ON CRITICAL VALUES OF RANKIN-SELBERG CONVOLUTIONS

HENDRIK KASTEN AND CLAUS-GUNTHER SCHMIDT

ABSTRACT. For a pair (7, o) of cuspidal automorphic representations of GL,, and GL,,—1, both of
non-vanishing cohomology with possibly non-trivial coefficients, we show algebraicity properties
of critical values of the associated Rankin-Selberg L-function twisted by finite order characters.
A certain non-vanishing assumption about an associated archimedean Rankin-Selberg pairing
on the cohomology is established for n = 3.

0 INTRODUCTION

In this article we intend to generalise and continue previous investigations of special values of L-
functions of Rankin-Selberg type attached to pairs of cuspidal automorphic representations of GL,,
and GL,_;. These L-functions, introduced by Jacquet, Piatetski-Shapiro, and Shalika in [JPS4],
are entire functions in the complex variable s and satisfy a functional equation, when s goes to
1 —s. Under the assumption, that the representations occur in cohomology, we show algebraicity
properties of special values similar to those predicted by Deligne for motivic L-functions (cf. [Del]).
For cohomology with constant coefficients this has been done earlier: for n = 2 by Mazur and
Swinnerton-Dyer in [MS], for n = 3 by one of the authors in [Schml], and for arbitrary n by
Kazhdan, Mazur, and one of the authors in [KMS]. In this paper we generalise this approach to
cohomology with not necessarily constant coefficients. The case n = 2 had already been settled in
the context of modular forms by Manin (cf. [Man]).

To be more precise, let (m,0) be a pair of cuspidal automorphic representations of GL,,(A) resp.
GL,,—1(A) over the adele ring A of the field Q of rational numbers. We assume 7 to have non-
vanishing cohomology with coefficients in a finite-dimensional, rational representation M,, of GL,
of highest weight 11, so that for the infinity component 7, of m the representation 7. ® M, has
non-trivial Lie algebra cohomology. We make the analogous assumption for ¢ with a suitable
representation M, of GL,_1. To each weight there is attached an integer w = wt(u) resp. w' =
wt(v) relating weights with their duals, and it turns out that the half integer k= 3(w +w’ + 1) is
critical for the Rankin-Selberg L-function L(w,c;s) if and only if w and w’ have the same parity.

Like in [KMS] for a fixed pair (7, o) we are interested in the package of critical values L(r®x, o; k),
where chi runs through all finite Dirichlet characters. We want to show, that the function x —
L(m ® x,0; k), after division by an appropriate period depending only on the sign of x, takes
algebraic numbers as values. Furthermore we want to understand in general certain arithmetic
properties of these values, in particular how they behave p-adically, when x varies over finite
Dirichlet characters of p-power conductor for a fixed prime number p. Once the algebraicity of
the special values is settled, the techniques developped in [Schm2] immediately supply associated
p-adic measures and p-adic L-functions interpolating p-adically those special values. So in this
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2 Cohomological Representations and Twisted Rankin-Selberg Convolutions

article we concentrate on the algebraicity properties for characters of p-power conductor,® thus
remaining as close as possible to the situation in [KMS].

The proof of algebraicity properties of special values relies on the choice of a linear form A\ on the
tensor product of the coefficient systems M, and M,. We have to analyse a certain product

A(s) = Py () - L(m ® x, 03 5)

with an entire function Py o (s) determined by A and the zeta integrals on the Whittaker models
of T and os. Our first main result, Theorem A, expresses the special value A(k) in terms
of algebraic numbers resulting from pairings of cohomology groups via A. As in [KMS] we are
faced with the question, if Py o (%) is zero. This is obviously vital for the desired conclusion to
algebraicity statements for special values of the L-function itself.

Our second main result, Theorem B, deals with this problem in the case n = 3. We show for
arbitrary coeflicient systems M,, and M, that there is a linear form A with appropriate rationality
properties, such that Py o (x) does not vanish indeed. The idea of the proof is to carefully keep track
of the pairing of the cohomology of m,, ® M,, with the cohomology 0., ® M,,, whose image consists
of Py o (x) - C and which is induced by the Rankin-Selberg pairing of the respective Whittaker
spaces of T, and 0,. The important key result here is, that this pairing of the Whittaker spaces
remains non-trivial when restricted to minimal K-types as long as these K-types “fit together”.

1 REPRESENTATIONS WITH NON—VANISHING COHOMOLOGY

1.1. The coefficient systems. Let n € IN be a natural number. Throughout this paper we
write Z,, for the centre of GL,, and set K, oo = SO, (R)Z;"(R), where by Z;7(R) we mean the set
of elements of Z,(R) with positive determinant. We will always use small letters to identify the
respective Lie algebras gl,,, sl,, $0,, 3n, &y 00, etc. of GL,(R), SL,(R), SO, (R), Z,(R), Ky cc,
etc.

As we will prove in Section 1.2 being cohomological is a local property at infinity:

Lemma 1.1. An irreducible cuspidal automorphic representation w occurs in cohomology in the
sense of [KMS] if and only if

H*(gl,, Knoo3 Too) # 0.

We will use a more general notion (cf. [Har|, p. 60ff). In order to do this we need to introduce
some new vocabulary. So let B,, = T,,U,, denote the group of upper triangular matrices in GL,,.
Here, T, resp. U, is the standard maximal torus in GL,, resp. the unipotent radical of B,,. Let
X(T,) be the set of algebraic characters v : T,, — G, of T,,. Then X+ (T,) denotes the set of
dominant weights in X (7},). We identify Z" with X (7,,) by sending 1 = (p1;) to t — [, ¢}". For a
weight © € X1 (T,,) we denote by (g, M,,) the irreducible algebraic representation of GL,,(Q) of
highest weight u. Note, that such a representation always exists, and is unique up to equivalence.
Since by [Clo], p. 122, the representation g, : GL,(Q) — GL(M,) is defined over Q, we may
assume that M, is a Q-vector space. For any extension E/Q we set M, g := M, ® E.

Definition 1.2. Let Coh(GLy,, ) denote the set of all irreducible cuspidal automorphic represen-
tations m of GL,,(A) satisfying

(1.1) H*(gl,,, K003 Too ® My,.¢) # 0

for the relative Lie algebra cohomology, where T is the infinity component of m.

Lhot a serious restriction
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Lemma 1.1 now says: Coh(GL,,0) is the set of all representations that occur in cohomology in the
sense of [KMS]. In that case, p = 0 is the dominant weight and g, is the trivial representation.

Note, that not every dominant weight occurs as maximal weight in the coefficient system of a
cohomological representation. More precisely, by Section 3.1.1 of [Mah] we have p € XO+ (T), the
set of all dominant weights in X (7,) satisfying

(1.2) gt war, = (Wt(p), .-, w(u))

for some wt(u) € Z, where wgr, is the longest element of the Weyl group Wqr, = War, (Th)
of GL,. If we denote by i € XT(T,) the dual weight of u, i. e. the highest weight of the

contragredient representation (g,,M,,), we have i = —wqr,p. Hence (1.2) amounts to saying
that p is self-contragredient up to twist.

1.2. A closer look at relative Lie algebra cohomology. For later use we are interested
in a submodule of H*(gl,,, K, o0; Too ® M, ¢) that is one-dimensional as a C-vector space and easy

to describe. We know that for the lower cohomological bound
1
b= (0 —n+2[3))

the cohomology space H'(gl,,, Ky 00;Too @ M, ¢) is one or two dimensional, so that we expect
to find a suitable submodule there. We provide a formula for those cohomology modules by the
following

Proposition 1.3. For m € Coh(GL,, 1) we have

S0, (R)
H*(gl,,, Ky 003 Too @ My, ¢) = (/\(Eln/son)* ® oo ® M%(g) .

Proof. Since K, o is connected, by section 1.5 of [BW]? we may write
H* (g[na Kn,oo; Too & MH,C) = H.(g[na En,oo; Too & MM,C)-
Consider the complex

[BW], 1.1.2

C* (9l Bnooi Too @ Mye) =" Hom, (/\ 8L,/8n .00, Too @ My ).

By Theorem 1.5.3 of [loc. cit.], and since m € Coh(GLy,, ), the central character of s equals the
one of ¢,, implying that 7o, ® M, ¢ has trivial central character. Recall that 7 and M, both
are irreducible representations of GL,,(IR). By the triviality of the central character of moc ® M, ¢
the latter uniquely corresponds to the tensor product of the irreducible representations of SL%(IR)
given by restriction. We will identify the respective modules and denote them the same.

Because of &, o = 50,, ® 3,, the vector spaces gl,,/, - and sl,, /so,, are the same, so that we have

C.(g['ru En,oo; Too ® MH,C) = Homﬁﬂn,(/\ﬁ["/son’ oo ® M 7C)
= C*(slp,50,;T00 @ M, ),

whence
H*(gl,, Ky 00; Moo @ My, c) = H®* (81,50, Too ® M, ¢).

2N0te, that since the central action is by a scalar, the Ky, co-invariant submodules of mooc ® M, ¢ are just the
same as the SOp-invariant ones. Therefore, we may apply the results of [BW] on Ky o0, even if the latter is not
compact. In the results we cite, the maximality of the compact subgroup is never needed.
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Now, since SO,,(R) is connected, all that is left to show is

(1.3) H* (8L, 501,; Too ® Mj,¢) = Homgg,, (\ 8l /505, Too @ M, ).

But this follows directly from Proposition I1.3.1 of [BW], we just have to verify that we are allowed
to use it. In order to do that we choose SL,(R) as connected, reductive Lie group and SO, (R)
as its maximal compact subgroup. We have to guarantee that dm.(C) and dg, c(C) are scalar
operators, where C'is the Casimir element of the envelopping algebra (sl,,), and dm and do,, ¢ are
the respective induced mappings on i(sl,,). By Schur’s Lemma (cf. [Kna2], Proposition 5.1), and
since C is in the centre of (sl ), it would suffice to show that 7, and M, ¢ are irreducible SL,, (R)-
modules. Obviously, this does not hold in general, but since all representations are irreducible as
SLE(R)-modules, we may use

Lemma 1.4. Let ¢ : SLY(R) — GL(V) be an irreducible SLE(R)-module and do the induced
mapping on U(sl,). Then there is a scalar r such that do(C) = r - id.

By applying the lemma on 7, and on M, ¢ we may use Proposition I1.3.1 of [BW] now. Since
m € Coh(GL,,, ), we get dn(C) = dou,c(C), and therefore (1.3). This concludes the proof of
Proposition 1.3. O

Proof of Lemma 1.4. If V is still irreducible as SL,, (R)-module, there is nothing to show. So assume
that V' decomposes into a direct sum of (irreducible) SL,, (R)-modules (g1, V1) and (g2, V2). Note,
that since the index is 2 this is the only other case. If V] and V5 are isomorphic, still there is nothing
to show. So assume that V; and V; are not isomorphic as SLy, (R)-modules. Choose g € SLE(R)
and v; € V; with gv; € V5. Then gV; is not contained in V;. Since for h € SL,(R) and v; € V5 we
have

(1.4) h(gvr) = (99" )h(gv1) = g(g~ hg)v1 € gV,
gV1 is a SL,(R)-module. Note, that SL,,(R) is normal because of its index 2 in SLE(R).

Since V; 2 V4, the only SL,(R)-submodules of V are 0,V;, V5, and V, so that gV} is isomorphic
to Va. Then (1.4) tells us how the module structures of V; and V, are related: Clearly it is enough
to proof g~ 1Cg = C to get do1(C) = doo(C).

We may write C' = >, X; X/, where the X; resp. the X form a basis of sl,,, dual to each other
via the Killing form & of sl,,. It holds

k(g Xig.g ' X7 g) = k(X;, X7) Vg € SL;(R),
so that the basis formed by the g7 X;g and the one formed by the g7'X*g are also dual to each

other. The lemma follows because of g~'Cg = > g 1X;9971 X g and the independence of the
Casimir element of its basis. O

Now let m()g) ") denote the space of O, (R)-finite vectors in the representation space of m,. Note,

that since M, ¢ is of finite dimension, we have M}S%") = M, c. Let further HO»(®) — [ and H_
denote the respective (+1)-eigenspaces with respect to the O, (R)/ SO, (R)-action of any SO, (R)-
invariant module H, and write w,_, for the central character of mo,. We get the following corollary,
which will be useful in Section 3.6.

Corollary 1.5. (a) For even n the space H (gl,,, Ky oo} Too @ My, ¢)c is one-dimensional for
both € € {+,—}.
(b) For odd n the space H(gl,,Kp oco;Too @ M, ¢)e is one-dimensional, if ¢ =
sgn(wx(—1)(=1)"W/2) " and zero otherwise.

by SO, (R)
(c) H'(gl,,, Kp.oo; Too @ My, ¢)s = (A(s[n/son)* R o ® MM,C)

+
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Proof. By Proposition 1.3 and [BW], 1.5 we have

bn On(R)
an (g[n,Kn,oo;Troo & M/_L,C)O"(]R) = (/\(ﬁ[n/son)* & ’/TgoO") ® M%C) .

Assertion (c) follows, since H®(gl,,, K, oo} Too ® M, ¢) is the direct sum of its (£1)-eigenspaces.
Assertions (a) and (b) result from Equation (3.2) in [Mah]. O

Proof of Lemma 1.1 Let 7 = my ® mo be an irreducible cuspidal automorphic representation of
GL,,(A). In the special case ;. = 0 we find

e (g[n7 Kn,ooa 7roo>on(]R) — H'(s[n750n; WOO)O,L(R) [BVVé L5 e (5[7“ On7 ﬂ_égn)).
The proof follows, since 7 occurs in cohomology in the sense of [KMS] exactly if the right hand

side does not vanish (cf. p. 122 in [loc. cit.]), and 7 lies in Coh(GLy,,0) exactly if the left hand
side does not vanish by Corollary 1.5. 0

1.3. The Langlands parameter. We denote by L (GL,) the set of all pairs (w,1), where
we Zand 1= (ly,...,l,) € Z" is a finite sequence satisfying I; > -+ > l,/2] > 0, li +lpy1-5 =0
for all ¢ € {0,...,n}, and the purity condition

1mod (2), if nis even,
(1.5) w+l= o
0mod (2), if nis odd,
where we identify w with (w,...,w). We note, that for n odd this immediately implies w =1 =

0 mod (2) since I(,,41)/2 = 0. If we let ®qr,, = ®(GL,,T),) denote the set of roots of 7}, in GL,, and
CI)ELW, the subset of positive roots determined by the choice of B,,, we see, that the sets La' (GL,)
and X, (T,,) are in bijection:

(1.6) LE(GL,) «—— X (Th)
w+1
WD) = p=—o— =0
Here,
1 n—1n—-3 n—1
On 2 Z « ( 2 ) 2 ) ) 2 ) c (G n) (2474 Q
aefbéLn

is the half-sum of positive roots of GL,, relative to T,,. Explicitly, we have
w—l1+(n—1)
2 b

—(n—1 —(n— . .
wtly 2(n ) wils 2(" 8 .. if n is even,

H w
+li—(n—1) wHlo—(n—3 w—l1+(n—1 : T
12( )’ 22( )’,“7%._.,%), if n is odd.

In the inverse direction the parameter associated with a dominant, integral weight p reads (w,1),
where w = 11 + 1y, is the weight of p and 1 = 2(u + 0,,) — w.

To any (w,1) € L& (GL,,) we attach an induced representation of Langlands type: we write D; for
the discrete series representation of GLy(R) of lowest weight I + 1; we then set

Indg%ﬂ;)(]}{)q ! §/2®D117'~'7| ' ﬁ/2®Dln/2)7 ifnis even,
J(w,1) = GLn (R) | w/2 w/2 w/2 o
Indg gy (I [g"~ @Dy, .o AR T ® D,y 0| |R ), ifnis odd.

Here, Q < GL,, is the parabolic subgroup of type (2,...,2) resp. (2,...,2,1).

Let (w,1) € L§(GL,) correspond to p € X (T,) as in (1.6). By (3.6) of [Mah] any 7 €
Coh(GL,, 1) has infinity component

(1.7) Too Zsgn® @J(—w,1), k€ Z/27Z.
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For later use (cf. Section 2) we remark that to each such representation 7, there is a corresponding
representation 7% of the Weil group Wg of R via Langlands correspondence. Wrg is the non-split
extension of C* by Gal(C/R) = Z/2Z given by

Wr =C* U C™,
where j?2 = —1 and jzj~! = z for all z € C*. Thus any representation of Wy is determined
by how elements of the form z = re?® and j act. There are exactly three types of irreducible
representations, which are given explicitly in Chapter 3 of [Knal]:
m The one-dimensional representations (+,t) with ¢ € C, which act via ¢ are given by
¢(2) = |2|" and p(j) = +1.
m The one-dimensional representations (—,t) with ¢ € C, which act via ¢ are given by
o(2) = |2 and p(j) = —1.
m The two-dimensional representations (I, t), where [ > 1 is an integer and ¢t € C. In those we

may always choose a basis {u, v’} such that we have

2t il6

o(reyu = r*ey, o(re)u = r2te 0y’

where (I,t) acts via .

Using this notation we have

W:{(ll,QW)@(lg,2‘”)@~-~@(ln/2,2‘”), if n is even,

oo (11, 50) @ (2, 3) @+ @ (lin—1)/2, 22) @ (sgn®, 5%), if n is odd.
We will need to determine the tensor product of two such Weil group representations. So let

Too Zsgn® @J(—W.1), K € 7/27

be a representation of GL,,(R), notation being clear from the context. Analogously, we get
W {(1’1,_2‘”,)69(15,_2‘”/)@---@(1;1/2,_QV“/)EB(sgn’“/,_Q""/), if m is odd,
oo (’1,77W/)@(lé,%w)@"'@(lzm—l)/zv%w)’ if m is even.
We want to calculate the tensor product of 7% and o). Therefore we have to calculate the various

tensor products of the building blocks. We distinguish three cases:

m Let 0,0’ be in {4+, —}, and let ¢,¢ be in C. Obviously, we get

(+,t+1t), ifo=d,

(= t+t), ifo#o.

m Let [ > 1 be an integer, o € {+, —} and ¢,¢' in C. Let further {u, u’} be the special basis from

the definition of (I,¢) and v an arbitrary element of (+,¢'). Then it is an easy calculation to
show, that

(o0,t) @ (o', 1) = {

(L)@ (o,t) = (It +1),
where an associated special basis is given by {u®v, v’ ®v}, if 0 = +, and by {u®v, —uv' @v},
ifo=—.
m Let [,I’ > 1 be integers, and let ¢,¢' be complex numbers. Let further be {u, v’} and {v,v'}
the respective special bases of (I,t) and (I',#). A quick calculation shows that u ® v and
u’ ® v’ span a two-dimensional representation of the type (I +1',¢t +t’). Analogously,

(I—1',t+t') with special basis {(—=1)" u ® v/, v’ ® v} is well-defined for [ > ',
(I' = 1,t + ') with special basis {(—1)'v’ ® v,u ® v} is well-defined for I < ['.
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In the case | =1’ the representation (I,t) ® (I’,t') is not irreducible any more, but splits into

(+,t +t') spanned by (—=1)'u ®@ v’ + v/ @ v,
(—,t +t') spanned by (—1)"lu®@ v +u' ®@wv.

We may subsume the results of this case by

(+0t+t)e (I -V, t+1), ifl £,
(I+Ut+t)o (Ht+the(—t+t), ifl=1.

Lo ', t)= {

We will only be interested in the case m = n — 1. There we get

Proposition 1.6. The tensor product ¥ @ oYY takes the value

w3
w3
[NE

-1
w4 w’ w4 w’ .
) D {(li+l;7— 5 )@ (|l = 1], — 5 )}, if n is even,
i=1

w4+ w’

liv_
( 2

: N

I
»—- —
: <.
»—A —

/

n—1 W+W 2 W+W/ W+ w . .
629 B @@[14'[37_ 9 )@ (|l = 1], — 5 )}, if n is odd,

where by (0, —%‘NI) we denote (+, —LEW') ® (-, _WJEW/)'?’

1.4. Cohomology of locally symmetric spaces. Finally we need some notation for the
cohomology of the orbifolds

Sp(K) := GL,(Q)\ GL,,(A)/KK,, ,
where K is a compact open subgroup of GL, (A ). We set

S’n = linsn(K)a
K

where K runs through all compact open subgroups of GL,, (A ). For any finite-dimensional repre-
sentation (o,, M,,) we define the locally constant sheaf M,, = M, x on S, (K) by setting M, x (U)
for any open U C S,,(K) to be the set of locally constant functions f : pr=*(U) — M, satisfying

Vy € GLa(Q), z € pr '(U) : f(72) = 0.(7)(f(2)),

where pr : GL,(A)/KK, oo — Sn(K) is the natural projection. Analogously, we get a locally
constant sheaf on S, noted M, as well. Similarly, for any field extension E/Q we denote by
M, g = My g x the corresponding sheaf on S,(K). Analogously to the rational case, M, g
denotes as well the respective sheaf on S,,.

We then define the cohomology groups with coefficients in M, ¢ x (cf. [Clo], p. 121):

H3(Sn, M,0) == lim H3 (Sn(K),My,c,i), ? € {blank, ¢, cusp }.
K

These groups are modules under the canonical action of GL, (A ) x GL,(R)/GL} (R).

3N0te, that since the integer [ belonging to the representation (I,¢) is at least 1, there is no conflict of notation.
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2 THE RANKIN-SELBERG CONVOLUTION

We will now introduce the Rankin-Selberg L-series, whose critical values we want to study in
Section 3. Starting from the Global Birch Lemma of [KMS] we will give a first description of those
values in terms of integrals over certain Whittaker functions.

We fix a non-trivial character 7 = @, 7, : Q\A — C*, such that for all finite places £ the conductor
of 7y equals Z,. We also denote by

T(n) = f[ T(nmﬂ)
i=1

the induced (generic) character of U, (A). For any automorphic representation m = 7y ® 7o we
write # (m,7) for the Whittaker model of 7 with respect to 7. This Whittaker space can be
described as the restricted tensor product of the local Whittaker spaces defined as in [JPS2] resp.
[JPS1] in the infinite resp. finite case, that is

W (m,7) =W (Moo, Too) ® ®’7/(7rg,7'g).
oo

Here, an element of #/(m,7) is a tensor in &), # (m¢, 7¢), where all but finitely many factors are
given by the respective new vector v¢ (cf. [JPS3]). This is possible, since 7, is unramified for all
but finitely many primes /.

Now we fix a prime p, and two cuspidal automorphic representations m = 7y @7 1eSp. 0 = 0§ X000
of GL,(A) resp. GL,_1(A) both unramified at p. Following [JPS1] we now introduce the local
Rankin-Selberg convolution for 7 and ¢ at some fixed prime number ¢ # p: For each pair of
Whittaker functions

(Ufawe) € W(ﬂ-bT@) X W(Uév’fé)

the associated zeta integral

be(vg, we; ) = / Vg (g 1> -we(g) - |det(g)|*~ 2 dg
Un—l(Qz)\GLn,I(QE)

converges for Re(s) large enough. These zeta integrals span a fractional ideal L of the ring C[¢%, £~%].
In that way the local L-function L(my,oy;s) is defined uniquely by fixing a polynomial P(X) €
C[X], such that P(0) = 1 and P(¢=*)~! generates L, and by setting

P05 =: L(my, 00 8).
Obviously, we have a linear map on the tensor product ¥ (m;, 7¢) ® # (0¢, Te) given by
v, . 1V (T 10) @ W (00, 7e) — C(£°),
0 -
Ve @ wy — Wy(ve @ we; 8) := Yy(ve, wy; 8).

Moreover, if 7y and o, are both unramified, by §3.2 in [KMS] the zeta integral for the associated
new vectors vg and w? represents the L-function

L(mg,00;8) = \I/g(vg ® wg; s).

From now on we will write in short t? = vg ®@ wy. Let S denote the set of primes ¢, where 7, or
oy is ramified. For any ¢ € S there is a tensor t9 € # (g, 7¢) @ # (04, 7¢) such that we have

L(me,00;8) = \I/g(tg;s).

Note, that for general n such a vector does not need to be pure. In the case n = 3 however, there
is always a choice of a pure t) (cf. [Rie]).
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We will now consider pairs (v, w) of global Whittaker functions on GL,(A) and GL,_1(A) given
as products of local Whittaker functions v := [] oV and w = 11 ¢, We, where we choose vy = v? and
we = wy for £ not contained in S U {p}. For £ = p we let v, and w, vary among all Whittaker
functions which are right invariant under the respective Iwahori subgroup I,, or I,,_;. Here, I,
consists of those matrices in GL,(Z,) which are upper triangular modulo p. For ¢ € S we will
choose a tensor as described above.

For any choice of voo € #0(Too, Too) and Woo € #4(000, Too ), for arbitrary ve, wy for £ € S, for
(ve,we) = (v, w?) for £ ¢ SU{p}, and for (v,, w,) like in the last paragraph we get global Whittaker
functions (v, w) with associated automorphic forms (¢, ). Here, the 0 in the index means, that
we consider the space of O, (R)-finite resp. O,_1(R)-finite Whittaker functions (cf. [JPS2]). Like
above we set

Wo(7,7) = W (Moo, Too) @ Q)W (w1, 70).
ltoo

The product of all local zeta integrals then becomes a Rankin-Selberg convolution (cf. [JS])

g Y
Mutwwin= [ o(",) el 1oy
¢ GLy_1(Q)\ GL,_1(A)
for Re(s) > 0, admitting an analytic continuation to an entire function in s (cf. [CP1], Prop. 6.1).

This function only depends on the pure tensor v ® w and can be extended linearly to the algebraic
tensor product of Whittaker spaces #4 (7, 7) ® #o(o,T) by sending

Hw ®ng — H\IJg(w ® wy; S).
¢ ¢ ¢

In particular we find (up to the infinity factor) the global L-function
L(m,0;s) := HL(?T@, 005 8)
[

in the image of this map. For each choice of the pair (veo,ws) there is an entire function P(s)
such that

P(s) L(Too, 0003 8) = Yoo (Voo ® Weo; S),
and therefore
P(s) - L(m,0;8) = Woo (000 @ wooi s) - [ [ Weltfs ).
lroo
Recall from Section 1.3, that L(7, 0003 8) is given by the Weil group representation.

Writing each t? for £ € S as a sum of pure tensors leads to a finite sum of (global) pure tensors in
Wo(m,m) @ Wo(o,T)

(2.1) Zvj QWj = (Voo @ Weo) - ®t?,

oo

We fix this explicit decomposition and in what follows our formulas will depend on it. Separating
finite and infinite parts we will sometimes write v; = Vo - v, 5 and w; = we - wj,¢. The associated
automorphic forms ¢; and ¢; yield the integral representation

Py st =3 [ o (7 )estal dectapias

We will in particular consider modified (v;,w;)’s and (¢;,¢;)’s, where at £ = p the local compo-

nent (v, wy) is replaced by an arbitrary pair (v,,w,) of Whittaker functions invariant under the

respective Iwahori subgroup.
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We want to study the critical values of pairs (m,0) of cohomological representations. Here, in
analogy of Deligne’s notion of critical values of motivic L-functions we say, that a half integer
50 € 3 + Z is critical for (m,0) if neither L(7Y¥ ® o¥;s) nor L((7Y ® 0% )";1 — s) has a pole in
5= 80. So let us study L(o,000;5) = L(7Y @ 0¥¥; s) with
Too & sgn® @J(—w, 1), k€ Z/2Z,
Ooo Zsgn® @J(—W,Y), K € Z/2Z.
We can give concrete formulae for L(7YY @ o¥¥;s) by (3.6) in [Knal] and Proposition 1.6 by

n_1q
2

: (st L wAw’ 3 ! L+
1:[1[2(277) (=S5 (5wl g ) U i a2+ 5
1= i=1 i;
.T (S _ WJEW/ n li-;-lj) ] 2(27r)_(s_w+w li— ( w+w 2l |):|
% %71 ww’ W/ ,
.'Hl [2(277)—(3— LT (5_ % +li) Cp(s=EEe)/2 (% _ %)
1= Jj=
i l
webw

=2 (5 —wkw' %)}

if n is even, and

n_1 n—1 n—1
2 ww/ l' , ’ 2 2 ww! li+l/,-
J=1 i=1 j=1
VAL
, . ’ waw! \li—l{.| , 7
T (s = e 1) (o)~ L (5wt )]

111 [2(2m) (= F5H0D (5 — w5t 1) - 2 (o= 5/2 (5 - i)

4

J
s—w w’ +1)/2 . s w+w’ 1
il +1)/ (5_ : +§)},

if n is odd. Now let so be in 3 + Z. We want to determine, if s is critical for (7, 0). Using (1.2)
we get: If for no pair (4, j) we have [; = I, then neither L(z¥ @o¥W;s) nor L((7¥ @ oW )1 — s)
has a pole at s = s exactly if the following inequalities in  := §(w + w’ + 1) hold:

— 71+2lm - - K+ —14'2“"' if n is even,
1+ S0 1+ . .
— K+ % if n is odd,

1+04L+7 1+04L+7 o
m—#j < s < I{-l-fj for all 4, 7,
1+ =1 1+ =1
— % < s < K+ % for all 4, j fulfilling I; # l;.

If there is a pair (4, j) with [; = I, then we get I’ =1= 0 mod (2), w+w' =1 mod (2), and x € Z.

In this case neither L(7YY ® o¥:s) nor L((7Y¥ @ c¥W)";1 — s) has a pole at s = sq, if and only if
additionally to the inequalities above we have

1 1 1
so—iy‘é/@mod(Z)orn—§<so</€+f

2
and
3 3
80—5Enm0d(2)0rf<;—§<so<n+§.
So if we have a pair (7, j) with l; = [}, there is no critical so with sp — 3 = kmod (2). It follows

that only sg = k — % is critical for (m, o) in this case. On the other hand, if there is no such pair
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(4,7), so is critical for (7, o), exactly if

14+ cro 14+cro
k— —% <50 < k+ —22
2 o<kt
where by cr , we denote the minimum of all |I; — ;| # 0 and of ,, resp. I}, if n is even resp. odd.
This set of critical elements is centered around . Since c, , is at least 1, we get

Proposition 2.1.

1
K is critical for (7,0) <= & € 5t Z < w =w'" mod (2).

This is why we will study L-values at & in this paper. Note, that this is consistent with [KMS],

where we have w = w’ = 0 and thus k = %

We want to consider x-twists of 7 for a finite idele class character x = [], x¢ satisfying the
properties

(a) Xoo = 17
(b) x,x2, ..., X" ! have the same non-trivial conductor f = p-power.

The first assumption ensures that P(s) will not change when varying x in 7 ® x; obviously, the
critical values do not change as well. The second assumption may possibly be omitted (cf. [Schm?2],
[Utz]).

Let x, denote the continuation of x, to Z, by Xx,(pz) = 0 for all z € Z,, and let G(x,) denote
the Gaufl sum of x,. Let further f be a non-trivial power of our fixed prime p and C the inverse
image of the idele class group

Q\Q* - Rsox [ Z; x (1+ ")z, | € Q\AX
£#p,00
under the determinant map
det ; GLy-1(Q)\ GLo—1(A) — Q“\A .
With the same proof as for the corollary of the Global Birch Lemma in [KMS] we get

Lemma 2.2. For any choice of (Voo, Woo) and any (vp, wp) right-invariant under the respective
Twahori subgroup the corresponding triples (P, ¢;, ;) for all j satisfy

nflG i e |
1) (1) P(s) - T “O O o
i=1

= I%lfQ(nfl) Z 1:[ )ZP(UDZ/d)J((g 1><p1u<p)<pj(g)|det(g)|“5dg,

u =1 J Cy

where u = u, (with ug =1 for all £ # p) is taken from a representative system for U,(Z,) modulo
OUn(Zp) ™ with o = diag(f~1,..., f~™), and the u; run over the off-diagonal entries of u.

3 THE ALGEBRAICITY OF THE SPECIAL L-VALUE

From now on, let 7 € Coh(GL,,, 1) and o € Coh(GL,,_1,7) be two cohomological representations,
where p € X (T;,) and v € X (Tn—1). We will show that L(m ® x,0;k) up to a constant
factor independent of x is an algebraic number. The idea is to make use of the non-vanishing
of cohomology for 7 and o. We thus will be able to construct a pairing on cohomology having
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certain integrals as values, that give a description of the L-values in question by Lemma 2.2. Since
both representations are already defined over the algebraic numbers, and since this pairing respects
algebraicity by construction, this will prove the assertion.

3.1. A map of differential forms. We will begin constructing a pairing on cohomology
using a natural pairing on differential forms. However, this cannot be done straight forward, since
belonging to m and o we will get differentials on different symmetric spaces. So the first thing we
will have to do is to describe a method that translates one type of differentials into the other. In
this and the next two sections we will thus construct a chain map from the differential forms of
the first type into those of the second one generalising the construction in [KMS], 3.3.

By [JPS3], Théoreme (5.1) for n > 3 the global representations = and ¢ have finite parts 7y and
o¢ with new vectors vy resp. wy right-invariant under some open compact subgroup K C GLH(Z)
resp. K' C GLn_l(Z), such that the respective image under the determinant map is the full unit
group 7%, 1. e.

det(K) = det(K') = Z%.

We will assume n > 3 from now on. Moreover, the canonical embedding

j:GLy_y — GLy, g — (9 1)

sends K’ into K, since by Théoreme (4.1) of [loc.cit.] wy is even right invariant under j(GL,,—1(Z)),
so we may choose K containing j(K’). Note, that by [JPS1] we are free to choose all additive
characters 7, needed in the definition of the respective Whittaker spaces # (w, ) and # (o, T) to
have exponent 0, what allows us to use those results.

Separating finite and infinite parts of adelic elements we write ¢ = (gy, goo) for g € GL,(A) =
GL,(Af) x GL,(R). We put

2,0 = SLy(R)/ SO (R) = SL;; (R)/ O (R),
Zn = GLy(R)/ On(R) = GL; (R)/SOn(R) = Rso X 2,
[:={y € GLI(Q) |7y € K} C SL, (7).

Then by the surjectivity of the determinant map, by strong approximation, we have the bijections

(3.1) M2 = GL, (Q)\ GLy(A)/K - On(R)

and

(3.2) I\ 2! = GL,(Q)\ GL,(A)/K - SO,(R)Z; (R) = 5, (K).

The common dimension of %, and I'\ %, is d,, := ”2% The same argument applies to GL,,_1

with a discrete subgroup I C SL,_;1(Z) attached to K’. For any element h € GL,(R) the
embedding j : GL,_1 — GL,, induces an embedding of symmetric spaces

Jh: Zn1— Zn, g- On—l(R) = he (9 1) ) On(R)

We are in particular interested in those embeddings j; which define maps of arithmetic quotients.
For any h € GL,(Q) let

hi={veT |j(y) € h'Th}.

Then j induces a proper mapping

5h . F/h\%n—l — F\gby;“ F;LgOn_l(IR) (g Fh(g > On(R)

1
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We want to compose the maps j, with the projections ps into the second component of Z;, =
R>o x 2.1, induced by the map

P2t GLa(R) — SLE(R), g+ g - | det(g)| /™.
Recall that the passage to quotients only effects the second component, i. e.
MN\Z5, = Rso x F\%nl
On arithmetic quotients we have the homotopy equivalence
P2 : T\Z, — F\ﬁifnl
Of course the same arguments apply to n — 1 instead of n.
For each u € U, (Q) the map
ppe [ T
[,90,-1 + Tu(?,)|det(g)|""/" O,

is proper by [KMS], p. 102. We want to keep track of the effect of these maps J, on certain
differential forms. We denote by [, left translation by u and we decompose the map

P2© ju : GLn1(R) — SL(R), g+ pa(u - j(9))
further into py o j, = pa ol o j. Since det(u) = 1, the maps py and [, commute, hence we have
P20 Ju=1ly,op20j].
We observe that ps o j is an injective Lie group homomorphism and hence the induced map on

invariant 1-forms is surjective. Specifically, letting * denote dual vector space, this induced mapping

*

6(p2 0 j) : 5L, — @b,
is given by the formula
(3.3) 8(p2 0 ) (w)(X) = w(d(p2 0 j)(X))

for X € gl,,_;. Here d(ps2 o j) denotes the Lie algebra homomorphism gl,,_; — sl, induced by
p2 o j. Since the pullback I¥ acts trivially on sl we have

5(p2 0 j) = 6(p2 0 ju) = (d(p2 © ju))"
The map §(ps o j) respects the Cartan decompositions
sl, = s0, @ @n and g[nfl =50p_1D pPn-1 (: En—l,oo ¥ @71,—1) ;
where s0,, denotes the set of skew symmetric n X n matrices and ,, (resp. ©,) stands for the set
of symmetric n x n matrices (resp. of trace equal to zero). In particular we have
6(p2 0 J)(9n) = Pn_1-
We can now describe the map of differential forms
Ju  Q(O\Z,), M) — Q* (D \ 21, M)

in terms of the complex defining the Lie algebra cohomology. Note, that since M), ¢ can be viewed
as a GL,,—1(R)-module via j, we can define a locally constant sheaf on S, _1 just like in Section
1.4. We identify this sheaf with the one defined on S,, and denote it by M,,c¢ also. Since M, ¢ can
be viewed as a finite dimensional complex linear representation of GL,,(IR) and therefore as one of
any discrete subgroup T',, of SLE(R), we may use Corollary VIL.2.7 and VII.2.4 (5) of [BW] to get

. On(R)
(3-4) Q* T\ 25, My c) = (/\ o ® C=(Tn\ SLZE(R%M;L,@)) :
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Here, we view the sheaf M, ¢ over S, (Kr,) as a sheaf over the arithmetic quotient I',\.Z;! via
(3.2). Analogously we have

° Onfl(]R)
(35) Q.(Fn—l\%’n—la M;L,C) = </\ @;:_1 & COO (Fn—l\ GL7L—1(R)7 Mu,@))

for an arbitrary discrete subgroup I',,_; of GL,_1(R), if we write M, ¢ as well for the locally
constant sheaf of M,, ¢ over

QLo 1(Q)\ GLo_1(A)/Kr, , On1(R) = Tpii\ 2

that we get like in Section 1.4.

The dimension of g} _, is dp,—1 = @, and the one of ¢} is dpi=d, — 1= ”2% —1. We fix a

p)
basis {w1,...,wg } of Maurer-Cartan forms in @;, such that
wii=0(p2oj)(w;) fori=1,...,dp_1
is a basis of p}_; and w} = 0 for ¢ > d,—1. Then the w} for 1 < i < d,,_; are Maurer-Cartan
forms as well. For any set I = {i1,...,i} C {1,...,d,} of r different elements 41,...,4, we put
wr == wi; A Awg, Tesp. wri=wi AL AW

Lemma 3.1. Let r € N. Given a differential form
n= Z wror € O (T\2Z,, M)

[I|=r

with ¢r € C=°(T\ SLE(R), M,, ¢) we have
Ta(m) = > wiléropsoju) € X (TN 201, Mpuc)-

=

Since J,, is proper we also get a map on differential forms with compact support
Jo QN2 M 0) — Q2T 21, My ),

just by replacing C*°-functions by compactly supported C°°-functions in our description above.
We will later need a version of J;' on differential forms with certain growth conditions (which we
get just the same).

3.2. Growth conditions. The next thing is to make precise those growth conditions. Let ¢
be a function in C*°(SLE(R), M, ¢), and |-| : M,, ¢ — R an arbitrary norm of M,, ¢ as a C-vector
space. The function ¢ is of moderate growth or slowly increasing, if there is a constant C' and a
positive integer m such that for all g € SLE(RR) we have

lp(g)| < C - lgl|™,

where ||g|| := tr(*g-g)'/2. The function ¢ is fast decreasing, if for each integer m there is a constant
C = C,, such that this inequality holds for all g. Those concepts are well-defined (i.e. independent
of the norm |-|) since all norms on M, ¢ are equivalent, M, ¢ being finite dimensional as a C-vector
space.

We will denote the compactly supported C'*°-functions by C°, the fast decreasing ones by Cgy,
and the ones of moderate growth by Cpy,. A differential form n = 3, wr¢r on I\ Z;! is of moderate
growth (resp. fast decreasing), if the ¢; have this property (cf. [Bor]). Following Borel we denote
by Q8,.(D\ 2,1, M,..¢) (resp. Q8 (T\.2,), M, ¢)) the complex of forms n € Q*(T'\.2,}, M,,,¢) which
together with their exterior de Rham differentials dn are of moderate growth (resp. fast decreasing).
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3.3. Integration along the fibre. In this section we want to find a map from the image of
J* to differentials on I7,\ 2,1 | such that the composition of this map and J; is a chain map of the
de Rham complex. In order to do this we will integrate along the fibre: We consider the canonical
projection

T D\ 21 = DA\ZL_1 X Rao — T\ 25
onto the first component and consider the push-forward 7, like in [BT], p. 37. We will show that
for n > 3 the forms in

QN 21, My c) = Q*(TNZ5y x R0, My )
which are in the image J; (28 (I\ 2}, M, ¢)) can be integrated along the fibre, i. e.

Lemma 3.2. For n > 3 the push-forward m, is a chain map lowering the degree of forms by one,
more precisely

Tt Jn(Qa(D\25, M c)) — Qi (T2, Mc).

Remark We need n > 3 only for the identifications (3.1) and (3.2). The lemma is true for n = 2
as well, if we view M, ¢ as a sheaf over the respective arithmetic quotients.

Proof. Let n = Zul:. wrér be an arbitrary differential in Qf, (I'\Z,}, M, ¢). Then we have
Ju(n) = Zu\:. wy - (@10 p2 0 ju).

If n > 2, then like in the proof of Lemma 3.4 of [KMS] for each N > 0 there is a constant C(y)
independent of g such that

o (u(" ) et~ )| < ooy - min{l et(a) . der(a) ).

Let t denote the global parameter of the factor R~ in I',\ Z;,_1. Integration along the fiber means
that for each w} having the invariant differential % =:wj  as a wedge factor we must consider

the integrals
r Wt \ a-a) dt -
for (o)) =winatn
0

for h € SLf_l(]R). Those are absolutely convergent by (3.6). Moreover, the resulting functions

(3.6)

(;VSIM are bounded, hence of moderate growth. For wg, , & I we set ng,u = 0. The same proof as
for compact supports shows that integration along the fibre is a chain map lowering the degree of
forms by 1, i. e.

ot Sy (U (D\Z3, M) — Qg (T2 1, M)
If we write, in abuse of notation, w’l\{dnil} for the exterior product of the fitting wg|%171, the
image of 7, can be described by

Tedyy (1) = Z PLuWr {d, 1}
|I|=e
Note, that
d(msJ,(n)) = med 3 (dn)
has coefficient functions of moderate growth, since for n € €2f; the coefficient functions of dn are
by definition also fast decreasing. So the proof of the lemma is complete. d

It follows that we have constructed a composed chain map

(3.7) S(O\ZL M) 2 im(7) 5 Qo (T2, My0)-
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Now let M, ,.c¢ be the locally constant sheaf belonging to the tensor product M, c ® M, ¢c. We
want to construct a natural pairing

By Q5 (N2, My0) x Qi 7 (D231, M) = Q5 (DAZ 1, Mywe).

Note, that b, +b,_1 — 1 =d,_; = dim(Z;1 ;). By (3.7) it suffices to find a pairing

Bu : Q%Lgil(r;\%nl—l’M#,C) X 9?571(1“&\%”171»3‘/[»,@) - 9?571(1“;\357371,3\/[#%@)
and to set By (1,7') := Bu(m.J:(n), ).

3.4. A pairing on the differentials. We want to construct such a natural pairing B,
now. In order to do this we need to write down elements 7 of Qb7 (I',\ 2,11, M, ¢) and ' of
Q?g‘l (TIA\ZE 1, M, ¢) quite explicitly the way suggested by (3.4). In the proof of Lemma 3.2 we
saw that the w} with ¢ running from 1 to d,,—1 — 1 = d,_1 form a basis of o5 1. We let Tand I

run through the subsets of {1, ..., Jn_l} like above Lemma 3.1, and let m resp. m’ run through a
basis of M,, resp. M,.

By (3.4) we may write 1) =37 _, 4 w}qﬁf with

b1 = (¢, ®m) € Co (T, \SLE | (R),C) ® My, 0 = C5(T),\ SLE | (R), M), ¢)

m

and ’I’]l = Zu/‘:bn_l W}/QOI/ Wlth

1 =3 (1 @m') € G (T\SLE_, (R), ©) © My = O (I,\ SLE_, (R), M,,c).

m/’

Now consider the mapping given by

Bu(ﬁvn,) = Z(w/i A w/I’) Z (qgf,’m ' @P,m’ & (m ® m/)) )
where the first sum is over all pairs of subsets Tand I' of {1,...,d,_1} fulfilling |I| = b, — 1 and
|[I'| = by—1. It is well defined, since B, (7, ') is invariant under O,,_1(R), i. e. for all g € O,,_1(R)
we have

9-Bu(n,1") = Bu(g.1,9.1).
We use this formula for B, to describe B, explicitly. So if we set 7 := m,.J(n) with n = Yo brwr
like before, and if we write 77 = lelzbn—l (517“&)/[\{(17171} as in the proof of Lemma 3.2 with
Orou = 2 Proum ©m, We get
(3.8) Bun)= Y. err Y. (brum - orm @ (mam))wi A AW

| T|=bn m,m’

[17]=byp 1

where ey =1 if T U’ ={1,...,d,—1} and 7 ;v = 0 otherwise, since for all h € SL,iL_l(IR) we
have

Jor(u(" )= ) F = [ S onn (u(") 5 ) om §
0 o ™

Z/(bLm (u(ht 1>t1"n) %Q@m: (éLu,m(h)@m)'
m 0 m

qgl,u(h)
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3.5. A cohomological pairing. By Theorem 5.2 of [Bor| the inclusion Q. < Q¢ induces
isomorphisms in cohomology. In particular, each fast decreasing cohomology class can be repre-
sented by a form with compact support. This allows us to integrate over the forms in the image
of B,. By §5 of [BT]* we get an induced pairing

B H(D\Z Myue) x H M (D\25_1, Mue) — My,c ® Myc
on cohomology. It is given by
Al = [ B,
DIAZ
where p, : T/\Z,, — I"\Z,L, is the natural projection. For simplicity we will write 7" for
Pu(n).
By the previous section we can describe the values of %, explicitly. Indeed we have

/ Bu(7777’/) (5:8) / Zsl,l/ Z (dv)[,u,m : QDI/,m’ ® (m ® m/)) wll AN (.«J&
1,1’

n—1

rAZL, PAZL, mm
T h d
t 1—n t
= / ZELI’ Z /QSI,m <u( ].)t " ) 7 : @I’,m/(h) ® (m ® m/)dhv
FL\%#71 1,1’ m,m’ 0

recognising that a left-invariant d,,—1-form on Z,L | uniquely corresponds to a left-invariant mea-
sure dh on 2,1 ; = SL,_1 /SO,,_1 induced from a Haar measure on SL,,_1.

Because of the O,,_; (R)-invariance of our differentials we can integrate over I',\ SLE | (R) instead
of \Z,L | =T/ \SLE | (R)/O,_1(R). The measure dh is the push forward of a Haar measure
dg of GL,,_1(R) under the canonical projection. Let us extend the functions ¢; ., and @ ., in
such a manner that they have actions of the respective centres via the central characters w, resp.
w, of our representations m resp. 0. Then we get

D err ) drm(u (9 1))'@1/,m/ (9)-wn (| det(g)| ) wy (| det(g) |~ 7) & (m@m') d.

I I/ ’
I\ GL,_ (R) D m,m

We know that the central character of 7, ® g, is trivial, so that we have
1 1 _1y w
wr (| det(g)| ™) = wg, (| det(g)| ™) = (| det(g)|~w) =¥ Frn) = | det(g)|2

and, analogously, we (| det(g)|_ﬁ) = |det(g)|w7/. Recalling the definition of x from Section 2 we
can write

A= [ Senr X onn (u("))) - eramla) laetlo) o o w) do

’ ’
FL\GLn_l(]R) 1,1 m,m

3.6. The Whittaker model. Choose a generator 7., of the one-dimensional C-vector space
Hb= (gl,,, Ky o0; #0(Too, Too) @ My, ) in Corollary 1.5. Using the previous bases of ¢}, and M,, we

can write
Noo = g § Voo, I,mWI & M
[I|=b, ™

with Whittaker functions veo, 1.m € #6(Too, Too)-

4Bott and Tu work in the real case and with trivial coefficents, but the proof is the same in our situation. Note,
that integration and tensoring with elements of M, ¢ ® M, ¢ commutes.
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The Fourier transform JF(r) : # (7, 7) = Vi C L3(GL,(Q)\ GL,(A)) induces a mapping (7)ot
between the respective spaces of (gl,,, Ky o0)-cohomology, which commutes with the action of
0,(R)/SO,(R). Composing F(m)°" with the injection of # (ms,7¢) into Lie algebra cohomo-
logy given by

W<7rf7 Tf) — H (g[n7 Kn,oo§ W(ﬂ-7 T) ® M ,C)e

vy = VT

we get
W(ﬂ'fa Tf) — H (gl Kpoo; Vo ® M,u,C)ea

vf = ni= Z Z¢I,mwl®ma
|I|=b,, m

where ¢7 ,, is the cusp form associated with vfves 1m by F(m). Analogously, for a generator 7.
of the one-dimensional C-vector space H*"~1(gl,_1, Kpn—1.00; #0(0o0s Too) @ M, ¢)er We put

coh , W(o—fﬂ_—f) - Hb"il(g[nfvinfl,oo;Vo ®Mll,c)€/7
3'(0—) = 37( ) 7700 : ’u)f — ’]’]l = Z Z QD[/’m/W}/ ® m,7
[I'|=bpn_1 m/
where we use w}, in the same sense as in the proof of Lemma 3.2. The rest of the notation should
be clear.

By (2.1) we may decompose an element of #o(my, 7¢) ® #o(oy, 7r) into a finite sum }; v; ® w;
with pure tensors v; and w; in the respective restricted tensor product of local Whittaker spaces.
Evaluating our pairing %, at the corresponding n; and 77; we get

. o1
Bunpm)) = > | Yenr / 63.1.m (43 (9)) 05,17 (9)] det(9) "2 dg | @ (m @ m),
m,m/’ 1,1’ I\ GL,_1(R)

where the cusp forms ¢; 1 ., (belonging to v; fvec.r,m) and ¢; 17 ms (belonging to wj fwee 17.m/) are
restricted to the infinity component. Note, that we chose v, 1,m and wee 1/,m’ independent of j.

We are summing up terms like those on p. 123 of [KMS], and we can apply the same arguments. In
order to do this we need to introduce some notation: From now on we denote conjugation by ¢ :=
diag(f~',..., f~™) by the superscript ¢, so that if g = (gi;) € GLy, then g% = pgp~! = (f17g;;).
We will interpret v € U, (Q) as an element of U,,(Q,,) and not embed U, (Q) diagonally into U, (A).
From now on, we will only consider elements u € U, (Q), that also lie in U,(Z,)? C Un(Q,).
For those we write
K ={kc K'|ujk)u™'ecK)}.

Like in [KMS] we get®

p— 1f2(n 1)

@u(ﬁjﬂ?;) ifolT. ZEII’/¢]Im g)u l)Sﬁj,I/,m’(QNdet(g)ﬁiédg ®@(mem').

m,m’ \ I,I’

3.7. Main Theorem. We will be interested in %, (n;,7;) from the last section as a function
of u. So if A is an (at first) arbitrary linear form on M, ¢ ® M, ¢, we set

PBr(u) == Ao Z (@u(nj,n§)) .

J

5N0te, that in [KMS] the factor ijl . £2(n=1) i5 actually missing in the cited formula on p. 123 and afterwards.
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Using Lemma 2.2 we can express the value at k = ; W+W

terms of the function %, (u) for a suitable choice of n;’s and n;’s. In order to do thls we define
Pr.17.m,m($) to be the entire function belonging to the pair (voo’[’m7 Woo,17.m/) (cf. 3.21n [loc. cit.])
such that we have

(3.9) U (Voo,I,m @ Weo,1',m’; S) = P11 mm/(8) - L(Too, 0oo3 S),

and

(3.10) Py oo(s ZEII/Z)\m@m VP11 m,m (8)-
1,1’ m,m’

This immediately leads to

Theorem A Let n > 3. For all finite idele class character x with trivial infinity part Xeo = 1,
and with x, X2, ..., X"~ ! having the same non-trivial p-power conductor f we have the formula
n—1 ; _
Glx)d—p)
vp(Dwy(1) Proo (k) T | — = e L(m ® x,0;k)

=1

Zpr )vol(K! 1) B ((u™)? ),

u =1

where u = uy, (with ug =1 for all £ # p) is taken from a representative system for U, (Z,) modulo
Un(Zy)? with o = diag(f~1,..., f~™), and the u; run over the off-diagonal entries of u.

Unfortunately, we do not know if Py o is non-zero at s = « in general. However, in Section 4 we
will show this in the case n = 3 for a suitable choice of .

3.8. Algebraicity. By [Sch], Satz 1.10, the cuspidal cohomology classes restrict to zero on
the border of the Borel-Serre compactification of S, (K), so that we get an injection of cuspidal
cohomology into cohomology with compact support:

cusp(Sna Mu C) — H (Sna M}L C)

The latter is a module under Aut(C/Q) x GL,(Af) x GL,(R)/ GL} (R), where the actions of the
factors commute and the (image of the) cuspidal cohomology even is defined over Q (cf. [Clo],
Théoréme 3.19). So this suggests that we try to choose the cuspidal cohomology classes [n] and [1/']
in such a way that the values of %) and therefore the L-values at % are subject to good rationality
conditions.

Let Q(rs) denote the field of rationality of 7y in the notation of §3.1 in [Clo], that is the subfield
of C fixed by the automorphisms o € Aut(C/Q) fulfilling *ny = ;. It is a field of definition by
Proposition 3.1 of [loc.cit.], and in our case in fact a number field by the Drinfel’d-Manin argument
(cf. Proposition 3.16 in [loc.cit.]). For the field of rationality Q(os) of o the analogous statements
hold.

If we denote by F := Q(7¢,0¢) the smallest number field that contains Q(7¢) and Q(o¢), the
global (finite) Whittaker spaces # (n;,77) and # (o, 7s) carry an F-structure, whose underlying
F-spaces we denote by #p(ns,7s) resp. #r(os,7s). Now since by Corollary 1.5 the cohomology
spaces

H (gl K05 #0(To0s Too) @ My, 0)e
and
Hbn—1 (g[n,l, Kn—l,oo? %(Uom 7_'00) & Mv,@)e’

are one-dimensional, an immediate consequence is
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Proposition 3.3. We can normalise the co-part 1. by a non-trivial scalar factor such that for
any Whittaker function wy € Wy (my, Tp) the cohomology class [n] attached to wy-ne is F-rational,
i. e.

] € H

cusp

(F\%nlv MH,F) c Hgn (F\‘%;’Lla Mp,@)'
An analogous normalisation of n., yields

'] € Hegy M\Z0_1, My, p) € H(TN2 1, M, )

cusp

with the obvious notation.

The pairings %,, of cohomology spaces we considered in the sections before can be defined purely
topologically and moreover with coeflicients in an arbitrary subring of C, in particular with coef-
ficients in F'. Furthermore we may choose the linear form A to be induced from a linear form on
the Q-vector space M, or, slightly more general, from a linear form on the F-vector space M,, p.
By the definition of %, we then have

Corollary 3.4. If the linear form X is already defined over F, there is a choice of good local tensors
tY of Whittaker functions for all £ # p such that for any "Iwahori fived* pair

(vp, wp) € WF(WP,TP)I" X WF(Jp,fp)I"*l

the formula in Theorem 1 holds for the associated pairing By with values By (u) in the number
field F.

4 THE NON-VANISHING OF THE PERIOD

The algebraicity results of the last section have the one big flaw, that we can not guarantee the
period Py o (k) not to vanish. The second aim of this paper is to improve this situation. In this
section we will study the case n = 3 and will show, that we have Py o (x) # 0 indeed (cf. Theorem
B) for a suitable choice of A\. The general assumptions from the last section still hold.

The idea of proof is to construct a pairing on

2
(/\ 53 @ Wo(Toor 7o0) ® M ,c) < (@; & W (o0, Too) @MV,@),

whose image equals Py o (k) - C if restricted to the one-dimensional cohomology modules
H2(9[37 KS,oo; Too & M;L,C)s and Hl(g[27 KQ,OO; 0o ® MV,C)E’

for appropriate signs € and &’. This is done in Section 4.2. It remains to show, that the restricted
pairing is not trivial, thus has an image isomorphic to C. In order to do this, we split it up into a
pairing B) o, on the infinite Whittaker spaces times the coefficient modules and a pairing B, on
the exterior powers.

After proving some nice general properties of B) o in Section 4.3 we show in Section 4.4 for
a particular A (cf. Lemma 4.6), that B) o is not trivial restricted to the cohomological types.
Finally, we show in Section 4.5, that B, ® B)  is not trivial restricted to cohomology, which
proves Theorem B.

4.1. Notation. In this section we want to get to know the modules we will be working with
for the rest of this paper. Because of the small dimensions, everything is quite explicit.
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soz-modules. We may write s03(C) :=s03 @ C = (H, F1, E_1)¢ with

0 1 0 0 0 1
H=[-1 0 0)andEy; =10 0 =z,
0 00 -1 F¢ O

where we have [H, F11] = +iF1, and [Ey, E_1] = 2iH for the Lie brackets. The standard torus is
given by h3 = (H)g. We define e; to be the root given by e (H) = 1.

Now, for £ € INg let 2y denote the irreducible soz-module of highest weight ke;. Let
vk ok Lo oF be a sos-basis of P, where we put vF = 0 for all i € Z ~ {-k,...,k}. We

may choose this basis such that for all i € Z we have

L El.vfzvf+1’
koo .
¥ kyk | with cf: {JQZj—iJ if —k<i<k,

mE_.v° =civ;
else.

7 7 Yi—1

From now on, we denote #{ (oo, Too) ® M,, ¢ by V. By [Mah], Proposition 6.1.3, the SO3(R)-type
of V supporting cohomology in /\2 p3 is P3. It occurs with multiplicity 1. Moreover the minimal
SO3(R)-type of 7o is &, for a = p1 — pz + 3, and Z,_3 is a maximal SO3(R)-type of M, as a
s0z-module.

We will write v; := U? and ¢; := cf’. Furthermore, @3 is isomorphic to Z5. Here we will write

Z; :=v? and d; := ¢?. We normalise those basis vectors by putting

1 —i 0 0 0 1 10 0
Zoo=|-i -1 0|,2z,=-2-10 0 —i|,Zy=-4-l0 1 0],
0 0 0 1 —i 0 00 -2
00 1 1 i 0
Zi=12-10 0 i|, Zp=24-1i -1 0
1 i 0 0 0

soo-modules. Analogously we may write §02(C) = s02 @ C = C - H, if we identify

0 1 0

H= <_01 é) with { =1 0 O

0 00

By embedding g2 into @3 via
1 00
1

X'—><)O( 8)—3tr(X)- 010
0 0 1

we identify oo with (Z_s, Zy, Z2)¢, and @ with (Z_o, Zo)¢. Here, the standard torus bs is all of
502(C). The root that sends H to 1 will be denoted with e; as well.

From now on, we denote #((0x,7o0) ® M, c by W. Like above, the SO3(R)-types supporting
cohomology in @y are 24 and 2’ ,, the irreducible representations of so2(C) with highest weight
2e1 resp. —2e;. Again, the sos-modules obtained by restriction are denoted the same. 2) and
9" 5 both occur with multiplicity 1, so that we have Wy, = Ly and Wy, = L’ ,. Moreover, if Z;
denotes the irreducible sop-module of weight ke; for k € Z, the minimal SO (R)-types of o, are
Py and 2", for b = 11— +2, and M, as a sop-module is the direct sum of Z5_,, 2, _,,..., %D} _,.
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4.2. Pairings. For the moment let n > 3 be arbitrary again. In order to show that the value
Py () in Theorem A does not vanish we study a pairing

b bn—1

B (Aoretamn@ie) < (N 6o salom)oMe) -
very similar to the pairing %) of Section 3 that takes the whole left side

n—1 i "
WU%mRmquﬂ&&ggl

i=1

[ L(r ® x,0; k)

of the formula in the theorem as a value. We construct B as a tensor product of four pairings. In
this way we can split up B and study our non-vanishing problem in the factors. Those are:

The pairing on the coefficient systems. We already know the pairing
By=X\: MyoxMyo —C
(m,m) — A(m & m)

on the coefficient systems from Section 3.

The archimedean Rankin-Selberg pairing. We define a pairing
B . {%(WOO,TOO) X #0(0o0yToo) — C
T (Voos we) = Py e (K)
on the infinite parts of the Whittaker spaces. Here, it holds
U (Voo, Woo} ) = Pooy wes (8) - LMoo, 003 S)

like in Section 2. We will call By, or in slight misuse of notation By o = By ® By as well, the
archimedean Rankin-Selberg pairing.

The non-archimedean Rankin-Selberg pairing. On the finite parts of the Whittaker spaces
we let

N Wo(mp,m8) x Woloy,77) — C,
(vp,wy) = [ oo Ve(ve, wes k).
We will call By the non-archimedean Rankin-Selberg pairing.

The pairing on the exterior powers. A problem in defining a pairing with values in C on the
exterior powers of Q,, resp. @n,_1 is to make the arguments compatible. However, this is a problem
we solved in Section 3: The differentials w; with |I| = b, generate /\b” or, and the differentials
Wi, with |I'| = b,—1 generate /\b"‘1 @ _1. Thus a pairing of the sought-after type is given by

by ~ bn—1 ~
B, : N"onxN" g1 —C,
(u)[,w;) = Err.

We may now define B by putting
B(w,w'):= > Bx(m,m') - Boo(Vi,m,00, Wi m.00) - By (vr g, wrr g) - Balwr, o),
I,I’" mm/
where we have w =737, _, >, vrmwr®@mand w' =37, 3 wp mwh @

The next thing now is to determine the relation between B and %). In order to do this we compare
the special L-values L(m ® x,0; k) with zeta-integrals like they occur as values of B. Let vj 1.m
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resp. wj 1/,;m/ be the Whittaker functions belonging to the automorphic forms ¢; 1, resp. ©; 17 m/
from the proof of Theorem A. From Section 2 we already know the “good tensors” tg for (mp, 00)
at an arbitrary prime ¢ # p fulfilling

tg = Z Vi e @ Wj e,
J
where j runs through a finite sum independently of ¢. Analogously, x¢(det) - t? is a “good tensor”
for (m; @ x¢, 0¢). Like in the proof of the Global Birch Lemma (cf. [KMS]) it follows

L(me ® Xe, 005 8) = U(xe(det) - t9; ) for £ # p, co.

At the place p we have L(mp, @ xp,0p;s) = 1, since x,, is ramified and 7, and ¢, are unramified.
On the other hand, if we put

Vi (9) = xp(det(9)) 3 T fui)os (g™,

u  i=1
where the summation is taken over a representative system for U, (Z,) modulo U,,(Z,)?, by Propo-
sition 3.1 of [KMS] we get

n—1 ; _
Gix;)1—p™)
DV pxps Wipi 8) = Vi p(Dwsp(1) [ ] —117 i

i=1

Now that we know the respective values of the zeta integrals and the local Rankin-Selberg L-series
at all places we use this information to find Whittaker functions such that L(7 ® x, o; k) occurs as
a factor in the associated value of B. If we set

Vj,fx = Upixp H xe(det)v; g
L#£p,00
we may define
Vi = Z Z’l}j7f’x’ljoo’[7mw1 ®@m and w; = Z ij,fwoo,p,m/w}/ @m'.
[1|=by ™ [I"|=bn—1 m’
Compare with n and %’ in Section 3.6. By Proposition 3.1 of [KMS] and (3.10) we get

n—lG 4 -1
Bloie ) = Prse(s) vy (1) [T S22 T letden)og i)

i=1 l#p,00

All in all we have

GG —pY)

Z B(ujx,w;) = vp(L)wy(1) Py oo (k) H H W (xe(det) - t2§ K)

. 1—p—t
i=1 £#p,00
n—l (i _ 1
= vp(Dwp(1) Py (k) H M - L(m ® x,0; k).

—_ m—t
=1 ) p

Like in the proof of the Global Birch Lemma we may express the values B(v; ,w;) as a sum of
u-shifts, where v runs through a representative system of U, (Z,) modulo U, (Z,)?.

Remark Because of our choice of Whittaker functions the image of By ® Bs, ® Ba restricted to
the one-dimensional cohomology modules

Hbn (g[na Kn,oo; %(Wom Too) & Mu,@)a

and
HbTHI (g[nfh Kn—l,ooi %(Uooa 'FOO) ® Mv,@)s’
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from Section 3 is generated by P oo (k).

To prove, that Py o (k) does not vanish, it would suffice to show that the restriction of Bx® Boo ® B
to cohomology is not trivial. In the case n = 3 this will be done in the following sections for a
suitable choice of .

4.3. The archimedean Rankin-Selberg pairing. In this section we want to study the
archimedean Rankin-Selberg pairing we introduced in the last section.

Definition 4.1. A pairing B of (gl,,, On(R))-modules R and S is called weakly equivariant, if B
is (s0,, On (R))-equivariant and for any X € gl,, there is a scalar ¢(X) € € such that we have

B(Xr,s)+ B(r,Xs)=c¢(X)-B(r,s) VreR,seS.

We show the following
Proposition 4.2. The archimedean Rankin-Selberg pairing Boo fulfils the following properties:

(a) Boo is weakly (gl,_1, On—1(R))-equivariant,
(b) Bxoo(V,W) #0 for any A # 0.

Proof. We first show that the zeta integral ¢(veo, Woo; &) is (8lp—1, Op—1(R))-equivariant as a
function on the Whittaker models. Therefor we have to show its O,,_1(R)-equivariance®, i. e.

w(ﬂ-oo<h)UOO7 Joo(h)woo; H) = 1/J(Uoo, Weos ’f)
for all h € O,,—1(R), and its sl,,_1-equivariance, i. e.
q/J(d’/Too(X)vooa Woo H) + 7/}(7}007 dgoo(X)woov ﬁ) =0

for all X € sl,_1. Here, dny and do., are the infinitesimal representations belonging to the
GL,,—1(IR)-representations 7, resp. 0o, that is for all X € sl,,_; we have

Atoe (X) (00c) = 5 (Taolexp(1X) ) i

and

doe (X)) = & (0 (exp (X)) o

We consider the Rankin-Selberg zeta integral

.

9 s}
%(J%mmmm%@
Up_1(R)\ GLy,_1(R)

on W (Moo, Too) X # (0ooy Too ). The group GL,,—1(RR) acts on the tensor product of Whittaker spaces
via right translation, so that we have

V(Moo (M) Voo, Ooo(R)Woo; §) = /

gh s 1
e (") (ol der(a) 2
Upn—1(R)\ GL,—1(R)

for every h € GL,_1(R). Now we change the integration variable from g to gh~!. Because of the

transitivity of the action on the quotient U,_1(R)\ GL,_1(R) we get

V(Too (R) Voo, Too (R)Woos 8) = | det(R)] 2% - (vs0, Woos 8).

Evidently ¥(veo, Woo; 8) is SLfffl (R)-invariant, so that the O, _;(R)-invariance of ¥ on the product
W0 (Toos Too) X #0(0 oo, Too) 0f the O, _1(IR)-finite Whittaker spaces follows.

6Like in Section 3, we view 7o as a GLj,—1(R)-module via j.
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For the whole action of GL,,_1(IR) we therefore have
(A1) P(maa(h)vse, Toc()wec; 1) = | det(h) |27 - h(vas, wooi #) VA € L1 (R).

We use this fact to prove the weak equivariance of ¥ (veo, Woo; k). We have

sinaXmir) = [ o (") o) ettty
_d /Uoo (g-exp(tX) 1>woo<g) | det(g)|* " dg .

dt
a1y d L
ey dat /voo (9 1)woo(g~exp(—tX)) | det(g - exp(—tX))[2""dg

— i o (7))t explex)) et dg

t=0

t=0

(") )uta) ety

= —Y(Voo, d0 oo (X )Woo; K) — (% — k) tr(X) - Y(Voo, Woo, K),

+ %\ det(exp(—tX))\%_"i

where integration is always over U,_1(R)\ GL,—1(R). All in all we find that ¢ (veo, Weo; %) is
weakly (gl,,_1,On—1(R))-equivariant. Since we have

'L/)('Uoo;woo; K) = onmwoo ("f) : L(Troovo'oo;"f)v

and L(7eo, 0co; k) does not depend on the choice of our Whittaker functions, the same is true for
Py v (K).-

To show (b) we have to find elements of V and W for which Bj o, does not vanish. Recall that we
fixed bases of M, ¢ and M, ¢ in Section 3. Let m € M, ¢ and m’ € M, ¢ be such basis vectors
fulfilling A(m ® m’) # 0. By Theorem 1.2 of [CP2] we are able to choose Whittaker functions
Um,oo I #0(Too, Too) AN Wiy 00 N #(0 oo, Too) such that P, ., , (k) does not vanish. Hence,

m/ oo

Um,oo @M and Wiy o @ m' are suitable choices of elements of V' and W such that By o (V,W) £ 0,
which proves the proposition. 0

4.4. Reduction to minimal K-types. We return to the case n = 3 now. Our aim in this
section is to show

Theorem 4.3. Let 7, be the minimal SO3(R)-type of #o(Teo,Too) with 3 < a, and let 7', be
the minimal SO2(R)-types of #(0oo, Too) with 2 < b. Assuming b < a the pairing Bx o remains
non-trivial for a suitable choice of the linear form \ when restricted to Vg, and Waor,, i e

B oo (Vay, Wgy,,) = C.

In a first step let
<'7 > : %(71—00’7—00) X %(0'00777'00) — C

be an arbitrary non-trivial weakly (gly, O2(R))-equivariant pairing of C-vector spaces. We want to
show the following

Theorem 4.4. The pairing (-,-) is not trivial, if restricted to minimal K-types, that is

(#6(To0, Too) 9 Wo (000, Toc) 2, ) Z 0.
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Proof. Since #4(0x0,Too) 1s irreducible as gly-module, it is generated by a single element w.y, of,
say, weight +be;. Because of the weak equivariance of (-,-) we get

<%(7T007700))%(000a?00)> = <%(7TOO7TOO)7%<UOO??OO)@/ib>
= <%(770077—00)’wﬂ:b>
But then we assumed (#4 (oo, Too )s #0(000s Too)) # 0, so that the Theorem follows from Proposition

4.5 below, which we could prove the same for &, instead of Z_. O

Proposition 4.5. <%(7TOO,TOO),%(UOQ,7_'DO)_@/_b> = (%(Troo,roo)@a,%(Uoo,foo)@r_b>.

Proof. Let LU(sl3) be the universal envelopping algebra of sl3, and let p : T(sl3) — LU(sl3) be the
belonging projection, where T(sl3) is the tensor algebra. Since each element of T(sl3) can be found
as a representative of an element of p(€D,2, ®" @3), it holds

(4.2) PEP ) 6s) = t(sls).

r=0
This can be shown by proving that the left side contains a basis of sl3. But then, g3 is obviously
contained, and we have

1 1 1
H=—ilZ_1,21],E1 = —[Z9,Z1], E_1 = =[Z_1, Zy).
482[ 1, Z1), Er 48[ 0, Z1], By 8[ 15 2o
From now on we write ¢f for ® @gs. A direct implication of (4.2) is #5(Toos Too) =

Y0 95 - #0(Too, Too) 9, , Where the dot denotes the action of U(sl3) on #((7,Too). Thus the
proof of Propostion 4.5 is reduced to showing that

VT E INO : <p~g '%(WOO7TOO)_@aa%(GOO77:OO)_@’_b> g <%(7T007TOO)_@G7%(00077:OO)_@/_b>'

We will do this by induction on r. The case r = 0 is trivial. The proof of the general step of the
induction needs r > 3, so that we will show the cases r = 1 and r = 2 first.

Consider an arbitrary v € #0(7oo, Too) 9, Since #4(Too, Too )9, 1S the direct sum of its weight

spaces and because of the bilinearity of (-,-) we may assume v to have a weight wt(v) without loss
of generality. But then we have

wt(v)(v,w_p) = (H .v,w_p) = —(v, H . w_p) = b{v,w_p),
so that (v, w_p) = 0 if wt(v) # bey. So it suffices to study the be; weight space of #4(7o0, Too) 2, -
The case r = 1. Remember a > 3. By the Clebsch-Gordan Formula for sos3 we have

a+2
@3 & %(WooaToo)ga > PR 9D, = @ 9D;.
i=a—2
Recall 2 < b < a. So the be; weight space of O3 ® #0(7oo, Too ), is 3-dimensional for b = a,
4-dimensional for b = a — 1, and 5-dimensional in all other cases. A set of generators is given by
Zo ® vy,
Zy® vl()l—27
B
BTN (1) 2y ® Vg_o_jri € (93 @ W0(Toos Too) 2, ) 205
i=0
where the allowed values in {0,1,2} of j depend on a — b. %, is the smallest SO3(RR)-type in

Ho(Too, Too ), Whence
4

BTN (-1 Zai vy =0
=0
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for j = 1,2. For j = 0 the term lies in the be; weight space of (93 ® #6(7oo, Too )2, ) 2., the latter
being isomorphic to Z,, since the smallest K-type always occurs with multiplicity one, i. e.

4
Eizb : Z(_I)ZZQ—z . UZ—Q—H' eC- Ug.
=0

Summing up, this means
(4.3) (§3 @ #o(Toos Too) 2, Jbe, C (Zo @ v, Za @ vi_y)e + C - v

Since Zy = (51_218) lies in the centre of gly, it follows that Zo.#(000, 7)o, 15 a S02-

module. Because the action of Z; does not change the weight, and because of the multiplicity
one of the smallest SO2(R)-type, we get Zo-%(Uomf'oo)@Qb - %(UW,?OO)@Lb. Since for all
vt =30 vl € #o(Too, Too) 9, We have

a

a
(Zo . v w_p) = (Zy. Z U w_p) = Z ;i (Zoy . v, w_p) + ap(Zo . vy, w_p),
i==a e
by the weak equivariance of (-,-) this means
(4.4) Zy.v* € ker(-,w_p) + C-vp =: a.
By a similar argument we even get

(4.5) Zy.aCa.

Furthermore, by the (sly, O2(R))-equivariance of (-, -), and since &’ , is a minimal SO2(R)-type of
H0(0o0, Too ), WE get

(4.6) (Zy v w_p) = —(v*, Zy . w_p) = —(v*,0) = 0.
for all v* € #4 (oo, Too). Together with (4.3) this proves the case r = 1.

The case 7 = 2. A set of generators of the be; weight space of &% . #4(Too, Too ) 2, iS given by
{ZiZj-UZ | —2§Z,j§2, —aS]{JSCL, Z+]+k‘=b}

Like in the case r = 1 we will show that all those generators lie in a. By (4.5) and (4.6) and
by induction we already know this in the case i € {0,2}. Now, since [Z;, Z;] lies in sog for all
i,j €{-2,...,2}, since i + j+ k = b, and since v{ lies in #4 (7Moo, Too) 2, , interchanging Z; and Z;
only produces a summand in C - v{, so that it suffices to show

(47) {232 . Ub+4, 272Z71 - Up+3, Z,zZl - Ub+1, 231 - Up+2, Z,lZl . Up, Z12 . 'Ub,Q} Ca.
Note, that for big values of b some of those terms vanish.

By the Lemma of Schur we have x(X,Y) = 6-tr(XY) for the Killing form x on so3. From this we
can calculate the Casimir operator C3 € $(sl3) explicitly. It holds

03:—% <2¢-H+H2+E1E1—418~Z§—214-Z222+214-Z1Z1).
Since #4(7) is irreducible as an slg-module, C5 acts like a scalar. By the anteceding we get
(4.8) Z 171 Wy(Teo)a, Ca
and even

(49) Z_ 171 =u1 +ug withuy.a Caandus € ﬂ(503).
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Like in the case r = 1 we want to make use of the fact that &, is the smallest SO3(R)-type of
Wo(Too), 1. €. of (93. #0(7o0)2,)2,_, = 0 for j € {1,...,a}. For all those j we get

4
(4.10) SN 1) Zosi iy s = 0,
=0
4 .
(4.11) Z(—l)l(cg_z_j_HZQ—i Vg jritdeiZii.vg_o ;i) = 0.
1=0

Here, (4.10) just says that the maximal vectors in the respective Z,_; are zero, and (4.11) is (4.10)
multiplied by E_1.

Now consider the special case j = (a—b)+ 1 of (4.10). We multiply this equation by Z; and ignore
summands containing Zy (by (4.5)), Z2 (by (4.6)), or Z_1Z; (by (4.8)) as lying in a. We find

2y vy — Z_2Zy vfy, € a.
If b = a, then we have Z_57; vp =0 and thus Zf.ngQ €a Ifb<a-—1, we also multiply
(4.11) for j = a — b by Z1, and analogously find

(d2 — 1) 2% 05—y — (do1 = ¢§19) 2221 .0y, € 0.

But these terms are linearly independent in Z_5Z; . vy, ; and Z% v, because of

1 -1

det —6b>12>0,
€ (d2 — C;)lf] 7d_1 —+ Cg+2) -

so that for all pairs (a,b) we have
(4.12) {Z 221 .01, 23 v)_y} Ca.

If b > a — 2, we are done, since then all other terms in (4.7) are trivial. If b < a — 2, we consider
(4.10) in the case of j = (a — b) — 1, this time multiplying the equation by Z_;. This yields to
Z2, v, €aforb=a—2. 1fb < a—3, weuse (4.11) for j = (a —b) — 2 and compare like above.
Analogously, for all pairs (a,b) we get

(4.13) (72, 0, Z1Z 5085} Ca

If b > a — 4, we are done. For b < a — 4 we multiply (4.10) for j = (a — b) — 2 by Z_5 and find
(4.14) Z2,.vp , €a
for all pairs (a,b). (4.12), (4.13), and (4.14) together show the case r = 2.

The case r > 3. We consider terms of the form Z,, ...Z; v} € @%. #(To0), with —2 <
iy...,0r <2, —a < k<a,and i1 + -+ i + k = b. We want to show that all of those lie in a.
Like in the case r = 2 we may permute the Z; at will to answer this question, so by (4.5) and (4.6)
we only have to consider terms like
29,7°. 27 vy,

with a« + 84+ v =r and —2a — 8+ a + kK = b. Remember that this is a proof via induction over
7. By the induction hypothesis (5 2. #4 (7o) o, lies in a, so that by (4.9) and induction it is even
enough to study those terms with = 0 or v = 0. We distinguish three cases:

At first let 8 = v = 0. Then we only have to consider terms of the kind Z”, . v with —2r +% = b.
Because of 7 > 3 it holds k = b+ 2r > 8. On the other hand, multiplying (4.10) by Z"5" we find

r—1 a r—1 a T a
_Z_2 Zl . Ua7j71 — Z_2 Zfl -Ua7j+1 — Z*Q . Ua7j+2 ca

for all j € {1,...,a}. So if we assume the assertion for § # 0 and for v # 0, we get Z",. v € a
for all £ > 2, and we are done in this case.
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Now assume 3 # 0 and v = 0. Set u = Z§2Z§1 with @+ 6 =r —1and 3 # 0. We want to study
the terms uZ;, .vj with i, € {—1,—2}. This is enough, since the factors in uZ;_ commute modulo
a, and since 8 # 0. Obviously, we have k > 2a + 8+ b — 4, > 5. From (4.10) and (4.11) we get

(4.15) —uZy Vg_j_ —UZ-1 .V Ul 2.0 ;0 €0

J
forall j € {1,...,a}, and
(4.16)  —(d+cq_j)uZy.vg_;_ 1 —(6+cq_jo)uZ 1. vg_j 1+ (4 +cq_ji3)uZ 2.v5 ;0 €a

for all j € {2,...,a+ 1}. Note, that by (4.9) and the induction hypothesis the respective first

summands lie in a. So for j = 1 we directly get uZ_1 .v% € a. Since for the j € {2,...,a} we have
det( : " )=<—2)(a—j+1)7éo,
6+cajra —4—Cojy3
it follows

uZ_1.vp€a forl<k<a and uZ s.vg€a for2<k<a,
which shows the assertion in this case by the anteceding.
The last case is § = 0 and v # 0. Set u = ZéQZ? with &+4 =r—1 and 4 # 0. We want to study
the terms uZ;, . v} with ¢, € {1,—2}. This is enough, since the factors in ©Z;, commute modulo

a, and since v # 0. Keeping in mind that the factor u is different in this case, we can use (4.15)
and (4.16) again, this time neglecting the respective second summands. Analogously this yields to

uZy. vy €a for —1<k<a—-3 and uZ s.vi€a for2<k<a.

Consider uZ; . v} for k > a — 2. Because of b= 26 +5+1+k>a—1+% —2& and r > 3 the
exponent @ has to be at least one. So modulo a we may write uZ; .v¢ = Z9% ' 2] Z 5 .v¢, which
lies in a by the discussion above. We can apply the same trick for small values of k as well. Recall
7 > 0. Thus uZ_5.vj for k € {—1,0,1} lies in a, since we already know that Zf;lZ?71Z1 vf
does. So up to now we have shown

(4.17) uZy.vp €a fork>—-1 and uZ_5.v; €a fork>—1.

We want to prove that the same is true for —a < k < —1. We do this inductively: Let ky €
{-1,...,1—a}. Assuming the assertion for k > ky we want to show that it is also true for ko — 1.
We multiply (4.10) for j = a + ko with uE:lsz and get

4 —2ko o s —2ko—s
i —<«ho a
(4.18) u.<2<1> Z( ’ )(H R | +)Z++>—o

i=0 s=0 t1=1 to=1

Here the prefactor Py,_1 of uZ; .vg,—1 is

ok, —2ko—1 oke —92k
Pt = (T T vt 01 (T50) I e

to=1 to=1
—2ko—1
_ a a a a
= (8koc%py—2 — Chy—1Chy—2) " H Cko—1—to
to=2

—2ko—1
_ a 2 a 2 a
= (—(cky—2)” + (6ko + 4)cj, o — 80k;) - H Clkg—1—ts"

to=2

Py,—1 cannot be zero. Note, that the product in the last line is unequal to zero by the choice of
ko, and the term in parentheses could only vanish, if ¢f _, = 3k + 2 £ \/—71k3 + 12ko + 4. But
this cannot happen, since for kg < —1 the discriminant —71k2 + 12ko + 4 is negative.
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Now consider (4.18) modulo a. It reads
4
0= Z Pro—2—iyuZa_; '”ZQ—(2—1‘) = Py,—1uZy . vg,—1 mod a
i=0
with the respective prefactors Py, _(2_;). Note, that we may ignore the summands for i = 2 and
i =0 (by (4.5) and (4.6)), and for ¢ = 3 (by (4.9), since ¥ # 0, and by induction over r). Finally,
by induction over ky we may ignore the summand for i = 4.

Altogether we showed uZ;.vk,—1 € a. Like in the paragraph before (4.17) it follows that
uZ_y.vj _; lies in a as well, which shows the step of our induction over ko and thereby the
proposition. O

We now turn to the proof of Theorem 4.3. Since the minimal SO3(R)-type 2, has multiplicity 1
in T, we find the Zs-isotypical component Vg, of V' in
Wo(Too, Too )0 @ (M) gy o = D3 D Da® -+ ® Dog—3
by the Clebsch-Gordon formula. By the same argument for oo we find Wg- | in
%(UOOv%OO)QLb ® (qu)@l;2 =9,
and Wg, in
%(Uwv?OO)@g ® (MV)@Q% = 7.

We will now adjust our choice of the linear form A : M, ® M, — C to this situation.

Lemma 4.6. There is a non-trivial sog-invariant Q(i)-rational linear form X such that

BA((My) 9y, (My)g;) # 0
if and only if (k,1) € {(a—3,b—2),(a —3,2—10)}.

Proof. Recall that a Q-rational finite-dimensional representation ¢ of SL,(R) always induces
a Q-rational representation of the Lie algebra sl, by restriction of the associated infinitesimal
representation do to s, (Q). We may apply this to g, and g, for n = 3,2 and furthermore restrict
to SO, (R). So in particular our H € s02(Q) acts on M, q and M, g. Once we want to pass to
weight spaces we are obviously forced to enlarge the field of scalars to include i = v/—1. Since
we may choose iH, E1,E_1 € s03(Q(i)) as a Chevalley basis, M,, decomposes as a direct sum of
irreducible sog(C)-modules
M[L =Dy 3+ Z m(k>@ka
k<a—3
where in particular
Mp,Q(i) N (Mu)@a—s = Za—3,Q(4)
is an irreducible s03(Q(4))-module spanning Z,_3 over C. In a similar way M, q(;) decomposes
into weight spaces
M) = Za-ba) © ® Zo-2,00),
which eventually allows us to define A : M), ;) ® M, q;) — Q(4) by setting
A(mp—2 @ my_,)) = A(ma—p @ my,_5) = 1

for respective generators of the weight spaces (Z,—3,q())+(»—2) and @;(bﬁ) Qi) and setting A = 0
on the remaining part. 0

Proof of Theorem 4.3. We now show that B) o (Va,, ngﬂ) is non-zero for B) like in Lemma 4.6.
By Theorem 4.4 and by construction of A the pairing B)  is non-trivial, when restricted to

(%(WOOaTOO)@a ® (MM)@a—s) X (%(00077_—00)@’,b ® (MV).@éd)'
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In terms of the canonical bases v%,,...,v% of #((Too, Too) 2, and Mm3_q, ..., mMq_3 of (M,)qp, , as
in Section 4.1 a highest weight vector of Vg, is given by
a
V3 1= Z (—1)k’Ug X ms3_g.
k=—a-+6
Thus the 2e; weight space in Vg, = (v_3,...,vs)¢ is generated by
a
E_;.v3= Z (=1)* (chvf_y @ ma_y + ¢4 puf @ ma_y) .
k=—a+6
So with generators w_y of %(00077100)@’4) and my_, of (MV)_@{F2 we get by the sos-equivariance
of B,, and B),

B/\m(E—l U3, W—p @ mgfz) = (—1)b(6§i§’ - Cg+1) * Boo (v, w—p) ~B,\(m2_b,mg,2).

By Theorem 4.4 and the choice of A as described in Lemma 4.6 it only remains to show that
Cha1 % cgj:’ for 2 < b < a — 1, which is easily verified.

In the same manner we also get the non-vanishing of BA7OO(V%,W_%), so the proof of Theorem
4.3 is complete. O

4.5. Reduction to cohomology. We still want to show that for n = 3 the value Py o (k) in
Theorem A does not vanish. Up to now we showed that B) o, does not vanish on the cohomological
K-types. Recalling the remark in Section 4.2 we want to prove, that By ® B o restricted to
cohomology is still nontrivial. Like in Section 3.6 we may write
2 SO3(R)
</\ P3 @ V%) resp. (@5 ® Wy, ® W@g))

S

SO2(R)

El
for the respective cohomology spaces. This suggests to do the proof in two steps. At first we show

502

Proposition 4.7. (B ® By) ((/\2 05 ® V@3)503 ) (@S ® (Wgr , ® W@;)) ) Z 0.

Proof. A basis of the soz-module /\2 @3 is given by

571 N\ Zs,

570 A Za,

3Z_ANZy+2Z0N2Zy, ZogNZy—Z_1 N2y,
(4.19) 2 A\NZ1+Z o NZy, ZANZy—27 9N Lo,

Z ANZy+Z 9N 24y, 3Z_1NZy—27_5 N\ 7y,

73 A Zo,

7 aNT 4,

whence /\2 ©3 is isomorphic to 27 ® P35 as an soz-module. The same is true for its dual /\2 035,
since g3 & P, is self-contragredient as an sog-module. The cohomological SO3(RR)-type %5 of V is
isomorphic to Z5. So by the Clebsch-Gordon formula we get

2
N\ 63 © Va, (D1 @ P5) ® Ps
(DD DDs)D (Do DD DD DD D DD Ds D D).

The sos-invariant vectors are just the Zy-part by definition, so that it follows

2 503 2
(A@@@J =<A@®@J ~ 9.
Do

I7¢
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If we choose canonical basis vectors v/ 4, v/ o, 0" 1,0, v}, vh,v5 of (N>@3)a, = Ps such that

the weight of each v}, is ke;, a generator of the Zy-component of /\2 p5 @ Vg, is given by
3

e (=DF L ® g

Now consider the two cohomological SO»(RR)-types Wor , = 2’ 4 and Wq, = 2}. The soa-types
of §9 are (Zo)e = 24 and (Z_o)¢ = P’ 5, so that we have Ho = D', @ 5. Since Ho is self-
contragredient with H.Z*, = 2iZ*, and H.Z5 = —2iZ5, the same is true for 5. We get

s @Wao  Z(D 0@ D) RD =9, ® D
and
05 @ Wa, =2 (7L, @ P5) @ Py = Dy @ 9,
so that in both cases it follows
(FeWa,)" =9
Now let w_» and wy denote basis vectors of Wy resp. Wy, and choose a basis {w’,, ws} of

95 such that w’, has weight —2e; and wj has weight 2e;. Then a basis of (g5 @ Wgr )*°? resp.
(95 ® Wgy)*°2 is given by wh ® w_z resp. w’ 5 ® wa.

We still have to show that the restriction of By ® Bj o is not trivial. From Section 4.4 we know
that By, oo (v, w—_2) vanishes for k # 2. But then by Theorem 4.4 we have 0 # B) o (Va,, W@é) =
B o0o(Vagy, w_2), so that By o (ve, w_2) # 0. Analogously, By oo (v_2,w2) # 0 and B o (vq, w2) =
0 for a # —2. We showed for all o, 3,7 € C

3
(Br® Baoo)(as 30 (=1)F vl @up, f-wly @ws + 7 wh @ w_s)
(4.20) ’ k=—3
= ary - B/\(’Ul_vaé)B)\,OO(’Uva—2) + Oéﬂ : B/\(”’va/_Q)BA,DO(U—27w2)7
where the values of B, do not vanish. So we reduced the proof to showing
Ba(vh,w' 5) #0 and  Ba(v.4,wh) # 0.

In order to do this we choose bases of /\2 ©5 and 5 consisting of Maurer-Cartan forms like in
Section 3.1. We set

wi =2y, wy =25, w3 =25, wy =27, ws = Z7.
Recalling the embedding of g9 into @3 from Section 4.1 we also put
Wy =2, wh =25, wy = 7],
where we define Z7 by Z%(Z;) = 0;; with 4, j € {~2,0,2} in analogy to the above. It follows

w, ifi=1,2,3
6 o . wl — 7 ) ) )
(P2 0 7)) {o ifi = 4,5
just like in Section 3.1.
Via (4.19) we can express v_,, v5 in terms of those Maurer-Cartan forms, and get

v o =5 w3z Aws and vh = wy Aws.

Further we may set

w5 = wh and wh := w}.
So, following the definition of £ ;- in Section 3 and taking into account that wj corresponds to the
differential % there, we find that B (v), w’ 5) and Ba (v 5, wh) do not vanish. O
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It remains to study the action of the groups of connected components of the respective or-
thogonal groups. The case of mp(O3) is already described by Corollary 1.5: Since ¢ =
sgn(wr (—1)(=1)*0172) = 4 we get

9 SO5(R) 5 503

/\@§®V@3 = /\@§®V93
+

The case of 7y(O2) is more interesting. If we set do = (é _(1)) we may write

OQ(]R) = <52> X SOQ(]R) resp. OQ(C) = <52> X SOQ(C)

02 acts on the weights 7 of an arbitrary representation of so, by

e =i =iy %) (O o) (5 O = ==,

Thus J; interchanges the two weights —2e; and 2e; both in @4 and W, whence it also interchanges
the two sop-modules in (g5 ® (Wgr, @ Wg,))*°2 that are isomorphic to Z;. Without loss of
generality we may assume that the basis vectors w) ® w_s and w’ 5 ® we merge under the action
of d5. Then we get

and

SO2(R)

1%

(@3 ® (Wor , ® W@é)) (wy ® w_z +wly @w2)c.

+

1%

SO2(R)
(@; ® (Wor, @ W@;)) (wh ®w_s — ' @ wr)e.

But since the (B ® By o)-value in (4.20) can not be zero in the cases &« = 3 = v = 1 and
a = § = —v = 1 simultaneously by the above-mentioned, it follows that there is a ¢’ € {+, -},
such that

SO3(R) SO2(R)

; (@3 ® (Wg , ® W@;)) # 0.

e’

2
(B/\®B)\’oo) (/\ @§®V93>

+

Recalling the remark in Section 4.2 we find

Theorem B For n = 3 let mo, have minimal K-type of highest weight a > 3 and oo, minimal
K -types of weight +b such that 2 < b < a — 1. Then there is a Q(i)-rational linear form X\ such
that Py (k) does not vanish.

(BJ]

[Bor]
[BT]
[(BW]
[Clo]
[CP1)

[CP2)
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