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Charge and spin density response functions of the clean two-dimensional electron gas
with Rashba spin-orbit coupling at finite momenta and frequencies
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We analytically evaluate charge and spin density response functions of the clean two-dimensional

electron gas with Rashba spin-orbit coupling at finite momenta and frequencies.

On the basis

of our exact expressions we discuss the accuracy of the long-wavelength and the quasiclassical
approximations. We also derive the static limit of spin susceptibilities and demonstrate, in particular,
how the Kohn-like anomalies in their derivatives are related to the spin-orbit modification of the
Ruderman-Kittel-Kasuya-Yosida interaction. Taking into account screening and exchange effects of
the Coulomb interaction, we describe the collective charge and spin density excitation modes which
appear to be coupled due to nonvanishing spin-charge response function.

PACS numbers: 71.70.Ej,73.20.Mf, 73.21.-b

I. INTRODUCTION

One of the working principles of semiconductor
spintronics!? is based on the idea to exploit spin-orbit
(SO) coupling for a manipulation of an electron’s spin by
means of electric fields. The SO coupling of the Rashba
typed arises in a two-dimensional electron gas (2DEG)
at semiconductor heterojunction due to the quantum
well asymmetry in the perpendicular direction, and the
strength apr of this coupling can be tuned by a gate
voltage®S.

A theoretical description of SO-related phenomena
in the 2DEG is provided by coupled transport equa-
tions for charge and spin components of the distribution
function®?-8219 " In the regime of a linear response to
external fields these equations appear to be intimately
linked to the density response functions such as charge
and spin susceptibilities and — more peculiar — spin-
charge response functions. In the presence of impurity
scattering all of these functions have been previously
evaluated in the quasiclassical approximation in the both
diffusive® (¢ < UFLT) and non-diffusivel! (UFLT € q K
kr) regimes, where ¢ is a momentum transfer, kp and
vp are Fermi momentum and Fermi velocity, and 7 is an
elastic scattering time.

Recently it has been also remarked!12 that the qua-
siclassical results for the Rashba system are validated
only in the presence of a finite amount of disorder such
that 771 > m*a%, where m* is an effective electron’s
mass. Therefore, they cannot be straightforwardly ap-
plied in the extreme collisionless limit 7 — oo even at
small ¢ < kp, and the response functions of the clean
2DEG with Rashba SO coupling require a more refine
consideration at finite values of ¢ and frequency w.

Various response functions in the clean case 7 — oo
are most easily evaluated in the long-wavelength limit
q — 0913.14,15,16 Oy the other hand, the knowledge of
the dynamic response functions at finite g enables one to
find dispersions of the collective charge and spin density
excitationst?48:19:20:21.22.23 gccyrring in the presence of

electron-electron interaction. In particular, in Ref. [23
the polarization operator, or the charge susceptibility, of
the system in question has been calculated analytically at
arbitrary momenta and frequencies, and the SO-induced
attenuation of the charge density mode (plasmon) has
been quantitatively described within the random phase
approximation (RPA).

In this paper we analytically evaluate (Sec. [l the
other density response functions following the compu-
tational scheme elaborated in Ref. 23. In Sec. [Vl we
derive the static limit of the spin susceptibilities, and ob-
serve an occurrence of the Kohn-like anomalies?? in their
derivatives. We demonstrate how they are related to
the SO modification?® of the Ruderman-Kittel-Kasuya-
Yosida (RKKY) interaction2927:28 hetween two magnetic
impurities. In Sec. [V] we compare our expressions for
the dynamic response functions with the results of the
long-wavelength and the quasiclassical approximations,
and make conclusions about applicability ranges of the
latter. Finally, in Sec. [VI] we revisit the problem of
the collective charge and spin density excitations treat-
ing electron-electron interaction in terms of the Hubbard
approximation??, i.e. our consideration extends beyond
the RPA scheme. We demonstrate that the charge and
the spin components are coupled in the obtained collec-
tive modes, which is a consequence of a simultaneous ac-
count of the non-zero spin-charge response function and
the exchange vertex corrections.

II. BASIC DEFINITIONS

Let us consider the 2DEG with SO coupling of the
Rashba type? which is described by the single-particle
Hamiltonian

k2 R
where hff = o sin ¢y — 0¥ cos ¢y is the spin-angular part
of the Rashba spin-orbit coupling term, and we use the
units such that A = 1.
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The spectrum of () is split into two subbands,

2

k
61:5 = % :l: OéRk, (2)

the corresponding eigenstates being

Yy = % ( _Z-iiqbk ) ;o Yk = % < _iel_wk ) - (3)

The matrix Uy diagonalizing the initial Hamiltonian ()

as well as hil, i.e. 0% = Z/{lihffuk, is then given by

U = (Vg3 Px—) =

1
—[1 —i0® cos ¢ — i0Y sin i |. (4
Vol ¢ &l (1)
It is also convenient to introduce the projectors onto the
eigenstates (3],

1+ hf
R (5)

"/’ki & wki =

which allow us, for example, to spectrally decompose the
Hamiltonian Hy = 3° _ . €, P, as well as the (retarded)
Green’s function

Gret _ Z {Dku ' (6)
=

m
j[e—l—z()—ek

A linear response pg,, of the charge density (a = 0) and
the spin densities (o = z,y, z) to an external spatially in-
homogeneous and nonstationary perturbation V2, which
consists of a scalar potential (§ = 0) and a magnetic field
(8 = x,y,2), is usually determined in the framework of
the Kubo formalism2?. Applying the standard technique
of the linear response theory and using for convenience
the representation (6l), one can establish an expression
for the (retarded) density-density response functions,

Xaﬁ: Z / d?k nr Ek) nF(EﬁJrq) Ei
qw 2 ’ Jktasp,p’
Pttt w—l—zO—l—ek—e’lﬁJrq
(7)

where

af

ke ktaippn’ Tt[ P Perq 0] (8)

are the overlap functions; nr denotes the Fermi distribu-
tion, and oY
In the expllclt form fk i , are listed in Appendix
ik,
B of Ref. [11. Here we quote tﬁelr symmetry property,
which can be directly established from the definition (&]):

fk Ko, T = sF% k—q,—k;u/, 9)

where s = 1 for the charge-charge and spin-spin compo-
nents, and s = —1 for the spin-charge components.

The expression (@) includes definitions of a polarization
operator («, 8 = 0), spin susceptibilities (o, 8 = x,y, z)
as well as of spin-charge response functions (a« = 0 and

B = z,y,z, or vice versa). In the presence of SO cou-
pling the latter functions do not vanish, and their study
represents an especial interest.

We note that the expression (@) can be alternatively
found in terms of the equations of motion for the local
charge and spin densities (see Appendix [A] for details).
A matrix formulation of this approach provides a conve-
nient tool for an account of screening and exchange ef-
fects in presence of electron-electron interaction. In more

detail this will be discussed in Sec. [V1l

III. EVALUATION OF y°?

The functions (7)) have been previously treated at finite
q in terms of different approximations. The most typical
of them are: 1) the small-¢ (long-wavelength) formal ex-
pansion of the whole integrand (see, e.g., Refs. 613); and
2) the quasiclassical approximation (see, e.g., Ref. [17)
which is usually performed in the quantum kinetic equa-
tion approach.

In Ref. 23 the polarization operator x°° in the clean
limit has been evaluated beyond these approximations,
and the obtained result has been used for an estimation
of the accuracy of the long-wavelength expansion. In
particular, the latter has been shown to be applicable in
the limited range of the very small ¢ < k%/kp, where

kr = \/2m*ep + kR and kg = m*ag is the Rashba mo-
mentum splitting.

As for the quasiclassical approximation, it has been ar-
gued in Ref. 11 that its application in the presence of SO
coupling is validated at the finite values of the disorder
broadening 77! > k%/m*, which smoothens the diver-
gences of the quasiclassical result near the boundaries of
the SO-induced (intersubband) particle-hole excitation
region in the (¢, w)-plane. One still might hope that the
quasiclassical approximation is trustful in the extreme
collisionless limit 7 — oo, provided one does not come
too close to the boundaries in question. For this reason
we are going to revisit its accuracy in the context of our
present calculations.

It also remains unclear how the two above mentioned
approximations are related to each other in the clean
limit. Both of them are elaborated for small values of ¢,
but seem to give different results even at ¢ — 0. For ex-
ample, an application of the long-wavelength expansion
to the optical conductivity yields a box-like functiond3-14
which is finite at frequencies 2arkp — 2m*a% <w <
2arkr + 2m*a%, while in the quasiclassical approxima-
tion the width of this frequency window cannot be re-
solved at all.

In this section we are going to evaluate the functions
@) without making any kind of approximations. We
will neatly follow the computational scheme elaborated
in Ref. 23 for x%°. Thus, we will derive analytic expres-
sions for the other response functions and discuss their
limiting behavior in the subsequent sections.



We start from the observation that, due to the mo-
mentum space isotropy of the spectrum (2], the response
functions (7)) can be represented in the form

Xal = D Xauh (10)
A=+
d?k 1-s
Xalh :/(27_‘_)2”F(6ﬁ))‘ 2 (11)
B8 B8
fl(j,k+q;u7u fl?,k-i—q;u,—u

x [6ﬁ—6ﬁ+q+)\(w+i0) * e‘l:—el:_‘:fq—l—)\(w—i-i()) ’
where the factor A =" originates from the property ([@).
It is convenient to choose the basis in the momentum
space such that q is aligned with z-direction. Then the
matrix y becomes sparse, the non-vanishing terms being
X0 X X, xF X = x¥?, and x** = —x**. Intro-
ducing x = cos(dx — ¢q) = cos @, we obtain the following
expressions at zero temperature

XOOHU}\ 1 kp—;,bk:R 27
g | = L kdk [ d 12
( quu’,li\ ) 82 0 /0 ¢ ( )
k+qx k+qx
y L+ fcr L ¥ Dt
eﬁ—eﬁ+q+)\(w+i0) e‘l:—el:_‘:fq—l—)\(w—i-i()) ’

nyvl;\ 1 krp—pkr 2m
Pk = — kdk d 13
( qu,l;\ ) 82 Jo /0 ¢ (13)
k(212—1)+q;ﬂ

[k+q]
€l — Ergq T AMw +10)

k(212—1)+q;ﬂ
VE " erar 1¥

€l — Gerq T Mw +10)

X

1+1

Oy, p )\ = kr—pkr 27T
( Xquw. > _ N A)Q ’ / kdk/ do  (14)
X quw,A 8w 0 0

T

q+kx qt+kx
T+ K Tq] T F Tktql

X . —
[e{j — hpq TAWFI0) e — gt 4+ Aw +1i0)

Note that the components of x in the arbitrary basis can
be recovered by an orthogonal rotation in the z —y plane
(see Appendix B of Ref. [11).

After simple algebra we eliminate the odd powers of
|k+q| in Eqs. (I2)-(I4). It means that the corresponding
integrands happen to be rational functions of k and cos ¢.
Let us also note the identity

X+ XY =" + X7, (15)

which allows us to express, say, x*” in terms of the other
diagonal components. There remain, in fact, only five
independent functions ) = {x%0, x% x¥¥ % ix**},
which can be conveniently labeled by the index j =
1,...,5. Like in Ref. 23, we also introduce the index
i = 1,2,3,4 which denotes different combinations of

{, A\ } ={—,+}{+,+}, {—, =}, {+, —}, respectively.

Defining the dimensionless units y = kg/kp, z =
q/2kp, v = k/kr, and w = m*w/2k%, we cast ([2)-(4)
into the form

) 1—py .
_ EImXEJ) = / Uggj)(v,z,w,y)dv, (16)
v 0

Lo o _ s, [T 0
—_ReXl = fz + vfi (U,Z,w,y)d’l},(l?)
0

where v = vop = ’;—; is the density of states in 2DEG

per each spin component. The functions ggj ) and fi(j ) are
given by

y Ay
gl@) = TZ / do sign(2vzr — pyv + 2(2% — \w))
0
(x4 69) 622 + Bix + i), (18)
o) e 500
fi(J) — i / dé 2$+ ) , (19)
2r Jo 2 + Biw + v
where the coefficients
2(z% — ) — v+
5 = ( ) — 1y( uy)7 (20)
vz
(22 = Mw)? — pyv(2? — \w) — 22y?
Yi = 1}222 ) (21)

are the same for each j, and §(...) in (I8) denotes the
Dirac delta function. The difference between the re-
sponse functions ) appears only in the form of the
coefficients fi(J), CZ-(J), and 5§J), which are listed in Ap-
pendix [Bl for all j’s.

We note that the real part of x(¥) can be represented
as a sum

Rex(j) — X(j) + Rex(j)’I + Rex(j)’n, (22)

where the term Y = —u > fi(j ) is nonzero only for
j=3and j =5 [see Eq. (BII)]. The terms Rex()!
and RexU) /! are obtained by integrating the functions
S, ofP T and 0, 0 f9 where £ = fY0(52 -4y,
and fi(j)’H = fi(j)@(4% - 512)

Performing angular integration and a subsequent
change of the variable v — 7(v) according to Eq. (34) of
Ref. 23, we obtain expressions for Imyx(?) and Rex)! in
the form of x(!) found previously,

1 . To+ (1) .
- -ImxV = ) o / dr L9+ (1)
14
o,u==+ TU+(y)
T—— (1) )
+0(1—4uw) Y / AL (r)  (23)
p=+ 77— (1)

74— (y) )
+20(y? — 4w)/ dr L= (1),

T-—(y)



and
1 ) To+ (1) )
— —Rex' = )~ / drRI* (1)
v o=+ /7ot (¥)
TU*(I‘) .
+O(1—4w) > / drRY~ (1) (24)
o=+ 7 —Hn7++(0)
7—+(0)
+29y—4w2/ drRW~ (1),
To— ("J)
where
T1,2 = :l:w/z, 73,4 = —y:l:z, 25
1
TU)\(LL' =3 [—x—i—avx2+4)\w], 26

27

)
)
)
28)

(
) (
(T) = £ (1) sign(r? 4+ y1 + w), (
£ (r) = RYUN(r) sign(rz F w(r +y)/2). (

In the representation ([23)-(24]) the actual integration
limits are universal for all response function. The differ-
ence appears only in the form of the integrands

) = QU2 (29)

RO = X @

P(r) = H(T—Tk), (31)

QW) = 5-(r = m)(r —a), (32)
QW(r) = ——QW(), (33)
Q) = Q). 54
Q) = 55—~ 7). (35)
QO(r) = TLQUs), (36)

Interestingly, for the function x** = x%
would obtain the term

— XYY + x** one

Q) - Q)+ QW) = TE g0, (a1)
which is anticipated after comparison of Eqs. (33 and
(B8) with (G2-E.

Let us make several comments about the obtained re-

sults 23)) and (24)).

1) First of all, note that the overall sign in the second
line of (23)) differs from its counterpart in the correspond-
ing equation (35) of Ref.|23. We use the present oppor-
tunity to correct the misprint in the previously derived

expression. Fortunately, it did not affect any other result
of Ref. 23.

2) The actual intervals of integration in Eq. [23]) are
explicitly written down in Eqs. (B23)-(B26). None of
them contains the point 7 = 0, which means that one
should not worry about the convergence of integrals over
L3459 (1) ~ 1/72 near this point.

3) The explicit analytic relations for Imx in terms
of elliptic functions®? can be found for all j’s in the same
fashion as it has been done before for () [see Appendix
C of Ref. [23].

4) Some of the actual integration intervals in Eq. (24))
do contain the point 7 = 0, which means that the cor-
responding integrals [ drR(3:4:5) (1) are divergent in its
vicinity. However, the whole expression Eq. (24) is con-
vergent and well-defined, since the singularities exactly
cancel each other. In order to make Eq. ([24) practically
useful, one has to substitute [ drRY) (1) by the corre-
sponding difference of primitives, which can be also found
in terms of elliptic functions.

5) Eq. [24) contains only the contribution Rex ()1
to the full function Rex). The contribution ) is
quoted in (BII)), and it remains to calculate the contri-
bution Rex()-!!. Making a complex change of variables
7 = gl-p(v + py) +iv/Aw — (v +py)?] (cf. Eq. (34)
of Ref. [23) one can as well find Rex)-!! in the analytic
form which would involve the same integrand R%) (1) and
a path of integration lying in the complex 7-plane. Omit-
ting technical details of this evaluation, we present the
explicit expressions for Rex?)! +RexU)!T in Egs. (B29)-

IV. STATIC LIMIT

In order to find a static limit of x*” one should consider
with caution Egs. (B29) and (B32) at w — 0. One can
then find

— vt limoxOO =2+ g@(y — |z —1])sine

- Z O(z — (1 — py)) (uepy siny) + cos 1, + 21, cos 1)

i:;@(z — 1) cos® arccoshz, (38)
266(02; 1) (arccoshz — /1= (1/z)2) , (39)
— vt lim x" =2 -20(2 - 1) cos /1 — (1/2)2, (40)
— i lim = Ty [~ 1)
= >0z — (1= py)) (b, — 21, tan )

p==£

+20(z — 1) tan v (arccoshz /1= (1/3)2) (41
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FIG. 1: Diagonal components of the static spin susceptibility

09 1

near z = q/2kr ~ 1 plotted at y = kr/kr = 0.1. Solid,
dashed-dotted, and dashed lines correspond to o = =, a = y,
and a = z, respectively. The inset shows the off—diagonal
component —ix**(z,0)/v.

where siny = y/z (for y < 2), siny, = (1 — py)/z
(for 1 — py < z; note that this notation differs from its
counterpart in Ref. |23 by u — —u), and

1+ 2 sin(i, + o)
2\/_2005 zwu cos Qw

(42)

The static limit of x* can be found from the identity
@5). The off-diagonal spin-charge term x% identically
vanishes in this limit, which means a decoupling of charge
and spin components at zero frequency.

On the basis of the derived expressions (33)-(@1]) one
can observe that for z < 1—y all diagonal terms are equal
to x* = —2v, while their large-z asymptotes are y** ~

1 2
—p s
z

. The off-diagonal spin-spin term x** equals zero

at z < 1 —y, and x** =~ Qi#(l—i—%
1. The behavior of all components of the static spin
susceptibility near z ~ 1 is shown in Fig.[Il One can see
that x¥¥ has a discontinuous derivative at z = 1, while
the derivatives of x**, x*#, and x** are discontinuous at
z = 1 Fy. These anomalies are analogous to the Kohn
anomaly of the polarization operator23:24:22 at » = 1.
Using @B9)-@I) we can find a SO-modification
of the Ruderman-Kittel-Kasuya-Yosida (RKKY)
Hamiltonian2%-27-28  which describes an indirect ex-
change interaction between two localized magnetic

) at large z >

impurities. In general case the RKKY Hamiltonian
reads??
HRKKY JrxKy Z Sf‘xo‘ﬁ(rlg)Sg, (43)

a,f=z,y,z

where S 2 are the spin operators of impurities, and r13 =
r; — ro is the distance between them.

In the presence of SO coupling the Hamiltonian (@3]
becomes anisotropic in spin space, since the matrix x

is no longer proportional to the unit matrix. Let us
find asymptotic values of x*?(r12) at large rio > k;l.
For simplicity we assume that the vector rio is aligned
with z-direction in the coordinate space. Inspecting (B9)-
(1) and restoring the dimensional units, we establish the
asymptotic form of the right-sided derivatives

dx"¥ ~ V[ 240 , (44)
i 2kp V ¢ —qeo

dx** ~ X ~ Y 2QC,u  (45)
dq q—aqd, dq a—qd, dkp — dep

dx*® N iy 2qcu (46)
dq |ymgr,  4kF\ ¢ Gep

near the discontinuity points g.o = 2kr and gc, = 2kr —
2pkg. Performing the Fourier transformation of xy*?(q),
we obtain the following leading asymptotic terms

v sin(2kprio)

vy N v smekrT2) 47
XYY (r12) o (47)
. Gep SIN(Qepr12
X7 (ri2) = x"(r2) __Z MQkFTH :
12
v sin(2kpr
~ __M cos(2kgrr12), (48)

T D)
QCu COS QCuT12)

o ; 2kFT12
v sin(2kpri2)

2
m 12

X”(Tm) ~

Q

sin(Qerlg), (49)

which oscillate in the coordinate space with the periods
27/qeo and 2m/qc,,. Substituting them into Eq. (43), we
obtain

HEERY = Fy(ry) Z 5805 (6,5)57, (50)

a,f=z,y,z
where the range function

v sm(2kp7“12)

Fy(ri2) = JRKKY (51)

7”12

is the same as in the absence of SO coupling. The SO-
modification of the Hamiltonian (@3]) consists in the spin
twist determined by the orthogonal transformation

COS 912 0 —sin 912
O(b12) = 0 1 0 (52)
sinfi12 0 cosfqa

with the rotation angle 615 = 2kgrri2. The expression
(B0) is in agreement with the corresponding result of
Ref. 1285.



V. BEHAVIOR OF THE RESPONSE
FUNCTIONS x*? AT SMALL MOMENTA

A. Exact expressions for Imy®? in the SO-induced
particle-hole excitation region

It has been discussed in Ref. 23 that an account of the
Rashba SO coupling leads to an extension of the bound-
aries of a particle-hole continuum, or Landau damping
region, which is defined by Imy(? = 0. It has been also
established that this extension has a shape of the wedge
bounded by the parabolas —(z — )% — (z —y) = w4(2) <
w<wi(z) = (z+y)? + (2 +y) [see Fig. 2.

Since the representation (I2))-(I4) manifests the same
pole structure for all response functions, their imaginary
parts appear to be nonzero in the same domain where
Imy™ # 0. Analyzing (B2H), we extract an explicit
expression for Imy ) in the SO-induced particle-hole ex-
citation region

1 .
— I = 0wz — w)O(w —wi) A5 (z ~y)

~O(w1 —w)O(w — wy) AF) (~t1)
+O(ws — w)O(w — wy) AY (—t3), (53)

where wq 2 = (z:l:y)Q:I:(z:I:y) and wy 4 = —(2+y)? £ (2%
y). The functions A ) and the arguments ¢; and t3 are

defined in Egs. (m (B27) and (B28)), respectively. On

the analogy of A2c eXpllcltly quoted in Ref. [23, one can
as well express the rest A26 in terms of elliptic functions.

w
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FIG. 2: SO-induced extension of the particle-hole excitation
region at y = 0.1 — the light-gray area bounded by the parabo-
las w1 = w4+ and wg = w—. The small darkened triangle inside
it indicates the range of applicability of the long-wavelength
approximation. The dashed lines depict quasiclassical bound-
aries wi’ =y =+ 2.
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FIG. 3: Spin-galvanic function (54]) at y = 0.1 and the values
of z = 0.0, 0.025, 0.005, 0.01, 0.02, 0.03, 0.04. In particu-
lar, the solid line depicts the long-wavelength limit, and the
dashed curve corresponds to z = y? = 0.01 ~ z*.

For example, in Egs. (BI§) and (BI9) we write down
explicit formulas for Aéi) and Agi), respectively.

Eq. ([E3) allows us to study the behavior of the
density-density response functions at finite momenta. On
its basis we can also describe the spin-density response

pY =2MYE, to a longitudinal electric field £, = —eaavO
(or E, = —iqV? in the momentum representation). The

spin-galvanic response function21:32:323 MY is then related
to X% via MY = iex"/(2q). Let us also introduce the
rescaled function

16kr

eV

ReM?

[ ——
my = x

= ﬂImxoy. (54)
TZV

Using (BI8)), we calculate and plot it in Fig. Bl at fixed
finite values of z. We remark that its frequency depen-
dence in the range wy < w < w; corresponding to in-
tersubband transitions is similar to that of the finite-¢q
conductivity studied in Ref. [23.

B. Long-wavelength limit

Spatially uniform spin susceptibilities of the 2DEG
with SO coupling have been previously considered in
Ref. [15. We recover the corresponding expressions in
the long-wavelength limit

22 w2 (yy)
X . w
—lim - = 2lim S =24 o 5r(w), - (55)
where
(w—=9) =y .
r(w) =In Wt ) 5|+ imO(y* — |w —y|). (56)

The small-¢ behavior of the polarization operator of
2DEG with Rashba SO coupling has been approximated



in Refs. 6/13 by the expression

XOO 22 22

- 5+ Er(w) (57)
which is obtained after the formal expansion of x% in a
series of z = % < 1. Later on it has been remarked?3
that the formula (B7) is, in fact, reliable only for the
values z < z* = 32, where z* is the point of intersection of
the parabolas wy(z) and w3(z) [see Fig.[2]. Analogously,
we can find approximate relations for the off-diagonal
terms

i” w 2
X )+ lyu y) 2] (58)
v s iy — py)?
and

Oy 42
X z Yy
L~ = ~ 59
S~ w2 (59)

which are also applicable in the small triangular region
located at z < z* and bounded by ws < w < ws. In
particular, Eq. (59) accounts for the box-like shape of
the function m¥ (B4) in the linit z — 0 which can be
seen in Fig. [3

C. Quasiclassical approximation

On the basis of the exact result (B3] we can also esti-
mate how accurate the quasiclassical approximation ap-
pears to be, when it is applied to a description of the
clean 2DEG with Rashba SO coupling.

The quasiclassical approximation relies on the fact that
all energy scales in the system are much smaller than the
Fermi energy: ¢kp/m*,w,agkr < ep. This inequality
enables one to treat (I2)-(Id]) linearizing the branches

of the spectrum ¢}, near the corresponding Fermi points

k, = kp — pkr and expanding fl‘fi_kq%w in a series of
q. We note that a more systematic procedure of making
the quasiclassical approximation is based on the gradient
expansion of the quantum kinetic equation®7:2, which is
applicable in more general — nonequilibrium — situations.

Quasiclassical response functions x®? of the disor-
dered 2DEG with Rashba SO coupling have been ex-
plicitly calculated in Ref. [11. It has been also argued
therein that the quasiclassical approximation is justified
in the presence of a finite amount of impurities such that
77! > k% /m*. This condition confines 7! from below.
Had we ignored it, we would have obtained in the extreme
collisionless limit 7 — oo the quasiclassical expression
for, say, out-of-plane component of the spin susceptibil-
ity in the form
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FIG. 4: Comparison of the exact (solid line) and the quasi-
classical (dashed line) functions —Imx**/v at z = 0.04 and
y = 0.1. Vertical dotted lines correspond (from the left to
the right) to the frequency values wa, w2, w3, and w;. Ver-
tical dashed lines correspond to the values w?® = y — 2z and
w‘f = y + z demarcating the quasiclassical boundaries of the
SO-induced particle-hole excitation region.

The lines wi" represent the quasiclassical boundaries
of the SO-induced (intersubband) particle-hole excitation
region, and they differ from the actual parabolic ones
wi = wy and w— = wy. In Fig. Rlw® are depicted by
the dashed lines, and one can observe that w +C lies in
between w; and ws, and w?€ lies in between wy and wy.
It is also evident that in the quasiclassical approximation
the finite basis y — y> < w < y + y? of the wedge at
z = O is not resolved. This means that the imaginary part
of a quasiclassical counterpart of r(w) (BG) appears to
be delta-peaked, and therefore the corresponding finite-
valued results of Sec. [V Bl can not be reproduced in the
quasiclassical approximation.

It can be anticipated that the quasiclassical approxi-
mation is still reliable in the triangular area we < w < w3
at z > z* ~ y2. In Fig.@we confirm this surmise compar-
ing the function (B0) with the exact expression calculated
on the basis of Egs. (53) and (BI9).

Thus, we conclude that the long-wavelength and the
quasiclassical approximations do not have any correspon-
dence between each other, since they are applicable in the
domains which do not overlap, i.e. at z < z* and z > 2%,
respectively.

VI. COLLECTIVE CHARGE AND SPIN
DENSITY EXCITATIONS

Let us now consider the renormalization of the ma-
trix x due to electron-electron interaction. Treating the
latter in the Hubbard approximation??, we take into ac-
count screening and exchange effects. An effective re-
sponse matrix X [see Eq. ([A26])] is derived in Appendix
[A] using the method of the equations of motion2?.



In the basis specified by the condition q||e, the matrix
x can be decomposed into two 2 x 2-blocks

00 Oy T Tz
XX X X
X(Oy) = (XUO ny ) P X(zz) = ( sz Xzz ) . (61)
It follows from (A26) that the spin-charge x(o,) and the

spin-spin x(,) blocks are renormalized independently of
each other. In particular,

~ —1
X(oy) = (1- X(Oy)F(Oy)) X(0y)> (62)
~ -1
X(zz) = (1 =+ JX(JEZ)) X(zz)> (63)
where Fio,y = diag{v, — J,—J} ~ diag{vg, —J}, vy =
2re’ g the Coulomb interaction, and J = 712_22 is the

Hubbard’s vertex exchange term at small ¢ < kp.
Let us first consider the spin-charge block and find the
renormalized response functions

= (64)
Aow).
T = XUU—UqA(Oy)’ (65)
A(Oy)
Oy
0y X
X : (66)
A(Oy)
where
x 2
Aqy) = detx(y = x"x" = (x™)", (67)
Aqy) = det (1= x(y)Floy)

~ (1 _ 'UqXOO) (1 + Jny) + qu (XOy)Q . (68)
For the spin-spin block we have

7o = (69)
A(zw}
~ XZZ + JA(zw)
oo X TR (70)
A(za)
_ i
X" = , (71)
A)
where
A(mz) = det X(zz) = XIIXZZ + (XIZ)Q ’ (72)

A(zz) = det (1 + JX(EZ))
= () (I P ()2 (13)

Dispersions of the collective charge and spin density
excitations are determined from the equations A,y = 0
and A, = 0, and the response functions X*? are
strongly enhanced at the parameter values satisfying
these conditions.

Before quantifying Y, let us qualitatively discuss the
role of the spin-charge mixing term % as well as the role
of the exchange corrections. Note that if either y%¥ = 0 or

0 Q.02 0.04 0,06 0.08 0.1 0.12 0,14 <

FIG. 5: Contour plot of —ImY**(z,w)/v. Parameters: y =
0.1 and rs = 0.6.

J =0, the dynamics of the charge and the spin-y densi-
ties becomes decoupled, and the corresponding plasmon
and SDE, (spin-y density excitation) modes are inde-
pendently found from the conditions 1 — v,x% = 0 and
1+ Jx¥% = 0 (the latter equation makes sense at J # 0
only). The role of Y%, whatever small it might be, is con-
siderably strengthened when the dispersions of the plas-
mon and the SDE, modes come close to a degeneracy
point. In fact, % # 0 lifts this degeneracy, thus mak-
ing a possible crossing of these modes avoidable. There-
fore, we expect that an account of the spin-charge mixing
along with the exchange interaction would lead to non-
trivial features in profiles of X°° and X¥¥ near the avoided
intersection. It is also implied that the peaks correspond-
ing to the both collective modes would appear in every
response function of the spin-charge block. In particular,
the spin susceptibility x¥¥ is expected to manifest reso-
nant features at the position of the plasmon dispersion,
while ¥%° should have a peak corresponding to the SDE,,
mode.

We remark that the decoupled plasmon mode in 2DEG
with Rashba SO coupling has been previously considered
in Refs. [19)20)21)22,23 in the random phase approxima-
tion (RPA), i.e. at J = 0. In turn, the coupled spin-
x — spin-z collective modes, which are determined by
A2y = 0, occur at J # 0, i.e. their description re-
quires an extension of the RPA. Their dispersions, as
well as the dispersion of the decoupled spin-y mode (at
neglected spin-charge mixing x% = 0), have been pre-
viously considered in Ref. [17 in terms of the Hubbard’s
approximation with the bare spin susceptibilities calcu-
lated in the quasiclassical approximation (see Sec. [V.CJ).

Using our exact expressions for x®?, we are able to
study dispersions of the collective charge and spin den-
sity modes in more detail. They can be visualized, for



FIG. 6: Contour plot of —Imx¥Y(z,w)/v. Parameters: y =
0.1 and rs = 0.6.

example, in contour plots of the response functions xy*°.
Absolute values of Y providing a useful information for
inelastic Raman scattering®? are available as well.

Let us start our consideration from the renormalized
response functions (G9)-(7I]) constituting the spin-spin
block X(y.). In Fig. Bl we present the contour plot of
—Imx**/v at y = 0.1 and the Wigner-Seitz parameter

m*e? T
ﬂT = 0.6 (note that J = 2\/511).

serve the dispersions of the two coupled spin-z — spin-z
collective modes. We state that their spectra are in the
qualitative agreement with those previously predicted in
Ref. 17 on the basis of the quasiclassical approximation.
However, the absolute values of Y*? differ from their qua-
siclassical counterparts )?g‘f . The reason is the same as
discussed in Sec. [V.Cl for the case of bare susceptiblities.

In turn, the response functions (64))-(G0) of the spin-
charge block (g, manifest novel qualitative features due
to the account of the spin-charge mixing x°¥ along with
the exchange interaction. In Fig. [6]l we present the con-
tour plot of the function —Imx¥%¥/v at y = 0.1 and

rs = 0.6 (note that v, = 2\;§ZU). It also contains

the two collective modes: plasmon-like and SDE,-like.
The plasmon-like mode has almost the same dispersion

One can ob-

T's

2T \/% as the plasmon mode in the absence of SO

w =

coupling. The SDE,-like mode originates at z = 0 from
the finite frequency value slightly below the bottom of
the wedge. Being undamped, these modes do not come
close to each other. They collide soon after the plasmon-
like mode enters into the SO-induced damping region,
i.e. at z > 0.023. In the vicinity of this point the spin-
charge mixing x% acquires its importance. Although a
pictorial description of the avoided crossing loses its ob-
viousness because of the modes’ broadening, we prove
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FIG. 7: The cross section of —Imx"¥¥(z,w)/v at z = 0.027
(solid line). The dashed line corresponds to the case of inten-
tionally neglected spin-charge mixing term x°¥. Parameters:
y =0.1 and rs = 0.6.

that it does happen. For this purpose we plot in Fig. [0
the cross-section of —Imy¥¥/v at z = 0.027. Thereby we
show that instead of the only SDE, peak (dashed line)
occurring at intentionally neglected Y% = 0, we obtain
at X% # 0 the two well-resolved peaks (solid line) corre-
sponding to the plasmon-like and the SDE,-like modes.
A formation of the dip between them is interpreted as
an avoided crossing of the two broadened modes. A rele-
vance of such interpretation becomes even more evident,
if one would compare several subsequent cross sections of
—Imy¥¥ /v and —Imx""/v.

As one can see from Eq. (66]), the spin-charge mixing
term is renormalized by electron-electron interaction as

- -
- - o
- -~

- -

0.08 09 0.1 011 012 w
FIG. 8: The renormalized spin-galvanic function (T4) at z =
0.01 and the parameters y = 0.1 and s = 0.6 (solid line). The

dashed line depicts its non-interacting counterpart (rs = 0)
given by (B4]).



well. Let us define the function

my = 4—y1m>~<0y, (74)
TZY

which is an interacting counterpart of the bare spin-
galvanic function m¥ (G4). In Fig. B we compare both
of them at z = 0.01 and y = 0.1 in the frequency window
y —2y% < w < y+ 2y%. We observe that at these pa-
rameters the major effect of renormalization consists in
a considerable amplification of the spin-galvanic function
(@) due to the exchange interaction.

VII. SUMMARY

We have derived zero-temperature analytic expressions
for the charge and spin density response functions of the
clean 2DEG with Rashba SO coupling at finite momenta
and frequencies. We have studied their static and long-
wavelength limits as well as established the applicability
range of the quasiclassical approximation. In the static
limit we have observed the Kohn-like anomalies in the
spin susceptibilities and showed how they are related to
the SO modification of the RKKY interaction.

The renormalization of the response functions due to
electron-electron interaction has been considered in the
Hubbard’s approximation. We have studied the collec-
tive charge and spin density modes which appear to be
coupled due to the nonvanishing spin-charge mixing term
x%Y. One of the important consequences of this coupling
is the emergence of the plasmon-like peak in the spectrum
of the renormalized spin susceptibility.
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APPENDIX A: EQUATIONS OF MOTION

Let us define the local charge (o = 0) and spin (o =
x,y, z) density operators

Pe = P Phq = ko®Ccra, (A1)

k

and derive the equations of motion?? for the expectation
values pi, = (f,). In the Fourier representation they
read

Whicq = ([Piq H1)- (A2)

The full Hamiltonian H = Hg+ Heyy consists of the parts
describing a system

o= B,
k',

(A3)
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and an external perturbation
ext - 3 ZVﬁ/P q’’

where V is the spatial volume. For the Rashba system

(@ we have EE = (ex, arky, —arks,0). Later on we will

also add the interaction term H;,; to the Hamiltonian H.
Using the identity

(A4)

[ﬁﬁq, ﬁi/)o] = CLUQUﬁCk/5k+q7k/ - CL,UﬁUaCk+q5kk/(A5)

we find
([Piq: Hol) = Z E1€+q koo’ tciq)
- Z Eﬁ (cfoP 0% criq) (A6)
It is convenient to introduce the representation
wpﬁq - <[ﬁﬁq7 H0]> = ZAkqpkq (A7)
B
in terms of the matrix 4 with the elements
ﬁg = W+ €k — €kiq,
Ay = Ay = —ong,.
Alycg = Aoy = OR{x,
lz(g = _-Akq = iap(2ks + qz),
Akq = —Ai%; = ior(2ky + qy),
Al = ALy = Al = Al = 0. (A8)

In order to find the commutator of i, With Hexs (A4,
we use the identity

[ﬁﬁq7 ﬁﬁq/] = CLO’QO'BCkJ,_q_q/

- CLJrq,oBUO‘ckJrq. (A9)
From the whole sum over q' in (A4]) we pick out the
only term ¢ = q. This is known as the random phase
approximation (RPA). Then,

[Piqs Hext] Z Vﬁ (Cloaaﬁck - CLF oo ck+q)

(A10)

and after averaging we obtain

o 1 o
([Pq> Hext]) ~ v > Beava, (Al1)
B
where
BeP = <cJf ccPe —cl | dPoc ). (A12)
kq k k k+q k+q

In order to fulfil the averaging, we have to transform
cx = Uxk into the diagonal basis x4 such that

) = Sy f (A13)



The transformation matrix Uy is defined in Eq. (). Since
the external perturbation is assumed to be small, we aver-
age in (AT3)) with respect to the system’s density matrix.
Therefore we can identify f = np(el).

The components (A12) are then found to be
By — %Z e [(1+ po* oo |
n
_ %Z fiey T {(1 + po )L{qua oo‘Mk.Fq}
p
= AT [(+ uhf)oo?]
1

1
= 5 2 Fa T [+ uhidig)oo%], (ALY)
17

or, more explicitly,

> (H- ),
.

x0 Oz
BY = B

B
= Z 1 (fﬁb sin ¢ — fliLq sin ¢k+CI) )
m

B]y(g = Bgz:—Zu(f{:COS(bk—f{:_,_qCOSQbknLq)a

Bigq = kq—lz,u(fk COS¢k+fk+qcos¢k+q)
Bi: = izzzzu(fk Sln¢k+fk+qsm¢k+q)
Bl = Bl = Bl = B 0. (A15)

Combining (A7) and (A1), we derive the following
matrix equation

_quan (A16)

A =

kqFPkq v
where the upper indices are omitted for brevity. Inverting
the matrix Ayxq and summing over k, we obtain pq =
(pq) = XVq, where

=5 ZAlekq (A17)

is a density response matrix of the non-interacting sys-
tem. After the straightforward calculation, we recover
from (AT7) the expression () for the components of .

Let us now take into account electron-electron interac-
tion

ll’lt 2V Z qu’cp/_;’_q O'ck’ q, Ck’SCp/g-. (A18)

p'k'q’ os
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In the mean field approximation we obtain

qu Py X

X {(cLJo‘ckJrq,q/) - (cL+q,Uo‘ck+q>}

<[ﬁﬁq7 mt

1
+ v Z Uq/{<cl+q,aﬁcp/>(cL,,q,oﬁoo‘ck+q>
qa’,p’,8

<CT Uaaﬁcp ><CL’+q’Uﬁck+q+q’>} - (A19)
The first sum in (AI9) corresponds to the direct
Coulomb term. We treat it further in the RPA picking

the only term q’ = q out of the whole sum. We obtain
the following contribution

([Dieqs Hine) ™4 =

0
Vgp
= V“{(ci‘(ao‘ck) <CL+qao‘ck+q>}

(A20)

vqpq

1%

4 g0

which accounts for the effect of screening.

From the second sum in (AT9) we can extract the ex-
change self-energy term and the Hubbard’s exchange cor-
rection to the RPA.

A contribution associated with the self-energy is ob-
tained from (AI9) after picking out the summands with
p =k+q and p'=k+q, ie.

<[ﬁﬁq7Him]>E =

=3 qu {<CL+q/UﬁCk+q ><CLOﬁU Ck+q)
S

(oo ra) (s qrg @ arara) ) (A21)

= > Bl o ) — B gl o)}

where

1
8 _ § : B
Ek - _2V vq/*kpq/O
q/

1 '
=~y 2 vk fe Tl(1+ 1'hg)o’]. (A22)
’ HI

The self-energy Eg modifies the single-particle Hamilto-

nian EE — EE + Eﬁ. After diagonalization we obtain the
renormalized eigenvalues €}, — €} + 2.,

1

o= -
2 ¢

vq kS L+ cos(fx — 6], (A23)

which correspond to the same eigenstates (3]). Besides the
shift of a chemical potential, the spectrum renormaliza-
tion results in an effective value of the Rashba splitting,
which has been previously studied in Ref.|35. In our con-
sideration we will, however, neglect this effect and discard
the contribution (A2T]).



The Hubbard’s exchange term is given by the sum-
mands in (AT9) with p’ =k +q+q’ and p’ =k, i.e.

<[ﬁﬁq7 Hine )™ =

T2y qu {<CL+qIUﬁCk+q+q><CL+qUﬁa Ck+q)
a’,8

(oo e g o acrara) |

1
= -5 vkukBﬁgpi,q

2y
B8
_;Z kqu’
B

k’.8
Z kaPla = —

where 74 is approximately regarded at small g as a con-

stant = 2J = 2”8 .

Collecting the contributions (A20) and (A24) a
adding them to (AIf]), we obtain the equation

(A24)

1
Vqu (Vo + Fpq)

where F' = diag{vq — J, —J, —J, —J}. Solving it, we find
that pq = xVq, where
=1 —xm"

is a density response matrix of the interacting system in
the Hubbard’s approximation.

AkaPkq = (A25)

(A26)

APPENDIX B: EXPLICIT EXPRESSIONS FOR
THE FUNCTIONS Y

O(j ) and 61 which deter-
in Egs. (IEI) and (9):

Let us list the functions f /
mine the response functions X

O Nl

! 202z
50— (=) — gy, (B1)
’ (v—py)z
7@ = Alp—y) @ _ PAAW + Bizv + pyv — 2?)
' 2z 7 20222 ’
5 — (viv + py)z , (B2)

Aw + Bizv + pyv — 22’
() _ YW= B ) _ vE = et Bipyo

‘ 222 ¢ 20222 )

5@ _ 22— M+ yipyv (B3)
vz — pyz + Bipyv’

(0 _ g, o™ vty

I ’ ‘ w2z’

i = S (B4)

C (vt )z

];_(5) e _u(/\w + Bizv — 22)

’ 2z ! 20222 ’

s = _iw—py)z (B5)

¢ Mw + Bizv — 22

12
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¢ 2
=yz-7
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FIG. 9: The domains A, B, C, and D corresponding to the
different orderings (B6)-(BJ) of the roots 75 (25).

Employing (BI)-(BE) in the framework of the compu-
tational scheme elaborated in Ref. 23, one can derive
Egs. 23) and (24)).

The actual limits of integration in the latter expres-
sions require further detailing, since the corresponding
integrands £V (1) @9) and RY) (1) B0) are defined at
P(r) > 0 and P(7) < 0, respectively. The polynomial
P(7) @BI) has the roots 7, (25), which can be ordered
differently depending on the values of w, z, and y.

We identify the domains A, B, C, and D in the plane
(z,w) [see Fig. [ such that

A T < Ty <711 <T3, (BG)
B: m<m<T13<T, (B7)
C: m<n<T13<T, (B8)
D: m<1m3<1m<T. (B9)

We also define the unit-step functions ©(A) = (22 —
yz —w), O(B) = O(w — 22 + y2)0(2% + yz — w)O(w +
2% —yz), O(C) = O(w— 2% —yz), and O(D) = (yz — 22 —
w), which realize projections onto these domains. Using
these definitions we make the following decomposition

A = XY+ O(ANY +OB)x;

+ 0y + O, (B10)
where ) is nonzero only for j = 3 and j = 5:
¥ = —22/22, ) =2uy/z. (B11)

Inside of each domain the root’s ordering is fixed, and
one has to find out how 7,5(...) occurring in Egs. (23)
and (24)) are arranged among 74, ..., 74.

Let us introduce z4 < x3 < x9 < x1, where x;’s are
identified with 73’s differently in each domain according
to (BE)-(BI), and define the primitives for the imaginary

AT () = / dz' L9 ("), ) <, (B12)
AP (z) = / da' L9 (z'), x5 <z < 29, (B13)

AV (z) = —/ d' LD (2)), =<z, (Bl4)



and the real parts

xe <z < x1, (B15)

Béj)(x) = / dz'RY) ('),

4

g < x < z3. (B16)

They have to be further detailed in each domain as well.
For example, in the domain C we have x3 = 7y = —2z — ),
and therefore

AD (@) — AP (z) = / do' LD (). (B17)

After such a specification the primitives (BI2)-(BIf) can
be explicitly found in terms of elliptic functions [see Ap-

pendix C of Ref. 123]. In particular, we quote the Aéjc)
expressions for j = 2 and j = 4:

w/z—y)? — 2?
kel /4 - % L 20F (¢ae(e), ko)

_(w/z)2n2cn(@26($)v Nac, ke)
- (22 - y2)ﬁ2CH(<p26(x),ﬁzc, kC)} ,(B18)

A2 (@) = -

1
— ZImyW
v

13

AL (@) = 2(22fy2>x¢ 2w+ y)2 - 2

2T +w
he((w/z — y)? — 22)
T i m oy el k)
- yﬁ2cH(SD2C (‘T)v ﬁ207 kc)}
+ M%%E(gbc(z), kc)7 (Blg)

where

pac(x) = arcsin \/(x ty+ew/zmytz) ,(B20)

2(zx + w)
2
kc = \/E ’ (B21)
(z +w/z)? —y?
2z - w
e = ———————, c = (B22
2 w/z+z—y 2 z(z+y)n2 ( )

Let us now establish the actual limits of integration in

E]Z{I) Rewriting it in terms of (BI2)-(B14), we obtain
Imx i

n every domain

) = —0(w/z — 1) [A8) (w/2) - A (1) + AS) (=t)] = Otz — 2 = AL (~12)

+6(t2 — 2 +y) A (t2) - @(1—4w>{®<t4—z+y>A§i}+<t> O(ts — = + ) Aj,) " (t3)

—O(w/z — t3) [AU)(w/z)

i) = -6z —y — 1) [AY) (=~ 9) ~ A ()] ~ O~y + 1) AP (~1)

—O(y —z—t)AY) (z —y) —

X {—@(t4 —z— y)Agjl;)_(—t4) +O(ts —w/2)A

O(to —z—y)Aj

0z —y—Ty) [AG) (= = y) - AY) (ta)] + O(w/z — t2)0(= — y + 1) [AF) (= — ) — AF) (~ts)]

~O(w/z —ta) [AF) (z -

I = O(ts — w/2) [AD (1) — D)

—O(z—y+1)0(z+y—t1)AY (—t;) —

x {0t —w/2) [ADT (ta) = AL (—t)| —O(z =y —t5) [ (2

1Oz +y —13)0(2 — y +t3) [A< Dz —y) — Agﬂg(_tg)} —O(z 4y —t1)0(z —y +ts4) x

X {Agg (z

1 .
L) = 4 -

—9) = AG) (—t2)| — Ot — 2 =)0z +y — ) AF) (: ~ ) }

A (—t

§)(t3) + AG) (—t5)] — O(ts — 2 — ) AT (~ta)}, (B23)
T(=Ty) + AV (1) — ©(1 — 4w) x
57 () = O(ts — w/2)AG) " (1)
y) = A5 (—t)] - O(ts — w/2)0(w/z — t5)AG) (= ~ )} (B24)
(~t2)] =0z =y — 1) [A9) (= =) — A5 ()]
Oy —z—t1)AY) (z — y) — O(1 — 4w) x
—y) — A5 (ts)]
(B25)
2) + AP (—ta) — AP (ta). (B26)
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In the above expressions we have used the definitions The actual limits of integration for the real part (24)
can be found in a similar way. However, Eq. (24)) accounts
tio = 1 [\/1—|-—4w:F 1} 7 (B27) only the term Rex)!. Complementing it by Rey V)
2 [see the remark 5) in the end of Sec. [[II], we present the
tay = l [1 T \/m (B28) sum of the both terms in every domain

~ TRex{) = O(t2 — 2+ 9)BY(z ) + Oz —y — 12)BY) (12) + O(t1 — w/2)B (1) — 2B (1)
—[2+ O(w/z — )| By (—w/z) — Ot — w/2)By) (~Th) + 2By, (~12) = O(= +y — 12) By (~12)
+20(y* — 4w) | BE) () + BE) ()| +20(4w — y?) | B () + BE) ()| + 0(1 — dw) {0z —y — 1) B (1)
+O(ts — w/2)0(z —y — t3)BY) (t3) + [O(ts — 2 +y) + O(ts — 2 + Y)|B{Y) (= = y) = Oz +y — ta) BE) (~ta)
— O(ts — w/2)BE) (~t3) — O(w/z — ts) BY) (~w/2) | + ©4w — 1) { B (t5) + BE (t5) — B (—15)

N N2 - W , , ,
- Béfl)(—fz;)} + ng)f + ng)ﬁ — 25y [BSI) (z—y)— Béi)(—w/z)} : (B29)

~ TRexf? = B (w/2) + 2B (1) ~ O(11 — = + ) B (1) ~ Oy — = — 1) BY) (~h) ~ Oz +y — 1) B (~12)
+2B5) (1) = O(w/z — 1) B (—w/2) = O(t — w/2) B (—h) = 20(y” — 4w)©(w — %) | BY () + By} (i)
+20(y* — 4w)0(=* —w) B (Fa) + BY) (fa) — 2B (—w/2)| - 20(4w — y?) | B (F) + B (75|
+0(1 — dw) {[O(ts — w/2) + O(ts — w/2)| B (w/2) + Ow/z — 15)O(ts — =+ y) B (ts) + O(w/z — ta) B (ta)

+[O(ts — w/z) + @(m —w/2)|BY) (~w/z) — O(z + y — t)O(ts — w/2)BY) (—t1) + O(y — = — t3)BY) (~t3)

— Oty —w/2)BY (—ts) } + 04w — 1) { B (#5) + BY (#5) + BY (—15) + BY (~15) } + ©(1 - 4w)O(y — 2) x

x (s 55 +3m — 2887 [ B (w/2) = B (=w/2)| ) = [0(1 — 4w)© (4w — ) — O — 4w)] O(z — ) x
( )T 22 — y ggj) - ;w_ — _ 2ng) [B(J)(w/z) Béi)(—w/z)}> : (B30)

- %Rexﬁj) = 2By (f1) — O(t2 — w/2) By (w/2) = ©(w/z — 12) By (t2) — O(tr — 2 + y) BY (11)
~6(y —z — t1)Byl) (—11) + O(z +y — 11)Bg) (=2 = y) + O(tr — 2 = y) By (~t1) + O(w/z — t2) By (1)
~2B) (<) - 20(y* — 4w) [ B (I5) + B (11)| - 20(4w — y?) [BY(75) + BY ()] +6(1 - 4uw) x
x{Ots —w/2) B (w]2) + O(w/z = ty) BE (ta) + O(ts — 2 + y) B (1) + Oy — = — ta) B (~ts)
+HO(ts — 2 — y) + O(ts — z — )| B (—2 — y) — O(w/2 — t4)O(ts — 2 — y) BY (—ta)
— O(ts — 2 —y)BE) (~ta) } + O(4w — 1) { B (15) + B (15) + B (—15) + B (—15) }
)

o o ,
+O(1 — 4w)O(y — = (s?) T+ m - 289 [Bg) (w/z) — BY) (—z — y)D — O(1 - 4w)O(z — y) x

/22—y Tw . . )
x (é”— + 50— — 25 [ B (w/2) - BY) (—2 - y>}> , (B31)
z 2\ 25—y

1 . N . . . . - N
= SRex’ = 2B)(0) — B} (1) - B (~t1) — 2B (= ) + 2B5)) (~12) — 2B{}) ()

| _ e -
+B1) (ts) + BY) (~ts) + 2B () + ) 5 + 50w — 255 | B (w/2) ~ BG (= —y)].  (B32)



In these expressions we have used along with (B27)
and (B2§)) the following arguments

te = %{\/thy}, (B33)
fs4 = % [—yqt \/m}’ (B34)
54 = %[hm\/élw——l], (B35)
t54 = %[—yqti\/m]. (B36)

Note that t5, and t~§74 are complex-valued, which as-
sumes the analytic continuation of elliptic functions
hinted in Appendix B of Ref. 23.
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Transforming Rex©)!! into the representation in

terms of B;j ) and Béj ), we accumulate the residue terms
which are different for each response function. They are

fully defined by the following sets of constants

Sgl) — 551) = Sgl) = Sgl) = 0, (B37)
N
D B3, B 0o, )
. s R ) (B40)

We recall once again that for ;7 = 3 and 7 = 5

Egs. (B29)-(B32) must be complemented by x) (BI).
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