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Tunable Aharonov-Anandan Phase in Transport Through Mesoscopic Hole Rings
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We present a theoretical study of spin-3/2 hole transport through mesoscopic rings, based on the spherical
Luttinger model. The quasi-one-dimensional ring is created in a symmetric two-dimensional quantum well by
a singular-oscillator potential for the radial in-plane coordinate. The quantum-interference contribution to the
two-terminal ring conductance exhibits an energy-dependent Aharonov-Anandan phase, even though Rashba
and Dresselhaus spin splittings are absent. Instead, confinement-induced heavy-hole–light-hole mixing is found
to be the origin of this phase, which has ramifications for magneto-transport measurements in gated hole rings.
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Introduction.Geometric quantum phases continue to be the
subject of great interest because they rather elegantly eluci-
date quite complex fundamental microscopic properties.1 The
well-known Aharonov-Bohm2 and Aharonov-Casher3 effects
are pertinent examples, as is the Berry phase4 acquired by a
quantum system during adiabatic cyclical variation of an ex-
ternal parameter. The more general concept of the Aharonov-
Anandan phase5 arising in the cyclical evolution of a quantum
state was later shown to subsume the above-mentioned three
phenomena as special cases. Recent progress in our under-
standing of geometric phases has been spurred by numerous
experimental and theoretical studies.6

Modern nanofabrication techniques have made it possible
to study quantum interference, and thus geometric quantum
phases, in mesoscopic electronic devices.7 The first theoreti-
cal suggestions8 and experimental realizations9 of electronic
quantum interference devices were Aharonov-Bohm interfer-
ometers. Subsequent theoretical studies predicted electronic
signatures of Berry phases10 and the Aharonov-Casher ef-
fect.11,12,13Inspired by possible applications in the burgeoning
field of spintronics,14 recent experimental efforts have been
devoted to observing tunable spin-related geometric phases in
semiconductor rings subject to strong spin-orbit coupling.15,16

In several of these experiments,16 charge carriers moving
through the ring structure are characterized by an intrinsic
(spin) angular momentum equal to 3/2. This is due to the
fact that states in the uppermost valence band of typical semi-
conductors originate from p-like atomic orbitals of the mate-

rial’s constituent elements.17 The same is true for conduction-
band states in HgCdTe quantum wells because of a band in-
version. Here we provide a careful study of the complexities
arising from the spin-3/2 character of charge carriers confined
in a mesoscopic ring. We identify a nontrivial part of the
Aharonov-Anandan (AA) phase that enters the interference
contribution to the two-terminal ring conductance. The energy
dependence of this geometric phase will result in a continuous
shift of magneto-conductance (Aharonov-Bohm) oscillations
as a function of carrier density in the ring, e.g., when a gate
voltage is applied. We trace the origin of the anomalous AA
phase to a confinement-induced coupling between heavy-hole
(HH) and light-hole (LH) states18 that is ever-present and un-
related to (Rashba or Dresselhaus) spin splitting due to (struc-
tural or bulk) inversion asymmetry.17 Our analysis provides
a framework for interpreting numerical results19 and comple-
ments previous analytical calculations13 where HH-LH mix-
ing was neglected.

Below we describe our theoretical model for hole rings.
Readers not interested in mathematical details could skip to
the end of this part where results for the lowest ring sub-
bands are presented. We then analyse the emerging energy-
dependent AA phase and, in our concluding discussion, ad-
dress implications for experiments.

Theoretical model for a mesoscopic hole ring.We use the
Luttinger model20 in spherical approximation21 to describe
electronic states in the upper-most bulk valence band. In
atomic units where~ = m0 = 1, it reads
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−Ĵ

2
+ + k̂2

+Ĵ
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. (1)

m0 denotes the vacuum electron mass,γs = (3γ3 + 2γ2)/5 in terms of Luttinger parameters,20
k̂ and Ĵ are vector oper-
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ators of kinetic linear and spin-3/2 angular momentum, re-
spectively, and we used the abbreviationsk̂⊥ = (k̂x, k̂y),
k̂± = k̂x ± ik̂y, and Ĵ± = (Ĵx ± iĴy)/

√
2. The symbol

{A,B} stands for the anticommutator(AB + BA)/2. In-
troducing a quantum-well confinement in the growth (z) di-
rection, two-dimensional (2D) subbands are formed. Here we
will focus on the situation where only the lowest 2D quantum-
well bound state matters. To be specific, we assume a sym-
metric hard-wall confinement with 2D quantum-well widthd

and simply replace operatorsk̂2
z andk̂z by their respective ex-

pectation valuesπ2/d2 and0.22 Using polar coordinates for
in-plane motion, we obtainH(2D)

s = Hsb + H(2D)
⊥

, where
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(2a)

arises from the quantised motion inz direction, and the in-
plane motion of holes is governed by the part
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=
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(2b)

L̂z = −i∂ϕ is the in-plane orbital angular momentum, and
L± = e±iϕ. The Hamiltonian (2b) commutes witĥMz =

L̂z + Ĵz; hence its eigenstates can be labelled by those ofM̂z.
To enable further analytic progress, we eliminate theϕ depen-
dence in off-diagonal matrix elements by the transformation
H̃ = eiĴzϕ H e−iĴzϕ. Due to space limitations, the straight-
forwardly obtained expression for the transformed Hamilto-
nian is omitted here.

The quasi-onedimensional in-plane ring confinement is
modeled by the singular-oscillator potential23

V⊥(r) =
ω2

2

(

r − R2

r

)2

, (3)

which was employed before to study mesoscopicelec-
tron rings.24 In the following, the energy scaleE0 =
π2γ1~

2/(2m0d
2) associated with the 2D quantum-well con-

finement will serve as our energy unit. We also introduce
the parameter̄γ = γs/γ1 that measures the strength of spin-
orbit coupling in the valence band, the length scaleℓω =
√√

γ1~/(m0ω) associated with the ring confinement,λR =

(R/ℓω)2 andλd = (2d/[πℓω])2 representing ring radius and
quantum-well width in units of the effective ring width, and

the operatorŝΓ = 1 + γ̄
[

Ĵ2
z − (5/4)

]

and ˆ̺ = r/(ℓωΓ̂1/4)

that quantify a HH-LH splitting. With these conventions, the
Hamiltonian of a mesoscopic hole ring isH ≡ (H̃(2D)

s +
V⊥)/E0 = Hqw +Hrg, where

Hqw = 1 − 2γ̄

[
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]

(4a)

arises from the HH-LH splitting in the quantum-well bound
state, and the in-plane motion is governed by

Hrg =
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(4b)

Equation (4b) suggests the wave-functionansatz

ψn,m(r, ϕ) = eimϕ










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, (5a)

with the four spinor amplitudes given by

ψ(j)
n,m(r) =

N (j)
n,m

ℓω[1 + 2(|j| − 1)γ̄]1/4
e−

̺2
j

2 ̺
α(j)

m

j L
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n

(
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j

)

.

(5b)

L
(α)
n (x) is an associated Laguerre polynomial,N (j)

n,m =
[

2Γ(n+ 1)/Γ(n+ α
(j)
m + 1)

]1/2

with Γ(x) denoting the Eu-

ler Gamma function,̺ j = r/
(

ℓω[1 + 2(|j| − 1)γ̄]1/4
)

, and

α
(j)
m =

√

(m− j)2 + λ2
R/(1 + 2(|j| − 1)γ̄). m is the eigen-

value ofM̂z andn the oscillator-level index.Ansatz(5) diag-
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onalises the first term of the Hamiltonian (4b),

H(1)
rg = λd


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.

(6)
However, the second term ofHrg in Eq. (4b) is off-
diagonal in spin-3/2 space, coupling HH and LH amplitudes
within subspaces spanned bŷJz eigenstates with eigenvalues
{±3/2,∓1/2}, respectively. In addition, this term has both

diagonal and off-diagonal matrix elements in theψn,m repre-
sentation, i.e., it couples states with differentn. We omit the
lengthy analytical expressions for associated matrix elements.
It turns out that HH-LH mixing between states having their
quantum numbern differ by 0, 1, and 2 are most relevant. In
the following, we focus on the lowest oscillator level (n = 0)
and include only its intra-level HH-LH mixing. Neglecting
the subtle difference between̺j and̺j±2, setting both equal

to r/ℓω, and replacingα(j)
m ≡ λR yields the corresponding

matrix element25

(

H(2)
rg

)

00
= −λd γ̄

4

{

Ĵ2
+

[

1 − (m− Ĵz − 2)(m− Ĵz) + 2

λR

]

+ Ĵ2
−

[

1 − (m− Ĵz + 2)(m− Ĵz) + 2

λR

]}

. (7)

Diagonalising the HamiltonianHqw+H
(1)
rg +

(

H
(2)
rg
)

00
yields

the lowest hole-ring subband dispersions. The result is shown
in Fig. 1 for a set of realistic parameters. For comparison,
we also plot dispersions obtained when HH-LHmixing is ne-
glected but HH-LHsplitting taken into account, i.e., when
onlyHqw +H

(1)
rg is considered.

Two-terminal transport and AA phase.At fixed energyE
between the HH-like and LH-like subband bottoms shown in
Fig. 1, four propagating channels exist, having different an-
gular momentamsσ. Heres = +,− labels the two disper-
sion curves (s = ± corresponding to the subspace spanned
by Ĵz-projection eigenstates with eigenvalues{±3/2,∓1/2},
respectively), andσ = +,− distinguishes opposite propaga-
tion directions. The condition for finding these angular mo-
menta isEs(msσ) = E. We now consider the following
scenario, illustrated in Fig. 2. A lead attached atϕ = 0 is
assumed to inject holes in a set of orthogonal initial states
|ν〉. Here the ket refers to a normalised spin-3/2 spinor with-
out any dependence on spatial coordinates.26 Ring eigenstates
taken atϕ = 0 and with spatial profile neglected are given
by χsσ = (a0,msσ

, b0,msσ
, c0,msσ

, d0,msσ
), and the injected

-10 -5 0 5 10
0.0
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FIG. 1: Lowest hole-ring subbands (solid curves) arising from the
in-plane ring-potential bound-state level withn = 0, calculated for
γ̄ = 0.37, λd = 0.5, andλR = 10. The dashed curves are obtained
when HH-LHsplitting is included but HH-LHmixing is neglected.

states can be written as a superposition|in〉ν =
∑

sσ ξ
(ν)
sσ χsσ.

Each spinor amplitude of a ring eigenstate with quantum num-
berss, σ acquires a phase during propagation around a half-
ring arm that is determined by its associated eigenvalue of the
operatorσπ(M̂z − Ĵz). The resulting state atϕ = π will

be |out〉ν =
∑

sσ ξ
(ν)
sσ χsσ exp{σiπ(msσ − 3s

2 )}. Assuming
another lead being attached atϕ = π, we find the transmission
probabilities from incoming-lead channelν to outgoing-lead
channelµ. Including the effect of a finite magnetic fluxφ
threading the area bounded by the ring, it reads

T µ
ν =

∣

∣

∣

∣

∣

∑

sσ

ξ(µ)∗
sσ ξ(ν)

sσ e
σiπ

“

msσ+ φ

φ0
−

3s
2

”

∣

∣

∣

∣

∣

2

. (8)

In Eq. (8), msσ ≡ −m−s,−σ are the angular-momentum
eigenvalues found forφ = 0. The linear two-terminal ring
conductance is given byGrg = e2

2π~

∑

ν,µ T
µ
ν .

Inspection of Eq. (8) reveals the well-known signatures of
the Aharonov-Bohm effect,8 arising from the interference of
counter-propagating modes with conserved quantum number
s. A phase differenceΦ(s)

AA of associated quantum amplitudes
will be accumulated during propagation betweenϕ = 0 and
π that is essentially an Aharonov-Anandan phase5 for holes
confined in the ring. The latter can be written as the sum of
a magnetic-flux-dependent part (the Aharonov-Bohm2 phase

ϕ

ms−

ms+

T µ
ν |µ>|ν>

FIG. 2: (Color online) Two-terminal transport. Holes in scattering
states|ν〉 are injected via a lead attached atϕ = 0. Eigenmodes
with angular momentamsσ provide propagation channels in the ring.
Upon reaching the pointϕ = π, interference and coupling into out-
going scattering states|µ〉 occurs.
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FIG. 3: Solid curve: Anomalous componentΦG of the AA phase ap-
pearing in the two-terminal hole-ring transmission. Parameters used
in the calculation are the same as in Fig 1. Dashed curve: Corre-
sponding result obtained when HH-LH mixing is neglected.

2πφ/φ0) and a remainderΦ(s)
G that depends on the quantum

numbers distinguishing dispersion branches:

Φ
(s)
AA = 2π

φ

φ0
+ Φ

(s)
G , (9a)

Φ
(s)
G = π (ms+ +ms− − 3s) . (9b)

The symmetrymsσ = −m−s,−σ impliesΦ
(+)
G = −Φ

(−)
G ≡

ΦG. We plotΦG for a realistic set of parameters in Fig. 3.
Conclusions and discussion.We investigated spin-3/2 hole

states confined in a quasi-one-dimensional ring. A number
of controlled approximations were employed that can be sys-
tematically improved upon. We find a previously neglected
energy-dependent contributionΦG to the AA phase that re-
sults from HH-LH mixing and may be related to anoma-
lous spin precession27 of spin-3/2 particles. It is likely that
this phase is the origin of numerically observed magneto-
oscillations of the conductance polarization in multiply con-
nected hole nanostructures19 that persist even in the presence
of relatively strong disorder. In a magneto-conductance ex-
periment, the valueΦG(EF) of AA phase for states at the
Fermi energy would be observed as a shift in the Aharonov-
Bohm oscillations. This mimicks behaviour expected12,13 in
systems with a finite zero-field (Rashba or Dresselhaus) spin
splitting, which was used to interpret experimental data.16 We
show that, in general, both HH-LH mixing and spin-splitting
effects need to be considered. In addition, the coupling of the
ring to external leads needs to be well-understood, becausethe
character of injected hole states will depend sensitively on the
lead confinement.
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