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Chapter 1

Introduction

The Standard Model of particle physics successfully describes all fundamen-
tal forces, aside from gravitation, by quantum field theories where forces
are mediated by so-called gauge bosons. In particular, this is the electro-
magnetic, the weak and the strong interaction. The Electroweak Standard
Model explains electromagnetism, where the carrier of the electromagnetic
force is the massless photon, and the weak force, mediated by the massive
W - and Z-bosons. The strong force, which is responsible for the binding of
atomic nucleus, is defined within the theory of Quantum Chromo Dynamics
(QCD). Experimental and theoretical studies of the Standard Model have
explored an energy scale up to the magnitude of the masses of the W - and
Z-bosons with great accuracy. Theoretical predictions derived in the frame-
work of the Standard Model are probed in collisions of particles in particle
accelerators and, up to now, the Standard Model has successfully passed
all experimental tests. Yet, there are some issues which cannot be resolved
within the Standard Model of particle physics. The scientific community is,
therefore, excited about possible new physics probed by the next generation
of particle accelerators.

There are basically two designs of particle colliders. On the one hand circu-
lar accelerators, and on the other hand linear accelerators, both having their
advantages and disadvantages. The circular collider can accelerate the parti-
cles running in the ring for as long as required. Unfortunately, the faster the
particles become, the more synchrotron radiation they emit and the higher
the energy loss. This leads to a natural bound of an economically justified
center of mass energy for circular colliders. On the other hand, linear ac-
celerators do not emit any synchrotron radiation and thus the energy loss
is much less compared to that of circular colliders. However, the particles
can only be accelerated once along their trajectory, making it technically a
rather difficult task to build a linear accelerator of sensible length yielding a
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high center of mass energy.
Another freedom of choice are the particles running in the collider, namely
electrons or protons, and their respective antiparticles. Again, both have
their advantages and disadvantages. In the beginning of the collider era,
electrons were the first choice since they have only a small number of final
state particles. The clear signature in the detectors makes it simpler to recon-
struct the event and its kinematics. The disadvantages of electrons running
in circular colliders lie in their small mass, so that the energy loss due to
synchrotron radiation increases quickly. The last high energy electron circu-
lar collider most likely ever built was the Large Electron Positron Collider
(LEP) at CERN, the predecessor of Large Hadron Collider (LHC). This is
the reason why protons were the choice at LHC. With a mass of about 2000
times the electron mass, the center of mass energy of a proton collider is much
higher than that of an electron collider, assuming a similar amount of energy
loss by synchrotron radiation. However, it is the bending magnets which
actually cause limitations of the center of mass energy. Due to the larger
mass of the protons, the magnetic fields which keep the particles on track
have to be much greater. The advantage of gaining higher center of mass en-
ergies with protons is impaired by the protons substructure, however, which
makes it an extremly difficult task to reconstruct the event and momentum
transfer. While the proton-proton collision at LHC takes place at a center
of mass energy of 14 TeV, the actual scattering processes involves quarks
and gluons, the constituents of the protons, which carry only a fraction of
the protons energy. Within the theory of the Standard Model, predictions
for such scattering processes are calculated for the protons constituents, also
referred as partons, yielding partonic cross sections. To derive cross sections
for proton colliders the partonic cross sections have to be convoluted with
parton distribution function which gives the probability of finding particu-
lar constituents inside the proton carrying a certain amount of momentum
fraction.
Indeed, The next colliders planed are electron linear colliders. The one most
promising to be build is the International Linear Collider (ILC), which is
planed to start at a center of mass energy of about 500 GeV, including the
possibility of an upgrade to 1000 GeV. The status of this collider has not
succeeded the planing phase yet and it remains uncertain whether it will ever
be built. Much of the question as to whether to build a linear collider depends
on the outcome of LHC. Another linear collider planed is the Compact Linear
Collider (CLIC), which will run at center of mass energies of 3 TeV to 5
TeV. The CLIC project, however, is not expected to be build in the near
future because its technical design cannot be realised with current technology.
The power of electron colliders lies rather in accurate measurements of the
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parameters of the Standard Model due to its clear signatures, while proton
colliders are better suited for exploring new energy regimes inaccessible to
electron colliders. Due to its high center of mass energy, the LHC is well
suited for the discovery of new particles whose production is not possible in
the energy range currently accessible. One of the most important tasks of
LHC, maybe the most important one, is the search for the Higgs boson. The
Higgs boson is the only particle predicted by the Standard Model of particle
physics which is yet to be discovered. It is inevitably needed to generate mass
terms in the Electroweak Standard Model without violating its underlying
gauge symmetry.
One of the key issues is the high luminosity of LHC and ILC which enhance
the experimental precision, thus allowing to probe the particles properties
accurately. Therefore the precision of theoretical predictions must be at
least as good as the experimental precision in order to provide an accurate
determination of parameters and to disentangle various scenarios of physics
beyond the Standard Model and their manifestations.
At energies around the electroweak mass scale, the main contribution to ra-
diative corrections is of QCD nature. At the TeV-scale, the situation looks
different. Here, electroweak radiative corrections which are dominated by
large electroweak logarithms, commonly referred to as Sudakov logarithms,
can well reach a similar magnitude as QCD corrections. These logarithms
were first observed by Sudakov in the context of calculations within the
theory of Quantum Electrodynamic (QED). Quantum field theories with ex-
change of massless gauge bosons may lead to singularities when performing
loop integrations on the one hand and considering radiation of massless gauge
bosons with arbitrarily soft momenta on the other hand. To regularize these
singularities one commonly introduces an artificial gauge boson mass. In
this way, both the virtual corrections, i.e. only virtual particle exchange is
considered, and real corrections, where a massless gauge boson with soft mo-
menta is radiated, become well defined but depend on an unphysical photon
mass. Only in inclusive corrections, when virtual and real corrections are
combined, the dependence of the artificial gauge boson mass drops out.
In the electroweak theory, however, loop integrals involving only virtual W -
and Z-bosons are infrared safe because the masses of the weak gauge bosons
provide a natural regularization. Hence exclusive weak corrections are well
defined. Massive gauge bosons with arbitrarily soft momenta can be detected
as individual particles, in contrast to massless gauge bosons, which go un-
deteced if their energy becomes too soft for the resolution of the detector.
Hence inclusive processes involving real gauge boson radiation differ from
exclusive processes. Of course, photons are part of the electroweak theory
and real QED corrections have to be included in order to get well defined
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inclusive electroweak cross sections.
The electroweak Sudakov logarithms take the form log(s/M2) where

√
s is the

center of mass energy of the colliding particles and M denotes the mass of the
weak gauge bosons. In the framework of perturbation theory the underlying
equations are expanded in a power series of the small fine structure constant
α. In particular, per loop integration double logarithms and single logarithms
arise. At n-th order perturbation theory, this leads to logarithms of the
form αn log2l(s/M2) with l = 1, . . . , n , which grow rapidly with the energy.
They are commonly denoted as leading logarithms (LL) for αn log2n(s/M2),
next-to-leading logarithms (NLL) for αn log2n−1(s/M2), etc. Usually, the
subleading logarithms are of comparable size to the leading ones due to large
coefficients. Furthermore, the coefficients may have alternating signs which
eventually lead to large cancellations between leading and next-to-leading
logarithms. Therefore, subleading logarithms have to be taken into account
to derive precise results. In this thesis, the electroweak NNLL corrections
to the production of onshell W pairs are presented both for proton-proton
collisions (LHC) and electron-positron collisions (ILC).
This work is organized as follows. In chapter two, we give a brief introduction
of the high energy behaviour of the Electroweak Standard Model and address
the Sudakov logarithms associated with mass singularities. In chapter three,
the approach of the infrared evolution equation is introduced for a single mass
scale theory and is applied to a massive Abelian and a non-Abelian gauge
group. Subsequently, it is shown how to work with this approach for the
somewhat more complicated Electroweak Standard Model. This approach
is applied to W -pair production at electron colliders in chapter 4. Finally,
W -pair production at LHC is handled in chapter 5. The conclusion of this
work is presented in chapter 6.



Chapter 2

Electroweak Corrections at
High Energies

The fundamental object of the standard model of particle physics is the La-
grange density L. It governs all known interactions among particles except
gravity. It can be found in any textbook on Quantum Field Theory and will
not be discussed here in detail. A common approach to calculate interac-
tion amplitudes is the concept of Feynman diagrams, where interactions are
assumed to be perturbations to the free field theory. With this approach,
the Lagrangian is expanded in small coupling constants leading to a sum of
Feynman diagrams in any expansion order perturbation theory. In that sense
each of the three gauge groups of the standard model, U(1)Y , SU(2)w and
SU(3)c which describe the electromagnetic, the weak and the strong force re-
spectively, has its own coupling constant which can be expand in. We restrict
this work to calculations within the Electroweak Standard Model made up of
SU(2)w × U(1)Y . This gauge symmetry is, however, spontaneously broken,
as described in the context of the Higgs mechanism. Due to this symmetry
breaking, the gauge bosons and the coupling constants of these two partic-
ular gauge groups mix and only the symmetry U(1)em survives, related to
Quantum Electrodynamics. The relation between the gauge boson Bµ and
coupling constant g′ of U(1)Y and the three gauge bosons Wi, i = 1, . . . , 3
and coupling g of SU(2)w are given by

Aµ = cos θWBµ − sin θWW
3
µ

Zµ = sin θWBµ + cos θWW
3
µ

W±
µ = 1√

2
(W 1

µ ∓ iW 2
µ) (2.1)

and
e = sin θW g = cos θW g′ , (2.2)

7
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where θW is the weak mixing angles. The remaining two weak gauge bosons
W2 and W3 form the electrically charged gauge bosons W+ and W−. Since
only the symmetry U(1)em remains after symmetry breaking, the correspond-
ing gauge boson Aµ, the photon, stays massless while the gauge bosons W±

and Z gain masses. At high energies, when all kinematic invariants are far
larger than the masses of the weak gauge bosons so that these masses can
be neglected, the symmetric and broken phase of SU(2)w × U(1)Y become
equivalent.
As expansion parameter we use, if not stated otherwise, the fine structer con-
stant α = e2

4π
. For the sines and cosines of the mixing angle the abbreviations

sW = sin θW and cW = cos θW are introduced. Throughout this work we use
natural units c = h̄ = 1.

In this chapter, the high energy structure of the Electroweak Standard Model
will be briefly introduced. The origin and properties of Sudakov logarithms
are discussed in sections 2.1 and 2.2. In section 2.3 we address the Goldstone
boson equivalence theorem at leading and next-to-leading order. Finally we
present the leading order cross section of W -pair production at high energies
in section 2.4.

2.1 Mass Singularities

When performing higher order calculations, one encounters singularities aris-
ing from loop integrations. On one hand there are UV-divergences related
to loop momenta tending to infinity. These divergences are commonly han-
dled by dimensional regularization. On the other hand, Feynman amplitudes
may become divergent when massless particles are running in the loop. These
singularities are commonly referred to as mass singularities and occur for vir-
tual as well as for real radiative corrections. These mass singularities can be
classified in two types, soft singularities and collinear singularities.

Soft singularities arise in diagrams where a massless virtual particle is ex-
changed between external on-shell particles and the momentum flow through
the massless particle uniformly tends to zero. Consider a vertex diagram with
exchange of a massless gauge boson between on-shell fermions,

∫
d4ℓ

1

ℓ2[(ℓ+ pi)2 −m2
i ][(ℓ+ pj)2 −m2

j ]

=
∫
d4ℓ

1

ℓ2(2 piℓ)(2 pjℓ)
∼
∫

ω

dℓ

ℓ
∼ log(ω) . (2.3)
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mj

mi

p2

j = m2

j

p2

i = m2

i

m = 0
m = 0

m = 0

m = 0

Figure 2.1: Diagrams leading to soft (left hand side) and collinear (right hand
side) singularities

Here, ω was introduced as lower integration cutoff. The logarithm blows
up for ω → 0. However, introducing an integration cutoff violates Lorentz
and gauge invariance. For Abelian theories, a convenient way to handle this
singularities is to introduce an artificial mass λ for the exchanged gauge
boson. This leads to logarithms of the ratio of the kinematic invariants q2

and the artificial mass log(q2/λ2). The soft divergences are connected with
vanishing momenta and are thus long distance effects (i.e. soft divergences
are local in momentum space).
Collinear singularities appear when a massless external particle splits into two
massless particles attached to a loop. Consider a massless onshell particle
with momentum p, emitting a virtual massless particle. The denominator of
the corresponding amplitude has the form

∫
d4ℓ

1

ℓ2(ℓ2 − 2p·ℓ) · · · . (2.4)

This integral diverges when ℓ becomes collinear to p. This divergence can
be handled by introducing a mass either for the emitting particle or for the
emitted particle. In other words, one may introduce either a fermion mass
m or a gauge boson mass λ leading to log(q2/m2) or log(q2/λ2), respectively.
Obviously, this class of diagrams exhibits soft divergences as well when the
loop momentum of a propagator attached to an external leg tends to zero.
These soft-collinear singularities lead to double logarithms. The collinear
(and soft-collinear) logarithms depend only on the properties of the external
on-shell particles but not on a specific process [1, 2, 3, 4, 5, 6]. This fact
is especially clear if a physical (Coulomb or axial) gauge is used for the
calculation. In this gauge the collinear divergences are present only in the
self energy insertions to the external particles [2, 5, 6].
Real emission of soft or collinear massless particles gives rise to similar diver-
gences when integrating over the phase space of the emitted particles. The
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virtual and real divergences are intrinsically connected and in many cases
one obtains a finite result for inclusive corrections. This is stated by the
Kinoshita-Lee-Nauenberg theorem [7, 8]. Technically, the real radiation of
massless particles can be detected only up to a certain resolution threshold,
since any detector has a finite energy resolution Eres. For an inclusive correc-
tion of an Abelian theory involving massless gauge bosons which is regulated
by a artificial gauge boson mass, the dependence of the artificial mass drops
out and the detector resolution comes into play instead. The logarithms
related to mass singularities are usually referred to as Sudakov logarithms.

In the following we use the expression “infrared singularities” for both soft
and collinear singularities.

2.2 Sudakov Logarithms in the Electroweak

Theory

In contrast to the energy scale around the W -mass and below, radiative cor-
rections on an energy scale far higher than the W -mass are dominated by
large Sudakov logarithms. In theories with massless gauge bosons like QED,
the Sudakov logarithms depend on an unphysical gauge boson mass and well
defined observables are only obtained in inclusive processes. For massive
gauge bosons this is not the case. In contrast to QED, the masses of the
W - and Z-bosons provide a natural cutoff and the emitted massive gauge
bosons can be detected as distinguishable particles. Hence, exclusive cross
sections involving Sudakov logarithms are well defined and lead to large cor-
rections at high energies. In [9] it is shown that real and virtual logarithmic
corrections do not cancel in electroweak corrections. This fact is known as
Bloch-Nordsieck violation.

At n-loop level, Sudakov logarithms are of the form αnlog2n−l(s/M2) with
l = 0, . . . , 2n − 1 . They are commonly denoted as leading logarithms (LL)
for αn log2n(s/M2), next-to-leading logarithms (NLL) for αn log2n−1(s/M2),
etc. The particular logarithmic corrections can amount to several ten per-
cent at one-loop and still several percent at the two-loop level in the TeV
region. However, the subleading logarithms may be comparable in size to the
leading logarithms due to large numerical coefficients. Moreover, the coeffi-
cients of higher order subleading logarithms may have alternating sign, such
that large cancellations between leading and subleading logarithms may take
place. Thus, subleading logarithms have to be taken into account to guar-
anty reasonable accuracy of theoretical predictions.
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The one-loop leading and next-to-leading logarithms can be found in [10],
derived in a process independent way. Indeed, it is shown up to this ap-
proximation, that the corrections depend only on Casimir operators of the
external particles. The first approach in including Sudakov logarithms be-
yond next-to-leading logarithms was presented in [11] where the leading loga-
rithms were resummed in exponential form by means of evolution equations.
In [12, 13, 14] this approach was applied to the four fermion process up to
NLL, NNLL and NNNLL approximation successively. Recently, the NNLL
correction to W -pair production in e+e− collisions was presented [15].

2.3 The Goldstone Boson Equivalence Theo-

rem

The equivalence theorem on tree level

Gauge symmetry demands all gauge fields to be massless. The only known
way to introduce masses without violating gauge symmetry is the Higgs
mechanism, which is based on spontaneous symmetry breaking. In this
framework massless gauge bosons absorb a massless scalar would-be-Goldstone
boson giving the gauge fields a mass term associated with a third degree of
freedom, the longitudinal polarization. At high energies, where the momen-
tum transfer q2 ≫M2, M being the mass of the gauge boson, the longitudinal
degrees of freedom exhibit their original nature. The amplitude for emission
or absorption of longitudinally polarized gauge boson becomes equal to the
amplitude for emission or absorption of the corresponding Goldstone boson
[16]. Let us write the momentum vector of the outgoing gauge boson in the
form

kµ± = E(1, β~e±) ,

where β =
√

1 −M2/E2 and ~e± are the unit-vectors of the three-momentum
directions of the gauge bosons. In the high energy approximation the longi-
tudinal polarization vector reads

ǫµL(k±) =
1

M
kµ± + vµ± ,

where vµ± = − M
E(1−β)

(1, ~e±) is of O(M/E). Thus, in the high energy limit the

longitudinal polarization vector is equivalent to kµ/M , which corresponds to
an external scalar boson. Therefore, in a leading order scattering the external
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longitudinally polarized vector bosons may be replaced by the correspond-
ing would-be-Goldstone bosons. The mixing contributions of production of
one Goldstone boson and one longitudinally polarized gauge boson are sup-
pressed by O(M/E) [17].

The equivalence theorem at one-loop

At the one-loop level one has to take care of the field strength renormalization
of the would-be-Goldstone bosons. Since the Goldstone bosons are no real
physical particles the field strength renormalization is not as straight forward
as for physical particles. The the field strength renormalization of the would
be Goldstone bosons needs to be modified, as shown in [18, 19]. The field
strength renormalization of the charged Goldstone boson φ, related to the
W -boson, is given by

Z
1/2
φ =

[
1 − ΣW

L (M2
W )

M2
W

− ΣWφ(M2
W )

MW

+
1

2

δM2
W

M2
W

+
1

2
δZW

]

+O(α2) , (2.5)

where relevant self energies and mass counterterms can be found in Ap-
pendix A.6.

2.4 W -Pair Production in Leading Order

In this section we discuss the onshell W -pair production. The full process,
of course, is ff− → W+W− → 4 fermions. This reaction is, however, only
gauge invariant when all intermediate states are taken into account. We
restrict ourselves to the production of onshell states, where the W -decay has
to be attached for the complete reaction.
In the high energy limit the cross section of W pair production is significantly
different for transverse and longitudinally polarized W bosons. Therefore
the particular cross sections are treated separately. For the production of
longitudinally polarized W bosons we use the Goldstone boson equivalence
theorem and calculate the production of the corresponding charged would-
be-Goldstone bosons instead.
For f(p1)f(p2) → W+(k1)W

−(k2) the Mandelstam variables, the kinematic
invariants of the process, take the form

s = (p2
1 + p2)

2 , t = (p1 − k1)
2 , u = (p1 − k2)

2 . (2.6)
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Alternatively we often use the center of mass energy squared s and the di-
mensionless variables x− and x+ which are defined as

x− = − t

s
=

1

2
(1 − cos θ) , x+ = −u

s
=

1

2
(1 + cos θ) , (2.7)

where θ is the scattering angle. The CKM matrix is set to unity, so quark
mixing effects are not taken into account.

W−
T

W+
Te+

e−

φ+

e−

e+

φ−

φ+

e−

e+

φ−

γ Z
f

f

f

f

f

f

Figure 2.4: Diagrams contributing to the leading order cross section. The
t-channel diagram corresponds to the production of transversely polarized W -
boson, the s-channel to the production of Goldstone boson related to the cor-
responding longitudinally polarized W -bosons.

First we present the Born amplitudes for both transverse and longitudinally
polarized W -bosons and left-handed initial state fermions. Here, and in the
following, we refer to left-handed spinors such that the fermion is left-handed
and the antifermion is right-handed. The diagrams contributing to the Born
cross section are depicted in fig. 2.4. Note that for the production of a pair
of transversely polarized W -pairs only the t-channel diagram contributes at
leading order. In principle s-channel diagrams involving triple gauge boson
couplings W+W−Z and W+W−γ do contribute as well, but vanish in the
high energy limit. This is because only vanishing scalar products of combi-
nations of four momenta of the W -bosons and its polarization vectors appear
when contracting the amplitude. For the production of longitudinally polar-
ized gauge bosons the t-channel does not contribute because scalar bosons
describing the longitudinal degree of freedom of the gauge bosons do not
couple to massless fermions.
The Feynman rules are adopted from [20]. For the production of a pair of
transversely polarized W bosons the Born amplitude depends only on the
SU(2) coupling of the initial fermions to the W boson which is essentially
the same for electrons and quarks. The longitudinal parts of the Born ampli-
tude and cross section are presented for initial state fermions carrying electric
charge Qf and weak isospin T 3

f . Whereas for the cross section related to the
transverse part only left-handed initial states contribute, both left-handed



14 2.4. W -Pair Production in Leading Order

and right-handed initial states are involved in the production of longitudi-
nally polarized W -bosons. In the center of mass frame, the momenta are
parameterised according to

p1/2 =
s

2
(1, 0, 0,±1), k1/2 =

s

2
(1,∓ sin θ, 0,∓ cos θ). (2.8)

The polarization vectors of the transversely polarized W -bosons read

ǫ∗µκ (k1) =
1√
2
(0, cos θ, κi,− sin θ) ,

ǫ∗µκ (k2) =
1√
2
(0,− cos θ, κi, sin θ) . (2.9)

where κ = ± represents the polarization and corresponds to helicity ±1
respectively. Note that the vector bosons have to have opposite helicity
due to helicity conservation in the high energy regime. For the longitu-
dinally polarized W bosons, we make use of the Goldstone boson equiva-
lence theorem. To give the amplitudes in a compact form we make, use of
the opposite polarizations of the transversely polarized W -bosons, such that
ǫµκ(k1) = −ǫµ−κ(k2) = ǫµκ where κ = ± corresponds to polarization (+,−) and
(−,+) respectively. The amplitudes are presented for fixed chirality of the
initial state fermions labeled by − and + for left-handed and right-handed
initial states respectively,

AB
−T =

e2

s2
W

1

t
ψ(p2) /ǫ

∗
κ p1 ·ǫ∗κω−ψ(p1) , AB

+T = 0 , (2.10)

AB
∓L = e2

1

s

(2T 3
f −Qf )s

2
W − T 3

f

c2Ws
2
W

ψ(p2)/k1ω∓ψ(p1) , (2.11)

where ω− = 1−γ5

2
and ω+ = 1+γ5

2
are the projectors on left-handed and right-

handed initial states respectively. The polarization parameter κ has to be
summed up when calculating the cross section of the transversely polarized
W -bosons.

The Born cross sections for polarized initial state fermions and final state
W -bosons read

dσB−T
dΩ

=
α2(M2

W )

s4
W

1

4s

x+(x2
+ + x2

−)

x−
, (2.12)

dσB−L
dΩ

= α2(s)
((Qf − 2 T 3

f )s2
W + T 3

f )2

c4W s
4
W

x+x−
4s

, (2.13)

dσB+L
dΩ

= α2(s)
Q2
ψ

c4W

x+x−
4s

. (2.14)
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We restrict, however, our calculation to left-handed initial states because,
for right-handed initial state fermions, the Born cross section is saturated by
the hypercharge gauge boson.

In order to be thorough, we emphasize that additional amplitudes contribute
to the W -pair production which are, however, suppressed at high energies.
In particular for e+e− initial states these are [21]

dσB+T
dΩ

=
α2

c4W

M4
W

s3
x+x− , (2.15)

dσB−M
dΩ

=
α2

s4
W c

4
W

M2
W

s2
(x2

+ + x2
− + 4c2Wx+(x+ − x−) + 8c4Wx

2
+) , (2.16)

dσB+M
dΩ

=
α2

c4W

M2
W

s2
(x2

+ + x2
−) , (2.17)

The label M denotes the production of one transverse and one longitudinally
polarized W -boson. These processes will not be discussed in the following.

longitudinal
tranversedσB

d cos θ/pb
√

s = 1TeV

θ ◦150120906030

101

100

10−1

10−2

10−3

10−4

Figure 2.2: The differential distribution of the leading order cross section for
pair-production of transverse and longitudinally polarized W -bosons in e+e− an-
nihilation.

The leading order differential and total cross section for W -pair production
in e+e− annihilation are depicted in figures 2.2 and 2.3. Note that a spin
average factor of 1/4 for the polarized cross sections is included to account for
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longitudinal
tranverseσB/pb

√
s/GeV4000300020001000
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Figure 2.3: The total cross section at leading order with an angular cutoff of 30◦.

incomplete polarization. As input parameters we use MS values, α = 1/128/1
and s2

W = 0.231. For the total cross sections we integrate over the angular
region π

6
≤ θ ≤ 5π

6
.



Chapter 3

Evolution Equations

In this chapter we present the framework of the infrared evolution equation
approach. In section 3.1 we discuss this approach within the model of a
single gauge group SU(N). We give a detailed discussion of 2 → 2 processes
with final state particles transforming either according to the fundamental
representation or the adjoint representation. The initial state particles are
assumed to transform according to the fundamental representation.

Subsequently, we apply this approach to U(1) and SU(2) corrections to the
production of a pair of scalar bosons and vector bosons in section 3.2. Fi-
nally, in section 3.3, we extend the evolution equation approach introduced
in 3.1 to the case of the spontaneously broken Electroweak Standard Model.

With the evolution equation approach, it is possible to relate coefficients of
logarithms in n-th order perturbation theory to those of orders lower than n.
Thus, the evolution equation approach provides a powerful tool to derive the
dominant terms in higher orders without performing a complete calculation
in the desired order perturbation theory.

3.1 The Evolution Equation Approach

In this section we extend the Infrared Evolution Equation approach, devised
in the context of resummation of subleading logarithms in the four fermion
process [12, 13], to a more general case of the production of two arbitrary
particles. To keep the discussion general, we consider a SU(N) theory. In
that sense, by isospon we refer to the charge of this group. In the context of
electroweak corrections this corresponds to (weak) isospin and for QCD to
colour.

As mentioned before, in the high energy approximation radiative correc-

17
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tions are dominated by Sudakov logarithms originating from exchange of
soft and collinear gauge bosons. The collinear logarithms are known to fac-
torize and depend only on the properties of the external particles but not
on a specific process. Thus, a factor Z is introduced containing all factor-
ized logarithms. These are, in particular, soft-collinear double-logarithms
and collinear single-logarithms. Let us denote by Ã the reduced amplitude
containing the remaining soft logarithms, such that any SU(N) amplitude
may be expressed as

A = ZÃ . (3.1)

In general, the reduced amplitude Ã can be represented as a vector in the
isopsin/chiral basis. In this work we restrict ourselves to fixed chirality of
initial state fermions. In that sense, we restrict ourselves to one specific
component of the chiral basis. The choice of the isospin basis depends only
on the representation of the external particles and will be discussed in more
detail in the following. The asymptotic Q-dependence of the Z-factor and
the reduced amplitude in this limit is governed by the evolution equations
as introduced in [4, 5] and [12, 6] respectively. The evolution equations are
presented in terms of a Euclidian four vector Q2 = −q2, where q denotes the
momentum transfer in Minkowskian space. The factor Z and the reduced
amplitude Ã satisfy the following linear evolution equations

∂

∂ logQ2
Z =

[∫ Q2

M2

dx

x
γ(α(x)) + ζ(α(Q2)) + ξ(α(M2))

]
Z , (3.2)

∂

∂ logQ2
Ã = χ(α(Q2))Ã , (3.3)

with the solution

Z = exp
{ ∫ Q2

M2

dx

x

(∫ x

M2

dx′

x′
γ(α(x′)) + ζ(α(x)) + ξ(α(M2))

)}
, (3.4)

Ã = P
[
exp

( ∫ Q2

M2

dx

x
χ(α(x))

)]
Ã0(α(M2)) , (3.5)

where α = g2

4π
, g being the SU(N) coupling, is renormalized within the MS

scheme. In eq. 3.4 the initial condition was fixed to Zi|Q2=M2 = 1. The

matrices χ(α(Q2)) for different values of Q do not commute and the solution
of eq. 3.3 is given by the path-ordered exponent [6], where P denotes the
path ordering. This becomes relevant in O(α3) since one needs at least
second power of χ and first power of β0 to have the non-commutative effect.
The coefficients of the latter equations

f(α) = {γ(α), ζ(α), ξ(α), χ(α), Ã0(α)}
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are expanded according to

f(α) =
∞∑

n=0

(
α

4π

)n
f (n) , (3.6)

with

γ(0) = ζ (0) = ξ(0) = χ(0) = 0 , Ã(0)
0 = AB ,

and α = α(M2) while α(x) = α(M2)− α2(M2)β0 log( x
M2 ) +O(α3). Thereby

renormalization group logarithms come into play, which are also resummed
by the evolution equation approach. How to obtain β0 for a specific gauge
group is discussed in appendix A.4. The Born amplitude is denoted by AB.
Note that this amplitude is given as a vector in isospin space.

Let us give a briefly introduce the coefficients of the evolution equation and
discuss them in more detail subsequently.
In the Z factor, γ is the coefficient of the soft-collinear double logarithm, ζ
and ξ are the coefficients of the collinear single logarithm. For the reduced
amplitude the matrix of soft anomalous dimensions χ, defined in isospin
space, gives the coefficients of soft logarithms.
The coefficients of the evolution equation can be related to specific regions
regarding the loop momentum, the hard momentum region where the loop
momentum is of order Q and the soft momentum region where the loop
momentum is of orderM . We merely want to clarify the relationship between
the coefficients and the region of loop momentum without going into explicit
details about the expansion by region method. For a detailed discussion we
refer to [12, 14] and references therein. In particular, γ, ζ and χ are related

to the hard momentum region. and ξ and the constant Ã(n)
0 , n ≥ 1, are

related to the soft momentum region. Hence only ξ and Ã0 are sensitive to
the mass structure of the theory.
The initial conditions of the differential equations 3.4 and 3.5 read Zi|Q2=M2 =

1 and Ã|Q2=M2 = A0 respectively. Yet, we still have some freedom to fix the
initial condition ξ. This coefficient depends on the mass structure of the the-
ory. In the context of a single mass scale SU(N) where the infrared cutoff is
the gauge boson mass one has ξ = 0. These coefficients will be discussed in
more detail below.
While the coefficients of the factor Z, related to collinear and soft-collinear
logarithms, only depend on the group properties of the external particles,
this is not true for the matrix of soft anomalous dimensions. In particular,
the factor Z can, in principle, be applied to a process involving an arbitrary
number of external particles but the matrix χ in the reduced amplitude Ã is
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essentially dependent on the number of external particles. In this framework,
we restrict ourselves to 2 → 2 processes concerning the reduced amplitude.

We present the expansion of the Z-factor and the reduced amplitude Ã in α
up to the desired order. The particular contributions are given by

Z(0) = 1 ,

Z(1) =
1

2
γ(1) log2

(
Q2

M2

)
+ (ζ (1) + ξ(1)) log

(
Q2

M2

)
. (3.7)

Z(2) we decompose into powers of logarithms up to NNLL

Z(2) = Z(2)
LL + Z(2)

NLL + Z(2)
NNLL

with

Z(2)
LL =

1

8
(γ(1))2 log4

(
Q2

M2

)
,

Z(2)
NLL =

1

2
(ζ (1) + ξ(1) − 1

3
β0)γ

(1) log3
(
Q2

M2

)
,

Z(2)
NNLL =

1

2

(
γ(2) + (ζ (1) + ξ(1))2 − β0 ζ

(1)
)

log2
(
Q2

M2

)
. (3.8)

The reduced amplitude is expanded according to

Ã = Ã(0)
0 +

α

4π

[
χ(1)Ã(0)

0 log
(
Q2

M2

)
+ Ã(1)

0

]

+
( α
4π

)2
[
1

2

(
(χ(1))2 − β0χ

(1)
)
Ã(0)

0 log2
(
Q2

M2

)

+
(
χ(1)Ã(1)

0 + χ(2)Ã(0)
0

)
log

(
Q2

M2

)
+ Ã(2)

0

]
+ O(α3) . (3.9)

In the following, the one-loop coefficients of the evolution equation will be
discussed in detail.
The coefficients of the one-loop soft-collinear leading and collinear next-to-
leading logarithms γ(1) and ζ (1) are given by

γ(1) =
∑

k

Cγ
k , ζ (1) =

∑

k

Cζ
k with (3.10)

Cγ
k =

{
−CF for EWSM fermions and scalar bosons

−CA for gauge bosons

Cζ
k =





3
2
CF for EWSM fermions

2CF for EWSM scalar bosons

0 for gauge bosons
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for a SU(N) theory, where k runs over all external legs. CF = (N2−1)/(2N)
is the quadratic Casimir operator of the fundamental representation, CA =
N is the quadratic Casimir operator of the adjoint representation For an
Abelian theory U(1)Y , where the particles carry charge Yk, one has to re-
place CF → (Yk/2)2 and CA → 0. We emphasize that although fermions
and scalar bosons transform according to the fundamental representation in
the Electroweak Standard Model (EWSM) this does not hold in general in
theories beyond the EWSM. For QED, the infrared cutoff M corresponds to
an artificial photon mass and the structure of the logarithms and its coeffi-
cients depend on whether the external particles are massive and which mass
hirarchy they obey. For a detailed discussion of this, see e.g. [10].

The matrix of soft anomalous dimensions χ defined in isospin space is the
only part of the evolution equation depending on the isospin structure of
the process. Before we continue with the discussion of the matrix χ, let us
review the underlying isospin structure. Let us emphasize once again that
the part concerning the matrix χ works only for 2 → 2 processes.

As stated before, a isospin basis is introduced due to the non-factorization
of soft logarithms regarding the isospin structure of the Born amplitude.
In particular, there are two sets of bases, one for the production of a pair
of particles which transform under the fundamental representation, and an-
other for particles which transform according to the adjoint representation.
The initial state fermions are assumed to transform under the fundamental
representation.

First, we consider the case of the fundamental representation. This concerns
the production of a pair of fermions or a pair of scalar bosons. The Born
isospin structure is given by T a⊗T a, where T a are the generators of SU(N)
in the fundamental representation. A brief introduction to group theory is
provided in appendix A.2.

In general, the isospin structure becomes more complicated in higher order
calculations. However, the product of generators can, in this case, be reduced
to two contributions (T a ⊗ T a) and (1⊗ 1). Thus the structure of radiative
corrections is given in respect to a isospin basis (T a ⊗ T a, 1 ⊗ 1). Let us
examine the reduction to the isospin basis of a one-loop box diagram for
the production of a pair of particles transforming under the fundamental
representation as an example. The Born isospin structure T a × T a reads in
components T aikT

a
nl. The isospin structure of the direct box diagram can be

reduced according to

T aijT
b
jkT

b
nmT

a
ml =

(
CF − TF

N

)
T aikT

a
nl +

CFTF
N

δikδnl , (3.11)
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where the relations

T aijT
a
kl = TF

(
δilδjk −

1

N
δijδkl

)
, (3.12)

T aijT
a
jk = CF δik (3.13)

were used and TF = 1/2 is the index of the fundamental representation of the
SU(N) group In matrix form this reads (CF − TF

N
)(T a ×T a) + CF TF

N
(1× 1).

For the crossed box one obtains (CF − CA
2
− TF

N
)(T a×T a)+ CF TF

N
(1×1). The

matrix of soft anomalous dimensions for the production of a pair of particles
transforming under the fundamental representation reads [12]

χ
(1)
F =


−2CA (log (x+) + iπ) + 4

(
CF − TF

N

)
log

(
x+

x−

)
4 log

(
x+

x−

)

4CF TF
N

log
(
x+

x−

)
0


 .

(3.14)
The matrix χ is labeled by the index F to illustrate that this matrix be-
longs to the process in which particles transforming under the fundamental
representation are produced. Note that this index refers only to the final
state particles, the initial state particles are always assumed to transform
according to the fundamental representation .

Next, we examine the isospin structure regarding the adjoint representation,
describing the isospin algebra for the production of a pair of gauge bosons.
The basic idea is the same as for fundamental representation. As an isospin
basis we choose (T aT b, T aT b, δab1). The corresponding matrix of soft
anomalous dimensions can be extracted from the results of Refs. [22, 23] and
reads

χ
(1)
A =



−N(log(x−) + iπ) 0 log(x+

x−
))

0 −N(log(x+) + iπ) log(x−
x+

)

(log(x+) + iπ) (log(x−) + iπ) 0


 . (3.15)

This matrix related to the the production of particles transforming under the
adjoint representation is labeled by A. An alternative choice of an isospin
basis would be (ifabc T c, dabc T c, δab1), where fabc is the totally antisymmet-
ric constant of SU(N) and dabc symmetric structure constants of SU(N).
Note that angular dependent logarithms appear only in the matrix of soft
anomalous dimensions.

The form of the amplitude vector Ã0 regarding the isospin basis depends
on the process being dealt with and incorporates the non-logarithmic part
of the amplitude and its leading order expansion gives the Born amplitude
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vector Ã(0)
0 = ABorn. Let us consider an exemplary case for both of the bases

introduced above.

As examples we choose the production of a pair of scalar bosons and a pair
of vector bosons representing the cases fundamental and adjoint represen-
tations, respectively. The corresponding Feynman diagrams are depicted in
fig. 3.1. For the production of a pair of scalar bosons by an s-channel process,
which is in one-to-one correspondence to the production of a pair of fermions,
the Born process reads (T a⊗T a)AL. Here, for the Lorentz structure, which
is a common factor regarding the isospin algebra, we write AL and the isospin
vector in leading order is given by (1, 0). Note that in contrast to Ã0 (and
ABorn) AL is not a vector in isospin space. The production of a pair of vector
bosons in a SU(N) theory involves two different Born processes, a t-channel
and u-channel process (the s-channel is suppressed at high energies). Thus,
these amplitudes obey also a different angular dependence beside the isospin
structure. Again, we write the Born amplitude, up to a common factor A′

L
as (T iT j/x− + T jT i/x+)A′

L which corresponds to (1/x−, 1/x+, 0)A′
L.

The coefficient ξ depends only on the lower bound of the integration in
eq. 3.2 and, therefore, depends on the mass structure of the underlying theory.
Hence this initial condition is fixed according to this mass structure. In the
context of calculations within the Electroweak Standard Model particles with
non-negligible masses different from the W -mass, which would be a natural
choice as cutoff scale, this can also lead to soft-collinear double logarithms.
To restore the leading logarithmic structure, provided by the evolution equa-
tion, the mass dependence of particles with masses different to the mass used
as cutoff, the logarithmic structure can be rearranged in such a way that only
Sudakov logarithms with one mass scale in the argument appear. Let us clar-
ify this with a simple example of a double logarithm arising from the exchange
of a Z-boson with a mass different to M , which corresponds to the mass of
the W -boson. Here, the corresponding logarithm is rewritten according to
log2(s/M2

Z) = log2(s/M2)+2 log(M2/M2
Z) log(s/M2)+log2(M2

Z/M
2) , where

the Z-mass dependent logarithm of the secound term would fix the initial
condition ξ. In this way, non-negligible masses different to the cutoff mass
can be implemented in the evolution equation approach, without spoiling the
infrared structure.

While the Sudakov logarithms factorize with respect to the Lorentz structure
of the Born amplitude, this does not necessarily hold for the non-logarithmic
constant part. It is because of this non-factorization that we take the solution
of the evolution equation where A is a vector in isospin space and process
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it to the cross section. Expanding the cross section in the MS renormalized
coupling α yields

(
dσ

dΩ

)
=

[
1 +

(
α

4π

)
δ(1) +

(
α

4π

)2

δ(2) + O(α3)

] (
dσ

dΩ

)

B
(3.16)

and the following corrections with respect to the Born cross section are ob-
tained

δ(1) = γ(1) log2
(
s

M2

)
+ 2(ζ (1) + ξ(1) + χ̃(1)) log

(
s

M2

)
+ σ

(1)
0 . (3.17)

Furthermore, we expand the two-loop contribution in leading logarithms up
to

δ(2) = δ
(2)
LL + δ

(2)
NLL + δ

(2)
NNLL + O(N3LL) , (3.18)

where the particular contributions read

δ
(2)
LL =

1

2
(γ(1))2 log4

(
s

M2

)
,

δ
(2)
NLL =

(
2(ζ (1) + ξ(1) + χ̃(1)) − 1

3
β0

)
γ(1) log3

(
s

M2

)
,

δ
(2)
NNLL =

[
γ(2) + 2(ζ (1) + ξ(1))2 + 4(ζ (1) + ξ(1))χ̃(1) + (χ̃(1))2 + (χ̃2)(1)

−β0 (ζ (1) + χ̃(1)) + γ(1) σ
(1)
0

]
log2

(
s

M2

)
. (3.19)

Here, we introduced

χ̃(1) =
Ã†

0χ
(1)Ã0

Ã†
0Ã0

, (3.20)

which is related to the matrix elements of χ regarding final states transform-
ing according to the fundamental and adjoint representation respectively,
such that

χ̃
(1)
A = χ

(1)
11 + χ

(1)
31 +

x−
x+

(
χ

(1)
12 + χ

(1)
32

)
,

(χ̃2
A)(1) = (χ

(1)
11 )2 + χ

(1)
31 χ

(1)
11 + χ

(1)
12 χ

(1)
21 + χ

(1)
13 χ

(1)
31 + χ

(1)
21 χ

(1)
32 + χ

(1)
31 χ

(1)
33

+
x−
x+

(
+ χ

(1)
11 χ

(1)
12 + χ

(1)
12 χ

(1)
22 + χ

(1)
12 χ

(1)
31 + χ

(1)
13 χ

(1)
32 + χ

(1)
22 χ

(1)
32

+χ
(1)
32 χ

(1)
33

)
, (3.21)

χ̃
(1)
F = χ

(1)
11 + 4χ

(1)
12 ,

(χ̃2
F )(1) = (χ

(1)
11 )2 + χ

(1)
12 χ

(1)
21 + 4(χ

(1)
11 χ

(1)
12 + χ

(1)
22 χ

(1)
12 ) . (3.22)
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For clarity we omitted the indices F and A in the matrix elements. The
matrix elements on the right hand side refer to eq. 3.14 for χ̃F and to eq. 3.15
for χ̃A.
We should emphasize that we have switched from Eucledian momentum Q2

to the center of mass energy squared s. Note that the one-loop constant σ
(1)
0

is altered according to σ
(1)
0 = A(1)

0 A∗
B +A(1)∗

0 AB − π2γ(1) − 2iπℑ[χ(1)] due to
the evaluation of the imaginary part of the Sudakov logarithms log(−s/M2).
Higher order corrections can be easily obtained by an adequate expansion of
eqs. 3.4 and 3.5.

Within this framework, one can evaluate the leading logarithmic corrections
in all orders of perturbation with little input. The LL approximation includes
all the terms of the form αn log2n(Q2/M2) and is determined by the one-loop
value of γ(α). The NLL approximation includes all the terms of the form
αn log2n−m(Q2/M2) withm = 0, 1. This requires the one-loop values of γ(α),
ζ(α), ξ(α) and the one-loop running of α in γ(α). The NNLL approximation
includes all the terms of the form αn log2n−m(Q2/M2) with m = 0, 1, 2. In
this case, γ(α) is required up to O(α2), ζ(α), ξ(α), χ(α) and A0(α) up to
O(α) together with the one-loop running of α in γ(α), ζ(α) and χ(α). The
only two-loop value needed is γ(2), which was calculated for the fermion form
factor ,i.e. the vertex of a fermion current coupling to a vector field, in [24]

γ
(2)

ff̄
= −2CF

[(
67

9
− π2

3

)
CA − 4

9
(5nf + 2ns)TF

]
, (3.23)

where the nf is the number of (light) fermions and ns is the number of scalar
multiplets.
To calculate the two-loop value of γ for a pair of external gauge bosons, one
has to exchange the Casimir operator of the fundamental representation by
the one of the adjoint representation, whereas the one for external Goldstone
bosons is the same as for external fermions,

γ
(2)
V †V = (CA/CF ) γ

(2)

ff̄
,

γ
(2)

φ†φ = γ
(2)

ff̄
. (3.24)

The leading order expansion of the β-function required for the NNLL expan-
sion reads

β0 =
11

3
CA − 4

3
TFnf −

1

3
TFns . (3.25)

While the one-loop expansion of the coefficients of leading logarithms γ(1)

and ζ (1), as well as the matrix of soft anomalous dimension χ(1), are known



26 3.2. Gauge Boson Pair Production in U(1) and SU(2) Models

for arbitrary (2→ 2) processes, this is not true for ξ(1) and σ
(1)
0 . To determine

this coefficients an explicit one-loop calculation is necessary. Now, having all
the necessary components to construct the two-loop NNLL corrections on
the basis of a one-loop calculation, let us turn to some toy model examples.
The evolution equation approach was applied to the four fermion process
quite intensively. For readers interested in that reaction we refer to the
corresponding literature [12, 13, 14] and do not discuss this reaction in the
framework of this thesis. It is, however, quite similar to the production of
scalar bosons, which is discussed in the following section, due to its similar
isospin structure.

3.2 Gauge Boson Pair Production in U(1) and

SU(2) Models

In this section we investigate radiative corrections in a spontaneously broken
U(1) theory and an SU(2) theory for the massive gauge boson pair produc-
tion in e+e− collisions. We work in the high energy limit where all the kine-
matic invarianta are much greater than the gauge boson mass. All fermions
are assumed to be massless. Due to helicity conservation a pair of either
transverse or longitudinally polarized gauge bosons can be produced in the
high energy limit. The transverse gauge bosons transform according to the
adjoint representation while the longitudinal gauge bosons, as a consequence
of the Goldstone boson equivalence theorem, behave like scalar particles in
the fundamental representation. The structure of the Sudakov logarithms in
these cases is significantly different and we consider them separately.
We work within the ’t Hooft-Feynman gauge and use dimensional regular-
ization to handle UV structure, adopting the MS renormalization scheme.
The MS renormalization scale µ is set to M for the transverse part and to√
s for the longitudinal part. It is assumed that the mass of the Higgs bo-

son is the same as the mass of the gauge boson(s). First, we demonstrate
how to obtain the two-loop next-to-next-to-leading logarithmic corrections
in an Abelian toy model and subsequently in the non-Abelian SU(2) theory.
The results are presented in a power series with respect to the corresponding
coupling, namely

δU(1) =
∑

n

(
αY

4π

)n
δ
(n)
U(1) , (3.26)

δSU(2) =
∑

n

(
αw

4π

)n
δ
(n)
SU(2) , (3.27)

where αY = g′2

4π
and αw = g2

4π
.
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(a) (b)

Figure 3.1: These diagrams represent (a) transverse and (b) longitudinal gauge
boson pair production in fermion-antifermion annihilation at high energy in the
Born approximation.

Let us now consider the hypercharge U(1) correction to the pair production
of scalar bosons charged under U(1). The corresponding Feynman rules
and quantum charges can be found in appendices A.5 and A.3. We only
consider left-handed intial states like for the case of electroweak corrections.
This basically corresponds the production of electroweak Goldstone bosons
related to the W -bosons. Here, the expansion parameter α is related the
hypercharge coupling. The Born cross section for polarized left-handed initial
sates reads

dσB−,L
dΩ

= α2
Y(s)

x+x−
16s

. (3.28)

For the one-loop correction we obtain

δ
(1)
U(1),L = −log2

(
s

M2

)
+

(
2 log

(
x+

x−

)
+

7

2

)
log

(
s

M2

)

− 1

2x+

log2(x−) +
1

2x−
log2(x+) − 697

36
− 17π

3
√

3
+

5π2

9
. (3.29)

The anomalous dimension coefficients can be read from this result to be

γ
(1)
U(1),L = −1 , ζ

(1)
U(1),L =

7

4
, ξ

(1)
U(1),L = 0 and χ

(1)
U(1),L = log

(
x+

x−

)
,

while σ
(1)
0U(1),L is given by eq. (3.29) setting log(s/M2) → 0. Note that the

soft anomalous dimension χ is scalar for Abelian theories. In addition one
needs β0 and γ(2). The hypercharge beta function is β0 = −41

6
. The two-

loop coefficient γ
(2)
U(1),L = 416

9
is obtained from eq. (3.23). One has to take

care implementing the number of fermions in β0 and γ(2), as discussed in
appendix A.4.
Plugging these values into the two-loop NNLL expansion, one obtains
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1

2
log4

(
s

M2

)
+

(
2 log
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)
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9

)
log3

(
s

M2

)
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Figure 3.2: The one-loop and two-loop U(1)Y corrections to the differential cross
section relative to the Born approximation for the production of scalar bosons at√

s = 1 TeV.

To apply the evolution equation approach to the production of transversely
polarized gauge bosons, we do not restrict ourselves to a pure Abelian Theory.
Since we want to mimic the W -pair production, we adopt the electroweak
Born cross section eq. 2.12 and calculate the hypercharge U(1) correction to
this process. The procedure works similar to the treatment of longitudinal



3. Evolution Equations 29

NNLL

NLL

LL

total
δ

(1)
U(1),T

θ ◦150120906030

0.008

0.004

0

-0.004

-0.008

-0.012

NNLL

NLL

LL

total

δ
(2)
U(1),T

θ ◦150120906030

0.0002

0.0001

0

-0.0001

-0.0002

Figure 3.3: The one-loop and two-loop U(1)Y corrections to the differential cross
section relative to the Born approximation for the production of transversely po-
larized W bosons at

√
s = 1 TeV.

polarization, and we obtain

γ
(1)
U(1),T = −1

2
, ζ

(1)
U(1),T =

3

4
, ξ

(1)
U(1),T = 0 , χ

(1)
U(1),T = 0 and γ

(2)
T =

52

9
.

The corrections to the differential cross sections read
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Again, the constant σ
(1)
0U(1),T can be read from the one-loop correction eq. 3.31.
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Figure 3.4: The one-loop (left diagram) and two-loop (right diagram) U(1)Y
corrections to the total cross section relative to the Born approximation for the
production of scalar bosons. The long-dashed, short-dashed and dot-dashed lines
denote the LL, NLL and NNLL corrections, as defined in the legend of figs. 3.2, 3.3

.

√
s/GeV

4000300020001000

0.02

0.01

0

-0.01

-0.02

-0.03 √
s/GeV

4000300020001000

0.001

0

-0.001

Figure 3.5: The same as fig. 3.4 but for the transverse case.

The mass of the gauge boson is set to the W -mass M = 80.41GeV. In this
simple example of the production of scalar bosons one can observe the cancel-
lation of subleading logarithms. This feature will emerge also in electroweak
corrections.
The U(1) corrections to the production of a pair of transversely polarized
W -bosons barely show an angular dependence. This is because the angular
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variables enter through box diagrams and, due to the non-coupling of the
U(1) gauge boson to the external W -bosons, the only box diagram which
contributes is the one where the gauge boson is exchanged between the two
initial state fermions.

Now let us examine radiative corrections in the spontaneously broken SU(2)
model, which comes close to the real world since the radiative corrections
within the Electroweak Standard Model are dominated by the SU(2) gauge
group. Basically, the only difference with regards to the U(1) correction is
the matrix structure of the reduced amplitude.
For this model, we do not perform a calculation, rather we extract the SU(2)
coefficients from the full electroweak calculation by taking the SU(2) limit
of the corresponding correction. The same procedure is applied to the U(1)
limit reproducing the U(1) corrections presented above. For the transverse
part we obtain
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where the coefficients of soft anomalous dimensions derived from the one-loop
calculation are

γ
(1)
SU(2),T = −11

2
, ζ

(1)
SU(2),T =

9

4
, ξ

(1)
SU(2),T = 0 (3.35)

and σ
(1)
0SU(2),T corresponds to the part of eq. 3.33 involving no Sudakov loga-

rithms log(s/M2). The method for obtaining χ̃ is discussed in the previous
section. For the transverse case they take the form

χ̃
(1)
SU(2),T = −4 log(x−) + 2

x−
x+

log(x−) + 2 log(x+) ,

(χ̃2)
(1)
SU(2),T = 16 log2(x−) − 8 log(x+) log(x−) − 8

x−
x+

log(x+) log(x−)

+8
x−
x+

log

(
x+

x−

)
log(x−) + 4 log(x+) log

(
x+

x−

)
. (3.36)

The coefficients needed for the two-loop corrections read

γ
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3
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19

6
, (3.37)

and are obtained from eqs. 3.23 and 3.25 with CA = 2 and CF = 3/4.

For the longitudinal part we find
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where the corresponding coefficients are given by
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Figure 3.6: The one-loop and two-loop SU(2) corrections to the differential cross
section relative to the Born approximation for the production of scalar bosons at√

s = 1 TeV.

and σ
(1)
0SU(2),L can be read from eq. 3.33. The coefficients of the matrix of soft

anomalous dimensions read
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The SU(2) corrections to the W -pair production exceed the U(1) correction
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Figure 3.7: The one-loop and two-loop SU(2) corrections to the differential cross
section relative to the Born approximation for the production of transversely po-
larized W bosons at

√
s = 1 TeV.

by several factors. It is, therefore, expected that the SU(2) corrections domi-
nate the electroweak corrections. While both the U(1) and SU(2) corrections
show similar behaviour, up to some factor, for the production of a pair of
scalar bosons, this is not the case for the production of a pair of transversely
polarized W -bosons. This is because the U(1) gauge boson does not couple
to the external W -bosons.
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Figure 3.8: The one-loop (left diagram) and two-loop (right diagram) SU(2)
corrections to the total cross section relative to the Born approximation for the
production of scalar bosons. The long-dashed, short-dashed and dot-dashed lines
denote the LL, NLL and NNLL corrections, as defined in the legend of figs. 3.6, 3.7
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Figure 3.9: The same as fig. 3.4 but for the transverse case.

Now, having illustrated how to work with the evolution equation approach
in an U(1) and a SU(2) theory, let us compete with electroweak corrections.
However, to transfer this approach to the Electroweak Standard Model is not
straightforward. In the next section it is shown how to handle this approach
within the standard model.
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3.3 Evolution Equations in the Electroweak

Standard Model

We are interested in the electroweak Sudakov logarithmic enhanced correc-
tions. Yet, the evolution equation approach introduced in section 3.1 cannot
be directly applied to electroweak corrections because the Z boson and the
photon are a mixture of W 3

µ , pure SU(2)L, and Bµ, the Abelian hypercharge
components. In this section we demonstrate how to circumvent this issue
and how to work with the infrared evolution equation in the spontaneously
broken Electroweak Standard Model.

The concept of evolution equations in the context of the electroweak correc-
tions was first introduced in [11] for the resummation of double logarithms.
Successively, it was extended to subleading logarithms for the fermion pair
production in ref. [12, 13, 14]. The approach of the latter references basically
extends to the gauge boson pair production as briefly described below. The
only potential subtlety in the analysis of gauge boson production is that the
effects of spontaneous symmetry breaking can change the asymptotic states
as it happens with photon and Z-boson in the standard model. This would
require additional consideration. We restrict the analysis to the production
of W -bosons which have the same gauge quantum numbers in broken and
symmetric phases and do not encounter this problem.

The electroweak Standard Model with the spontaneously broken SUL(2) ×
U(1) gauge group involves the massive W and Z bosons and the massless
photon. The corrections to fully exclusive cross sections are infrared divergent
due to virtual photon exchange and should be combined with soft real photon
emission to obtain infrared finite physical observables.

We want to identify the logarithms related to exchange of only the massive
gauge bosons and, therefore, have to seperate pure QED logarithms. How-
ever, the mixing effect which leads to the mass gap of the neutral gauge
bosons involves difficulties, which are circumvented by considering two dif-
ferent regimes regarding the lower bound of the integration of the solution
of the evolution equation. For

√
s ≫ µ ≫ MW , the effects of spontaneous

symmetry breaking and, in particular, gauge boson masses can be neglected.
Hence one may work with the hard evolution equation in terms of effectively
massless gauge fields Bµ and W a

µ of the symmetric phase SU(2) × U(1)Y .

To get the desired result one also has to consider the region in which the lower
bound of the integration is µ≪MW . In this regime, only the electromagnetic
part contributes and µ can be identified as the artificial photon mass λ. These
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two regimes have to be matched at µ = M . Therefore, to derive the pure
electroweak corrections related to Sudakov logarithms originating from W -
and Z-boson exhange, the electromagnetic corrections have to be subtracted
from the corrections in the symmetric phase with λ = MW .
Let us clarify this approach by considering the example of only leading log-
arithmic corrections. In the first regime |Q| ≫ µ≫MW , the solution of the
evolution equation takes the form

ALL
µ≫MW

(Q, µ) = exp

[
− 1

2

∑

i

(
αw

4π
C
SU(2)
i +

αY
4π

(
Yi
2

)2)
log2

(
Q2

µ2

)]
ABorn ,

(3.42)

where the sum i runs over all external particles, and C
SU(2)
i = (CF , CA) for

particles transforming under the fundamental or the adjoint representation
respectively. The initial condition is fixed according to ALL|µ2=s = ABorn. In
the secound regime the evolution equation reads

∂

∂ log(µ2)
ALL
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(Q, µ) =
α

4π

∑
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Q2
i log2
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µ2

)
ALL
µ≪MW

(Q, µ) . (3.43)

Here, the appropriate initial condition is fixed by matching the two regimes
at µ = MW , such that the solution of the latter differential equation is
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Q2
i log2

(
Q2
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)]
ABorn (3.44)

The first exponential function corresponds to the resummation of Sudakov
double logarithms related to W and Z exchange, while the second exponen-
tial function represents the pure QED double logarithmic correction. Note
that the latter equations in this example are actually only correct as pre-
sented if the masses of external particles are smaller than µ, otherwise the
mass of an heavy external particles would act as a natural cutoff in the inte-
gration.

To disentangle the electroweak and QED logarithms we use the approach of
ref. [11, 13, 14]. While the dependence of the amplitudes on the large momen-
tum transfer is governed by the hard evolution equations (see eqs. (3.2, 3.3)),
their dependence on the photon mass is governed by the infrared evolution
equations [11]. In the limit λ2 ≪M2

W , m
2
t ≪ Q2 the infrared evolution equa-

tions in the full theory are the same as in QED. To formulate this approach
with respect to the amplitude A(Q,MW , λ) , related to the full Electroweak
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Standard Model, we introduce the factor UQED(Q, λ,MW ), which refers to
all virtual electromagnetic correction, such that the amplitude can be split
according to

A(Q,MW , λ) = AEW(Q,MW )UQED(Q, λ,MW ) + O(λ/MW ) , (3.45)

where the electroweak amplitude AEW(Q,MW ) we are interested in contains
the electroweak logarithms log(Q2/M2

W ) related to W± and Z exchange and
reads

AEW(Q,MW ) = A(Q,MW ) U−1
QED(Q, λ,MW ) + O(λ/MW ) . (3.46)

The QED factor UQED(Q, λ,MW ) obeys the infrared evolution equation gov-
erning the λ-dependence of the virtual QED corrections. It contains the vir-
tual electromagnetic logarithms log(Q2/λ2) and eventually also log(Q2/M2

W )
of electromagnetic origin which cancel against the real corrections. The de-
pendence of the weak scale MW in UQED appears only if the process con-
sidered involves heavy external gauge bosons. It is convenient to normalize
UQED(Q, λ,MW ) according to UQED(MW ,MW ,MW ) = 1 such that it is of
pure exponential nature. In that case a QED subtraction is not necessary
for Ã0.
It is worth noting at this point that, up to next-to-leading logarithmic cor-
rections, the electroweak amplitude AEW(Q,MW ) can be related to either
the amplitude of the Electroweak Standard Model or to the amplitude in the
symmetric phase Asym, such that

AEW(Q,MW ) = Asym(Q,MW ) U−1
QED(Q,MW ,MW ) . (3.47)

Here, Asym(Q,MW ) represents the amplitude derived within the symmetric
phase with all particles having the same mass MW . For NNLL corrections
the one-loop constant comes into play, which in general contributes to both
the symmetric phase and the QED part. Therefore eq. 3.46 is the adequate
approach compatible with the initial condition UQED(MW ,MW ,MW ) = 1,
since the initial condition of eq. 3.47 reads AEW(MW ,MW ) = Ã0 sym . For
massless external states, however, the constant Ã0 does not involve any QED
contribution and eqs. 3.46 and 3.47 become equivalent, as it is the case for
the four fermion process [12, 13, 14].

The infrared evolution equation related to UQED can be dealt with indepen-
dently. This part, however, is infrared divergent and the corresponding real
corrections accompanied by real soft photon radiation integrated to some
resolution energy Eres have to be included to obtain an infrared safe cross
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section independent on an auxiliary photon mass. For the detector resolu-
tion Eres ≪M , the soft photon emission is of pure QED nature. Therefore,
the kernel of infrared evolution is essentially Abelian. The proper inclusive
corrections should be derived within Monte Carlo routines providing an ade-
quate cancelation of the infrared divergence. We, however, restrict ourselves
in this framework to exclusive corrctions. Note that the UQED factor contains
only logarithmic contributions and the constant is completely incorporated
in AEW.

So far we have assumed that MZ = MW and fermion masses mf = 0. For
the full electroweak corrections, we incorporate the mass hierarchy

√
s≫MW 6= MZ 6= MH 6= mt 6= 0 . (3.48)

To implement, for example, MZ 6= MW one simply replaces the Sudakov
logarithms originating from Z exchange log(Q2/M2

Z) by log(M2
Z/M

2
W ) and

log(Q2/M2
W ), which governs the dynamic of the evolution equation. At

one-loop level, the double logarithm log2(Q2/M2
Z) leads to a contribution

of the form log(M2
Z/M

2
W ) log(Q2/M2

W ) which fixes the initial condition ξ(1)

and log(M2
Z/M

2
W ), originating from the single logarithm log(Q2/M2

Z) is fixed

by adjusting Ã(1)
0 . The implementation of the top quark mass is more subtle

and will be discussed in section 4.2.
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Chapter 4

W -Pair Production in e+e−

Annihilation (ILC)

In this chapter we discuss the virtual electroweak one-loop and leading two-
loop corrections toW -pair production in e+e− annihilation in the high energy
approximation. The reaction e+e− → W+W− provides an important preci-
sion test of the Electroweak Standard Model due to the W -boson being the
only particle which interacts solely with SU(2) couplings. In particular, pro-
cesses where W -bosons participate are the only reaction within the standard
model involving triple gauge boson couplings. Therefore, accurate predic-
tions and measurements regarding W -pair production are highly desirable.
Radiative corrections to W -pair production in e+e− collisions have been cov-
ered quite intensively. Exclusive and inclusive electroweak one-loop correc-
tions can be found for example in [25, 26, 27, 21]. For the complete pro-
cess one has to take into account the decay of the W -bosons which yields
a four fermions final state. However, such a process where only W -bosons
as intermediate states are considered is not gauge invariant and all possible
intermediate states have to be included. The complete process with a four
fermions final state is presented in [28].
We, however, restrict ourselves to one-loop corrections to on-shell W -pair
production and to process this result by means of evolution equations in or-
der to estimate the leading contributions at two-loop level. To consider the
production of on-shell W -bosons and subsequently including the decay of the
W -bosons is the dominant contribution to the process with four fermion final
sates and gives a good approximation of that reaction.

In section 4.1 we show how to obtain the one-loop corrections in a form suit-
able to process within the evolution equation approach by proper modifica-
tions of known results. Subsequently, we discuss these one-loop corrections

41
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derived in an independent calculation and why there is a slight difference
with respect to the first approach. In section 4.2 we give the coefficients of
the solution of the evolution equation obtained by one-loop calculations and
present the electroweak two-loop corrections up to next-to-next-to-leading
logarithms at two-loop level.

4.1 One-Loop Corrections

In this section we shall discuss the electroweak virtual one-loop corrections
to the on-shell W -pair production in electron-positron colliders in the high
energy approximation where all kinematic invariants s, t and u are much
larger than any mass.

These corrections are derived in two independent ways. On one hand, we
use the results of a one-loop calculation performed by Beenakker et al. [21].
We adopt their result and transform it into a form suitable for our approach.
On the other hand, we perform the one-loop calculation in the high energy
approximation both within the MS and the on-shell renormalization scheme.
First we present how to transform the result of [21] and afterwards we discuss
our calculation. For convenience we present the one-loop results together
with the two-loop corrections in section 4.2 .

4.1.1 Approach I: Transformation of Known Results

In our first approach we adopt the one-loop correction to the W -pair pro-
duction from [21] to derive the coefficients needed for the evolution equation
approach. However, this calculation is performed in the on-shell scheme and
using an electron mass to regularize collinear singularities while we employ
the MS renormalization scheme and use an artificial photon mass to regular-
ize both soft and collinear singularities. Furthermore, they present inclusive
corrections, whereas we are interested in exclusive ones. Thus some modifi-
cations have to be taken into account which lead to additional contributions
to their one-loop correction factor.

The starting point is the inclusive correction with respect to the Born cross
section in the on-shell scheme δB, presented in [21]. This correction factor is
related to the one we use within the evolution equation approach, denoted
by δ(1), by adding proper modification factors

δ(1) = δB + δm + δRS − δreal . (4.1)
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In particular, δm accommodates the exchange of the electron mass by the
photon mass as a regulator for the collinear singularities. The term δRS,
responsible for changing the renormalization scheme from on-shell to MS,
basically contains the finite parts of the on-shell counterterms. Finally, the
QED real radiation contribution δreal is to be subtracted. Eventually, an ad-
ditional contribution δµ related to a change of the renormalization scale has
to be included. While δm and δreal are essentially the same for the produc-
tion of both transverse and longitudinally polarized W -pairs, the term δRS

depends on the structure of the leading order cross section. The precise form
of these coefficients is presented at the end of this section. In the following
we shall discuss the particular modifications in more detail.

Changing the mass hierarchy δm

The authors of [21] used an electron mass to regularize collinear divergences.
Therefore, we have to switch the mass hierarchy from me ≫ λ to λ ≫ me.
This only affects logarithms which are related to external electron legs and do
not depend on the topology of the process. Therefore the modification is the
same for both the transvese and longitudinal case. To adjust the amplitude
we simply consider QED one-loop correction to the fermion form factor (i.e.
the vertex of a fermion current coupling to an external vector field) for both
mass hirarchies and subtract the corresponding difference.
We calculate the one-loop corrections to the fermion form factor F with a
photon mass λ as sole regulator on one hand and a photon and a fermion
mass m on the other. For the one-loop corrections F (1) given in α

4π
we have

i) |Q| ≫ λ≫ m:

F (1)
i = − log2

(
Q2

λ2

)
+ 3 log

(
Q2

λ2

)
− 7

2
− 2π2

3
, (4.2)

ii) |Q| ≫ m≫ λ:

F (1)
ii = log2

(
Q2

m2

)
−2 log

(
Q2

m2

)
log

(
Q2

λ2

)
+log

(
Q2

m2

)
+2 log

(
Q2

λ2

)
−4+

π2

3
,

(4.3)
such that

δm =
α

2π
(F (1)

i −F (1)
ii ) . (4.4)

Actually, one may simply replace the fermion masses in the argument of
logarithms by the photon mass everywhere (i.e. in δB, δreal and δm) such
that only the non-logarithmic constant in has to be included δm, yielding

δm|m→λ =
α

4π
(1 − 2π2) . (4.5)
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Converting the renormalization scheme δRS

To convert the correction factor of [21] into the five flavour MS scheme we
use relations between these two schemes provided in [29, 30, 31]. This scheme
transformation affects two parameters, the fine structure constant and the
weak mixing angle. For the parameters renormalized in the MS scheme at
the scale µ = MZ and defined in a five flavour theory we introduce

αOS = αMS(1 + δα(M
2
Z)) , αMS = α

(5)

MS
(M2

Z) , (4.6)

1

s4
W,OS

=
1

s4
W,MS

(1 + δs(M
2
Z)) , sW,MS = s

(5)

W,MS
(M2

Z) , (4.7)

1

c4W,OS
=

1

c4
W,MS

(
1 − s2

W

c2W
δs(M

2
Z)
)
, cW,MS = c

(5)

W,MS
(M2

Z) .

The scheme transformations of the these parameters are directly related to
the corresponding counterterms in the on-shell scheme without the UV pole.
We only need these transformation formulae at the one-loop level because
the two-loop corrections are only approximated up to next-to-next-to-leading
logarithms. For the fine structure constant the transformation coefficient
reads [29]

δα(µ
2) = −Π(f)

γγ (0) − α

4π

(
7 log

(
M2

µ2

)
− 2

3

)
, (4.8)

where Π(f) is the f -flavour fermion contribution to the photon self energy and
the latter contribution comes from the bosonic sector. With the fermionic
contribution in a five flavour theory given by

Π(5)
γγ (0) = −4

3

α

4π

∑

f 6=t
NcQ

2
f log

(m2
f

µ2

)
(4.9)

it is

δα(M
2
Z) =

α

4π

(
∆α +

17

9
log

(
M2

Z

M2
W

)
+

2

3

)
. (4.10)

For convenience we adopted

∆α =
4

3

α

4π

[
log

(
m2
e

M2
W

)
+ log

( m2
µ

M2
W

)
+ log

(
m2
τ

M2
W

)
+

4

3

(
log

(
m2
u

M2
W

)

+ log
(
m2
c

M2
W

))
+

1

3

(
log

(
m2
d

M2
W

)
+ log

(
m2
s

M2
W

)
+ log

(
m2
b

M2
W

))]

(4.11)
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as introduced in [21]. The renormalization scheme transformation of the fine
structure constant is of course the same for the transverse and longitudinal
case.

Now let us turn to the transformation coefficient of the weak mixing angle.
The transformation from the onshell scheme to the six flavour MS scheme is
given by

δ(6)
s (M2

Z) = 2
c2W
s2
W

Re

[
ΣWW (M2

W )

M2
W

− ΣZZ(M2
Z)

M2
Z

]
(4.12)

where ΣWW (M2
W ) and ΣZZ(M2

Z) are the W - and Z-boson self energies re-
spectively. The fermionic contributions to these self energies are obtained
from [30] and the bosonic contributions are derived from [31]. The analyt-
ical values of these contributions are rather lengthy and are not presented
here explicitly. However, the mixing angle is still defined in a six flavour
theory and one can not entirely decouple the top quark contribution because
this breaks SU(2) symmetry. The scheme adopted here only decouples the
log(m2

t/M
2
Z) contributions from the γ −Z mixing. The relation between the

five flavour and the six flavour mixing angle is provided in [30] and reads

s
2 (5)
W = s

2 (6)
W (1 +

α

π
d) , (4.13)

where

d =
1

3

(
1

s2
W

− 8

3

)[(
1 +

αs
π

)
log

(
mt

MZ

)
− 15

8

αs
π

]
. (4.14)

Thus, one obtains for the transformation of the sinus of the mixing angle into
a five flavour MS scheme

δs = δ(6)
s − 2

α

π
d . (4.15)

In our approximation we do not include the QCD terms proportional to αs in
eq. 4.14. The modification terms of sin θW and cos θW depend on the struc-
ture of the Born cross section and are different for transverse and longitudinal
polarization. The proper coefficients related to both cases are gievb at the
end of this section.

Changing the renormalization scale δµ

With the transformation discussed above we obtain corrections renormalized
in the MS-scheme where the scale is chosen to be µ = MZ as it is conve-
nient for electroweak corrections. However, this scale we only adopt for the
transverse part. For the longitudinal part we choose µ =

√
s since here only

s-channel amplitudes contribute at leading order. Thus, for the longitudinal
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case we have an additional running coupling contribution

δµ = 2
α

4π

(
βY0 PY + βW0 PW

)
log

(
s

M2
Z

)
(4.16)

with

βW0 = −4

3
Ng +

43

6
,

βY0 = −20

9
Ng −

1

6
, (4.17)

and

PY =

Yf
2

Yφ
2

1
c2
W

Yf
2

Yφ
2

1
c2
W

+ T 3
f T

3
φ

1
s2
W

,

PW =
T 3
f T

3
φ

1
s2
W

Yf
2

Yφ
2

1
c2
W

+ T 3
f T

3
φ

1
s2
W

. (4.18)

With explicit hypercharge and isospin quantum numbers one obtains with
respect to the cross section

δµ =
α

4π

(
22

3
+

19

3

1

s2
W

− 41

3

1

c2W

)
log

(
s

M2
Z

)
. (4.19)

Subtraction of real QED contribution δreal

Now let us turn to the subtraction of real radiation. The authors of [21]
give the inclusive QED logarithmic correction separate from the electroweak
corrections and reads

∆QED =
α

4π

[
6 log

(
s

m2

)
+4 log

(
∆E2

E2

)(
log

(
s

m2

)
+log

(
s

M2

)
+2 log

(
t

u

)
−2
)]
.

(4.20)
The pure real corrections are presented in [26] and read in the high energy
approximation

δreal =
α

4π

[
− 2 log2

(
s

m2

)
+ 4 log

(
∆E2

λ2

)
log

(
s

m2

)
− 2 log2

(
s

M2
W

)

+4 log
(
s

m2

)
+ 4 log

(
s

M2
W

)
+ 4 log

(
s

M2
W

)
log

(
∆E2

λ2

)

−8 log
(

∆E2

λ2

)
− 8 log

(
u

t

)
log

(
∆E2

λ2

)
− 4 log2

(
− u

t

)

−16Li2

(
− u

t

)
− 4π2

]
. (4.21)
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Thus, the virtual QED corrections are given by δ
(m)
V = ∆QED − δreal, where

m indicates that collinear singularities are regularized by an electron mass.
When the replacement of the mass hierarchy λ≫ m is included one obtains
the virtual QED corrections

δvirt
QED =

α

4π

[
2 log2

(
s

M2
W

)
− 4 log

(
s

λ2

)
log

(
s

M2
W

)
− 2 log2

(
s

λ2

)

−4 log
(

s

M2
W

)
+ 8 log

(
u

t

)
log

(
s

λ2

)
+ 10 log

(
s

λ2

)
+ 4 log

(
− u

t

)

+16Li2

(
− u

t

)
+ 2π2 + 1

]
. (4.22)

These QED corrections are essentially the same for both the transverse and
longitudinal W -pair production.

Complete modification

When summing up all the contributions discussed above one obtains

(1 + α
4π
δ′

(1)
T )σTB(M2

Z) = (1 + δTB + δm − δreal + 2δα + δs)σ
T
B ,

(1 + α
4π
δ′

(1)
L )σLB(s) = (1 + δLB + δm − δreal + 2δα + δs + δc + δµ)σ

L
B ,

(4.23)

where δ′(1) is the one-loop virtual corrections within five flavour MS renor-
malization and a photon mass as infrared regulator. This correction factor
is marked with a prime to emphasize that it is slightly different to the one
obtained from a direct calculation within the MS scheme. This issue and the
comparison with respect to our own calculation are discussed at the end of
this section. For convenience we give the numerical values for the parameters
related to scheme transformation

δα = −24.774 α
4π
,

δs = 127.870 α
4π
,

δc = 38.411 α
4π
. (4.24)

The input parameters are given in eq. 4.57.

4.1.2 Approach II: Calculation

We give a brief discussion of our calculation of virtual one-loop corrections
within the Electroweak Standard Model to the leading order processes pre-
sented in section 2.4. The Feynman diagrams are generated by QGRAF3.1
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[32] and are calculated in Mathematica using the package FeynCalc [33].
The Feynman rules are taken from [20] and the ’t Hooft Feynman gauge is
adopted. We make use of the high energy approximation, neglecting mass
terms in relation to kinematic invariants whenever possible. In particular
all fermion masses are neglected except for the top quark. To regularize in-
frared divergences, the photon is given an artificial mass λ . Tensor integrals
are reduced to scalar integrals according to the Passarino-Veltman reduction
method [34]. The scalar integrals are computed in the high approximation
according to [35] and are checked against Looptools [36]. The calculation is
performed in two different renormalization schemes, the MS scheme and the
on-shell scheme. The precise form of the on-shell counterterms can be found
in appendix A.6. In contrast to approach I, we do not decouple the top quark
in the sinus of the mixing angle. This can be easily included by taking into
account the corresponding contribution preseneted in the previous section.
To bring the radiative corrections in a form factorized with respect to the
Born cross section we use relations presented in appendix A.1. Therewith,
the Dirac structure of higher order amplitudes can be reduced to a simple
Dirac structure, often proportional to the Born amplitude. While for the
process of the production of longitudinally polarized W -pairs we obtain a
factorization with respect to the Born amplitude, this does not hold for the
production of a pair of transversely polarized W -bosons. Thus, besides the
Born amplitude 2.10, we introduce an additional leading order contribution
Ak
T to decompose the one-loop correction factorized with respect to leading

order contributions according to

A(1)
T = δBAAB

T + δkAAk
T (4.25)

with

Ak
T =

e2

s2
W

1

t
ψ(p2) /k1 (p1 ·ǫ∗κ)2ω−ψ(p1) . (4.26)

This only affects the non-logarithmic constant part though. Note that this
decomposition concerns the Dirac structure and must not be confused with
the isospin structure introduced in section 3.1. For the evolution equation
approach we work with radiative corrections with respect to the Born cross
section instead of the Born amplitude to accommodate factorization. The
correction with respect to the Born cross section is then given by

dσ
(1)
T

dΩ
= δ

(1)
T

dσBT
dΩ

with δ
(1)
T = 2

[
δB
A + δB

A
dσk

T/dΩ

dσB
T/dΩ

]
, (4.27)

where dσk
T/dΩ = α2

8 s4
W

x2
+ (x+ − x−) is the cross section related to Ak

T .
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The final results are presented in the MS scheme while the on-shell scheme
is only used to check against known one-loop results (4.1.1). In order to be
concise, we do not present the one-loop corrections but the coefficients of
soft anomalous dimension and initial conditions derived by comparing the
one-loop expansion of the evolution equation with the calculated one-loop
correction. These results are presented in section 4.2 along with the corre-
sponding two-loop results.

Subtraction of QED Logarithms

The virtual one-loop corrections we calculated are derived within the Elec-
troweak Standard Model. We are, however, interested in radiative corrections
related to W - and Z-boson exchange. As stated in section 3.3 one has to sep-
arate the virtual QED contribution and one obtains two evolution equations.
The hard evolution equation for the electroweak logarithms log(s/M2

W ) and
the infrared evolution equation for the QED logarithms log(s/λ2). For the
infrared evolution equation, the QED factor U is introduced.
Obviously, all logarithms containing the artificial photon mass are to be
embedded in U . Yet besides logarithms of the form log(s/λ2), logarithms in-
volving the W -mass contribute to U as well. The latter logarithms arise from
diagrams with virtual photons coupling to external onshell W -bosons leading
to integrals where the W -mass acts as an infrared cutoff. Yet, logarithms
of the form log(s/M2

W ) drop out when real QED corrections are included.
To disentangle the contributions of log(s/M2

W ) related to the electroweak
and the QED part respectively, we investigate the real corrections provided
in [26] to identify the virtual QED logarithms log(s/M2

W ). At the one-loop
level obtain

U (1)
QED(Q, λ,MW ) =

α

4π

[
− log2

(
Q2

λ2

)
− 2 log

(
Q2

λ2

)
log

(
s

M2
W

)
+ log2

(
Q2

M2
W

)

−2 log
(
Q2

M2
W

)
+ 4 log

(
x+

x−

)
log

(
Q2

λ2

)
+ 5 log

(
Q2

λ2

)]
.

(4.28)

Note that we only take into account logarithmic contributions due to the
initial condition UQED(MW ,MW ,MW ) = 1. Up to the constant, the one-loop
expansion of the factor UQED reproduces the virtual QED corrections derived
in eq. 4.22.
In order to solve the infrared evolution equation in NNLL approximation,
also the coefficients βQED

0 = −80
9

and γ
(2)
QED = 800

27
are needed. How to derive
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these coefficients is shown in appendix A.3 and one obtains

UQED = U0(α) exp

{
−α(λ2)

4π

[(
2 −

(
290

27
+

40

9
log

(
x+

x−

))
α

π

)
log2

(
Q2

λ2

)

−
(

3 + 4 log

(
x+

x−

))
log

(
Q2

λ2

)
+

40

27

α

π
log3

(
Q2

λ2

)

−
(

log

(
M2

W

λ2

)
− 1

)2 ]
+ O(α3)

}
. (4.29)

Let us clarify this subtraction procedure by considering the example of one-
loop leading logarithmic corrections in the transverse case. In the full EWSM
calculation we find with respect to the Born cross section

δ
(1)LL
T,full = − α

4π

[(
11

2

1

s2
W

+
1

2

1

c2W
− 6

)
log2

(
s

M2
W

)
+ 2 log2

(
s

λ2

)]
. (4.30)

From eq. 4.28 we know that +2 α
4π

log2(s/M2
W ) and all 2 log2(s/λ2) contribute

to the infrared evolution equation. Thus we are left with

δ
(1)LL
T,EW = − α

4π

(
11

2

1

s2
W

+
1

2

1

c2W
− 4

)
log2(s/M2

W ) . (4.31)

The coefficient of this logarithm corresponds to γ(1) and enters the hard evo-
lution equation which gives the electroweak logarithms related to virtual W -
and Z-exchange.

Since the QED corrections are sensitive to only the electromagnetic charge
the factor UQED is essentially the same for both the transverse and longitu-
dinal W -pair production. In order to cancel the singular dependence on the
photon mass, the QED Sudakov exponent (4.29) should be combined with
the real photon emission, which is also of pure QED nature if the energy of
the emitted photons is much smaller than MW .
The results of these calculations are presented in section 4.2 in terms of co-
efficients entering the solution of the evolution equation.

Comparison of the two approaches

We have presented two independent approaches to derive the one-loop cor-
rections for W -pair production in e+e− collisions within the MS scheme. Yet,
the results of both approaches are slightly different from each other. In our
first approach we obtained the electroweak two-loop NNLL correction using
δ(1) derived from [21]. Here we had to include appropriate modifications as
mentioned above. The corresponding results are published in [15].
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When we performed the one-loop calculation on our own we reproduced
the result of [21] in the on-shell scheme but found slight difference within
the MS scheme. This is because the authors of [21] made use of the on-
shell relation MZ = MW/cW , which is legitimate as long the calculation
is performed in the on-shell scheme of course, to simplify the expressions.
However, the use of this relation is no longer valid when one turns to the
MS scheme. The transformation of the one-loop correction in the on-shell
scheme, where MZ = MW/cW was used, into the MS scheme causes an error
which is formally of next-to-next-to-leading order. The results presented in
the next section are derived from the exact MS calculation and therefore
slightly different to the results presented in [15].

4.2 Two-Loop Corrections

In principle, one can derive the leading logarithms at any order perturbation
theory by means of the evolution equation approach. Practically, however,
the two-loop leading logarithms are sufficient to match the experimental ac-
curacy. Before we present the results, let us discuss effects related to the
massive top quark which do not contribute until the two-loop level.

4.2.1 Top Quark Yukawa Coupling Effects

The large Yukawa coupling of the third generation quarks to the scalar (Higgs
and Goldstone) bosons results in specific logarithmic corrections proportional
to m2

t/M
2
W . In the longitudinal case with Goldstone boson final states, these

corrections do not obey the evolution equation introduced in section 3.3 in the
NNLL approximation. Regarding the Yukawa coupling effects it is suitable
to split the Z factor into two form factor-like factors

Z = ZψZΦ (4.32)

where Zψ and ZΦ are related to the form factors where a vector boson couples
to a fermion current and a scalar current respectively. In our approximation,
the Yukawa type corrections affect only ZΦ.
The high energy evolution of the form factors in a theory with Yukawa inter-
action is completely analogous to the one of φ3 scalar theory in six dimen-
sions, see the second paper of Ref. [37]. The structure of factorization and
evolution equations is much simpler than in a gauge theory because Yukawa
interaction itself does not contribute to the anomalous dimension γi(α). It
results only in single logarithmic corrections completely determined by the
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ultraviolet field renormalization of the external on-shell particles, which in-
cludes log(µ2/M2

W ) while the vertex correction includes log(Q2/µ2) terms. In
the finite vector form factor they are combined to log(Q2/M2

W ). Thus, there
is a one-to-one correspondence between the ultraviolet field renormalization
and the anomalous dimension of Z-functions.
These corrections can be taken into account through the modification of
the evolution equations for the corresponding Z-functions. The analysis
is straightforward but complicated because the Yukawa interaction mixes
evolution of the quark and scalar boson form factors and in general does not
commute with the SU(2) and hypercharge couplings.
However, due to the factorization of the double Sudakov logarithms, the
Yukawa enhanced contribution to NLL approximation is given simply by the
product of the one-loop Yukawa corrections and the double logarithmic ex-
ponent, as observed in Ref. [38]. The structure of the NNLL contribution is
more complicated and we restrict the analysis to SU(2) corrections.

Since the scalar bosons interact in a different way to itself and other scalar
bosons, left-handed and right-handed, up-type and down-type quark com-
ponents, we have to consider the corresponding Z functions separately. It
is convenient to introduce the following five-component vector in the space
of ZΦ-functions Z = (Zφ, Zχ, Zb−, Zt−, Zt+), where the subscript + (−)
stand for the right-handed (left-handed) quark fields and Zχ corresponds to
the transition of the Higgs boson into the neutral Goldstone boson in the
external singlet vector field. The evolution equation for this vector takes the
form

∂

∂ logQ2
Z =

[ ∫ Q2

M2
W

dx

x
γ(αw(x)) + ζ(αw(Q2), αYuk(Q

2)) + ξ(αw(M2
W ))

]
Z ,

(4.33)
with the solution

Z = P

[
exp

{∫ Q2

M2
W

dx

x

(∫ x

M2
W

dx′

x′
γ(αw(x′)) + ζ(αw(x), αYuk(x))

+ξ(αw(M2
W ))

)}]
Z0 , (4.34)

where γ(1) = (−3/2) · 1 and ξ = 0 is given for SU(2). The anomalous
dimension matrix ζ includes all the dependence on the Yukawa coupling

αYuk. We eliminate the latter by means of the relation αYuk =
m2
t

2M2
W

αw, and

consider the one-parameter series for the anomalous dimension in αw. The
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Figure 4.1: The one-loop diagrams contributing to the anomalous dimension ma-
trix ζ. The arrow lines correspond to the third generation quarks. The dashed
lines correspond to the Higgs, neutral or charged Goldstone bosons. The black
square represent an external singlet vector field

one-loop coefficient reads

ζ(1) =
1

4




12 0 0 0 0
0 12 0 0 0
0 0 9 0 0
0 0 0 9 0
0 0 0 0 0




+
m2
t

4M2
W




0 0 6 0 −6
0 0 0 6 −6
1 0 0 0 −1
0 1 0 0 −1
−1 −1 −1 −1 0



,

(4.35)
where the first term representing the pure SUL(2) contribution follows from
the result of sect. 3.1 and the second term represents the Yukawa con-
tribution. It can be extracted from the known one-loop result (see e.g.
ref. [38, 39]). The relevant diagrams are given in fig. 4.1.
As stated above, instead of the Z-functions associated with the form factors
one can directly consider the ultraviolet field renormalization. In this case the
non-diagonal form of the anomalous dimension matrix is due to the mixing
of the bilinear quark and scalar boson operators, which is specific for Yukawa
interaction and is absent in a gauge theory.
The first two diagrams in fig. 4.1 correspond to the mixing of the quark and
the scalar boson form factors. Moreover the Yukawa coupling changes quark
chirality and/or flavour and the last diagram corresponds to the pure mixing
of Zb−, Zt− and Zt+ functions. As a consequence, all the diagonal matrix
elements in the second term of Eq. (4.35) vanish.
The proper initial condition for the evolution equation which corresponds
to the Born amplitudes of the quark and scalar boson production in e+e−

annihilation is given by the vector Z0 = (1,−1,−1, 1, 0). In NNLL approx-
imation one needs also the one-loop running of the Yukawa coupling with

the corresponding beta-function βYuk0 = 9
4
− 3m2

t

4M2
W

. By expanding the solution

for the component Zφ we obtain the two-loop corrections enhanced by the
second or fourth power of the top quark mass. Note that in the production
amplitude one has to take into account also the interference between the
one-loop Yukawa contribution to Zφ and the one-loop logarithmic term in
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the reduced amplitude and the electron Zψ function.

To derive the correct mt dependence at two-loop NNLL level we remove all
terms proportional to m2

t and m4
t from ξ(1) in the two-loop NNLL expansion

and treat these terms in an extra Yukawa contribution δ
(2)NNLL
Yuk . Like for the

matrix structure of the reduced amplitude we introduce coefficients which
are given in respect to the Born cross section, such that

〈ζ (1)
φ 〉 = ZPζ(1)Z0 , (4.36)

〈ζ (1)2
φ 〉 = ZPζ(1)ζ(1)Z0 , (4.37)

where ZP = (1, 0, 0, 0, 0). For reasons of traceability, we give the particular
terms contributing to the two-loop NNLL Yukawa enhanced contributions ex-
plictely. We split the two-loop NNLL Yukawa correction into (2loop×Born)
and (1loop× 1loop)

δ
(2)NNLL
Yuk = δ

(2)NNLL
Yuk,1loop×1loop + δ

(2)NNLL
Yuk,2loop×born , (4.38)

and obtain

δ
(2)NNLL
Yuk,2loop×born = [〈ζ (1)2

φ 〉 + (2ζ
(1)
ψ + 2χ̃(1) − βY uk0 )〈ζ (1)

φ 〉]Yuk log2
(

s

M2
W

)
,

δ
(2)NNLL
Yuk,loop×1loop = [〈ζ (1)

φ 〉2 + 2(ζ
(1)
ψ + χ̃(1))〈ζ (1)

φ 〉]Yuk log2
(

s

M2
W

)
. (4.39)

With the coefficients ζ
(1)
ψ = 9/4, χ̃(1) = log(x+) − 5 log(x−) and the Yukawa

β-function the particular contributions read

〈ζ (1)2
φ 〉

∣∣∣
Yuk

=
3

8

m4
t

M4
W

− 63

8

m2
t

M2
W

, (4.40)

ζ
(1)
ψ 〈ζ (1)

φ 〉
∣∣∣
Yuk

= −27

8

m2
t

M2
W

, (4.41)

χ̃(1)〈ζ (1)
φ 〉

∣∣∣
Yuk

=
(

15

2
log(x−) − 3

2
log(x+)

)
m2
t

M2
W

, (4.42)

βYuk0 〈ζ (1)
φ 〉

∣∣∣
Yuk

=
9

8

m4
t

M4
W

− 27

8

m2
t

M2
W

, (4.43)

〈ζ (1)
φ 〉2

∣∣∣
Yuk

=
9

4

m4
t

M4
W

− 9
m2
t

M2
W

. (4.44)

So far, the Yukawa enhanced NNLL correction have been examined within
a SU(2) theory. To extend this approach to electroweak corrections one has
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to adjust the couplings properly, such that the correction with respect to the
cross section reads

δ
(2)NNLL
Yuk =

c2W
s4
W

[
3

2

m4
t

M4
W

+
m2
t

M2
W

(30 log(x−) − 6 log(x+) − 27)

]
log2

(
s

M2
W

)
.

(4.45)
This expression approximates the full result up to the terms suppressed by
sin2 θW ∼ 0.2.

4.2.2 Anomalous Dimensions

We present the analytic form of the results in terms of soft anomalous di-
mensions. To give the formulae of the electroweak radiative corrections in a
compact form we introde the the following notations

LZ = log
(
M2

Z

M2
W

)
,

LH = log
(
M2

H

M2
W

)
,

Ltop = log
(
m2
t

M2
W

)
,

LxZ = log
(

1 − βZ
1 + βZ

)
, βZ = −i

√√√√4
M2

W

M2
Z

− 1 ,

LxH = log
(

1 − βH
1 + βH

)
, βH = −i

√√√√4
M2

W

M2
H

− 1 ,

LxZH = log
(

1 − βZH
1 + βZH

)
, βZH = −i

√√√√4
M2

Z

M2
H

− 1 ,

LxZt = log
(

1 − βZt
1 + βZt

)
, βZt = −i

√√√√4
m2
t

M2
Z

− 1 ,

LWtop = log
(
1 − M2

W

m2
t

)
. (4.46)

The logarithms LxP and square roots βP (P = Z,H, ZH,Zt) are purely
imaginary. In the radiative corrections these terms actually only exist in
combinations which are real, for example βPLxP .

The one-loop coefficients are obtained by comparing the coefficients of the
one-loop expansion of ZÃ with the one-loop calculation performed within the
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MS renormalization scheme. For convenience, we project the one-loop coef-
ficients on the particular gauge group contributions αw = α/s2

W , αY = α/c2W
and α. In the following these coefficients are presented first for the transverse
part and subsequently for the longitudinal part.

Transverse polarization

For one-loop coefficients the renormalization scale is chosen to µ = MZ and
we obtain

γ
(1)
T = − 11

2s2
W

− 1

2c2W
+ 4 ,

ζ
(1)
T =

9

4s2
W

+
3

4c2W
− 3 ,

ξ
(1)
T =

(
5

2s2
W

+
1

2c2W
− 4

)
log

(
M2

Z

M2
W

)
,

χ̃
(1)
T =

1

s2
W

[(
2x−
x+

− 4
)

log(x−) + 2 log(x+)
]

+ 4 log
(
x−
x+

)
(4.47)

and

σ
(1)
0T =

1

s2
W

[
− 23x2

+ − 28x+ + 10

2x+(x2
− + x2

+)
log2(x−) +

3x−
x2
− + x2

+

log2(x+)

+
4

x+
log x− log x+ +

19x+ − 10

2(x2
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+)
log(x−) − 1

2
L2
Z

+
(
− 3

2

M6
Z

M6
W

+
31

4

M4
Z

M4
W

− 17

2

M2
Z

M2
W

+ 4 log
(
x−
x+

)
− 1

6

)
LZ

+2L2
xZ

+
(
− 6

M6
Z

M6
W

+ 43
M4

Z

M4
W

− 84
M2

Z

M2
W

+ 68
) M2

Z

4(M2
Z − 4M2

W )
βZLxZ

+
(
− 1

6

M6
H

M6
W

+
3

4

M4
H

M4
W

− 3

2

M2
H

M2
W

+ 1
)
LH

+
(
− 2

M6
H

M6
W

+ 13
M4

H

M4
W

− 32
M2

H

M2
W

+ 36
) M2

H

12(M2
H − 4M2
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βHLxH

+2Ltop + 2
(
1 − m6

t

M6
W
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90x+
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− + x2

+

+ 3
M4

Z

M4
W

− 11
M2
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M2
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+
1

3

M4
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M4
W

− M2
H

M2
W

− 2
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t

M4
W

− m2
t

M2
W

+
π2

2
+

575
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+
1

c2W

[
x2

+ − 2x+ + 2

2x+(x2
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+)
log2(x−) +

x+ + 2
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log(x−)
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(
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(
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W
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)
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+
x+

2(x2
− + x2

+)
+
π2

6
+

1

4

]

+
[
2L2

Z +
(
8 log

(
x+
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)
+

4

3

M6
Z

M6
W

− 7
M4

Z

M4
W

+ 9
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Z

M2
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+ 10
)
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xZ

+
(
4
M6

Z

M6
W

− 29
M4

Z

M4
W

+ 61
M2

Z

M2
W

− 60
)

M2
Z

3(M2
Z − 4M2

W )
βZLxZ

−8

3

M4
Z

M4
W

+ 10
M2

Z

M2
W

− 2π2
]

(4.48)

The coefficient χ̃
(1)
T can also be obtained using the matrix of soft anoma-

lous dimension eq. 3.15. The reduced amplitude is essentially the same as
for the SU(2) case. To get the electroweak coefficient of χ̃

(1)
T one has to in-

clude the hypercharge and electromagnetic contribution to the matrix of soft
anomalous dimensions according to χ(1) = χ

(1)
SU(2) + χ

(1)
U(1)Y

1 − χ
(1)
QED1 (see

section 3.3). Note that there is no hypercharge contribution to χ̃
(1)
T because

the gauge boson of the U(1)Y does not couple to W -bosons. For the two-loop
expansion one also needs

(χ̃2)
(1)
T =

1

s4
W

[
4
(
4 − x−

x+

)
log2(x−) + 4 log2(x+) − 4

(
x−
x+

+ 3
)

log(x−) log(x+)
]

+
16

s2
W

[
log

(
x−
x+

)(
log(x+) +

(
x−
x+

− 2
)

log(x−)
)]

+ 16 log2
(
x+

x−

)
,

(4.49)

which is obtained according to eq. 3.21 using the electroweak matrix χ(1)

discussed above. For the two-loop expansion of γT one obtains with eq. 3.23

γ
(2)
T =

1

s4
W

[
− 385

9
+

11

3
π
]

+
52

9c4W
− 1600

27
.

Note that one must not simply plug in the number of light fermions nf and
scalar doublets ns but take into account the proper charges as shown in
appendix A.4. In this appendix one also finds how to properly implement
the beta functions.
For M = MW = MZ = MH and the limit mt → 0 the particular gauge
contributions reproduce the coefficients of the toy model of SU(2) and U(1)
presented in section 3.2.

Longitudinal polarization

In the case of longitudinal polarization, the Born process involves two s-
channel amplitudes with a Z-boson and a photon as mediating gauge bosons,
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or aW3-boson and the hypercharge boson in the symmetric phase. Therefore,
the isospin structure of the Born vector is more involved. For a SU(N) theory,
the basis (T a ⊗ T a, 1 ⊗ 1) was introduced and the Born vector is given by
(1, 0). To extend the matrix structure to the the electroweak standard model
the leading order hypercharge contribution has to be included. While the
isospin basis stays the same, the Born vector has to be modified since at
Born level an additional Hypercharge boson contributes to the isospin neutral
part of the isospin basis. The electroweak Born amplitude for the s-channel
process therefore reads ( 1

s2
W

, 1
c2
W

YψYφ
4

). In contrast to the pure SU(2) model

a factor of 1
s2
W

appears in the SU(2) contribution due to the change of the

expansion parameter from the weak coupling to the electroweak coupling.
With the renormalization scale set to µ =

√
s as it is convenient for a s-

channel process one obtains

γ
(1)
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s2
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− 1

c2W
+ 4 ,
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(1)
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21
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(1)
L =
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2
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,
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(1)
L =
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c2W
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+ 8 log(x−) − 4 log(x+)

(4.50)

and
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(4.51)

The two-loop contribution of γL reads

γ
(2)
L =

1

s4
W

[
− 70

3
+ 2π

]
+

104

9c4W
− 1600

27
. (4.52)

The procedure for deriving the matrix of soft anomalous dimensions is basi-
cally the same for the transverse part and, in addition, χ̃

(1)
L to one obtains

(χ̃2)
(1)
L =

48s8
W − 128s6

W + 132s4
W − 64s2

W + 13

c4W s
4
W

log2(x−)

+
−64s8

W + 144s6
W − 108s4

W + 24s2
W + 2

c4Ws
4
W

log(x−) log(x+)

+
(1 − 2s2

W )4

c4W s
4
W

log2(x+) . (4.53)

Note that the coefficients γ(1), ζ (1) and χ(1) can be derived either from com-
parison from the solution of the evolution equation with the one-loop cal-
culation, or from the formulae eqs. 3.10, 3.22, 3.21. This provides a simple
check of these coefficients.

Results in the on-shell scheme

The radiative corrections obtained within the on-shell scheme differ only in
the constant σ(1) and the difference is basically related to the finite parts of
the on-shell counterterms. Let us write

δ
(1)OS
T/L = δ

(1)
T/L + δ

(1)
T/L,ct . (4.54)
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In particular it is

δ
(1)
T,ct = 2(δZe − δZsW )||∆=0 ,

δ
(1)
L,ct =

[(
2δZe +

2s2
W − 1

2cW sW
δZZA

)
PAA − 1

2
(δZAZ + δZZA)(PZA + PAZ)

+
(
2δZe −

2

2s4
W − 3s2

W + 1
δZsW +

2cW sW
2s2

W − 1
δZAZ

)
PZZ

]

∆=0
,

(4.55)

where PAA = 4c2Ws
2
W , PAZ = PZA = 2cWsW (2s2

W −1) and PZZ = (1−2s2
W )2.

The corresponding renormalization constants can be found in appendix A.6.
Note that one has to make the same choice for the renormalization scale as
for the radiative corrections, i.e. µ = MZ for δ

(1)
T,ct and µ =

√
s for δ

(1)
L,ct.

With eq. 4.54 we agree with the results of [21]. Note that to obtain the
correct corrections in the on-shell scheme one must not add eq. 4.55 to the
numerical result eqs. 4.60 and 4.62 because here MS-values are used for the
mixing angle parameters, but to the result in the analytic form using on-shell
parameters.
To extend this scheme transformation to the two-loop level is straight forward
since it only affects the one-loop constant which enters the two-loop NNLL,
such that

δ
(2)OS
T/L = δ

(2)
T/L + γ

(1)
T/Lδ

(1)
T/L,ct . (4.56)

4.2.3 Numerical Results

In this subsection we give the differetial corrections factorized in respect to
the Born cross section at one- and two-loop in NNLL approximation. As
input parameters we use MS values for the mixing angle but onshell values
for masses of the gauge bosons. This is because the higher order calculations
are performed within the MS scheme, yet for the gauge boson masses we use
the physical values since they act as infrared cutoff in the evolution equation
approach. As parameters we use

MW = 80.41GeV ,MZ = 91.19GeV ,MH = 117GeV ,mt = 172.7GeV ,

α(M2
Z) =

1

128.1
, s2
W = 0.231 . (4.57)

Since the corrections to the differential cross sections were published with
respect to weak coupling constant αw, we shall give the result in the same
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form in order to ease comparison, such that

dσP
dΩ

=
(
1 +

αw

4π
δ
(1)
wP +

(
αw

4π

)2

δ
(2)
wP + O(α3

w)
)

dσB
P

dΩ
, (4.58)

for polarization P = (T, L) and expand in the logarithms according to

δ(l)
w =

2l∑

k=0

δ(l)NkLL
w log2 l−k

(
s

M2
W

)
. (4.59)
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Figure 4.2: One-loop and two-loop corrections to the differential cross section
relative to the Born approximation for the production of transversely polarized W
bosons at

√
s = 1 TeV.
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δ
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Longitudinal polarization

δ
(1)LL
wL = −2.376 ,

δ
(1)NLL
wL = −6.905 log(x−) + 0.753 log(x+) − 3.484 ,

δ
(1)NNLL
wL = −2.188

x+

log2(x−) +
0.650

x−
log2(x+) + 0.189 (log(x−) − log(x+))

+36.823 .

(4.62)

δ
(2)LL
wL = 2.824 ,

δ
(2)NLL
wL = 16.409 log(x−) + 1.789 log(x+) + 11.999 ,
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δ
(2)NNLL
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x+

)
log2(x−) +
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Figure 4.3: One-loop and two-loop corrections to the differential cross section
relative to the Born approximation for the production of longitudinally polarized
W bosons at

√
s = 1 TeV.

These results differ slightly from those presented in [15]. This is basically
because we adopted the on-shell calculation [21] and transformed it into the
MS-scheme, where the use of MZ = MW/cW causes an error which is formally
a higher order effect. Additionally, we did not include the top-decoupling of
the weak mixing angle as described in section 4.1.1 and use a different top
mass as input parameter.
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In the transverse case we observe a cancellation between the huge NLL and
NNLL contributions so that the sum is dominated by the LL term both
at one-loop and two-loop. The two-loop radiative corrections amounts of
about 5% at

√
s ∼ 1 TeV and 20% at

√
s ∼ 3 TeV. For the longitudinal

bosons the corrections exhibit significant cancellation between the LL, NLL
and NNLL terms so that the two-loop sum does not exceed 2% in absolute
value for

√
s ∼ 1 TeV. The cancellation becomes less pronounced at higher

energy. The uncertainty of the theoretical prediction for the on-shell W -
pair production at ILC is now determined by the unknown two-loop linear
logarithmic terms. For the fermion pair production such terms are know to
contribute about 1–2% of the cross section [14]. This value can be used as a
rough estimate of the accuracy of our approximation.
As pointed out in [21], the high energy approximation (including one-loop
corrections) reproduces the exact calculation to about one percent in the an-
gular range 30◦ < θ < 150◦ and at center of mass energies larger 1 TeV. Note
that one can observe the dominance of the SU(2) corrections when compar-
ing the radiative corrections within the Electroweak Standard Model to the
ones of the toy model SU(2).

We give also the loop corrections with respect to the total Born cross section.
The transverse cross section is highly sensitive on the cut-off of the angular
integration, which we set to 30◦, since it is peaked in the forward direction
of the beam axis.
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Figure 4.4: One-loop and two-loop electroweak corrections to the total cross sec-
tion relative to the Born approximation for the production of transversely polarized
W bosons at

√
s = 1 TeV with an angular cutoff of 30◦.
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Figure 4.5: One-loop and two-loop electroweak corrections to the total cross
section relative to the Born approximation for the production of longitudinally
polarized W bosons at

√
s = 1 TeV with an angular cutoff of 30◦.



Chapter 5

W -Pair Production in qq
Annihilation (LHC)

In this chapter we discuss the cross section of W -pair production in hadron
colliders. We restrict ourselves to the W -pair production in qq Annihilation.
Indeed, the cross section of the loop induced gluon fusion process gg →
W+W− is an order of a magnitude smaller compared to the process qq →
W+W− [40].

In section 5.1 the anomalous dimensions are presented, which are obtained
from one-loop calculations. Numerical values for cross sections at partonic
niveau are given in section 5.2. In section 5.3 we discuss the transverse
momentum (pT) and invariant mass distributions for the W -pair production
at LHC. Radiative corrections to the pT- and invariant mass distribution are
presented in one-loop and up to next-to-next-to-leading logarithmic two-loop
approximation.

5.1 Anomalous Dimensions

A one-loop calculation and the derivation of leading logarithms at two-loop
on partonic level is performed analogously to the W -pair production in e+e−

annihilation in the MS scheme. As in the case for e+e− initial states we
restrict ourselves to left-handed initial states.

In the following we present the soft anomalous dimensions. The coefficients
γ(1), ζ (1), χ(1), ξ(1) and the one-loop constant σ

(1)
0 are obtained from a one-

loop corrections. The first three coefficients are checked against formulae for
the one-loop expansion of γ, ζ and χ provided in secion 3.1. The two-loop
coefficient γ(2) is derived from eq. (3.23). We use the abbrevations of loga-
rithmic terms introduced in eq. 4.46.
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For the pair-production of transversely polarized W -bosons and up-type ini-
tial state quarks we obtain
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The corresponding coefficients for down-type initial state read
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Note that, as expected, the coefficients with respect to up-type and down-
type initial state quarks differ only in the QED part, since they carry the
same SU(2) isospin and hypercharge.

In the case of production of a pair of longitudinally polarized W -bosons with
up-type initial state quarks we obtain
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and for down-type initial state quarks the coefficients read
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(5.26)

The one-loop logarithmic corrections are checked according to appendix A.7.
In the longitudinal case the matrix of soft anomalous dimensions and the
constant contain contributions - the last two terms of eqs. (5.19,5.26)- which
cannot be seperated completely into particular gauge group contributions.
This is due to interactions of a scalar current coupling to a vector boson. In
particular, the diagrams generating this contribution are box diagrams where
the charged final state Goldstone bosons couple to a neutral scalar boson and
a W -boson. Here, the amplitude is of pure SU(2) origin while it factorizes
with respect to an s-channel Born cross section with the photon and Z-
boson as intermediate gauge bosons. Such non-separable contributions arise,
however, only for quark initial states and is not observed for lepton initial
states. This is related to the structure of the Born cross section 2.14, where
the sW -dependence of the numerator vanishes only for lepton-charges.

5.2 Partonic Results

In this section the numerical values of radiative corrections are presented with
respect to differential Born cross section, regarding W -pair production in qq
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annihilation, i.e. in partonic level. In the following we give the numerical
results on partonic level using the input parameters given in eq. 4.57. For
convencience we introduce Ln = logn(ŝ/2

W ). Here, ŝ denotes the partonic
center of mass energy squared, which is different from the collider center
of mass energy squared s, as will be discussed in the next section. The
correction factors are labeled indicating initial states uu and dd, as well as
transverse and longitudinal polarization of the final states. For the particular
corrections to the Born approximation with regard to specific initial and final
states we obtain
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Figure 5.1: One-loop (left-hand side) and two-loop (right-hand side) corrections to
the partonic differential distribution for the pair-production of transversely polar-
ized W -boson with up-type (upper half) and down-type (lower half) quark initial
states.

The corresponding corrections to the leading order differential distribution
are depicted in fig. 5.1 and fig. 5.2 for transverse and longitudinally polarized
W -bosons respectively. Indeed, one can barely observe a difference between
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up-type and down-type quark initial states, which carry the same SU(2) and
U(1)Y quantum numbers as far as left-handed initial states are concerned.
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Figure 5.2: The same as fig. 5.1 but for the production of a pair of longitudinally
polarized W -bosons.
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5.3 Hadronic Results

In this section we study the impact of electroweak corrections to W -pair
production at the LHC, i.e. W -pair production in proton-proton collisions
at

√
s = 14 TeV. Up to now, we have only considered W -pair production

in quark-antiquark annihilation, where the actual center of mass energy of
the participating quarks

√
ŝ is only a fraction of the collider energy

√
s, and

obeys the relation ŝ = x1x2s. Here, x1 and x2 are the momentum fractions
carried by the partons. To accommodate the protons substructure, the cross
section on partonic level has to be convoluted with parton distribution func-
tions fh,i(x, µ

2), where fh,i(x, µ
2)dx is the probability of finding a parton i

in hadron h carrying a momentum fraction between x and x+ dx. The fac-
torization scale µ, which gives the scale where short distance effects become
relevant, is chosen to be the transverse momentum pT. After convolution
with the parton distribution functions, electroweak corrections at hadronic
level are obtained. The convolution with parton distribution functions is
performed using the MRST package [41], providing the leading order parton
distributions, which is implemented in fortran77. The hadronic cross section
is related to the partonic cross section by

dσ

dpT

=
1

N2
c

∑

ij

∫ 1

0
dx1

∫ 1

0
dx2fh1,i(x1, µ

2)fh2,j(x2, µ
2)θ(x1x2 − τmin)

dσ̂ij
pT

,

(5.33)

where pT = 1
2

√
ŝ− 4M2

W sin θ is the transverse momentum of the W bosons
and Nc is the number of colours. The indices i and j denote the particular
initial state partons of the hadrons h1 and h2. σ̂ij is the partonic cross section
for the subprocess with partons i and j and the sum runs over all possible i, j
combinations. The quantity τmin is related to the minimum partonic energy
that is needed to produce two W -bosons with a given transverse momentum
pT

τmin =
4(p2

T +M2
W )

s
. (5.34)

We point out that we include only left-handed intial state quarks. On par-
tonic level the right-handed intial states do not contribute at leading order
to the production of transversely polarized W -bosons and are suppressed by
s4
W regarding the production of a pair of longitudinally polarized W -bososn.

The pT distribution of the partonic cross section can be obtained from the
angular distribution according to

dσ̂ij
pT

=
∣∣∣∣
d cos θ

dpT

∣∣∣∣
(
dσ̂ij(x+, x−)

d cos θ
+
dσ̂ij(x−, x+)

d cos θ

)
, 0 ≤ cos θ ≤ 1 , (5.35)
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with the Jacobian given by
∣∣∣∣
d cos θ

dpT

∣∣∣∣ =
4pT√

s(x1x2s− 4M2
W )

√
x1x2 − τmin

. (5.36)

To implement the numerical results in an integration algorithm we perform
a variable transformation

x1 = (1 − τ)z2
1 + τmin ,

x2 =
(1 − τ)z2

1z
2
2 + τmin

(1 − τ)z2
1 + τ

, (5.37)

to get rid of a singularity of the integrand at x1x2 = τmin in eq. 5.35 and
stabilize the numerical integration. The pT distribution which enters the
integration algorithm then takes the form
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where

C(z1, z2, τ) =
1√

z2
1z

2
2 + 4p2

T/(s(1 − τmin))

(1 − τmin)z
2
1

(1 − τmin)z2
1 + τmin

. (5.39)

The numerical results are obtained using the integration routine CUHRE,
which is provided in the CUBA library [42].
The pT distributions of the differential cross section at leading order, and
including higher order corrections, are depicted in figs. (5.3,5.4) for the trans-
verse and longitudinal case. The relative higher order corrections with re-
spect to the Born approximation are illustrated in fig. 5.5. We find a strong
enhancement of the pT distribution due to next-to-leading order corrections.
For the production of transversely polarized W -pairs the one-loop corrections
amount to 40% at pT = 1 TeV and 60% at pT = 2 TeV. The two-loop contri-
butions amount to 10% corrections at pT = 1 TeV and 20% at pT = 2 TeV.
In the longitudinal case the radiative corrections are not as large as the ones
regarding the transverse case. This is because the Casimir operators, which
govern the leading logarthmic contributions, are smaller for the Goldstone
bosons, describing the longitudinal degrees of freedom, than the ones for the
transversely polarized W -bosons. Here, the one-loop corrections amount to
15% (30%) at pT =1 (2) TeV. The two-loop contribution does not exceed a
few percent up to pT = 2 TeV.
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Figure 5.3: The pT distribution for the production of transversely polarized W
pairs. LO denotes the leading order contribution and NLO(NNLO) denotes the
one-loop and two-loop corrections relative to the leading order.
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Figure 5.4: pT distribution for the production of longitudinally polarized W pairs
with same notation as fig. 5.3.

Finally, let us consider the invariant mass distribution forW -pair production,

where the invariant mass is given by MWW =
√

(k1 + k2)2, with k1,2 being
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Figure 5.5: pT distribution of one-loop and two-loop corrections relative to the
leading order for the production of transverse and longitudinally polarized W pairs.

the momenta of the produced W -bosons. The invariant mass distribution
reads

dσ

dMWW
=

1

N2
c

∑

ij

∫ 1

0
dx1

∫ 1

0
dx2fh1,i(x1, µ
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dσ̂ij(M
2
WW )
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,

(5.40)

where

dσ̂ij(M
2
WW )

dMWW
=
∫ α

−α
d cos θ

dσ̂ij(M
2
WW )

d cos θ
δ(
√
x1x2s−MWW ) . (5.41)

The leading order invariant mass distribution for W -pair production is de-
picted in fig. 5.6 with an angular cutoff α = 0.866, corresponding to 30 de-
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grees. In fig. 5.7 the radiative corrections to this distributions are illustrated.
We observe the corrections to be of similar form and size with respect to the
ones obtained for lepton colliders, figs. (4.4, 4.5). This is due to the fact that
the dominant contribution to radiative corrections is of SU(2) nature, with
quarks and leptons having the same SU(2) quantum numbers.
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Figure 5.6: The invariant mass distribution relative to the Born approximation
for the production of transversely and longitudinally polarized W pairs.
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Figure 5.7: The electroweak one-loop and two-loop corrections to the invariant
mass distribution relative to the Born approximation.

Note that also the leading order cross section is obtained in the high energy
limit, therefore the pT and MWW distribution for small pT are not repro-
duced correctly. The uncertainty of the theoretical predictions for on-shell
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W -pair production at large scattering angles is driven by the unknown two-
loop linear logarithmic terms and O(α3) corrections. We restrict ourselves to
logarithmic enhanced two-loop corrections. In principle, with the coefficients
presented in this work, the NNLL three-loop terms can be obtained with the
evolution equation approach. The only difficulties are related to the Yukawa
sector in the longitudinal part. However, for the pair-production of longitu-
dinally polarized W -bosons, the three-loop corrections turn out to be in the
size of a few per mille for center of mass energies of few TeV and, therefore,
are negligible. The three-loop corrections regarding the production of trans-
versely polarized W -pairs are in the one percent range for center of mass
energies of 1-2 GeV, due to large cancellations of the leading and next-to-
leading logarithms. Thus, for LHC distributions, the inclusion of three-loop
terms is not necessary. Yet, to include these corrections is straightforward as
long as only the transverse part is concerned.
The inclusion of the N3LL term would be desirable to improve the theoretical
accuracy. Concerning the longitudinal case, a rough estimate of the N3LL
term can be obtained by looking into the four fermion process. Since the
Goldstone bosons (i.e. the longitudinal degrees of freedom of the W -bosons)
exhibit the same quantum charges as fermions, a glance at the four fermion
process provides us with an estimate of the N3LL contribution. For the
fermion pair production such terms are known to contribute about 1–2% of
the cross section [14]. Therefore, we assume that this contribution is fairly
negligible with respect to the production of longitudinally polarized W -pairs.
For the case of transverse W -bosons, however, these contributions are not
possible to estimate and might lead to significant contributions to radiative
corrections, since the two-loop corrections already rise up to 20% for the pT

distribution and 10% for invariant mass distribution.
To derive two-loop N3LL corrections the two-loop values of the soft anoma-
lous dimensions ζ and ξ have to be known, such that an explicit two-loop cal-
culation is necessary. For the production of longitudinally polarized W -pairs,
where only s-channel diagrams contribute at leading order, these coefficients
can be found in the two-loop corrections to the vertex form factors. The case
of production of transversely polarized W -pair is more involved because here
two-loop corrections to the full process have to be taken into account.
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Chapter 6

Conclusions

The production of W -pairs is an important process both for LHC and ILC.
First of all, the W -pair provides a probe of the triple gauge coupling, which
couples a pair of W -bosons and a neutral gauge boson. This coupling
uniquely appears in that form in the Electroweak Standard Model. On the
other hand, W -pairs have to be considered as a background to many pro-
cesses, in particular for the Higgs search in the channel H →W+W−. Hence
precise theoretical predictions to the both Higgs decay and the background
are desired in order to disentangle the background from a possible Higgs sig-
nature.

In this work we evaluated electroweak corrections to the on-shell W -pair
production at both lepton and hadron colliders. To derive the higher order
corrections we adopted the evolution equation approach which provides a
powerful tool to derive leading logarithmic corrections without performing
a full loop calculation in the desired order of perturbation theory. It is
shown that in the high energy regime the radiative can be split in two parts,
one related to exchange of massive gauge bosons and another one related to
exchange of the massless photon. This decomposition leads to two differential
equations, the hard evolution equation and the infrared evolution equation.
These two sets of evolution equations completely determine the dependence
of the amplitudes on the two dimensionless variables Q/MW and Q/λ up to
the initial conditions which are fixed by the matching procedure. We applied
this approach to derive next-to-next-to leading logarithmic corrections at
two-loop level.

We observed large cancellations in particular between the next-to-leading and
next-to-next-to leading logarithms for almost the whole angular distribution
for both the production of transverse vector bosons and scalar (Goldstone)
bosons. Hence, to include only NLL in a logarithmic approximation seems
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to rather worsen the accuracy and one is better off when only the leading
logarithmic corrections are included.

In this work only left-handed initial states have been considered. For the
transverse part right-handed initial states do not contribute at leading order
and are therefore fairly negligible. For the longitudinal part the right-handed
initial states do couple only by hypercharge, and are suppressed by s4

W with
respect to the right-handed initial states. Yet it is desirable to include pro-
cesses involving right-handed initial quarks to account for the non-polarized
intital states in hadron colliders.
For lepton colliders, the polarization of the initial state particles is technically
possible, such that the exclusion of right-handed electrons does not cause any
trouble, whereas this is not the case for LHC. Here, the exclusion of partons
lead to errors which could easily be removed by taking into account right-
handed initial states. Therefore, this is a desirable task for forthcoming
calculations.
Furthermore, we restricted ourselves to quark initial states. At LHC, also
processes with intial state gluons contribute. However, compared to the pro-
cess qq → WW , the cross section of gg → W+W− is about an order of
magnitude smaller [40].

We should emphasize that we made use of the high energy approximation,
which is strictly only valid for large scattering angles and breaks down at
small production angles where the angular dependent logarithms become
large. Yet it provides a fairly good approximation for nearly the whole an-
gular regime. The quality of this approximation is discussed in detail in
[21].
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Appendix

A.1 Reduction of Gamma Matrices

Any product consisting of Dirac matrices Γα...β = γα · · · γβ can be decom-
posed in a basic set of Dirac matrices

1 scalar ,

γµ vector ,

σµν tensor ,

γµγ5 pseudo-vector ,

γ5 pseudo-scalar ,

according to

Γµred =
1

4
(c1 + c2γ

5 + cµ3γµ + cµ4γµγ5 + cµν5 σµν) , (A.1)

with σµν = i
2
[γµ, γν ]. The coefficients are given by

c1 = Tr[Γ] ,

c2 = Tr[γ5Γ] ,

cµ3 = Tr[γµΓ] ,

cµ4 = −Tr[γµγ5Γ] ,

cµν5 =
1

2
Tr[σµνΓ] . (A.2)
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A.2 Group Theory

A SU(N) transformation on N -component spinor fields ψ is given by

ψ′ = exp(iθaT
a)ψ . (A.3)

The generators of the transformation Ta are specified by their commutation
relations

[T a, T b] = ifabcT c , (A.4)

where fabc is the totally antisymmetric structure constant of SU(N) and
satisfy the anticommutation relation

{T a, T b} =
1

N
δab + dabcT c , (A.5)

where dabc is the totally symmetric. Therewith

T aT b =
1

2N
δab +

1

2
dabcT c +

1

2
ifabcT c . (A.6)

For an irreducible representation

Tr[T aT b] = TR δ
ab , (A.7)

where the Dynkin index TR = 1/2 for SU(N). In the fundamental represen-
tation, the Casimir operator is given by

∑

a

(T a)ij(T
a)jk = CF δik , (A.8)

with

CF =
N2 − 1

2N
. (A.9)

For the adjoint representation, the N2 −1 dimensional representation matri-
ces are given by the structure constants

(T b)ac = ifabc . (A.10)

The Casimir operator in the adjoint representation reads

∑

ab

fabcfabd = CAδ
ab , (A.11)

with
CA = N . (A.12)
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A.3 Explicit Values of Charges

Explicit values of the gauge charges are

Y/2 Q T 3 CSU(2)

νL , ν̄l ∓1
2 0 ±1

2
3
4

lL , l̄L ∓1
2 ∓1 ∓1

2
3
4

lR , l̄R ∓1 ∓1 0 0

uL , ūL ±1
6 ±2

3 ±1
2

3
4

dL , d̄L ±1
6

∓1
3

∓1
2

3
4

uR , ūR ±2
3 ±2

3 0 0

dR , d̄R ∓1
3 ∓1

3 0 0

W± 0 ±1 ±1 2

W 3 0 0 0 2

B 0 0 0 0

The scalar doublet Φ = (φ+, φ0), Φ∗ = (φ−, φ∗
0) transform according to the

fundamental representation and its quantum numbers correspond to those of
the left-handed leptons with

φ+ ↔ l̄L , φ0 ↔ ν̄L ,

φ− ↔ lL , φ∗
0 ↔ νL . (A.13)

The electric charge, hypercharge and the weak isospin component T3 obey
the Gell-Mann-Nishijima relation

Q =
Y

2
+ T3 . (A.14)

A.4 Summation of Light Fermion

In section 3.1 we introduced

γ
(2)

ff̄
= −2CF

[(
67

9
− π2

3

)
CA − 4

9
(5nf + 2ns)TF

]
,

β0 =
11

3
CA − 4

3
TFnf −

1

3
TFns ,
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where nf = 6 is the number of light fermions and ns = 1 the number of
scalar doublets. In the Electroweak Standard Model, however, the particular
fermions carry different electromagnetic charge and hypercharge. Therefore
one must not simply plug in the number of light fermions but take into
account the correct charges of the underlying theory.
The sum of the charge squared of all standard model fermions per generation∑
f in U(1)Y and U(1)em is given in the following table.

νL lL lR uL dL uR dR
∑
f

Y 2/4 1
4

1
4

1 3 × 1
36

3 × 1
36

3 × 4
9

3 × 1
9

10
3

Q2 0 1 1 3 × 4
9

3 × 1
9

3 × 4
9

3 × 1
9

16
3

Thus one has to replace

TFnf → 5

3
Ng for U(1)Y , (A.15)

TFnf → 8

3
Ng for U(1)em . (A.16)

in the hard evolution equation, where s ≫ m2
t . Here, Ng = 3, denotes the

number of generations. For the infrared evolution equation the top mass is
non-negligible and has to exclude the top contribution in nf such that

TFnf →
20

3
for U(1)em with heavy top . (A.17)

A.5 Feynman Rules of U(1)Y

The Feynman rules to the spontaneously broken U(1)Y theory are given with
respect to the quantum charge Y/2 which are presented in A.3.

ψ

ψ

= −ig′Yf
2
γµ , (A.18)

S+

S−

k1

k2

= −ig′YS
2

(k1 − k2)
µ for S = (φ−, φ0, H) , (A.19)

H = −ig′ sW
cW

MWY
2
Hg

µν , (A.20)
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S+

S−

= −ig′2Y
2
S

2
gµν . (A.21)

The momenta k1 and k2 of the secound diagram are assumed as incoming.
We restrict ourselves to U(1)Y radiative corrections such that scalar self-
couplings are not taken into account since they involve only SU(2) couplings.

A.6 Counter Terms

The counterterms in the on-shell scheme are presented with the divergent
part

∆ =
2

ǫ
− γE + log(4π) forD = 4 − ǫ .

(A.22)

The wave function renormalization constant of fermions f is given in terms
of electrimagnetic charge Qf and its weak isospin compononent I3.

δZf = −∆

((
2Q2

fs
2
W + 1

)
c2W + 2 (I3 −Qfs

2
W )

2
)

2c2W s
2
W

+Q2
f log

(
λ2

µ2

)

+
log

(
M2

µ2

) (
c2W + 2 (I3 −Qfs

2
W )

2
)

2c2Ws
2
W

+
I2
3

2c2Ws
2
W

− QfI3
c2W

+
LZ (I3 −Qfs

2
W )

2

c2Ws
2
W

+Q2
f

(
s2
W

2c2W
+

1

2

)
+

1

4s2
W

,

δZW = − 5∆

6s2
W

+
5

6sW 2
log

(
M2

W

µ2

)
+ 2 log

(
M2

W

λ2

)
+
Ltop
sW 2

+
M6

W −mt
6

MW
6s2
W

LWtop + βHLxH

(
MH

4

12MW
4s2
W

− MH
6

24MW
6s2
W

)

+LH

(
− MH

6

12MW
6s2
W

+
3MH

4

8MW
4s2
W

− 3MH
2

4MW
2s2
W

+
1

2s2
W

)

+
βHLxH

MH
2 − 4MW

2

(
− MH

8

24MW
6s2
W

+
7MH

6

24MW
4s2
W

− MH
4

MW
2s2
W

+
3MH

2

2s2
W

)

+βZLxZ

(
(8s2

W − 9)MZ
6

24s2
WMW

6 +
(8c2W + 1)MZ

4

12MW
4s2
W

− 2c2WMZ
2

MW
2s2
W

)
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+
βZLxZ

MZ
2 − 4MW

2

(
(8s2

W − 9)MZ
8

24MW
6s2
W

+
(68c2W + 7)MZ

6

24MW
4s2
W

−(7s4
W − 13s2

W + 7)MZ
4

2c2WMW
2s2
W

+
3 (s4

W − 5c4W )MZ
2

2c2W s
2
W

)

+LZ

(
(8s2

W − 9)MZ
6

12s2
WMW

6 +
(28c2W + 3)MZ

4

8MW
4s2
W

− (10s4
W − 17s2

W + 9)MZ
2

4c2WMW
2s2
W

+
s2
W

2c2W
− 5c2W

2s2
W

)
− mt

4

MW
4s2
W

− mt
2

2MW
2s2
W

− MH
2

2MW
2s2
W

+
MH

4

6MW
4s2
W

+

(
96MW

2c4W + 12MW
2c2W

)
MZ

4

72c2WMW
6s2
W

−
(
360c4WMW

4 + 36c2WMW
4
)
MZ

2

72c2WMW
6s2
W

− 35

18s2
W

+
32

9
+
sW

2

cW 2
+

23cW
2

9sW 2
. (A.23)

The self energy contribution and mass counterterms needed fot the Goldstone
boson equivalence theorem at one-loop read

ΣW
L (M2

W ) =
(
− M2

W

c2W
+
m2
t (3 − 3s2

W )

2c2Ws
2
W

+
M2

Z (2s4
W − 4s2

W + 2)

2c2Ws
2
W

)

×
(

log
(
M2

W

µ2

)
− ∆

)
+ LH

(
MH

6

8MW
4s2
W

− MH
4

2MW
2s2
W

− MH
2

8s2
W

)

3LWtopmt
6

2MW
4s2
W

+

(
12c2WMW

2 − 24c2WLWtopMW
2
)
mt

4

8c2WMW
4s2
W

+
mt

2

8c2WMW
4s2
W

(
12c2WLtopMW

4 + 12c2WLWtopMW
4

−24c2WMW
4
)

+ βHLxH

(
MH

6

8MW
4s2
W

− MH
4

4MW
2s2
W

− 3MH
2

8s2
W

)

+βZLxZ

(
(9 − 8s2

W )MZ
6

8s2
WMW

4 +
(6s2

W − 7)MZ
4

4MW
2s2
W

+
(8s4

W − 25s2
W + 13)MZ

2

8c2Ws
2
W

)
+ LZ

(
(9 − 8s2

W )MZ
6

8s2
WMW

4

+
(7s2

W − 8)MZ
4

2s2
WMW

2 +
(24s4

W − 59s2
W + 31)MZ

2

8c2W s
2
W

)

+
MZ

2
(
16c4WMW

4 + 4c2WMW
4
)

8c2WMW
4s2
W

+
2M2

W

c2W
,

ΣWφ(M2
W ) =

(
3m2

t

2Ms2
W

− M (2sW + 1)

4cWsW

)(
∆ − log

(
M2

µ2

))
− 3LWtopm

6
t

2M5s2
W
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+
3LWtopm

4
t

M3s2
W

− 3m4
t

2M3s2
W

− 3Ltopm
2
t

2Ms2
W

− 3LWtopm
2
t

2Ms2
W

+
3m2

t

Ms2
W

+LxHβH

(
− M6

H

8M5s2
W

+
M4

H

4M3s2
W

+
M2

H

4Ms2
W

)

+LH

[
− M6

H

8M5s2
W

− M4
H

4M (M2 −M2
H) s2

W

+
M4

H

2M3s2
W

− M2
H

4Ms2
W

+
MM2

H

2 (M2 −M2
H) s2

W

+
M

4s2
W

− M3

4 (M2 −M2
H) s2

W

]

+LZ

((
− c2W

8M3s2
W

+
1

8M3s2
W

− 5

4M3
− s2

W

8M3c2W

)
M4

Z

+

(
c2W

4Ms2
W

+
7

2M
− 1

2Ms2
W

+
3s2

W

4Mc2W

)
M2

Z

)

+LxZβZ

((
− c2W

8M3s2
W

+
1

8M3s2
W

− 5

4M3
− s2

W

8M3c2W

)
M4

Z

+

(
s2
W

2Mc2W
+

1

M
− 1

4Ms2
W

)
M2

Z

)
+

M4
H

4M3s2
W

− M2
H

2Ms2
W

−7Ms2
W

4c2W
− 3M

2
+
M2

Z (9 − 8s2
W )

4Mc2W
+
Mc2W
4s2

W

− M

2s2
W

,

∂M2
W =

(
M2 (s2

W + 5)

6c2Ws
2
W

− M2
Z (s2

W − 1)
2

c2Ws
2
W

− 3m2
t

2s2
W

)(
∆ − log

(
M2

µ2

))

+LxHβH

(
− M6

H

24M4s2
W

+
M4

H

6M2s2
W

− M2
H

2s2
W

)

+LH

(
− M6

H

24M4s2
W

+
M4

H

4M2s2
W

− 3M2
H

4s2
W

)
+ Ltop

(
3m2

t

2s2
W

− M2

s2
W

)

+LWtop

(
− m6

t

2M4s2
W

+
3m2

t

2s2
W

− M2

s2
W

)

+LZ

(
(8s2

W − 9)M6
Z

24s2
WM

4
+

(10c2W + 1)M4
Z

4M2s2
W

+
(1 − 3s2

W )M2
Z

4c2Ws
2
W

)

+LxZβZ

(
(8s2

W − 9)M6
Z

24s2
WM

4
+

(12 − 11s2
W )M4

Z

6s2
WM

2

+
(5c4W − s4

W )M2
Z

2c2Ws
2
W

)
− m4

t

2M2s2
W

− m2
t

s2
W

−(856c4WM
6 − 144s4

WM
6 − 692c2WM

6 + 712c2Ws
2
WM

6)

72M4c2Ws
2
W
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−M
4
Z (−48M2c4W − 6M2c2W )

72M4c2W s
2
W

− M2
Z (432c4WM

4 + 36c2WM
4)

72M4c2Ws
2
W

+
M4

H

12M2s2
W

− M2
H

2s2
W

,

(A.24)

The counterterms to the electromagnetic coupling constant, the sinus of the
weak mixing angle and the neutral vector boson propagators are

δZe =
1

2
∆α− 8

9
Ltop +

11

6
log

(
µ2

M2
W

)
− 1

3
+

11

6
∆ ,

where ∆α is given in eq. 4.11 ,

δZsW =

(
log

(
M2

µ2

)
+ ∆

)(
M2

Z (s2
W − 1)

2

2M2s4
W

+
25

12s2
W

− 1

2s4
W

+
11

6

)

+LxHβH

(
c2WM

6
H

48M6s4
W

− c2WM
4
H

12M4s4
W

+
c2WM

2
H

4M2s4
W

)

+LWtop

(
c2Wm

6
t

4M6s4
W

− 3c2Wm
2
t

4M2s4
W

+
c2W
2s4

W

)

+Ltop
−32s4

W + 24s2
W + 18c2W − 9

36s4
W

+LxHZβHZ

(
− M6

Hc
6
W

48M6s4
W

+
M4

Hc
4
W

12M4s4
W

− M2
Hc

2
W

4M2s4
W

)

+LH

(
M6

H (c2W − c6W )

48M6s4
W

− M4
H (1 − s2

W )

8s2
WM

4

)

+iπβZt

((
4c2W

3M2s2
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c2W
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W

− 16c2W
9M2
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t +

2
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− 8
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t c
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W
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W
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− c4W
3s2

W

+
13c4W
8s4

W

+
c2W

12s2
W

− 5

6
c2W − 1

24

)

+LZ

(
(8c4W + c2W )M6

Z

48M6s4
W

− (10c4W + c2W )M4
Z

8M4s4
W

+
(3s2

W − 1)M2
Z

8M2s4
W

+
10

3s2
W

+
M6

Hc
6
W

48M6s4
W

− M4
Hc

4
W

8M4s4
W

+
3M2

Hc
2
W

8M2s4
W

− 55

24s4
W

− 40

9

)

+LxZβZ

(
(8c4W + c2W )M6

Z

48M6s4
W

− (11c4W + c2W )M4
Z

12M4s4
W

+
(s4
W − 5c4W )M2

Z

4M2s4
W



A. Appendix 95

+
5c2W
6

+
c4W
3s2

W

− c2W
12s2

W

− 5c6W
2s4

W

− 13c4W
8s4

W

+
1

24

)
− 20

3s2
W

+
311

72s4
W

+M4
Z

(
− c4W

3M4s4
W

− c2W
24M4s4

W

)
+M4

H

(
c4W

24M4s4
W

− c2W
24M4s4

W

)

+M2
Z

(
3c4W
M2s4

W

+
c2W

4M2s4
W

)
+m2

t

(
32c2W
9M2

− 8c2W
3M2s2

W

)
+

m4
t c

2
W

4M4s4
W

−5c6W
s4
W

+
2c4W
3s2

W

+
47c4W
18s4

W

+
85c2W
18s2

W

− 173c2W
36s4

W

+
5c2W
3

+ 8 ,

δZAA = −∆α +
16

9
Ltop −

23

3
log

(
µ2

M2
W

)
+

2

3
− 23

3
∆ ,

δZAZ =
(
∆ + log

(
M2

µ2

))(
−34sW

3cW
− 7

3cWsW

)

+Ltop

(
32sW
9cW

− 4

3cW sW

)
+ LZ

(
160sW
9cW

− 20

3cWsW

)

+iπβZt

(
64cWsWm

2
t

9M2
− 8cWm

2
t

3M2sW
+

32sW
9cW

− 4

3cW sW

)

+iπβZ

(
32c3W
3sW

+
8

3
sW cW +

19cW
3sW

+
sW
3cW

−LxZ (32c4W + (8s2
W + 19) c2W + s2

W )

3sW cW

)
− 328sW

9cW
+

40

3sW cW

−64c3W
3sW

− 128m2
tsW cW

9M2
− 16sW cW

3
+

16m2
t cW

3M2sW
− 116cW

9sW
,

δZZA =
4cW
sW

(
log

(
µ

M2
W

)
− ∆

)
,

δZZZ =
(
∆ + log

(
M2

µ2

))(
−23s2

W

3c2W
+

5

3c2W
− 5

6c2Ws
2
W

)

+
LxHZβHZ

(
− c2

W
M8
H

24M6s2
W

+
7M6

H

24M4s2
W

− M4
H

M2c2
W
s2
W

+
3M2

H

2c4
W
s2
W

)

M2
H − 4M2

Z

+LxHZβHZ

(
M4

H (1 − s2
W )

12s2
WM

4
− M6

Hc
4
W

24M6s2
W

)
+ LH

(
− c2W (c2W + 1)M6

H

24M6s2
W

+
(4c2W + 5)M4

H

24M4s2
W

+
(s2
W − 9)M2

H

12M2c2Ws
2
W

+
1

2c4Ws
2
W

)
+ LZ

(
(c4W + c2W )M6

H

24M6s2
W

+
(4s2

W − 9)M4
H

24M4s2
W

+
(c2W + 8)M2

H

12M2c2W s
2
W

+
c2W (43 − 80s2

W ) − 6

12c4Ws
2
W

)



96 A.7. Checks of One-Loop Logarithms

+
iπβZ

12 (4M2 −M2
Z) c2W s

2
W

( (
39
(
M2

Z − 2M2
)
− 16M2s2

W

)
c4W

+2s2
W

(
−20s2

WM
2 − 2M2 +M2

Z

)
c2W +

(
2M2 −M2

Z

)
s4
W

+120M2c6W

)
+

iπβZt
18M2c2W (M2 − 4m2

t c
2
W ) s2

W

((
32s4

W−24s2
W+9

)
M4

−2m2
t c

2
W

(
32s4

W − 24s2
W + 9

)
M2 + 2m4

t c
4
W

(
64s4

W − 48s2
W − 9

))

− LxZtβZt
18M2

Z (M2
Z − 4m2

t ) c
2
Ws

2
W

(
32
(
4m4

t − 2M2
Zm

2
t +M4

Z

)
s4
W

−24
(
4m4

t − 2M2
Zm

2
t +M4

Z

)
s2
W + 9

(
−2m4

t − 2M2
Zm

2
t +M4

Z

))

+LxZβZ

(
2 (60c6W + (39 − 8s2

W ) c4W + (2s2
W − 20s4

W ) c2W − s4
W )M2

12 (M2
Z − 4M2) c2Ws

2
W

−s
4
W + 37c2Ws

2
W − 39c2W

12c2Ws
2
W

)
+
Ltop (32s4

W − 24s2
W + 9)

18c2Ws
2
W

+
c2WM

4
H

12M4s2
W

+
M4

H

12M4s2
W

− M2
H

6M2s2
W

− M2
H

3M2c2W s
2
W

− 8m2
t

3M2
+

2c2W
3

+
32m2

ts
2
W

9M2
− 29s2

W

4c2W
+

5s2
W

3

+
16

3c2W
− 5c4W

s2
W

− m2
t

2M2s2
W

+
41c2W
12s2

W

− 101

36c2Ws
2
W

+
1

c4Ws
2
W

+
5

18
,

(A.25)

A.7 Checks of One-Loop Logarithms

The one-loop coefficients of Sudakov logarithms are related to Casimir oper-
aters of the external particles [43]. We consider here only virtual corrections
to theW -pair production in fermion antifermion annihilation to check against
our calculation. The electroweak (W± and Z) and electromagnetic correc-
tions are given seperately. For convenience we introduce a = α

4π
, aY = α

4πc2
W

and aW = α
4πs2

W

. The corrections are presented in the form A(1) = δ
(1)
A ABorn

with

δ
(1)
A = δLL,ew

A + δNLL,ew
A + δang NLL,ew

A + δLL,em
A + δNLL,em

A + δang NLL,em
A . (A.26)

For fLfL → W+W−, with f = e, u, d, it is

δLL,ew
A = −

[
aY

(
Yf
2

)2

− aW
11

4

]
log2

(
s

M2
W

)
,
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δNLL,ew
A =

[(
a[−2 − 2Q2

f ] + aY 2[Q2
f − 2T 3

fQf + (T 3
f )2]

+aW [2 + 2(T 3
f )2]

)
log

(
M2

Z

M2
W

)
+ aY 3

(
Yf
2

)2

+aW
65

12

]
log

(
s

M2
W

)
,

δang NLL,ew
A =

[
a
(
− 4Qf log

(
x−
x+

))
+ aW

((
4T 3

f − 2 + 2
x−
x+

)
log(x−)

−4T 3
f log(x+)

)]
log

(
s

M2
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)
,

δLL,em
A = a

[(
2 +Q2

f) log2
(

s

M2
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)
−Q2

f log2
(
s

λ2
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−2 log
(
s
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(
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[
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f ) log
(

s

M2
W

)
+ (2 + 3Q2

f ) log
(
s

λ2

)]
,

δang NLL,em
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(
s
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, (A.27)

and for fLfL → φ+φ− it is

δLL
A = −

[
aY
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+
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4
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log2
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where Rfφ = − 1
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− 1
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δNLL,em
A = a

[
(−2 − 3Q2

f ) log
(

s

M2
W

)
+ (2 + 3Q2

f) log
(
s

λ2

)]
,

δang NLL,em
A = a4Qf log

(
x−
x+

)
log

(
s

λ2

)
. (A.28)

For the W boson the charges of the W− are used. Thus for up-quarks in
the initial states the quantum numbers of the antiquark u has to be used
since this is the one coupling to the W−. Note that in the above formulae all
virtual electromagnetic are included, while we subtracted QED logartihms
which cancel for inclusive corrections.
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