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We present a scheme of generating large-amplitude Schrödinger cat states and entanglement in
a coupled system of nanomechanical resonator and single Cooper pair box (SCPB), without being
limited by the magnitude of the coupling. It is shown that the entanglement between the resonator
and the SCPB can be detected by a spectroscopic method.

The fabrication and probing of ultra-small nanome-
chanical resonators with secular frequencies of GHz and
quality factors approaching 105 have been achieved in re-
cent experiments[1]. These resonators are promising sys-
tems for demonstrating the quantum mechanical nature
of the mechanical degrees of freedom[2]. Potential appli-
cations include detection of weak forces, precision mea-
surement, and quantum information processing[3, 4, 5].
One crucial step in studying the nanomechanical res-
onators will be the quantum engineering and the de-
tection of the mechanical modes. This can be achieved
by connecting the resonators with solid-state electronic
devices[1, 6, 7], for example coupling a resonator with
a single electron transistor (SET) via electrostatic in-
teraction. The SET measures the flexural oscillation of
the resonator with an accuracy approaching the quan-
tum limit[1]. Cooling of a resonator to its ground state
has been proposed by quantum feedback control via a
SET[8] and by side band cooling via a quantum dot[9] or
a SCPB[10].

The resonator modes can be treated as underdamped
harmonic oscillators with the damping described by the
finite quality factor Q. Connecting a resonator with a
quantum two level system forms a spin-oscillator model
which has been intensively studied in quantum optics,
especially in ion trap quantum computing[11]. Hence
the techniques of manipulating the motional state of a
trapped ion by laser control of its internal mode can be
applied to studying the nanomechanical resonators[11].
In Ref. [6, 7], the capacitive coupling between a nanome-
chanical resonator and a SCPB was studied, where the
SCPB can be treated as a two level system – the su-
perconducting charge qubit – by adjusting the param-
eters and the gate voltage[12]. It was shown that en-
tanglement between the resonator and the qubit can be
generated and be detected by interferometry when the
coupling is stronger than the energy of the resonator.
In this paper, we show that large-amplitude Schrödinger
cat states and entanglement can be generated in the cou-
pled resonator and SCPB system by parametric pump-
ing of the SCPB when the magnitude of coupling is weak
due to the geometry of the charge island and the dis-
tance between the charge island and the resonator[10].
Given the large amplitude of the generated cat states,

the entanglement between the resonator and qubit can
be observed by a spectroscopic measurement which se-
lectively flips the charge qubit depending on the state of
the resonator. When the scheme is generalized to two or
more nanomechanical resonators, it generates maximal
entanglement between these resonators, which is a key
element in continuous variable quantum computing[13].
In precision measurement, the cat state of N resonators
can increase the sensitivity to weak forces by a factor of√
N [4]. The effect of environmental fluctuations includ-

ing the mechanical noise and the charge noise around the
charge island is analyzed. Furthermore, as this scheme
involves the generic system of one spin and one oscilla-
tor, it can be tailored for other applications such as single
spin detection by a cantilever[14].
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FIG. 1: Left: a resonator couples with a SCPB. Right: the
trajectory of the resonator starts from the origin x = 0 (thin
dotted line) and the state | ↓〉 of the charge qubit; the qubit
is flipped every half period of the resonator π/ω0.

The coupled system of a nanomechanical resonator
and a SCPB is shown in Fig. 1, with the resonator un-
dergoing flexural vibration. The flexural mode is de-
scribed by the Hamiltonian Hm = h̄ω0â

†â where ω0 is
the frequency of the mode and â† (â) is the raising (low-
ering) operator of the mode. The resonator is biased
at a voltage Vx(t) and couples to the SCPB through a
capacitance Cx(x̂) = Cx0(1 + x̂/d0) where Cx0 is the
static capacitance, d0 the static distance between the
two, and x̂ = δx0(â + â†) the displacement of the flex-
ural mode with δx0 =

√

h̄/2mω0 the quantum width
of the resonator. The SCPB is a superconducting is-
land connected with Josephson junctions and is con-
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trolled by the gate voltage Vg(t) through the gate ca-
pacitance Cg. When CgVg + CxVx = (2n + 1)e + 2eδn
with n integer and δn ≪ 1, the SCPB can be treated
as an effective quantum two level system – the super-
conducting charge qubit[12] – described by the Hamil-

tonian Hq = 4Ecδnσz + EJ (t)
2 σx with Ec = e2/2CΣ

the charging energy, CΣ the total capacitance connected
with the charge island, and EJ (t) the Josephson energy
with a small modulation around the static Josephson
energy EJ0. Here σx,z are Pauli operators for the two
level system. To the lowest order, the coupling between
the resonator and the SCPB is −λ (t)

(

â+ â†
)

σz with
λ(t) = 4Ec(Vx(t)Cx0/2e)(δx0/d0), and its magnitude can
be limited by Cx0 and the small ratio of δx0/d0. In our
scheme, the bias of the resonator is Vx(t) = Vx0 cos (ωact),
an ac voltage with amplitude Vx0 and frequency ωac; the
gate voltage is Vg(t) = Vdc + Vg0 cos (ωact), including a
dc voltage Vdc and an ac voltage with amplitude Vg0 and
frequency ωac. We let CgVdc = (2n + 1)e so that the
charge qubit operates at the degenerate point[15]. In ex-
periments, it was shown that the decoherence time of the
charge qubit at the degenerate point can be as long as
microseconds[15]. Here ωac = EJ0/h̄ is in resonance with
the energy of the charge qubit at the degenerate point. In
the following we study the system in the rotating frame of
EJ0

2 σx. In this frame the Hamiltonian after the rotating
wave approximation can be derived as

Hrot = h̄ω0â
†â− λ0

2

(

â+ â†
)

σz − ǫz
2
σz +

ǫ⊥ (t)

2
σx (1)

where λ0 = 4Ec(Vx0Cx0/2e)(δx0/d0) is the coupling in
the rotating frame, ǫz = 8Ec(CgVg0 +Cx0Vx0)/2e≪ Ec,
and ǫ⊥ = EJ (t) − EJ0 is the small modulation of the
Josephson energy. Here, the dynamics of the resonator
is that of a shifted harmonic oscillator with the Hamilto-
nian DHmD

† with the displacement operator

D = exp

(

−
(

â− â†
) λ0σz

2h̄ω0

)

.

Typical parameters[10] are EJ0 ≈ 10 GHz, Ec ≈ 50 GHz,
Cx0 ≈ 20 aF, and ω0 ≈ 100 MHz. With Vx0 ≈ 1 V, the
coupling is λ0 ≈ 20 MHz.

Below we show that by pumping the charge qubit with
stroboscopic pulses, Schrödinger cat states with large am-
plitude can be generated in this system. In an ideal sit-
uation, we consider δ-function pulse sequence

ǫ⊥ (t) = πδ (nτ0) , withn ≥ 1, integer (2)

where each pulse is a transformation −iσx that flips the
charge qubit after every half period of the resonator mode
τ0 = π/ω0. Here ǫz = 0. The δ-function approximation
is valid when ǫ⊥ ≫ h̄ω0, λ0. Let U1 = e−iHrotτ0 |ǫ⊥=0

be the free evolution of the system between the pulses:

U1 = De−iπâ†âD†. At times nτ0 after the nth pulse,
the unitary transformation on the system is U (nτ0) =

(−iσxU1)
n
. With the relations: σxDσx = D† and

eiπâ†âDe−iπâ†â = D†, we derive

U (nτ0) = {
(D†)2n, n ∈ even

σxe
−iπâ†â(D†)2n, n ∈ odd

(3)

where the overall phase factors are omitted. This trans-
formation generates in the wave function of the resonator
a displacement of ∆x = −δx0 (2nλ0σz/h̄ω0) when n is
even, and an opposite displace when n is odd. With the
initial state |ψ0〉 = (c0| ↑〉+c1| ↓〉)

∫

dx|x〉ϕ(x), where the
states | ↑, ↓〉 are eigenstates of the charge qubit in the σz

basis and ϕ(x) is the wave function of the resonator, after
even number of flips n, the state is

c0 |↑〉
∫

dx |x〉ϕ(x+∆x)+c1 |↓〉
∫

dx |x〉ϕ(x−∆x) (4)

where the state of the resonator is shifted according to
the state of the charge qubit.

Assume an initial state of |ψ0〉 = 1√
2
(| ↑〉 + | ↓〉)|0〉

where |0〉 is the ground state of the resonator and λ0 = 0
at t < 0. Following Eq. (1), after even number of pulses
n, the state 1√

2
(| ↑ 〉| − 2nα0〉 + | ↓ 〉|2nα0〉) is gener-

ated where α0 = λ0/2h̄ω0 is the dimensionless coupling.
The state |α〉 denotes a coherent state of the resonator
mode with an amplitude α. When 2nα0 ≫ 1, maximal
entanglement is generated between the resonator and the
charge qubit. An intuitive way to describe the process is
to consider a classical particle with two spin components
in an harmonic potential, where the potential is shifted
from the origin to the left (right) at spin down (up) when
the coupling is on. The spin is subject to kicks every half
period of the oscillator, as shown in Fig. 1. At t < 0,
the oscillator is at the origin in its ground state with no
coupling. At t > 0, the coupling is turned on and the par-
ticle starts oscillating with opposite displacements for the
two spins. Each kick maximally increases the energy of
the particle and generates coherent states with large am-
plitude. Writing the generated state in the |±〉 basis, we
have 1

2 |+〉(|−2nα0〉+ |2nα0〉)+ 1
2 |−〉(|−2nα0〉−|2nα0〉).

A measurement on the σx operator of the charge qubit
with the scheme in [15] projects the resonator to the state
1√
2
(| − 2nα0〉 ± |2nα0〉) corresponding to the measured

σx value + or − respectively. Note that with the Hamil-
tonian in Eq. (1), entanglement can be generated at the
degenerate states | ↑〉|α0〉 and | ↓〉| − α0〉 without the
pumping process[6, 7]. However, with λ0 ≪ h̄ω0, the cou-
pling only slightly shifts the resonator state: α0 ≪ 1 and
the resonator is only weakly entangled with the charge
qubit. With the pumping process, a shift of the wave
function much larger than α0 can be achieved.

This scheme can be generalized to multiple resonators
and (or) charge qubits to generate entanglement between
the resonator modes. When two resonators couple with
one charge qubit with the coupling

∑ λ0i

2 (â1 + â†i )σz ,
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the state 1√
2
(| −α1〉1| −α2〉2 ± |α1〉1|α2〉2) can be gener-

ated, where the index i = 1, 2 labels the two resonators
and αi = nλi/h̄ω0. Such states are maximally entangled
states of the resonator modes[16] and are crucial elements
in continuous variable quantum computing[13].

The entanglement and coherence between the res-
onator and the charge qubit can be detected by a spec-
troscopic method for resonator states of large amplitude
with 2nα0 ≫ 1. During the detection, choose a static
bias ǫz > 0 of the charge qubit and modulate the Joseph-
son energy by ǫd cos (ωdt)σx with a frequency ωd for a
duration of π/ωd. Here instead of the δ-function pulses
in Eq. 2, ǫd has the same order of magnitude as 8nα0λ0

and ǫz, while ǫd ≫ ω0 and the resonator can be treated
as static during the detection. This condition is crucial
in realizing the detection process. The effective Hamilto-
nian of the SCPB is then:

H |±2nα0〉
q = − ǫz ± 4nα0λ0

2
σz + ǫd cos (ωdt)σx (5)

for the resonator states of |±2nα0〉 respectively. Hence
the energy splitting of the charge qubit depends on the
state of the resonator with a splitting E+ = ǫz + 4nα0λ0

for the resonator state |2nα0〉 and E− = ǫz − 4nα0λ0

for the resonator state |−2nα0〉. We choose the pulse
frequency to be h̄ωd = ǫz − 4nα0λ0, in resonance with

the charge qubit in H
|−2nα0〉
q . This pulse is then followed

by a δ-function π/2 pulse that transforms | ↑, ↓〉 to |+,−〉.
Applying the pulses to the state 1√

2
(| ↑ 〉| − 2 n α0 〉+

| ↓ 〉| 2n α0 〉), the final state is

− i√
2
|−〉| − 2nα0〉 +

1√
2

(c↓|−〉 + c↑|+〉) |2nα0〉 (6)

with c↑ = −i sin (πǭd/2ǫd) (ǫd/ǭd) and

c↓ = cos

(

πǭd
2ǫd

)

− i sin

(

πǭd
2ǫd

)

8nα0λ0

ǭd

where ǭd =
√

ǫ2d + (8nα0λ0)
2
. For the resonator state

|2nα0〉, the off resonance 8nα0λ0 between ωd and E+

prevents the charge qubit from flipping. By adjusting
the bias ǫz and the amplitude ǫd, we can find a regime
where |c↓| ≈ 1. Note the states |±〉 are in the rotat-
ing frame and in the lab frame the σx eigenstates are
|±〉s = e±iEJ t/h̄|±〉. A measurement on the σx operator
of the charge qubit as in [15] obtains the probabilities
of the states |±〉: p− = (1 + |c↓|2)/2 and p+ = |c↑|2/2
respectively. As a first step, the correlation between the
resonator and charge qubit can be demonstrated by this
measurement when p− ∼ 1 and p+ ∼ 0. When no corre-
lation exists between the resonator and the charge qubit,
c↓ ∼ 0 and p± = 1/2.

By measuring the charge qubit, it can also be shown
that the states | ↑〉| − 2nα0〉 and | ↓〉|2nα0〉 are in coher-
ent superposition. This measurement starts by applying

a δ-function π/2 pulse to the state 1√
2
(| ↑ 〉| −2nα0 〉+

| ↓ 〉| 2nα0 〉), followed by the pulses in Eq. (2) for n time.
The state becomes 1

2
√

2
(|+〉|ψ+〉+ |−〉|ψ−〉) with |ψ+〉 =

| − 4nα0〉+ 2|0〉− |4nα0〉 and |ψ−〉 = | − 4nα0〉+ |4nα0〉.
The probabilities of the states |±〉 are hence p+ = 3/4
and p− = 1/4. Without the coherence, i.e. that of a
mixed state of | ↑〉|− 2nα0〉 and | ↓〉|2nα0〉, the probabil-
ities are p± = 1/2 respectively. Hence measurement of
the σx operator probes the coherence of the system.
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FIG. 2: The main plot: the fidelity of the amplification versus
ǫ⊥ for n = 4, 8, 12 pulses from top to bottom. Inset: the
probability p− versus ǫd at ǫz = 4.0ω0 (solid line) and ǫz =
3.2ω0 (dotted line). Here λ0 = 20 GHz.

Ideal situations are assumed in the above discussions
with well separated energy scales: ǫ⊥ ≫ ω0 during the
amplification and ǫz, ǫd, 8nα0λ0 ≫ ω0 during the de-
tection. In practice, the frequency of the resonator is
around 100 MHz; while the amplitudes of the pulses ǫ⊥,
ǫd are upper bounded by the Josephson energy EJ0 of
the charge qubit which is typically below 20 GHz. The
dynamics of the resonator may have important effects
on our scheme. Below, we numerically simulate the dy-
namics of the amplification and detection with the above
parameters and in the coordinate space of the resonator.

Let the wave function at time t be |ψ(t)〉 =
∑

s

∫

dx|s〉|x〉ϕs(x, t) where s is the state of the charge
qubit and ϕs(x, t) is the wave function of the res-
onator, with the initial state discussed above. We cal-
culate the fidelity of the amplification process: f(ǫ⊥) =

|〈ψid (t) |ψ (t)〉|2, where |ψid〉 is the ideal wave function
generated by the pulses in Eq. (2). In Fig.2, the fidelity
is plotted versus the amplitude of the pulse ǫ⊥. It can be
seen that at ǫ⊥ = 10ω0, the fidelity can be very low with
f = 0.7 after n = 12 pulses; but the fidelity increases
rapidly with increasing ǫ⊥. At ǫ⊥ = 60ω0, correspond-
ing to ǫ⊥ = 6 GHz, the fidelity is f > 0.99 after n = 12
pulses. In the detection process, the dynamics of the
resonator affects the probability p−. We simulate the
detection process at various static bias ǫz and with ǫd in
the range of 0.5ω0 − 10.5ω0. Here 8nα0λ0 ≈ 1.9ω0 after
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n = 12 pulses. In the inset of Fig.2, p− is plotted versus
ǫd at ǫz = 3.2ω0 and ǫz = 4.0ω0. When ǫd ≫ 8nα0λ0,
the charge qubit flips for both the states | ± 2nα0〉 and
p− ≈ 0.5. When ǫd ∼ 8nα0λ0, the off resonance strongly
affects p−. For ǫz = 4.0ω0, a maxumum of p− appears
at ǫd = 1.9ω0 with p− = 0.80, very different from the
probability without the correlation. For ǫz = 3.2ω0, p−
oscillates with ǫd due to the evolution of the resonator.
This shows that the correlation between the resonator
and the charge qubit can be detected even at high res-
onator frequency.

With a coupling of 20 MHz[10], n ≥ 10 flips are re-
quired to have 2nα0 > 1, a duration around 50 nsec. It is
crucial to have a decoherence time longer than this du-
ration to successfully generate the entanglement. During
the amplification process, the charge qubit operates at
the degenerate point where the charge noise, dominated
by the low frequency charge fluctuations, causes a deco-
herence time of microseconds[15]. In the rotating frame
of Eq. (1), this can be explained by a spectral shift: the
noise spectrum in this frame is S0 (ω ± EJ0/h̄) with a
shift of EJ0 from the noise spectrum in the lab frame
S0 (ω). The low frequency noise is hence screened by
the Josephson energy. The mechanical noise of the res-
onator can be described by the quality factor Q. At
temperature T = 20 mK with Q = 104, the dissipa-
tion rate is kBT/Q = 50 KHz. The decoherence rate
is τ−1

dec ≈ (2nα0)
2kBT/Q, which at 2nα0 = 5 gives

τ−1
dec ∼ 1 MHz and limits the amplification process. Mean-

while, in a situation where the phase coherence between
the states | ↑〉| − 2nα0〉 and | ↓〉|2nα0〉 is not required
as in the spin detection[14], the amplitude of the gen-
erated coherent states can be bounded by the quality
factor. Assume after ns flippings the amplification sat-
urates. This means that starting from the coherent
state | − 2nsα0〉 with the charge qubit at | ↑〉, after a
time of π/ω0, the coherent state is |2nsα0〉. The ini-

tial elastic energy is h̄ω0α
2
0 (2ns + 1)

2
, while the final

elastic energy is h̄ω0α
2
0 (2ns − 1)

2
with an energy loss of

δE = 8nsh̄ω0α
2
0. The loss is caused by the dissipation:

δE = 4πn2
sh̄ω0α

2
0/Q, from which the saturation limit:

ns = 2Q/π can be derived.
This scheme involves a generic model of one harmonic

oscillator and one quantum two level system (spin) cou-
pling via linear interaction x̂σz , and hence can be gen-
eralized to other spin-oscillator systems. One example
is the single spin detection by magnetic resonance force
microscopy (MRFM)[14] where the spins near a surface
interact with the magnetic particle attached to a can-
tilever and affect the vibration of the cantilever. By ob-
serving the frequency or amplitude of the vibration with
optical interferometry, the distribution of the spins can
be detected. In experiments, the resolution of MRFM
has been improved towards the single spin level[14]. In
the conventional scheme, the cyclic adiabatic inversion

(CAI) method[14] is applied where the spins are driven
by continuous microwave with periodic modulation of the
phase of the microwave. Our scheme provides an alter-
native to this approach. By applying parametric pulses
to flip the spins every half period of the cantilever, co-
herent states of the cantilever with large amplitude can
be generated within a short time even at weak coupling.
Using the same notations as that in Eq. (1) and assum-
ing a total local spin of m/2 near the tip, after n spin
flips in Eq. (2), the coherent states are | ± 2nmα0〉. This
shows a resolution of δα/δm = 2nα0. When 2nα0 ≫ 1
and ns ≥ n, single spin resolution can be achieved. This
requires Q > π/4α0 of the cantilever.

We studied a scheme of generating and detecting
Schrödinger cat state in the coupled resonator and SCPB
system. Compared with previous works[6, 7], large am-
plitude coherent states can be obtained at much smaller
coupling than the energy of the resonator. The scheme
provides a practical way of investigating the quantum
properties of the nanomechanical resonators.
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