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INEXACT NEWTON REGULARIZATION USING CONJUGATE
GRADIENTS AS INNER ITERATION*

ANDREAS RIEDERT

Abstract. In our papers [[nverse Problems, 15 (1999), pp. 309-327] and [Numer. Math., 88
(2001), pp. 347-365] we proposed algorithm REGINN, an inexact Newton iteration for the stable solu-
tion of nonlinear ill-posed problems. REGINN consists of two components: the outer iteration, which
is a Newton iteration stopped by the discrepancy principle, and an inner iteration, which computes
the Newton correction by solving the linearized system. The convergence analysis presented in both
papers covers virtually any linear regularization method as inner iteration, especially Landweber iter-
ation, v-methods, and Tikhonov—Phillips regularization. In the present paper we prove convergence
rates for REGINN when the conjugate gradient method, which is nonlinear, serves as inner iteration.
Thereby we add to a convergence analysis of Hanke, who had previously investigated REGINN furnished
with the conjugate gradient method [Numer. Funct. Anal. Optim., 18 (1997), pp. 971-993]. By nu-
merical experiments we illustrate that the conjugate gradient method outperforms the v-method as
inner iteration.
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1. Introduction. Our goal is to find a stable approximate solution of the non-
linear ill-posed problem

(1.1) F(z) =1,

where F' : D(F) C X — Y operates between the Hilbert spaces X and Y. Here,
D(F) denotes the domain of definition of F', and 4° is a noisy version of the exact but
unknown data y = F(z™) satisfying

(1.2) ly —°lly <é.

The nonnegative noise level § is assumed to be known.

In [10, 11] we proposed algorithm REGINN for solving (1.1). As a Newton-type al-
gorithm, REGINN updates the actual iterate ,, by adding a correction step s obtained
from solving a linearization of (1.1):

5
Tptl = Tn + S, n € Ny,

6

with an initial guess z¢. For obvious reasons we like to have s

to the exact Newton step

as close as possible

=zt —z,.
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Assuming F' to be Fréchet differentiable with derivative F’ : D(F) — L(X,Y), the
exact Newton step satisfies the linear equation

(1.3) F'(2,)s8 =y — F(z,) — E(z",2,) = by,

where E(v,w) := F(v) — F(w) — F'(w)(v — w) is the linearization error.
Unfortunately, the above right-hand side b,, is not available; however, we know a
perturbed version

b =y — Fwn) with (b — blly <8+ B, 20)lv-
Therefore, we determine the correction step s® as a solution of
(1.4) F'(z,)s =0,

Here, we have to take into account that the ill-posedness of (1.1) is passed on to (1.4).
For instance, if F' is completely continuous, then F’(z,) is a compact operator (see,
e.g., Zeidler [13, Proposition 7.33]); hence, (1.4) is ill-posed.

Depending on how s’ is stably obtained from (1.4), different methods arise, for
instance, the nonlinear Landweber method (Hanke, Neubauer, and Scherzer [6]), the
Gaufi-Newton method (see, e.g., Bakushinskii [1] and Kaltenbacher [7]), and the
Levenberg—Marquardt scheme (Hanke [4]).

In the next few lines we recall briefly how REGINN works. First, a regularization
scheme is applied to the linear system (1.4), obtaining

Snr = gr(AnAp) ALY

n’n?

where A,, = F'(x,,) and g, : [0, 4,]|?] — R is the piecewise continuous filter function
of the chosen regularization method. The parameter r € N is called the regularization
parameter. For instance, the filter functions belonging to the Tikhonov—Phillips regu-
larization, the Landweber iteration, and the v-methods are explicitly known; see, e.g.,
[2, 12], where more examples can be found. The filter functions g, of both latter ex-
amples are polynomials of degree r — 1. The conjugate gradients method (cg-method)
can also be described by filter polynomials g, of degree r — 1, which, however, do
depend on the right-hand side b5: ¢,-(-) = g¢-(-,5). Therefore, the cg-method is a
nonlinear scheme in contrast to the other mentioned examples.

Now we have to select a regularization parameter r,,. In REGINN r, is picked as
the smallest number at which the relative (linear) residual is smaller than a given
tolerance p, € ]0,1], that is,

(1.5) [Ansnr, —0ully < pn [05lly < | Ansni =05 lly, i=1,...,m — 1.

The tolerances should not be too small to guarantee existence of r,,; see Lemma 2.1
below. A meaningful strategy to adapt the p,’s dynamically was proposed in [10].
Setting s9 := s,, ., we end up with the Newton iteration

Tnt+l = Tn + Gr, (A:;An)A* b; n € Ny,

n-’n?

which has to be stopped in time to avoid noise amplification. A well-established
stopping rule is the discrepancy principle: Choose R > 0 and accept iterate xy as an
approximate solution of (1.1) that fulfills

(1.6) ly® — F(zn)|ly < R6 < ||y® — F(zp)|ly, k=0,...,N—1.
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REGINN(z, R, {in})

n:=0; zg 1= x;
while ||F(z,) —3°|ly > Ré do
{ i:=0;
repeat
1 =141

Sni = Gi (F’(acn)*F/(acn))F’(xn)*(y‘S — F(:rn)),
until [|[F'(2n) s+ F(zn) = 9°lly < pn [ F(20) = °lly
T+l = Tn + Sni;
n:=n+1;

}

T = Tnp;

Fic. 1.1.  Algorithmic realization of REGINN (REGularization based on INezact Newton iterations).

For an algorithmic realization of REGINN, see Figure 1.1. The inner repeat-loop
provides the Newton update s, ., and the outer while-loop implements the Newton
iteration stopped by the discrepancy principle.

In [11] we were able to verify (under reasonable assumptions) that REGINN with a
linear regularization scheme {g, },¢cn is well defined and indeed terminates. Moreover,
we proved the existence of a positive kmin < 1 such that the source condition’

(1.7) at —zo eR(|F'(zM)|")  fora k€ |kmin, 1]
implies the suboptimal convergence rate?
(1.8) o — ongeyllx = O(6—rmn/ (40} ag 6 0,

In the present paper we will improve upon the convergence results for REGINN: We will
verify that (1.7) implies (1.8) even when the cg-method serves as inner iteration of
REGINN. Thus we supplement a convergence analysis of Hanke [5], who had previously
investigated REGINN with the cg-method as inner iteration: Under a slightly weaker
version of our general assumption on the nonlinearity (see (2.1) below), Hanke proved
convergence of {xx(s) }s>0 to a set of solutions of F(z) =y as 6 — 0.

This paper is structured as follows. In the next two sections we compile facts
about REGINN and the cg-method which we will need later on in our analysis. In
section 4 we show that REGINN is well defined under (1.7) and terminates with an ap-
proximation to 1. Then the regularization property (1.8) will be verified (section 5).
Finally, we present numerical experiments for a parameter identification model prob-
lem and end with concluding remarks in section 7. Some lengthy and technical proofs
from sections 3 and 4 are shifted to Appendices A and B, respectively.

!By R(B) we denote the range of the operator B, and |B| is the square root of B*B.

2For linear inverse problems Az = y® the regularization error cannot decrease faster than
0(6%/(145)) as § — 0 under the source condition T — zo € R(JA|*) in general; see, e.g., [2,
section 3.2] or [12, Kapitel 3.2.3]. Regularization schemes attaining the maximal order are therefore
called order-optimal.
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2. General assumptions and termination of the repeat-loop. Throughout
the paper we assume F' : D(F) C X — Y to be continuously Fréchet differentiable
with derivative F’ : D(F) — L(X,Y). Moreover, let 2+ € D(F), y = F(2%), ¢y’ € Y
with |ly —¢°|ly <6, A= F'(z¥), and A,, = F(z,).

Our analysis relies heavily on the local factorization (2.1) of F’: Let Q : X x X —
L(X,Y) be a mapping such that

(2.1) F'(v) = Q(v,w) F'(w)  with [ - Q(v,w)|| < Cq [lv —wllx

for all v, w € B,(z") C D(F), the open ball of radius p about z*. Here, Cq is a pos-
itive constant. For a discussion of the nontrivial factorization (2.1) and for examples
of meaningful operators satisfying (2.1), we refer to [6, 10, 11], [12, Kapitel 7.3], and
the literature cited therein.

Let Cgp < 1. Then (2.1) gives

(2:2) [F(v) = Fw)lly = (1 = Cqp) [|IF'(w) (v—w)ly
as well as
(2.3) [E(w,w)]ly <w||[F(v) = F(w)|ly forall v,we B,(z"),

where w := Cgp/(1 — Cq p); see [10, section 3] or [12, Lemma 7.3.9]. Observe that
w<1for Cgp<1/2.

In our subsequent analysis we will frequently use the following estimate: For
z,y € By(zt) and Cop < 1/2 we have

24)  IF'@)] ™ [F' )] < (1-20gp) ™" =: Cxe forall x € [0,1],

which is due to Kaltenbacher [7, Lemma 2.2]; see also [12, Lemma 7.5.16].
Using (2.3) we will bound the data error [|b5 — by |y in terms of §, w, and the
nonlinear defect

o= " = Flaen)lly = 10y
For z,, € B,(z™) we find
[0, = bully < (1+)6 + wdy i= & = e(an,0).

We recall a result from [10] which gives conditions on p, to stop the repeat-loop.
LEMMA 2.1. Let {g.}ren be the filter function of a linear or nonlinear regu-
larization scheme for which the discrepancy principle returns a well-defined stopping
index; that is, for T > 1 there exists a smallest index rg with |Apsprg — 5|y < Te.
Further let (2.1) hold true with Cq p < 1/2 and assume z, € B,(x"), where n < N.
IfR> (14w)/(1 —w), then the repeat-loop of algorithm REGINN terminates for any

(1—|—w)<57 1]

n €
pn € Jwt -

The lower bound on R in Lemma 2.1 guarantees that the interval for u,, is non-
empty. Since b, € R(A,) (see (1.3)), all regularization methods mentioned in sec-
tion 1 (Tikhonov—Phillips, Landweber, v-method, cg-method) satisfy the requirement
of Lemma 2.1; see, e.g., Engl, Hanke, and Neubauer [2, Chapter 4.3] or [12, Kapi-
tel 3.4].
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3. The method of conjugate gradients: Preliminaries. Here we recall some
basic facts of the cg-method which we will need later in the paper. More details as
well as all proofs can be found in, e.g., Engl, Hanke, and Neubauer [2, Chapter 7] or
[12, Kapitel 5.3].

Let T € L(X,Y) and € Y. The cg-method is an iteration for solving the normal
equation T*T ¢ = T*n. Starting with £, € X the cg-method produces a sequence
{&,, }men, with the minimization property

In —T&,|ly =min{|n - TE|y [£ € X, £ -& €Un}, m=1,
where U, is the mth Krylov space,

Uy, == span{T*r" (T*T)T*r°, (T*T)*T*r°, ... (T*T)™ 'T*r%}
with ¥ :=n — T¢,. Therefore, &,,, m > 1, can be expressed by

&n =8 + @m—1(T"T)T*(n - T&)

with a polynomial ¢,,_1 of degree m — 1. Closely related to ¢,,—1 is the residual
polynomial p,,,(A) =1 — Agm—1(A) of degree m satisfying

n—TE,, =pm(TT")(n —TE).

Both polynomials depend on 1: Gn—1(-) = ¢m—1(-,m) and p;,(-) = pm(-, ). As soon
as T*(n — T&,) = 0 holds true, the cg-sequence is finite, that is, £, = &, for all
m > k. Accordingly,

my :=sup{m € N|T*(n —-TE,,_,) # 0}

is called the ultimate termination index of the cg-method (mr = oo is allowed and
the supremum of the empty set is understood as zero).

The residual polynomials are orthogonal with respect to the inner product (¢, ¥)11
= (p(T*T)T*n,v(T*T)T*n)x, which is defined on the space of all polynomials:

(pi,pj)m =0 forall 1 <4, j < my with 7 # j.

The orthogonality of {pm }1<m<my has several consequences. The residual polyno-
mials satisfy a three-term recursion which can be used to compute §,, iteratively
from &,,_; in a rather cheap way; see Figure 3.1. Moreover, p,, has m simple roots
Am.j € 10,|ITI%[, j =1,...,m, which we order by

0< >\m,1 < A'm,2 << A'rn,m < H14||2

Because of its normalization p,,(0) = 1, p,, decomposes into the following linear
factors:
(3.1) pm(A) = H(l_)‘/Am,j) = H)\i

j=1 j=t ™

Although we know neither ¢,,_1 nor p,, explicitly, some useful information about
both polynomials is available.
LEMMA 3.1. For 0 < A < A1 and 1 <m < myp, we have that

sup [gm—1 (A1) = gm-1(0,m) = —p,,(0,m) = D AL
0<A<A =
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cg-algorithm for 7' € £L(X,Y), n € Y and starting guess &, € X.
r0 = n—TEy; p' = a’ = T*rY;

m = 1;
while (a™ ! #£0)
{q™ = Tp™;

am = a5/ Na™ 13
E€m = &p1tom P
o= ™ g, @™
a™ =T rm
B = lla™ 1% /lla™ " %;
p =™ 4 B p™
m:=m+1;}

Fic. 3.1. Conjugate gradients algorithm.

The next result is proved in Appendix A and will be used twice in our convergence
analysis of REGINN with the cg-method as inner iteration.

LEMMA 3.2. Let {£,,}o<m<mr, €0 = 0, be the cg-sequence with respect to T €
L(X,Y) and n € Y. Further, let € be in D(|T|™*) for a u € [0,1]. Then, for any
v € [0, u], we have that

|||T‘_V(Em - é)HX < Q'rrz—l(O:n)(u+1)/2(||T(£m - S)”Y + ||T, - T£||Y)
+ @1 (0,m) 2T

4. Termination of REGINN with conjugate gradients. The convergence of
REGINN will be established by bounding the Newton corrections s, ,,, sharply enough.
Indeed, we will show that the Newton corrections decrease geometrically in n. Thus,
the Newton iterates stay in a ball about zq.

Recall the assumptions and notation from section 2 and let the cg-method be the
inner iteration of REGINN exclusively throughout this section.

LEMMA 4.1. Suppose s, is well defined. Then

(4.1) [snr, llx <3 qul<0abfz)1/2 dn.

Proof. We apply Lemma 3.2 with T'=A,, p=v =0, =0,n =10, €, =
Sprn = Gr,—1(A% A bE)ALDS, that is, m = r,,. Thus,

(3.2)

n’n’

Il < @, -1(0,05) 2 ([Ansnr, lly + 1165 ]ly)-

We are done by | Ausur, Iy < |Ausnr, = Villy + 05/l < (a0 + D) Bolly. 0
In the following we bound each of the factors on the right-hand side of (4.1).
From [10, Lemma 4.1] (see also [12, Lemma 7.5.9]) we already know that the nonlinear
residuals d,, decrease linearly.
LEMMA 4.2. Suppose that the nth iterate x,, of REGINN is well defined and lies in
B,(zT). Further, let (2.3) hold true with

w<n/(2+mn) forone n<13

3This restriction is satisfied, for instance, if (2.1) holds true and p is small enough.
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If, moreover,

1+w (1+w)é
—————— and pp € | w+—— n—(14+nw
REECEROL ! g, 1ot
as well as T,41 € By(x™), then
dov1 _ 9° = Fzatd)lly o Hntw
dn, [y® — F(zn)|ly l-w

4.1. Bounding q,,_1(0,b5). We assume the existence of w € X and & € [0,1]
such that

(4.2) s =zt — 29 = |Alfw,
where A = F'(z"). To formulate the bound for g,,_1(0,b5) we introduce the ratio
(43) Tk ‘= Uk dk/E(.’Ek7 6)a

which is greater than 1 under the hypotheses of Lemma 2.1.

LEMMA 4.3. Let (2.1) hold true with Cgop < 1/2 (thus, w < 1 in (2.3)) and
assume that the first n < N iterates {z1,...,2,} of REGINN exzist and stay in B,(z™").
Further, let xg € By(x™) satisfy the source condition (4.2).

Then s§ = ™ —xp € D(|Ag]™"), 0 < k < n. Moreover, if R > (1+w)/(1 —w)
and if pr €lw + (1 + w)é/di,1], 0 < k < n, then for any © € ]0,1[ such that
O min{7y,...,7,} > 1 we have

ae

v —1(0, 65 (h+1)/2 « 7O
qk 1(7k) _@Tk‘-fl

E(ij?é)_l |||Ak|_ﬁsz||X7 0<k<n,

where ag s a positive constant depending only on © and k.
Proof. See Appendix B for the proof. 0

Let us summarize what we found so far. Starting from (4.1) we are able to bound

the Newton steps under the assumptions of Lemma 4.3 by
ae 1/ (r+1) —-1/(k —k e 1/(k+1
(44)  llsknllx < 3(m) (g, 6) VD || Ay~ [ g

4.2. Bounding |||Ag|™"s}||x. Before we are able to establish termination of
REGINN by (4.4), we have to know how |||Ax| "s%||x behaves in k. Since s§ = 2T —
T =2 —xp_1 — Sk—1,rk_1 = St_1 — Sk—1,r,_, We conclude that

A" skllx = IAkl™"(sh—1 = Sk—1.m_1)lI x

(2.4)
< Ok [Ak—1]"(s%-1 — sk—1.r,_, )| x-
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We estimate the norm on the right by applying Lemma 3.2 with T' = Aj_1, p = v = &,
E=s,_1m=0bi_,,and §,, = Sx—1,r,_,- Hence,

AR ™5l x < Creon s —1(0,55 1) T2 (| Ap_18p—1,my — bially
+165 1 — br—1lly) + [ Ae—1] "5 1 lIx

< Cron @ —1(0,65_ )2 (0 gy diy +2e(w-1,9))
———

4.3
=2 e(xr-1,6)

I Ar—1 sl x

<3Ck.x Grp_1—-1(0,65_)TV/2 1y e(wp1,6)
| Ag—11""s5_1llx

Tk— _
1) Al s,

< (3Cknt0 gy

where we used Lemma 4.3 in the last step. Inductively, we end up with the following
lemma.

LEMMA 4.4. Let (2.1) hold true with Cgp < 1/2 (thus, w < 1 in (2.3)) and
assume that the first n < N iterates {z1,...,x,} of REGINN ezist and stay in B,(x™).
Further, choose R > (1 +w)/(1 —w) and let zg € B,(x™) satisfy the source condi-
tion (4.2).

If up € lw+ (1 +w)bd/di,1], 0 < k < n, and if © € |0, 1] is such that O 1, > 1,
0 <k <n, then

(4.52) 1A stllx < Cru Ay wlx  for k=0,....n
with
tn .
(45b) An = 1+30K,,@ ae m and tn :mll'l{T07...,Tn}.

4.3. Termination. We are now able to verify termination of REGINN with conju-
gate gradients as inner iteration: under reasonable technical assumptions all iterates
remain in B,(xo) and REGINN delivers an approximation ) to 2. The following
theorem is the counterpart of Theorem 3.3 from [11] (see also [12, Satz 7.5.14]) and
will be proved along the same lines.

THEOREM 4.5. Let (2.1) hold true with Cgop < 1/2 (thus, w < 1 in (2.3)). Let
7> 1 and let © € 10, 1] be such that © T > 1. Set

T

A:1+3CK,H ae m,

where Cr . = (1=Cgp)~" (see (2.4)), and ag comes from the estimate in Lemma 4.3.
Suppose that (2.3) is satisfied with

w<—"T  where nA <12

n+7+1’

Assume that the starting guess xo € B,jo(x) is chosen such that the source con-
dition (4.2) applies for r restricted to |log, ;,, A, 1] and that the product ||w||x [ly —

4This restriction is satisfied, for instance, if (2.1) holds true and p is small enough.



612 ANDREAS RIEDER

F(zo)|ly is sufficiently small. If

R> n—:&ijll) and py, € |:7' <w+(14;:))6),77—(1+77)w]

for k >0, then there is an N(8) € N and a 6 > 0 such that all iterates {1, ... JIN(S) )}

are well defined and stay in B,(x) for all noise levels 6 € ]0,6]. Moreover, the final
iterate x(s) satisfies the discrepancy principle (1.6) and, for do > R0,

(4.6) N(¢6) < |log, (Ré/do)] + 1.5

Proof. We will prove Theorem 4.5 by induction. Therefore, assume that the first
n iterates {xo, ..., x,} are well defined under the hypotheses of Theorem 4.5 and stay
in B,(z™).

If d, < R, the iteration will be stopped by (1.6) with N(6) = n. Otherwise,
d, > R 6, and we show that the interval determining p,, is not empty. The bound on
w implies that the denominator of the lower bound of R is positive. The lower bound
on R guarantees that 7(w + (1 +w)d/d,) < T(w+ (1 +w)/R) <n— (1 +n)w.

According to Lemma 2.1, 7, and thus the Newton step s, ,, are well defined. By
(4.4) and (4.5),

1/(k+1)
||5nr ||X <3 (W) AR/ (r+1) {-:(I 6)71/(n+1) d.
o - Ty — 1 n ns n

The lower bound on the ug’s yields 7, > 7 > 1, k = 0,...,n (cf. (4.3)), that is,
A, < A. Moreover, d,, /e(zn,6) < 1/w. Taking Lemma 4.2 into account, we obtain

1/(k+1 w/(k+1 n
I$nin |x < Cs wl| " dg/ Y o(k)

)

where Cg = S(CK,H ag/(©®T — 1)/w)1/(n+1) and

(4.7) (k) = (Age)/ Y <16

We define the quantity

(48) a(6) = Cs [w| Y 1Fo) — I /(1= 0(x),

In our formulation of Theorem 4.5 we assumed the product ||w|| x| F(z0) — y||% to be
sufficiently small. Now we can be more precise: assume that ||w|| x| F(zo) —y|/% is so
small that «(0) < p/2. Then there exists a § > 0 yielding a(8) < p/2 for all § € ]0, ]
and the new iterate T,41 = Tn + Spr, = To + D peg Sk, 18 i By(z1):

n
2% = zpsallx < lla™ = ollx + D sk llx < p/2+a(6) < p.
k=0

Further, d,41 < 7""!dy uniformly in 6 € ]0,6] (Lemma 4.2). This completes the
inductive step, thereby finishing the proof of Theorem 4.5. O

5Here, |t| € Z for t € R denotes the greatest integer: [t| <t < |t] + 1.
6Note that o (k) is smaller than 1 since x > logy /,, A.
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5. Convergence with rates. Finally, we are able to verify the regularization
property of REGINN with conjugate gradients as inner iteration, that is, we will show
convergence of xxs) to 2T as the noise level § decreases.

As an additional tool we will use the interpolation inequality (5.1): If T € L(X,Y),
then

(5.1) [T D) < I D) Y7 lallx ™ for 0<a<p;

see, e.g., [2, 12].
Under the hypotheses of Theorem 4.5 we have to control the reconstruction error
s§ = xt — zy of the kth iterate, 0 < k < N(6):

sl = (ARl"st 1Ak sk x < I1Ak|"stllx 1Al stllx
1) ek el|l—r k
< MArlsillx Iskllx ™ Croe A" [[w]lx,
where we also applied (4.5) with Ax < A to obtain the last inequality. Thus,

lsellx < 011</,E:+1) AR/ (5+1) ||wH§(/(H+1) ”AkSzH;/(NH)
5.2 s
. C2 o) Ak /ey (Jy = Fllly Sany
S * 1-Cqp

Relying on the above estimate, we are now able to copy the proof of Theorem 4.1
from [11] (see also [12, Satz 7.5.17]) to yield the announced convergence result.

THEOREM 5.1. Adopt the assumptions of Theorem 4.5; especially, let the source
condition (4.2) be satisfied with k restricted to]log, ,, A, 1]. Additionally, assume that
a(0) < p/2 (see (4.8)), as well as F(xo) #y = F(z*). Then

(5.3) |zt — zysllx < Cp wll YT stemloay M1 g5 5 0,

where C,, 1s a suitable constant.
In the noise-free situation, that is, 6 = 0, we have that

lzt — 2| x = O(a(n)k) as k — oo

with o(k) from (4.7).
Proof. Plugging k = N () into (5.2) and taking (1.6) into account give

C;(/’E:+1) ||

Kk/(k+1)
5o llx < e (JEELYT pvonenn g,

w“X ]-_CQP

Thus, (5.3) follows from (4.6). Convergence in the noise-free setting is obtained from
(5.2) in combination with Lemma 4.2. |

6. Computational example. By computational experiments we will demon-
strate the increase in numerical efficiency of REGINN when replacing the v-method by
the conjugate gradient iteration as inner iteration. We distinguish the two variants
by v-REGINN and cg-REGINN. Throughout this section let v = 1.7

“Any v > 1 is admissible [11, Example 2.1]. However, larger v slow down v-REGINN in the
numerical computations presented here.
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For our numerical experiments we select a model problem which satisfies our
main assumption (2.1). We like to identify the bivariate parameter ¢ > 0 in the
two-dimensional elliptic PDE

—Au+4cu=f in §,
(6.1)
u=g on 0f)

from the knowledge of u in the box Q = ]0,1[2. In (6.1), —A is the Laplacian.
Further, let f and g be continuous functions. If u has no zeros in §2, then ¢ can be
recovered explicitly by ¢ = (f + Au)/u. Thus, ¢ is uniquely determined by u but
does not depend continuously on it. In the case of noise-corrupted data the inversion
formula is useless. Further details about our model problem can be found in Hanke,
Neubauer, and Scherzer [6, Example 4.2]. Since we already used our model problem
for numerical experiments in [10, 11, 12] we will be brief in what follows.

We discretize (6.1) by finite differences with respect to the grid points (x;,y;) =
(th,jh),1<4,j <m, where m € Nand h = 1/(m+1) is the discretization step size.
Ordering the grid points lexicographically yields the m? x m? linear system

(A + diag(c))u =f,

where A comes from the difference star of the Laplacian —A and where the com-
ponents of ¢ = (c1,...,¢m2)" are given by ¢ jy = c(x;,y;) with £: {1,...,m}? —
{1,...,m?} denoting lexicographical ordering. The boundary values g are incorpo-
rated into the right-hand side f. From the convergence theory for finite differences
(see, e.g., Hackbusch [3]), we know that the solution u of the above linear system
satisfies uy(; jy = u(zs, y;) + O(h?) as h — 0 whenever u is sufficiently smooth.

In this discrete setting we like to reconstruct ¢ from u. Thus, we have to solve
the nonlinear equation

(6.2) F(c)=u

with F : R’Z"g — R™| F(c) = (A+diag(c))~! f. The function F is differentiable with

Jacobi-matrix F'(c)w = —(A + diag(c)) ! (F(c) ®w), where ® denotes component-
wise multiplication of vectors. Moreover, F’ can be factorized according to (2.1) in a
neighborhood of any ¢ > 0 (componentwise), where also F(c) > 0.8 In our numerical
experiments the parameter to be identified is

c"(z,y) = 1.5 sin(2r ) sin(37y) + 3 ((x — 0.5)> + (y — 0.5)%) + 2.

We have chosen f and g such that u(z,y) = 16z (x — 1)y (1 —y) + 1 solves (6.1) with
respect to ¢t. As perturbed right-hand side u® for (6.2) we worked with u® = u+év,
where Uy ;) = u(zs,y;) and v = z/||z|,. The entries of the random vector z are
uniformly distributed in [~1,1]. Therefore, ||u — u®||;, < 6 + O(h?) measured in the
weighted Euclidean norm ||z]|, = h (31", z?)lm, which approximates the L?-norm
over ().

In all computations below we started REGINN with initial guess co, where (co)(;,5) =
co(x;, z;) and

co(z,y) =3 ((z—0.5)% + (y — 0.5)%) +2+ 128z (z — 1)y (1 — y).

8The implication ¢ > 0 = F(c) > 0 holds true, for instance, if f > 0 since A + diag(c) is an
M-matrix whose inverse has only nonnegative entries.
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relative regularization error

Al ‘
°
=@ v-method (v=1)

0.01

0.01 p 002

F1G. 6.1. Relative reconstruction error (6.4) of REGINN as a function of h (solid line with ¢:
cg-method as inner iteration; dashed line with o: v-method as inner iteration). The thin solid line
indicates decay O(h) as h — 0.

Further, we always used R = 1.5, and we adapted the tolerances {ux} in (1.5) dy-
namically according to scheme (6.3) below, which was proposed in [10, section 6]
(see also [12, Kapitel 7.5.3.4]): Initialize pstare = 0.1, ¥ = 0.9, pftmax = 0.999, and
o = [11 := fstart- For k=0,...,N(6) — 1 set

(6.3) [t = pmax max {RS/||F(ck) —°|n, fir ),
where cj, is the kth iterate and

~ 1- :,ﬁ%f (I —pig—1) : Th—1 =72,
fiy, =
Y Mk—1 : else.

Figure 6.1 shows relative reconstruction errors by v-REGINN and cg-REGINN. More
precisely, we plotted

(64) err(h) = ”CN(&(h)) - c+||h/||c+||h with 5(h) =10 h2

as a function of h € {(10k)~! |k = 3,...,12}, where czr(m.) = ¢*(z;,y;) and where
CN(s(n)) is the output of either v-REGINN or cg-REGINN. The auxiliary line in Fig-
ure 6.1 represents exact decay O(h) as h — 0. Thus, our computations indicate that
err(h) = O(h) as h — 0. Since |[[u — u®?M ||, < §(h) + O(h?) := 6(h) = O(h?) the
regularization error achieves maximal order of convergence according to Theorem 5.1,
namely, err(8) = O(6Y/?) as  — 0, that is, x =1 and A = 1.

Both variants of REGINN deliver errors in comparable magnitude. In this respect
there is not much difference between cg-REGINN and v-REGINN. However, looking at
the numerical efficiency we observe a significant difference. In Figure 6.2 we plotted
the ratio

cpu-time of v-REGINN to compute €y (s(n))

(6.5) q(h) :=

cpu-time of cg-REGINN to compute CN(5(h)) ’
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speedup

261 1

22r 1

0.01 h 0.02

F1G. 6.2. Speedup q (6.5) of cg-REGINN over v-REGINN.

TABLE 6.1
Convergence history of v-REGINN for h = 0.01, §(h) = 10h2, with respect to the tolerance
selection (6.3), where pstart = 0.1, pmax = 0.999, and v = 0.9. Overall cpu-time: 240.72 seconds.

E | pr—1  rmeo1 dp/dpo1 di/(RE) ek

1 | 0.0999 40 0.2464 43.68 0.4280
2 | 0.0999 75 0.1128 4.925 0.2204
3 0.5194 99 0.5153 2.538 0.1311
4 | 0.6353 105 0.6324 1.605 0.0836
5 | 0.6555 176 0.6550 1.051 0.0443
6 0.9504 242 0.9503 0.999 0.0290

TABLE 6.2

Convergence history of cg-REGINN for h = 0.01, §(h) = 10h?, with respect to the tolerance
selection (6.3), where pstart = 0.1, pmax = 0.999, and v = 0.9. Overall cpu-time: 8.00 seconds.

k| pr—1  mho1 di/dp—1  dig/(RY) ek

1 | 0.0999 1 0.3997 70.86 0.5598
2 | 0.0999 1 0.1188 8.418 0.3090
3 | 0.1187 6 0.1223 1.030 0.0239
4 0.9704 1 0.9629 0.991 0.0238

where we did not count cpu-time for preprocessing steps performed by both vari-
ants.” Figure 6.2 reveals that cg-REGINN is 10 to 30 times faster than v-REGINN in
our example.

Tables 6.1 and 6.2 record the convergence history of ¥-REGINN and cg-REGINN in
full detail for the discretization step size h = 0.01. In both tables

dy = ||F(ck) — ™|, and ey = |lex —cFn/llcT|ln

denote the nonlinear defect and the relative L2-error of the kth iterate, respectively.
Among all Krylov-subspace methods the conjugate gradient iteration is the most
efficient one when the discrepancy principle is the used stopping rule; see, e.g., [2,

9The experiments were carried out under MATLAB 6.5 on a 2.6GHz Intel Pentium 4 processor.
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Chapter 7.1] or [12, Kapitel 5.3.6]. As expected, cg-REGINN outperforms »-REGINN
since it takes much fewer inner iterations to yield the correction step which we can
observe clearly in the tables (one iteration step of the cg-methods is only slightly more
expensive than one iteration step of the v-method).

7. Concluding remarks. In this paper we proved local convergence with rates
for a regularization scheme of inexact Newton type with the cg-method as inner iter-
ation. Theoretical aspects are emphasized; ideas and techniques have been presented
to cope with the nonlinearity of the conjugate gradient iteration.

As far as the author knows, the restrictive factorization assumption (2.1) has not
been verified for real applications such as, e.g., impedance tomography, ultrasound
tomography, and SPECT (single photon emission computed tomography). Therefore
the most pressing improvement of the presented analysis is to weaken or to get rid
of (2.1).

Nevertheless the practitioner may benefit from our theoretical results in at least
two ways: (1) The adaptive tolerance selection scheme (6.3) has a sound justification
for cg-REGINN and can be expected to perform well also for more general nonlinearities.
(2) A potential convergence analysis of cg-REGINN for a specific application, which does
not fall into the general category considered, can be based upon techniques developed
here.

Appendix A. Proof of Lemma 3.2. For the sake of simplicity we only prove
Lemma 3.2 for a compact operator T (the general result will follow by integration
over the spectral family of T7*T"). Most of our arguments have been used before by
Plato [9, Lemma 5.4] (see also [12, Lemma 5.3.11]) to prove another error estimate
for the cg-method.

Let {(oj;vj,u;)|j € N} C ]0,00[ xX x Y be the singular system of T, that is,
Tz =372, 0 (x,v))x uj with lim; . 0 = 0 monotonically, and {v;} and {u;} are

orthonormal bases in N(7)* and R(T), respectively.!°
We introduce the spectral family {€x}a~0 C L(X) of T*T by!!

(A1) Epx = Z (z,vj)x vj + Pyemyz, J(A):={j€ N|oj2- < A},
JET(A)

and start with
T (& — Ellx <N = En)(&m — E)llx + IIT]7EA (& — &)l x-

We proceed by

T (1 = E) (& — €)% = D 0 2™ [T~ E0)(E, — €),01) o |
k=1
= Z 016_2(V+1) |<|T|(£m_€)avk>x|2
kZT(A)

<A T(E, - 61}

1ON(B) and R(B) denote the null space and the range of a linear operator, respectively.
1Py € £(X) denotes the orthogonal projection onto the closed subspace M of X.
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and
T En(&m — E)ix
< N1 Expm (T T, )€l x + 11T Exgm—1 (T*T, m)T" (n — TE) || x
< NEAIT " pm(T*T,m)||x I T"E€l x
+ 17177 Ergm-(T*T,m)T" || x [In — T€|| x
< NT~"&llx iGN AEZI2 | p (A, )|
+ [Eagm—1(T*T,m)|[T]7T7 | x [l — TE| x-
Further,

|EAGm—1(T*T, m)|T |~ T*|?
€A Gm—1 (T*T,0)| T1* =) g1 (T* T, m)Ex|
€A @1 (T*T, )| TP o1 (T*T, m)En |

IA

< sup Jgm-1(A,m)| sup A7V [gmo1 (A, m)].
0<A<A 0<A<A

By Lemma 3.1 we have

sup |gm—-1(A,n)| < gm-1(0,m) whenever 0 < A < Ay, 1.
0<A<A

The representation (3.1) of p,, shows that 0 < p,,(A) < 1 for A € [0, A, 1]. Since
Pm(A) =1 = Agm_1()\) we derive that

v 1—v v
sup A g1t A < ( sup Mgt (A m)])T T ( sup Jgm—1(A,m)])
0<A<A 0<A<A 0<A<A

S q"L—l(Oa 'rl)u
whenever 0 < A < A, 1. Finally, for 0 < A < Ay, 1, we obtain that

7177 (€ = )l < A=V 7€, = €)lly + 7] Lx A2

+ qm—l(oa n)(qul)/Q ||T’ - T€HX7

which yields the stated inequality (3.2) by setting A = 1/¢,,—1(0,1). This choice for
A is admissible since 1/¢;,—1(0,1) < A, 1; see Lemma 3.1.

Appendix B. Proof of Lemma 4.3. Before we can prove Lemma 4.3, we
need some auxiliary results (Lemmas B.1 and B.2 and Corollary B.3 below). Here we
rely on arguments laid out by Plato [9, Kapitel 5] and Nemirovskii [8] (see also [12,
Kapitel 5.3]).

Suppose that the first n iterates {@1, ..., 2, } of REGINN exist and stay in B,(z™).
Point of departure is the inequality

(B.1) 107, = Aksemlly < [[Fan,@m(ArAr, b)belly +¢, 1 <m < mr,

where 0 < k < n, mr = mr(k), and Fp € L(Y), A > 0, is the orthogonal projection

(B.2) Fay == Z <y7ui>YUi+PN(A;;)y
ieJ(A)
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with index set J as in (A.1). In defining F, we used the singular system of Aj.'2
Further, the function ¢,,(+,b%) € C(R) in (B.1) is

m, /
o)

(M) = pn(A ) (5

where A, 1 is the smallest zero of the mth residual polynomial p,,(-,b5) of the cg-
method with respect to Ay and b5. A proof of (B.1) is presented, e.g., by Engl, Hanke,
and Neubauer [2, Proof of Theorem 7.10].

k-1 .
As ) = zt — 1z, = 5§ — ijo 8jr; We obtain
30 Y5

k—1

e (42) K § : * *

S = ‘A| w — Aj QTJ-—I(AjA' bs)bj
=0

Note that sf, € D(|4;|7"), i = 0,...,n. Indeed, in using A; = Q;;A4; with Q;; =
Q(x;,x;) (see (2.1)), we obtain that

k—1
A s5llx < Al JAPwllx + Y 1Al 7 AF qr, -1 (A;A3,55) b | x
=0
2.9 — * - * * 7€\ 1€
< Crollwllx + AT A Q5 a1 (A; A5, 55) b |y
—_———— o
=[|Ai||t =
Thus, by Ays§, = bx,
[ F 1 P (Ax AL, b5 )bk ||y
(B.3) = [|Fx 1 o (Ar AL, 07) Awl Ak || A" sk lly
< sup A2 (065 [ Ak] T st x

OS)‘S/\'m,l
Techniques from elementary calculus, together with Lemma 3.1, yield

sup  AHD/2 0 (A 55) < 21 (0,05) (/2
0<ALSAm 1

for k € [0, 1]; see, e.g., [2, (7.8)] or [12, (5.65)]. Hence,
(BA)  [1Fx0m(ArAR, b)belly < 20m-1(0,55) /2 | Ap] 7 sk |1 x.

Finally, (B.1) and (B.4) yield the following lemma.

LEMMA B.1. Let (2.1) hold true and assume that the first n iterates {x1,...,x,}
of REGINN ezist and stay in B,(z"). Ifzg € B,(x™) satisfies (4.2), then, for0 <k <n
and 1 <m < mrp(k),

165, = Apsimlly < €+ 2qm—1(0,05) " FD/2 || A | 7785 | x

We need a second auxiliary lemma.

12More precisely, {Fa}a>o is the spectral family of AR AL



620 ANDREAS RIEDER

LEMMA B.2. Let (2.1) hold true and assume that the first n iterates {z1,...,xn}
of REGINN ezist and stay in B,(x). Further, let zo € B,(x™) satisfy (4.2). Choose
9>2and2<r<2(0—1). Let 0 <k <n and 1 <m < mrp(k).

If U gm—2(0,0%) < gm—1(0,05,), then

r—2 —(k —K e
T 0k = Awsem—1lly = e+ al" T2 g 1 (0,67) 7D |14 s x

where a = r/(1 —9~1).
Proof. Under our assumptions Plato [9, (5.16)] (see also [12, (5.67)]) established
the bound

2 *
1 105, — Akskm—1lly < 1 Frx,., P(ARAL)bE 1y

with the polynomial p(A) = pn (A, 05)/(1 — A/ A1) of degree m — 1. The triangle
inequality leads to

1Frxm  P(ARARDE Ny <& sup [p(A)] + (| Frx,,  P(AR AL )k ly -

OSASTAVYL,I

To bound || Fyx,, ,p(AxAj)br|y we are able to apply exactly the same arguments as
were used in estimating ||Fx,, , ©m (ArAf)be|ly; cf. (B.3). Accordingly, if

(B.5a) sup  [p(A)] <1
0<A<S I Am 1
as well as
(B.5b) sup Amt1)/2 Ip(A)] < aF /2 Gm-1(0, bi)_('ﬁ'l)/Q,
OS/\ST/\NL,I

then Lemma B.2 is true. Assume, for the moment, that
(B.6) PAmi < 2Am2 and A1 < @mo1(0,05) 71/ (1 —97h)

hold true. The left inequality yields rAm, 1/Am; < 2, j =2,...,m, whence

m

P =11 = A Amjl <1 for 0 <X <rApa.
j=2

Therefore, (B.6) implies (B.5) and we are left with verifying (B.6).

First we look into the estimate on the right in (B.6). Since the residual polynomi-
als {pm( bi)}ISmSmT are orthogonal, their zeros interlace, that is, Am—1,; < A j+1,
ji=1,. — 1. By Lemma 3.1 we therefore have

qul(oab6 - )‘_ ,1 + Z )‘m ,Jj+1

<A, 11 + Z )\m 1,5 = 7771}1 +qm*2(03bi)
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The hypothesis gn,—2(0,55) < 97! gr—1(0, b5) implies gp—1(0,b5) < Al +07 g1 (0, b5)
and thus the right inequality in (B.6). Since

m—1
W=D\, < @W=1) D A, =0 gm2(0,b5) — gm-2(0,b})
j=1
asstnp. (B.7)

S qm—1(07 bi) - qm—2(07 bi) < )\T_nh?

we obtain A, < (0—1)"1 A1 1 < (9— 1)~! A2 (interlacing property). In view of
r/(9 —1) < 2 we conclude that the left inequality in (B.6) holds true as well, thereby
finishing the proof of Lemma B.2. O

Both latter lemmas merge in the next corollary.

COROLLARY B.3. Let (2.1) hold true and assume the first n iterates {x1,...,xn}
of REGINN exist and stay in B,(xz"). Further, let xo € B,(x™) satisfy (4.2). Then, to
any © € )0, 1], there exists a number ag such that, for 0 < k < n,

O 167 — Arsim—1lly < &+ ae gm-1(0,07) V2 || A 7785 |1 x,

where 1 < m < mry(k). The number ag only depends on © and k.

Proof. There is exactly one r = r(©) > 2 such that © = Z=2. Let this r be fixed
and define ¥ = r/2 4 1 > 2, that is, r = 2(¢ — 1). Exactly one of the following two
cases holds true.

1. In the case of ¥ ¢mm—2(0,05) < ¢m-1(0,05) the assertion follows immediately

from Lemma B.2 when setting

(k+1)/ (k+1)/

2. In the case of ¢n—1(0,05) < ¥ ¢m—2(0,05,) we argue with Lemma B.1. Since
O <1 and ¢, —2(0,5) " < 9 ¢y—1(0,b5) " we have

O |6 — Askm—1lly <&+ 2gm2(0,67) T2 | A7 st x
<e+ae2qm-1(0,b) T2 |Ak Pl x
with
agp =2 9"HD/2 = 9 (r/2 4 1)(+HD)/2,

So, the assertion of Corollary B.3 is verified with ag = max{ae 1,002} d

Finally we are in a position to verify Lemma 4.3: The pi’s and R satisfy the
requirements of Lemma 2.1. Hence, 7, > 1 (see (4.3)), and 7 & < ||0§ — AgSk,rp—1lly
(see (1.5)). Since 1 < ry, < mr(k) we obtain

OThe < O|bf — Askr—1lly < e+ ae qr,—1(0,05) 7T/ ||| A 7S5 x

by Corollary B.3. A simple rearrangement of terms yields the assertion of Lemma 4.3.
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