Optimality of the
Fully Discrete Filtered Backprojection Algorithm in 2D

Andreas Rieder and Arne Schneck

UNIVERSITAT KARLSRUHE (TH)

VN Institut fur Wissenschaftliches Rechnen @
" l' und Mathematische Modellbildung WIR
- and M M

Institut fir Angewandte und Numerische Mathematik

Mathematical Methods in Tomography, Oberwolfach, August 2006 — p.1/14



2D-Radon-Transform (parallel scanning geometry)

R (s, ) = /Z( @ s/ N Us.9)

tomographic inversion: R f(s,9) = g(s, )

R: L?(Q) — L*(Z), Z=][-1,1] x[0,2x]
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Inversion formula

1 *

R*: L?(Z) — L?(Q) Backprojection operator

R*g(x) = /0 7Tg(:zjtcu(ﬁ‘),é‘) dd, w(¥) = (cosd,sind)"

A: H¥(R) — H* }(R) Riesz potential

Au(€) = [¢]a(€).

Mathematical Methods in Tomography, Oberwolfach, August 2006 — p.3/14



Filtered backprojection algorithm (FBA)

discrete Radondata D = {Rf(kh,jhy):k=—q,...,q, 7=0,...,2p— 1},
h=1/q, hy=mx/p

1
frea(x) == ERZ'@ (InAERL @ IR f(x) R. & Faridani '03
where
Ey, I, generalized interpolation operators
and
2p—1
Rzﬁg(x) = hy Z g(xtw(ﬁj)vﬂj)v Vj = jhy
§=0

Remark: The action of I,,AFE; can be implemented as a convolution (filtering)
followed by an interpolation. The convolution kernel (reconstruction filter)
depends on I;, and Ej,.

Mathematical Methods in Tomography, Oberwolfach, August 2006 — p.4/14



Convergence of the semi discrete FBA

Theorem [R.& Faridani '03] Under reasonable assumptions on E; and I,
there are 0 < amin(En, In) < amax(En,Ix) such that

S A flla

R*(I,AE, © RS — f‘ .

||47T

for f € H(2) where amin < o < amax-
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Convergence of the semi discrete FBA

Theorem [R.& Faridani '03] Under reasonable assumptions on E; and I,
there are 0 < amin(En, In) < amax(En,Ix) such that

S A flla

R*(I,AE), ® RS — f‘ .

||47T

for f € H(2) where amin < o < amax-

Consequence

< pmintens e} £l a0

(I,AE, ® )R |
nWAER @ DRI = ||

||47T

( 3/2 : Shepp-Logan with piecewise constant interpol.
amax = & 2 : Shepp-Logan with piecewise linear interpol.

\ 5/2 : mod. Shepp-Logan with piecewise linear interpol.
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Error estimate for the fully discrete FBA, part |

1
|f — freallz2@) < Hf — ER*(IhAEh ®I)RfHL2(Q)

+|[|(R* = Ry, )IAEL @ DR || 2 g

|(R* =R}, )I,AE, @ I)RfHL2(Q)
<R ho) (InAER — A) ® I)RfHL2(Q)

+||(R*—R; )(A® I)RfHL2(Q).
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Error estimate for the fully discrete FBA, part

Lanmaﬁfe;Hg@nﬂyzlqmen\KR*—fq@xAgunympm)ghguﬂb.

Proof: Let f € C5°(£2). We use a duality argument due to Natterer 1979:

R*— R; )(A® DRS, g) s
|R*—R;,)(A® DRS|,. [{( P JARDRS, g) 12|

(&) geCS () gllze
27 1
—  sup ’fo u(¥) dd — hy Z?po u (v J)’
geCe (Q) 9] L2

2m (2k—|—1)19 do
o)

< h129k+1
- geCs (Q) lgllze

with u (1) = /g(x)(A®I)Rf(xtw(19), 9)dz. As / 1D (9)[dY < || Fllzkrallgl 22,
Q
k € Ny, we are done.

Mathematical Methods in Tomography, Oberwolfach, August 2006 — p.7/14



Error estimate for the fully discrete FBA, part Il

Lemma Let f € H;(2). There are 1 < amin(En, 1) < amax(En, In) such that

H(R* — Rzﬁ)((IhAEh — A) &) I>RfHL2 5 (I’La + ]’Lg)HfHQ, Omin S 87 S Omax-

Proof: Let f € C5°(Q2) and ¥ = ((I,AE, — A) ® I)Rf. Again by duality

|57 u(9) dY — hy 270 u(9;)]

(R* —Rj; Y|, 5,0, = sup
H o HL (£2) geC (Q) H9HL2
271' /
u' (1) |dY
B U G
gecec()  |l9llre

where u(4) := / g(2)¥(z'w(¥9),¥)dz. Since

2T
/ ' (A9 S Ngllez 9] =12 S A Hgllzz | flla
0

we are done.
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Convergence of the fully discrete FBA

Theorem Under reasonable assumptions on E; and I;, there are constants
1 < Oémin(Ehy Ih) < Oémax(Eh; Ih) such that

R, (WAEy @ RS~ f|| S (b + 05 f]l

H 47 L2()

for f € H(2) where amin < o < amax-
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Convergence of the fully discrete FBA

Theorem Under reasonable assumptions on E; and I;, there are constants
1 < Oémin(Ehp Ih) < Oémax(Eh; Ih) such that

R, (WAEy @ RS~ f|| S (b + 05 f]l

H 47 L2()

for f € H(2) where amin < o < amax-

Consequence

,InAE, @ 1)

< (it g printonse sy o >

R

( 3/2 : Shepp-Logan with piecewise constant interpol.
amax = & 2 : Shepp-Logan with piecewise linear interpol.

\ 5/2 : mod. Shepp-Logan with piecewise linear interpol.
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Remarks and Comments

$» From an asymptotic point of view it is most efficient to choose h = hy
yielding the well-known optimal sampling rate p = wq. Further, under the
optimal sampling rate the convergence rate h“ as h — 0 is optimal for
density distributions in H§'(2) (Natterer 1980).

® One can construct efficient filtered backprojection schemes with an
arbitrarily large a,... Of course, one would fully benefit from these
filtered backprojection schemes if the searched-for density distributions
are sufficiently smooth which is not the case in medical imaging.

$ Unfortunately, our analysis does not cover the medical imaging situation
where f € H§(2) with o < 1/2 but close to 1/2.
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A modified FBA

froa(e) = —Ri, (LAE, © DRf(2)

4WRhﬁ(Ih NASI)(E,© Rf(x)

1

fMFBA(ZU) = ER* (Ih 024 [)(A X I)(Eh 039 Thﬁ)Rf(ZIZ‘)
1
= ER* (IhAEh & Thﬁ)Rf(iU)
Ty, piecewise linear interpolation

Remark: The evaluation of fyrsa(z) can be organized as standard FBA with
an additional multiplication of the filtered data by a sparse matrix.
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Convergence of MFBA

Theorem Under reasonable assumptions on E; and I;, there are constants
1/2 < amin(En,In) < amax(Fn,Ix) such that

R* IhAEh ® Thﬁ)Rf f| (hmln{amaxaa} + hmln{aTaa}> Hf”a

P e

for f € H{' (), amin < @ < amax @and any ap < 5/2.
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P e
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(L AE,®Th,) < (pmin{ama o} g phiders ady) gy o > 1/

||47T
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Numerical comparison |

”
y
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Numerical comparison Il

p = 600, g = 200, Shepp-Logan filter with piecewise linear interpolation

FBA MFBA
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