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Chapter 1

Introduction to Nanophotonics

The fascination of light is probably as old as mankind itself. Already the Greek philoso-
phers Empedokles, Plato and Aristotle were debating over what causes the colors and
how light and colors are related [1]. Over the course of the following 2500 years, hun-
dreds or even thousands of people contributed to our modern understanding of light.
Some of the more recent milestones on this route were the formulation of Maxwell’s
equations (1865) 2] and Einstein’s concept of the photon (1905) [3]. In the 1940s, the
development culminated in the formulation of quantum electrodynamics (QED), which
allows a consistent description of light and its interaction with matter. While the field
of QED and quantum optics is undeniably fascinating, in this thesis we will concentrate
on systems where light can be described as a classical electromagnetic wave.

Despite the fact that Maxwell’s theory is almost 150 years old, it still poses signifi-
cant theoretical challenges. While analytic solutions can be found for certain simplified
systems, there exists no universal method to exactly predict the behavior of light in ar-
bitrary systems. Over the past decades, this shortcoming became particularly apparent
when fabrication technology advanced to a point where it is possible to create almost
arbitrary geometrical structures on the nanometer scale. As it turns out, these nano-
structures expose a rich variety of qualitatively new physical effects, thereby allowing
us to gain unprecedented control over light propagation and light-matter interaction.
Some of these effects have sparked the imagination of scientists, leading to futuristic
visions ranging from single-photon all-optical computing [4] to cloaking in the visible
spectrum [5]. In addition, there is a variety of practical problems where nanophotonic
devices might present a solution.

1.1 Integrated Photonics and Dielectric Resonators

Some of the most promising near-term applications can be found in data communi-
cation, where light already plays a dominant role. Almost the entire backbone of the
modern telecommunication networks is based on optical fibers. While the transport
of information is well under control, it is the processing of the data that still presents
major challenges. Today, these processing tasks are usually performed by electronic
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Figure 1.1: Electron micrographs of two different realizations of dielectric res-
onators: (a) An integrated photonic circuit with ring resonators (adapted from
Ref. [6]). (b) A toroidal microresonator used for single-molecule detection (adapted

from Ref. [8]).

devices, so that information first needs to be converted from light to electric signals
and, afterwards, the processed data must be converted back again. Here, integrated
nanophotonic devices which allow to filter, delay or switch signals all-optically could
deliver significantly higher data rates at reduced cost and with less energy consumption.

Recently, some progress was made in that direction, when researchers at IBM pre-
sented realizations of compact optical buffers [6] and of high-throughput optical switches
[7] on a chip. Both devices are based on nanophotonic ring-resonators similar to those
depicted in Fig. 1.1(a). Particularly impressive in this work is the enormous precision
achieved in manufacturing those integrated photonic devices. For the delay line shown
in Fig. 1.1(a), the authors reported a mean surface roughness of only 1.1 nm, while the
rings have a radius of 6.8 um.

Besides their applications in optical data processing, there is a second fascinating
field, where optical resonators truly excel. In recent experiments [8], it was demon-
strated that one can utilize photonic microresonators as ultra-sensitive biological sen-
sors. Employing a particular resonator structure (see Fig. 1.1(b)), the authors managed
to reliably detect single biological molecules. It should be noted that sensing and infor-
mation processing are only two examples out of the repertoire of possible applications
of dielectric resonators. They can also be used to enhance nonlinear effects [9] or
to study quantum-electrodynamical effects [10]. Furthermore, microresonators were
recently considered for investigating optomechanical interactions [11].

What most applications of dielectric resonators have in common is that the structures
need to be manufactured to very high precision. Consequently, this accuracy must also
be reflected in corresponding theoretical calculations if reliable predictions or tangible
design proposals are desired. It is this problem of modeling nanophotonic structures
with high precision that will be the main topic of the present thesis.
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Figure 1.2: Typical examples of metallic nanostructures: (a) A plasmonic chan-
nel waveguide splitting (adapted from Ref. [1}]). (b) Electron micrograph of a
metamaterial consisting of tiny split-ring resonators (adapted from Ref. [15]).

1.2 Plasmonics and Metamaterials

Besides dielectric microresonators, the past years also witnessed an upsurge of interest
in metallic nanostructures. Traditionally, besides their application as mirrors, metals
did not play a major role as optical materials. It was only in the past decade that re-
searchers realized how nanostructured metals can provide unique ways of manipulating
light at length scales much smaller than its wavelength.

One of the pivotal experiments in this direction was performed by T. Ebbesen and
coworkers in 1998 [12]. They manufactured a very basic array of subwavelength holes
in a thin metallic film and measured the transmission. For certain wavelengths, the
transmission exceeded theoretical estimates by several orders of magnitude. This result
demonstrated clearly, that the traditional theory of optics often breaks down in the
context of nanostructures. To properly understand the observed effects, one has to
rigorously solve the fundamental equations governing light propagation, i.e., Maxwell’s
equations.

Today, there is a whole field of research focused on exploring the optical properties
of metallic nanostructures. This area is often termed “plasmonics” and, within a few
years, this young field has already brought forward a number of exciting ideas and dis-
coveries. One of the key points of plasmonic structures is that they allow to concentrate
electromagnetic fields in very small volumes. Thereby, for certain applications, they
effectively allow to overcome the diffraction limit. Potential applications of plasmonic
devices are manifold and range from the improvement of spectroscopy [13] to signal
transport on very small length scales [14] (see Fig. 1.2(a)).

Closely related to plasmonics is the field of optical metamaterials. These man-made
media consist of periodic arrangements of metallic nanostructures (see Fig. 1.2(b))
which should ideally be much smaller than the wavelength of the incoming light. If this
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is the case, the light is not able to resolve the individual scatterers and instead “feels”
an effective medium. By varying the shape, orientation and material of the building
blocks, it becomes possible to tailor the optical properties of the metamaterial. In
particular, it was demonstrated that one can achieve a material with negative refractive
index [16] for visible light.

As alluded to above, an accurate theoretical description of metallic nanostructures
mandates a rigorous solution of Maxwell’s equations. Here, a particular problem is the
effect that a sharp metallic corner can lead to a singularity in the electric field. This
phenomenon—known as the lightning-rod effect—can, on the one hand, be exploited
to create strongly enhanced electric fields. On the other hand, it massively complicates
the accurate theoretical treatment, since one has to deal with divergent fields.

1.3 The Role of Numerics in Nanophotonics

As mentioned previously, exact analytical solutions to Maxwell’s equations are only
known for a few canonical structures such as spheres, ellipsoids or infinitely long cylin-
ders. In all other cases, one usually has to resort to numerical methods. As long as a
system only contains linear media, there are two basic approaches one can follow. Ei-
ther one pursues a time-domain solution or one applies a Fourier transform and solves
Maxwell’s equations in the frequency-domain. For the latter class of problems, sophis-
ticated finite-element methods (FEMSs) are available which allow to accurately model
complex geometries. However, in many cases a time-domain approach is preferable,
because it allows to investigate the propagation of short pulses and transient effects
more naturally. In addition, a time-domain solver is the only viable choice if the system
contains any form of nonlinearity.

When researching time-domain methods with respect to Maxwell’s equations, one
inevitably comes across the celebrated finite-difference time-domain (FDTD) method.
This scheme was originally proposed in 1966 by Kane Yee and has since become the
primary means to computationally model the propagation of electromagnetic waves.
The beauty of this method lies in its simplicity and versatility. By employing a rectan-
gular grid and low-order discretizations, one obtains an explicit update scheme which
can be implemented with only a few lines of computer code. This allows the scientist
to focus on the research instead of spending time and energy on the implementation
of a numerical scheme. The undeniable importance of the FDTD method is witnessed
by the fact that more than 12,000 scientific articles! investigating or employing this
method were published over the past 40 years.

However, for complex systems containing curved surfaces and material interfaces,
the unadapted grid and the low-order approximations can also present a severe weak-
ness (see Fig. 1.3). In these cases, the required computational effort of the FDTD
method increases dramatically and one often needs large compute clusters with enor-

!The number was obtained by a search in the ISI database [17] for articles with either “FDTD” or
“finite-difference time-domain” occurring in the title or abstract. Thereby, it can only serve as a
lower limit.
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(b)

Figure 1.3: A sphere discretized by (a) a rectangular grid and (b) an unstructured
tetrahedral mesh. The sphere shown in (a) consists of 4169 cubes, while the mesh
depicted in (b) contains only 118 tetrahedra.

mous amounts of memory to still obtain converged results. To overcome these prob-
lems, it would be desirable to have a more sophisticated time-domain solver which
employs adaptive meshes and allows for higher-order discretizations. Classical FEMs,
as used in the frequency-domain, might seem an ideal choice. Unfortunately, they
require the solution of a large system of equations at each timestep. The additional
computational burden thereby renders traditional finite-element schemes unsuitable
for time-domain calculations of larger nanophotonic systems. The problem can be
circumvented by employing a variation of the FEM, namely a discontinuous Galerkin
(DG) approach. This method was initially proposed by Hill and Reed [18] in the
context of neutron transport. In the past few years, the DG method has attracted
considerable attention and is now being employed to a wide range of problems from
acoustics to hydrodynamics. Since the year 2002 there exists a mathematical proof for
the convergence of the DG method when applied to Maxwell’s equations [19].

In this thesis, we will carefully explore the applicability of both the FDTD and the
DG method with respect to nanophotonic systems. After a brief reminder on classical
electromagnetism (Ch. 2), we will use Ch. 3 to introduce a number of valuable analytical
tools which enable us to model realistic nanophotonic setups. Next, in Ch. 4, the details
of the FDTD method will be presented and its properties are thoroughly analyzed. In
Ch. 5, we then proceed to an extensive discussion of the DG scheme. Here, we will
already conduct first comparisons between the two methods on simple model systems.
Before we continue with more realistic setups, we use Ch. 6 for a detour to the topic
of time integration. In Ch. 7, we then come to the simulation of dielectric resonator
structures. Next, we pursue a number of studies on metallic nanostructures in Ch. 8.
There, we will also compare some of our results to experimental measurements. Finally,
the thesis is concluded with a summary and an outlook in Ch. 9.
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Chapter 2

Classical Electromagnetism

Before we can dive into the numerical simulation of nanophotonic systems, it makes
sense to briefly recapitulate Maxwell’s equations and some of their inherent proper-
ties. In the interest of brevity, we restrict the discussion to features relevant for the
applications discussed in the later chapters. An exhaustive introduction to linear elec-
tromagnetism can be found in textbooks such as the one by David Jackson [20].

2.1 Maxwell’s Equations

As discovered by J. C. Maxwell, the propagation of light is well described by the
equations for electromagnetic radiation. Today, those equations are commonly called
Maxwell’s equations and in their differential formulation they read

{ Maxwell’s Equations }

VD‘(Fv t) ZP(F, t)? (2 1&)

V- B(7,t) =0, (2.1b)
o, 9B(7 1)

V x E(7,t) = T (2.1¢)

V x H(7,t) = ‘91)52’” + (7 1) (2.1d)

Here, E (T, t) and H (7, t) denote the electric and magnetic field, respectively. Further-
more, D(7,t) is called the electric displacement, while B (7, 1) signifies the magnetic
induction. The charge density is described by p(7,t) and j(7, t) denotes the electric
currents in the system. To simplify the notation we subsequently drop the explicit
temporal and spatial dependence of the variables unless it is imperative for the under-
standing.

By differentiating Eq. (2.1a) with respect to time and inserting Eq. (2.1d), we can
derive the continuity equation

0
82fp—FV j=0, (2.2)
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which essentially states the conservation of charge in the system.

One can classify Maxwell’s equations by the type of derivatives they contain. Thus,
Eq. (2.1c) and (2.1d) are called the curl-equations, while Eq. (2.1a) and (2.1b) are
termed divergence conditions. For the time-evolution only the curl-equations are rel-
evant, while the divergence conditions can be seen as constraints which need to be
fulfilled at all times. However, by applying the divergence to the curl-equations and
using the continuity equation (2.2), it becomes obvious that the divergence of D and B
is constant in time. Therefore, as long as the initial conditions fulfill the divergence con-
ditions and the currents and charges obey the continuity equation, the curl-equations
are sufficient to describe the entire time evolution of the electric and magnetic field.

In the Frequency Domain

In some cases it is advantageous to employ a Fourier transform and express Maxwell’s
equations in the frequency domain. We do so by using the convention

Ay
ot
which yields
V- D(#,w) = p(F,w), (2.3a)
V- B(f,w) =0, (2.3b)
V x B(F,w) = iwB(F,w), (2.3¢)
V x H(F,w) = —iwD(7,w) + (7, w) (2.3d)

Here and for the rest of this thesis, " denotes variables in the frequency domain and
we will drop the explicit dependence on w if not required for clarity.

Conservative Form

In order to obtain a more general formulation, it is possible to combine the curl-
equations into a so-called conservative form

opu(7, t) + 0,Fy(u) + 0,Fy(u) + 0,F,(u) = J(7, t). (2.4)
o AT = A\T
Here, we have introduced u = (D, B) ,J = <j, O) and the flux vector

—&; x H
Fi(w) = < é-lx E ) '
(2

In this notation, &;, ¢ = z, y, z denote the Cartesian unit vectors. In order to explicitly
see the conservative nature of Eq. (2.4), one can integrate them over a volume V with
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the closed boundary V. Using Gauss’s law and neglecting the current terms then
gives the expected form

;/u(m)dﬂfﬁ(u).ﬁda:o,
14 oV

where we have introduced F' = (Fl, Fs, F3) T and the normal vector 7 of the boundary.

2.2 Constitutive Relations and Material Interfaces

So far, Maxwell’s equations (2.1) contain twelve unknown field components with only
eight independent equations. What is still missing are the constitutive relations, de-
scribing the interaction of the fields with matter. Using Sl-units, these relations can
be written as

poH (7, t) + M (7, 1), (2.5a)
eE (7, t) + P(7, 1), (2.5b)

o]l

R

(7, 1)
(7, ¢)
where P and M are the macroscopic polarization and magnetization, respectively.

The free-space permittivity €9 and the permeability pg are natural constants which are
related to the velocity of light in vacuum ¢ by

2 1

¢ = .
€00

o
&

The polarization and magnetization can both depend on the position 7, the time ¢
and the fields E and H in a complicated manner. Obtaining a general expression is
an intricate quantum mechanical problem and basically intractable. Fortunately, for
most materials and reasonable light intensities, a full treatment is not necessary and
excellent approximations can be made. For simplicity, we start with considering only
local response in linear and isotropic media, which allows us to write

o0
B(7, 1) = e B(7, 1) + o / dt' (7, ) B(7, t — 1), (2.6a)

—00
[e.o]

- —

B t) = po (7, 1) + o / d' s (7, OV (7, — 1), (2.6b)
—00
with the linear electric and magnetic susceptibilities xz (7, t') and xu (7, t'), respec-

tively. Above equations are still somewhat cumbersome because of the convolution
integrals. By applying a Fourier transform, one arrives at the more convenient form

D(F,w) = coé(7,w) B(7,w), (2.72)
B(7,w) = poju( 7, w) H (7, w) (2.7b)
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We have introduced the relative permittivity é(7,w) = 14+ x g (7, w) and the relative per-
meability ji(7,w) =14 Xg(7,w). Combining the constitutive relations from Eq. (2.7)
with the curl equations in the frequency domain (2.3) then gives

V x B(F,w) = iwpop(7, w) H(F,w), (2.82)
V x H(7,w) = —iwepe(7,w) B(T,w) + j (7, 1). (2.8b)

For the special case that both € and u are frequency-independent, i.e., non-dispersive,
one can easily transform Eq. (2.7) back to the time-domain and obtain

-

D(7, t) = eoe(F)E (7, 1),
B(7, t) = pop(F) H (7, t).
In this case, the curl equations in the time domain can be simplified to
a OH (7, t
V x E(7,t) = —pou(7) é: ). (2.10a)
_ OE(7,t) -
V x H(7, t) = ege(T) é: ) + (7, t). (2.10Db)
Equivalently, we can also rewrite the conservative form (2.4) as
Q0yq + A;0,q + A,0yq+ A,0,q =0, (2.11)

o T
Whereq:<E,H> and

e 00 0 0O 00 0 0 0 O

0 e 00 0O 00 0 0 0 1

00 ¢ 0 0O 00 0 0 —-10

Q= 000 0O Az = 00 0 0 0 O
0000 p O 00 -10 0 O
0000 0 p 01 0 0 0 O

0 00 00 -1 0 0 0 0 10

0 00 0O O 0 0 0 -1 0O

0 0010 O 0 0 0o 0 0O

Ay 0 0100 0]’ Az = 0 -1 0 0 0O
0 00 O0O0 O 1 0 0 0 0O

-1 0 0 0 0 O 0 0 0 0 0O

Material Interfaces

All realistic setups will contain more than just one material, which means that we
will have to deal with interfaces. The behavior of the electric and magnetic fields at
such interfaces can be obtained by using Stokes’s and Gauss’s theorem [20]. Assuming

10
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an interface with normal vector 7, pointing from medium 1 to medium 2. When
integrating the curl equations over a surface across the interface and applying Stokes’s
theorem we obtain the conditions

ﬁx(Eg—Fh):O and ﬁx(ﬁg—E):ﬁ,

where j; denotes the surface current density. For vanishing ]_:9 we see that the tangential
components of E and H are continuous across the interface. Similarly, integrating the
divergence conditions over an infinitesimal volume across the interface and applying
Gauss’s theorem yields

fl'(ﬁg—ﬁl):ps and ’fl(ég—él):()

Here, p, signifies the surface charge density. Neglecting ps, we observe that the normal
components of D and B are continuous. As a consequence, the normal components of
E and H are discontinuous and for linear media the magnitude of the jumps is given
by

{ Boundary Conditions %

D2 _ 8 and oA (2.12)
n-E € n-H& M2

As we will demonstrate in the later chapters, it is precisely these discontinuities that
complicate the numerical treatment of Maxwell’s equations.

2.3 Symmetries and Reduction to Lower Dimensions

In some cases, it is not necessary to solve the full set of Maxwell’s equations, due
to symmetries in the underlying physical system. In practice, relevant symmetries
are either translational or rotational ones. Here, we restrict ourselves to translational
symmetries, which lead to an effective reduction of the dimensionality of the system.

Reduction to Two Dimensions

If the entire system is homogeneous in z-direction, this corresponds to an effectively
two-dimensional system. Then, all z-derivatives vanish and instead of the six coupled
equations, we obtain two decoupled sets of three equations. Explicitly, those sets read

| TE Polarization |

1 .
OE= (asz —h) : (2.13)
1 )
atEy = _& (895Hz _]y> ; (2.13b)
1
oH,= — (0,E;,—0.E,), 2.13¢c
t Lo/t ( Yy y) ( )

11




2 Classical Electromagnetism

and

| TM Polarization |

1
0y H, = ———08,E., (2.14a)
foft
1
OH, = —0,E,, (2.14b)
fiop
1
8B, = — (BxHy — 9,H, —jz> . (2.14c)
€0€

Equations (2.13) describe propagation in the so-called transverse-electric (TE) po-
larization, where the electrical field vector lies in the (z,y)-plane. In contrast, the
transverse-magnetic (TM) polarization as described by Egs. (2.14) possesses an elec-
trical field perpendicular to the plane of propagation!.

Reduction To One Dimension

If there is a further translational symmetry along the y-direction, it is possible to
reduce Eq. (2.13) and Eq. (2.14) to a single set of two equations,

{ One-Dimensional System }

1

O H, = —0,E,, 2.15a

VT o (2.152)
1 ‘

OuF. = ((%Hy —]Z> . (2.15b)

In this case, we usually drop the indices of the field components.

2.4 Plane Wave Solutions

As alluded to previously, there are no known analytical solutions to Maxwell’s equations
with general material distributions. However, for the particularly simple case of a
homogeneous medium with spatially constant € and u, general solutions can be readily
found. To simplify the derivation, we start from the curl equations in the frequency

domain (2.8). Solving Eq. (2.8a) for H and inserting it into Eq. (2.8b) gives

V XV x E="2¢iE + iwpoftj.

! Unfortunately, the nomenclature of “TE” and “TM?” is not unequivocal in the literature. Especially
in the context of planar waveguides, the terms are used with the exact opposite meaning. Therefore
care needs to be taken, when discussing the polarization of light in a two-dimensional system.

12




2.4 Plane Wave Solutions

Exploiting the vector identity V x V x E=V- <V . E’> — V2. E and inserting the

divergence condition (2.1a) one obtains the wave equation

{ The Wave Equation %

o 2 o o
V2. E - %#E = iwptofi]. (2.16)

Here, we introduced the index of refraction #? = ji€. If we assume vanishing currents,
solutions of Eq. (2.16) can be found by making a plane wave ansatz

E(7,1) = Byeikr—wt) (2.17)

where Eo is the polarization of the wave, k is the wave vector and w is the corresponding
angular frequency. In the frequency domain, the expression reads

E(F,w') = E_'geilzr'é(w - '),

where § denotes the Dirac é-function. The wave vector and the frequency are connected
via the dispersion relation

2_ ¢ ‘E
YT 2 (w)

By inserting the ansatz (2.17) into Eq. (2.1a), one directly obtains the property that
Ey L k. From Eq. (2.1d) we find the magnetic field to be

|

where we have introduced the impedance Z(w) = 1/ 85&’)) . From this result we observe
that E, H and k form an orthogonal trihedral, so

‘ 2

| =

1 - = o
kxE=7Zw) ' = xE, (2.18)

H=
o ‘

=

Elk, HLlEk, ELH.
Reflection and Transmission at a Plane Interface

With the plane wave solutions for a homogeneous medium, we can ask the question
of what happens at a plane interface between two homogeneous half spaces. Such a
setup is sketched in Fig. 2.1, where we assume an incoming wave with frequency w and
wave vector k;. The interface leads to a splitting of the wave into a reflected and a
transmitted part. The full ansatz reads

?[-I-ER if £ <0 4 i— ﬁ]-i-ﬁR if <0

E = an R ,
Er if z>0 Hyp if >0
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2 Classical Electromagnetism

y x

z

Figure 2.1: Skeich of an electromagnetic wave with wave vector ki Impinging
on an interface. The wave is split into a reflected part with wave vector kg and a
transmitted part with k.

where
By =Eygei 1), H = k% By,
o pw
Ep =Epoe'Fni=0), Hp = in x B,
o pw
Ep =BroelFr=e), Hy = ——kr x Er.
fopt'w
Here, we have introduced
k= |kr| = |kg| = “n oand K = \kr| = Yol
¢ c

Since the boundary conditions (2.12) are independent of time and must be fulfilled at
all points on the interface, we conclude

—

k]?" = /{,‘TF

=0

= kg7

z=0

z=0 '

As a consequence, all the k-vectors must lie in a plane (plane of incidence) and we
can choose our coordinate system such that the z- component of all k-vectors van-
ishes. Furthermore, we see that all y-components of the k-vectors are equal and the
xz-components of kr and kR must have equal length but opposite sign

ky = k[y = kRy = kTy and k‘[x = *k‘Rm
In order to proceed, it makes sense to distinguish two cases:
e E perpendicular to the plane of incidence (s-polarization)

o E parallel to the plane of incidence (p-polarization)

14




2.4 Plane Wave Solutions

We will start with the first case (s-polarization), which allows us to write
Ero = &;, Ero = Rsé, Ero = Tsé,,

and reduces the magnetic fields to

1
H; = |:k‘[y6x k[mey} 62<k1r7wt),
fiopw
ﬁR - Rsi |:kRy éx kRzey} e (ER wt)j

Next, we apply the boundary conditions (2.12) to our fields. The continuity of the
tangential components results in

1 1
1+ R, =T, and ;k‘h (1-R,) = ?kh Ts.

Combining the two expressions, we obtain the reflection amplitude R, as

k[z/u_ka/,u'l k2—ky2//$— ]{?/2—]{35/#/
ST e/t ke '
1o/ 1+ ko /1 k2 — k2 i+ k2 — k2

By using the incident angle 6; as defined in Fig. 2.1 we obtain the final results for the
reflected and transmitted amplitudes as

R, — n cos( — v/ — n?sin’(0; )/“/7 (2.19a)
ncoS( i /M + \/n’2 — n?sin?(0;) /1
- 2n, cos(6;)/ _ (2.19b)

ncos(0;)/u+ v/n'2 — n2sin®(0;) /1!

Those equations are commonly known as Fresnel’s equations for s-polarization. The
equivalent formulae for p-polarization can be obtalned easﬂy by explomng a symmetry
of Maxwell’s equation [20]. Namely, we can replace E— H,H— —E and ¢ < pu. The
sign-change does not contribute in the above calculations, so it suffices to swap € and
1 to obtain

R, - ncos(6;)/e — \/n'2 — nZsin?( 0)/6/’ (2.200)
n cos(0; /6 + /02 — n2sin%(6;) /€
2 S 91’
T, = n cos(6i)/e . (2.20b)

ncos(6;)/e +/n'2 — n2sin?(6;) /€

It should be noted that Fresnel’s equations are equally valid for dispersive media, but
they do rely on the isotropy of the system. We will return to this point in chapter 3.2.
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2 Classical Electromagnetism

2.5 Dyadic Green’s Tensor and Sources

While the plane wave solutions discussed in the previous section provide some insight
into the propagation of light, they are not very helpful in practice. The problem is that
plane waves are infinitely extended in both time and space, while in reality one usually
has to deal with pulses of finite extent. Such pulses are typically introduced by a current
distribution j(7,¢) = J(7)j(t), where we have separated the spatial distribution J(7)
from its time dependence j(t). For simplicity, we will further assume that the source
starts to radiate at time ¢ = 0 and all fields are zero before that time. Under these
conditions, a solution of Maxwell’s equations can be expressed in terms of the dyadic
Green’s tensors QE and §H as

E(7,1) :/dt’/dF’GE(F,t]?’,t’)j(F’)j(t/), (2.21a)
H(7,t) :/dt’/dF’GH(F,ﬂF’, tJ (™5 (). (2.21D)
The derivation of the Green’s tensors is a very tedious task and a general procedure

is described in Ref. [21]. The results strongly depend on the dimensionality of the
system.

The One-Dimensional Case

For a one-dimensional system, the Green’s tensors are scalar and read

GGt 1) = 2 - ), 2220
g}{D(m, tla' t') = 21@;7) sgn(r)o(|r| — 7), (2.22D)

where, for brevity, we introduced 7 = £(t — ') and r = z — 2. Further, © denotes the
Heaviside step function. In this case, one can directly observe how a source generates
right- and left-moving fields. The temporal shape of the source is conserved and it
symmetrically travels with the speed ¢/n in both directions.

The Two-Dimensional Case in TM-Polarization

For the two-dimensional case, we have to distinguish between the two possible polar-
izations TE and TM. Here, we only give the expressions for TM-polarization, where
the vector j(f’) is perpendicular to the plane of propagation. Then, the Green’s tensors
in polar coordinates take the form

G™ (p, o, 7) = O(r) | d(r—p) 70T —p)
=g Wt o 72 — p2 ( ) 2>3/2
T2 =p

(2.23a)

o O O
o O O
= o O
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2.5 Dyadic Green’s Tensor and Sources

and

0 0
QEM(WP’T)_@(T) T —p) 9P 1 o () | (2230)
0 0

= 9.7 /72 _ p2 (7’2 B ,02)3/2

From these expression, we can already identify a significant problem, namely the sin-
gularities at p = 0 and p = 7. In the next section, we will give an example of how to
overcome those problems and how to obtain a numerical solution from Egs. (2.23). The
case of TE-polarization, where the source lies in-plane, is slightly more cumbersome
but does not offer any new insight. The explicit expressions for the TE case can be
derived from the tensors given in Ref. [21].

The Three-Dimensional Case

In the fully three dimensional case, both QSD and Q‘ZD become 3 x 3-matrices. Due to
inherent symmetries, they can be written as

A1 By B 0 C3 (O
Q?)ED = Bg A2 Bl and g?{D = —03 0 01 5 (224)
By By Aj —-Cy, —=C; O
where
d?
A = (S—3L)ﬁ+L+ T,
d2d3 d1d3 d1d2
By = (S—3L)?, By = (S—3L)ﬁ, By = (S—3L)F,
A d;
= (-1)iz7tp2
Ci = (-1)'77'PZ
with
I O(1) | 6(t — R) — 0(R) n O(tr — R) — ©(—R)
 4n R? R3 ’
_O(7) |6(r—R) 8 (t —R)
P= A7 R? + R ’
g _@(7’) 8 (t— R)+ ' (R)
N 4 R ’
T O(r)d(r — R)
4 R ’
and B
d=7-7. (2.25)
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2 Classical Electromagnetism

For a general spatial distribution and an arbitrary time dependence of f(?, t), an ex-
plicit solution of the integrals in Egs. (2.21) will not be feasible. In those cases, one has
to resort to numerical integration, which also is highly problematic due to the step- and
delta-functions occurring. However, as we will demonstrate in the following, for par-
ticular spatial distributions of f, it is possible to evaluate Eqgs. (2.21) by a combination
of analytical and numerical methods.

2.5.1 Fields Generated by a Point Source

As a particularly important example, we consider the case where f(?, t) = %5(?)]’(1&).
This corresponds to a point source at the origin with orientation jy and time dependence

3 ().

The Two-Dimensional Case in TM Polarization

In the case of TM polarization, the orientation jE) is fixed along the z-axis. Inserting the
Green’s tensors from Eq. (2.23) into Eq. (2.21) and performing the spatial integration
leaves us with

t t
1 o(t —p) TO(T N
Ez(p>(107 t) = 5= / ] / (t)dt
2 /-2 _ 2 2 _ 3/2
s J T P 5 ’7'

In the next step, we change the integration variable from t' to 7 and perform an
integration by parts on the second integral. One of the occurring boundary terms will
exactly cancel with the first integral and the remaining expression reads

£t <
1 'y(t—r) 1 ' ](t—T)

Ez(p7()07 t) \/fp /T — /7—_|_

Here, j' denotes the derivative of the source term with respect to its argument. Unfor-
tunately, the integral contains a singularity at the lower limit 7 = p. However, as can
be seen from the second expression, the singularity is integrable. By using a tailored
quadrature [22] one can obtain accurate numerical results for arbitrary time envelopes.
The procedure for the two magnetic field components is almost identical and yields

Hy(p,o,t)) _ 1 i (5t —7) gr [ —cos(e)
Hy(p, 0, t) 27er VT —pJT Fp sin(yp) |
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2.6 Energy Density and the Poynting Vector

The Three-Dimensional Case

Essentially, the three-dimensional cases executes as the previous one, except for the
more cumbersome expressions. The final result can be stated explicitly as

B(7.1) = (Z;QE) + Z;%) <j—377<r~.j)> + 20 (j—F<F-j>>,

Lo (¢ i (¢ L=
60 = (295 + 290 (7).

where we have introduced the integral

it = [

to

It should be noted that, in contrast to the two-dimensional case, there are no singular-
ities or divergences to overcome, as long as j(t) is a well-behaved function. For typical
time-dependencies like Gaussian pulses or sinusoidal oscillations, the integral in j(t)
can even be evaluated analytically, resulting in an entirely explicit expression for the
fields.

2.6 Energy Density and the Poynting Vector

Experimentally, the light intensity, which corresponds to the energy flux of the electro-
magnetic field, plays an important role. To find an explicit expression for the energy
flux, we start from the curl equations (2.1c) and (2.1d), which can be combined to
. N L Y IRV, B
E-(VXH)—H~<V><E>:]-E+E-ED+H-EB. (2.26)
Using the vector identity V- (E’ X FI) = H- (V X E) —E- (V X FI), we can transform
Eq. (2.26) to

I R N L. .o
Beo Do B+V-(Exi)=~jE. 2.27
31 + 1 +V X J (2.27)
For linear and isotropic media, we can then use the relation
o 0= =2 0= 0 ([l = 12 =
E-2D+i - SB=C2(E-D+-H B
TR TRY <2 3 )
to reformulate Eq. (2.27) as
(1= = 1= = N .-
—(3E-D+5H-B +V-(EXH):—j-E. (2.28)
~—_——
w S
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2 Classical Electromagnetism

This expression is known as Poynting’s theorem. Calculating the work done by the
fields on a charged body [23] allows us to identify w with the electromagnetic energy
density. For vanishing currents f, we also recover that Eq. (2.28) has the form of a
conservation law. Therefore, we can interpret the vector S as the energy flux density.
This quantity is also called the Poyntiung vector.

In the case of time-harmonic fields E and H , we are typically interested in the time-
averaged energy flux as a function of frequency. The proper expression in this case is
given by

- 1 A
S = §Re [E X H*} , (2.29)
where the * denotes the complex conjugate. It should be noted that the energy flux in

the frequency domain can not be obtained by the direct Fourier transform of § (7, ¢).
As an argument for why this would be wrong, one should consider a single plane

wave with frequency wy, i.e., E(F, t) = Re [E‘Oe_i(];?_”‘)t)]. According to Eq. (2.18),

‘E?‘l

the magnetic field then takes the form H (7 t) = Z-% x E. Inserting this into the

expression for the Poynting vector gives

=

. S . i
S_Z<EX|E\XE> = 7| Eyl|? cos? <kr—wot)|];,|

Using the relation cos?(z) = [1 + cos(2z)] /2 and applying a Fourier transform would
lead to a spectrum with delta-peaks at 0 and 2wg. This can clearly not be the correct
result for a plane wave with carrier frequency wy.

2.7 Rescaling to Dimensionless Units

So far, we have worked with Maxwell’s equations in SI units, which introduced the
constants €g, po and c. However, an interesting feature of Maxwell’s equations in non-
dispersive media is, that they do not contain a fundamental length scale. Furthermore,
if the media are linear, we are also free to scale the field strengths arbitrarily. Conse-
quently, it is possible to rescale Maxwell’s equations, making them independent of any
unit system.

To this end, we introduce an arbitrary length scale a and an arbitrary field strength
FEy to rescale the individual variables as follows:

- E
7 — 7a, t — ta/c, E—>EE'0, H—>H1/ Eo, ]—>] 00
Mo a
Using these transformations yields the rescaled curl equations
A 1/~ S
Ol = - <V x H —j) , (2.30a)
€
A 1~ A
01 H = —EV x K, (2.30b)
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2.7 Rescaling to Dimensionless Units

SI—Dimensionless Dimensionless—SI

Length 1=11 1=1la
Time t= t% t = i%
Frequency v =ve v="ug
Electric Field E=E/E, E = EE,

Magnetic Field H=H/( /< E0> d=0 < @ Eo)

Table 2.1: Table with conversion factors between quantities in ST units (without
tilde) and quantities in dimensionless units (with tilde).

where all variables are now dimensionless. Thus, the velocity of light in vacuum is now
unity. Subsequently, we will drop the tilde and always work in dimensionless units,
unless stated otherwise. For a given length scale a and a chosen field strength Ey one
can translate variables from dimensionless units into SI units and vice versa by using

the factors given in Tab. 2.1. For the rest of this thesis we will work with dimensionless
units, unless stated otherwise.
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Chapter 3

Auxiliary Differential Equations

Before we can proceed to the actual numerical methods, there are a few issues that
deserve our attention. As discussed in the previous chapter, material dispersion leads
to convolution integrals in the constitutive relations. Thus, Maxwell’s equations be-
come a set of integro-differential equations, which significantly complicates numerical
treatment. A second, seemingly independent problem is the truncation of the compu-
tational domain. In particular, we need a way to absorb all outgoing radiation without
reflections. This is achieved by a thin layer of a specially tailored material, called a
perfectly matched layer (PML). As we will see, such an absorbing material necessarily
is dispersive.

In this chapter, we will modify Maxwell’s equations in order to include both disper-
sive media and PMLs without convolution integrals. The key to the implementation lies
in a technique called auxiliary differential equations (ADEs). This analytical method
allows for certain models of dispersion to transform the convolution integrals into a
set of differential equations. Those additional equations can then be solved in parallel
with Maxwell’s equations.

3.1 Models of Dispersion

In nature, essentially all optical media show some form of material dispersion, i.e., their
refractive index depends on the frequency of light. For most glasses, this dispersion is
rather weak in the visible range and only plays a major role if we want to work in a
broad spectral range. Metals on the other hand are strongly dispersive and one must
always account for their frequency dependent properties. As we have seen in Sec. 2.2,
dispersion leads to convolution integrals (2.6) in the time-domain. Therefore, we are
not directly able to include arbitrary dielectric functions when working with a time-
domain formulation. Fortunately, this is not necessary since many of the naturally
occurring permittivities can be approximated by rather simple analytical models. The
idea of these models is to describe the microscopic response of the material via an
induced microscopic dipole moment p. For a given g, one can obtain the macroscopic
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(a)

Frequency Frequency

Figure 3.1: A sketch of the dispersion relations: (a) Lorentz model, (b) Drude
model.

polarization P by

-

P =np, (3.1)

where n is the density of microscopic dipole moments.

3.1.1 The Lorentz Model

As a first model, we assume the electrons in the material to be described as classical
harmonic oscillators that are driven by the incoming electric field. The equation of
motion for the position Z of an individual electron is then given by

Here, we introduced the eigenfrequency wy, a dissipation term -7 and the coupling
constant -= to the electric field. Applying a Fourier transform, we can directly solve
this equatlon for the position

1

Z(w) = — E
() w2 VLW — mee

Using the definition of a dipole morment as p = ex and inserting it into Eq. (3.1), we
obtain the dielectric function from D = e B + P = eE as

{ Lorentz Model %
Aew?

€(w) = €0 + —5 (3.2)

wr,

— iYW — w?’

We have defined Ae = —*— and we also generalized the model slightly by introducing

0Mew?
€0o- Eq. (3.2) is commonly called Lorentz model and the shape of the dielectric function

is plotted in Fig. 3.1(a).
It should be noted that the Lorentz model does not serve well as an ab-initio descrip-
tion of matter. Instead, it can be used to fit the experimentally measured dielectric
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3.1 Models of Dispersion

function in a certain frequency range. A sum of several Lorentz terms without absorp-
tion (v = 0) is used in optics to describe the dielectric function of different glasses.
This description is called Sellmeier formula and reads

B;\?
e@y:A+§:X;55?

where A is the wavelength and A, B;, C; are material parameters. For common optical
glasses, using this formula with ¢ = 3 terms can reproduce the experimental data in
the visible spectrum with a relative error below 107> [24].

3.1.2 The Drude Model

For the derivation of the Lorentz model, we assumed localized electrons which are
bound to their nuclei. For metals, this description fails and it makes more sense to
assume that some electrons can move freely within the material. In contrast to the
Lorentz model, we now set up an equation for the velocity ¥ of a single electron as

0
— v=——F. 3.3
atv+'ypv . (3.3)

Executing a Fourier transform then gives
1

=~ °F, (3.4)
iw—vp me

S

from which we can derive a current density j as
2 .
nes/me %
_ne’/me g

W — D

STTS

j=—env= (3.5)
Inserting this current into the wave equation (2.16) with a dispersionless index of

refraction then yields

¢

< w?
V2. E —w? -——r =0. 3.6
wH (600 w2 + iypw (3.6)

=:e(w)

Here, e, describes the non-dispersive background, w, = 4/ % is the plasma frequency
and yp denotes the damping. The effective dielectric function is given by

[Tyerr da Nl |
Drude Model

w2

€(w) = €00 — m (3.7)

and usually called Drude model. Similarly to the Lorentz model, the Drude model
does not serve well as an ab-initio description of materials. Instead, it can be used
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Figure 3.2: FEzxperimental data for the dielectric functions of gold and silver from
Ref. [25]. The red crosses correspond to the data for silver while the blue circles
denote measurements for gold. (a) shows the real part of €, while (b) displays the
imaginary part. The solid lines are Drude fits with parameters given in Tab. 3.1.
The insets show a magnification around the visible spectrum.

Silver (Ag) Gold (Au)
Plasma Frequency wp 1.39 x 101651 1.38 x 10165~!
Damping vp 3.23 x 1013571 1.08 x 1014571

Table 3.1: Values used to model the dispersion relation of gold and silver via a
Drude model.

to approximate the dielectric function of metals in a certain frequency range. The
shape of Eq.(3.7) is plotted in Fig. 3.1(b). In order to check how well the Drude
model describes real metals, we compare with data from experimental measurements
for gold and silver films [25]. The symbols in Fig. 3.2 denote the experimental data,
while the solid lines are fits corresponding to the values in Tab. 3.1. The fits presented
in Fig. 3.2 were conducted to achieve an optimal description over the whole spectral
range. It becomes obvious that both silver and gold are reasonably well described in
the infrared region. In the visible, however, especially the dispersion of gold differs
significantly due to intraband transitions. In order to accurately model those metals
in the visible spectrum there are multiple options. One can either fit the Drude model
only to a smaller spectral range which will usually improve the accuracy significantly.
Alternatively, one can employ a combination of the Drude and the Lorentz model.
Recently, even more sophisticated models were proposed in order to describe the visible
and ultraviolet spectrum of metals more accurately [26].

3.1.3 Derivation of the ADEs

Since we aim to solve Maxwell’s equations in the time-domain, a Fourier transform
of €(w) is required. Unfortunately, a straight-forward transform only recovers the
convolution integrals, which render Maxwell’s equations intractable. Instead, we have
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to rearrange the equations and introduce auxiliary fields in order to obtain a purely
differential equation in the time-domain. We start from Eq. (2.3d) without the current
density,

—iwéE =V x H, (3.8)

in which we insert the Lorentz model (3.2) as well as the Drude model (3.7). Some
algebraic transformations then yield

: 2
1wwWp

<, 1 < < —iwAew? =
CiwE = — |V x H— E— w2 g

3.9
€oo w (w — in) w% — iy — w? (3.9)

Sgc

:] =

L

v

Here, we have introduced new variables fD and fL which are called polarization currents.
Looking at the two contributions separately, we can rewrite the expression for fD as

v

(iw+7p)jp = whE,
while the equation for fL now takes the form
(w% — iYW — wQ) JL = —iwAew?E.

Flnally, applylng a Fourier transformation to both and introducing the auxiliary field
P 5 27 results in the following set of coupled equations

9 = 1 52 -

EE =— {V x H — jp _]L] ; (3.10a)
0 - - -

51/0 = —pip + whE, (3.10b)
o -

a]L == ]{}L, (3.10C)
0 -

8
kg, = =ik, — wijp, + wiAe— (3.10d)

ot 3t
As can be seen, we need one ADE per field component to describe a material according
to the Drude model, while the Lorentz model requires two ADEs. Most importantly,
in both cases, there no longer is a convolution integral to solve.

3.2 Perfectly Matched Layers

In principle, Maxwell’s equations as stated in Eq. (2.1) have an infinite number of
solutions. To narrow them down to a unique solution, one needs to specify two more
things. The first ingredient are initial conditions, which impress the fields at an initial
time. The second part are boundary conditions, which define the fields on a surface
enclosing a given domain. The latter is particularly important when trying to solve
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Figure 3.3: Schematic sketch of the perfectly matched layers. (a) shows a system,
where the region of interest is surrounded by perfectly matched layers. (b) shows
a closeup of an incident plane wave on an individual layer. The parameters €
and p' must be chosen such that the reflection coefficient is zero for all angles of
incidence.

Maxwell’s equations by means of numerical methods. Then, the computational domain
has to be finite and one needs to make sure that the applied boundary conditions
correspond to the physical system to solve. Of all the possible boundary conditions, one
of the most practically relevant are so-called absorbing boundary conditions (ABCs).
They insure that any radiation hitting the boundary is absorbed and never returns to
the computational domain. Therefore, one can calculate very large open systems with
dramatically reduced computational effort. Generally, we differentiate between true
ABCs, which are applied at the boundaries, and absorbing materials which surround
the computational region. A lot of research has gone into both methods, but in the
recent years, the second method has established itself as the more practical one. As
sketched in Fig. 3.3(a), one needs to implement an absorbing material around the
physical system, which shows zero reflection, regardless of the frequency or angle of
incidence. Such a material is called a perfectly matched layer (PML) and there is a
variety of methods to implement it [27]. Here, we will concentrate on two different
implementations.

3.2.1 Uniaxial Perfectly Matched Layers

As a naive idea, one might try to simply surround the computational domain with an
isotropic absorbing medium. To evaluate this, we consider a simple half-space geometry
as sketched in Fig. 3.3(b). On the left side, we assume an isotropic and lossless medium
with a purely real refractive index ny. The right side is supposed to absorb radiation
and is therefore assumed to have a complex € as well as a complex p’. Considering a
plane wave impinging under the angle 6;, we know the reflection coefficients given by
Fresnel’s formulae (2.19) and (2.20). Due to the explicit dependence on the angle 6;,
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it is not possible to find an absorbing ¢ and p such that ry = r, = 0 for all angles 0;.
In the special case of normal incidence (6; = 0), the formulae for the two polarizations

are identical and read
L N le— i)
Vi/e+ /e

In order to get the reflectivity to vanish we need to fulfill

] o

] eive”

which can be realized by choosing |p/| = p, |€/| = € and ¢o = ¢,. In this case, we
speak of impedance matching.

In order to achieve such matching for any angle 6;, we have to reconsider the as-
sumption of isotropy and continue with an anisotropic medium on the right side. As we
will demonstrate, a diagonal tensor is sufficient and—due to the rotational symmetry
around the z-axis—only a uniaxial form is required. Therefore, inside the PML region
(z > 0), we define

/ /

e:':e’é and pu = pA

with

A=

S O 2
o o O
>~ O O

Despite the anisotropy, the plane wave solutions for s-polarization in the PML-region
still take the from

ET = T, ézei(kTF—wt)

with the difference that the magnetic field now reads [27]

H = Ts <kTyéz _ kaéy> ei(ETF—wt)

wp' \ a b
and the dispersion relation is changed to
ab’e'p'w® = akf, + bk, (3.11)

Employing the boundary conditions (2.12) at = 0 then yields

k[z kTw
— (11— Rs) = ——
wi ( ) wp'b
from which we obtain L
1% Tz
Ri=1——- . 3.12
b (3.12)
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3 Auxiliary Differential Equations

From the dispersion relation (3.11) and using kr, = k7, we derive

b € 1
2 2 2 2 2 2 2
kTm = 6//,L/w — gk[y = (qu k[ — le k[y) .

If we choose
/

d=¢ p=p and a!=0, (3.13)
then k2%, = b%k? leads to a vanishing reflectivity (3.12), independently of the choice
of b. The transmitted wave is then given by

E’T — TS ézei(ET?—wt) — Ts ézei(bk]zx-i-k]yy—wt).

In order to fulfill the requirement of absorption, a suitable choice for b is

Oz

b=a "=s=1-—

iw’
where o, > 0 is a real constant determining the loss. With this choice, we observe that
the transmitted plane wave in the PML region evolves as

ET =T, ézeil;z?—wte—awncos(ej)m

and is therefore exponentially damped as it propagates in z-direction. We also realize
that it is necessary to make s, dispersive so that the damping becomes frequency
independent.

As in the isotropic case, it should be noted that the result for p-polarization can be
obtained by swapping ¢ and u/. However, since the matching conditions Eq. (3.13) are
invariant under this transformation, our result is valid for both polarizations.

Generalization to Three Dimension

After finding the uniaxial tensor in z-direction, a generalization to three dimensions is
straight-forwardly defined as

s;7 0 0\ [s, O 0\ [s, O 0 W 00
A=10 s 0|0 5" 0Of[0 s 0 |=]0 == 0
0 0 s/\0 0 s/\0 0 st 0 0 =%

The tensor elements are now given by

sg=1——, k=u=z,y,2. (3.14)
tw
This tensor is technically no longer uniaxial, but rather biaxial. Still, this implemen-
tation goes under the name uniaxial perfectly matched layers (UPML).
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3.2 Perfectly Matched Layers

Derivation of the ADEs

As mentioned, the tensor elements (3.14) are frequency dependent. This puts us in
a similar position as with the dispersive dielectric function discussed in section 3.1.3.
Inserting the tensor into Maxwell’s equations in the frequency domain (2.3) yields

iweAE =V x H, (3.15a)
—iwpAH =V x E. (3.15b)

We start by only looking at the first component of Eq. (3.15) and rewriting it slightly
to

. 9. 0. }
iweB, = ——H, + —H, — iwe (st - 1> E,.
T

Ty
Concentrating on the expression in brackets, we can insert Eq. (3.14) and reduce it to

Sy 1 0,0
ﬁ_lzi Uy+0z_gx+ yz .
Sz W+ oy 1w

With this, the polarization current J, becomes

o TWE 0y0,\ ¢
Jp=—— |0y +o0, -0+ Y E,.
W+ 0y W

By introducing a new variable Pz = :]z — e(ay +o0, — O'x)Ex we obtain the expression

v

twP, = —0,P; +¢€ (U?E +0y0, — 0yoy — UZJI> E,

which can now be easily transformed back to the time-domain. The two coupled
equations then read

0 0 0

7Ex:_7Hz —H, — z — Og Ex_an
ot oy T 9 (ov 0.~ o)

0

EPE = —0,P, +¢ (O‘i +0y0, —0yo; — Jzam> E,.

All other components can be obtained by simple permutation of the indices. Thus,

we have derived a set of auxiliary differential equations which allows us to include the
dispersive behavior of the PMLs in the time domain.

3.2.2 Stretched Coordinates CFS-PMLs

The UPML formulation discussed so far is a simple, yet very effective method to
implement absorbing boundary conditions. There are, however, two minor problems:

e The termination of dispersive or anisotropic material requires an adjustment of
the PML formulation,
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3 Auxiliary Differential Equations

e The absorption of evanescent waves leaking into the PMLs is not optimal [27, 28].

To overcome the first problem, we discuss a different implementation of PMLs, called
stretched coordinates formulation. In this case, we do not modify the material pa-
rameters but rather change Maxwell’s equations inside the absorbing layers. Starting
from Eq. (2.3) without free charges and currents, we modify the spatial differentiation
operators to

V.- D(7,w) =0,

V, - B(F,w) =0,

Vs x E(F,w) = zwé(?,w),
Vs X ﬁ(?,w) = —zwﬁ(?,w),

where -
v._ 10 10 10
* 7\ s, 027 8,0y s, 02 ’
Similarly to the previous section, one can prove that the stretching factors do not
lead to the reflection of a plane wave [27, 28]. This is even true for dispersive or
anisotropic media, since the formulation is independent of the material properties. It
should be noted, that the UPML formulation and the stretched-coordinate formulation
are mathematically identical for isotropic media [29].

In order to also mitigate the problems with evanescent waves, we introduce a par-
ticular choice of stretching factors s;, namely

O

Sp = Ki — k=zxy,z.

ay + iw’
Due to the newly introduced factor ay, this formulation is called complex frequency-
shifted PMLs (CFS-PMLs) [28]. In contrast to Eq. (3.14), we have introduced a sec-
ond new coefficient kj, which corresponds to a real stretching of the coordinates. As
is shown in Ref. [28], this factor can help to improve the numerical performance of
PMLs dramatically. The only disadvantage when compared to the UPMLs is that an
implementation via a single ADE per field component is no longer possible. Instead,
we need a set of two ADEs, which increases computational effort and memory con-
sumption. We will skip the derivation, which is very analogous to the one in Sec. 3.2.1.
Instead, we only state the final expression for F, and the two auxiliary fields as

0 1({1 0 10

—FE,=-|\—H,———H,— Fyy +Fy, |, 1
ot € (ﬁy oy K, 0z 7 vt ) (3.16)
0 oy 0 o
—Fy = —_—H, — 2\ Fy, 3.17
ot~ ™ K2 Dy <ay + Iiy> v (3.17)
0 (o 0 (o3
—Fy, = ——H,— |a, +— | Fy,. 1
ot K20z Y <a + Z) (3.18)
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3.2 Perfectly Matched Layers

All other components can again be obtained by proper permutation of the indices. We
will return to the numerical implementation and careful analysis of the performance in
Sec. 4.3.3 and Sec. 5.4.

33




3 Auxiliary Differential Equations

34




Chapter 4

The Finite-Difference Time-Domain
Method

As alluded to in the introduction, analytical solutions to partial differential equations
(PDEs) like Maxwell’s equations are notoriously difficult to obtain for any non-trivial
system. If there are no suitable approximations which facilitate analytical treatment,
one usually has to resort to numerical methods for finding solutions to those PDEs. If
a solution in the time-domain is desired, a typical procedure is to first discretize the
system in space. This reduces the set of PDEs to a large system of ordinary differential
equations (ODEs), which can then be solved in time by means of standard numerical
integrators. This procedure is known as the method of lines (MOL).

In this chapter, we discuss the simplest spatial discretization possible, namely finite
differences on a rectangular uniform mesh. It will be demonstrated, that Maxwell’s
equations have properties which lead to a particular spatial arrangement, known as
a staggered grid. Using finite differences for the time integration as well leads us to
the famous finite-difference time-domain (FDTD) method. We will thoroughly study
the stability and accuracy of this method, before we discuss possible extensions and
improvements. The chapter concludes with a number of basic numerical experiments
in order to verify our implementation of the method.

4.1 Discretization with Finite Differences

In order to solve any PDE numerically, one needs to discretize its continuous fields to
reduce the problem to a finite number of unknowns. Possibly the simplest method to do
s0 is to employ a uniform grid as sketched in Fig. 4.1. Starting from this discretization,
one can expand an arbitrary field F(z) around the points 29 — Az and zy + Az using
Taylor’s theorem as

F(x £ Ax) = F(m) & F'(m9)Ax + %F”(:zto)Ax2 + O(Az?).

Combining the two equations allows to solve for F’(zp) and to obtain an approximation
of the first derivative of F' at ay. In principle, three different approximations are
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4 The Finite-Difference Time-Domain Method

Figure 4.1: Sketch of a uniform grid in one dimension.

possible:
Forward Differences: F'(z0) = Fla + AAxi = Flao) + O(Ax),
Central Differences: F'(z) = Fla + A$)2A$F(IO ) + 0(Az?),
Backward Differences: Fl(n) = Flao) = Z;ﬂﬁo —Ac) + O(Ax).

From looking at the truncation order, we observe that the central difference yields a
significantly better convergence for Az — 0. For this reason, we will continue working
exclusively with central differences.

4.1.1 The One-Dimensional Case

In order to understand some of the basic features of the discretized Maxwell equations,
we start from the one-dimensional formulation (2.15) without the source terms:

1

O H, = —0,E.,
W
1

0,E, = ~0,H,.
€

Employing a uniform grid as sketched in Fig. 4.1 and discretizing the spatial derivatives
by central differences yields the semi-discrete system

_ 1 E,(z+ Az, t) — E,(z — Ax, t)

8tHy($> t) /,L QAx )
~ 1Hy(z+ Az, t) — Hy(z — Az, t)

By close inspection of these semi-discrete equations, one can observe that the grid
decouples into two unrelated subgrids. The electrical field at point zg is not related to
the electrical fields at points xy + nAz for odd n and vice versa. The same also holds
for the magnetic field. This behavior is known as even-odd decoupling and indicates
that above discretization is far from ideal. Instead, it makes sense to pick one of the
two subgrids and neglect all unrelated field points. This leads us to the staggered
grid as sketched in Fig. 4.2. To keep our notation comsis‘cen‘cA with the literature,
T

we rescale the distance between two neighboring gridpoints to 5* and introduce the
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4.1 Discretization with Finite Differences

E.|i—2 E.|i—1 E.|; E.|it1 E.|it2
7 I 7 I 7 I 1.4 I v 4 >
Hy‘i—% Hy|z’7% H’y|i+% Hy|i+g

Figure 4.2: Sketch of a staggered grid in one dimension. The blue arrows indicate
a gridpoint of an E, field component, while the red arrows denote the positions of
the Hy field.

notation F|; = F(iAx,t). Here, all electrical field points have integer indices, while
the magnetic fields are located at half-integer indices as shown in Fig. 4.2. The semi-
discretized Maxwell’s equations in this notation then read

1 E.|iy1— E.|;

otH ‘z 1= )
Yli+3 M’H—% Az
1 Hy|z‘+% - Hy|z‘—%
azth|z' = J Az )
1

where we also discretized the material parameters p and e.

So far, we have only discretized the spatial derivatives and derived a coupled system
of ODEs in time. However, nothing prevents us from applying finite differences to the
time derivatives as well. By replacing % with central differences, we again observe an
even-odd decoupling, where the fields at a certain point in time are unrelated to the
same fields at a neighboring point in time. Therefore, we again decide to drop every
other timestep and end up with a scheme called leap-frogging. The fully discretized
equations can be written as

n+i . n—j
Hy|i+% Hy’w% _ 1 B — Ea|} (4.2a)
At plipy Az |
n+3 B n+%
B - pg 1 liy — Al (420)
At €ls Az ’ |

where we extended our notation to F|? = F(iAz, nAt). In order to obtain an explicit
update scheme, we can solve Eqs. (4.2) for the future timestep and obtain

{FDTD Update Equations (1D) %

7L+% _ n—% 1 At -~ n
Hy‘w% - Hy|i+% T o Az (Ez\m - EZ’i) 5 (4.3a)
2
n+1 __ n 2 5

From this result, one can directly observe how a new value of the electric field EZ]?'H

is generated from the old value E,|? at the same position and the two neighboring
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LA
(TL + 2)At T ’V i ’/ i (/‘ i ’, i ’V
(n+ At + | ? 1 4?‘ 1 4?V | ? |
(DAt 22—+
n+ Har L A A A A
e I 7 ] | T
| | | | | | | | | -
i— é)Ai ‘ (i — i)A? ‘ iAz ‘ (i+ ‘1)AT ‘ (14 Q)Ar "7;

Figure 4.3: Sketch of the leap-frog integration in time as used by the FDTD
method. The blue arrows indicate a gridpoint of an E, field component, while the
red arrows denote the positions of the H, field.

il 1
magnetic field points Hy\:i and Hy|;+21 at an in-between time. The procedure is

sketched in Fig. 4.3 and commonly referred to as the one-dimensional finite-difference
time-domain (FDTD) method.

4.1.2 Higher Dimensions and the Yee Cube

Similarly to the one-dimensional case, explicit update schemes can also be derived in
two and three dimensions. First, we generalize our notation to

F|ijx = F(iAz, jAy, kAz, nAt).

Next, we employ central differences to discretize all derivatives and again observe odd-
even decoupling which leads us to staggered grids.

Two-Dimensional Systems

In two dimensions, we can deal with the two different polarizations separately. Since
the two sets of equations (2.13), (2.14) are related by a simple transformation, the
same holds for the grid, as shown in Fig. 4.4. Inserting central differences for the
spatial and temporal derivatives will then result in the explicit update equations for
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4.1 Discretization with Finite Differences

(b)

Figure 4.4: Schematic layout of the grid positions for a FDTD scheme in two
dimensions. The positions of the fields in (a) TE and (b) TM polarization are re-
lated by swapping the electric and magnetic field components. Blue arrows indicate
the electric field, while red arrows denote magnetic field components.

TE polarization as

4{ FDTD Update Equations (2D, TE Polarization) )7

+1 _ +1
EZ‘ZH% N EZ‘?+%J i elijia Ay <Hz|i,j+21 —Hli;? ) (4.4a)
WY

1 At n+i n+i
n+l __ n+l T2 T2
Ey i+%vj o Ey|i7j+% 6‘1‘—1—%,]’ Az <HZ|H‘1J HZ’LJ ’ (4'4b)
n _ n n — n
HM = g At (Eeliyey — Bl N Byl — Bliy, (4.4c)
o Tl Ay Az '

Equivalently, the scheme for TM polarization reads

4{ FDTD Update Equations (2D, TM Polarization) )7

+1 +1
meﬂ*% B Hzmr%vj  pliges Ay (Ez‘ivjfl —Bliy* ) (4.5a)
)

1 At n+l n+l
n+1l __ n+1 2 2
Hy’i+%7j - Hy’i,j-i-% + lu"i-&-lj Az <E2’i+1,j EZ‘i,j ’ (4'5b)
27
’I’L-ﬁ—l n—1 At HE|Z]+1 - HI|Z]_1 Hy|?+l7j - Hy|?_l7j
E,|  2=E, >+ 2 2 _ 2 2= | .| (4.5¢)
J I e‘i,j Ay Az

It is important to note, that the material parameters € and p are also staggered, which
complicates the treatment of anisotropic or nonlinear media.
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4 The Finite-Difference Time-Domain Method

Figure 4.5: Yee grid, the three-dimensional spatial arrangement of the field com-
ponents in the FDTD method.

Three-Dimensional Systems

For the fully three-dimensional case, all six field components are staggered with respect
to each other. Part of the grid is sketched in Fig. 4.5 and this type of arrangement is
often called Yee cube after Kane Yee [30]. The discretization procedure is performed
analogous to the one- and two-dimensional case and leads to the semi-discrete system

oL, 1 Holijiipesr = Heligres  Hyliges o = Hyli i p
tlzli 41 eyl — -
S PR s Ay Az
0,E,| 1 Heliptjpns = Holivgjn  Helipgarl = Helijreg
tlylipl il = -
Ylit35.0,k+5 eli—l—ljk—&-l Az Az
2 2
0,E,| 1 Hy|i+1,j+%,k - Hy|i,j+%,k HI|i+%,j+1,k - H$|i+%,j,k
tLoz '+l7'+l,k = -
T Ty 6’i+%,j+%,k Az Ay
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1 pitadkty _ pitgik-g  pitgdtyk  pitgiogk
OiHy|; 1. = Y ¥ - = ——
z 7’.+77j7k - ?
20 it Az Ay
1 piteitek _ picgatyk piitokts | piitgkes
61¥| o z z T T
Ayl j4+ L — - )
TEE e Az Az
;s 1 1 ;s 1 1 i1 1 S R 1
1 E%]+§7k+§ . EZJ—gJﬁ‘g El+§7jak+§ . E1—51J7k+§
O¢H,| 1 = - - — Y
z 7;7.j7k+7 -
2 th&+% Ay Az

The discretization in time can be performed as in the one-dimensional case to obtain
the fully explicit update equations. For brevity, we only state the explicit update
equation for the F, as

E,|"H! = E,|".
x'z',j+§,k+§ f|w+%7k+é
‘nJr% . ‘nJr% ’n+% . ‘nJr%
n At “ligj+1k+3 “ligk+1 Ylig+3 k+1 Ylij+1k (4.6)
€lig+d s Ay Az

From the spatial arrangement displayed in Fig. 4.5, we observe how the structure
of Maxwell’s equations is embedded in the grid. As an example, let us consider an
arbitrary F,-component. The change of this field value in time is given by the magnetic
fields H, and H,, in aloop around E,. This behavior corresponds to Maxwell’s equations
in their integral form, where the change of the electric flux through a loop is given by
the line integral over the magnetic field around the loop. Similar considerations apply
to all other field components.

Finally, it should be noted that we only discretized the curl equations so far. As
argued in the Sec. 2.1, the divergence conditions remain fulfilled if they are valid
initially. This remains true for the FDTD scheme as proven explicitly in Ref. [28].

4.2 Convergence, Stability and Accuracy

A major point and a condition sine qua non for every numerical method is the proof of
convergence. Unfortunately, such proofs are often riddled with mathematical subtleties
and rarely done in a few lines. In the interest of briefness, we will therefore skip the
full mathematical treatment and rather concentrate on some of the key points. An
exhaustive discussion of the convergence of finite-difference schemes can be found in
Ref. [31].

Here, we will concentrate on the practical implications for Maxwell’s equations. As
shown in Sec. 2.4, for a homogeneous system we can find general solutions as plane

waves . .
E = Epe'* ™t and  H = Hye'F™w) (4.7)
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with the dispersion relation
LI
w=—=—.
n n
Remembering the dimensionless units, in which the vacuum speed of light is ¢ = 1, we

can express the phase velocity of the plane waves in free space as

In order to compare these analytical solutions with our numerical ones, we insert the
ansatz (4.7) into the three-dimensional update equations (4.6). To avoid confusion
with the exact solution, we indicate the numerical frequency and the wavevector by w

and E, respectively. This leads to the condition

2 - 2 - 2 -
B L . k. Az n L . kyAy n L . k, Az
= A; sin 5 Ay sin 5 A, sin 5

Solving for w then gives the numerical dispersion relation

sin (wA/2)
cAt

W= Ait arcsin (€) , (4.8)

where

B 1 . (kA 1 . (kAy 1 . (kA2
E= At Axsm( 5 ) + Aysm( 5 ) + AZsm( 5 )

4.2.1 Stability

As can be seen from the ansatz (4.7), the numerical frequency © needs to stay purely
real. Otherwise, we either find an unphysical damping or an exponential growth of the
propagating waves. In order to fulfill this condition, we require

!
£<1,

which immediately results in a restriction on the timestep At as

| CFL Criterion |

At < L . (4.9)

- 1 1 1
\/AmQ + Ay? + Az2

This criterion is also known as the Courant-Friedrichs-Levy (CFL) criterion. A more
detailed analysis [28] proves, that any violation of this condition will indeed lead to
exponentially growing waves and therefore results in an instability. Mathematically
speaking, the CFL-criterion (4.9) is a necessary and sufficient condition for stability of
the FDTD method [31].
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4.2.2 Accuracy

Besides the stability, we are also interested in comparing the numerical dispersion
relation (4.8) to the analytical case
w? =k} + k) + k2,

in order to get a feeling for the errors introduced by the discretization. To proceed, we
restrict our analysis to a cubic mesh, where A = Az = Ay = Az. Further, we assume
a timestep At = sA where s is called the Courant number and s < % is required to

fulfill the CFL-criterion. Inserting these simplifications into Eq. (4.8) results in

@—iarcsin s, | sin? kmA + sin? %y—A + sin? ]%ZA
- sA 2 2 2

A Taylor expansion for small A then gives

@ =\/E2+k2+k2+ 0(A?)

and indicates that the FDTD method is accurate to second order. This was to be
expected since we used central differences which are of second order. To gain a better
understanding for the effect of this error, we now assume propagation along one of the
grid axes, such that k, = k and k, = k, = 0. With that, Eq. (4.8) reduces to

) . | kA
W = —— arcsin S Sin
A 2

S

Interestingly, we would regain the exact expression for s = 1, but due to the CFL-
criterion such a “magic” timestep is prohibited. Next, we express k as a function of the

wavelength A

i 2r 27
A NA
where we have further introduced Ny, = % as a measure of the number of cells per

wavelength. With this, we can calculate the numerical phase velocity as

Ny . .
= —Zarcsin | ssin [ — .
s N,

In Fig. 4.6(a), we plot the numerical phase velocity error 1—o as a function of gridpoints
per wavelength Ny. One observes that approximately 10 gridpoints per wavelength are
required to reduce the phase velocity error below 1%. Around 35 points are needed
to push the error below 0.1%. These numbers can serve as a rough estimate of how
one should choose the discretization of a given system. However, one must not make
the mistake to conclude from an error in the phase velocity to an error in the fields.

N
Il
= &
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Figure 4.6: The error in the phase velocity v as a function of (a) the number of
gridpoints per wavelength and (b) the timestep factor s. Both are double logarithmic
plots and the lines in panel (a) show a slope of —2. The plotsin (b) end at s = 0.577
due to the CFL criterion.

As a simple example, we consider a plane wave with wavelength A and phase velocity
¥ = 0.99v. After a distance of z = 50\ we have picked up a phase of m when compared
to the exact solution. This corresponds to a relative field error of 200%.

From the data in Fig. 4.6(b), we further observe that one should choose the Courant
number s as large as possible to reduce the error. This is also beneficial from a second
point of view, since it increases the timestep At and therefore speeds up the calculation.
As discussed previously, we must stay below the CFL-criterion which dictates the
optimal value of s as % ~ 0.577.

In a next step, we look at the possible anisotropy of the phase velocity by considering
a k-vector in the zy-plane. We therefore introduce k, = kcos(p) and k, = ksin(¢p),
while k, = 0. Insertion into Eq. (4.8) allows us to determine the numerical phase

velocity
N,
b= ﬂ_—;‘ arcsin s\/sin2 (;/\ cos(gp)) + sin? (;}\ sin(cp))

as a function of the propagation angle ¢. We plot the error for different discretizations
in Fig. 4.7 and observe, how the phase error is significantly reduced for propagation
under 45°. In fact, if we consider propagation along the space diagonal, i.e. k= ky =
k, = \lfk the phase velocity error vanishes entirely for s = —3 Unfortunately, this is

of little relevance since in any realistic system, there will be propagation in multiple
directions.

4.2.3 Improvements by Using Higher-Order Discretizations

As we have seen in the previous section, the propagation error is mostly determined
by the number of gridpoints per wavelength. Even the lower limit of ten points per
smallest wavelength in the system can be very restricting for larger three-dimensional
systems. For this reason, a massive amount of research has gone into the question
of how one can reduce the required number of points per wavelength. If we want to
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Figure 4.7: The error in the phase velocily U as a function of the propagation
angle in the xy-plane. For all calculations the Courant number was chosen to be
s =0.577.

stay with a finite-difference discretization, there are a variety of proposed techniques
[28, 32, 33|. The simplest of which is to increase the order of the spatial discretization
by considering more neighboring points. A fourth-order accurate discretization on a
staggered grid reads

QF( - —F(x0+ 32) + 27F (59 + 5) — 27F (59 — 5) + F(29 — 22) +0(a%
gz T 24A

(4.10)
and can be used to derive update equations which are accurate to fourth order.

Here, we will only increase the order of the spatial discretization, while the time
integration remains a second-order scheme. The reason is that a higher-order finite-
difference scheme in time requires us to store a set of previous field values, thereby
dramatically increasing the memory requirements. Should the error be dominated by
an insufficient time integration, we can simply reduce At to lower this effect. Alterna-
tively, we can use more advanced integration methods as will be discussed in Chapter
6.

By inserting the plane wave ansatz (4.7) into fourth-order update equations results
in the numerical dispersion relation

- 2 .
Dath = N arcsin (f4th) , (4.11)

where now

97 sin <’€§1> — sin (3’512“)
€4th:At\/<%+<§+C§ with C’Z: ) i:xay)z'

247

A series expansion of Eq. (4.11) then gives

~ 7. 7 7 1 7.2 7.2 7.2 % 2 4 4
w:\/k§+k3+kz2+ﬂ<kz+ky+kz> A%+ O(A%, ALY,
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Figure 4.8: The error in the phase velocity for a fourth-order discretization as a
function of (a) the number of gridpoints per wavelength and (b) the timestep factor
s. Both are double logarithmic plots and propagation is assumed along the x-azis.
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Figure 4.9: Anisotropy of the phase velocity for a fourth-order discretization as a
function of the propagation angle. (a) shows data for the mazimal Courant number
s =~ 0.49, while (b) contains results for optimized s values taken from Fig. 4.8(b).

from which we recognize the second-order accuracy in time while the error is of O(A%)
in space. Enforcing a purely real &4, results in the new stability criterion
6 1
At4th < ? 1 1 T
\/AJZQ + Ay? + Az2

which is reduced by a factor % ~ 0.857 compared to the second-order formulation.
To compare the phase velocity we again assume a cubic grid and propagation in the
zy-plane via k, = cos(p)k, k, = sin(p)k and k, = 0. As in the second-order case, we
plot the deviation from the exact phase velocity for propagation along the z-axis as a
function of Ny and s in Fig. 4.8. What we can observe directly is a generally reduced
error when compared with the data in Fig. 4.6. Even for only five points per wavelength,
we now get less than 1% deviation, while the 0.1% mark can be reached with around
ten points for an appropriate At. Further, we observe certain combinations of s and
N, where the error vanishes entirely. To study this behavior further, we look at the
anisotropy of the phase velocity error in Fig. 4.9. For a constant s = 0.49, we observe
how the anisotropy is reduced for larger Ny. To go a step further, we pick a value of s
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which results in a vanishing error for ¢ = 90° (cf. Fig. 4.8(b)), then we also obtain a
dramatic reduction in the propagation error for all angles as shown in Fig. 4.9(b).

So far, the implementation of fourth-order discretizations seems like an excellent
way to reduce the propagation errors with very little additional effort. One can go
even further and obtain tailored finite-difference discretizations which are constructed
to minimize this error [28]. Unfortunately, one should keep in mind that we were
only dealing with propagation in homogeneous media so far. As soon as we include
different materials, two problems occur. First, the optimal value for s depends on the
local velocity of light in a medium. So the error can only be minimized for propagation
in one particular medium. Second and much more severe is the problem of interfaces.
As discussed in the introduction, the electric and magnetic fields are generally not
continuous across interfaces. This strongly affects the validity of the Taylor expansion
performed to obtain the finite-difference discretizations. Indeed, in Sec. 4.4.2 we will
demonstrate how an interface reduces the convergence to second order, despite the
higher-order discretizations.

4.3 Making it Work in Practice

Before we can employ the FDTD method in practice, some further issues need to
be addressed. In particular, we will briefly discuss the discretization of the material
parameters. Further, we also need ways to inject radiation into the system and to
formulate appropriate boundary conditions. Finally, we return to the modeling of
dispersive materials.

4.3.1 Discretization of Material Parameters

So far, we have discretized the material parameters € and g at the same location as
their corresponding fields. Considering an object with a given € embedded in vacuum,
each gridpoint then lies either inside the object or not. This leads to the characteristic
stair-casing approximation as sketched in Fig. 4.10. If we now slightly modify the
discretization, e.g. by refining it, some of the cells will change their value of e. Thus,
even an infinitesimal change in the grid can lead to a significant change of the discretized
e-distribution. As a consequence, the convergence of the method is not monotonic.
Instead, a refinement might even lead to a significantly higher error. Furthermore, the
stair-casing can also lead to a reduction of the convergence to first order [34].

The root of this problem lies in the value of € for a cell which is located on the surface
of a discontinuous object. Such a cell contains contributions from multiple materials. A
very basic idea to mitigate this problem is to introduce an effective material parameter
€eft to fill the cell with. Possibly the simplest idea is to employ a volume average.
Indeed, such a procedure leads to a monotonic convergence but it might still have
the problem of reduced accuracy. Recently, it was proposed to employ an anisotropic

effective € . at a discontinuous interface [35] as

=P <€_1> +(1-"P) (&)1, (4.12)

=eff

47




4 The Finite-Difference Time-Domain Method

RN 7//\2/
LELECE
’ “\
N Ceff =7
\‘ ‘/I

Figure 4.10: Skeich of a circle, discretized by a uniform mesh. In order to
improve the convergence, all cells intersecting with the surface are assigned an
effective material parameter.

Here, P is the projection matrix P;; = n;n; onto the normal vector #1 of the surface.
The (...) denotes the volume average over one cell. It was demonstrated that this
effective material parameter allows to retain second order of accuracy, despite the
field discontinuities at the surfaces [35]. Unfortunately, this improvement does not
come for free, since it raises the memory requirements and leads to a significantly
more involved implementation. Interestingly, for two-dimensional problems in TM
polarization, Eq. (4.12) reduces to the mean value, so we can use the scalar parameter

ot = (€).

4.3.2 Implementation of Sources

The most obvious way to excite a system is via the current source terms in Maxwell’s
equations. By simply adding a discretized source term j|; ; ; to the update equations,
we implement point-like sources with arbitrary time shapes. Via multiple of such point-
sources it is also possible to launch spatially extended pulses, but each point-source
will always radiate to all directions, so a planar source will always emit to both sides
of the plane.

Total-Field/Scattered-Field Sources

In order to inject an extended pulse travelling only in a given direction into the compu-
tational domain, a special technique called total-field/scattered-field (TF/SF) method
was developed. The idea relies on the linearity of Maxwell’s equations, which allows
us to arbitrarily split the total electric and magnetic field into two parts

E’(tot) — E(inc) + E’(scat) and E’r’(tot) _ ﬁ(inc) + I_{’(scat)‘ (413)

Here, E) and H) denote the incoming fields. We assume to know these fields
analytically, e.g. they are plane waves as given by Eq. (2.17). Furthermore, we split our
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Figure 4.11: Skeich of a staggered grid in two dimensions (TM polarization)
to illustrate the TF/SF method. The shaded region signifies the total field region,
while the unshaded areas belong to the scattered field region. The time-stepping of
the two marked field components at the boundary is discussed in the text.

computational domain into two parts. In one region we work with the total fields E (tot)

H () while the other part only contains the scattered fields E®¢t) and H ) Ag an
example, we will discuss a two-dimensional system in TM polarization as sketched in
Fig. 4.11. Inside each region, the time evolution of a field component only depends on
other fields in the same region. At the boundaries however, we see that we need to mix
fields from different regions in order to obtain an update equation. As an example, we

Hy(tot) ’

consider the magnetic field component in Fig. 4.11. Its update equation is

z—l— J
given by

1 At +1
Ax <E tot)|z+1] N E,Z(tOt)|Zj 2> ’

H(tot |n+1 _ H (tot) |n+1

+35.7 7]+* /’L|Z+ J

where the problem lies in the fact that the component Ez(tOt)|w- does not reside in the
total field region anymore. However, by exploiting Eq. (4.13), we can substitute it with
available field components as

1 At -|— + . TL+l
(tot) |n+1 _ (tot )n+1 =Y (tot) ™ (scat) ™ (inc) 2
H ’H— g |Zj+l + #|i+1 ; Az <Ez |i+1] Ez 1,7 Ez ‘i,j :
PR
A similar treatment is required for the updating of E Scat)\”, where the value of

HZSIHC)|Z- 41 ; enters. In this formulation, the known incoming fields essentially act as a
2’
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source and inject the desired wave into the total field region. Without any scatterer,
the scattered field region will remain zero. Only if the injected wave hits an object
inside the total field region, it will scatter a part of the incoming field which can then
penetrate the scattered field region. The formulation will prove itself invaluable when
calculating scattering cross sections of small objects as discussed in Chapter 8. It
should be noted here, that several optimizations have been proposed in order to effi-
ciently obtain the values of the incoming field. For an extensive review of those details,
we refer to Ref. [28].

4.3.3 Boundary Conditions and PMLs

Due to limited computational resources, we can usually only model a small region of a
realistic experimental system. This leads to boundaries of the computational domain,
on which we need to define appropriate boundary conditions.

PEC and PMC Boundary Conditions

Possibly the simplest boundary conditions is to fix the field values on the boundary
to a given value. This is called a Dirichlet boundary condition and can be directly
implemented in the FDTD scheme. The choice of whether to fix the magnetic or the
electric field components depends on how we terminate the staggered grid. In practice,
for each boundary we can choose between:

e Perfect Electric Conductor (PEC) boundary conditions, which corresponds to
fixing the tangential electric field components to zero.

e Perfect Magnetic Conductor (PMC) boundary conditions, which corresponds to
fixing the tangential magnetic field components to zero.

As is well known from electrostatics [20], such a perfect conductor acts as a mirror
for electromagnetic radiation. The only difference between the PEC and the PMC
condition lies in the phase jump conducted by the reflected wave. In the case of a
PEC, the reflected electric field picks up a phase of @ when compared to the incoming
field, while the magnetic field remains continuous. For the PMC boundary, the role of
the fields is swapped.

Discretization of CFS-PMLs

For most applications, the mirroring boundary conditions are not suitable. Instead we
require open boundaries, which effectively absorb all outgoing radiation. In Section
3.2 we demonstrated how this can be achieved by perfectly matched layers and we
already derived the auxiliary differential equations which need to be solved. Here, we
will discuss the implementation of the technically superior CFS-PMLs. For the fully
three-dimensional case, this leads to two auxiliary differential equations (3.16) for each
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field component, repeated here as

1(1 1
OBy = = (asz — —08,H, — Fyy + Fx> :
€ \ Ky K

g g
O1Fpy = ;gayHZ — <ay + Ff’) Fyy,

Y Yy
o o,

O Fy, = %azHy - <04z + > Fy..
K2 2

Spatially, we can place the auxiliary fields F, and F, at the same position as their
associated field component F,. However, if we also choose to collocate them in time,
we need to express Fy, and F,, at in-between timesteps because they appear on the
r.h.s. of the update equation for E,;. We can do so by linear interpolation in time

Foy|™ 4 Foy|" !

5 + (At?). (4.14)

Fwy‘nJr% =

Using this expression allows us to execute the time discretization as

E ’n+1:E ‘n_‘_g ia H _iaH _me‘n+1+ny’n+FJ}Z’7L+1+FEZ’TL
‘ ’ € \ Ry vmE e g, Y 2 2 ’
oy, At At o
Foy|"™ = Foy|" + Z—QGsz 2 (ay T /<;y> <me|n+1 + Fwy‘n) ’
Yy Y
o, At At
sz’n+l - sz|n + ;Tazﬂy — ? (Olz + O’zliz) (F$z|n+1 —+ F$Z|n> ,

z
which is not a fully explicit scheme yet, since for the auxiliary fields, values at timestep

n+1 appear on both sides of the equations. However, one can easily solve the equations
for the values at timestep n + 1 to obtain

2 At (ay +22) 2AL% )
Fzy’n+1 = JZ oy + i o 8sz’n+57

2+At(ay+n—y> 2+At(ay+@>

2- At (o, + ) A% 1
Fy,|"t = F : 0, Hy|" 2.

| +
2+ At oz +2) 2+ At 0+ 2)

Insertion of the spatial discretization is straight-forward and all other field components
can be obtained by permutations of the indices.

Finally, there is also the question of which values should be chosen for the parameters
«, k and o to achieve optimal performance. Analytically, this choice does not matter,
as long as the absorption of the PMLs is sufficiently high. In practice, we will see
that the values of the parameters greatly influence the performance. Particularly,
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the discontinuous jump from the computational domain into the PMLs can lead to
significant reflection due to the discretization. Thus, it is advisable to have an adiabatic
transition from the inner domain to the PMLs. In numerical experiments, a polynomial
grading of the type

o(z) = <fl>m0max, (4.15a)
rlz) =1+ <d>m (Fmax — 1), (4.15b)

a(z) = (d ; 1:) Omax (4.15¢)

proved itself valuable. Here, we assumed the surface of the PMLs to be at z = 0
and the thickness of the layer is taken as d. Thus, we have to determine a set of five
parameters (M, Omax, Kmax, Ma, Omax). However, for practical considerations it makes
sense to rewrite opax as

(m+1)

Omax — WR, (416)

where Y = \/g is the impedance and d is the thickness of the layer [28]. Now, R takes
the role of a rescaled omax as the free parameter. This rescaling allows to somewhat
decouple the influence of m and R and therefore facilitates the search for optimal
parameters. We return to the numerical optimization in Sec. 4.4.3.

4.3.4 Dispersive Materials

As discussed in Chapter 3, certain models of dispersive media can be realized via
ADEs. As an example, we consider Eq. (3.10) with only the Drude term. To keep the
derivation compact, we restrict the discussion to the equations for the xz-components,

which read

0 110 0

—Fk,=—|—H,— —H,—}

T e lay 2927 h]’

0 . .
ajx = —YDJz + W%Ez'
From those two equations, we see that the polarization currents j should be spatially
collocated with their corresponding electric field components. This allows a proper

inclusion into the semi-discrete equations for the electric field as

0,5, | 1 Hz‘z’,j+1,k:+§ - Hz‘mymg
t L il gl =
Tlij+5.k+5 €lijrd kil Ay
K 27 2
Hylijt e = Hylijrin |
- - a1 1
AZ ]Jj 17j+§7k+§
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With respect to time, we pick the discretization to coincide with the magnetic fields,
which results in the fully discrete update equation for the z-component of the electric
field as

s
nal B,| n At #lig+1k+3 #ligk+3
Hligrghty — TTligtakty e it kel Ay
> 27 2
T A
Yigtg.htl  TVlighgk |n+§
Az Toliged et

Unfortunately, for the update off we have the problem of ; appearing on the r.h.s. as
well. Similarly to Eq. 4.14, we apply an averaging as

ey e
"+ + )
i Jeligyaes Tl e + O(At?)
Feligrgnty = 2

1

and insert this for the r.h.s. Solving for jx\n+§

g+ L L then results in the update equation

1
2 1 +

. 'IH-% 2—ypAt . n-
|i,j+§,k+§ 2+ ypAt

_ n
jx|ivj+%’k+%_2—|—’7DAth Ex’

ijtgkty

Update equations for all other components and for different dispersion models can be
derived in an analogous manner. Finally, it should be noted that dispersive media were
not considered in the stability analysis conducted in Sec. 4.2.1. A detailed summary
of the influence of the ADEs on the error and the stability is provided in Ref. [36].

4.4 Verification of the Method

An absolute must for any implementation of a numerical method is a thorough and
comprehensive verification. Ideally, one should base this verification on the comparison
with exact analytical results. However, as discussed previously, such analytical results
are only available for relatively simple geometries. Therefore, one sometimes also has
to test the method against numerical results obtained by different numerical methods.

4.4.1 Empty Metallic Cavities

As a first verification, we consider an empty metallic cavity, which is bounded by per-
fect magnetic conductors (PMCs). The eigenmodes and the corresponding frequencies
for such a system can be obtained analytically [37]. As an example, we pick a two-
dimensional system in TM polarization and prepare an eigenmode of the cavity via
initial conditions. Then, we let the system evolve for T = 50 Ty, where T is the
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Figure 4.12: A plot of the cavity mode used for verification. It was picked to have
one wavelength in each directions and the corresponding frequency is v = /2.

period corresponding to the frequency of the eigenmode. During the calculation, all
field values are recorded at all timesteps. After the calculation, we look for the maxi-
mum deviation from the analytical solution. The particular mode used for testing has
ng; = ny = 2 and is depicted in Fig. 4.12. The corresponding period is Ty = 1/v2. To
find the error as a function of time, we record all field values at every timestep. For
each timestep, we then compare all recorded values with the exact result and pick the
maximum deviation as the error at this given step. This error in time is then normal-
ized to the maximal field value in time and space of the analytic solution. Thus, the
relative error in time is defined as

max ‘EvFDTD(x7 v, t) _ ngact(m, Y, t)‘

E(t) = (4.17)

max (max (Bgat(z, y, t)))
t T,y

For the case of the metallic cavity, the denominator of Eq. (4.17) is unity. In Fig. 4.13
we plot a typical behavior of the relative error as a function of time. As expected, one
clearly observes a linear growth of the error with time. To finally obtain a measure for
the total relative error of a calculation, we again take the maximum of £(¢) to define

Eiot = max (€(t)) . (4.18)

The calculations for the two-dimensional metallic cavity are performed with both,
second-order and fourth-order spatial discretizations and the relative error in time is
plotted as a function of the Courant number and of the discretization in Fig. 4.14.
A number of observations can be made from those results. First, we notice that for
second-order calculations, a Courant number of s = spyax is optimal which agrees with
the theoretical analysis executed in Sec. 4.2.2. For this particular example, the error
even seems to vanish entirely for s = spax. In contrast, for fourth-order calculations
a sufficiently small time-step is required in order to not be limited by errors from the
time integration. Again, there is a distinct minimum which now is resolution dependent

o4




4.4 Verification of the Method

0.25

0.2}

0.15¢

Rel. error

0.1r

0.05¢

Number of periods

Figure 4.13: Ewolution of the error in time during a FDTD simulation of an
empty metallic cavity. Different colors indicate different discretizations. One ob-
serves a linear growth of the error with simulation time, where the slope depends
on the discretization.

and does not tend to zero anymore. As we mentioned when studying the theoretical
accuracy of the model, purely homogeneous systems are rather academic. Therefore,
above calculations only serve to verify our implementation of the method. One should
not draw conclusions about the performance and accuracy of the FDTD method based
on these results.

4.4.2 Half-Filled Cavities

As a slightly more realistic system which still allows for exact solutions, we next an-
alyze a half-filled cavity. We switch to TE polarization now and the schematic setup
is depicted in Fig. 4.15(a). The field component E, of the used mode is shown in
Fig. 4.15(b). In this case, we clearly observe a discontinuity at the interface. In order
to avoid problems with the averaging of the material parameters (cf. Sec. 4.3.1), we
fix our grid such that the y-components of the electric field are located directly on
the interface. For this case, the corresponding e remains scalar and can be averaged
to maintain second order accuracy. As we observe from the data in Fig. 4.16, second
order convergence is indeed preserved for all cases. However, by looking at the results
produced by a fourth-order scheme, we recognize that the convergence is reduced to
second order for higher resolutions. This reduction is directly caused by the disconti-
nuities which invalidate the Taylor expansion used to derive Eq. (4.10). Since those
errors are spatially localized at the interface, the fourth-order scheme still results in
lower total errors than the standard FDTD method.

4.4.3 Optimization of the PML Parameters

To conclude the verification and testing of the FDTD method, we study the per-
formance of the PMLs. As discussed in Sec. 4.3.3, there is a number of free pa-
rameters which need to be fixed. As a test system, we use a cube of dimensions
[—1,1] x [-1,1] x [—1, 1] which is discretized with Az = Ay = Az = 0.1. Outside of
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Figure 4.14: Relative error of a FDTD simulation of a two-dimensional metallic
cavity in TM polarization. Solid lines correspond to 2nd-order in space, dashed
lines denote a jth-order discretization. (a) displays the error as a function of the
Courant number. The different colors indicate different spatial resolutions. (b)
shows the error as a function of Ny. There, different colors correspond to different
Courant numbers.
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Figure 4.15: (a) Schematic plot of the half-filled cavity. (b) Plot of the mode used
for calculations.

this cube, we add Npypp, cells of PMLs, so the thickness of the layers is d = NpypAx.
The system is excited via a dipole source at the center of the system. The dipole is
oriented along the z-axis and the radiated electric field is recorded at three distinct
points P; = (1,0,0), P2 = (1,1,0) and P3 = (1,1, 1). The time variation of the source
is given by a Gaussian pulse as

j(t) = sin (2mvo(t — to)) exp <—(t_t0)2) . (4.19)
2w?

We pick the carrier frequency to be vy = 1 and the pulse width w = 1. The pulse starts
at t = 0 and reaches its maximum at ty = bw. After ¢ = 10w, the source is switched
off entirely. In Fig. 4.17 we display the shape of the pulse and the corresponding
spectrum. As can be seen from this figure, the pulse has a spectrum which covers

wavelength between A = 8Az and A = 15Az.
After the calculations, the recorded fields are compared to a reference solution ERef.
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Figure 4.16: Relative error of a FDTD simulation of a two-dimensional metallic
cavity in TM polarization. Solid lines correspond to 2nd-order in space, dashed
lines denote a jth-order discretization. (a) displays the error as a function of the
Courant number. The different colors indicate different spatial resolutions. (b)
shows the error as a function of Ny. Here, different colors correspond to different
Courant numbers.
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Figure 4.17: (a) The temporal shape of the pulse used for optimization of the
perfectly matched layers. (b) shows the corresponding spectrum.

The reference solution is obtained by a FDTD calculation of a much larger system but
with the same discretization. This procedure allows to exclude propagation errors and
to concentrate purely on the artificial reflection of the PMLs. The relative error £ is
then calculated as given by Eq. (4.17) and Eq. (4.18).

For the first test, we neglect the parameters o and x and study only the influence
of o. Thus, we have two free parameters, m and R, to vary. In Fig. 4.18 we present
the results of a detailed scan of the two parameters. We directly observe, that the
numerical performance does depend strongly on the choice of R and m. This is a
purely numerical effect and highlights the importance of the polynomial grading when
implementing PMLs in the FDTD method. Concerning the performance, we note a
strong dependence on the thickness of the layers. By plotting the minimal error for
a given thickness in Fig. 4.19, we observe an exponential reduction with Npyyp,. Even
for only five cells, the spurious reflection can be reduced below 1%. For Npyp, = 10,
we already find a large parameter range for which the error is below 0.1%. From these
results, we conclude that a PML thickness of around Npyp, = 10 is advisable. In this
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Figure 4.18: Maps of the maximal error at Point Ps for different value of R
and m. The different panels correspond to a different thickness of the PMLs: (a)
Npmr =5, (b) Neair, = 10, (¢) Npwr, = 15, (d) Npar, = 20.

-3

Rel. Error
=
o
L

5 10 15 20
Number of PML cells

Figure 4.19: The minimal error obtained as a function of the PML thickness
Npmy. Here, different symbols indicate the recorded errors at different points in
the system.
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Figure 4.20: Influence of the PML parameter o on a system with Npypr = 5.
Here, (a) shows the relative error as a function of R and amax with fized m = 3.5,
(b) shows the relative error as a function of R and m with fired amax = 1.0.

case, values of R ~ 10 and m =~ 3 usually lead to a sufficiently good performance.

So far, we only optimized two of the available five parameters in Eqs. (4.15). How-
ever, the stretching parameter x only becomes relevant, if one has a system with
evanescent fields leaking into the PMLs. When applied to the absorption of propagat-
ing waves, it will usually reduce the performance [27, 28]. Thus, we are left with the
free parameter o. In Fig. 4.20 we demonstrate the influence of changing apax on the
performance of a system with Npyg, = 5.

In Fig. 4.20(a), we fixed m = 3.5 and plotted the relative error as a function of R
and amax. One directly observes an improvement of the performance for finite a. The
optimal value for this case seems to be around apax = 1. In Fig. 4.20(b) we also study
the influence of non-vanishing ayyax on the results in the (R,m)-plane. When comparing
the data with Fig. 4.18(a), we observe that the improvement does not have a strong
influence on the choice of R and m. For a large parameter region, choosing amax = 10
leads to a reduction of the error by roughly a factor 10. Thus, we conclude that a
proper optimization of amax can lead to a significant improvement of the absorption.
As a consequence, this improvement allows to employ a thinner PML which directly
results in faster calculations and reduced memory requirements.

Finally, it should be noted that above test case only covers the absorption of prop-
agating waves. For realistic nanophotonic problems however, evanescent waves often
play an important role. If we terminate a system with a scatterer very close to the
PMLs, this will lead to significant changes for the choice of optimal PML parameters.
As alluded to above, the stretching xk becomes relevant for this case. Unfortunately,
there is no general rule on how to select the parameters for optimal absorption of prop-
agating and evanescent waves. A number of numerical experiments can be found in
Refs. [27, 28| but the results strongly depend on the particular setup. Thus, one usu-
ally has to start from the values proposed above. To verify that the evanescent fields
are not distorted by the PMLs, one can shift the boundaries away from the scatterer
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until the results stay unchanged. Since evanescent waves decay exponentially, such a
procedure is usually feasible and should quickly lead to converging results.
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Chapter 5

The Discontinuous Galerkin
Method

While the FDTD method discussed in the previous chapter is a conceptually simple,
yet powerful technique, it has a number of significant shortcomings. The two most
important (and somewhat related) problems are the constraint to an orthogonal grid
and the limitation to second order when material interfaces are involved. Over the
past years, dozens if not hundreds of extensions and alternatives were suggested to
overcome some of these restrictions (e.g. see Refs. |28, 38, 39] and references therein).
Unfortunately, the price one usually has to pay for a more powerful technique is the loss
of simplicity and generality. Hence, none of the proposed discretizations has managed
to gain an even remotely similar popularity as the original FDTD method has in the
field of nanophotonics.

In this chapter we will discuss a promising alternative technique commonly called
discontinuous Galerkin (DG) which attracted some interest recently due to its flexi-
bility and good performance. The method dates back to 1973 where it was originally
employed to solve a neutron-transport problem [18]|. Since then, there was a steady
progress which mostly focussed on problems in hydrodynamics. The major step for-
ward concerning an application to Maxwell’s equations was done by Hesthaven and
Warburton in 2002 when they proposed a nodal scheme and proved its convergence
[19]. In the following sections, a comprehensive review of the DG method with respect
to Maxwell’s equations will be given. However, the discussion will mainly focus on the
parts directly relevant for the implementation. For clarity, some of the mathematical
proofs will be omitted and the reader is referred to Refs. [19, 40] for the details.

5.1 One-Dimensional Systems

To initially focus on the fundamentals of the DG method, we start with a one-di-
mensional system. Repeating Eq. (2.15) without the current term, the electric and
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——
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20 2061 2(k+2)

Figure 5.1: Sketch of a non-uniform tessellation in one dimension.

magnetic fields are described by
0 0

e(ac)aE(x, t) = %H(az, t), (5.1a)
p(x)%H(:r, t) = %E(m, t). (5.1b)

In order to keep the notation compact, we will restrict the following discussion to
the time-evolution of the electric field, i.e., Eq. (5.1a). The corresponding equation
for the magnetic field can be obtained later by interchanging the fields and material
parameters.

5.1.1 Local mapping of the cells

To discretize Eq. (5.1a) in space, we start by splitting the one-dimensional computa-
tional domain into intervals D¥ = [2*, 2%+1] as sketched in Fig. 5.1. It is important to
note that we don’t require a uniform splitting, but the intervals should all have positive
length, so z¥t!1 > zF. Next, we introduce a local, linear mapping which maps each
cell D¥ onto the unit interval [—1,1]. Consequently, a new coordinate u* in the unit
interval is introduced by the transformation

. gkl gk 9

uF(z) = of + afz with of = s and of = P —
The inverse mapping then reads

uk—alg_xk+1+xk 1 L

= —u".
k k
oy 2 af

z(uf) =

To be able to transform derivatives and integrals we further require the Jacobian of
the transformation, which is given by
0z 1

Jh= 22 — 5.2
ouk oz’f (5:2)

5.1.2 Expansion into a Local Basis

Our next step is to expand the fields in each unit cell into a polynomial basis ¥, (u)
of order N. Therefore, we need N, = N + 1 coefficients to write

Np
E*(u,t) = Y Ef (£)W5(u), (5.3)
=1
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5.1 One-Dimensional Systems

where Ef are the expansion coefficients and ¥, (u) are arbitrary polynomials of max-
imal order N. As an example, we could use the so-called monomial basis given by
W, (u) = w1 In a later section, we will return to the particular choice of the basis.
Since we are using a polynomial basis, the same expansion can also be expressed in
terms of interpolating Lagrange polynomials If(u) as

ZE’“ (ui, )IF (u ZE’“ ) IE(u (5.4)

Here, we have chosen a set of nodes u; at which the field is fixed. Between these points,
the field values are given by Lagrange interpolation. This representation is also called
the nodal form, in contrast to the modal form of Eq. (5.3). The nodal representation
has the advantage that the expansion coefficients are physical field values at given
points. This can later be exploited to obtain a better performing implementation of
the numerical scheme. Aside from this, the two forms are equivalent.

The next step is to define, in which sense our discrete solution has to agree with the
exact solution. A typical way to do so is to pick a set of test functions @f(u) on the
unit interval and demand that

/ (e(z)aatE( t) — ;EH(JJ t)) ¥ (uF(2))dz =0, (5.5)

DFk

for all intervals D*. Similarly to the choice of the expansion basis, there is a certain
freedom in choosing the test functions ®¥(u). A very common and practical choice is
to utilize the same set of functions as for the expansion, so ®¥(u) = I¥(u). This choice
is known as Galerkin’s approach.

Before we proceed with inserting the expansion, it should be noted that the scheme
so far is purely local. This means that neighboring cells are not related to each other.
To enable this coupling, we employ an integration by parts on Eq. (5.5) to obtain

2(k+1)

z (k)

/( (0) - B, 10 (o >+H(x,t)£q>f(x)> do = [H(z, )0k ()

DFk

This step yields the boundary values on the right-hand side which we now replace by
a so-called numerical flur H*(z,t). This procedure might seem slightly unmotivated
at this point and we shall return to the details of this substitution later. For now it
suffices to say that this numerical flux will facilitate the coupling between neighboring
cells, so we have

0 0 N (k+1)
/ ( (z )(975 (z,0)®;(z )—i—H(x,t)axCI)i(x)) dr = [H (x,t)@i(x)]im
Dk
As a result of the integration by parts, the spatial derivative no longer acts on the
fields but on the test functions ®;. This form is commonly referred to as the weak
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formulation. A second integration by parts leads to the equivalent strong formulation

(k1)

z (k)

/ (e(x)aatE(x, 1)@k (2) — ;CH(x, t)cpf(x)) do = |(H*(a,1) = H(z,1)) ()]

DFk

Using this strong formulation, we continue by inserting the expansion (5.4) to obtain

koagk 9 ok k rk * k =y
> | M5 B () — SGHS (1) | = [(H (2, 6) = H(w,0)) 1 (x)]x(k)
j=1
where 5
M = /lzk(x)ljk(x)dz and S = /lf(x)axlf(z)dx. (5.6)

Dk Dk

The matrices MF* and S* are called the mass matrix and stiffness matrix, respectively.
Here, we already assumed that the material parameters are constant in each cell.
Multiplying the system with the inverse mass matrix then results in the final semi-
discrete system, which reads

4{ Semi-discrete Discontinuous Galerkin Formulation in 1D }7

- £(E+1)
ek%Ek(t) = (Mk> 1 <ngk(t) + [(H*(z,t) — H(z,1)) 1*?(3;)} ) | 5.7a)

(k)
o -1 2 (k+1)
ph S HE(1) = (Mk) SYEF(1) + [(E*(x, t) — E(z, 1)) 1%)} W || )
T
To streamline the notation, we have introduced the vectors EF = (Elk, R E}f,p) and

T
HF — (H{“H]f,) .

5.1.3 The Numerical Flux and the Riemann Problem

The one part still unspecified in our method are the numerical fluxes H* and E*,
which we combine in a vector f* = (H*, E*)T. As alluded to above, the task of the
numerical flux is to properly connect neighboring cells. Since our scheme is local, we
have two (potentially different) field values at each boundary: One calculated from the
expansion in the right cell and one value from the left cell. To obtain a convergent
scheme, the numerical flux has to somehow reconcile the two different values. It also
must ensure that the physical boundary conditions between two cells are enforced, and
finally it needs to guarantee that the resulting method becomes numerically stable.
Fortunately, the idea of a numerical flux is not unique to the DG method. In fact,
it is commonly discussed in the context of Finite Volume (FV) methods and a lot of
research was conducted towards the proper choice of the numerical flux [41]. While
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T T
Figure 5.2: Sketch of a the Riemann problem: (a) shows the initial condition,
where the fields have a discontinuity at x = 0. (b) displays the evolution of the
system in time.

there is a large variety of possible choices, a particularly suitable numerical flux can
be obtained by solving a so-called Riemann problem [41, 42]. The Riemann problem is
sketched in Fig. 5.2 and consists of two half-spaces with different, but constant initial
fields. Each half-space can also consist of a different material. The question then is,
how the fields evolve in time. To find an answer to this question, we return to the full
set of equations (5.1) and write them in conservative form as

Q%q = %f(q). (5.8)
Here, we introduced a vector q = (E, H)T and the flux f(q) = (H, E)T. The matrix
Q = 6(5: ) ,u(ox) contains the material properties. Multiplication with O~ ! then
allows us to write

%q - Ba%q =0

with the matrix

A

If we diagonalize this matrix as B = SAS™!, we obtain the two eigenvalues A2 =
+ \/1?“ These eigenvalues are the velocities of a forward and a backward travelling
wave. For the Riemann problem, on each side only the velocity propagating away from
the interface (propagating into the neighboring cell) is relevant. The travelling waves
are sketched in Fig. 5.2 by straight lines in the (z, t)-plane, the so-called characteris-
tics. Since the material parameters on each side are different, so are the velocities as

indicated by the different slopes of the characteristics.

Our aim is to find a solution for the fields in the central (x) region. To do so, we make
use of the Rankine-Hugoniot condition [42], which is a consequence of the conservation
of q across the characteristics. For the one-dimensional case, when crossing from region

65




5 The Discontinuous Galerkin Method

a to b, the condition reads

{ Jump Condition %

Vi: —\Q (qa _ qb> rfe—fb—o. (5.9)

As can be seen in Fig. 5.2, we have two characteristics to cross, first we go from the
left (—) to the central (x) region, then from the central () to the right (+) region. So,
the two conditions read

O (q_ —q*) FE =0,
_ctot (q* —q+) FE—fT =0,

with corresponding velocities ¢~ = ———— and ¢t = —2

—p e+ ut
solving the two equations for £*, we obtain the flux in the (x) region as

. Eliminating q* and

f* = [C+Q+ - c_Q_]i1 [—C+C_Q+Q_ (q_ - q+) —cQ fT + C+Q+f_] .

Using f* = (H*, E*) T, we can then also derive the fields in the (%) region as

* 1 o +t ( -_ +)
E_Y+Y+{YE+YE+H qHH)|, (5.10a)
1
=~ |z H 4+ ZtHT (E‘—E*) 1
Z_+Z+[ + + , (5.10b)
with
+ -1 +
+ 1z +_ [+ _ /€
75 =\ and vE=(2%) = o

Returning to the problem of the numerical flux, it turns out that the solution of the
Riemann problem also serves as an excellent numerical flux. This particular choice
is also called upwind flux. It should be noted again, that this is by far not the only
possible flux. However, in practice this choice leads to a highly stable scheme with little
numerical artifacts. The main disadvantage of the flux is, that it does not conserve the
total energy in the system. Instead, it leads to dissipation, which can be significant if
one does not resolve the propagating waves sufficiently.

5.1.4 The Choice of the Basis and the Nodal Points

To implement the DG scheme, we need to somehow explicitly calculate the matrices
MP* and S*. To do so, we transform the integrals from Eq. (5.6) onto the unit interval
as discussed in Sec. 5.1.1. Then, we have

1 1
ij = Jk/li(u)lj(u)du and Sfj :/li(u)aaulj(u)du. (5.11)
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Np Node Positions u; Graphical Representation
3 ~1,0,1 ¢ ¢ ¢
L ¢—o o9
4 L —J &0 1
Vi 21 oo —0o—0¢
5 -1, =57, 0,47, 1
6 —1 _\/7—2ﬁ e Nii T+2v7 T-2V7 4 #—0—0—|—0—0—¢
) 21 21 21 21 7

Table 5.1: Positions of the Legendre-Gauss-Lobatto nodes in the unit interval.

As a first observation, we note that the matrix S* is completely independent of the
element k, while the matrix MF is almost independent, except for the scalar Jacobian
given in Eq. (5.2). This will allow us to precompute these matrices once and reuse them
for all cells. It should be noted that this feature is a result of the constant material
parameters € and p in each cell.

The next task concerns the question of how to obtain the Lagrange polynomials /;(u)
and how to integrate over them. In one dimension, the polynomials are given explicitly
as

NP
U — U4
li(u) = H ﬁv (5.12)
j=lg#i

where u; are the interpolation nodes. In order to obtain an optimal approximation, one
needs to choose these nodes carefully. From the theory of numerical integration, it is
known that the zeros of the Legendre polynomials yield the best approximation on the
unit interval [43]. However, for implementation reasons that will become clear later,
we want two of the nodes fixed at the endpoints of the interval. In this case, the opti-
mal set of interpolation nodes is given by the so-called Legendre-Gauss-Lobatto (LGL)
quadrature. The nodal positions up to N, = 6 are presented in Tab. 5.1. Convenient
methods to obtain these nodes for arbitrary N, are discussed in Ref. [40]. For the one-
dimensional case, we could proceed by replacing the integrals with a LGL quadrature
rule to obtain the desired matrices. While this works very well in one dimension, un-
fortunately, it can not be generalized easily to higher-dimensional systems. Therefore,
we follow Ref. [40] and present a more involved, but also more universal procedure.
Remembering the nodal and modal expansion of E on the unit interval, we have

NF NP
E(u) ~ Y EjU;(u) =Y Ejlj(u) (5.13)
j=1 j=1
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5 The Discontinuous Galerkin Method

with an arbitrary polynomial basis ¥;. As alluded to above, we will not use the
monomial basis W;(u) = u'~!, because it lacks orthogonality. This might lead to
numerical problems later on. Instead, we are free to pick any set of polynomials, which
is orthogonal on the unit interval [—1,1]. Here, we choose the normalized Legendre

polynomials
~ 1
Pi(u) = /i + iPi(u),

where P;(u) are the classical Legendre polynomials. The orthogonality expresses itself
in the property

1
-1

From Eq. (5.13), we further recover

N, N,

E(w)~ Y BU(w) =Y Ejli(uw) = E;

j=1 j=1

which allows us to write X
VE = E.
A ~ A T T

Here, we introduced the vectors E = (El, A ENP> and E = (El, e ENF) as well
as the generalized Vandermonde matrix

Vij = \Ilj(uz) = Pj_l(ui).

Due to the uniqueness of the polynomial interpolation, we also have
NP
Pi(u) =Y Pi(u)li(u) = P(u) =V 1(u).
j=1
and more importantly, the inverse relation

Li(u) = % <VT)ijl Py (u). (5.15)

j=1
Returning to the integrals in Eq. (5.11), we can now exploit Eq. (5.15) and make use
of the orthogonality from Eq. (5.14) to express the mass matrix as
1
M = Jk/li(u)lj(u)du
1
Np Np

=S ("), (7))

k=1 1=1

|
’_‘\»—‘
;;Ul
L
—~
IS
~—
3
L
£
IS
IS
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or more conveniently

ME = (VVT>71 = J*M. (5.16)
In a similar fashion, we can simplify the stiffness matrix S by rewriting it as
1 1 N, N,
Sy = /zi(uﬂ;(u)du _ / b(u) S () () du = 3 MDDy
4 4 k=1 k=1

Here, the prime denotes the derivative with respect to the argument and we introduced
the differentiation matrix
Dij = l]’(ul)

Making use of the Eq. (5.15), we insert the generalized Vandermonde matrix and obtain

Ny 1 Ny }
Dy=3 (vT)jk Ply(ri) = > Py () Vi (5.17)
k=1 k=1

Exploiting an identity for the derivatives of the Legendre polynomials [40] allows us to

express Pl(u) as
= — = (1,1
Pi(w) = /il + )P (w),

where ]51-(1’1) is a normalized Jacobi polynomial. For details on how to evaluate Jacobi
polynomials see Ref. [40].

5.2 Two- and Three-Dimensional Systems

The most obvious problem in the transition from one-dimensional problems to higher
dimensions concerns the spatial tessellation. To be able to accurately model complex
geometries, we require unstructured meshes. However, the exact shape of the elements
still offers a variety of options. Some of the commonly used cell types are shown
in Fig. 5.3. We will restrict the discussion to triangular (2D) and tetrahedral (3D)
elements, but this is by no means a limitation of the method. We will also skip the
topic of mesh generation, because it would go far beyond the scope of this thesis. The
interested reader is referred to Ref. [44]. All meshes employed in the following sections
were either created by hand or they were generated by using the freely available software
NETGEN [44].

To derive a DG scheme for Maxwell’s equations in higher dimensions, we start the
conservation form (2.11), which we recast to

9 (Q(Pa(?,t)) + V- F(q) = 0. (5.18)

- T
The material matrix Q(7), the state vector q and the flux vector F/(q) = (Fx, F,, Fz)
are defined as
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2d
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Figure 5.3: Different common types of cells in two-dimensional (upper panel)
and three-dimensional (lower panel) unstructured meshes.

In these expressions, &;, i = z,y,2 denote the Cartesian unit vectors. In order to
solve this system, the computational domain is tessellated into K conforming elements
QF. As discussed above, those elements cyn be of arbitrary shape. Now, the general
procedure closely follows the sequence discussed for the one-dimensional case. On each
element, the fields are expanded in terms of interpolating Lagrange polynomials L;(7)
as

Np Np
Q" (7, 1) = > a" (7, ) L(F) = Y a; (1) Li(P), (5.19)
=1 1=1

where N, denotes the number of coefficients utilized. The vector g*(t) contains the
unknown field values that have to be solved for, while #; denotes a set of suitable
interpolation nodes. The question of how to obtain those nodes is deferred to a later
section.

Application of the standard Galerkin approach then consists of multiplying Eq. (5.18)
with test functions L;(7) and integrating over an element QF, which results in

/ (Q""atci‘“ +V- ﬁ(q’“)) Li(F)d7 = 0.
Qk

To facilitate the coupling between neighboring cells, we again employ an integration by
parts and substitute the physical flux F(q*(¢)) with the numerical flux F*(§*(t)) in
the resulting contour integral. A second integration by parts then results in the strong
formulation

[(Qad+v - F@) Lmar= [ - (F@) - F@) L. (520
(oL 0Nk

where 7 is the outward-pointing normal vector of the cell surface OQF.
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i
Figure 5.4: Sketch of a the Riemann problem for Mazwell’s equations in two and

three dimensions.

5.2.1 The Numerical Flux in Higher Dimensions

To continue with the derivation of the higher-dimensional equations, we revisit to the
topic of the numerical flux. Similarly to the one-dimensional case, we calculate the
numerical flux via solving a Riemann problem. We start from the conservative form
given in Eq. (2.4), repeated here as

00,q+V - F = 08,q+ A,0,q+ A,0,q + A.0.q = 0. (5.21)
Since we are interested in the flux along a normal vector 7 F , we consider the equation

Qatq + aﬁFﬁ - 07

where 0; denotes the directional derivative along n and

o 7 —ax H

=11

Thereby, we have reduced the fully three-dimensional problem to a one-dimensional
problem along the fi-axis and can apply the Rankine-Hugoniot condition (5.9). The
eigenvalues of the matrix IT are given by ¢* = £ \/1?” and ¢” = 0, where each eigenvalue
is doubly degenerate. The main difference to the one-dimensional case is the third
eigenvalue ¢, which leads to a total of four regions in the (z,t)-plane as sketched in

Fig. 5.4. In total, the Rankine-Hugoniot condition yields the following three equations

~c 0 (4" —q") +F; —F; =0,
F; — Fy =0,
_C+Q+ <q+ o q**> + F;Jl_ o F;x:l* = 0.
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Inserting the explicit expressions for Q, q and F;, allows us to eliminate q* and q**
and to solve for F;. The resulting numerical flux reads

P —f x H* Tz X [—Z_ﬁ_—Z+fI++ﬁ><AE
o\ axE ) 3¢%:ﬁXP“E—+Yﬂ%+ﬁxAﬁ
Here, we have introduced the difference of the fields at the interface as
AE=E —E*Y and AH=H - H*.

As in the one-dimensional case, the superscript “-” denotes the local cell while “+4”
signifies the neighboring element.

For the strong formulation as given in (5.20), we require the difference between the
physical and the numerical flux. This difference can be expressed as

{Numerical Flux for the Strong Formulation%

D— Py o ZYAH-—axAE
n-(F—F*) = Fg—Ep\_ | "* "z 327 (5.22)
Fo — F* h x —YTAE—axAH
H H Y—+Y+

5.2.2 Briefly on Boundary Conditions

In addition to the equations and an initial condition, every linear PDE must also be
complemented by appropriate boundary conditions. In our case, a number of different
conditions are possible. Typical choices are either reflecting or open boundaries.

Reflective Boundary Conditions

As discussed in Sec. 4.3.3, we can differentiate between two types of reflective bound-
ary conditions, namely either perfect electric conductors (PECs) or perfect magnetic
conductors (PMCs). In case of PECs, we enforce that the tangential component of the
electric field vanishes at the boundary. For PMCs, the tangential components of the
magnetic field have to be zero at the surface. Both PEC and PMC are reflective with
a phase shift of m acquired by either the electric or the magnetic field, respectively.
Explicitly, for the PEC case the boundary condition reads

ivx E=0
with no particular constraint on H. This can be implemented by exploiting the mirror
principle as
AxEt=—-faxE".
Additionally, for the magnetic field we simply choose 7 X H* = 7 x H-. Those
conditions can be easily integrated into the flux calculation, by modifying AF and

AH on the outer boundary. Then, we also have to set Y™ = Y~ and ZT = Z~. The
particular values for AF and AH are summarized in Tab. 5.2.
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AE AH
Perfect Electric Conductor (PEC)  —2E~ 0
Perfect Magnetic Conductor (PMC) 0 —2H~

Silver-Miiller (1st order absorbing) —2E~ —2H~

Table 5.2: Implementation of different boundary conditions by modifying AE and
AH.

Silver-Miiller Boundary Conditions

For many realistic problems, it would be advantageous to have a simple way to imple-
ment open boundary conditions. Open in this context means that all radiation hitting
the outer boundaries leaves the system and never returns. Analytically, one can impose
the condition of out-going radiation via the Silver-Miiller radiation conditions [45]
mnerXE)x%—mE)zm

T—00

MHr«VXﬁ)X?—Mﬁ>:O

r—00

Here, r = ’7"" is the distance to a scatterer, 7 = 7*/r signifies the direction of propagation
and k£ = w (in dimensionless units) denotes the wave vector. Those expressions suggest,
that one could try to obtain approximate open boundary conditions at finite r by
enforcing

(VX E)xn—ikE =0,
(V x H) x 7 —ikH =0,

at the outer boundaries with outward pointing normal vector 7. Inserting the curl
equations in frequency domain, we obtain

iwH x 7 — ikE =0,
—iwE x # —ikH = 0.

After some rearranging and another cross-product with 7, we finally recover the bound-
ary conditions

|
>
>

X X X

)

jesTRw]]
I
|
>
S e

X X

>

X

>

Those expressions are called Silver-Miiller boundary conditions and to enforce them,
we can simply exploit the numerical flux by requiring

« [~ xH*) [—nXx

S D
X X
=
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As a result, we derive

=2 _ ‘)* _ ~ _ ~ ~ ‘0_
i - (F - F*) _(Ee—Ep) o (axH A axax BT (5.23)
Fy - Fy nx ET4+nxnxH
Similarly to the case of reflective boundary conditions, we can implement this case by
setting AF and AH as given in Tab. 5.2. Tt should be noted that the Silver-Miiller
boundary conditions are only approximate and they improve as the distance to the
boundaries tends to infinity. For most practical applications, they are not sufficient

and still result in rather strong reflections from the boundaries. In those cases, we need
to employ PMLs, which will be discussed in Sec. 5.4.

5.2.3 Derivation of the Semi-Discrete System

With the flux and the boundary conditions in place, we can continue to derive a semi-
discrete system. Inserting the numerical flux (5.22) into Eq. (5.20) leads us to the
expressions

. . ZTYAH — 7 x AE
k k‘_ = = _ ~ (= —
/(e 8,EF —V x H) Li(7)dF / (n x ) Li(7)dF,

QF OOk
. » ~Y+tAE — A x AH
/(MkatHk—i—VxE) Li(7)d7 = / <ﬁ>< " ;f )Li(F)dF.
QFk 9Ok

Now, we can insert the expansion of the fields (5.19) to obtain

5 o 3 ZHABF — 7 x AE
R A gf , (5.24a)

_YHAE — i x AH

JPMEG Y = —SF x B+ F* [ A x T , (5.24b)
where we introduced the new notation
BF = (BE BB and it = (v, B, 112
Further, we used a vector S¥ = (SHIf,S{j, Sf) and the matrices
(571%)1]' = /Li(F)(?ij(F)d?, with m € {z,y, 2z}, (5.25a)
QF
(m4), = [ Lo, (5.25h)
Ok
(]—'k)ij - / Li(7) L;(7)d7 where j € {j|7; € 9QF}. (5.25¢)
o0k
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5.2 Two- and Three-Dimensional Systems

As in the one-dimensional case, M and S are the mass matrix and the stiffness matrix,
respectively. Additionally, we introduced a new matrix F*, which only acts on the
surface of a cell. Depending on the dimensionality of the system, we call this matrix
edge-mass (2D) or face-mass matrix (3D).

5.2.4 Mapping of the Cells and Node Generation

Asin the one-dimensional case, we would like to perform as many operations as possible
on a unit cell. To be able to do so, we need to find a transformation from an arbitrary
cell to our reference cell.

Two Dimensions

In the two-dimensional case, this unit cell is chosen to be a right triangle as depicted
in Fig. 5.5. As alluded to above, we require a linear transformation, which leads us to

YA

o /

Figure 5.5: A sketch of the two-dimensional mapping onto a reference triangle
(unit cell).

the general two-dimensional mapping

T =1+ Jl(fd)u + in”%, (5.26a)
y =0+ T u+ TV, (5.26b)
In the case of an arbitrary triangle with vertices 7 = (x1,¥1), T = (22, y2) and

73 = (a3, y3), the transformation coefficients are uniquely determined by solving the
system (5.26) for each vertex. The results then read

o = 11, Yo = Y1,
2d 2d

‘71(1 ):IQ—.’El, jg(l ):y2_y1’
2d 2d

TV =25 — m, T5" =y — .
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5 The Discontinuous Galerkin Method

Here, the matrix J2% is the metric of the transformation and also called Jacobi
matrix. The Jacobian J2%) = det (j(Qd)) is then given by

T = (25— 21)(ys — 1) — (23 — 1) (42 — W1)-

In the two-dimensional case, the expansion order N and the number of coefficients
N, is related via
(N +1)(N+2)
N, = :
2

Just as in the one-dimensional case, we require an orthogonal basis on the reference
triangle, to avoid a poorly conditioned Vandermonde matrix. Fortunately, such a basis
is well known and is often referred to as Koornwinder-Dubiner polynomials. On the

unit cell shown in Fig. 5.5, they take the form

BRI+ )i+ + 1)P(070)

(2i+1,0) Ry
v = O (a) PEFOB)(1 - 1)

J

with
2u

“= 1—w
In Fig. 5.6, we have plotted the first few Koornwinder-Dubiner polynomials, to give an
impression of how the basis looks.

The final missing ingredient is the set of nodes 7; on the triangle. Unfortunately,
there is no known way to analytically obtain an optimal set in higher dimensions.
However, there is a number of proposals how to obtain reasonably good interpolation
nodes on triangles and tetrahedra [46-48]. We continue by following the proposal of
Warburton as given in Ref. [47]. This method is called “warp & blend” and it enforces
the nodal points on the edges to be LGL points. We will not repeat the algorithm

here, but instead simply show the resulting positions for several expansion orders in
Fig. 5.7.

—1, and b=2v-—1.

Three Dimensions

In three dimensions, we choose the unit cell to be an equilateral tetrahedron as dis-
played in Fig. 5.8. The general procedure is now almost identical to the two-dimensional
case. Assuming a general linear mapping of the form

U
F=7+J0Y [ v (5.27)

directly yields
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% v b.\:l s./\,.\43 s/o.'\’b‘
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Figure 5.6: Plot of Koornwinder-Dubiner polynomials. Fach row corresponds to
the additional basis functions required by a higher expansion order.
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Figure 5.7: Nodal positions for several expansion orders, obtained via the “warp

& blend”™-method as proposed in Ref. [47]
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r3 wA

A

/
Figure 5.8: Fvery tetrahedron is mapped onto the reference tetrahedron with
vertices €1, &2, €3, and &4.

The corresponding Jacobi matrix can then be obtained from the vertices of the reference
tetrahedron &; (cf. Fig. 5.8) as
-1
Tp— % T3— T T4 — To S &1 &4
TP =lm—w wm—w mu—w| Ly &y &y
H—H B—A 24— A §. &, &2

m-m m-zm m-z) (L 0 0
=|l%®—% Y—Y Y4—Y 0 V3 _\2[\/6’
— — — V3
=2 B— 24— 0 O 2v3

In the three-dimensional case, the expansion order N and the number of coefficients

N, is related via
N — (N+1)(N+2)(N+3)
p 6 .
Again, we require an orthogonal basis on the reference tetrahedron. For the equilateral
tetrahedron pictured in Fig. 5.8, a suitable choice is given by

1 0,0 2141,0 i 5(2i425+42,0 i
¥ = PP PO 01 - 0 PO (01 - o)

with
V6u 2 V8v—w V3
6=———, b=——F7—"-—-1, ¢c=—7w-1
V6 + V20 +w V38 — V3w V2

and the normalization factor
V2 (4i +2j +3)

N:16(1+;) (i+5+1) (i+i+k+3)
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5.2 Two- and Three-Dimensional Systems

)

Again, Pi(aﬁ) are the Jacobi polynomials and as the special case, Pi(o’0 reduces to the

Legendre polynomials.

As in the two-dimensional case, we obtain the missing set of nodes 7 via the “warp
& blend”-method presented in Ref. [47]. A few exemplary sets of nodes are pictured in
Fig. 5.9.

20 Nodes 35/Nides 56 i;des 84 Nodes
A A A 4
/ | \ \//( ‘j N ‘(<(\*\_\ /o \#\
Lo Ly L L

A
th
3™ order 4™ order 5t order 6 order

Figure 5.9: Three-dimensional nodes in the reference tetrahedron as generated
by the “warp & blend™-method.

5.2.5 Putting it all together

With the transformations, the nodal points 7; and basis functions ¥, at hand, we can
continue to simplify the semi-discrete system in Eq. (5.24). In order to do so, we recall
the generalized Vandermonde matrix

As in the one-dimensional case, this matrix allows us to express the mass-matrix from
Eq. (5.25b) as

-1
ME=Jh(VWT) = T, (5.28)
Similarly, we can rewrite the stiffness-matrices from Eq. (5.25a) as
-1
Sk = (VVT> DE m=uy2 (5.29)
where DF, denotes the differentiation matrices with respect to the Cartesian coordinates

(D) = D OV (F)Vy"
k

The main difference to the one-dimensional case results from the matrix F. In order to
make this matrix cell-independent, we need to introduce the surface Jacobian JF. In
two dimensions, there will be three different values JSIC per triangle, one corresponding
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5 The Discontinuous Galerkin Method

to each edge. Equivalently, for three-dimensional systems there will be one J¥ for each
face of the tetrahedron. This definition allows to write

FE=N"JrF, (5.30)

where face matrices F are now given by

—

(7). — fSLZ-(g)L]—( )d¢,  where j € {j|¢ lies on surface s}
iy 0, otherwise .

As for the mass matrix, one can express the integrals in terms of generalized Vander-
monde matrices. However, those matrices must be generated from a basis which is
orthogonal on the surface [40].

Inserting the face matrix, together with the matrices from Eq. (5.28) and Eq. (5.29)
into Egs. (5.24) results in the final, semi-discrete scheme

4‘ Semi-Discrete Discontinuous Galerkin Formulation }7

=, - = Z+Aﬁk7A AE:f
8tEk:W DXHk_i_M*lZJSkFS 7¢I,X Z*+Z*:< y (531&)
S
=, 1 - 2 —Y+AE—AXAI:?
atHk:W Bx B+ MY JE, [ x Y_+;+ .| (5.31b)
S

5.3 Convergence and Time-Stepping

Up until now, we have developed the DG scheme mostly based on intuition and math-
ematical experience. While many steps seem logical, it is not obvious that Eqs. (5.31)
present a convergent and stable numerical scheme. Especially the introduction of the
numerical flux and its connection to the Riemann problem still lacks a rigorous jus-
tification. Furthermore, the semi-discrete scheme in Eqs. (5.31) is only half the way
towards a general time-domain solver. It still misses the time-stepping to actually
evolve the fields in time.

5.3.1 Convergence

As noted in Sec. 4.2, a rigorous proof of convergence is a condition sine qua non
for any numerical method. For the Discontinuous Galerkin method, such a proof
can be obtained by making use of the well-known Lax-Richtmyer equivalence theorem
[31]. This procedure is very general and rather convenient since it allows to treat the
consistency of the spatial discretization independently of the stability of the scheme.
Unfortunately, the resulting error estimates are suboptimal [40]. In order to obtain
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sharp error bounds, one has to tackle the full problem directly, which was done for
Maxwell’s equations with the upwind flux in Ref. [19]. In this case, we obtain the error
bound

qexact _ qDG‘ < pN+1 (CO + ¢ T) ’ (532)

where q®2° denotes an exact solution of Maxwell’s equations, while q°C represents
the numeric approximation. Furthermore, h describes the size of the largest element
in the mesh and T is the total time of simulation.

From this result, we can deduce two important points:

e The deviation of our calculations from the exact result does not grow faster than
linearly with time. As we will demonstrate later, this is a sharp result.

e The slope of the growth is determined by the mesh size h and the polynomial
order N. Here, the convergence is algebraic in A and exponential in N. This
feature is also known as hp-convergence.

We will return to the point of accuracy in Sec. 5.5, where the performance of the scheme
will be analyzed in more detail.

5.3.2 Time-Stepping

The final missing component in deriving a time-domain solver from the semi-discrete
system (5.31) is the integration in time. The simplest possible solution would be to
employ a finite-difference discretization as we did for the FDTD method. Unfortu-
nately, this method shows a rather poor performance and would limit the efficiency
of our solver dramatically. Instead, we adopt a more sophisticated integration scheme
known as the low-storage Runge-Kutta (LSRK) method.

In contrast to classical Runge-Kutta schemes, which are known for their versatility
and excellent performance, the LSRK methods are tuned to require less memory. This
feature becomes important, when we try to simulate a very large system where the
number of unknowns reaches the order of M = 107 or more. But as we will demonstrate
later on, the LSRK methods are also advantageous for smaller systems.

If we rewrite Egs. (5.31) as

au(t) = f(u,t), (5.33)

then we can integrate it in time by using the 2M/-LSRK due to Williamson [49] as

k;, = ak;—1 + Atf(yifl, t+ 62At)
Yi = ¥io1 + bik;
y(t+At) =ys.

Here, s denotes the number of stages while a;, i)i and ¢; are the coefficients which define
a particular scheme. In Ref. [50], Carpenter and Kennedy propose a set of coefficients
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i a; b; Ci
1432997174477

1 0 9575080441755 0

2 _ 567301805773 5161836677717 1432997174477
1357537059087 13612068292357 9575080441755

3 _ 2404267990393 1720146321549 2526269341429
2016746695238 2090206949498 6820363962896

4 — 3550918686646 3134564353537 2006345519317
2091501179385 4481467310338 3224310063776

5 1275806237668 2277821191437 2802321613138
842570457699 14882151754819 2924317926251

Table 5.3:  Coefficients for a low-storage Runge-Kutta scheme according to
Ref. [50]. The scheme requires s = 5 stages and is fourth-order accurate in time.

for a suitable integration scheme of fourth order. Unfortunately, in contrast to the
classical Runge-Kutta methods, it is not possible to create such a scheme with only
four stages. Instead one requires at least s = 5. The proper coefficients are given in
Tab. 5.3.

As an explicit scheme, the LSRK scheme is only conditionally stable. Similarly to
the case of FDTD, we need to fulfill a CFS-criterion which limits the allowed timestep.
However, in contrast to FDTD, we can not express this criterion explicitly. Instead,
we can find the appropriate condition by considering the ordinary differential equation

0
—Yy=Ay. .34
579 = (5.34)
Inserting this equation into the Runge-Kutta yields
y(t+ At) = At<1+a1)\+a2)\2+---—i—as)\s)y, (5.35)

=:G(A)

where «, are numerical coefficients depending on the parameters a; and b; of the
particular scheme. Obviously, for our solution not to be growing we must fulfill the
condition

At G\ < 1. (5.36)

A contour of the function G(A) = 1 is plotted in Fig. 5.10 for a classical fourth-
order Runge-Kutta scheme and for our LSRK integrator. Clearly, the LSRK has a
significantly larger region of stability. Besides the lower memory requirements, this is
the reason for employing a LSRK method instead of a classical Runge-Kutta integrator.
Returning to our full problem, A plays the role of to the eigenvalues of the discrete
operator on the r.h.s. of Egs. (5.31). Thus, we are required to pick At sufficiently
small to ensure that the largest eigenvalue still fits into the region of stability.

Choosing At in Practice

Unfortunately, we can not afford to calculate the spectrum of each operator before we
conduct a time-domain calculation. Therefore, we need a more accessible way to obtain
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Figure 5.10: Stability region of the classical Runge-Kutta (red) and a LSRK
scheme (blue).

a sufficiently small At without wasting computational resources by picking it too small.
Empirically, we know that the largest eigenvalue is connected to the shortest distance
between to gridpoints in our system. This scale can be separated into two parts. First,
we have the nodes on an individual elements. As a rather primitive measure for the
minimal distance between them, we consider the LGL-nodes along the edges. There,
we easily calculate the distance Auy = us — u; of the first two nodes on the unit
interval. This length will depend on the expansion order N as Auy oc N~2. Further,
we need a measure for the size of the smallest element. Following the suggestions
of Hesthaven and Warburton [40], we pick the incircle or insphere of the triangles or
tetrahedra, respectively. This length is denoted by 7* for each element k. Then, we
determine the timestep as

At = s Auy m(%n (rk) , (5.37)

where s is a number of order 1, which we determine from a set of numerical experiments.
We will return to this point in Sec. 5.5.

5.4 Sources, Dispersive Media and PMLs

Before we proceed to test the DG method numerically, we briefly comment on some of
the relevant extensions.

Sources

A first important point is the excitation of the system through sources. Besides via
initial conditions, there are two conceptually different ways to inject radiation into
the system. The more obvious path is to add current density terms to the r.h.s.
of Egs. (5.31). An alternative is given by the so-called Total-Field/Scattered-Field
approach as discussed in Sec. 4.3.2. Typically, the current density is more suitable to
introduce localized sources while the TF/SF method can be employed to inject plane
waves. Within the DG framework, one can easily implement the TF/SF approach by
modifying the field differences in the numerical fluxes. The addition of current terms
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also presents no fundamental problem, but the spatial profile is obviously expanded
into Lagrange polynomials. For the very important case of a delta-like point source,
this expansion becomes rather intricate and a highly refined mesh around the source is
required to model it accurately. In turn, this dramatically reduces the computational
performance due to the stability constraints on the timestep. Therefore, we implement
point sources by exploiting the TF/SF method. For the injection, a small contour
around the desired source location is embedded into the mesh and the outer area is
defined as the TF region. The required fields on the contour can be obtained by means
of Green’s functions as presented in Sec. 2.5.

Dispersive Media

A second extension is the implementation of dispersive materials. As discussed in
Sec. 3.1.3, we can include certain models of dispersion via auxiliary differential equa-
tions (ADEs). Since the resulting ADEs for typical dispersion models do not contain
spatial derivatives, we can easily incorporate them into the time integration. It was
shown in Ref. [51], that additional ADEs without spatial derivatives do not influence
the choice of the numerical flux.

Perfectly Matched Layer

Finally, we return to the crucial point of PMLs. We have seen in Sec. 3.2, that one
can implement PMLs in multiple formulations. The difference between the two pre-
sented versions, namely UPMLs and CFS-PMLs, lies in the number and form of the
resulting ADEs. As demonstrated, a UPML formulation can be implemented by a
single ADE per field component, which does not contain additional spatial derivatives.
Unfortunately, this is not true for the more general CFS-PMLs. Here, we require
two additional fields and the equations contain additional spatial derivatives. As a
consequence, we abstain from implementing CFS-PMLs and employ standard UPMLs
instead. In Sec. 5.5.3, we will demonstrate that one can still achieve excellent absorp-
tion properties by optimizing the free parameters.

5.5 Verification and Comparison to FDTD

Similarly to the verification of the FDTD method in Sec. 4.4, we employ a number of
basic systems to test the performance and stability of our implementation. To allow
for direct comparison, we start with the same tests as for the FDTD case.

5.5.1 Empty Metallic Cavities

In contrast to the FD'TD method, the performance DG scheme is affected by a number
of external parameters. Particularly the shape and quality of the mesh can signifi-
cantly influence the results. For this section, we employ regular meshes with PMC
boundary conditions as depicted in Fig. 5.11. As a first test, we return to the question
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Figure 5.11: Regular test meshes for an empty, metallic cavity. (a), (b) and (c)
depict meshes for h =1, h = % and h = i, respectively. The blue frame indicates
PMC boundary conditions.

of the proper timestep At. According to the discussion in Sec. 5.3.2, we still need
to empirically determine an appropriate value for the factor s in Eq. (5.37). To do
so, we simulate the cavity for different meshes, different orders N and different values
for s. The resulting maximal error after 7" = 50 Tj is plotted as a function of s in
Fig. 5.12. From these results, one can directly extract the point of instability. Fur-

(a) 10’ ] ’ (b) 10° ,
4] —J
5 — N=2 5
5 5 N=3 T 5
; 10 N=a |1 '-'T: 10
14 = N=5 14
— N=6
N=7
- N=8
107 ‘ : ‘ : 107 ‘ : ‘
1.5 2 25 3 35 1.5 2 25
Timestep factor s Timestep factor s

Figure 5.12: Error for empty cavity calculations as a function of the timestep.
The data in (a) was obtained with 4 triangles per wavelength, while (b) contains
data for 8 triangles per wavelength.

ther, we find that once the scheme is stable, most of the results do not change with
the timestep. Thus, we conclude that the error is mostly dominated by the spatial
discretization. Only for relative errors below 107> one can observe a further reduction
of the error with decreasing timesteps. As a consequence, we will generally try to make
the timestep as large as possible without crossing the instability limit. Only for highly
accurate calculations, one has to slightly reduce s. From the data in Fig. 5.12, we find
that the maximal value sy ax still depends on both, the spatial order and the size of the
mesh. In Fig. 5.13 we plot the maximal values of syay for different orders and meshes.
We observe how the maximally allowed timestep factor increases with the order and
decreases with refinement of the mesh. The variations, however, are not too large,
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Max. allowed timestep factor s

2 3 4 5 6 7 8
Polynomial Order N

Figure 5.13: The crosses indicate mazimally allowed timestep factors smax for
different meshes and orders. The solid line corresponds to values for smax aS given
by Eq. (5.38).
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Figure 5.14: (a) Relative error as a function of mesh refinement. Straight lines
in the semi-logarithmic plot indicate algebraic convergence. The fitted slopes are
given in the legend. (b) Relative error as a function of increasing order of the poly-
nomial expansion. The straight lines in this double logarithmic plot demonstrate
exponential convergence.

indicating that the scaling discussed in Sec. 5.3.2 works reasonably well. In order to
increase performance, we fit a quadratic polynomial to the maximally allowed timestep
for each order of the smallest mesh. To be on the save side, we then subtract a certain
margin of error and obtain the expression

S$max(N) = 0.8 + 0.27N — 0.011N2. (5.38)

The resulting values are indicated in Fig. 5.13 as blue circles. Those values will be
used for all realistic calculations, unless stated otherwise.

However, before we proceed to realistic setups, we should also analyze the errors as
a function of the mesh and the spatial order. To completely eliminate the influence of
the time integration, we will work with a timestep factor of s = 0.18pax. In Fig. 5.14,
we display the error as a function of the mesh size (Fig. 5.14(a)) and of the polynomial
order (Fig. 5.14(b)). These results nicely confirm the theoretical analysis of the error
bounds presented in Sec. 5.3.1. In particular, from the straight lines in the semi-
logarithmic plot 5.14(a) we confirm the algebraic h-convergence. Conducting a linear
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Figure 5.15: The relative error as a function of the computational time. The
dashed lines correspond to calculations with a timestep factor of s = Smax, while
the data for the solid lines was obtained with s = 0.18ax.

fit, we find the slope roughly equivalent to N+1, as predicted by Eq. 5.32. Furthermore,
we observe exponential p-convergence from the double logarithmic plot in Fig. 5.14(b).

The qualitatively different convergence behavior naturally leads to the question of
which refinement should be preferred. To this end, we plot the relative error as a
function of the computational time spent to obtain the result in Fig. 5.15. From these
results, we observe that for this problem the p-refinement does indeed result in faster
calculations for a given error. But it should be noted, that this can not directly be
transfered to calculations of realistic systems. Particularly if curved interfaces are
involved, the error can be strongly dominated by the approximation due to straight-
sided elements. In this case, only h-refinement will lead to any improvement. Similar
considerations are also valid, if we have to deal with field singularities.

5.5.2 Half-Filled Cavities

As a next step we demonstrate the superior convergence properties of the DG methods,
when interfaces are involved. In Sec. 4.4.2 we demonstrated that a fourth-order FDTD
scheme is reduced to second order of accuracy if material interfaces are present. Now we
demonstrate that the DG method does not exhibit the same restriction. The physical
setup is identical to the one in Sec. 4.4.2 and the corresponding meshes are shown in
Fig. 5.16. As in the previous section, we employ time-step of s = 0.1spax to avoid
error contributions from the time integration. The important feature is that both, h-
and p-convergence remain entirely unaffected by the interface (cf. Fig. 5.17). This is
in stark contrast to the FDTD results and highlights the versatility of the DG method.

Finally, we conduct a direct comparison with the FDTD method. To this end, we
plot the DG results obtained with the maximal timestep factor as a function of CPU
time in Fig. 5.18. In the same plot, we also depict the computational time required
for the corresponding FDTD calculations. From this plot, we observe that the DG
method is clearly superior for the given problem. If we require a relative error below
1%, then DG delivers the solution about two orders of magnitude faster than FDTD.
However, this advantage largely stems from the higher-order nature of our method. As
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Figure 5.16: Meshes with different levels of refinement for the semi-filled cavity
(h =1, %, zlu %) The green shaded triangles mark the region filled with € = 2.

(a) 10 (b) 1

—

——3— N=2, Fitted:4.01

_g| | =% N=3, Fitted:4.25
10 —— N=4, Fitted:4.96
——¥—— N=5, Fitted:5.87
—— N=6, Fitted:6.85

-2

10 2

10

4 -4

10 10

Rel. Error
Rel. Error

—— 1/h=1
5| | =¥ 1/h=2
10 —— 1/h=4
——¥—— 1/h=8
—3— 1/h=16

-8

. . 10° - - -
1 2 4 8 16 2 3 4 5 6 7 8
Elements per Edge (1/h) Polynomial Order N

10

Figure 5.17: (a) Relative error as a function of mesh refinement. Straight lines
in the semi-logarithmic plot indicate algebraic convergence. The fitted slopes are
given in the legend. (b) Relative error as a function of increasing order of the poly-
nomial expansion. The straight lines in this double logarithmic plot demonstrate
exponential convergence.
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Figure 5.18: The relative error as a function of the computational time. The
solid lines correspond to DG calculations with a timestep factor of $ = Smax, while
the dashed line represents results from an FDTD calculation.
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Figure 5.19: System used for the validation of PMLs. (a) shows the interface
between the computational region and the PMLs (green frame) as well as the outer
boundaries (red frame). The blue surface in the center marks the contour used to
inject the point source, while the crosses indicate the recording points. (b) depicts
the tetrahedral mesh. Edges and Corners are shaded red to indicate the extent of
the PML region (one cell).

discussed previously, for more complicated structures containing curved interfaces, we
might not be able to fully exploit the p-convergence. For those cases, the advantage of
the DG method is diminished but usually still existent.

5.5.3 Optimization of the PML Parameters

Finally, we revisit the problem of absorbing boundary conditions. As alluded to above,
the PMLs still contain a free parameter ¢ which needs to be determined numerically
for best performance. In the case of FDTD, we have already demonstrated that o must
be made position dependent, to optimize absorption (see Sec. 4.4.3). There, we chose
a polynomial grading ( )
_ m(m+1
o(w) = (/d)" L
where d is the thickness of the PML-layer while m and R are free parameters. Best
results for FDTD are obtained for values of m ~ 3 and R ~ 10. To facilitate a compar-
ison of PMLs in the DG method with those of FDTD, we adopt the same polynomial
grading with free parameters m and R. In order to scan the entire parameter space,
we use a small three-dimensional test system as sketched in Fig. 5.19. A point-source
is placed in the center of the system and is injected via a TF/SF contour as discussed
in Sec. 5.4. The pulse shape, the definition of the error and the recording positions are
all chosen identically to the FDTD case (cf. Sec. 4.4.3). As before, we compare with
numerical results obtained on a much larger system.

R,
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In Fig. 5.20, we depict the results of our parameter studies for the system sketched
in Fig. 5.19. Most importantly, we note that for N = 3 and only one layer of PMLs, we

(a) 20 : (b) 20

J i N
@ 10} \\b ¢ 108\ J\U&

Figure 5.20: Dependence of the relative error on the parameters m and R for
spatial order (a) N=8 and (b) N=4. In both cases, the error of the field at recording
point Py is plotted.

already achieve a relative error below 1%. Moreover, this minimum does not coincide
with the one expected from FDTD. Instead, the best performance can be observed for
m = 0 which renders the grading of ¢ obsolete. This result is not so surprising and
fully consistent with our results for a two-dimensional test case [52].

Instead of wondering why the grading does not help, we have to ask why it was
needed in the first place. As we have stated previously, there is no analytic reason for
making o spatially dependent, since the PMLs should be reflectionless for all values of
o. Instead, we had to introduce the grading because the FDTD method does not deal
well with discontinuities in the material parameters. Therefore, an adiabatic ramping
can help to mitigate numerical problems with the derivatives across the PML interface.
Since the DG method by construction has no problems with discontinuous fields, there
is no longer a reason for the grading.

In a second step, we now have to search for the optimal value of R, which defines
the damping inside the PMLs. Analytically, this value should be as large as possible to
prevent radiation making a round-trip through the PML and returning to the compu-
tational domain. Our results of a detailed scan are presented in Fig. 5.21. As expected
theoretically, the error diminishes exponentially with increasing R until a certain point.
At this point, the damping gets so strong, that we fail to properly approximate the
fields inside the PML with a polynomial of the given order. Then, the error increases
again, because the approximation of the fields gets worse. This argument is supported
by the observation, that the error reduces further if the order is increased. Thus, the
optimal value for R depends on the polynomial order used. For our system, the opti-
mal value lies around R =~ 10. This is the value that will be employed in all further
calculations.
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Figure 5.21: Performance of the PMLs for m = 0 as a function of the param-
eter R. The colors denote the three different recording points, while the linestyles
correspond to N=38 (solid) and N=/ (dashed).
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Chapter 6

Advanced Time Integration

So far, we were mostly concerned with the spatial discretization of Maxwell’s equations
while the time integration was only touched on. For both the standard FDTD formu-
lation and for most discontinuous Galerkin calculations, this was justified because the
errors are strongly dominated by the spatial discretization. Only for highly resolved
systems we could observe a degradation of the accuracy due to insufficient time inte-
gration. But besides the point of accuracy the time integration obviously has a strong
influence on the performance of any time-domain method. All schemes discussed so far
are fully explicit, which means that they allow a direct computation of the following
timestep from the previous one. Unfortunately, those methods all suffer from perfor-
mance restrictions due to the Courant-Friedrichs-Lewy (CFL) criterion (cf. Sec. 4.2.1
and Sec. 5.3.2). To overcome this limitation, one could employ implicit integrators,
but they require the numerical solution of a large system of linear equations for each
timestep. This additional computational effort often negates the performance gains
due to the larger timesteps.

In this chapter, we present an alternative class of time integration methods, which
can not be attributed to either explicit or implicit schemes. Those methods are called
exponential integrators and we will demonstrate that they can exhibit unconditional
stability without the computational effort usually connected with an implicit integrator.
As we will see, these methods also provide a systematic way to increase the accuracy
of the time integration.

6.1 Linear Matrix Exponential Integrators

To introduce the idea behind matrix exponential integrators, we start from Maxwell’s
curl equations (2.10) with linear, non-dispersive media and without explicit source

o T
terms. Combining the electric and magnetic fields into a supervector q = (E, H )
allows us to rewrite the curl equations as

o .
5;4=Ma, (6.1)

93




6 Advanced Time Integration

where the operator H is given by

0 e(7) "1V x
H = <—M(F)_1Vx 0 ) : (6.2)

By formal integration, a solution to Eq. (6.1) is readily found as

a(ty + At) = exp(H At)q(to). (6.3)

As discussed in the previous chapters, spatial discretization of the fields will convert the
operator H into a finite matrix H. Thus, the problem of time integration is transformed
into the task to evaluate the exponential function of a matrix. While there is a large
variety of methods to calculate such matrix exponentials [53], only few of them are
suitable for our task.

The particular problem becomes apparent when we consider an exemplary three-
dimensional system, discretized with finite differences. Assuming a discretization of 100
cells along each axis results in a system of approximately Nyt = 6x (100 x 100 x 100) =
6 x 10 unknowns. While the storage of Nyoy ~ 107 variables presents no challenge
for modern computers, the corresponding matrix H would have N2, ~ 10'* entries.
This amount of data can neither be stored nor processed on even the most advanced
machines currently available.

The key to the solution of this problem are two points. First, for most discretizations
the matrix H will be sparse, i.e., most entries are zero. This dramatically reduces the
required storage and it enables us to quickly evaluate matrix-vector products Hq.
Unfortunately, the sparsity of H does not imply a sparse matrix exp (H At). The
second point is therefore, to realize that the explicit result exp (H At) is not required
to do the time integration. Instead, we only need the action of this matrix onto a given
initial state q(f). Thus, we are looking for a method which evaluates the action of
the matrix exp (H At) on a vector q(f) without the requirement to store either H or
exp (H At) explicitly.

The most obvious approach would be to exploit the Taylor expansion

exp(H At)q(ty) = Z (Hf,t)nq(to),
n=0 )

and truncate the series at a certain order. Unfortunately, the numerical convergence
of the Taylor series is known to be very poor [53]. Recently, two alternative schemes
to evaluate a matrix exponential with respect to Maxwell’s equations were published
by De Raedt and coworkers [54], but both of them rely on the skew-symmetry of
H. This restriction severely limits the flexibility of those methods and renders them
unsuitable for extensions to nonlinear solvers [55]. In the following sections, we will
present a method based on the so-called Krylov subspace approach which is free of any
requirements on the structure of the matrix.
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a1 < qa(to)/ |a(to)|

forj=1...m

WHHqi

fori=1...J

hi’j =W-q;

w—w—h;;q;

hit15 = W

qj+1 < hiv1

Figure 6.1: Schematic representation of the Arnoldi algorithm as a Nassi-
Shneiderman diagram.

6.1.1 Krylov Subspace Techniques

The basic idea behind any Krylov-subspace method is to project a large, sparse matrix
onto a much smaller, suitably chosen subspace. In this subspace, the actual calculation
of the matrix exponential (or any other matrix operation) is performed. Projecting
back the result then yields an approximation of the operation on the full matrix [56].
The m-dimensional Krylov subspace K, is defined by

Km - Span{q(tﬂ)7 Hq(t0)7 H2q(t0)7 cee 7Hm71q(t0)}a (64)

where the subspace dimension m is typically chosen to be of the order of ten and,
therefore, many orders of magnitude smaller than the number of unknowns Nypt. In a
next step, we need to execute the actual projection of H onto the subspace K,,. For
general matrices, this can be achieved by the Arnoldi algorithm [57] as sketched in
Fig. 6.1. It should be noted, that the inner loop of said algorithm is nothing but a
modified Gram-Schmidt process, which leads to an orthonormal basis

Vin = [q17q27 s aqm]
of K,,. Furthermore, the algorithm generates a matrix H,, as

iy
which is of upper Hessenberg form. By generation, the matrix H,, fulfills the relation

HVm = VinHom + Bt mQmt 1€, (6.5)

Here, e; denotes the i-th unit vector belonging to the space R™. Upon multiplication
of Eq. (6.5) with V., we obtain

Hon = VEH V.
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Therefore, H,, represents the projection of H onto the subspace K,,, with respect to
the basis Vp, |56, 58|.

In a next step, we note that the best approximation qopt (o +At) to exp (HAt) alt)
in the subspace K, is given by the projection [58]

Qopt (to + At) = V,, VT A (1)),
Exploiting the identities q1 = q(t)/ |a(to)| and qi = Vey, it follows that
dopt (to + At) = |a(to)| Vi Vik e Ve
—r

The matrix £ is a dense m X m matrix, but unfortunately it is not practically com-
putable, since it still contains the full matrix exponential e4!
expansion of £ around At = 0 results in

(na0)"

n!

. However, a Taylor
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where we have exploited the fact that V,,VIH™ = H" for all n < m, by construction.
Expanding the first sum as

(VmV,ZHAt)n = | ViV HVn Vi H - Vo VI H | At = Vi, (HmAL)"
H

then yields the expression
L£=VEeHAly, = Hndl L0 (At™). (6.6)

This allows us to formulate the main approximation of the linear Krylov-subspace
scheme as

{ Main Approximation }

e Alqq ~ ‘qo‘ VY, eltmBle . (6.7)

As we have seen from Eq. (6.6), this approximation is at least accurate up to O (Atm)
in time. A more accurate error bound is given by [56]

p"e’

e’HAtq(tO) _ ‘q(to)’ VmeHmAtel‘ <2 ‘C](to)’ ol
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where p = "H At|, and |-| denotes the standard two-norm of a vector or the spectral
norm of a matrix, respectively. Thus, for sufficiently large m, we can expect the %—

dependence to dominate, leading to a superlinear convergence of the scheme.

Exponential of Small Matrices

After establishing the general procedure of a Krylov-subspace based exponential in-
tegrator, we now need to address the problem of calculating e®»2? where H,, is a
small upper Hessenberg matrix. As alluded to above, there is a variety of methods for
calculating the exponential of a matrix [53|. For our particular problem, the class of
rational approximations
eHmAL P; (HnAt)
Q) (HmAt)
has proven itself successfully. Here, P; and @); are polynomials of degrees 7 and j
respectively. In particular, we employ a (n,n) Padé approximation, which takes the
form [59]
st P ()
Pn (=HpmAt)’

where
n

Py () = ¢ (HpnAt)'
=0

The corresponding coefficients ¢; are given by the recursion

1, ifi=0

. n—i+1 e '
Cil@noitrys 1 6>0

C; =

In practice, an order of n = 6 was found to be sufficient to achieve converged results.

6.1.2 Implementation of Sources

So far, our discussion was restricted to systems without sources, which clearly is of
limited practical use. A generalization of Eq. (6.1) with respect to source terms can
be expressed as

0 .
514~ Hq +j(t), (6.8)

o o\T
where the supervector j(t) = <jE, jH> now contains the current source terms. Simi-

larly to Eq. (6.1), we can formally integrate Eq. (6.8) and find the solution by variation
of constants as

to+At
a(to + At) = e Aq(to) + / (ot AT 0y g (6.9)

to
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Thus, the solution of a system with sources requires us to solve the source-free prob-
lem and, additionally, we have to evaluate a convolution integral containing matrix
exponentials.

Direct Integration via Quadrature Rules

A very general procedure of handling the convolution integral in Eq. (6.9) can be found
by recasting the problem into the time-stepping procedure [58]

At
alto + At) = q(ty) + / AR5t 4+ 1) + Halt)] dT.
0 Po(1)

Upon replacing the integral with a suitably chosen quadrature formula, one obtains

qlto + At) = q(te) + > wie® My (7). (6.10)
i=1
Here, 7, and w; (i = 1,...,n) are, respectively, the nodes and associated weights of the

quadrature scheme. Note that for an n-point quadrature we would require n Krylov-
subspace calculations. In turn, this would dramatically decrease the performance of the
method. Instead, Gallopoulos and Saad [58] proposed to work in only one subspace,
which, for instance, may be built from the vector ®¢(At/2). With the resulting basis
Vi and projected matrix H,,, one can approximate the individual matrix exponentials
according to

BTN (1) & Ve BT YT @ (7).

Inserting this approximation into Eq. (6.10), one obtains the full time-stepping proce-

dure
n

alto + At) = qlte) + Vi Y wie! XY TP (7;). (6.11)
i=1
The computational cost of the inclusion of sources is now dominated by one additional
matrix-vector-product in ®g and n corresponding products with V1. If one takes into
account that j is usually an extremely sparse vector, the latter contribution can be
reduced to only one full multiplication with V;l and n sparse matrix-vector-products
Vnij(T i)

The stability and accuracy of this procedure strongly depends on the chosen quadra-
ture scheme. A criterion for the choice of a stable quadrature is available [58], but a
full analysis of the influence of the quadrature scheme on the accuracy of the result
remains an open issue. In practice, we use a 10-point closed Newton-Cotes quadrature.
Because the nodes are equally spaced for this scheme, it is sufficient to only evaluate
exp (7'1 Hm) via Padé approximation and all further matrices can be produced by simple
matrix-matrix multiplications. As we will see below, this type of quadrature is rather
limiting if large time steps are required. In this case it might be advantageous to either
use a composite Newton-Cotes formula or switch to a specialized Gaussian quadrature
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[60]. The latter is of particular interest because it should enable us to absorb part of
the source, e.g., the carrier wave, into the quadrature. Thus, such an approach has the
potential to dramatically improve the accuracy and/or the performance of the method.

Sources via Auxiliary Differential Equations

While the direct integration of the convolution integral as discussed in the previous
section is capable of dealing with arbitrary source terms, it can become rather time-
consuming and potentially reduces the accuracy. As an alternative, we have developed
an approach which still allows us to include almost arbitrary sources at significantly
reduced computational cost and without any loss of accuracy or time-stepping capa-
bilities. More precisely, we attempt to model the source term j(¢) through a system of
linear ADEs (cf. Ch. 3). Including such a system into q and H allows us to remove j(t)
from Eq. (6.8) and reduces our problem to the evaluation of a single—albeit slightly
more complex—matrix exponential.

The general principle of this scheme may best be demonstrated through the example
of a simple time-harmonic electric current source jg(t) = joj(t), where j(t) = sin(wt).
Obviously, j(t) is a solution of the (auxiliary) harmonic oscillator equation

0% (t) /0t = —w?j(t)

with appropriate initial conditions. Since this differential equation is of second order in
time, we first have to reduce it to a system of first order equations. This is facilitated
by introducing k(t) = 05 (t)/0t. In total, we obtain the complete scheme

E 0 iux o 0\ (E
o | i ~1 7
ONH |V 000l (6.12)
ot | g 0 0 0 1|3

k 0 0 —w? 0 k

The extension of this procedure to more complicated sources exploits two basic
properties of our solver. First, we carry out a time-stepping procedure which means
that we can efficiently approximate our sources by piecewise defined functions, as long
as each piece is sufficiently smooth and much longer than our timestep At. Second, we
can eagily add any homogeneous linear system of differential equations to our problem
under consideration. In order to simplify the notational burden, we will consider a
single linear ADE of order n that should model the source j(t)

ang ™ () + -+ api" () + arj' (t) + aoj(t) = 0. (6.13)

We assume real coefficients a;, 1 = 1,..., n which makes it straightforward to transform
this equation into a system of real first-order ordinary differential equations as required
by our solver. The general solution of Eq. (6.13) is

-1,
j(t):z 3 (e}”tﬁ) erit| | (6.14)

99




6 Advanced Time Integration

where k is the number of linearly independent roots \; with multiplicity [; (i = 1,...,k)
of the characteristic equation of Eq. (6.13). In addition, the coefficients AL (7 =
1,...,1;) are determined by the initial conditions.

)

This result shows that we can directly model sources with a polynomial envelope
and an underlying harmonic oscillation (for imaginary A;). Exactly this feature will
be exploited in the following to model general sources by piecewise approximation of
the exact envelope through a polynomial of order n. To do so, we first need to find
the polynomial p,(t) = >} _, cit® of order n which approximates the envelope of our
source on a given interval [t4,%]. The optimal (in a least-square sense) coefficients
¢; can be found by an expansion of the target source into Legendre polynomials [43].
This procedure requires us to solve the equations

ty

n )
ch/tj+kdt:/j(t)tjdt, j=0...n (6.15)
k=0 i

123

for the coefficients c¢;.

Once we have obtained the coefficients, we go backwards and construct the correct
ADE which has the desired polynomial as a solution. For a carrier frequency wg, we
require the complex pair Ay = Ziwy as roots of the characteristic equation. Further,
each root has to be (n 4+ 1)-fold degenerate in order to allow for a polynomial envelope
of order n. Thus we create the characteristic equation as

(A + iwo) ™ (A — iwg) ™+ = 0.

From this, we can directly generate the required system of ADEs and then use the
initial conditions in order to determine the coeflicients c¢;.

We now illustrate this somewhat abstract procedure through the explicit construc-
tion of a system of ADEs for the source j(¢) with a Gaussian temporal profile which
we have used in Sec. 4.4.3, i.e.,

i(t) = e /%) cos(wpt). (6.16)

First, we limit our source to the interval [—50,50]. For t outside this region, we set
j(t) to zero. Next, we split the interval into two parts, the ramp-up part [—5c, 0]
and the ramp-down part [0,50]. We restrict the discussion to the ramp-up part, the
ramp-down being perfectly analogous. In Fig. 6.2 we demonstrate that an 11th-order
polynomial represents an excellent approximation to the envelope of this source. The
corresponding coefficients ¢; are obtained by solving Eqs. (6.15) and are listed in Tab.
6.1.

Finally, after having set up the characteristic function for n = 11, we obtain the
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Coeflicient Value
co 0.00002738064
a1 —0.00084243573 /0
co 0.00763879040 /0
c3 —0.02842436916 /03
¢ 0.05676807528 /o
cs —0.06672686731 /0"
ce 0.04935061201 /0%
cr —0.02332427648 /0"
cs 0.00703431090/c8
co —0.00128177207 /0
c10 0.00012671339/019
c11 —5.18632981473 x 10~ 41!

Table 6.1: Coefficients for an 11th-order polynomial p1; = Zlilzo cit® that ap-
prozimates the ramp-up part of a pulse with Gaussian temporal profile.

following system of 24 first-order ADEs
0

Oy — i
at]( ) J(t),
J . ‘ ‘
a]l(t) = ]i+1(t)7 1=1,...,22,
J . . . . ‘ . .
5 Jos(t) = —12wdjas — 66wijon — 220wSiis — 495wh i1 — 792w 14 — 924wi%is

—792wij10 — 495wE% s — 220wi8 s — 66w3%)4 — 12w3%jy — 12345

What remains is to determine the initial conditions, i.e., j(¢t = 0) and j;(t = 0). This
is facilitated by successively differentiating our solution

11
j(t) = Zciti cos(wot)
i=0

and inserting the coefficients from Tab. 6.1. Therefore, in order to fully describe the
ramping-up and -down of a Gaussian pulse, we need to add 2 x 24 = 48 ADEs to our
basic solver. In more extreme cases, the number of resulting ADEs may go into the
hundreds. In view of the fact that modeling a typical nanophotonic system requires at
least some 10° — 10% unknowns, the additional computational overhead incurred can
then still be neglected.
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Figure 6.2: Quality of the approximation of a source with Gaussian temporal
profile via an 11th-order polynomial. (a) Shape of the ramp-up part of the envelope,
(b) Error of the polynomial approzimation to the Gaussian profiles, Eq. (6.16).

Thus, we have a general scheme for the inclusion of almost arbitrary source terms into
the Maxwell equations without ever evaluating the convolution integral in Eq. (6.9).
Further, since the source is fully described by a system of differential equations, we
never have to sample the corresponding source function explicitly. In turn, this implies
that our time steps are not limited by the sampling theorem’s apparent requirement
of sufficiently over-sampling the source terms.

6.2 Numerical Experiments

Finally, we provide details about the solver’s performance and compare it with the
standard FDTD approach. As discussed in the introduction to this chapter, the most
significant gains can be expected for higher-order discretizations. Therefore, for all
further computations in this chapter, we employ a Yee-grid with a 4th-order accurate
discretization as discussed in Sec. 4.2.3.

6.2.1 One-Dimensional Systems

We start with a simple 1D test setup consisting of a system of length L = 20 (di-
mensionless units), the right half of which is filled with a material of refractive index
n = 1.5. The left side is vacuum (refractive index n = 1). A Gaussian pulse is prepared
on the left side and is allowed to propagate towards the interface through the initial
conditions F(z,t) = exp (—(x — 1p — t)2/a§) and H(z,t) = —FE(z,t) (20 = 5 and
oy = 1). For FDTD, which works in a time-staggered fashion, we initialize the system
with E(z,0) and H(z,At/2), whereas the Krylov subspace method assumes all initial
conditions at the same time. When the pulse hits the interface it splits into reflected
and transmitted parts. After the computational time T = 12 has elapsed, we compare
the electric field of the transmitted pulse with the values of the corresponding analyti-
cal solution. In Fig. 6.3 we display the relative error of the computations as a function
of the Courant number s=At/Az. As expected, once the CFL stability criterion is
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Rel. Error

10

Courant number s=At/Ax

Figure 6.3: Comparison of the standard FDTD method with the Krylov-subspace
approach in a one-dimensional system. The symbols indicate the number of to-
tal unknowns employed in the computation. We have used Niyot=3999 (circles),
Niot =7999 (crosses), Nyot=16999 (triangles), and Nyoy=381999 (pluses) grid points.
The line colors correspond to the methods: FDTD (black) and the Krylov-subspace
approach with subspace dimensions m = 4 (red), m = 8 (green), m = 16 (blue),
and m = 32 (cyan), respectively.

satisfied (s < g), the error for the FDTD results decrease quadratically with decreas-
ing time steps, until the curve flattens out and approaches the error bound set by the
accuracy of the spatial discretization. In contrast, for the Krylov-subspace method the
relative error is of the order one unless the time step is sufficiently small for the method
to converge. When this happens, the error drops extremely fast to the error bound set
by the spatial discretization. The value of At at which this drop happens depends on
the subspace dimension, but the decay itself is always almost “instantaneous”. These
results demonstrate that within the Krylov-subspace approach we can use more than
two orders of magnitude larger time steps as compared to FDTD. We would like to
emphasize that this behavior is a generic feature of the Krylov-subspace approach and
does not depend on the choice of spatial discretization.

6.2.2 Two-Dimensional Systems

As a first comparison in 2D, we choose the test setup depicted in Fig. 6.4 with a total
system size of 8x4. As initial conditions, we prepare a localized pulse in the (z,y)-plane
that propagates into the positive z-direction by

Hy(z,y,t =0)=0,

Hy(xa Y, t= O) = —EZ(‘TJ, Y, 0)7

B (2.t = 0) = cos(ho(z — ap))e” ()" /o e/,

The values of the parameters are zp = —1.25, kp = 27, 0, = 1, and oy = 0.5. In
the right part of the system, we have positioned two cylinders with radius r = 0.5
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Figure 6.4: Snapshots of the electric field E, for the 2D test setup at (a) T =0
and (b) T =10. The circles indicate the positions and sizes of cylinders filled with
refractive index n = 2.
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Figure 6.5: A comparison between standard FDTD and the Krylov-subspace
method for the 2D test system depicted in Fig. 6.4. (a) displays the error as
a function of the Courant number, while (b) shows the error as a function of the
actual computational time on a computer with an AMD Athlon64 3500+ processor.

and refractive index n = 2. Their centers are, respectively, located at (2,0.5)T and
(3,—0.5)T. In order to overcome the problem that FDTD requires time-staggered
initial conditions, we first use the Krylov subspace method with m = 32 and at least
10 time steps, to obtain the initial values for Hy(z,y,t = At/2) and Hy(z,y,t = At/2)
from the initial value of the electric field.

With these initial conditions, we let the system evolve until 7' = 10. In Fig. 6.4 we
display the electric field E, before and at the end of the computation. The Yee-grid
consists of 160 x 80 cells, where the electric field F, is defined in the cell center while the
magnetic fields, H; and Hy, reside on the cell vertices. We have implemented perfectly
reflecting boundary conditions, by requiring the magnetic field at the system bound-
aries to be zero (perfect magnetic conductor). We double-checked this procedure by
using a complementary FDTD calculation with very small time steps and both results
agree up to machine precision. Since this problem is not amenable to an analytical
solution, we use as a reference-solution the Krylov-subspace method with m = 32 and
At = 0.01Az. This reference solution is (up to machine precision) identical to a solu-
tion obtained from FDTD with At = 10"5Az. In Fig. 6.5, we compare the accuracy of
the two methods as a function of both the Courant number s = At/Az and the actual
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Figure 6.6: Schematic setup (a) and reference solution (b) of the second (open)
2D test system. A dielectric cylinder (radius r = 1, index of refraction n = 2)
is centered at (1,0)T and is illuminated by an electric line source (frequency w =
27 ) located at (—2,0)T. In both panels, we delineate a dashed line. The entire
computational domain to the right of this line is used for comparing the results of
the Krylov-subspace approach.

computational time. As expected, for FDTD the error drops quadratically, while for
the Krylov-subspace method the error decays as At™. Looking at the computational
times, obtained on a desktop computer with a AMD Athlon64 3500+ processor (see
Fig. 6.5(b)), the Krylov-subspace method becomes advantageous for a relative error
below 10~%. For very high accuracy calculations, the Krylov-subspace approach can be
two to three orders of magnitude more efficient than standard FDTD. From Fig. 6.5(b)
we also see that increasing m from 16 to 32 results in a slight performance loss, which
largely stems from the overhead of the exponential of H,, and the much larger V,,.
Thus, for optimal performance one must not choose m too large. Depending on the
required accuracy and the available memory, we propose to work with Krylov-subspace
dimensions ranging from m from 4 to 12. Concerning the memory usage, the Krylov-
subspace approach generally requires more memory than standard FDTD. For typical
applications where the entire basis is kept in the memory, the Krylov-subspace ap-
proach requires storage for a total of (m + 1) Nt unknowns. Therefore, accuracy and
long time-stepping capability have to be balanced against available memory.

6.2.3 Testing of the Sources

To demonstrate the capability of the Krylov-subspace approach to model open systems
and sources, we choose a slightly different system whose setup is sketched in Fig. 6.6.
The total system size is 6 x 4 (dimensionless units) and it is discretized by 301 x 201
grid cells. A dielectric cylinder (radius r = 1, refractive index n = 2) is centered at
(1,0)T and an electric line source with frequency w = 2 is positioned at (—2,0)T.
Since we are simulating an open system, we have added CFS-PMLs with a thickness
of ten grid cells to the entire computational domain. To obtain a reference solution for
the electric field, we have employed the (for such simple systems numerically exact)
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Figure 6.7: Convergence study of the Krylov-subspace method for an open system
that includes a source. The plot displays the relative deviations from the reference
solution as a function of the Courant number. Two different implementations
of the sources have been utilized: A harmonic source via ADFEs (solid) and an
approzimation via a quadrature formula for the convolution integral (dashed). The
dotted line represents the error bound set by the spatial discretization. This error
bound has been obtained by a fourth-order FDTD-calculation with s = 0.1.

multiple multipole expansion technique [61]. Since this reference solution represents
the steady-state of the system, we have to run our time-domain simulations sufficiently
long so that transients have died out. In practice, we run the simulations for 7" = 250
and compare the computed field in the region of the computational domain described
by z > —1 with that of the reference solution.

We model this system with the source realized by ADEs (see Eq. (6.12)) and, al-
ternatively, by a 10-point closed Newton-Cotes quadrature of the convolution integral
formulation (see Sec. 6.1.2). The results in Fig. 6.7 indicate that sources via ADEs
work extremely well. In addition, these results highlight the capability of the Krylov-
subspace approach of doing very large time steps even in the presence of sources. Note
that in the case of m = 32 the method converges with less than 3 time steps per oscil-
lation period of the source. These results also suggest that the inclusion of PMLs does
not have any influence on the stability or accuracy of the Krylov-subspace approach.

6.3 Conclusions on the Choice of Time-Integration

In total, we have discussed three different time-integration schemes in this thesis: The
finite-difference scheme (FDTD), a low-storage Runge-Kutta method (DG) and now
the Krylov-subspace approach. All three methods have their own advantages and dis-
advantages, which we tried to summarize in Tab. 6.2. When looking for a suitable
method, it almost always comes down to a trade-off between available memory, per-
formance and accuracy. Generally speaking, the simpler methods require less memory
but they also perform worse in terms of computational time or accuracy. Hence, one
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should pick an appropriate scheme on the basis of the problem at hand. For simpler
problems with low requirements on accuracy, the integration via finite differences might
be sufficient. In contrast, for challenging but not memory limited problems, the Krylov
subspace approach is a viable alternative. Between these two extremes, the low-storage
Runge-Kutta scheme presents a good compromise for many cases.

As a final note, it should be stated that there exists a wealth of other integration
methods and new schemes are still developed regularly. Our selection of methods is
by no means comprehensive and certainly there are other methods which are more
suitable for one problem or another. While it is doubtful that there exists an ultimate
method, we still expect that further research in the field of time integration will lead
to significant performance gains.
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Finite Differences (FDTD)

Low-Storage Runge-Kutta

Krylov-subspace

Accuracy

Second-order accurate

Can be constructed for different
orders, coefficients known up to
fourth order

Order can be chosen arbitrarily

Stability

Conditionally stable (CFS limit
known analytically)

Conditionally stable (CFS limit
only known empirically)

Unconditionally stable, practi-
cally limited by accuracy

Performance

Only one matrix-vector product
per step, no overhead

Number of matrix-vector prod-
ucts varies, usually 5-6 for a
fourth-order scheme, little over-
head

m-+1 matrix-vector products
per timestep, overhead increases
strongly with m

Memory Re-
quirements

Storage for the Ny, unknowns,
due to leap-frogging

Storage of 2Ny, if the matrix-
vector product can by directly
added to a given vector

Storage of (m+1)Niot plus addi-
tional storage for a m X m-matrix

Flexibility

General, but massive problems
with stiff and/or highly oscilla-
tory systems.

Very general, might have prob-
lems with very stiff systems

Limited to linear problems (non-
linear extensions possible [55]),
sources require additional effort,
advantages for stiff and highly
oscillatory problems

Table 6.2: Brief summary of the advantages and disadvantages of the three different time-integration schemes discussed

in this thesis.

108




Chapter 7

Optical Micro-Resonators

Optical resonators have come a long way since the pioneering work of Fabry and Perot
in 1899 [62]. Today, different kinds of electromagnetic resonators have found applica-
tions as filters and antennas from radio frequencies to the visible spectrum. Not to
forget, resonators are an essential part of practically every laser setup. A common
feature of all resonator structures is their ability to selectively modify certain optical
properties within narrow spectral ranges. Recently, progress in nano-fabrication tech-
nology has allowed to manufacture optical resonators with dimensions of only a few
optical wavelengths. The interest in such microresonators ranges from applications as
sensors [8] to fundamental questions of light-matter interaction [63]. Typically, the
resonators must be tailored specifically for a given task. For these design purposes,
accurate and fast numerical calculations are indispensable.

This chapter starts with a very brief introduction to the theory of optical resonators.
Next, we will discuss a special type of optical resonators, namely dielectric cylinders
which can be treated analytically. These exact results will then be used to evaluate
and compare numerical results obtained with FDTD and the DG method. Finally, we
apply both methods to realistic cases of integrated disk and ring resonators.

7.1 Fundamentals of Optical Micro-Resonators

Optical resonators or microcavities are essentially defined by their capability to trap
light for a certain time in a restricted volume. The underlying mechanism for the
confinement is typically either total internal reflection or distributed Bragg reflection.
Starting from the linear Maxwell equations in the conservation form (2.11), we can
apply a Fourier transform in time to obtain the eigenproblem

Q! [ A0, + A0y + A.0.| a = iwa, (7.1)
Here, the matrix Q contains the material distribution (see Sec. 2.2) and therefore

defines the resonator setup. As solutions to Eq. (7.1), one finds a set of eigenfrequencies
w; and the corresponding eigenvectors q;. To qualify as a proper resonator mode, we
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7 Optical Micro-Resonators

expect the fields to be strongly localized in the vicinity of the resonator. Further,
the eigenfrequencies should be discrete and well separated. In general, the frequencies
w; will not be purely real, but instead they contain a negative imaginary part. This
imaginary part describes the decay of a mode in time.

To distinguish between the real and the imaginary part of w;, we define the real
resonance frequency v; as

Re {wj}
T T
and the real quality factor or Q factor as
Re {w]}
Q=-—t
2Im [w]}

(j is proportional to the ratio between the stored energy and the energy dissipated in
one oscillation cycle [20]. Therefore, it is a measure for the lifetime of the corresponding
mode. The Q factor is determined by a number of different contributions

N SR S
Q Qrad qurf Qmat .

Here, Q.aq denotes the radiative losses due to curvature, Qsut describes scattering
losses caused by imperfections of the surface and Qa4 contains the intrinsic material
losses. In the following, we will neglect Qmat and concentrate on Q,q and particularly
on the effect of an artificial Qsurf, which is introduced by the numerical discretization
of the surface.

7.1.1 Numerical Extraction of the Resonance Frequencies

As discussed above, one needs to solve the eigenproblem (7.1) in order to obtain the
resonance frequencies and quality factors of a given resonator. While it is possible
to solve (7.1) directly, here, we will exploit the time-domain solvers discussed in the
previous chapters.

As a first step, we have to excite the modes of interest. In some cases, this can
be achieved via initial conditions, but it usually is more convenient to employ one
or multiple point sources. Tuning the spectrum of these sources allows for selective
excitation of a certain set of modes. Once the modes are excited, we turn off the
sources and start to record the fields at a point 7§ in the resonator. In principle, the
recording point can be chosen arbitrarily, as long as the mode does not exhibit a node
at this position. Since the eigenmodes form a complete basis of our system, we expect
to observe a superposition of the different resonator modes

. e . —2wuv<i+%>t
q(7o, t) = qu‘(f"o)e it = qu(m)e N
; -

J
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To extract the frequencies, we apply a Fourier transform to the recorded data and
obtain

Q)
27 Q) (y — I/j) +imy;

(v](Fo, l/) = / dtq(ﬁ), t)e_ﬂmjt = Z qj(F(]) (72)
0 J

It should be noted that the Fourier integral’s lower limit is ¢ = 0, because we assume
the recording to start at this time. Considering only a single resonance and taking the
modulus squared of Eq. 7.2 then yields

’2_1 1

o2 2 N\

4 (1/ — Vj) + <Q]]>
which we recognize as a Lorentzian curve. If we assume all resonances in our system to
be well separated, then the modulus squared of Eq. (7.2) will be a sum of Lorentzian
line shapes. By plotting this data, we can identify the resonance frequencies and Q
factors via the peak positions and peak widths, respectively.

Unfortunately, above procedure has a number of serious limitations. First, we need
to record the data until all fields have decayed sufficiently. Otherwise, we will introduce
spurious oscillations due to the Fourier transform of the cut-off. Second, it is far from
trivial to distinguish the different modes in a plot, if the Q factors are not sufficiently
large or if the frequencies are not well separated. To overcome these problems, a number
of different analysis tools were developed. Most of them do not execute a Fourier
transform but rather try to directly fit a sum of exponentially decaying functions to
the recorded time data. One of the most effective methods in this field is known as the
filter diagonalization method (FDM) [64]. It allows to detect a large number of modes
from a relatively small amount of data. In the following, we will employ the library

harminv [65], which is a very convenient and freely available implementation of the
FDM.

‘éj(Fo,V)

7.2 Analytic Test Cases

For certain resonator geometries, it is possible to find the resonance frequencies ana-
lytically. A particularly elegant method was introduced by Gustave Mie in 1908 [66],
which allows the exact treatment of cylindrical and spherical geometries. Here, we
will use this technique to obtain reference solutions for comparison with our numerical
results. A complete discussion of Mie’s theory is far beyond the scope of this thesis.
The interested reader is referred to a number of books [67-69] for the details of the
analytic calculations.

7.2.1 Infinite Cylinders under Normal Incidence

An infinite cylinder with light propagation restricted to the plane perpendicular to
the cylinder axis can be described as a two-dimensional system. As we have seen in
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17 1.955 560.1 2.364 59.62
18 2.066 8295 2479 73.33
19 2175 1236 2.594  90.99

Table 7.1: An exemplary set of resonance frequencies and their respective (-
factors for a cylinder wn TM polarization with radius r = 1 and refractive index

n=1.59 (cf. Fig. 7.1).
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Figure 7.1: Analytic results for the modes of a cylinder with n = 1.59 and radius
r =1 in TM polarization. Different symbols/colors denote different radial order
l. (a) shows the resonance frequencies, while (b) contains the corresponding @
factors.

Sec. 2.3, TM and TE polarizations decouple for this case and we expect two sets of
independent solutions. Assuming a cylinder with refractive index n = /e and radius
r, the complex resonance frequencies w; can be found as the zeros of the following
equations [69]:

TM-Polarization: Jm(nw)Hml)/(wr) —nJ! (nw)HD(wr) =0, (7.3a)
TE-Polarization: nJm(nw)HTS})/(wr) — J! (nw)H D (wr) = 0. (7.3b)

Here, J,,, are the Bessel functions, while HS ) denote Hankel functions of the first kind.
Further, ” denotes the derivative with respect to the argument and the index m signifies
the azimuthal order of the resonance. For each index m, multiple roots can be found,
which are then labeled by the index [. Therefore, we can uniquely identify a cylinder
mode by the tuple (m,l).

As an example, we pick a cylinder in TM polarization with radius r = 1 and refractive
index n = 1.59. A few selected resonances and their corresponding ) factors are listed
in Tab. 7.1 .

From the results depicted in Fig. 7.1, we observe that the resonance frequencies grow
linearly with the azimuthal order m. Modes of higher radial order [ also have higher
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Figure 7.2: Resonator modes found from FDTD calculations for different spatial
discretizations. Panels (a) and (b) contain the frequencies and Q factors, respec-
tiwely. Analytic solutions are indicated by horizontal lines for =1 (solid) and [=2
(dashed). The modes (17,1), (18,1) and (19,1) are highlighted and their corre-

sponding relative error is plotted in panel (c).

frequencies. In contrast, the Q-factors grow exponentially with m but typically, they
are maximal for [ = 1. Therefore, if a large Q) is desired, one should pick a mode of
high azimuthal order m but with minimal radial order [ = 1.

Calculations with FDTD

For the calculations with FDTD, we model a system of extent 3 x 3 (in dimensionless
units) with the cylinder of radius r = 1 centered in it. Around the system, we add 10
cells of PMLs in each direction. For excitation, we employ an electric dipole source,
oriented in z-direction at position Fource = (O.S,O)T. The time dependence of our

source is given by
_(t—1)?

§(t) = sin(2mvo(t — to))e” 207,

where 19 = 2, 0 = 2 and ) = 5o. These parameters ensure a sufficiently broad
spectrum to excite modes with frequencies between v = 1.5 and v = 2.5.

After the source has decayed sufficiently (T = 2{y), we start recording the E, field
component at the position of the source for 1000 time units. The resonances are then
extracted via harminv. The results for different spatial discretizations are depicted
in Fig. 7.2. From Fig. 7.2(a), we observe that harminv sometimes reports modes,
which can not be identified as modes with [ = 1. Whether these modes are of higher
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Figure 7.3: Cylinder meshes with different refinement: (a) o =1, (b) o = 5,
(¢) a = 10. The green areas denote regions with refractive index n = 1.59, while
the red shaded triangles belong to the PMLs.

radial order or spurious is difficult to decide. Since they lie reasonably close to analytic
resonances with [ = 2, we attribute them to weak contributions from these modes.

Concerning the first-order modes, from the relative error plotted in Fig. 7.2(c), we
find the expected quadratic convergence for the resonance frequencies. We also observe
that the error drops below 1% at approximately 32 cells per radius. If we relate this to
the wavelength in the material, given by Apat = 1/(nvg) = 0.314, we recover the rule
of thumb, that 10 cells per wavelength are sufficient for an error of approximately 1%.
Considering the Q factor however, significantly more cells are required to reach the
same level of accuracy. As can be seen from Fig. 7.2(c), even 128 cells per radius are
barely sufficient. For realistic calculations, this behavior poses a significant problem,
since the optimization of the Q factor often is the main objective.

Calculations with the DG Method

To compare the FDTD results with DG calculations, we first generate a mesh with
an edge length of Ay = 0.5. Instead of a uniform refinement, we only improve the
discretization of the cylinder, by adding more triangles at the interface. In particular,
we introduce a refinement factor v which denotes the ratio between hy and the smallest
edge of a triangle at the interface. A number of meshes for a = 1...10 is generated,
some examples are shown in Fig. 7.3. To facilitate a fair comparison with the FDTD
results, we introduce the average number of gridpoints per radius nayrg = 1/ N1vilNp/3.
Here, Ny is the number of triangles in the inner computational domain (excluding the
PMLs). N, is the number of gridpoints per triangle for a given order N. This number
can be seen as a rough equivalent to the cells per radius used in the previous section.

In Fig. 7.4 we plot the relative error of mode 18 (cf. Tab. 7.1) as a function of
Navrg for different orders N. Studying the convergence in Fig. 7.4(a), we observe that
calculations with various orders all seem to exhibit the same slope of approximately
4. This indicates, that our calculations are still limited by the shape of the cylinder
surface. In this case, it obviously is futile to increase the polynomial order. Instead
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Figure 7.4: Convergence of the cylinder mode (18,1) for DG calculations. Shown
is the relative error of (a) the frequencies and (b) the Q factors as a function of
the number of average gridpoints per radius nayrg.

one should refine the mesh even further, if a higher accuracy is desired. Remarkably,
for the Q factors the situation is slightly different. At lower resolutions, the error is
reduced with the expected order. Ounly after it drops below 0.1%, the convergence order
reduces to the same as observed for the frequencies. This behavior can be attributed to
the dissipative nature of the DG method, which will dominate the error for insufficient
resolutions.

However, both the frequencies and the Q-factors can be obtained by the DG method
with significantly less grid points as compared to FDTD. For an accurate estimate of
the Q factor (relative error below 0.1%), the DG calculations can be up to a factor 100
faster.

7.3 Microcavity Disk and Ring Resonators

Of particular interest for applications are integrated disk- and ring resonators, pro-
duced from semiconductor materials like Si or GaAs. Since these structures are usu-
ally fabricated by means of electron-beam lithography, the quality of the resonators
has profited from the enormous progress of this fabrication technology over the past
years. Today, it is possible to produce structures with sizes of tens of microns, where
imperfections and surface roughness stay below 5 nm. Here, we picked two typical
resonator devices as sketched in Fig. 7.5. The disk resonator in Fig. 7.5(a) is coupled
to two waveguides and therefore qualifies as a four-port device. For reasons that will
become clear later, this setup is also called an add/drop filter. The second device,
pictured in Fig. 7.5(b), only connects to a single waveguide and is therefore called a
two-port or all-pass configuration.

7.3.1 Disk Resonators

To allow for direct comparison of our results for the disk resonator with other calcu-
lations and experimental measurements, all data in this section will be presented in
physical units. For our setup, we choose a disk with radius r = 2.5 um, while the
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Figure 7.5: Schematic setup of (a) a disk resonator system and (b) a ring
resonator setup. In both cases, the computational domain is surrounded by PMLs.
The dashed lines indicate contours through which we measure the fluz.

waveguides have a width of w = 300 nm. The distance between disk and waveguides
is d = 232 nm. The disk and the waveguide are assumed to consist of a material
with € = 10.24 (n = 3.2). This setup exactly corresponds to the system discussed
theoretically and experimentally in Ref. [70].

The aim is to identify the available resonances of the disk resonator at wavelengths
around Ag = 1.55 um. As we have seen from the studies on cylinders in Sec. 7.2, a
FDTD calculation will require at least 10 cells per shortest wavelength. Here, the
wavelength in the material is given be Apat = Ag/n ~ 500nm. Thus, we would expect
to reasonably converged results for a spatial discretization of A =~ 50nm. In Fig. 7.6 we
show the numerical convergence behavior for a FDTD simulation of our system. Ob-
viously, for this system, the common rule of thumb fails dramatically. A discretization
with A = 50nm is far from sufficient and by extrapolation we can estimate a required
grid spacing of Az ~ 10nm for the frequency to be converged below 1%. In Ref. [70],
the authors employ FDTD calculations with grid spacings of A = 13.6 nm, which is
roughly consistent with our estimates. Further, they argue that the staircasing serves
as a realistic model for the experimental surface roughness. However, by looking closely
at the surfaces of structures fabricated with modern microfabrication methods (see e.g.
Ref. |71]), this claim seems rather doubtful.

In order to investigate the influence of the surface on the performance of a disk
resonator, we employ the DG method. For our studies, we generate four different
meshes, “M1” to “M4”, as depicted in Fig. 7.7. For each of these meshes, we execute
calculations to extract the resonance frequencies of the resonator. In particular, we
inject a pulse with a well-defined spectrum in the upper waveguide and let it propagate
from left to right. During the simulations, we record the electric field at a point P
inside the disk (marked by a cross in Fig. 7.5). Additionally we record the spectral
flux through a plane “B” at the right side of the upper waveguide.
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Figure 7.6: Convergence for a particular mode (m = 28, | = 1) of the disk
resonator (solid line). Also plotted is the typical computational time required to
obtain the resonance wavelength with a commercial FDTD package on a desktop
computer (dashed line).

To get an overview of the modes around Ay ~ 1.55 pm, we initially excite the system
with a broad-band Gaussian pulse. Since most of the resonances are very narrow, a
good frequency resolution of 1nm or better is required. Due to the sampling theorem,
this forces us to simulate for rather long times of approximately 334 ps. The normalized
spectrum over a broad wavelength region can be found in Fig. 7.8(a). By studying at
individual peaks (cf. Fig. 7.8(b)), we observe how the frequencies shift very slightly
with the mesh size. Still, from comparison between the data obtained for M3 and M4,
we conclude that our results are converged to at least four decimal places. It should
be noted that all calculations where conducted with 4th order discretizations.

To obtain more detailed information on the resonances, we also employ a FDM on
the data collected at point P inside the disk. From the time-data, plotted in Fig. 7.9(a),
we find that even after almost 350 ps (more than 5 x 10° optical cycles), there still is
some electric field localized inside the disk. This indicates modes with extremely high
Q factors. The recorded timedata is then analyzed with harminv as a function of the
simulated time. To simplify matters, we concentrate on modes with resonances between
A = 1.5um and A = 1.55um. The resulting wavelengths are plotted in Fig. 7.9(b). The
first thing to note is that—except for a few spurious modes for short simulation times—
harminv consistently finds three modes. By comparison with the data in Fig. 7.8(b),
we confirm that the resonance wavelengths agree very well with the results from our
Fourier analysis. To complement the data in Fig. 7.9(b), we list a larger number of
resonance wavelengths and Q factors in Tab. 7.2. The individual modes are sorted
by their azimuthal order m and their radial order [ (cf. Sec. 7.2 and Fig. 7.10). As
a first observation, we find that the Q factors increase dramatically with increasing
radial order. This is in contrast to the analytical predictions made for the modes of
a dielectric cylinder (see Sec. 7.2). For comparison, we have calculated the respective
resonance frequencies and () factors for a dielectric cylinder with radius » = 2.5um, and
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Figure 7.7: The meshes used for the calculation of the resonance frequencies and
spectra. Different colors denote different material properties: air (white), silicon
(green) and PMLs (red). In the text, we refer to the meshes as (a) M1, (b) M2,
(c) M3 and (d) M.

refractive index n = 3.2. The values are also found in Tab. 7.2 and we observe a good
agreement in the frequencies. The Q factors however are many orders of magnitude
larger than what we observe for the disk resonator. They are so large in fact, that our
numerical root-finding algorithm can not resolve the vanishing imaginary part for some
of the modes. Of course, the large discrepancy is readily explained by the presence of
the waveguides, which offer an additional decay channel. Furthermore, the waveguides
are also the key to understanding the increasing () factor with increasing [. In this case,
the mode is more localized in the center of the disk (see below) and simply has less
overlap with the waveguide modes. For completeness, we also compare our resonances
to the FDTD results published in Ref. [70]. We find that the frequencies agree very well
with deviations below 1%. The Q factors on the other hand, are significantly reduced
in the FDTD calculations. Particularly for the modes of higher radial order, the DG

118




7.3 Microcavity Disk and Ring Resonators

(a) 1 (b) 1
0.8 0.8}
Q Q
o o
g 0.6 g 06}
E 0.4 g 0.4r1
= =
0.2 0.2
0 : R AR R R R 0 : : : : : ‘
135 14 145 15 155 16 165 1.7 175 1.505 151 1515 152 1.525 1.53 1535 1.54
Wavelength [um] Wavelength [um]

Figure 7.8: Spectra for meshes M1 (red), M2 (green), M3 (blue) and M4 (black).
All calculations were done in 4th order. The dashed line in (a) indicates the spec-
trum of the exciting pulse. Panel (b) shows a close-up of the spectrum.
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Figure 7.9: The result of the filter diagonalization as a function of the runtime
of the simulation. Different meshes are indicated by different symbols and colors:

M1 (’x’, red), M2 (‘o’, green), M3 ("+’, blue) and M4 (°*’, black).

results are up to a factor 25 higher than those obtained via FDTD. This significant
reduction of the @ factors for the FDTD calculations can only be attributed to the
artificial surface roughness due to the staircasing, which introduces an unphysical Qgurt.

Finally, we study some of the modes in more detail, by exciting them individually.
To this end, we replace the short waveguide pulse by a continuous-wave source. The
frequency is tuned to the individual resonance and a snapshot of the field distribution
is recorded after T = 500 ps. The field plots corresponding to the three resonances
of Fig. 7.9(b) are depicted in Fig. 7.10. In addition, we also show the field for a case,
where the excitation wavelength does not coincide with a resonance of the disk. From
the field plots, we can directly recognize the azimuthal and radial order of each mode.
Furthermore, we observe that the radiation is coupled from the upper waveguide into
the disk and then leaves the system through the left port of the lower waveguide. While
this effect is clearly visible in Fig. 7.10(a), it is less pronounced for the modes of higher
radial order. This can be attributed to the high Q factors (cf. Tab. 7.2), which lead to
extremely narrow resonances. Despite specifying the incoming wavelength to 6 digits,
we still do not hit the resonance perfectly. The mode pictures are thereby consistent
with the transmittance spectra in Fig. 7.8(b), where we only find a partial reduction
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Figure 7.10: Field plots of the E,-component after ezcitation with o sinusoidal
waveguide mode with different frequencies: (a) First-order radial mode (m = 28,
A= 1529 um), (b) second-order radial mode (m = 24, A\ = 1.5112um), (c) third-
order radial mode (m = 20, A = 1.5357 um) and (d) off-resonant excitation (A =
1.5198 um,).
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DG FDTD [70] Mie’s Theory
m A [pm] Q A [pm] Q A [pm] Q
27 1.58113 9181.8 1.58451 7600 1.5817 2.13 x 108
28 1.52985 12286  1.53319 7500 1.5303 1.13 x 109
29 1.48185 16354  1.48521 7000  1.4823 > 1019

30 1.43684 21865  1.44010 9100 1.4373 > 1019

1
1
1
1
1
23 2 1.56383 28782.2 1.56724 8700 1.5644 5.78 x 102
24 2 151121 39050.1 1.51455 9900 1.5117 2.66 x 10'3

2

3

3

3

25 1.46210 524344 1.46543 11000 1.4625 1.23 x 10

19 1.59272 109861  1.59610 9900 1.5932 2.32 x 10®
20 1.53565 89068.5 1.53901 9700 1.5360 9.02 x 10®
21 1.48271 195808  1.48605 8800 1.4830 3.56 x 10°

Table 7.2: Numerical values for selected resonance frequencies of a disk res-
onator. The different colors indicate different calculations: DG (red), FDTD as
taken from Tab. I in Ref. [70] (green) and a dielectric cylinder (with parameters
r = 2.5um, n = 3.2) according to Mie’s theory (blue).

in the transmittance for modes of higher radial order.

7.3.2 Ring Resonators

As we have demonstrated in the previous section, a disk resonator supports modes of
higher radial order. While these modes can be useful for certain applications due to
their higher () factors, more often they pose a problem. Particularly, we can not realize
a device with equidistant resonance frequencies, which is desirable for many filtering
applications. Fortunately, there is a rather simple way to suppress the higher-order
radial modes by etching out the center of the disk. If the resulting ring is sufficiently
narrow, it will only support a single mode in radial direction. To study such a system
in more detail, we model a ring as depicted in Fig. 7.11(a). In contrast to the previous
structure, we now work with a two-port device. Our waveguide is assumed to be
w = 400nm wide and the outer radius is taken to be r = 4um. Concerning the
material, we use a refractive index of n = 3 and the whole system will be considered
in TE polarization.

Since we are dealing with a two-port device, it makes no sense to look at the spectrum
of the transmission through plane B. Eventually, all radiation will find its way out of
the ring and, neglecting the very small losses, the transmittance will be 100% for all
frequencies. Instead, we will concentrate on the dispersive properties of the system.
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Figure 7.11: (a) Mesh used to model a ring resonator with gap width d = 50 nm.
(b) Close-up of the gap.

Coupling Efficiency

One of the important characteristics of a resonator coupled to a waveguide is the power
coupling coefficient K. It describes, what percentage of the energy will be transfered
from the waveguide into the ring or vice versa. Intuitively, it is clear, that this coupling
efficiency is strongly influenced by the distance between the ring and the waveguide.
Furthermore, it depends on the radius and it is a function of the wavelength. To
determine K numerically, we measure the flux across surface C (cf. Fig. 7.5(b)) and
normalize it to the incoming flux measured at plane A. For this calculation, we need
to take care that the simulation is terminated before the pulse has finished its first
round-trip and returns to C for a second time. Therefore, sufficiently narrow pulses
must be used for this study.

The power coupling coefficient K as a function of wavelength is plotted in Fig. 7.12.
As expected, the coupling efficiency strongly increases if we reduce the distance between

Coupling coefficient K

0 , . .
15 1.55 1.6 1.65 1.7
Wavelength [um]

Figure 7.12: Coupling efficiencies of ring resonators with varying distance d to
the waveguide.

ring and waveguide. As the gap between waveguide and ring gets smaller, the structure
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becomes increasingly more difficult to resolve numerically. Here, the DG method is at
its most impressive, since the adaptive mesh allows to locally refine the geometry (see
Fig. 7.11(b)). All calculations were done with several refinements and expansion orders
to ensure numerical convergence. The mesh shown in Fig. 7.11, in combination with
a 4th order discretization was found sufficient to achieve results converged to at least
three decimal places.

Group Delay

As discussed above, the all-pass setup does not allow for outcoupling of certain frequen-
cies. However, the phase response of the system still is strongly frequency dependent,
as the resonant parts of the spectrum will be delayed considerably. This introduces a
so-called group delay, which allows us to use such devices for dispersion compensation
[72, 73]. The group delay is also interesting with respect to all-optical buffering and
delay lines [6].

Formally, the group delay is defined as

T(w) = — W (7.4)

where ®(w) represents the phase difference between the left and the right port. For a
lossless ring and in the limit K < 1, we can express this phase difference analytically
as [73]

K (w)sin(f(w))
2¢/1 - K(w) — (2 - K(w)) cos(6(w))

d(w) = tan™! (7.5)

with the round-trip phase shift
O(w) = ner(w) w 27mr. (7.6)

Here, neg is the effective index of the waveguide, while r denotes the outer radius of
the ring.

Thus, we have two options for calculating the group delay. First, we can numerically
record the phase delay between the two ends of the waveguide. From a numerical
differentiation according to Eq. (7.4), we can directly obtain the group delay. As a
second option, we can exploit expression (7.5) to analytically calculate the group delay
for a given coupling strength K. While the coupling must still be obtained numerically,
the second method eliminates all influence of numerical dispersion and artificial surface
roughness. In Fig. 7.13, we present the results obtained via both approaches. We find
that for the DG results presented in Fig. 7.13(a), both approaches agree very well. The
minor deviations can be attributed to the approximations used in deriving Eq. (7.5).

For comparison, we present results from the analysis with a commercially available
FDTD package [74]. The data for two different grid sizes, A = 50nm and A = 25nm,
is shown in Fig. 7.13(b). Interestingly, we already find a deviation between the semi-
analytic solutions of DG and FDTD. This discrepancy can be traced back to a difference
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Figure 7.13: Group delay for a ring of radius r = 4um and with a gap of
d =50nm. (a) Contains the results for a calculation with the DG method, while (b)
displays data obtained with FDTD. In both cases, the semianalytic result, calculated
via Fq. (7.5), is represented by the solid line. The dashed lines signify results
obtained by numerical differentiation of the recorded phase delay.

in the coupling strength K. It is readily explained by considering the gap width between
ring and waveguide. Here, we only have a distance of 50 nm, which corresponds to
either one or two cells in the FDTD simulation. The DG calculations on the other
hand employ an adaptive mesh, which properly resolves the gap, even for distances
below 20 nm (see Fig. 7.11(b)). Fortunately, the coupling only influences the height of
the semi-analytic peaks. The position is solely defined by the geometrical parameters
of the ring.

To account for the difference between semi-analytic and numerical results, we have to
consider two effects. The first contribution again comes from an insufficient resolution
of the geometry. Due to the finite size of the discretization cells, we have an uncertainty
in the precise value of the radius for the discretized ring. Indeed, by varying the radius
in Eq. (7.6) of the order of the lattice spacing, we manage to superimpose the semi-
analytic with the numeric solution. However, there is a second contribution, which
stems from the anisotropy of the phase velocity, as discussed in Sec. 4.2.2. There, we
have demonstrated that the phase velocity varies for different propagation directions.
For a second-order FDTD calculation, as employed here, the propagation is slower
along the Cartesian axes than along the diagonals. As a consequence, the wave in the
waveguide (parallel to the axes) is delayed when compared to the wave propagating in
the ring (average over all directions). This leads to an effective round-trip phase-shift
and therefore slightly changes the resonance frequency.

In conclusion, we have demonstrated that the DG method is well suited for the sim-
ulation of dielectric resonator structures. There are two distinctive advantages over the
traditional FDTD method, which help to achieve accurate and well-converged results.
The first relevant point are the adaptive meshes, which allow to precisely model arbi-
trary geometries. A second advantage is the higher-order nature of the method, which
suppresses the effects of numerical dispersion. In combination, these feature allow to
investigate large-scale dielectric structures with reasonable computational effort.
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Chapter 8

Metallic Nanostructures

As we have seen in the previous chapter, the DG method fares quite well on calculations
of dielectric resonators. As a next step, we proceed to metallic structures, which
hold great potential for future applications (see Ch. 1). Unfortunately, as we will
demonstrate, they also pose a significant challenge for some numerical methods.

In this chapter, we will discuss the numerical treatment of metallic structures in
the time-domain. The fundamentals of how to incorporate dispersive media into a
time-domain formulation were already covered in Ch. 3. Here, we will consider a few
examples of realistic structures and apply our methods to study their optical properties.

We start this chapter with a brief theoretical introduction to plasmons. Next, we
study the scattering properties of a metallic sphere, for which exact analytic results are
available. After comparing the FDTD and the DG method, we proceed to an inves-
tigation of the transmission through sub-wavelength metallic slit-apertures. Finally,
we consider two types of individual metallic nanoparticles, namely metallic rods and
V-shaped structures. There, we are particularly interested in the field enhancements
in front of the tip of such an object.

8.1 Plasmons and Surface Plasmon Polaritons

The relevant property of metals with respect to their optical response is the large
free electron density. Very generally speaking, one can excite coherent oscillations
in those free electrons, leading to charge density waves. These excitations are called
plasmons and they can be launched in multiple ways. To us, only the excitation via
electromagnetic radiation is relevant.

8.1.1 SPP Dispersion Relation

A specific kind of plasmons are the so-called surface plasmon polaritons (SPPs). They
are hybrid oscillations of the electromagnetic field and the surface charge density at an
interface between a dielectric and a metallic halfspace. The general setup is sketched
in Fig. 8.1. From Eq. (2.17) we know, that the solutions of each halfspace are plane-
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Figure 8.1: (a) Sketch of a plane wave impinging on a flat metallic surface. (b)
Schematic picture of the charge distribution and the corresponding electric fields at
a metallic surface after excitation.

waves, which need to be matched according to Eqgs. (2.12). If we further require the
waves to be localized at the interface, we can make the ansatz

Ey(7,t) = By lvl ¢ithomet), (8.1a)
Hi(7,t) = Hyerilvlitho—en), (8.1b)

where the index i = m,d denotes the metallic or dielectric halfspace, respectively.
Here, we have selected the propagation direction along the z-axis. Insertion of Eqs. (8.1)
into Maxwell’s equations then yields the dispersion relations

W €q(w)em(w)
k(w) = c\l eg(w) + €p(w)

and

w w —62- w
m(w)_\/k2(w>_6i(w)c§_ $(w)

¢\ €a(w) +em(w)’

Since we require the solution to be localized at y = 0 but propagating along the z-axis,
we find the conditions
Im[k;] =0 and Im[k] =0,

which can be reformulated as
€i(w)em(w) <0 and €4(w) + ep(w) <O0.

Therefore, the two permittivities must have opposite sign and the modulus of the
negative € must be larger than the modulus of the positive one. As can be seen from
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Figure 8.2: The Skin depth of gold and silver as a function of the wavelength.
For both cases, we assumed a Drude model with parameters taken from Tab. 3.1.

the dispersion relation of gold and silver (see Fig. 3.2 in Sec. 3.1.2), these metals in
combination with a standard dielectric fulfill above conditions in the red and near
infrared spectrum. For silver, the conditions are even fulfilled for the entire visible
range.

Since SPPs are localized at the metal-dielectric interface, we can ask for the penetra-
tion depth, i.e., the length scale over which the electric field decays inside the metal.

Said length-scale is called Skin depth and it is given by [ = Re [i} Assuming a

vacuum-metal interface and describing the metal via the Drude model allows to explic-
itly calculate . In Fig. 8.2, we plotted the Skin depth as a function of the wavelength.
From this plot, we recognize that [ is almost constant in the visible and near-infrared
spectrum. Furthermore, its exact value seems to be very similar for both materials and
is roughly given by [ =~ 20nm. Thus, for devices of the lengthscale of the Skin depth,
the electromagnetic field fully penetrates the structure.

8.2 Metallic Spheres

Before we can continue to study complex metallic nanostructures, we need to ensure
that our numerical methods are actually capable of dealing with such objects. Similarly
to the dielectric case, we employ a test system where the solution is known analytically.
Here, it will be a metallic sphere of radius » = 50 nm. The material is assumed to be
silver, which is implemented via a Drude model as described in Sec. 3.1.2.

Deviating from the dielectric case, we will use the scattering cross section Cgeay Of
the metallic sphere for comparison. Similarly to the resonance frequencies, a reference
solution CI¢f, can be obtained analytically via Mie’s theory [67-69].

scat

Calculations with FDTD

The setup for a calculation of the scattering cross section consists of a number of
different regions as sketched in Fig. 8.3. In the center, we place a metallic sphere.
Around this scatterer, we position a closed contour across which the electromagnetic
flux is recorded. From the surface integral over the flux, we can later extract the
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180nm

Figure 8.3: [llustration of the scattering setup for the FDTD calculations.

absorption cross section Cyps. Outside of this contour, we locate the TF/SF interface
(see Sec. 4.3.2), which is used to inject radiation. Even further out, in the scattered
field region, we place a second integration contour. The integrated flux through this
surface results in the desired scattering cross section Cgeat. To save computational
time, this contour is placed at a distance of only 25 nm from the surface of the sphere.
A far-field projection [28] is then employed to ensure an accurate calculation of Cycat.
On the outside, we terminate the computational domain via PMLs. For the FDTD
simulations, the whole system is discretized by an equidistant cubic Yee grid with
spacing A := Az = Ay = Az. The scatterer is illuminated by a broadband pulse with
a carrier wavelength of A\g = 200nm and the simulations run for T~ 1.67 ps. To get
an impression on the required spatial discretization, we run calculations for a number
of different cell sizes, ranging from A = 1.5nm down to A = 0.667nm. The resulting
cross sections are plotted in Fig. 8.4. It is immediatly evident that the agreement
between the FDTD results and the analytical reference solution is very poor. Instead
of the three pronounced resonances expected from Mie’s theory, we find a multitude
of spurious peaks and oscillations. To quantify the deviations, we introduce a measure
for the relative error as a function of wavelength as

|G ) - GOV
max(C’ref ()\)) '

X scat

EN) (8.2)

In Fig. 8.4(c), this error is plotted as a function of the wavelength. In the long-
wavelength limit we do observe convergence, albeit reduced to first order due to the
material interface (cf. Sec. 4.3.1). Closer to the resonances however, this convergence
behavior disappears and we do not find a clear reduction of the error upon improving
the discretization.

This effect can be understood by remembering the staircase approximation associ-
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Figure 8.4: (a) Scattering cross section of a silver nanosphere with radius r = 50
nm. (b) A close-up of the range between 200 nm and 300 nm. (c) A plot of the
relative error as a function of the wavelength.
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(@)

Figure 8.5: [Illustration of a discretized sphere for different refinements: (a) 8
cells per radius, (b) 16 cells per radius, and (c) 32 cells per radius.

ated with the orthogonal mesh. Thus, the discretized sphere’s surface actually consists
of tiny metallic cubes, as illustrated in Fig. 8.5. Each of the small cubes has sharp cor-
ners, which theoretically lead to a singularity of the electric field at the tip [20]. Since
the convergence analysis of the FDTD is based on the assumption of smooth fields, it
breaks down in the vicinity of the singularities. Refining the grid does not necessar-
ily improve the situation. On the contrary, it only introduces more (albeit narrower)
singularities. We can confirm this explanation by looking at the fields obtained via an
FDTD calculation. In Fig. 8.6 we plot the electric field component perpendicular to a
cut plane through the center of the sphere. The plane is chosen such that the recorded
electric field component is parallel to the polarization of the exciting wave. In the left
column of Fig. 8.6, the analytical field obtained via Mie’s theory is shown for three
different wavelength. Next to it, in the right column, we present the corresponding
field obtained from a FDTD calculation. The strong spurious peaks at the surface of
the sphere are clearly visible. As a consequence, we have to conclude that the FDTD
method is not well suited to calculate metallic nanostructures, if the geometry leads
to an unphysical staircasing.

Calculations with the DG Method

To be able to compare the FDTD results with DG calculations, we generate a number
of different meshes for a scattering setup similar to the one shown in Fig. 8.3. Since the
surface of the sphere is expected to play a crucial role in the convergence, we employ
meshes which are locally refined at the interface between sphere and vacuum. A cut
through different discretizations is depicted in Fig. 8.7. In total we run nine different
calculations, where we start from three basic meshes with edge lengths of hg = 20 nm,
hp = 15nm and hg = 10 nm inside the sphere. Each of these three meshes is refined at
the surface of a sphere by a factor a = 1,2, 3. The order of the expansion is chosen to
be N = 3. The rest of the setup is very similar to the one of the FDTD calculations,
with the difference that we do not require specific surfaces for the flux integration.
Instead, we reuse the inner and outer side of the interface between the total field and
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Figure 8.6: Flectrical field component perpendicular to the culplane. The plots
on the left represent the analytical results, while the plots on the right contain the
corresponding FDTD data. The analysis was conducted for three different wave-
lengths: (a),(b) A =346 nm, (c),(d) A = 253nm and (e),(f) A = 223 nm.
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Figure 8.7: Meshes for calculating the scattering cross section of a metallic
nanosphere. Depicted is the coarsest mesh with hg = 25nm for three different
refinements: (a) o = 1, (b)) a = 2, (¢) a = 3. Different colors represent the
different regions: Scatterer (yellow), total field region (blue), scattered field region
(green), PMLs (red).

the scattered field region.

The results of our calculations can be found in Fig. 8.8(a). At first sight, all cal-
culations seem to reproduce the analytic result rather well. In particular, all curves
are smooth and no spurious peaks are introduced. However, if we take a closer look
at the resonance at A = 223nm (Fig. 8.8(b)), we find that all calculations struggle to
reproduce the peak accurately. Still, we clearly see how a refinement of the sphere’s
surface brings our results closer to the analytical solution. The relative error is plotted
in Fig. 8.8(c). As expected, the error has a distinct peak at A = 223 nm, which corre-
sponds to the very narrow resonance discussed above. This feature aside, we observe
reasonable convergence and the average error is below 1%. The effect that the error
does not continue to decrease with better resolution can be attributed to the PMLs.
We have demonstrated in Sec. 5.5.3, that a PML of only one cell for a calculation with
N = 3 leads to reflections of the order 5 x 10~3, which is roughly the number we observe
here. Clearly, the DG method does not live up to its full potential in this example. It
seems that the approximation of the spherical surface, despite the local refinement, is
still not sufficient to yield the optimal convergence behavior for the resonance around

= 223 nm. In order to improve this situation, one has to implement curvilinear
elements. Furthermore, one could reduce the overall error by adding more cells to the
PMLs or by increasing the order. Nonetheless, the DG method fares very well when
compared to the FDTD calculations. The fact that we observe no spurious peaks or
oscillations is very reassuring and allows us to employ the method for further studies
in the following sections.

8.3 Transmission through Metallic Nano-Apertures

For our first calculations of an experimentally relevant system, we consider a thin
metallic film with holes of subwavelength size in it. This system has attracted a lot of
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Figure 8.8: Results of the DG calculations for a metallic nanosphere with radius
r =50 nm. (a) Scattering cross section over a broad spectral range. (b) A close-up
of the region between 200 nm and 300 nm. (c¢) A plot of the relative error as a
function of the wavelength. The colors belong to different edge lengths hg, while the
linestyles indicate the refinement. The black crosses denote the analytical reference
solution.
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A Ud;d% il

Figure 8.9: Schematic setup of a slit aperture in a metallic film. The aperture is
flanked by o finite number of grooves and the dashed line indicates a contour used
to calculate the transmittance.

attention in the past years, because it may exhibit extraordinary optical transmission
[12]. From the start, it was suspected that the excitation and propagation of SPPs
must play a major role in the explanation of the effect. This assumption is supported
by a number of theoretical studies (e.g. [75-77]). Unfortunately, most theoretical work
on extraordinary optical transmission is still based on approximations that describe
the metal as a perfect electric conductor (PEC) [75, 76]. Although this simplifies
the calculations and may provide a qualitative picture of the physical processes, it is
not suitable for designing and optimizing experiments. As an application of the DG
approach we will, in the following, study the influence of a more accurate description
of the material on the transmittance properties of such apertures. A typical structure
is sketched in Fig. 8.9 and consists of an infinite metallic screen of thickness w with
a nano-structured surface. We assume a slit of width a going through the metal and
next to it N grooves of width a and depth h that are spaced a distance d apart from
each other. The many parameters make it obvious, that a fast and reliable numerical
method is required to thoroughly study the properties of such systems. Although these
structures can be grid-aligned and, thus be treated with FDTD, the DG method still
exhibits a distinct advantage: The unstructured meshes allow an accurate resolution of
the small nano-structures without wasting grid points in the bulk regions. Specifically,
we employ a 4th-order discretization in all forthcoming calculations. Before getting
to the full structure we first analyze the simple slit aperture without grooves so as
to obtain a reference. We assume a metallic film of thickness w = 350nm with a
single slit of width ¢ and irradiate it with a plane wave, where the magnetic field
is parallel to the slit. The pulse shape is taken to be a broadband Gaussian with a
carrier wavelength of A\g = 500nm that covers the relevant spectrum from 350nm to
1000nm. Behind the aperture, we integrate the flux over the entire half-space and
normalize it to the width of the aperture. First, we conduct a series of calculations
with different slit width a for both, a PEC structure as well as for a more realistic
Drude model with silver parameters wp = 1.37 x 1016571 and weo = 8.5 x 1013s7!
[78]. We display the results in Fig. 8.10. Already for the simple slit-aperture, the
differences between PEC and a Drude metal are quite significant. For the realistic
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Figure 8.10: Normalized transmittance spectra for simple apertures with differ-
ent slit widths a. In panel (a) the spectra for systems with perfectly conducting
metal are shown, while panel (b) contains the results for metallic systems that are
described by a Drude model (see text for details).

metal, the transmission is reduced, which is consistent with the fact that the silver
exhibits absorption through an imaginary part in the dielectric function. Further, the
position of the resonance at higher wavelength is strongly blue-shifted for the Drude
case. Finally, for both material models the resonances shift with varying slit width a,
but they move in opposite directions. For the PEC structure, the resonances shift to
longer wavelengths as a increases, while they move towards shorter wavelengths when
the Drude model is used to describe the metal.

We now proceed to the full structures with added grooves, and again start the
analysis by comparing the PEC and the Drude model. The geometrical parameters
are fixed to d = 500nm, A = 100nm, w = 350nm, and a¢ = 40nm, identical to
those reported in Ref. [76]. As discussed above, a simple slit shows two pronounced
resonances, while adding the corrugation gives rise to a third peak with significantly
increased transmittance. Our data for the PEC structure is in perfect agreement
with results obtained via the modal expansion technique (cf. Fig. 2(a) in [76]). By
comparing the data in Fig. 8.11(a) and 8.11(b), we again observe the strong influence
of the material model on the spectra. In addition to the resonance shifts observed
before, for the PEC case, the central resonance quickly saturates for N = 5 grooves.
When using the Drude model, around N = 15 grooves are required to observe a similar
enhancement. In a next step, we want to study the influence of the groove depth A
and the spacing d between the grooves on the systems’ transmittance properties. In
accordance with the experimental setup in Ref. [76], we fix the number of grooves to
N = 5 and keep all other parameters identical to those of the previous calculations
expect for the height h, which is now scanned from A = 20nm to A = 80nm. All
calculations are carried out with the more realistic Drude model. From the results
depicted in Fig. 8.12(a), we deduce that changing the height results in a shift of the
central resonance. The highest transmittance is observed, when this central resonance
coincides with a peak of the simple aperture at 610nm (see Fig. 8.10(b)). The results
for scanning the distance d between the grooves display a similar behavior as shown
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Figure 8.11: Normalized transmittance spectra for slit apertures with added
grooves for different numbers of grooves. The geometrical parameters are d =
500nm, h = 100nm, w = 350nm, and a = 40nm. Panel (a) depicts the spectra for
systems with perfectly conducting metal, while in panel (b) the metal is described
by a more realistic Drude model.
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Figure 8.12: Normalized transmittance spectra for different parameters of the
corrugations. In (a), we shows the variation with the groove depth h, while (b)
displays the results of changing the distance d between the grooves.

in Fig. 8.12(b). Here, we have fixed the depth to h = 40nm and changing d again
leads to shifts of the central resonance frequency. As before, one observes that the
maximum transmittance is reached when the resonance coincides with the resonance
of the simple aperture.

8.4 Metallic Rods and V-Shaped Particles

Finally, we proceed to the analysis of three-dimensional metallic nanoparticles. Here,
we focus on two particular geometries, both of which have been proposed in the context
of local field enhancement. As discussed in Sec. 8.2, one has to be very careful when
studying fields in the direct vicinity of metallic surfaces, especially if the surfaces are
curved. In order to avoid problems from staircasing, we pursue all of the following
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Figure 8.13: Sketch of the (a) nanorod and (b) V-structure under consideration.
Panel (c) depicts a sideview on the general setup with a plane wave impinging
from the top. The metallic structures are assumed to rest on a glass substrate. In
(d) and (e), we show the meshes used to model the nanorod and the V-structure,
respectively. The red-shaded triangles in (d) and (e) represent the symmetry plane
exploited to accelerate the numerical computation.

calculations with the DG method.

8.4.1 The Nanobar

As a first system, we consider a silver nanobar as sketched in Fig. 8.13(a). This par-
ticular structure has the advantage that it has only few free geometrical parameters
and can be easily fabricated [79]. To keep our calculations realistic, we assume that
the bar is situated on a glass substrate. Furthermore, we chamfered the corners of
the structure in order to avoid sharp metallic tips. This is in accordance with experi-
mental realizations, where the corners of the rods always appear rounded (cf. electron
micrographs in Ref. [79]).

Since we will only excite the structure under normal incidence and with the electric
field polarized along the rod, we can exploit a mirror symmetry in order to accelerate
the numerical calculations. The corresponding mirror plane is indicated in Fig. 8.13(d)
and is implemented by enforcing a PMC boundary condition. The excitation itself
consists of a short Gaussian pulse of approximately 10fs duration. The corresponding
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Figure 8.14: FEztinction cross section of nanobars of different lengths . Fach
fundamental resonance is annotated with its corresponding @ factor. The small
peaks on the left can be attributed to higher-order modes of the structures.

spectrum ranges from 300nm to 1500 nm. After the excitation, we record the fields
at the interface between the total-field and the scattered-field region. Due to the
discontinuous nature of our method, we can record both, the fields inside and outside
of the TF/SF contour. From the field data, after a Fourier transform, we obtain
the Poynting vectors in frequency domain. Integration over the entire surface then
yields the total flux. Normalization with respect to the incoming spectrum results in
the absorption cross section and the scattering cross section for the fields inside and
outside of the contour, respectively. The sum of the two cross sections finally yields the
extinction cross section Cgyt which we use for the characterization of our nanoparticles.

In a first set of calculations, we fix the height and width of the rod at A = w = 20nm
and vary the length [ between 100 nm and 200nm. The chamfering of the corners was
achieved by replacing the endfaces of the bars with half-cylinders. From the results
depicted in Fig. 8.14, we find that the resonance shifts to shorter wavelength as we
decrease the length of the rod. This was to be expected and in a very crude approxi-
mation, we can interpret the nanorod as a small antenna. However, in contradiction to
classical antennas, the fundamental resonance wavelength is found to be much longer
than twice the rod length. In order to extract the properties of the individual reso-
nances, we fit a Lorentzian curve to each peak (cf. Sec. 7.1). The extracted resonance
wavelengths and Q) factors are plotted in Fig. 8.15. The quality factors are found to
vary only weakly with the length and a saturation can be observed for very small
lengths. This is in good agreement with theoretical expectations for the quasi-static
limit [80].

With the knowledge of the resonance wavelengths, we now proceed to the second part
of the analysis. There, we excite the structure with monochromatic light at its funda-
mental resonance. During the illumination, we record the electric field at two points A
and B in front of the nanobar (see Fig. 8.13(a)). The recording sites are located at a
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the length of a nanobar. Width and height of the structure are kept constant at
w = h =20 nm.

90

O A (Inmin front of tip) o
= 80 % B (5nm in front of tip) o
[}
£ 70} 0
e o
& 60
5 ° x
L %
% 50 %
i x

401

30 : : : :
100 125 150 175 200

Length | [nm]

Figure 8.16: Mazimal field enhancement observed a point A (circles) and point
B (crosses).

distance of 1nm and 5nm from the tip of the structure, respectively. By studying the
recorded signals, we find that the maximal field strength saturates after approximately
30 optical cycles. Thus, we store the maximal amplitudes after 40 cycles and plot them
as a function of the length [ in Fig. 8.16. Interestingly, the field enhancement seems to
increase almost linearly with the length of the bar. However, we can not increase the
enhancement arbitrarily, since the resonance wavelength also increases with the length
of our structure. Thereby, we are restricted to field enhancements of approximately
100 if an excitation wavelength around 1500 nm is desired. Furthermore, we need to
keep in mind that the recording point A is only 1nm away from the structure and the
enhancement decays exponentially with the distance. Still, a factor 50 in the field re-
sults in a factor 2500 for the intensity. For many applications such as surface enhanced
Raman spectroscopy (SERS), this can already lead to a significant improvement of the
sensitivity.

8.4.2 Metallic V Structure

In comparison to the nanobar, we now consider a V-shaped structure as sketched in
Fig. 8.13(b). This shape was originally proposed by Mark Stockman and coworkers
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[81] with the sole purpose of creating strong field enhancements at its tip. It should
be noted that the analysis of Stockman et al. was conducted in the quasi-static limit,
where all retardation effects are neglected. Furthermore, the authors of Refs. [81, 82]
employ chirped excitation in order maximize the field enhancement.

Here, we will study a structure with experimentally realistic dimensions. Therefore,
our structure is barely at the edge of the onset of the quasi-static regime [83] and we
can not expect quantitative agreement with the results of Ref. [81]. Furthermore, we
will refrain from using chirped pulses, to limit the number of free parameters.

Similarly to the nanobar studied previously, the width and height of the V-shape
are fixed at w = h = 20nm. The apex angle is chosen as o« = 30° and we assume the
structure to be located on a glass substrate. As before, the chamfering of the endfaces
and the tip is achieved by replacing them with half-cylinders of radius Trounding =
w/2. The excitation is performed identically to the one used for the nanobar, and the
polarization is chosen to be parallel to the V’s symmetry axis. Therefore, we can again
exploit the mirror symmetry to reduce the computational effort by a factor of two.

In Fig. 8.17, we show the extinction cross sections for a number of V-shaped particles
of different armlength [. By comparing the curves for the V-structure with those of
the nanobar (Fig. 8.14), we find a very similar scaling behavior. Both structures show
a diminishing extinction cross section for shorter lengths. As expected, the resonance
wavelength also reduces with shrinking size. The only obvious difference in the spectra
of particles with identical lengths consists in a slightly shorter resonance wavelength
and in a lower Q factor for the V-structure (cf. Fig. 8.15 and Fig. 8.18).

In a second step, we proceed to evaluate the field enhancement in front of the rounded
apex. The general procedure is identical to the case of the nanobars and the resulting
data for the two recording points A and B is plotted in Fig. 8.19. The first thing to
note is that the enhancement is significantly lower for a V structure than for a nanobar.
Looking at the exact numbers, we find the enhancement of a nanobar to be between
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30% and 50% higher than that of the equivalent V-shape.

To visualize the spatial variation of the enhancement, we finally depict the maximal
intensity in the vicinity of the V-structure in Fig. 8.20. The data depicted here was
calculated for a V-shape with an armlength of [ = 150 nm. From this data, we find
similar enhancement at the tip and at the endfaces of the V. Furthermore, we observe
the exponential decay with distance from the surface (note the logarithmic colorscale).
At 10nm above the structure (Fig. 8.20(b)). Finally, we would like to note that more
detailed studies of metallic nanorods and V-structures, conducted with our DG method,
can be found in the masters thesis of Kai Stannigel [83]. There, he also investigated
the influence of the various geometric parameters such as apex angle, width and height
of the structures. Furthermore, a thorough investigation of the excitation via chirped
pulses was conducted. For all the studied cases, no significant enhancement over the
values reported here could be found.
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Figure 8.20: Maps of the intensity enhancement in the vicinity of a V-shaped
metallic nanostructure (indicated by the white line). Panel (a) shows the enhance-
ment factor on a horizontal cut through the center of the V. In (b) we depict the
factor in a plane 10 nm above the structure.
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Chapter 9

Summary and Outlook

One of the key requirements for the design and optimization of nanophotonic devices is
the availability of accurate, flexible, and efficient computational methods. In order to
keep up with the steady progress in fabrication technology, it is certainly not sufficient
to purely rely on Moore’s law!. Instead, there is a pressing need for new and more
powerful numerical approaches.

Summary

The aim of the present thesis was to investigate different ways to improve the time-
domain simulations of nanophotonic devices. After a short introduction and motivation
in chapter 1, we started with a brief recapitulation of Maxwell’s equations and some
of their properties (chapter 2). From the basic constitutive equations, it became ob-
vious that a time-domain approach has the disadvantage that one can not directly
include dispersive materials. This constitutes a severe limitation, since one of the most
promising material classes in nanophotonics—metals—is strongly dispersive. To over-
come this obstacle, we used chapter 3 to introduce the method of auxiliary differential
equations (ADEs), which allows to treat dispersive behavior within a time-domain
framework. Besides dispersion, this technique also facilitates the implementation of
absorbing boundary conditions, thereby enabling us to model open systems.

With the theoretical framework set, in chapter 4 we discussed the workhorse of all
ab-initio methods for Maxwell’s equations, namely the finite-difference time-domain
(FDTD) method. Besides the fundamentals of this approach, we also studied a possi-
ble extension towards higher-order discretizations. However, in a set of numerical ex-
periments we demonstrated that this improvement only works for fully homogeneous
systems. In chapter 5, we then introduced a more sophisticated spatial discretiza-
tion, the discontinuous Galerkin (DG) scheme, which manages to overcome some of
FDTD’s inherent limitations. In particular, we showed that—in contrast to the FDTD

!Moore’s law describes the empirical observation that the number of transistors in a typical computer
processor doubles approximately every two years. It thereby indicates an exponential growth of
the available computing power over time.
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method—the DG scheme allows for higher-order approximations in the presence of
material interfaces. This feature essentially allows us to obtain much more accurate
results with less computational effort. For high-precision calculations, we have demon-
strated that results can be obtained several orders of magnitude faster with the DG
method when compared to FDTD.

In chapter 6, we deviated from the question of spatial discretization and turned to
the problem of time integration. In particular, we studied a linear matrix-exponential
integrator based on a Krylov-subspace approach. Besides the bare scheme, we also
provided essential extensions to make the scheme suitable for practical applications.
Finally, in a series of numerical experiments, we demonstrated the method’s attractive
features of strong stability and high accuracy.

With all the different numerical methods at hand, in chapters 7 and 8, we ap-
plied them to a number of real-world challenges. The first tests were conducted on
two-dimensional dielectric resonator structures. A direct comparison of an FDTD cal-
culation with DG results for an analytically solvable cylinder already hinted at the
superiority of the DG method. This observation was then confirmed by studies of a
disk and a ring resonator structure. To preclude any bias from our side, we conducted
these comparisons using established results from the literature as well as calculations
with a commercially available FDTD package.

For the final set of applications, in chapter 7, we then proceeded to the analysis
of metallic nanostructures. Again, we started with an analytically solvable problem
to allow for a quantitative study of the numerical errors. In this case, we calculated
the scattering cross section of a small silver sphere. Here, the FDTD method fared
much worse than for the dielectric resonators. It essentially produced an unusable
spectrum, littered with spurious peaks and unphysical oscillations. The DG method
in contrast had no problems with these particular calculations and yielded accurate
results. The strange behavior of the FDTD method was explained as an artifact of the
insufficient geometrical approximation. After this analytic comparison, we proceeded
to realistic experimental setups. In particular, we investigated the transmission through
a sub-wavelength aperture. Here, we demonstrated that for nanophotonic systems, the
proper description of the materials is essential. Concretely, we showed that describing
a metal as a perfect electric conductor can lead to qualitatively wrong results. In a
final study, we investigated the capability of small metallic nano rods and V-structures
to generate strong local field enhancements. Interestingly, we did not find particularly
strong enhancements at the tip of V-shaped structures. Quite the contrary, a simple
nanorod of similar extent can provide up to 40% stronger fields.

Conclusions and Outlook

In conclusion, we have investigated both, the influence of the spatial discretization as
well as the effect of the time-integration on numerical simulations of photonic nanos-
tructures. Out of these two factors, the spatial discretization was identified as the
dominating cause of numerical errors. Therefore, we proposed a discontinuous Galerkin
scheme as a flexible, accurate and fast alternative for the commonly applied FDTD
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method. In a series of realistic calculations, this approach has proven itself successful.
In view of its attractive properties, we expect the DG scheme to soon become a popular
tool in the repertoire of numerical methods for nanophotonic systems.

In addition to its already competitive performance, the DG method also holds great
promise for further improvements. Possibly the most relevant extension for nanopho-
tonic calculations is the implementation of curvilinear elements. This feature would
allow for an exact representation of rounded structures and should thereby further
increase the accuracy and performance of the method. A second point where we can
still expect significant improvements is the time-integration. While we established that
the spatial discretization is responsible for most of the numerical errors, the perfor-
mance is still strongly limited by the time-integration. We expect that an advanced
combination of implicit and explicit methods could lead to a dramatic reduction of the
computational time. Last but not least, we would also like to see more sophisticated
material models implemented in the DG approach. This includes but is not limited to
classical nonlinearities, anisotropic media or active materials such as quantum dots.
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