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Frequency dispersion of photon-assisted shot noise in mesoscopic conductors
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We calculate the low-frequency current noise for AC biased mesoscopic chaotic cavities and diffu-
sive wires. Contrary to what happens for the admittance, the frequency dispersion is not dominated
by the electric response time (the ”RC” time of the circuit), but by the time that electrons need
to diffuse through the structure (dwell time or diffusion time). Frequency dispersion of noise stems
from fluctuations of the Fermi distribution function that preserve charge neutrality. Our predictions
can be verified with present experimental technology.

PACS numbers: 72.70.+m, 73.23.-b, 73.50.Td, 73.50.Pz.

Charge neutrality in mesoscopic devices is enforced by
Coulomb interaction on a time scale (τRC) given by the
product of the resistance and the capacitance scales. The
typical time (τD) for non interacting electron motion is
instead fixed by either the dwell or diffusion time, de-
pending on the transparency of the interfaces between
the system and the electrodes. The typical physically
realized situation is τRC ≪ τD: electrons, which would
normally slowly diffuse, are pushed to run by the electric
fields that they are generating themselves by piling up
charge. The consequence is that the typical response time
of the device is τ−1 = τ−1

RC + τ−1
D ≈ τ−1

RC . This has been
shown for the frequency dependence of both the admit-
tance [1, 2] and the noise [3, 4, 5, 6] in mesoscopic chaotic
cavities and diffusive wires. The inverse of the diffusion
time appears instead as the relevant energy scale for the
voltage or temperature dependence for both the conduc-
tance and the noise in superconducting/normal metals
hybrid systems [7, 8, 9, 10]. Indeed, in this case the en-
ergy dependence is due to interference of electronic waves
that does not induce charge accumulation in the systems.
To our knowledge, in normal metallic structures a disper-
sion on the inverse diffusion time scale has been predicted
so far only for the third moment of current fluctuations
[5] and for the finite frequency thermal noise response
to an oscillating heating power [11]. An alternative, and
less investigated possibility, is to study the low frequency
current noise as a function of the frequency Ω of an exter-
nal AC bias. The noise for a quantum point contact was
calculated a decade ago [12] and later measured [13, 14].
Since the quantum point contact is very short, electron
diffusion does not introduce any additional time scale
in the problem and the resulting frequency dispersion is
simply linear [12]. More recently, the noise for an AC
biased chaotic cavity was considered [15, 16] in the limit
of small fields eV/h̄Ω ≪ 1 (V is the amplitude of the
AC bias and e is the electron change). The authors of
Ref. [15] found that the noise disperse only on the τ scale,
that is the combination of the diffusion and the electric
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FIG. 1: Schematic of the system. A chaotic cavity connected
to the electrodes through arbitrary coherent connectors char-
acterized by a set of transparencies {Tn}.

response time. This should be contrasted with the result
of Ref. [17] where the noise in a diffusive wire was studied
when the conductor was biased by a short voltage pulse.
Even if the dispersion of the noise is not considered in
that paper, the authors find that the ratio of the diffu-
sion time to the time duration of the pulse may affect
the observed noise. This indicate that a dispersion of the
noise on the external frequency could be present.

In this paper we derive analytical expressions for the
photon-assisted noise in chaotic cavities [Eq. (13) in the
following] and numerical results for diffusive wires. We
show that the noise depends on the AC frequency Ω
on the diffusion time scale. We take into account the
Coulomb response that guarantees charge neutrality over
times longer than τRC . Within our calculation, the ad-
mittance has no structure at Ω ≈ 1/τD, while the deriva-
tive of the noise with respect to the frequency shows a
clear maximum.

We start by considering a chaotic cavity (see Fig. 1)
connected to two metallic leads through two barriers
characterized by a set of transparencies {T k

n} where k
takes the value 1 or 2. We define the conductances Gk =
GQ

∑
n T k

n , the total conductance G = G1G2/(G1 +G2),
and a dwell time τD = 2πh̄GQ/(G1 + G2)δ, where δ is
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the level spacing of the cavity and GQ = e2/(2πh̄). We
assume that the dwell time is much shorter that the in-
elastic time. We also assume that GΣ = G1 + G2 ≫ GQ

so that we can use semiclassical theory to describe trans-
port and neglect Coulomb blockade effects. The cavity
is coupled capacitively to the leads through the capaci-
tances Ck and to a gate through Cg. One can then define
the typical electric response time as τRC = CΣ/G where
CΣ = C1 + C2 + Cg. If linear dimension of the cavity L
are much larger than the Fermi wavelength λF , the ratio
τRC/τD ≈ δ/EC ≈ (λF /L)d−1 ≪ 1 where EC = e2/CΣ

is the Coulomb energy and d = 2 or 3 is the dimension
of the cavity. Three different time dependent voltage bi-
ases are applied to the gate and the two contacts (Vg, V1,
and V2), clearly the current depends only on two voltage
differences, we keep the three voltages to simplify the no-
tation. The cavity resistance is negligible with respect to
the contact resistances so that we can assume a uniform
electric potential inside.

We begin by considering a very simple model of charge
transport, where diffusion and electric drift are described
classically. The charge Q in the cavity is related to the
electric potential V of the cavity itself by the relation
Q =

∑
k Ck(V −Vk), where k = 1, 2, and g. The equation

of motion for Q is then

∂tQ + Q/τD + I1 + I2 = 0, (1)

where Ik = Gk(V − Vk). The equation can be conve-
niently solved in terms of V (ω), the Fourier transform of
the cavity potential:

V (ω) =
τ/τD

1 − iωτ

∑

k=1,2,g

Vk(ω)

[
αk

τD

τRC
+ (1 − iωτD)

Ck

CΣ

]
,

where we defined αk = Gk/GΣ for k = 1 or 2, and αg = 0.
When τRC ≪ τD, the response time τ = τRCτD/(τRC +
τD) is simply given by τRC . The admittance has a similar
frequency dependence. For τRC ≪ τD and ωτ ≪ 1 one
thus finds the very simple result

V (ω) =
∑

k

αkVk(ω), (2)

and I1(ω) = −I2(ω) = GΣα1α2(V −V1): charge neutral-
ity is perfectly enforced for low frequency drive. As it
follows from Eq. (1), only Ik is finite, since Q and ∂tQ
vanish in this limit. In the following we will consider
this experimentally relevant low driving-frequency limit
ΩτRC ≪ 1, which will enable us to use the ω ≪ 1/τRC

response for V (ω).
Let us now consider the noise. We use the semiclassical

description of non-equilibrium transport provided by the
time dependent Usadel equations [18, 19]:

D∇(Ǧ∇Ǧ) + [ih̄(∂t1 + ∂t2) + eV (t1) − eV (t2)] Ǧ = 0,
(3)

where D is the diffusion coefficient in the cavity and the
Keldysh Green’s function satisfies the normalization con-
dition:

∑

l

∫ +∞

−∞

dt Ǧil(t1, t)Ǧlj(t, t2) = δijδ(t1 − t2) . (4)

Since the conductance is controlled by the contacts,
Ǧ(t1, t2) is uniform in the cavity. Eq. (3) can then be
integrated on the volume of the cavity, and relate Ǧ to
the current through the interfaces [20]. The equation for
Ǧ takes then the form of a charge conservation equation:

∑

k

Ǐk − iτD [ih̄(∂t1 + ∂t2) + eV (t1) − eV (t2)] Ǧ = 0,

(5)
where the voltage in the cavity is given by the electroneu-
trality condition (2) and

Ǐk =
GQ

GΣ

∑

n

T
[k]
n [Ǧk, Ǧ]

4 + T
[k]
n ({Ǧk, Ǧ} − 2)

(6)

are the spectral currents that relate the Green’s function
of the electrodes Ǧk to the Green function of the cavity
[21]. The form of Ǧk is given by the equilibrium solution
for metallic leads of Eq. (5), explicitly, in presence of a
time dependent potential, one has:

Ǧok(t1, t2) =

(
δ(t1 − t2) 2Fk(t1, t2)

0 −δ(t1 − t2)

)
(7)

where h̄∂tφk(t) = eVk(t), Fk(t1, t2) = eiφk(t1)Feq(t1 −
t2)e

−iφk(t2), and Feq(t) =
∫
(dε/2π)eiεt/h̄ tanh(ε/2T )] =

−iPT/ sinh(πT t/h̄), with T being the temperature
(kB = 1).

In order to calculate the noise we need to modify the
Green’s function of the electrodes by introducing two
counting fields [20, 22]:

Ǧk = eiσxχk/2Ǧoke−iσxχk/2 (8)

where σx is a Pauli matrix. Solving Eq. (5) together
with Eq. (2) gives the value of Ǧ from which, using
Eq. (6) one can derive the counting field dependent cur-
rent: Ik(t, χ1, χ2) = GkTr{σxǏk(t, t)}/2. Derivatives
with respect to χ1 − χ2 give all the moments of current
fluctuations. We assume that the potential difference
between the two leads is harmonically oscillating at fre-
quency Ω. Then the time average over the period 2π/Ω
of Ik(t) and −i∂Ik(t)/∂(χ1 − χ2) gives the DC current
and the low frequency noise, respectively.

Let us first discuss briefly the current. For vanishing
χk, Ǧ has the form given by Eq. (7) and it depends on
a single function: F (t1, t2). It is convenient to change
gauge by defining F (t1, t2) = eiφ(t1) F̃ (t1, t2) e−iφ(t2)

where h̄∂tφ(t) = eV (t), and introducing new time vari-
ables t− = t2 − t1 and t+ = (t1 + t2)/2. F̃ (t+, t−) is
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a periodic function of t+: F̃ (t+, t−) =
∑

n einΩt+Fn(t−)
and its explicit expression in terms of the Fourier com-
ponent of F̃ (k) comes from the solution of the equation
of motion (5):

Fn(t−) =

∑
k αkF

(k)
n (t−)

1 + inΩτD
. (9)

Here F
(k)
n (t) = Feq(t)Jn (2Ak sin(Ωt/2)), Jn are Bessel

functions, Ak = e(V o
k − V o)/(h̄Ω), and V o are the am-

plitudes of the AC field: Vk(t) = V o
k sin(Ωt). In order to

make a connection with the classical description given by
Eq. (1) we relate F̃ to the charge on the cavity:

Q(t+) = − (e/δ) F̃ (t− → 0, t+) . (10)

Usadel equations (5) for t− → 0 reduces then to the
continuity equation (1) for the total charge. Note that
when the voltage time dependence (2) is enforced, Q van-
ishes identically, as it can be verified by calculating the
limit t− → 0 in Eq. (9). On the other hand, the energy
distribution function, F̃ (t+, ε) =

∫
dt−F̃ (t−, t+)eiεt

−
/h̄,

varies periodically in time, and its dependence on the AC
driving frequency, Ω, is on the scale of the inverse diffu-
sion time τ−1

D . When an electron enters the cavity, after
a very short time ∼ τRC , the charge rearranges to keep
the cavity neutral, the distribution function, instead, will
relax on a much longer time given by τD. Since zero-
frequency noise probes the electronic distribution func-
tion, it should depend on the frequency Ω on the same
scale.

To obtain the noise, it is sufficient to expand the
Green’s function up to first order in χ: Ǧ = Ǧo + Ǧ1i(χ1−
χ2)/2 + . . ., and substitute this expression into Eq. (5)
[9, 10]. The term Ǧo is given by Eq. (7) with F given by
Eq. (9). Note that in principle also V (ω) could depend
on χk. By going back to the Keldysh action formulation
we verified that the corrections are of order higher than
one in χk, they thus do not contribute to the calculation
of the noise. In order to fulfil the normalization condi-
tion (4) we use the parametrization for Ǧ1 proposed in
Ref. [23]:

iχ Ǧ1 =

(
1 F
0 −1

) (
0 W

W ′ 0

) (
1 F
0 −1

)
. (11)

By defining χ = χ1 − χ2 and choosing χ1 = α2χ, χ2 =
−α1χ we obtain W ′ = 0 and the kinetic equation for W :

i(1 + τD∂t+)W =
∑

k

χkαk [(1 − βk)(F ◦ F + Fk ◦ Fk)

+ βk(F ◦ Fk + Fk ◦ F )] , (12)

where βk = GQ/Gk

∑
n T

(k)
n (1 − T

(k)
n ) are the Fano fac-

tors of the two junctions and with ◦ we indicate time
convolution. To obtain the low frequency noise we need
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FIG. 2: Frequency dependence of a differential photon-
assisted shot noise in the symmetric chaotic cavity (G1 = G2)
under fixed flux A = e(V 0

1 − V o

2 )/(h̄Ω). The magnitude of
dS/dΩ is normalized to its value at Ω = 0. Curve (1) A = 1.0,
(2) A = 2.0, (3) A = 3.0, (4) A = 4.0, (5) A = 5.0. For sym-
metric cavity the curves appears to be independent of the
transmission distribution of the contacts.

W averaged over one period, the n = 0 Fourier compo-
nent of Eq. (12) thus suffices for our purpose. Substitut-
ing the expression for W into the current definition and
evaluating the traces we obtain:

S = GΣ

∑

n,l,r

h̄ω0(l + r) coth
(

ω̄0(l+r)
2T

)

1 + ω2
0τ

2
Dn2

×

[F J (A1, A2) + F1 J (A1, A1) + F2 J (A2, A2)]

+ 2GΣT (1 − β1α2 − β2α1), (13)

where J (A1, A2) = Jn+l(A1)Jl(A1)Jr−n(−A2)Jr(−A2),
F1 = (α1 + β1α2 −F)/2, F2 = (α2 + β2α1 −F)/2, F =
α1α2 + β1α

3
2 + β2α

3
1, and the amplitudes are A1 = α1A,

and A2 = −α2A, with A = (V o
1 − V o

2 )/h̄Ω. Expression
(13) is one of the main results of this paper. For ΩτD ≪ 1
it reduces to Lesovik-Levitov result [12] with the effective
Fano factor, F , appearing at the place of the quantum
point contact Fano factor. For small A we recover the
result of Ref. [16]: at A2 order there is no dispersion. For
all other cases a frequency dispersion is present, as it can
be seen from Fig. 2, where dS/dΩ is shown as a function
of Ω for small temperature T ≪ h̄Ω. In particular, we
find that dS/dΩ displays a weak maximum for Ω ∼ 1/τD

reminiscent of the reentrant behavior in superconductors.
The driving frequency dependence of the photon-

assisted noise may also be generated by electron diffu-
sion in disordered metals. To illustrate this point we
consider a one-dimensional diffusive wire of length L
and dimensionless conductance g = G/GQ ≫ 1. We
employ the same procedure used for a chaotic cavity,
with the important difference that we have to take into
account the spatial dependence of Ǧ in the wire de-
scribed by Eq. (3). The condition (2) is substituted by
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the neutrality condition on the potential along the wire:
eV (z, t) = eV o sin(Ωt)(L − z)/L, with 0 < z < L. We
assume now that contact resistance is negligible, thus
Eq. (3) is complemented by continuous boundary condi-
tions for Ǧ at the ends of the wire. (The electronic energy
distribution function for this problem has been discussed
in Ref. [24].)

To accomplish this program technically we switch to
the energy representation of Eq. (3). Since the driving
is periodic we can single out the t+ dependence for any
operator Ǎ: Ǎ(t1, t2) =

∑
n Ǎn(t−)einΩ0t+ . In the energy

domain this implies that Ǎ(ǫ1, ǫ2) =
∑

n Ãn(ǫ1) 2πδ(ǫ1 −

ǫ2 +nh̄Ω), where Ãn(ǫ−nh̄Ω/2) is the Fourier transform
of Ǎn(t−). It is thus convenient to define ǫ = E + kh̄Ω,
such that k in an integer, and −h̄Ω/2 < E < h̄Ω/2.
One can then represents Ǎ in matrix form: Ǎnm(E) =

Ãm−n(E+nΩ). In this way the time convolution between
two operators becomes a simple matrix product. In the
matrix representation the distribution function entering
Eq. (7) for the right lead (z = L) takes a diagonal form:
FR(E)nm = δnmsign(E + nΩ). For the left lead at zero
temperature it reads instead:

FL(E)nm = −δnm + 2 in−m
m∑

l=−∞

Jl(−A)Jm−n−l(A)

where A = eV o/h̄Ω. In practical calculations it is enough
to restrict the matrix size to |n| ≤ 3 A.

We solve Eq. (3) by representing the wire as a chain
of N − 1 ≫ 1 chaotic cavities (where Ǧ is uniform) with
N identical barriers between them [9, 25]. This leads to
a finite difference version of the Usadel equation:

[
1

2

(
Ǧk−1 + Ǧk+1

)
+ i

ǫ̌ − V̌ k

N(N − 1)ǫTh
, Ǧk

]
= 0, (14)

where ǫTh = h̄D/L2 is the Thouless energy of the
wire. The operators ǫ̌ and V̌ k have matrix represen-
tations (ǫ̌)n,n = E + nΩ and V̌ k

nm(E) = ieV o(N −
k)(δn,m−1 − δn,m+1)/(2N). Eq. (14) can be solved by
iteration [9]. Then photon-assisted shot noise can be ob-
tained by evaluating the χ-dependent current Ik(χ) =
gNTr

{
[Ǧk, Ǧk+1]τ̌K

}
/8 at any one of the N barriers.

Results for the differential noise dS/dΩ versus AC fre-
quency are shown in Fig. 3. We find that diffusion due
to impurities induces on the photon-assisted noise a sim-
ilar frequency dependence as the transmission through a
chaotic cavity. Again a weak maximum is present with
the main difference that the energy scale is set by the
Thouless energy instead of the dwell time.

In conclusion, we have shown that the frequency dis-
persion of the photon assisted noise can be used to probe
directly diffusion times in mesoscopic conductors. Our
predictions can be verified by an experiment analogous to
that described, for instance, in Ref. [14], where a chaotic
cavity or a diffusive wire should be substituted to the

V sin( t)W

L

0

FIG. 3: Frequency dependence of the differential photon-
noise for a diffusive wire for given values of A = eV o/h̄Ω.
Here ǫTh = h̄D/L2 and the numerical calculation has been
performed with 10 nodes. The magnitude of dS/dΩ is nor-
malized to its value at Ω = 0. Curve (1) A = 1.0, (2) A = 2.0,
(3) A = 3.0, (4) A = 4.0.

quantum point contact. By carefully choosing the trans-
parencies of the cavity or the length of the wire, one can
match the Thouless energy (h̄/τD) with the range of fre-
quencies that have been already investigated. A Thouless
energy of 10 µeV, that is typically realized in mesoscopic
conductors, corresponds to Ω/2π = 2.4 GHz which is a
frequency readily accessible in experiments.
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