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1 Introduction

Let Xq,..., Xm,...;Y1,...,Y,, ... beindependent d-dimensional random (column) vec-
tors, which are defined on a common probability space (€2, A, P). The X arei.i.d. copies
of a random vector X, and the Y}, are i.i.d. copies of a random vector Y. The distribu-
tions of X and Y are assumed to be continuous. Within this framework of the so-called
general nonparametric two-sample model, an important submodel is the multivariate

two-sample location model, which states that

Y ~ X + pu for some unspecified 1 € R?. (1.1)

Y

Here and in what follows, '~’ denotes equality in distribution. Although many statisti-
cal procedures are tailored to the situation of the two-sample location model (and even
make further distributional assumptions, such as Hotelling’s T-test which assumes the
underlying distributions to be normal), there has not been any attempt to check the va-
lidity of (1.1) within the general setting stated at the beginning of this section, at least
to the authors’ knowledge. [16] considers the testing problem (1.1) under the unnatural

restrictive assumption that the underlying distributions are diagonally symmetric.

This paper introduces and studies a class of goodness-of-fit tests of the hypothesis
(1.1). The test statistics are based on the empirical characteristic function, which has
proved to be a powerful tool in statistical inference (see, e.g. [11], [3], [4], [7]). To be
specific, let

p(t) = Elexp(it’X)], () = E[exp(it'Y)]

denote the characteristic functions of X and Y, respectively, where the prime stands

for transpose of vectors and matrices. Since (1.1) is equivalent to

Y(t) = o(t) exp(it'y) (t € RY) for some pu € RY,

it nearly suggests itself to base a test of (1.1) on some suitable measure of deviation of

the random function v, (t) — @, (t) exp(it’j), t € R?, from the zero function. Here,

i exp(it'X;), Un(t) = 1 zn: exp(it'Yy)

1
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are the empirical characteristic functions of X;,..., X, and Y;,...,Y,,, respectively,

and i = fimn(X1,. .., X, Y1,...,Y,) is an estimator of u that is based on X1, ..., X,

and Y7, ...,Y,. We assume that [ is location equivariant in the sense that

a( Xy, X, Yita,. Yo +a) = p( Xy, o, X Y, Y) Fa (1.2)
and

a(Xy+a,.. ., Xy 4+a, Yy, Y, = (X, X Y, ) —a (1.3)

for each a € R?. These conditions are natural since, in view of (1.1), x4 measures the
difference in location between the distributions of Y and X. Thus, shifting the Y} by
the vector a should increase the difference in location by a. Likewise, translating the X;
by the same amount should decrease the difference in location by a. A consequence of
(1.2) and (1.3) is the invariance of i with respect to translations of the pooled sample

by the same vector. A further regularity condition on i will be specified later.

A simple example of a location equivariant estimator is 4 = Y, — X,,, where X,, =
X, Y, =n"! > h_1 Yy denote the sample means of X;,..., X,, and Y7,...,Y,,

respectively.

—1 m

In the spirit of a class of tests for multivariate normality (see [10], [9]), the test statistic

we propose is the weighted L?-distance

2
L= Lnps = [ [6alt) = omlt) exp(it'i)| ws(t)] dt. (14)
Rd
where
1 t|?

is the density of the centered d-dimensional normal distribution N'(0, 3%I;) with in-
dependent components and marginal variances ($2. With the exception of Section 3,
6 > 0 will be fixed in what follows.



Using the relation

/cos(z/t) wg(t)dt = exp <_ﬁ HQZH )

Rd

and symmetry arguments, straightforward algebra shows that L takes the simple form

L_ 1 m 52 X X ) 2 m n BZ X . Y 9
—ﬁZeXP _EH i — Xl —%ZZGXP —7H i+ =Yl

k=1 j=1k=1
1 n 52 )
oY e (<2 - vl (1.6)
ns 2
7. k=1
Thus, a computer routine for implementing the test statistic is readily available.

Notice further that, by (1.2) and (1.3), the value of L remains unchanged under trans-
lations X; — X;+a (j=1,...,m)or Yy — Yy +a (k=1,...,n). Consequently, the

distribution of L under (1.1) does not depend on the nuisance parameter pu.

Interestingly, the statistic L has a completely different representation in terms of a

measure of distance between two nonparametric density estimators.

Proposition 1.1 We have

27) /2 A R 2
Lm,n,ﬁ = ( )d (fm,h(x> _gn,h(x)) d.fL', (17)
B
Rd
where
; 1 & 2\ ~4/2 2 — (X + @)|]?
fmn(x) = E; (27rh ) exp <— 57,2 ,
. 1 —d/2 |z — Yil|?
= — 27h? _
Gn,n () . ]; ( T ) exp ( T ,
and
1
= . 1.
b= 55 (18)



PROOF. Let L?(R?) denote the Hilbert space of measurable complex-valued functions
on R? that are square integrable with respect to Lebesgue measure. It is well known

that the Fourier transform

u(z) = /exp(im’t)u(t) dt

Rd

of u € L?(R?) belongs to L?(R?), and that, by Plancherel’s theorem,

/|€L(x)]2dx - (%)d/ lu(t)[2 dt. (1.9)

JFrom (1.4), we have

2
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s = iy |

JAEC exp( o

)~ om0 esptitmyexn (-1
Writing P,, for the empirical distribution that puts mass 1/m on each of the data X,;+/
(j=1,...,m), and letting Q,, be the empirical distribution of Y7,...,Y,,, the function
¥ (t) exp(—||t]|?/(43?)) is the Fourier transform of the convolution Q,*N (0, (26%)11,),
and @, (t) exp(it’ 1) exp(—||t]|?/(45%)) is the Fourier transform of the convolution P,,
N(0,(28%)711,). Since P, * N(0, (26?)7'1;) and Q, * N(0,(26%)7'1;) have densities

fmh and g, 5, respectively, the assertion follows immediately from (1.9). H

REMARK. Representation (1.7) reveals that the role of 3 figuring in the weight function
(1.5) is that of a smoothing parameter, which determines the bandwidth h of the
density estimators fm,h and g, via (1.8). fm,h aims at estimating the distribution of
X + p, which under (1.1) coincides with the distribution of Y. The latter, in turn, is
estimated by g, 5. A similar phenomenon was observed in the context of testing for
multivariate normality (see [9]). In fact, the test statistic of Bowman and Foster (see
[2]), which was motivated by density estimation and involves a bandwidth depending
on the sample size, turned out to be a special member of a class of tests based on an
L2-distance between characteristic functions with a fixed 'bandwidth’. Interestingly,
keeping the bandwidth fixed ensures positive asymptotic power of the test against

contiguous alternatives that approach the hypothesis at the rate 1/y/n (see Theorem



3.1 of [9]) However, as shown by Giirtler (see [6]), the test of Bowman and Foster is

not able to detect such alternatives.

Anderson et al. [1] and Fan [5] established results similar to proposition 1.1 in a one- and
two-sample goodness-of-fit setting, respectively, and arrived at analogous conclusions

concerning power with a fixed/decreasing bandwidth.

2 Asymptotic distribution theory

In view of the representation (1.4), a convenient setting for asymptotic distribution
theory is the separable Hilbert space £2 of measurable real-valued functions on R
that are square integrable with respect to the normal distribution N(0, 3%I;). The

inner product and the norm in £2 will be denoted by

(g.h) = [ g wstydt,  igller = (9.9,

respectively. Weak convergence of random elements of £2 and random variables is
denoted by =. Op(1) means a sequence of random elements that is bounded in

probability, and op(1) stands for convergence to zero in probability.

We first study the limit behavior of L,,, 3 under the null hypothesis H, that (1.1)
holds. All limits refer to the case that the sample sizes m and n tend to infinity in such

a way that

lim = p for some p satisfying 0 <p < 1, (2.1)
m-+n

which we call the usual limiting regime. The total sample size will be denoted by

N =m+n.
In addition to (1.2) and (1.3), we impose the following regularity condition on j:

There is a measurable function [ : R? — R? such that



i = =X )+ ) + op(1/VR), 2.2

Moreover, EI(Y) = 0 and E|[I(Y)|* < cc.

If i =Y, — X,,, then, assuming E|Y||? < oo, (2.2) holds setting I(z) = z — E[Y].
Putting

Znn(t) = 5 Un(®) = |/ Va0

where
Un(t) = %jf:l(cos(t’(Xj+/fe))+sin(t’(Xj+ﬂ)) - \I/(t)), (2.3)
1 = / : /
Vo(t) = %jgl(Cos(t Y;) +sin(t'Y;) — \I/(t)),
U(t) = E(cost'Y) +sin(t'Y)), (2.4)

it is readily seen that

mn

m-+n

Linns = [ 22,0 ws(t) dt. (2.5)
Rd

We will show that the process Z,, ,(+), regarded as a random element of £2, will converge
in distribution to some centered Gaussian process W (-). Since the right-hand side of
(2.5) i || Zmnl|%2, the continuous mapping theorem then yields the convergence in
distribution of mn/(m + n)Ly,np to fga W2(#)wg(t)dt.

A

Performing a second-order Taylor expansion of cos(t'(X; + 1)) = cos(t'(X; +u) +t' (/i
) around t'(X; + p) (and likewise for the sine term figuring in (2.3)), we obtain

Up(t) =Upa(t) + Up2(t) + Uns(t),

where

U (t) = —— 3" ((cos(t'(X; + ) +sin(#'(X; + ) — U(2)),

m j=1



Unat) = = >~ (cos(t (X, + ) = sin#(X; + ) - /(3 — ),

m j=1

and

1 . 1 .
Un s < 5vm (= p)* < 5v/m llp = ulPlIEP
Since v/ N (fi — ) = Op(1) by (2.2) and the Lindeberg-Feller central limit theorem, it
follows that
[Umsllez = op(1). (2.6)

We next consider U, »(t). Putting

i (cos t'(X; + p) —sin(t'(X; + ,u))),

1
m 4

note that EV,,(t) = ¥(¢) where, by analogy with (2.4), we define

U(t) = E(cost'Y) —sin(t'Y)). (2.7)

_ . ) - 2
[ U2 () =W () - "Vm(p— p)llez < vmllip—p / e[ (0 (1) = (1)) ws(t)dt,
Rd
which is op(1) since, by Fubini’s theorem, the expectation of the integral converges to

zero, and since v/m||ft — p]| = Op(1) because of (2.2) and (2.1). Combining this result
with (2.6) and using the representation (2.2), we obtain

Zonlt) = \/% W) \f WO(t) + op(1), (2.8)

Wi = SSwie, wew = S ww,

j=1 j=1



and

Wih () = ——= (cos(t'(X; + ) + sin(t'(X; + ) = U(t) = WOFUX; + ),

1 _
W () = ﬁ<c08(t'Yj) +sin(t'Y;) = W(t) — U(OIY;)).
By a standard central limit theorem for i.i.d. random elements in Hilbert spaces, W&l)

converges to some centered Gaussian process W™ on £2 with covariance kernel

c(s,t)=E [(COS(S’Y) +sin(s'Y) — U(s) — \II(S)S’Z(Y)) X (2.9)
x ((cos(t'Y) + sin(t'Y) — W(t) — W(UY))]

(recall X + p1 ~ Y under Hy). By independence of the two samples, W2 converges in
distribution to some independent copy W of W1, Since, for constants a, b satisfying
a?+b% = 1, the (centered) process W = aW® 4+ bW (2 has the covariance kernel (2.9),
and since the constants a,,, = (n/N)Y2, by, = (m/N)Y/? figuring in (2.8) satisfy
afn,n + bfmn = 1 and converge to 1 — p and p, respectively (recall the limiting regime
(2.1)), Zp, = W under H,. B

The results obtained so far may be summarized as follows:

Theorem 2.1 Assume that (1.1) holds, and that the estimator i allows for a rep-
resentation of the form (2.2), where EI(Y) = 0 and E|Y||* < oo. Then, under the
limiting regime (2.1),

mn

Linng = /WQ(t)wﬁ(t)dt,

Rd

m+n
where W (-) is a centered Gaussian process on L* having covariance kernel (2.9).

We now consider the problem of consistency of the test that rejects (1.1) for large

values of L,, ,, 3.

Theorem 2.2 Assume that (1.1) does not hold. If, under the usual limiting regime,

fimn — a almost surely (2.10)



for some a € RY, then

mn

m7n7 m
m-+n A

almost surely. Thus, a test that rejects (1.1) for large values of Ly, is consistent

against such alternatives.

PROOF. Let

HER

A = inf [ 1) exp(it) - w(6)Fwa(t) dr

Use compactness and tightness arguments to show that A > 0. Let m(s), n(s), s > 1
be increasing sequences of integers that follow the usual limiting regime. By Fatou’s

lemma,

§—00

Bm inf Lon(s) n(s),6 > / lim inf [ @i (s) () €xXP (it fin(s)n(s)) — Ps) () *ws(t) dt.
Rd

JFrom (2.10), the integrand converges almost surely to |¢(t) exp(it'a) — 1 (t)|* whence,

by dominated convergence,

lim inf Lingsynioys > [ li(t) exp(it'a) — () Pwp(t) de
R4
>A >0,

proving the assertion. l

3 The cases 3 — 0 and 3 — o©

This section sheds more light on the role of the weight function wg figuring in (1.5).
We will show that the test statistic L,,, 3, when suitably transformed, converges to
some limit statistic as § — 0 or § — oo. Notice that, in view of (1.7) and (1.8), these
cases correspond to 'infinite’ and ’zero’ smoothing, respectively (see [8] for a similar

observation in connection with testing for multivariate normality). Thus, the class of

10



tests based on Ly, , g, 3 > 0, is 'closed at the boundaries’ 5 — 0 and 3 — oo. To state
the first result, let

1 m _ n _ _
— Z j - Xm),a Z Yk - - Yn)/
m 7j=1 k=1
be the sample covariance matrices of X1,...,X,, and Y7,...,Y,,, respectively. The trace

of a square matrix A will be denoted by tr(A).

Proposition 3.1 If i =Y, — X,,, then

({tr(Sm = Tw)}? + 2t7(Sp — T0)?) . (3.1)

A~ =

lim B L =

PROOF. An expansion of the exponential terms in (1.6) yields

52 54 5
Lmn,@ — __Al + _A2 -+ 0(6) as ﬁ—>0,
where

A= S X S Y = Rl = 3 S I - i
J 9

mzak 1 n? 55 mn 521 k=1
1 4 1 & A 2 m n A .
2= o 21X =Xl g 3 I Vil S S e Yl

Jik= k=1 j=1k=1

By replacing X;, Xj, and Y;,Y} in the first two sums occuring in the definition of A,
by their 'centered values’” X; — X, X — Xons Y, - Y,, Y, —Y,, respectively, and then

using
J=1 k=1

it is readily seen that A; = 0. To tackle Ay, apply the centering as above to || X; — Xj||*

and ||Y; — Yi||* and then use (3.2) and the fact that the operation tr(-) is a linear

11



functional on the set of square matrices of given order satisfying tr(AB) = tr(BA).

For example, we have

1 & _ _
W Z ||XJ - Xm - (Xk - Xm)||4
k=1

1
m2

—5 2 UG = Xl o+ 201 = X |1 — X * +
7,k=1

1 m _ m _
= —5 | 2m 21X = Xl + 2| 21X = Xl P +
Jj=1 j=1
m — 2
+4 2 [(X = Xn) (X = X)) )
G k=1

etc. The details are omitted. B

REMARK. Proposition 3.1 shows that, as 8 — 0, L,,, g degenerates to a functional of
the difference of sample covariance matrices. Notice that the right-hand side of (3.1)
is always nonnegative, and is zero if, and only if, S,, = T,. Thus, in the limit 3 — 0,
L, n 5 provides a test for the equality of covariance matrices. Interestingly, the time-
honored normal theory test for covariance matrices uses a completely different criterion,
namely, apart from a factor, |S,,|™Y/2|T,,|"=1/2 /|m.S,, +nT,|N=2/2 (see e.g. [12], p.

526). Here, |A| stands for the determinant of a square matrix A. Other test statistics

12



for testing the equality of two covariance matrices can be found in [14], Sec. 8.2.8.

We state the next result only for the balanced case m = n; the expression looks more

complicated in the general case.

Proposition 3.2 If m = n, we have
. m? 2
g{g; <——B§10g;{ Lnum%3_';ﬁ’}> ::Ala

where
M = min (min |1 X; — X2 min [¥; — Yill% min [ - X; - ).

PROOF. The proof follows readily upon noting that

1 1 2
L = = 1= g o0 (=5 1 = Xl ) + 5 T (=15 - e
i<k i<k
2 5]
-2 33 e (<G - vile)
mn .5

and using the fact that, if 0 < ay < as < ... < a, and b > 0, then

Zexp —ba;) = exp(—ba;)(1+o0(l)) asb— oco. A

REMARK. The statistic M in Proposition 3.2 compares the minimum interpoint dis-
tance within the two samples with the interpoint distance of the pooled sample. The
resulting test is not consistent against all alternatives. The same holds for a test based

on the limiting statistic in Proposition 3.1.

4 Permutation— and Bootstrap—Tests

To perform the test of (1.1) based on L, , g, we suggest the use of resampling proce-

dures. One possibility is the permutation test procedure, which works as follows. Pool

13



the values Xy + fi,..., X, + 1, Y7, ..., Y, into a sample of size N. Then randomly di-
vide the pooled sample into two subsamples such that one has size m and the other
has size n. This is just a random permutation of the pooled sample. Denote the first
sample by Z , j =1,...,m, and the second by Z]@), J=1,...,n. We estimate u by
fp = (20, 20, 2P Z®) Putting

L5 =Lonns(Z0, .. 20, 23 22,

n

we have
where
=[5m0 = [ 2ve), (13)
and
1 2 , . ' P
UP (t) = NG ; [cos (' (28" + i) ) +sin (¢ (Z1V + 1)) — 0¥ (1),
VE(t) = L i {cos (t’ZJ(Q)) + sin (t’ (2)) 1/1N }

(cos(t'a) + sin(t'a)) .

2|H§
i

3
3
3

Here and in what follows, P, = {27, ..., 20, 2P 2OV (= (X140, ..., X +

m

[, Y1,...,Y,}) denotes the pooled sample.

Theorem 4.1 Assume that the conditions of Theorem 2.1 hold. Then for almost all
sequences {X1,..., Xpm,...} and {Y1,..., Y, ...},

Ly = [ WHOuat)dr,

under the limiting regime (2.1), where W(-) is the Gaussian process figuring in the

statement of Theorem 2.1.

14



PROOF. For fixed 6, let Pp,(8) = {X1 +6,...,Xp +6,Y1,...,Y,}, and let Z\"(0)
(v=1,2;51=1,...,m;jo =1,...,n) be a random permutation of P, (#). Write

> 1{X; + 0 < t},

j=

Fo0,t) =

3=

S 1{zM6) <t}

J:

m0 = -

—

for the empirical distribution functions of X; + 86, ..., X,, + 6 and Z{”(e), L Z0(0),
respectively. Likewise, let G,,(+) and G2 (0, -) denote the empirical distribution functions

of Yi,...,Y, and Z1(2)((9), ..., Z@(0), respectively. Finally, write

n

Hy(60,1) = T Fn(6,1) + 1-Gu(t)

for the empirical distribution of the pooled sample P,, ().

Notice that Hy(0,t) = % FE(0,t) + G (0,t) and thus

m
N

o 6,1) — G0, 0) =" (R0, 1) — Hx(6,1))

n

For a fixed constant C' > 0, let RV denote the centered process
mN d
RVn(0,t) = /== (F5(0,1) = Hn(0,1)) (|0 — pll < O, € RY).

Applying Theorem 1 of [15], p. 309, for almost all sequences {Xi,...,X,,,...} and
{Y1,...,Y,, ...}, RVy converges in distribution to a H-Brownian bridge RVy, where
H(9,t) = lim Hy(0,t) (for a definition, see [15], p. 308).

The convergence is convergence in distribution in [*°(F), the space consisting of bounded,
real-valued functions defined on the class F of indicator functions 1{- < ¢}, t € R%
Note that when 6 = p then F,,(u,-) and G,(-) converge in distribution to the same
limit, which is the distribution function H(u,-) of Y.

15



Furthermore, when C' = O(1/v/N), we have that {RVy(0,t) — RV (i, t) : |0 — pl| <
C,t € R?} converges in distribution to zero. This can be verified by computing the
variance function which is asymptotically zero at rate O(1/+v/N). Note that the distance
between X; — ji, and X; — p equals fi, — i = Op(1/v/N). Therefore { RVi(ji,,t) =
\/@(F,%(ﬂp,t) — Hy(fip, t)),t € R} has the same limit as

RV, 1) = ™ (BB 1) — Hiv(, 1)) € R,

Based on this result, we can now derive the convergence of the test statistic. Write

Wp .(t) figuring in (4.3) as a stochastic integral according to

Wi n(t) =

SE

(] (cos (0 + i) +sim (t(s + ) AFL i )

—/ cos(t'e) + sin(t'e)) dGP (i, ))
T8 [ (cos(t'e) +sin(t'e) = BOF1(0)) d (Fhigs 1) = Gl 1)
p(1)

T4

TN () HNmp,t))}

n

_/ cos o) +sin(t'e) — &(t)t'l(o)) d{
+0p(1).

The term o0,(1) in the second equation can be obtained by similar arguments as between

(2.5) and (2.8) for proving Theorem 2.1. WZ  (t) converges to

W) = [ (cos(t's) +sin(t's) = (1) £i(e)) d RVis(1,1)

in the Skorohod space D[—o0,00]. It is easy to see that the covariance function of

WP is identical with that of W. Therefore WP has the same distribution as W. The

mn Lp

convergence of L,

5 is a direct consequence (see the proof of Theorem 2.2 in [9]

for a similar case). The proof is completed. W

According to Theorem 4.1, a permutation test based on L,,,s (to be definded in
Section 5) works for large samples. As an alternative to the permutation procedure,

it is possible to resample from the combined sample Xy + fi,..., X,, + i, Y1,..., Y,

16



with replacement. To show the validity of this bootstrap procedure, one can proceed
similar as in the proof of Theorem 4.1, replacing Theorem 1 in [15] by Theorem 3
in [15]. Indicating bootstrap quantities by an upper index b, the theorem yields that
{v/m (F};(G, t)— Hy(6, t)) 2|0 — || < C,t € RY} converges in distribution to RVy for
almost all sequences {X1,..., X,,,...,} and {Y7,...,Y,,...}. Hence,

Y, — Gy = TS, — Hy) =\ [ /(@ — Hix)

converges in distribution to /1 — p RVy —/p RV};, where RV}, is an independent copy

of RVy. As a consequence, W},  (t) converges to

We(t) :/ (cos(t’o) + sin(t'e) — (t) t’l(o)) d < 1 —pRVy(p,t) — \/ﬁRVé(u,t))

in D[—o00, 00] which shows that a statement analogous to Theorem 4.1 holds for the

bootstrap procedure.

5 Simulation results

To assess the actual level of the tests for the location shift model based on L, . 5, a
simulation study was performed for sample sizes N = 40 (m = n = 20) and N =
80 (m = n = 40) and dimensions d = 2 and d = 5. As estimator of p we used
ft = Yp, — Tpy. Besides Ly n.0, Linno05, Linn and Ly, » 2, we included Bartlett’s modified

likelihood ratio test statistic

m n 1
Amn v Sm (m—-1)/2 Tn (n—-1)/2 / -~ Sm Tn (N72)/2.
’ m—1| | n—l‘ | N—2|m Tl

The validity of the pooled bootstrap procedure for A,,,, was proved in [17], [18].

We used the following distributions:

e M Njp: the d-variate standard Normal distribution N (0, )
e M N,: the d-variate Normal distribution N(0, X)), where X} = diag(2,4) and 2} =
diag(2,2,2,4,4);

17



e M Nj3: a d-variate normal distribution with mean zero, unit variances and equal
correlation p = 0.5 between components; the covariance matrix is denoted by X2;

e MT;: the multivariate ¢ distribution with 5 degrees of freedom t4(5;0, 1), generated
as U/\/V, where U and V are independent, and U ~ N(0, I), V ~ x2/5;

o MTy, MTs: multivariate ¢ distribution t4(5;0,X}) and ¢4(5; 0, X2);

e CN: a contaminated normal distribution, where each component is a AV/(0, 1) random
variate with probability 0.9 and a x3 variate with probability 0.1, and where the

components are independent.

For each fixed combination of N, d and the underlying distribution as given above, the

following procedure was replicated 5 000 times:

(1) generate random samples x1, ..., 2z, and yi, ..., Yy,

(2) compute Ly, (21, Ty Y1y - -5 Yn)

(3) compute 2 =z + 1, j=1,...,m

(4) draw 500 samples with (without) replacement from the pooled sample 2/, ..., 2] ,
Y13 Yn

(5) calculate the corresponding 500 realizations L), 5(7) (L}, 5(7)), 1 < j < 500,

(say) of the bootstrap (permutation) statistic L7 , 5 (L}, 5)
(6) reject Hy if Ly, 8, computed on 1, ..., Ty, Y1, - - ., Yn, €xceeds the empirical 95%-

quantile of L7 | 5(j) (L, . 5(7)), 1 < j < 500.

Table 1 and Table 2 show the percentage of the number of rejections of Hy for the
bootstrap and the permutation procedure, respectively. Obviously, the bootstrap pro-
cedure is conservative to a greater or lesser extent; it performs worse with increasing
values of the dimension d. In contrast, the actual level of the permutation procedure
is more or less above the nominal level of 5%. In the majority of cases, the percentage
of the number of rejections is less than 8% for n = 20 and less than 7% for n = 40.
For larger values of 3, the bootstrap procedure for L,,, s breaks down. This effect
might have been anticipated from Proposition 3.2 since, for large values of 3, L, 3
is approximately a minimum of random variables. Notice, however, that the permuta-
tion procedure works well also for larger values of 3. The observations concerning the

bootstrap procedure for A,,, are in agreement with the findings of Zhang and Boos
[17].
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MNy MN; MNs MIy MIT, M1y CN

Appn n=20 d=2| 43 3.8 3.9 4.0 4.3 46 4.1
d=5]| 13 2.0 1.7 2.2 1.9 21 28

n=40 d=2| 5.3 4.6 4.7 4.3 4.4 49 49

d=5| 3.1 3.2 3.3 3.3 3.2 3.4 48

Lyno mn=20 d=2]| 48 6.3 5.2 3.8 4.0 4.3 3.2
d=5| 3.7 4.1 5.0 3.0 2.3 4.1 1.6

n=40 d=2| 5.1 5.2 0.4 3.7 3.8 43 3.3

d=5]| 39 4.4 5.5 2.5 2.3 3.6 23

Lynos n=20 d=2| 49 4.0 4.6 3.7 3.4 4.0 2.7
d=5| 2.2 0.9 3.7 1.6 0.6 26 1.5

n=40 d=2| 4.9 4.8 4.8 3.4 3.8 3.3 31

d=5]| 3.1 1.5 4.2 2.1 14 29 20

Lyni n=20 d=2]| 3.6 1.7 3.8 2.9 1.5 3.9 27
d=5| 0.2 0.0 0.7 0.1 0.0 0.5 0.0

n=40 d=2| 4.0 3.0 4.5 3.5 2.5 3.7 3.3

d=5| 04 0.0 1.9 0.7 0.0 1.1 0.3

Lyn2 n=20 d=2| 14 0.1 1.9 1.0 0.0 1.1 0.0
d=5| 0.0 0.0 0.0 0.0 0.0 0.0 0.0

n=40 d=2| 21 0.4 24 1.2 0.1 20 1.3

d=5| 0.0 0.0 0.0 0.0 0.0 0.0 0.0

Table 1

Estimated level for the bootstrap test (nominal level: 5%)
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MNy MN; MNs MIy MIT, M1y CN

Appn n=20 d=2| 47 5.1 5.2 5.3 6.0 9.5 6.2
d=5| 53 4.6 5.1 6.5 6.5 5.8 7.7

n=40 d=2| 5.3 5.4 5.2 4.9 9.5 2.9 6.2

d=5| 52 5.7 5.3 5.7 6.0 5.7 5.6

Lyno mn=20 d=2]| 6.1 6.3 5.3 6.8 6.7 5.9 82
d=5| 6.8 6.2 9.5 7.8 6.8 6.1 9.2

n=40 d=2| 53 6.2 9.5 5.6 6.2 5.6 7.6

d=5| 58 6.3 5.7 6.0 6.2 61 6.5

Lynos n=20 d=2| 6.2 9.5 6.4 7.8 6.9 72 17
d=5| 64 5.7 5.8 7.9 7.2 6.6 7.5

n=40 d=2] 59 5.0 5.4 6.4 5.4 5.3 64

d=5| 5.5 5.1 5.3 6.1 9.5 6.4 59

Lyni n=20 d=2| 55 5.9 5.7 6.1 7.2 6.4 5.9
d=5| 6.0 6.2 6.1 7.1 8.1 6.5 6.0

n=40 d=2| 5.1 5.1 4.8 5.4 9.5 5.6 6.5

d=5| 52 5.4 5.2 6.1 5.6 5.6 6.1

Lyn2 n=20 d=2| 54 6.6 5.6 7.0 7.7 6.3 6.5
d=5| 6.2 8.1 6.3 8.6 9.9 78 74

n=40 d=2] 50 5.7 5.3 5.3 6.5 6.2 5.7

d=5| 53 7.5 9.5 7.1 9.0 6.1 6.3

Table 2

Estimated level for the permutation test (nominal level: 5%)
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To assess the power of the different tests, we simulated data from the following distri-

butions:

o Ai: M N, against M No;

o Ay: M N, against M Nj;

o Az: MTi against MTy;

o Ay MTy against MTs3;

o As: M N; against \/%MTl;

e Ag: M N, against CN/+/0.85;

o A /0.6 MT, against C’N/\/m.

The covariance of MT is 5/3 I; hence, the covariances of both distributions of As
coincide. (But A5 does not satisty (2) in [17]; i.e., Hy does not hold even for A,, ). The

same remark applies to Ag and A;.

Table 3 and Table 4 show the percentages of rejection of Hy. An asterisk denotes power

100%. The main conclusions that can be drawn from the power study are the following:

(1) The bootstrap and the permutation tests behave similar in all cases in which the
bootstrap procedure maintains its nominal level. However, for small n and d = 5,
the bootstrap loses power. For larger values of 3, the bootstrap tests based on
L, n 5 breaks down, as expected from the results of Table 1.

(2) For alternatives with mere covariance differences, the tests based on A,,, and
L., n0 outperform the other tests. In particular, L,, , o performs best for the scale
alternatives A; and As, whereas A,,,, is better for A, and Aj.

(3) The permutation test based on L,,,; dominates all other tests in the remaining
cases where the covariance matrix is the identity. The power of A,,,, and L,, 0
does not increase with larger sample size.

(4) Over the whole range of alternatives considered, the permutation test based on

Ly 05 seems to be a good compromise.
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A Ay Az Ay | A5 As Ar

Apn n=20 d=2|671 21.8 474 168 | 54 6.9 4.3
d=5|474 325 365 25.1| 23 36 24

n=40 d=2]976 515 802 31.0| 71 89 52
d=51995 920 8.1 71.0| 49 53 3.6

Lpno n=20 d=2|824 132 477 74 | 71 100 4.0
d=5|983 41.7 564 132| 7.0 85 21

n=40 d=2]991 264 765 10.7| 6.8 11.5 3.7

d=5| = 8.1 808 302| 69 7.7 20

Lynos n=20 d=2|740 120 432 64 | 71 102 3.7
d=51]932 322 511 98 | 88 9.8 22

n=40 d=2]981 245 805 106 | 9.6 157 4.3

d=5| = 81.6 94.0 30.6 | 183 187 3.1

Lppni n=20 d=2|469 92 252 6.1 | 76 88 4.1
d=5]99 41 16 10 | 44 27 09

n=40 d=2|882 19.1 62.0 9.7 |14.7 19.0 5.1
d=5]834 346 342 93 |204 154 28

Lppn2 n=20 d=2|80 27 33 13| 37 36 18
d=5|00 00 00 00|00 0.0 0.0

n=40 d=2|428 75 193 42 | 82 103 3.6
d=5|00 00 00 00|00 00 0.0

Table 3

Estimated power for the bootstrap test (nominal level: 5%)
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A Ay Ay Ay | A5 Ag A;

Amn n=20 d=2|710 248 522 185| 67 78 6.3
d=5|681 519 523 433| 7.1 68 6.2

n=40 d=2[980 508 81.6 351| 7.3 108 5.9
d=5]998 949 90.0 788 | 82 84 6.1

Lmno n=20 d=2|87.3 148 651 120 | 85 119 7.5
d=5[99.6 530 80.2 264|106 132 9.2

n=40 d=2995 272 869 156 | 7.2 13.0 7.3

d=5| « 913 937 478 | 97 110 6.6

Lmnos n=20 d=2|81.3 154 561 122| 95 130 85
d=5|978 49.7 77.0 260|172 185 95

n=40 d=2|986 284 860 17.5|11.8 202 9.2

d=5| « 882 975 497|259 319 9.7

Lmni n=20 d=2[598 119 41.0 112|118 142 80
d=5|794 310 56.1 19.7|224 198 9.7

n=40 d=2|91.7 217 729 144|165 233 87
d=5|989 647 869 368|412 341 10.3

Lmnz n=20 d=2[366 94 286 93 |105 109 7.1
d=5[386 159 329 156|167 133 8.9

n=40 d=2|69.7 144 520 115|151 165 7.9
d=5|648 262 487 214|282 186 9.6

Table 4

Estimated power for the permutation test (nominal level: 5%)
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