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Abstract

Completing previous studies [5], [6], [18], [19] and [20] on the deformation depen-
dence of gas or fluid loadings with the assumption of finite gas and fluid volumes, the
current contribution focuses on the influence of modifications of the size and shape of
a finite structure filled with combinations of gas and incompressible or compressible
heavy fluid. In contrast to the previous contributions [5], [18], [19] and [20], where
different finite element formulations for some specific load cases were derived, this
derivation provides a general formulation of a multi chamber system filled with gas
and additional compressible heavy fluid. By introducing two stiffness parameters it
is possible to reduce the formulation to the pure pneumatic or hydrostatic load cases
described in earlier works. Further on it will be shown how to manage the modification
of the load cases during the loading process. The linearization of the corresponding
virtual work expression, necessary for a Newton-type solution algorithm, leads to addi-
tional terms for the volume dependence [6], [19], [20] and the expected fully symmetric
stiffness matrix. The discretization of the solid structures with finite elements leads
to standard stiffness matrix forms for the structures plus the so-called load stiffness
matrices [26] and several dyadic rank updates - depending on the type of filling - for
each filled structure part, assuming that loaded surface segments are identical with
the element surfaces. A further focus is on a specific solution scheme exploiting the
dyadic rank update structure. Some numerical examples show the effectiveness of the
approach and the necessity to take the corresponding terms in the variational expres-
sion and in the linearization into account.

Keywords: hydrostatic fluid loading, gas loading, volume dependence, large deformat-
ions, finite elements, multi chamber problems

1 Introduction

This contribution tries to provide a realistic and general description of the interaction of
arbitrarily combined fluid and/or gas loaded or filled multi-chamber systems undergoing
large static or quasi-static deformations. Unlike in conventional FE simulations, where an
internal pressure invariant to the structural deformations and thus to the volume change
is assumed this derivation of the fluid structure interaction takes into account that the
inner state variables, namely fluid level, fluid density and gas pressure – fluid and gas both
in clearly described volumes – depend on the shape and the volume of the surrounding
surfaces. Further on in this contribution also the normal change effects of displacement
dependent pressure loads in large deformation analyses, which have already been described
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2 GOVERNING EQUATIONS 2

in [24], [26] are considered. Thus it is possible to derive an analytical formulation of the
fluid/gas effects only described by surface integrals, which makes any FE discretization
of the fluid or the gas redundant. Early investigations on pure gas loaded membrane
structures considering both the volume change of the gas and follower force effects of
the pressure can be found in [5], [6]. At this point we have to refer to van Dijk [8] who
already discussed partially fluid and gas filled containers, however, the effects of the non-
uniform hydrostatic pressure were neglected in comparison to the internal gas pressure.
Consequently the derivations were restricted to small fluid and gas filled structures with
small deformations, e.g. drinking bottles, but extensions are needed for larger containments
as oil or water tanks, where the hydrostatic pressure dominates. In addition structures
undergoing large deformations, such as membranes, for which the water depth is modified
due to deformations, were not considered in [8], as gravity effects have been neglected. All
contributions in fluid-structure interaction considering compressible fluids and fluids in
gravity field with a free fluid surface [1], [2], [22], [23] discretize the fluids by finite elements.
To date a meshless formulation of an arbitrary combination of gas and fluid loaded multi
chamber systems in a gravity field was not proposed (i.e. not known to the authors). In
earlier contributions of the authors group gas supported shell structures [19] and shell
structures loaded with incompressible fluids [20] as well as structures fully filled with
compressible fluids [18] have already been discussed in the context of finite deformations.
Now these results are merged to a generalized algorithm for closed chambers containing
any combination of gas and fluid in order to simulate arbitrary types of static loading and
emptying of closed strongly deforming structures containing fluid and/or gas.

First a consistent derivation of a containment filled with both gas and a compressible
heavy fluid will be briefly presented via their virtual work expressions. In a further step
the obtained variation of the gas/fluid potential has to be linearized in order to provide
for a Newton-type solution algorithm. A particular focus of this work will also be on the
solution process: The dyadic extended equation system can be solved very efficiently in the
context of direct solvers by a sequential application of the Sherman-Morrison formula, for
which a general vectorized algorithm is presented. The numerical examples contain large
deformation analyses of fluid and gas filled shell type structures with rather thin flexible
walls and illustrate the performance of the derived algorithms.

2 Governing Equations

The general problem (see figure 2.1) is described by its properties of the potential energy
Π, which consists of the - here for simplicity - elastic potential Πel of the surrounding
structure of the containment, the potential Πfsi of the internal fluid and gas and the work
W ex of the external forces. For equilibrium the variation of the total potential energy then
vanishes identically. We have to note that all following derivations concerning the fluid/gas
expressions are also valid for structural inelastic or viscous behavior.

2.1 Virtual Work Expression

The variation δΠ of the total potential energy is given by the variation of its parts:

δΠ = δΠel + δΠfsi − δW ex = 0 (2.1)

For the virtual elastic energy δΠel and the virtual work δW ex of the standard external
loading, such as e.g. dead loading, we refer to standard FE-text books [27], [29]. In the
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Fig. 2.1: Elastic shell structure filled with heavy fluid and gas

following the focus is only on the variation of the potential of the fluid-structure-interaction
(fsi) part and the gas or fluid loading

δΠfsi = δV f − δW g − δW f , (2.2)

which consists of the variation of the gravity potential δV f of the heavy fluid, of the virtual
work δW g resulting from the gas compression and of the virtual work δW f resulting from
the fluid compression. As already described in [18], the variation of the potential

δV f = δ(−ρg · s̄f )

= −δρg · s̄f − ρg · δs̄f (2.3)

due to acceleration of gravity g can be written in terms of the fluid density ρ and its first
order volume moment s̄f , which will be given in detail later. The virtual work expressions
of the gas and fluid volume compression (see also [28]) are

δW g = pkgδv̄g (2.4)

and

δW f = pkfδv̄f . (2.5)

The equations contain the gas and fluid volume changes δv̄g and δv̄f and the volume
dependent pressures pkg for the gas and pkf for the fluid.

2.2 Constitutive Equations

To obtain the remaining terms in the variation of the fsi-potential δΠfsi mass conservation
and the constitutive equations have to be considered.

Mass conservation
Due to mass conservation the density change δρ of a fluid is correlated with the volume
change δv̄f of a fluid:

δρ = −
ρ

v̄f
δv̄f (2.6)



2 GOVERNING EQUATIONS 4

Here we assume that the density change of a fluid in a gravity field is uniform and inde-
pendent of the height of the fluid volume. In general an exponential density increase with
increasing fluid depth h is assumed (see [18])

∆ρ

ρ0

= exp

(
|g|ρ0

K
h − 1

)

(with bulk modulus K) , (2.7)

which shows that for technical applications the assumption (2.6) is sufficient even with
fairly large fluid heights h.

Adiabatic state equation
The adiabatic state equation provides us with the gas pressure in the current state

pkg = pkg
0

(

v̄g
0

v̄g

)κ

, (2.8)

with pkg
0 and v̄g

0 denoting the pressure and the volume of the gas in the initial state and v̄g

its current volume. For a two-atomic gas we can set the isentropic exponent to κ = 1.4 [4].
With equation (2.4) it is assumed that we have perfectly isolated control volumes with no
loss of heat and with no production of entropy due to volume compression. At this point we
have to note that temperature effects could be included in the equations following standard
measures. Setting κ = 1.0 leads to Boyle’s law describing the isothermal behavior of an
ideal gas.

Hooke’s law
With Hooke’s law the dependence of the inner fluid pressure on a volume change is given:

pkf = −
v̄f − v̄f

0

v̄f
0

K . (2.9)

v̄f
0 and v̄f represent a reference fluid volume and the current one and K denotes the bulk

modulus of the fluid.

Identity of the pressures due to volume compression
This final equation is only needed for chambers partially filled with gas and fluid with
continuous gas and fluid subvolumes, see figure 2.2a). At the common interface of fluid
and gas the remaining pressures pkg and pkf therefore in the case of single gas and fluid
subvolumes must satisfy the equilibrium condition

pkg = pkf = pk . (2.10)

A possible separation of control volumes during the deformation process, see figure 2.2b),
is not included in this equation, although it is in principle directly possible to include
such separation processes. Thus in the following only chambers with one fluid and one gas
part are considered. To avoid any misunderstanding concerning the origin of the volume
compression terms, despite their identity the different notations pkg and pkf will be used
further on.

2.3 Boundary Integral Representation of the Geometry

In section 2.1 the variation of the fluid potential was given in terms of the variables δv̄g,
δv̄f and δs̄ describing the geometrical attributes of the fluid and gas. Consequently the
second step will now be the representation of these geometrical quantities by boundary
integrals, enabling an analytical ”meshfree“ description of the enclosed gas and heavy fluid
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Fig. 2.2: a) Considered and b) not treated configurations of gas and fluid filled chambers

via their surrounding wetted surface, e.g. later discretized by FE or BE. Sectioning both
control volumes v̄g and v̄f a three dimensional projection of the geometry for the virtual
gas and fluid volumes yields, see figure 2.3,

δv̄g = δvg − δvo =

∫

Γg
n̄g · δug dΓ −

∫

Γo
n̄o · δuo dΓ , (2.11)

δv̄f = δvf + δvo =

∫

Γf
n̄f · δuf dΓ +

∫

Γo
n̄o · δuo dΓ , (2.12)

see also [6],[19] and [21]. According to [7] with the surface integral formulation of a first
order volume moment

s =
1

4

∫

Γ

(

n̄f · xf
)

xf dΓ (2.13)

for the virtual first order volume moment of the heavy fluid, necessary for the gravity
effect, we can write

δs̄f = δsf + δso =

∫

Γf

(

n̄f · δuf
)

xf dΓ +

∫

Γo
(n̄o · δuo) xo dΓ . (2.14)

Because the fluid level xo is independent of the quantities describing the surface integral,
it can be shifted out of the integral:

δso =

∫

Γo
no · δuo dΓxo = δvoxo (2.15)

The geometrical quantities in equations (2.11) and (2.14) describe the current configu-
ration, as equilibrium has to be satisfied in the current configuration. In the integrals x

denotes the position vector to an arbitrary point on the shell surface, xo denotes the lo-
cation of the free fluid surface and n̄ denotes the normalized normal vector of a discrete
area element

dΓ = |x,ξ × x,η| dξdη = |n| dξdη (2.16)

in the current configuration. From the vector crossproduct of the base vectors tangential
to the convective coordinates ξ and η we obtain:

n̄ =
x,ξ × x,η

|x,ξ × x,η|
=

n

|n|
. (2.17)
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In the further developments we only need the non-normalized normal vector n on dΓ,
because the absolute values |n| in (2.16) and (2.17) cancel each other in the corresponding
surface integrals e.g. in equations (2.11), (2.12) and (2.14).

It is obvious that the gas and the fluid volume are not only bounded by the structural
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Fig. 2.3: Sectioning of control volumes vg and vf

surface (leading to the projections δvg, δvf and δsf ) but also by the free fluid surface Γo.
Therefore the terms δv̄g, δv̄f and δs̄ in equations (2.11)-(2.14) also include the free fluid
surface Γo as a boundary, which leads to the projections δvo and δso. To compute the
volume change δvo under the fluid level we refer to equation (2.10), which equals pkg and
pkf for the standard case of a single chamber. As both pressures are equal, their changes

δpkg = −κ
pkg

v̄g
δv̄g = −αδv̄g (2.18)

and

δpkf = −
K

v̄f
0

δv̄f = −βδv̄f (2.19)

also have to be identical.

δpkg = δpkf

−αδv̄g = −βδv̄f (2.20)

Inserting (2.11) and (2.12) into equation (2.20) leads to the volume change δvo.

−α (δvg − δvo) = −β
(

δvf + δvo
)

δvo(α + β) = αδvg − βδvf

δvo =
α

α + β
δvg −

β

α + β
δvf (2.21)
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For reasons of convenience we introduce the dimensionless pressure volume gradients

ᾱ =
α

α + β
(2.22)

and

β̄ =
β

α + β
. (2.23)

This leads to

δvo = ᾱδvg − β̄δvf (2.24)

for the volume change under the fluid level (see also figure 2.4). For the derivations fol-
lowing later the features of the stiffness parameters ᾱ and β̄ will be briefly outlined here.
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Fig. 2.4: First variation of volume change δvo under the fluid level Γo

2.3.1 Only gas filling

A chamber, as shown in figure 2.3, with a negligible initial fluid volume v̄f
0
→ 0 results in

an infinite pressure volume gradient

lim
v̄

f
0
→0

β = lim
v̄

f
0
→0

K

v̄f
0

= ∞ (2.25)

This gives us

ᾱ = 0 and β̄ = 1 (2.26)

for a chamber only filled with gas.

2.3.2 Complete fluid filling

Considering a chamber with a negligible gas volume v̄g → 0 and nearly completely filled
with fluid the limit of the pressure volume gradient α — under the assumption that a
finite gas pressure pkg is at hand — becomes

lim
v̄g

→0
α = lim

v̄g
→0

κ
pkg

v̄g
= ∞ . (2.27)

In this case of a chamber only filled with fluid we obtain

ᾱ = 1 and β̄ = 0 . (2.28)

The parameters ᾱ and β̄ thus allow a universal description of all possible combinations of
fluid and gas filling in a simple fashion.
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2.4 Virtual Work of the Absolute Fluid and Gas Pressures

After all geometrical and constitutive equations have been set up, the virtual potential
(2.2) by using equations (2.11) - (2.15), (2.16) and (2.17) can be written as:

δΠfsi = −δρg · s̄f − ρg · δs̄f − pkfδv̄f − pkgδv̄g

=
ρ

v̄f
g · s̄f

(

δvf + δvo
)

− ρg ·
(

δsf + δso
)

−pkf
(

δvf + δvo
)

− pkg (δvg − δvo)

=
ρ

v̄f
g · s̄f

(

δvf + δvo
)

− ρg ·
(

δsf + xoδvo
)

−pkf
(

δvf + δvo
)

− pkg (δvg − δvo)

=
ρ

v̄f
g · s̄f

(

δvf + ᾱδvg − β̄δvf
)

− ρg ·
(

δsf + xo
[

ᾱδvg − β̄δvf
])

−pkf
(

δvf + ᾱδvg − β̄δvf
)

− pkg
(

δvg − ᾱδvg + β̄δvf
)

. (2.29)

Dividing the first order volume moment s̄f by the fluid volume v̄f yields the center of
gravity of the fluid.

cf =
s̄f

v̄f
(2.30)

Introducing the pressure in the center of gravity of the fluid

pc = ρg · cf (2.31)

and the pressure at the fluid level

po = ρg · xo (2.32)

and rewriting (2.29) finally results in a generalized form of the variation of the fluid
potential of a chamber partially filled with a compressible heavy fluid and gas, which is
only described in terms of the surrounding shell surface Γg and Γf .

δΠfsi =
[(

1 − β̄
)
pc −

(
1 − β̄

)
pkf − β̄pkg + β̄po

]

δvf

+
[

ᾱ (pc − po) − (1 − ᾱ) pkg − ᾱpkf
]

δvg − ρg · δsf (2.33)

Although equation (2.33) contains — due to pkf = pkg — the vanishing terms

β̄pkf − β̄pkg = 0 , resp. ᾱpkg − ᾱpkf = 0 , (2.34)

these terms will be kept in the formulations in order to derive some specific cases, which
have already been discussed separately in [18], [19], [20] and [21].

2.5 Derivation of Specific Cases

Due to the fact that the gravitational pressures po, px and pc result from a potential
formulation they have to be multiplied by −1 to obtain a physical working pressure. For a
better interpretation in the following figures, which will focus on some special load cases,
these physical pressure terms are used.
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Fig. 2.5: Hydrostatic pressure distribution in a single chamber filled with gas

2.5.1 Gas filled chamber

In this case no fluid boundary Γf and no fluid volume vf exists, therefore all terms defined
by the fluid surface integrals and the fluid volume vanish. Further, no fluid level Γo exists,
which means no volume vo and therefore no volume change δvo can arise. Using δvf = 0
in equation (2.24) yields

ᾱδvg = 0 . (2.35)

This can only be satisfied if ᾱ = 0 (because δvg 6= 0), which follows directly from equation
(2.26). For the variation of the fsi-potential δΠfsi in equation (2.33) only the virtual work
of the gas compression remains (see also figure 2.5):

δΠfsi = −δW g = −pkgδvg = −pkg

∫

ηg

∫

ξg
ng · δug dξdη (2.36)

2.5.2 Incompressible fluid with free fluid surface

In this case we consider containments with partial fluid filling, where e.g. a vent hole is
existing in the non-wetted region ensuring that no overpressure can arise in the interior.
Thus all gas pressure terms can be neglected. In the case of an incompressible fluid, which

��
��
��
��

x

xo

g

pxpo

+=

Fig. 2.6: Hydrostatic pressure distribution in a single chamber partially filled with an incompress-
ible heavy fluid

means K → ∞, the limit for the pressure volume gradient β becomes:

lim
K→∞

β = lim
K→∞

K

v̄f
= ∞ (2.37)
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Thus for the dimensionless parameters ᾱ and β̄ the limits for β → ∞ are

lim
β→∞

ᾱ = lim
β→∞

α

α + β
= 0 (2.38)

and

lim
β→∞

β̄ = lim
β→∞

β

α + β
= lim

β→∞

1
α
β

+ 1
= 1 . (2.39)

Hence, for an incompressible fluid with a free fluid surface we obtain

ᾱ = 0 and β̄ = 1 . (2.40)

Thus with (2.40) and pkg = 0 all gas terms are canceled in equation (2.33) and the variation
of the potential becomes

δΠfsi = poδvf − ρg · δsf

=

∫

ηf

∫

ξf
(po − ρg · x)nf · δuf dξdη

=

∫

ηf

∫

ξf
(po − px)nf · δuf dξdη , (2.41)

with the gravitational pressure terms

px = ρg · x (2.42)

denoting the pressure at a structural surface point on Γf and

po = ρg · xo (2.43)

denoting the constant pressure at the fluid surface Γo (see also figure 2.6) .

2.5.3 Incompressible fluid with free fluid surface and additional gas loading

��
��
��
��

x

xo

pkg

g

= + +

pkg

po px

Fig. 2.7: Hydrostatic pressure distribution in a chamber filled with gas and an incompressible
heavy fluid

For completely closed chambers an additional gas boundary Γg appears. Therefore two gas
terms remain in equation (2.33) resulting in the variation of the gas and the fluid potential

δΠfsi =
(

−pkg + po
)

δvf − ρg · δsf − pkg δvg

=

∫

ηf

∫

ξf

(

po − px − pkg
)

nf · δuf dξdη −

∫

ηg

∫

ξg
pkgng · δug dξdη . (2.44)

The gas and fluid pressure distribution is depicted in figure 2.7.
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2.5.4 Compressible fluid with free fluid surface

As in section 2.5.2, all surface integrals over the gas domain can be removed, as no gas
boundary Γg exists. Therefore the gas pressure pkg is zero, which means α(pkg) = 0. For
the stiffness parameters ᾱ and β̄ then follows

ᾱ = 0 , β̄ = 1 (2.45)

As already mentioned in section 2.3 for a heavy fluid, which is only influenced by the gravity
field, we consider no further volume compression. This is reflected by β̄ = 1 canceling the
term pkf in equation (2.33). Thus a compressible heavy fluid in absence of an exterior
pressure is treated like an incompressible heavy fluid.

δΠfsi =

∫

ηf

∫

ξf
(po − px)nf · δuf dξdη (2.46)

2.5.5 Chamber completely filled with a compressible fluid

��
��
��
��

x

xc

g

= + +

pc pkf px

Fig. 2.8: Hydrostatic pressure distribution in a chamber completely filled with a compressible
heavy fluid

For chambers completely filled with fluid the deformation of the surrounding structure
in general goes along with both a volumetric and a deviatoric deformation. Therefore the
compressibility of the fluid must be considered, because otherwise no volume change of the
structure would be possible at all. Again no gas parts appear in the formulation for the
variation of the potential and also no free fluid surface parts (Γo = 0), which is reflected
in the stiffness parameters

ᾱ = 1 and β̄ = 0 , (2.47)

see also equation (2.28). Thus only the fluid potential terms remain with equation (2.42):

δΠfsi =
(

pc − pkf
)

δvf − ρg · δsf

=

∫

ηf

∫

ξf

(

pc − pkf − px
)

nf · δuf dξdη (2.48)

2.5.6 Chamber containing compressible fluid and gas

In the most general case all terms remain in the variation of the fluid and the gas potential.
With pkg = pkf and the introduction of the fluid pressure

pf =
(
1 − β̄

)
pc − pkg + β̄po − px (2.49)
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Fig. 2.9: Hydrostatic pressure distribution in a chamber filled with gas and a compressible heavy
fluid

and the pressure inside the gas volume

pg = ᾱ (pc − po) − pkg (2.50)

from equation (2.33) the following variation of the potential is obtained

δΠfsi =
[(

1 − β̄
)
pc − pkg + β̄po

]

δvf − ρg · δsf +
[

ᾱ (pc − po) − pkg
]

δvg

=

∫

ηf

∫

ξf
pfnf · δuf dξdη +

∫

ηg

∫

ξg
pgng · δug dξdη (2.51)

for a chamber with a compressible fluid and gas. The identity of the pressures at the
interface is easily computed:

pf (xo) =
(

1 − β̄
)

pc − pkg + β̄po − po

=
(
1 − β̄

)
pc − pkg −

(
1 − β̄

)
po . (2.52)

As both fluid and gas share a common volume v̄ = v̄f + v̄g we can write according to
equations (2.22) and (2.23)

ᾱ =
α

α + β
=

α + β

α + β
−

β

α + β
= 1 − β̄ . (2.53)

Inserting (2.53) in (2.52) then gives the fluid pressure at the phase interface

pf (xo) = ᾱ (pc − po) − pkg , (2.54)

which is identical to the gas pressure in equation (2.50).

3 Linearization

In this section the virtual expression (2.33) and its constraint equations (2.6), (2.8) and
(2.9) will be expanded into a Taylor series up to the first order term in order to embed
them into a numerical solution procedure, e.g. in a Newton-type scheme. A consequent
linearization of the virtual work (2.33) at a given state t then leads to

δΠfsi
lin = • Residual

∫

ηf

∫

ξf
pf

t n
f
t · δuf dξdη +

∫

ηg

∫

ξg
pg

t n
g
t · δu

g dξdη
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• Pressure change parts

+

∫

ηf

∫

ξf
∆pfn

f
t · δuf dξdη +

∫

ηg

∫

ξg
∆pgn

g
t · δu

g dξdη

• Normal change parts

+

∫

ηf

∫

ξf
pf

t ∆nf · δuf dξdη +

∫

ηg

∫

ξg
pg

t ∆ng · δug dξdη . (3.1)

3.1 Incremental pressure changes

The pressure increments can be obtained by linearization of the fluid pressure

∆pf =
(

1 − β̄
)

∆pc −
(

1 − β̄
)

∆pkf − β̄∆pkg + β̄∆po − ∆px (3.2)

and the gas pressure

∆pg = ᾱ (∆pc − ∆po) − (1 − ᾱ)∆pkg − ᾱ∆pkf . (3.3)

They can be expressed in terms of the incremental pressures ∆pc, ∆po, ∆pkg, ∆pkf and
∆px, which can be obtained by linearization of the constitutive equations (2.8) and (2.9)
along with the incremental changes of the geometrical quantities.

3.1.1 Incremental changes of the geometrical quantities

The identity of the pressures due to volume compression (2.10) allows to compute the
volume change due to the height of the fluid level and the surface of the interface depending
on the displacements of the wetted surfaces.

∆vo = ᾱ∆vg − β̄∆vf (3.4)

Equations (2.11), (2.12) and (3.4) can then be used to derive the fluid volume change

∆v̄f = ∆
(

vf + vo
)

= ∆vf + ∆vo

= ∆vf + ᾱ∆vg − β̄∆vf

=
(
1 − β̄

)
∆vf + ᾱ∆vg (3.5)

and the gas volume change

∆v̄g = ∆ (vg − vo)

= ∆vg − ∆vo

= ∆vg −
(

ᾱ∆vg − β̄∆vf
)

= (1 − ᾱ)∆vg + β̄∆vf . (3.6)

The incremental first order volume moment ∆s̄f follows from equations (2.14) and (2.15)
just by a change of the operator.

∆s̄f = ∆sf + ∆voxo
t

= ∆sf +
(

ᾱ∆vg − β̄∆vf
)

xo
t (3.7)

In analogy to (2.11) and (2.12) the incremental volume changes can be computed by a
projection and subsequent surface integration of the structural displacements in normal
direction.

∆vf =

∫

ηf

∫

ξf
n

f
t · ∆uf dξdη (3.8)
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∆vg =

∫

ηg

∫

ξg
n

g
t · ∆ug dξdη (3.9)

In a similar fashion, see equation (2.14), the wetted surface part of the incremental first
order volume moment is given as

∆sf =

∫

ηf

∫

ξf

(

n
f
t · ∆uf

)

x
f
t dξdη . (3.10)

3.1.2 Change of fluid level

The incremental volume change of the fluid can also be seen as a change of the position xo

of the fluid surface Γo
t by ∆uo. Because ∆uo can only point into the direction of gravity, it

can be moved out of the fluid surface integral by projecting ∆uo and no
t into the direction

of g. The remaining integral provides the total fluid surface Γo
t at a given state t.

∆vo =

∫

ηo

∫

ξo
no

t · ∆uo dξdη

=

∫

ηo

∫

ξo
no

t ·
g

|g|
∆uo ·

g

|g|
dξdη

= ∆uo ·
g

|g|

∫

ηo

∫

ξo
no

t ·
g

|g|
dξdη

= ∆uo ·
g

|g|
Γo

t (3.11)

As the linearized state of equilibrium shall be written only in terms of the surrounding
structure, we insert (3.4) into (3.11), which yields the correlation of ∆uo and the volume
changes under the structure containing the gas and the fluid.

∆vo = ∆uo ·
g

|g|
Γo

t = ᾱ∆vg − β̄∆vf

∆uo · g =
|g|

Γo
t

(

ᾱ∆vg − β̄∆vf
)

(3.12)

3.1.3 Pressure changes due to volume compression

As already mentioned the pressure changes ∆pkf and ∆pkg are identical, but in order to
keep a clear notation and a consequent derivation between all cases we continue using
both pressure changes, which follow from equations (2.8), (2.9), (3.8) and (3.9).

∆pkf = −βt∆v̄f

= −βt

[(
1 − β̄

)
∆vf + ᾱ∆vg

]

= −βt

(
1 − β̄

)
∫

ηf

∫

ξf
n

f
t · ∆ufdξdη − βtᾱ

∫

ηg

∫

ξg
n

g
t · ∆ugdξdη (3.13)

∆pkg = −αt∆v̄g

= −αt

[

(1 − ᾱ) ∆vg + β̄∆vf
]

= −αt (1 − ᾱ)

∫

ηg

∫

ξg
n

g
t · ∆ugdξdη − αtβ̄

∫

ηf

∫

ξf
n

f
t · ∆ufdξdη (3.14)
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3.1.4 Incremental pressure change in the center of gravity

Linearization of equation (2.31) yields

∆pc = ∆

(

ρg ·
s̄

v̄f

)

= ∆ρg ·
s̄t

v̄f
t

+ ρtg · ∆

(
s̄

v̄f

)

= ∆ρg · cf
t + ρtg ·

(

∆s̄

v̄f
t

− ∆v̄f s̄t

(v̄f
t )2

)

. (3.15)

Due to mass conservation (2.6) and using equations (2.30), (2.31) along with (3.5) and
(3.6) in equation (3.15) we obtain

∆pc = −
ρt

v̄f
t

∆v̄fg · ct + ρtg ·

(

∆s̄

v̄f
t

−
c

f
t

v̄f
t

∆v̄f

)

= −2
pc

t

v̄f
t

∆v̄f +
ρt

v̄f
t

g · ∆s̄

= −2
pc

t

v̄f
t

[(
1 − β̄

)
∆vf + ᾱ∆vg

]

+
ρt

v̄f
t

g ·
(

∆sf + ᾱ∆vgxo
t − β̄∆vfxo

t

)

. (3.16)

Rewriting equation (3.16) for the fluid and gas domains leads with

px
t = ρtg · xt (3.17)

and equations (3.8) and (3.9) to the incremental pressure change ∆pc in the center of
gravity of the fluid as a function of the incremental displacements ∆ug and ∆uf of the
surface wetted by the gas and the fluid:

∆pc =

[

−2
pc

t

v̄f
t

(
1 − β̄

)
−

po
t

v̄f
t

β̄

]

∆vf +

[

po
t

v̄f
t

ᾱ − 2
pc

t

v̄f
t

ᾱ

]

∆vg +
ρt

v̄f
t

g · ∆sf

=
1

v̄f
t

∫

ηf

∫

ξf

[
−2pc

t

(
1 − β̄

)
− po

t β̄ + px
t

]
n

f
t · ∆ufdξdη

+
1

v̄f
t

∫

ηg

∫

ξg
ᾱ (po

t − 2pc
t) n

g
t · ∆ugdξdη (3.18)

3.1.5 Incremental pressure change at the fluid level position

Due to splitting up the fluid boundary into a part bounded by the structural surface Γf

and a part bounded by the fluid level Γo the pressure po at the fluid level had to be defined.
Hence from the linearization of (2.32) follows with equations (2.6), (3.5) and (3.6)

∆po = ∆ (ρg · xo)

= ∆ρg · xo
t + ρtg · ∆uo

= −
ρt

v̄f
t

∆v̄fg · xo
t + ρtg · ∆uo

= −
ρt

v̄f
t

[(

1 − β̄
)

∆vf + ᾱ∆vg
]

g · xo
t + ρtg · ∆uo . (3.19)
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After inserting the projection of the displacement increment (3.12) we obtain

∆po = −
ρt

v̄f
t

[(
1 − β̄

)
∆vf + ᾱ∆vg

]

g · xo
t + ρt

|g|

Γo
t

(

ᾱ∆vg − β̄∆vf
)

. (3.20)

Again the terms with the same integration domains can be collected and with the volume
changes (3.8) and (3.9) and the pressure volume gradient

γt =
ρt|g|

Γo
t

(3.21)

the pressure change ∆po at xo becomes

∆po =

[

−
po

t

v̄f
t

(
1 − β̄

)
−

ρt|g|

Γo
t

β̄

]

∆vf + ᾱ

(

ρt|g|

Γo
t

−
po

t

v̄f
t

)

∆vg

=

[

−
po

t

v̄f
t

(
1 − β̄

)
− γtβ̄

]

∆vf + ᾱ

(

γt −
po

t

v̄f
t

)

∆vg

=

[

−
po

t

v̄f
t

(
1 − β̄

)
− γtβ̄

]
∫

ηf

∫

ξf
n

f
t · ∆ufdξdη

+ᾱ

(

γt −
po

t

v̄f
t

)
∫

ηg

∫

ξg
n

g
t · ∆ugdξdη . (3.22)

3.1.6 Incremental pressure change at a structural surface point wetted by
the fluid

As for ∆po in equation (3.22) we use the equations for the mass conservation (2.6) and
for the volume changes (3.8) and (3.9) to derive the pressure change ∆px at a structural
surface point x wetted by the fluid.

∆px = ∆ (ρg · x)

= ∆ρg · xt + ρtg · ∆u

= −
ρt

v̄f
t

∆v̄fg · xt + ρtg · ∆u

= −
px

t

v̄f
t

[(
1 − β̄

)
∆vf + ᾱ∆vg

]

+ ρtg · ∆u

= −
px

t

v̄f
t

(
1 − β̄

)
∫

ηf

∫

ξf
n

f
t · ∆ufdξdη

−
px

t

v̄f
t

ᾱ

∫

ηg

∫

ξg
n

g
t · ∆ugdξdη + ρtg · ∆u (3.23)

3.2 Terms including the change of the normals

The terms describing the change of the normals for the wetted gas and fluid domains of
the surrounding structure can be adapted from [19] and [20]. For the fluid domain the
additional part due to the non-constant pressure distribution px

t must be considered. By
introducing the skewsymmetric tensors (see also [24] and [15])

W ξ̄ = nt ⊗ x,ξ̄ − x,ξ̄ ⊗ nt (3.24)

W η̄ = nt ⊗ x,η̄ − x,η̄ ⊗ nt (3.25)
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in a convective basis x,ξ̄ ⊗ x,η̄, with ξ̄, η̄ as the contravariant curvilinear coordinates, we
obtain the normal change parts of the linearized virtual work as follows:

δΠ∆ng

lin =

∫

ηg

∫

ξg

pg
t

2






δug

δug
,ξ

δug
,η




 ·






0 W ξ̄ W η̄

W ξ̄T 0 0

W η̄T 0 0











∆ug

∆u
g
,ξ

∆ug
,η




 dξdη (3.26)

δΠ∆nf

lin =

∫

ηf

∫

ξf

pf
t

2






δuf

δuf
,ξ

δuf
,η




 ·






0 W ξ̄ W η̄

W ξ̄T 0 0

W η̄T 0 0











∆uf

∆u
f
,ξ

∆uf
,η




 dξdη

−

∫

ηf

∫

ξf

[

pf
t,ξ(x,η × δuf

,ξ) − pf
t,η(x,ξ × δuf

,η)
]

· ∆uf dξdη . (3.27)

The position dependent pressure inside the fluid can be computed with

pf
t =

(
1 − β̄

)
pc

t −
(
1 − β̄

)
pkf

t − β̄pkg
t + β̄po

t − px
t , (3.28)

whereas the constant pressure inside the gas volume follows from

pg
t = ᾱ (pc

t − po
t ) − (1 − ᾱ) pkg

t − ᾱpkf
t . (3.29)

3.3 Proof of Conservativeness

As it was shown in [24] and [15] by product integration and subsequent application of the
Gauss theorem the formally unsymmetric part in equation (3.27) can be transformed into
a skew symmetric field term and an unsymmetric boundary term. Assuming physically
realistic boundary conditions makes this boundary term vanish. A complete symmetry of
the linearized virtual work δΠfsi

lin is finally obtained without any further assumption, if the
linearized pressure parts (3.13), (3.14), (3.18), (3.22) and (3.23) along with the normal
change parts (3.26) and (3.27) are inserted into the initial equation (3.1). If now the last
term ρtg · ∆u in equation (3.23) is split up into a symmetric and a skewsymmetric part,
this skewsymmetric part neutralizes with the remaining skewsymmetric term in (3.27).
Thus only the symmetric part from the position dependent pressure over the domain Γf

remains. The linearized virtual potential δΠfsi
lin finally consists of the following five parts

including the residual terms:

Residual terms computed over Γf and Γg

δΠres
lin =

∫

ηf

∫

ξf

[(
1 − β̄

)
pc

t − (1 − β̄)pkf
t − β̄pkg + β̄po

t − px
t

]

n
f
t · δuf dξdη

+

∫

ηg

∫

ξg

[

ᾱ (pc
t − po

t ) − (1 − ᾱ)pkg
t − ᾱpkf

]

n
g
t · δu

g dξdη (3.30)

Coupling part computed over Γf

δΠcpl,Γf

lin =

• gravitational part in the center of gravity of the fluid:
(
1 − β̄

)
∆pcδvf

∫

ηf

∫

ξf

[

1 − β̄

v̄f
t

∫

ηf

∫

ξf

[

−2pc
t

(

1 − β̄
)

− po
t β̄ + px

t

]

n
f
t · ∆ufdξdη

]

n
f
t · δufdξdη

+

∫

ηf

∫

ξf

[

1 − β̄

v̄f
t

∫

ηg

∫

ξg
ᾱ (po

t − 2pc
t)n

g
t · ∆ugdξdη

]

n
f
t · δufdξdη
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• virtual work due to fluid volume compression: − (1 − β̄)∆pkfδvf

−

∫

ηf

∫

ξf

(
1 − β̄

)
[

−βt

(
1 − β̄

)
∫

ηf

∫

ξf
n

f
t · ∆ufdξdη

]

n
f
t · δuf dξdη

−

∫

ηf

∫

ξf

(
1 − β̄

)
[

−βtᾱ

∫

ηg

∫

ξg
n

g
t · ∆ugdξdη

]

n
f
t · δuf dξdη

• virtual work due to gas volume compression: − β̄∆pkgδvf

−

∫

ηf

∫

ξf
β̄

[

−αt (1 − ᾱ)

∫

ηg

∫

ξg
n

g
t · ∆ugdξdη

]

n
f
t · δuf dξdη

−

∫

ηf

∫

ξf
β̄

[

−αtβ̄

∫

ηf

∫

ξf
n

f
t · ∆ufdξdη

]

n
f
t · δuf dξdη

• gravitational part at the fluid level: β̄∆poδvf

+

∫

ηf

∫

ξf

[

β̄

(

−
po

t

v̄f
t

(
1 − β̄

)
− γtβ̄

)
∫

ηf

∫

ξf
n

f
t · ∆ufdξdη

]

n
f
t · δuf dξdη

+

∫

ηf

∫

ξf

[

β̄ᾱ

(

γt −
po

t

v̄f
t

)
∫

ηg

∫

ξg
n

g
t · ∆ugdξdη

]

n
f
t · δuf dξdη

• gravitational part: − ∆
(

ρg · δsf
)

(without term ρtg · ∆u)

−

∫

ηf

∫

ξf

[

−
px

t

v̄f
t

(
1 − β̄

)
∫

ηf

∫

ξf
n

f
t · ∆ufdξdη

]

n
f
t · δuf dξdη

−

∫

ηf

∫

ξf

[

−
px

t

v̄f
t

ᾱ

∫

ηg

∫

ξg
n

g
t · ∆ugdξdη

]

n
f
t · δuf dξdη (3.31)

Coupling part computed over Γg

δΠcpl,Γg

lin =

• gravitational part in the center of gravity of the fluid: ᾱ∆pcδvg

∫

ηg

∫

ξg
ᾱ

[

1

v̄f
t

∫

ηf

∫

ξf

[

−2pc
t

(

1 − β̄
)

− po
t β̄ + px

t

]

n
f
t · ∆ufdξdη

]

n
g
t · δu

g dξdη

+

∫

ηg

∫

ξg
ᾱ

[

1

v̄f
t

∫

ηg

∫

ξg
ᾱ (po

t − 2pc
t) n

g
t · ∆ugdξdη

]

n
g
t · δu

g dξdη

• gravitational part: − ᾱ∆poδvg

−

∫

ηg

∫

ξg
ᾱ

[(

−
po

t

v̄f
t

(
1 − β̄

)
− γtβ̄

)
∫

ηf

∫

ξf
n

f
t · ∆ufdξdη

]

n
g
t · δu

g dξdη

−

∫

ηg

∫

ξg
ᾱ

[

ᾱ

(

γt −
po

t

v̄f
t

)
∫

ηg

∫

ξg
n

g
t · ∆ugdξdη

]

n
g
t · δu

g dξdη

• virtual work due to gas volume compression: − (1 − ᾱ)∆pkgδvg

−

∫

ηg

∫

ξg
(1 − ᾱ)

[

−αt (1 − ᾱ)

∫

ηg

∫

ξg
n

g
t · ∆ugdξdη

]

n
g
t · δu

g dξdη

−

∫

ηg

∫

ξg
(1 − ᾱ)

[

−αtβ̄

∫

ηf

∫

ξf
n

f
t · ∆ufdξdη

]

n
g
t · δu

g dξdη
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• virtual work due to fluid volume compression: − ᾱ∆pkfδvg

−

∫

ηg

∫

ξg
ᾱ

[

−βt

(
1 − β̄

)
∫

ηf

∫

ξf
n

f
t · ∆ufdξdη

]

n
g
t · δu

g dξdη

−

∫

ηg

∫

ξg
ᾱ

[

−βtᾱ

∫

ηg

∫

ξg
n

g
t · ∆ugdξdη

]

n
g
t · δu

g dξdη (3.32)

Normal change part computed over Γg

δΠ∆ng

lin =
1

2

∫

ηg

∫

ξg
pg

t






δug

δug
,ξ

δug
,η




 ·






0 W ξ̄ W η̄

W ξ̄T 0 0

W η̄T 0 0











∆ug

∆u
g
,ξ

∆ug
,η




 dξdη (3.33)

Normal change part computed over Γf

For reasons of symmetry the term ρtg · ∆u from the gravitational part

−∆
(

ρg · δsf
)

was added:

δΠ∆nf

lin =
1

2

∫

ηf

∫

ξf
pf

t






δuf

δuf
,ξ

δuf
,η




 ·






0 W ξ̄ W η̄

W ξ̄T 0 0

W η̄T 0 0











∆uf

∆u
f
,ξ

∆uf
,η




 dξdη

−
ρt

2

∫

ηf

∫

ξf
δuf ·

(

n
f
t ⊗ g + g ⊗ n

f
t

)

∆uf dξdη . (3.34)

Thus for the linearized virtual fluid and gas potentials follows:

δΠfsi
lin = δΠres

lin + δΠcpl,Γf

lin + δΠcpl,Γg

lin + δΠ∆ng

lin + δΠ∆nf

lin . (3.35)

The symmetry of this equation emerges even more clearly after discretization and a sub-
sequent substitution of the integrals with vectors, which will be part of the next section.

3.4 Finite Element Mapping

After discretizing the linearized variation of the fluid structure interaction potential with
isoparametric FE mapping functions N for the displacements, the virtual displacements
and the incremental displacements of the structural parts which are in contact with
gas/fluid, such that

u = Nd , δu = Nδd and ∆u = N∆d (3.36)

we obtain from the normal change parts of equation (3.33) and (3.34) the so-called load
stiffness matrices for each structural element in contact with gas and/or fluid:

K
g
elem =

1

2

∫

ηg

∫

ξg
pg

t






N

N ,ξ

N ,η






T 




0 W ξ̄ W η̄

W ξ̄T 0 0

W η̄T 0 0











N

N ,ξ

N ,η




 dξdη , (3.37)

K
f
elem =

1

2

∫

ηf

∫

ξf
pf

t






N

N ,ξ

N ,η






T 




0 W ξ̄ W η̄

W ξ̄T 0 0

W η̄T 0 0











N

N ,ξ

N ,η




 dξdη

−
ρt

2

∫

ηf

∫

ξf
NT

(

n
f
t ⊗ g + g ⊗ n

f
t

)

N dξdη , (3.38)
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whereas the residual for the corresponding element results in the negative right hand side
vectors due to fluid and gas pressure loading

f
g
elem =

∫

ηg

∫

ξg

[

ᾱ (pc
t − po

t ) − (1 − ᾱ)pkg
t − ᾱpkf

t

]

NT n
g
t dξdη , (3.39)

f
f
elem =

∫

ηf

∫

ξf

[(

1 − β̄
)

pc
t − (1 − β̄)pkf

t − β̄pkg
t

+β̄po
t − px

t

]

NT n
f
t dξdη . (3.40)

Hence along with the coupling vectors for the elements in contact with gas/fluid

aelem =

∫

ηg

∫

ξg
NT n

g
t dξdη , (3.41)

belem =

∫

ηf

∫

ξf
NT n

f
t dξdη and (3.42)

celem =

∫

ηf

∫

ξf
px

t N
T n

f
t dξdη (3.43)

as well as with the stiffness and residual parts Kel
elem and fel

elem (deriving from the elastic
shell structures) and the external load vector f ex the arrays on element level can be
computed. After assembling all local arrays in their corresponding global arrays we can
formulate the linearized weak form of equilibrium of a fluid and gas filled structure (by
taking into account the correct boundary conditions) as follows:
[

K + C1bbT + C2

(

bcT + cbT
)]

∆d

+
[

C3aaT + C4

(

acT + caT
)

+ C5

(

baT + abT
)]

∆d = f , (3.44)

with the global system matrix

K = Kel + Kg + Kf (3.45)

and the right hand side vector

f = f ex − fel − f g − f f (3.46)

with fex as external load vector and f el as the vector of the inner element forces – not
including gas and fluid loading – and the pressure volume gradients

C1 =
1 − β̄

v̄f
t

[

−2pc
t

(

1 − β̄
)

− po
t β̄
]

+ βt

(

1 − β̄
)2

+ β̄2αt

+β̄

(

−
po

t

v̄f
t

(
1 − β̄

)
− γtβ̄

)

(3.47)

C2 =
1 − β̄

v̄f
t

(3.48)

C3 =
ᾱ2

v̄f
t

(po
t − 2pc

t) − ᾱ2

(

γt −
po

t

v̄f
t

)

+ αt (1 − ᾱ)2 + ᾱ2βt (3.49)

C4 =
ᾱ

v̄f
t

(3.50)

C5 =
1 − β̄

v̄f
t

ᾱ (po
t − 2pc

t) +
(
1 − β̄

)
βtᾱ + β̄αt (1 − ᾱ) + β̄ᾱ

(

γt −
po

t

v̄f
t

)

. (3.51)
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Thus the structure of the incremental equations can be described such that the stiffness
matrix has the form of the standard stiffness matrix of the structure which has contact to
gas and fluid and/or has enclosed gas and/or fluid chambers. To the existing terms the so-
called load stiffness matrix is added only for elements with surfaces wetted by gas or fluid.
Further a number of dyadic updates is added depending on the type of filling or loading
of the structure for each enclosed chamber. These updates lead to fully populated matrix
parts for the unknowns associated to the wetted surfaces of the corresponding chambers.
For the direct solution this is definitely leading to considerable additional computational
effort. However, the special structure of dyadic updates can be used for an efficient solution
scheme which is described later in section 7.

3.5 Hybrid Approach

It is not mandatory to derive a totally displacement dependent weak form as it was done in
(3.35) respectively in (3.44). An alternative can be found in a hybrid approach, for which
the increments in equation (3.2) and (3.3) can be taken as additional hybrid unknowns.
Hence with the coupling vectors (3.41), (3.42) and (3.43) the constraint equations (3.13),
(3.14), (3.18), (3.22) and (3.23) for the hybrid unknowns can be rewritten:

−
1

αt

∆pkg − â · ∆d = 0 , with â =
(
(1 − ᾱ) a + β̄b

)
(3.52)

−
1

βt
∆pkf − b̂ · ∆d = 0 , with b̂ =

((

1 − β̄
)

b + ᾱa
)

(3.53)

1

γt
∆po −

po
t

γt

∆ρ

ρt
−
(

ᾱa − β̄b
)

· ∆d = 0 , (3.54)

v̄f
t ∆pc − 2pc

t v̄
f
t

∆ρ

ρt
− po

t

(

ᾱa − β̄b
)

· ∆d − c · ∆d = 0 . (3.55)

Substituting (3.54) in (3.55) leads to

v̄f
t ∆pc +

(

−2pc
t v̄

f
t +

po2
t

γt

)

∆ρ

ρt

−
po

t

γt

∆po − c · ∆d = 0 , (3.56)

∆px = px
t

∆ρ

ρt

+ ρtg · N∆d , (3.57)

∆ρ

ρt

= −
1

v̄f
b̂ · ∆d . (3.58)

With the constraint equations (3.52) - (3.58) and the global arrays (3.45) and (3.46) the
linearized state of equilibrium can be written in a hybrid formulation as
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. (3.59)

This form gives a particular insight into the structure of the global matrix and allows also
a direct development of a pure displacement form.
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3.6 Derivation of Special Load Cases

As some specific load cases, which are included in this overall description, have already
been described in [5], [18], [19] and [20] they are only briefly mentioned in tabular form,
see table 3.1.

Table 3.1: Derivation of specific load cases by adjustment of stiffness parameters ᾱ and β̄

load case zero-arrays stiffn. param.

pure gas filling Kf = 0, b = c = f f = 0 ᾱ = 0, β̄ = 1

incompressible heavy fluid
with free fluid surface

Kg = 0, a = c = f g = 0 ᾱ = 0, β̄ = 1

incompressible heavy fluid
with gas loaded fluid surface

c = 0 ᾱ = 0, β̄ = 1

compressible heavy fluid
without free fluid surface

Kg = 0, a = f g = 0 ᾱ = 1, β̄ = 0

3.7 Compressible heavy fluid with free fluid surface and additional gas

loading

In this most general case all terms remain in equation (3.44). Because gas and fluid share
a common volume the relation

β̄ = 1 − ᾱ (3.60)

can be used to simplify the constants (3.47) - (3.51). In a next step from equations (3.44)
the vectors with identical coefficients can be collected. Introducing the abbreviations

C̄1 = −ᾱαt +
1

2
ᾱ2 (αt + βt) + ᾱ2 po

t

v̄f
t

+
1

2
αt −

1

2
ᾱ2γt − ᾱ2 pc

t

v̄f
t

,

C̄2 =
ᾱ

v̄f
t

, C̄3 = −ᾱ
po

t

v̄f
t

+ γt

(

ᾱ −
1

2

)

and C̄4 = ᾱ

(

γt −
po

t

v̄f
t

)

(3.61)

we obtain for the volume coupling part

Kcoupl = 2C̄1 (a + b) (a + b)T + C̄2

[

(a + b) cT + c (a + b)T
]

+ 2C̄3bbT + C̄4

(

abT + baT
)

. (3.62)

By using the modified coupling vectors

â = C̄4a + C̄3b , b̂ = a + b and ĉ =
[

C̄1 (a + b) + C̄2c
]

(3.63)
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the coupling part Kcoupl can be further reduced to a rank-4-update

Kcoupl = âbT + bâT + ĉb̂
T

+ b̂ĉT . (3.64)

Now the linearized set of equations for a compressible heavy fluid with a free fluid surface
and additional gas loading can be written as:
(

Kel + Kf + Kg

+ âbT + bâT + ĉb̂
T

+ b̂ĉT
)

∆d = f ex − f el − ff − f g . (3.65)

The residual vectors f g and f f can be simplified by using pkg = pkf and condition (3.60).

f g =

∫

ηg

∫

ξg

(

ᾱ (pc
t − po

t ) − pkg
t

)

NT n
g
t dξdη (3.66)

f f =

∫

ηf

∫

ξf

(

ᾱpc
t + (1 − ᾱ) po

t − px
t − pkg

t

)

NT n
f
t dξdη (3.67)

The linearized set of equations can also be given in a hybrid form as:
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(3.68)

3.7.1 Multi chamber problems

The derived procedure can directly be expanded to problems, where multiple fluid and/or
gas filled chambers are connected to each other (see figure 3.1). For such systems the
corresponding global arrays (load-stiffness matrices, coupling vectors and right hand side
vectors denoted by index i) have to be set up for each chamber i and must be summed up
for all n chambers.

K∆d +
n∑

i=1

[

K
g
i + K

f
i

+ âib
T
i + biâ

T
i + ĉib̂

T

i + b̂iĉ
T
i

]

∆d = fex − f el −
n∑

i=1

(

f
g
i + f f

i

)

(3.69)

In the hybrid approach the number of unknowns increases for each chamber by the number
of internal state variables, in addition to the expansion of the system matrix by adding the
load-stiffness matrices and the matrices due to the coupling vectors as well as modifying
the right hand side vector by the appropriate pressure parts.

4 General Solution Scheme

One possibility to solve the derived coupled problems is based on the direct use of the
hybrid form (3.59). For direct solvers the typical sparse storage scheme for symmetric
matrices featuring mostly zero entries is taken, which ensures that the storage capacity
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Fig. 3.1: Multichamber problem with 3 interacting fluid and gas filled chambers

is kept at a minimum and that the efficiency of a direct solver is not affected remarkably
(assumed that the additional hybrid unknowns are only few compared to the original
number of unknowns). Further on additional fill-in reducing strategies as nested dissection
permutation [11] or minimum degree permutation [12] still guarantee an efficient LT DL-
dissection of the system matrix. Nevertheless the fully populated rows and columns of
the hybrid system matrix caused by the volume coupling lead to higher computational
effort for its triangular factorization. Therefore in this section an alternative way will be
presented, focusing on the solution of the fully displacement dependent formulation, which
will arise if the additional unknowns have been eliminated and thus will lead to a dyadic
updated system matrix. An additional advantage of the form with the dyadic rank updates
can be seen in stability analyses, where the effect of each dyadic update on eigenvalues
can be directly computed, see [13].

The derivation of the algorithm is described more detailed in appendix 7 at the example
of a system matrix with a rank-(m = 3)-update. According to this example a general
algorithm for a system matrix K with i = 1..m dyadic rank updates xiy

T
i

A = K +
m∑

i=1

xiy
T
i (4.1)

can be developed, which is depicted in figure 4.1.

4.1 Memory Requirements

For each new recursive step the number of auxiliary vectors, which have to be stored,
increases by one. Thus for the most general case
(

K +
m∑

l=1

xly
T
l

)

d = f (4.2)



4 GENERAL SOLUTION SCHEME 25

d0 = K−1f

i = 1..m, 1

j = 0..i − 1, 1

j = 0 ?

yes

rji = −K−1xi

no

rji = βj rj−1,j yT
j rj−1,i + rj−1,i

α = yT
i di−1

βi =
(

1 − yT
i ri−1,i

)
−1

di = α βi ri−1,i + di−1

d = dm

Fig. 4.1: Recursive scheme for the computation of the auxiliary vectors rji, the parameters βi and
the interim solutions di in the vectorized Sherman-Morrison algorithm for m updates

of a rank-m-updated system matrix K the memory requirements listed also in table 4.1
are as follows:

• k =
m∑

i=0

(m − i) auxiliary vectors rji ,

• m parameters βi ,

• 2 interim solution vectors di and di−1 .

4.2 Performance

Although the hybrid system matrix from equation (3.59) is a sparse matrix, the m fully
populated rows and columns due to volume coupling lead to a higher computational effort
for its triangular factorization than for the standard system matrix having a typical band
structure. Therefore in the next step a comparison of the computational effort between
the solution of the hybrid equation system and the fully displacement dependent equation
system with the presented recursive algorithm will be performed. The operation counts
for factorizations and forward-backward substitutions of both a symmetric band structure
matrix with order n and semiband width β and a symmetric sparse matrix with order n+m
and rU

i numbers of off-diagonal non-zero entries in row i are summarized in table 4.2 and
can be found in e.g. [17]. For the Sherman-Morrison algorithm the m rank-one-updates
additionally lead to m forward-backward substitutions and several operations.
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Table 4.1: Memory requirements for the vectorized Sherman-Morrison algorithm with m updates of
the stiffness matrix

Step Auxiliary Vectors Interim Solutions Parameters

i = 1 r01 d0, d1 α, β1

i = 2
r01

d1, d2 α, β1, β2
r02 r12

i = 3
r01

d2, d3 α, β1, β2, β3r02 r12

r03 r13 r23

...

i = m

r01

dm−1, dm α, β1, ... , βm

r02 r12

r03 r13 r23

...
. . .

r0m r1m r2m · · · rm−1,m

The simple example of a gas loaded cantilever beam discretized with a single row of 8 node
solid shell elements shows that with an increasing number of unknowns the Sherman-
Morrison algorithm needs an almost equal number of operations to set up the solution
vector compared to the the sparse solver (see figure 4.2). The additional operations nec-
essary for the sequential application of the Sherman-Morrison formula do not affect the
operation count remarkably – assumed that the number of rank updates is much lower
than the matrix order n. Nevertheless it must be mentioned that additional strategies as
nested dissection or minimum degree permutation are necessary to reduce the fill-in caused
by the factorization of the hybrid sparse matrix. This leads to additional operations, which
are not included in table 4.2. Thus for using a direct solver the derived Sherman-Morrison
algorithm is at least as efficient as solving the hybrid equation system. The performance
of iterative solvers for rank m updated systems has not yet been investigated, but this will
be part of the future work of the authors.

5 Numerical Examples

In the following section some numerical examples will be presented, which will cover pre-
dominantly the cases from section 3.6 and show the large variety of fluid structure interac-
tion problems with large deformations. In the first examples the focus is on the behavior
of the inner state variables and the convergence behavior during the deformation process.
For this purpose relatively simple examples as proposed in [18] were chosen. Then two
further examples are chosen to show the application of the derived meshless fluid struc-
ture interaction algorithms, which range from hydroforming processes in the automotive
industry over gas and/or heavy fluid filled dams [10] in the field of hydraulic engineering
to liquid gas loaded booster rockets [16] in the field of aerospace engineering.
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Table 4.2: Operation count for triangular factorization and foward-backward substitution with m rank-
one-updates

Multiplications Additions

Sherman- 1

2
β(β + 3)n − 1

3
β3 − β2 − 2

3
β 1

2
β(β + 1)n − 1

3
β3 − 1

2
β2 − 1

6
β

Morrison + (m + 1)
[

(2β + 1)n − β2 − β
]

+ (m + 1)
[

2βn − β2 − β
]

+ m(3n + 2) + m(3n − 1)

+
m−1∑

i=1

(m − i)(2n + 1) +
m−1∑

i=1

(m − i)(2n − 1)

Sparse symm.
∑

rU
i (rU

i + 3)/2
∑

rU
i (rU

i + 1)/2 + 2
∑

rU
i

+ n + m + 2
∑

rU
i

5.1 Pneumatic multi chamber system

The first example, see also [18], is to show the effect of the volume consideration first
on the interaction between two pressurized chambers and second the stiffening effect of a
pressurized chamber. The structure (geometric data: length l = 30mm, width and height
b = h = 2.5mm, thickness t = 0.1mm; material data: St.-Venant Kirchhoff material,
Young’s modulus E = 0.75 ·105N/mm2, Poisson ratio ν = 0.3) is initially loaded with two

different gas pressures in each chamber: the left chamber is pressurized with pg,l
0

= 0.01bar
and the right one with pg,r

0
= 1.0bar. Subsequently both (almost rigid) ends of the cylinder

are loaded by torsion, with a prescribed final rotation of ϕend = 45◦ and to prevent major
buckling problems with a prescribed final axial displacement of uend = 1.25mm — see also
figure 5.1a). The uniform FE mesh for the thin containment walls consists of 2820 solid
shell elements [14]. As depicted in figure 5.1b) the chamber with low pressure is deforming
heavily whereas the chamber with the high pressure shows almost no deformation at all
and nearly behaves as a rigid body, which is rotating only. The stiffening effect of the
internal pressure is in comparison to the empty multi chamber system — see figure 5.1c)
— clearly visible. In figure 5.2 the correlation between the inner state variables v̄g

t and
∆pg

t via the adiabatic state equation (2.8) is depicted. The relative volume decrease (to
the power of κ) is reciprocal to the relative pressure increase. Due to the stiffening effect
of the chamber with high pressure the deformation affects only the left chamber, where
a pressure increase of a factor of 6 is found. The pressure in the right chamber remains
almost constant throughout the computation. Very small rotation increments ∆ϕ already
lead to relatively large shell deflections. Figure 5.2 also shows this effect: Starting with
load step ϕ = 2.5◦ both gas volumes change with a high rate. Only 4-5 iterations are
usually necessary to reach the required tolerance of tol = 1 ·10−12, see figure 5.3 a) and c).
An exception is load step 5, with ϕ = 2.5◦, where 9 iterations are necessary – see figure
5.3 b) – because in this state the system is close to buckling.

5.2 Large deformation process of hydrostatically loaded box

This example, presented in slightly different form in [20], is chosen to show the interaction
of large deformations with the hydrostatic pressure loading and to illustrate how the
transition from the statically determined system in [20] with a free fluid surface Γo

t 6= 0
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Fig. 4.2: Cantilever beam under pressure: comparison of operation count for solving the equations
for different solution algorithms

to a statically undetermined system of a completely fluid filled system (Γo
t = 0) can be

achieved. An elastic hollow hexahedral box structure (geometric data: length l = 30mm,
width and height b = h = 5mm, thickness t = 0.1mm; material data: St.-Venant Kirchhoff
material – small strains, Young’s modulus E = 0.75 · 105N/mm2, Poisson ratio ν = 0.3)
filled with a heavy fluid (initial density ρ0 = 1.0 · 10−6kg/mm3) is loaded by torsion
ϕend = 45◦ and tension uend = 1.25mm (see figure 5.4). The base and top plates are
(in contrast to the walls) modeled as almost rigid bodies to avoid snap through behavior
during the deformation. Further on, it is assumed that a gas pressure exchange between
the box and the environment is guaranteed throughout the ”filling“ process until there
is no gas left in the box to finally achieve a purely hydrostatic loading. At the beginning
of the analysis the box is partially fluid filled with a hydrostatic height of xo = 24mm,
leading to the initial hydrostatic pressure distribution depicted in figure 5.4 a) with a free
fluid surface of Γo = 25mm2. As shown in figure 5.6 a) and b) the deformation leads to a
decreasing volume of the shell structure and thus an increase of the water level, because
the basic assumption of partially fluid filled systems without gas loading/pressure is the
conservation of the fluid volume δv̄f = 0. The volume conservation can also be seen in
figure 5.7 for the load steps ϕ = 0..16◦. With ongoing deformation the free fluid surface also
changes, reaching a minimum of Γo

t = 21.5mm2 when the water level reaches the maximum
necking point of the box at a vertical coordinate of x3 = 25.5mm. A further rise of xo

yields again an increase of Γo
t as the fluid level approaches the undeformable top plate.

If the deformation continues further the fluid level reaches the maximum x3-coordinate
of the structure, leading to a statically undetermined system. Any further deformation of
the structure can now only be computed considering the volumetric deformation of the
fluid, which means the algorithm has to switch from an incompressible heavy fluid with
free fluid surface to a container fully filled with a compressible heavy fluid without free
fluid surface. A proper parameter to connect the two cases is the absolute hydraulic height
xo. At this level the fluid pressure pf

t is always identical zero (see figure 5.5).

pf
t (xo

t ) = 0 (5.1)
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a) undeformed 2 chamber system

b) deformed system with low and high pressure chamber

c) deformed system with two empty chambers

u

ϕ
uϕ

Fig. 5.1: Multi (two) chamber system under torsion ϕ and tension u

According to equation (3.28) for a compressible heavy fluid with stiffness parameters ᾱ = 1

and β̄ = 0 the fluid pressure pf
t at any point can be decomposed into the pressure pc

t in
the center of gravity xc

t , the position dependent pressure term px
t and the pressure of the

volume compression pkf
t .

pf
t (x) = pc

t − px
t − pkf

t (5.2)

Using condition (5.1) in (5.2) yields along with

xo
t =

g

|g|
· xo

t (5.3)

and xt = xo
t the absolute hydraulic height for a compressible heavy fluid:

pf
t (xo

t ) = pc
t − px

t (x
o) − pkf

t = 0

⇔ xo
t =

1

ρt|g|

(

pc
t − pkf

t

)

. (5.4)

Thus the computation the deformation of the fluid filled box can be continued beyond the
full state, when the fluid reaches the top plate, by considering the volume compression of
the fluid using in this example a bulk modulus of K = 5.0N/mm2. As shown in figure
5.6 b) for a torsion angle of ϕ > 18◦ the absolute hydraulic height exceeds the maximum
box height (Γo

t = 0) and already fairly small deformations – respectively a small volume
compression – lead to a very high internal pressure and thus a strongly increasing hydraulic
height.
The increasing volume compression, starting from ϕ > 18◦ is directly correlated with an
increase of the density of the fluid due to the mass conservation, see figure 5.7. In figure 5.8
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Fig. 5.3: Two chamber problem: Convergence behavior

the convergence behavior during the last 4 load steps is depicted. For the regular system
only about 3 iterations are necessary to reach the tolerance of tol = 10−14 in the energy
ratio ∆E/E0, whereas a fairly large number of 32 iterations was necessary to manage
the mass conserving transition from the incompressible fluid to the compressible fluid at
load step ϕ = 18◦. A coarse estimation of the condition number of the system matrix by
the ratio of its largest and lowest diagonal entry is depicted in figure 5.9. The condition
number remains throughout the computation time at a value between 1000−2000, except
for two regions (ϕ ≈ 5◦ and ϕ ≈ 14◦), where it rises to a maximum of 2 · 105. This is due
to the fact, that in these states the lowest diagonal entry (as an approximation for the
lowest eigenvalue) falls down to about 100, which indicates an almost kinematical system.
In this case the structure is close to buckling.

5.3 Hydroforming of thin metal sheet

As a typical example for fluid loaded shell structures the hydroforming of a thin metal sheet
is chosen, where the uniformly distributed fluid pressure guarantees a more homogeneous
thickness throughout the finally deformed part. In addition this example illustrates the
versatility of the derived algorithm, because it can be applied after previous other loadings
and can be combined with other conventional algorithms like structural contact and non-
linear material behavior in this example. In fig. 5.10 a) a simple sketch of the hydroforming
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process is shown, where by a displacement controlled piston (stroke vpiston = ∆u1800mm2)
fluid pressure is applied on the metal sheet. The pressure is further increased until the
final deformation – see also fig. 5.10 b) – is reached. The metal sheet has a length of
l = 100mm, a width of b = 20mm and a thickness t = 0.05mm. The chosen material
model for the metal sheet is a hyperelastic-viscoplastic material law with isotropic hard-
ening (bulk modulus Km = 1.75 ·105N/mm2, shear modulus µ = 8.077 ·105N/mm2, yield
stress σy = 160N/mm2 and hardening modulus H = 200N/mm2). The contact along the
matrix surface is simulated by a pure penalty scheme. The computation was performed at
a quarter of the full metal sheet exploiting the symmetry of the structure. The model was
discretized with 46 solid shell elements [14]. Using a bulk modulus of Kf = 5.0N/mm2

for the fluid results in a relatively stiff behavior of the fluid. In figure 5.11 a) remarkable
volume change of the fluid is found beyond a piston displacement of ∆u = 1.5mm. From
this point on the metal sheet, by then almost fully plastified, is in contact with the matrix
and further deflections are only possible under high pressures with the consequence of high
volume compression. In the first load steps only 3 iterations are necessary to reach the
convergence tolerance level – see figure 5.12 a), whereas in the last load steps – see figure
5.12 b), where almost each element is in contact with the matrix up to ten iterations are
needed. This is due to the fact that in the last load steps a very stiff structure is present and
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Fig. 5.6: Closed hexahedral box under torsion and tension: Development of fluid variables during
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Fig. 5.7: Closed hexahedral box under torsion and tension: Development of inner state variables
during loading time

already small deflections caused by the contact penalty forces induce high internal fluid
pressures whereas on the other hand the high fluid pressure leads to penetrations causing
fairly high penalty forces again. Therefore it is advisable to use small load increments
then.

5.4 Inflation and hydrostatic loading of an inflatable dam

The inflation and hydrostatic loading of a rubber dam under several boundary conditions
will serve as another real world example for a multi chamber system with varying load-
ing conditions. Figure 5.13 illustrates such an inflatable dam under hydrostatic loading;
hydrodynamic effects will not be considered in these examples. For a discussion of the
general application of such dams we refer to [10]. The rubber dam with a geometry sim-
plified for the analysis in this contribution consists of two membrane parts, which are hot
vulcanized along one edge resulting in the typical deflection fin, which later in the real
world is helpful to reduce vibrations. Along the other edge the two membrane layers are
clamped and anchored to the ground. The most important task of controlled dams is the
adjustment of the water retention level or the dam height, which allows to take control
of the discharge. In the case of inflatable dams the dam height h can be simply regulated
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by the internal gas pressure. Analytical solutions for different load cases can be found in
[3] assuming pure membrane boundary conditions and bending free joining of the mem-
brane parts. The following computations to simulate the development of the dam height
during the loading process are performed in several steps: First the membrane structure
is deployed by increasing the internal pressure. Then the head and bottom water levels
will be raised. The membranes for the dam (scale 1:10 in the model structure built in
[10]) have a thickness of t = 2mm and a total circumference of about lS = 850mm, see
figure 5.13. The material data with Young’s modulus E = 60N/mm2 and Poisson ratio
ν = 0.4 correspond to a fiber reinforced rubber membrane. In this special load case with
head water loading, bottom water loading and an interior gas filling a 3-chamber system
is the appropriate analysis model. Although the head and bottom water levels are not
affected by the deformation of the dam, which means that the rank updates of the system
matrix result only from the gas filled chamber, the normal change parts and the residual
vectors for all 3 chambers have to be considered. Further, boundary effects (e.g. wrinkling
of membrane parts) in the axial direction of the dam, resulting from a real world con-
struction process at the boundary, are neglected in the current model. Therefore we can
restrict the investigation to a 2D model of the cross section discretized with 66 so-called
solid-shell elements [14] with linear shape functions and ANS/EAS enhancements for the
kinematics. In future publications the simulation of a real world fully 3D model of the
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Fig. 5.10: Hydroforming of a metal sheet against a matrix controlled by the motion of a piston

dam will be presented, considering also the specific contact and support conditions at the
boundaries leading often to wrinkling.

5.4.1 Clamping along a single edge — only gas filling: load case I

The first possible layout of an inflatable dam has a single clamped edge on the left, see
figure 5.14a). The body of the dam is in contact (penalty formulation) with the ground.
The dam is first pressurized until ”load step“ 10, when the maximum dam height of
h = 220mm is reached, assuming static loading. Then the head water level is steadily
increased, which in the end leads to a kind of rolling motion of the dam, clearly visible
in the decrease of the dam height of about 10%, see figure 5.14b). From load step 20 on
the downstream water level is slowly raised. This additional loading by the bottom water
leads to an undesired buoyancy of the dam body, because the membrane is only clamped
along the left edge. A possible way to overcome this buoyancy (besides clamping two edges
along the dam body) is presented in the next subsection.

5.4.2 Clamping along a single edge — gas and interior heavy fluid filling: load
case II

In order to avoid the upward buoying of the dam body its interior is now filled with heavy
fluid in addition to the gas filling, see figure 5.15a). In figure 5.15b) the development of
the dam height during the loading process is given: In this case the interior fluid support
reduces the dam height by a few percent. The last load increments of head water filling
then again lead to a sudden decrease of about 10-15% of the original height. But in contrast
to the first example the plateau of the dam height curve shows that due to interior fluid
support no upward buoying effects appear.
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5.5 Discussion of volume coupling terms

The case of pneumatic membrane structures featuring a volume dependent gas support has
already been part of several investigations, see [5], [6], [8] and [19]. As e.g. demonstrated
in [6] for the inflation of a tube, considering the rank-one update of the stiffness matrix
due to volume coupling led to a significantly higher convergence rate as it did without.
Berry and Yang [5] investigated a snap through problem of a curved shell under pressure.
Neglecting the additional coupling terms in the stiffness computation in their particular
case led to the typical snap through load deflection curve, which can (statically) only be
solved by using path following methods, e.g. by an arc length method. Considering the
volume coupling of the internal gas pressure the structural behavior was totally different.
The load deflection curve had always a positive slope, because the rank update led to
a stabilization of the global stiffness matrix (see also [13]) and thus enabled the use of
standard Newton-schemes for the solution process. However, in general it is not always
necessary to take into account all volume coupling terms.

Having first a closer look at the global system matrix Ksys of a pure gas loaded/sup-
ported system yields with equations (3.44) and (3.45) and table 3.1:

Ksys = Kel + Kg + αtaaT (5.5)
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To estimate the influence of the volume coupling on the global stiffness matrix it is nec-
essary to identify the dominating variables in each term. The bending and membrane
stiffnesses are the dominating variables of Kel. In addition nonlinear geometric stiffness
effects arising from large deformations ε(ut) have to be considered.

Kel = Kel(EI,EA,ut) (5.6)

The nonlinear, so-called load-stiffness part Kg is primarily dependent on the discrete area
dΓ, the pressure pkg

t and the current displacement field ut of each wetted finite element,
see also equation (3.26).

Kg = Kg(dΓ, pkg
t ,ut) (5.7)

The final volume coupling term shows only a dependence on the discrete area dΓ of each
wetted finite element, see equation (3.41),

a = a(dΓ) (5.8)
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and the pressure volume gradient αt, which is a function of the gas pressure pkg
t , the gas

volume v̄g
t and the isentropic constant κ, see equation (2.18).

αt = κ
pkg

v̄g
t

(5.9)

Three factors are determining the relevance of the volume coupling term on the solution:

- the bending stiffness EI of the shell element

- the pretensioning of the shell due to pressure and large deformations ε(ut)

- the pressure volume gradient αt

For relatively small control volumes v̄g
t in an almost membrane-like structure with negli-

gible bending stiffness, the volume coupling dominates the solution, as already observed
in [5] and [6], affecting also the convergence of the Newton scheme positively. Then the
pressure volume gradient becomes rather large and guarantees the system matrix to be
positive definite throughout the computation. For stiff structures (either obtained by pre-
tensioning or due to large bending stiffness EI) and/or very large control volumes the
pressure volume gradient is negligible compared to the entries in the stiffness matrix Kel

and in Kg and therefore the solution process and convergence is only marginally affected
by the volume coupling, see [13]. Thus the decision to include or neglect the additional
rank-one updates depends on the specific problem and/or the specific state of a problem.

For a system loaded/supported with a compressible fluid the rank-one updated
stiffness matrix (see equations (3.44) and (3.45) and table 3.1) – neglecting for simplicity
the gravity effect – becomes

Ksys = Kel + Kf + βtbbT (5.10)

and thus the same general arguments as for the gas loaded/supported system are valid.
In this case the important factor is the pressure volume gradient

βt =
K

v̄f
0

(5.11)

of the fluid, see equation (2.19). Small initial control volumes v̄f
0 and/or a large bulk mod-

ulus K lead in principle, for thin-walled and membrane-like structures in identical fashion
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as for the gas loading/support to a domination of the volume coupling terms. In addition
we have to note that the factor βt is usually much larger than αt with the conclusion that
for small enclosed volumes the volume coupling should always be considered. In particu-
lar, for stability analysis of structures containing fluids with substantial filling the volume
coupling is important.

6 Conclusions

Based on the contributions of [6], [18], [19], [20] and [21], where algorithms for volume de-
pendent gas and fluid loadings/fillings were given, in this contribution a general description
of all possible load cases concerning static fluid structure interaction is presented. Starting
with a total energy approach for the fluid and gas terms and introducing special stiffness
parameters a general description was derived. The fluid-gas-structure-interaction was de-
scribed via boundary integrals of the parts of the structure wetted by fluid and/or gas. A
consistent linearization of the volume dependent terms and the normal change parts along
with the consideration of physically realistic boundary conditions led to symmetric system
matrices proving the conservativeness of the problem. Varying the values of the stiffness
parameters the general case with flexible gas and flexible fluid as well as all specific cases:
purely gas filling, gas plus incompressible fluid, only incompressible fluid and only com-
pressible fluid as partially shown in [19], [20] and [21] could be developed. Further both,
the extension to multi chamber problems and the combination of fluid and gas loading in
single chambers were presented. An efficient solution algorithm for this kind of problems
can be found using the Sherman-Morrison formula in a sequential fashion, which allows to
avoid the direct inversion of the dyadic updated and at least section-wise fully populated
system matrix, which in addition may be badly conditioned in case of fluid support with
a nearly incompressible fluid. A further focus of the authors is currently on the stability
investigation of gas/fluid filled or loaded multi chamber systems [13], especially inflatable
dams, which often suffer from instability problems.

7 Solution algorithm for a dyadic updated system matrix

For all finite elements, which have a surface contacting the fluid or the gas coupling
vectors are generated. As shown above in equation (3.69) the dyadic rank updates with
the coupling vectors lead for each chamber to a fully occupied section of the system matrix.
To bypass the solution with such an almost fully populated system matrix a general scheme
is presented, which is based on a sequential application of the Sherman-Morrison formula,
see also [9], [18] or [25]. By introducing the abbreviations

A = K +
m∑

l=1

xly
T
l , with K = Kel +

n∑

i=1

(

K
g
i + K

f
i

)

(7.1)

where the load-stiffness matrices have almost the same structure as the elastic stiffness
matrices and do not lead to a different band width. The right hand side vector is given as:

f = f ex − fel −
n∑

i=1

(

f
g
i + f

f
i

)

. (7.2)
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Then the solution vector can be written as:

d = A−1f . (7.3)

Looking at equation (7.1) as a modification of A

K = A −
m∑

l=1

xly
T
l , (7.4)

we obtain by left-hand multiplication of (7.4) with K−1 and subsequent right-hand mul-
tiplication with A−1f a recursive form for the solution vector.

d = K−1f − K−1

m∑

l=1

xly
T
l d . (7.5)

7.1 Solution for a rank 3 update of K

In order to derive a general scheme for this recursive form, the solution is shown for a
stiffness matrix K with a (m = 3)-rank update. Afterwards the general rule for the com-
putations in an arbitrary solution step i is set up. A special focus is here on a consequent
vectorization of the equations to avoid storing fully populated stiffness matrices or fully
populated sections of the stiffness matrix.

7.1.1 Starting point: recursive step i = 0

To reduce the expressions in the following steps the notations d0 = K−1f and Ψ0 = −K−1

are introduced. Thus from equation (7.5) a form is obtained, which gives more insight into
the triple update of the conventional solution vector d0 with further unknown vectors
resulting from the coupling vectors.

d = d0 + Ψ0

n=3∑

l=1

xly
T
l d (Step i = 0) . (7.6)

Starting from equation (7.6) we can proceed with the first real recursive step:

7.1.2 Recursive step i = 1

Separating the summand with index l = i = 1 from the sum in equation (7.6) gives us

d = d0 + Ψ0 x1y
T
1 d + Ψ0

m=3∑

l=2

xly
T
l d . (7.7)

By using the auxiliary vector

r01 = Ψ0 x1 (7.8)

we can abbreviate the solution to

d = d0 + r01y
T
1 d + Ψ0

m=3∑

l=2

xly
T
l d . (7.9)

A further multiplication of (7.9) from the left side with the rank vector yT
1 then leads to

yT
1 d = yT

1 d0 + yT
1 r01y

T
1 d + yT

1 Ψ0

m=3∑

l=2

xly
T
l d . (7.10)
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Rewriting this equation results in:

yT
1 d − yT

1 r01y
T
1 d = yT

1 d0 + yT
1 Ψ0

m=3∑

l=2

xly
T
l d

⇔
(

1 − yT
1 r01

)

yT
1 d = yT

1 d0 + yT
1 Ψ0

m=3∑

l=2

xly
T
l d (7.11)

Isolating the scalar term yT
1 d on the left hand side yields along with the parameter

β1 =
(

1 − yT
1 r01

)
−1

(7.12)

the following form:

yT
1 d = β1y

T
1 d0 + β1y

T
1 Ψ0

m=3∑

l=2

xly
T
l d . (7.13)

Reinserting (7.13) in (7.9) gives

d = d0 + r01

(

β1y
T
1 d0 + β1y

T
1 Ψ0

m=3∑

l=2

xly
T
l d

)

+ Ψ0

m=3∑

l=2

xly
T
l d . (7.14)

Rearranging the terms associated to the dyadic update ends the first recursive step:

d = d0 + β1r01y
T
1 d0 +

(

β1r01y
T
1 Ψ0 + Ψ0

)m=3∑

l=2

xly
T
l d . (7.15)

Computing the new interim solution

d1 = d0 + β1r01y
T
1 d0 (7.16)

and introducing the updated auxiliary matrix

Ψ1 = β1r01y
T
1 Ψ0 + Ψ0 (7.17)

then brings back the updated form of (7.6):

d = d1 + Ψ1

m=3∑

l=2

xly
T
l d (Step i = 1) . (7.18)

Now we have achieved a reduction from a rank-3-update to a rank-2-update. The next two
sequent steps are performed analogously to the procedure outlined above, therefore only
the necessary equations will be briefly presented.

7.1.3 Recursive step i = 2

Starting from the recursive equation (7.18) for the solution vector, we multiply it from the
left with the rank vector yT

2 . Isolating and reinserting the term yT
2 d in equation (7.18)

yields along with 2 auxiliary vectors

r02 = Ψ0x2 and (7.19)

r12 = Ψ1x2 =
(

β1r01y
T
1 Ψ0 + Ψ0

)

x2 = β1r01y
T
1 r02 + r02 (7.20)
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and the parameter

β2 =
(

1 − yT
2 r12

)
−1

(7.21)

the next recursive rule for d:

d =
(

d1 + β2r12y
T
2 d1

)

+
(

β2r12y
T
2 Ψ1 + Ψ1

)m=3∑

l=3

xly
T
l d . (7.22)

Because the dyadic update has now been reduced to the last remaining term, equation
(7.22) can be written in more general form:

d = d2 + Ψ2 x3y
T
3 d , (7.23)

with

d2 = d1 + β2r12y
T
2 d1 (7.24)

and

Ψ2 = β2r12y
T
2 Ψ1 + Ψ1 . (7.25)

7.1.4 Recursive step i = 3

To compute the final solution the Sherman-Morrison formula is applied again. Like in
the previous subsections the recursive equation (7.23) is multiplied from the left with the
remaining rank vector yT

3 . Isolating and reinserting the term yT
3 d in equation (7.23) yields

after the 3rd step along with the 3 auxiliary vectors

r03 = Ψ0x3 (7.26)

r13 = Ψ1x3 =
(

β1r01y
T
1 Ψ0 + Ψ0

)

x3 = β1r01y
T
1 r03 + r03 (7.27)

r23 = Ψ2x3 =
(

β2r12y
T
2 Ψ1 + Ψ1

)

x3 = β2r12y
T
2 r13 + r13 (7.28)

and the parameter

β3 =
(

1 − yT
3 r23

)
−1

(7.29)

the final rule for the computation of the solution vector

d = d3 =
(

d2 + β3r23b
T
3 d2

)

. (7.30)

Hence, the solution with the rank-(m = 3)-update has been reduced to the triangular-
ization of K and 4 forward-backward substitutions plus 10 scalar products and 7 vector
summations. Further more, in each step i the auxiliary vectors rji with i = 1..m and
j = 0..(i − 1) and the parameter βi had to be computed to get the current update of the
last interim solution di−1.
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