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We consider generalized Calderén-Zygmund operators whose kernel takes values in the space of
all continuous linear operators between two Banach spaces. In the spirit of the T'(1) theorem of
David and Journé we prove boundedness results for such operators on vector-valued Riesz potential
spaces. This improves and generalizes a result by Hytonen and Weis.

1 Introduction

In this paper we want to study non-convolution type singular integrals of the form

(TF)(u) = o K (u,v) f(v)dv (1.1)
(see e.g. [19, 20]). Inspired by the famous T'(1) theorem of G. David and J.-L. Journé [4, 5] on the
L, boundedness of operators (1.1) T. Figiel [8] has proved a T'(1) theorem for X-valued L,, functions,
where X has the UMD-property. The kernels K are still scalar valued, however. Recently T. Hytonen
and L. Weis [13] gave a new proof of Figiel’s T'(1) theorem and extended it to operator-valued kernels
K.

On the other hand, various authors (e.g. [9, 11, 18, 21, 23]) obtained results of the same spirit as
the T'(1) theorem of David and Journé for other scalar-valued function spaces, including homogeneous
Besov, Triebel-Lizorkin and Riesz potential spaces. In [12] T. Hytonen and the author give a new prove
of the T'(1) theorem for Triebel-Lizorkin spaces, using methods from [13]. And in [15] we show an
operator-valued version of the T'(1) theorem for vector-valued Besov spaces.

In this paper, we prove the following operator-valued T'(1) theorem for vector-valued Riesz potential
spaces. The definition of these spaces, as well as of the various conditions appearing in the theorem,
are given in Section 2. The theorem is then proved in Section 3.

Theorem 1.1 Let X,Y be UMD spaces. Suppose that T : S(RY) — S'(RN, L(X,Y)) is in the class
RCZO, for some v € (0,1], satisfies the weak R-boundedness property, and T(1) = 0.

(a) T extends to a bounded linear operator from H;(X) to H;(Y) for each s € (0,v) and each
p € (1,00).

(b) If in addition T" € RCZO, and T'(1) = 0, then T extends to a bounded linear operator from
H;(X) to H;(Y) for each |s| < v and each p € (1,00).

Theorem 1.1 contains the L? result by Hyténen and Weis from [13] as a special case (s = 0). However,
we use a weaker version of the weak R-boundedness property, which slightly improves their theorem.

2 Definitions and Notations

Throughout this paper X and Y are complex Banach spaces. The space £(X,Y) of bounded linear
operators from X to Y is endowed with the uniform operator topology. X’ = £(X,C) denotes the dual
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space of X. All our (possibly vector-valued) functions and distributions will be defined on R for a
fixed positive integer N. Therefore the various function spaces E(RY, X) in this paper are denoted
simply by E(X). For example we write L,(X) for the Bochner-Lebesgue space L,(RY, X), p € [1, o0],
equipped with its usual norm.

N :={0,1,2,...} is the set of all nonnegative integers. The conjugate exponent p’ of p € [1,00] is
given by 1% + :z% =1.

We write D(RY, X) for the space of all compactly supported smooth functions with values in X.
The Schwartz class S(RY, X) is the space of all X-valued rapidly decreasing smooth functions, endowed
with its usual topology. For D(RY,C) and S(RY, C) we also write D(RY) and S(RY) respectively. The
space S'(RV, X) of all X-valued tempered distributions is defined as the space of all continuous linear
operators from S(RY) to X. The Fourier transform F : S(RY) — S(RY) is defined by (Fp)(u) =
B(u) = fyw = (0)do.

Let Z(RY, X) be the space of all Schwartz functions ¢ € S(RY, X) such that D*3(0) = 0 for all
multiindices & € N¥. Then Z(RM, X) is a closed subspace of S(RY, X). If Z/(RV, X) denotes the
space of all continuous linear operators from Z(RY) = Z(R¥,C) to X, then S'(RY, X)/P(RY, X) and
Z'(RM, X) are isomorphic (cf. [22, 5.1.2] and [14, Section 7]). Here P(R™, X) stands for the space of
all polynomials on RY with coefficients in X.

Riesz potential spaces
Let p € (1,00) and s € R. The Riesz potential spaces H;(X) = H; (R™, X) is the space consisting of all
f e Z'(RV, X) such that
1125 x) = 1F=2( Dz, oo
is finite. Note that Z=1(| - |*f()) maps Z'(RY, X) onto itself and that ”'”H;(X) is a norm on H;(X).

Let ¢ € D(RY) be radial, equal to 1 in B(0, 1), and supported in B(0,2). Let $ = ¢ — <Z(2) and
;= @(27+), j € Z. 1t follows from the results in [16] that, if p € (1,00) and X is a UMD space (for a

definition see below), then
1 , 2 1/2
_ — ($)2is ,
Fer(x) | (/O Hzrj(t)z [ L,,(X)dt) .
JEZ

is an equivalent norm on H;(X ). Here (r;) is some sequence of distinct Rademacher functions.
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The operator T

We consider a continuous linear operator
T:SRY) - S RN, L(X,Y)).
T can be identified with the continuous bilinear form
SERYN) x S®Y) = LIX,Y),  (o,0) = (T)(¥).
In place of (T'¢)w we also use the notation <1/J, Tgo>. To T we assign an “adjoint” operator
T SRY) - S'RY, LY, X)), (%, T'¢) = (¢, TV,

where the latter  designates the usual Banach adjoint of an operator in £(X,Y).
From T we derive a linear mapping 7' : S(RY) ® X — S'(RM,Y) : for x € X and ¢,v € S(RY), we
let
(v, Tlp@a]) :== (¢, Tp)x €Y.
This makes sense, since (1, T¢) € L(X,Y). So T[p ® 2] is a Y-valued tempered distribution and T is
well-defined on S(RY) x X. Now we extend T to S(RY) ® X by linearity. In the following we will not
distinguish between T and T.
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The associated kernel

Suppose now that K : {(u,v) € RN xRN : u #£ v} — L(X,Y) is continuous. We say that T is associated
with K if

(o10) = [ otu) [ K ojowdodu (2.1)

RN RN

holds for all ¢,¢ € D(RY) with suppy N suppé = (. This means that, for each ¢ € D(RY), the
distribution T'¢ agrees almost everywhere on the complement of supp¢ with the continuous function
Jan K(-,v)¢(v)dv, defined on the complement of suppe. It is clear from (2.1) that 7" is associated to
K’ given by K'(u,v) = K(v,u) for u # v.

Now we assume that K satisfies the standard estimates

(SEo) sup{|u — v|V||K (u,v)|| : u # v} < oo,

[ K (u, v) — K (ug,v)||
|u — up|”

(SE,) sup{|u—vN+” Su— o] > 2|u — ug >0} < 0.
for some v € (0,1]. We say that T' € CZO, if T is associated with K satisfying (SE¢) and (SE,). Note
that T' € CZO, does not emply that T' € CZO,,.

Definition of T'(1)

The action of T' € CZO,, is not a priori defined on the constant function 1 ¢ S(RY), but we can make
sense of the notion T'(1): We will define T'(1) as a linear operator acting on

DO'RY) := {p € D(RY) : / o(u)du = 0}.
RN
For doing this we first observe that, if ¢ € DY(RY), the distribution 7”¢ agrees with an integrable
function on the exterior of any neighborhood of suppy. Now choose ¢ € D(RY) such that ¢y = 1 in a
neighborhood of suppy and define

(1T = (0T + [ (1= o)) u)d

Here the first term is given by the usual pairing between test functions and distributions and the second
term exists because T”¢ is integrable on the support of 1 — 1. One can show that the value of (1,7"¢)
is independent of the actual choice of ). Now we make the natural definition <<p, T(1)> = <1, T'¢>/’X€
L(X,)Y).

The weak boundedness property

The closed ball with center v € RY and radius » > 0 is denoted by B(u,r). We say that ¢ is a
normalized bump function associated with the unit ball B(0, 1) if ¢ € D(RY) with suppp C B(0,1) and
ID*p||L.. <1 for all || < M, where M is a large fixed number. ¢ is a normalized bump function
associated with the ball B(u,r) if ¢(-) = r~Np(r~!(- — u)), where ¢ is a normalized bump function
associated with the unit ball.

The operator T is said to have

e the weak boundedness property provided that, for every pair of normalized bump functions ¢, ¢
associated with any ball B(u,r) we have ||(¢,Ty)|| < Cr=V.

e the weak boundedness property at 0 provided that, for every pair of normalized bump functions ¢, ¢
associated with any ball B(0,r) we have H((b, T<p>H <CrN.

The following lemma is a refinement of an auxiliary result in [13, Sect. 2]. For a proof see [15].
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Lemma 2.1 Let k € N, a > 0, w € RN, and let ¢,¢ € DO(RYN) be normalized bump functions
associated with B(0,a) and B(w, 2a) respectively. Let T € CZO,, satisfy the weak boundedness property
at 0.

(a) There is a constant Cy < oo such that

k wl\ N
. 7o) < O (1 551 )

(b) If in addition T(1) = 0, then there are constants Cy < oo and 6 > 0 such that

—N-$§
[{p, T@)|| < Ca(a2¥)™N~ (1+|1;|€> .

Notions from Banach space theory

For our result on Riesz potential spaces we will restrict ourselves to Banach spaces that have a certain
geometric property, namely the property of Unconditional Martingale Differences (UMD). There are
several equivalent definitions for this property (see [2, p.141-142] and the references given there). Here
is one of them:

Definition 2.2 A Banach space X is a UMD space if and only if the Hilbert transform

(Hf)(u) = PV — /f &, feSRX),

extends to a bounded linear operator on L,(R, X) for some (and thus for each) p € (1, c0).

Remark 2.3 (a) It is clear from the definition that each Hilbert space is a UMD space. The dual
space and each closed subspace of a UMD space is a UMD space. A UMD space X always has a uniformly
convex renorming [1] and therefore is super-reflexive [7]. In particular, ¢; is not finitely representable
in X. Hence X is B-convex [6, Theorem 13.6].

(b) Let (92,%, i) be a o-finite measure space. If X is a UMD space and p € (1,00), then L, (€, i, X) is
also a UMD space [2, p.145].

Next we recall the notion of R-boundedness.

Definition 2.4 Let X,Y be Banach spaces. A set of operators 7 C L(X,Y) is called R-bounded if
there is a constant C' < oo such that for all m € N, all Ty,...,T,, € 7 and all z1,...x,, € X we have
that

m

DI IANELS ol

where 7, is the k-th Rademacher function on [0,1]. The infimum over all C such that (2.2) holds is
called the R-bound of T and is denoted by R(T).

It is clear from the definition that R-boundedness implies uniform boundedness. But in general the
notion of R-boundedness is stronger than that of uniform boundedness. In fact, G. Pisier proved that
every bounded subset of £(X) is R-bounded if and only if X is isomorphic to a Hilbert space (cf. [3]).
But R-boundedness is equivalent to uniform boundedness between the so called Rademacher spaces,
which we define now.

Definition 2.5 For a Banach space X, the Rademacher space RadX is the closure in Ly([0,1], X)
of the subspace of all finite linear combinations Z;nzl L2k, where 7, are Rademacher functions and xy,
are elements of X.

For Th,..., T, € L(X,Y), the operator [T;];", : RadX — RadY is defined by

2.2
L2([0,1],X) (2.2)

m

m
Tkmnzl : Z’Fkxk. — ZrkaI‘k.

k=1 k=1
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With this definition it is immediate that 7 C £(X,Y) is R-bounded if and only if {[Tx]7~, : m €
Zy, Th,...,T,, € 7} is a bounded subset of L(RadX,RadY).

Proposition 2.6 [17, Proposition 3.5] Let 7 be a R-bounded subset of L(X,Y). If X is B-convex,
then {T': T € 7} C LY, X") is R-bounded.

In particular, if X and Y are UMD spaces, then 7 C £(X,Y) is R-bounded if and only if {T" : T €
7} C L(Y', X’) is R-bounded.

The class RCZO,

For a kernel K : {(u,v) € RN x RY : u # v} — L(X,Y) and a real number v € (0,1] we consider the
standard R-estimates

(SREo) R({|u—v|N||K(u,v)|| : u#v}) < o0,

| K (u,v) — K (ug, v)||
lu — ug|”

(SRE,) R({|u—v|N+” u— vl > 2|u —ug| > O}) < 0.

We say that T'€ RCZO,, if T is associated with K satisfying (SREq) and (SRE, ).
It is clear from the definition that the class RCZO, is contained in CZO, . If XY are Hilbert spaces
then the two classes coincide.

The weak R-boundedness property

For r > 0 and w € R we define the dilation and translation operators on S(RY) by

orip = T_N/ZQD(T_l')a Tw$ = (P(' - ’LU).

Moreover we define the continuous linear operator 77, : S(RY) — S’(RY, L(X,Y)) by

(6. The) = (Twbrd, Tlrudre]),  @,¢ € SRY).

With this definition we can reformulate the weak boundedness property as follows: The operator T has
the weak boundedness property if and only if for all normalized bump functions ¢, ¢ associated with
the unit ball, the set {<¢, T{;go) weRr > 0} is bounded.

The operator T is said to have the weak R-boundedness property provided that there is a constant C'
such that, for every pair of normalized bump functions ¢, ¢ associated with the unit ball, we have that
sup, ey R({(6, T ¢) : j € Z}) < C.

If T is a singular integral operator with associated kernel K and ¢, ¢ are test functions with disjoint
support, then

(6. T50) =000 Tl = [ [ oK vp(252)do du
=N / d(u) K (ru—+ w,rv + w)p(v)dv du.
n RN

Therefore T, is also a singular integral operator associated with the kernel K, given by
K! (u,v) = rN K (ru 4w, v + w).

Corollary 2.7 Leta > 0, k € N, w € RV, and let p,¢ € D°(RYN) be normalized bump functions
associated with B(0,a) and B(w,?2%a) respectively. Let T € RCZO, satisfy the weak R-boundedness
property.

(a) There is a constant Cy < oo such that for all v € RY

o . k wl\ N
RU(6.T2'¢) 53 € 2}) < Cr g (1 n C'Q,L) |
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(b) If in addition T(1) = 0, then there are constants Cy < co and § > 0 such that for all v € RV,

|wl

R({(p. T2 6) : j € Z}) < Ca(a2®)N (1 + 2k> o

Proof. Let v € R" be fixed and 7, = {Tv2j :j € Z}. For (Sk)i, C 7, consider the continuous linear
operator

[Sk] : SRY) — S'(RY, £L(Rad X, RadY))
defined by
(o:[8400) = (9. S40)], .0 € SRY).
Then [Sk] is in CZO,, with constant not depending on v or the choice of the finite sequence (Sy).

Moreover, [Sy] satisfies the weak boundedness property at 0, also with independent constant. Finally,
if T(1) = 0, then also [Sk](1) = 0. So we can apply Lemma 2.1. O

3 Proof of Theorem 1.1

In the proof of Theorem 1.1, we proceed in a similar way as in [13].
We will decompose our operator T into parts we can handle using Corollary 2.7. For this we use
a resolution of unity from [13, Sect. 2]: Take ® € DY(RY ) and ¥ € S(RY) such that ® is radial and
real-valued, both ® and ¥ are non-negative, ®(u) > 1 for £ < |u| <2, U is supported in {3 <|u| <2},
and
Z d(2u =1 for all u € RN \ {0}.
JEZ
We write ®;(u) = 27VI®(279u), U;(u) = 27MU(27u) and Pjf := ®; * f, Q;f = V; * f for
feS (RN X).
For f € S(RY) and j, k € Z,

(TP = (@5 T s f)0) = (500 .7 [ 0ute = opp(ejan] )

- / (®;(u— ), T[@4( — 0)]) fw)do = / K 1(u,v) f(v)do
R R

where Kj i (u,v) := (®;(- — u), T[®p(- — )]> € L(X,Y). (Recall that ® is radial.) We will consider the
operators T, associated with the kernels K j:

Tyt = [ Kpsslwo)f@o, € SERY.X).

One can show that T can be extended to bounded linear operators from L,(X) to L,(Y) for all
p € [1,00] [15].

Proof. First we consider the case that k € N. Then for g € SRV)® Y’ and f € S(RY) ® X, we
can estimate

> Ao, Qj+k:Tj+k,ijf>‘ = YU Tyik,) Qskg, 2_(j+k)stf>’

JEL JEL
<Z ri ()29 (Ty115) Qjang, Z rl<t)2_(l+k)sQlf>dt‘
JEZ leZ
P’ 1/p’
</ > it Tjrr,j) Qjrrg dt)
JEZ p,(X/)
1 P 1/p
X (/ Z Tl(t)Q_(l+k)SQlf dt) .
0 ez Lp(X)




Kaiser: T1 theorem 7

The second factor is bounded by C27%¢|| f|| ;. by Kahane’s inequality and results from [16]. To estimate
the first factor, we observe that

(15101 Qyss0) ) = [ [y, 0)] Q09 ()

= [PV s (04 20,0 @pag) o+ P
]RN

Since ' 4 4 4 )
PNK k(04 2u,0)) = 27M(®; 4 (- — v — 2u), T[®; (- — v)]),

and @, (- — v — 29u) = 7,095 7,02 @, Corollary 2.7 (a) is applicable and yields (cf. Proposition 2.6)

‘ 1+k | \ N
sup R({2N[Kjqpj(v+2u,0)] 1 j€Z}) < C v | L+ .
vERN (a2 ) a2

On the other hand, by a result of Bourgain ([10, Lemma 3.5]),

(f

p/

Lp/

_ 1/p'
> i (0)29%(Qj kg (- + 27u) dt) <Cln(2+ 2*k\u|)||g||Hg(Y,).
(Y’)
So

ZT 2(]+ (Tjrk,5) Qirkg

JEZ
' 1/p’
(f )
ez L (X"

1+k |\ N L
1+ - In(2 + 2 e,
<Crgn / ( . 0(2+ 27 ul) du gl g+ )

—C(1+k) / O )™ (2 + oful) du lgl ey

Now let —k € N. Then for g € S(RY) ® Y’ and f € S(RY) ® X, we can estimate

Z<2(j+k)st+kg, 2(j+k)STj+k,ijf>'
ez
P’ 1/p’
dt)
» (Y7)

> om0 Quf

IEZ

Z<97Qj+ij+k,ijf>‘ =

jeZ
1
0

er(t) 207+ °Q; +kg

JET

1 P 1/p
X (/ dt> .
0 Ly(Y)

Now we proceed in a similar way. We use Corollary 2.7 (b) to show that

—N=§
sup REUTONE o i(u,u+ 2750 - j € Z) < Cy(a2lF) =N <1 + |21}|| |> :
u€RN

(Observe that ®;(- — u — 27v) = 7,09;4+x 7,05+ ® and 7,0, +® ~ B(v,2/Fla).) Then, using again Bour-

gain’s result, we obtain
P 1/p
D2V T,Qsf dt)
Ly(Y)

</r JEZL
—N-§
gC(az‘kl)—N—Vz—’w/ <1+a2|k|> ln(2+2k\u|)du||f||H;(X)

RN

=C(a2lFy~voks /RN(I + [v)) "N In(2 + alul) du 11 iz ()



8 Kaiser: T1 theorem

Finally, putting everything together,

HTfHH;(Y) < Z

keZ

ZQﬁijJrk,ijf‘

JEL

Hy(Y)

0 e’}
<C 30 2 eI 0+ 3 2 B i
k=—o0 k=1

<Ol
O
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