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Abstract This work presents an analysis of the response of laminar, stretched,
premixed CH4-air counterflow flames subject to periodical perturbations of the
inflow mixture composition and the flow field in the context of ILDM and REDIM.
Investigations of the perturbation propagation show, that the perturbation reaches
the flame under certain conditions only; changes of the perturbation due to dissi-
pative processes are investigated. Different methods are applied to gain an in-depth
view of the influence of the perturbation on the chemical kinetics, namely correlation
analyses of species in state space and timescale and element composition analyses.
For the timescale analyses, two methods are applied, the ILDM method and a new
concept for timescale analysis within the REDIM method. It is shown, that the
perturbation does not change the global behaviour of the chemical kinetics and it is
suggested to apply REDIMs for a low-dimensional description of perturbed flames.

Keywords Perturbed flames · Instationary combustion ·
Timescale analysis · ILDM · REDIM

1 Introduction

Combustion instabilities are a serious problem in premixed combustion systems like
e.g. lean gas turbines and can not only yield a considerable degrading of the efficiency
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of the system, but even a complete breakdown [1]. Reasons for the instabilities are
periodical perturbations of the flow field or the reactive mixture equivalence ratio [1],
which might be driven by e.g. acoustical properties of the burner or the system of inlet
pipes. To understand, how practical combustion systems can be protected against
the negative effects of flow field and equivalence ratio oscillations it is necessary to
investigate, how the perturbations propagate toward the flame and how they interact
with the processes within the flame. Different aspects of perturbations and flame
types have therefore already been subject of several publications. A short overview
shall be given here. Lean CH4-flames subject to time-dependent perturbations of the
strain rate are investigated in [2], focussing on the time delay between perturbation
and flame response as well as the amplitude of the flame response due to different
perturbation frequencies. Oscillating strain rates are also investigated in [3] by
using large activation energy asymptotics to analyse the response behaviour of a
counterflow diffusion flame. Fleifil et al. [4] describes the response of a laminar
premixed flame stabilized on the rim of a tube subjected to flow oscillations and
develops a model which captures the flame surface kinematics. In [1], the behaviour
of the heat release of laminar premixed flames during the influence of equivalence
ratio oscillations is investigated, finding that the disturbance of flame area and flame
speed as well as the heat of reaction control the response of the heat release to the
perturbation. A model to predict the stability limits in low NOx gas turbines under
consideration of the problems arising due to equivalence ratio oscillations is pre-
sented in [5]. Darabiha [6] look at H2–air counterflow flames subject to periodical
perturbations. Burner-stabilized laminar premixed CH4-air flames with temporal
variations of the equivalence ratio are analysed in view of flame temperature and
NOx–emission in [7]. Further aspects of perturbed flames can be found in [8–17].
In the context of reduced mechanisms, [18] presents an investigation of flames under
the influence of instationary flow fields using Flamelet Generated Manifolds. More
literature on the topic can be found in the references named in the cited publications.

In this work, we present detailed analyses of laminar premixed CH4-air coun-
terflow flames which are subject to perturbations of the flow field or equivalence
ratio. We focus on both how the perturbation propagates towards the flame, as
well as on the interaction between perturbation and flame. The analyses of the
latter are mainly focussed on the chemical kinetics and on developing a concept for
describing perturbed flames with reduced mechanisms. There are many approaches
to develop reduced chemical kinetics (for an overview see for example [19–21]); we
use the two concepts of ILDM (Intrinsic Low Dimensional Manifolds, [22, 23]) and
REDIM (Reaction-Diffusion Manifolds, [24, 25]) for analyses of the timescales of the
chemical kinetics. Such analyses in the ILDM context have been discussed before in
[26] for non-perturbed flames. The REDIM method [24, 25] has not yet been used
for analysis purposes.

The paper is organized as follows: Section 2 provides necessary information about
the model for the laminar flame calculations and the timescale analyses within the
ILDM and REDIM methods. Section 3 discusses the calculation results for both a
perturbed inflow composition (Section 3.1) and a perturbed flow field (Section 3.2).
First, the perturbation propagation towards the flame is discussed, followed by a
discussion of the flame response which is analysed by using state space correlations,
timescale analyses and analyses of the element composition. Section 4 summarizes
the work and gives concluding remarks.
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2 Mathematical Background

2.1 Laminar flame calculations

One-dimensional calculations are presented for premixed, stretched CH4-air coun-
terflow flames burning in a laminar flow field. The investigated counterflow con-
figuration is symmetrical, yielding a twin flame in the premixed case (see e.g.
[2]). Exploiting the symmetry of both the configuration and the twin flame, the
calculation domain can be reduced and thus covers the domain between one burner
nozzle and the symmetry plane only. A boundary-layer approximation is used to
describe the configuration as a one-dimensional system with the resulting one-
dimensional conservation equations being well-known [2, 27]. They are solved
with a time-accurate instationary approach [28], that has been extended to allow
the simulation of counterflow configurations. Adequate time-dependent sinusoidal
boundary conditions are applied to simulate the perturbations, who correspond
to temporally varying values of the equivalence ratio or flow field. Thus, a inflow
mixture composition perturbation is simulated by changing the inflow mixture mass
fractions at the cold boundary. The fuel mass fraction wCH4(t) is given by:

wCH4(t) = wCH4 + ŵCH4 · sin(2π ft), (1)

where wCH4 is the mean mass fraction value, ŵCH4 the amplitude (in this work we
set it to a certain percentage of wCH4 ) and f the frequency of the perturbation; t
denotes the time. With the fuel mass fraction being changed according to (1), the
mass fractions wO2,air(t) of O2 and wN2,air(t) of N2 can be directly calculated from two
natural relations. First, their ratio is constant in air:

wO2,air(t)
wN2,air(t)

= c (2)

with c as the constant. Second, all mass fractions of fuel and oxidizer at the boundary
add to 1:

wCH4(t) + wO2,air(t) + wN2,air(t) = 1. (3)

Combining these equations yields:

wO2,air(t) = c · (1 − wCH4(t))
1 + c

, (4)

wN2,air(t) = 1 − wCH4(t)
1 + c

. (5)

For simulating a perturbed flow field, we impose time-dependent boundary con-
ditions on the strain rate at the cold boundary, which corresponds to varying the
mixture outflow velocity. Strain is represented by the tangential pressure gradient
J = −r−1 · ∂p/∂r (p: pressure, r: spatial coordinate), which can also be written as
J = −ρub · a2 with ρub as the density of the unburnt mixture density and a as the
strain rate. The boundary condition then reads:

J(t) = J + Ĵ · sin(2π ft), (6)
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where again the amplitude Ĵ is chosen in dependence from the mean value J. Various
perturbation situations can be simulated by changing the three degrees of freedom in
(2) and (6), that is the mean perturbation value, amplitude and frequency. It should
be furtherly noted, that the calculations are using a detailed reaction mechanism
with 34 species and 159 elementary reactions [27] and a detailed transport model
with Le �= 1 and non-equal diffusivities. As a result of the calculations we obtain
ψ(r), which is the vector of thermokinetic state variables (pressure p, enthalpy h and
species mass fractions wi(r), with i = 1, ..., ns; ns: number of species) at each spatial
location r in the reactive system.

2.2 Timescale analyses

An in-depth view onto the interaction between perturbation and flame chemistry
can be gained by analysing the timescales of the chemical kinetics. The timescales
correspond to the reciprocals of the eigenvalues of the system Jacobian Fψ (ψ) (with
F(ψ) as the chemical source terms), see [27] for details. To analyse the timescales, we
use two different concepts. The first concept for a timescale analysis uses the context
of ILDM, which means, that the dynamics of the system is said to be governed
by chemistry only. The methodology for this kind of analysis has been introduced
in [26], where results were discussed for non-perturbed strained and unstrained
flames. Results for perturbed flames are presented in this work, though we do not
go into detail concerning the numerical method for the timescale analysis, as the
approach is thoroughly discussed in [26]. The ILDM method itself and thus also
the analysis in its context have a major drawback: As only chemical processes are
taken into account, the method using ILDMs of low-dimension provides meaningful
results in those flame regions only, where chemistry is fast in comparison to the
physical processes and where thus the coupling of chemistry with physical processes
such as transport is weak [24]. In regions of slow chemistry—corresponding to the
low temperature regime—ILDMs of high dimension would be required to describe
the dynamics properly; of course, this is in contrast to the purpose of reduction
methods, which aim on finding low-dimensional descriptions for all flame regions.
To overcome this drawback, methods have been proposed (see e.g. [24, 29–39])
which include transport processes. The results show, that it is possible to find low-
dimensional manifolds even in the regions of slow chemistry. In this work, we focus
on the REDIM method [24] to identify low reaction-diffusion manifolds, a method
which is currently being developed and improved [24, 25, 40]. Until now, this method
has not yet been used for analysis purposes. We present an analysis algorithm in
the following, which can be used to determine the necessary REDIM dimension by
analysing the detailed flame result. Let us first discuss the important steps to obtain
the REDIM equations; afterwards we discuss the analysis algorithm. The notation
follows [24], where the REDIM-method was first introduced and discussed. To derive
the REDIM-equations, we start from the PDE system describing a reactive flow:

∂ψ

∂t
= F(ψ) − v · grad(ψ) − 1

ρ
· div(D(ψ) · grad(ψ)) = �(ψ). (7)

v is the flow velocity, D is an (n × n)-dimensional matrix containing the coefficients
for energy, pressure and species transport [27] and ρ is the density. Let us now
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assume, that we can find a low-dimensional slow invariant manifold of dimension
ms in the n-dimensional state space:

M = {
ψ = ψ(θ); θεRms

}
, (8)

with θ as an ms = (n − n f )-dimensional vector (n f : number of fast processes) rep-
resenting the local generalized coordinates on the manifold. Note, that ψ is always
a function of those generalized coordinates, but for an easier representation we just
write ψ in the following. The manifold given by (8) can also be written in an implicit
formulation [24], which reads:

ψθ
⊥ · �(ψ) = 0. (9)

Therein, ψθ is the derivative of ψ with respect to the generalized coordinates. ψθ
⊥

is the orthogonal complement of the tangent subspace of the manifold in a point
belonging to the manifold; �(ψ) is the right hand side of (7). According to [24], (9)
can be re-written by using a projection onto the normal space of the manifold, with
the projection being given as

P = I − ψθ · ψθ
+. (10)

The resulting equation after projection reads:
(
I − ψθ · ψθ

+) · �(ψ) = 0, (11)

with the Moore-Penrose pseudo-inverse of ψθ [41]:

ψ+
θ

= (
ψθ

T · ψθ
)−1 · ψθ

T . (12)

In [24], an iterative solution procedure is suggested to solve (11), for it is re-written
as a parabolic system:

∂ψ

∂t
= (

I − ψθ · ψθ
+) · �(ψ). (13)

For a one-dimensional REDIM, it is sure that this equation converges to a fixed
point corresponding to the REDIM-solution, it is equivalent to the existence of the
stationary system solution. For higher-dimensional cases this question is subject of
further research. The starting solution for the iteration procedure is for example
given by an extended ILDM (extended ILDMs are discussed in [40]) and the
obtained stationary solutions ψ(θ ,∞) of the equation system (13) yield the manifold
M with any converged solution ψ being a state on the manifold.

Let us now discuss, how a already existing flame result can be analysed in the
context of REDIM. The analysis process should aim on finding an adequate measure
to describe, how good a REDIM of certain dimension approximates the detailed
solution in each point of the flame; or, in other words: What is the distance between
a point on a REDIM of certain dimension to its corresponding point in the detailed
flame solution? Figure 1 illustrates the situation in a sketch of a two-dimensional
projection of state space.

The dashed black line corresponds to a REDIM, the circles represent some state
in the flame. In the left figure, it can be seen that the angle α between the term �,
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Fig. 1 Schematical plots of a manifold (dashed lines) and the components along the manifold
ψθψθ

+� and the component driving the movement away from the manifold � with the angle α

according to (14). Left figure shows the situation for a point far from the manifold, the right figure for
a point near the manifold

which tends to move the dynamics away from the manifold, and the term ψθψ+
θ
�,

which moves the dynamics along the manifold, is large. On the right side of the figure,
the situation is shown for a point near the manifold and it can be well seen, that the
angle α is smaller than for the point far away from the manifold. Thus, this angle
can be considered an adequate measure to determine the distance between a point
in the detailed flame solution and its corresponding point on a local REDIM of given
dimension. If the REDIM is a good approximation to the detailed solution, α is small
(with α = 0 if the point on the REDIM and the detailed flame solution point are the
same). Of course, this does not give an absolute measure of how good the flame is
approximated by the REDIM, but by comparing the angles that result in the single
flame points for REDIMs of different dimension, it can well be seen how the quality
of the reduced results changes with the REDIM dimension. The equation to calculate
the angle α reads:

cos α =
�T ·

(
ψθψ+

θ

)
· �

‖ � ‖ · ‖
(
ψθψ+

θ

)
· � ‖

. (14)

Therein, ψθ is an (ns × n)-dimensional matrix containing all terms tangential to the
manifold (corresponding to the ns slow processes), ψ+

θ
is its Moore-Penrose pseudo-

inverse [41] calculated following (12) (with both matrices being functions of the gen-
eralized coordinate θ). ψθ can easily be calculated, if the REDIM with the dimension
of interest is already known. In our case, this REDIM is not known a priori, we just
have the detailed flame solution. Thus, we need to find an approximation for ψθ that
can be calculated based on the local detailed flame solution. A natural choice is to
use an ILDM as an approximation; this can be locally calculated (this process is also
needed in context of the ILDM analysis, see the description in [26]). Recalling, that
the ILDM of a system is given by [27]:

Z̃ f (ψ)F(ψ) = 0, (15)
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where Z̃ f is the (n f × n)-dimensional fast invariant subspace (can be found by a
spectral decomposition of the Jacobian F(ψ) [27]), we obtain for the terms to be
approximated:

ψθ =
(

Z̃ f (ψ)F(ψ)
)⊥
ψ

ψ⊥
θ =

(
Z̃ f (ψ)F(ψ)

)

ψ
, (16)

where again ψ is a function of the generalized coordinates θ . The derivatives with
respect to ψ are in this work computed based on finite differences (analytical
differentiation would reduce the computational effort and can also be applied).
Using finite differences can yield problems with the (16), as the fast subspaces Z̃ f

might be obtained with an arbitrary scaling [42]. Thus, we suggest to use a scaling-
invariant formulation as it was also applied in [43]. The scaling invariant equations
read:

ψθ =
((

Z̃ f (ψ)K
)−1

Z̃ f (ψ)F(ψ)

)⊥

ψ

ψ⊥
θ =

((
Z̃ f (ψ)K

)−1
Z̃ f (ψ)F(ψ)

)

ψ
. (17)

K can be chosen arbitrarily, provided that the resulting product Z̃ f (ψ) · K is regular.
A natural choice for K is:

K = Z f (0) = const.. (18)

Therein, Z f (0) is the right invariant fast subspace in the local point of the detailed
flame solution that is subject to the analysis (this matrix is calculated anyway). In
the presented equations, ψ includes the chemical kinetics as well as the physical
processes. Based on the discussed equations, the angle α can be calculated for
different assumed REDIM-dimensions in each point of the detailed flame solution.
The results can then be compared, providing a view on how different dimensions of
the REDIM affect the distance between a certain point of the detailed flame solution
and the corresponding point on a REDIM.

3 Results and Discussion

In this section, we present the results of one-dimensional simulations of premixed
CH4-air counterflow flames under the influence of perturbations of the inflow mix-
ture composition respectively the flow field. For each of the two perturbation types,
we first focus on describing the behaviour of the perturbation on its way towards the
flame, then discuss the reaction of the flame in terms of correlation analyses of species
in state space. Finally, we present timescale analyses in the ILDM and REDIM
context in order to develop a strategy for a reduced description of perturbed flames.
All calculations use a detailed CH4 mechanism (34 species, 159 reactions; [27]) and
a detailed transport model with unequal Lewis-numbers and unequal diffusivities.
The unburnt temperature was assumed to be 298 K, the pressure is kept constant at
p = 1 bar.
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3.1 Inflow composition perturbation

As described in Section 2.1, time-dependent sinusoidal boundary conditions were
implemented for the mass fractions at the cold boundary to simulate a perturbation
of the inflow mixture composition. The mean values of the species mass fractions
were chosen corresponding to a stoichiometric mixture of CH4 and air; the amplitude
was set to 10 % of this mean values and frequencies between 20 and 1000 Hz were
investigated. A value of −0.8 · 106 N/m4 was assumed for the tangential pressure
gradient J, which is well below the extinction limit of the stoichiometric flame
(Jext≈ −1.7 · 106 N/m4).

3.1.1 Perturbation propagation

The first questions to be addressed when talking about perturbed flames deal
with the perturbation itself, e.g. how does the perturbation reach the flame, is
it subject to changes (e.g. in amplitude) on its way to the flame and are there
maybe conditions, where the perturbation does not reach the flame? An answer to
these questions can be found by analysing the temporal and spatial behaviour of
the species CH4, see Fig. 2. In the left figure, specific mole numbers (φi =wi/Mi,
with w as the mass fraction and M as the molar mass) of CH4 are shown over
spatial location and time for different frequencies (top to bottom: 20 Hz, 250 Hz,
500 Hz, 1000 Hz). Two-dimensional slices through these plots for different times are
shown on the right. At 20 Hz (top figures), the perturbation values remain constant
over the spatial location and the amplitude of the perturbation is not being changed
until the flame zone (0.005...0.007 m) is reached; in other words: At the low fre-
quency, the flame is subject to quasistationary perturbation values, corresponding
to different momentary equivalence ratios. For the higher frequencies, different
pictures are obtained, showing that the perturbation propagates towards the flame
in a wavelike manner. Why we see quasistationary values at low and a wavelike
propagation at high frequencies can be explained by the “wavelength”, that is
imposed on the perturbation at the cold boundary. Calculating this wavelength from
the flow field velocity v and the frequency f yields:

λ = v

f
. (19)

Note, that therein v is chosen to be constant (value taken from the cold boundary),
which is an assumption only (of course, the value changes over the flow field).
Equation 19 says, that an increasing perturbation frequency yields a decreasing
perturbation wavelength. This wavelength can be very long at low frequencies; in
our case, the wavelength at a 20 Hz perturbation frequency is so long, that it clearly
exceeds the dimensions of the system and thus, only quasistationary values of the
perturbation reach the flame. At higher frequencies, the wavelength is smaller than
the system dimensions and thus, a perturbation wave reaches the flame. A further

�Fig. 2 Left figures: φCH4 plotted versus time and spatial coordinate. Right figures: CH4 plotted
versus spatial coordinate at seven different time steps. Inflow mixture composition perturbation with
stoichiometric mixture as mean value, amplitude 10% of the mean value. Frequencies 20 Hz, 250 Hz,
500 Hz and 1000 Hz. Tangential pressure gradient J= −0.8 · 106 N/m4
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characteristic difference in the perturbation behaviour can be seen from Fig. 2:
The higher the frequency, the lower the amplitude that reaches the flame zone.
At 1000 Hz, the amplitude of the perturbation is even completely levelled to a
mean value. An illustrative explanation for that behaviour can again be found in
the context of the wavelength at different frequencies. Equation 19 shows, that an
increasing frequency yields a decreasing wavelength. This comes with an increasing
curvature of the single wavepeaks and thus causes faster dissipative processes [27],
which in turn tend to level the perturbation to a mean value. A simple example can
be studied to explain the behaviour mathematically, this is given in the Appendix.

Let us finally summarize the results concerning the behaviour of the perturbation:

– The perturbation propagation towards the flame can be compared to the move-
ment of a wave.

– The wavelength imposed at the cold boundary has to be compared to the system
dimensions in order to investigate, whether the perturbation reaches the flame
zone.

– Subject to increasing dissipative processes with increasing frequency, the per-
turbation amplitude decreases on its way to the flame; at high frequencies, the
diffusive processes might be so fast, that they have completely levelled the
perturbation to the mean value before it reaches the flame.

3.1.2 State space behaviour

After investigating the perturbation itself, the influence of the perturbation onto
the flame is investigated by analysing correlations of different species in state space.
Figure 3 shows two-dimensional projections of the (ns + 2)-dimensional state space,
with the specific mole numbers of some sample species being shown over the specific
mole number of CO2 (which can be considered an adequate measure for the reaction
progress, [26]).

The temporal evolution of the species is shown for one full perturbation period at
different frequencies (20 Hz in black, 250 Hz in red, 500 Hz in blue and 1000 Hz in
green). Note, that a detailed transport model (Lewis-number unequal 1 and unequal
diffusivities) was used to obtain the results. For 20 Hz, each momentary perturbation
value yields a characteristic correlation between the species and a variance between
the correlations is obtained due to the varying equivalence ratio. The correlations
are in agreement with those that can be found when looking at stationary flames
with corresponding equivalence ratios. An explanation for that can be found in the
quasistationary values that reach the flame at low frequency without considerably
being subject to dissipative processes (see Section 3.1.1). With increasing frequency,
a continuous decrease in the variance between species correlations can be found.
At 1000 Hz, the correlations are even closely bunched, corresponding to a sharp
correlation. This is also consequently following from what was discussed earlier in
Section 3.1.1: At high frequencies, the perturbation reaches the flame zone as a
mean value only, thus yielding a sharp species correlation. Again, this correlation
corresponds to the one obtained from a stationary flame at an adequate equivalence
ratio. The correlations being unchanged compared to the stationary case suggest, that
the chemical kinetics is not considerably changed by the perturbation. A closer look
onto that is possible via timescale analyses, whose results are presented next.
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Fig. 3 Projections of the (ns + 2)-dimensional state space into two-dimensional subspaces. Shown
are different species plotted versus CO2. Results for inflow mixture composition perturbation with
stoichiometric mixture as mean value, amplitude 10 % of the mean value, frequencies 20 Hz (black),
250 Hz (red), 500 Hz (blue) and 1000 Hz (green). Tangential pressure gradient J= −0.8 · 106 N/m4

3.1.3 Timescale analyses

Timescale analyses in both the ILDM and REDIM context (see Section 2.2) are
now presented to gain a in-depth view onto the chemical kinetics in the perturbed
flames. In order to simplify the analyses, the knowledge about the behaviour of the
perturbation from Section 3.1.1 can be exploited:

– Analyses of stationary flames at adequate values of the inflow mixture compo-
sitions are sufficient, if only quasistationary values of the perturbation reach the
flame; this is at low (wavelength exceeding system dimensions) and at very high
frequencies (perturbation levelled by diffusive processes).

– Analyses of instationary flames are only necessary in between the two extremes
described before.
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Therefore, we analyse stationary flames at the equivalence ratios �= 1.0, 1.1 and
0.9 (corresponding to minimum, mean and maximum perturbation value) and a
perturbed flame at 500 Hz (see the discussion in Section 3.1.1). It should be added,
that the calculations of the stationary flames use the same boundary conditions than
the perturbed ones with the perturbed mass fractions being replaced by fixed values.

First, we discuss the stationary flame analyses. Strained and unstrained unper-
turbed flames have already been discussed in the ILDM context in [26], but not
at different equivalence ratios. Figure 4 shows the results of the analyses for three
equivalence ratios, with solid lines being used for � = 1.0, dotted ones for � = 0.9
and dashed ones for � = 1.1. The left figure shows the 15 largest eigenvalues (the
system has 36 eigenvalues) versus φCO2 and the right figure the corresponding num-
ber of relaxed modes calculated on basis of a local error ≤ 5%, also plotted versus
φCO2 . For all equivalence ratios, 6 of the shown eigenvalues equal 0, corresponding
to the conserved quantities in the system (enthalpy, pressure and elements). Only
one of the eigenvalues has a positive real part, while all others are negative and can
therefore be identified as belonging to relaxation processes. For φCO2 values between
0 and 1.0 mole/kg, all shown eigenvalues are closely bunched. Correspondingly, the
number of relaxed modes obtained from the ILDM analysis is small (between 10
and 15) at all equivalence ratios. A low number of relaxed modes corresponds to an
ILDM of high dimension that is needed to describe the system within the required
accuracy (difference between detailed and reduced solution < 5%). An explanation
for that can be found in the domain of slow chemistry, were there is no clear
separation between slow and fast eigenvalues (as can be seen from the top part of
the figure) [22, 23]. With increasing φCO2 values, especially from φCO2= 2.0 mole/kg
on, the separation becomes clearer and thus, the number of relaxed modes increases.
For the maximum φCO2 the number of relaxed modes is 28, corresponding to a
two-dimensional ILDM that would be sufficient to describe the system within the
given accuracy. It is important, that the described behaviour of the eigenvalues and
relaxed modes does not qualitatively differ for the three equivalence ratios. At all

Fig. 4 Eigenvalue spectra (left figure) and number of relaxed modes (right figure) plotted versus
φCO2 for stationary flames with stoichiometric mixture (solid lines) and equivalence ratios 0.9 (dotted
lines) and 1.1 (dashed lines). The number of relaxed modes has been calculated with an ILDM-based
analysis based on a local error between reduced and detailed solution of < 5%. Tangential pressure
gradient J= −0.8 · 106 N/m4
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equivalence ratios the locally needed ILDM dimension is similar. It can thus be
stated, that an ensemble of unperturbed strained flames at different equivalence
ratios, corresponding to a perturbed flame at a low frequency, can be described by the
same ILDM dimension. Of course, additional dimensions or coordinates have to be
included in the ILDMs to represent the changing equivalence ratio and the resulting
different element compositions. For a discussion of the element composition issue
see Section 3.1.4. Furthermore, it has to be investigated whether the behaviour of the
eigenvalues and the number of relaxed modes changes, when the flame is perturbed.
We analyse the perturbed flame with a frequency of 500 Hz; Fig. 5 shows the results
for different times corresponding to different momentary inflow compositions (at
8.5 · 10−3 s, 9.5 · 10−3 s and 1.0 · 10−2 s; all times within the fifth perturbation period,
when transient effects have vanished). Again, the top figure shows the eigenvalues
and the bottom figure the number of relaxed modes, both being plotted versus
φCH4 . It can well be seen, that the qualitative behaviour is the same that could be
obtained from analyses of stationary flames: There are no considerable differences
in the qualitative behaviour between the different times. The eigenvalues show even
smaller differences for the different times respectively equivalence ratios than they
did for the stationary flames. This can be attributed to the perturbation loosing
amplitude due to dissipative processes (see Section 3.1.1). The number of relaxed
modes does not change its global behaviour, too. No additional slow timescales are
added by the perturbation (but note, that the number of slow timescales is relatively
high anyway) and it is possible to use the same dimension to describe the dynamics
of the system at all timesteps. Summarizing what was found so far from the timescale
analyses, it can be said that:

– The global behaviour of the eigenvalues, especially the separation between the
timescales is not changed in the perturbed case compared to the unperturbed
ones.

– No additional slow timescales are obtained in the perturbed case.

Fig. 5 Eigenvalue spectra plotted versus CO2. Results for inflow mixture composition perturbation
with stoichiometric mixture as mean value, amplitude 10% of the mean value, frequency 500 Hz
at six different time steps. The number of relaxed modes has been calculated with an ILDM-based
analysis based on a local error between reduced and detailed solution of < 5%. Tangential pressure
gradient J= −0.8 · 106 N/m4



Flow Turbulence Combust

– The number of relaxed modes, which corresponds to the local number of
processes that can be decoupled from the system, is globally not changed by the
perturbation.

– The overall number of relaxed modes is relatively low (corresponding to a high
ILDM dimension that is needed) in wide regions of the flames.

The last mentioned issue is well-known, as the ILDM-method does not account for
diffusive processes [24]. As described before in Section 2.2, this problem can be dealt
with by using methods like REDIM [24], that consider diffusion for constructing
a low-dimensional manifold. In order to analyse, which REDIM dimension would
be sufficient to describe the flames, we now use the analysis algorithm proposed in
Section 2.2. The analysis is done for unperturbed flames at different equivalence
ratios only; this is a simplification that is justified by the results from the ILDM
analyses, that did not show a change in the behaviour of the chemical kinetics
in the perturbed case. The analysis is done by calculating the angle α in each point of
the detailed flame calculation for different assumed REDIM dimensions. In Fig. 6,
the angle is being plotted versus φCO2 for the stationary flames at equivalence ratios
� = 1.0 (solid lines), � = 0.9 (dotted lines) and � = 1.1 (dashed lines). REDIM
dimensions of one (black), two (blue), three (red) and ten (green) were assumed.
For φCO2,max and φCO2= 2.0 mole/kg, a gap can be seen between the dimensions one
and two and between dimensions two and three. That means, that a two-dimensional
description would yield a considerably better result than a one-dimensional descrip-
tion, as well as a three-dimensional description would further increase the quality
of the result. Around φCO2= 1.5 mole/kg, the gap is big between dimensions one
and two, but not between two and three, thus, a dimension increase to three is
not essential in this region. For values smaller than φCO2= 1.5 mole/kg the gap can
mainly seen between dimensions two and three. For dimension three, the angle is
already very small, what can be interpreted in the way, that dimension three should
provide very good results in comparison to the detailed solution. This is in good
agreement with results found in [24], where even calculations using REDIMs of
dimension two provided very good results in comparison to the detailed solution.

Fig. 6 Angle α, see (14),
plotted over φCO2 calculated
for stationary flames with
stoichiometric mixture (solid
lines) and equivalence ratios
0.9 (dotted lines) and 1.1
(dashed lines). Assumed
REDIM dimensions 1 (black
lines), 2 (blue lines), 3 (red
lines) and 10 (green lines).
Tangential pressure gradient
J= −0.8 · 106 N/m4
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To get an idea about how the angle changes for even higher dimensions, it was also
calculated for an assumed REDIM dimension of ten (green line). It can be obtained,
that the angle decreases further, with the value being close to zero; this means, that
some points in the flame are nearly elements of the ten-dimensional REDIM. Even
though this higher dimension is expected to provide better reduced results (probably
mostly for minor species), other aspects have to be considered when choosing a
REDIM dimension for reduced calculations, that is the computational effort for the
calculation of the manifold, the needed storage capacity for the table and the reached
level of reduction.

3.1.4 Element composition

Dealing with the needed dimension of an ILDM or REDIM does not only require to
look at the number of slow and fast processes, as it was done in Section 3.1.3, but it
must also be discussed, what happens to the element composition. ILDM or REDIM
requires an additional coordinate, when the element composition is changing; e.g.
in a non-premixed flame, where the mixture fraction has to be included in ILDM-
or REDIM-tables as a coordinate. It is therefore of interest to investigate, which
correlations govern the element composition in perturbed flames and whether they
can be compared to the element composition correlations in unperturbed flames.
Describing the element composition in an unperturbed, premixed CH4-air flame
requires the knowledge of four different conditions, with three of them being given
directly:

– The sum of all element mass fractions equals 1.
– The ratio between C and H in CH4 is constant.
– The ratio between O and N in air is constant.

The fourth correlation is e.g. given by the equivalence ratio of the CH4-air mixture.
If an ensemble of such stationary flames at different equivalence ratios should be
described, additional two correlations are required. The question to be answered
is, whether these two correlations are also sufficient to describe a perturbed flame
or whether the perturbation introduces further correlations that are needed to
properly describe the element composition. Therefore, the behaviour of the element
composition in a perturbed flame at 500 Hz is compared to that in stationary flames
of different equivalence ratios. We start from stationary solutions of 44 unperturbed
flames with equivalence ratios between φ = 0.88 to φ = 1.1 (covering the range
of equivalence ratios caused by the perturbation). These are used to build up a
table which can be used for the comparison with the perturbed flame. In single
points on the trajectories of the perturbed flame, we then calculate the orthogonal
distance between the flame point and the plane spanned by the next three neighbours
of the point from the table. Results can be seen in Fig. 7. The two-dimensional
correlation between the stationary flames at different equivalence ratios is shown as
grey area. The solutions of the 500 Hz perturbed flames at different times are shown
as coloured symbols. Therein, the colours represent the orthogonal distance between
the perturbed flame point and the plane spanned by its next three neighbours in
the stationary flames table. The distances are very small, which indicates, that the
element compositions in the perturbed flame are—in good approximation—points of
the plane spanned by element compositions of unperturbed flames. Summarizing, it
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Fig. 7 Table of element
compositions of stationary
flames, φ = 0.88...1.1, shown
as grey area. Element
compositions for perturbed
flame with 500 Hz and 10%
amplitude at different time
steps (marked with different
symbols). Distance of solution
of perturbed flame to
stationary solutions used as
contour colour, see legend.
Tangential pressure gradient
J= −0.8 · 106 N/m4

can be said that the correlations between the element compositions in the perturbed
flames are—in good approximation—the same as in an ensemble of corresponding
stationary flames. No additional correlations are added by the perturbation. There-
fore, the governing correlations for the element composition can be obtained from a
lookup table of corresponding unperturbed flames. The tables might also be used to
estimate the influence of the perturbation on the flame when used for comparisons
between perturbed results and the table.

3.2 Flow field perturbation

Flow field perturbations were imposed on stoichiometric premixed CH4-air
counterflow-flames by implementing adequate time-dependent boundary conditions
for J on the cold boundary (see Section 2.1). In (6), the mean perturbation
value was chosen to be J = −0.8 · 106 N/m4 and the amplitude Ĵ = 0.50 · J, result-
ing in minimum / maximum perturbation values of −0.4 · 106 N/m4 respectively
−1.2 · 106 N/m4 (extinction limit Jext≈ −1.7 · 106 N/m4). Frequencies have been
varied between 20 and 1000 Hz.

3.2.1 Perturbation propagation

To illustrate the propagation of the perturbation, the flow field velocity is analysed
over the spatial coordinate at different time steps and frequencies, see Fig. 8.
Like before for the perturbed inflow mixture composition, the propagation of the
perturbation at high frequencies corresponds to a wavelike movement. At low
frequencies, the perturbation has again a very long wavelength which exceeds the
dimensions of the system, resulting in quasistationary perturbation values in the
flame region. At all frequencies, the amplitude reaching the flame zone is very small
and thus the representation in Fig. 8 is not sufficient to gain a detailed view onto what
happens to the amplitude on its way to the flame. Therefore, we choose a different
representation with the maximum change of the flow field velocity (maximum minus
minimum value, corresponding to the double amplitude) being plotted over the
spatial location for one full perturbation period, see Fig. 9. To make a comparison
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Fig. 8 Flow field velocity versus spatial coordinate for different frequencies (top figures: left 20 Hz,
right 500 Hz; bottom figures: left 1000 Hz, right 2000 Hz). Stoichiometric CH4-air flame with a
perturbation of the tangential pressure gradient; J= −0.8 · 106 N/m4, Ĵ= 0.50 · J

possible between the different frequencies, the value of the flow field velocity was
scaled with its respective cold boundary value. In this figure, a decrease in the change
of v can be seen with increasing frequency. This corresponds to the observation made
for the perturbed inflow mixture composition. But there is a difference, too: Whereas
the inflow mixture perturbation reached the flame without a considerable loss of
amplitude at low frequencies, the change of v is subject to a noticeable decrease even

Fig. 9 Maximum change of
flow field velocity over spatial
coordinate for different
frequencies. Values normed to
cold boundary value for each
frequency. Stoichiometric
CH4-air flame with a
perturbation of the tangential
pressure gradient;
J= −0.8 · 106 N/m4,
Ĵ= 0.50 · J
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at this low frequency. At 20 Hz, this decrease is nearly linear. Different phenomena
can be explained by the so far discussed behaviour of the perturbation:

– In [2], it was shown that the amplitude of the flame response decreases with
increasing amplitude. Together with the described behaviour of the perturbation,
this can be attributed to the perturbation being dissipated on its way to the flame:
The flame is not subject to the maximum and minimum perturbation values at the
boundary, but to reduced values only, which yield smaller flame reactions.

– Flames which are perturbed with high frequencies are able to sustain maximum
perturbation values beyond their extinction limit. This can also be explained by
the dissipation of the maximum perturbation values before the flame zone.

– The delay between perturbation and flame response increases with increasing
frequency [2]. Reason for that can be found in the wavelike movement of the
perturbation, which yields that the momentary boundary values are equal to the
momentary values at the flame. Thus, the reaction of the flame is not instanta-
neous and this delay increases with increasing frequency as the perturbation is
more and more dissipated before reaching the flame.

With this knowledge about the behaviour of the perturbation we can now switch to
analyses of its impacts on the flame. As the state space analyses do not bring any new
observations than those found for the perturbed inflow mixture composition (Section
3.1.2), we do not discuss them here.

3.2.2 Timescale analyses

It was described before, that only small changes of v reach the flame at all
frequencies. Therefore it is sufficient to analyse unperturbed stationary flames at
different flow field velocities. Such variations of the flow field velocity correspond
to calculating flames at different strain rates (tangential pressure gradients). In the
ILDM-context, such stationary flames with different strain rates were investigated
in [26] and are therefore not discussed here. The results there showed, that ILDMs
can be used to describe strained flames in the entire flame domain, with the number
of relaxed modes being high (between 29 and 25) for φCO2> 2.0 mole/kg and the
number being not smaller than 12 for smaller φCO2 values. The global behaviour of
the eigenvalues, which is shown at the top part of the figure, does not change for the
different strain rates. The eigenvalues are closely bunched until φCO2 ≈ 1.0 mole/kg
and are then evolving with characteristic gaps, which are important for the decou-
pling in the ILDM/REDIM context. Correspondingly, the number of relaxed modes
in the bottom figure is small in those flame regions, where the separation of the
eigenvalues is not clear. It increases with increasing gaps between the eigenvalues,
for example for φCO2 ≈ 1.9 mole/kg. Due to the overall low number of relaxed
modes, it is again strongly recommended to use REDIMs for the reduced description.
Concerning a fixed dimension of the REDIM that can be used in the whole domain,
we again look at the angle α according to (14) for different REDIM dimensions, see
Fig. 10. The angle was calculated for different strain rates corresponding to the mean,
minimum and maximum perturbation value (solid lines: J= −0.8 · 106 N/m4, dotted
lines: J= −0.4 · 106 N/m4, dashed lines: J= −1.2 · 106 N/m4). Dimensions one (black
lines), two (blue lines), three (red lines) and ten (green lines) were considered. First,
the qualitative behaviour as well as the magnitude of the angle at a certain dimension
is not changed by the different values of strain rate. Thus, a table of the same
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Fig. 10 Angle α, see (14),
plotted over φCO2 calculated
for stationary flames with
J= −0.8 · 106 N/m4 (solid
lines), J= −0.4 · 106 N/m4

(dotted lines) and
J= −1.2 · 106 N/m4 (dashed
lines). Assumed REDIM
dimensions 1 (black lines), 2
(blue lines), 3 (red lines) and
10 (green lines). Stoichiometric
mixture

dimension can describe all strain rates at the same level of accuracy. Concerning
the different dimensions, a gap can be obtained between dimensions one and two
respectively three, with the angle being small at dimension three. As before for the
different equivalence ratios, it can therefore be stated, that REDIM dimensions two
and three should be considered for reduced calculations. Again, dimension ten shows
a further decrease of the angle. However, this further decrease (corresponding to a
further improvement of the reduced result) does not seem to justify the higher effort
that is connected to tables of such high dimension.

3.2.3 Element composition

A detailed transport model with unequal diffusivities and Le �= 1 was used for the
calculations. This means, that a change of the element composition can occur due to
differential diffusion even though the stoichiometry of the flame was not changed and
the element composition has to be analysed in order to find correlations to describe
the behaviour of the element composition. The same analysis strategy was applied
that we already used in Section 3.1.4. The lookup-table of different stationary flames
was set up for flames at φ = 1.0 with different strain values and the perturbed flames
were compared to that table. The results correspond to the ones found in Section
3.1.4, with the behaviour of the element composition in perturbed flames being
directly comparable to the behaviour in the stationary flames. Again, no correlations
vanish due to the perturbation.

4 Summary and Conclusions

Laminar premixed CH4-air counterflow flames were investigated under conditions
of a perturbed inflow mixture composition respectively a perturbed flow field using
one-dimensional simulations with adequate time-dependent boundary conditions.
For both perturbations it could be found, that the propagation of the perturbation
towards the flame corresponds to a wavelike movement and that the perturbation
amplitude is subject to dissipative processes dependent on the frequency. The
amplitude reaching the flame decreases with increased frequency and might even
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be completely levelled to a mean value before the flame zone. State space analyses
of species and timescale analyses showed, that the perturbations do not qualitatively
influence the behaviour of the chemical kinetics. The local number of relaxed modes
in the flame was identified using an ILDM-based timescale analysis. Results show,
that the number of relaxed modes is globally not influenced by the perturbations and
that it is possible to decouple a considerable number of processes from the system in
the whole domain of interest. In some regions of the flame, the ILDM concept does
not provide a sufficient reduction of the system, thus it is suggested to use REDIMs.
These newly proposed manifolds (see e.g. [24]) account for diffusion processes and
are thus able to provide a low-dimensional description over the whole flame. In this
work, we presented a new analysis algorithm in the context of REDIM and applied it
in the discussed context of perturbed flames. It showed, that REDIMs of dimensions
two and three provide reduced results that are close to the detailed flame solution
throughout the whole domain of the flames. As a changing element composition
has to be included in ILDM/REDIM-tables, we compared the behaviour of the
element composition in perturbed flames to that in corresponding unperturbed
flames; it was shown, that the correlations between the element compositions are
not changed by the two types of perturbation. Therefore, a lookup-table consisting
of stationary flames can be used to describe the two-dimensional correlations of
element compositions in perturbed flames.

Acknowledgements The authors express their thanks to the Deutsche Forschungsgemeinschaft,
who supported this work within the framework of the Collaborative Research Center 606 and CIVB
(Combustion Induced Vortex Breakdown).

Appendix

Example for frequency dependent loss of amplitude

Consider a parabolic equation and its boundary conditions including the perturba-
tion of the unburnt state. Note, that we look at the system from a Lagrangian point of
view and do therefore not include convection; this is justified, as convection processes
do not change a manifold [22, 23]:

ψ t = kψ xx

t > 0, 0 < x < 1

ψ(0, t) = 
sin(ωt), ψ(1, t) = 0, ψ(x, 0) = 0. (20)

x is given as the coordinate of each point scaled with the system length, k are the
diffusion coefficients, also scaled with the system length. Equation 20 is transformed
into a homogeneous form with respect to the boundary conditions. Then, we apply
the methods of Fourier expansion and separation of variables, that means, we are
looking for:

v(x, t) = ψ(x, t) − (1 − x)
sin(ωt)

v(0, t) = ψ(0, t) − 
sin(ωt) ≡ 0,

v(1, t) = ψ(1, t)≡0, v(x, 0)=ψ(x, 0) ≡ 0. (21)
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Simple calculations yield a non-homogeneous system for v(x, t) with homogeneous
boundary conditions:

vt = kvxx − (1 − x)
ωcos(ωt), t > 0, 0 < x < 1

v(0, t) = 0, v(1, t) = 0, v(x, 0) = 0. (22)

A standard solution for this system can be found through separation of variables and
Fourier series as

v(x, t) =
∞∑

n=1

t∫

0

ekλn(t−s) Fn(s) ds sin(nπx) (23)

with

λn = −(nπ)2 (24)

Fn(t) = 2

1∫

0

F(x, t) sin(nπx) dx. (25)

Here, F(x, t) denotes the additional nonhomogeneous term F(x, t) = −(1 −
x)
ω cos(ωt) in (22) and λn is the eigenvalue for the n-th mode. By using the sine

Fourier series (1 − x) = 2
π

∞∑

n=1

nπx
n , we can write the final solution in form of the series:

ψ(x, t) = v(x, t) + (1 − x)
 sin(ωt)

=
∞∑

n=1

⎧
⎨

⎩

t∫

0

ekλn(t−s) Fn(s) ds + 2
 sin(ωt)
πn

⎫
⎬

⎭
sin(nπx). (26)

To see, how different frequencies ω affect the solution, we have to analyse the term
an(t) = {...}, which is defining the amplitudes of the Fourier expansion. Simplification
and integration permits to write it in an explicit form:

Fn(t)=−2
ω cos(ωt)
πn

⇒ an = 2


πn

⎛

⎝−
t∫

0

ekλn(t−s)ω cos(ωt) ds + sin(ωt)

⎞

⎠

⇒an = 2
kλn

πn

(−ωekλnt+ω cos(ωt) + kλn sin(ωt)

k2λn
2 + ω2

)
. (27)

Therein, λn are eigenvalues of a second order homogeneous problem, given by λn =
−(πn)2, and the final solution can be written as:

ψ(x, t) =
∞∑

n=1

(an(t, n, ω) · sin(nπx)). (28)

It can be seen, that for a fixed mode n of the Fourier series, the amplitude behaves
asymptotically like an ≈ 1

ω
. Hence, the perturbed solution approaches the stationary

unperturbed solution for increasing frequencies: ψ(x, t) ≡ 0. This explains, what
could be seen from the Fig. 2. To estimate further, how perturbations are relaxed
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Fig. 11 Definition of the
contour in the complex plane

over the spatial interval, we will replace the sum (28) by an integral and apply
complex function analysis. First, let us estimate the coefficients an in (28) for large
values of t and a summation index n >> 1:

an = 2
kλn

πn

(
ω cos(ωt) + kλn sin(ωt)

k2λn
2 + ω2

)
. (29)

Next, we re-write the (28) by using the explicit form of λn = −(πn)2, with n=1,...:

ψ(x, t) ≈ −2
ωcos(ωt)
π3k

∞∑

n=1

nsin(nπx)
(

n4 + (
ω

π2·k
)2

) + 2
ksin(ωt)
π

∞∑

n=1

n3sin(nπ)
(

n4 + (
ω

π2·k
)2

) . (30)

Fig. 12 Sets of the detailed
solutions with the estimated
function. At the top for ω = 1,
at the bottom for ω = 10;

 = 2 and k = 0.01 in both
cases
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Now, the two left sums in (30) are estimated by integrals:

S1 =
∞∑

n=1

nsin(nπ)
(

n4 + (
ω

π2·k
)2

) ≈ I1 =
∫ ∞

0

zsin(zπx)dz
(z4 + a2)

, a = ω

π2 · k

S2 =
∞∑

n=1

n3sin(nπ)
(

n4 + (
ω

π2·k
)2

) ≈ I2 =
∫ ∞

0

z3sin(zπx)dz
(z4 + a2)

. (31)

The converged improper integrals I1 and I2 can be integrated by a complex contour
integration using the Residue Theorem. The integrals are therefore reformulated as
complex integrals over the contour shown in Fig. 11 and are solved by residue of the
integral function in singular points inside the contour z = 1√

2
(1 ± i):

I1 = π

2a
e−√

a
2 πxsin

(√
a
2
πx

)

(32)

and I2 can be obtained correspondingly as:

I2 = π

2
e−√

a
2 πxcos

(√
a
2
πx

)

. (33)

Thus, the behaviour of the solution as a function of the frequency is estimated as:

ψ(x, t, ω) ≈ −
cos(ωt)e−√
ω
2k xsin

(√
ω

2k
πx

)

+
ksin(ωt)e−√
ω
2k xcos

(√
ω

2k
x
)

, (34)

which means, that the solution relaxes exponentially according to ψ(x, ω) ≈ 
e−√
ω
2k x

as shown in Fig. 12.
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