaded by a constant crack-face pressure p over the re-
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gion ¢ <x < b. With the geometric data of Fig. C21.4 the Westergaard stress function [C21.4]

reads
2 2 2 2
Zzzplwsz Cz —arc‘[anwfb2 62} (C21.2.5)
T c -z c -z

Fig. C21.4 Double-edge-cracked infinite body.

The real part of Z gives the x-stress component at y=0

_Rez| =2p Bz b C21.2.6
40 = Re yzo—;p JER —arctan R ( 2.6)

which for (b/c)*>> 1 simplifies as

(&

X

2 b>’-c* m
(O =0 = ;p[ cz ~ x2 —5} (C2127)
The singular stress term is
~ pﬁ b2 — 2

c. .. = C21.2.8
x,sing T[\/Z C—x ( )

and, consequently, the regular part of (C21.2.7) is given by

O ey = 2—p\/b2 -c’ ! - ! -p (C21.2.9)
’ T \/02 —x? \/2c(c—x)

Neglecting the constant term —p and rearranging yields

Ot rea :2_p1/b2 _202 L1 (C21.2.10)
’ T c \/1—(x/c)2 \/2(1—x/c)

and in the limit for x—c¢
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2p |[b*—c* [1-x/c
c = N C21.2.11
X,reg,x—c b cz 32 ( )

Finally, it results by introducing the crack length a = b-c and extending 2b over the whole
specimen width

lim 7(1-a/b) = im 7 (1-a) = 0 (C21.2.12)

This result allows extrapolating the data compiled in Table C11.1 and C12.4. In Fig. C21.5
the product 7(1-a) is plotted for the double-edge-cracked circular disk under constant normal
stresses along the circumference (solid circles) and the double-edge-cracked plate with H/W >
1.5 (open circles). The value given by (C21.2.12) allows extrapolating the data to a—1.

T(-a)lc

04r circular disk

0.2r

long plate

0 02 04 06 08 1
o

Fig. C21.5 Data compiled in Tables C11.1 and C12.4 (circles) and limit value from (C21.2.12)
(square).
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Zones with volume change at crack surfaces

C22.1 Green’s functions for a zone in the crack wake

In many cases local strains occur near the crack surfaces. An example is shown in Fig. C22.1
where only the region behind the crack tip is affected.

dS r

crack 6‘\ X
0

Fig. C22.1 Crack with a crack face zone undergoing volumetric strains.

Such strains in the crack surface region can be generated for instance by a volume reduction
or expansion due to diffusion effects. In the special case of glass, there is experimental evi-
dence [C22.1] for a thin hydration layer at the crack surfaces in which an ion exchange
occurs.

C22.1.1 Mode-I stress intensity factor
McMeeking and Evans [C22.2] developed a procedure for the computation of mode-I stress

intensity factors. The mode-I contribution results from a contour integral

K, :pjrn-hdS (C22.1.1)

with the normal vector n on the zone contour and the normal pressure p defined by

ek

-2’ (C22.1.2)

p

where £ is Young’s modulus, v Poisson's ratio, and € the volumetric strain. I" is the contour
line of the zone and dS is a line length increment. The vector h represents the weight function
h;=(hy,, hLX)T with the components A, and A, [C22.2]

1

hy, = WDV —1+5sin(@/2)sin(30/2)]cos(8/2) (C22.1.3a)
= ;[2 —2v —cos(6/2)cos(36/2)]sin(8/2). (C22.1.3b)

h,
Y Rar(l-v)
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In these relations » and 0 are the polar coordinates with the origin at the crack tip (see Fig.
C22.1). Using the Gauss theorem, eq.(C22.1.1) can be rewritten [C22.2] as

K, =p[divh, dxdy (C22.1.4)
(4)

where 4 is the area in the x-y plane (extending above and below the crack plane).

For a numerical evaluation of the stress intensity factor K, the total zone can be divided in
parts of simple geometry as shown in Fig. C22.2.

It may be of advantage to carry out the integration over y from the crack surface to the zone
height 5. For the case of a zone located symmetrically above and below the crack (d4=
—2bxdx=2bxds, see insert in Fig. C22.3a),

K, = I‘E—E\/ZgI (s/b)d(s/b) (C22.1.5)
-V

with the function g; shown in Fig. C22.3a.

The finite element method was used to determine K. A volume strain was introduced by a
thermal expansion due to a localised temperature change. The temperature inside the zone
segment bxAs was chosen to be ®= 1°, whereas zero temperature was prescribed in the re-
maining structure.

The results are given in Fig. C22.3a. The asymptotic behaviour of Kj is given by the two
straight lines. An interpolation of these asymptotes, for example, is given by

1
g (C2.1.6)
" 4s/b +5(s/b)Y? +10(s /b)"
from which
K —L‘Ylg(s') (/b)) d(s") (C22.1.7)
T2, J &1 \/F L.

can be derived by a single integration for any arbitrarily varying zone height b(s).

Fig. C22.2 Composition of zones by superposition of the zone part ahead the crack tip and zone parts
in the crack wake.
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C22.1.2 Mode-II stress intensity factor

In the case of a volume strain zone which is not developed symmetrically to the crack plane,
also a mode-II stress intensity factor must result. The mode-II weight functions can be ob-
tained from the near-tip displacement field for mode-II loading and the Rice equation [C22.3]
which relates the weight function to the change of displacement for a virtual crack extension,

the result being
1
h, =——=———[4—4v +cos(f)+cos(260)]sin(6/2 C22.1.8a
= iy (0)+cos20)sin(@/2) )
[2—4v +cos(d) —cos(20)]cos(8/2) (C22.1.8b)

1
hy =
W B2ard-v)

The mode-II stress intensity factor Ky for a zone segment of length ds lying on one side of the
crack is plotted in Fig. C22.3b, where now gy is defined by
K, =2 [ gn(s'/b')%d(s') (C22.1.9)

l-vy N

The asymptotes of gy are introduced in Fig. C22.3b as the straight lines. An interpolation for
the full range of s/b is

1
2L415(s/b)*"?

gy = (C22.1.10)

The corresponding mode-I stress intensity factor for this non-symmetric zone is half of the
stress intensity factor computed for the symmetric case (see Fig. C22.3a).

C22.1.3 T-stress

The T-stress results are shown in Fig. C22.3¢c. An approximate interpolation relation for the
Green’s function is given by

1
-1l C22.1.11
& S T Y (s /) ( :
resulting in the T-stress
E } 1
Tzl— 6(s')gT(s'/b')Eds' (C22.1.12)
-V

0

A layer of constant height b (extending from so>0 to s=s; and excluding the crack tip), Fig.
C22.2b, causes the T-stress
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(C22.1.13)
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Fig. C22.3 a) Green’s function gj as the stress intensity factor for a symmetric strip-shaped zone of
height b and width ds, b) mode-II stress intensity factor contribution for a single zone located on one
side of the crack exclusively, ¢) T-stress for a symmetric zone.

C22.2 Semi-circular crack tip zone

For the semi-circular zone ahead of the crack tip (Fig. C22.2c¢), the stress intensity factor

K, ;o.12141€E Jb (C22.2.1)
-V
and the T-stress term
T~ 0.17£z%i (C22.2.2)
1-v -V

were obtained.

C22.3 Zone of constant height

C22.3.1 Mode-I stress intensity factor
This special case of a zone of constant height can be treated simply by the direct evaluation of
eq.(C22.1.1). Numerical evaluation of the integral expression yields
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§—>00

K, =-C, IE—E\/E 5 —0.3741‘9—E\/E (C22.3.1)
-V -V

for a constant strain ¢ in the crack wake (case Fig. C22.2b). The coefficient C; can be written

105+ 1+ A,s/b+ 4
€. =0.119017] arctan| 210V 0 1 411 0.0003931n VSO FASTD o) 55y
1-As/b 1-A,Ns/b+As/b
. 0 s/b<l/A
with A =1.58114, 4, =1.38285, ¢=
m s/b>1/4,

In the case of a zone as shown in Fig. C22.2a, the stress intensity factor of eq.(C22.2.1) must
be added.

C22.3.2 Mode-II stress intensity factor

As an example, the mode-II stress intensity factor Kj; is computed for the case of a zone of
constant height b at the upper side of the crack extending from s=0 to s =s; (Fig. C22.2b).

K, =C, lg—E\/E (C22.3.3a)

The coefficient Cyy reads

C, = 0.00834{\/% — 643 arctan[%(l ~2(10/7)""? %1 ] N

+3In7+31n[7+7"°10*? /s, /b]— 61{7 + 72/310”3\/‘%1 } (C22.3.3b)

C22.3.3 T-stress

The T-stress for the fully developed zone (see Fig. C22.2a) with a layer length of s=s; (the
crack tip excluded) results from (C22.1.13) and (C22.2.2) as

T =(0.17—%~/8/7 arctan(~/7/8 s, /b))lg—E (C22.3.4a)
-V

For Fig. C22.2a with s;/b—o0 the FE-evaluation resulted in

T=-0165625 ~_1¢E (C22.3.4b)

1-v 1-v

C22.3.4 Re-starting arrested crack

An arrested crack in glass generates an ion exchange layer as illustrated in the upper part of
Fig. C22.4a. After an increase of the externally applied stress intensity factor, the crack may
grow rapidly without a significant further exchange layer generation. The crack extension is
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shown in the lower part Fig.C22.4a. The stress intensity factor and the T-stress are repre-
sented in Figs. C22.4b and C22.4c. When the crack leaves the initial zone, the T-stress
changes sign.

K1) [ T(1-v)
€ E\b ¢E 02 C)
03
01F

0

-0.1 ;/D/D/n/‘
: E

021

0.1

-03F

/ . . e
0 0 0.5 1 1.5 0 0.5 1
Aa/b Aa/b

Fig. C22.4 a) Crack growth in the initial zone, b) mode-I stress intensity factor, c) T-stress.
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02r
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1 1 1 1 1 O 1 1 1 1 1
00 0.5 1 15 2 25 3 %)r 05 1 15 2 25 3 00 0.5 1 15 2 25 3

Aylb Aylb Ay/b

Fig. C22.5 Mixed-mode stress intensity factors caused by a misalignment of the crack within the
layer, a) stress intensity factor K, b) stress intensity factor Ky, ¢) T-stress.

C22.3.5 Non-symmetrically aligned crack

Figure C22.5a shows a crack with a misalignment Ay with respect to the symmetry axis. Such
cases may occur for ion exchange layers in glass due to statistical thickness fluctuations. In
Fig. C22.5a, the mode-I stress intensity factor Kj is plotted. Figures C22.5b and C22.5c repre-
sent Kjjand 7.

For small values of Ay/b, the initial-straight line behaviour of Kj; may be expressed as

Ay eE
K, = %Tyl—v Jb (C22.3.5)
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C22.4 Variable layer height

The height of an ion exchange layer in glass under a constant crack growth rate (Fig. C22.6a)
is

b=ans (C22.4.1)

giving rise to the fracture mechanics parameters

oS, la
K, = ¢k da arctan[ 3\/2\/_1 ] (C22.4.2)

1- v3\/_ 1+2—57(1+4\/;/a)
T;—% glg—Earctan( \/_/a} (C224.3)

(with the crack tip excluded).

In the case of a zone developed at one crack face exclusively (Fig. 22.6b),

cE 4 10 s>
= —aln| 1+ —
1-v 45

= ' C2244
11 C{3/2 J ( )

-«
S1
/””’
)

Fig. C22.6 Square-root shaped volume strain regions as occurring for cracks in glass growing at
constant rate.

—~

REMARK:

In Ref.[C22.4] the T-stresses for expanding zones were computed replacing the general strain
by a thermal expansion. For this purpose the authors of [C22.4] used the FE-programs
ABAQUS Version 6.2 and 6.4.
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In the newer ABAQUS versions, starting with 6.5-6 the T-stress evaluation for identical input
files then showed a change in the sign keeping the absolute values the same.

In this context it should be mentioned that ABAQUS detected an error in the T-stress program
and corrected it in March 2005 (see error message v63 4854 by the bugadmin, March 17,
2005). This change results in a step-shaped variation of 7'by an amount of 67

OT = _%i

1-v
depending on the condition whether the crack tip is included or excluded in the volume un-
dergoing volumetric expansion. For this fact see also Section Al.4 and eq.(A1.4.17) and Sec-

tion E1 in [C22.5].

FE-results obtained with older ABAQUS versions have therefore to be corrected. This may
have been done in this section for the erroneous results reported in [C22.4]. Since the sign of
T-stresses is very important for path stability considerations, these inconsistencies and the
necessary changes should be taken into account in the assessment of problems dealing with
thermal stresses.
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€23

Tetrahedron-shaped cracks

C23.1 Complete tetrahedron

A tetrahedron-shaped crack in a plate of thickness B is shown in Fig. C23.1. By finite element
computations, the Green’s functions were determined for mixed-mode stress intensity factors
and T-stress. Therefore, point forces P normal to the crack and Q in crack direction were ap-
plied.

"A

Thickness B

Fig. C23.1 Tetrahedron-shaped crack with normal and tangential point forces.

Under a combined crack-face loading, the stress intensity factors generally read

K, = [ .a)0, (&) + K (G ar(Ede (C23.1.1)
Ky = f [h (£,a)0, (&) +h{ (&, a)e($)]dé (€23.1.2)

with the weight functions

hf”:\/ljfa/a{ LA I=ETa+ BO-Elay + CP(-Ela) | (C2313)

J1=-¢&/a
o /1+ﬂ§a/a[Al(z) ll—f/a +BO(1-¢&/a)"? +CI(2)(1—§/a)5/2] (C23.1.4)

hl(ll) _ 1+ﬂ§a/a _AI(II) ll_ég/a +BI(II)(1_‘§/G)3/2 _+_CI(II)(1_§/a)5/2] (C23.1.5)
h® = 1;4;/“ 1 15/ + AP 1-Ela+BP(1-¢£/a)” +CP(1-£/a)’” | (C23.1.6)
- a
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Fig. C23.2 Mixed-mode weight functions for tetrahedron-shaped cracks.

Table C23.1 Coefficients for weight functions eqs.(C23.1.3)-(C23.1.6) (computed with v=0.25).

-0.5 0 0.5

Ela

1 L 1 " 1

-0.5 0 0.5

Ela

A B C
£<0 | A4"=-1.125 | BY=0.6402 | C{"=-0.1228
>0 | 47=-0.041 | B"=0.0385 | C\"=0
g<0 | 4=1.8822 | B\"=-1.2319 | C\’=0.2347
£0 | 4;'=0 By’ =0 Cy'=0
£<0 | 42=-0.1879 | B»=-0.2416 | C?=0.0773
g0 | 42=0 B =0 Cc?=0
£<0 | 47=-1900 | B{’=1.8151 | C\’=-0.4950
>0 | 47=03142 | B\P=0.5885 | C\’=0
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The mixed-mode stress intensity factors are shown in Fig. C23.2 and the T-stress in Fig.
(C23.3. The coefficients for eqs.(C23.1.3)-(C23.1.6) are compiled in Table C23.1. In all cases
of £<0, the data correspond to load on the upper crack part (as illustrated for Q in Fig. C23.1).
For the lower crack part, the symmetry of Kj and 7 and the anti-symmetry of Kj; have to be
taken into account.

0.4

P/(Ba) .
P/B=

Fig. C23.3 T-stress for tetrahedron-shaped cracks.

C23.2 Incomplete tetrahedron

Figure C23.4 shows a modification of the tetrahedron-shaped crack with one crack part miss-
ing. The stress intensity factors are shown in Fig. C23.5

Thickness B

Fig. C23.4 Two cracks of equal length under an angle of 120°.
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Fig. C23.5 Stress intensity factors for an incomplete tetrahedron-shaped crack.
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An example for kinked cracks in a finite body

C24.1 DCDC specimen with kinks at both cracks

The stress intensity factors of kinked cracks in the DCDC specimen (Fig. C24.1, for straight
cracks see Section C15) were determined for H/R=4 and a/R=4 by finite element compu-
tations. The results are shown in Fig. C24.2 by the symbols as a function of the kink length /¢

and the kink angle .
3 I \2& a .«
o 2H O\ (_\ /"k 44444 - le—op
—> , 7 N/ «—
—> Thickness: B «—
_> 4—
« 2W g

Fig. C24.1 DCDC specimen with symmetrically kinked cracks.

0.5

I:II

a/R=4, H/R=4

0.05

-0.05 -

01

©=30°

02 . 1 . 1 . 1
0 0.1 0.2 0.3

V/a | ' la

Fig. C24.2 Mixed-mode stress intensity factors for a kinked crack (Fig. C24.1). Geometry: a/R=4,
H/R=4.
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C24.2 DCDC specimen with a kink at one of the cracks

A kink at only one side is illustrated in Fig. C24.3. Figures C24.4a and C24.4b show the
mixed-mode stress intensity factors for a kink angle of ¢=5° and the geometric parameters
a/R=4 and H/R=4. The kink is located at point (A) and the stress intensity factors are
evaluated for the crack tip at location (B). The mode-I stress intensity factor at (B) is hardly
affected by the kink. The mode-II stress intensity factor is roughly proportional to the kink
length /.

_> <—
— 2R —
— oy tip (A) Py -«
—> T 0 NI TP
— Jw " ip(B) [T
_> 4_

Fig. C24.3 DCDC specimen with a kink at point (A).

Figures C24.4c and C24.4d show the influence of the kink angle ¢ [C24.1]. The mode-II
stress intensity factor Ky at point (B) is proportional to the kink angle. From the results of Fig.
C24.5 it holds

Ky 5 < (g/a)z(l’ (C24.7)

The geometric functions for the stress intensity factors at the kink (i.e. at location (A)) are
represented in Fig. C24.5. Figures C24.5a and C24.5b show the mixed-mode stress intensity
factors for the crack tip located at point (A) The mode-I stress intensity factor is also hardly
affected by the kink. In contrast to point (B), the mode-II stress intensity factor is roughly
proportional to the square root of the kink length. Figures C24.5¢ and C24.5d show the
influence of the kink angle ¢.

The influence of the kink angle can be shown by using the solutions obtained for the semi-
infinite crack in an infinite body according to Cotterell and Rice [C24.2].

Under pure mode-I loading, the stress intensity factors for the kink, Kj, and Ky, can be
expressed roughly by the stress intensity factor for the original (straight) crack, k;, using the
simple expressions of

K, =k g, +Tb~C (C24.1)
Ky =k g, +Thl (C24.2)
with the angular functions
g, =cos’(f/2) (C24.3)
g,, =sin(B/2)cos’(B/2) (C24.4)
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and the coefficients b; and b, given by

b, = \/Esinz Yij (C24.5)
r

8 .
b, = —J—smﬂcosﬂ (C24.6)
Ve
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0.0002 0.1 ©=5°
0lo- 0 1 L L
0 0.05 0.1 0.15
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Fi F
0.0008 04r
0.0006 03k (la=0.1
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Fig. C24.4 Mixed-mode stress intensity factors at point (B) for a kink located at point (A); a), b)
influence of the kink length, c), d) influence of the kink angle, (F according to eq.(2.2)).

The agreement of these asymptotic results with the finite element data of Fig. C24.5a is very
good. The strong influence of the kink length in form of the V¢ dependency is an effect of the
strongly negative T-stress term (Section C15).
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The near-tip solutions of the mode-II stress intensity factor Ky at point (A) valid for //a—0
result from eqgs.(C24. 2), (C24. 4) and (C24. 6) as

V8
Fay = Fro(8a _75 (/asingcosy) (C24.8)
with the mode-I stress intensity factor F1, in the absence of the kink. This asymptotic result is

entered in Fig. C24.5a as the solid curve. It is in sufficient agreement with the FE results

(circles).
0.06 0.5
F, [ aR=4, HR=4 F, | R4 HIR=4
0.05
04
0.04
031 (A) @=5°
0.03 I
02r b)
0.02
T T =S e oo
01
0.01
c»
0 L 1 1 1 0 | 1 1 1
0 0.05 0.1 0.15 0 0.05 0.1 0.15
lla /la
0.12 0.5
a/R=4
F|| H/R=4 FI L
01 .
0.4
lla=0.1 (la=0.1
0.08 e
/ 03F
(A~ (A)
0.06 »
/9/ C) 02k d)
0.04F /
oAk 7 -
002F  /
a/R=4 H/R=4
0 d n 1 L 1 L 1 L 1 L 1 0 1 1 1 1 1 L 1 L 1
o 2 4 6 8 10 0 2 4 6 8 10
¢ () ¢ ()

Fig. C24.5 Mixed-mode stress intensity factors at point (A) for a kink located at point (A); a), b)
influence of the kink length (symbols: FE results, curves: cumputed from eqs.(C24.1)-(C24.6)), c),
d) influence of the kink angle, (F according to eq.(C15.1.1)).

The mode-I stress intensity factor is obtained for //a—0

328



8 .
iy =Folen + %ﬁx/ ¢/ asin® p) (C24.9)

as shown in Fig. C24.5b by the solid curve.

The solid curve in Fig. C24.5b deviates very early from the FE results. The reason for this
behaviour is the decrease of the mode-I stress intensity factor with the total crack length. This
becomes obvious by replacing the crack length a by the total length a+/coso, i.e.

a+fcos
Fla = Fl,o(—R ¢] (C24.10)

The result of this estimation is entered in Fig. C24.5b as the dashed line. The agreement with
the FE results is slightly better. The remaining disagreement is caused by the fact, that a crack
at one side of the hole of length a is present and at the opposite location a crack of length
a+lcoso has to be considered. By using eq.(C15.5.1), which now reads

£COSO . F(a,)-0.13-2 (C24.11)

a, a,

Fiy(a)) = Fi(a,)—-0.13

the dash-dotted line in Fig. C24.5b results. It is in best agreement with the FE data.
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PART D

2-DIMENSIONAL CRACKS

Stress intensity factor solutions in handbooks are mostly reported for plane stress or plane
strain conditions, with the thickness dimension not entering the solution. The plane stress
condition assumes an infinitely thin specimen, for instance an extremely thin sheet with a
disappearing stress component in thickness direction, ,=0. The plane strain condition is
given by an infinitely thick plate or by a disappearing strain in the thickness direction, &,=0.
Although the crack always is a 2-dimensional object of dimension “lengthxlength”, these two
problems are commonly referred as a 1-dimensional crack.

If the full test specimen is modelled without simplifying the boundary conditions of plane
stress or plane strain, the related crack is referred to as a 2-dimensional one and the fracture
mechanics problem as a 3-dimensional problem. In this case, plane strain dominates in the
bulk of a specimen and plane stress occurs in the surface regions.

In contrast to the constant fracture mechanics parameters in the case of a 1-dimensional crack,
these parameters must vary over the thickness.

A second, somewhat different definition of a 2-dimensional crack is a crack the shape of
which is not exclusively defined by the crack length. This is true for a crack in a trapezoidal
bar. Here, the angle of the trapeze is a second parameter for the description of the crack. In
the example of Section D4, both definitions of the 2-dimensional crack are applicable simul-
taneously.
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D1

Cone cracks

Under spherical contact loading, cone cracks can be initiated in brittle materials (see Fig.
D1.1). Figure D1.1a shows a sphere in contact with the plane surface of a semi-infinite body.
Under increasing load, a cone crack develops (Fig. D1.1b). Geometric data are given in Fig.
DI1.1c with the complicated parts near the contact ignored. It should be noted that in
indentation fracture mechanics it is usual to denote the crack length by c instead of a.

a)

b) o

Fig. D1.1 a) Crack generation by a spherical indenter, b) cone crack, ‘c) simplified geometry, d)
couples of normal and shear line loads for the determination of the weight functions.

The stress intensity factors K of cracks can be computed by the weight function method as

K, =Ianh11(r,c) dr+Irw hy,(r,c) dr (D1.1)
0 0

Ky =[o,hy(r,¢) dr+ [z, hy,(r,c) dr (D1.2)
0 0

where o, are the stresses in the uncracked body normal to the prospective crack plane and 1y
the shear stresses in this plane. The stresses below the Hertzian contact, needed in eqs.(D1.1)
and (D1.2), can be taken from the analysis of Huber [D1.1].
Taking into account the cone shape of the crack with the circumference increasing with
increasing r, an appropriate set up of the weight functions is

2 r+b&
h = |— DA =r/c)? D1.3
Y e c+bnzz(; n ) ( )
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with D{'Y =D =1, D' =DV =0 (D1.4)

In order to determine the weight function, finite element computations were performed. The
computations were performed for couples of line forces P and Q along the cone circum-
ference for variable relative distances r/c from the crack tip, Fig. D1.1d (for details, see
[D1.2]).

Figure D1.2 shows the weight functions obtained from the normal forces P (Fig. D1.2a) and
from the shear forces Q (Fig. D1.2b) as the circles. It is of importance that mixed-mode stress
intensity factor terms occur even under pure normal or pure shear force. From the FE results,

the coefficients D,g’j) were determined for v=0.2 and 0.3 by application of a fit procedure.
They are compiled in Tables D1.1 to D1.4.

There is a rather small influence of Poisson’s ratio v on the weight function components, as
obvious from Fig. D1.3, where the weight functions are plotted as functions of v.

In order to obtain the full weight function solution in the range of 15<¢p<30°, the data of
Tables D1.1 to D1.4 may be interpolated with respect to b/c, v, and ¢. For a more simplified
practical use, the coefficients were approximated as

DY = A+ A @+ A,p° + (A, + A, + As§02)é (D1.5)
C

with the coefficients 4p-4s compiled in Tables D1.5 and D1.6 for v=0.2 and v=0.3. For other
v values the weight function coefficients D may be computed from

DY =D (v=02)+10[D,")_,, - D", 1(v-0.2) (D1.6)

10 10

_ | b)
hvc| hvc |

5 5

0 0=

22.5
15 ho1
5 P TR R R 5 P U R R R
0 02 04 06 08 1 0O 02 04 06 08 1
r/c r/ic

Fig. D1.2 Weight functions for 6/¢=0.1, 0.2, and 0.3 and several cone angles, a) results obtained under
normal force P, b) under shear force Q.
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Fig. D1.3 Influence of Poisson’s ratio v on weight functions for 5/¢=0.2 and ¢=15°.

Table D1.1 Coefficients of the weight function 4.

® blc pM | p{h [ piv | pb | pn | pn
v=0.2 v=0.3
15° 0.1 6.619 9.990 -11.762 6.558 10.589 | -12.776
0.2 6.876 9.811 -10.282 6.843 10.301 | -10.971
0.3 7.115 9.642 -8.936 7.107 10.041 | -9.354
22.5° 0.1 3.035 4.196 -5.438 2.971 4.463 -5.962
0.2 3.215 4.175 -4.902 3.170 4.403 -5.294
0.3 3.385 4.138 -4.371 3.359 4.327 -4.640
30° 0.1 1.322 2.024 -2.798 1.235 2.188 -3.127
0.2 1.461 2.073 -2.640 1.391 2.217 22.905
0.3 1.595 2.098 -2.445 1.540 2221 22.646
Table D1.2 Coefficients of the weight function /y,.
(P b/C D1(12) D;lZ) D3(12) DI(IZ) D;lZ) D3(12)
v=0.2 v=0.3
15° 0.1 2.8468 |-.6314 |-.7125 29871 [-.3460 |-.9470
0.2 2.9530 |-.7080 |-.5530 [3.0857 |-.4384 |-7727
0.3 3.0349 [-.7481 -4694  [3.1606 |-.4964 |-.6749
22.5° 0.1 14316 |.6574 -1.1476 |[1.5717 |.8672 -1.3347
0.2 1.5367 |.5997 -1.0457 |[1.6692 |.7978 -1.2197
0.3 1.6204 |.5662 -.9887 1.7460 |.7505 -1.1503
30° 0.1 7130 9232 -.9420 .8587 1.0914 |-1.1098
0.2 8127 .9024 -.9204 9503 1.0601 [-1.0735
0.3 .8948 .8889 -.9092 1.0250 |1.0358 |-1.0503
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Table D1.3 Coefficients of the weight function 4.

(p b/c D](Z]) D;Zl) D3(2]) D](Zl) D§21) D;Zl)
v=0.2 v=0.3
15° 0.1 -2.684 -18.200 [9.410 -2.7593 |-18.5636 | 8.8931
0.2 -2.750 -17.680 |8.144 -2.8254 [-17.9514 |7.5379
0.3 -2.798 -17.332 |7.280 -2.8698 |-17.5575 | 6.6635
22.5° 0.1 -1.654 -8.686 4.318 -1.7606 |-8.9094 [4.1169
0.2 -1.673 -8.495 3.729 -1.7746 |-8.6650 |[3.4623
0.3 -1.690 -8.352 3.293 -1.7851 |[-8.4935 |[3.0023
30° 0.1 -1.239 -4.841 2.299 -1.3693 |[-4.9709 |[2.2173
0.2 -1.235 -4.743 1.953 -1.3567 |-4.8435 |1.8217
0.3 -1.235 -4.664 1.680 -1.3480 |[-4.7482 |1.5254
Table D1.4 Coefficients of the weight function 4;,.
(p b/C D](]2) D;lZ) D3(12) DI(IZ) DélZ) D?EIZ)
v=0.2 v=0.3
15° 0.1 -2.990 3.952 -2.002 -2.9743 (3.9767 |-1.7737
0.2 -2.973 3.847 -1.891 -2.9563 |[3.8605 |-1.6732
0.3 -2.961 3.770 -1.834 -2.9443 [3.7756 |-1.6281
22.5° 0.1 -2.052 1.888 -.613 -2.0142 [1.9440 |[-.4819
0.2 -2.042 1.893 -.628 -2.0052 [1.9404 |[-.4994
0.3 -2.034 1.894 -.647 -1.9990 |[1.9338 [-.5242
30° 0.1 -1.583 1.002 -.043 -1.5091 |[1.0672 [.0271
0.2 -1.563 1.017 -.083 -1.4941 |[1.0764 |[-.0100
0.3 -1.548 1.026 -117 -1.4835 [1.0796 |[-.0447
Table D1.5 Coefficients for eq.(D1.5), v=0.2.
n (1)) Aq A A3 Ay As Ag
1 (11) 18.909 | -1.081 | .0163 | 4.970 -212 | .0031
2 (11) 33.132 | -2.024 | .0329 | -7.017 457 | -.0070
3 (11) -40.096 | 2.355 | -.0373 | 47.411 | -2.916 | .0465
1 (22) 7.689 -422 | .0062 .823 .0128 | -.0003
2 (22) -6.249 516 | -.0092 | -.366 | -.0354 | .0014
3 (22) 1.958 -273 | .0059 1.429 | .0138 | -.0019
1 21) -6.409 332 | -.0053 | -1.922 115 | -.0017
2 21) -55.653 | 3.249 | -.0519 | 15.347 | -.986 | .0168
3 21) 31.798 | -1.879 | .0302 | -32.190 | 1.902 | -.0311
1 (12) -6.330 286 | -.0043 .660 -.0525 | .0012
2 (12) 12.113 | -.706 | .0112 | -5.314 | .4066 | -.0075
3 (12) -7.723 496 | -.0079 | 5.306 | -.4064 | .0072
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Table D1.6 Coefficients for eq.(D1.5), v=0.3.

(12) |12.021 |[-.695 |[.0110 |-5.439 [.4078 |-.0075
(12) |-7.160 |.469 -.0076 14.985 -.3894 1.0070

n (1) Ay A A3 Ay As Ae
1 (11) 18.739 |[-1.072 |.0161 5.551 -.2404 |.0035
2 (11) 35.404 [-2.165 |.0353 |-10.505 |.6799 -.0108
3 (11) -43.896 |[2.575 |-.0408 |57.016 |-3.5007 |.0560
1 (22) -6.393 324 -.0052 |-2.014 1242 -.0018
2 (22) -56.571 [3.289 [-.0524 |16.889 |-1.0552 [.0176
3 (22) 30.073 [-1.768 |.0284 |-32.684 |1.8973 [-.0308
1 21 7.858 -.424 .0063 724 .0155 -.0004
2 2D -5.679 494 -.0089 |-.683 -.0228 1.0012
3 21 1.520 -.257 .0056 1.678 .0036 -.0017
1 (12) -6.322 284 -.0041 |.675 -.0517 |.0011
2

3
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D2

Inclusion with an annullar crack

D2.1 The ring-shaped crack

Ceramic components can fail by unstable propagation of microscopic flaws as pores, cracks,
inclusions, or other material inhomogeneities which are present due to manufacturing.
Description of failure due to internal elliptical cracks or semi-elliptical surface cracks is well
established. The same holds for pores.

In the case of inclusions, failure generally is modelled by failure of an assumed annular crack
extending around the inhomogeneity. Reference solutions for special loading cases are given
in literature [D2.1-D2.6].

D2.1.1 Weight functions for the ring-shaped crack

A ring-shaped crack of inner radius R and crack size a in a homogeneous infinite body is
shown in Fig. D2.1a. The two crack tips are denoted as (A) and (B).

B) A
“a
X b)

% W

/ 7] ITT]

Fig. D2.1 Ring-shaped crack, a) geometry, b) reference loading case (constant stress).

Stress intensity factor solutions for the ring-shaped crack in an infinite body loaded by
constant stress normal to the crack plane (Fig. D2.1b) were compiled by Rosenfelder [D2.1].
For an arbitrarily given stress distribution o(x) in the uncracked body normal to the crack
plane, the related stress intensity factors can be computed from

K. = j hy o (x)dx (D2.1.1)
0

Ky = [ huo(x)dx (D2.1.2)
0
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The weight function solutions for the ring-shaped crack were determined in [D2.7] as

) 1+% 1_\/%
i B D2.1.3
(4) \/ﬂa\/l—;:\/?a"'l(\/z-i_;-’_; \/Z+2] ( )

h

1—x
hey = i[ ”+0.865%exp(—C§)1/§(1—§)J, C=1+244tanh(L%)  (D2.1.4)

wa

X
a

Figure D2.2 shows these results for variable values of a/R. It becomes obvious that the influ-
ence of the relative crack size is much stronger for location (B) than location (A).

haval ) heva | b)
2 -
4 -
alR=0 3r 8
AN
1k 4
1 2k
2 I
4 1Lk a/R=0
8
0 i 1 L 1 L 1 n 1 n 0 L 1 " 1 " 1 L 1 n
0 0.2 0.4 0.6 0.8 1 0 0.2 04 0.6 0.8 1
x/a x/a

Fig. D2.2 a) Weight function for location (A), b) for location (B).

D2.1.2 Ring crack under constant load

For the reference load o=c(=const., stress intensity factors were computed by Nied and
Erdogan [D2.2] and Tada et al. [D2.3]. The data of Nied and Erdogan [D2.2] were fitted by
Rosenfelder [D2.1,D2.7] as

-1} L 2 o215

1+@a+ é_\/ﬁ _a
wa 2 5 2 ) 1+a

7 J1+a

with a=a/R. Figure D2.3 shows these stress intensity factor solutions as curves.
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The results obtained with the weight functions (D2.1.3) and (D2.1.4) are shown by the circles.
There is an excellent agreement between the weight function results and those of Nied and
Erdogan.

In the 1985 edition of Tada’s handbook [D2.3], closed-form expressions are given by

K., =0, /%(1 ~0.116,%+0.016(:= ) (D2.1.7)

and (after correction of the sign of the o term)

1-0.36 2 —0.0676(-«
K =0 ﬂ 1+a (1+a) (D218)

both shown in Fig. D2.3 as curves.
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Fig. D2.3 Stress intensity factor solutions for a ring-shaped crack under constant stress.

A comparison of stress intensity factor relations for location (A) shows an excellent agree-
ment of all solutions for a/R>2. The agreement of solutions (D2.1.5), (D2.1.7), and the weight
function results is excellent for any a/R.

An analytical evaluation of the weight function integrals with eqs.(D2.1.3) and (D2.1.4) is
possible only in special cases. Under constant stress, the integration yields

a+2 a 8 : 1 5 a
— T —4[1—, /7 arctan /m] +ia HypergeometrchFl(E ,2, 5 ﬁ)
A +a)2 + )
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D2.1.3 Weight function approximations from reference loading cases

The weight functions eqs.(D2.1.3) and (D2.1.4) are expected to be highly accurate. A disad-
vantage is the rather complicated structure of the relations. For evaluations with a reduced
degree of approximation, simplified expressions may be of advantage. Such weight functions
can be derived easily by adjusting % to simple reference stress intensity factor solutions
[D2.4].

If the weight functions are approximated by

2 x
h(A) = _( - . + D, f(l_f)J (D2.1.10)
wa

a

wa

a

2 — X
I = _[ TaJFD(B)\/f(l_ﬁ)] (D2.1.11)

the stress intensity factors for constant stress ¢ result as

anrn

K. = a‘/E(D(A) +4) (D2.1.12)
anrn

Ky = O"/E(D(B) +4) (D2.1.13)

Coefficients D) and D(g) can be obtained from the solution of Tada [D2.3], eqs.(D2.1.7) and
(D2.1.8), used as the reference solutions

D, =-40.116:% -0.016(:%)°) (D2.1.14)
Dy = 4(1-0.367% —0.0676 (%) W1+ —1] (D2.1.15)

Application of egs.(D2.1.5) and (D2.1.6) results in

8

o 2«
D(A)=4(——1]— - (D2.1.16)

I

T 1+« 51+a

(1+a)*?

1-1.6a+0.76¢*
4 3/2 -1
(I+a)

b _41+§a+%a2 |
8 — -

(D2.1.17)

N
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Figure D2.4 represents the approximate weight functions computed with (D2.1.14) and
(D2.1.15).
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Fig. D2.4 Weight function approximations using (D2.1.14) and (D2.1.15) for the outer (a) and the
inner crack tip (b).
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D2.2 Spherical inclusion with an annular crack

Figure D2.5 shows a spherical inclusion of radius R with an annular crack of size a. The
elastic parameters for the inclusion are £; and v; and for the matrix Ey, and vp,.

Fig. D2.5 Spherical inclusion with an annular crack.

D2.2.1 Stress intensity factor due to thermal stresses

D2.2.1.1 Stress intensity factor at the outer crack tip

The weight function derived for a ring-shaped crack in a homogeneous body was used to
estimate the stress intensity factor at the outer crack tip (A) for thermal stresses caused by
different thermal expansion coefficients of inclusion and matrix, a; and a,. At the inner crack
tip (B), where the crack terminates the inclusion, a square-root shaped stress distribution does
no longer appear in general. Hence, no stress intensity factor can be determined there. An
exception is the special case of identical elastic parameters for the matrix and the inclusion.
With the thermal stresses G, normal to the crack plane

R3

- D2.2.1
" *(x+R)’ ( )
and
@ AT - 1 1-2v,
clema, AT g lvv, 172y (D2.2.2)
2k 2E. | E,

the thermal stress intensity factor K' " at (A) can be obtained using the weight function
(D2.1.3). The results are shown in Fig. D2.6 as the thick solid curves.

The approximate weight functions according to (D2.1.10) allow for simple analytical
solutions. For the weight function coefficients given by (D2.1.14) and (D2.1.16), it results

‘ 1+2.134a +1.284a* +0.15¢°
K" =[h o) dx =0, "= (D2.2.3)
(4) (A~ n 0
! 2 (1+a)’?
P ma 1+5a
and K(A) :.(').h(A)O-n (X)dX:O'O TW (D224)

In Fig. D2.6, these solutions are entered as the dashed and dash-dotted curves. Within the
thickness of the curves, all these solutions coincide.
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Fig. D2.6 Stress intensity factor at the outer crack tip caused by thermal stresses: (solid curve:
eq.(D2.1.3), dashed: eq.(D2.2.3), dash-dotted: eq.(D2.2.4)).

D2.2.1.2 Stress intensity factor at the inner crack tip

In the special case of identical elastic constants £ and v for the inclusion and the matrix, a
stress intensity factor also occurs at the inner crack tip. The solution computed with the
weight function (D2.1.4) is plotted in Fig. D2.7 as the solid curve.
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Fig. D2.7 Stress intensity factor at the inner crack tip for the case of the same elastic constants in the
inclusion and matrix (solid curve: eq.(D2.1.3), dashed: eq.(D2.2.5), dash-dotted: eq.(D2.2.6)).

The approximate weight function with (D2.1.15) gives the stress intensity factor relation for
this location

K o [gg1+2ﬁmx+zzuMa2+05%Ba3+075aa+af”
2

" =0, o) (D2.2.5)
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and is shown in Fig. D2.7 as the dashed curve. The weight function coefficient (D2.1.17)
results in

ral+1.6a+0.76a* +0.75a(1+ a)*'?
K;g)=am/— - ( ) (D2.2.6)
2 (1+a)

as shown in Fig. D2.7 by the dash-dotted curve.

D2.2.1.3 Comparison with stress intensity factor solutions from literature

Stress intensity factor results from literature were compiled by Rosenfelder [D2.1]. A simple
estimation procedure was proposed by Baratta [D2.5]. This estimation is identical with the
solution for constant crack-face loading with the stress taken at location x=a, i.e.

o =T
" (l+a)
resulting in
/ 1 1
Kth =0 ﬂ l_ﬁ _+ﬂ D2.2.7
(4) 0 2(1+a)3( ”)1+a z ( )

Since the thermal stress value at x=a is the lowest one that appears on the crack face, this
solution underestimates the true stress intensity factor (Fig. D2.8).

A solution from Ito [D2.6] resulting from finite element computations reads for identical
elastic properties of matrix and inclusion

2+«
K" =0,a089 |——= D2.2.8
o A+a)’(1+v) ( )

1.4 1.4

th L th E
Ky, K

Go\/a X GO\/a L

1

0.8 0.8

0.6 0.6

0.4 0.4

/ O
[Baratta/Rosenfelder ~~~—_____

0 R 1 R 1 R 1 R [0 PSP R TTI R |
0 0.5 1 1.5 2 0.01 0.1 1

0.2 0.2

Fig. D2.8 Stress intensity factor for the inclusion with annular crack for thermal stresses.
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Whereas stress intensity factors for remote stresses increase continuously with increasing
crack size, stress intensity factors under thermal stresses exhibit a maximum at a/R=0.28, as
can be seen from the representation in Fig. D2.9.

K '
Gw\/_R I
KO.S—
6oVR |
0.6

/
/ remote tension o.,
/

thermal stresses oy

0.2

Fig. D2.9 Comparison of stress intensity factors for loading by remote tension (dashed curve) and
thermal stresses (solid curve).

D2.2.2 Stress intensity factor for remote tension
Under a remote tensile stress 0., the tangential stresses at the equator of the sphere (normal to
the prospective crack plane) are in the matrix

o,=0,|1- 4 T+ o8 S (D2.2.9)
(1+x/R)” (I+x/R)

with the material parameters [D2.8]

1, E+E,-2E,
2 E +2E, -4E v, +Ev,
(D2.2.10)
1 E (1+v)@4-5v,)+E(1+v,)
2E (1+v)7-5v,)+2E (4—v, —5v")
E Q1+v)-E.(1+
(A+v)-E(d+v,) (D2.2.11)

C2E, (1+v ) T=5v, ) +4E (4—v, —5v2)

(1344
1

Also in this case the subscript stands for inclusion and “m” for matrix. By using the
approximate weight function with coefficient (D2.1.16), integration gives the solution

(D2.2.12)

9 3 13 1,2 3 3
wa 1+ﬁa_ 1+%a l+%a+ﬁa +aa B
2

K =0 .|—
v l+a (+a)? (1+a)’”
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In Fig. D2.10, the numerical solution obtained with eq.(D2.1.3) (solid curve) is compared
with the approximation (D2.2.12) (dashed curve) and the rough approximation derived by

Baratta [D2.5]
K =0 ﬂ[l 4 o8 Ml—ﬁ]#+ﬁ} (D2.2.13)

- +
N 2 (l+a) (+a) r Jl+a =«

and displayed by the dash-dotted curve. Whereas deviations between (D2.2.12) and the
numerical solution are hardly visible, the estimation of Baratta deviates slightly.

K | K

— D2.2.12 —
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Baratta s I
(D2.2.13)

weight function
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weight function tar /’\,
(D2.1.3) Baratta

osl  Em/E=1/2, vin=vi=0.25 [ Ew/E=2, vin=vi=0.25
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0.01 0.1 2R 1 2R
Fig. D2.10 Stress intensity factors for a spherical inclusion with an annular crack. Comparison of the
numerical solution obtained with the weight function (D2.1.3) and the closed-form expressions
eqs.(D2.2.12) and (D2.2.13).

D2.3 Spherical inhomogeneities

D2.3.1 Continous variation of material parameters

In many cases an inclusion or a pore may not be described sufficiently by a sphere with a
sharp radius having sectional constant material parameters. For instance local agglomerations
or density fluctuations in a material will result in more “diffuse inhomogeneities”. This is for
instance the case for glass with regions of higher density in a matrix of mean density.
Computations on stresses and stress intensity factors were carried out in [D2.7] for the radial
distribution of the differences of thermal expansion coefficient a

Aa(r) = Aa(0)exp[—(r/R)*"] (D2.3.1)

with integer n, and the Young’s modulus
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E(r)=E, +AE0)exp[-(r/R)*"] , AE(0)=E,-E,

(D2.3.2)

where Ej is the value in the centre and E,, far away from the inhomogeneity. The variation of

v was neglected and a fixed value of v=0.25 used.

The dependencies (D2.3.1) and (D2.3.2) are plotted in Fig. D2.11 for several values of 2n.
The higher the number #, the steeper is the transition from the inhomogeneity to the matrix.

The sphere with sharp transition is given by the limt n—oo.

1.2

Ao(r) | 2n=2
Ao (0) L
4
AE(r) 08 L
AE(0) —6
06 ~ - ®
04
02 - /
0 -2 -1 ‘ 0 ‘ 1 2
r'R

Fig. D2.11 Distribution of mismatch of thermal expansion coefficient and Young’s modulus according

to egs.(D2.3.1) and (D2.3.2).

Following the analysis by Timoshenko and Goodier (Section 132 in [D2.9]) the problem of
simultaneously changing thermal expansion mismatch Ao and Young’s modulus £ can be

solved. Having in mind that for a constant temperature change AT#f(r) the elastic strains &g
are given by the local differences in the expansion coefficient, it results from Hooke’s law

1
£,, =& —Aa(r)AT = %(o—r —2v(r)o,)

1
gel,t =& = Aa(r)AT = %[O_t —V(}")(Ur — 0, )]

With the total strains g; and & replaced by the radial displacements u according to

_du u

g =—

g, = s
"o dr r
the stress components read

o E)
[+ v -2v(r)]

[A=v(r))e, +2v(r)e, —(1+v(r))Aa(r)AT]
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o - E(r)
v = 2v(r)]

e, +v(r)e, —(1+v(r))Aa(r)AT] (D2.3.7)

Introducing these stress components into the radial equilibrium condition

do,
dr

+z(0'r -0,)=0 (D2.3.8)
r

yields a somewhat lengthly ordinary differential equation for u(») with the highest derivative
d*ulr.
D2.3.2.2 Determination of stresses for some examples
In the following considerations, the special value of 2n=2 is used for the thermal expansion
mismatch.
From the solution of eq.(D2.3.8), the radial displacements u were determined. They are shown
in Fig. D2.12a. From u the strains are obtained via eqs.(D2.3.5). Inserting &; and ¢, in (D2.3.6)
and (D2.3.7) gives the stress components. Here, the tangential stresses are of special interest.
They are plotted in Fig. D2.12b in the normalisation according to

1-v

c,=—7——o0, (D2.3.9)
EAT (o, -,

The maximum tangential stresses are shown in Fig. D2.13a as a function of the ratio of the
Young’s moduli in the centre of the inhomogeneity, Ey, and the bulk material, E..

The maximum tensile stresses for 2n=2 are by a factor of about 10 smaller than those obtained
from the model of a sharp transition of material properties from the inclusion to the bulk
material (represented by the dash-dotted curve in Fig D2.13a).

u
RAG(OAT oar N\ 4
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0 2 4 6 8 10 0 1 2 3
a/R a/lR

Fig. D2.12 a) Displacements u(7) in normalised representaton for different ratio of Young’s moduli, b)
tangential stresses in normalised representaton (D2.3.9) for different ratios Ey/E..
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The maximum tangential tensile stresses for 2n=2 can be expressed for 0.2< Ey/E,, <5 by

2 3
O max = 0.024+0.01157ﬂ—0.001563(ﬂJ +0.00029(ﬂj (D2.3.10)
’ E E E

o0 o0 o0

The square in Fig. D3.13a represents the maximum tangential stress for 2n=4 and Ey/E.=1.
Also this comparison shows clearly the stress reducing effect of a continuous change of
material properties. Figure D2.13b shows the influence of the Young’s moduli on the stress
intensity factor at the outer crack tip of an annular crack, K(a).The location of the inner crack
tip is chosen to be at r=R. In Fig. D2.13b, K is represented by the geometric function F
according to

1-v

I e A D2.3.11
EATAa(0)Wa ( )

- S e =

F| b) =2
cT’t,max [

0.2

0.1

EJ/E.. a/R

Fig. D2.13 a) Comparison of maximum tangential stresses for different values of 2n, b) influence of
Young’s moduli on the geometric function according to eq.(D2.3.11) for the outer tip of an annular
crack.
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D3

Bending bar with trapezoidal cross section

Fracture toughness measurements on ceramic materials are mostly carried out with edge-
cracked rectangular bars under bending loading. For special purposes the rectangular standard
geometry has to be replaced by a trapezoidal cross section.

There are different reasons for the need of non-rectangular specimens:

e In the case of injection moulded specimens slant side faces simplify demoulding.
Fracture tests without an additional specimen finishing are possible if the stress intensity
factor solution would be known.

e A geometry with a strongly reduced thickness in the tensile zone of a bending bar is
necessary to allow extremely sharp notches to be introduced by use of the focused ion
beam method with tenable expenditure [D3.1].

The outer fibre tensile stress for a bending bar with trapezoidal cross section (Fig. D3.1) is

12M,  2B+b
W?* B?+4Bb+b*

(D3.1)

O_hend =

where My, is the bending moment applied and W, B, and b describing the geometry of the
cross section (Fig. D3.1).
The stress intensity factors can be expressed via the geometric function F by

K=0p,,0F\7a (D3.2)

with the crack depth a. Two cross-sections were studied in [D3.1] as illustrated in Fig. D3.1:
! ) "

Cross section y i% / % i
Specimen | * ‘47 b —»‘

Specimen i

*\ ~

Fig. D3.1 4-point bending test with two different trapezoidal bars.
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Specimen I: The geometry for this specimen is B/W=3/4, b/B<0.2, ¢=17-20°. The ratio B/W
was chosen to be % since standard test bars have commonly cross sections of 3mmx4mm. In
Fig. D3.2a, the geometric function is shown as a function of the location along the crack tip.
The maximum stress intensity factor is found in the crack centre where plane strain conditions
are fulfilled. Near the side surfaces the stress intensity factor decreases significantly. The
maximum stress intensity factor is plotted in Fig. D3.2b versus the geometric parameters b/B
and a/W.

The geometric function for the maximum stress intensity factor occurring at the symmetry
axis tends to Fina=1.135 for a/W—0 (dashed curve parts in Fig. D3.2b). This value is only 1%
higher than the 2-d solution of an edge-cracked half-space.

1.15
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Fig. D3.2 Stress intensity factor along the crack front for specimen I (dash-dotted horizontal line:
geometric function for the edge-cracked half-space, F=1.12155), b) geometric function for maximum
stress intensity factors occurring at the crack centre.

Specimen II: The geometry is defined as B/W=3.8, b/B=0.7, ¢=30°.The geometric functions
for stress intensity factors, eq.(D3.2), occurring in the specimen centre (x=0) are shown in
Fig. D3.3a as circles together with 2-d results for an edge-cracked rectangular bar.

For a=a/W—0, the well-known limit case of an edge-cracked half-space is fulfilled in the
centre region of the crack. It must hold for loading by Gpend, €q.(D3.1), F=F), where Fj is the
geometric function for the edge-cracked rectangular bending bar as available in handbooks
(see e.g. [D3.2]). This limit case is introduced in Fig. D3.3a as the upper dashed curve.

For a/W—1, the limit case of the “deep crack” is approached. The stress intensity factor must
coincide with that of an edge-cracked rectangular beam of thickness B for the same bending
moment M;, and the bending stress 6=6 My/(BW?). This limit solution, F, is introduced in Fig.
D3.3a as the lower dashed curve. For F it holds
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2 2
F =F, B° +4Bb+b (D3.3)
2B(2B +b)

The FE-results for specimen II can be fitted by

FzF,(-a’)+Fa’ , a=alW (D3.4)

Having in mind the accuracy of handbook solutions in the order of about 1% and the expected
accuracy of 1-2% of the FE results, one can conclude, that for <0.4 the maximum stress
intensity factors are sufficiently represented by the 2-d results. An extension of this
approximate relation to specimen I is not recommended since in this case the length 5 and B
and, consequently, the limit curves are too different.

Figure D3.3b shows the variation of local stress intensity factor with the distance from the
symmetry line. A decrease of the stress intensity factor is obvious at the side surfaces. In the
outer surface layer the validity of stress intensity factor data is doubtful since the singularity
behaviour must change there.
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K-singularity
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a/W X/Xmax

Fig. D3.3 Specimen II: a) Geometric function for the stress intensity factor at the centre, b) Geometric
function for the stress intensity factors along the crack front (b/B=1.44, W/b=3/8).
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D4

Three-dimensional analysis of the DCDC specimen

In Section C15, the DCDC specimen was described as a 2-dimensional specimen with a pair
of 1-dimensional cracks. Here, some results of a 3-dimensional analysis [D4.1] are addressed.
Special attention is drawn to the side-surface displacements. Figure D4.1 shows the geometry
of the DCDC specimen. In contrast to Section C15, the origin of the x-axis is now at the crack
tip.

= R oy

— I

— 5 2H - (——— - D

_> T 4—

—> J Thickness: B X e

—> <«
« 2W .

Fig. D4.1 Standard DCDC specimen (side view).

D4.1 Straight crack

D4.1.1 Stress intensity factor and T-stress

In Fig. D4.2, the distributions of the stress intensity factor K and the 7-stress are shown as
functions of the thickness coordinate z with origin in the specimen centre.
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Fig. D4.2 a) Variation of the stress intensity factor along the front of a straight crack (symbols: FE
results, dash-dotted line: 1-d stress intensity factor solution, dashed circles: region of disappearing
square-root singularity) b) variation of T-stress.
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In Fig. D4.2a, the change of the stress intensity factor along the straight crack front is shown.
A very strong variation of the geometric function F defined by

K=pF\r7R (D4.1.1)

is visible. F' decreases to a value of less than 50% of that in the centre. The data near the
surfaces cannot be expressed as stress intensity factors because the singularity behaviour
changes. Whereas in the bulk a singularity exponent of 0.5 occurs, at the surface this value
changes to 0.54 for a Poisson’s ratio of v=0.25. Consequently, singular stresses can no longer
be expressed by K.

The result for the 1-d crack (dash-dotted line in Fig. D4.2a) is roughly identical with the
average of the local values.

Figure D4.2b shows the T-stress over the cross-section. The variation of this fracture
mechanics parameter is small compared to that of the stress intensity factor.

D4.1.2 Strains in thickness direction

As a further parameter representing the stress state at the crack tip, the strain ¢, parallel to the
crack tip line was computed.

Figure D4.3a shows g, over the thickness B at several distances x/W from the crack tip. It can
be concluded that nearly over the whole thickness of the specimen the z-strains are identical.
Only the near-surface strains show a dependency on x.

Figure D4.3b shows details near the side surface, z/B=-0.5. The arrows indicate the distance
from the surface (Azy) where the deviations from the common curve for g,, are Ae,,=0.002. In
Fig. D4.3c, these depths from the surface are plotted versus the distance from the crack tip.
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Fig. D4.3 a) z-strains over the cross-section at several distances from the crack tip, b) detail near z/B=-
0.5 (arrows: first deviation from the common curve), ¢) depth of first deviation versus distance from
the crack tip.
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D4.2 Influence of a curved crack front

In experiments on glass, a curved crack front can be found (Fig. D4.4). This is a consequence
of the reduced stress intensity factors in the surface region (see Fig. D4.2a), resulting in a
reduced crack growth.

Figure D4.5a shows the crack approximated by straight segments. The outer crack part inter-
sects the free surface under an angle of ¢ (¢=90° corresponds to the straight crack). The next
deeper part was modelled as a straight line with an intermediate angle of (¢+90°)/2. The
geometric function of the local stress intensity factor is plotted in Fig. D4.5b for ¢=90°, 60°,
and 45°.
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Fig. D4.5 a) Curved crack front approximated by straight segments, b) stress intensity factor along the
crack front (dashed circles: doubtful data since singularity exponent deviates from 2).

D4.3 Side-surface displacements near the crack tip

For the finite element computation, a crack in the DCDC specimen, Fig. D4.4, was modeled
with a/R=4, H/W=0.1, and R/H=0.25. The specimen thickness, B, was chosen as B/W=0.2,
resulting in a square cross section. Poisson ratio was assumed as v=10.25.
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The u, displacements at the free surface are shown in Fig. D4.6a. For angles of 45°, 60°, and
90°, the same displacement behavior was found in greater distances from the tip (Fig. D4.6a)
Figure D4.6b gives a log-log plot of the differences with respect to the value at x =0, Au, =
u(x)-u,(0), for x > 0.

In Fig. D4.6¢, the differences in displacements, Au,, are plotted for a smaller distance from
the crack tip. In this representation, significant differences in Au, are obvious. The variation
of u, becomes more pronounced for a decreasing angle, ¢.

Figure D4.7 illustrates the differences in displacements along the y - axis, i.e. for x = 0. Fig
D4.7a shows a systematic shift in the curves with the angle, ¢. The curves also show an
increase of the slopes with increasing terminating angle o.
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Fig. D4.6 a) u. displacements along the x-axis obtained for ¢=90°, 60°, and 45°; b) log-log represent-
tation of Au, for x>0, c) details for shorter crack tip distances.
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Fig. D4.7 a) Log-log representation of the differences in displacements, Au, = u,(y) - u,(0), along x=0
obtained for ¢ =90°, 60°, and 45°; b) details for small distances y.

AFM-scans across cracks are often used for the determination of the COD of cracks under
mechanical load. Such measurements are affected not only by the crack opening, but also by
pure elastic surface displacements u, outside of the crack.

The displacements for ¢ =45, 60°, and x <0 found along the line y =0, Au,(x,0), are shown in
Fig. D4.8. Along this line the near-tip displacements show a nearly linear slope, i.e.,

Auty(x,0) ~ -x.
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Fig. D4.8 Displacements u, in the crack wake (x<0) along the x-axis.

Cross sections in several distances from the tip are represented in Fig. D4.9a for a crack ter-
minating angle of ¢ =45° and in D4.9b for an angle of 60°.
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Fig. D4.9 Displacement profiles in the crack wake along section lines x = constant; a) results for ¢ =
45°, b) for =60°.
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