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Abstract Although the filtered backprojection algorithm (FBA) has been the
standard reconstruction algorithm in 2D computerized tomography for more than
30years, its convergence behavior is not completely settled so far. Relying on conver-
gence results by Rieder and Faridani for the semi-discrete FBA [STAM J. Numer. Anal.,
41(3), 869-892, 2003], we show optimality of the fully discrete version for recon-
structing sufficiently smooth density distributions. Further, we introduce MFBA, a
modified version of FBA, and prove its optimality under weaker smoothness require-
ments. Remarkably MFBA may have a larger convergence order in the angular than
in the lateral variable, thus allowing optimal convergence in case of angular under-
sampling. Moreover, MFBA can be seen as a limit of the phantom view method intro-
duced to increase angular resolution.

Mathematics Subject Classifications (2000) 65R20
1 Introduction
X-Ray computerized tomography (CT) is a technique for imaging the density

distribution inside an object. Mathematically speaking, CT reduces to reconstruct-
ing a function from its integrals along straight lines, see, e.g., Natterer [11] for details.
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152 A. Rieder, A. Schneck

The mathematical model in 2D is the Radon transform

Rf(s,9) = / F(x) do(x),

L(s,®)

mapping a function to its integrals over the lines L (s, ©) = {1 ot () +s o) | TeR}
where s € R, w(®) = (cos ¥, sin 9)’, and w () = (—sin 9, cos ¥) for ¥ €
[0, 7]. We assume throughout that the searched-for density distributions are com-
pactly supported in €, the unit disk in R? centered about the origin. Thus, the lateral
variable s may be restricted to [—1, 1].

In the parallel scanning geometry we observe the discrete Radon data

D = {Rf(kh, jhy)  k=—q,...,q, j=0,....,p—1}, p,geN, (1.1)

where & = 1/q is the lateral sampling rate and hy = 7/ p is the angular sampling rate.
Let fra = frBaA (B, hy) denote the reconstruction of f by the filtered backprojection
algorithm (FBA) from D. Then, we will show that'

If — fesall 2@
5 (hmin{otmax,oz} + h;‘; _i_hﬂhmin{ﬂlmax,(x—l}) ||f||H8‘(SZ), a>1. (1.2)

The maximal lateral convergence rate omax depends on the used filter and the inter-
polation process after filtering. For instance,

3/2 Shepp-Logan filter with piecewise constant interpolation,
amax = 4 2 Shepp-Logan filter with piecewise linear interpolation, (1.3)
5/2 mod. Shepp-Logan filter with piecewise linear interpolation.

In principle, it is possible to construct filters and adapted local interpolation schemes
leading to arbitrarily large amax (see Remark 3.2).

Under the optimal sampling condition p = wq (h = hy), see, e.g., Natterer [11,
Table III.1], our estimate (1.2) yields the convergence rate h* as h — 0 which is
optimal for density distributions in H{j' (), see Natterer [10] or [11, Theorem IV.2.2].

Moreover, we introduce algorithm MFBA, a modification of FBA, and we prove
that

If— fMFBA||L2(Q)
S (hmil’l{(xmax,ﬂl} +h11;lin{5/2—6,05}> “f”H(‘)’(Q)y o > 1/2, (14)

for any € > 0 where o,y is as in (1.3). So we can ensure optimality of MFBA for
a larger range of Sobolev orders compared to FBA. Note also that the convergence

LA < B indicates the existence of a generic constant ¢ such that A < ¢B uniformly in all parameters A
and B may depend on.
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The fully discrete filtered backprojection algorithm 153

order in 1y may exceed the order in . Accordingly optimal convergence in the lateral
variable can be achieved while under-sampling the angular variable (in case omax <
5/2 and « large enough). Further, we relate MFBA to the streak-alleviating phantom
view method. Phantom views are created by interpolating the Radon data linearly with
respect to the angular variable, see Lewitt et al. [6] and Weiss et al. [17]. Since the
phantom view method converges to MFBA as the number of phantom views increases,
its convergence behavior essentially coincides with (1.4).

The paper is organized as follows. In the next section we introduce the filtered
backprojection algorithm, recall the convergence result of Rieder and Faridani [12],
and give some stability estimates for the Radon transform which we will need later.
Then we present and prove our convergence estimate for the fully discrete FBA in
Sect. 3. Section 4 is devoted to our modified filtered backprojection algorithm: We
motivate its definition, prove convergence, and discuss some aspects of its imple-
mentation. Further, the phantom view method is introduced and its relation to MFBA
is established. Numerical experiments visualize our convergence results in the final
section where also qualitative comparisons of the algorithms are presented.

2 The filtered backprojection algorithm

In this section we introduce the FBA in detail and recall results which we will need
later. R

First, we present some notation. Let f(§) := (m)~4/2 fRd fx)e™ 5% dx denote
the Fourier transform of a function f in L'(R? )N L?(R%). The Fourier transform can
be extended to L>-functions and tempered distributions by continuity and duality. We
define the Sobolev spaces H* (Rd), o € R, to be the closure of the Schwartz class
with respect to the norm

I£1I2 = /(1 +IEPY (&) dé.
R4

Starting point for deriving the FBA is the inversion formula

f= LR*(A ® DRf
4

which holds true for f € L?(2) [12, Sect. 3.2]%. Here, the backprojection operator

2

R*g(x) = /g(X’w(z?), 9) do Q2.1
0

2 Later in the paper we will benefit from the 27 -periodicity of R f (s, -). Therefore, the angular variable
from now on runs in the interval [0, 277 ]. From a practical point of view, however, it suffices to know R f
on [—1, 1] x [0, ] to recover f.
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154 A. Rieder, A. Schneck

is the adjoint of R € £ (L?(Q), L*(Z)) with Z = [—1, 1] x [0, 27 ]. The A-operator
is defined by

Au(g) = |g[acg)

and maps H%(R?) boundedly to H*~'(R¢). The binary operation ® denotes the
tensor product of operators and spaces, respectively, see, e.g., Aubin [1]. Therefore,
A in (A ® I)R f only affects the lateral variable ([ is the identity).

Due to Rieder and Faridani [12] FBA can be written as

Jrea(x) := R}, (I, AE, ® DR f(x) (2.2)
where
2p—1
R g(x) :=hy Z g o)), 0)), V= jhy.
j=0

The operators Ej, and I are generalized interpolation operators: For u € H*(R)
define

Epu(s) :=h""> " (u, (- — s¢)) Bu(s — k) 23)
keZ

where €),(s) = e(s/h) and Bj,(s) = B(s/h). Here, B € L*(R) is the “interpolation
function” and € € H~%(R) is assumed to be even with €(0) = 1/+/27. Further, (-, -)
denotes the duality pairing in H*(R) x H™*(R). Foru € H*(R), @ > 1/2, we may
choose € = § (Dirac distribution). In this case, h_l(u, €n(- — sx)) = u(sg). Other
choices of € allow to model finite width of the rays and detector inhomogeneities.
Indeed, for € being a non-negative function compactly supported in [—1/2, 1/2] with
a normalized mean value we observe the discrete Radon data

{gkj:k=—q,....q, j=0,...,p—1}

where
sk+h)2
gj=h"" (RFC.9). en(—s0)) = h™" / Rf (s, ¥;) en(s — sg) ds.
sk—h/2

Therefore € can be interpreted as sensitivity profile of the X-ray detectors.
Analogously, we define

Tnue(s) :=h™" >~ G, ma (- = s1)) Anls — 1), (2.4)
keZ
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The fully discrete filtered backprojection algorithm 155

where 1 and A play the roles of € and B, respectively. For more details on Ej; and I,
we refer to [12, Sect. 3.2].
Some straightforward calculations reveal that

(I, AER @ DRf (s, )= (Z we—k(Rf(,9), (- — sk>>> An(s —s¢)  (2.5)

(el \keZ

with w, = u(r)/h2 where

o]

v(s) := % /o B(0) 7(0) cos(so)do
0

is the reconstruction filter. Thus, the evaluation of frpa (x) can be implemented exactly
asin [11, Chap. V.1.1]. The sum over k in (2.5) represents the filtering step.
We require the following approximation properties of Ej, and Ij, respectively:

(i) There are non-negative constants Tmax and Bmin < Bmax such that

1Enu —ulle < HP " lullp (2.6)
for Bmin < B =< Pmax> /2 =T < Tmax, T < Band any u € H(’)g(—l, D3
(i) There is a constant oy > O such that

ITn = Il ge-12Ry—> H12R) S 7 2.7)

forO <o <og.

Both estimates, (2.6) and (2.7), are meant asymptotically as 7 — 0. All further
estimates involving h or iy have to be understood in similar manner.

Rieder and Faridani studied a semi-discrete version of FBA, that is, they did not
consider discretization of the angular variable. Their result [12, Theorem 3.7] is for-
mulated in the following theorem (Natterer [9] gave a convergence result for the other
semi-discrete version of FBA where the angular variable is discretized but not the
lateral).

Theorem 2.1 Under (2.6) and (2.7) with Bmax, Tmax = 1/2 we have that

1, «
f = RGAE, @ DRS S A% flle

L2(Q)

Sfor max{0, Bmin — 1/2} < o < min{ay, Bmax — 1/2, Tmax — 1/2} and f € HS[ (€2).

3 H(‘)" (D) is the closure of GSQ(D), the space of infinitely differentiable functions compactly supported in
D c R4, with respect to the norm || - |-
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156 A. Rieder, A. Schneck

We present concrete examples; for proofs see again [12]. Set

~ 1
frBA = ER*(IhAEh ® DRY.

Example 2.2 (Shepp-Logan filter with nearest-neighbor interpolation) Let B(-) =
sinc (7 -)* be the interpolating function in E, and A = 1j_1,21 /2]5 the interpolating
function in I,. Further, let n = 1;_1,2,1/2] in I;,. Then, the discrete filter {w,},c7 in
(2.5) is the Shepp-Logan filter [15]:

2 1
W=y T (2.8)
Further,
| Froa = £, g < AT S for £ € HE(@), @ >0,

as long as € in Ej, is either an even, compactly supported and normalized L>-function
or the Dirac distribution.

Example 2.3 (Shepp-Logan filter with piecewise linear interpolation) Let £, and I,
be as in Example 2.2, except for A which is now the linear B-spline, that is, A =
1-1/2,1/21 * 1=1/2,1/2]- Hence, I interpolates piecewise linear. The discrete filter
{wy},ez is as in (2.8). Here, we have

| Froa = 1] ) AT S U for £ € (@), @ >o0.

Example 2.4 (modified Shepp-Logan filter with piecewise linear interpolation) Let

E}j, and I, be as in Example 2.3, except for  which is now given by

sinc(o/2)
3/4 +cos(a) /4’

o) = Qr)~!/?

The corresponding discrete filter {w, },¢7 is called modified Shepp-Logan filter [12].
Here,

| Froa = £, ) S AT S for £ € (@), @ > 0.

For later use we compile Sobolev space estimates of the Radon transform. Set
H@P .= H*R) ® HI’,B (0, 277)°. Due to Natterer and Louis [8] we have

IR flge+ioo S Iflle forany f € Hy(S2), o >0.
A similar continuity estimate by Rieder and Schuster [13] yields especially

IRfllgoatin S I flle forany f € Hy (), a > 0.

4 Sinc is the sinus cardinalis: sinc(s) = (sins)/s.

51 p denotes the indicator function of D.

6 For the definition of the Sobolev spaces Hf (a, b) of periodic functions with period b —a, see, for instance,
Lions and Magenes [7, Chap. 1.7].

@ Springer



The fully discrete filtered backprojection algorithm 157

Interpolating both latter mapping properties of R finally results in
IRfl gpatio-p SN flle forany0 <p <a+1/2-8 (2.9

and [ € Hy ().

3 Convergence of the fully discrete FBA

In this section we will prove our asymptotic convergence estimate of FBA which is
stated in the following theorem.

Theorem 3.1 Under (2.6) and (2.7) with Bmax, Tmax = 3/2 we have that

1
— —R; (ILAE DR
Hf e ny InAER @ DRf

L2(Q)
S_, (hmin{ozmax,a} + hg + hﬁhmin{amax,a—l}) ”f”ot, o z Omin,

where dmin = max{l, Bmin — 1/2}, ¢max = min{er, Bmax — 1/2, Tmax — 1/2}, and
f e Hf (Q).

Note that Theorem 3.1 reduces to (1.2) with o,k from (1.3) for our concrete settings
of Examples 2.2, 2.3, and 2.4.

Remark 3.2 In [12, Remark 4.2] Rieder and Faridani sketched a scheme to construct
interpolation operators I, (2.4) with arbitrarily large oj. Further, these interpola-
tion operators are still local since A is a B-spline. Using band-limited interpolation
for Ej, that is, B(-) = sinc(xr -) and € is the Dirac distribution in (2.3), we have
Bmax = Tmax = 00, see [12, Theorem B.4]. Thus, one can construct efficient filtered
backprojection schemes with an arbitrarily large omax. Of course, one would fully
benefit from these highly accurate filtered backprojection schemes if the searched-for
density distributions are sufficiently smooth which is not the case in medical imag-
ing but in optical homodyne tomography, see, e.g., Smithey et al. [16]. In optical
homodyne tomography one determines the Wigner function of the state of a quantum
system.

In the remainder of this section we verify Theorem 3.1. In view of Theorem 2.1 we
start with

1
If— fFBA”LZ(gz) <||f— ER*(IhAEh ® DRf

L2(Q)
+[|R* =R, YU AER ® DR 0 3.1)
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158 A. Rieder, A. Schneck

and it remains to investigate the second error term which involves the discretization
of the backprojection operator. We once again apply the triangle inequality and obtain

|[R* =R VAL AEy ® DR[| 5,
< |R* =R} ) (LAE, — 0) ® DRS| 0
+[|R* = R; )(A @ DRS| - 3.2)
Following we bound each of the norms on the right hand side.

As Rj;g arises from R* by applying the composite trapezoidal rule to the integral
in (2.1) we will rely on the following estimate for the quadrature error.

Lemma 3.3 Letu € sz’c“ (a, b) for one k € Ny. Then,

b nel b
/u(t)dt —h ua+ jh)| < /|u<2k+1>(t)|dt
a j=0 a

where h = (b —a)/n andn € N.

Proof Since {gla.p) : g € C*TI(R), gis (b —a)-periodic} is dense in HZT!
(a, b) the assertion follows for k € N readily from the Euler—Maclaurin formula
[5, Corollary 9.27] and the bounded embedding HPZI“"1 (a, b) — C([a, b]).Fork =0
the statement may be proved by a straightforward calculation, see, e.g., Schneck [14].

O

Lemma 3.4 Let f be in H§ (2) for o > 1. Then,
[R* =Ry (A ® DRF|[ 26 < hG 1 flla-

Proof For the time being assume f € C§°(2). We will use a duality argument by
Natterer [9]. For g € C§°(R2) let

1

u(®) = /g(x)\lf(xtw(z?), ¥)dx = /Rg(s, D) W(s, ¥)ds (3.3)
Q -1

where W=(A ® I)R f. The latter equality follows from the coordinate transformation
x =sw(®) + twl(ﬂ) — (s, t). By a straightforward calculation we find the useful
relation

2 2p—1
{(R* =R} )W, g) 2] = /u(ﬂ)dﬁ —hy Y u(jhy)|.
0 J=0
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Further,

[(R* — R} )V, g),2|

[R* =R} YA ® DR 2= sup

2€CR(Q) llgll,2
5™ u ) do = ho 2375 uGino)
o) s |
If we are able to bound
2
/ D @)dd S 11 f et llglz2, & € No, (3.4)
0

we have proved Lemma 3.4 via Lemma 3.3 as well as density and interpolation argu-
ments.

Since
2w 2r 1
/|u(m)(z9)|d19 < // | D (Rg(s, ©) W(s, v))|dsdv
0 0 —1
m 2 1
<) (m) // ‘(1 ® D" HRg(s, #) (A ® DR f (s, )| dsdv
=0 N/ 0 -1
m m ) ]
= <J> (1 & D" Rgll gasj-m (A & DR y-1/2.m-5
j=0
" m
Y ( ) IRgI 2.0 IR fll gpaszam
—\J
J
2.9)
S 2" lgll2 1 f
estimate (3.4) as well as Lemma 3.4 hold true. O

Now we handle the second error term.

Lemma 3.5 Let f be in Hy (2). Under the assumptions of Theorem 3.1 we have

[R* =R ) (U4 AER — 8) @ DRS| 5 g S hoh™Meme=l 7]l

Proof We proceed as in the proof of Lemma 3.4. Again we benefit from duality,
density and interpolation. Let f and g be in C3°(£2). Define u as in (3.3), however,
with

U = (IL,AE, — A) ® DRY.
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160 A. Rieder, A. Schneck

As in the proof of Lemma 3.4 we find that

2
/ W )1d? < 1 ® DYRgl v 1W 11
0 +IRgl garzoll(I @ D)W y-12.0

< 2|Rgllgaro ¥l gz-121
S g2 ¥l g2

Further,

Wl g2y < I(RAER — AER) @ DR fl 121
+I((AE, — A QD Rfll g-121

(2.7) .
< pminter =y (A By @ DR -3/
+II(Er — DD Rfgary

Q6 .
< hm‘“{alva71}||(Eh ® DR fllg@-121

+ hmin{ﬂmax,a—1/2}—1/2 ”Rf ||H(zx—l/2,l)

(2.6) . .
< (hmm{otl,rmax—l/Z,oz—l} +hm1n{ﬂmax—1/2,a—l}) IRl yeton

@9 .
I P

Thus,
2
/ /' (9)|d0 < hmremac =y oo | £l
0

Finally,

57 u@av =y 375" utino)

|R* — Rzﬁ)\DHLZ(Q) = Sup

g€CX(Q) lglz2
2 /7
u'(9)|dd .
< hy Jo MODIEY oy pmintamscath g,
gecr@ g2
ends the proof of Lemma 3.5. O

Now Theorem 3.1 is established by (3.1), Theorem 2.1, (3.2), Lemmas 3.4 and 3.5.

Remark 3.6 Unfortunately, our convergence analysis of the FBA does not apply to
density distributions appearing in medical imaging. Image densities in medical imag-
ing can be considered elements in Hy (2) with o < 1/2 but close to 1/2, see Natterer
[11, pp. 92ff.]. Theorem 3.1, however, requires & > omin > 1. The main reason caus-
ing this lower bound on the Sobolev regularity is the error estimate for the composite
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The fully discrete filtered backprojection algorithm 161

trapezoidal rule (Lemma 3.3). At present we do not know a useful estimate requiring
less smoothness of the integrand.

4 MFBA: a modified filtered backprojection algorithm

In the representation (2.2) of the FBA we see that the A-operator is not discretized.
Rather, it is applied to the continuous function (£, ® I)R f (-, ¥¥;) which interpolates
or approximates the discrete Radon data with respect to the lateral variable. We suggest
an analogous approach to the angular variable, that is, we interpolate the discrete data
with respect to both variables. Now, the A-operator and the backprojection operator
can act exactly on the resulting continuous bivariate function. We call the resulting
numerical scheme modified filtered backprojection algorithm (MFBA):

1
SMFBA(X) : = ER*(Ih DA QDE, Ty, )Rf(x)

1
—R*(I,AE, ® Ty )Rf(x) 4.1
4

with the periodic linear interpolation
2p—1
Thyw(:) = > w@)Cp, (- — )

J=0

where Cy,, is a 2m-periodized linear B-spline. More precisely: Let C be the linear
B-spline. Then, Cp, (-) = > 4c7 C(-/hy + 21 k/ hy).

Remark 4.1 Indefining 7}, we could in principle replace C by higher order (quadratic,
cubic etc.) B-splines. Unfortunately, this would not improve the maximal convergence
order in (4.2) below, which, in turn, would not increase the maximal angular conver-
gence rate ot in Theorem 4.2 below (compare Theorem A.2 in [12]). To benefit from
higher order B-splines one needs to introduce more sophisticated (quasi-)interpolation
schemes for the angular variable.

Before we consider a numerical implementation of MFBA we prove convergence
with optimal rates.

4.1 Convergence of MFBA

The key for proving convergence of MFBA is the approximation property
1Ty = 11l g 0,21 15 0.2 <ShSYY, 124 v <a <2, 4.2)
forany 0 < v < 1/2. We will validate (4.2) below in Theorem 4.3.
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162 A. Rieder, A. Schneck

Theorem 4.2 Assume (2.6) and (2.7) with Bmax, Tmax > 1/2 and Pmin < 1. Further,
let

I, : L>(R) — L*(R) be bounded. (4.3)
Then,

S (hmin{Ot,Olmax} + hglin{a)aT}> ”f”a

1
‘f — —R*(ILAE, ® Tj )RS
4 L2(Q)

for @ > amin = 1/2 + 2max{0, Bmin — 1/2} where omax = min{oq, Pmax — 1/2,
Tmax — 1/2} and any at < 5/2.
Proof We will need that

I, : H /7 R) — H~l/2y (R) is a bounded operator 4.4)

which follows from (2.7) and (4.3) via interpolation.
We start with

1
f— —R*(ILAE, ® Th,
4

+ R (W AEL @ (T, — D) RF| 2
L

S hmin{a,(xmax}”f”a + HR* (IhAEh X (Thﬁ — ])) RfHLz s

the last estimate being due to Theorem 2.1. Bounding the remaining error term is
basically straightforward. Under max{0, Bmin — 1/2} < v < 1/2 we find that

IR* (WAE:© Ty = D)RF| 2 S [[(WAEN® Ty = D) R e
(44)
H (AEh Q (T, — 1)) RfHH(—l/2+v,_u>
5 H (Eh ® (Thy — I)) Rf||[-](|/2+v,—v)
(2.6)
S H([ ® (Thy — I)) RfHH(1/2+u )
4.2) 2.9)
S B IR fllgapsve—y S hgllflla

where both latter estimates require that 1/2 + 2v < o < 2 + v. Now we have the
freedom to choose v in the admissible range. Choosing v = a1 — 2 yields 1/2 +
2(ar —2) < a < ar. On the other hand, by v = max{0, Bmin — 1/2} we obtain
1/2 4+ 2max{0, Bmin — 1/2} < o <2 4+ max{0, Bmin — 1/2}. Hence,

|R* (IhAEL ® (Thy — D) Rf||,2 S hG 1 flla

for 1/2 4+ 2 max{0, Bmin — 1/2} < @ < at < 5/2. m|

@ Springer



The fully discrete filtered backprojection algorithm 163

As a consequence of the above theorem the error estimate (1.4) holds true since the
corresponding operators I, satisfy (4.3), see [12] or [14] for more details.

We complete the present section by finally verifying the approximation prop-
erty (4.2). The remainder of this subsection is rather technical.

Theorem 4.3 Forany 0 < v < 1/2 we have that
e = Tyt gvoomy S B Ml g2y 1/24v <a <2 (45)

Proof We first show the estimate for « € [1,2]. Let ¢1 € C(0,27) and ¢ €
C‘Zg"(O, 2m) with T2 = @2 (- — ) € C°(0, 27) such that g1 + ¢ =1 € CSO(O, 27)
(partition of unity).” Then,

e = Ty ull v 0,20y = 1T = Ty ) (@11t + 9200) | 0 0 2
<Id- Thﬁ)((ﬂlu)||Hp—V(o,2n)
+ 1 = Th,;)(¢2“)||1—1p—”(0,2n)
S - Thﬁ)(fﬂlu)||HO—V(o,2n)
+ I = Ty ) (@20))* | 3m) | g . 30)

where w* denotes the 277 -periodic extension to R of w € H}f} (0, 2m), B € R. Suppose
we are able to show that

= Ty ull v 0.0 S 15 Nl g 0,00, 1< <2, (4.6)
then

It = Thgtll v 0.2 S 157 (o1l g 0.20) + 1020 .3 g 3 )

=15 (o1l g 0.0) + 17 (020 L g 0.0 )

S h§+ullullﬂg(o,2n), l<a<2.
On the other hand, from [12, Theorem A.2] we know that
lu = Thytell 120,20 S B Nl g 020y 1/2 < 0t < 2.
Hence, we are able to deduce (4.5) by an interpolation argument.

Accordingly, we only need to validate (4.6) to establish Theorem 4.3. We begin
with the simple triangle inequality

lv— Tth”HO*V((),Qn) <lv— fhﬁv”[—]&"(o’zn) + ||fhlyv - Thﬂ””]-[()*"(oyzn) 4.7

7 Note that [Hw]]| = llerwl]l HE(0,2m) + Itz (a2 w) || HE(0,27) yields a norm on Hl‘j‘ (0, 27) being equivalent
to the standard norm defined via Fourier coefficients, see, e.g., Lions and Magenes [7, Chap. 1.7].
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where fhﬁ is the following auxiliary approximation operator

2p—1
Thyw :=hy" Y (w, Chy (- = 9))) Cny - = 9)), w € L*(0,27).
j=0

For the left summand in (4.7) we find that

o — T o] — sup (v — Tpyv, w)| sup (v, w — Th,w)]
- s H Y 0,2 - - i - -
PUNH R 0.2m) T Y ®R) lwlly weH"(R) lwlly

lw— Th, w”LZ(R)

A

< vliz20.2 sup
©27) e ®) lwl,

S hpllvll 20,27 (4.8)

where the last bound is due to [ 12, Theorem A.2]. We proceed with the right summand
of (4.7):

[Ty v — Thyv, )|

1Thyv = Ty vl g0 20y = SUP (4.9)

weH" (R) lwlly

Since T, v — Ty v = hy' 323751 (0 = v(9;). Chy (- = 9))Ch, (- — ;) we have

2p—1
(T = Ty, w)] < Y [0 = 0(@)), by Cpy (- = 9))) | [y - = 9)), w).
=0 =:L;(v)

We next study the linear functional L ;. For v € H'(#;_1,9j+1) we bound

V41
[Lj(v)] < / V() — v(P))] h;‘Chﬁ (0 =v;)dv < 2|vllLew, 9
V-1

j+1)°

Further, L ;(P) = 0 for any constant P and there is a constant P = P(v) such that
the Bramble—Hilbert like estimate

172
lv— P||L°°(z?_,-_|,z9,~+1) S hy ||U||H1(l9j_1,ﬁj+,)

holds true, see, e.g., Brenner and Scott [2, Proposition 4.3.2]. Combining our findings
we have

1/2
L) = L= P < v = Pl o, < 0la, o,
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so that, for v € H& 0, 2m),

Ty v — Thyv, w)|

2p—1
172
Shd™ Y W0l 0,0 1Chs C = 9D, 0 ll—v Wl ;500
j=0
Shlﬁ/zﬂ) (Lemma 4.4 below)
2p—1 1/2 2p—1 12
< pl4v Z 2 Z 2
S hy ole1 9,100 1wl e, 1,954
=0 =0

S byl wll.
The latter estimate together with (4.9) results in
1Thyv = Ty vl 0.2y S By lI0ll1, v € H (0, 27),
which in combination with (4.7) and (4.8) implies that
10 = Ty Vll v 0.0y S B3 10N L2020y + 15T 0N, v € HE (O, 27).

For u e H(‘)"(O, 2n), 1 < a < 2,setv = u — Thu € H&(O, 27). Note that
v — Tjpyv = u — Tj,u. Finally, (4.6) is established by

1+
lu — Th,yu”HO*V(o,zﬂ) =|lv— Thﬁ””HJ”(O,Zn) N hg”U”LZ(o,zn) + hﬁ "llvlly
1+
= hyllu — Thyull;20.27) + By "Nu — Thyully

ST lulla

where in the last step we once more applied Theorem A.2 of [12]. Thus, Theorem 4.3
is completely verified. O

Lemma 4.4 To any 0 < v < 1/2 there is a constant ¢ = c(v) such that
1Chy N o tll v < e >
Proof We have
ICony l—2n5 205111

= /(1 + 161> Con,y (0)* do =4h§/(1 + 16> 7|C2hyo) | do
R R
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= 427h? /(1 + |o|?) "V Isinc? (hyo) | do
R

hy!
= 427 h3 /(1+|o|2)*”|sinc2(hﬂa)|2 do
1 1
—hy <

+ / (1 + |o®) 7 |sinc? (hyo)|? do
N————

R\[-h5 ' h5 " <(hpo)~*

hy'!
< 42mh3 / 0|7 do 4 hy* / lo| 72V "4 do

—1 -1 4, -1

_h19 R\[_hl? ’hl? 1
2 20l 2 2043
—1-2v h17 T 2v+3 h17

=82 hy T,
”(1—2u+2u+3> ?

Thus, c(v) = 22_”\/V 27 (1_% + 2v1+3>‘ .

4.2 Implementation of MFBA

We discuss some aspects concerning the numerical evaluation of fyrpa (x), see (4.1).
Define ® := - (I, AE, ® )Rf. Then,

— 4n

O(s, ) =D _ gk Anls — st)

keZ

where

1
8k(@) = —h~(AEy ® DRFC.0). mi(- = 50)

are the filtered Radon data, compare (2.5). We obtain

2
1
JMFBA (X) = ER*(IhAEh ® Ty )Rf(x) = /(1 Q Tyy)P(x' w (), ¥)dd
0
2701
= / Z D' (D), ¥;)Chy (9 — ;) di?
o J=0
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27‘[2[7_1
SN sk @) AN 0 ) — 50)Chy (9 — 97) dD
0 J=0 keZ
2p—1
=> ) &, )/Ah(xfww) — 5)Chy (9 — 9;) dV.
keZ j=0

Observe that fyvrea (0) = frea(0).
To reduce the notational burden we introduce the abbreviation

2

I1(s, ¥, x) = /Ah(xtw(ﬁ) —85)Chy (O — ) dD.

0
Since gk (V) = g1 (¥j4p) as well as I (sg, ¥, x) = I(s—k, ¥4p, x) we have that

p—1
IMEBAG) =2 > " gk ()1 (5%, B, X).

keZ j=0

It remains to compute the integrals 7 (sg, ¥}, x). A straightforward calculation gives
that (x # 0)

I(sk, 9, %) = 1 (s, 9 — arg(x), |x|w(0)."
Thus, we only need to evaluate integrals like
Vthy
I(sk, ¥, ro(0)) = / Ap(rcos(@) — sk)Chy (0 — ¥) do.
v —hy

For A = 1_12,1/21 and A = 1|_1,2,1/2] * 1{—1/2,1/2] an explicit computation of the
above integrals can be found in [14]. Please note that most of the integrals are zero
and do not need to be computed. For instance, if A = 112,121 * 1[-1,2,1/2] then

[min © (¥, hy), max O W, hy)] N {SkT_l s’%l} — 0 — I(si, ¥, rw(0)) =0

where O (1, hy) = cos([Y — hy, ¥ + hy])

Remark 4.5 Inprinciple, the band matrix M (x) = {I (s, ¥}, x)}, j can be precomput-
ed and stored as its entries only depend on the scanning geometry and the reconstruction
points where M(—x), j = M (x)—, j. Moreover, the bandwidth of M depends only
on the ratio hy / h.

8 arg(x) denotes the angle in the polar representation of x € R2 \ {0}: x = |x| w(arg(x)).

@ Springer



168 A. Rieder, A. Schneck

Therefore, if h = hy and if the sparse matrices M are precomputed, FBA and
MFBA require essentially the same number of arithmetic operations. The ratio of the
complexities of MFBA and FBA increases linearly with &y / h.

In our numerical experiments in the following section we however, computed the
non-zero entries of M on-the-fly.

4.3 MFBA is the limit of the phantom view algorithm

Weiss et al. [17] have analyzed an FBA-based algorithm to reduce streak artifacts in
CT reconstructions caused by angular under-sampling (see, e.g., Galigekere et al. [3]
for further work in this direction). They considered so-called “phantom views” by
interpolating the Radon data linearly with respect to the angular variable. We call this
algorithm PhanFBA(R) where R — 1 is the number of interpolated (phantom) views
between measured views. PhanFBA(2) has first been suggested by Lewitt et al. [6,
Sect. 5.3].
Starting out from the discrete Radon data D (1.1) we have that

1
JrhaneBAR)(¥) = — Ry r(LAE, ® ) (I ® Tjy) Rf (%)
4 —

Step 1

Step 2

1
= - Ri WAE, ® T RS ()

where first the Radon data are linearly interpolated (Step 1) and then (Step 2) standard
FBA is applied with angular discretization step size hg = hy/R = n/(Rp), R € N.
Observe that

SEBA(0) = fMFBA(0) = fpPhanFBA(R)(0). (4.10)

We expect convergence of fphanFBA(R) t0 fMFBA for increasing R. In fact,

| /MFBA — fPhanFBA(R) I 12(02)

1 . .
S e e T PR

@.11)

The latter estimate follows directly from our previous results. We start with

[ fMFBA — fPhanFBAR)II 2 < [(R* = R} YU AER ® (Thy, — D)Rf| 12
+ [I(R* =R, YA AE, @ DR |12

Foroa > 1,
|(R* = R; YU AEs ® DR 2 S (g + hgh™™emsa =0 £,
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by (3.2), Lemma 3.4, and Lemma 3.5. Copying the proof of Lemma 3.5 we find that
[(R* =R W2 S ARV 12 wWith W = (I, AER ® (Th, — D)RY.

Further,
(4.4)
W g2 SITAE, ® (Thy — DR fll g-121

(2.6
S ER @ (Tny — DIRfllgary S I & (Thy — DIR fllgary

. 2.9) .
La—1 La—1
< AR fl e < RSE A

where the second to last estimate follows from Theorem A.2 of [12]. Thus, (4.11) is
established. Finally, under the assumptions of Theorem 4.2 a triangle inequality yields

If — fehanFBAR) I 72(0) S (hmm{a emax} 4 pintesor)

1 . .
o (g hmintems o=t 4 hg““{z*“})> Il @ = 1.

Under a moderately large number R of phantom views, PhanFBA(R) mimics the
asymptotic convergence behavior of MFBA whose convergence order in sy may
exceed the order in & (in case omax < ot and @ > max)-

Finally, we provide a different interpretation of PhanFBA(R) and MFBA by
generalizing an observation by Lewitt et al. [6, Eq. (40)]. Set ® := (I, AE, ® T, )R f
and let U, € R?*2 be the rotation matrix by angle ¢. Taking into account that
XMo@, )= (U, 0)'o@;)” we obtain

SfPhanFBA(R) (X)
2p—1 R—1

h
DD ILICEICHRR I

j=0 ¢=0
2p 1R-1

= Z > ((1 - ) S0 (P jre/r). 05) + — <b<x RICTI) ﬁ,m)

Jj=0 ¢=0

R-1 ¢
<fFBA(X) + Z ( ) (fFBA(Ueh x)+ fFBA(U_LhI,x)>

Letting R approach infinity yields

1
SMFBA(X) = iy / SrBA(Uyx) B,y (@) dp (4.12)
*hﬂ

where B is the linear B-spline. Thus, MFBA is an angular average of FBA.

9791‘4—% = (]+ )h
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5 Numerical illustrations

Numerical experiments illustrating the convergence orders of FBA (Theorem 3.1)
under the optimal sampling condition p = mq can already be found in [12, Sect. 6].
Further experiments are reported in [14]. We therefore concentrate on experiments
highlighting the different convergence behaviors of the algorithms in the lateral and
angular variables. Additionally, we compare FBA, MFBA, and PhanFBA(R) qualita-
tively.

First we demonstrate that the error term of FBA behaving like 4% does indeed not
saturate, see (1.2). To this end, we reconstruct a function f € Hg / 2(Q) from discrete
data D, see (1.1), with ¢ = | p>/3 | using the Shepp-Logan filter with piecewise con-
stant interpolation (cmax = 3/2). From (1.2) we expect the convergence rate p />
as p — o0.

As density distribution f we use

3
fO) = di P (Ur(x — b)) (5.1)

k=1

where P(x) = (1 — [x[)?%, |x| < 1, and P(x) = 0, otherwise, and d; = 1,
dy = —1.5,d3 = 1.5,and by = (0.22,0)', by = (—0.22,0)", b3 = (0, 0.2)". Further,
Uk = U@k, 8, vi)s k = 1,2, 3, with

cos(p)/8  sin(p)/8
U(p,8,y) = )
—sin(p)/y cos(¢)/y
and
81 =0.51, y1 = 0.31, @1 = 727 /180,
8 = 0.51, y» = 0.36, ¢ = 1087 /180,
53 = 0.5, Y3 = 0.8, Q3 = 71/2.

Note that f € H{ (2) for any o < 2.51. For a graphical representation of f see [12,
Fig. 2]. The Radon transform of f can be computed analytically. From discrete Radon
data we reconstructed

1
SEBAgp(X) = ER;/p(Il/qAEl/q ®@ DRf(x), xeX,

on the grid X := QN {(i/100, j/100) : —100 < i, j < 100}. Now we define the
relative L?-reconstruction error by

1/2
e(q, p) = (Z (frmag.p () — F))? / > f(X)2> : (5.2)

xeX xeX
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Fig. 1 The relative L2-errors

e (Lp¥1. p) 5:2) for

reconstructing f (5.1) by FBA 10

using the Shepp-Logan filter

with nearest neighbor

interpolation. The auxiliary solid E

line indicates exact decay 2
o
T

—&— Shepp-Logan, conslantl

p—5/2. Here, the angular
under-sampling (relative to the
lateral sampling) is 1/(3p2/3)
ranging from 0.11 (p = 5) to

0.02 (p =70)
10°F
5 10 20 30 40 50 6070
p=1/h N
Fig. 2 The relative L2-errors X
elq, |_3q3/5J (5.2) with f 102} —6— Shepp-Logan, constant

from (5.1) and fgBA qp replaced
by fMFBA.qp (Shepp-Logan
filter and nearest neighbor
interpolation). The auxiliary
solid line indicates exact decay
g~3/2. Here, the angular 3|
under-sampling (relative to the
lateral sampling) is q_z 5
ranging from 0.28 (¢ = 25) to
0.08 (g = 600)

e(al 3¢%°)

25 50 100 200 300 400 600
q=1/h

In Fig. 1 we plotted e (| p>/3], p) for p € {5l : 1 = 1, ..., 14}. Its decay O(g /%)
complies exactly with the prediction by (1.2).

Next we illustrate that the convergence order of MFBA in the angular variable may
exceed the order in the lateral variable. Let f from (5.1) be reconstructed by

1
JMFBA gp(x) = ER*(Il/qAEl/q ® Tr/p)Rf(x), x€X,

with Shepp-Logan filter and nearest neighbor interpolation (emax = 3/2) where p =
[3¢%/7]. In view of (1.4) we expect an error decay rate like ¢ —3/>*€ for any € > 0
which we indeed observe in Fig. 2.

Now we compare FBA and MFBA. We computed relative L>-errors for the
reconstruction of different test objects (e.g. the functions from (5.1) and Fig. 3) for
increasing g and p = 3gq. It turned out that FBA and MFBA are practically identical
in terms of L’-errors, see Fig. 5. This observation remains true when artificial noise
corrupts the data. As the L2-norm is known not to comply well with the human percep-
tion of images we inspected reconstructions visually: Near to edges and vertices we
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172 A. Rieder, A. Schneck

Fig. 3 Superposition of
indicator functions of two
rectangles

Fig. 4 Close-ups of
reconstructions of the function
from Fig. 3 (Shepp-Logan filter,
piecewise linear interpolation,
q =50, p = 150). Top FBA,
bottom MFBA

found the artifacts of MFBA less pronounced than those of FBA. For a typical exam-
ple we reconstruct the function displayed in Fig. 3 being a superposition of indicator
functions of two rectangles (For an analytical description see [12, Sect. 6]).

In Fig. 4 we show close-ups of the reconstructions by FBA and MFBA, respec-
tively. Both reconstructions are based on the Shepp-Logan filter with piecewise linear
interpolation where ¢ = 50 and p = 150. MFBA clearly produces less artefacts
which are, moreover, less severe. Accordingly the regions of constant gray values
appear more homogeneous, however, at the price of blurred edges.
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Fig. 5 Quantitative comparison T T T " —

of FBA and MFBA with respect N
8 —— —
to the BV- and L2-norm under NS MFBA, BV—-norm
optimal sampling p = 3¢. The NN - %-FBA, BV-norm
underlying function is from 4 N —6—MFBA, L?-norm
Fig. 3. Solid line with square NS _A- 2
. FBA, L=
rel. BV-error of MFBA, solid . norm
line with circle rel. L?-error of = N
MEFEBA. Dashed line with 10 NS N
filledstar rel. BV-error of FBA, N
dashed line with triangle
rel. L2-error of FBA N ~g-
Y X
N
1 1 1 1 1 1 Xk
25 50 75 100 150 200

gq=1/h
Within the image processing community the norm of bounded variation,

I f By :=/|f(x>|dx+/|Vf|,1°
Q Q

is considered a measure for comparing images which is almost as sensitive as the
human eye: Both, errors in edges and noise, result in a large BV-norm.

Figure 5 displays the relative BV- and L?-errors for reconstructing the function of
Fig. 3 from discrete data where g € {25, 50, 75, 100, 125, 150, 175, 200} and p = 3q.
Both algorithms, FBA and MFBA, rely on the Shepp-Logan filter with piecewise lin-
ear interpolation. While FBA and MFBA produce virtually identical L2-errors, the
corresponding BV-errors differ slightly. MFBA outperforms FBA with respect to both
error measures. Interestingly, the BV-errors decay faster than the L?-errors, roughly
like O(g~/*). So far, we have no analytic explanation for this numerically observed
order of decay.

Finally, we demonstrate the streak-diminishing power of PhanFBA(R) and MFBA.
Figure 6 displays reconstructions of the Shepp-Logan head phantom [15]. The streak
artifacts by FBA due to insufficient angular sampling (¢ = 500, p = 30) corrupt the
whole reconstruction. MFBA greatly diminishes streaks but causes slightly blurred
edges. For instance, the three small ellipses below the two large black ellipses can-
not be distinguished anymore. Introducing one phantom view (PhanFBA(2)) already
reduces streaks and four phantom views (PhanFBA(5)) yield a reconstruction close to
the one by MFBA. The reconstructions by MFBA and PhanFBA(15) (not presented)
are virtually identical.

Inspecting Fig. 6 we observe that all four reconstructions match in the vicinity of
the origin (middle of the images between the two large black ellipses). This effect was

10 The second integral is a symbolic notation for the total variation of f (V f is a bounded Radon vector
measure in general), see, e.g., Giusti [4]. If £ € W1-1() then Jo VIl = [o |V f(x)ldx.
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174 A. Rieder, A. Schneck

Fig. 6 Reconstructions of Shepp-Logan head phantom [15] (Shepp-Logan filter, piecewise linear inter-
polation, ¢ = 500, p = 30). Top left FBA, top right MFBA. Bottom left PhanFBA(2), bottom right
PhanFBA(S)

already noticed by Weiss et al. [17, Fig. 5] and can analytically be explained by (4.10)
as well as by (4.12).

Furthermore, some edges are blurred by MFBA and others are not. The angular
average (4.12) provides an explanation: If an edge is tangent to a circle centered
about the origin then MFBA does not blur it. The more transversally it intersects such
a circle the more it gets blurred. Therefore the parts of streaks being tangent to an
origin-centered circle are neither diminished by PhanFBA(R) nor by MFBA.

Acknowledgment We thank both referees for their helpful comments on an earlier version of this article,
especially for directing our attention to the phantom view method.
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