LP-REGULARITY FOR PARABOLIC OPERATORS WITH
UNBOUNDED TIME-DEPENDENT COEFFICIENTS

MATTHIAS GEISSERT, LUCA LORENZI, AND ROLAND SCHNAUBELT

ABSTRACT. We establish the maximal regularity for nonautonomous Ornstein-
Uhlenbeck operators in LP-spaces with respect to a family of invariant mea-
sures, where p € (1, +00). This result follows from the maximal LP-regularity
for a class of elliptic operators with unbounded, time-dependent drift coeffi-
cients and potentials acting on LP?(RY) with Lebesgue measure.

1. INTRODUCTION

In recent years parabolic problems with unbounded time-independent coefficients
have been investigated intensively. This line of research has focused on the qualita-
tive behavior, namely on the regularity of solutions and the properties of invariant
measures. (See e.g. [4, 6, 12, 39, 42] and the references therein.) Such parabolic
problems arise as Kolmogorov equations for ordinary stochastic differential equa-
tions. In this context, however, it is natural to consider time-varying coefficients.
Recently a corresponding analytical theory for nonautonomous Kolmogorov equa-
tions was initiated in [15] (see also [16]). There and in the papers [25, 26] the
prototypical case of the nonautonomous Ornstein-Uhlenbeck operator

N N
(“o(s)e)(x) = % > aii()Dijp(x) = Y bij(s)a;Dip(x), xRV,

ij=1 ij=1

was studied, assuming that the coefficients g;; and b;; are bounded and continuous
in s € R and that the matrix [g;;] is symmetric and uniformly positive definite. In
this case an explicit formula for the solution of the parabolic equation

{ Du(s,x) = do(s)u(s,a), s>r, xRV,

u(r,x) = p(z), x € RN, (L)

when ¢ € Cy(RY) is known. This formula is very useful in many respects (e.g., to
study regularity), see [15, 25, 26]; but it will play no role in our investigations. The
solutions of (1.1) define evolution operators (or, an evolution family) on C,(RY)
by setting Go(s,r)¢ := u(s). Recently, the results from [15, 25, 26] have partly
been extended to more general elliptic operators with time-varying unbounded co-
efficients, see [29, 30].

Under suitable assumptions, autonomous Kolmogorov operators admit an in-
variant measure. As the results in [25] show, this is not true anymore in the
nonautonomous case, which is in fact the crucial novelty in the case of time-varying
coeflicients. However, in [25] it has been proved that it is possible to obtain a
family of invariant measures {vs, s € R} (also called evolution system of invariant
measures in [16] and entrance laws at —oo in [23]), provided the matrices —[b;;(s)]
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generate an exponentially stable evolution family on RY. These measures are Borel
probability measures on RY satisfying the equation

/Go(s,r)godusz/ © dvy (1.2)
RN RN

for all ¢ € C,(RY) and all r,s € R with » < s. The set of all such families of
invariant measures has been described in [25], and it was shown that there exists
exactly one family {us, s € R} of Gaussian type which has finite moments of
every order. In formula (2.1) we recall the explicit formula for pus. The existence
of families of invariant measures for more general nonautonomous operators has
recently been proved in [29], see also [5, 7, 8] for related results.

The defining property (1.2) of invariant measures easily implies that one can
extend the evolution operator associated with (1.1) to a contraction Go(s,r) :
LP(RY 1) — LP(RYN, u,) for all s > r. As in the autonomous case one can expect
good regularity properties of this extension. But in the nonautonomous case one has
to pay the price that the evolution operators act on a family of spaces. In addition,
it is well known that the asymptotic behavior of nonautonomous problems is much
more difficult to treat than in the autonomous case. For an evolution family on a
fixed Banach space an associated ‘evolution semigroup’ was introduced for the study
of evolution families. For instance, this semigroup allows to derive spectral theoretic
characterizations of certain asymptotic properties of the evolution family, see [13],
[40]. It was observed by Da Prato and Lunardi in [15] that one can generalize
this construction also to the case of LP-spaces with time-varying measures, and the
authors used the evolution semigroup in the study of longterm behavior of G, see
also [25, 26, 29].

Following these papers, we define a measure v on Borel sets on R'*Y by setting

v(J x B) = /]uS(B) ds (1.3)

for Borel sets B ¢ RY and J C R. Of course, v is not a probability measure
anymore. One further introduces the evolution semigroup T(-) on LP(R'*N )
corresponding to G defined by

(T(t)f)(s,x) - (GO(Sa §— t)f(s - tv ))(ﬂ?), (s,x) € RlJrNa 3 Z Oa (14)

where f € LP(R'*N v) and 1 < p < +oo. It is straightforward to check that
equation (1.4) defines in fact a Cy-semigroup on LP(R'*¥ 1) and that

/ T(t)fdv = / fdv, t>0, f€C(R"N),
R1+N

R1+N

see [15] or [25]. We denote the generator of T(-) in LP(R'™ v) by G,, where
1 < p < 4o00. In [30] it has been proved that G, is the closure the parabolic
operator ¢ defined by

(Gu)(s,z) = (Fo(s)u(s,-))(z) — Dsu(s, z), (s,z) € RMTN,

for u € C2°(R'). In this paper we want to show that G}, has the ‘natural’ domain
D(G,) = {u € LP(R*™N v): Dy, Dju, Diju € LP(R™N v), Vi, j=1,...,N}

. L2l N

= Wys(R™,v), (1.5)
for 1 < p < 400, see Theorem 3.11. This means that for each inhomogeneity
f € LP(R*™N v) and each A > 0, the function u = (A — G,) 7! f is the only solution
in W,2(R*" 1) of the parabolic equation

Dgu(s) = (do(s) — Nu(s) + f(s), s€eR, (1.6)

on the line. In other words, the problem (1.6) possesses maximal LP-regularity
with respect to the measure v. Such results are known in the autonomous case
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even in much greater generality, see e.g. [14, 17, 32, 33, 34, 35] and the references
therein, where a variety of methods was developed. In the case p = 2, the identity
(1.5) was shown in [25] for the nonautonomous case using regularity properties of
Go(s,r) and tools from interpolation theory. However, the necessary results from
interpolation theory do not hold for p # 2.

In this paper we establish (1.5) for all p € (1,+00) using a completely different
method, inspired by [17] and [35]. We transform the operator ¢ into an operator .%o
on the space LP(R'*") with Lebesgue measure which has a dominating potential,
see Section 2. The operator %o is a (simple) special case of a class of parabolic
operators ¥ = &/(-) — Ds on LP(RY) with time-varying coefficients, see (3.1).
The uniformly elliptic operators <7(s) may have unbounded potential and drift
coefficients. We require that the potential satisfies an oscillation condition and
that it dominates the drift coefficients, as described in Section 3. In Theorem 3.8 it
is shown that the realization L, of ¢ in LP(R**V), where 1 < p < +o0, with the
domain D(L,) = W 2(R'"™N) N D(V) =: ), generates a positive and contractive
evolution semigroup S(-). Hence the parabolic equation

Dgu(s) = (A (s) — Nu(s) + f(s), s €R, (1.7)

has the unique solution u = (A— L,) 1 f in &, for every f € LP(R'*) and A > 0;
i.e., (1.7) has maximal LP-regularity. Moreover, the evolution family associated
with S(-) solves the initial value problem corresponding to (1.7). In Section 4 we
extend these results to the spaces L'(R1*Y) and Co(R*).

By means of Theorem 3.8 one could also treat generalized Ornstein-Uhlenbeck
operators as in [17, 35]. For simplicity, we restrict ourselves to the basic and most
prominent case of the classical Ornstein-Uhlenbeck operators.

Our main theorems are based on two crucial estimates and on semigroup theory.
In Proposition 3.4 we show a weighted gradient estimate which allows to control
the gradient term by the heat operator and the potential. Proposition 3.7 gives
the main a priori estimate for the parabolic operator £ which implies that its
realization L, with domain &, is closed in LP(R!TN). We then verify that L, is
maximally dissipative and employ the theory of evolution semigroups to establish
Theorem 3.8. The proofs for the spaces L' and Cj in the fourth section are similar,
and the one for Cy uses the L result. Our approach is inspired by the paper [35]
which was devoted to the autonomous case, but there are fundamental differences.
So we cannot use the theory of analytic semigroups since the evolution semigroup
S(+) is not analytic. (The spectrum of its generator contains vertical lines, see
[13, Theorem 3.13].) Further, the known results on parabolic evolution operators
do not apply to the class of elliptic operators &7 (s) studied here, see Remark 3.9.
Moreover, the presence of the time derivative in .Z leads to new difficulties in the
proofs of Propositions 3.4 and 3.7. For instance, we need a parabolic version of the
Besicovitch covering theorem established in the Appendix.

Besides [35] and the papers mentioned above, there are several works treating LP-
regularity for autonomous problems with unbounded coefficients in LP-spaces with
respect to the Lebesgue measure, see e.g. [9, 10, 24, 37] and the references therein.
We are only aware of one related paper for nonautonomous problems (except for
[26]): in [11] operators without drift terms were studied with completely different
methods and assumptions.

Notations. We denote by | - | the Euclidean norm of vectors, whereas || A is the
operator norm of a matrix with respect to the Euclidean norm. The transpose of
Ais A* and TrA is its trace. Open balls in R¢ are designated by B(x,7). We write
(&,m) or & -n for the scalar product in R? and I for the identity map. D;, V, D?
and div are the (distributional) partial derivatives, gradient, Hessian matrix and
divergence, respectively, with respect to the space variable z € RY. We also use
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the notations V,, D2 and div, if a function depends on both the time and space
variables (s,z) € R, In this case Dy is the time derivative. We always denote
the spatial Laplace operator by A = D? + .- + D%,

In this paper we only consider real function spaces. The symbol C* refers to
spaces of k-times continuously differentiable functions, where & € NU {0, +oo}. In
such spaces the subscript ¢ means ‘with compact support’, whereas the subscript b
(resp. 0) means that the functions and the derivatives up to order k are bounded
(resp. vanish at 0o). The space of continuous functions f : R — R such that
also V. f is continuous on R'*% is denoted by C%*(R'*¥ R%). Let u be a o-finite
measure on R'*N. Then, W,-?(R'"V, 1) is the space of functions f : R™*N — R
such that f and the distributional derivatives D, f, D;f and D;; f (i,5 =1,...,N)
belong to LP(R*Y ). We endow it with the natural norm

P — P p
oy = [ P+ [ 1DsPd

N N
+ D;f|Pdu + / D f|Pdu.
;/RH]J i f1Pdp Z R1+N| i f1Pdp

i,j=1
We use analogous definitions for subsets of the form (a, b) x RY. If y1 is the Lebesgue
measure, we omit x4 in the notation. The usual isotropic Sobolev spaces on R¢ are
denoted by W} (R?). The norm on L?(R?) is designated by || f||, for 1 < p < +oo.
Finally, we write ¢ = ¢(a, .. .) for a constant depending only on the quantities «, . ..
Such constants may vary from line to line.

2. TRANSFORMATION OF THE PARABOLIC ORNSTEIN-UHLENBECK OPERATOR

For any continuous function s — B(s) from R into the set of N x N matrices,
we denote by U(s,r) the solution of the problem

D,U(s,r) = B(s)U(s,r), seR,
{ U(r,r)=1,

where r € R. We state our hypotheses on the coefficients Q(s) = [g;;(s)] and
B(s) = [b;j(s)] of the Ornstein-Uhlenbeck operator .o (s).

Hypothesis 2.1. (i) The coefficients g;; and b; belong, respectively, to C{ (R)
and Cy(R) for all 4,5 =1,..., N.
(ii) For every s € R, the matrix Q(s) is symmetric and there exists a constant
1o > 0 such that

(Q()6.€) = mole*,  €eRY, seR.
(iii) There exist constants Cp,w > 0 such that
[U(r, s)[| < Coe @7, s,r € R with s > 7.

Under the above assumptions, there exists a family of invariant measures for
o(s) (see (1.2)) of Gaussian type given by

fs(dz) = (27) " (det Q,) "2 e 2(Q ') SR, 2 eRY, (2.1)

“+o0
Q. = / U(s, QU (5,€)de, s R, (22)

see [15] and [25]. Actually, the authors of the previous papers deal with backward
nonautonomous parabolic problems, whereas we have preferred to consider forward
problems in the present paper. But a straightforward change of variables allows to
transform the problem (1.1) into a backward Cauchy problem. More precisely, for
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any r € R, the function (s, x) — v(s,x) := (Go(—s, —r)¢)(z) is a classical solution
to the backward Cauchy problem

{ Dyu(s, ) + do(s)v(s,z) =0, s<r, zeRV, (2.3)
v(r,z) = (), r € RN,
where
) 1N N
do(s)p = 5 > ij(=s)Dijo = Y bij(—s)z; Dig.
ij=1 i=1

Hence, the evolution operator Go(s,r) associated with problem (1.1) and the evo-
lution operator P(s,r) associated with problem (2.3) are related by the formula

Go(S,’f')(ﬂ = P(—S, _T)<P7 r S S, @ € Cb(RN)

In the first lemma we collect some estimates concerning the densities of the
invariant measures.

Lemma 2.2. Assume that Hypothesis 2.1 is satisfied. Then, there exist two con-
stants C1,Cs > 0 such that the inequalities

Cilaf? < (Qra, ) < Colaf?,
Gyt ol <1Q7 2] < CF al, (2.5)
CY <detQ, < CY, (2:6)
hold for allr € R and x € RY.
Proof. Let x € RN and r € R. Formula (2.2) and Hypothesis 2.1 yield that

+oo
(Qraesa) = / QU™ (r, ), U (r,€)") de (2.7)

2 2 e 2 Cg 2
< ClQluclal [ e = 30l ol

for any x € RY, which accomplishes the proof of the second inequality in (2.4) with
2
Cy = %HQHOO We further recall that U(r,s)~1 = U(s,r) for all 7,s € R and that

r,8)|| < Mpe®'\" % for constants w &€ an o > 1 and all »r > s. It thus
U Moe= (=) f, R, and My > 1 and all It th
holds

|z = [U(&r)U*(r,&)z| < [|UE, )| |U*(r, &)a| < Mee® ) [U*(r, )],

for all r,& € R with » < ¢ and all x € RY. Using (2.7) and Hypothesis 2.1(ii), we
then deduce

(Qr,) = / v ggaf? ag > kL / T emmen ge = 0o
=) ’ =M, 2Mw

which gives the first estimate in (2.4) with C; = 19(2MZw)~!. The assertion (2.4)

is equivalent to
VCi|z| <1Q) %z < VCaal. (2.8)
The first inequality in (2.5) now follows noting that
o] = 1Q;2 Q%@ 2] < QI 197 2] < C21Q; .

On the other hand, (2.8) implies HQT_l/QH < 01—1/2 and, hence, the second part of
(2.5). The final assertion (2.6) is a consequence of the fact that the eigenvalues of
Q. belong to the interval [C1, Ca] due to (2.4). O
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Let p € (1,400). We now transform the differential operator 4 = @5 (-) — D;
acting on LP(R'*¥ v) into a differential operator %5 acting on LP(R'*™). To this
purpose, we set ®(s,z) = 2(Q; 'z, z) for (s,2) € RI*N. Observe that (1.3), (2.1)
and (2.6) yield

/ ler® P dy = (zw)*%/ (det Q)2 |f|P ds da < (27701)*%/ |f|Pds da,
RI+N RI+N RI+N

[ Jettgpase=en® [ @et@)tlrdr < @ncyt [ jgran
RI+N R1+N

R1+N

for every f € LP(RYN) and g € LP(R'N v). Therefore the operator M,
LP(RYAN) — LP(RYN 1), defined by

(M, f)(s,x) = e (@ 22) (s 2) = e3P f (s, 1), (2.9)

is an isomorphism with the inverse M, lg = 67%(?9. On test functions we now
define the differential operator

Lo =M, (do(-) — Ds)M,. (2.10)

Let u be smooth. A straightforward computation shows that the equalities

1
D Myu = —(Mpu)Ds® + M,(Dsu),
p
1 1
DiMpu:feP uD;® + ev *Diju = —(Mpu)D;® + M,(D;u),
11) 1 b ! (2.11)

+ %(D@)Mp(mu) + My (Diju)
hold on RN for all 4,5 =1,...,N. For (s,z) € R™*¥ we thus obtain
(Zou)(s, ) = ~Dau(s, ) + S TH(Q(s)D3u(s,2)) — (Bls)a, Vru(s,2))
Q)T B(5.2). Viu(s,2)) + 5 TH(Q()DER(s. (s, o)
1
2p?
- %(B(s)x, V@ (s, x))u(s, )

+ (Q(s)V (s, ), Vi ®(s, z))u(s, z) — %u(s,x)Ds‘I)(s,x)

1
=: —Dsu(s,x) + §Tr (Q(s)D2u(x)) + (Fo(s,z), Vyu(s, z)) — Vo(s, 2)u(s, z).
To write Fp and Vo more conveniently, we observe that
V. ®(s,z) = Q; 'z and D2®(s,x) = Q7. (2.12)
As a consequence,
1
Fo(s,x) = ;Q(S)Qs_lx — B(s)x. (2.13)
We further have
1
(D,Q; 1w, x) = (Q (DsQs) Q1 w, x)

_ < (/ )U*(sr)dr)Qs_la:,x>

=—< L (—Q(s) + B(5)Qs + Qs B*(s)) Q5 'w, )

D®(s,x) =

I\D\»—l
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= (Q9)Q 2.0 9) — (@ B(s).a) — (B*(5)Q5 w.x))
= QIR 7, Q7 ) — (Q7 B(s)a, ). (214)
It follows that
Vols,a) = - @)@ ) ~ 55 (QIQ; 10,05 a) + 3 (Bls)e, Q5 )
1 (51000 5.05) - Q5 Blo)aa) )
-3 (1-3) W e 6 - LTee), 2.15)

for all (s,2) € RN, Now, let p € (1,400). Hypothesis 2.1 and Lemma 2.2 then
imply that Vo (s, z) > ky ||? — ko for constants ky = ki(p) > 0 and ko > 0 and all
(s,2) € RN, We fix the number ¢ = 2|| div, Fo|ls (which is possible because of
Hypothesis 2.1, Lemma 2.2 and (2.13)) and set

Wo(s,z) = co + ki1 |z,

for all (s,x) € RN, In view of Lemma 2.2 and formulas (2.13) and (2.15), there
exist constants A = kg +co >0, c1 = c1(p) > 1, kK = k(p) > 0, and 0 = 2/3 with

Wo <A+ Vo <aWo,  |Fol <skWY? — 0Wo+diva Fo >0  (2.16)

on RN,

3. OPERATORS WITH DOMINATING POTENTIAL FOR 1 < p < +oo.

In this section we mainly consider elliptic operators of the form
A (s)p = dive(a(s)Vap) + F(s) - Ve = V(s)yp, (3.1)
at first defined for ¢ € C2°(RY), and their parabolic counterpart
Lu=(() - Dy)u,
at first defined for u € C°(R*Y). We assume the following conditions on the
coefficients a = [a;;], F and V.
(A1) a;; € CHRY™N) satisfy a;; = aj; and
N
Z agj(s,x)&&; > molél?,
i,j=1
forall z, £ € RN, s € R, 4,57 € {1,..., N} and some constant 79 > 0.
(A2) W e CHR') is a function such that W > ¢q > 0, |[D;W| < W? + Kp
and |V, W| < WW% + K, for some constants co, 3,7 > 0 and Kz, K > 0.
(A3) V : RN — Ris measurable and W < V < ¢; W for some constant ¢; > 1.
(A4) F e C(R™N RN) satisfies |F| < kW= for some constant & > 0.
(A5) F e COY RN RY) and there exists a constant 6 € [0,p) such that OW +
div, F > 0, where p € [1,+00) is given.

Later on we will impose additional restrictions on the size of 5 and =, see (3.7).
Due to (2.16) the functions @, Fo, A+ Vo and Wy from the previous section satisfy
(A1)-(A5) with 8 = Kg = 0 and arbitrarily small v > 0, for each p € (1, +00).
Except for the estimate on D W, the hypotheses (A1)—(A5) were already used
in [35] in the autonomous case. We want to discuss them shortly, referring the
reader to [35] for more details and further references. Of course, (A1) gives uniform
ellipticity. Assumption (A4) allows us to control the drift term by the potential.

(But note that the drift term is not a small perturbation, cf. [35, Remark 3.6].)
The inequality in (A5) is a slightly strengthened dissipativity condition for .. The
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crucial hypothesis is (A2) which restricts the oscillation of the auxiliary potential
W, whereas (A3) allows to compare V and W. The use of W gives some more
flexibility in the applications (as already exploited in [35, Section 7]). Example 3.7
in [35] shows that one cannot omit (A2) and that even the restriction in (3.7) is
almost sharp in certain cases.

In this section we want to show that .Z, endowed with the domain

Dy = {u e Wy2(R"™N) : Wu € LP(R'TV)},

generates a Cp-semigroup on LP(R'*) and we want to exploit this fact in the
study of (1.6) and its variant (3.13) for <7(:). In the next section we also use the
domains
Py ={ue€ L' RN : (A — Dy)u, Wu € LY(R™V)1,
Do = {u € Co(R™N) 1 (A — Dy)u, Wu € Co(RMV)}
= {u e CoR*™M) NnW!2 (RN Vg < +00: (A — Dy)u, Wu € Co(R*V)},

q,loc

where the last equality follows from standard local parabolic regularity. The spaces
Dp, 1 < p < 400, are endowed with their natural norms given by

el = ol ny + Wiy, 1< p<+oo,

[ully = [[(A = Dy)ully + [[Wull1,

l[ulloc = max{[|(A — Ds)ulloc , [[Wullso}-
Note that in the definitions of the spaces Z, and their norms, one could replace
everywhere W by V getting the same sets and equivalent norms (where V' is assumed
to be continuous if p = co). We recall that the norm on W2(R*) is equivalent

to the graph norm of A — Dy on LP(R¥ ) if p € (1, 4+00). At first, we prove three
more or less standard facts for every p € [1, +o0],

Lemma 3.1. Assume that hypothesis (A1) is satisfied. Then, the following asser-
tions hold.

(a) If F € O RN, RY), Ve LY (R™N), and V + S div, F > 0 for some
1 < p < +oo, then (&L, CX(RYN)) is dissipative in LP(RITN).

(b) If F € CRYN RN), V€ CRY™YN) and V > 0, then (£,C®RTN)) is
dissipative in Co(R1TV).

Proof. Let 1 < p < 4o00. It is known that
| o) elel s <o
RN

for all p € C(RY) and s € R, see e.g., [35, Lemma 2.6]. For u € C°(R'™V) we
thus obtain

1
/ (7 ()u — Dyu) ululP~? ds dw < —— / Dy |ulP dsdx = 0.
RI+N P

R1+N

This shows assertion (a). The dissipativity of . in Co(R!*%) is a standard conse-
quence of the maximum principle. O

Lemma 3.2. For every u € C°(R™) and 1 < p < +o0, we have

IVaullp < ClI(A = Ds)ullp [Jull3,

with a constant C > 0 depending only on N.
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Proof. For a given A > 0 and u € C°(R'N), we set f = Au — (A — Dy)u. Let
G,(+) be the heat semigroup generated by A on LP(RY) for 1 < p < 400, and on
Co(RY) for p = 400, respectively. The variation of constants formula yields

u(t) = / e MGt — 5) f(s) ds,

for all t € R. Using the well known estimate /s ||V,Gp(s)pll, < cll¢|lp, valid for
every s > 0 and ¢ € LP(RY) or ¢ € Co(RY), respectively (where ¢ = ¢(N) is a
constant), we deduce that

. ) .
zu(t)|lp < — ;
IOl < [ (el s
for all ¢t € R. Young’s inequality then implies
Cy\/ T C\/T0
IVl < S5 fl < S5 (Al + (A = Dojul,),

for each A > 0. The assertion follows if we take XA = [|(A — Dy)ul[, [Jul/,*. O

Lemma 3.3. Assume that W € C(R'*N) satisfies W > co > 0. Then, C°(R**Y)
is dense in 9, for 1 <p < 4o0.

Proof. Let n be a cutoff function on R'*" such that Ip(0,1) <n < 1p(,2)- Define
nn(t,x) = n(t/n,z/n) for all (t,z) € R*YN and n € N. Let u € %,. Then, n,u — u
and Wn,u — Wu as n — 4oo in LP(R'*V). Moreover,

(Ds - A)(nnu) = Nn(Ds — A)u+u(Ds — A)np — 2(Vu, Vznn>~

Since the derivatives of 7,, tend to 0 in the sup-norm as n — +oo, the functions
(Ds — A)(nnu) converge to (Dg — A)u in LP(R'TY). Hence, the set of all functions
in Z, having compact support is dense in Z,. On the other hand, if v € %,
has compact support, a standard convolution argument shows the existence of a
sequence of smooth functions with compact support converging to u in 2, since
W is bounded in each neighborhood of the support of w. O

The next result is again proved for all p € [1,400]. It will allow us to control
the drift term by the heat operator and the potential.

Proposition 3.4. Let W be a function satisfying (A2). Then, there exists a con-
stant o > 0 (depending only on N, 3, v, Kg, K., co) such that

1 o
1WAVl < & (A = Duly + & (Wl (32)
for alle € (0,1], 1 < p < 400, and u € Z,.

Proof. 1t suffices to show the proposition for test functions u. Lemma 3.3 then
allows us to extend the result to all v € %, by approximation. We further can
replace W by W + X for some A > 0 such that (A2) holds for W + X with Kg =
K! =0. Since W > ¢y > 0, the estimate (3.2) for W + X implies (3.2) for W (with
a different a). So, we may and will assume that K = K/ = 0 in (A2). Hence,

ID,W™ <8 and |VxW*%|§% in RV (3.3)

In what follows we write V instead of V,. Our arguments rely on a localization pro-
cedure in space and time. We set 7 := 7(sq,xo) = (48¢1W (s0,20)) ! for every given
(50,70) € RN and a number ¢; > 1 to be fixed later. Since 7 < (43W (sg,z0)) "},
from (3.3) it follows that

4 4
5 W (s, 20) " < W(so,m0) " < 3 W (s,z0)"",
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V3
2
for all t € R with |t — so| < 7. We next set 7 := (s, zo) = V/3(2layW (s0,x0)2)
for a number £, > 1 to be chosen later. Note that r < (£57)~2W (s, 2¢) "2 for every
t € (so — 7,80+ 7). Estimate (3.3) then implies
205 — 1 205+ 1
20y 20y
for all € B(xo,r) and s € (s9 — T, S0 + 7). We thus obtain

205 — 1 1 1 2/ 1

(262 —1)V3 V3 Wi(s,xz)2 < W(sg,20)? < C R W5
462 462

for all (s,z) in the parabolic cylinder @ = Q(so,xo) := (so — T, S0 + 7) X B(zg,1).

We now choose functions 7 € Cg°(RY) and ¢ € C2°(R) such that 14,2 <1 <

ﬂB(zo,r)a ]1(807T/2,80+T/2) < C < ]1(8077',5041’7')7 |VT]| < C/T7 |D277‘ < C/T2 and |Ds<| <

¢/7 for a constant ¢ independent of sg, zg, 7 and r. We set Q' = Q'(sg,x0) =

(so — 7/2,80 + 7/2) x B(xg,7/2) and denote the p-norms on @' and @ by the

additional indexes @’ and @, respectively, for 1 < p < +o0. Using (3.4), Lemma 3.2,

the definitions of r, 7 and Young’s inequality, we compute

||W%Vu||p’Q/ < cW(so,xo)% |Vullpo < CW(SO,QJO)% IV (Cnu)llp
< e (A = Do) (G W (so, o)yl
1 1 1 1
< Wl (A = Doullg + = IVullno + (= + = ) lullne)

1 1 1 1 1
< clWull2 o (A = Do)ull2 g + ey [Wull2 o [W2VullZ o + (B +7%) [[Wullpq

1

W(87 .’E())f,

ol

W(s,xo)% < W(smmo)% <

W(s,x)% < W(s,mo)% < W(s,x)%,

W(s,z)?, (3.4)

1
2

1 c(d
<5 IWEVulq + < (A~ Doullpo + O W

p,Q» (35>

for each 0, € (0,1], where the constants ¢ only depend on N, b, {1, {2, and the
last one also on §, where b is any number such that 0 < 3,v < b.
In the case p = 400, we fix {1 = ¢5 = 1 and note that inequality (3.5) trivially
yields
c(d)

W2 (s0, 20) [V(s0, 70)| < 8 |[W 2 Vul|o + € [[(A — Dy)ul|oo + — Wl

We now fix § = 1/2 and take the supremum over (sg, 79) € R of the left hand
side. The assertion then follows.

For p € [1,400), we take advantage of Proposition A.1. For this purpose, we fix
the parameters ¢; and /5 in the following way:

5122[572 égzmax{\/g(1+\/ﬁ>a1}-

38 2 4
Clearly, £1,¢5 > 1. Moreover, since 4/ T(SOQ’:E”) = T(S"z’z") for any (sg,z0) € RV,
the cylinder Q’(sg,x0) coincides with the ball By((so, o), 0(s0,20)) centered at
(so,x0) and with radius o(sg,zg) = \/3(4627W(30,x0)%)*1 = %r(so,xo), in
the metric d (see (A.1) and (A.2)), whereas Q(so, o) is properly contained in
Ba((s0,20),20(s0, zg)). Further, using (3.3) we can easily estimate

W (s,2)"% — W(
< W (s,2)7% — W(s,20) 2| + [W(s,20) "% — W(so,z0) 2
< |W(s,2)7% — W(s,20) 2| + [W(s,20) " — W(s0,20) "]

2z — w0l +v/Bls = o'/ < (3 +V/B) d((5,2), (s, 0)),

IN
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for any (s, ), (s0,79) € R*¥. The choice of £, implies that the function g is
Lipschitz continuous in R+ with Lipschitz constant not greater than 1/4. Hence,
Proposition A.1 guarantees the existence of a countable covering Q) = Q'(s, zk)
of R such each (s,z) € R is contained in at most K(N) of the cylinders
Qr = Q(sk, :rk) for some integer K(N). Inequality (3.5) now implies that

W2 Va2 ZHszHpQ,
— ( )

< 3p- 12(5? WEVu|? o+ (A = Dy)ull” o, +
k=1

p—1 1 6(6)1)
< 3 R (N) (07 WVl + 2 (A = Dy)ulls +

PQk)

Fixing 6 = (3K (N))~!, we get the assertion also for p € [1, +oo) O

Remark 3.5. The above proof shows the following fact (cf. the remarks after (3.5)).
Assume that (A2) holds for some 3,7 € (0,b] with Kz = K! = 0. Let p = +o0.
Then the constant « in Proposition 3.4 only depends on N and b.

Assume that (A1) holds and fix p € (1, +00). It is known that the realization in
LP(R'N) of the operator div, (aV,)—D; with domain W,-?(R'*V) has a nonempty
resolvent set, cf. [20, Corollary 2.6]. This fact easily implies that there exists a
constant CS > 0 with

C%g (1A = Dy)ullp + flullp) < [(dive(aVa) = Dejullp + ullp (3.6)
< Cp (A = Dy)ullp + [lullp)
for all u € W2(RMY).
Corollary 3.6. Let 1 < p < +o0o and assume that (Al)—(A4) hold. We then have
W3Vl < el 2ul, + = [Wall,

for every ¢ € (0,e0], u € 2, and some constants c,e9 > 0 only depending on CS
(see (3.6)) and the constants in (A1)-(A4).

Proof. For all u € 9, and ¢ € (0, 1], Proposition 3.4 and (3.6) imply that
IW5Vaull, < e (A = DoJully + = [Wull,
< ce | Lu~F - Vout Vull,+ < [Wall,
< ce|lZully + ce WAV ully + | Wall,,

where the constants ¢ only depend on the constants in (3.6) and in (A1)—(A4). The
assertion follows if we take a sufficiently small £ > 0. O

We now come to the crucial a priori estimate.

Proposition 3.7. Let p € (1,+00). Assume that the assumptions (Al)—(A5) and
the inequality

- T
p P 4

hold, where M = sup{|la(s,z)%|| : (s,x) € R™N}. Then, there exists a constant
Cp > 0 (only depending on C3), M and the constants in (A1)~(A5)) such that

Gy lullg, < 11Lullp + llully < C llullg,, u € Ty (3.8)

1)(64;% 7QMQ) <1 (3.7)
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Proof. We observe that the second estimate in (3.8) follows from Proposition 3.4.
Concerning the first estimate, we can restrict ourselves to the case where Kg =
K! =0in (A2). Indeed, in the general case it suffices to fix a large A > 0 such that
W + A satisfies (A2) with K3 = K’ = 0. The established estimate for the operator
£ — X with the potential V' + A then yields

[ullz, < c(lZu = Aully + [|ullp) < e (|-Zu]l + [|ullp),

for some constants only depending on CJ), M and the constants in (Al)-(Ab).
Moreover, in view of Lemma 3.3, it is enough to prove the first inequality in (3.8)
for test functions u .

So, let us fix u € C°(RTN). At first we take p € [2,+00). We set f := —ZLu,
multiply this equality by the function WP~!|u[P~2u and integrate by parts over
RN, We then obtain (writing div and V for, respectively, div, and V)

/ fululP2 WP~ ds dx (3.9)
R1+N

= 1/ (Dg|ulP)y wr=t dsdm—i—/ (aVu, V(u|uP~2WP™1)) ds da
R1+N R1+N

p
1
—7/ F-(V|u\P)WP—1dsdx+/ VWP P ds dx
P Jr1+N R1+N
1—
N |u[PWP~2D W ds dx + (p — 1)/ (aVu, Vu) [ulP2 WP~ ds dx
D R1+N R1+N

+(p— 1)/ (aVu, VW) uluP~2WP~2 ds dx
RI+N

-1
T (F - VW) |[ulPWP~2 ds dz + /

1
(V + = div F) WP ulP ds da.
P R1+N R1+N P

These equations are also valid if p € (1,2), but then the integration by parts
needs some justification given by [36]. From now on we thus take p € (1,+00).
Assumptions (A3) and (A5) further yield

1
V4 div F> (1—Q)W. (3.10)
p p

Formulas (3.9) and (3.10), Holder’s inequality, and conditions (A2) and (A4) imply
0
(L= 2)Walg+ -1 [ bVl Wt dsds
R1+N

p
ﬁ(p - 1) 'Wi(p - 1) |
p

< £l IWullp= + Wullp + Wl
+p—1) / la? Vul [ad VW [ul? " WP2 ds dar.
RI+N
Using again (A2) and Hoélder’s inequality, the last summand can be estimated by

(p— 1)fyM/ |a%Vu|Wp_%|u|p_1 ds dx
RI+N

1
2

IA

1
(p— 1)7M</ WP|ulP ds da:) ’ (/ |a%Vu|2|u|p*2V[/'p*1 ds d(L’)
RI+N RI+N
=:(p—1)yM AB.
By means of Young’s inequality, we then deduce
0 p-1

1= = = P (0 9m) — ] 42 4 (= DB = (p— )YMAB < (@) (3.11)
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for each £ > 0 and some ¢(g) > 0. Due to assumption (3.7), we can fix £ > 0 such
that the left hand side of (3.11) is larger than n(A? + B?) for some n > 0. So, we
have shown that

||Wu|\g + / |a%Vu|2|u|p*2I/Vp*1 dsdr <c ||f\|g =c ||ZuH£. (3.12)
RL+N

Here and below the constants ¢ only depend on M, CJ (see (3.6)) and the constants
in (A1)—(A5). Assumption (A4), Corollary 3.6 and the estimate (3.12) further yield

1
[F - Vullp < & [[W2Vul, < c([|Lull, + [Wullp) < cl|Lull, .
Using (3.6), the last inequality, (3.12) and recalling that V' < ¢ W, we get
lullz, < c([[Lu—F-Vu+Vul, + [[Wulp) < cl|Lullp,
which is the remaining part of (3.8). O

We now want to treat the inhomogeneous parabolic equation
Dgu(s) = divg(a(s)Viu(s)) + F(s) - Veu(s) — V(s)u(s) + f(s), seR, (3.13)

on RY. For this purpose, we define the operator Lyu = ZLu with D(L,) = 2, in
LP(RYN) where 1 < p < +oo. In the next theorem we identify LP(R'*Y) with
LP(R, LP(RY)) and we use the following concepts. An evolution family G(s,r),
s > r, is a family of bounded operators on a Banach space X such that

G(t,s)G(s,r) =G(t,r), G(s,s)=1, (s,r)— G(s,r) is strongly continuous,

for r,s,t € R with ¢t > s > r. The corresponding evolution semigroup on LP(R, X)
is given by

(S(@)f)(s) = G(s,s —1)f(s — 1),
for f € LP(R*N) s € R and t > 0. (See e.g. [13] or [40].)

Theorem 3.8. Let p € (1,400) and assume that conditions (A1)—(A5) and (3.7)
are satisfied. Then, the following assertions hold.

(a) The operator L, generates a positive and contractive evolution semigroup Sp(-)
on LP(RYN) induced by an evolution family G,(s,r), s > r, of positive con-
tractions on LP(RY).

(b) We setw:= Gp(-,7)p for every o € LP(RN) andr € R. Then, u € W,>((a,b)x
RY), Vu € LP((a,b) x RY) and Dsu(s) = o/ (s)u(s) for s € (a,b) and each
interval [a,b] C (r,+oc0). Moreover, for each f € LP(RYN) there exists a
unique u € 9, satisfying (3.13), namely

u(s) = L3 f(s) = /_ G s f(r)dr, sER

(c) Let conditions (A5) and (3.7) also hold for some q € (1,400). Then, S,(-) and
S,() (resp. G,(-,-) and Gy(+,-)) coincide in LP(R**N) N LYRMHN) (resp. in
LP(RN) N LY(RN)).

Proof. Being rather long, we split the proof in three steps.

Step 1. Due to Proposition 3.7, the operator L, is closed on %,. Hence,
Lemma 3.3 implies that the space C2°(R*V) is a core for L,,. The dissipativity of
L, now follows from Lemma 3.1. As a result, L, generates a contraction semigroup
on LP(RY™N) if [ — L, is invertible, thanks to the Lumer—Phillips theorem (see e.g.,
[22, Theorem I1.3.15]). We employ the operators .2 = div,(aV,)+7F -V, —V —Dy
for 7 € [0,1]. Since these operators satisfy (A1)—(A5) and (3.7) with the same con-
stants, Proposition 3.7 combined with the dissipativity of ., yield that

[ullz, < c(lZrully + llullp) < e(lZru = ull, + llullp) < ¢llu—Zrul,,
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for every u € 9,, with constants independent of 7 € [0,1]. Hence, I—L,, is invertible
it I — % : 2, — LP(R*Y) is invertible, see e.g., [27, Theorem 5.2]. Observe that
% has no drift term. We use the Yosida approximations V. = V(1 +¢eV)~! and
W. = W1+ eW)~! of V and W, respectively, where ¢ € (0,1]. It is easy to
check that the potential W, and the coefficients of %5 . = div,y(aVy) + Ve — Ds
also satisfy (A1)-(A5) and (3.7) with the same constants (except that one has to
replace ¢ by co(1 + co)~!). Moreover, % . with domain WI}’Q(RH‘N) generates a
contraction semigroup on LP(R'*N). For every f € LP(R'*V) and £ € (0,1], we
can thus define u. = (I — %) "' f € WEA(R™Y), ie., ue — % cue. = f. From the
dissipativity of % . and Proposition 3.7 we deduce that |lucll, < || f]l, and

Weuellp + lluellw 2 @ieny < e(lZoeuelly + llucllp) < ellflp,

where the constants ¢ do not depend on € € (0,1]. So, we find a sequence (uc,)
converging weakly to a function u € WZ}’Q(RHN ). A subsequence converges in
LY (RY™N) so that we may assume that u., — u a.e. in R1*Y. This fact implies
that [|[Wull, < c||f|lp, and hence v € Z,. Finally, we can pass to the limit (in the
sense of distributions) in the equation u. — %5 .u. = f, obtaining u — ZHu = f.
Consequently, I —%, with domain &, is invertible so that L, generates a contraction
semigroup S(-) on LP(R*V).

Let us now check that T,(-) is an evolution semigroup and that the associated
evolution operator Gy (-,-) is contractive. For this purpose. we begin by noting
that 9, is a dense subset of Co(R, LP(RY)) and (I — L,)~! is continuous from
LP(R, LP(RY)) into Co(R, LP(RY)). Moreover,

Ly(ef) = oLy f —¢'f,

for all f € 2, and ¢ € C}(R). Theorem 3.4 of [38] now yields the existence of an
evolution family G,(s,r), s > r, such that (S,(¢)f)(s) = Gp(s,s —t)f(s —t) for
f e LP(RY™N) s € R, and t > 0 (see also [40, Theorem 4.2] and the references
therein). By [38, Formula (3.3)], for all s > r it holds that ||G(s,7)||L(Lr@N)) <
| Tp(s — 7)So(r — s)||L(Lr(m1+nY)), Where So(-) is the semigroup of left translations
(ie., So(t)f = f(-—t) for t € R and f € LP(R*)). Since both T,(-) and Sp(-)
are contractive semigroups, the contractivity of the operator G,(s,r) on LP(RY)
for all s > r follows at once.

Step 2. By Step 1, the operator I — L, is invertible for all § > 0. On the
other hand, for sufficiently small § € (0,¢p) also the operator £ + §I satisfies
assumptions (A1l)—(A5) and (3.7) for the potentials V — ¢ and W — ¢, different
constants co, c1, Kg, K. ﬁy and slightly increased «, 3,0 and k. As a consequence, also
the operator L, is invertible, whence the second part of assertion (b) follows. (Use
[13, p. 68] for the formula for L;*.)

Let now fix ¢ € LP(RN), r € R, and [a,b] C (r,+00). Take a function ¢ €
C°(R) with ¢ =1 on [a, b] and support contained in (r,4+00). Define the function
u € LP(R, LP(RN)) by u(s) = ¢(s)G(s,7)p for s > r and u(s) =0 for s < r. As in
[13, p. 64] one sees that u € D(L,) = 9, and Lyu(s) = —¢'(s)G(s,r)p for s > r.
So, we have established assertion (b).

Step 8. It remains to show part (c¢) and the asserted positivity in (a). Theo-
rem 3.4 of [35] states that the operator A,(s) = (& (s), WZ(RY) N D(W (s))) gen-
erates a contraction semigroup (e*4r(*)),5q on LP(RY) for each s € R. Moreover,
Ap(s) admits C°(RY) as a core. This semigroup is positive because of Theo-
rems 3.3 and 4.1 of [3], see also [35, Proposition 6.1]. As in [22, Paragraph I11.4.13],
one verifies that the multiplication operator A,(-) with maximal domain

D(A, (1) = {u € LP(R*™N) s u(s) € D(A,(s)) for a.e. s €R, Ay(-)u € LP(R*TN)}
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generates the semigroup M () on LP(R™V) given by M(t)f = e*4»() f(-), which
is positive and contractive. Moreover, the first derivative —D, with domain
W3 (R, LP(RY)) generates the positive contraction semigroup So(-) on LP(R'V).
Observe that D(A,(-)) N D(—Ds) = 2, and L, = A,(-) — D,. Therefore, the Lie-
Trotter product formula (see [22, Corollary II1.5.8]) implies the positivity of S(¢),
and thus of G(s,r), for all ¢ > 0 and s > r. The semigroups M(-) and Sp(-) on
LP(RYN) for different values of p coincide on the intersections of the LP spaces
(see [3, Theorem 3.3] or [35, Lemma 4.3]). Hence, the Lie-Trotter product formula
further shows that the respective evolution semigroups, and thus the evolution
families, coincide. O

In the following remark we indicate that Theorem 3.8 cannot be deduced from
known results in the autonomous case.

Remark 3.9. Under the assumptions of Theorem 3.8 we define the operator A(s)
in LP(RN) by setting A(s)p = o/ (s)p for ¢ € D(A(s)) :={v € WI(RN) : W(s)v €
LP(RM)}, s € R and p € (1,+00). Theorem 3.4 and Proposition 6.5 of [35] then
state that the operators A(s) are sectorial and have maximal LP-regularity (with
uniform constants). We refer the reader to [28] for the concept of maximal LP-
regularity. In addition, assume for a moment that the operators A(s) satisfy the
Acquistapace—Terreni condition; i.e., that there are constants L > 0 and p, v € (0, 1]
such that 4+ v > 1 and

INA®R) (A = A®)HAB T = AT < Lt - s (3.14)

hold for all A > 0 and ¢,s € R, see [1, 2]. Corollary 2.6 in [20] then implies
that for some w > 0 the operator A(-) — Dy — wl with domain %, is invertible
in LP(R'*Y). We point out that this fact is the crucial point of the proof of
Theorem 3.8. However, the Acquistapace—Terreni condition does not follow from
the assumptions of Theorem 3.8, as we now show by a simple example.

Leta=1, F=0,N=1,p=2, and set W(s,x) = V(s,x) = exp(exp(s + z))
for (s,z) € R?. It is easy to check that the assumptions (A1)-(A5) and (3.7) hold
in this case. On the other hand, if (3.14) were true, then D(A(0)) = WZ(R?) N
D(V(0)) would be contained in the real interpolation space (X, D(A(S)))y,co Which
is embedded into D(V(s)®) for all s € R and « € (0,v). (See e.g. [31] for basic
facts on interpolation theory.). Given such an « € (0,v) take s > 0 such that
ae® = 2. Choose a function x € C?(R) which vanishes on R_ and is equal to 1 on
[1,400). Set v(z) = x(z) exp(—3e®) for x € R. It is straightforward to verify that
v € D(A(0)) but v ¢ D(V(s)%), so that (3.14) has to be violated in this example.

In order to apply Theorem 3.8 to the parabolic Ornstein—Uhlenbeck operator ¢,
we have to study the mapping properties of the isomorphism M, : LP(RMN) —
LP(RYN 1), see (2.9), on the space

Dpo = {u e Wy2(R"™N) : |z?u € LP(R'TY)},
endowed with the norm |ul|, , = Hu||W;,2(RHN) + || |z[?ul], i.e., the space 2, for
the potential Wo(x) = co + k1 |z|? from (2.16).

Lemma 3.10. Assume that Hypothesis 2.1 holds and let p € (1,+00). Then, the
map M, defined in (2.9) induces an isomorphism from 9, o onto W]}’Q(Rlﬂv, v).

Proof. We have to prove that the restrictions M, : Z, 0 — W]}’Z(RH‘N,V) and
Myt Wr2(RYN v) — , o are well-defined and continuous. Concerning My, it
suffices to show

HMp“ng’z(RlJrN,y) < C(H“||W1}'2(R1+N) + | |z ullp), (3.15)
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for a constant ¢ and all u € C°(R'™), because of Lemma 3.3. We further recall
that the norm of the functions |x| |V u| in LP(R'*¥) can be controlled by the norm
of win 9, o, due to Corollary 3.6. The formulas (2.11), (2.12) and (2.14) combined
with Lemma 2.2 now easily imply (3.15).

To establish the continuity of the operator M, : W 2(R'"*N v) — ), o we
first note that the space C°(R'*V) is dense in W*(R'*V, v). This fact can be
shown as in Lemma 3.3. It remains to prove that

1M ol 2 ooy + 2l My ol < clollyregary,y,  (3.16)

for a constant ¢ and all v € C2°(R). For the derivatives of u := M[jlv one can
obtain expressions similar to those in (2.11). Hence, we have to dominate the norms
in LP(R'*) of the functions |z|u, [z|*u and |z| [M, " (D;v)| by ||'U||WI},2(R1+N’V). We
prove below that there exists ¢ > 0 such that

z|PIM " wPdsdz < ¢ z|Plv|P dv
p
R1+N R1+N

N
<c E / |D;vlP dv + c/ |v|? dv.
j=1 /RN RI+N

After (3.17) has been shown, we can apply this inequality also to the functions D;v
and z;v, where i = 1,..., N. In this way we derive (3.16).
To show (3.17), let v be a test function. At first, Lemma 2.2 yields

/ |x|P|M;1U|Pdsdx=(27r)%/ ([P [o[P(det Q) dv
R1+N R1+N

(3.17)

< (270 ¥ / P [o]? du.
RI+N

To check the second part of (3.17), we first deduce from Lemma 2.2 the estimates

/ |z|PvlP dv < (27‘(‘01)7%/ |z|P|v|P e 3(Q7122) gs d
RI+N R1+N
Crp
: (2 CQ)N / lo[P|Q7 [P e~ 4R 2 ds d,
Tl 2 1+N

On the other hand, [35, Lemma 7.1] implies that

[ i@z tape 2@ e < e [ (oo, a) + [Vav(s )P)e 9 0
RN RN

for a constant ¢ > 0 and every s € R. We integrate this inequality with respect to
s € R and use once more Lemma 2.2. As a result, (3.17) holds. g

We come now to our second main result which describes the domain of the
parabolic Ornstein-Uhlenbeck operator 4 = &/5(-) — Ds in the Lebesgue space
with the family of invariant measures. This fact has immediate consequences on
the regularity properties of the equation (1.6).

Theorem 3.11. Let p € (1,+00) and assume that Hypothesis 2.1 holds. Then, the
operator G = (4, W) 2(R*N 1)) generates a positive contraction semigroup T'(-)
on LP(RYN). This semigroup is given by (T(t)f)(s) = Go(s,s —t)f(s —t) for
fe (RN 1), s € R, t >0, and the positive and contractive evolution family
Gol(s,r), s > r, solving (1.1). Further, u := Go(-,r)e € W)*((a,b) x RN, v) and
Dyu(s) = o (s)u(s) for every p € LP(RY), r € R, [a,b] C (r,+o0) and s € (a,b).
Finally, for each f € LP(RY™N v) there exists a unique u € D(G,,) satisfying (1.6),
namely u = (I — Gp)~1f.



LP-REGULARITY FOR PARABOLIC OPERATORS 17

Proof. We can apply Theorem 3.8 to the operator .£p — AI, see (2.10) and (2.16).
Theorem 3.8 and Lemma 3.10 thus imply that the operator G, — AI with domain
D(Gp) = My(Z,) = WE2A(R*™N 1) generates a positive semigroup on LP(R'V v).
Moreover, G, extends the operator ¢ defined on test functions. As mentioned in
the proof of Lemma 3.10, test functions are dense in W;Q(RHN, v) and thus they
are a core for G,. In view of [30], G, then generates the evolution semigroup
T'(+) corresponding to G, as described in the introduction. (Note that Hypothesis
1.1(iv) in [30] is needed only to guarantee the continuity of the function G(s,r)f
with respect to r, when f € C,(RY) and G(s,r) is the evolution operator associ-
ated with the class of nonautonomous Kolmogorov operators therein considered;
in our situation that assumption is not needed since the continuity of the function
Go(s,r)f with respect to r is clear since we have an explicit formula for this func-
tion, see [15].) This semigroup is contractive. The remaining assertions can be
shown as in Theorem 3.8. (]

4. OPERATORS WITH DOMINATING POTENTIAL FOR p = 1, +o0.

In this section we extend Theorem 3.8 to the borderline cases p = 1, +00. We set
Ly = (%,%) on L} R™N) = LYR, LY(RY)) and Ly = (£, o) on Co(R1TY) =
Co(R, Co(RY)). Note that in these cases we cannot expect to replace Z; and P,
with the intersection W2(R'"*") N D(W) and WL*(R*N) N D(W), respectively.
To avoid some technical problems, we restrict ourselves to the case of the Laplacian,
where a(s) = I for all s € R.

We need in the next proof some properties of the operator A — D, on
LY(R, LY(RY)). Consider the semigroup G(-) generated by the Laplacian on
LYRYN) and let (V(¢)f)(s) = G(t)f(s —t) on L}(R, L' (R")) be the induced evolu-
tion semigroup, which is positive and contractive. The generator H of the semigroup
V(+) is the closure of A — Dy defined on the intersection of the domains of A and
of Dy in LY(R, LY(RY)), see e.g., [13, Remark 2.35]. The semigroup V(-) leaves
invariant the Schwartz space of rapidly decreasing functions f : R+ — R which,
thus, is a core of H. In view of Lemma 3.3, it follows that

D(H) = {u € L'(R, L}(RY)) : (A — Dy)u € L*(R, L*(RY))} =: D(A — D).

We further have
t

(I - H)"'f(t) :/ LGt — 5)f(s) ds,

for all t € R and f € L(R, L*(RY)), and hence
D(H) — W{™° (R, W7 (RY)),

for % < 0 < p <1 and the usual Slobodeckii spaces. This fact follows for bounded
time intervals from [18, Theorem 19] and [19, Theorem 4]. The extension to the time
interval R can be done as in [31, Chapter 4]. Let a < b and R > 0. Due to Sobolev’s
embedding theorem the space W7 (B(0, R)) is embedded into W, (B(0, R)) for
some p > 1. Hence, W£°(B(0, R)) is compactly embedded into LP(B(0,R)) —
LY(B(0, R)). Corollary 2 in [41] now implies that W4~ 7 ((a,b), W7 (B(0, R))) is
compactly embedded into L'((a,b) x B(0, R)).

Theorem 4.1. Assume that a = I and that conditions (A2)—(A5) are satisfied for
some B,v> 0,0 <1 and p=1. Then, the following assertions hold.
(a) The operator L1 generales a positive and contractive evolution semigroup S(-)

on LY(RY™N) induced by an evolution family G(s,r), s > r, of positive contrac-
tions on L*(RY).
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(b) We set u := G(-,7)p for every o € L*(RN) and r € R. Then, the functions
(A — Dy)u and Vu belong to L*((a,b) x RY) and Du(s) = o7 (s)u(s) for all
s € (a,b) and each interval [a,b] C (r,+oc). Moreover, for each f € L*(RIT)
there exists a unique function u € 9, satisfying (3.13), namely

u(s) = —Ly " f(s) = /_S G(s,r)f(r)dr, seR.

(¢) In addition, assume that condition (3.7) holds for some p € (1,400). Then, the
evolution semigroups and evolution operators obtained in the present theorem
and in Theorem 3.8 coincide on the intersection of the L'- and LP-spaces.

Proof. Take u € C°(R'™V) and set f = —Zu. We multiply this equation by
signu. Integrating by parts and using the dissipativity of A — D, on L'(R*V), we
then obtain

/ (V + div, F)|u|ds dx
RI+N

< / (Ds — A)usignudsdr + / (Vu — F - V,u) signuds dz
R1+N

R1+N

:/ [signudsdr < |[|fl|1.
R1+N

Assumptions (A3) and (A5) thus imply
(1 =0) [Wully < [[Zull1. (4.1)

Taking into account Proposition 3.4 and proceeding as in the proof of Proposi-
tion 3.7 after estimate (3.12), we obtain the inequalities (3.8) also for p = 1 with
constants only depending on the constants in (A2)-(A5). Hence, Ly is closed.
Moreover, the dissipativity of L; follows from Lemmas 3.1 and 3.3.

We want to show the invertibility of I — L;. Here, we may assume that F' =0
since the general case is then deduced by means of the continuity method as in the
proof of Theorem 3.8. We use the notation introduced in that proof. Observe that
the operator % . = A — V. — D, with domain D(A — D;) generates a contraction
semigroup on L'(R*Y) for each ¢ € (0, 1], thanks to the bounded perturbation
theorem applied to the generator A— Dy. As a consequence, for each f € L'(R1H)
there exists a function u. € L* (R1+N) such that v, — % cu. = f. The dissipativity
and (4.1) now imply

Juelle < £l IWeuelle < el £, (4.2)

with a constant ¢ independent of € since V. and W, satisfy the assumptions (A1)-
(A5) with uniform constants. It follows that

I(A = Ds)uclly = [[Zo,cue + Veuelly < (2 + )| f]1-

By the observations made above the statement of the theorem, there exists a null
sequence (g,) such that u, := u., converges to a function u in L{ (RV). We
infer from (4.2) that ||u|l; < | f|l1 and ||[Wul|1 < c||f]l1. Moreover, (A — Dg)u, —
(A—=Dy)uin L (R'V) and, therefore, £u = f and u € %;. Thus, L, generates a
contraction semigroup. The other assertions can now be shown as in Theorem 3.8.

O

We now come to the space Cy. In the proof of the next result we have to estimate
the oscillation of V itself, and thus we cannot work with the auxiliary potential .

Proposition 4.2. Assume that a = I and that conditions (A2) and (A4) hold for
every 3,7 > 0 and with W = V. Then, there exists a constant Coo > 0 (only
depending on the constants in (A2) and (A4)) such that

O ullge. < 1Ll + [lulloo < Coc [lull 2.,
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for anyu € D

Proof. The second estimate in the assertion is a consequence of Proposition 3.4.
Lemma 3.3 then shows that it is enough to prove the other inequality for all test
functions u. At first we assume that (A2) holds with Kz = K! = 0 for some
B,7 € (0,1] to be fixed below.

Let u € CX(RYY). Set f = Lu. Again we write V instead of V,. Fix
(s0,70) € RN, As in the proof of Proposition 3.4 (with ¢; = 1 and ¢y = /),
we define Q = Q(so,x0) = (sg — 7,80 + 7) X B(xo,r) and Q' = Q'(so,z9) =
(so—2,50+ %) x B(zo, 5) with 7 = (48V (s9,20)) " and r = V/3(20vV (s0, 20)2)" L,
Here, we fix £ > 1 such that

2 2
32— 2 5244 ])
i202 <3 4(20)2
The inequalities (3.4) (with W = V') now imply that

3
> < —.
B -2

2 1
3 Vi(s,z) < V(sp,zg) < %V(s,m) and |V (s,z) — V(sg,x0)| < 3 Vs, z), (4.3)

for all (s,z) € Q. We choose functions n € C°(RY) and ¢ € C°(R) such that
]lB(zo,r/2) <n< ]IB(wo,'r) and ]1(5077'/2750+T/2) < C < ]l(SofT,SOJrT)? |V77| < C/’I", and
|D?n| < ¢/r? and |Dy(| < ¢/7. Here and below the constants ¢ = ¢(n,¢) do not
depend on sg, xg, 7 and r. We have
A(Cnu) + F - V(¢nu) — Dy(Cnu) = V(s0, zo)Cru
=nf +u(A = Ds)(Cn) +2¢Vu -V + QuEF -V + (V = V(so, 20))Cnu =: w.

Since V(so,79) > 0, the dissipativity of A + F -V — Dy on C®(RYN) (see
Lemma 3.1) yields

C
IV (50, 20)¢nullos. < oo < F e + (5

C C
5+ 2 )l + 21 Vul
CK 1
+ SVl + IV = Vso, 20)ull

where we have also used (A4) and have denoted the sup norm on @ by | - ||ec,@-
From (4.3) and the definition of 7 and r, we then deduce

2 1 1
3 IVtlle,or < [l flloo + (v + 57+ ) [[Vulleog + 701 [[VE Vil + 5 VUl e
where ¢; only depends on 1 and (. Letting (so, ) vary in R1™V | we obtain

2 1 1

3 IVulleo < [ £llo + (¥ 45y + ) [Vuloo +7e1 [V2Vlloo + 5 [Vatloo

We fix 3 = min{1, (18¢;)~!} and take v < 7o where vy € (0, 1] satisfies c1(72 +
K70) < 1871 Tt then follows that

IVarlloo < 18 flloo + 187061 [[V ¥ V]| oc. (44)
Now (A4) and the equation Zu = f imply
1
(A = Ds)ulloc < c2 ([[flloe + [IVZVulloo), (4.5)

for co := max{19, k + 18ypc1 }. Combining Proposition 3.4 with (4.4) and (4.5), we
arrive at

VAVl < (A = DoJull + SVl
18arycy

< (€)1 flloo + (202 + VA Vulloo

€
for all € € (0,1]. Because of Remark 3.5, the constant « is independent of y varying
in bounded sets. Finally, we set £ = 42 and v = min{7o, (2(cz + 18ac;))~2}. This
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leads to the estimate ||V'2 Vul|o < ¢||f|lo for a constant only depending on N and
k. Inequalities (4.4) and (4.5) now yield ||ullg.. < ¢||-Lu oo-

It remains to remove the restriction that Kz = K! = 0. Above we have fixed
B,7 > 0 depending only on N and x. There exists a number A = A(8,v) > 0 such
that V' + A satisfies (A2) for the fixed value of # and v with K3 = K/ = 0. Hence,
the first estimate in the assertion holds for V + A and all test functions w. It then
holds for V itself with a possibly larger constant C,. ]

As before Theorem 4.1, one can verify that (V(¢)f)(s) = G(t)f(s — t) defines
a positive contraction semigroup on Cy(R,Co(RY)) whose generator is given by
A — Dy on its maximal domain.

Theorem 4.3. Assume that a = I, that V € C(R'™N) and that (A2)-(A4) are
satisfied for all B,y > 0. Then, the following assertions hold.

(a) The operator Lo = (£, D) generates a positive and contractive evolution
semigroup S(-) on Co(R*™ ) induced by an evolution family G(s,r), s > r, of
positive contractions on Co(RY).

(b) We set u := G(-,7)¢ for every ¢ € Co(RY) and r € R. Then, the functions
(A — Dy)u and Vu belong to C([a,b], Co(RY)) and Du(s) = <7 (s)u(s) for all
s € (a,b) and each interval [a,b] C (r,+00). Moreover, for each f € Co(RITN)
there exists a unique function u € D, satisfying (3.13), namely

u(s) = —L;lf(s) = /j G(s,r)f(r)dr, seR.

(¢) If also the assumptions of Theorems 3.8 or 4.1 hold for some p € [1,+00),
then the evolution semigroup and the evolution family obtained in the present
theorem and in Theorems 3.8 or 4.1, respectively, coincide on the intersection
of the Cy- and LP-spaces.

Proof. We first show that L., generates a contraction semigroup on Co(R!*%) in
the case when V' = W. Lemmas 3.1 and 3.3 and Proposition 4.2 show that L., is
closed, densely defined and dissipative. Moreover, as in the proof of Theorem 3.8,
we can restrict ourselves to the case F' = 0 since Proposition 4.2 gives a suitable
a priori estimate. We use the notation introduced in that proof. Replacing V' by
V' + X\ we can suppose that Kg = K; = 0. We fix p > N + 2 and sufficiently small
B,y > 0 such that (3.7) hold for this p, M = 1 and § = k = 0. Observe that
Wh2(RYN) — Co(R, CH(RYN)). For each f € C.(R'™) and each e € (0,1], there
exists a function u. € W}-?(R') such that

Ue — (A -Ve— Ds)ue =/ (46)

since V. is a bounded perturbation of the generator A — D,. By dissipativity, we
have |lug|l» < || fl]l» for r = p, +00. Propositions 3.7 and 4.2 also yield

(A = Ds)uellr + [Veuellr < c|[fllr,

for r = p,4+00. Here and below the constants ¢ do not depend on e. Since the
sequence (u.) is bounded in W,-?(R'*V), which continuously embeds in C*(R'+¥)
for a suitable o > 0, the Arzela-Ascoli theorem implies that u., converges locally
uniformly in R'*¥ to a function u, for a suitable null sequence (e,). Due to (4.6),
also (A — D;)u., converges uniformly on compact sets so that

u—(A=Dyu+Vu=F and [[Vul, + (A -Dull, <c|fl.

for r = p,4o00. Therefore, u € Wr2(RY) — Co(R,C§(RY)). We next show
that Vu belongs to Co(R*N). Take (sg,79) € RN and n € C*(R*Y) such
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that ]13((5071;0)73) <n< nB((so,mo),ZR)7 IVn]leo < ¢/R and HDQUHOO < C/R2 for all
R > 1. Then

nu— (A= Dg)(nu) + Vyu=nf —2V.n - Vyu — ulAn +uDgn
and Proposition 4.2 (applied to nu € Z,) shows that
[V (50, z0)u(s0, 7o) < [[Vnulleo

1 1
< e[Inflleo + lmullc + £ Vatloe + £ llulloc]

1 1
< e[l (Bsozor. 0y + ll e B((so o ) + 7 IVitlloo + 5o

Fix ¢ > 0 and let R be sufficiently large such that R (||ul|ec + [|Vaul) < €.
Further, let M > R be so large such that |f(s,z)| + |u(s,z)| < € for any |(s,z)| >
M (this is possible since u, f € Co(R'*Y)). The above inequality implies that
|Vu(so, zo)u(so, vo)| < 2ce if |(so,z0)| > M + R, so that Vu € Co(R*™Y). We
conclude that (A —Dy)u = u+Vu—f € Co(R** V) and u € Z... As a consequence,
I — L has dense range and thus L., (also with F' # 0) generates a contraction
semigroup, provided that V = W. Given 0 < f € Co(R*™) and A > 0, there is a
function v € P, with u — Loou = f. If u were not non-negative, it would have a
strictly negative minimum. This fact would easily lead to a contradiction. Hence,
L., has a positive resolvent and generates a positive semigroup.

Now, let V' be as in the statement. For 0 < 7 < 1, we introduce the potential
V; = W+7(V—=W) and the operator ., = A+F-V—V, — D, with D(%}) = P.
Observe that Vyp = W <V, < V; = V. We know that %, generates a positive
contraction semigroup on Co(R*). Whenever also ., generates a contraction
semigroup (et“gf)tzo, we can apply the Lie-Trotter formula to the sum .2, = % +
W — V; to derive that 0 < e'?" < e for all t > 0, see [22, Corollary II1.5.8].
Since (I —.%,)~! and (I — %)~! are, respectively, the Laplace transform of e~
and e%° at A =1, we obtain 0 < (I — Z.)~! < (I — %)~ and, using also (A3),

0<(V, = V)T =L)< (er =)o —T)W(I — L)~

for all 0 < 7 < 1 such that %, generates a positive contraction semigroup and for all
o € [r,1]. On the other hand, Proposition 4.2 implies that |W (I — %)~ }|| < 3Cw.
By finitely many perturbation steps of the form %, = %, + V. — V,,, we can then
conclude that .#; = L., generates a positive contraction semigroup on Cp(R! V).
The remaining assertions can be shown as in Theorem 3.8. O

APPENDIX A. A VARIANT OF THE BESICOVITCH COVERING THEOREM

In this appendix, we prove a variant of the classical Besicovitch covering theo-
rems, in which balls are replaced by cylinders. This proposition plays a crucial role
in the proof of Proposition 3.4.

Let us introduce the distance d on R'* defined by

d((t,z), (s,9)) :max{|tfs|1/2,|zfy|}, (t,x), (s,y) € RITN, (A1)

A straightforward computation shows that d is in fact a metric which defines
the same topology in R as the Euclidean norm | - |. Moreover, (R!*¥ d) and
(R*N |- ]) have the same bounded sets. For all (sg,2¢) € R and r > 0, we
denote by B4((so,xo),r) the ball with center at (sg,z¢) and radius r in the metric
d. Note that

Ba((s0,0),7) = (s0 — %, 50 + 1) x Bz, 7). (A.2)

We can now state and prove the following proposition.
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Proposition A.1. Let o : RN — (0,4+00) be a bounded Lipschitz continuous
function (with respect to the distance d) with Lipschitz constant k < 1, i.e.,

|Q(S,ZE) - Q(’/‘, y)| < Hd((S,l‘), (r’ y))7 (S,.I), (T7 y) S R1+N'
Then, there ezists a sequence ((Sp,n)) C RYN such that the family F =
{Ba((8n,70); 0(8n,72)) : n € N} is a covering of RN, Moreover, for each
X € [1,k7Y) there exists a number ((k,\, N) such that every subset I C N with
Mner Ba((snsTn), Ao(sn, 2n)) # D contains at most ((k, X, N) elements.

Proof. We adapt partly the proof of the classical Besicovitch covering theorem given
in [21, Section 1.5.2, Theorem 2] to our situation. Being rather long, we split the
proof into several steps.

Step 1. Let us set

§ =sup{o(s,z): (s,r) € RN},
and define the sets
AV = {(s,2) e RN . w(l—1) <d((s,z),(0,0)) < wl}
6%0 =max{o(s,z) : (s,7) € AV}, €N,

where w is a positive constant greater than 2x~16. For each | € N, we are going to
construct a countable family of balls ) = {B, ((sn),xg)), Q(sg),xg))) :n € N},
which, as we will show in the forthcoming steps, will represent a countable covering
of the set A, The family .# we are looking for will be then defined as the union
of all the balls from the families .#® (I € N).

We set Agl) = A, TLet us fix | € N and an arbitrary point (sg),xgl)) €
Agl) such that Q(sg),x(ll)) > %(59). Next, we consider the set A2 = Agl) \
Bd((sg ),xg )), (s(ll),xgl))) set 5(1) = max{o(s,z) : (s,x) € Agl)}, and we pick up an
arbitrary point (sg), (l)) € A(l) such that g(sél),xg)) > %59. We then inductively
define the sequence (sg ), x%l)) in this way: (sg,l@), x%)) is any arbitrary fixed point in
AD = Al) 1\ Ba((s m) 1T 1(7? 1), 0(s Efl) LT gn) 1)) such that g(sﬁf},xﬁ,ﬂ) > 36,?/4
where 6% = max{o(s,z): (s,z) € Aﬁf)}.

We have two possibilities: either there exists m € N such that AEQ_H = O or
A, # @ for all n € N. In the first case, we set 1) = {1,... ,mél)}, where m(()l) is
the smallest integer such that A 41 = @. In the second case, we set J() = N.

Let A > 0. In the sequel, to snnphfy the notation, we set
1 o n o l l 1 n o
B = By((s{", "), ho(s", ")), BY =BY, o= o(sP, ). (A.3)

171 z’z z’z

Step 2. Here, for every [ € N, we prove that the balls Bl( i/3 (i € IW) are all
disjoint. For this purpose we first observe that ggl) > %le) if 7 > ¢ . Indeed,

le) > %max{g(s,x) D(s,) € AZ(-Z)} > %max{g(s,x) (s,x) € A(l)} §)

1 9
since 4; D A;.

Using this inequality, we can now prove that the balls B(li /3 (i € IV) are all

disjoint. Assume, by contradiction, that there exists (s,y) € Bz(li/g N B](li/g for

some indexes ¢ and j. Then, the triangle inequality yields

d((st”,2), (s, 20)) < d((s”, 2", (5,9)) + d((s,9), (s, "))

1 ) 1 (1) 1 @) ) _ )
—+ < -+ .
391 30_] = 39 997, 991
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O M
( ] I J )
belongs to the set Ag.l) which is contained in the complement of Bi(l).

As a result, B(l) This is impossible since, by construction, the point

@ (D)
(5.7' » L j )

Step 3. Here, we show for the case 1) = N that the sequence (ggl)) tends to 0

as n — 4o00. As we have already noticed, (ssyll), xm) ¢ By i m > n. Hence,

(6.0, (40, 20)) 2 o = 2o+ 250 > Lo 1 10> 1 (o0 4 ).
(A.4)
@ .0

Since (s, zn’) € AW for any n € N, the sequence ((s%),xg))) is bounded with
respect to the distance d and, by the remarks at the very beginning of the section,
it is bounded with respect to the Euclidean norm as well. Thus, there exists a

subsequence (t%,{,zﬁfg) which converges with respect to the Euclidean norm (and,

hence, with respect to the distance d) to a point (s, x) € Agl). From (A.4), it follows

that the sequence (Q%,Z) tends to 0 as k — +o00. The same arguments can then be

used to prove that any subsequence of (Q%l )) has a subsequence which converges to

0. Hence, 91(1[) tends to 0 as n — 400, as well.

Step 4. We can now prove that, for each [ € N, the family .# () is a covering of the
set AW Of course, we have only to consider the case when 1) = N. So, let us fix
a point (s*,2*) € AW, Since, by Step 3, the sequence (lel)) vanishes as n — +oo0,
we can fix ng > 2 such that g(l) < 3p(s*,2*)/4. This implies that (s*,a*) € Bj(-l)
for some j < ng — 1. Indeed, if this were not the case, then (s*,z*) € Agg and,
hence,

3 3
leg Z 4 max{g(s ZE) : (S,I) € Ano} Z ZQ(S*VI*))
a contradiction.

Step 5. Here, we prove that, for every [ € N and every A € [1,k71), there exists

&(k, A\, N) such that any ball of the family ﬁ)(\l) = {Bz(l;\ i € IO} intersects at
most &(k, A\, N) other balls of the family. Here, Bl(l/)\ is defined by (A.3). As a
byproduct we then deduce that, if J c I is a finite set of indexes such that
Nics B; ;é @, then J contains at most £(x, A\, N) elements.

Let us ﬁx a ball B( )>\ and let J be a finite set of indexes such that B(lAﬂB #* O
for every i € J. Clearly,

l n o 1
a((s), 2, (5,2 < 2 (o) + ")
Since, by assumptions the function g is k-Lipschitz continuous, we have
1 (1 o n o
lofy — oI < md((sty) &), (s, 2.
Hence,
o) — o’ < kA (o)) + 0”)

or, equivalently,

o < KA+ 1 0) EA+1 0)

( o <3 (
G ST30 0 O ST 50 (A.5)
We now observe that for all i € J and (s, ) € B(ll)/3 it holds that
DI DENC DG o
a((s,2), (51, 2))) < dl(s,2), (587,20 + dl(s7,20), (517, 2)))

1
<=1 (o

K2

-3

1
< -+ A
<{(5+

E? + le)) <3 + )\) Qil) + )\QZ—?

KA+ 1 (0 _ RKAF6A+T
AW Z RATOAT L ()
) + }Qlo 3—3en Yio
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Therefore, 3(2/3 C Bfo)a for every i € J, where o, := (kA +6A+1)/(3 — 3kA).
Now, recalling that the balls B 0 (i € ID) are all disjoint, it follows that

i1/3
37N 2wy Z(le))NH (U B; 1/3)
ieJ iced

1 KA+ 6X+1 N2 1
< m(Bi(O?UN) = 2wn <3—3n)\> (QEO))NHa (A.6)

where m and wy denote, respectively, the Lebesgue measure in RY and the
Lebesgue measure of the unit ball in RY. Using (A.5) we can estimate

N
(D\N+2 > d(J 1— kA i @) N+2 A7
()4 = cara() (L) (o) (A7)
i€J

From (A.6) and (A.7) we now get

B N+2
37N "2card(.J) <1 m‘) (Qg[l)))NJrz < (’“\'Mi)‘""l> N +2(o (l))N+2

KA+ 1 3 - 3kA
K2A2 4 2kA(1+30) +6A + 1) 7
card(J) < ¢&(k, A\, N) := [( (1( /<;)\)2) ) ’

where [-] denotes the integer part of the quantity in brackets.
Step 6. We now prove that, for every | € N and every A € [1,x 1), the
intersection of more than ((k,A,N) := 2¢(\,k,N) + 2 balls from the family
= {B :leNiel (l)} is empty. For this purpose, we reorder each family
f(l) = {B(l) i € IO} (1 € N) into the union of &(k, A, N) + 1 subfamilies of dis-
Jomt balls. Let us fix | € N and define the function ag) N—{1,...,&(k,\,N)+1}
inductively as follows. For j = 1,...,&(k, A\, N) + 1, we set a( )( j) = j. Take an
integer m > &(k, A, N)+ 1. Suppose ol )( j) is defined for every ] e{1,. m}. Let
us define 0'( )(m—|— 1). For this purpose we introduce the set H ={j=1,.

(l) ﬁBn?+1 \ # @}. By Step 5, H ., has less than {(k, A\, N) —|— 1 elements. Hence,
there exists the minimal h,, € {1,...,&(k, A\, N) + 1} such that h,, ¢ a(l)( (l) )
Then we have B(l) N Bﬁ,?_H y = @ for all 7 € {1,...,m} satisfying 0'( )( ) = hm.
We define UE\)(m + 1) hom

Let us now set gh 5 = B(l))\ Uf\l)( = h} for each h € {1,...,&(k, A\, N) +1}.
From the very definition of the function af\), the set %h’ 4 consists of disjoint balls.
Clearly, each ball of the family .7, 7 belongs to %El; for a (unique) h € N. So we have
split the family f/")\ into the union of the families gj(l))\ (G=1,...,&(Kk,\N)+1).

We now introduce the sets ¢ » (j =1,...,{(k, A, N)) defined as follows:

+oo
gia=Jo3 ", =1, (kA N) + 1

+oo
1 .
Gin=J9 " r j =& A N)+2,...C(k, A\ N).

1=1
Note that every family ¥; » consists of disjoint balls. Indeed, suppose that By and
B, belong to ¥ 5 for some j and By N By # @. (We assume that j < {(k, A, N)+1
but the same argument can be applied in the case when j > &(k, A, N) 4+ 1.) Then,
B, € %j(f\ll_l) and By € %(72)\!2—1) for some l1,ls € N. Clearly, from the above
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results [; # Iy and, without loss of generality, we can assume that [; < 5. Denote
by (s1,21) and (s2,22) the centers of the balls B; and By, respectively. Since
By N By # &, we have

d((s1,21), (82, 22)) < A(o(s1,21) + 0(s2,22)) < A(d+9) = 2X4.
On the other hand, (s1,z;) € A1~ and (sy,25) € A2~ Hence,
d((s1,71), (s2,22)) = d((s2,72),(0,0)) — d((s1,1),(0,0))
W(2ls —2) — w(2ly — 1)
w2z —h)—1) > w,

v

which leads us to a contradiction, since w > 2x71§. It is now clear that
C(5,AN)

S Y e SURAN), (s,2) €RVY,

i=1 1
J BE’/)\ng,A

and this completes the proof. 0
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