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A BAYESIAN APPROACH TO INCORPORATE MODEL
AMBIGUITY IN A DYNAMIC RISK MEASURE

NICOLE BAUERLE* AND ANDRE MUNDT#

ABSTRACT. In this paper we consider an explicit dynamic risk measure for
discrete-time payment processes which have a Markovian structure. The risk
measure is essentially a sum of conditional Average Value—at—Risks. Analogous
to the static Average Value—at—Risk, this risk measures can be reformulated
in terms of the value functions of a dynamic optimization problem, namely
a so-called Markov decision problem. This observation gives a nice recursive
computation formula. Afterwards, the definition of the dynamic risk measure is
generalized to a setting with incomplete information about the risk distribution
which can be seen as model ambiguity. We choose a parametric approach
here. The dynamic risk measure is again defined as the sum of conditional
Average Value—at—Risks or equivalently is the solution of a Bayesian decision
problem. Finally, it is possible to discuss the effect of model ambiguity on the
risk measure: Surprisingly, it may be the case that the risk decreases when
additional ”risk” due to parameter uncertainty shows up. All investigations
are illustrated by a simple but useful coin tossing game proposed by Artzner
and by the classical Cox—Ross-Rubinstein model.

1. INTRODUCTION AND MOTIVATION

Dealing with risk is particularly important for financial corporations such as banks
and insurance companies, since they face uncertain events in various lines of their
business. An important tool in risk management is the implementation of risk mea-
sures, in particular ones which go beyond the variance. Since the risk is modeled
by random quantities, i. e. random variables or, in a dynamic framework, stochastic
processes, the established procedure is first to estimate or approximate the distri-
bution of such positions and then to quantify the risk due to the unknown outcome.
The value of a risk measure can be interpreted as the present (and future in case
of dynamic risk measures) monetary value which is necessary to keep the risk ac-
ceptable. However, in contrast to most approaches so far, it seems reasonable to
incorporate the model risk which stems from calibrating the risk process into the
risk assessment. We will present an approach here which deals with this topic and
which could be extended in various directions.

In this paper we introduce an explicit dynamic risk measure, based on a pro-
posal by Pflug and Ruszczynski| (2005) for stochastic (risk) processes which have
a Markovian structure. This class of risk processes is large enough to include the
most popular financial models in discrete-time. The dynamic risk measure is a
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sum of conditional Average Value-at—Risk and it can be shown that it has a lot
of desirable properties. Since the static Average Value—at—Risk is a solution of
a (static) optimization problem we will show that our dynamic risk measure is a
solution of a dynamic (Markovian) optimization problem. This dynamic problem
turns out to be a Markov Decision Problem. The advantage of this representation
is the recursive computation formula which we obtain. Moreover, we generalize the
dynamic risk measure to situations with incomplete information about the risk dis-
tribution which can be seen as model risk. In order to do this we use a parametric
model and take a Bayesian approach, i.e. we suppose that the random variables
of the risk process depend on an unknown parameter § € © and we have a prior
distribution g for this unknown parameter. Of course in a dynamic context, the
information about the unknown parameter which is gained over time by observing
the risk process should be incorporated into the risk measurement procedure. Thus,
we can in principle use the same definition of the dynamic risk measure w.r.t. the
corresponding ”Bayesian” probability measure. It can be shown that this is equiv-
alent to a Bayesian decision problem. Thus, we get again a recursive computation
algorithm and this recursive representation enables us to discuss the influence of
model ambiguity. Namely, we are interested in comparing the risk in a situation
where the parameter is unknown with prior distribution p to a situation where the
parameter is known and equal to [ 6u(df). It turns out that such a comparison in
general is very hard. We only get some partial answers.

Let us illustrate the approach by a simple example due to Artzner which has also
been cited in Pflug and Ruszczynski (2005): Imagine that it is possible to play one
of the following two games. A coin is tossed three times and the player can win one
Euro in two different ways. In the first game, this is the case if the last throw shows
heads. The second variant awards the player with one Euro if at least two of the
three throws show heads. Now the question arises which of the two games is less
risky for the player? If we know that the coin is fair then the approach in Pflug and
Ruszczynski (2005) returns a number which also incorporates the way information
is gained in this game, leading to a smaller risk for game 2. Now assume that
the probability for heads is not known but a prior distribution is available (e.g. an
expert opinion). Here again it is crucial that information is gained (also about the
unknown probability for heads) as the coin is tossed. This information should be
included in the risk measurement procedure. It indeed turns out that if the prior
distribution is ;1 = U(0, 1) then the risk (measured with our Bayesian risk measure)
is smaller than in the case the probability for heads is known and equal to %

One of the first papers to investigate the notion of dynamic risk measures was
Wang (1999). By now there are quite a number of papers on dynamic risk mea-
sures in discrete time, we just mention e.g. Riedel (2004), Burgert (2005), Weber
(2006), Delbaenl (2006), Follmer and Pennerl (2006), Frittelli and Scandolol (2006).
These papers show properties or characterize dynamic risk measures. More explicit
dynamic risk measures can be found in Boda and Filarl (2006) and Roorda and
Schumacher! (2007) (both consider dynamic Average Value-at—Risk) or the papers
by Pflug (2001, 2006) and [Pflug and Ruszczynski| (2005)). In Pflug (2006) the role
of information in risk measurement is highlighted. All these papers assume that
there is no explicit model ambiguity. In [Cont et al. (2006) the authors deal with
model risk by investigating robustness properties and empirical risk measures.
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The paper is organized as follows. Section 2 gives a short review of static risk
measures and Section 3| highlights the role of information in measuring risk. In
the next section a dynamic version of a risk measure for processes introduced by
Pflug and Ruszczytiski| (2005) is defined. We will be able to give a reformulation
in terms of Markov decision processes if the income processes considered possess
a Markovian structure. This can be advantageous for computational purposes.
In Section [5 we generalize the model to the case where the generating random
variables of the income process depend on some unknown parameter. A Bayesian
risk measure is introduced which is again a sum of condition Average Value-at—
Risk. This time it can be solved by a Bayesian decision model. In Section 6] we
compare the risk measures with and without model ambiguity. Some conditions
are given under which the risk measures can be compared. It turns out that in the
Cox—Ross-Rubinstein model these conditions are satisfied and uncertainty decreases
the risk.

2. StATIC RISK MEASURES

In this section we recall some facts about static risk measures which we use in the
sequel. (For a thorough treatment see e.g. [Follmer and Schied (2004)). Negative
values of financial positions are interpreted as a loss. By L!(Q, F,P) we denote the
equivalence classes of integrable random variables.

Definition 2.1. A mapping p : L'(Q, F,P) — R is called a (static) risk measure
if it is monotone and translation invariant.

Example 2.2. A classical and famous risk measure is Value-at—Risk. For a risk
X € LY(Q, F,P) and level v € (0,1) it is defined by

VaR,(X) :=¢, (-X) =inf{z e R|P(-X < z) >~}

Consequently, VaR., (X) represents the smallest monetary value such that —X does
not exceed this value at least with probability . Hence, we are interested in
calculating the Value-at—Risk for large values of v, e. g.set v = 0.95 or v = 0.99.

Example 2.3. Another well-known risk measure called Average Value-at—Risk

can be defined by using Value-at—Risk. For v € (0, 1) it represents an average of

the Value-at-Risk to all safety levels larger than «y, formally for X € L'(Q, F,P)
1 1

AVaR, (X) 1= / VaRy (X)du, € (0,1). (2.1)

- v

The definition, which is continuous and strictly increasing in the safety level =, is

also valid for v = 0 and we obtain AVaRy(X) = E[—X]. By Uryasev and Rockafellar

(2002)), Average Value-at—Risk can be represented by a simple convex optimization

problem. Fix v € (0,1) and X € L'(Q, F,P). Then we have

AVaR, (X) = inf {b + ﬁ[@ (=X —b)*] } (2.2)

In fact, the infimum is attained in b* = VaR,,(X). Besides the properties mentioned
in Definition 2.1, the Average-Value-at-Risk is also convex.

A law invariant risk measure p (i.e. p depends only on the distribution of the risk)
such as Value—at—Risk or Average Value—at—Risk can be regarded as a mapping on
MU, the set of all distributions on R with finite mean in the sense that p(u) := p(X)
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whenever £(X) = p for p € M. Let X € L(Q, F,P) and Y be another random
variable on R. Then the conditional distribution £(X |Y = y) exists for every
y € R, is unique almost surely and we can define:

p(X|Y =)= p(L(X|Y =1)), yER, (2.3)
Note the following result (for a proof see Corollary 1.1 in Mundt/ (2007)).

Lemma 2.4. Let p = VaR, or p = AVaR,, for some v € (0,1). Then the mapping
y— p(X|Y =y) defined in (2.3) is (B, B)-measurable.

3. RISK MEASURES AND INFORMATION

Up to now most approaches in finding risk measurement procedures assume that
the law governing the risk or the income process is known. In applications however
the probability distribution is unknown and has to be estimated from data. This
implies another risk coming from mis-specifying the model. Some authors (see e.g.
Cont et al.l (2006)) thus discuss robustness of the risk measure w.r.t. changes in the
model. Obviously, if more data is available, then the range of possible models is
smaller and hence more information helps to determine the risk more appropriately.
Note however that the well-established coherent risk measures already involve some
kind of model risk since the dual representation for a risk X € L is given by

sup Eg[—X]
QeM

where M is a certain class of probability measures. But often (see e.g the Average
Value—at—Risk) this class M is not sufficient.

When we turn to a dynamic risk measurement, the notion of information also has
another dimension. This has e.g. been explained in [Pflug| (2006) and is illustrated
with the coin tossing example of the introduction. Different information which is
available for the decision maker in terms of different measurability conditions, leads
to different risk assignments. In this paper now we are going to combine these two
aspects. More precisely, we suppose that model ambiguity is given by an unknown
parameter of the risk distribution. Further the risk is measured dynamically over a
certain time horizon and thus the information about the unknown parameter which
is obtained during the time range of the model is incorporated. This approach is
explained in Section [5 for a Bayesian parametric model. However, it seems to be
difficult to measure the ”value of information” in terms of a more concentrated prior
distribution (this information can be compared w.r.t. the Blackwell information
order or simply the convex order).

4. A RISK MEASURE BY PFLUG AND RUSZCZYNSKI AND ITS MDP VERSION

We apply our risk measures only to special income processes in finite and discrete
time which have a Markovian structure. This is not a severe restriction because
many models in finance (e.g. stock price models, interest rate models) are Markovian
or can be made Markovian with moderate effort.

4.1. Income Process. The income or risk processes we consider are defined in
discrete time with time horizon T € N and evolve as follows: Assume that we
are given independent random variables Yy, ..., Yy on (Q,F,P) which generate a
filtration on the probability space via

Fo:={0,Q}, Fi:=01,...,Y), t=1,...,T.
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We further assume that a Markov chain (Z;)¢=o1,... 7 is given through
ZOECER, Zt ::gt(Zt—h}/t)a tzl,...,T,

where g; : R? — R are (B2, B)-measurable functions. We restrict ourselves to
income processes I = (I1,...,Ir) € x]_,LY(Q,F;,P) for which I; only depends

on Z;_1 and on Y; for t = 1,...,T. In other words, we assume that there exist
(B2, B)-measurable functions h; : R? — R, such that
It:ht(thlax/;f% t:177T (41)

Denote the set of these income processes by M. Obviously XM includes all Mar-
kovian processes. Examples are given in Section 4.4l

4.2. Definition and Properties of the Risk Measure. Next we define a con-
crete dynamic risk measures. In general, a dynamic risk measure p is a mapping
p:Qx{0,1,..., T—1}x XM — Rsuch that (p;(I))i=0.1...7—11s an (Fy)i—01.. T-1—
adapted process and satisfies some reasonable properties. We are not going to
discuss properties of dynamic risk measures in general, but will list a number of
properties which are satisfied by the dynamic risk measure in Definition 4.1. For a
general overview on dynamic risk measures and further properties see Riedel (2004]),
Burgert| (2005) and Mundt! (2007).

We are now ready to introduce a dynamic version of a risk measure proposed by
Pflug and Ruszczytiski (2005). There the authors considered more general income
processes. The restriction to income processes XY™ seems to be natural.

Let (¢)¢=1,... 7 be a sequence of discounting factors with ¢; > ¢i41 > 0, t =
1,...,T, and (v¢)i=1,.. 7 be a sequence of safety levels with ¢ € (0,1),t=1,...,T.
Furthermore set \; := C”C—tl, t=1,...,T, and define for every t a static risk measure
via

P (X) = NE[-X] + (1 — \)AVaR.,(X), X e LY(Q,F,P). (4.2)

Definition 4.1. For t =0,1,...,7 — 1 set
T

¢
P () :—E{ > oW (I Fioy) ]ft], IeaM
Ct
k=t+1
Remark 4.2. (a) This risk measure was defined in [Pflug and Ruszczyniski

(2005) for t = 0 via a different optimization model than the one which
we will consider below. In Pflug (2000)), it is defined in a more general
setting.

(b) Since ¢ is just the discount factor from time k to ¢, we see that the risk
measure at time t is the conditional expectation under F; of a discounted
sum of convex mixtures of two conditional static risk measure applied to
each component of the process I € XM,

(¢) The risk measure may be seen as a dynamic version of the AVaR.

We next list a number of properties, the dynamic risk measure of Definition [4.1
has. Part of the properties are already shown in [Pflug and Ruszczyniski (2005),
proofs for the others can be found in Mundt/ (2007).

Proposition 4.3. The dynamic risk measure p*® of Definition|].1 has the follow-
ing properties:
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pPR is monotone, i.e. for all IMW 1) e XM with It(l) < It(2) for allt =
1,...,T it holds

pr(IM) = pr(I®), t=0,1,..., T 1.
pPR is homogeneous, i. e. forallt =1,....,T, I € XM and A € L>(Q, F;,P)
with A > 0 we have

pr (A1) = A - ™I,

pPR is translation invariant, i.e. for all Y = (0,...,0,Y;41,...,Y7) € XM
which are predictable and Zfztﬂ LY is Fi-measurable it holds that

T

C
PRIHY)=p M) = Y Vi
k=t+1 °
pPR is subadditive, i. e. for all IV 1) € XM and t =1,...,T it holds
pr (I 4+ 13 < pPR(IW) 4 prRAP), t=0,1,...,T - 1.

pPR is independent of the past, i. e. for everyt =0,1,...,T—1 and I € XM,
pPR(I) does not depend on Iy, ...,I; 1. More precisely, for every I € X it
holds

PRI, Ir) = pPR(0,...,0,I;,... Ir), t=0,1,...,T —1.

4.3. Formulation as a Markov decision problem (MDP). It is well-known
that the Average Value-at—Risk is the solution of an optimization problem (cf.
Equation (2.2)). Analogously we show that pP® is the solution of a dynamic opti-
mization problem, namely a so-called Markov decision problem which can be inter-
preted as a dynamic cash balance problem. The advantage of this representation
is that we obtain a recursive computation algorithm (see (4.3)). For the general
MDP theory compare e.g. Herndndez-Lerma and Lasserrel (1996), Puterman| (1994)
or [Hinderer (1970). For abbreviation let

Ct — C
qO::07 qt::tiw>cta t:157T
I,Vt

The data of the Markov decision problem is as follows:

The state space is denoted by S C R? and equipped with the o—algebra
S = B%. Let s := (w,z) € S be an element of the state space, where w, 2
represent realizations of a wealth process (W;);—1 . 1 and the generating
Markov chain (Z;)=1,... T, respectively, at time ¢.

The action space is R equipped with B. Then a € R denotes the consumed
amount at time t. Let D := S x R.

The disturbance Y; has values in F C R equipped with £& := Bg. The
distribution of Y; is denoted by Q.

The transition function Ty : D x E — S at time t = 1,...,T is given by

Tt(57aay) L= (Ft(wa ht(z7y)7a)7gt(z7y))
= (er + ht(zvy) - avgt(zay))'

for (s,a,y) = (w,z,a,y) € D x E. Tt gives the current state if the previous
state is s, the action a is chosen and if the disturbance attains the value y.

yeery
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e The one-step reward function at time t = 0,1,...,7 — 1 is a measurable
mapping 7 : D — R defined as

ri(s,a) == —qw~ + cy10, (s,a) € D.
e The terminal reward is a measurable mapping Vp : S — R defined as
Vr(s) i=crpwt —qrw™, s=(w,z)€S.
Furthermore, let us denote by
F:={f:S—R|fis (S, B)-measurable}

the set of decision rules. Then 7 € F! is a t-step Markov policy. For every m =
(fo,---,fr—1) € FT we recursively define the resulting Markov decision process
(Xt)tZI,...7T via

Xo€S, Xii=WyZ) =Ty X1, fr-1(Xe-1),Ye), t=1,...,T.

and the value functions via
T—1

Viels) = B[ 3 nCtu AC6)) + Vel s €
k=t
for every m = (fi,..., fr—1) € FT~ where EY ; is the expectation w.r.t. the condi-

tional probability P™(- | X; = s) and
Vi(s) = sup Via(s), s€s.

TeFT—t
Note that

Vi—1(s) :=sup {rt,l(s,a) +/ Vi(Ti(w, z,a,y))Q:(dy)}, s€S (4.3)
a€R E

holds and provides a recursive computation. We now obtain the following explicit
formula for the value functions:

Theorem 4.4. Fort=0,1,...,T and (w, z) € S the value function is given by

T
Vi(w, 2) = crpw® —qw™ — Y e - BlpMW (I | Zko1) | Zi = 2],
k=t+1

and the optimal policy 7 = (ff, ..., fF_y) is
fo(w,z) =wt = VaR,, (Ix+1 | Zx = 2), (w,2) € S,
fork=t,...., T —1.

Proof. The proof is by backward induction on t. The case t = T is trivial. We
first consider the case t = T' — 1. By the value iteration (cf. e.g. Theorem 3.2.1 in
Hernandez-Lerma and Lasserre (1996))) we have for (w,z) € S

Vr_i(w,z) +qraw™

= sup {QT—lw_ + rT—l(wa Z, CL) + / VT(TT(’U}, Z,a, y))QT(dy>}
a€R E

sug {cTa + Elery1[w® + hr(z,Yr) —a]t — grlw™ + hr(z, Y1) — a]_]}
ac

= CT'lU+ + CT+1E[hT(Z, YT)] — (CT — CT+1)AVaR7T (hT(Z, YT))

= cTw+ + CT+1E[IT | Jr_1 = Z] — (CT — CT+1)AVE:LR,YT (IT | Jr_1 = Z),
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where we used Equation (2.2) in the last but one step. We note that the supremum
is attained in

i 1 (w,z) = =VaR,. (hr(z, Yr) + wh) = wt — VaR,.(Ir | Zr_1 = 2).
By Lemma 2.4, Vp_; and fr_; are indeed measurable functions on S. Hence, the
assertion is true for t =T — 1.

Now assume that the assertion is true for t < T — 1. The value iteration yields

for (w,z) € S

Viei(w, 2) + qr—1w™

= sup {gr—1w™ +rio1(w, 2z, 0) + E[Vi(Xy) | Xi—1 = (w, 2), ai—1 = a]}
ac

— sug {cta + E[Ct+1[w+ +he(2,Y:) —a]t — q[wt + h(2,Y;) — a]*]}
ac

T
+ > aB[EpW (I Zi1) | Zi] | Ziy = 2]
k=t+1

= Ct’er =+ Ct+1E[It|Zt_1 = Z} — (Ct — Ct+1)AVaR% (It|Zt_1 = Z)

T
+ Z CkE[p(k)(Ik‘Zkfl) | thl = Z]
k=t-+1
Hence, the statement is shown. ([l

As a direct consequence we have the following representation of the dynamic risk
measure.

Corollary 4.5. For everyt=0,1,...,T — 1 it holds

1
pi (D) = =—Vi(0, ), Tex™
t

This representation provides us with a way to calculate pP'® via (4.3).
4.4. Examples.

Example 4.6. Consider the example by Artzner with general but known success
probability 8 € (0,1). We have T = 3 and Y7, Y>, Y3 are independent with P(Y; =
1)=0=1-P(Y; =0), t =1,2,3. Furthermore,

Z0=0, Zy=Z41+Y, t=1,23.

We investigate the two resulting income processes Ilgl) = (0,0,Y3) and Il(f) =
(0,0,1;2,4v,>2}). Direct calculations (see also Section 6.2)) show that for 6 € (0,1)

PR <PPRIP)W)  we{Yi=0),
P1 (IA )(w) PR/ 7(2)
>py)w) , welyi =1},
If 6 is chosen appropriately, all orderings are possible for the case ¢ = 0. But in the
most important situation 6 = % or equivalently, when I/(xl) and If) are identically
distributed, we have
po ) > oY)
In particular, we see that the dynamic risk measure p'® is not law invariant. The
interpretation of this last inequality is as follows: The risk at time ¢t = 0 is the

expectation of the conditional static risk measure p® of the final value IX,)3, i=1,2,
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given the information F5. When calculating the risk of I/(Xl), the final payment

II(AI,)3 = Y3 is stochastically independent from this information (namely the random
variable Z5). Thus, the information is not used in this case. On the other hand,
calculating the risk of I/(f) uses this additional information that is generated over

time in order to diminish the risk of the process at time t = 0.

Example 4.7. In the first example, I; depends only on Z;. Now, we consider the
standard Cox-Ross-Rubinstein (CRR)-model to generate an income process, where
I; depends on Z;_; and Y;. Define the distribution of Y; by

P(Y; =u) =0 =1-P(Y; =d),

where 0 < d <1 < wand 6 € (0,1). Let the price process of an asset be given by
Zo=1land Z; :=Z;_1-Y, fort =0,1,...,T. If a policy holder has one unit of this
asset in her portfolio, her income from ¢ — 1 to ¢ is given by

It:Zt_thlz(}/t_l)'thla tzl,,T

The random variable I; can attain negative values of course. The income in period
(t — 1,¢] can not be formulated as a function of Z;, so we have to include Z;_; in
defining I;. This is why we assume (4.1). We easily compute for t € {1,...,T}

EY:] =d+0(u—d),

0 —
AVaR, (¥;) = ~d = 1jpg)(7) 7= Z(u —d), v e 0,1].

Then, the dynamic risk measure becomes by a straightforward calculation

T
RN =2 Y EEMPF (14 0D (W),

c
k=t+1

concluding the example.

5. EXTENSION TO MODEL AMBIGUITY

In this section, we generalize the definition of the dynamic risk measure from Sec-
tion |4 to models with unknown risk distribution. Indeed, in reality it is seldom the
case that a risk distribution is given, instead we have data. There are now different
possible approaches to deal with this situation: in a non-parametric model one can
consider an empirical risk measure or measure the risk of the empirical distribu-
tion. In a parametric model one can for example estimate the parameter and then
measure the risk (for these approaches see [(Cont et al. (2006)). But in a dynamic
context this estimate has to be updated. In what follows we consider a parametric
model and take a Bayesian approach.

5.1. Model Setup. We assume that all generating random variables Y;, t =
1,...,T, depend on a parameter ¥ € © C R which might be unknown and there-
fore is modeled as a random variable on the given probability space with unknown
distribution £(«#). If 9 is known, for example with value 6 € O, its distribution
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reduces to L£(U) = dp, where dy denotes the distribution concentrated in 6. We
make the usual assumption:

Assumption 1: Under ¢, the random variables Y7,...,Yr are (conditionally)
independent.

Sometimes, the parameter ¥ can be interpreted as an unknown probability.
In this case, we choose ©® = (0,1). In the Artzner—example and the Cox—Ross-
Rubinstein model, this is the probability for heads or an upward development of
the asset respectively.

Let P(O) be the set of all probability measures on O so that we have L(¢) €
P(0), and equip P(©) with the standard o-algebra Mg. We assume that a prior
distribution p € P(©) for the unknown parameter is given. In a dynamic context it
does not seem to be reasonable to estimate 6 at the beginning and fix it. Instead, the
information about the unknown parameter which is gained over time by observing
(Y%), should of course be incorporated into the risk measurement procedure. Indeed
we define the dynamic risk measure as before where the conditional distribution is
now taken w.r.t. a new probability measure. In order to explain this, suppose (2, F)
is the underlying measurable space and P? is the probability measure if ¥ is known
and equal to 6. Let now P := o ® PY be the unique probability measure on © x Q
defined by o and the transition probability (6, B) — P?(B). Moreover, define

P(B):=P(© x B) = / 10 (d6)P?(B)
on (2, F). In order to simplify the notation we assume that

Assumption 2: For every t = 1,...,T the law QY(-) either has a counting
density or a Lebesgue—density w.r.t. a o-finite measure v which we will denote by
0
4 ()

From our assumption it follows that P has a density p which satisfies

By) = Plyn...ur) = / 10(d8) () / (@) ... (5.0)

.. -/MT—1(d9|y1, ey (yr)

see e.g. Rieder! (1975). By %) we denote the the same risk measure as in (4.2)
with P replaced by P.

Definition 5.1. For every I € XM we define a Bayesian dynamic risk measure by

T
p?“uo(l) - IE[ Z Ck.p(k)(Ikurk_l)']:t} t=0,1,..., T -1
k=1

Remark 5.2. Obviously every p,}? #0(T) is Fy—measurable. Consequently, the dy-
namic risk measure (p?’“O(I))t:OyL”_’T,l is an (Fi)i=o0,1,..., 7—1—adapted process.
Moreover, it is not difficult to see from the definition that pB#° satisfies the proper-
ties of Proposition 4.3/ w.r.t. the new probability measure P and is thus a reasonable
dynamic risk measure.

5.2. Representation as a Bayesian Decision Problem. Analogously to the
first part of the paper we will now show that the Bayesian dynamic risk measure
is the solution of a Bayesian MDP. The advantage of the MDP formulation is its
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recursive computations which allows in Section 16/ to establish some comparison
results between models with and without model ambiguity. Hence, we proceed as
follows:

For every fixed 6 € ©, we can formulate an optimization problem as in Section |4
by replacing the reference probability P with P?. We obtain a family of value
functions (Vte)te{o,l,...,T} for every # € ©. In what follows we define

VE(s) = s [ VL (s)uas), ses (52)

where t € {0,1,...,T — 1}, u € P(©) and the supremum is taken over all policies
which may depend on the total available history so far. It is well-known that
problems like this can be solved by a Bayesian decision model (see e.g. [Rieder
(1975)). We will first recall this technique and then show how to derive the dynamic
risk measure by this approach. The Bayesian decision model is defined as follows:
e The state space is denoted by S C R? x P(©) and equipped with the cor-
responding o—algebra S := (B? ® Mg)g. For convenience, we sometimes
use the notation S = 5" x M = 51 x Sy x M. Let (s,p) := (w,z,u) € S
be an element of the state space, where w, z, ;4 represent realizations of the
wealth process Wy, the generating Markov chain Z; and the conditional
distribution of ¥ given the history up to time ¢, respectively.
e The action space is R equipped with B. Let D := S x R.
e The distribution Q; of the disturbance Y; now depends on u;. More precisely,
let Qy: MxE —[0,1] at time ¢t = 1,...,T be the probability kernel between
(M, Mg) and (E, ) defined by

/Qt Beg,

where QY(B) = P(Y; € B).
e The transition function Ty : D x E — S at time t = 1,...,T is given by
Tt(S, W, a, ZU) = (Tt/(sﬂ a, y)7 ‘I’t(l% y))
with
Tt/(sa a, y) = (’lU+ + ht(z7 y) - a?.gt(zv y))
for (s,p,a,y) = (w,z,p,a,y) € D x E and ®&; : P(O) x E — P(O) is
the so-called Bayes operator, which updates the estimated distribution u €
P(©) by using the new observation y € E. It will be defined and further
investigated below.
e The one-step reward function is as before and does not depend on p, i.e.
ri(s,p,a) =ri(s,a) = —qw™ + ¢iq1a.
e The terminal reward function is is as before and does not depend on u, i.e.
Vr(s,p) = Vr(s) = cryw™ — qrw™.
As mentioned above, let us further describe the Bayes operator. Fort =1,...,T
the Bayes operator ®; : P(0) x E — P(0) is defined via
Jsdi(y ) (d9)
f@ Qt (d@)

The set of decision rules Fp, the Markov decision process (Xt)i=o,1,...7 and
the value functions (V})i=o.1,... 7 are defined analogously to Section 4 but with the

Py (p, y)(B) == B € Be, (1,y) € P(©) x E
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extended state space and the extended transition function. The third component
of (X¢)t=o0.1,....7 which is independent of the chosen policy m € F can be defined
recursively via

Mo € P(("‘)), Ht = (I)t(:ut—lvn)a = la s aT' (53)
A chosen initial distribution py € P(O) is the prior distribution, while the g,
t =1,...,T, are called posterior distributions. They can be interpreted as the

distribution of ¥ at time ¢ given the history (Y7,...,Y;) if 9 is drawn according to
at time 0. Under some mild integrability assumptions it holds for all t =0,1,...T
that

Vils,p) = VI(s), (s,p) €5,
(see Rieder! (1975)), i.e. the value functions solve problem (5.2). Note that this
implies a recursion for V; analogously to (4.3). The following result is crucial.

Theorem 5.3. Lett =0,1,...,T and w € S1. Then

T
Vi(w, Zy, ) = crpw™ — g™ — E{ Z Ck ‘ﬁ(k)(Ik: | Fr—1) ‘ft:|
k=t+1

and the optimal policy 7 = (ff, ..., fF_y) is
f;(w7Zkaﬂk) = 'LU+ - VaR’Yk+1 (Ik+1 }fk)
fork=t,....,T—1 and w € 5.

Proof. The proof is analogous to the proof of Theorem 4.4 and done by induction:
t =T is trivial. Let us look at t =T — 1 (note that HT—1 = /JT—l(' |y1, ey yT—l)):

Vr_1(w, z, ppr—1) + gr—1w™

= sup {QT—lw_ + rT—1 (U}, Z, a)
a€R

+/E/eVT(TT(w,Z,a,y))qg(y)u(dy)uT_l(dﬂ\yl,...,yT_l)}

= igg {cTa + /E/® (crs1(wh + hr(z,9) —a)™ — gr(w + hr(z,y) —a)7)

ar()v(dy)pr—1(dOlys, . .., l/T—l)}-

Now from (5.1) it follows that

pyrlyr, .- yr—1) :/NT*I(dmylv~~~7nyl)qg“(yT)'
Hence

VT—l(wv Z7,UT—1) +qgr-i1w =sup {cTa+
a€R

—i—/ (C:mrl(wJr + hT(Z,y) - a)+ - QT(w+ + hT(Z,y) - a)_)ﬁ(ylyh e ,nyl)V(dy)}l
E
and we obtain

Vr—1(w, 2, pr-1) = crw™ — gr_qw™

_CTI_E{IS(T)(IT | Yi=wy1,....Yro1=yr—1) [ Yi=w1,....Yr1 = yTA}-
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The remaining part of the proof is basically the same as for Theorem [4.4), only with
some more cumbersome notational effort. (]

From Definition 5.4 and Theorem 5.3 we obtain the following representation.

Corollary 5.4. Consider the Bayesian decision model for an income process I €
XM Furthermore, let an initial distribution puy € P(©) be given from which we
obtain the sequence of posterior distributions (pit)i=1,.... 7 via (5.3). It holds that

1
pEW‘O(I) = _;W(07Zt7ut)7 t:O,l,,T—l (54)
t

The representation of the risk measure is now of the same structure as the one
in the case where ¢ is known, compare Corollary 4.5.

Remark 5.5. Note that pP#0 can easily be extended to so-called Hidden Markov
Models. There it is assumed that © = {61, ...,0,,} is finite, however, the unknown
parameter ¥ € © is not fixed over time but varies according to a Markov chain
(&) with state space © and transition probabilities (p;;). If & = 6, then the
true parameter at time ¢ is 6;, however, cannot be observed directly. Again under

(&1,...,&7) the random variables Y7, ..., Y7 are independent. In this case we define
1
p?MM’HO(I) = _ZW(OaZtvﬂt)v t:()v]-a"'vT_]-v
t

where V;(0, Zy, pt) is given as before only with a different Bayes operator which is

now 0.
ZT:l w(05)pikar’ (y)
S u(0)a)” (y)

6. INFLUENCE OF MODEL AMBIGUITY

(1, y)(0k) =

In this section we investigate the influence of model ambiguity in some special
cases by comparing the risk measure p2*°(I) with p?’éﬁ (I) = pi (1) where i =

J 0po(dh). It turns out that model ambiguity may lower the risk.

6.1. Comparison Results. In what follows it turns out that general statements
about comparison results are quite difficult and not intuitive. First we give a
simple criterion which leads to the desired comparison, however this criterion is
quite restrictive. We use the following abbreviations: For any distribution p on R,
we denote, if they exist, by m, and oi its first moment and its variance respectively.

Proposition 6.1. Lett =0,1,....,T —1 and s € S'. If 6 — V (s) is convex on
© = (0,1) for every m € FT=t, then

Vi(s, 1) > Vi(s,0m,), w1 € PO,1).
Proof. Let pu € P(0,1). Since 6 — V/_(s) is convex, Jensen’s inequality yields

/ VO (3) u(d8) = V™ (5) = Vim(s,6m,), 7€ FT, (6.1)
(C]

Consequently,

@.1)
Vi(s, 1) = sup / VO () u(d8) > sup Vi (s0m,) = Vi(s, ).
T Jo

neFT-t
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In the following section of examples, we will see that our models do in general
not fulfill the strong assumption of Proposition 6.1. We also see, that it is usually
not enough to assume convexity of 6 — Vt?ﬂ* (s) if #* is chosen such that

sup ‘/;,71'(87 (Smu) = V;f,ﬂ'* (57 6mu)7

TeFT—t

because the optimal policies for € differ in general. On the other hand we obtain:

Proposition 6.2. Let t = 0,1,...,T, s € S and assume that the inequality
Vi(5,6m,) < Vi(s,n) holds for all p € P(0,1). Then 6 — V{(s) is convez on
0.

Proof. Tt is well known that Vi(s,-) is convex on P(0,1). Now take 6,05 € O,
A € [0,1] and note that Mgy, +(1-2)6p, = A1+ (1 — A)f2. The assumption and
convexity of Vi(s,-) then yield the assertion:

VANTOTN () = Vi (s, 830, 1 (1-2)0,) < Vils, Ad, + (1 — A)dg,)
< AVi(s,00,) + (1 = A)Vi(s, 60,) = AV () + (1 = NV,2(s).
O

We now state the main comparison result of this section. Here we consider the
binomial model, i.e. we interpret ¢ as a probability, i.e.choose © = (0,1) and
assume that

P(Y,=ul0=0)=0=1-P(,=d|9=0), 00, t=1,...,T,

for some 0 < d < 1 < u. In this setting, the Beta distribution is a conjugate prior
distribution for the binomial distribution. If we have no information about the
parameter ¢ at time 0, we usually start with pg = 4(0, 1), which is a special Beta
distribution, namely #/(0,1) = Beta(1l,1). In order to compute the risk measure
we have to calculate the Bayes operator and the transition kernel. It is well known
that the Bayes operator preserves the class of Beta distributions and that we have
for o, 3 > 0 and p := Beta(a, 3)

®(p,y) = Beta(a + 14y (), B+ L{gy(¥)), v € {u,d}. (6.2)

Note that ® does not depend on the time index ¢, thus we skip it here. Consequently,
with such an initial distribution, we only need to calculate the transition kernel for
this class of distributions. It is also well known and easily calculated that

&

Quid) =1-my = —— 5 (6.3)

@
ju) =my = ——,
Q(,U ) I a +ﬁ
where m,, denotes the mean of the distribution pu.
Next we have to recall the following definition: A function g : B — R, B C R?,
is called supermodular, if

glxAy)+g(xVy) > glx)+g(y)

for all z,y,zVy,x ANy € B, where A denotes the componentwise minimum and V
the componentwise maximum of the vectors.

The following theorem gives a manageable criterion for the desired comparison
result. It will be applied in the next subsection to the CRR model.



A BAYESIAN APPROACH TO DYNAMIC RISK MEASURES 15

Theorem 6.3. Consider the Bayesian decision model from above. If for all t =
0,1,...,T and s € S, a € R the function

(y,0) — VI (T/(s,a,9)), (,0) € {u,d} x (0,1),
is supermodular, then it holds for all t € {0,1,...,T}
Vi(s,p) = Vi(s,0m,,),  (s,p) € 5.

Proof. The proof of the theorem is by backward induction on ¢. For t = T we even
have equality
Vr(s,p) = Vr(s,0m,), (s,p) €S.

Now assume that the assertion holds for fixed ¢ = 1,...,T and let (s, u) € S, where
w € P(0,1) with o € {dg |0 € ©}. Note that then ®(u,y) € P(0,1) for y € {u,d}.
Furthermore, by definition of the transition kernel we have in the same way as in
(6.3)

Qu(p; u) = my =1 = Q(p; d). (6.4)
Moreover, note that r is independent of p. Consequently, the induction hypothesis
(LH.) yields with gy, := ®¢(p,u), pa := P¢(p,d) and with m., := ma,(uu), Ma =
Mo, (1,d)

‘/;5,1(87 M)
— sup {ri_1(s.0) + / Vi(T (5, 1, @, ) Qi (1 dy)

a€R

6.4

(:) Sug {Tt—l(sa a’) +my, - V%(Tt/(sv aau)aﬂu) + (1 - m#) ) V%(T{(S,a, d)a /ud)}
ac

LH.
> sup{ri—1(s,a) + my - Vi(T/(s,a,u),6m,) + (1 —my) - Vi(T{(s,a,d), 6m,) }-
a€R
Note that we have mq < m, < m, and it can be shown that if UZ > 0 then:

m

1—m, (m@(u,u) - m#) =My — My (p,d)-
This yields
my, my, — Mg
g . 6.5
1-m, My, — My, (6.5)

Furthermore, by assumption and since it can be shown that 6 — V;(8, dg) is convex
on O for every § € S’ we obtain

W(§761’TLM) - ‘/t(§76’md) < ‘/t(gaému) - ‘/t(§76mu)
my — mg - My — My '

(6.6)

Again, we get with § = T{(s,a,u), a € R, by the supermodularity assumption
Vt(Tt/(S, a,d), 5mu) - Vt(TtI(& a,d),dm,)
< V;E(Tt/(sv a, U), 5771“) - W(Tt/(sv a, u)v 5md)

©6) m, —m
< e T ), 8m,) = VilTU(5,0,0).6m,))
(Vt(TtI(Svaﬁu)75mu) - Vt(Tt’(s,a,u),émM)),

@5 ™y

1-—m,
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which is equivalent to
- Vi(TY(5,0,u),6,0,) + (1= my) - Vi(T (5. 0, ), 61,)
> my, - Vi(TY(s,a,0), 8, ) + (L= my,) - Vi(TY(s,0,d), 6,0, ).
Combining this with the preceding inequality for V;_1, we get

‘/t—l(snu)

> sup {Tt—l(sva) +my - Vt(TtI(Svaau)75mu) + (1 - m/L) : ‘/t(Tt/(Sa a,d)7 5md)}
ac€R

> sup {rt_l(s,a) +my - Vi(Ti(s,a,u), 0, ) + (1 —my) - Vt(Tt'(s,a,d),(Smu)}
a€R
- ‘/t—l(Sﬂsm“)v

thus completing the proof of the theorem. O

The result can be used to compare the two dynamic risk measures with and
without model ambiguity. The proof follows directly from Theorem 6.3l

Corollary 6.4. Let the assumption of Theorem 6.3 be fulfilled and suppose (p) is
the sequence of posterior distributions defined via (5.3). Then

LT (D) > pio(r),  Te XM,

Thus, we see that if the supermodularity assumption is fulfilled the dynamic risk
measure p*'® is more conservative than p® since it assigns a higher risk to every
process I € XM. This result is somehow counterintuitive since additional ”risk”
due to model ambiguity leads to a lower value of the risk measure.

6.2. Examples. In this section we treat the coin—tossing game proposed by Artzner
and the standard Cox—Ross—Rubinstein model. These will complement the results
from the previous section and the remarks that were left open. Furthermore we
will see how to calculate the dynamic risk measures in concrete situations.

The Artzner—game

Consider the Artzner-example. We have £ = {0,1} and S’ = R x Ny, whereas
because of T'= 3 also S’ = R x {0,1,2,3} can be used. But this makes no differ-
ence for our investigations. Take the process Iy = Io = 0, I3 = 1{z,,y,>2}. It can
be shown that 6 — Vf(s), s € S’, is convex for this model, however we will find
(s,pu) € 8" x P(0,1) such that

V](S, ,U/) < ‘/1(87 6mu)

which means that the comparison of Theorem (6.3 is not valid in this situation. We
can assume without loss of generality that w = 0 and have to consider the two
cases z = 0 and z = 1, which are just the possible realizations of Z; = Y;. First, we
choose s = (0, 1) and consequently 1 = Beta(2,1), such that m, = % Furthermore
let y5 > %, e.g.v3 = 0.95. In this case, we have AVaRz3(Y3) = 0 for all § < 0.95.
It follows that

Vi(0,1,82) = —c5 - B3 [0 (12,1 va52y | 22 = 1+ 12)]

2
3

2 3 1 @3
=—c3- (gp(% )(1{3/320}) + gp(% )(1{Y321})>

2 1 2 2 2
e (B b 2o 22k
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while we obtain

Vi (0, 1,Beta(2,1)) = —c3 - E121 [Pf%,l(l{ZﬁYsZZ} ’Y%Zl = 1)}

— —ca E[p (Lonavsy | Yard = M) 9= 2}

4 3
2 s 1
=—c3- (§ 'P(% )(1{y320}) t3 'P(%)(l{ygzu))
2 1 1 1 2
= —C3 - (g(*l)*gg}\g) :6C4+§C3<Vl(0,176%).

Similar calculations show that for s = (0,0) and thus p = Beta(l,2) the reverse
inequality holds:

\/1(070,5%) = éc4 < éa; = V1(0,0,Beta(1,2)).

Indeed, no general comparison result can be stated in the Artzner-example. But
since the problem is very simple, all quantities can easily be computed. So let us
also look at the important case t = 0, s = (0,0) and p = Beta(1l,1) = 4(0,1),
therefore m,, = %,

%(07()’6%) = 303 + 1C4

4
and
1 1
Vo(0,0,u(0,1)) = 36T gl > Vo(0,0,41),
since ¢4 < c3. We conclude that the risk measures have the order:

PR, 3 B,1(0,1
po 2 (1) > pp OV ().

In Table 1] we give some numerical values of the risk measures, where the variables
cr = 09551 &k =1,23 ¢4 = 0932 and g, = 1.2-¢x, k = 1,2,3, are chosen
analogously to Pflug and Ruszczyniski| (2001). In that work, the values for p§= (1))
and pSR(I?)) can already be found.

The Cox—Ross—Rubinstein model
Now, let us treat the CRR model. First, we want to show that the assumption of
Proposition 6.1lis too strong. It is easily seen that 6 — V’qul,ﬂ' (s) is linear, therefore
convex, for every s € 8" and 7 = fr € F. But for t = T — 2, it can be shown that
there exists m € F? such that 6 VQQ_QJ(S) is concave (cf. Mundtl (2007)) and
consequently Proposition 6.1/ cannot be applied to obtain comparison results in the
CRR model. But as we will see now, the assumption of Theorem 6.3 is fulfilled.
Note that the state space is S = R x Ry, therefore Z; > 0 for allt =0,1,...,T.
Let us first calculate the value functions V}?(s) for s € S’ and § € © at time
te{l,...,T}. Asin Example 4.7 we obtain

Vte(w, 2) — cwt + g™

T
0
=z E Ck}Ee [Yl]k*(fﬂkl) (Ake(u — d) +d—1+ (]. — /\k)l[o,e] (’Yk) . zk (u - d)) .
— Tk
k=t+1

Now, let (s,a) = (w, z,a) € S" x A. Recall that
Ti(s,a,y) = (W' +2(y = 1) —a,2y), y € {u,d}.
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pER(1O) -0.4325
BUOD (1) -0.4325
pER(1(2)) -0.4419
BUOD (1(2)) -0.445
Y =1 Y1 =0
pPR(1(V) -0.5766 -0.2883
BUOL) (p(1)) -0.5766 -0.2883
pPR(1(2)) -0.7939 -0.0961
BUOL) (1(2) -0.7458 -0.1442
Vi+Ye=2|Yi+Ye=1|Vi+Y,=0
pPR(1(1)) -0.6828 -0.4552 -0.2276
DUOD (1) -0.6828 -0.4552 -0.2276
pPR(12) -0.95 -0.4552 0
BUOD (7(2)) -0.95 -0.4552 0

TABLE 1. The dynamic risk measures in the Artzner—game

This yields

Vte(rft/(sv a, U)) - Vta(Tt/(Sv a, d))
=c(w+2u—-1)—a)t —qw +2(u—1)—a)”

—cipi(wt +2(d—1)—a)" + qg(wt +2(d—1) —a)”

T

tau—d)- Y o B (NO(u—d) +d - 1)

k=t+1

T
_ 6 —
+z(u—d)- Y e BOYART D = X)L 0 () . L
k=t+1 Tk

(u—d).

We have to show that this term is non—decreasing in 6. To this extend, we
only have to consider the two sums. Since E[Y;] = §(u — d) + d, the last one
is the sum of non—negative products of non—decreasing functions, therefore clearly
non-decreasing. The first sum is just the value function V,2(0,z(u — d)), if 8 <
min{vy;11,...,77}. So we only have to show that V//(s) is non-decreasing in 6 on
this interval for every s € S’. This can be seen as follows. The case t =T — 1 is
obvious, so assume t < T — 2. Furthermore, without loss of generality, we can take
(w, z) = (0,1). Let us write the value function as

VI (w,2) =cip1(MNeg10(u — d) +d — 1) + crp0(0(u — d) + d)(Ms20(u — d) +d — 1)

T T
+ > BP0 —d) +d) — Y o - BV vy,
k=t+3 k=t+3
One easily obtains
VY (w, 2)

5g = cr+ilu— d)E°[Vi]" (T

t) > 0.
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<+ — General CRRM where
T=10
n=>5
u=15

o d=05

Vo(0, 1, By)

0.0 0.2 04 0.6 0.8 1.0

0
FIGURE 1. The value function in the CRR model

To visualize the behavior of the value function, we provide a simple graph in
Figure [1. We set ¢, = 0.95-1 k = 1,...)7T, crqy1 = 0.937-! and Y = 0.95,
k=1,...,T. Notice the point of non—differentiability at 8 = 0.95 = .

Corollary 6.5. The supermodularity assumption is satisfied in the CRR model and
thus the comparison result of Corollary|6.4] holds, i.e.

pi D) Z g D), Te AN,
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