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Abstract. We consider a tensorial Fourier expansion of the crystallite orientation distribution
function for aggregates of cubic crystals. The coefficient of rank four is determined explicitly.
It is shown that this coefficient governs the anisotropic bounds of the linear elastic behavior of
polycrystals. Recently, a phenomenological model has been proposed [4, 6], that describes the
evolving elastic anisotropy in copper. The model also reproduces the cyclic Swift effect, which is
due to a texture induced plastic anisotropy [7]. In the model the anisotropic part of the effective
elastic stiffness tensor is used to define a texture dependent quadratic yield function. The present
paper gives a new interpretation of the aforementioned model in terms of an approximation of the
crystallographic texture by means of a 4th-order coefficient of the tensorial Fourier expansion of
the crystallite orientation distribution function.

1 Introduction

On the macroscale the mechanical behavior of polycrystalline metals is generally governed by the
crystallographic texture, the morphology of the grains, and the hardening state in the aggregate. In
the present work we restrict the investigation to the macroscopic anisotropy due to an inhomogeneous
crystallite orientation distribution function (CODF), i.e., the crystallographic texture.

First, a tensorial Fourier expansion of the CODF is discussed in detail for aggregates of cubic crystals.
The coefficients of this expansion can be considered as internal variables for models, which take into
account the crystallographic texture. The most simple internal variable in the aforementioned sense
is the first coefficient of the expansion. Such an approach approximates the CODF by a 4th-order
moment tensor. This moment tensor is derived in detail in the sequel and its properties are discussed.
Then the macroscopic elastic anisotropy is considered. It is shown that the 4th-order moment tensor
governs the anisotropic part of all common types of orientation averages like, e.g., the Voigt or Reuss
estimates. Furthermore, experiments and theoretical considerations show that the anisotropy of the
plastic behavior of metals is correlated with the elastic anisotropy [15, 16]. Therefore, the anisotropy
of the plastic behavior can be estimated by means of the elastic anisotropy for moderately textured
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polycrystals. A simple form of a yield condition, although of limited applicability, is given by a
quadratic form of the stresses [22, 13, 21]. We show, how the texture information can be incorporated
into a quadratic yield condition. It can be shown that such a model allows for predicting the plastic
anisotropy of rolled sheets and the cyclic Swift effect, which can be observed in torsion experiments
[4, 6, 7].

2 Tensorial Representation of the CODF

Homogenization Based on Orientation Averages. It is assumed that the distribution of crystal
orientations represents the dominant aspect of microstructure. This assumption is reasonable if the
two-point statistics of crystal orientations are isotropic [2]. The orientation of a crystallite can be
described by a proper orthogonal tensor Q ∈ Orth+

Q = gi ⊗ ei, (1)

where {ei} and {gi} represent a orthonormal basis fixed to the sample and to the (orthonormal)
lattice vectors of the crystal, respectively. The components of Q with respect to {ei} are given by
the directional cosines

Qij = ei ·Qej = ei · gj. (2)

The k-th row of the matrix Qij contains the components of gk with respect to {ei}. The k-th column
of the matrix Qij contains the components of ek with respect to {gi}.
The distribution of crystal orientations Q can be quantitatively described by the orientation dis-
tribution function f(Q) [8, 19]. It represents the one-point statistics of crystal orientations. The
function f(Q) specifies the volume fraction dv/v of crystals having the orientation Q, i.e.

dv(Q)

v
= f(Q) dQ. (3)

dQ is the volume element in Orth+ which ensures an invariant integration over Orth+ [11], i.e.

∫

SO(3)

f(Q) dQ =

∫

SO(3)

f(QQ0) dQ ∀Q0 ∈ Orth+. (4)

If Orth+ is parameterized by Euler angles, the volume element dQ is given by

dQ =
sin(Φ)

8π2
dϕ1 dΦ dϕ2. (5)

The function f(Q) is nonnegative and normalized such that

f(Q) ≥ 0 ∀Q ∈ Orth+,

∫

SO(3)

f(Q) dQ = 1. (6)

Let be ψ(Q(x)) a mechanical quantity of a crystallite which depends on the position vector only by
its dependence on the orientation Q. Volume averages of such a quantity can be transformed by



equation (3) into averages over Orth+

ψ̄ =
1

v

∫

v

ψ(Q(x)) dv =

∫

SO(3)

f(Q)ψ(Q) dQ. (7)

The orientation distribution function f(Q) reflects both the symmetry of the crystallites forming the
aggregate and the sample symmetry, which results from processing. The crystal symmetry implies
the following symmetry relation for f(Q)

f(Q) = f(QHC) ∀HC ∈ SC ⊆ Orth+. (8)

SC denotes the symmetry group of the crystallite. The sample symmetry implies the following
symmetry relation for f(Q)

f(Q) = f(HSQ) ∀HS ∈ S S ⊆ Orth+ (9)

[25]. S S denotes the symmetry group of the sample.

Tensorial Fourier Expansion of the CODF. For the subsequent considerations it is assumed
that the CODF is square integrable. This property implies the existence of a tensorial Fourier
expansion. Adams et al. [1] and Guidi et al. [12] considered this expansion for the special case of
a cubic crystal symmetry. Zheng and Fu [24, 25] analyzed the expansion for arbitrary crystal and
sample symmetries. For aggregates of cubic crystals the Fourier expansion has the form

f(Q) = 1 + f4(Q) + f6(Q) + f8(Q) + . . . , (10)

where
fi = V′〈i〉 · F′〈i〉(Q), F′〈i〉(Q) = Q ? T′〈i〉. (11)

The coefficients of this expansion V′〈i〉 and T′〈i〉 are completely symmetric and traceless tensors of
even rank i. E.g., in the case of V′ = V′〈4〉 the following relations hold

V ′
ijkl = V ′

jikl = V ′
klij = V ′

kjil = . . . , V ′
iikl = 0. (12)

Completely symmetric and traceless tensors are called irreducible (indicated by a prime). The star in
equation (11)2 denotes the Rayleigh product, which for 4th-order tensors V = Vijkl ei ⊗ ej ⊗ ek ⊗ el

is defined by
Q ? V = Vijkl(Qei)⊗ (Qej)⊗ (Qek)⊗ (Qel). (13)

Higher rank Rayleigh products are defined analogously. From equations (8), (9), (10), and (11) it
can be concluded that the T′〈i〉 reflect the crystal symmetry as

f(Q) = f(QHC) ∀HC ∈ SC ⇒ T′〈i〉 = HC ? T′〈i〉 ∀HC ∈ SC , (14)

whereas the V′〈i〉 have the sample symmetry

f(Q) = f(HSQ) ∀HS ∈ S S ⇒ V′〈i〉 = HS ? V′〈i〉 ∀HS ∈ S S . (15)



The orthogonality relation

∫

SO(3)

F′〈i〉(Q)⊗ F′〈j〉(Q) dQ = 0 ∀i 6= j (16)

allows for computing the coefficients V′〈i〉 of the Fourier expansion (10) for a given function f(Q). A
combination of equations (10) and (16) gives a linear system of equations for the determination of
each V′〈i〉

J′〈i〉 = E〈2i〉[V′〈i〉], (17)

where

J′〈i〉 =

∫

SO(3)

f(Q)F′〈i〉(Q) dQ (18)

and

E〈2i〉 =

∫

SO(3)

F′〈i〉(Q) ⊗ F′〈i〉(Q) dQ. (19)

The Coefficient V′〈4〉. For the formulation of macroscopic material models, which describe the
generally anisotropic viscoplastic behavior of metals, internal variables are commonly used. In order
to take into account the crystallographic texture, it is reasonable to consider the coefficients V′〈i〉 as
internal variables, which can be determined by texture measurements. The linear space Sym ′

k of
irreducible tensors of rank k has the dimension

dim(Sym ′
k) = 2k + 1 (20)

[11]. Hence, the number of independent components of the V′〈i〉 increases only linearly with the
tensor rank. The most simple phenomenological model, that takes into account the crystallographic
texture, would be based on V′〈4〉.
As an example, the determination of V′ = V′〈4〉 is discussed in detail for the case of a cubic crystal
symmetry. In the following, we drop the index denoting the tensor rank if forth-order tensors are
concerned. For the computation of V′ it is helpful to consider first the CODF of a single cubic crystal
having the orientation Q0. The CODF is given by the Dirac distribution, i.e. f(Q) = δ(Q,Q0).
Orientation averages are trivial in this case and yield the single crystal property

ψ̄ =

∫

SO(3)

f(Q)ψ(Q) dQ =

∫

SO(3)

δ(Q,Q0)ψ(Q) dQ = ψ(Q0). (21)

In a similar way one obtains from equation (18) with J′ = J′〈4〉 and F′(Q) = F′〈4〉(Q)

J′C = J′ =
∫

SO(3)

f(Q)F′(Q) dQ = F′(Q0) = Q0 ? T′. (22)

The crucial point for the determination of V′C is the fact that the linear system (17) can be reduced
to a scalar equation. Since a single crystal is considered, the crystal and sample symmetry coincide.
As a result, V′ has the same symmetry as T′ and J′. Furthermore, definition (19) implies that E〈2i〉
is an isotropic tensor, which acts on the i-th order irreducible tensors. Hence, the following relation
holds

V′C = β J′C = βQ0 ? T′. (23)



From equation (17) one deduces
J′C = E〈8〉[V′C ] = βE〈8〉[J′C ] (24)

and
J′C · J′C = β J′C · E〈8〉[J′C ]. (25)

The last equation is not changed if we set Q0 = I, i.e. J′C = T′. Hence β is given by

β =
T′ · T′

T′ · E〈8〉[T′] =
T′ · T′∫

SO(3)

(T′ · (Q ? T′))2 dQ

. (26)

The tensor T′, which is irreducible and of cubic symmetry, is given by

T′ =
√

30

30
α (5D− I ⊗ I − 2I) , D =

3∑
i=1

ei ⊗ ei ⊗ ei ⊗ ei, ‖T′‖ = |α|. (27)

[6]. I and I denote the 2nd-order identity tensor and the 4th-order identity tensor on symmetric
2nd-order tensors, respectively. ‖T′‖ is the Frobenius norm defined by ‖T′‖2 = T′ · T′ = T ′

ijklT
′
ijkl. A

straight forward calculation yields

β =
9

|α |2 . (28)

The CODF of a number of κ discrete single crystals with orientations Qγ and volume fractions νγ is

f(Q) =
κ∑

γ=1

νγfγ(Q) (29)

with fγ(Q) = δ(Q, Qγ). Applying the Fourier expansion to each of the fγ gives the coefficients V′γ.
The coefficient V′ with respect to f(Q) is then obtained by

V′ =
κ∑

γ=1

νγV′γ (30)

or, due to the assumed equivalence of volume and orientational averages, by

V′ =
∫

SO(3)

f(Q)V′C(Q) dQ. (31)

Equations (23), (28), and (31) allows for calculating the 4th-order coefficient of the tensorial Fourier
expansion of the CODF of an aggregate of cubic crystals. It is reasonable to choose the scalar α in
such a way that the Frobenius norm of the coefficient V′ is equal to one for a single crystal and in
[0, 1) for a polycrystal. Then the amount of anisotropy can be estimated easily by means of ‖V′‖.
A simple calculation yields ‖V′C‖ = 9/α. Hence, the aforementioned normalization is obtained by
setting α = 9. Finally, the 4th-order moment tensor is given by

V′(α = 9) =

√
30

30

(
5

∫

SO(3)

3∑
i=1

f(Q)gi ⊗ gi ⊗ gi ⊗ gi dQ− I ⊗ I − 2I

)
. (32)



The tensor V′ has the following properties

• V′ is irreducible, see equation (12), and has nine independent components,

• V′ has the sample symmetry and covers all possible symmetries (e.g., a triclinic, orthotropic,
transverse isotropic, or isotropic symmetry)

• ‖V′‖ = 0 for an isotropic polycrystal,

• ‖V′‖ ∈ (0, 1) for a textured polycrystal,

• ‖V′‖ = 1 for a single crystal.

3 Macroscopic Elastic Properties

The most simple orientation averages are the arithmetic and the harmonic mean of the local stiffness
tensors C with C−1 = S, which where first suggested by Voigt and Reuss

CV =

∫

SO(3)

f(Q)C(Q) dQ, SR =

∫

SO(3)

f(Q)S(Q) dQ (33)

[23, 18]. The arithmetic mean and the harmonic mean correspond to the assumption of homogeneous
strain and stress fields, respectively. These approaches give upper and lower bounds for the strain
energy density. The lower the degree of the elastic anisotropy on the microscale, the more accurate the
averages are. An approach that focuses on a homogenization resulting in unique effective properties,
such that the inverse of the mean compliance is equal to the mean stiffness, was given by Aleksandrov
and Aisenberg [3] and further developed by Matthies and Humbert [17]. Here, the geometric mean
of the local elastic moduli is used

CA = exp

(∫

SO(3)

f(Q) ln(C(Q)) dQ

)
, SA = exp

(∫

SO(3)

f(Q) ln(S(Q)) dQ

)
≡ CA−1

. (34)

Predictions based on this approach are similar to self-consistent estimates and close to experimental
data [17]. Orientation averages of stiffnesses or compliances with a cubic symmetry generally allow
for the following unique decomposition of the effective properties

CV = CV I + ξVV′,

ln(CA) = ln(CAI) + ξAV′,

SR = SRI + ξRV′

(35)

[5, 6]. The first terms on the right-hand sides represent the isotropic parts of the average and the
second terms the purely anisotropic parts. The isotropic parts are independent of the texture in the
aggregate. CV I and SRI have been determined by Voigt and Reuss. The anisotropic part vanishes
for an uniform orientation distribution. On the one hand, the anisotropic parts are influenced by the
degree of anisotropy of the single crystals through the scalars ξV , ξA, ξR, which depend only on the
eigenvalues of the single crystal stiffness, on the other hand, by the orientation distribution in terms



of the 4th-order moment tensor V′. It is remarkable that the direction of the purely anisotropic part
is independent of the type of averaging.

4 Macroscopic Plastic Properties

There is experimental evidence that the effective elastic and (visco)plastic properties are correlated
for textured polycrystals [9, 20, 14, 10]. Therefore, the anisotropy of the (visco)plastic behavior (e.g.,
the average plastic strain ratio, the in-plane anisotropy) can be inferred not only from destructive
tests, but also from non-destructive measurements of the elastic anisotropy parameters. Based on
these findings, Man [15, 16] formulated a quadratic yield function, which assumes that the elastic and
plastic properties are correlated linearly. As a result, the anisotropic part of the effective elasticity
tensors specifies the anisotropic part of the quadratic yield condition. The introduction of a quadratic
yield function goes back to v. Mises [22], who introduced a general 4th-order tensor of plastic moduli
that establishes a quadratic yield condition in terms of stresses. Man assumed his correlation for the
special case of an orthotropic sample symmetry. This approach is generalized by assuming that the
anisotropic part of the quadratic yield condition is governed by the 4th-order tensor Ã′ with respect
to the intermediate configuration. Then the yield condition is given by

∆(S̃
′
, Ṽ′) = S̃

′ · Ñ(Ṽ′)[S̃′
]− 2

3
σ2

F = 0, (36)

where Ñ(Ṽ′) = PI
2 + ηṼ′. S̃

′
is the 2.Piola-Kirchhoff stress tensor with respect to the intermediate

configuration. For Ṽ′ = O, i.e. an nontextured aggregate, the classical isotropic v.Mises yield
condition is obtained. The tensor Ñ has to be positive definite. This requirement constraints the
scalar η. The influence of the crystallographic texture on the macroscopic yield loci has been taken
into account by a constant 4th-order tensor by v. Mises [22], Hill [13], Teodosiu [21]. Such a tensor
is specified by the suggested approach up to one scalar η.

Single crystalline copper exhibits a strong anisotropy of both the elastic and the viscoplastic behavior.
This fact causes both the effective elastic and the viscoplastic properties of the polycrystal to become
anisotropic if a crystallographic texture evolves. It can be shown that a model, which takes into
account the crystallographic texture by means of the moment tensor V′, allows for predicting the
plastic anisotropy of rolled copper sheets and the cyclic Swift effect, which can be observed in torsion
experiments [4, 6, 7].
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