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Summary. We extend the continuous wavelet transform to Sobolev spaces H*(IR)
for arbitrary real s and show that the transformed distribution lies in the fiber

d dadb ) .
spaces L, ]Ro,—a ,HS(R) } =~ HO S| R?, 2% ). This generalisation of the
a? a’

wavelet transform naturally leads to a unitary operator between these spaces.

Further the asymptotic behaviour of the transforms of L,-functions for smali
scaling parameters is examined. In special cases the wavelet transform converges to
a generalized derivative of its argument. We also discuss the consequences for the
discrete wavelet transform arising from this property. Numerical examples illus-
trate the main result.

Subject classifications: AMS (MOS): 44 A15, 65D99

1 Introduction

The wavelet transform (WT) is a tool for analyzing and synthesizing signals with
many applications in geophysics [5], acoustics [6], and quantum theory [12]. It
has a lot of advantages compared to the Fourier transform, e.g. the high
frequency components are studied with sharper time resolution than low frequency
components [2].

The transformed signal is composed by its inner product with shifted and scaled
versions of a fixed function called analyzing or basic wavelet.

Let fe L,(R) be the signal and € L,(R) the analyzing wavelet. The mapping

.~ b
a

(1 f(')r—~>|a|‘”2<f,¢< >> , beR, aeR\{0},
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describes the analysis of f (up to constant factor), where (*, - >, denotes the inner
product in L,(R). With an admissibility condition on ¢ the right hand side of (1) is

dbd
an element in L2<(]R x R\{0}), —a~2g> and it is possible to synthesize f by these

moments.

In the literature one often finds the definition of the wavelet transform via an
irreducible unitary representation of the group of affine-linear transformations of
the real axis (‘ax + b’-group). Hence its essential properties are abstractly proved
by help of group theory (orthogonality relations).

For a detailed description of these group-theoretical aspects we refer to
Grossmann, Morlet, and Paul [7, 8].

In the next section some known results will be verified without group-theoretical
arguments in such a way that the extension of the wavelet transform to Sobolev
spaces becomes obvious. It will be seen that the signal and the wavelet transform
share the same Sobolev order. The discrete wavelet transform was already ex-
tended to the spaces H*(IR) by Daubechies [2] via the concept of frames but only
for very special choices of basic wavelets.

The preponderant part of the paper deals with the asymptotic behaviour of (1)
for small a. Without a heuristic frequency analysis our inquiry explains the basics
for the widespread use of wavelet techniques in edge detection and pattern recogni-
tion. It turns out that the right hand side of (1) converges to a derivative of f, as
already observed for a very special example in [8], p. 306, for a great class of basic
wavelets i (in particular for all compactly supported). In Sect. 5 we apply the
results to show the approximation properties of the discrete wavelet transform.
Again derivatives of the transformed signal are computed. Numerical tests in
Sect. 6 verify the theoretical results.

2 The wavelet transform
We define with the help of the shift-operator

2 (T’g)(x)=g(x —b), beR

and the dilation-operator

3) (D”g)(X)=!al“”zg<Z>, aeRq:=R\{0}

a unitary transformation U(b, a):L,(R, dt) - L,(IR, dt), where dt denotes the
Lebesgue-measure, by

x—b
@ (U(b,a)g)(x) = (T"D*g)(x) = lal'”zg<7>, (b,a)eR x R .
To simplify further calculations we introduce the Fourier transform

(Ff) (@) = f(@) = jz— [fge-™dx, weR,

T R
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leading to
(5) FT? = HOF
(6) FD* = DYF .

Hence we get
7 (U(b, a)g)" (w) = F(T*'D*g)(w) = e~ "*|al'* §(aw) .

In the sequel we describe the wavelet transform, based on a function .
Definition 2.1. A function y € L,{R, dt) is admissible if and only if ¥ is not identical
dbd
to zero and {U{-, * )W, ¥ >g lies in L2<1R X IRO,—Za>, ie.
a

dbd
(8) § T 1CUb. a0l g

3
Ro R a

< O .

With **” denoting the convolution we reformulate the admissibility condition (8) as

dbd _ dbd
[T D w30l P4 f Doy iy (b P4

p)
Ro R a Ro R a

- d
= 2n | JID7) (@) (o) de 3

- 5 d
=2 § [ lallg(—ag)P () do 5

RoR
r 2
= 23 f LA

dw
ol

In the last step we substituted w = — ap an changed the order of integration. As
a consequence we can characterize the admissible functions.

Lemma 2.2. € L,(R, di)\ {0} is admissible if and only if the integral

j [ (w)?

Ro [

do

exists.

Remark. As a necessary condition on the admissibility of an element ye L, (R, dr)
we derive

—1-jn/z(t)dt=0;

NS

i.e. the mean value of y has to be zero, if the integral exists (e.g. if ¥ is in addition
integrable). We call an admissible function also analyzing resp. basic wavelet or
wavelet in short.

(10) Y(0) =



878 A. Rieder

do.

r 2
Theorem 2.3. Let  be admissible and fe L,(R,dt), Let Cy, =2n | V()]

R, |0}

The integral

1
(1) Ly f(b, a)=\/—c-—<f, U(b, a)y o

v

t—b
fv ( ) t)dr
75 7
b
defines an element of L2< R x R, UE
Moreover L,:L,(R, dt) - L2< R x R, dbda) is an isometry.
a

Proof. L,f(b,a) exists for any (b,a)eR x R, because f and T°D% are in
L,(IR, dt). A similar calculation to (9) results in

dbd
ILof 12 = | [ILf(b.a)F =5 e
dbd
u,”'w“’ a5
- &A1 "”((“’f' do = I £13. o

d
Definition 2.4. The operator L, : L,(R, dt) —» L2< R x Ry, —5— dbda ) (y admissible) is
a’

called wavelet transform with analyzing (basic) wavelet .

3 Extension to Sobolev spaces

In this section we extend the wavelet transform, which we defined on L, (R, dt), to
Sobolev spaces H*(IR) and interpret its images as elements of the fiber space

d
L ((IRO, Z), H"(]R)) abbreviated by #* which is isomorphic to the tensor

da
product L2< Ry, ?> ®H“(]R) as well as to the Sobolev space with two variables
dadb

HO,a( ]RZ

If 1 is a measure on Ry and (B, |*]|) an arbitrary normed space then
L;((Ry, du(x)), (B, || - |})) consists of those ¢ € B which depend on a real variable
and for which holds

) see [1], Chapter 12, pp. 274-279.

§ o) dux) <

Ro
H*(R), e R, denotes the Sobolev space of those tempered distributions y having
a regular and with respect to the weight (I + w?)* square integrable Fourier
transform . We sometimes call elements of H*(IR) signals.
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From now on we assume ¢ to be admissible and integrable. If  and f are real
then L, f is real. Without loss of generality we assume  and f to be real. Under the
assumption above we have

1
(12) Ly f(b, a)=\/*C—<T"D“l//,f>o

W

1
=—=(D""Yxf)(b).
V€

From (6) we obtain the Fourier transform of L, with respect to its shift argument

(13) (Ly f(-,a)™( f |a|'? i (—aw) f(e) .

Fix ae R, and let fe #(R), the Schwartz space on R. Let us now determine the
H*(R)-norm of L, f (-, a). For that we need an inequality from Fourier analysis

()] < \/—IWHM

leading to

(14) 1Ly f(+,a)llz = §(1+w2)“|(1~¢f( a)) " ()P dw

= Z 10+ 0107 @R o do

¥ R

< 2 1D IE [ (1 + 02 ) do
v

R

=K@y flz.

1
where K(a, ) = f|d| i,

w . v, .
The Schwartz space is dense in H*(RR). Therefore we are in a position to extend
L, f(+, a) uniquely for fixed a to a continuous mapping from H*(R) to itself.

Lemma 3.1. The integral operator L, with an integrable and admissible  is an
isometry from H*(R), € R to the fiber space F*, i.e.

da\/?
Hwal\w=<§HL.z,f(',a)llfg(;) = fla-

Proof. 1t suffices to consider fe &(R). The result is shown by a straightforward
computation.

d

I Ly f113% =ﬂ§0£(1 + w2>“|(wa(-,a>>A(w>\2dwa—“
13) d
-z %’-‘ [ (1 + w?rlallf(—an)P|f( )|2dwa—‘j

¥ Ro R



880 A. Rieder

Substituting —aw = £ and treating @ > 0 and @ < 0 separately leads to

2 2 .
LSl = g W/l(j” 20| )2 dos
Ro R
s 0

The signal f and its wavelet transform L, f share the same Sobolev order. For
a linear isometry U between Hilbert spaces we have that, see [14],

(15) U*U =id and UU * is the orthogonal projection
onto range(U) (which is closed) ,

where U * is the adjoint operator of U. From statement (15) it follows immediately
that

(16) the transform L, is inverted, on its range, by its adjoint L}
and that
(17 an element ge % * lies in range(L,) if and only if L,L¥g =g .

Next we figure out an explicit expression for L}: #*— H® In what follows
we use feP(R), g(x,a)=g:(x) g,(a) with g, e ¥(R), ¢g,eCF(Ry) and
Ala, o, 2) = (1 + o?*(L, f(+,a)) " (@) (g(-, a)) " (w). Setting up a scalar product
on %% in a canonical manner,

d
(0, P)a = f <Q("a)’y('aa)>aa-(21,

we get

d
(18) (Lyf.g)k= | Al o )dwa—q.

Ro R

Applying two times the Cauchy-Schwarz (C.S.} inequality leads to

§ {14 o, a)ldw f Ly f(s a)llaligCs a)lla

Ro R

S Ly S5 lglls

which allows to change the order of integration in (18).

; d
19 (Lyfi90=[(1+ 0] @) | (D W)@, @) (@) 5 do

Ro

We abbreviate the inner integral by (Ag) (w) and estimate |/Tg| to conclude that
Age L,(R, dt):

- d
(20) |Ag(@)* < |(g('7a))/\(w)'2";‘;
Ro
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Again we used the C.S. inequality and get

~ da
(21 §14g@)Pdo < | [i(g(, a) "(@)]* — do
R R Ro a
= liglio .
Consequently there exists a Age L,(IR, dt) with
(22) (49) (@) = Ag(w)

and now the equation (19) reads as

(23) (Lyf gk = [ (1 + &) [ (@)(49) " (@) do>
R
= {f Ag), -
In the last step we determine Ag(x) using the fact that the integral
da
(24) J D)~ (@) (g(-, a) " (o)l dw —
Ro R a
exists.
1 .
(25) Ag(x) = | (Ag) M (w)e™* dw
2T R
1 1 _ . da
W

= e L [Tt ar o
,‘,]RO R

1 I da
:ﬁ [ D™ =g(-.a))(x)—

Ro

b dbd
= e L (e a S
.po

We showed that the operators L, and A are adjoints of each other on prehilbert
spaces of H* resp. & * This property is inherited by their extensions. Accordingly
the extension of A on % * is identical to L}. The abstract characterization (17) of
range(L,) results in

Lemma 3.2. Range (L) < F* is a Hilbert space with reproducing kernel

P(b, a,b,a)zﬁ Lw¢)<b g)

gerange(Ly)<=g(h, @) = { | P(b, d, b, a)g(b, a)

Ro R

Proof. A direct calculation of L, L} proves the lemma. O

We will now determine the H*-distance of two wavelet transforms with different
basic wavelets and different argument functions to study the dependence of the
transform on its wavelet and its argument.
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Lemma 3.3. For admissible and integrable 1, y and f, ge H*(R), se R, holds:

uwa(-,a)—Lyg(-,a)nsgm( LA — nf—gns).
Cll’ Cy Ly

Proof.

”Lw.f("a)—Lyg('aa)”s—”wa( ) va("a)”s""”Lyf(.aa)—'Lyg("a)”s

- <2n nj{ (1 + 0| f(@))? %(w) — (D_:/yé_:(“’) i dw>m
(D_aV)A((D) 2 d >1/2
e (4)]

NG

Performing the same steps as in (14) to each term of the sum yields the
lemma. ]

i Iflis +

+<2nj(1 + 0?¥| f(w) — §w))?

R

A direct application of Lemma 3.3 gives

Corollary 3.4. Let  and f be as in the preceding lemma. Then

1L, £+, a)lls = 0(/]al) .

4 Asymptotic behaviour for small dilation parameters

We adopt the assumptions on f and ¢ from the last paragraph. In addition we
assume without loss of generality ¥ to be real because the admissibility condition is
valid not only for the real but also for the imaginary part of y [8]. Then

1 { —-b
(26) wa(b,a)=\/c—\/|7§'ﬂ<ta )f(t)dt
]R
,/!ajl//aw)fa) ~1¢ dey
\/_

is even in the second variable because i is. We restrict ourselves to the half-plane
a> 0.

Considering (26) we realize that the integral expression looks like the y-average
Yox f of f with y,(x) = a™ ' y(a” ' x).

Indeed we have

C C
@) Wur S)(b) = \/% Lyf(b. —a) = /;f Lyf(b.a).

For y € L,(R) (i.e. ¥ is integrable) with [ ¢ (¢)dt = 1 the y-average of f converges
to f in the L,-norm which means that

(28) lim |y *f~fllo=0.

a—0

Unfortunately a basic wavelet has zero mean and therefore (28) does not hold for
the WT.
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Now we are interested whether an asymptotic behaviour like (28) is possible
under certain assumptions on the analyzing wavelet.
For the y-average of f we write A, f(*,*), i.e.

b—t

9) Attt = o0 = (2 Y0

Lemma 4.1. Let fe H'(R), seR. Let yeL,(R) with {gy(t)dt =1. Then we
have

() Ay f(-,a)>f() in H*(R) as a -0,
(i) (A, ), a) = A, d*N) (-, @) = a XAy ) (7, a), if d*Y e Li(R).

(d* denoting the k-th generalized derivative).

Proof.
(i) laxf— 112 = [ Ia, w)dw
where Ia, @) = (1 + 0*)| f@)2]1 — /2% f(aw)]> .

With M =supg,gl|l — /2% lﬁ(dm)]2 which exists by the lemma of
Riemann—Lebesgue and is independent of a we find

I(@, @) £ M+ (1 + 0| f(w)?
as well as
lim I(a, w) =0 a.e. .
a—0
Applying the dominated convergence theorem yields the assertion.

() Let {filnew = F(R) converge to f in H°(R). The equality
d*(Ay f,) = Ayd*f, = a Ay, £, is valid in H*"*(R). Since the operators A, and d*
are continuous, the limits of the three terms are equal. O
Lemma 4.2. Let 0 # oe H*(R), B = 1.

Then d* g is admissible for 1 <k < B.

Proof. First, it is easy to see that d*p is equal to zero if and only if ¢ = O because
zero is the only constant in H*(R), se R. Therefore we have d*p + 0.

Second, ff -- k = 0 implies d*pe L,(R).

Third, we use the relation

)" () =i*(-)*o()
to estimate
k A 2
j e F "|)w|(‘°)' do = | |01 (0) do
<+ ) 2w do £ ol .

The result follows from Lemma 2.2. ]

Our investigations now focus on the WT with analyzing wavelet d*y e L,(RR)
with y e H*(R) n L,(R), B 2 1, and [py(t)dt = 1 (thus ¢ itself is not admissible).
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Theorem 4.3. Let fe H*(R), se R, andt/;eH”(lR)le(]R) BeN, with [y (t)dt = 1

and d“y e L,(R) at least for one ke {l,...,B}. Then
1 1
fitn |~y Lawy £+ @) — el =
alil(l) ak+1/2Ld ll/f( ’a) \/a‘df( )SAk 0,

where C, abbreviates Cyxy,.

Proof. y is not identical to zero. According to Lemma 4.2 d* is admissible. With
an application of Lemma 4.1(i1) we restate

Ldk,,,f(b, a) = \/;ik Adkwf(b, a)

ak+1/2

- Ja

k+1/2

Ayd*f (b, a)

a

NG

dy(Ay f)(b, a) .
Now we estimate

1 1
Wdef(',a)*——d

7

1
T \/—F Id* [ A, f(-,a) — F(-) 1 s-s

\/»!i/lwf =S

using the boundedness of the differential operator from H* to H* % The term on
the right tends to zero by part (i) of Lemma 4.1. This ends the proof. O

Remarks.
(i) For s >4 + k we have uniform convergence. This results immediately by
Sobolev’s Imbedding Theorem [13].

(ii) For compactly supported ¢ we know that Lg,f(:,a)e H* **#(R) if
feH*(R), ye H*(R), and 1 < k < B (B integral). Hence, in accordance with the

d*f which is at least

1 . C.
theorem above, Pt Ly f(+, a) is an approximation of \/E
B levels smoother than its limit. k

4.1 Local convergence

In practical applications of the WT, ie. the analysis and synthesis of time-
dependent signals, the signal f is compactly supported. Even if this signal possesses
a high order of smoothness within its support under a global viewpoint we can only
deduce that f is square integrable over the real line, which means fe H °(IR).

By Theorem 4.3 Ly, f approximates the k-th derivative of f only in

Cy
12

H™*¥(R) although f is local an element of the Sobolev space H*(R) with s > 0 and
therefore we would expect a kind of local convergence in the stronger norm of
H**(R).

We specify the concept of local convergence. Therefore we define the local
Sobolev spaces [13].
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Definition 4.4. Let Q < R be open.
Hi,(Q):= {fis a distribution |VQ' < Q, Q' compact,
Igo e H(R):f = go on 2}
is called local Sobolev space of order s.
The
Lemma 4.5. fe H,.(Q) < [ P H'(R) VP CF(Q)
(CE(Q) denotes the space of the test functions with compact support in )
suggests a concept of convergence in H},.(€2).
Definition 4.6. Let {f,},.n be a sequence in H}(Q) and fe H{(Q). {f,}nen

converges to f in Hi,.(Q) (local convergence) if and only if || @ f, — @f ||, converges
to zero for any @ e C§ ().

Remark. This concept of local convergence is well defined because the limit is
uniquely determined.

Without loss of generality we assume that

(30) supp(f)=[-T.T]1=1.

Further we consider

(31) feH, . (I°) withI®=]1—-T7,T[ and seRR.

For 0 < & < T let J, be the compact interval [ —e¢, ¢]. We know from real analysis
that there is a I",e C¥(I°) which is identical to 1 on J,.

Lemma 4.7
(@) I'(*)/()eH¥R)

(i) T.(*)f(+) converges to fin H},(I°) as ¢ tends to T.

(i) (1) () =1() on Hie(J?).
Proof. (i) is the statement of Lemma 4.5.

(i) Let @eCy(I°). For sufficiently large &o with 0 <ep < T we have
supp{®) € J, for all e witheg S e < T.

This implies @I', f = @f in H*(R) for ¢, < ¢ < T and thus the assertion.

(iii) It is clear that both I', f and f are in Hi,.(J7). We still have to show the
equality. Let a test function @€ C3(J?) act on the distribution I, f

(FA (), (1)) = (f(0), T (1)) = (f(1), P()) . t
A local version of Theorem 4.3 reads as

Theorem 4.8. Let f fulfill (30) and (31). Let i be defined as in Theorem 4.3 and I, as
above.
1

Ja

Remark. Even locally we can reach the convergence in the strongest norm.

1
Then ——173 Laxy(I'.f)(", a) converges to d*f in HGE(J?) for any
a

¢el0, TT as a tends to zero.
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Proof of the theorem. First we conclude d*f=d*I',f) in Hi *(J?) with the
Leibniz’ rule and the action of @€ C2(J%) on d*(T, f):

k
@ (r.f), @ Z ( ) @@ T)P) = (d"f, ®).
The last equality holds true because I'ylsuppe) = 1.
Theorem 4.3 yields

|
a1z Lpey (T f)(s

RRARNL BT Ve HS  (R) .
7
To continue the proof we need the boundedness of the multiplication operator on
H® Let ITe #(R) and let T: H* —> H* be defined by T f=11-f Then Ty is
continuous for all e R [13]. We are now able to prove the desired convergence in
Hi M (J9).
Let e C3(J?) = Z(R):

1 !
||¢(-)a7+1—/2Lm(Fgf)(',a)— <D(')\/C—d"f(')
k
1

1
ak—+1_/2Ldklll(F£f)(.’a)_~ \/_C—kdk(rsf)(.)

s—k,

S\ Tl U

s—k

Under local conditions of smoothness on the signal, statements can be made about
the order of convergence.

Lemma 4.9. Let f be two times continuously differentiable in a neighbourhood
of beR (eqg. feH} (]b—¢ b+ ¢e[) for some ¢>0 and s>2.+%). Let
yeHHRYN L (R), B =1, with [py(t)dt =1 and suppy = [T, T,]. For a >0
sufficiently small holds

a2 Ly f(b,a) = —==1" (b) + O(@)

1
NG
(prime indicates the first classical derivative).

Proof. Using the facts that for sufficiently small a df is equal to f’ in
[b+aT,,b+aT,] =:1(b, a)and that M(a) = sUPscsp.o) | [ (£)] exists, we obtain
by the mean value theorem

a >? Ly f(b,a) — \/~ (b)\ i/lwdfb a)—f"(b)]

t—b , ,
é\/—c-l';“{a) ¢<T>llf ())~ 1" (b)ldt

1 1 t—b
< ~M _ — bldt
—JC, a (a)l(ﬂ[,a) ¢< a > 't |
= Kfa, b,f)*a
1
with K(a,b,f)=\/€ M(@) 721 (p)] 1 yldy. U
1
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4.2 Wavelet transform with compactly supported wavelet

The practical importance of the former statements of this section would be
increased if we could find a criterion to decide whether an integrable wavelet g can
be represented by o = d*y with y e H*(R) n L;(R) and [gy/(t)dt % 0.

We will see that the compactness of the support of the basic wavelet suffices to
guarantee the existence of such a .

We need a preparatory lemma which can be verified by induction.

Lemma 4.10. Let ¢)(x) = {5 ¢, 1()dt, | 2 1, xe[a, B] a sequence of functions with
oo Li([a, f]). Then

1 X
G1+1(x) = n _[ dolz) (x — z)'dz

The following theorem and its corollary formulate the above mentioned criterion.

Theorem 4.11. Let @ be square integrable and not identical to zero. Let [a, B] be the
compact support of ¢ and let its mean value be equal to zero.

Then exists a keN and a uniquely determined e H*(R)n L,(R) with
fry(t)dt 0 and d*y = o.

Proof. We define a sequence of functions whose k-th member is our searched :

bo(x):= 0(x)
¢,(x):=f¢,_l(t)dt I=12...

{¢:}1en has the following properties:
@ dreC'H([o, 10121,
(b) ¢, = o almost everywhere
(¢, is absolute continuous),
¢i7 (x) = ¢y j(x) Vxe[o, fland 0 < j <1 — 1
(¢'¥ indicates the j-th classical derivative of ¢),

(€} P+ (x) = f 0(z) (x — z)'dz (Lemma 4.10).

Assertion. There is a ke N with ¢, ((f) = [£ de(t)dr + 0.

We proof the assertion indirectly. Let us therefore assume ¢, () =0 Vi = 0
Property (c) leads to 0 = (1/I!) [£ o(z)(B — z)'dz for 12 0. This implies | o(z
z'dz = 0 VI 2 0 which contradicts @ ;~:‘ 0

The assertion is true and we set

k:=min{le N|¢,+,(B) =+ 0}

i= ¢y
and show that y has the desired properties:

(i) djl// =¢-; 0= k
(i) d'y(a) = d’Y(b) = ¢—j(b) =0,0 < j < k — 1
This means d'yye C*"/7'(R), 0 k — 1 with compact support [a, 8] and
d’l//eLz(]R) for 0<j< k ie. yeH*

(
(ii1) jIR Iﬁ(bk = ¢+ 1(P) U
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Corollary 4.12. Let 0 # ge L,(R) be compactly supported and [y o(t)dt = 0. Then
¢ is admissible.

Proof. The preceding theorem supplies a ke N and a e H*R) with y ;éO
d*y = 0. Lemma 4.2 completes the proof.

Remarks. (a) Within the remark on Lemma 2.2 the mean value condition
j,R o(t)dt =0 was mentioned as a necessary condition for the admissibility of
a L,-function g. The corollary states that for ¢ # 0 with compact support the mean
value condition is also sufficient.

(b) For all WT with compactly supported basic wavelets the statements of
convergence described in the Theorems 4.3 resp. 4.8 hold.

5 Consequences for the discrete wavelet transform

In this paragraph we want to discuss the conclusions and consequences for the
discrete wavelet transform (DWT) arising from Theorems 4.3 and 4.11.

The DWT is a modification of the continuous one which is relevant and
adequate for practical applications like signal theory [6], edge detection, and
pattern recognition [9, 10].

In the sequel we give a short description of its essential properties:

For suitable grids G = {(b,,, a,)|m, neZ} = R x R, and suitable basic wavelets
¥ the mapping
(32) LY: Ly(R) — 1,(Z*) defined by

le)f)m.n = <Tmea"l//af>0

=/ CyLyf(bu, ay)

is continuous and continuously invertible.
Thus there exist positive numbers A4 and B such that

(33) Allfllo WL f 1, £ Bl flo
Then the set
(34) R(G, ) = {T*D*Y|(b, )€ G}

is called a frame of L,(IR).

We refer the reader to [3] and [4] for sufficient conditions on the grid G and the
analyzing wavelet  so that R(G, ) constitutes a frame.

For sake of simplicity we restrict ourselves to the dyadic grid, see [2, 11],
Gy = {(2™n, 2'")|m neZ} and basic wavelets with the following properties:

(P1) R(Gqg, ¥) = {Ym,nlx) = 2°m2y(27™x — n)\m,neZ} forms an orthonormal
basis (ONB) in L,(IR) (called wavelet basis).

(P2) There exists a function ¢ € L,(IR) such that
{¢;x(x) =272 'x — k)|ke Z} forms an ONB for

=@ W, with W, = span{y,, ,\neZ}.

j<m
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The simplest example of a wavelet satisfying (P1) and (P2) is the Haar-function

1 fosx<i
(35 Yyx)={ —1 if+<x<1,
1 else

R(Ggy, ) is the Haar-system well known from functional analysis.

1 if0sx<1
The function ¢(x) = {0 ;lse =7 satisfies (P2) with respect to the Haar-
wavelet.
Further examples of arbitrarily smooth y and ¢ can be found in [3].
We mention some properties of the spaces V;. Let P; resp. Q; denote the

orthogonal projections onto V; resp. W,.
(36) o.cheVieclVaeVoaVo,ao. ..

(37) AVi=10}, UV =LaR)
Pif-f as j—o — oo
P;f-0 asj— + oo

(38) Vin=V,eW, P =P;+0;

In [11] the above introduced construction of the spaces V;, W;, and the projections
P;, Q; is called multiscale analysis. Because of (36) and (37) P;f is heuristically
interpreted as a representation of f on the scale 2/. P;f contains only details of
f with minimal size 2.

So we are able to interpret Q;f =3, 2<{fiV;n>o¥;n=(P;—; — P;)f as the
change of f at the transition from the scale 2/~ ! to the coarser scale 27,

The additional requirements (P1) and (P2) yield an iterative algorithm (by
S. Mallat [11]) for analyzing and synthezing signals. The analysis part is for-
mulated as follows:

With the notations (se L,(R))

(39 ci(8) = <8, djud0
for the moments of P;s relative to {¢; |keZ} and
(40) ai(s) = <s. Y500

for the moments (wavelet coefficients) of Q; f relative to {i}; ,|keZ} the Mallat-
iteration reads

41 =Y h(n—2k)ei™?

nelZ

with the filter h(n) = 27* [ ¢(x/2) ¢(x — n)dx and

(42) q= 3 gln— 2k

nek

with the filter g(n) = 27? [Y(x/2) ¢(x — n)dx. (41) and (42) are consequently
discrete convolutions which can be efficiently calculated by FFT.
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If the signal to analyze is only sampled at discrete times we have to perform
some sort of interpolation together with a projection before we can iterate. The
smallest detail of the discrete signal, given by the sampling distance, is set equal to
one without loss of generality. For obvious reasons we construct the members of
the signal sequence {S bkez as the moments of a L,-function projected onto ¥;. The
continuous signal is now s(x Zk scp(x — k)e Vy. For j = 1 the iteration can be
started with c?(s) = s,.

These facts about the DWT should suffice to interpret the orthogonal projec-
tion Q;: L,(R) — W; within the framework of Sect. 4.

As mentioned above we obtain from {f?},.z the continuous signal
s(x) = Zkfk bo. k(x) n V.

We set /1 = ci(s) and ¢ = gl(s) and calculate

: . ‘ itk
YLy Pys) (29 1k, 207y = 27Utz | ¢<£—27+7—>Pjs(x)dx
R

=Y fi-27V2] lﬁ<§>¢>(x — n + 2k)dx

neZ

=2 fign—2k).

nelZ

By (42) we have the equality

(43) it =/ ClLy Pys) (29 1k, 2701

exploiting the wavelet coeflicients to be an approximation of
2(j+ 1+ 1/2)dl(Pjs)(2j+ 1 k)

if Y is the I-th derivative of a function g fulfilling the hypotheses of Theorem 4.3.
qi*' is an average of D2y and P;s at instant 2/*'k. For decreasing j the
average is computed over smaller domains (within Mallet’s algorithm for discrete
signals the smallest value of j is zero).
For the projections Q;, ; this means

(44) Qi 1500 =/Cy T (LyPys) 27k, 29 )iy 1 %)

keZ

A UV S gl P (2t Uy (x)

keZ

Thus Q;,, approximates an interpolation in the sense mentioned above of the
sequence & = {20 DYDY P 5)(27 k)| keZ} in the space W.,. The k-th
member of ; is the I-th derivative of the projection of se V;, onto V; at instant
201,

For j = 0 (44) reduces to

(45) Q,5(x) & 207195 SOy (2x — k) .
k

Hence Qs interpolates the I-th derivative of s(x) = Y, /¥ ¢(x — k) in W, founded
upon the double stepsize of the starting sequence ez

The example of the Haar-wavelet (35) explains in a clear way the meaning of
(44) and (45).
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The filters h and g of (41) and (42) are easily computed:

2 U2 i pelo. 1 2712 ifp=0
if ne {0, _ .
(46) h(n) = {0 olse ¢ }, gmy={ —27Y2 ifn=1.
0 else
Mallat’s iteration reads
47 fi=27"2(f 5" + f )
j=12,...

ar =25
We write out the first two iterations for the wavelet coefficients
(48) q; :Zillz(f(z)k _f(2)k+1)
G =2 %+ S 1) = sz +f%+3)

and recognize at the first step a difference quotient of the original signal. At the
second and all other steps the wavelet coefficients are formed by differences of
smoothed versions where averages of neighbouring elements are taken.

The practical importance of the Haar-function to serve as a basic wavelet is
therefore very limited particularly in connection with noisy signals since the
evaluation of (48) is very instable.

Starting with the filter & of (41) Daubechies [3] gives a method for constructing
basic wavelets satisfying the conditions (P1) and (P2). She shows that filters with
finite length belong to compactly supported wavelets. In accordance with Theorem
4.11 and the statements of this section the approximations (44) and (45) hold for the
corresponding DWT.

General result. The signal changes represented by the DWT at the transition from
a finer to a coarser scale are nothing but the jumps in a derivative of a smoothed
version resulted by ‘projecting the signal onto the coarser scale’.

6 Numerical examples

We illustrate the statement of Theorem 4.3 by two examples. The signal under
consideration is

1 ifl<|x] <15

“9) Fl = 24 x f—1=2x<0 cH'R). s <}
2—-x if0<x<1
0 else

with the derivatives (0 is Dirac’s distribution)

1 if —1<x<0

(50) df(x) =d(x + 15 —dox—-15+{ -1 fO<x<s1
0 else
(51) df(x)=0(x+ 15— 8(x— 15 +dx+1)

—28(x) + o(x — 1).
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Our first example uses the basic wavelet
1 if —1<x<0
ox)={( —1 f0<xZ1

0 else

which is just a translated and dilated version of the Haar-wavelet (35).

According to Theorems 4.3 and 4.11 \/C,, a”¥* L,, f(b, a) approximates (50)
for small a as is shown in Fig. 6.1. The ranges of the shift b and the dilation a are
marked. To see more details in the diagram we cut off the values of the transform
with modulus greater than 5.

Figure 6.2 shows ./ C,, a~*?L,, f(b, a) with analyzing wavelet
1 if05<|x <1
() ={ —1 if|x| <05

0 else

Fig. 6.1. Approximation of (50) by WT
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Fig. 6.2. Approximation of (51) by WT

Again the results of the former sections predict convergence to (51). We note
a special feature of this exampie. Due to the ill-posedness of numerical differenti-
ation the errors made by discretization blow up if a approaches zero. To avoid
noise amplification we have regularized by limiting a to the interval [0.25, 1.05].
Therefore the quality of the approximation is worse than the one of the first
example.
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