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Introduction

The White Rabbit put on his spectacles. “Where shall I begin,
please your Majesty?” he asked.

“Begin at the beginning,” the King said, very gravely, “and go
on till you come to the end: then stop.”

LeEwis CARROLL, Alice’s Adventures in Wonderland

0.1 Motivation

The starting point of this thesis is dispersion compensation for ultra-short
laser pulses. Apart from continuous wave lasers that generate a beam of
light with nearly constant intensity and a very narrow bandwidth, there
are lasers that emit a train of short light pulses. Such light pulses have
a broad spectrum and concentrate large amounts of energy in very small
time intervals. For optical frequencies, the shortest achieved pulses are well
below 10 femtoseconds (1fs = 1071°s), corresponding to just a few optical
cycles. At a wavelength of 750 nm (near infrared), one optical cycle lasts
2.5fs. Prominent applications of ultra-fast lasers are medical imaging [59],
the observation of molecular processes on a femtosecond timescale [67] and
the modification of materials with nanometer precision [35]. For an overview
of the physics of ultra-fast lasers see, e.g., [50].

One of the main problems for the generation of pulses in the femtosecond
regime is dispersion: In the air and the various optical components of a laser
the different spectral components of a light pulse travel at different speeds.
This leads to an unwanted spreading of the pulse. The problem gets worse for
shorter pulses because shorter pulses have a broader spectrum. Dispersion
thus needs to be compensated for.

A very precise control of dispersion is possible with a special kind of
mirrors. These mirrors consist of a stack of thin layers of typically two
dielectric (nonconducting) materials with different refractive indices, which

1
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Figure 0.1: Structure of a dispersion compensating mirror (DCM). The DCM consists of a
substrate and alternating layers of two dielectric materials, for example SiO5 and TiOs. The
figure shows the structure of a chirped mirror: When the wavelength of an incoming wave is
about twice the optical length of two adjacent layers, the wave is strongly reflected. Thus,
short wavelengths (A1) are reflected near the top of the layer stack, while long wavelengths
(A\2) penetrate deeper into the mirror. The antireflection coating suppresses interfering
reflections from the mirror surface. It also consists of alternating layers of SiOy and TiO,,
but the internal structure is not shown. The physical thickness of the complete layer stack
is a few micrometers.

is deposited on some substrate, for example a plate of glass or SiO,, see
Figure 0.1. The stack of thin layers is called an optical interference coating.
Typical layer materials are SiOy and TiO, with refractive indices ngio, ~ 1.46
and nrio, ~ 2.4 for optical frequencies. When a light wave reaches the mirror,
at each layer boundary part of the wave is reflected and part of the wave is
transmitted. The challenging task is now to choose the number of layers and
their thicknesses in such a way that:

(a) The many reflections inside the mirror add up to give constructive inter-
ference so that the structure as a whole is highly reflective for a broad
range of frequencies.

(b) Frequencies that need to be delayed penetrate deeper into the mirror
than other frequencies before they are reflected.

Let us make the mirror design problem a little more precise. From a

mathematical point of view, a dielectric mirror constitutes a causal linear
time-invariant (LTI) system mapping an incoming plane wave ug,(z) = e**
with wavenumber £ to the complex conjugate® of a reflected wave ut(z) =

R(k)e™™. The (complex-valued) frequency response of this LTI system is

R, and its complex conjugate R is called reflection coefficient. The modu-

*The reflected wave is uref(z) = R(k)e~**. LTI systems map plane waves e’** to multiples of plane
waves, H(k)e’*®. The mapping ui, — Urer is therefore not an LTI system, but the mapping s, +— Urer is.
Details are in Chapter 2.
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lus |R(k)| describes the amplitude of the reflected wave, and the argument
arg R(k) describes the phase shift.

For the mirror design problem one then specifies a frequency interval or
a collection of frequency intervals, which we call I, and a desired complex-
valued reflection coefficient Rgesirea On 1. The specification is usually not
given with respect to the wavenumber £, but with respect to the angular
frequency w = cok. Here, ¢p = 299792458 ms~! is the speed of light in
vacuum. Depending of the purpose of the mirror, certain deviations from the
desired reflection coefficient are allowed. For example, if the mirror is used for
dispersion compensation inside the laser cavity, a reflectivity |R(w)| > 0.999
may be required over a broad frequency interval which contains the spectrum
of the generated pulse. On the other hand, if the mirror is used for external
pulse compression, higher losses may be tolerable. Moreover, in some cases
it may be desired to have a small frequency interval with high transparency
(e.g., |R(w)|] < 0.05), which can be used for optical pumping. The desired
phase shift is usually given as a polynomial of the form

k
1
arg R(w) = ;D,j(w — wyp)”.
v=0 "

with center frequency wy and dispersion coefficients D,. Since the shape of
a pulse is invariant under a constant or linear phase shift (see Chapter 1),
there is some freedom in the choice of Dy and D;. In fact, for applications
one usually only specifies the group delay dispersion GDD(w) = dd—:z arg R(w)
and requires that the GDD of the mirror does not oscillate too much around
the desired GDD.

There has been an enormous amount of research on the design of mirrors
with a desired reflection coefficient, for an overview see for example [24, 38,
60]. All design methods involve at some point the minimization of a merit
function which measures how well the reflection coefficient of the mirror
meets the design goal. A commonly used form of the merit function is as
follows [40]. Assume that the structure of a mirror is given by a function n
which describes the refractive index at different positions inside the mirror.
If the mirror is made of a stack of [ layers of alternating refractive indices,
the space of feasible n can for example be parametrized by vectors d =
(dy,ds, . ..,d;) containing the layer thicknesses. Denote by R, the reflection
coefficient of a mirror with the structure given by n. A general form of a
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merit function is then

F(n) = Z wR(wj) ’ |Rn(w])| — ‘Rdesired(wj)“pR
+ Y wap(w;)|GDn(w;) = GDgesivea(w;) " (0.1)

J=1

N
+ Z WwWaGpD (wj) ‘GDDTL(QJ]) — GDDdesired(‘v%’) ‘pGDD.

j=1
Here, GD,(w) = {-arg R,(w) is the group delay, the meaning of which is
explained in Chapter 1. Moreover, wy,...,wy are points in the frequency
range of interest I, wg, wgp and wgpp are weight functions, and pgr, pap
and papp are positive constants. Each of the three sums therefore has the
form of a discrete weighted p-norm taken to the p-th power. Other forms
of merit functions have been used, involving for example different angles of
incidence or sensitivity with respect to manufacturing inaccuracies [48], but
we shall not be concerned with this.

As a side note, the basic idea of optical interference coatings goes back
to the beginning of the 19th century [38]. The first useful manufacturing
processes were developed in the 1930s, and since then, interference coatings
have been used as optical filters (e.g., edge, bandpass, beam splitters) or
to reduce reflection. However, for these optical elements, the phase shift is
usually not important, so in the merit function one can set wgp = wapp = 0.
Phase properties only became relevant with the introduction of dispersion
compensating mirrors in 1993 [52, 53].

The problem is now that numerical minimization of the merit function
F' has turned out to be extremely hard. Typical dispersion compensating
mirrors consist of around 40 to 100 layers of alternating material, resulting
in an optimization problem in R* to R'%. This may seem small, but the
merit function £ is nonconvex and highly nonlinear (both as a function of the
refractive profile n and the layer thicknesses d). Classical local optimization
schemes such as descent methods or the Nelder-Mead simplex method quickly
get stuck in local minima and are virtually useless without a decent starting
design.

There are various methods to find starting designs, some of which can for
example be found in the already cited books [24, 38, 60]. Unfortunately, none
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of the available methods is completely general, and not for every design goal
there is a method that works reliably. For example, for dispersion compen-
sating mirrors, there is exists theory which results in so-called double-chirped
mirrors [40], the structure of which is shown in Figure 0.1. However, the
available theory does not yield any information on how to design a dispersion
compensating mirror with an additional pump window. In this case, there
is no way around using optimization methods.

In order to avoid getting stuck in local minima, global search methods
such as simulated annealing [15] and genetic algorithms [39] have been pro-
posed. However, they have the disadvantage of being painstakingly slow
are not guaranteed to converge to a good solution [27]. The most effective
general optimization procedures (i.e., which can be used without a starting
design) are probably the ones based on a special method called the needle
optimization technique [24]. The needle optimization technique is the basis of
the commercial software OptiLayer [61], which has yielded some impressive
results [48, 62], but also becomes slow when the number of layers is large.

To make matters worse, the efficiency of the optimization methods even
depends on the proper choice of the merit function. For example, in a local
minimum of the merit function, the phase properties of the reflection coeffi-
cient may be close to the design goal, but the reflectivity may be too small
for practical use. In this case, one has to tweak the weight functions and
start another optimization run.

0.2 Goals

The aim of this thesis is not to provide yet another mirror design method
which might only work well in some special cases. Instead, we deal with a
more basic question:

What accuracy can be obtained in principle in the mairror design problem?

The benefit of an answer to this question is obvious. At the moment, it is not
quite clear when one is close to the global minimum of the merit function and
should stop optimization runs. Usually, a lot of trial and error is involved
during the design process, and even if one has obtained a decent solution,
one cannot be sure that there is not a better solution.
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In this thesis we develop a method to provide a rigorous bound on the
minimum of a certain merit function, which can give an indication that one is
close to an optimal solution. The properties of the reflection coefficient that
we use are actually quite general: The complex conjugate of the reflection
coefficient is the frequency response of a causal LTI system with no gain of
energy. Our method can therefore be applied to the frequency response of
any such causal LTI system with no (or limited) gain of energy.

0.3 Overview

The organization of this thesis is as follows. The first two chapters serve as
an introduction and make this thesis more self-contained. In Chapter 1 we
provide some physical background. We derive the Helmholtz equation

u' () + k*n*(z)u(z) =0 (0.2)

from Maxwell’s equations as a model for the propagation of light in layered
media such as interference coatings. Moreover, we illustrate the behavior
of pulses in dispersive media and explain terms like group delay (GD) and
group delay dispersion (GDD). In Chapter 2 we provide some mathematical
background. We introduce the Hardy spaces H?(D) on the complex unit disk
and HP(C%) on the complex upper half-plane. Hardy spaces are spaces of
analytic functions with restrictions on certain LP-norms. Functions in H?(DD)
and H?(C™) have boundary values on the unit circle 9D and the real line R,
respectively, and therefore the spaces HP(D) and HP(C") can be identified
with subspaces of LP(0D) and LP(R), respectively. To us, the fundamental
importance of Hardy spaces lies in the fact that they are the right function
spaces for frequency responses of causal LTI systems.

In Chapter 3 we rigorously define the reflection coefficient from the right
and from the left, Ry and Ry, and the transmission coefficient T for the
Helmholtz equation and derive some of their properties. Since we are usually
only interested in the reflective properties from one side, we often simply
write R instead of R,. The properties of the reflection coefficient that are
most important to us in the following chapters are:

(a) Causality: The reflection coefficient lies in the Hardy space H>(C™).
(b) Symmetry: R(k) = R(—k) for k € R.
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(c) No gain of energy: |R(k)|>+|T(k)|* = 1 for k € R. Especially, |R(k)| <
1 for k € R.

Properties (b) and (c) are not new and can for example be found in [28], but
although property (a) is not unexpected, we are not aware of any proof in
the literature.

Instead of using such a complicated merit function as in (0.1), we decided
to use the mathematically more accessible LP-distance, i.e., we consider the
optimization problem for the reflection coefficient

minimize || R, — Raesired|| zr(1)

subject to n € Lg‘fb(o, d), (R-OPT))

where 1 < p < oo. Here, [ is the frequency interval of interest, R, is the
reflection coefficient corresponding to n, 0 < a < b, d > 0 and

2(0,d) ={f € L*R) : flr\oq =1, a < f(x) < bforaa. xzel0,d}.

When a, b and d are chosen correctly, then refractive profiles n € L35(0, d)
are (in principle) physically realizable. We prove in Chapter 3 that (R-OPT,,)
has a solution, but as we mentioned, in the general case there is no hope of
actually finding a minimizing n or at least finding the minimum of (R-OPT,).

Instead, in Chapters 4 and 5 we derive a bound of the minimum of
(R-OPT,). The idea is to do this by replacing the search space {R, : n €
L75(0,d)} by a larger (but not too large) search space with nicer properties.
Taking into account properties (a)—(c) of the reflection coefficient, it seems
reasonable to consider the problem

minimize || R — Raesived || 2o (1)

subject to R € H>(C"), |R| <1, R real symmetric. (0.3)

However, instead of dealing with (0.3) directly, we consider the optimization
problem

minimize || f — @l|zo(x)
subject to f € F, (OPT),)
1fl<g onJD.

Here, E is either H*(D) or A(D) = H*(D) N C(ID). In the first case we
denote the problem by (H-OPT),), and in the second case we denote it by
(A-OPT),). Further, K C 0D is closed with positive measure, g € C'(9D)
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with ¢ > 0, and ¢ € C(K) such that |p| < g on K. The reason for
considering (H-OPT,) instead of (0.3) is that the Hardy spaces H?(ID) and
HP(C™) are isometric, but for computations it is more convenient to work
in H?(D). Also, using the constraint |p| < ¢ instead of || < 1 allows more
flexible modelling.

In Chapter 4 we study theoretical properties of (OPT,). We prove ex-
istence and uniqueness for (H-OPT,), and we show that the solution of
(H-OPT),) satisfies a remarkable extremal property. Moreover, we show that
the infimum of (A-OPT)) is equal to the minimum of (H-OPT,). This is im-
portant, because in our numerical computations we only work with smooth
functions. In Chapter 5 we solve (H-OPT,) numerically. We first devise a
general discretization scheme and show convergence of minimum and min-
imizer of the discrete problem to minimum and minimizer of (H-OPT,).
Next, we show how to cast the discretized problem into a form that can
be solved efficiently with modern numerical methods. We finish with some
numerical examples. Especially, we demonstrate that our results can yield
practically relevant information: We consider an example where even after
long optimization runs physicists have not been able to find a refractive pro-
file that meets a certain design goal. We will see that the “virtual” reflection
coefficient that is obtained via solution of (OPT),) just barely satisfies the
requirements. However, because our search space is larger than the space of
realizable reflection coefficients, this is a strong sign that it is not possible
at all to find a refractive profile with the desired properties.
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Chapter 1

Physical Background

Those who like their mathematics self-contained and are not
inspired by its relation to the physical world may proceed at
once to the next chapter.

NicHOLAS YOUNG, An Introduction to Hilbert Space

In this chapter we provide some physical background for this thesis. First,
we derive the (one-dimensional) Helmholtz equation as a model for the prop-
agation of electromagnetic waves in layered media. Moreover, we introduce
the notion of a pulse. When a pulse travels through a linear and dispersive
medium, its different spectral components travel at different speeds. This
leads to a spreading of the pulse. We illustrate this effect using the example
of a Gaussian pulse.

1.1 The Helmholtz equation

The evolution of electromagnetic fields in matter is governed by a set of
complicated partial differential equations called Maxwell’s equations [9],

0
ng——aB,
0
—7+<p
VXH j+at 5
VD:Q,
V-B=0.

€ and 'H are called the electric field and the magnetic field, respectively. D
is the electric displacement, and B is the magnetic induction. Furthermore,
J is the electric current density, and p is the electric charge density. All

11
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quantities depend on position x = (z,y, 2) € R? and time ¢t € R. Quantities
that are typeset in bold letters are vector-valued (R3), otherwise they are
scalar-valued.

Additionally, some of the fields are related via constitutive laws (or mate-
rial equations), which describe the reaction of the matter that occupies the
domain where the electromagnetic fields live. These relations are more easily
described in the frequency domain. We therefore assume that the fields are
time-harmonic, i.e., that they have the form

E(x,t) = Re(eﬂ:”tE(x)), H(x,t)
D(x,t) = Re(e_"th(x)), B(x,1)
J(x,t) = Re(e ™' J(x)), o(x,1)

Re(e*’i“’tH(x)),
Re(e_f“tB(x)), (1.1)
Re(c™ ! p(x))

for some fixed real w. It is also common to simply write €(x,t) = e “'E(x)
and so on. Then it is silently understood that in order to obtain the actual
fields one has to take the real part. With (1.1) Maxwell’s equations simplify
to

V x E = iwB,
VxH=J-—iwD,
V-D =p,
V-B=0.

If the field strengths are not too large, the reaction of a material to the field
is linear. Moreover, we are only going to work with isotropic materials. We
then have the material equations

D = ¢E,

B = uH.
The function € = €(x,w) is called (electric) permittivity, and p = pu(x,w) is
called (magnetic) permeability. In this thesis, we only consider nonmagnetic

materials, in which case p = o ~ 1.2566 x 1079 Hm ™!, the permeability of
free space. Further, J and E are related via

J =0oE,

where ¢ = o(x,w) is the conductivity. We are only going to deal with
nonconducting materials, so we can set ¢ = 0. Finally, there are no external
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incident
wave

x
homogeneous medium 1, layered medium, homogeneous medium 2,
€ constant e = ¢e(x) € constant

Figure 1.1: Layered medium.

charges involved in our setup, i.e., p = 0. Under all these assumptions on
the materials, we end up with

V x E =iwpeH, (1.2)
V x H = —iw¢E, (1.3)
V.eE =0, (1.4)
V.- H = 0. (1.5)

In the case of a layered medium like a dielectric mirror, the above equa-
tions can be simplified further. Let us assume that the medium is homo-
geneous in the y- and z-direction so that if w is fixed, the permittivity e
depends only on z, see Figure 1.1. For simplicity, we assume that the inci-
dent electromagnetic field propagates in x-direction and is linearly polarized
with the electric field pointing in y-direction and the magnetic field pointing
in z-direction, i.e.,

E(x) = E(z)e,,
H(x) = H(z)e..
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One immediately checks that (1.4) and (1.5) are then automatically fulfilled.
Moreover, it follows readily that V x E = E'(z)e, and V x H = —H'(x)e,
such that (1.2) and (1.3) yield

E'(v) = iwpoH (2),
H'(z) = iwe(z)E(x).

Using (1.9) in (1.8), we arrive at
E"(z) + w*ppe(z)E(x) = 0. (1.10)

We finally rearrange this equation into a more common form. Let n(x) =
Ve(x) /ey be the refractive index of the material at position x. Here, ¢ &
8.8542 x 10712 Fm~! is the permittivity of free space. With ¢y = 1//Ho€o,
the speed of light in vacuum, and k = w/cy, (1.10) transforms into

E"(x) + k*n*(z)E(x) = 0, (1.11)

the one-dimensional Helmholtz equation. If we know the refractive profile n
of our layered medium and the angular frequency w (or k) of the incident
wave as well as some initial conditions, we can then solve the above equation
for F and get original £- and H-fields via (1.8), (1.6) and (1.7), and (1.1).

Layered media like dielectric mirrors are not only used for perpendicularly
incident waves, but also at oblique angles of incidence. In this case one has to
decompose the incident fields into two components, the S-component and the
P-component, see Figure 1.2. The letters S and P come from the German
words senkrecht (perpendicular) and parallel. In the S-polarization case,
the &£-field has only a y-component, i.e., it is perpendicular to the plane of
incidence, the xz-plane. In the P-polarization case, the £-field has only z-
and z-components, i.e., it is parallel to the plane of incidence. For both
polarizations one can reduce (1.2)—(1.5) to an equation which also has the
form of the Helmholtz equation. Thus, the mathematical model is the same.
For details see, e.g., [24].

1.2 Pulses

There does not seem to be a precise mathematical definition of a light pulse in
the literature. A pulse is generally taken to mean a function f such that both
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incident
wave

reflected
wave

homogeneous medium layered medium

Figure 1.2: Direction of electric and magnetic field in the S-polarization case (left) and
P-polarization case (right).

f and its Fourier transform ]?are localized in some sense. More concretely,
think of a pulse as a rapidly varying function like a plane wave e“0* multiplied
by some slowly varying bell-shaped function m. The rapidly varying function
is called the carrier wave, and m is called the envelope. If m is a Gaussian
function, m(x) = e for some b > 0, then f(z) = m(z)e™” = e t"¢ivor
is called a Gaussian pulse. The Fourier transform of a Gaussian pulse is a
Gaussian function,

T

flw) = /I&f(a:)e_i“’”” do = (5)1/2 o (w0’

SO fis again localized. Notice that the shorter the Gaussian pulse is, i.e., the
larger b is, the wider its Fourier transform becomes. This is the consequence
of a more general principle, the uncertainty principle [10, 23]. For a non-zero
function f € L?(R) denote by

1
iy = e — [ alf@)Pds
T Jo
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the center and by

1/2
S T PR
! <|f|;® /RW 1)1 f ()] dx)

the root mean square (RMS) width (supposing that the integrals exist).

Theorem 1.1 (Heisenberg’s inequality). Supposing that the above integrals

exist, it must hold true that

1
afaffz 5

Equality holds true if and only if f is a shifted and scaled version of a Gaus-
sian pulse, i.e., f(z) = ae @ for some a € C\ {0}, b > 0 and ¢,
wy € R.

So the shorter a pulse is in the time (or space) domain, the wider it must
be in the frequency domain, and the more narrow it is in the frequency
domain, the longer it must be in the time (or space) domain.

1.3 Dispersion

The speed at which a plane wave propagates in a homogeneous medium de-
pends on the refractive index. Suppose the space is filled with some medium
with refractive index ny. The general solution of the Helmholtz equation
(1.11) is then E(x) = ae*0® 4 ge="*m0% and for the electric field we have
E(x,t) = E(x)e ™'e,. Let us just look at

77&(1', t) — E(x)e—iwt _ aei(knox—wﬁ) + ﬁei(—knox—wt).

The phase of the first term is constant if kngxr = wt, ie., v = =t = g—oot.

So the first term is a plane wave travelling to the right with sgggd co/np.
Similarly, the second term is a plane wave travelling to the left with speed
co/mp. Since the refractive index of a material depends on the frequency w,
plane waves of different frequencies propagate at different speeds. This effect
is called dispersion.

We illustrate the effect of dispersion using the example of a Gaussian
pulse that propagates through some medium. We start out with a pulse of

the form |
flz) = et el (1.12)
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The pulse can also be written as the superposition of plane waves,
fla)= | o-Flw)e™rd
)= | —f(w)e w.
R 27

After the pulse has travelled for some time t;, each plane wave e™“* has
experienced a phase shift ¢, the size of which depends on the frequency w.
The pulse then has the form

fule) = [ geFwpere o .

Since ]?is localized about wy, one usually assumes that ¢ has a Taylor ex-
pansion around wy,

ZVl 0)(w — wp). (1.13)
V=0

The numbers ¢ (wy) are abbreviated by D, and are called dispersion coef-
ficients. The broader the pulse is, the stronger it is localized about wy, and
therefore the earlier we can truncate the above Taylor series and still get a
good approximation of f,.

Let us assume that the pulse is not too short so that a linear approxi-
mation suffices, i.e., ¢(w) = Dy + Di(w — wy) with some Dy, D; € R. A
straightforward calculation then shows that

ful) = G0 DIDO) D Do ()

This means that the envelope of the pulse has been shifted by D;. Because
¢'(wy) = Dy, the function ¢' is called group delay. The term e *?0 merely
shifts the carrier wave under the envelope.

If the pulse is relatively short, then ]?is only weakly localized about wy
and one needs a higher order approximation of ¢. Let us illustrate the
effect of Dy = ¢"(wg). The function ¢" is called group delay dispersion
(GDD). Because we already know the effect of Dy and Dy, we assume ¢(w) =
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Figure 1.3: GDD causes spreading of the pulse and creates a chirp: Higher frequencies are
found on the right hand side of the pulse, and lower frequencies are found on the left hand
side of the pulse. The parameters were wy = 1, b = 0.03 and Dy = 25.

Do(w — wp)?. After the phase shift the pulse (1.12) has the form

1 -~ y
Jfoo(@ /2—f e dw
1 E(w—wp)? jiwz ,—iD?(w—wp)?
= b7r 1/26 [y e“e dw

—bx? — 4Dsybwor + iwyT
——————— €X
\/4ngz TP 4Dsbi + 1

1 —bZC2 . i 4b2D2 9
VZY) N (1 + 16D§b2> ep (Mox T enme” ) '

(1.14)
The first exponential factor shows that a nonzero GDD causes a spreading of
the pulse, see Figure 1.3. The pulse becomes twice as wide if 1+ 16D3b* = 4,
or |Ds| = Y3, So the shorter a pulse is (i.e., the larger b is), the more sensitive
it is to GDD. Moreover, the quadratic term in the second factor shows that
there is a frequency chirp: The instantaneous frequency wi,g of a pulse f is
defined by wint () = <L arg f(z). For the above pulse f;, from (1.14) we have

82D,

) =0t T g

that is, the instantaneous frequency varies linearly in x.
The shorter a pulse is, the later we may truncate the series in (1.13).
The higher order derivatives of ¢ are called third order dispersion (for ¢)),



1.3. DISPERSION 19

fourth order dispersion (for o), and so on. The influence of D, = ¢™) (wy)
is just not as easily described for v > 3. For the generation of pulses in the
femtosecond regime, it is not uncommon that the phase shift that has to be
compensated for is given as a sixth order polynomial [40], i.e., the dispersion
coefficients up to Dg are taken into account.






Chapter 2

Hardy Spaces, LTI Systems and the
Paley-Wiener Theorem

There seems to be no part of (so-called pure) mathematics that
is not in immediate danger of being applied.

MicHIEL HAZEWINKEL, preface to
Complex analytic sets by E. M. CHIRKA

In this chapter we provide some mathematical background. In the first sec-
tion we introduce the Hardy spaces HP(D) on the complex unit disk and
HP(C*) on the complex upper half-plane. Hardy spaces are spaces of an-
alytic functions with certain LP-norm restrictions. These spaces are well-
known and are used in some areas of both pure and applied mathematics.
Nevertheless, in order to make this thesis more self-contained and for later
reference, we state the definitions of Hardy spaces and some of their very ba-
sic properties. To the interested reader we warmly recommend the excellent
introductory book by HOFFMAN [32]. An even more basic introduction to
only HP(D) (but with applications in the spirit of Chapters 4 and 5 of this
thesis) can be found in the book by YOUNG [66]. A more complete account
of Hardy spaces is for example given by GARNETT [25].

Hardy spaces are so fundamental for this thesis because they occur in
the context of causal linear time-invariant (LTI) systems, which we briefly
introduce in the second section of this chapter. Causal LTI systems are
characterized by their frequency response H, which has the property that
supp e c [0, 00), where H°(w) = H(—w). The relationship to Hardy spaces
is due to the Paley-Wiener Theorem, which gives (in its classical version) the
identification

H*(C") = {f € L*(R) : supp f C [0, 00)}.

21
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Such an identification still holds true for H?(C") with p # 2, which is not
surprising, but we do not know of any reference where this is explicitly stated
and proved. We fill this gap in the last section of this chapter.

2.1 Hardy spaces

There are basically two classical kinds of Hardy spaces, those on the complex
unit disk D = {z € C: |z| < 1}, and those on the complex upper half-plane
CT ={z € C" :Imz > 0}. Both kinds of spaces are important for us: We
will see in Chapter 3 that the reflection coefficient for the Helmholtz equation
lies in the Hardy space H>*(C"). However, for computations it is easier to
work in H?(ID). In Chapters 4 and 5 we will therefore use the latter spaces.

2.1.1 Hardy spaces on the disk: H?(D)
Hardy spaces on the unit disk D = {z € C : |z| < 1} are defined as follows.
Definition 2.1. Let 1 < p < oco. The Hardy space H?(D) is
H?(D) = {f :D — C: fis analyticon D, sup ||fo||prr < oo} :
0<r<1
where f,(9) = f(re'?).

Although by the above definition functions from H?(D) a priori live only
on the open unit disk D, one can identify H?(ID) with a subspace of LP(0D).
A function from LP(0D) gives rise to a function on the unit disk as follows.

Definition 2.2. Let 0 < r < 1. The function

1—7r?

P p—
(V) 1 —2rcosd + r?

15 called Poisson kernel for the disk.
Poisson’s kernel is an approximate identity, i.e., it holds true that
(a) P(J) = 0.
(b) o= [ P(d)dd =1for 0 <r < 1.

(¢) If 0 < d <, then lim, 1 Supye_r -\(—s0) [ (V)] = 0.
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The next theorem states that by convolving a function from LP(9D) with the
Poisson kernel, one obtains a function that is harmonic on the disk ID. In
the following, it is convenient to identify LP(0D) with LP(—m, 7). Especially,
if ¥ € [~7, 7] and f € LP(OD), then we also write f(¢J) instead of f(e').

Theorem 2.3. Let 1 < p < oo and let F € LP(0OD). Define f on the disk by

. 1 [

f(re) = —/ F(t)P.(9 —t)dt.
2 ),

Then f is harmonic on I, and we have the following behavior towards the

boundary.

(a) f, — F a.e. asr / 1. Here again, f.(¥) = f(re?).

(b) fr € LP(=m,m) for every 0 < 1 < 1, and supyc, oy || frllzr(—rr) < 00. In
fact, | filloo(—nm) @5 a increasing function in r, that is, ry < ro implies
anHLP(—W,w) < HmeLp(ﬂmr)'

(¢) If 1 <p < o0, then f., — F in LP(—m,w) asr /1. If p = oo, then
fr > Fin L®(—7m,7) asr /1. If F € C(0D), then f. — F uniformly
asr /1.

We also say that f has boundary values F' on the circle. The function f
is called the Poisson integral of I'. Notice again carefully that the theorem
only states that f is harmonic on the disk. In order for f to be in a Hardy
space, it must be analytic on the disk. The following theorem states that
functions from H?(ID) have boundary values in LP(0D), and that the Poisson
integral of the boundary values is the original function from H?(D).

Theorem 2.4. Let 1 <p < oo and f € HP(D).

(a) f has boundary values on the circle, i.e., the functions f,(9) = f(e')

converge a.e. to some function F on the circle.

(b) The function F lies in LP(OD), and f is the Poisson integral of its
boundary values, i.e., we have the representation

Fre?) — 2i /ﬂ F(O)P(0 — t) dt.

7T m
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(¢) HP(C™T) is a Banach space with norm

[y = sup | frllo-may = I Fllzrom).
0<r<1

Thus, H?(D) can be identified with the subspace of LP(0D) whose Poisson
integrals are not only harmonic, but even analytic on the disk. Notice that
we already used the identification of functions in H?(DD) with their boundary
values in the last part of the theorem, where we wrote || f||zr(op) instead of
| F|| o(om)-

There is a slightly more concrete characterization of H?(ID) as a subspace
of LP(OD).

Theorem 2.5. The characterization

HP(D) = {f € LP(OD) : f, = 0 for integers k < O}

holds true. Here, ]?k = [T _f(9)e ™ a0, k € Z, are the Fourier coefficients
of f.

This characterization is fairly suggestive. A function f that is analytic on
the unit disk can be written as a power series f(z) = > o, apz". Assume
that f is analytic on the closed disk. Then the series also converges on 0D,
ie., f(e) =70 Oakelkﬂ for ¢/’ € OD. The Fourier coefficients of f as a
functlon on 0D are just fk = ay for integers k£ > 0 and fk; = 0 for integers
k < 0. This makes the inclusion “C” in the above theorem plausible. On
the other hand, take a function f € LP(9D) with fk = 0 for integers k < 0.
Then the sequence ( fk;)k;ez of Fourier coefficients of f is bounded, whence
P sz converges uniformly on compact subsets of D and is therefore
analytic on D. Indeed, the function thus defined on the disk is equal to the
Poisson integral of f. Of course, the whole story is more involved, and the
proof of Theorem 2.5 is not easy, especially for the case p = 1. The interested
reader will find a detailed presentation in [32, Chapters 1-4].

Functions in a Hardy space are uniquely determined by their values on a
set of positive measure [25, Chapter II, Corollary 4.2].

Theorem 2.6. If f € H'(D), 1 < p < o0, and f =0 on a set K C 0D of
positive (Lebesgue) measure, then f = 0.

Finally, by A(D) = H>*(D) N C(0D) we denote the space of functions in
H> (D) with continuous boundary values. A(DD) is called the disk algebra.
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2.1.2 Hardy spaces on the half-plane: H?(C")

The second kind of Hardy spaces that we need are those on the complex
upper half-plane C* = {z € C* : Im z > 0}.

Definition 2.7. Let 1 < p < oo. The Hardy space H?(C") is
HP(CT) = {f :C" — C: fis analytic on C*, sup || f(- + i) || r(r) < oo} .
y>0

The theory for HP(C") is very similar to the theory for H?(DD). Functions
defined on R (= JC") give rise to functions on C* via convolution with
Poisson’s kernel for the upper half-plane.

Definition 2.8. Let y > 0. The function

)

15 called Poisson kernel for the upper half-plane.

The following two theorems are the analogon to Theorem 2.3.

Theorem 2.9. Let F' : R — C be integrable with respect to the measure

1it2 dt. Define f on the complex upper half-plane by

flx+1iy) = %/F(t)Py(x —t)dt, reR, y>0. (2.1)

Then f is harmonic on C*, and f(-+1iy) — F a.e. asy \, 0.

Just like in the case of the disk we say that f has boundary values F' on
the real line, and that f is the Poisson integral of F'. Again, the theorem
only states that f is harmonic on C*, not analytic. Notice that the theorem
is especially true for F' € LP(R), 1 <p < oco. If F' € L’(R), a stronger result
holds true.

Theorem 2.10. Let 1 < p < oo and let F € LP(R). Define f on C* as in
(2.1).

(a) For eachy > 0, the function f,(z) = f(z +1y) is in LP(R). The LP(R)-
norms of f, are bounded for y > 0. In fact, || fy||r»w) is a decreasing
function of y fory > 0.
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(b) If 1 <p < oo, then f, — F in LP(R) asy \, 0. If p = oo, then f, =~ F
in L*°(R) asy \, 0. If F € C(R), then f, — F uniformly as y \, 0.

The following theorem is the analogon to Theorem 2.4. It states that
functions from H?(C") have boundary values in LF(R), and that functions
from HP(C*) are the Poisson integral of their boundary values.

Theorem 2.11. Let 1 < p < oo and f € HP(C™).

(a) f has boundary values on the real line, i.e., the functions f(- + iy)
converge a.e. to some function F on the real line as y \, 0.

(b) The function F lies in LP(R), and f is the Poisson integral of its bound-
ary values, 1i.e., we have the representation

f(a:—l—z'y):l/F(t)Py(a:—t)dt, re€R, y>0.
R

m
(¢) HP(C") is a Banach space with norm

| flerc+y = sup 1 fC+iy)lle@) = | f]l zow)-
Yy

Like in the case of the disk, H?(C") is identified with the subspace of
LP(R) whose Poisson integrals are analytic, and we already used the iden-
tification in part (c) of the theorem, where we wrote | f||z»r) instead of
T

The relation between HP(D) and HP(C') is as follows. The Mobius
transformation w — ‘2L maps C* conformally to . Given a function

—iw+1 )
f € HP(D), the function g : w +— f (%) is analytic on C*. However, it
may not be true that sup,.[|g(- + iy)|| @) < oo. In order for g to be in
a Hardy space, an additional decay factor is needed. In fact, we have the

following theorem.
Theorem 2.12. The mapping

T, H/D) — HP(CH)
g+ f, flw) =270+ w) g (L)
is an isomorphism. If the norm on HP(D) is normalized to HfH%p(D) =
[T |f(e)|PdV (i.e., the integral is not taken with respect to normalized
Lebesgque measure), then the mapping is even an isometry.
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For us, the importance of the theorem is due to the fact that the Hardy
spaces H?(CT) occur in our applications. However, it is much easier to do
computations in H?(D). The isometry can therefore be used to transport
functions from H?(C") to HP(ID) and back.

There is a characterization of H2(C") as a subspace of L*(R) similar to
that of Theorem 2.5. We use the Fourier transform in the version

fit) = [ sy da,

so that the inverse Fourier transform is given by

~ 1 .
fit) = 5= [ Fa)eaa
Theorem 2.13 (Paley-Wiener). We have the characterization

H*(C") = {f € L*(R) : supp fc [O,oo)}.

The Paley-Wiener theorem is a classical result [25, 32, 36], which has been
generalized in numerous ways [7, 12, 46]. However, we are not aware of any
reference where it is stated or proved in the above form for H?(C") and
LP(R) with general 1 < p < oo. We fill this gap in the last section of this
chapter.

2.2 LTI systems

Causal LTT systems and the Paley-Wiener theorem are the reason why we
deal with Hardy spaces. By S'(R) we denote the space of tempered distri-
butions over R. A formal definition of an LTI system is as follows [10].

Definition 2.14. Let X C S'(R) be a translation invariant subspace, i.e.,
f e X implies f(- —t) € X for allt € R. A linear time-invariant (LTT)
system is a mapping L : X C S'(R) — S'(R) that is linear, continuous and
time-invariant, i.e., L(f(-—1)) = (Lf)(- —t) for all t € R.

The system is called causal if for all ty € R it holds that f(t) = 0 for
t <ty implies Lf(t) =0 fort < t.

It is not hard to see that if ¢ € X, then L(e™) = H(w)e™" for some
H(w) € C. The function H is called frequency response. Moreover, if 6y € X
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(Dirac impulse), then h = Ly is called impulse response, and one can show
that
Lf =hxf, (2.2)

where x denotes convolution. We then have H = h, and the system (2.2)
is causal if and only if supph C [0, 00), or, equivalently, suppf[\o C [0, 00),
where H°(t) = H(—t).

Examples of frequency responses of causal LTI systems that occur in the
context of electromagnetics are the following.

Example 2.15 (Permittivity). Assume that the material that occupies some
space is linear and isotropic. We stated in Chapter 1 that if the E-field is
time-harmonic, i.e., if it has the form

E(x,t) = e Y E(x),
then the D-field satisfies
D(z,t) = e “e(x,w)E(x).

Thus, if we fix some £ € R® and write £(x,t) = E(t)u for some u € R® and
D(x,t) = D(t)u, then the mapping E +— D is an LTI system with frequency
response €(x,—-). Because the electric displacement in a medium depends

e

only on the electric field in the past, the system is causal, i.e., suppe(x,-) C
[0, 00).

Example 2.16 (Reflection coefficient). We consider a situation as described
in Chapter 1, where an electromagnetic field is incident perpendicularly on
a layered medium. We assume that the layered medium is surrounded by air
with refractive index ng = 1. The incident field s a plane wave coming from
the left, i.e., E(x,t) = By (z)e e, with Ey(x) = ™. The layered medium
gives rise to a reflected field E(x,t) = Exer(x)e ' e, with Ey(x) = R(k)e™**.
The number R(k) is called reflection coefficient (from the left). The reflected
field is also a plane wave, but it travels in the opposite direction.

Then the mapping L : Ey +— Byt is an LTI system which maps €'
to R(k)e'™. Because the system should map a real incident field to a real
reflected field, its impulse response should only take values in R. Therefore,
R(k) = R(—k), i.e., the frequency response of L is R°. Because the layered
structure cannot reflect a field before an incident field has arrived, the system
is causal, i.e., supp R C [0, 00).

We make all these statements rigorous in Chapter 3.

k-
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2.3 The Paley-Wiener Theorem

In this section we prove a generalized version of the Paley-Wiener Theorem.

Theorem 2.17 (Paley-Wiener). Let 1 < p < co. We have the characteriza-
tion

HY(C*) = {f € L’(R) : supp [ € [0,00) |

The theorem follows directly from Propositions 2.19 and 2.20 below. We
begin with a lemma.

Lemma 2.18. H*(C") is (sequentially) weak*-closed in L*°(R).

Proof. Let (f,) C H*(C") with f, = f for some f € L®(R), i.e., [p(f, —
e — 0asn — oo for all ¢ € L'(R). We need to show that f € H>*(CT).
To this end we define a function F' on the upper half-plane by

dt
F(x +iy) = /f a:—t 25,

for real x and y > 0. By Theorem 2.10, F' is bounded on C* and has
boundary values f on the real line. In the following, we identify F' with f,
that is, we denote by f the original function in LP(R) as well as the function
on the upper half-plane defined by the above integral formula. It remains to
show that f is analytic on C™.

We are going to show that f,, converges to f uniformly on compact subsets
of C*. So let K ¢ C" be compact and fix an arbitrary ¢ > 0. We use
the abbreviation P ,(t) = ey
xj+iy; € K such that for every z = v + iy € K there is a j with || P,, —
Py llom < e e Notice that the supremum on the right hand
side is finite since weakly*-convergent series are bounded. Finally, choose
M > 0 so large that | [o(fu — f)Ps,y,| < § for all j and for all n > M. This
is possible since f, — f.

Now let z = x + iy € K be arbitrary. Pick some j such that ||P,, —
Py llom < . We have the representation

Choose finitely many points z; =

€
2sup,, ey ||fn_f||L°°(R)

folz +iy) = /fn 2+det
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by Theorem 2.11. It follows that for n > M

\ﬂmﬂ@—h@+@hzéuw—nmﬂ@wa‘

g/%ﬂw—nmﬂgaw—&wu»w\
R

_|_

Agﬂw—mwﬂa%mdt

€
< = Pl | Py = Pryo ) +

<ELE
-+ - =
22

Thus, f, converges uniformly to f on compact subsets of C*. Since the f,
are analytic, f is also analytic on C™.

To summarize, we have shown that f is bounded and analytic on the
upper half-plane. This means that f € H*(C"). O

We can now prove one direction of a generalized Paley-Wiener theorem.

Proposition 2.19. Let 1 < p < oo and f € LP(R) with Suppr [0, 00).
Then f € HP(C").

Proof. We begin with the case p = 1. Solet f € LY(R) with supp f C [0, 00).
Define a function /' on C* by

F(2) = 5- [ R

We are going to show that FF € H'(C") and that F has boundary values
f on the real line. Notice two things: First of all, the integral converges
since supij’ C [0,00) and €”*¢ decays exponentially as £ — oo for z € C*.
Especially, we can differentiate under the integral sign, whence F'is analytic
on C*. Second, on the real line the above formula is formally the well-
known Fourier inversion formula. Therefore, it seems reasonable that F' has
boundary values f on the real line. Let us make this rigorous.
For y > 0 write Fj,(x) = F(x +iy). Then

Ro) =5 [ Flom©e " eag,
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where H is the Heaviside function. Denoting by ¢ the inverse Fourier trans-
form of a function g,

Fy@) = (&= FOH©™) (@)= (£ + (€= HE™)) (2)

:%(f*<t|—>y_1it>>(x):%/f(s)y_ié_s)ds.

On the other hand, with the abbreviation @,(t) =

y—Ht )

| 16— as = s+ @)@ = (D + @) @
- (fQ,) @=o.

since supp f C [0, 00), while C/Q\y(T) = eY"H(—7) is supported in (—oo,0]. It
follows that

Fy( zw/f ( :c—s)+y+i(1x—8)> o

B 7T/Rf<8)(56—8) 24y ds.

This is a good thing. By Theorem 2.10 this implies that sup,.q || F} || 71®) <
oo and that F' has boundary values f on the real line. Since F' is also analytic
on CT, ' € HY(C"). Of course, we identify f with F, i.e., f € H(C").

Now consider the case 1 < p < oo. Let f € LP(R) with supp f C [0, 00).
We use approximation and reduce to the cases p =1 or p = 2. Define

fn(z> - W/n(z)f(z)a

where . n
—iz
—1 - |
n(2) (—z’z + 1)
Since |1 — (525)"] = ’ ”HZZH ‘ = (i> as |z| — oo, it follows that

Y is in HP(CT) for every 1 < p < co. For 1 < p < oo, Holder’s inequality
shows that f, € LY(R):

anHLl(IR) < H%HLq(R)HfHLP(R) < o0

where ]—1) + % = 1. For p = oo a similar estimate yields f, € L*(R). A
direct calculation moreover shows that supp, C [0,00). This implies that



32 CHAPTER 2. HARDY SPACES, LTI SYSTEMS AND PALEY-WIENER

f, = 5=n, * £ is also supported in [0, 00). Hence, for p = oo, f, € H*(C")
by the classical Paley-Wiener theorem, and for 1 < p < oo, f,, € HY(C") by
what we have already shown. By Theorem 2.11, this implies especially that
in C™ we have the representation

folz +iy) = /fn )z — ) dt,

where P,(z) = %ﬂf By Theorem 2.10, the LP-norms of f, along lines
parallel to R in the upper half-plane C* are bounded, whence f,, E H P(CT).

It is now easy to check that _”1‘ < 1 for z € C*, so that ‘
pointwise for every fixed z € CT as n — oo. Thus, for 1 < p < o0, fn — f
in L’(R) by dominated convergence. Since HP(C") is a closed subspace of

LP(R), f € H?(C"). For p = oo, we have for any ¢ € L}(R)
(1= e =| [ (5) fope:

as n — oo by dominated convergence. So f, — f in L>®(R). Since H>®(C™)
is sequentially weak*-closed in L*>°(R) by Lemma 2.18, f € H>*(C"). O

n_)O

0 (2.3)

We now prove the converse of Proposition 2.19.
Proposition 2.20. Let 1 < p < oo and f € HP(CT). Then supp]?C [0, 00).

Proof. For 1 < p < 2, the theorem is well-known. A proof for f € HY(C )
and f € H?(C") can for example be found in [32, Chapter 8]. For the general
case, define as in the proof of Proposition 2.19

fa(2) = m(2)f(2),

(z) =1— (_;j 1>n-

As before, Holder’s inequality yields that f, € H'(C') for p < oo and
f, € H?(CT) for p = co. As already mentioned, it is well-known that this
implies supp ]?n C [0, 00).

Now fix ¢ € S(R), the Schwartz class. Like in (2.3) we get that [, f.o —
Jz fo as n — oco. This means that f, — f in §'(R). Since the Fourier

where

transform is continuous as a map from S'(R) to §'(R) and since supp f, C
[0, 00), it follows that also supp f C [0, 00). O



Chapter 3

Scattering Theory for the 1D
Helmholtz Equation

A typical example of an inverse problem is the following. Given
the following answer: The Answer to the Great Question of Life,
the Universe and Everything is forty-two, find the question.

from http://www-sop.inria.fr/apics/research.html

In this chapter we study the reflection coefficient and the transmaission coef-
ficient for the one-dimensional Helmholtz equation

u'(z) + k*n*(x)u(x) = 0, (3.1)

which we derived in Chapter 1 as a model for the propagation of electromag-
netic waves in layered media. We assume throughout this chapter that the
layered medium itself is non-dispersive, i.e., that n does not depend on k,
and non-absorbing, i.e., that n is real-valued. This approximation is sufficient
for our theoretical investigations, because the refractive index of materials
that are typically used for optical interference coatings varies only slightly
for optical frequencies. Even in the actual design process the frequency-
dependency of the refractive index of the coating materials is often neglected
until the final optimization step [40].

Throughout most of this chapter we model the situation of a layered
structure that is surrounded by air or vacuum, i.e., n(x) = 1 for = ¢ [0, d|
with some d > 0. Further, only a certain range of refractive indices can be
physically achieved. Therefore, we assume that nlj g € Lg9(0,d) for some
0 < a < b, where

ap(0,d) ={f € L>(0,d) : a < f(z) < b for almost all z € [0,d]}.
33



34 CHAPTER 3. SCATTERING THEORY FOR THE 1D HELMHOLTZ EQUATION

We also write n € Lg9(0, d) when we mean nj g € Lg5(0,d) and n|g\j,q = 1.

We are only concerned with the direct scattering problem, i.e., for a given
refractive profile n, we study the properties of the corresponding reflection
coefficients from the right and from the left, R; and R,, and the trans-
mission coefficient 7. In Section 3.1 we define reflection and transmission
coefficient for the Helmholtz equation and prove some of their basic prop-
erties. In Section 3.2 we show that reflection and transmission coefficient
satisfy a continuity property with respect to the refractive profile. A conti-
nuity property is also used in Section 3.3 to prove Hardy space properties of
reflection and transmission coefficient. As another application of the results
from Section 3.2 we show in Section 3.4 that a certain optimization problem
for the reflection coefficient has a solution. We finish with some remarks on
what is known if the refractive profile n is smooth in Section 3.5.

3.1 The direct scattering problem

The material in this section is rather technical, but our approach in Sections
3.1.1-3.1.3 is quite standard. Analogous considerations for the Schrodinger
equation can for example be found in [18]. The main result of this section
is Theorem 3.5. Parts (a) and (b) of Theorem 3.5 are already in [28]. For
the sake of completeness and because the notation in [28] differs very much
from our notation, we prove those parts anyway. Concerning the rest of the
theorems and formulas in this section, we are not aware of any reference
where they are explicitly stated.

3.1.1 Jost solutions and an integral formulation

In order to define reflection and transmission coefficient for the Helmholtz
equation, we need to consider solutions of (3.1) that represent incident plane
waves. Let uy(x, k) be the solution of (3.1) with initial conditions

ul(d7 k) - eikda
{ uy(d, k) = ikei, (3:2)

and let us(x, k) be the solution of (3.1) with initial conditions

UQ(O, k?) = 1,
{ (0, k) = —ik. (3:3)
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uy and us are called the Jost solutions of (3.1). Obviously, we have u;(x, k) =
e’ for & > d and uy(z, k) = e ™** for x < 0. As usual, it is easier to obtain
properties of u; and us by considering integral equations that are equivalent
to the above initial value problems. To this end, we define the Faddeev
functions

my(x, k) = e "y (2, k),
mo(x, k) = e*uy(x, k).

Obviously, we have my(z, k) = 1, x > d, and mo(z, k) = 1, z < 0. One easily
checks that my solves

mf (x, k) + 2ikm)(x, k) + k*(n*(z) — V)my(z, k) = 0,
ml(d, ]C) = 1,
my(d, k) =0,

while ms solves

mhy(x, k) — 2ikmb(x, k) + k*(n*(x) — 1)ma(z, k) = 0,
mg(O, ]{3) = 1,
0,k)=0

The derivatives are of course taken with respect to x. Variation of constants
then leads to the equivalent integral equations

d
mi(x, k) =1 —l—/ ma(t, k) (1 — n?(t))Dy(t — x)) dt (3.4)
and N
mo(x, k) =1 —l—/o ma(t, k) (1 —n?(t))Di(z — 1)) dt, (3.5)
where -
Dy(y) = k%

3.1.2 Estimates for Jost solutions

The following lemma gives a bound on the solution of certain integral equa-
tions of Volterra type.
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Lemma 3.1. Consider the Volterra integral equation

+ / " K (o, Du(t) dt, (3.6)

where g € L2 (R) and there is h € L (R) such that |K (z,-)| < h for almost
all x € R. This integral equation has a unique solution u, and for x > 0 we
have the estimate

u(x)] < (i}é& g<t>|> exp ( / At dt) .

Proof. Let Au(z fo t)dt, and let xyp > 0. Then A is a bounded
linear operator on LOO([O xo]) It is not hard to show that for j € N

Alu(x) = /0< o K(zg,21) ... K(xj, ;1) K(z, zj)u(z) de; ... doj,

and then

t€[0,x]

— (sup ‘u ) (fO ' )
te[0,z] J!

So there is j € N with || A7|| z(z(j0.z])) < 1. It follows that I — A is invertible
and (I —A)~' =377 A/ with convergence in L(L>([0, zo])). In fact, this is
still true if we consider A as an operator on L*([—z, zg]). Applying this to
the integral equation (3.6) yields the unique solution

r) =) (Ag)(x). (3.7)

j=0

|Alu(x)| < (sup u(t)) /0< L h(xy)...h(z;)dx; ... do;

where convergence is locally uniform. Moreover,

= (fy bty dt) ’
u(z)] < (Elﬁ] Ig(t)) > i (til[(l)z] Ig(t)) exp (/0 h(t) dt) -

7=0
[]
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We can use Lemma 3.1 to obtain estimates for the solutions of (3.4) and
(3.5). By m;, j = 1,2, we denote the derivative of m; with respect to k.

Theorem 3.2. Equations (3.4) and (3.5) for my and ms are uniquely solv-
able for each k € C. The solutions can be bounded as follows:

(a) For Imk >0 and x < d

(o) < exp (1] [ 1= o))

(b) Forlmk >0 and x <d

imy (z, k)| < ((d— x) + |2ﬂ(d— x)2> (Sup 11— n%t))

te[z,d]

. exp (2\k\ /xd 11— n(t)] dt) .

(¢) For Imk >0 and x >0

et 0] < exp (K[ 1= o] ar).

(d) For Imk >0 and x>0
‘W;LQ(ZU, k)‘

< (x + MﬂcQ) sup |1 —n?(t)| | exp <2|k|/ 11— n?(t)] dt) :
2 te[0,2] 0

Proof. We only prove the estimates for ms. Applying Lemma 3.1 to (3.5)
and using

| Di(y)| < k| (3-8)

for Imk > 0 and y € R already yields (c).
To obtain the estimate for ms we are going to apply Lemma 3.1 to

mo(x, k) = /x ma(t, k)(1 —n*(t))Dy(x —t) dt
o | (3.9)
+ /0 ma(t, k)(1 — n?(t))Dy(z — t) dt.
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The above equation follows from (3.5). First note that

eQiky o '
— 4 kye*M

21
for Imk > 0 and y > 0. Together with (c) we get for x > 0

/Ox ot k) (1 — n2(8)) Dy — 1) dt‘
< e (1 [ 1= nelas) 1= 0] 00+ bl - ) at

< (x-i—@xQ) sup |1 —n?(t)| | exp (|k|/ |1—n2(t)|dt).
2 te[0,1] 0

[Di(y)] = <1+ |kly

(3.10)
Now (d) follows by applying Lemma 3.1 to (3.9) and using (3.8) and (3.10).
The estimates for m; can be obtained in the same way. ]

Remark 3.3. When one inspects the series (3.7) for my and ms, one sees
easily that it converges uniformly in k on compact subsets of C. Since the
partial sums themselves are analytic in C, my(x,-) and ms(x,-) are analytic

i C.

Remark 3.4. One easily sees that since n is real-valued, the symmetry rela-
tions (or reality conditions) m;(x, —k) = m;(z, k) and u;(x, —k) = ui(z, k),
j=1,2, hold.

3.1.3 Reflection and transmission coefficient R and T

For k € C\ {0} the Jost solutions us(-, k) and wus(-, —k) are linearly inde-
pendent. This can be seen as follows: The Wronskian W us(z, k), us(x, —k)]
does not depend on x since there appears no first derivative in (3.1) (compare
(65, §15.11T and §19]). Since
Wlus(z, k), us(z, —k)| = ua(x, k)usy(x, —k) — uy(x, k)us(z, —k)
= us(0, k)un(0, —k) — up(0, k)us (0, —k)
— 9k #0,

us(+, k) and us(-, —k) are linearly independent. Similarly,

Wiui(x, k), uy(z, —k)] = —2ik # 0, (3.11)
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whence (-, k) and uy (-, —k) are linearly independent. It follows that there
are functions a(k), 6(k), v(k) and 6(k) such that

ug(x, k) = alk)ui(z, k) + B(k)ur(z, —k), (3.12)
ur(z, k) = y(k)ug(z, k) + d(k)ug(x, —k) (3.13)
for k£ # 0. We then define
L _ alk)
Ty (k) = 3 Ry (k) (k)
1 _ (k)
T»(k) 5k Ry (k) (k)

The functions T and Ry are called transmission coefficient from the right and
reflection coefficient from the right, respectively, and T5 and R, are called
transmission coefficient from the left and reflection coefficient from the left,
respectively. The reason for these definitions is as follows. After multiplying
(3.12) and (3.13) by T1(k) and T5(k), respectively, we obtain

Ti(k)us(z, k) = Ri(k)ur(z, k) + ui(z, —k), (3.14)
To(k)ui(x, k) = Ra(k)us(z, k) + us(x, —k). (3.15)

Let us consider the second equation. Fix some k£ > 0. Then
u(z) = To(k)ui(x, k) = Ro(k)us(z, k) + uz(x, —k)
solves the Helmholtz equation (3.1). For x < 0 we have
u(z) = Ry(k)ug(x, k) + ug(z, —k) = Ry(k)e™ " + ',

so to the left of the layered medium w is a plane wave travelling to the right
plus a plane wave with complex amplitude Ry(k) travelling to the left. For
r > d we have

u(x) = Ta(k)ui(z, k) = Tg(k)e“m,

so to the right of the layered medium wu is a plane wave with complex ampli-
tude Th(k) travelling to the right, see Figure 3.1. To sum up, an incoming
plane wave from the left, uy,(z) = *, gives rise to a transmitted wave
Ugrans () = Th(2)e™ and a reflected wave travelling in the opposite direc-
tion, wyef(z) = Ro(k)e ™. Similar considerations for the second equation

explain the definition of T7 and R;.
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Upet(7) = Ry(k)e~ ke

uin(x> _ eikx
W \VAVAVAV/
e [V1]]

Figure 3.1: When a plane wave u;,(7) = e** is incident on a layered structure, part of it

is reflected (uper(7) = Ro(k)e™*%) and part of it is transmitted (Ugans(®) = To(k)e®).

In the following it will also turn out useful to rewrite (3.12) and (3.13) in
terms of my and mo,

Ty (k)ymy(z, k) = Ry(k)e* my(z, k) + my(x, —k), (3.16)
Ty(k)mi(z, k) = Ry(k)e 2 my(x, k) + ma(x, —k). (3.17)

Of course, it is not quite clear yet that the reflection and transmission
coefficients are defined everywhere, since $ or § might have zeros. Also, it
is not clear yet what happens at £ = 0. The following theorem sheds some
light on this.

Theorem 3.5. (a) «, 3, v and & can be extended to functions analytic on
C. FEspecially, the transmission coefficients Ty = %, T = % have no zeros
i C. Ry, Ry, T1 and Ty are functions meromorphic on C and holomor-
phic on the closed upper half-plane C+ = {Im z > 0}. Especially, they
are C*-functions on the real line.

(b) We have the following relations:

(i) For k € C, T(k) := Ti(k) = To(k).

(ii) For k € C, the reality conditions T'(k) = T'(—k), Ri(k) = Ri(—k),

RQ(]{I) = RQ(_k) hold.

(iii) Conservation of energy: For k € R, |T(k)|* + |R1(k)|? = |T(k)|*> +
|Ro(K)|? = 1.
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(¢) The following integral representations hold:

?1((:)) - 5t /Od e H(L — (1)) ma(t, k) .
?2((:)) - 5t /Od (1 —n®(t))ma(t, k) dt.
ﬁ =1- %’f/od(l — n*(t))ma(t, k) dt
=1- %’f /Od(l —n’(t))ma(t, k) dt.

Analyticity on the complex upper half-plane is also called the causality
condition. The careful reader of Chapter 2 will immediately understand this
notion.

Proof. Since the quantities that we are interested in are the reflection and
transmission coefficients, we write ];11—((2:)), ﬁ and so on instead of a(k), B(k)

and so on. We begin with the proof of (b). Observe that

W (a, k), us(e, k)] = W (2, k), %ul(% k) + Tik)ul(x, —)]
1
— Tl(k)W[ul(J:, k), ui(z, —k)]
o1
= —ZZle(k).
(3.18)
On the other hand, using (3.13) instead, we obtain
1
Wiuy(z, k), us(x, k)] = _ZikTg(k:)' (3.19)

This implies, at least for & € C\{0}, T1(k) = T»(k), i.e., (i). In the following,
we simply write T'(k).
Similarly, one can compute

L Ru(k)
2ik T Wluy(z, —k), us(z, k)], (3.20)
i Fek) _ W lu (2, k), us(z, —k)]. (3.21)

T(k)
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Furthermore, using (3.18) and Remark 3.4,
1

Wiuy(z, k), us(x, k)]

1
T(k) —2i(—k)
= iVl vl R =

—21

?v
~
VS
|
|
N——

Using (3.20) or (3.21) instead, we get Ry (k) = Ri(—k) and Ry(k) = Ro(—k),
respectively. This is (ii).
By (3.20), (3.21) and Remark 3.4,
Ri(k) _ Re(—k)

- TR (3.22)

Plugging (3.12) into (3.13),

i (z, k) %ul(x, k) + ﬁzggw —k)
%ul(x, B+ mul(:ﬁ, k)
%ul(:ﬁ, )+ T @ k)
BB,

Because of (ii) this implies |Ry(k)|> + |T'(k)|* = 1 for k € R\ {0}. The
relation |Ry(k)|> + |T(k)|> = 1 for k € R\ {0} is derived in the same way.
This finishes the proof of (b).
Let us now prove (c). For z < 0 we have by (3.4) (and since n(z) = 1 for
x <0)
eQik(t—:p) _

my(x, k) =1+ /dml(t, k) (1 —n*(t)) l{:Q—Z dt



3.1. THE DIRECT SCATTERING PROBLEM 43

On the other hand, by (3.17) we have for z <0

R2(k) e—2ik:a; R2(k) —2ikx 1

1
mg(l’, k) + —mg(l', _k> -

m(x, k) = (k) ) T(k)e +m_
Together, it follows that
d
?2((:; _ QEZ/O ml(t, k) (1 o n2(t)) e2ikt dt, (323)
d
ﬁ = 1= 2%/0 mi(t, k) (1—n*(t)) dt, (3.24)

which are two of the formulas of (¢). The other two formulas of (c) are
obtained in the same way by considering the integral equation for ms instead.
We remark that from the integral representations we especially get 7'(0) =
1 and R1(0) = R2(0) = 0, so the formulas in (b) also hold for £ = 0 (which
we had not treated in this proof so far).
It remains to show (a). For example, from the integral representation

(3.24) we see that G(k) = ﬁ is analytic in C: By dominated convergence,
ﬁ is continuous in C. (Use the bound on m; from Theorem 3.2). Analytic-
ity then follows with Morera’s theorem. Analyticity of o, v and ¢ follows in
the same way. That Ry, R, and T are meromorphic in C is now immediate
from their definitions.

Finally, ﬁ has no zeros in C* = {Imz > 0}. Indeed, because of (iii)
of (b), ﬁ > 1 for k € R. Assume to the contrary that ﬁ has a zero at
ko € Ct = {Imz > 0}. Then by (3.12) and by the initial conditions for
uy and usg, ui(+, ko) and u)(+, ko) decay exponentially in both directions and

especially lie in L?(R). Since u; solves the Helmholtz equation (3.1),

0= /_Oo (u] (z, ko) + kgn® (z)ur(z, ko)) wi(z, ko) dz

o0

:—/ \u'l(x,ko)|2dx+k:§/ nQ(x)\ul(x,ko)de.

This implies k2 > 0, and hence kg € R, which is a contradiction. Thus
has no zeros in C*, whence T'(k) is analytic there. Writing R;(k) = T'(k)

j =1,2, we see that R; and R, are also analytic on CT. ]

’T(

o~
~—|
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3.1.4 Further estimates

In this subsection we derive bounds on the derivative of the reflection and
transmission coefficient on the real line. These estimates do not only guar-
antee that Ry, Ry and T" do not behave too wildly and thus justify that in
practice these quantities are only evaluated at a finite number of points, but
they are also an ingredient that is needed when proving solvability of an
optimization problem in Section 3.4.

We write

d
N1:/ |1 —n2(t)| dt, Ny = sup |1 —n%(t)|.
0 te[0,d]

Theorem 3.6. The following bounds hold (k € R).

(a) For the transmission coefficient T
T (k)| < %Nl (elkiNl + <\kz\d + %\k\2d2> Nooe2|k|N1> .
(b) For the reflection coefficients Rj, j = 1,2,
R (0] < 334 (14 2k -+ 7 (e
+ (|k|d + (1/2)|k[*d?) Nooe2|k’|N1>.
The exact form of the above bounds is not important. The main point is

that for & in bounded intervals 7" and R’ can be bounded independently of
k and n € L5(0,d).

Proof. We are several times going to use the bounds

sup |mj(x, k)| < eV =12, (3.25)
z€[0,d]
1
sup |m;(z, k)| < <d—|— —|k|d2) AL j=1,2, (3.26)
2€[0,d] 2

which follow from Theorem 3.2.
By Theorem 3.5(c),
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where

Fk) = 2%]{: /0 "0 2t R d
Hence,

T'(k) = uf—ﬁ% = T(k)*F'(k).

By Theorem 3.5, |T'(k)| < 1 for k € R, so the above equation implies
T"(k)| < |F'(k)|. Now, using (3.25) and (3.26),

d
[F' (k)| < —/0 1= 02O (fma (&, k)| + [kllma(t, K)]) dt

IN

N~ N~ DN -

Ny sup (jma(t, k)| + [k||ma(t, k)
t€[0,d]

1
S N1 <e|k|N1 + <‘]{3‘d—|— §|]€|2d2> NOO€2|k|N1) .

This yields (a).
For the second estimate we use the integral representation from Theo-
rem 3.5(c),

where

Gi(k) = 2%1{ /O o (1 — n?(1))ms(t, k) dt

and } =1 for j =2 and 3 = 2 for 7 = 1. We then have to estimate
Ri(k) = T'(k)G;(k) + T (k)G'(F).
By (3.25),
1 d 1 N
G0 < 5l [ 11 = w (Ot )] de < bl Nac
0

Furthermore, by (3.25) and (3.26),
d
Gk < 5 / 1= n2(0)] (Im5(t, k)| + k] (2t (2, k)] + i (8, ) ) )

Ny sup (1 2kjd) e )]+ [l 6.
tel0,d

<

N~ N~ DN

1
< 20 (0w 20 1 (s J ) M)
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Together,
1
7509 < 33 (14 2kl -+ 7 (e

+ (|k|d + (1/2)|k[*d?) Nooe2|k|N1>. O

3.2 Continuity of the direct problem

The aim of this section is to show that the reflection and transmission coef-
ficients satisfy a continuity property with respect to the permittivity e = n?
(Corollary 3.12). Before we can prove this property, we need to derive a
somewhat more direct connection between these quantities.

3.2.1 Definition of R and T via an initial value problem

For practical purposes we are going to make the definition of reflection and
transmission coefficients via (3.12) and (3.13) a little more explicit. We only
consider Ry and T, i.e., the reflection and transmission coefficient from the
left.

Evaluating (3.13) at = 0 and using the initial conditions (3.3),

wi (0, &) = v (k) + 8(k), (3.27)
U (0, k) = —iky (k) + iko (k). (3.28)

We can solve this for v and ¢ to get (k # 0)

(k) = % <u1(o, k) + %u’l(O, k;)z') |

5(k) = % (ul(O, k) — %u;(o, k)¢> |

For reflection and transmission coefficient we thus get

1 1

C0(k) w0, k) — Luf (0, k)i’
1 2

T =50 = k) — g0 Ry (8:30)

Ry(k)

k) wi(0,k) + ui(0, k)i (3.29)
k
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The values u1(0,k) and «}(0,k) can obtained for each k by solving the
Helmholtz equation (3.1) with initial conditions (3.2). In practice, one com-
putes the reflection and transmission coefficient by solving the initial value
problem numerically. If n is a step function, then the solution of the IVP
boils down to the multiplication of certain matrices. The method is therefore
called transfer matriz method [24].

3.2.2 Definition of R and T via a boundary value problem

In the above formulas, the connection between R and T on the one hand and
the refractive profile n on the other hand is still somewhat indirect, since we
have to first solve an initial value problem and then use (3.29) or (3.30). In
the following we are going to derive a slightly more direct relationship.

Let k£ € C such that T does not have a pole there. Define

u(z, k) =T (k)ui(x, k).
Obviously, u solves the Helmholtz equation (3.1). Using the initial conditions
(3.2) for uy, we see that
iku(d, k) —u'(d, k) = 0.
Using (3.27) and (3.28), we have
iku(0, k) +u' (0, k) = kT (k)ui(0, k) + T(k)uy(0, k) = 26kT (k) (k) = 2ik.
Thus, u is a solution of the boundary value problem
u"(x, k) + k*n?(x)u(z, k) = 0,
iku(d, k) —u/(d, k) =0, (3.31)
iku(0, k) + (0, k) = 2ik.
Proposition 3.7. Fiz n € Ly(0,d) and let k € C\ {0} such that the
transmaussion coefficient T' corresponding to n does not have a pole there.
Then the boundary value problem (3.31) has the unique solution u(x,k) =
T(k)uy(z, k).
Proof. Write Ly (k)u = iku(d) —'(d) and Lo(k)u = iku(0)+u'(0). By (3.11),
uy(+, k) and uy (-, —k) form a fundamental system for the Helmholtz equation.
Now (3.31) is uniquely solvable if and only if (see, e.g, [65, §26.111))

| La(B)ur(- k) Li(k)ui(e, —Fk)
W)= | Lyk)un (k) Lo(hyus (- k)|
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But

W(k) = (ikua(d, k) —ui(d, k) ik (0, —F) +u (0, —F))

=0
— (ikuy(d, —k) — v} (d, —k)) (ikuy (0, k) + (0, k))
P _(ikuy (d, —k) — ) (d, — k)
ik (y(k)u2(0, k) + 6(k)uz(0, —k))
+ (7(k)uz(0, k) + 6(k)us(0, —k)))
= —2ike " (ik (y(k) + 0(k)) + (—iky(k) + iké(k)))

— 4k%e M5(k) #£ 0,

since T' = % does not have a pole at k. The theorem follows since we have
already shown that u(z, k) = T'(k)uy(z, k) is a solution. O

Now let u be the solution of (3.31). We then have

(3.15)

u(0,k) = T(k)ui(0, k) T'(k) (Ra(k)ua(0, k) + uz(0, —k))

and

U(d, k) - T(k)ul(da k) - T(k)eikda
so reflection and transmission coefficient are obtained from u by

Ro(k) = e " u(d, k) (uw(0,k) — 1),  T(k) = e "u(d, k). (3.32)

3.2.3 A weak formulation

Although it is not so common for ordinary differential equations, we will
derive a weak formulation of problem (3.31). Let u be a solution of (3.31).
For simplicity, in the following we drop the dependence of u on k in our
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notation. Multiplying by ¢ € C*°(0,d),
d
0= / u'(z)p(x) + k*n?(z)u(z)p(x) do
0

= u'(d)p(d) — u'(0)(0) + /O d —u'(2)¢(x) + k*n’(2)u(r)p(r) dz
= ik (u(d)p(d) + u(0)¢(0))
+ /0 d K2n2(z)u(z)p(x) — o ()¢ () do — 2ike(0).
The weak form of (3.31) is then

Find v € H'(0,d) with B,[u, p] = 2ike(0) for all o € C=(0,d), (3.33)

where

d
Bulu, ¢] = ik (u(d)p(d) + u(0)¢(0)) +/0 K (2)u(z)p(z) — u'(2)¢/(x) da.

The careful reader should not confuse the Sobolev space H'(0,d) with the
Hardy spaces H?(DD) and HP(C™).

Theorem 3.8. Assume that u € H(0,d) is a solution of (3.33). Then u
has higher regularity, u € W>*°(0,d), and u solves the classical boundary
value problem (3.31).

Proof. Let u be a solution of problem (3.33). Then u(x) = u(z) — u(0) —

%(u(d) —u(0))z is a weak solution of

{ U (x) + kPn?(2)i(r) = f(),
4(0) = a(d) = 0,

with f(z) = —&*n%(x) (u(0) + % (u(d) — u(0))z). By standard regularity the-
ory (see, e.g., [20, Chapter 6.3, Theorem 4]), & € H?(0,d). Thus, u €
H?(0,d), and as usual one can show that u actually solves the classical
boundary value problem (3.31). Finally, since u”(z) = —k*n?(x)u(x), we
even have u € W%>(0, d). O

Remark 3.9. By Theorem 3.8, any weak solution is also a classical solution.
Since we have seen that conversely any classical solution is a weak solution,
problem (3.31) and its weak formulation (3.33) are equivalent. FEspecially,
we have unique solvability of the weak problem if k € C\ {0} is not a pole of
the transmaission coefficient.
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3.2.4 Continuity in the weak* topology of L>

After these preparations we can prove the promised continuity property. We
are not going to work with the refractive index n, but with the permittivity
¢ = n”. Denote by Sy the mapping which sends ¢ € L;%(0, d) to the solution
Sie of the boundary value problem (3.33) (or, equivalently, (3.31)) with
n = /e and k, i.e.,

B e[Ske, o] = 2ikp(0) for all o € C*(0,d).

We first show continuity of Si in the weak™ topology of L. It is interesting
to compare the following theorem to [19, Theorem 3.1], which claims weak*
continuity of the solution of a similar boundary value problem with respect
to n. However, this is not correct, but weak™ continuity with respect to
¢ = n* holds true. (For a counterexample see Remark 3.13 below.)

Theorem 3.10. Fiz k € R\ {0}. The mapping Sy, = L5(0,d) — H'(0,d),
€ — Ske, where Ske is the solution of (3.33) with n = \/€, is (sequentially)
continuous in the weak™ topology of L™ and the weak topology of H*(0,d),
i.e., (€;) C Lg5(0,d) with €; = ¢ implies Sye; — Sye in H'(0,d).

Proof. Let (€;) C Lg5,(0,d) with ¢; Soe e,

/ e (#)p(e) de / " e(x)p(x) da

for all p € L'(0,d).

Step 1 (Find weakly converging subsequence of (Se;)): By Theorem 3.5(a)
the transmission coefficient has no pole in k. So by Proposition 3.7, the
solution of (3.33) is given by (Ske)(x) = T(k)ui(x, k). We are going to
show that |[Ske||r~@,qa and ||(Ske)||r~@,qa can be bounded by a constant
independent of € € L5%(0,d).

Since k € R, we have |T'(k)|] < 1 by Theorem 3.5(b)(iii). By Theo-
rem 3.2(a) we have for z € [0, d]

‘ul(x’ k)l _ ‘eikxml(x7 k?)‘ _ ‘ml(x’ k)l < e|k|fzd|1—n2(t)|dt < e|k|d(b+1),

50 [|Skellz=(0.a) < C1 with Cy = elMdt+D) for all e € L35(0,d). Further, from



3.2. CONTINUITY OF THE DIRECT PROBLEM ol

(3.4) one obtains by differentiation

my(z, k) = /d ma (t, k) (1 — n?(t))(—k2e2*=2) 4t

—my(x, k) (1 —n*(x)) Di(0)

_ / ‘ ma(t, k) (1 — n2(t)) (— k22 t=o)) dt.

So for x € [0, d]
[m (2, k)| < dCy(b + 1)|kP,

that is, [|(Ske)'[|=(0,a) < Ca with Cy = dC1(b+ 1)[k[* for all € € L7%(0,d).
This means that the sequence (Ske;) is bounded in W>(0, d).

Especially, (Ske;) is bounded in H'(0,d), so it has a weakly convergent
subsequence (Skej,), i.e., Ske;, — u in H*(0,d) for some u € H'(0,d).

Step 2 (Show that Spe = u): We show that B z[Ske,¢] = B zlu, @] for
all ¢ € C*(0,d). Unique solvability of (3.33) then implies Sye = u. First
notice that B, g[Ske, p| = 2ikp(0) = B [ Ske;ji, ] for each ji, so

| B jelu, o] — B je[Ske. ¢l

< |Byilu, ) = B il 6| + | B il ] = B ilSiei 4|
For the first term we have

— 0,

Ak%m»wﬂ@mwwwa

since up € L1(0,d). For the second term we have

B lu, ) = B slu, ]| =

B lu, o] = B lSkeis, 4|
= |ik ((Skes, —u)()p(d) + (Sees, — w)(0)(0))]

d
+t/k%mw&%—wmwmwwwwM—uwmmex
0

— 0.

Here, the second summand converges to zero since Se;, — win H'(0, d), and
the first summand converges to zero since especially Sie;, — u in C(0,d).
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(This follows from the compact embedding H'(0, d) — C(0,d).) Together, it
follows that ‘B\/g[u, @] — B [ Ske, go]‘ = 0, which is what we wanted to prove
in this step.

Step 8 (Show Spe; — Ske): It now follows that the whole sequence Sie;
converges weakly to u in H'(0,d): Indeed, if there were infinitely many
Ske; outside of an arbitrary (weak H'(0,d)-)neighborhood of u, we could
apply the preceding arguments to find a subsequence of these infinitely many
Si€; which converges to u, thus producing a contradiction. This proves the
theorem. []

Remark 3.11. The reason why we could only prove the theorem for real k
is that we only have the bound |T (k)| < 1 for real k. We will use the same
technique as in this proof to prove Theorem 3.19, but there we will have a
bound for |T(k)|, k € C*.

The following corollary is the culmination of this section and a direct
consequence of the preceding theorem and (3.32).

Corollary 3.12. At each k € R, reflection and transmission coefficient are
(sequentially) weak™ continuous functions of ¢, i.c., if R z and T z denote
the reflection and transmission coefficient (from the left) corresponding to the
permittivity €, then (e;) C Lo (0,d) with ¢; X € implies R (k) — R (k)
and T (k) — Te(k).

Proof. Let (¢;) C L5(0,d) with ¢; = e. If k = 0, then R (k) = R (k) = 1
and T (k) = T (k) = 0, so there is nothing to prove. Assume k € R\
{0}. From Theorem 3.10 it follows that Sy is especially (sequentially) weak*
continuous as a map to C(0,d), i.e., ¢; — € in Lg5(0,d) implies Sge; — Sie
in C'(0,d). This is due to the fact that the embedding H*(0,d) — C(0,d) is
compact and that weakly convergent sequences become strongly convergent
under compact mappings. From (3.32) we then get

T g(k) = e (Ske;)(d) — e7*(Spe)(d) = T (k)

R (k) = e T, (k) ((Ske;)(0)—1) — e T (k) ((Ske) (0)—1) = R (k). O
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ns

1 T

Figure 3.2: The function n;, j = 5, from Remark 3.13.

Remark 3.13. The convergence of Corollary 3.12 can of course also be ob-
served numerically. For example, let us set for some a,b > 0

)= {07 @i et e e

1 otherwise,

Y

see Figure 3.2. Then n; = n?, where n*(z) = (a® +b%)/2, v € [0,1], and
n?(x) = 1, otherwise. Indeed, if one does the computations, one sees that
Ry, (k) — R,(k), and not, as one might naively expect, R, (k) — Rz(k),

where n(x) = (a+b)/2, x € [0,1], and n(z) = 1, otherwise.

3.3 Hardy space properties

In this section we show that the reflection coefficient lies in the Hardy space
H®>(C™). Although this appears reasonable, we are not aware of any proof of
our results in the literature. We already know that the reflection coefficient is
analytic on C* (Theorem 3.5(a)), but it remains to show that it is bounded.
We first show this property when the refractive profile n is a step function
and then use the method from Section 3.2.4 to extend the result to general
n. We begin with some preparations.

3.3.1 Changing the surrounding medium

In this and the next subsection we investigate how reflection and and trans-
mission coefficient vary under certain transformations of n. Assume that a
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refractive profile n is given with n|j 4 € L2 (0,d), but now n|_ ) = n; and
n| (doc) = Ny, Where ny and n, are posmve but not necessarily equal to 1.
It is straightforward to generalize the definitions of reflection and transmis-
sion coeflicient to this case: Let uy,, (z, k) be the solution of the Helmholtz
equation (3.1) with initial conditions

ul,nr(d, k) — eikmd)
ull,n7.<d7 k) = ikn,end,
and let us,, (2, k) be the solution of (3.1) with initial conditions

u?,nl(o, k) = 1’
{ b, (0. k) = —ikn. (3.35)

We now have uy, (z, k) = e*% for x > d and us,,, (v, k) = e ** for z < 0.
One can see as in Section 3.1.3 that u;(-, k) and u;(-, —k) are linearly inde-
pendent for k£ # 0, j = 1,2, whence there are functions oy, . (k), Bnn, (K),

Yo, (k) and 6y, 5, (k) such that
u2,nz(5’7= k) = O‘m,nr(k)ul,nr(gjv k) + /6nl;nr(k:)u1;nr(x7 —k), (3-36>
U1,n, (x7 k) = 'Vnz,nr(k)ulnz(xv k) + 5nl;nr(k)u2;nl(:’v7 _k) (3-37)

for k # 0. As earlier, reflection and transmission coefficient from the left and
from the right are defined by

(3.34)

1 Ay, (K)
T nyn = 5 i n,n L )
17 s r(k) /67”7”70(]{:) Rla s r(k) /6711 nr(k)
1 Y, (K
Ton ) = 5 R () = 22200

The following proposition states how reflection and transmission coefficient
from the left change if we change the surrounding medium on the left, i.e.,
nj.

Proposition 3.14. Let n;, n; > 0. For transmission and reflection coeffi-
cient from the left with respect to n; and n;, respectively, we have

(1 + —) Ro i, (K) + ( _ _)

(1 N %) Ry, (k) + (1 4 %> ’

2T2 Koo
(1= %) Ron, () + (14 2)

R2,ﬁz,nr(k> -

T2,ﬁz,nr(k) -
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Proof. As in Section 3.2.1, evaluating (3.37) at x = 0 and using the initial
conditions (3.35),

ul,nr(xv k) = 'Vnz,nr(k) + 5nz,nr(k)= (3-38>
u'lvnr(O, k) = —iknyyn,n, (k) + ikngdy,n, (k). (3.39)

Notice that the left hand side does not depend on n;. We solve this for v, .
and 6, ,, to get (k #0)

1 1 ,

f}/nhn,.(k) == 5 <u17n,_(0, k) + k_fnlu,l’n”'(o, k)2> , (340)
1 1 .

Sy, (k) = 5 <u1,n7,(0, k) — k—mulln(o, k)z) . (3.41)

We now plug (3.38) and (3.39) into (3.40) and (3.41) for n; instead of n; and

obtain
n; n;
1 - n.n 1 - = ny,n )
((1+2) 0+ (1= 2) 60, 0))

!
2
1
5@;”7(1{:) - 5 <<1 T %) ’ym,nr(k) —|— <1 _|— %) 5m,nr(k)> .

Ro g (k) Vi, () _ (1 + %) Yo, (k) + (1 - %> Oy, (K)
- i ) (1 - %) Vo () + (1 + %) 5y (E)
_ (1+2) By, (k) + (1 - 2)
(1= %) Ron, (k) + (1+ %)
and
1 2
Ty i n, (k) = S (k) (1 ) Yo, (K) + (1 + %) S (k)
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It is straightforward to modify the proof of Theorem 3.5(b) to obtain
Proposition 3.15. We have the following relations:
(a) For ke C, m/T1nyn, (k) = 1T, n, (k).
(b) For k € C, the reality conditions
Ty, (k) = T, (=)

and B
ijnl;nr(k:) = Rj;nlynr(_k)7
1 =1,2, hold.

(c) For k € R,

ny Ty
n_‘TLm,nr(k)F + |R1,nz,nr(k)‘2 - E|T2,nl,nr(k)|2 + |R2,nz,nr(k)‘2 = 1.
Notice that T} and 75 do not coincide any more if n; # n,.

3.3.2 Shifting n

We again consider a refractive profile n with n|pg 4 € L;%(0,d) and n|_0) =
n; and n|ge) = n,, where n; and n, are positive real numbers. We are
interested in reflection and transmission coefficient of the shifted profile
n®(x) = n(x — dy), where d; > 0. In this subsection, all quantities with
respect to n’ are decorated with a small s. Especially, R5 and 75 denote
reflection and transmission coefficient from the left with respect to n®, while
Rs and 75 denote reflection and transmission coefficient from the left with
respect to n. (For simplicity, we drop the dependence on n; and n, in our
notation.)

Proposition 3.16. We have
R;(k) _ eQiknlleg(k),
T3 (k) = etftu=mldiy (),

Proof. From the initial conditions (3.34) for u; at x = d and for uj at © =
d + dy it is not hard to see that

wi(x + dp, k) = e*rdy (2, k).
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From (3.37) we have

wy(x, k) = y(k)e *mT 4 §(k)etkme for © <0,
u(x, k) = 5 (k)e e 5% (k)etme for = < dj,

so on the one hand

ui(0,k) =~°(k) + 6°(k),
(u})'(0, k) = —iknyy* (k) + ikn6° (k),

and on the other hand

(0, K) = oy (—dy, k) = 6O () MO )
(u})'(0,k) = eik”’“dlull(—dl, k) = —iknleik(”TJr"l)dW(k) + z'k:ngeik(”’“*”l)dl(S(k).

Together,

eik(n,-—l—m)dl,y(k) :
eik(n,.—m)dl(s(k) .

v (k)
* (k)

It now follows that

s v (k) 2 nll’V(k)_ 2iknydy
RQ(k)—m—e ¥ d@—e Fudi By (k)

and | |
S . _ _ ik(nl—nr)dl
T3(h) = 5507 = a0 k) = ¢ To(k). [

3.3.3 Hardy space properties of R and T

After these preparations we can finally show that the reflection and transmis-
sion coefficient lie in certain Hardy spaces. As already mentioned, analyticity
follows from Theorem 3.5(a), and it remains to prove boundedness. We are
going to do this in two steps. First, we show boundedness of R and T for
piecewise constant refractive indices n using the results from Sections 3.3.1
and 3.3.2. We then generalize this result to arbitrary n € L25(0,d) via
density and the method of Section 3.2.4. |

We need some notation. Assume that we have a refractive profile n with
nloqg € Lgy(0,d) and n|g\pqg = 1. By adding a layer we formally mean
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d T d, d=d+d, =z

Figure 3.3: Adding a layer.

replacing n by n, where

1, x <0,
ﬁ(.%’): ni, Oéxédh
n(x —dy), x> d,

see Figure 3.3. Here, ny,d; > 0. We can also describe the change from n to
n in the following way. Write

- ng, r <0,
Unn() = { n(z), x>0

for the change of the surrounding medium on the left hand side. Moreover,
write
Vyn(z) = n(z —y)

for the shift as in the previous subsection. Then
n(x) = U1 Vg, Uy n(z).

By R, and T}, we denote the reflection and transmission coefficient from
the left (i.e., Ry and Ty) with respect to the refractive profile n.

Theorem 3.17. Assume that n is a step function with n|pq € Ly5(0,d) and
nlr\p,q = 1. Denote by dopy = fod n(x) dx the optical thickness. Then

R, € HOO(C+) with HRRHHW(@) <1
and

T, € or= D F>>(C)  with  ||T,(-)e ™D || yroe oy < 1.
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Remark 3.18. The impulse response of the LTI system associated with T,
18 ﬁ From Theorem 3.17 it follows that suppﬁ C [dopt — d,00). For
actual physical materials we always have n(x) > 1 for x € R, i.e., the optical
thickness is larger than the physical thickness, dope > d. In this case the
LTI system associated with T, is causal. If the optical thickness is smaller
than the physical thickness (which is physically impossible), then the impulse
response of the system has an acausal part.

Proof of Theorem 3.17. We prove the theorem by induction. If n(x) = 1
for z € R, then R,(k) = 0 and T,,(k) = 1 for all £ € C*. This follows
for example from Theorem 3.5. Then d = d,,x = 0, and it is clear that
R, € H>®(C*) and T}, € '(®r=9) 1°°(C*) and that the norm estimates hold.

Now assume that n € Lg5(0,d) is a step function. By induction hy-
pothesis, R, € H®(C*) and T, € edr=d) [>°(C*). We need to show
that if we add a layer, i.e., if we replace n by n(z) = UiVy, Uy n(x), then
R; € H*(C") and T; € ei(dop“d)'liloo(Cﬂ, and the norm estimates still
hold. Here, d = d + d;, and cfl(;; = [, n(z) de = dope + nads.

By Proposition 3.14,

(1 + ni) R (k) + (1 - %)
(1 _ %) Ru(k) + (1+n%)'

By induction hypothesis, |R,,(k)| < 1 on C*. Therefore,

(1= ) maos (1 2[5 e 2

Ry, n(k) =

(3.42)

whence

|Ru,n(R)] € —=~-
min {1, n%}

Thus, Ry, , € H*(C"). By Proposition 3.15, |Ry, »(k)] < 1 for k €
R. Since the modulus of functions in H*°(C") takes its maximum on R,
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| Ru, nllgc+y < 1. Further, by Propositions 3.14 and 3.16,

(1 &) e R + (1 )
Ry, v, (k) = : :
(1) ettt )+ (141)

Since \eQiknlleUnln(kJ)\ < 1 for Imk > 0, it follows just as before that
| Rz (k)| ety < 1.
Similarly, for the transmission coefficient we have

2T,
(1 _ 7,%) Ra(k) + (1 + 7%)

By (3.42), the denominator is bounded away from zero on C*, and by the
induction hypothesis, 7}, € e'(®r=d) [J(C*). Therefore, it follows that
Ty, n € €= H>(CT). Further,

Ty, n(k) =

eik(nl—l)leUanL(k)
(1= et ot + (1435)

Tv,vy, v, n(k) =

As before, the denominator is bounded away from zero on C*. Using this
and the fact that Ty, ,, € eildopi=d) []°(CH)| we get

T € ¢ildom=+(m—1)da)- oo C+) = i (dope—d)- H™(CH).

Moreover, since |T;(k)] < 1 on R and since the modulus of functions in
H>(C") takes its maximum on R, ||T5(-)e %r=®" ||y o) < 1. This proves
the induction step and therefore the theorem. ]

Theorem 3.19. Let n|pq € L;5%(0,d) and n|g\pq = 1. Then we have
R, € HOO(C+) with HRRHHW(@JF) <1

and
T, € ei(afl)d'Hoo((CJr) with |\Tn(-)e*i(a*1)d'HHoo((Cﬂ < 1.

Proof. Let (n;) C Ly5(0,d) be a sequence of step functions such that for

2

* . .
¢; = n7 and € = n® we have ¢; = € in L ,(0,d). Such a sequence exists

because step functions with values in [a?, 0% are dense in L% ,,(0,d) with
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respect to the weak™ topology, see, e.g., [17, Proposition 2.2]. We then have
dgjgt = fod n;(t)dt > ad for all j. By Theorem 3.17, T),, € ei(dgjp)t’d)'Hoo(C*).
Because for d; > dy the inclusion e H*(C*) C e> H*(C™") holds true, it
follows that T, € e/@"D& H>(C*) for all j.

Now fix k € C*. Then |T,, (k)| < [e"*=Dd| for all j, i.e., the sequence
(T,,(k)); is bounded. Let Sy be the operator from Theorem 3.10. It then
follows as in Step 1 of the proof of Theorem 3.10 that (Sie;) is bounded in
H'(0,d). As in the rest of the proof of Theorem 3.10 one can show that
Sge; — Ske in H(0,d).

Especially, it follows as in Corollary 3.12 that R, (k) — R,(k) and
T, (k) — T,(k) for every k € C*. By Theorem 3.17 we know that |R, (k)| <
1, whence | R, (k)| < 1. Similarly, |T,,(k)| < |e=*(=19| The theorem follows
since we already know that R, and 7), are analytic on C*. []

3.4 An optimization problem for the reflection coeffi-
cient

We have seen in the previous sections that the set of reflection coefficients
which correspond to physically realizable layered media (i.e., which have
a finite thickness d and a refractive profile that only varies between two
bounds a and b) is severely restricted. Therefore, one can not expect that
there is a refractive profile n creating an arbitrary prescribed reflection coef-
ficient Rgesired. As earlier, we denote by R, the reflection coefficient from the
left (i.e., Rs) corresponding to the n. Instead of using a complicated merit
function like (0.1) to measure the distance between Rgesireq and a realizable
reflection coefficient R,,, we simply consider the LP-distance. To make things
concrete, suppose we are given an interval I C R and a desired (complex-
valued) reflection coefficient Ryesped € L°°(I). Fix a thickness d and the
bounds a and b. We are then interested in the minimization problem

minimize || R, — Rdesired || v (1)

subject to n € Lgfb((), d), (R-OPT))

where 1 < p < oo. We indicated in the introduction of this thesis that
it is virtually impossible to actually solve (R-OPT,) numerically. The best
thing one can hope for in practice is to find some ng € L;5(0,d) such that
HRno — RdesiredHLP(I) is close to inanLgfb(O,d) HRn — RdesiredHLP(I)- Even pI‘OViIlg
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that the infimum is a minimum, i.e., that (R-OPT,) has a solution, requires
several of our new results from this chapter.

Theorem 3.20. For every 1 < p < oo the optimization problem (R-OPT,)
has a solution n € Lg5(0,d), i.e., there is ng € Lg5(0,d) such that || Ry, —
RdesiredHLP(I) < HRn - RdesiredHLP(I) fOT all n € Lg?b(oa d)

Proof. We write the optimization problem in terms of the permittivity ¢, i.e.,
we consider
minimize  J,(e)

subject to € € L3 ,(0,d), (<OPT,)

where
Jp(€) = [|R e — Rdesired|| zr(1)-

Obviously, problems (e-OPT,) and (R-OPT)) are equivalent, i.e., it suffices
to show that (e-OPT,) has at least one solution.

The set Lg(0,d) is (sequentially) weak™ compact in L>(0,d) (see, e.g.,
[17, Proposition 2.2]). Thus we have the existence of a minimum if we
can show that J, is (sequentially) weak® continuous on Lg(0,d). So let
(e5) C Lg5(0,d) with ¢; Soe

Case 1: 1 < p < oo. By Corollary 3.12, R (k) — R (k) pointwise
in k € R. Moreover, |R (k)] < 1 by Theorem 3.5(b). By dominated
convergence we then have ||R & — Rdesived||2r(r) — [[R/e — Rdesiveal| 12(1), 1-€.,
Jp is (sequentially) weak™ continuous on Lg%(0, d).

Case 2: p = oo. Let n > 0 be arbitrary. By the bound on R'(k) from
Theorem 3.6 we can find § > 0 such that for every e € Lg5(0, d)

sup |Rye(k) = Rye(R)| < /3
|k—k|<d

Now pick finitely many points k; € I such that for all [

min |k; — k;| < 26.
I#1

By Corollary 3.12 we can choose j, € N large enough so that for all j > jg
and for all of the finitely many k;

R (k) — R e(ki)| < n/3.
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For k € I we can then pick k; € I such that |k — k| <, and therefore, for
J = Jos
R e (k) — R (k)]
< Ry (k) = R g (k)| + [R g (k) — Re(k)| + [R (k) — R e(k)|
<n/3+n/3+n/3=mn,
le.,
IR & — Ryell=) < n.

This proves (sequential) weak™ continuity of J,, and therefore the theorem.
[]

3.5 Further remarks

If the refractive profile n is smooth, much more is known. Especially, the
inverse problem has been studied. For example, for n in certain spaces X of
smooth functions the corresponding range of reflection coefficients, {R,, : n €
X}, has been characterized, and algorithms to reconstruct n from a given
reflection coefficient are known. For smooth n one can apply a variable
transformation called Liouville transformation. It transforms the Helmholtz
equation (3.1),
u'(z) + k*n*(x)u(r) = 0,
either into a variant of the Helmholtz equation [56, 57, 58] or the Schrodinger
equation [8] For example to obtain the variant of the Helmholtz equation,
one sets t(z) = [ n(s)ds, v(t) = n(z(t)) and v(t) = u(z(t)). Then (3.1) is
transformed into
V" (t) + a(t)V'(t) + k*u(t) = 0,
7'()

where «(t) = MO has been shown that the scattering operator s : @ — R,
where R is the reflection coefficient corresponding to «, is bijective as a
mapping from L?(0, c0) to the Hardy space HE(CT), where

HE(CH) = {f f analytic on €, sup B(f(- + ib)) < o<, f(—BZW},

b>0

and

e - | " log(1 - |f(2)P) da.

(0.9]
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Moreover, an algorithm to reconstruct a (and thus n) from R € H¥(C") is
known, the layer-stripping method. Similarly, in the case of the Schrodinger
equation, there are results concerning the range of reflection coefficients and
methods to reconstruct the refractive profile from a given reflection coefficient
in this range [1, 8, 13, 14, 18, 21, 37, 47].

It has been attempted in [11] to use these results for the mirror design
problem, but it has turned out that the practical value is limited. First and
foremost, the involved spaces do not fit. For example, refractive profiles n
corresponding to R € HF(CT) (and thus o € L%*(0,00)) need not satisfy
nlr\p,q = 1 for some d > 0 and may therefore not be physically realizable.
Although there is a characterization of s(L?(0, B)) with B > 0 [57, Section
3] (i-e., the set of reflection coefficients corresponding to v with support in
(0, B)), this is not helpful, either. In order to make use of this, we would
need to approximate a desired reflection coefficient Rgegireda by some R €
s(L?(0, B)). Tt is not quite obvious how this could be accomplished. For
example, s(L?(0, B)) is not convex.

Moreover, materials that are typically used for optical interference coat-
ings cover only a very limited range of refractive indices. This is why we
decided to use the space L;5(0,d) for refractive profiles at the beginning
of this chapter. If we take o € L?(0, B), then the corresponding refractive
profile n may still take values that are too large or too small.

Finally, even if we are lucky enough to obtain a physically realizable re-
fractive profile from a reconstruction algorithm, further optimization is nec-
essary. Although the refractive index of typical coating materials is only
slightly frequency-dependent, this needs to be included in a final optimiza-
tion step. The reconstruction algorithms always yield smooth refractive pro-
files n. For optimization, n has to be approximated by a refractive profile
consisting of many very thin layers (i.e., a step function). The number of lay-
ers necessary to represent n accurately may be a few thousand. In contrast,
the more common binary structures such as in Figure 0.1 usually consist of
at most 100 or 200 layers, which makes final optimization much easier.



Chapter 4

Constrained Optimization in Hardy
Spaces: Theory

It seems that physicists do not object to rigorous proofs
provided they are rather short and simple.

E. C. TITCHMARSH, Figenfunction Expansions, Part I1

In this chapter we consider the following problem.

Problem 4.1. Let g € C(9D) with g > 0, K C 0D closed with positive
measure and p € C(K) such that |p| < g on K. Moreover, let p € [1,0q].
We are interested in the optimization problem

minimize || f — SDHLP(K)
subject to f € F, (OPT)
|f| <g on OD.

Here, E is either the space H*(D) or the space A(D). In the first case
we denote the problem by (H-OPT,), and in the second case we denote the
problem by (A-OPT,).

In some cases it may also be desirable to admit more general g. We prove
most of the theorems in this and the next chapter for continuous g and
remark only afterwards whether the assumptions on g can be weakened, how
this possibly changes the theorem, and what has to be changed about the
proof.

The motivation for considering the above problem is the following. In the
last chapter and in the introduction of this thesis we mentioned that it is
extremely hard to find a global optimum of the problem

minimize HRn - RdesiredHLP(I)

subject to n € Lg‘fb(o, d). (R-OPT,)

65



66 CHAPTER 4. CONSTRAINED OPTIMIZATION IN HARDY SPACES: THEORY

A general drawback of all available optimization methods is that they do
not give the user information on how close the current solution is to a global
optimum: If the current solution almost satisfies some desired specifications
arising from an application, there is no way to tell whether an algorithm
might just need another hour of CPU time to find an acceptable solution, or
whether even the global optimum of the problem (R-OPT,) does not satisfy
the desired specifications.

Our goal is now to compute a bound for the minimum of (R-OPT,).
The idea is to replace the search space of realizable reflection coefficients
{Rn :n € Ly5(0,d)} by a larger (but not too large) space which has nicer
properties, that is, for which it is easier to find a global (with respect to the
bigger space) minimum of the objective function. We saw in the last chapter
that the space of realizable reflection coefficients R is rather restricted: It is
necessary that R € H>(C") (causality principle) with ||R||gec+) < 1 (no
gain of energy), see Theorem 3.19. So if we replace {R, : n € Lg3(0,d)}
by the convex set {f € H*(C") : || f||g=~@c+) < 1} and use the mapping
from Theorem 2.12 to transport everything from H*(C%) to H*(D), we
end up with the problem (H-OPT,) (with g = 1, ¢ is the desired reflection
coefficient transported to H*(ID), and K is I transported to the circle).

By allowing general g € C(0D) instead of g = 1, we can model addi-
tional restrictions on the reflection coefficient arising from applications. For
example, in the design of dispersion-compensating mirrors for the compres-
sion of laser pulses one might be interested in having a pump window [51],
that is, a frequency interval where the reflection coefficient is small. We can
incorporate this into our model by choosing g to be small in that particular
interval.

Moreover, the reflection coefficient R must satisfy the reality condition
R(k) = R(—k), see Theorem 3.5. However, we do not incorporate this into
(H-OPT),) since we will see in Section 4.3 that under symmetry assumptions
on ¢, g and K the solution of (H-OPT),) also satisfies real symmetry.

We begin in Section 4.1 by proving existence (1 < p < co) and uniqueness
(1 < p < o0) for (H-OPT)). In Section 4.2 we show that the solution of
(H-OPT),) satisfies a remarkable extremal property. From this we also deduce
uniqueness for the case p = oo and, under the assumption that K # 0D,
the case p = 1. As just mentioned, Section 4.3 is devoted to symmetry
properties. In Section 4.4 we show that the minimum of (H-OPT,) (1 <p <
oo) and the infimum of (A-OPT.) can be approximated by polynomials.
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This is important because in numerical computations we can only work with

polynomials. In Section 4.5 we show that if K is nice enough, then the
infimum of (A-OPT.) is equal to the minimum of (H-OPT.). This also
makes (H-OPT,) accessible for numerical solution.

4.1 Existence (1 < p < o) and uniqueness (1 < p < 00)

The first question we have to address is of course whether (H-OPT,) has a
solution and, if it has a solution, whether this solution is unique.

Theorem 4.2. (H-OPT),) has a solution, 1 < p < co.

Proof. Let (f,) € H*(D) with |f,] < g be a minimizing sequence®, i.e.,
| fn = @l o) — inf peproomy, | f1<g on om [|f — @llLe(r)- It is always possible to
choose such a sequence since the set of feasible solutions {f € H>*(D) :
|f| < g} is non-empty: It contains f = 0. Obviously, || f,||z~m) is bounded
independent of n (by ||g||~@n)). It follows that (f,) is a normal family
(see, e.g., [49]), i.e., it contains a subsequence (which we also call (f,,)) that
converges uniformly on compact subsets of I to some function f € H>*(D).

We use the subscript r to denote the Poisson integral of functions on the
circle, that is, f,(e”) = f(re"’) = &£ [T f(e")P.(9 — t) dt, where P, is the
Poisson kernel for the disk. Using Theorem 2.3, we have

1f = ollzriey = 11k (f — )l Lr(ow)
—lim [|(1(f — )l 1o
7}}%”( k(f =)l oom)
= }}}T{ Tim  [(1x(fn = ©))rllLrom)
§|\1K(fn—<p)l\m;9£) by Thm. 2.3(b)

< liminf [ 1x(fo = )]l Loom)

= liminf || f, — @l ().

For the third equality we used that f,, converges uniformly to f on compact
subsets of D and the fact that f, is the Poisson integral of its boundary
values (Theorem 2.4).

It remains to show that f is feasible, that is, | f| < g. Because f,, is feasible,
g — |fa] = 0 on OD. Since the Poisson kernel is nonnegative, the Poisson

*In this and the next chapter, we use n as an index, and not for refractive profiles. From this chapter
on, we do not deal with refractive profiles any more, so no confusion will arise.
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integrals (g — | fn|)» are nonnegative. Due to uniform convergence (g — |f]),
is also nonnegative. From the pointwise convergence (g — |f|), — g — | f]
a.e. as r /' 1 it follows that g — | f| is nonnegative.

Together, it follows that f is a solution of (H-OPT,). m

Uniqueness is especially easy in the case 1 < p < o0.
Theorem 4.3. (H-OPT)) is uniquely solvable for 1 < p < oo.

Proof. The theorem follows directly from the fact that the norm on LP(K)
is strictly convex for 1 < p < oo: Assume that f;" and f; are both solutions
of (H-OPT,), i.e., they minimize ||f — ¢||zr(x) over {f € H*(D) : [f| <
gon dD}. Let 7% = || ff — ooy = [|f5 — ¢llze(x) be the minimum. Due
to convexity of the latter set, (f; + f5)/2 is also feasible. Suppose that
fi # f5. Then due to strict convexity of the norm, ||(f{ + f5)/2 — || r(x) <
(15 = ellery + 1 fs = @lliex))/2 = 7*. This is a contradiction, so the
solution must be unique. ]

We wish to point out that so far we have not used the assumption that
lp| < g on K. We will see in the next section that this assumption ensures
uniqueness in the cases p = oo and, if additionally K # 9D, p = 1.

4.2 Extremal properties and uniqueness (1 < p < o)

The solution of (H-OPT),) satisfies a remarkable extremal property.

Theorem 4.4. Let f* be a solution of (H-OPT,) and 7 = || f*— || Lr(x) > 0.
If 1 < p < oo, then for almost all €’ € 0D \ K

()] = g(e").
If p = oo, then, for almost all e € 0D, f*(e") is on the boundary of the set
5(1977-*) — {Z e C: ‘Z‘ S g(eZ”)’ |Z — Sp(e“?)‘ S 7* ifeiﬁ c K}

Moreover, for 1 < p < oo, the solution of (H-OPT),) is unique. If K # 0D,
then the solution of (H-OPT)) is also unique for p = 1.
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Im

Figure 4.1: Theorem 4.4 says that if f* is a solution of (H-OPTy), then for a.a. ¥ €
K, f*(e") is on the boundary of the intersection of the above two disks. Moreover, for
a.a. e € 9D\ K, f*(e”) is on the boundary of the disk {|z| < g(e™)}.

Remark 4.5. If 7" = 0, then ¢ = f*|x for any solution f* of (H-OPT).
In this case, uniqueness follows from Theorem 2.6: [ff 15 another solution,
then f = f* on K, so f = f* on 0D. However, it is not hard to see that the
implication of Theorem /.4 need not hold true in general if ™ = 0: Given
some closed K C 0D with A(K) > 0 and A(0D\ K) > 0, take any ¢ € C(K)
such that ¢ is the restriction to K of some nonzero function ¥ € A(D) and
use g = 2||Y||g~m). The solution of (H-OPT,) with these K, ¢ and g is just
f* = 1. But clearly f* < g, and in the case p = oo, f*(e!’) is not on the
boundary of S(9,0) for almost all €’ € OD.

Remark 4.6. Theorem 4.4 is a variant of a well-known result for the Nehari
problem (see, e.g., [25, Chapter IV, Theorem 1.3]): For a given function
@ € L>*(0D) there exists a unique best approrimation f* in H>*(D) (without
constraints), and | f*—| is a.e. constant. This means that for 7 = |f*—p| =
inf re ey | f = @llze(amy, [7(e") is on the boundary of the set {z € C :
|z — p(e)| < 7} for almost all & € OD.

Various generalizations of the Nehart problem that have special cases in
common with (H-OPT)) have been considered. For example, if p = 0o, g is
constant on 0D \ K and g is so large on K that the constraint |f| < g is
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not active on K, then (H-OPT),) is a special case of a problem that has been
studied in the context of system identification, see [5], and also [4, 6]. An
extremal property similar to the one from Theorem 4.4 can be shown for the
solution of this problem.

Another generalization of the Nehari problem arising in H* control theory
has been studied quite extensively in the literature, see, e.g., [30] or [31]
and the references therein: Given a performance function I' : 0D x C —
[0,00) one is interested in minimizing ||I'(-, f(+))||z=@n) over f € H*(D).
When T'(e”, 2) = |p(e™) — 2| for some o € L>(ID), then this is the Nehari
problem. Under certain assumptions on I' one can prove that there is a
unique minimizer f*, and that T'(e”, f*(e’”)) is a.e. constant. This means
that, with 7 = inf pe ooy [|D(-, f()||z@m), f*(e”) is on the boundary of
the set {z € C : T'(e",2) < 7} for almost all ¢ € OD. Depending on the
assumptions one puts on I', there are various ways to prove this (see, e.g.,
[29, 30, 31, 33]). Indeed, the main idea of our proof of Theorem 4.4 is from
the proof of [29, Theorem 1].

As it is common in convex optimization, we are going to use the Hahn-
Banach Theorem to prove Theorem 4.4. Before we can do this, we need an

auxiliary result.
Let

Sy ={f € L=@D) : [f| < g, [If = @llee) <77},

where 7% is the minimum of (H-OPT,).
Lemma 4.7. Let 1 < p < oo and assume that 7 > 0.

(a) The set .7, is conver.

(b) The interior of .#, is non-empty and disjoint from A(D).

(c) Bvery element of .7, is a pointwise limit of functions from .7, N C(OD).

Proof. There is not much to show for (a), because it is immediate from the
definition that .7}, is convex. Moreover, it is clear that the interior of .7,
cannot contain any function from A(ID): If there were such a function f, we
would have || f — ¢l|z»(x) < 7", contradicting the definition of 7*. This is the
second part of (b).

By Tietze’s Extension Theorem [49, Theorem 20.4], ¢ can be extended
to a function that is continuous on 9. We also denote this extension by .
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We arrange it so that [¢| < g on D. Now let € = 7" /(2]|1||z»(x)) and define

a@%:{¢W%, o) < gle™) e

A (g(e”) ), otherwise.

It is straightforward to prove that |ja — ¢||z~@p) < € and |a] < g — €. Let
v € L*(0D) with ||v||z~@op) < €. Then |[(a+v) — @l rxy < 1261 o) = 7"
and |a+v| < g, ie., a+v € .7, Because 7* is positive by assumption, a lies
in the interior of .,. This finishes the proof of (b).

The proof of (¢) is not particularly hard, but a little more technical. We
first consider the case 1 < p < co. Let f € .,. Then there is a sequence
(fa) C C(OD) with anHLoo op) < [|fl|z=(op) such that fn — [ ae. (see, e.g.,
[49, Chapter 2]). By dominated convergence, || f,, — Ollry = | f =@l rr) <
7*. Now set

~ ~ If — ol
et (fi— )L o
an_SDHLP(K)

Then ]?;}L e C(0D), f& — f a.e., and moreover Hf;}b—goHLp(K) = || f =&l <

7*. However, it may not hold true that \E| < g. We therefore define
functions f, by

f (eiﬁ‘) _ }’g(eiﬂ)’ _ ‘f;lb(ezﬂ)l < g(em),
' () + () (fL(e) — p(e'?)), otherwise,

where p,, is a function on 0D such that, if we are in the second case of the
above definition, then |f,(e")| = g(e") as in Figure 4.2. Concretely, we set
1 (€)= 1/py(fL(e™)), where py is the Minkowski functional

po(z) = inf{t > 0: [p(e”) + 171 (z — p(e™))] < g(e")}.

Then f, is continuous, [f,| < g, and f, — f pointwise a.e. Moreover, if
[fH(e)] > g(e”), then py(fl(e™)) > 1, and therefore

FA ) — e
polFHe?)

If follows that an - SOHLP(K) < ||]73 - SOHLP(K) < T*, SO fn < yp N C(@D)
This proves (c¢) for 1 < p < oc.

~

< | fale”) = ().

[fa(e”) = p(e”)| =
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Im

Figure 4.2: Definition of the functions f,.

It remains to consider the case p = oco. Let f € %. Then we have
1f = @llze@) < 7F. As before, there is a sequence (f*) C C(K) such that
K — f pointwise a.c. on K and || fX — ¢||1=x) < 7%, and we can arrange
it so that [fX] < g on K. By Tietze’s Extension Theorem, every f& can
be extended to a function that is continuous on JID. We also denote this
extension by fI, and we arrange it so that |fX| < g on 9. Similarly, there
is a sequence (f9?) ¢ C(0D) such that f%° — f pointwise a.e. on dD, and
we arrange it so that |f9?| < g on OD.

Now let U, C 0D be open with K C U, and meas(U, \ K) < 2%,
where meas denotes Lebesgue measure on the circle. Regularity properties
of Lebesgue measure ensure that this is always possible [49]. By Urysohn’s
Lemma there is h, € C(0D) with h, =1 on K, h, > 0 and supp h,, C U,.
Set

fn - hnfy{( + (1 - hN)fnaD'
Then f, € C(OD), f, — f a.e., and |f,| < g on ID. Moreover, f,, = fX on

K, whence || f, — @[l p=(x) = [ — @l () < 7% Therefore, f,, € Ss. This
proves (c¢) for p = oo. O

We are now ready to prove Theorem 4.4. Our proof goes along the lines
of the proof of [29, Theorem 2.
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Proof of Theorem 4.4. By the Hahn-Banach Theorem and properties (a) and
(b) of Lemma 4.7, there is a nonzero A € C(0D)* such that

Re A\(#, N C(0D)) < Re A(A(D)). (4.1)

Because A(D) is a linear space, we must have either Re A\(A(D)) = R or
Re A(A(D)) = 0. But because of (4.1), Re A\(A(ID)) is bounded from below,

whence

Re A(A(D)) = 0. (4.2)
Therefore, there is a nonzero | € H} (D) = {f € H(D) : f(0) = 0} such that

A(f) = / " FE)i(e?) do

for all f € C(ID), see, e.g., [25, Chapter IV]. Using the right hand side of
the above equation, we can extend A to all of L>(0D).

If f € .7,, then by property (c) of Lemma 4.7, there is a sequence (f,,) C
Zp N C(0D) such that f, — f pointwise a.e. Because (f,) is bounded by g,
dominated convergence yields A(f,,) — A(f). It follows from (4.1) and (4.2)
that

ReA(f) <0 for all f €.7,. (4.3)

Further, if f € H>(DD), then f is the pointwise limit of functions in A(D).
This follows for example from Theorem 2.4. Dominated convergence and
(4.2) imply

ReA(f) =0 for all f € H*(D). (4.4)

We now prove the assertion of the theorem for the case 1 < p < co. Let
f* be a solution of (H-OPT,). Then f* € H*(D) N .#,. If 0D\ K has zero
measure, there is nothing to show, so we can assume that dD\ K has positive
measure. Assume to the contrary that it is not true that |f*| = g a.e. on
0D\ K. Then there are a set [ C 0D\ K of positive measure and € > 0 such
that |f*| + e <gon I. Let h € L>(9D) be any function with [|Aze@gp) < €
and supph C I. Then f*+ h € ., and

(4.3) m . . " (4.4) T Nt
0 > Re/ (f(e") + h(e")) U(e")dv "= Re/ h(e)i(e™) dv.
The same inequality follows for —h, ih and —ih, whence [*_h(e)l(e) dd =
0 for all h € L*>(0D). But then | = 0 on I, and Theorem 2.6 implies [ = 0
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on JID. This is a contradiction to [ # 0. Therefore, it must hold true that
|f| =g ae ondD)\ K.

The statement for the case p = oo follows with a similar argument.

From Theorem 4.3 we already know that the solution of (H-OPT,) is
unique for 1 < p < co. For p = oo, uniqueness follows from the fact that
the sets S(U, 7%) are strictly convex for all J: If f; and f5 are both solutions
of (H-OPT.), then (f; + f5)/2 is also a solution of (H-OPT,), because the
norm || - [[z=(x) is convex. Because the sets S(iJ,7") are strictly convex and
f]’-k(e“?) is on the boundary of S(¥J,7*) for almost all ", j = 1,2, it follows
that i = f5. If p =1 and K # 0D, then 0D \ K is nonempty and open
and therefore has positive measure. Uniqueness then follows in the same way
from the fact that the sets {z € C : |2] < g(e/”)} are strictly convex for all
e’ € 0D\ K. O

Remark 4.8. Theorem 4.4 still holds true if we admit more general g in
Problem 4.1, for example, if g is continuous up to finitely many jump dis-
continuities. We only used the continuity of g in the proof of Lemma 4.7(c).
In order to prove Theorem 4.4 for this case, one has to adapt that proof. We
leave out the details, because they are technical and do not add any insight.

The following example demonstrates that Theorem 4.4 need not hold true
if we drop the assumption that || < g on K.

Example 4.9. Let K = 0D, ¢(eV) = 2 and g(e") = |2 + e”|. Then
the solution of (H-OPT.) is not unique, and also the extremal property
from Theorem 4.4 is not satisfied. Indeed, because g(e™) = 1, we have
min e o), 1< ||f = @llzexy = 1. On the other hand, let fy(e") = 1,
fi(e”)y =24 e and fr(e") = Afo(e™) + (1 — N) f1(e!?). Then f, is feasible
for (H-OPT), 0 < X <1, and || fx — @|/z=x) = 1. Thus, the solution of
(H-OPTy) is not unique. Further, f\ does not satisfy the extremal property
from Theorem 4.4 for 0 < XA < 1.

The reason why the proof of Theorem 4.4 fails if we drop the assumption
lp| < g on K is that the set .#,, may have empty interior, i.e., .#,, may
not satisfy property (b) from Lemma 4.7. Indeed, in Example 4.9 this is
the case because of the singularity at ¢ = m, see Figure 4.3. However, one
can show that .¥,, satisfies the conditions from Lemma 4.7 under additional
assumptions, for example, if 7* satisfies 7% > supuwcgp [0(e)| — g(e™).
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Figure 4.3: In Example 4.9, functions from the set .7, take values in the above tube. The
set . has empty interior because of the singularity at ¢ = w. The straight black line is ¢,
and the other black curve is f.

Remark 4.10. Under some additional assumptions on g and @ we can obtain
a continuity result. Recall that a function f defined on 0D is called Dini
continuous if for some € > 0 it holds that

/wa—“)dt<oo
o U 7

where

wr(0) = sup{|f(e"”) —e"| : |9 — ] < 6}

is the modulus of continuity of f. Moreover, recall that for f € L>*(0D) the
essential range of f near e’ is the set

; -1 i[0—€9,0+€3] .
esstan(f, e’ = {z cC: T (Be(z) Ne has positive } |

Lebesgue measure for all €1,€e5 > 0

Here, B.(z) = {w € C: |z —w| < €} denotes a ball in C.
Assume that g and @ are Dini continuous. Let f* be the solution of
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(H-OPT«) and assume that 7 = || f* — @|| () > 0. Let
I = {¢" € OD : essran(f*, ") € OB (p(e”))},
Iy = {" € OD : essran(f*,e’) C Byei)(0)}.

By Theorem /.4 we especially have 0D \ K C T'y. Using the techniques
from Hui [33], one can show that f* is continuous on '] and 'S, where the
little circle denotes the interior of a set. A result of Chirka [16, Theorem
33] then implies that if ¢ € C*(K) and g € C*(OD), k > 2, then f* €
Ck=bl=¢suTyuUD) for any € > 0.

We do not know whether under the above assumptions f* is also con-
tinuous on all of K°. The difficulty that arises when one tries to apply the
techniques from [35] is that for some e € K the boundary of the set S(U, %)
1s not an analytic curve.

4.3 Symmetry

Let us address the question when the solution of (H-OPT)) is real symmetric,
that is, f*(e"’) = f*(e~) for all ¢/ € 9. This is important since we know
that the reflection coefficient for the Helmholtz equation is real symmetric.

Theorem 4.11. Assume that K = K and that ¢ and g are real symmetric.
If 1 < p < oo, then the solution of (H-OPT)) is real symmetric. If p =1,
then there is a real symmetric solution.

Proof. Let f* be a solution of (H-OPT,). From the assumptions it follows

that the function f(e”?) = f*(e~#) is also a solution of (H-OPT,). If 1 <
p < oo, then uniqueness implies f = f*, i.e., f* is real symmetric. If p =1,
then note that (f*+ f)/2 is real symmetric, feasible for (H-OPT,) and

1+ /2= el < 21 = @l o) +§\|f—%0”Loo(K) = | f* =&l Lex)-

~

Thus, (f*+ f)/2 is a real symmetric solution of (H-OPT)). O

4.4 Approximation by smooth functions, 1 < p <

In numerical computations we cannot work with general functions from
H>(DD), but only with polynomials. In this section we show that the min-
imum of (H-OPT,) (1 < p < o0) and the infimum of (A-OPT4) can be



4.4. APPROXIMATION BY SMOOTH FUNCTIONS, 1 < P < o0 7

approximated by polynomials (Theorem 4.13). It follows especially that the
infimum of (A-OPT,) is equal to the minimum of (H-OPT)) for 1 < p < oco.
In Section 4.5 we will show that under additional assumptions this is also
true in the case p = .

We begin with a lemma which states that functions that are feasible for
(H-OPT,) (or (A-OPTy)) can be approximated by polynomials that are
feasible for (H-OPT)) (or (A-OPT.)).

Lemma 4.12. Let either 1 < p < oo and f* € HP(D) or p = co and f* €
A(D). Assume that |f*| < g on OD. Then there is a sequence (f,) C A(D)
with | f,] < g on 0D such that

o — ey — 0 as n — Q. (4.5)

Furthermore, we may even arrange it for the f, to be polynomuals, that is,
to be of the form

N,—1
fule) = Z ay, e (4.6)
k=0

If f* is real symmetric, then we can arrange it for the f, to be real symmetric,
that 1s, to have real coefficients oy, j.

Proof. We first show that there is a sequence (f,) that satisfies (4.5). In
the case p = oo we can simply take f, = f*, so we only have to consider
the case p < co. For 0 < r < 1 let f be the Poisson integral f#(e'’) =
o [T f*(e")P.(9 — t) dt. We then have f; € A(D) and || f — f*||1r(op) — O
as /1 by Theorem 2.3, but it might not be true that |[f*| < g on 9D.
We are going to construct sequences (r,,) with r,, /1 and (n,) with n, — 1
such that f,, = n, f;; satisfies |f,| < g on JD. It then follows that

| fn — f*HLP(aD) = Hnnf;kn - f*HLP(aD)
< |Ifr = ey + 11 = malll fr | 2rop) — O

as n — o0, since || f;* ||z»(op) is bounded by || f*||z»(op) (see Theorem 2.3).

Fix ¢ > 0. Because ¢ is uniformly continuous on 0D, there is § > 0 such
that | — t| < 6 implies |g(e”’) — g(e™)| < ¢/2. Furthermore, as r /' 1, P,
becomes increasingly concentrated at 0 so that there is p < 1 such that for
all 7 € [0, 1)

max  |P.()] < (¢/2) (% /W o) dﬁ) o

tel—m,m\[—0,0] .
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Now for r € [p, 1
(e = / F(0-D) <t>dt|

< W= p (4) dt
< |5 Mﬂf(e )P (t) dt| +

1 )
o[ PR
27 Jmm)\[-6.]

. 1 ™ )
< *( 1t Prt _/ *( 1t dt | .
< s (7@ (L masR0) (50 [ 1renar)

For the last inequality we used that P, is positive and =- f P.(t)dt = 1.
Since |f*] < g,

. 1 /T
* < it Prt . ot dt
< s o)+ (max1201) (5 [ laear),

and therefore

£ < (9(e”) +€/2) +¢/2=g(e") +e.
We have just shown that for an arbitrary € > 0 there is ¢ = p(¢) < 1 such
that for all r € [0, 1), |f| < g+ e
To finish the proof of (4.5), let (¢,) be a sequence of positive real numbers
with €, — 0. Choose 1, > o(¢€,) such that r, /" 1. Then

€
\f?n\§g+6n§<1+ — ->9

mingegp g(e”)

~1
Set n, = <1+ W . Then n, — 1, and |f,| = [n.f}| < g, and
of course f, is in A(ID). We have already seen that [|f, — f*||zr@m) — 0 as
n — oo.

It remains to show that there is a sequence of functions that also satisfies
(4.6). Since f, is continuous, there is a polynomial £, such that Hﬁl —
fullz=(omy < €,. Notice that if f* is real symmetric, then f,, is real symmetric:
In the case p < oo this is due to the symmetry of the Poisson kernel. In the
case p = oo we chose f, = f*, so f, is trivially real symmetric. If f, is real
symmetric, we can also choose the polynomial fn to be real symmetric. Using
the same argument as before, we can find a sequence (7,) of real numbers

with n,, — 1 such that nnﬁ satisfies |1, fn| < g on OD. Then
Hnnfn - anLP(aD) < 77n”fn - anLP(G]D)) + (1 - 77n)“anLP(8]D>) - 07
and therefore (7, f,) satisfies (4.5) and (4.6). O
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From the preceding lemma it follows that the minimum of (H-OPT,), 1 <
p < 00, and the infimum of (A-OPT,) can be approximated by polynomials.

Theorem 4.13. If 1 < p < oo, then there is a sequence (f,) of polynomials
of the form (4.6) with |f,| < g such that

an - SOHLP(K) - feHOOI?E%%ﬂgg Hf - QDHLp(K) as n — oQ.

If p = o0, then there is a sequence (f,,) of polynomials of the form (4.6) with
| ful < g such that

" — o (F) — inf — oo as n — 00.
|.f ol (K) FeAD), IfISng ol (K)

If K =K and ¢ and g are real symmetric, then we can arrange it for the f,
to be real symmetric.

Proof. Use Lemma 4.12. If 1 < p < oo, then the assertion about real sym-
metry follows with Theorem 4.11. If p = oo, then use that under the given
symmetry assumptions the infimum can always be approximated by real sym-
metric functions using the argument from the proof of Theorem 4.11. []

If ¢g is not continuous, then the following version of Theorem 4.13 still
holds true.

Theorem 4.14. Let 1 < p < oo. Suppose that instead of g € C(ID) we
have g € L>*(0D) with infucop g(e’) > 0. Then there is a sequence (f,) of
polynomials of the form (4.6) with |f,| < g such that

ol inf — ol 0.
| fn — ol ey — feA(g)l, " If =&l as n —

If K = K and v and g are real symmetric, then we can arrange it for the f,
to be real symmetric.
Proof. Fix € > 0. Pick f* € A(D) with |f*| < g and
e D S lnf — P + € 2
/" = @l e reat If = @l ey + €/

Let g € C(9D) such that [f*| < g < g and infg > 0. We can for example
take g(e") = max{|f*(e’”)], inf g}. By Lemma 4.12 there is a polynomial f
of the form (4.6) such that |f| < g and || f — f*|zr@p) < €/2. Together,

N_ D S i P + € 2 S lnf — D + €.

IF = el <1 = ¢l + 2 int 1f = el

This proves the first part of the theorem. The part about real symmetry can
be seen as before. ]
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4.5 Approximation by smooth functions, p = oo

In the last section we saw that in the case 1 < p < o0, the infimum of
(A-OPT),) is equal to the minimum of (H-OPT,). In this section we show
that under additional assumptions this is still true for p = oo. This whole
section is devoted to the proof of

Theorem 4.15. Assume that K s the disjoint union of finitely many inter-
vals of positive length, i.e., K = U?:1 K;, where K; = ePiril for some
Aj < pj. Then the infimum of (A-OPTy) is equal to the minimum of
(H-OPT,).

As far as practice is concerned, the assumption that K is the union of
finitely many intervals is not strong. It is satisfied in all of the examples
coming from practice that we consider in Chapter 5. Moreover, if this ad-
ditional assertion of Theorem 4.15 is satisfied, then it follows together with
Theorem 4.13 that the minimum of (H-OPT.,) can even be approximated
by polynomials.

The proof of Theorem 4.15 is rather technical and lengthy. We divide it
into several lemmas. Before we start with the proof, we try to give an idea
of the structure.

e Lemmas 4.16 and 4.17 deal with the construction and properties of
certain analytic functions s mapping D into D, see Figure 4.4. The
important properties are that 15 converges uniformly to the identity as
§ — 0 and that 1;(e™) converges tangentially to e for certain points

e € OD.

e The idea is to consider f* o1s, where f* is the solution of (H-OPT),
e 1" = @l = mingemem), 1< [|f = #llzee) = 7" Importantly,
ffows € AD). In Lemma 4.19 we prove that limsups_, || f* o s —
¢||~(x) < 7. Tangential convergence of 15 at certain points is a crucial
ingredient of the proof.

e This does not prove Theorem 4.15 yet, since f* o015 may not be feasible
for (A-OPTy), i.e., we may not have |f* o 1s| < g. However, we can
multiply f* o 15 by some positive 1 such that n(f* o 1s) is feasible
for (A-OPTy) and n = n(d) — 1 as § — 0. It will turn out that
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1m(6)(f* o v¥5) — @l r=(x) converges to the minimum of (H-OPT,) as
0 — 0, which finishes the proof of Theorem 4.15.

In the following, we use the multivalued complex argument function that
maps a complex number z with polar representation z = re’’, r» > 0, ¥ € R,
to the set v + 2nZ. The advantage of using the multivalued argument is
that rules like arg(zw) = arg z + argw, z,w € C\ {0}, hold, which are more
tedious to write down if one restricts the argument, e.g., to [—m, 7). However,
we do not make this explicit in our notation, i.e., we write arg z = 1 instead
of argz = ¥ + 2n7Z. We also write argz € I to express that there is some
Y € arg z with 9 € .

After this sort of small talk we finally start with the proof of Theorem 4.15.

Lemma 4.16. Let p : 0D — [0,00) be Lipschitz continuous and let

1 [e 42
h(z) = — . "y dw D.
O =5 [ s, s

For o € (0,1) let F5(z) = z(1 — 0h(z)) and let

Fg(Z)

= — 27 (1-47).
| F5 | oo (m)

Ys(2)

Then the following statements hold true.
(a) ¢5 € AD) and 1s(D) C D.

(b) s converges uniformly to the identity as 6 — 0. More precisely, there
is a constant C' > 0 such that max, g [¥5(2) — 2| < C9, 6 € (0,1).

(c) If Reh(e) = 0 and Im h(e') # 0, then 1s5(e’) — e tangentially as
0 — 0. More precisely,

arg Ys(e’’) = ¥ + arctan (—d Im h(e™)) ,

and there are 6y > 0 and C > 0 such that for 6 € (0,0q) and for all "
with Re h(e”) = 0 and Im h(e™) # 0

1= [s(e?)]] < 8.
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Figure 4.4: Top: The bold curves on the circle 0D comprise some set K. The curve inside
the circle is ¥5(0D) with 6 = 0.1. The function h that is needed in the construction of g
is 1 on some subset of K, 0 on dD \ K and linear in between. Bottom: The curce inside
the circle show where 15 maps the boundary points of K when ¢ varies between 0.5 and 0.
The curces approach the boundary points of K tangentially to the unit circle and from the
interior of the cone {\K : A > 0}.
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Our definition of the function Fjy is inspired by a result of NEHARI [44,
Chapter V.11] concerning conformal mapping from the unit disk to nearly
circular domains. To the reader not too familiar with Hardy spaces we should
point out that the real part of the function h is the Poisson integral of p,
and especially Reh = p on 9D.

Proof. From the basic theory of Hardy spaces it is well-known that h is
analytic on ID. Moreover, since p is Lipschitz continuous, h € A(D), see, e.g.,
25, Corollary I11.1.4]. (Continuity of h actually follows already if p is only
Dini continuous, but we are not going to use that.) Therefore v; € A(D).
From the definition of 5 it is clear that 15(D) C . This is (a).

In order to see (b), notice first that (1 — d|h(2)])|z| < |F5(2)] < (1 +
0|h(2)|)|z| implies

1= [1E5 ]| zroe )| < 1Al )

Then

0s(2) — 2| < |Fo(z) — 2| + \ Fx(2)

‘HFHHOO

| et EGR)] )|
| Es ||z
< || All ey + 62 4 |1 = | F5ll )]

< (2[|h]l gy + 1)

< 8lzh(z)| 4+ |1 = 6% — || Fs|l g~

This is (b) with C' = 2||A|| gem) + 1.
[t remains to prove (c). For any e € oD

arg Ps(e’’) = arg F5(e") = arg (¢"'(1 — 6h(e")))
= +arg (1 — 6h(e")) = ¥ + arctan <

—§Im h(e™)
1 —0Reh(e?) )"

Let especially Re h(e”) = 0 and Im h(e’) # 0. Then
(arg¥s(e’)) — ¥ = arctan (—d Im h(e™)) ,

which converges linearly to zero as § — 0. This is the first assertion of (c).
Since Re h_is the Poisson integral of p and since p > 0 on 9D, we have
Reh > 0 on D, i.e., h only takes values in {Rez > 0}. Then for z € D and
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5 < 2

— [[Rehl|Locam)

|F5(2)| = |2]|1 — dh(2)| < \/\1 —dReh(2)]? + 6?(Imh(z))?

o (Im h(z2))?

< VTP <1400 (47)
145 | Im h(z)”%oo(am).

Both the condition for § and the fact h only takes values in {Rez > 0}
were needed for the second inequality. Moreover, if Reh(e’’) = 0, then
|F5(e™)| = /1 + ¢6*(Im h(2))? > 1, whence ||Fy|| =) > 1. Therefore,

il B
1=l = Ry O )
|Fsl=io) — (1= ) TF A

| F5 || oo ()

< ||Fsllgem) — (1 — 6%
(4.7) Imh(2)]|%..
: 52<| 2 @D)H),

2

which converges quadratically to zero as 0 — 0. The second assertion of

(c) therefore holds true with C' = [ Tm AC) oo o
proved that the argument of w(;(ew) converges linearly as 6 — 0, while its

modulus converges quadratically. This means that ¢5(e”’) — e/’ tangentially.
[]

! + 1. To summarize, we have

We are going to apply Lemma 4.16 to a certain function p which we
construct in the following lemma.

Lemma 4.17. There is a Lipschitz continuous function p : D — [0, 00)
such that ,
1 ey z
hz) = — . 7y dy
&) =50 | Sl

satisfies Im h(e™) < 0, Imh(e””’) > 0 and Reh(e™) = 0 for " in some
neighborhood of the points €™, . .. e and e, ... ePn,




4.5. APPROXIMATION BY SMOOTH FUNCTIONS, P = 85

Proof. We begin with some simple estimates. First of all, recall from basic
theory of Hardy spaces that for Lipschitz continuous p

Im h(e') = 217T/ﬁp(e’w_’f))cot(t/2)dt

where the integral exists as a principal value integral (see, e.g., [32, Chap-
ter 6]). Now assume that p : 9D — [0,00) is some Lipschitz continuous
function with 0 < p < 1, suppp C €% for some 0 < o < 7, and p(e”) =1
for ¥ € [¢,0 — €] for some small € > 0. Then we have the estimate

Im h(e™®) = / " plet) cot(t/2) di = ;ﬂ [ pe ) cot/2) a
sin((o —€)/2) (4.8)
<—/ cot(t/2)d :——1 ( sin(c/2) )

Notice that we used o < 7 for the inequality so that cot(t/2) < 0 for ¢t €

[—0,0]. Similarly,
Im h(e') > %ln (Sm(sfz(;/;))/m) : (4.9)

Moreover, if € € 9D such that p = 0 on e+ for some n > 0, then

21 / (1Y cot(t/2) dt|
.

<1 / " cot(t/2) dt — —%ln(sin(n/2)).

[ Tm h(e")| =

(4.10)

m

We are now going to construct a function p that satisfies all of the asser-
tions of the lemma. Without loss of generality we can assume that |K;| <7
for all 5. If this is not true, we can apply a Mobius transformation. Let
dy = min; dist(K;, K;) and M = —21n(sin(dy/2)). Let € > 0 be so small
that for all j € {1,...,n}

1 in((|K;| —¢€)/2
—1In s1n((|. i1=9/2) > nM. (4.11)
s sin(e/2)

For each j let p; be a Lipschitz continuous function on JID such that supp p; C
K; = elhiril 0 < pj < landp; =1on elliteri=e Then p = Z?lej satisfies
all of the assertions of the lemma. Indeed, let

1 2T elﬂ_'_z ;
R e UL
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By (4.10) we have for every j € {1,...,n}

1] 1]

> Immy(e™)| < (n—1)M  and > Imhy(e)| < (n—1)M,
(4.12)
and by (4.8), (4.9) and (4.11) we have
Im hj(e"™) < —nM and Im hj(e") > nM. (4.13)
(4.12) and (4.13) together give
Im h(e™) < —M and Im h(e'”7) > M.

Concerning the statement about the real part of A, we use that we have some
freedom left in the construction. We can choose the p; such that p; = 0 for

all j in some small neighborhood of the points e, ... e and e”’1 ., el
The statement then follows from the fact that Re h(e”) = p(e”) for all
e’ € OD. ]

The following lemma seems quite obvious to us, but we are not aware of
any reference. We therefore prove it for the convenience of the reader. Recall
that for f € L>(0D) the essential range of f on a measurable set I C JD is

f~YB.(2)) NI has positive Lebesgue
measure for all € > 0 '

essran(f, ) = {z eC:

Here, B(z) = {w € C: |z —w| < €} denotes a ball in C. For example, if f is
continuous and [ is a closed interval, then the essential range conincides with
the classical range, i.e., esstan(f,I) = f(I) = {f(e") : ¢’ € I}. However,
it is clear that the last expression does not make any sense for functions
from L>(0D). Further, when e"1%2] is an interval on 0D, we also write
esstan( f, [U1,9s]) instead of essran(f, e!V172) for simplicity of notation.

Lemma 4.18. Let f € H*(D). Then for any € > 0 there is § > 0 such that
if z € D and e’ € OD with |z — €| < 5, then

f(2) € conv(essran(f, [0 — €,9 + €])) + B(0).

Proof. Fix some € > 0. Let § > 0 such that arge’®©) c [
that for all r € (1 —0,1)

5, 5] and such
1 €

- <
% [—€/2,¢/2] ()dt QHfHHWD

(4.14)
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and
1 €

P.(t)dt < ——. (4.15)
' 2| f[ )
This is possible, because the Poisson kernel is an approximate identity.
Now let z € D and e’ € 9D with |z — e’| < § and write z = re” with

r > 0 and 7 € R. Notice that r € (1 — §,1). Then

27 Jirm\[—e/2,6/2]

1 _
ﬂ@:—(/ 'ﬂ/ f@“%g@&):h+b.@m)
21 \J=ej2e/2)  J=mm\[—e/2,¢/2)

For the second integral it follows from (4.15) that

| < <. (4.17)
2
For the first integral we have
1 1 ,
L = — / F( TN P(t) dt
(éﬁepdmﬂﬁﬁﬂ>2”[emﬁm
1 1 : 4.18
: (1 -7 ) | s R e
5r Jieppp Br(8) At | 27 Ji_cpoepo)
=: 11+ 1.
From (4.14) we get
< 5. (4.19)
Since P, > 0 and <%f[6/21€1/2] X0 dt) o f[fe/2,6/2] P.(t)dt = 1, it follows that
I1 € conv(essran(f, [T —€/2,7 + €/2])).
From arge'®(®) c [—£ £] it follows that 7 = argz € [¢ — £, 9 + §], whence
[T —€/2, 7 +¢€/2] C [U—¢€,0+ ¢]. Therefore,
I € conv(essran(f, [9 — ¢, + €])). (4.20)

Now (4.16)—(4.20) together yield

f(z)=1I; + I + I € conv(esstan(f, [0 — €, 9 + €])) + B(0). O
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A big step towards the proof of Theorem 4.15 is

Lemma 4.19. Let h be a function with the properties from Lemma 4.17. For
0 > 0 let 15 be constructed from h as in Lemma 4.16. Let f* be the solution
of (H-OPTy) and 7* = || f* — @||r~(x). Then

lir?s(;lp /" otbs — @l oy < T
Proof. Fix e > 0. Write h = u 4 wv. Let dy > 0 be so small that
i i €
< Bollollmamy = @)~ < S @)

By the properties of h from Lemma 4.17 there is n > 0 such that for all
U € Uj_i [N, Aj + ] we have u(e”) = 0 and v(e”) < m < 0 for some m.
Since v is bounded away from zero, there is a constant C; > 0 such that for
0 <9 <9yand all ¥ € U;’L:I[)‘j?)\j —|—77]

C16 < arctan(—dv(e)) < || £o< (9m) 9. (4.22)

Now let ¥ € [Aj, \j + 5] for some j and 0 < § < §. Write ¢5(e’) = rei
with » > 0 and real 7. Then

[(f* o s) (") — ()]
1

= 17" (re") = ()] = o
1

< 9 </ ‘|‘/ ‘f*(ei(Tft)) _ gO(eu?)lpr(t) dt) .
T AJ[-C18,619] [—7,7]\[-C16,C16]
(4.23)

[ e - eeri

—T

We estimate the first integral. Let [t| < 6C;. From Lemma 4.16(c) we have
(1 —t) — ¥ = arctan(—dv(e”)) —t (mod 27). (4.24)

Further,

, (4.22)
Jarctan(=dv(e”) =t < (o]l s~ (op) + C1)5 < 280]10]| (o)

Now (4.21) implies (e’ 1) — p(e)] < £, s0

ST = ()] < £ () = ()] + () — p(e”)]

. . 4.25
< 1) = ) 4 £ 2
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We now show that /") € K; = e/l for § small enough. From (4.24)
we have 7 — t = ¥ + arctan(—dv(e”)) — ¢ (mod 27). Now let §; > 0 be so
small that 7 4 (Cy + [|v]|z~@n))d1 < |Kj| for all j and assume further that
0 < § < 6;. Then by choice of ¥, (4.22) and choice of ¢
9 + arctan(—dv(e’)) — t € [N, \j + ] + [C18, ||v|| = (ap)d] + [—C16, C1d]

= A A+ 0+ (Cr+ [[vll 2 om) )9

< [N pjl-
It follows that """ € K. By assumption, || f* — ¢||z~(x) < 7%, s0

() =) < 7 (4.26)

(4.25) and (4.26) together give

7)o < 7+ 5

and therefore the first integral in (4.23) can be estimated by
1

= FE) — @) P dt <7 e/2. (427)
[~C16,C16)
We estimate the second integral in (4.23) by

1

% [—77',71’]\[—015,016]

1
< ( / P1) dt) (—Hgnmm) |
[—m,7|\[-C16,C10] ™

A straightforward calculation shows that

1 C1o
/ P.(t)dt = 2m — 4 arctan ( tr tan <—1>>
[~ m\[-C16,C16) 1—r 2

1 )
< 27 — 4 arctan <0252 tan (%)) ,

where we recall that r = [s(e/”)] and C is the constant from Lemma 4.16(c).
The last expression converges to zero as 6 — 0. We want to emphasize that
this is the point where tangential convergence is needed: In order for the
expression inside of the arctan to converge to infinity, it is necessary that

A7) = p(e)|Po(t) dt
(4.28)
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1 —7r =1— |[¢5(e”)| converges faster to zero than linearly in §. We conclude
that there is d9 > 0 such that 0 < § < ¢§o implies that the expression on
the right hand side of (4.28) is smaller than §. Combining this with the
estimates (4.23) and (4.27) we obtain that if 0 < § < min{dy, d1, 02}, then

for all ¥ € Jj_,[N;, A + 7]

(" os)(e"”) — ()| < 7" + . (4.29)

Similarly, one can show that there is d3 > 0 so that this inequality holds for
0<d<d3andall ¥ € J_[p; — 7, pj] with some 77 > 0.

It remains to show that for small enough 0 the inequality holds for ¢ €
Uj=1[Aj +n, pj — 7). This is an easy consequence of Lemma 4.18. By uniform
continuity there is €; > 0 such that ¢; < §, ¢; < max{n, 7} and such that

tl<e = |pE) —p(e”)| < 5 (4.30)

By Lemma 4.18 there is €5 > 0 such that
eV —z] <ea = f*(2) € conv(essran(f*, [0 —e, 9+€1]))+ B, (0). (4.31)

Finally, by Lemma 4.16(b) there is §; > 0 such that for all 0 < § < §; we
have max.ep |[¢5(2) — 2| < 3. Now let ¥ € [\; + 1, p; — 7] for some j. Then
for 0 < § < 04 we have |[5(e”) — €| < €3, s0O

o (4.31)
F(ps(e?)) € conv(essran(f*, [0 — 1,0 + €1])) + B, (0)

C conv U B (p(e"H)) | + B /2(0)
[t|<er
since €1 < max{n, n}
(4.30) . 9
C Breyepa(p(e™)) + Bea(0) = Breye(p(e”)).
This is just equation (4.29).
Summing up, we have shown that if 0 < § < min{dy, ...,ds}, then || f* o

— @||z(x) < 7F + €. Because € > 0 was arbitrary, this proves the lemma.
O

Using the work we have done so far it is not hard any more to prove
Theorem 4.15.
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Proof of Theorem 4.15. Let f* be the solution of (H-OPT) and 7" = || f* —
@l zoo ()~ Fix € > 0. Let €; > 0 such that with

~1
€1
= (1 :
! (+minewemg(em))

we have (1—n)[|f*|| g~m) < €/2. Because 15 converges uniformly to the iden-
tity as 6 — 0 and since ¢ is uniformly continuous, it follows from Lemma 4.18
as in the proof of Lemma 4.19 that for § > 0 small enough

(o) ()] < g(e”) + e

By Lemma 4.19 we have for 6 > 0 small enough

k k 6
[f*oths — ollpem) <7 +t3

From Lemma 4.16(a) it follows that f* o s € A(ID). Moreover, for ¢/’ € 9D

€1 X
- ~ g\e ),
mingi-cap g(e”)) (™)

whence |n(f*o1s)| < g. This means that n( f*oy) is feasible for (A-OPTy).
Then

("o ws)(e”)] < gle”) + & < (1+

feHOO(DW'SgH ll oo (i) < ot 1f = lle(x

< |n(f* o tbs) — @ poe(ry < Hf 0 Y5 — || ey + (1 — 77)Hf*HH°°(D)

< *+€+E *
T —+=—=7T €.
- 2 2

Since € > 0 was arbitrary, min e gy, fj<g ||f — @l L) = Inf peamy, f1<g [|.f —
¢|| (). This is what we had to prove. [






Chapter 5

Constrained Optimization in Hardy
Spaces: Numerics

MOSEK seems to crash. Is that a feature?

THE MOSEK FREQUENTLY ASKED QUESTIONS (V. 5.0)

We want to solve (H-OPT,) (or (A-OPT))) from Chapter 4 numerically. In
Section 5.1 we devise a general discretization scheme for (H-OPT)) and show
that the minimum of the discrete problem converges to the minimum (or infi-
mum) of the continuous problem as the discretization becomes better. More-
over, we can even show convergence of the minimizing functions. In Section
5.2 we consider several concrete discretizations. In the casesp =2 and p = oo
we obtain quadratically constrained quadratic programs (QCQPs), which we
write down more explicitly in Section 5.3. In order to solve these problems,
we reformulate them as second-order cone programs (SOCPs). This class of
problems is briefly introduced in Section 5.4, and the SOCP formulations of
our problems are derived in Section 5.5. We finish with numerical examples
in Section 5.6.

5.1 Discretization

We discretize (H-OPT,) in two steps. First, we discretize the space H> (D)
and obtain a semi-discrete problem. We show that the minimum of the
semi-discrete problem converges to the minimum (or infimum) of the con-
tinuous problem as the dimension of the discrete space tends to infinity
(Theorem 5.1). Moreover, we show convergence of the minimizing functions
(Corollary 5.3), in the cases p = 1 and p = oo under the additional assump-

93
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tions of Theorem 4.4 and Theorem 4.15, respectively. Next, we obtain a fully
discrete problem that can be solved on a computer by checking the constraint
|f| < g on OD only on a grid and replacing the integral from the objective
function by a quadrature approximation. We show that the minimum of the
fully discrete problem converges to the minimum of the semi-discrete prob-
lem as the grid becomes finer and the quadrature approximation becomes
better (Theorem 5.4). The culmination of this section is Theorem 5.10,
which states that the discretization parameters can be chosen in such a way
that the minimum of the fully discrete problem converges to the minimum of
(H-OPT),) as the discretization becomes better, in the cases p = 1 and p = 0o
again under the additional assumptions of Theorem 4.4 and Theorem 4.15,
respectively. Moreover, we have convergence of the minimizing functions.
We begin with some notation.

5.1.1 Assumptions and notation

From now on we assume K = K and that ¢ and g are real symmetric
so that the solution of (H-OPT)) is also real symmetric (Theorem 4.11).
Optimization therefore takes place in the space

H=(D) = {f € H¥(D): f(e) = f(e), ¢ € ID}

_ {f e L®(9D) ; ]} 0 for integers k < 0, }

fr € R for integers k > 0

instead of H>(D). (Also compare Theorem 2.5.)
Let N € N. For a = (ag, aq,...,an_1) € RY write

N-1
9y = Z L
k=0

Moreover, for 3 = (B_n, B-ni1s---,Bnv-1)" € R*N let

N—-1
_ E : ﬁkezkﬂ
k=—N

For computations we are going to use the finite dimensional subspaces

HY (D) = {fa fale™) Zoéke o= 040>-~-704N1)T€RN}
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and
LY (0D) = {fﬁ : fa(e”) = Z Bre™ B = (B_n,....Bn-1) € RQN} :
k=—N

By X we usually denote a grid on dD, i.e., a set of finitely many points
from OD. Given two points e”’ and €™ on D), we define the distance between
e and ¢ to be

st (e 67) = min, In
Clearly, we always have dist (ew, e”) < m. The fineness of the grid X, i.e.,
the maximal distance between two neighboring points, is

_ : : W AT
Pmax(X) = f%(é% eife%{?ew}dmt (e ,e ) .

5.1.2 Semi-discrete problem

The first step to obtain a discretization is to replace the space H*(D) in
(H-OPT,) by the discrete space H¥ (D). (Recall that we only look for real
symmetric solutions.) We therefore consider the semi-discrete problem

minimize  ||f — ol Lr(x)
subject to [f]| < g on JD, (SDP,)
[ e HY(D).

We also write, e.g., (SDP,(N)) or (SDP,(N, ¢)) in order to denote the above
problem with a specific N or a specific ¢. For 1 < p < oo, (SDP,) has a
unique solution since the objective function is strictly convex and we are
minimizing over a compact and convex set. In the cases p = 1 and p = o0,
the solution may not be unique since the objective function is convex, but
not strictly convex.

Theorem 5.1. If 1 < p < oo, then the minimum of (SDP,(N)) converges
to the minimum of (H-OPT,) as N — oo, that is, if fx is a solution of
(SDP,(N)), and f* is a solution of (H-OPT,), then

Hf;f_SOHLP(K) - Hf*_SDHLp(K) as N — oo.

If p = oo, then the minimum of (SDP«(N)) converges to the infimum of
(A-OPTy) as N — oc.
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Proof. We first consider the case 1 < p < oo. Fix € > 0. By Theorem 4.13
there is a polynomial f with |f| < g such that

~_ D S mln — p +€.
1S = ellzr) feHOO(ID)),|f|§ng el oy

Then for N > deg f— 1

I fy — @llery = feH?VO%)I,lIfISQ If — &l
< |If = el
< min |f = @llrx) + €

— feH=D), |fI<g

=1/ = el +e
On the other hand, since f} is feasible for (H-OPT,),

1f* =l < v — elloex)-
Together we have for N > deg f— 1

1" =l < Wfx =@l <N = @llwu + €

Therefore, || fi = ¢ll) = 17 — @l as N — oc.
The case p = oo can be handled in the same way by using second part of
Theorem 4.13 instead. []

Remark 5.2. If g € L>(0D) and inf g > 0, then the minimum of (SDP,(N))
converges to the infimum of (A-OPT,) as N — oo. In order to see this, use
Theorem 4.14 instead of Theorem 4.13 and adapt the preceding proof.

Corollary 5.3. Let f3 be a solution of (SDP,(N)), and f* a solution of
(H-OPT)). If 1 < p < o0, then (fx) converges to f* strongly in LP(0D). If
p = oo and K is the union of finitely many intervals, then (fy) converges
to f* weakly* in L>*°(0D). If p=1 and K # 0D, then (fy) converges to f*
weakly in LY(OD) and strongly in L*(0D \ K).

Proof. The sequence (f3%) is bounded in L*(9D). If p = oo, then there is
a weakly® convergent subsequence (fy ). If 1 < p < oo, then there is a
subsequence (fy,) which converges weakly in LP(0D): In the case 1 < p < oo
this is due to the fact that (fy,) is especially bounded in LP(9D) and that
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the unit ball in reflexive spaces in weakly sequentially compact. In the case
p = 1 we notice that, since (f) is especially bounded in L?(0D), we can
extract a subsequence (fx ) which converges weakly in L?(9D). But weak
convergence in L?(0D) implies weak convergence L'(0D). Denote the limit
in any case by f

Because the norm is sequentially lower semicontinuous with respect to
weak and weak™ convergence,

I1F = Pl < timint |75, = @l = 1 = llzeqr.

Equality on the right hand side follows from Theorem 5.1, for p = oo together
with Theorem 4.15. The set of functions that is feasible for (H-OPT),),
{f € H°(D) : |f| < g on 0D}, is weakly closed in LP(9D) for 1 < p < oo,
and (sequentially) weakly* closed in L>°(0D). Therefore, the weak (or weak™)
limit f is also feasible for (H-OPT,), whence If - Plleoaey = 11 = ¢l o).
Uniqueness of the solution of (H-OPT,) now implies f=f (In the case
p =1 we need K # 0D for uniqueness.) But then it follows that the whole
sequence (fx) converges weakly (or weakly™®) to f*: If there were infinitely
many fr outside of an arbitrary (weak LP(0D)- or weak® L>(9D)-)neigh-
borhood of f*, we could use the preceding arguments to find a subsequence
of these infinitely many f3 that converges to f*, which is a contradiction.
If 1 < p < oo, then weak convergence, fx — ¢ — f*— ¢ in LP(K),
and convergence of the norm, || fy — @|loxy — |f* — ¢llzr(x), imply that
fi— ¢ — f*— o strongly in LP(K) (see [3, U6.6]), and therefore f5 — f*
strongly in LP(K). Further, by Theorem 4.4, |f*| = g a.e. on 0D\ K. Then,

gl oom i) = [1F7 [ o@\ie) < Himinf || fxllzoom i) < 19l zoom ),

from which it follows that || fx|lzr@o\x) — [|9/lr@om\ k). As before, weak
convergence and convergence of the norm imply that fy, — f* strongly in
LP(OD \ K). Together, fi — f* strongly in LP(9D) for 1 < p < 0.

Finally, because |f*| = ¢ a.e. on dD \ K by Theorem 4.4 and because
|fx] < g for all N, weak convergence fi — f*in L'(0D\ K) implies strong
convergence fx — f*in L}(0D\ K), see, e.g., [64, Theorem 1]. []

5.1.3 Fully discrete problem

Unfortunately, we are not aware of any “nice” method to check the constraint
|f| < g on the complete circle. For a complete discretization we only check



98 CHAPTER 5. CONSTR. OPTIM. IN HARDY SPACES: NUMERICS

the constraint on some grid X C 0D. Moreover, it may not be possible to
compute the objective function exactly. We therefore replace || f — ol zr(x)
by some quadrature approximation T?(f — ¢) and obtain the fully discrete
problem
minimize  TP(f — ¢)
subject to | f(e™)] < g(e?), Y€ X, (FDP))
[ e HZ (D).
If we want to denote the above problem with, e.g., a specific grid X', a specific
approximation 7%, or a specific N, we write (FDP,(X)), (FDP,(X,T7?)),
(FDP,(X,T?,N)) and so on. The set of feasible functions {f € HF (D) :
|f(e™)] < g(e!”), 9 € X} is convex and closed in the finite dimensional
space HY (D). From Lemma 5.7 below it follows that if the grid A’ is fine
enough, then the set of feasible functions is also bounded and therefore,
because HY (D) is finite dimensional, compact. Thus, (FDP,) has a solution.
If additionally the quadrature approximation is strictly convex, then the
solution is unique.
We assume that we are given a sequence (T?) of quadrature approxima-
tions that converges locally uniformly for functions f € HY (D), i.e.,
sup ’Tf;(f—gp)— Hf—ngLp(K)’ — 0 asn —oo. (5.1)
FERF D), [l zoc(omy <1
Our aim is to show that, as the grid X on which we check the constraint
becomes finer and as the approximation 7% becomes better, the minimum

of the fully discrete problem (FDP,) converges to the minimum of the semi-
discrete problem (SDP,):

Theorem 5.4. Let 1 < p < oo and fir N € N. Let (&,) be a sequence
of grids on 0D with hyax(X,) — 0 as n — oo, and let (TY) be a sequence
of quadrature approximations to || - ||y such that (5.1) holds. Then the
minimum of the fully discrete problem (FDP,(&X,,T?, N)) converges to the
minimum of the semi-discrete problem (SDP,(N)) asn — oo, i.e., if fx,, is
a solution of (FDP,(X,,TF, N)), and f% is a solution of (SDP,(N)), then

TH(fum — ) = fn = el as n — oo.
Theorem 5.1 and Theorem 5.4 together imply

Theorem 5.5. Let (X)) be a sequence of grids on 0D with hy.x(X,) — 0 as
n — oo, and let (TF) be a sequence of quadrature approzimations to || - || tr(x)
such that (5.1) holds.
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(a) Let 1 < p < oo. Then for each N € N we can choose n(N) such
that the minimum of the fully discrete problem (FDP,(X,,n, va(N), N))
converges to the minimum of (H-OPT,) as N — oo.

(b) Letp = oo. Then for each N € N we can choose n(N) such that the min-
imum of the fully discrete problem (FDP, (X, TS(N), N)) converges to
the infimum of (A-OPT)) as N — oo.

Before we can prove Theorem 5.4 we need a lemma which gives a bound
on the derivative of functions that are feasible for (FDP,(X, N)).

Lemma 5.6. Fix N € N. There are hy > 0 and C > 0 such that for any
grid X with hyax(X) < hy and any f which is feasible for (FDP,(X,N)) the
estimate

1 Nl oo om) < Cllgl| oo (omy)-
holds true. Here, f'(e'’) = & f(e').

Proof. Let X = {e"1, ... e} C OD be some grid. For a coefficient vector
B=(B-N,B-Ni1, -, Ov_1) € R we write the relations

N—-1
(6“9]): Z Bkeikﬁj7 j:17"'7n7
k=—N

in matrix form
B(X)6 = f(X). (5.2)
Here, f(X) is the vector f(X) = (fs(e™),..., fs(e’’))" € C" and B( )
is the matrix B(X) = (bjr) € C?N| where by, = i, j =1,...,n, k =
_N,....N—1.
Now let ¥; = jm/N and take the grid XY = {e's : j = 1,...,2N} with
= 2N points. Then —2=B(X?") is unitary. Since the set of invertible

VoI
matrlces is open, and since matrix mversmn is a continuous function on this
set, there is hy > 0 such that if the grid X = {e“91, ... el } satisfies
max " — i < hy, (5.3)
j=1,...2N

then B(X) is still invertible and

1B(X) Moot < 2} BA™) ™ Hloor. (5-4)
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Here, [ - |loc—1 is the operator norm [[Af|s—1 = supy . <1 | Az][1.

To finish the proof, choose hy > 0 so small that any grid X C JD with
hmax(X) < ho has a subgrid X C X, consisting of 2N points, that satisfies
(5.3). Let X be such a grid and X a subgrid with (5.3). Let f be feasible for
(FDP,(X, N)), i.e., f € H¥(D) with |f(e”)] < g(e™) for all e € X. Then
f has the form f = f,, for some o € RY. By (5.2) we have

5@ () = 1)

«

whence

lalli < IBX) oot/ (X)lloo = [1B(X) oo max |f(e”)]

eWeXx

(5.4) N1
< 2||B(XY) ool Lo (6m)-

Therefore,
N-1
1 llomy = sup | D ikape™| < Nall < 2N B(X™N) ™ [loillgll < (om)-
eWedD |
Thus, the lemma holds with C' = 2N || B(X™) 7} _1. ]

Next, we show that if the grid A, is fine enough, then functions that are
feasible for the fully discrete problem (FDP,(X,, N)) are almost feasible for
the semi-discrete problem (SDP,(N)).

Lemma 5.7. Fix N € N. Then for any € > 0 there is hy > 0 such that if X
is @ grid with hma(X) < hy and f is feasible for (FDP,(X, N)), then

fl<g+e

Proof. Since ¢ is uniformly continuous, there is ho > 0 such that for all
11| < hy and all ¢V € OD we have

g(e") = g('"H)| < e/2. (5.5)
Suppose that X is a grid with

hmaX(X) S min{h07 h?a E(CHQHL"O@D))?I}) (56)
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where hy and C are the constants from Lemma 5.6. Let f be feasible for
(FDP,(X, N)) and let " € 9D. Choose e € X such that dist (", e) <
Pnax(X) /2. Then

7 7 hmax X
7 < 7+ 2y
) hmaX X
< gle™) + #CHgHLm@D) by Lemma 5.6
< g(e") + % + % by (5.5) and (5.6)
— gle?) +e
Thus, the lemma holds true with iy = min{hg, ha, €(C||g|| r=(om)) '} []

We are now ready to prove Theorem 5.4.

Proof of Theorem 5.4. Fix an arbitrary € > 0. Let ¢, > 0 be so small that

for .
€1
=11 . 5.7
K ( +mineweamg(em)) (5:7)

it holds true that (1 — n)||¢|r»x) < €. (This is possible since n — 1 as
€1 — 0.) By Lemma 5.7 there is ng € N such that functions that are feasible
for (FDP,(X,,, N)), n > ny, satisfy

fl<g+e. (5.8)

Because of (5.1) we can possibly increase ng such that for all n > ny and all
f € HR(D) with || {2y < [|9]| 2 om) + €1

IT2(f — @) = |f = ellee)| < e (5.9)

So (5.9) especially holds true for all f that are feasible for (FDP,(X,, N)),
n > ny.

Now fix n > ng. Let fy, be a solution of the fully discrete problem
(FDP,(&X,,T?, N)), and let f} be a solution of the semi-discrete problem
(SDP,(N)). Then

T (fyn— @) STV —¢) < |Ifx =l +e (5.10)

The first inequality holds true because f3, is a solution of (FDP, (X, T¥, N))
and f3 is feasible for (FDP,(&,, TP, N)), and the second inequality is due to
(5.9).
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On the other hand, take n from (5.7) and set fy, = nfy,. Because fy
is feasible for (FDP,(&X,, N)), we have |fy | < g+ e by (5.8), and therefore

€1
\f*n|§<1+ | | )g.
" e T— P

So fnn = nfy, < g, that is, fn, is feasible for the semi-discrete problem.
Therefore,

v = elleei) < N fvn = @lliei)-
Further, since n < 1 and (1 — 7)o k) < €,

| fvn — @lleay = Infan — el < nllfy, — el + (1 =)l )
< | fxn = el + €

Because (5.9) holds true for fy, we end up with

I = @ller) < T (fy, — ) + 2e (5.11)

for n > ny.
(5.10) and (5.11) imply that T2 (fx,, —¢) — [[fx —@llr@x) asn — oco. [

Remark 5.8. Theorem 5.4 still holds true for more general g. We used
the continuity of g only to prove Lemma 5.7, which we used in the proof of
Theorem 5.4. One can show that Lemma 5.7 is still true if, for example, g
18 continuous up to finitely many jump discontinuities.

Corollary 5.9. Let 1 < p < oo and fir N € N. Let (X,) be a sequence
of grids on 0D with hyax(X,) — 0 as n — oo, and let (T?) be a sequence
of quadrature approximations to || - ||y such that (5.1) holds. Let fx, be
a solution of (FDP,(X,,T?, N)), and let f5 be the solution of (SDP,(N)).
Then (fy,,) converges to fx strongly in LP(OD) as n — oo.

We omit the proof, because it is similar to the proof of Corollary 5.3. We
instead prove

Theorem 5.10. Let (X)) be a sequence of grids on 0D with hyax(X,) — 0 as
n — 00, and let (I?) be a sequence of quadrature approzimations to || - || rr(k)
such that (5.1) holds. Let f* be a solution of (H-OPT,) and let fy, be a
solution of (FDP,(X,, TP, N)).
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(a) If 1 < p < o0, then for each N € N we can choose n(N) such that
the minimum of (FDPP(XH(N),Tg(N), N)) converges to the minimum of
(H-OPT,) and such that fy vy — f* in LP(OD) as N — oo.

(b) If p = oo and K is the union of finitely many closed intervals, then
for each N € N we can choose n(N) such that the minimum of the
discrete problem (FDP (X, Tf;(N), N)) converges to the minimum of

(H-OPT),) and such that Sy = 1" in L>*(0D) as N — oo.

(¢) If p = 1, then for each N € N we can choose n(N) such that the
minimum of the discrete problem (FDP (X, ), TS(N)’ N)) converges to
the minimum of (H-OPT)), and, if K # 0D, such that f;,m(N) — f*in
LY(OD) and Sanary = [ in LYOD\ K) as N — oo.

Proof. By Theorem 5.5, in the case p = 0o together with Theorem 4.15, we
can choose n(N) such that the minimum of (FDP,(X,,,T?, N)) converges to
the minimum of (H-OPT,). As we saw in the proof of Theorem 5.4, we can
additionally achieve that

T (Fnnen) =€) = I vnery = @llee| < ex (5.12)

and \f]*V’n(N)\ < g+ ey with ey — 0 as N — oo. Especially, (fj*v,n(N)) is
bounded in L*(JD). As in the proof of Corollary 5.3 we can extract a
subsequence which converges weakly in the case 1 < p < oo and weakly* in
the case p = oco. Denote the limit by f. As before, lower semicontinuity of
the norm implies ||f — @[l zrx) < || f* — @l o(x)-

Now for any € > 0 all but possibly finitely many fz*v,n( N) lie in the set {f €
H>*(D) : |f| < g+e€on dD}. This set is weakly closed in LF(D), 1 < p < oo,
and (sequentially) weakly* closed in L>(ID). Therefore, |[f| < g + € for any
e > 0, 1i.e., |f| <g. But this means that f is feasible for (H-OPT,). If follows
that f is a solution of (H-OPT,). Unique solvability then implies f=f
(In the case p = 1 we need K # 0D.) As before, by uniqueness of the limit
the whole sequence ( f;,’n(N)) converges weakly (or weakly™ if p = co) to f*
in LP(0D) as N — oc.

Because of (5.12) and because TJ(fy,,x) — ¢) converges to || f* =l Lo(x),
15 ny = lloay — ILf = @lloa).  Also, it follows as in the proof of
Corollary 5.3 that Hij,n(N)HLp(aD\K) — || f*|lzr(om\ k). As before, we obtain
that f v — f* strongly in LP(OD) for 1 < p < oo. In the case p = 1,
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weak convergence [, a(V) f*in LY(0D \ K), together with the properties
|fj(,n(N)| < g+ ey with ey — 0 and |f*| = g a.e. on ID \ K, implies strong
convergence f;{,n(N) — f*in L}(0D\ K), see, e.g., [64, Lemma 2]. []
Example 5.11 (Rectangle rule, case 1 < p < 00). Assume that K is the
union of finitely many closed intervals of positive measure and that ¢ s

smooth. Let (X,) be a sequence of grids with hp.x(X,) — 0 as n — oo.
Then (5.1) is fulfilled for the rectangle rule

1/p
T(f =)= > [fe”) =) hy| .
eVec KNX,
where
min{p > 0: e/ € XY+ min{p > 0: U € X
5 :

The reason why (5.1) holds for the rectangle rule is Lemma 5.6 and the fact
that the error of the rectangle rule can be estimated by the derivative of the
integrand.

hy =

Example 5.12 (Exact quadrature, case p = 2). We will see in the next
section that for p =2, ¢ € LY (OD) for some N, € N and f € Hy(D) it is
in principle possible to compute || f — || o) evactly. Assume that () is a
sequence with ©, € L°(0D) and ||, — ¢|| r2(x) — 00 as n — oo and suppose
that

Ti(f —p)=|f- SanLQ(K)-
Then
To(f =) = Ilf = ellezio)| = [If = enllray = I = ellzz)|
<l = @nll2(x)
so (T?) satisfies (5.1).
Example 5.13 (Case p = 00). Assume that K is the union of finitely many

closed intervals of positive measure and that ¢ is smooth. Let (X,) be a
sequence of grids with hyax(X,) — 0 as n — oo. Then (5.1) is fulfilled for

TH(f — )= max [f(") —p(e”)|.

ee KNX,

The reason why (5.1) holds is again Lemma 5.6.
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5.2 Discretization: Examples

In this section we consider different discretizations of (H-OPT,) correspond-
ing to different approximations of the objective functions.

5.2.1 1< p< oo, rectangle rule

Let X = {e/’1,..., e} and let N € N. With the rectangle rule to approxi-
mate || f — ¢||z2(x) (see Example 5.11) we get the problem

1/p
minimize Z ’fa(emj) - Spj‘p ha,
jEKNX
subject to | fa(e™)| < g, jex,

in the optimization variable a € RY. For the definition of f, see Sec-
tion 5.1.1. The sloppy notation j € X means e¥i € X, similarly for
j € KNX. Also, we write ¢; = p(e'Vi) and g; = g(e'%), j =1,....,d.

Let us assume that X is symmetric, i.e., X = X, and write

XT=xn{e":9¢cl0,n}.
Then due to the symmetry of f,, g, ¢ and K it actually suffices to consider

minimize  F)(a) = Z | fale7) — gpj‘p hy,
JERNX (D-OPT,)

subject to  Gj(a) = !foé(emi)‘2 —g: <0, je Xt

For practical purposes it is useful to drop the 1/p-th power from the objective
function and to write the constraints as in (D-OPT)): For p = 2, (D-OPT,)

is a quadratically constrained quadratic program (QCQP). We will write
down the QCQP formulation of (D-OPTy) more explicitly in Section 5.3.

5.2.2 p =2, exact quadrature

We come back to Example 5.12. Suppose that ¢ is nice enough and can be
written (or well approximated) in the form

No—1
g0(6219): Z ﬁkelkﬂ
k=—N,

with some N, € N and § = (ﬁk)ivj:% € R?Me. (The B, must be real due to
the real symmetry of ¢.) Then it is possible to compute || fo — || z2(x) exactly.
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Without loss of generality we may assume that N, > N with possibly some
of the (i, equal to zero. To simplify notation in the following, we write
fa(el”) = fojjvw ape™ with ag = 0 for k ¢ {0,1,..., N —1}. We have

2

N,—1

- 22 _ N wy i Qdﬁ: C . ik d9
Ifa = el = [ Ufale®) = ol a0 = | :z_]jvfak Bi)e
N,-1
:/ > (k= Be)(cu — B’ dw
K pi=—N,
N, —1

With

mjzi/(ﬂﬂdﬁ
K

N,—1
minimize ﬁg(a) = Z my—i(ax — Bx) (i — B1)
kl=—N,
subject to  Gj(a) = ‘fa(ewﬂ')‘2 —g: <0, jext.

we get the discrete problem

(D-OPT;)

5.2.3 p=x

In the case p = oo we use the approximation from Example 5.13 and consider
e o i\ 2
minimize  F(a) = jmax | fale™7) — ¢4

_ (D-OPT,.)
subject to  Gj(a) = | fa(e™)

P—g2<0, jear
Notice that due to symmetry we only take the maximum over j € K N X'T.
The reason for the square is that this allows us to write (D-OPTy) as a

QCQP in the following section.

5.3 QCQP formulation of the discrete problems

In this (technical) section we write the problems (D-OPT,), (D-OPT3) and
(D-OPT4,) more explicitly as QCQPs. We will use this in the following sec-
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tions when we recast these problems as second-order cone programs (SOCPs),
for which there are efficient solvers available.

If p ¢ {2, 00}, but p is rational, then it is still possible to recast (D-OPT))
as an SOCP. However, we do not treat this case, because the reformulation is
not especially hard, but more cumbersome, and we want to spare the reader
the technical details. For a strategy to obtain the SOCP formulation in this
case, see, e.g., [2].

5.3.1 p =2, rectangle rule

In the case p = 2 with the rectangle rule we have for the objective function

N-1 2
)= 3 M@ =il by, = 32 13 are™ —

hy.
jeEKNX JEKNX | k=0

J
N-1 2 N-1
= Z Z are™i| —2Re (Z Ckk;elkﬁj@j> +1o;° | P,
k=0 k=0

JEKNX
For the first summand we have

N-1 2

JEKNX | k=0

N-1N-1

hy, = Z Z Z akalei(k*l)ﬂjhﬂj

JeEKNX k=0 [=0

_ T T
= E a e;e; ahy,
JEKNX

T —T
=« E e;je; hy, | a,

JeEKNX

where e; = (eikﬂj)kzom ~_1 € CV. Since the expression is real,

N-1
E E akelkﬂj

JeKNX | k=0

2
T T
hﬂj = Re E e;e; hﬂj Q.

jEKNX

For the second summand we have

N-1 N—-1
— Z 2 Re (Z akeikﬂjgoj> hy, = —2 Z o Re Z e_"kﬁjgpj’h@j
k=0 k=0

jeKNX JEKNX

=2¢' o,
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where

q = (qr)k=0,.N-1, gr = —Re Z e_ikﬂjgpjhﬂj
jeKNX
It follows that
Fy(a)=a'" [ Re Z ej€ hy, | a+2¢" a+ Z \g0j|2 hy,
JEKNX jEKNX
5.3.2 p =2, exact quadrature

For the case p = 2 with exact quadrature we have (see last section)

N1
Fy(o)= Y myi(ag — B)(on — B)
y—
N-1 N-1 [ Ney—1 N,—1
= mporer =2 | D mpfB | an+ > miaB,
=0 =0 \I=—N, y—

where m; = fK eV d19. Since K = K we have

m; = Re (/K eidv dﬁ) = /Kcos(jﬁ) dv

and m; = m_;. We let

—~

M = (mk—l)ﬁl_zlo c RN

M is a symmetric Toeplitz matrix, that is, it is constant along lines parallel
to the diagonal. Moreover, let

N,—1
q = (qk)k=0,...N—1, qp = — Z my_1 3.
I=—N,

Then
N,—1

ﬁg(O&) —a'Ma + 27 a + Z M1 5001
kl=—N,
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5.3.3 p=o

In the case p = oo we have

where ,
q-’ = (qk )kzO,...,N—l; C]/E;j) = —Re (eﬂkﬁj%’) .

5.3.4 Constraints

For the constraints we have

N—

Z

‘fa 119

~1

—ikd; 2 T =T 2

(g e )( e J)—gjoz €;€; a — g;
1=0

=« (Re ejejT) o — gj2..

Now e; = «; + i0j, where

v; = (cos(k¥))k=0,...n—1 and o; = (sin(k¥;))k=o.. N1

geeny

Hence,
— . . T
Reeje;' = Re ((%- +i0;) (v — i0;) ) = %%T + O'jO'jT

5.3.5 Summary

To summarize, the QCQP formulation for p = 2 with the rectangle rule is

minimize o' Z (%%T + aijT)hqgj a+2q¢ a+ Z \g0j|2 hy,
jeKNX jeKNx
subject to a' (’yj'ij + ajajT) o — gjz <0, jex”"
(QCQPy)
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in the optimization variable a € RY. For the case p = 2 with exact quadra-
ture we have

N,—1
e Tar ~T
minimize o Ma+2q o+ E My—10:0
k,l=—N,

subject to o' (’yj’ij + JijT) o — 9? <0, jex’

(QCQP3)

in the optimization variable a € RY. For p = oo, the QCQP formulation is

minimize ¢
subject to ' (v +0j0]) a+2(¢9)Ta+|p;F =t <0, jeKNAT,
ol (’yj'ij +ajajT) « —g]2- <0, jex"
(QCQP)

in the optimization variables t € R and a € RY.

5.4 Second-order cone programs (SOCPs)

In principle, one could try to solve the discrete problems (D-OPT,) (or
(QCQP,)) with general-purpose optimization methods like SQP [22]. How-
ever, this is only advisable for small N and |X*|. SQP becomes rather
impractical for moderately large N and |X*| due to the large number of
non-sparse constraints in (QCQP,). An SQP-based solver from the MAT-
LAB optimization toolbox that we tried did not yield any usable results in
reasonable time even for |[X| = N = 256.

During the 1980s and 1990s a class of methods that is much more efficient
for certain convex optimization problems has been developed, interior-point
methods [45]. Just like for finite element methods, their general theory con-
stitutes a framework, and in practice a large number of right implementation
choices has to be made in order to make them efficient [55, 63]. Although one
can use interior-point methods to solve QCQPs directly, as it is for example
done in [34], the more common approach is to recast QCQPs as second-order
cone programs (SOCPs).

The standard second-order cone (or quadratic or Lorentz cone) of dimen-
sion n € N is the set

Q= {(&;6) eRXR": [l¢]l2 < &3} -
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The semicolon is used to denote concatenation of vectors or matrices in a

_ (%o

column, i.e., (£; &) = ) For n = 1 the definition has to be read as

§
Q1 ={HeR:0< &}
The standard form primal SOCP problem is

14
s T
minimize g A oxd
Jj=1

. SOCP-P
subject to Z Alz) = b, ( )
J=1
v € Qy, Jj=1,...,1
Here, the optimization variable is # = (2%;...;2"), where 27 € R" for some
positive integers nj, j = 1,...,v. Moreover, ¢/ € R% A/ € R™" and

b € R™ for some positive integer m. To put this in words, in an SOCP
one minimizes a linear function over the intersection of an affine linear space
(first constraint) with the Cartesian product of second-order cones (second
constraint). Associated with the above primal problem is the dual problem

maximize b'y
subject to AjTy +2=c¢, j=1,...,1, (SOCP-D)
2 € Qny J=1,...,v

in the optimization variables y and z = (z';...;2"). Primal-dual interior-
point methods solve both the primal and the dual problem at the same time.
In the following section we will cast the QCQPs from the last section into
the dual SOCP form (SOCP-D).

Primal-dual methods have a pretty nifty feature [2]: For primal feasible
r and dual feasible y and z, it always holds true that ¢’z —b'y = 272 > 0.
Here, ¢ = (c!;...;¢”). Moreover, if the problem is both strictly primal feasible
and strictly dual feasible, i.e., there are primal feasible x = (z!;...;2") with
= Q;j (the interior of the cone), j = 1,..., v, and dual feasible y and z =
(21, .;2%) with 27 € Q,‘;j, j =1,...,v, then there exist optimal solutions
2* of the primal problem and y* and z* of the dual problem, and c¢'z* —
by = 2*"x* = 0. If one inspects the SOCP formulations of (QCQP,) in

the following section, one sees that in these cases —b'y* is actually equal to
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the minimum of (QCQP,). Thus, by computing the duality gap cla —bly
for primal feasible x and dual feasible y, we could in principle get an error
estimate for the minimum of (QCQP,) (and thus (D-OPT))).

Reformulating our QCQPs as SOCPs has several advantages. As far as we
know, the only publically available software package that can solve QCQPs
directly is the commercial solver MOSEK [42]. However, MOSEK’s QCQP
solver is less efficient than its SOCP solver, and even its authors recommend
reformulating QCQPs as SOCPs [43]. On the other hand, there are a number
of free software packages available that can solve SOCPs [54, 63]. Further,
notice that there occur matrices with tensor-product structure in the con-
straints of the QCQPs from the previous section. In each of the QCQPs
there are at least |X ™| of these matrices, which have size N x N and are
dense. A software package without special data structures for such matrices
would therefore need O(N?3) memory (assuming |X*| = O(N)). In contrast
to this, an inspection of the SOCP formulations below shows that these need
only O(N?) memory.

5.5 SOCP formulation of the discrete problems

5.5.1 General strategy to rewrite QCQPs as SOCPs

Notice that a QCQP can always be rewritten as the optimization of a linear
function subject to quadratic constraints: The problem

minimize  Q(x)
subject to Qj(z) <0, j=1,...,v

in the optimization variable x with quadratic functions ) and @); is equivalent
to the problem

minimize ¢
subject to  Q(x) —t <0,
QJ(I')SO, jzl,...,V
in the optimization variables ¢ and z. It remains to rewrite the quadratic

constraints as second-order cone constraints.
A quadratic constraint of the form

¢"'B'Bx+2¢"x+r<0
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1

13

with B € R™" ¢ € R and r € R can be written as a second-order cone
constraint as in (SOCP-D) as follows. We have

=

T 1
Introducing new variables () = —qTx+%(1—7") and ( = (q ) T+ (2

' B"Brx4+2¢ 'z +1r <0

|B|* < —(2¢" 2 + 1)

ot < (1 o~ 1+ e )

1 1

1Bl + 7 (14 20"z +7)" < 7 (1= 2"z +7)’

1 T

5(1+2q x+7) <1 T

( By _2(1 29 © —r)

T 1

q s(1+7) T L.
<B>x+< O qx+2(1 T)

B
' B"Brx+2¢ 'z +1r <0

( QTT Co %El—r;
q |+ ( ) =|s1+7r)|,
< 9y \.B ¢ " O
LI < Go
([ 4" s(1—7)
Qo i
q' x+( ): 2(L+7) |,
< 1 \.B ¢ " O
\ (CO)C) € Qm+2-

This is exactly the form of the constraints in (SOCP-D).
A constraint of the form

¢'B'"Bx+r <0

can be reformulated in an even easier way:

(1+47r)
Ogen

t'B'Br4+r<0 & |Bz|| < (_T)1/2
Op1xn G\ (_r)l/Q
o L) ()=,
I<1I < Go
Op1xn ¢ B (_r)l/Q
o L) ()= (70)

(C0;¢) € Q1

)
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5.5.2 p =2, rectangle rule

Let S be a matrix such that

STS= > (v +00] )hy,.

JEKNX

Such a matrix S can for example be obtained via eigenvalue decomposition
of the right hand side. For example, if K = D and X = {e' : ¥, =
gr/d, j=1,...,2d}, d > 1, then ZjGKmX(’ij - ajajT)hﬂj = 27l y, where
Iy is the identity matrix in RV*Y. In this case, we can take S = v2nly. In
the general case, due to the symmetry of K and X,

> (] +0j0] Yhy, =2 > () +oi0) )hs,
JEKNX JEKNX+\{el eim}

+ Z (vv +ojo) Yhy,.
jeKNX+N{e® eim}

Since the rank of this matrix is smaller or equal to 2|K N X |, we can find
S € R™N for some m < 2|K N XT|. Then (QCQP,) is equivalent to

minimize t
subject to  a'S'Sa+2¢ o+ Z |gpj\2 hy, | —t <0,
JEKNX
a' (v +oj0))a—g; <0, jext,

which we again rewrite as

maximize —t

subject to (Z)T(URTH S)" (0ge 8) (;)
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From this, the (dual) SOCP formulation is

_% q' , % 1 - ZjeKﬂX ‘903'|2h?9j
T K _
5.t 2 1 (a) T2 s(1+ D ieknx [pilho, ) |
Ogm —S8
Ogm

ZK € Qm+27
0 ORlxN t ' gj
0 —f Q>+y: 0, jeat,
0 —o! 0

(SOCP»)

5.5.3 p =2, exact quadrature

Let § be a matrix such that §T§ — M. We can choose § e R™N for some
m < N. As in the last subsection, (QCQP5) can be rewritten as

N,—1
-3 0 ; 5 (1= (ki w, mi—iBubh
1 _ =T K _ N
> 2 T4 (a) = ij:i]\lw My—10k51 )
ZK S Qm+27
0 ORlxN t g.7
0 <Oz>+ZK: 0, je&,
0 —JjT 0
2 eQs jeXT
(SOCPy)
5.5.4 p=o0
Using
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and recalling that the optimization variable is (¢; ) we rewrite (QCQP ) as

maximize —t

T T
. t 0~/ 0~ t
subject to <&> ( ;) <O O'JT N

- 2q0> <>+|¢j\2§0, jeKNXT,

-
t ™ [t .
() 6o G Q-sm0 ser
J J

Using the computations from the last subsection we get the (dual) SOCP

.

formulation

(1= Je;[*)
= W, jeKnat

I
Q/-\
=
_{
N\
S
~_
+
N
=
|
DO =D | =
—
+
G
<
-

(SOCP..)

5.6 Numerical experiments

We tried several software packages that can solve SOCPs via interior point
methods: SeDuMi [54], SDPT3 [63] and MOSEK [42]. Both SeDuMi and
SDPT3 are open source software (GPLv2), while MOSEK is a commercial
package. An independent benchmarking of these (and other) packages has
been done in [41].

After some tests we decided to use a slightly modified version of SDPT3
for our computations. MOSEK produced rather inaccurate results for larger
problem sizes, while both SeDuMi and SDPT3 delivered solutions with good
accuracy. Without modifications, SDPT3 was about 1.5 to 3 times slower
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than SeDuMi for our problems. Unfortunately, all three packages are opti-
mized to perform fast on sparse problems. Because our problems are not
sparse, all packages produce a significant amount of overhead. Moreover,
only MOSEK is parallelized.

The advantage of SDPT3 is that it is mainly written in the MATLAB
programming language (with just a few parts in C). By far the most time-
consuming step in the algorithms used by SDPT3, SeDuMi and MOSEK
is the multiplication of certain large matrices. By simply converting the
data type of these matrices from sparse to dense before multiplication we
could achieve a speed-up of around 5 to 10 on a single-processor single-core
system and around 25 to 50 on a system with 8 cores. The changes we
made amounted to less than 10 lines of code and still left the function of
SDPT3 completely general. Matrix-matrix multiplication of dense matri-
ces is not only much more efficient, but also the MATLAB implementation
is parallelized for dense matrices, but not for sparse matrices. This is why
the speed-up is so much larger for multi-processor systems. Some further
problem-specific optimizations and the usage of a highly optimized imple-
mentation of the basic linear algebra subprograms (Goto BLAS [26]) resulted
in an additional speed-up of around 3. Similar modifications should also be
possible for SeDuMi, but since large parts of SeDuMi are written in C, this
would amount to substantially more work.

The computation times for different sizes of Example 1 from this section
can be found in Table 5.1. Even with our optimizations the two most time-
consuming lines of code in SDPT3 are two certain matrix multiplications.
For example, the total computation time for the largest problem size in
Table 5.1 was 578 seconds. About 345 seconds, i.e., around 60 percent of the
time, were spent on these two matrix multiplications.

The main limitation to the problem size is memory. Let us exemplify
this by (SOCPy). The matrices Al are stored in one large matrix A" =
(A];...;A}). The matrix AT has N + 1 columns, where we recall that N is
the dimension of the discrete space H (D). For every point in KNX ™" we get
4 rows and for every point in X we get 3 rows in A". Consider Example 1
below with N = 212 = 4096 and d = 2'2 (see (5.13) below), i.e., |X | = 4097.
In this particular example we have |K N X*| = (|X*| + 1)/2 = 2049, so the
number of rows in A" is

AJK N XT|+3|X"| = 42049 + 3 - 4097 = 20487.



118 CHAPTER 5. CONSTR. OPTIM. IN HARDY SPACES: NUMERICS

The number of columns is N + 1 = 4097. Each element of AT needs 8
Bytes, so the total amount of memory needed just to store A" is 4 - 4097 -
20487 = 671481912 Bytes (=~ 0.63 GByte). Unfortunately, SDPT3 is not
optimized for memory efficiency and keeps several copies of AT in memory.
The amount of memory needed for this example in our modified version of
SDPT3 (modified 2) is actually around 4.8 GByte on the system that we
used. (This is the maximal total memory usage including all temporary
results and the memory needed by MATLAB itself.) The unmodified version
of SDPT3 requires even more memory, because it uses sparse data structures
for matrices that (for our problems) contain only few zero elements. For
example, the matrix AT from above needs 1073938240 Bytes (~ 1.00 GByte)
when stored in sparse format.

5.6.1 Example 1: Artificial example

As a test problem we took the function ¢ in the top row of Figure 5.1, g = 1
and K = {e" : 9 € [Z,37] U [=F, =]}, We solved a series of problems
for p = 2 with exact quadrature (N, = 2') and p = co. We varied the
dimension of the space H¥(D) by taking N € {2%,2° ... 2™}, For each N

we solved the problem for several grids of the form
X, = {eiOﬁ/d’ lr/d ei(2d—1)7r/d} . (5.13)

We took d € {2"°&N . 2141

The minima of the optimization problem with different N and d are shown
in Table 5.2. The resulting approximation f* for p = 2 is shown in the middle
row of Figure 5.1, and the resulting approximation f* for p = oo is shown
in the bottom row of Figure 5.1. (In both cases we used N = 212, d = 24).
One can see nicely that the solution shows the properties of Theorem 4.4:
The absolute value |f*| is (almost) equal to 1 on dD \ K. Moreover, in the
case p = 00, | — f*| is (almost) constant on K.

Let us denote by 74, the minimum of the optimization problem with
certain p, N and d. Let

TN~ TJZ\)T,d/Q‘ (5.14)

3

P _
5N,d =

be the difference between two minima when the number of grid points is
doubled. In Figure 5.2 we show how 8%, , behaves for fixed N when we vary
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Figure 5.1: Results from Example 1 with N = 4096, d = 16384. Top left: Absolute value
of an artificial function ¢. Top right: Real and imaginary part of ¢. Middle left: Solution
f* for the case p = 2, exact quadrature. Middle right: Difference between ¢ and f* on K
for p = 2, exact quadrature. Bottom left: Solution f* for the case p = oo. Bottom right:
Difference between ¢ and f* on K for p = oc.
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N = 2048 N = 4096

d = 2048 d = 4096 d = 4096
p=2|p=0c0|p=2|p=0|p=2|p=00
SeDuMi 3093 | 6187 | 6736 | 24348 | 24256 | 51914
SDPT3, original 0578 | 9357 | 11913 | 23544 | 53755 | 78986
SDPT3, modified 1 212 320 382 703 1173 1688

SDPT3, modified 1, Goto BLAS | 176 257 311 568 959 1397
SDPT3, modified 2, Goto BLAS | 73 100 121 205 434 578
#iterations SeDuMi 31 27 37 54 31 29
#iterations SDPT3 28 30 31 37 30 31

Table 5.1: Some computation times (in seconds) for Example 1. Computations were done
on a system with two Quad-Core Opteron 2352 processors running at 2.1 GHz, achieving
between 25 and 30 Gflops for matrix-matrix multiplication with Goto BLAS. Our MATLAB
version was R2007b. For SDPT3 (modified 1) we merely changed the data type of some
matrices from sparse to dense before multiplication. SDPT3 (modified 2) contains further
optimizations, some of them problem-specific.

d. We observe that both for p = 2 and for p = oo, %, behaves like d—2.
However, by looking only at the left starting points of the curves in Figure 5.2
(marked by circles) we observe that in the case p = 2, also 0% ; behaves like
d 2, while in the case p = oo the decay of & , is signiﬁcantlif slower. This
indicates that for p = 2 it should suffice to choose d = N , while for p = o0
it might be advisable to choose d larger than N.

On the other hand, we consider

Ay = ‘Té’,d - Tﬁ/g,d/2’ , (5.15)

the difference between two minima when both the number of grid points
and the dimension N of the space HY (D) are doubled. Table 5.3 shows the

AP and the convergence rate log, <AZ/ AP /2>, and Figure 5.3 shows a plot.

Convergence seems to be approximately linear at least for the cases that we
computed.

5.6.2 Example 2: Wideband dispersion compensating mirror

We consider an example from [40]. Here, one is interested in designing a
dispersion compensating mirror, i.e., a refractive profile with amplitude re-
flectivity close to 1 over a large frequency range and a specified phase shift.
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Figure 5.2: Top: Case p = 2. Each curve shows how 6%, (see equation (5.14)) from
Example 1 varies when N is fixed and d is varied. The starting point of each curve is
marked by a circle. The curve starting at d = 32 is 532@, the curve starting at d = 64 is
0314 and so on. The solid black line indicates a decay of d*. Bottom: Case p = co. Each
curve shows how 437, varies when N is fixed and d is varied.
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p=2 P = 00

d A? rate AY rate

32 | 2.0228e-03 2.5140e-03

64 || 4.3028e-04 | 2.2330 || 1.6102e-03 | 0.6428
128 || 6.0013e-05 | 2.8419 || 1.0895e-03 | 0.5636
256 || 8.6874e-06 | 2.7883 | 6.1446e-04 | 0.8263
512 || 3.5529e-05 | -2.0320 || 3.2421e-04 | 0.9224
1024 || 9.0181e-06 | 1.9781 | 1.5537e-04 | 1.0613
2048 || 5.7313e-06 | 0.6540 || 6.4489e-05 | 1.2685
4096 || 2.7908e-06 | 1.0382 || 2.5656e-05 | 1.3298

Table 5.3: Difference between two minima of Example 1 when both the number of grid
points and the dimension of the space HY (D) are doubled, see (5.15).
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Figure 5.3: The data from Table 5.3.
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The solid black line indicates a decay of d~*.
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The desired phase shift is given as a polynomial around some center fre-

quency wy,
k

6w) = 3" Dyl — )’
v=0
see Chapter 1. Here, w is the angular frequency. The relationship between
the angular frequency w and the wavelength A is given by w = 27¢/ A, where
co = 299792458 ms~! is the speed of light in vacuum. The numbers D, are
the dispersion coefficients. We explained in Chapter 1 that in practice, one
is only interested in the group delay dispersion

-2

52 i
GDD(w) = 5— Z; (w — wp)”
Hence, only the dispersion coefficients for v > 2 are relevant, and there
is some freedom in the choice of Dy and D;. We consider the reflection
coefficient with respect to w = kcy, which has the same qualitative properties
as the reflection coefficient with respect to k.

We take dispersion coefficients and center frequency from [40, Table 4.1],
Dy = —50.0fs?, D3 = 32.2fs*, Dy = 268.2fs', Dy = —62.31s° and center
wavelength A\g = 760 nm, that is, wy = 2.4785 fs™'. We chose D; = 27 fs and
Dy = 0. The desired reflection coefficient is then

Rdesured = €eXp ( Z D UJ WO ) )

see Figure 5.4. As the interval of interest we take [550nm, 1300 nm]|, or
[1.4490 s, 3.4248 fs™!]. In order to transport functions from the half-plane
to the disk and back, we use the isometry T}, from Theorem 2.12. Together
with real symmetry we get

K ={e" : 9 € [~2.5734, —1.9334] U [1.9334, 2.5734]}.

The resulting function ¢ is shown in Figure 5.5.

Computations were done with N = 4096 and the grid X as in (5.13) with
d = 16384. In order to use exact quadrature in the case p = 2, we need to
continue ¢ from K to the whole circle. We did this in such a way that the
resulting ¢ is smooth on the whole circle.



5.6. NUMERICAL EXPERIMENTS 125

20 T T T T T T T

phase shift

10

-10}

-20}

-30F

—40}

-50

. . . . . . . ~60 . . . . . . .
600 700 800 900 1000 1100 1200 1300 600 700 800 900 1000 1100 1200 1300
Ainnm Ainnm

Figure 5.4: Example 2. Left: Desired phase shift ¢. Right: Desired group delay dispersion
(GDD).

The results are shown in Figure 5.6. Interestingly, the solutions seem to
show the property from Theorem 4.4 only on the set K. In the case p = 2
we obtained 1.8782e-04 for the minimum of the discrete problem. In the case
p = oo we obtained 2.5771e-04 for the minimum of the discrete problem.

Notice further that on can see the implications of Remark 4.10 in Fig-
ure 5.6. We were able to show that for p = oo the solution f* is smooth
on the sets I'{ and I'y, where I'; = {e” € aD : |f*(e") — p(e?)| = 7*} and
[y = {e” c dD : |f*(e")] = g(e”)}. The plot of the GDD indicates that f*
is indeed not smooth on the boundary of I'y and I's. In Example 3, this is
even more noticeable.

5.6.3 Example 3: DCM with pump window

We consider an example from the diploma thesis of FELIX GRAWERT [27].
GRAWERT investigated the design of dispersion compensation mirrors with
very challenging restrictions. An example where he failed to obtain a mirror
that meets the design goal is the following [27, Section 6.2.1]. He wanted to
have a reflectivity larger than 0.999 between 730 nm and 850 nm. Further,
he needed a pump window from 672nm to 682nm where the reflectivity is
smaller than 0.05. Unfortunately, he does not state the desired dispersion
coefficients in the high reflectance region. From his graphs we guess D3 =
—35fs® and Dy = —57fs? at a center wavelength of 800 nm. Moreover, we
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Figure 5.5: Example 2. Desired reflection coefficient transported to the circle in the
interval of interest. Due to symmetry we only show the interval [0, 7]. Left: absolute value
|p]. Right: argument arg(y).

chose Dy = —271fs and Dy = 0.

We modelled this situation as follows. As the desired reflection coeffi-
cient we took r(w) = e Tumo 5 Do(w=w0)” apd transported this to the circle
as in Example 2 to obtain ¢, see Figure 5.7. The set K is the HR region
[730 nm, 850 nm] transported to the circle. In order to take care of the pump
window, we transported the interval [672 nm, 682 nm)] to the circle and chose
g = 0.05 on this interval and ¢ = 1 on the rest of the circle. Computations
were done for p = oo with NV = 8192. For the grid we took the points from
Xy, see (5.13), with d = 8192, but we added some additional points in and
around the HR region and the pump region so that the final grid contained
14517 points.

The result is shown in Figure 5.8. For the minimum we obtained 8.1547e-
04, that is, a reflectivity of at least 0.99918 over the HR region, so our
solution barely satisfies GRAWERT’s requirements. However, since the space
of realizable reflection coefficients is quite a bit smaller than H*°(C"), this
is a strong sign that it is not possible at all to design a mirror that meets
the design goals.
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Figure 5.6: Example 2, solution. Left column: Case p = 2. Right column: Case p = o0.
Top row: Solution f*. Middle row: Solution transported to the real line. Bottom row:
Desired GDD and GDD of the solution.
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Figure 5.7: Example 3. Top row: Desired reflection coefficient transported to the circle,
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Figure 5.8: Example 3. Top left: Solution f*, absolute value.

Bottom left: Solution

transported to the real line (HR region), absolute value. Bottom right: Solution transported
to the real line (pump region), absolute value. Top right: Desired GDD and GDD of the

solution.
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The purpose of this book is twofold. Our starting point
is the design of layered media with a prescribed reflec-
tion coefficient. This is formulated as an optimization
problem. In the first part of this book we show that the
space of physically realizable reflection coefficients is
rather restricted by a number of properties. In the se-
cond part we consider a constrained approximation
problem in Hardy spaces. This problem is a relaxed
version of the optimization problem for the reflection
coefficient. More generally, it can be viewed as an
optimization problem for the frequency response of a
causal LTI system with limited gain. We analyze the
approximation problem theoretically and show how to
solve it efficiently with modern numerical methods.
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