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Sedimentation of fibres and particles in a fluid can be observed manifold in industrial 

applications. Not only in waste water treatment but also during the paper recycling process or 

other separation applications, fibres and particles are involved. The current paper is focussed 

on the detailed description of the sedimentation behaviour of fibres and particles. 

Mathematic modelling is used to investigate inter particle influences in detail. In particular a 

method called Stokesian Dynamics is used to simulate the settling of fibres and particles. The 

main challenge of the modelling is the dependence of the direction of each fibre on its 

sedimentation velocity and the different sizes of the particles with a poly-modal particle size 

distribution. Additionally fibres, particles and the fluid are influencing each other in a 

significant manner and in a long range. Therefore, one has to take into account the influences 

of many particles, while calculating the velocity of one particle.  
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1. INTRODUCTION 

 

The Sedimentation of organic fibres and inorganic particles can be observed manifold in industrial application. In 

waste water treatment the water is clarified from solid particles and fibres with the help of sedimentation. Some 

filtration processes use fibres as an aid to improve the filtration quality. Finally in the paper recycling process one 

tries to separate the cellulose fibres from the inorganic particles used as filling material or in printing colours. The 

pure fibres are used again to produce new paper. For all these applications it is necessary to understand the 

interactions between single particles and the behaviour of the particle collective. In this paper, beside experiments, a 

mathematical method called Stokesian Dynamics will be introduced. With this method it is possible to investigate in 

detail the movements of particle collectives with less or many members, without solving partial differential 

equations.     

First analysis on the topic of sedimentation was made by Stokes at the middle of the 19th century (Stokes, 1851). He 

developed the today well known Stokes formula, describing the sedimentation velocity of a single sphere in a 

Newtonian fluid. The Stokesian Dynamics method for the simulation of the sedimentation of many particles was 

introduced (Brady et al. 1988 und Durlofsky et al. 1987) for the first time.  

Experiments on the settling behaviour of particles (Beiser 2006, Bickert 1997) show that the settling velocity of the 

particles depends on the material, the concentration as well as the pH-value of the suspension. In a dilute suspension 

one gets Stokes sedimentation velocity, which means that the particles settle nearly without interactions. By 

increasing the concentration clusters are formed that settle faster than single particles. After a further increasing of 

the concentration, swarm sedimentation can be observed. The particles tend to segregate and the overall velocity is 

even higher as for the cluster sedimentation. Finally when the concentration becomes too high, the particle 

interactions slow down the velocity and gets slower than the Stokes-velocity. Separation can often be found in the 

region of zone sedimentation, and classification in the region of swarm sedimentation. All these experiments were 

done under the assumption that the particles do not agglomerate during the sedimentation process. A different 

behaviour can be observed during the sedimentation of fibres. Happel and Brenner (1983) developed an analytical 

formula for the sedimentation of an ellipsoid. An analytical formula describing the sedimentation velocity of a long 



body, for example a cylinder or a fibre, was given by Batchelor (1970), with the help of the slender body theory. The 

derivation is based on two solutions, an inner and an outer one, which are coupled in a right manner. The solutions 

show that the velocity depends on the orientation of the body. This dependence on the orientation is the main 

difference between particle and fibre sedimentation. Kumar and Ramaro (1991) observed the settling front of a 

dilute fibre suspension in a cylinder by varying the volume concentration. One sees, that the fibres tend to align in 

direction of gravity and agglomerate during sedimentation. This phenomenon was discovered using computations by 

the Stokesian Dynamics method (Bulter und Shaqfeh (2002)) and by experiments from Herzhaft und Guazelli 

(1998). They tracked single fibres and discovered an alignment and agglomeration. 

All described experiments were done with pure fibre or pure particle suspensions. But hardly any experiments can 

be found with fibre-particle suspensions. Feist et al. (2007) investigates the settling behaviour of screened paper 

suspensions. They found out that depending on the particle to fibre ratio in the suspension one can observe an 

alignment which dominates the settling. With a high concentration of fibres, clusters of fibres are formed that 

sediment very fast and take other and smaller particles with them.  

 

 

2. MATHEMATIC MODELLING 

 

For a better understanding of the inter particle behaviour, the alignment and clustering of the fibres, the 

mathematical modelling is a necessary tool for the investigations. The simulation will be verified for configurations 

with a few particles and fibres to investigate the phenomenon between them.  

 

2.1 Theoretical fundamentals 

 

The fluid can be seen as Newtonian and incompressible. So in general the Navier-Stokes equations  

                 (1) 

                                                     (2) 

 

are valid. Because the Reynolds number Re is very small, which is the case for small particles settling in water, the 

equations (1) and (2) can be simplified to the stationary Stokes equations (3), (4), 

 

                                                   (3)                                                     

                                                                                                                                                    (4)   

                

Some special cases excluded, these equations cannot be solved analytically. Stokes (1851) derived the well known 

analytical formula for the sedimentation velocity of a small settling sphere (5). 

 

                                                              (5) 

 

To calculate the sedimentation of many particles one needs a suitable mathematical model and numerical simulation. 

The Stokesian Dynamics described by Brady and Bossis (1988), is one possibility. In the following we give a rough 

description of the method, for a detailed derivation see Brady and Bossis (1988) or Durlofsky et al. (1987).  

The basis of this method is the integral representation of the stationary Stokes equations (3), (4). With the help of a 

multipole expansion it is possible to approximate the velocity disturbance  of the fluid due to particle , at any 

position depending on the forces , torques .  

Besides the influence of the fluid the influences of all the surrounding particles  play a vital role on the movements.  

Denoting  by the velocity disturbance generated by all particles except particle  the 

velocity  and angular velocity  of particle  can be expressed in the so called Faxen-Laws (6), (7)  



                                                    (6) 

                          (7) 

 

These laws couple the velocity  and the angular velocity  of a particle with the force  and the torque  of 

the fluid and disturbance velocity . This leads to a system of equations between the velocity und angular 

velocity of all particles and the forces and torques on them. The matrix M of the system is called mobility matrix (8).  

 

                                                          (8) 

 

This system has now to be solved under the knowledge of the velocities in a suitable manner, to get the forces and 

torques on each single particle. With the help of the Newtonian laws of motion a new velocity and angular velocity 

is calculated.  

This method is derived for spheres of one size so far. Therefore an extension will be presented for different sizes.  

Finally a fibre is modelled as a chain of spheres.  

 

2.2 Results  

  

First, calculations are made with only a few spheres. Eight spheres are placed at the corners of a cube by varying the 

length of the edges from 3 over 4 to 5 times the particle radius. The result is a periodic sedimentation behaviour. The 

upper spheres come closer to the lower ones. They overtake each other and finally move to their starting 

configuration, with exchanged order. Figure 1 shows the z-position at which all particles lay in the same plane for 

the first time. The calculation shows a good coincidence compared to the results by Durlofsky et al (1987).  

 

 
Fig. 1: x-z-projection of the centres of the spheres, which were started in the corners of cubes with an edge length of 

3, 4 or 5 times the particle radius. The positions of the centre of the spheres are shown, when reaching the same 

plane for the first time.    

 



Figure 4 shows the result of an experiment, which has no periodic starting position. There is also a good agreement 

with Durlofsky et al. (1987). 
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Fig. 2: x-z-projection of the trajectories of the spheres centres of three spheres, started from the positions  

(-5,0,0), (0,0,0), (7,0,0).   

 

With the next experiment we prove that the modelling of the fibre as a chain of particles can represent the behaviour 

observed for ellipsoids or fibres. The sedimentation of two fibres with aspect ratio two is compared to the 

sedimentation of an ellipsoid calculated by Claeys und Brady (1993). One can see that the fibres show the same 

behaviour (Fig. 3.) as the ellipsoids.  
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Fig. 3: Sedimentation of two fibres with aspect ratio of two, in comparison to the sedimentation behaviour of an 

ellipse, simulate by Claeys and Brady (1993). The distance at the beginning is 3.5 times the radius.   

 

3. CONCLUSION 

 

A mathematic model has been developed to simulate the sedimentation behaviour of particle-fibre suspensions. The 

calculations with only a few particles are in good agreement with the calculations which are known from the 

literature. Additionally the idea to model a fibre as a chain of particles is a suitable possibility to model the 

sedimentation of fibres.   
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