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Introduction

The mathematical problem concerning scattering from a perfectly
conducting obstacle in an unbounded two-layered medium has been
approached by various authors using different methods. First and
foremost, there were the results by P.-M. Cutzach and C. Hazard [5]
in 1998: They were able to prove the existence and uniqueness of so-
lutions to the time-harmonic Maxwell’s equations in the two-layered
lossless setup and the Silver-Miiller radiation condition by reduction
to a bounded scenario. This thesis presents several aspects regarding
the weak formulation of electromagnetic scattering by reduction to an
unbounded and dissipative half-space, such as a generalization to the
Lax—Milgram Lemma, singular weighted Sobolev spaces, and coerciv-
ity of the sesquilinear form for the three-dimensional problem using
a detailed analysis of the Calderon operator on an unbounded inter-
face. An alternate approach was published by A. Kirsch [17] in 2007,
cf. A. Kirsch and N. Grinberg [18] in 2008, without an artificial re-

duction of the domain using a new integral equation formulation.

The setup of a lossless half-space above a dissipative half-space with
an infinite interface has been accepted as a suitable description for the
medium in the discussion of the propagation of electromagnetic waves
in air and earth [26] with a modern application to mine detection [13].
Besides this direct application, which will be the model problem in
this text, the general approach presented here of using a Dirichlet-
to-Neumann or Calderon operator to mask a layer is fundamental to
rough surface scattering such as in [10, 7, 24] with its wide area of

applications.



6 INTRODUCTION

The general approach of using a Calderon operator in a non-local
boundary condition for a weak formulation of unbounded electromag-
netic scattering problems for bounded obstacles was introduced by
A. Kirsch and P. Monk [19] in 1995. A reference for this general
approach is the very helpful book of P. Monk [26] from 2003 which
also discusses layered media following the line of P.-M. Cutzach and
C. Hazard [5], where the unbounded problem is reduced to a bounded
domain and important properties are deduced from the Green tensor.
Green tensors were also discussed by M. Petry [27] in 1993 for dis-
sipative multiple layers, and in two dimensions by J. Coyle [3] in
1998, cf. [4] in 2000, where he also considered the inverse problem for
which there are many recent results, such as F. Delbary et al. [11] in
2008, and already mentioned [13, 17, 18]. An alternative approach
to the layered medium using semigroups is presented in the book
by M. Cessenat [2] from 1996, and in the case of dissipative media,
C. H. Wilcox [33] obtained a coercive formulation in 1963.

Chapter 1 defines various concepts such as Sobolev spaces and trace
theorems as they are needed throughout this text, as well as an impor-
tant extension to the Lax-Milgram Lemma which presents new con-
ditions for coercivity that are shown to be applicable to the regarded
problems. Chapter 2 is devoted to the derivation of the mathematical
models with an analysis of the conditions which allow the reduction
to two-dimensional models. In Chapter 3, the two-dimensional prob-
lems are presented in the classical sense, and in weak formulations
reduced to an unbounded half-space using a non-local boundary con-
dition. They are proven to be uniquely solvable using the extended
Lax-Milgram Lemma, followed by regularity results, and an addi-

tional weak formulation proves exponential decay of the solutions.

Based on the observations in the derivation of two-dimensional mod-
els and the mapping properties of Dirichlet-to-Neumann maps, Chap-
ter 4 then introduces singular weighted Sobolev spaces with all prop-
erties necessary for the analysis of the non-local boundary condition
for the full three-dimensional Maxwell’s system. Chapter 5 presents

classical definitions of the full three-dimensional scattering problems
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and combines the traditional setup with the results of the previous
chapters to form the required framework. It introduces the Calderon
map on the unbounded interface and proves its mapping properties
using the weighted Sobolev spaces. The weak formulation is pre-
sented and proven to be coercive, and uniquely solvable, by detailed
analysis of the Calderon operator and the new conditions that were
introduced before. This text ends with regularity results that directly
follow from the coercivity of the sesquilinear form.

Finally, T would like to express my deepest gratitude to my advisor
Prof. Dr. Andreas Kirsch for guidance and helpful advice through-
out my doctoral work, and to PD Dr. Frank Hettlich for sharing
his thoughts and being the co-examiner of this thesis. I am much
obliged to Prof. Dr. Simon Chandler-Wilde and his colleagues at the
University of Reading for their support and hospitality during my
two visits in the past years. Special thanks go to all current and
former members of our workgroup, namely Dr. Tilo Arens, Monika
Behrens, PD Dr. Natalia Grinberg, Andreas Helfrich-Schkarbanenko,
Sven Heumann, Dr. Karsten Kremer, Dr. Armin Lechleiter, Dr. Wag-
ner Muniz, Kai Sandfort, Susanne Schmitt, and Dr. Henning Schon,
for their valuable help and fruitful discussions. Last but not least, it
is a pleasure to thank Dr. Carsten Brockmann for his linguistic ad-
vice and, of course, my wife Sabine for her endless patience, support,

and encouragement.






CHAPTER 1

Mathematical Foundations

1.1. Function Spaces

This part establishes notations and states results which will be needed
later. See [22, 32, 15] for proofs and further detail. Here, we use
the notation established by Schwartz [29], E(R™) := C*°(R"), to de-
note the space of infinitely continuously differentiable complex-valued
functions over R™ and the subspace D(R™) := C§°(R™) of functions
which additionally have compact support. Corresponding spaces of

vector valued functions are denoted as &(R?, C?).

The topology and the concept of convergence on the Fréchet space
E(R™), i.e., a complete, metrizable, locally convex topological vector

space, is based on the countable family of semi-norms

(g})ﬁu@>

where convergence is defined as convergence with respect to all semi-

|ulg .5 == sup ,aeN, feN}

o] <a

norms, or uniform convergence on all compact sets in R™. The trans-
lation invariant metric

[T — ylg.ap
dg "y 2
EE §:““51+Lx—ykaﬁ

for some fixed positive sequence (va,g)aen geny C Rso with converg-
ing sum defines the same concept of convergence and the correspond-
ing topology. Sequences in D(R™) are convergent if there is a compact
set in which the supports of all elements are contained and the se-
quence converges in E(R™).
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The Schwartz space of rapidly decreasing, C*°(R™) functions is re-
ferred to by
SR™) :={u e ERM) : |u|s,ap < oo for all @ € Ng, f € N7}

(14l () u()|.

where |u|s o, = SUP,cgn

This space with its semi-norms also is a Fréchet space and a corre-
sponding translation invariant metric on S(R™) is given by
2 — Yls,a,p
dsmny(x,y) := Vo — 22—
( )( ) Z a761+|x_y|5,a,ﬁ
o,
where (v(yﬂ)aeNoﬂeNg C Rsg is a fixed positive sequence with con-

verging sum, which again defines the topology and convergence in
S(R™).

Above spaces are contained in each other by D(R™) C S(R") C
E(R™), and since they are metrizable, completion and continuity co-

incides with sequential completion and sequential continuity.

For each of these spaces we define their dual spaces of continuous
linear functionals D*(R"), S*(R"), £*(R")! equipped with the dual
or weak topology, which are contained in each other as £*(R"™) C
S*(R™) € D*(R™) as restrictions of the functionals to smaller func-
tion spaces. Of course, these spaces may also be defined on open
subsets D C R™, such as D(D) or D*(D), accordingly. Note, that
D*(R™) € D*(D) since functions in D(D) may always be extended
by zero to functions in D(R™).

Convergence in these dual spaces is defined as point-wise convergence,
and with respect to which they are complete, or, in other words, they

are weakly sequentially complete.

For functions and functionals from corresponding dual spaces, e.g.,
u € S(R™) and ¢ € S*(R™), the bilinear dual pairing is denoted by

n this text the notation £(R) is preferred to C°°(R) due to the notation £*(R) for
its dual. All dual spaces are understood to be the spaces of continuous functionals,
there are no algebraic duals in this text.
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(u, ) = {p,u) := p(u) € C, which we identify with

(oru) = / () u(t) dt = (p, 0) 2z

when u € S(R") and ¢ € S(R™) or ¢ € L'(R"™).

We define the Fourier transform by

1

(1) = Fu(r) := 7(2@”/2

/u(t) et e R

R

for n € N. The transform and its inverse, are continuous linear
operators F : S(R") — S(R"), F~!: S(R") — S(R") and F :
LY(R™) — BC(R™). On the dual space S*(R™), the Fourier transform
is also continuous and continuously invertible, when defined using the
dual pairing, i.e. if ¢ € S*(R™) and u € S(R™), then (Fp,u) :=
(0, Fu).

As the dual pairing is not sesquilinear, we have Fu on the right hand
side, which can be seen as an extension of the Fourier transform
to generalized functions, as far as the definition coincides with the

original definition for functions in S(R™) or L!(R").

Based on the properties of the Fourier transform, we may introduce

the Bessel potential as a Fourier multiplier for functions in S(R™):

DEFINITION 1.1.1. (Bessel Potential)

s/2

TP = F ' (y*a), where ¢*(t) = (1+|7*)"", s€eR, T €R"

as a continuous and continuously invertible linear mapping
J*:SR") - S(R™).
On dual spaces J° : S*(R") — S*(R"™) the mapping is defined by

the dual pairing: For ¢ € S*(R™) and u € S(R"), let (T%p,u) :=
(¢, T*u).

Again, the latter definition may also be seen as an extension to
S*(R™), as the two definitions coincide for functions in S(R™). This
leads to the
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DEFINITION 1.1.2. (Sobolev Spaces)

H*(R™) := {u € S*(R") : J°u € L*(R™)}, s € R.

Using the natural scalar product (u,v)gsmn) := (J°u, T°v)L2®n)
and the induced norm ||U||?{5(Rn) := (u, u) gs(mn) the spaces H*(R™)
are Hilbert spaces and this extends to Sobolev spaces on subsets,
most importantly based on R} and I' denoting the upper and lower
half space R% := {x € R" : x, 2 0} and their associated boundary
linel'={z eR" : x, =0}:

DEFINITION 1.1.3. Let D C R™ and s € R, then

H*(D):={ueD*(D): u=U|p, for some U € H*(R")}.

The associated scalar product is defined with the help of a projection

operator, see [22], leading to ||u|| g (p) = ) Ul fs -

inf
U|p=u, UeH" (R"
Note that the Bessel potential is self-adjoint with respect to the above
scalar products, so as an example for ¢ € S*(R™) N H*(R™) and test
functions u € S(R™) it holds that (J°¢,u)r2@n) = (@, T*u)r2@n)-
Since the Sobolev spaces were defined using S*(R™), we have a con-
tinuous extension of the Fourier transform to these spaces.

1.2. Traces and Extensions

The existence of traces and estimates for them are very significant
for the derivation of weak formulations, in fact a large part of this
text is devoted to appropriate function spaces for the traces on the
unbounded interface. The general theory of Sobolev spaces and their
traces are thoroughly presented in the book of R. Adams and J.
Fournier [1] but succinct in the discussion of Bessel potentials where
this text follows the concepts of W. McLean [22] and W. Walter
[32]. The concept of traces goes hand in hand with the notion of
bounded extension of functions on boundaries or subsets to functions
in sets with appropriate regularity. In the following are some of the
results that will be needed later. The following theorem is a direct

consequence of the Lemma 3.35 from [22]:



1.2. TRACES AND EXTENSIONS 13

THEOREM 1.2.1. (Trace Theorem) Let S be a strip S = {(x1,22) €
R%2: —h <z <0} and T = {(z1,72) € R? : x5 = 0} be a boundary
line, then [|u||g1/2ry < Cr [|ul| g1 (s) for some Cr > 0.

A more general estimate is presented in the following Lemma which
shows that the trace is mainly dependent on the gradient of the func-
tion in the set. First, we regard an unbounded rectangluar shaped

set:

LEMMA 1.2.2. Let I C R be a not necessarily bounded interval and
Ty = Ix{a} the upper boundary of D, = I x (=00, a) for some a € R.
If u € HY(D,,), then for any e > 0 there is an estimate

CQ
ol e,y < elllaco,y + (S +C) IVulam

with some C' > 0 independent of u and €.

PrOOF. For this result it suffices to prove the estimate for u €
HY(D,) N C§°(D,) since C§°(D,) is dense in HY(D,). Using the

estimate

lu(z1, 152)|2

(@, b + / S luCen ) d

— 0
= |u(z, )| +2Re/b (xl,t)8—mu(x1,t)dt
|u(x1,b)[*

o xo 8
2 — 2
+2 \//b lu(z1,t)] dt\//b |ax2u(x1,t)| dt

for fixed z; € I and since u(z1,b) — 0 for b — —oo we obtain

T2 xr2 a
|u(x1,x2)|2 <2 \// |u(zq,t)|? dt\// |8—mu(x1,t)|2 dt.

By the estimate

2
0< (VE—\/% :6a—2\/a—6+§, ie. 2\/5\/B§504+§

IN
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this yields

e <0 [ futeroP a5 [ ue P ar

We integrate over the rectangle R = I x (a — h,a) of height h > 0
and gain

h, Ou
0 ||8
Since T’y is part of OR the Trace Theorem 1.2.1 finally yields

||u||L2(R) < h5||u||L2(D yts ||L2(D y < h5||u||L2(D )+ ||VU||L2(D )

lullzer,y < Cllullinp,) = CllullL: o, >+CIIWIIi2<D )

IN

Ch5||u||L2(D y+(C+C < )||VU||L2(D )
Choosing h = 1 and § = & results in the desired assertion. a

The next Lemma discusses a corresponding estimate for the H'-norm
on an arbitrary but bounded set.

LEMMA 1.2.3. Let D C R? be bounded and T' C 0D, then there exists
C > 0 such that

1
lulfis oy < € (<llllEaeoy + 2170l lacoy +1 [ uast?)
for allu € H'(D) and € € (0,1].
PROOF. Otherwise there exists a sequence £; > 0, u; € H'(D)
with
, 1
lulf ) > 3 (<sllulim + 1wl ey +1 [ usasl?)
J

for all j € N. We set @; =

- ||uj||H1(D)

. - O -
1> 5 (el + IV + | [ G5 e
J

u;. Then

1 - 1 - .
5> ellulBa + IV + | [ s
J &j r

> |92, + | / a; dsf?
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Thus Vi; — 0 and fr u;ds — 0. There exists a convergent subse-
quence tj;, — U, and as we have seen Vu = 0, so @ is constant and
since fr @ ds = 0 it is zero which is a contradiction to the definition

of the sequence (%;). O

Only with the help of above estimates and the Trace Theorem we
will be able to verify uniqueness of the weak problem by proving
coercivity of the sesquilinear form, called a, of the weak formulation
which will be introduced in Problems 3.3.1 and 3.3.2: The difficult
part will be to find an estimate to a(u,u) from below, because this
term does not only contain terms related to the norm of u, but also
terms of the trace of u which need to be estimated.

The detailed discussion of a(u,u) will show that the trace component
can be of opposite sign to the contribution of the L? norm of v in the
lower half-space. Under some additional assumptions on the wave
number it is possible to estimate the contribution of the trace by the
L? norm of u, and therefore disregard the perturbation by the trace

component and prove coercivity by the Lax Milgram Lemma 1.3.1.

But by virtue of Lemma 1.3.3 we will prove coercivity of the sesquilin-
ear form even without additional assumptions on the wave number.
This is made possible by the following estimate of the trace primarily
using the L? norm of the gradient of w in D by combining above

results:

LEMMA 1.2.4. Let D = R2\Q for a bounded Q) C R%, uw € H'(D)
and € € (0,1]. Then there exist C1,Co > 0 independent of € and u
such that

il By oy < o (enun%aw) n (

for T = {(z1,72) € R?: x5 =0}.

2
G
S

n cz) ||Vu||%2<D>)

PROOF. Choose I = (ay,az) and h such that Q C I x (0,h). We
split D into four rectangles Dy = DN (I x (0,h)), De = I x (—o0, h),
D3 = (—00,a1) X (—00,0), Dy = (az,0) x (—o00,0) and with upper
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borders Ty = I x {0}, Ty = I x {h}, I's = (—o00,a1) x {0} and
Iy = (GQ,OO) X {0}

......... s T
D3 Dl D4
....................... 1
Dy

We may apply Lemma 1.2.2 on set Do, as well as D3 and Dy later
on, yielding

02
lulfy ey < ellliagony + (S +€) IVulEaco, -

Since |fr2uds|2 < ||u||%2(r2) < ||u||fql/2(r2), using Lemma 1.2.3 on

set Dy results in

~ Cc?
lulfys oy < € (<llulzcouom + (S +€) 19Ul 0,00
and by the Trace Theorem 1.2.1
2 5 2 % 2
lulfy e,y < CrC (ElllBpiomy + (S +€) IVulBrom)-
Putting it all together we have
||“||i]1/2(r) = ||“||i]1/2(r1) + ||u||§11/2(r3) + ||u||§11/2(r4)
2 3 2
e <€|IUI|L2<D> + (7 + C2> ||V“||L2<D>> :

where C; = max{l,C’Té'} and Cs the maximum value of the con-
stants C occurring for Do, D3 and Dy. O
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1.3. Functional Analytic Results

LEMMA 1.3.1. (Laz-Milgram) Let H be a Hilbert space, a € H* and
b: H x H — C a sesquilinear function, which is continuous, i.e.,
there exists a constant C; € R such that for all u,v € H

[b(u, v)| < Chlfullm - ||v]|a,
and coercive, i.e., there exist ¢ € R, Cy > 0 such that for allu € H
Re (e7*b(u,u)) > Collul|3; -

Then the equation
b(u,v) = a(v)

for all v € H has a unique solution u € H.

Proor. This proof follows [14] but has an extension for the
phase multiplication and restriction to the real part in the coercivity

condition.
By the Riesz representation theorem there exists a linear bounded

mapping T : H — H such that for all u,v € H

e b(u,v) = (Tu,v)y and ||Tul|lg < C||ul|m .

By coercivity on the other hand, we have
Collull3 < Re (e*wb(u,u)) =Re(Tu,u)y

< N (Tw,w)m | < lulle - || Tul|a -

This leads to Caollullg < ||[Tullg < Cillu||g for all uw € H, which

implies that T is injective, has closed range and its inverse is bounded.

Let z € H such that (Twu,z)g = 0 for all w € H. Then (Tz,2)y =
e~ b(z,2) = 0 and therefore z = 0, and this yields that 7" maps onto
H. So T~!is a bounded linear mapping on H. By Riesz there exists
a unique w € H such that

e “a(v) = (w,v)n
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for all v € H. Then the unique solution is v = T~ w, as for all v € H
e (T w,v) = (w,v)g = e ¥a(v).
0

REMARK 1.3.2. If the square of the norm of a Hilbert space H is
representable as the sum of two (or more) half norms such as ||u||% =

|u|% + |u|% for all u € H, then all bounded sesquilinear forms with

b(u, u) = Eulh + Clulh, & ¢ € C\{0}

are coercive if £ and ¢ are on one side of a straight line through the

origin in the complex plane.

For two half norms this is the case if and only if argé # arg(—(),
as then there exists an angle ¢ such that both Re(e=%¢) > 0 and
Re(e~%() > 0 and then

Re (e~ b(u,u)) > min{Re(e™*¢), Re(e )} [ul -

C
¢
‘ 2 1
, Jie

The optimal value of ¢ with respect to the largest coercivity constant
for the case || = |¢| is given by the angle bisector between ¢ and (:

_1 £
Y= §Arg (E) + Arg(¢) ,

where Arg : C — (—m, 7| denotes the principal value of the argument
to determine the angle bisector of the enclosed (or smaller) angle
between £ and (. In general, any angle within the smaller angle of

the arguments of £ and ¢ will do.
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Of course the same concept holds if the bounded sesquilinear form
has additional summands which are all on one side of a straight line
through the origin. But it even applies to special cases, when an
additional summand is opposite in the complex plane to the factor
of the one semi-norm in the form, but is somehow bounded by the
other semi-norm:

LEMMA 1.3.3. Consider a Hilbert space H with a norm || - ||m, the
square of which is representable as the sum of the squares of two half
norms |- |a and | -|g, so ||u||% = |u} + |u|% for allu € H. Also, let
a be a bounded sesquilinear function such that

b(u, u) = Eluffy — &f (u) + ClulF, & ¢ € C\{0}, arg # arg(+()

with f : H — R for which there is a constant D > 0 such that
f(u) < Dl|u|} for all w € H. Then b is coercive, i.c., there exist
p €R and C > 0, such that

Re (e7"b(u, u)) > C (Jul + [ulf) = Cllull3; -

PROOF. Define ¢ = ¢ — D¢ # 0 and consider

b(u) = b(u,u) + & (f(w) — Dlul%) = &lul’ + Clul} . (1.1)
—&f(u), 5Clul%
s C
117
§|u|23
el®
Vel

Since £ and ( are linearly independent, the same is true for £ and
¢. As in remark 1.3.2 one thus can find ¢ with Re(e™%¢) > 0,
Re(e~*¢) > 0 and a constant C' = min{Re(e~*?¢), Re(e~*()} > 0
such that

Re (e*i‘pg(u)) >C (|u|?4 + |u|QB)
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Due to the choice of ¢ we have Re(e™*#¢) > 0, and therefore

Re (e7"b(u,u)) = Re (e_w?)(u)> + Re (e7"¢) (Dlulh — f(u))
> Re (e b(w)) = C (juff +[ul})

Note, that

Re(e™%¢) = Re(e % (C + D¢€)) = Re(e () + DRe(e ™€) > 0.
]

CONCLUSION 1.3.4. Let H be a Hilbert space with norm ||u||x, the
square of which is representable as the sum of the squares of two half
norms | - |4 and |- |g, so ||[ul| = |ul} + |u|% for all u € H. Let
a € H*and b: H x H — C a continuous sesquilinear form which

has a representation
b(u, u) = Elulh + Clulh + g(u)

on its diagonal for some &, ¢ € C\{0}, arg& # arg(£() and a complex
valued function g : H — C which is bounded by

lg(w)| < D1lul} + Dalul}

for all w € H with some Dy > 0 and 0 < D; < |{|, and its argument
is limited to the half circle

arg(g(u)) € farg(ai€ +az) : a1 € R2\{0},az > 0}

Then the equation b(u,v) = a(v) for all v € H has a unique solution
uec H.

PRrROOF. The function
i) =€ (1- 1) s+ (o - 672
—_————
>0
is “coercive” by the proof of Lemma 1.3.3 Equation 1.1 for f(u) =
%|u|237 i.e., there exists ¢ such that

Re (e*wé(u)) > Ollull% -
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For such ¢ we have Re(e~%°¢) > 0 as well as Re(e~%°¢) > 0, as noted
above, and for g(u) = a1€ + a2(, a1 # 0, az > 0,

Re (e’wg(u)) = Re(e *%a1€) 4 as Re(e () > —|a;|Re(e™?¢)
—_———
>0
—ip 5
> —Rel(e™™=lg(u)|
14
—ior. &2 —ion. & 12
> —Rele ™Di—=ul3 | —Re| e ™™Da=|ulg | .
14 €]
Accordingly,
Re (e*wb(u, u)) = Re (e*w (£|u|?4 + C|u|2B)) + Re (e*i@g(u))
> Re(e™%a(u)) = Cllullf
therefore the Lax-Milgram Lemma 1.3.1 is applicable. U

REMARK 1.3.5. It should be mentioned that above conclusion, be-
sides additional summands, can be generalized to sesquilinear forms

with a diagonal
b(u,u) = fa(u) + f(u) + g(u)

where fa(u) and fp(u) are generalizations in modulus and phase of
the squares of the half-norms || 4 and |-|g: There should be constants
na,ng and N4, Ng independent of u € H such that

naluly < fa()] < Naluly, nplull < [fs(u)] < Npjuli,

and the support of the arguments of f4 and fp should be sufficiently
small intervals, such that the conditions on the arguments in above
conclusion are satisfied for any & € arg(fa(H)) and ¢ € arg(fp(H))
at the same time. If finally |g(u)| < D1|u|?% + D2|u|?% for some Dy > 0
and 0 < D; < ng4, then the weak problem is uniquely solvable as well.






CHAPTER 2

Modeling

2.1. General Geometry

The considered geometry is a two-layered background medium with a
flat interface and a perfectly conducting scatterer buried in the lower
half-space. The upper half-space is assumed to be homogeneous and
lossless, while the lower half is dissipative. This geometry is a model

for scattering problems at an air—sand interface.

T3

1.

x

2.2. Maxwell’s Equations

The electromagnetic fields are modeled by time dependent vector
functions in space, denoted by £ and H, which represent the electric
and magnetic field intensities, and D and B, the electric displacement
and magnetic induction. These fields are put in relation to each other
by Maxwell’s equations:

curl€ = —%, curlH = %—?—l—j,

divD = p, divB = 0.
Here, p denotes the scalar electric charge density and J the electric
current density in space, which are in relation by div.J = —% if

charge is conserved.

23
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Following [26], in this text the fields £, H, D, B, J and p are assumed

to be time harmonic with frequency w, such as
E(xz,t) = Re(exp(—iwt) E(x))
H(z,t) = Re(exp(—iwt)H(x)),
which leads to the time harmonic Maxwell’s equations:

curl B = iwB, curlH = —iwD+J
divD = p, divB = 0.

The next assumption is that we have linear isotropic materials, such
that D = eF and B = uH, where the electric permittivity € and the
magnetic permeability p are scalar valued functions of space, actu-
ally constant in two homogeneous half-spaces with the exception of
a perfectly conducting scattering object in the lower layer.

Also, we assume that Ohm’s law holds, and that there are no currents
applied, as then J = o FE, where o denotes the conductivity, which is

also assumed to be isotropic and constant in each layer.
Then, the remaining first-order Maxwell system is
curl B = iwpH , curl H = —iweE +oFE. (2.1)

Note that these two equations also include the divergence equations,

since w, pu, e > 0 and div J = iwp by charge conservation.

Elimination of E or H yields the two alternative second-order differen-
tial equations for the problem, which will both be discussed through-
out the text, as they result in differing boundary and transmission

conditions:
curlcurl H = k*H, or curlewlFE =k*E, (2.2)

where k? := w?ep + iwop is the so called wave number. Be aware
that this is a slightly different definition as compared to [26], where

the material properties are proper functions in space.

Here, they are constant, in both the upper layer and the lower layer
by above assumptions, so we introduce the notation of two wave

numbers ky and k_ for the wave numbers of the upper and lower
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layer, just as generally in this text the index + and — correspond to

variables and fields of the upper or lower half-space.

Furthermore, we make the following approximations to the material
properties of the two layers representing air and soil, where g and

€p represent the permeability and permittivity of free space:
Air : er =¢€0, 04 =0, gy = po
Soil : E_ =¢€r€0, O =05 >0, p_ = po

For illustration, here are some approximate values for the physical

constants and properties, mainly taken from [30]:

As Vs
~ 8854 - 10712 — =dr - 1077 =
€0 8.85 0 Vm s Ho ™ 0 Am
. A
Er Og 1N V—m
air 1 0
wet ground 10 1073
dry ground 5 10-°
fresh water 81 10-3
copper 1 6-107
Therefore, in this model
ki = WQEO,LL()
is a positive real number, and
k% = WQETEO,LLO + twospo = (Efr + Z;; ) k-2i- (2.3)
0

is a complex number with an argument of 0 < arg(k?) < %.
The transmission conditions for a surface with normal n are given by
nxE]l, =[nxH] =0,

which means that the tangential field components are continuous

across the boundary. In terms of the E and H fields alone, this
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results in the transmission conditions
[n X Elr =[n x curl E]lr =0,

as H = —w%mcurlE has no jump in the coefficients at the vicinity of
the interface I', and

[n x H|pr = [n x kicurlH]p =0

by E = —i—curl H and Equation (2.3). Since there is no elec-

wet++iot

trical field in a perfectly conducting object, this finally leads to the
boundary condition at a perfectly conducting scatterer {2 with normal
n at its boundary 02 of

7”L><E|aQ:0

or

n x curl H|gpq =0

in terms of H.

2.3. Reduction to Two-Dimensional Models

In order to reduce the problem by one dimension, we assume that the

geometry is invariant in one coordinate direction.

Please note the change in the spatial coordinate system in this section.
In three dimensions it is most common to have the soil at 3 = 0, in
two dimensions it is expected to be x5 = 0. In this, and only this
section, the latter is assumed to determine the differential equation
and boundary and transmission conditions for the two dimensional
setup.
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Let the geometry be invariant in the z3 coordinate axis. We apply
method of separation for the magnetic and electric field such as
By (w1, 32) U1 (x3)
E(z1,m2,73) = | Ea(x1,x2) Ya(x3)
E3(x1,29) V3(x3)

The divergence condition div E = 0 leads to

(f%)) Wy () + (f%)) W ()

+Es(xy, m9) Wh(zs) = 0,

this determines F3 once El, F,, and ¥ are known. On the other hand,
the second order time harmonic Maxwell’s Equation (2.2), using the
divergence condition div E = 0 and noting that AE+k?E = 0, results
in:
O*E O*E -
(a—< 22) + Gz (1 m)) W(zs) + V' (a5) B, 72)

+k2E($1, 132)\11(1‘3) =0

Since E(z1,29) and ¥(z3) are functions of independent variables, by

separation this results in two coupled differential equations:

%1]? (z1,22) + %(ml, x2) + ,%QE(a:l, ) = 0
\I//,({E;),) - k?l,\:[/(xg) = 0
k2 —k2 = k?

The solutions to

U (23) = k2 U (x3) (2.4)
are linear combinations of e**¥#3 in each component. Although kg
may be any complex number, we will discuss later why only kg = 0
is considered. Until then, the wave number for the two dimensional
model will be denoted as k% = k? + k2.

So far, E and ¥ are two vector valued functions, but it turns out

that just two scalar functions are sufficient: To see this, we have to
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introduce an additional step of spatial decomposition. The represen-
tation of the electrical and magnetic fields, which we just separated
as functions of (z1,z2) and 3, are now represented as the sum of
tangential and normal parts with respect to p = (0,0,1)T, the so

called propagation direction,

E1 (l‘) 0
E(l’) = EQ(J) + 0 9
=E, (x) =E) ()
H1 (l‘) 0
H(z)=| Ha(z) |+ 0
ZZHL(Z') =HH(;E)

By Maxwell’s equations (2.1) we then have

H(x) = _wL,u (curl By (z) + curl Ej(z))
— G2 (x) G (x)
i T3 T2
11 TR R
o () — T (2) 0
E(z) = L - (curl H, () + curl Hy|(x))
o —iw
(Y (B
= | e e e ]
azf (37) - amzl (37) 0
so the normal parts of the fields satisfy
i 0
H (x) = “on (8—x3(p X F(x)) —l—curlEH(x)) ,
1 0
E (z) = p—— <8—a:3(p x H) (z)) + CurlH(x)) .

Application of both formulae into each other, using (2.4) and

px(pxHi(z))=—Hi(2)



2.3. REDUCTION TO TWO-DIMENSIONAL MODELS 29

as well as
px(pxEi(z)=-E(2)

is leading to

0+ 58 0) = Lot By )+ o (e (), (29
2
(1+IZ_2)EJ_( ) = U_lwgcurlHH( )+ k12 88 (pxcurl B (z]2.6)

where we see that under above assumptions the fields are completely
determined by the field components F| and H)| in the direction of
propagation, if k% # —k?. Therefore we may split the total field into
two components, the so called transverse electric (TE) mode defined
by Hj| and the transverse magnetic (TM) mode defined by Ej|.

The nomenclature of the modes is based on the observation that for
example the electric field induced by H)| has only components in the
plane orthogonal (transverse) to the direction of propagation, see also
[16]. The circumstances under which the two modes may be treated

separately in this setup are discussed in the following:

2.3.1. Boundary and Transmission Conditions. To ana-
lyze the boundary and transmission condition let u represent the
transverse magnetic and v the transverse electric potential:

0 0
EH(J?): 0 s HH(J?)Z 0
u(z1, 22)Yu(3) v(z1, 2) 1y (73)

Using (2.6) the total electric field intensity is then given by

b (iwnd (@1, 22)u(ws) + 2 (01,020 (23))
B@ = | & (Ciunonahnlon) + £2(orea)vhe))

u(@1, w2)thu(x3)

Consider a perfectly conducting object 2 C R? with normal vector

n = (n1,n2,0)" and tangential 7 = (—79,71,0) " at its boundary 9.
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To compute the boundary conditions for v and v we regard
nau (w1, T2)Yu (73)
nx E(x) = —nyu(x1, x2),(x3)
L (=58 (w1, o)y (w3) + G4 (a1, 22) ), (33))

to satisfy n x Elsq = 0: First of all, this leads to the boundary
condition u|pn = 0, which implies %bg = 0. Therefore, the second

condition is g—:”ag =0.
By equation (2.5) the total magnetic field intensity is

& (0 — iwe) 25 (w1, 2)bu(ws) + 22 (01, 2)08, ()
Hw) = | & (~(0 - iwe) 2 (o1, 2)tbu (w3) + 22 (@1, 22)0 (23))
v(x1, 72) 1y (3)
To discuss the transmission conditions for u and v at a surface I' =
{x € R®: 2o = 0} with normal vector (0,1,0)", mind the change of

spatial coordinates in this section, we compute

u(w1, v2)thy(3)
0 0

(1) x E(z) = 1 (Zwuam (1, 2)hy (23) ,
+8—m($17$2)¢1’;(ﬂ73)>
U($1,$2)¢v(373)
0
1 | xH(z) = L

~ % (0~ iwe) 2 (01, w2)ibu ()
+a—11($1,$2)%($3))

It turns out that in contrast to the boundary conditions the trans-

mission conditions for « and v are not separable if 1!, or 1! do not

vanish.

Thus, only due to the transmission condition in the regarded geome-
try, no separate discussion of the two modes will be possible if ky # 0.
Therefore, we set kg = 0 and ¥, = 9, = 1 to uncouple the two
modes. Nevertheless, the general case of k2 # k2 is included in the

three dimensional setup, but of course with a bounded scatterer.
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In both modes, the fields are then expressed by scalar potentials
R? — C, and Maxwell’s equations reduce to a Helmholtz equation
with corresponding transmission and boundary conditions dependent

on the mode, which are presented in detail in the following.

2.3.2. The Transverse Magnetic Mode. Let Hj(x) = 0,
Ej(z) = (0,0,u(z1,22))" and kg = 0 as discussed, then the elec-
tric field given by Equation (2.6) is

0
E(z) = 0
u(x, x2)
The boundary condition for u at a perfectly conducting object €2 with

outward normal n = (n1,n2,0)" is n x Elpg = 0: As

n1 0 nou(ry, r2)
T X 0 = —nyu(z, x2) ,
0 u(zy, x2) 0

this results in u|go = 0, as seen before. The corresponding H field is
given by Equation (2.5) as

‘ 2 (21, 3)
1

H(x):_w_u —g—;(m,m)

Therefore, the transmission conditions for u at a surface I' = {z €

R?: 29 = 0} with a normal vector (0,1,0)" are

0 u(x1,x2)
1 | xE(x)| = 0 =0,
0 r 0 r
0 0
1 | xH@)| =|— 0 =0
Wit .
0 r a—m($1,$2) r
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Since p4 = p— = o, they reduce to

Due to
0
curlcurl E(z) = 0 ,
2 2
—g—;%(J?hJ?z) - 2—;5(:61,:62)
Maxwell’s equation yields the Helmholtz equation for u : R? — C in

the TM Mode:
Au+Ku=0

2.3.3. The Transverse Electric Mode. Assume Ej(z) = 0,
Hj(z) = (0,0,v(z1,%2))", and kg = 0. Then the magnetic field
given by equation (2.5) is

H(z)= 0 ,
v(x1,22)
and the corresponding field F is given by equation (2.6) as
. 2 (21, 22)

E(z) = P —%(ml,xg)
0

The boundary condition for u at a perfectly conducting object 2 with

outward normal n = (n1,n2,0)" is n x E|pg = 0: As

ny 8‘9—;’2(3317332) 0
n9 X _88_;1(3317332) = o 0
0 0 — 5o (21, T2)

this results in 2%|sq = 0.
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The transmission conditions for u at a surface I' = {z € R® : x5 = 0}
with a normal vector (0,1,0)" are

0 v(xy,22)
1 | xH(@x)| = 0 =0,
0 T 0 T
0 1 0
04+ — +
0 r g—;z(l'l,xg) r

2
Since —iwz—:o,% = (0_ —ie_w)"", by (2.3) they reduce to
v
=|k2=—| =0.
e { T 0w, ] r
Due to
0
curlcurl E(z) = 0 ,
2 02
— G (21, 22) = G (a1, 22)

Maxwell’s equation yields the Helmholtz equation for v : R? — C in

the TM Mode:
Av+k20=0

2.4. Radiation Conditions

The traditional radiation condition to characterize the physically rel-
evant solutions for Maxwell’s equations is the Silver-Miiller radiation
condition:

DEFINITION 2.4.1. A scattered field (E, H) satisfies the Silver-Miller
radiation condition, if the limit

lim (Hxz—|z|E)=0

|z|—o0

holds uniformly in all directions z/|x|.

This condition is generally used for homogeneous media, but it also
applies to lossless two-layered media: P. M. Cutzach and C. Hazard
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[5] prove uniqueness when the Silver-Miiller radiation condition is re-
quired in each layer separately. If one layer is dissipative F. Delbary
et al. [11] propose to demand the radiation condition for the loss-
less medium and an exponential decay condition in the dissipative

medium.

DEFINITION 2.4.2. [11] A scattered field (E, H) satisfies the expo-
nential decay condition in a dissipative half space with wave number
ke Cif

|E(2)| + [H ()| < M exp (—(Im k)|x|)

for some constant M > 0.

For solutions to Maxwell’s equations, the Silver-Miiller radiation con-
dition is equivalent to the Sommerfeld radiation condition in the
Cartesian components [6], a standard radiation condition for Helm-
holtz problems:

DEFINITION 2.4.3. A scattered field u satisfies the Sommerfeld ra-

diation condition in R?, d = 2,3 with respect to wave number k,

if 5
d—1 U
1. 2 [EERA— = =
im r <8r zku) 0, r=|z|

T—00

uniformly in all directions z/|z|.

Again, this condition was traditionally used for homogeneous media,
but F. M. Odeh [23] was able to prove uniqueness of the Helmholtz
problem in lossless half-spaces when the Sommerfeld radiation con-
dition is required in each layer separately. In the case of one dis-
sipative layer, it was demonstrated by J. Coyle [3] that uniqueness
for the two-dimensional Helmholtz equation is established, when the

following radiation condition for R? is used:

DEFINITION 2.4.4. (cf. [3], Theorem 3.3.1) A scattered field u sat-
isfies the two-layer radiation condition, if u satisfies the Sommerfeld

radiation condition in the lossless layer, and
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in the dissipative layer where 2, is the part of the boundary 9B,.(0)
located in this layer.

In the lower half-space, this radiation condition seems considerably
than the Silver-Miiller radiation condition for the two-layered medium
in the three-dimensional case and clearly the radiation condition of
exponential decay proposed by F. Delbary et al. [11]. Even the condi-
tion of integrability, as it is used later, turns out to be stronger. Yet
there is an even weaker condition for dissipative media proposed by
Chandler-Wilde and Ross in [9] that should be sufficient and is well
worth noting: It demands that the solution must not grow stronger
than exponentially as Cexp(f|z|), where § < Imk_. This condition
is certainly met for bounded solutions.

Another more general radiation condition than the Sommerfeld radia-
tion condition is the upward propagating radiation condition (UPRC)
as proposed in [10]:

DEFINITION 2.4.5. The function u : Ri — C satisfies the upward
propagating radiation condition (UPRC) in R? if, for some h > 0,
o € L®(T,) and Ty, := {x € R? : x5 = h}, there holds

0% (z,y)

u(z) = 2/ o o(y)ds(y), = €R?, 29 >h. (2.7)
IS

Here, ®(z,y) denotes the free-space Green’s function for the Helm-

holtz equation, and in two dimensions it is given by
i
P(z,y) =-
(@,9) = §

or for o > y9 in a plane-wave spectral representation also by

.
;P (i(m—y)-(—ﬁ, ki—TQ) )
(b(xay): _/ dTa
4
WR ,/16_2'_—7'2

where the imaginary part of the square root is chosen to be non-

H (kb |z—yl), 2,y €R2, a £y,

(2.8)

negative as generally throughout this text. This also ensures integra-
bility for large |7|, and since the root singularity for 7 around +k; is

sufficiently weak, this representation is well defined.
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In three dimensions the Green’s function is

1 etk+lz—yl

(b(xay): P J),yER3, 13759,

dm |z —y|

or, for x3 > ys, it is also representable by
. T
i exp <Z(5E - y) : <_7—1; —T2, k-2',- - |T|2) )
O(x,y) = dr.

=)
8 A /kgr _ |T|2
(2.9)

You can find the details of derivation of above plane-wave spectral

representations, or Weyl representations, in [28].

The definition of the UPRC for two dimensions is well defined due to
the following estimates for the Hankel function. Also, these estimates
will be very important for the derivation of the Dirichlet-to-Neumann

operator and the Calderon operator.

LEMMA 2.4.6. For x # y the following estimates for the fundamental
solution in two dimensions hold for some constants C1,Cs > 0 only

dependent on the wave number k4 :

0P (x, _ _
‘7( y)‘ < Chles — yo (|x—y| “+lz—yl 3/2>
0ya
82(1)@ y) 2 2
I < Y — — y|75/2
‘ o2y | = 2|z =y ™" + |z2 — ya| |z — ¥l

+lor =yl e —yl77?)

And, as functions of y1

‘L)(x’y)\ < Gy, (2.10)
8y2
82‘1’($ Z/) -3

) < /2 .
e IR (2.11)

where the constants are dependent of the remaining variables

Gy = 2/4C|wy —ya| (1 + |22 — 12| 72)

_3 _3

1 E 1 E

o T Pyl IR
L+ |22 — yof 2+ af
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Ci = 220Gy (1+]ws — ol 2+ a2 — ol /)
_ -3
1 1\
'(1_ﬁ> <—2> '

1+ |z2 — yol 24 a7

PROOF. These estimates are based on the following asymptotic

behavior of the Hankel functions for small and large positive argu-

ments: For small z > 0

d _
d? 1 _
V) = 0 - () =0(:7)

and for large z — oo we have

‘iHél)(z)‘—O(z_l/2>, T )‘ 0(=712).

dz dz?
Therefore,
0D (z,y) iky d 1) Yo — X
=l = 2 M (ky |z —
995 1 25 Ho (klz —yl) Py
o) -y,
O (L=t} it o~ y| - oo
and
0% (z,y) ik & (z2 — y2)?
oD = T B (kg — ) S
D2 012 1 4.2 (ktlz —yl) |z — |2
Lk d ) (21 —y1)?
H _gy XTI
- To—yal|? z1—y1|? .
O (feteh + sl iz -yl — oo

For the reduction to a function in y; the following estimates were
used: First, |14 y?|~3/% < 23/4(1 4 |y1|)~%/? holds since

—3/4 3/4
1497 / — (14 2|y1] / < 93/4
1+ 2ly1] + 92 Y+ 1 -



38 2. MODELING

Then note, that the inequality |71 — y|? > %(1 + ?) is fulfilled for
a>0,ifa(z1—y1)*~1-yf = (Va— Iy ——2=21)* - i +a—1 >
0. This leads to the condition a — 2 + % > 22, which is satisfied by
a =2+ z?. Next,

w1 — 1?4 w2 — 92l > min{l, |zs — y2 P} (1 + |21 — 1 ]?)
|$2 —y2|2
14+ |22 — yol?

V

(14|21 — )

1
- ——— ) A+ |21 -y ]?
< 1+|$2—y2|2>( =)

and as v — y|72 < |vg — y2| 72 and (a + b) < max{1, |a|}(1+ |b]) <
(14 1al)(1 + |b]) we finally gain

=l

eul oo < (o) (1o )
_3
The second estimate follows accordingly, additionally using
s — yol*e — y| 72 < Jwa = yof* |22 — yo| 7% = Jao — |7V
O

Straightforward computations yield the corresponding estimates for
three dimensions:

LEMMA 2.4.7. For x # y the following estimates for the fundamental
solution in three dimensions hold for some constants C1,Cs > 0 only
dependent on the wave number k :

0P
%Jﬂﬁ‘s Crles — ysl [z —
32/3
0P (x, _ _
‘M < Collz =y 7> + |as — ysl* [z — y[°)

O3 Oy
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Or, as functions of § = (y1,y2) and constants C3,Cy depending on
z €R3, y3 € R, x3 # y3, and wave number k. :

0d(x,y) N3
_ 77 < .
‘ 955 ‘ < Cs(1+17))
0?®(x,y) -
__~ 'J7 < 1
‘ 02 00 < Cy(1417)

The choice of h in (2.7) is arbitrary and we may very well choose

h =0, as the following Theorem will show:

THEOREM 2.4.8. (cf. [10], Theorem 2.9) Given u : R% — C, the

following statements are equivalent:

(1) ue C?*(R2), u € L=(E,) for all B, = {z € R% : 0 < 23 <
a}, a>0, Au+kiu=0 in R2 and u satisfies the UPRC,
Definition 2.4.5.

(2) u satisfies Equation (2.7) for h =0 and some ¢ € L>°(T).

(3) uw € L>®(E,) for some a > 0 and u satisfies Equation (2.7)
for each h > 0 with ¢ = u|r,,.

Please note that even if h = 0, Equation (2.7) is still only valid for
xo > h. But since it is given as a double layer potential, it may be

extended continuously from above to x5 = 0 if ¢ is continuous.

2.5. Valid Incident Fields

For illustration, we present two examples of valid incident fields for
the TE mode: The Green’s function represents a point source field,

then the field of a plane wave in the two-layered medium is computed.

2.5.1. The Green’s Function for a Layered Medium. We
have seen that the fundamental solution of the Helmholtz equation

in free space can be expressed using its Fourier transform:

i i [ 1 el
u(e) = (O (blal) = [ T g
- /00 ¥e””2‘ VR cos(t|ay |) d .
2 0 \/kQ—t2
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This motivates an Ansatz for the Green’s function in the layered me-
dium for y» < 0, as proposed by [25]:

i [eS)
Glaw) = 5= [ costtlor =)

1 eila}z*yzl‘/sztz
2 _ 42
K2t

+ a(t)e @2tv2)y kQ_tz] dt for z3<0

and
) e 1
Glay) = 5 [ costtlo — ) | == +a(t
™ Jo k2 —¢2
+
e VRSB M gy for 3y >0
This approach is already continuous at zo = 0, continuity of the

normal derivative is achieved for

alt) R e i
\/2__t2\/k2_t2+\/k2_

k* — k3

)

An important property of this Green’s function in the lower layer was

proven in [3]:
LEMMA 2.5.1. (cf. [3], Lemma 3.4.10)

Let both the source point x = (x1,72)" and the observation point
y = (y1,y2)" be located in the dissipative layer R%, such that |yz| =
r sin(f) and y; = cos() for 0 € [0,7]. Then,

G(z,y)=o0 (e—lm(k—)r)

as r — oo uniformly in 6.
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Furthermore it was shown that classical scattering solutions to the
two-layered medium problem satisfying the two-layer radiation con-
dition with an analytic incoming field, as it will be considered here,
can be bound by the Green’s function and will therefore be integrable

in the lower half-space.

For the derivation of the Green tensor for Maxwell’s equations, please
see [11, 5, 26, 27].

2.5.2. The Plane Wave in the Layered Medium. An in-
coming plane wave v'(z) = e”+(@%) with direction d = (d,dy),
dy < 0, |d =1 in R? will yield a plane wave reflection v"(z) =
reth+(dizi—da2) in R2 and in R2 a transmitted plane wave v'(z) =
teth-(e2) o] =1, e5 < 0 with a reflection factor € C and a trans-

mission factor ¢ € C. Demanding continuity for

vz v (x T 2
’U,i(J?):{ ()+ ()a €]R-i-

vi(z), reR2

at I" illustrates the representation of the reflection and transmission,
as well as the equations 147 =t and Snell’s law of refraction k_e; =

kydy. Therefore the direction of the transmitted plane wave is

2
e = k—erl,— 1—(:—+) d%

Continuity of the normal derivative at I' additionally yields kyds —

T

kydar = k_est. Using the conditions on the directions this results in

the linear system

t — r = 1
E) @2t — dyr = —d
kr 1 2 = 2
with the solutions for the transmission and reflection factors
kf 2
) do + H) e
t= and r =







CHAPTER 3

Two-Dimensional Problems

In this chapter we will discuss the two-dimensional reductions of the
time-harmonic Maxwell’s equations. The two-layered space is de-
noted as R? = R2 UT' UR? with the interface I' = R x {0} and
half-spaces R% := {(x1,22) € R? : 25 = 0}. In this setup we seek the
solution to the Helmholtz equation Au+ k3 u = 0 with wave numbers
k2 = k;?F > 0 for zo > 0 and k2 € C, argk? € (0,%) for z2 < 0. A
bounded perfect electrically conducting obstacle 2 C RZ is located
in the lower half-space, and dependent on the mode, the transmission
condition at the interface, and boundary condition on the obstacle

are given.

We will split the total field u! into the incoming field u?, which itself
is a solution to the Helmholtz equations in the two-layered space
without the scatterer €2, and the scattering field u. As the problem
will be modeled by weak formulation, it is natural to discuss the fields
in Sobolev spaces. Finally, the radiation condition on u will ensure
physically relevant solutions to the problem; we will use the two-layer
radiation condition, Definition 2.4.4, discussed in [3], and the Upward
Propagating Radiation Condition (UPRC), Definition 2.4.5, which is
discussed in [10].

First the classical problems in the transverse electric (TE) and trans-
verse magnetic (TM) mode are defined on the whole plane, then cor-
responding weak formulations are presented on the reduced scenario
of a half plane with the help of a non-local Dirichlet-to-Neumann
boundary condition. By application of the Lax Milgram Lemma,
and the extensions presented before, we will then be able to prove

existence and uniqueness of the weak problems. Next, regularity of

43
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the weak solutions is shown and, finally, equivalence of the weak and
classical formulations for both modes with the additional condition
of integrability. Thanks to the results in [3] this additional condition

is negligible, as already the classical problem was uniquely solvable.

3.1. Classical Problem Definitions

In all following problem definitions the total field u! is the sum of
the assumed to be known incoming field 4! and unknown scattering
field u. The incoming field is assumed to be a solution the Helmholtz
equation with transmission conditions, but does not necessarily need
to fulfill a radiation condition. The discussion of the physical model
in the previous chapter resulted in the boundary and transmission
conditions summarized below:

TM mode TE mode
C . _ | out _ _ 2 9ut _
Transmission [u']p = {%L =0 []p= [k¥ a_xzh =0
Bound Hlog =0 gul =0
oundary (P o |90

Since u’ satisfies the transmission condition and u' = u’ + u the
transmission and boundary conditions, we may now state the com-
plete problem definition of the first Dirichlet boundary value problem
(DBVP1) for the two dimensional TM mode setting:

PROBLEM 3.1.1. (DBVP1) Given a bounded scatterer  C R? with
boundary 9Q € C? and an analytic incoming field u* defined on some
region G in the lower half plane around the scatterer, i.e. Q C G C
R2 | the problem is to find the scattering field

(i) ue C%(R?\(ToUQ))N BC(R?\Q) such that

(ii) Au+k%u=0inR3,
(
(

(v) wu satisfies the two-layer radiation condition (Definition 2.4.4).

iii) u|aQ = —ui|ag,
iv) [ulr = [ad—;fzh" =0 and

The corresponding definition for the TE mode is the first Neumann

boundary value problem:
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PROBLEM 3.1.2. (NBVP1) Given a bounded scatterer 2 C R? with
boundary 9Q € C? and an analytic incoming field u* defined on some
region G in the lower half plane around the scatterer, i.e. Q C G C
R? , the problem is to find the scattering field

(i) u € C?(R%\(ToUQ)) N BC(R?\Q) such that

(ii) Au+k3u=0inR3,

o, %

ou

(ili) oo = —Z |aq,
(iv) [ulr= [k%cg—;z]p =0 and

(v) wu satisfies the two-layer radiation condition (Definition 2.4.4).

See the following diagram for illustration of Problems 3.1.1 (DBVP1)
and 3.1.2 (NBVP1):

Aut + E2ut =0 ) )
) Radiation
ut = u’ +u condition
u
R2
T™: [uf] =0, [§2] =0 +
T ’ dxo T k
t 2 dut + > O
TE: [ut].=0, [k;m]rzo r
]RZ
= u\\ -
/ _— \ k_eC
/ - Re k2 >0
2
TM: u'|9n=0 Im k2 >0
’LLt p—
TE: 68_11|6Q:0 Radiation
condition

v v

3.2. The Dirichlet-to-Neumann Map

Both full space problems will now be transformed to corresponding
weak half-space problems using a Dirichlet-to-Neumann operator on
the interface. One can derive the map in the form of a Fourier mul-
tiplier:

LeEmMA 3.2.1. The Dirichlet-to-Neumann map
A: HY2R) — H Y2(R)

Rp(r) = VB2 o(r)
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is well defined and has an operator norm of ||A|| = max{1, |k|}. Note
that Vk? — 72 :=in/72 — k2 for k < |7| and k > 0.

REMARK 3.2.2. Note, that the Fourier transform in above Lemma
was defined for functions in Sobolev spaces in a distributional sense,
and that this map is not only linear, but also translation invariant
because it is in the form of a Fourier multiplier. This means that it
will commute with a difference quotient, as needed later. Also note
that if ¢ € S(R), above definition corresponds to

Ap(t) = _;W / k2 —72p(T) e dr .
R

PRrROOF. By the definition of fractional order Sobolev spaces us-
ing Bessel potentials (1) = (1 + |’7’|2)8/2 and Parseval’s identity,

— 2
I8l = [ |62 Kot ar
R

|k2_72| 2
= | aaElemPan
R/(H Y

mas{1, I }/ 1”1/2| (r) dr

IN

= max{L, [} 1l e -
O

REMARK 3.2.3. In the case of |k| > 1, the operator norm max{1, |k|}
is obtained for sequences of functions whose the support of the corre-
sponding Fourier transforms collapse to £k, or, in the case of |k| < 1,
the operator norm is obtained for sequences of functions whose sup-
port of Fourier transforms have lower bounds growing to infinity— in

both cases the sequences are vanishing if they are convergent.

The following Lemma establishes its fundamental property of map-

ping Dirichlet data onto Neumann data on T'.
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LEMMA 3.2.4. Let u be a solution to Problem 3.1.1 (DBVP1) with
boundary data ulr € HY?(R). Then the Dirichlet-to-Neumann oper-

ator A satisfies Au|r = 68—;2|F.

PROOF. Since u is bounded and radiating, it will also satisfy the
(UPRC), and the solution u will take the representation

u(z) = 2/ 0(z1, 22,51, h) u(yy, h) dy,

0ya
R

for all o > h > 0 by Theorem 2.4.8 (3), which in this case extends to
h = 0 by dominated convergence as u is bounded and the constant Cs
in (2.10) of Lemma 2.4.6 remains bounded for h — 0. By exchanging
differentiation and integration, which is again justified by dominated
convergence since u is bounded and by the estimate (2.11) for ® in
Lemma 2.4.6, the partial derivative of u with respect to zs is given
by

2
au(:) _ 2/ 0 (I)(xlvaaylvo) uO(yl)dyI;
R

oz 0x2 0y2
where ug(y1) := u(y1,0). Using (2.8) we can compute the partial
derivatives for xo > yo

78(1)(1.’3” = _ i /61(962—1/2)\/@4-1'(361—?/1)7— dr
0xo 47
R

2 .
0°0(zy)  _ © / Vi ei@2ye) VR =Tt —y)T g
0x2 0Ys 4

R
both justified by dominated convergence, as the integrand is expo-
nentially decreasing for large |7| since y/k3 — 72 := iy/72 — k% for

|7| > |k4|. Therefore, we gain the following representation valid for

xo > 0:
Ou(z) L 2 -
Oxrs 277// uo(wn) k3 =7
R R

eV T @ T g gy (3.0)
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To justify the change of the order of integration regard some positive
increasing sequence (c), i.e., ¢, — 00 and ¢p41 > ¢, > 0 for all
n € N, and apply Fubini’s Theorem for fixed n as the absolute integral
over v is bound by f v Juo(yn)ldyr < 2enlful|o

lim / /UO Y1) _72 ixa /K3 —T24i(x1—y1)T dr dy;
n—oo
e

= lim //uo y1)e T dyy \/k:Jr—TQem"’Vki_TZH””dT.
n—oo

e
The inner integral is a truncated Fourier transform and results in a
sequence of L? functions converging to the Fourier transform in L2
sense, so that the sequence (f,)
Cn
fn(T) = / uo(yr)e W7 dyy [k — r2e VR TTHInT ¢ [1(R)

—Cn

converges to f(7) = V2w io(T) \/k;?F — r2eiw/MmmirimT ¢ pLR),
We may now choose (c¢;,) (or a sub-sequence thereof) such that
fn = Fllore <277
and define
o0
g=If1+D fa— 1]

n=1
which converges to an L'(R) function as ||g]|z1®) < ||f]|z1®) + 1 by
triangle inequality, which dominates the functlon sequence for all n.

Therefore the theorem of dominated convergence applies and
8“’ _ /k2 _Tgeixzﬁ/k?FfT?Jrile dr.
&52 \/ 271' +

Since ug is in H'/2(R) and therefore do(7) {/k2 — 72 in L*(R). Fi-
nally, we may now let zo — 0 for the desired result

Ou(r1,0) i " 1.2 9 iwiT
s _\/ﬂ/uo(r) k3 — 12" dr .
R
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Note that this proof is closely related to the proof of Theorem 3.2 in
[7] which applies convergence results on Fourier transforms of convo-

lutions. O

So far we established the mapping properties of the Dirichlet-to-Neu-
mann map, and its relationship to classical solutions: As expected, it
maps Dirichlet trace data on I' of a solution onto its Neumann trace.
Since this map will be pivotal for reduction to the half-space, the
next step is to derive properties of the mapping which will play an
important role to prove solvability and uniqueness of the solutions to
the weak formulation. The following property will be a key feature
in discussion of the sesquilinear forms throughout this text, and will
be illustrated below.

LEMMA 3.2.5. For u € H*(R?) the dual pairing

I= /ﬂ|p Au|pdzy  satisfies ReI <0 and ImI>0.

R
ProOOF.
/ﬂ|pAu|pdx1 = /zﬂ}mdt:i/ k2 — 2[ufp|? dt
R R R

i / k2 — 2fulp|? dt

[t]<k+
- / 2 — k2 |ulp|? dt
[t]>k+

O

REMARK 3.2.6. This result can be seen as a phase property in the
frequency domain: In the right hand side of the equation in the proof,

we see that I can be expressed as the sum of two half norms of u with
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different complex factors:

1 i|lullf + (=1) [full[7 , where

2 = / Jk2 — 22 dt, and

[t| <k
)|, = /1/t2—ki|ﬂ|2dt.
[t]| >kt

This fits exactly into the setup of Lemma 1.3.3, for which we will
need to analyze the arguments or phases of the factors. To visualize
this analysis, the arguments are illustrated as arrows in the complex
plane, as you can see below:

oo
J uAuday
— 00
|t‘>l€+
‘t|<l€+

The visualization of the two discrete phases of the factors —1 and ¢
in the expression for the term depending on the frequency domain
instead of the intermediate phase of the sum will be most useful
for the treatment of the Calderon operator. Please note that the

illustrations will show arg(k?) ~ % for clarity and simplicity, but of

us

course any permissible value for arg(k?) € (0, 7) will yield the same

results.

3.3. Variational Approach

Since the lower half-space is dissipative, we may seek the solutions in

the Sobolev space H' and formulate the weak problem definition:

PROBLEM 3.3.1. (NBVP2) For D = R2\( find u € H'(D) such that
for all test functions ¢ € H'(D) the equation brg(u,¢) = arg(p)
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holds, where

k‘2
bre(u, ¢) VeVu — k2 <pu) dr — =) /@Auds
+

-/ F
A

aTE

and u’ represents an analytic incoming field at least defined around
and on 0. Note, that the second integral of brg exists in the sense

of dual pairing.

See this diagram for an illustration of Problem 3.3.1 (NBVP2):

ou
el =g A) roo
_ R2
u k_eC
- Re k2 >0
Im k2 >0
2, _
_u| _ o Au+ k2u =
ov 190 ov 90

Since the variational formulation cannot yield Dirichlet boundary con-
ditions natively, the idea is to express the solution as a sum u® = u+g

using a function g which satisfies the boundary condition and to seek
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u with a homogeneous boundary condition on 02:

Au+ku = —-Ag—k*g inD
u = 0 on 0N

PROBLEM 3.3.2. (DBVP2) For D = R2\Q find u € HE (D), where
H}(D) :={u € H'(D) : u|sq = 0}

such that for all test functions ¢ € H}(D) the equation by (u, p) =
ar (@) holds, where

brm(u, ) = /(V@Vu—kngu) dm—/@Auds
D r

orile) = - [ (VeVg—kpg) ds,
G

and G C R? is the support around 99 of a smooth rapidly decaying
function g, for which glag = —u'|sn, and u’ represents an analytic
incoming field at least defined on G. Note, that the second integral

of bty exists in the sense of dual pairing.

This figure illustrates Problem 3.3.2 (DBVP2):

Ulgg = O suppng‘:

g|BQ = —ui|6Q
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3.4. Existence, Uniqueness, and Equivalence

Using the variational formulation we may now prove existence and
uniqueness of solutions of the variational problems. Since the varia-
tional and classical problems turn out to be equivalent this also proves
the unique solvability of classical problems. First, we discuss the TE

mode:

LEMMA 3.4.1. The sesquilinear form brg is bounded and coercive,
th@refore the Problem 3.3.1 (NBVP2) is uniquely solvable for for all
9 gq € H-1/2(09).

PROOF. Let u,v € H'(D), then the sesquilinear form is bounded
by

bre(u,v) < |[[Vullrz(p)||VvllL2(p)

+|k=* [lull 2y vl 2 ()
K2 |
+ k2 max{1, ki } [[ull gz vl /2y
Jr

< Cllullg oyl (py

for C = 1+|k_|*+C2% |k%| min{1, k;l} Conclusion 1.3.4 then yields

coercivity and uniqueness: The expression

k?2
bre(u, u) = / (IVul® = k2 [u]?) dz — 7 /aAuds
D T
has three terms, and the phases are illustrated in the following dia-

gram:

2
J|Vul?dx —k2 [ |ul? dz —:—;fﬂ/\uds
D D tr

I

The dashed line represents a coercivity line in the spirit of Lemma
1.3.3 and remember that we assumed arg k2 € (0,7/2) and the find-
ings of Remark 3.2.6.
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Since k2 ¢ R and

k2 k
—_/ﬂAuds <

2
2 | s e

which is bounded by e||ul[2(py and C: ||Vu||%2(D) for some C; > 0
just as needed using Lemma 1.2.4, the conclusion is applicable and
therefore bty is coercive. O

REMARK 3.4.2. As mentioned earlier, we may prove coercivity di-
rectly if &, is large: When max{1, k;} > C? is satisfied

1 C3
2 — T 2
o, = g [ | > (1= o)l
r

holds, and the Lax-Milgram Lemma 1.3.1 may be applied directly.

The equivalence of Problems 3.1.2 (NBVP1) and 3.3.1 (NBVP2) is

discussed in the following two Lemmata:

LEMMA 3.4.3. The restriction u|p of a solution w to Problem 3.1.2
(NBVP1) withu|p € HY(D) is a solution to Problem 3.5.1 (NBVP2).

PROOF. Let u be a solution to (NBVP1) and u|p € H'(D), then
ulp € HY?(T) by trace theorems, so Au is well defined. By Green’s

theorem, Lemma 3.2.4, and test functions ¢ € C§°(R?) we have

0 = —/(Au@—i—k%u@)dm
D

k2 i
= /(VuV@—k%u@) dx——;/gb/\uds—/@au ds,
k2 v
D r o0

thus u satisfies NBVP2, as the test function space is dense in H!(D).
O

The main part in proving the converse result will be to prove regular-
ity of the weak solution using the coercivity of the sesquilinear form
as in [22].
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LEMMA 3.4.4. The extension v of a solution u to the Problem 3.3.1
(NBVP2) defined by

2k -9
Wﬁgiﬂx%z?y“h) u(y1,0)dyr  for x9>0

v(x) =

u(x) for xz9€D
is a solution to Problem 3.1.2 (NBVP1).

PrOOF. We denote the difference quotient into the j-th coordi-

nate for functions in H(D) as

(Alu) (z) := % (u(x + hej) —u(x)) € H'(D).

Since (A?U;,U)LZ(]RH) = —(u, A} )Lz &) for u,v € L*(R™), and A

commutes with the difference quotlent AR

/@AA?uds = hzﬁ/é(r) \/@(eﬂ” — 1a(r)dr

T

(e7iht —1) /<:_2,_ — 724(T) dr

h\/27r/
= —/A;%Auds,

as noted earlier for u,p € H'(D) in Remark 3.2.2, thus it holds that
bre(Alu, ) = —bre(u, Ay ") = —ate(A"p) (3.2)
for solutions u of (NBVP2).

Let u be a solution and f € H?(D) denote a smooth rapidly decaying
function with compact support G around Q, f|aa = u'|sq, %|QQ =
%%ng, and satisfying the condition || f||g2(p) < C|[u’|[gs/2(90), then
we are able to prove regularity of @ := u — f, because it satisfies the
variational equation with the modified but bounded right hand side
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arg for all p € Hl(D):

bre(u — f,¢) /

/(—vwf + k% @f)da

Af + k2 d{E = dTE(Qp) .

Q\

Therefore, Equation (3.2) holds for 4,
brp (AL, @) = —bre(d, AT "¢) = —are(A; "),

and by coercivity of brg and estimation of the difference quotient
exploiting the compact support of f,

CllAYa|[F py < |bre(Ata, Ala)

N

< Col|AT || 2oy || fl 2y < Colli)| oy || f]| 22 ()

where Cy = max{1, |k2|} for all h > 0, and thus —u and —u are
in H'(D) by Theorem 3 in Chapter 5 in [12].

Since @ satisfies brg(1, ¢) = arr(p) for all ¢ € HY(D), we may now
express the second weak derivative as a functional of ¢:

0p 0u 9

———dzr = — — —kiou)dx

Oxy Oxo * ((9961 0xy P

D D
2

k= _ N
_ k_Q/gpAuds—aTE(ga)
Jr

R
= — [(pr> + K pi)dx

k2
- k_g_ / @At ds — arp(p)
+

where the last equation is due to an integration by parts with respect
to the integral of z; over R, where both ¢ and @ and derivatives
vanish towards £o0o due to their integrability.
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Thus gi“ nd 2 “2‘ are in L?(D) by definition with bound

024 BRI
||a 2||L2(D) < HE) 2||L2 y 1m0y

- C
HE-* ( llallz2p) + T max{L, ks Ml (o) ) -
k

So u € H?(D) C C(D), and by smoothness of u’ and 99 the same
argumentation extends to u € C?(D), solving (NBVP1) in R2.

As a double layer potential in the upper half space with continuous
density u|r, also the extension v is twice continuously differentiable
and solving the (NBVP1) in Ri, satisfying the transmission condition
as well. O

This concludes the discussion of the TE mode. Since the variational
problem is uniquely solvable and both the variational and classical
problems are equivalent, we have shown the unique solvability of the
classical problem. Next, we discuss the TM mode:

LEMMA 3.4.5. The sesquilinear form by is bounded and coercive,
therefore the Problem 3.3.2 (DBVP2) is uniquely solvable for all
ui|aQ S H1/2(8Q),

PROOF. For u,v € H'(D) the sesquilinear form is bounded by
brm(u,v) < |[Vul[2p) [Vl L2 (D)
+|k_|? llullL2 oy ||v]| L2 (D)
+max{1, ky } [ul| /2oyl |Vl 172 ()
< (4[R2 + CFmax{1, ki }) ||ull g1 (py o]l a1 ().
Conclusion 1.3.4 then yields coercivity and uniqueness:
The expression

brm(u,u) = / (IVul]® = k2 [ul?) dz — /ﬁAuds,

D r
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has three terms, and the phases are illustrated in the following dia-

gram:

[ |Vu|? dz —k? [|uf*dz - [uAuds
D D r

|t]>k4

Since k? ¢ R and

/ﬂAu ds| < max{1,k7} ||u||fql/2(r)

r
which is bound by e||u||2(p) and C:||Vul[Z2 py for some C: > 0 as
needed, using Lemma 1.2.4, the conclusion is applicable and therefore
brm is coercive. Note that in this case, one can apply Remark 1.3.2
directly, since the phase of the third term is inside the coercivity half

plane of the two semi-norms in the first two terms. d

The equivalence of Problems 3.1.1 (DBVP1) and 3.3.2 (DBVP2) is
discussed in the following two Lemmata: The first lemma proves that
an integrable classical solution will satisfy the weak formulation as
well. The second lemma proves regularity of weak solutions, and that

they therefore will be classical solutions as well.

LEMMA 3.4.6. Let u be a solution of Problem 3.1.1 (DBVP1) with
ulp € HY(D). Then u|p—g is a solution to Problem 3.3.2 (DBVP2).

PROOF. Let u be a solution to (DBVP1) and g be smooth, rapidly
decreasing, with a support G' around § such that u|p — g € HZ(D),
then ulr € HY/2(T") by the trace theorem, so Au is well defined.
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By Green’s theorem, Lemma 3.2.4, and test functions ¢ € C°°(D),
©laa = 0 we have

0 = — [ (Au+k2u)p)dz
/

/ (V(u—9g)Vp — k2 (u— g)p) dx — /@Au ds

+ / (VeVg — k% @g) dx,
G

thus u satisfies (DBVP2) as the test function space is dense in H} (D).
O

LEMMA 3.4.7. The extension u of a solution uw to Problem 3.3.2
(DBVP2) defined by
2f _8(1)(%15227%@ u(y1,0)dyr for a2 >0
R
u(x) for x9€D

is a solution to Problem 3.1.1 (DBVP1).

PROOF. For u, p € H}(D), it holds that
b (Atu, @) = —brai(u, AT ") = —arm(A;"p)

for solutions u of (DBVP2).

By coercivity of bry and estimation of the difference quotient

Clliatullinp < [bra(Afu, Alu)l

A

< CollAT™ull2(pyllgl ()

IN

C2||U||H1(D)||g||H2(D)

for all h > 0 and thus 32-u € Hg (D).
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Since u satisfies by (u, @) = aTm(p) for all p € HE (D), we may now
express the second weak derivative as a functional of ¢:
op 0 op 0
pou L / ( © Ou

— _— —_— 2 A
0xo 0o Ox1 021 k= QOU) du
D D

— /@Au ds — arm(p),
r

_0%u _
— —/(@W—l—kz_gpu)dx
1

D

- / phuds — aru(e),
I

thus by definition 22775 € L?(D) with bound
2

0%u 0%u
i < - k|2
||8x§||L2(D) < ||ax%||L2(D) + k- "[|ullL2(D)

+Cr max{1, ki }|ul| g1 (D) + 9]l a2 (D) -

So u € H?(D) C C(D), and by smoothness of u’ and 9 the same
argumentation extends to u € C?(D), solving (DBVP1) in R2.

As a double layer potential with continuous density, also the extension
@ is twice continuously differentiable and solving the (DBVP1) in R?,

satisfying the transmission condition as well. O

We have proven existence and uniqueness of solutions to the weak
problem formulations representing the TE and TM mode, and the
equivalence of the weak formulations to the classical formulations in

the whole space for solutions integrable in the lower half-space.

In [3] it was shown, that the classical problem as above is uniquely
solvable and the solution in the lower half-space was found to be
integrable by Lemma 2.5.1. So the radiation condition of H! integra-
bility is no restriction to the statements. In fact, for zo — —oo we can
prove exponential decay of the solution using a coercive sesquilinear
form, as it will be shown in the following section. It should be noted

that the integrability condition is indeed stronger than the radiation
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condition of the two-layer radiation condition in the lower half space,

since
. _Ou ou . _Ou
Tlingo /<u$ —ua) ds| = 2}31()10 /Im (ua) ds
< 2 lim /(||u||2+ | Vul|*) ds =0
Qr

when Q, = 0B,(0) N D is the half-circle with sufficiently large radius
7 in the lower half-space and u € H'(D) N C(D).

3.5. Exponential Decay

We expect the solution to be exponentially decreasing in the —x5 co-
ordinate direction. This motivates the question whether it is possible
to include this assumption into the weak formulation without losing

coercivity.

Consider a smooth weight function g : R2 — R+ only dependent on
the second variable with o(-,0) = 1, such as p(z) = e~**2. In the
TM case, we will show that a o weighted solution exists by proving
coercivity of the resulting weighted sesquilinear form b.

Since p is only dependent on the second variable a%lg(x) = 0 holds,
and we compute the derivatives of the weighted functions u(z) =
o(z)v(x) to be

Vu(z) = v(x)Vo(z) + o(z)Vo(z)

and for ¢(z) = ﬁ((;; to be
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Now the ¢ weighted sesquilinear form in v and ¢ may be defined as

brv(v,¢) = bra(u, @)

= /{(—qﬁ% + %)(UVQ + oVv) — k%cﬁv} dz

— /(5/\11 ds
r
Vol

{w‘)w + %(vw} — V) — (7 + k-’i)aw] da

—F/¢Avds.

As we are expecting an exponential decay of the solution in the —x»

1
S—

coordinate direction, from now on we will assume a weight function
of p(x) = e~ %2, a > 0 and see that then % =— (0).

a

THEOREM 3.5.1. Let a < Im(k_), then the weighted sesquilinear form

brm is coercive, that is, for

b = v—io m(vVv) — (a v T
bru(e,0) = ![w 22 () me9o) - @2+ 1)l d

—/T)Avds
r

there exist constants C and o such that
Re (ei(yBTM(U,U)) > C||U||?{1(D)

for allv e HY(D).

PROOF. Let k_ = |k_|e"® and || - || denote the L?-Norm on
D. Then x € (0,%) by Equation 2.3. We will now show that
Re(e™bra(v,v)) > C(||[Vv]]? + ||[v]|?) holds for a@ = 5 — k and
a < Im(k_). Note that for such o we have cos(a) = sin(k) > 0
as well as sin(a) = cos(k) > 0 and Re ((a? + [k_|2™%) - !5 7)) =
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(sink)(a® — |k_|?). Thus
Re (ewz}TM(v,v)) = (sink)||Vo||? — (sink)(a® — [k_|?)|v]|?

+2a(COS/<;)D/ (?) m(vVE) de + 1

where r = —Re(e™ [ v Avds) = —Re(e'® [ i Auds) > 0 for chosen «
r r
by Lemma 3.2.4. By Cauchy-Schwartz inequality, we have

|/( ) Im(Vo) dx|<|/< > (VD) dz| < |lo]] - [|Vo]|

and an estimation into which we will introduce a parameter t € R

and complete a square from the mixed term:
Re (¢“brai(v,v)) > (sinw)||Vol[* = (sinm)(a? — k- |*)][o]]
+2a(cosk)|[v]| - ||Vv|| + 7
= (sin)||Vol? — (sinw)(a® — [k-|*)[v]]”

+2tafcosnlol) - ($170l1) +
— [rateos ot - %nwur

. 1
+ (smﬁ - t_2) || Vol |?
— (Pa® cos® k + (sink)(a® — [k_|)) [|v]|* +r

Now assuming t% = sink — €, we have sink — t% =¢e > 0 and it

remains to show the inequality
a’cos? k + t%(sin K)(a® —|k_|?)
= a® — (sin? k)|[k_|* — e(sink)(a® — |k_|?) <0,
that is,
a? < sin®klk_|? + e(sink)(a® — [k_|?)
= (Im(k-))* +e(sinw)(a® — [k_[?),
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which is fulfilled for
1 a%— (Im(k_))?
o <Im(k.) and _<M>

2 \ sink(a? — [k—|?)



CHAPTER 4

Distributions and Weighted Sobolev

Spaces

4.1. Motivation

As we have seen in Lemma 3.2.4, the Dirichlet-to-Neumann Map
A yields the normal derivative of the boundary data on I', that is
Ap = %;2’“”@:0 of the solution u to the problem in the upper
half-space when the Dirichlet data ¢ on I' is given. The mapping
properties on Sobolev spaces were discussed in Lemma 3.2.1— these
results were sufficient for two-dimensional problems but are lacking

for the spatial model:

The derivation of two-dimensional models showed that we had to
establish an additional condition to ensure separability of the TE
and TM mode. For discussion what will be needed in the general
case, let us assume for now that this condition is not satisfied, and
thus we have a coupled system of the two modes. This means that
we lose the freedom to express the problem in terms of either the
electric or magnetic field intensity to ensure that we only have to
deal with a Dirichlet-to-Neumann operator as we have done in the
TE and TM mode. Even in this simplified coupled system we will
already need both the Dirichlet-to-Neumann as well as its inverse, the
Neumann-to-Dirichlet operator. So it turns out that in the general
case of three dimensional Maxwell’s equations it will be necessary
to properly characterize the Neumann-to-Dirichlet operator and its

mapping properties:

In order to define the inverse mapping, we need to identify the im-

age set A (Hl/Q(R)), which turns out to be a proper subspace of

65
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H~'2(R), as e.g. the Fourier transform of the H~/2(R) function
¥(t) = exp(—t2/2) has no roots at +k and is therefore not in the

image of the Dirichlet-to-Neumann mapping.

EXAMPLE 4.1.1. Example plots of |Fu(7)| and |FAu(r)

This formal definition of the Neumann-to-Dirichlet mapping will help

to determine the image of A:

DEFINITION 4.1.2. (Formal Neumann-to-Dirichlet)

iTt dr

A0 z@/m

As expected, we see that the condition 1 € H~/2(R), or J /%9 €
L?(R), is simply too weak due to the singularities at +k. This is the
motivation to define a modified Bessel Potential similar to Definition
1.1.1:

DEFINITION 4.1.3. (Modified Bessel k, a-Potential)

Let s,a < 2, k> 0, and n = 1 or n = 2, then for u € S(R") we
define

jks,au = fﬁl(?ﬁi,aﬁ)v
sl 1472 |2
where ¢f (1) = (1+ LRE ]@_7||T|2 , TER",
— T|
=y=()

and & and F~! denote the n-dimensional Fourier transform and in-

verse.

Note that ¢, , has the same growth as ¢* for large |7|, and that this
definition is only valid for functions in S(R) in general under the ad-

ditional condition of o < 2 to ensure integrability of the potential at
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the singularity. Yet, this is just a formal definition and it is desirable
to gain the same mapping properties for S(R) and S*(R) as for the

original Bessel Potential, but this is not necessarily the case:

LEMMA 4.14. For a € (—00,2), a # 0, the modified Bessel k,a-

Potential is a continuous linear operator

Ti ot S(R) — E(R) and T, (S(R)) £ S(R).

PROOF. Let u € S(R), then we see for § € Ny and ¢ € N,
g>1-a)/2

d 5 ]. sta
) (Teaw) 1) = —= [ (1)°(1+ 7))
dt> ( ko o
R €S(R) C BC(R)
1
|]€2_7—2|a/2(1+7—2)q

€L (R)

e Ttdr

SO (%)5 Jj; ou € C(R) and therefore J; ,u € E(R) = C*(R).

For continuity, consider a sequence (u,) C S(R) with w,, 5®) 0, so
(ur) and all sequences of derivatives converge to 0 uniformly. Since
then ., S®) 0, it follows that N ER) 0 as for all 8 € Ny the
integral is bounded by the L!-Norm of the second factor and the
converging L>-Norm of the first factor. Since S(R) is metrizable,
this proves continuity of 7, as a mapping S(R) — &(R).

Now, if u(t) = e=*/2 € S(R), then @ (1) = % is certainly
not in S(R) for a # 0, and therefore J7 ,u ¢ S(R), since the Fourier

transforms of all functions in S(R) are in S(R). O

This lemma clarifies why the traditional test function space S(R) is
not sufficient. Still, it is possible to define the operator on generalized
function spaces, although this will prove to be of no use for the given

model:
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DEFINITION 4.1.5. For a € (—o00,2)\{0} the Bessel k, a-Potential is
defined on distributions J; , : £*(R) — S*(R), where
(T o ws®) = (@, T oW eR)
——
cE(R)
for u € S(R) and ¢ € £*(R).

REMARK 4.1.6. This definition for generalized functions in £*(R) can
be seen as an extension of the definition for functions in S(R) in the
sense that they coincide for functions in both sets in the sense of
distributions: Let u € S(R) N &*(R) and v € S(R) any test function,
then by definition 4.1.3
(TLapvis® = (TLapVrrm
= (fjlf,awﬂfﬂ)Lz(R) = (d)z,a -’TSOafT))Lz(]R)
by Parseval’s theorem. As Y o 18 real,
Vo Fo, Fo)Lewy = (Fo, Yk oF0)L2(w)
= (‘7:307]:k7]:,a@)[/2(R) = (307 j]:,ara)LQ(]R) )

again by Parseval’s theorem. Now since v}  is real and even,
:

T ol = F W5 JFo = FYi JF o =F '} JFo=7T; v.

This finally leads to

(0 Tia0)2®) = (@, Tg oVe®) = (0 TR aV)e®) »

which coincides with definition 4.1.5.

So based on the modified Bessel Potential and traditional test func-
tion spaces, at most, one might try to somehow define a space based
on the subset of generalized functions of £*(R), the potentials of
which are in L2(R). But this is not advisable, as £*(R) can be char-
acterized as the temperate distributions with essentially compact sup-
port ([22], Theorem 3.8), a somewhat less desirable property for the

treatment of electromagnetic fields on unbounded domains.
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4.2. A Modified Set of Test Functions

A reduced set of test functions will help extending the Bessel Potential

to more suitable function spaces:
DEFINITION 4.2.1. For k > 0 and g () := |k? — 72|71/2,

Sk(R) :={ue SMR): ort € SR)}.

EXAMPLE 4.2.2. Elements of S; (R): 4(7) = ¢ wewn 7211 and its first

and second derivative:

The topology and convergence in this space is based on the conver-

gence of the Fourier transforms in S(R):

DEFINITION 4.2.3. The topology of Sk(R) is defined by a countable

family of semi-norms
|uls,ap 7= llls,a,6 + |oki]s,0,6-

This means a sequence (u,) of functions u, € Si(R) converges to 0
in Si(R) if both sequences (4y) and (gxt,) converge to 0 in S(R).

This also defines u, — u as (u, —u) — 0 in Sk(R).

LEMMA 4.2.4. S;(R) is a Fréchet space.

PROOF. Since the topology of Sk (R) is given by a countable fam-
ily of semi-norms, it is locally convex and metrizable, [15] 2 §4, [21]
§18 2.2, and sequential completeness implies topological complete-

ness, [31] Proposition 8.2.

Consider a Cauchy sequence (u,) C Si(R). Then the sequences (iy,)
and (g Uy) are Cauchy sequences in S(R) and have limits therein.
As the multiplication with g is continuous, the limit of the latter
sequence is g, @ and by continuity of the Fourier transform the limit
u € Sg(R). Thus Sk(R) is complete and therefore a Fréchet space. [
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The following technical lemmata will be needed to show that Fourier
transforms of functions in this space are rapidly decreasing at +k.

LEMMA 4.2.5. If u,v € C®(—¢,¢) where v(t) = |t|~'/?u(t), then u,

v and all derivatives of u and v vanish at 0.

PROOF. Let f(t) := u?(t) and g(t) := v%(t). Then also f,g €
C>®(—e,¢e) and f(t) = |t|g(t), or f(t) = tg(t) for t > 0 and f(t) =
—tg(t) for t < 0. Of course, f(0) =0 and

£(t) = glt)+tg'(t) fort>0,
] —gt)—tg(t) fort<O.
Thus by continuity of the derivative, f/(0) = ¢g(0) = —g(0), thus
f'(0) =0 and g(0) = 0. Now let n € N, then, by induction,
n—1 n
£ (1) = n g ) )(t) +tg™(t) fort >0,
—ng V() —tg™ () fort<0
and therefore, by continuity of the derivatives,

F©0) =ng™(0) = —ng"D(0)

and ¢~ (0) = 0, so f and g and all their derivatives vanish at 0.
This carries over to v and v by induction:

For n = 0, we have u?(0) = f(0) = 0. Now let n € N and u(¥)(0) =
for k = 0,...,n — 1. By iterated product rule on f(t) = u(t) - u(¢

we have

0
);

2n

0= =3 (2: > u®(0) - @) () = (2:> (u(”’(O))2 ,

k=0
as all other summands contain u¥)(0) for k < n. Therefore u(™) (0) =

0 and the same holds for v. O

LEMMA 4.2.6. Ifu € C*®(—¢,¢) and u and all its derivatives vanish
at 0, then for alll € R the functions

() = [t|'u(t) fort#0
v 0 fort=0

are in C*°(—e, &) with vl(n)(O) =0 forneN.
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PROOF. As v, are compositions of smooth functions, it holds that
vy € C* ((—&,e)\{0}). For the case ! > 0, the functions v; are clearly
continuous at 0. If [ < 0, choose n € N such that —I < n, then by
Taylor theorem for u at to = 0 and u*) (0) = 0:

¢
u(t) = 1'/s—t ™ (s) ds
0
¢

Therefore, v; is continuous at ¢t = 0:

|t|l+n+1

1
/(T — )" u (1) dr | = 0.

0

. 1 IRT
fimg 1#Fu(0)] = o

—0

Now, for all n € N the derivatives v ) of vy for t # 0 are finite
sums of functions of the same type as v;. Each of the summands
is continuous and vanishes at 0 and therefore vl(n) is continuous and

vanishes at t = 0 as well. O

PROPOSITION 4.2.7.

(i) Sk(R) = {ueSR): o™ (£k)=0 for all n € Ny}
(i) Si(R) = {ueSMR): gt € S(R) for all « € R},
where gg.o (1) = |k? — 72%/2

PROOF. (i) = Definition: Obviously the condition in (ii) im-
plies the condition of Definition 4.2.1 for « = —1 as gx,—1 = k.

Definition = (i): On the other hand, the condition presented in (i)
follows from Definition 4.2.1, where we have & € S(R) C £(R) and
okt € S(R) C E(R). As |k2 — 72|7Y2 = |k + 7|72 - |k — 7|71/,
we may apply Lemma 4.2.5 on neighborhoods around +k to prove
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that the Fourier transform and all of its derivatives vanish at +k, as
stated in (i).

(i) = (ii): Now, the condition in (i) yields g% € E(R) by Lemma
4.2.6 on neighborhoods around +k for any a € R. For any o € R, the
factor |[k? —72|°/? and all its derivatives are at most slowly increasing
and therefore the product gy o still is rapidly decreasing and thus

ok,at € S(R). O

The following lemma will help in the discussion of continuity of the

Bessel k, a-Potential.

LEMMA 4.2.8. Let p € Ng. If (u,) C CPTY(—¢,€) with

0 =un(0) = up (0) = - = u(0)

p+1

for alln € N and lim ||u£l )||oo =0 then lim ||vy||lcc = 0 where

vn(t) = fi-

PrOOF. By Taylor’s theorem

[P v (8) = un(t) = Z Lt 0) + ()
2 gt OGS
=0
for some T € (—¢,¢) and therefore ||v, || < ﬁ”u%pﬂmw. 0

THEOREM 4.2.9. For a,s € R, the Bessel k, a-Potential
Tia :SkR) = Sk(R)
u = ‘7_—71(1/)270(@)7
where 1/),@701(7') =(1+72)2 klj'_fz

The continuous inverse of J2, is Ty, ° .
, :

’ , is well defined and continuous.

PROOF. Let u € Sk(R), then gy % € S(R) by proposition 4.2.7
and therefore
Vo @ =0T 0pati € S(R),
——

€eS(R)
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where 1*te(7) = (1 4+ 72)(57®)/2 denotes the traditional Bessel po-
tential from definition 1.1.1, so f’lwz’aﬂ € S(R) is well defined, and
J}; o @ linear operator Sg(R) — S(R). As additionally

Ok Vf U =T 0y oy 1 € S(R),
———
€S(R)

we have J ju = f’lwz’aﬂ € Sk(R).
Since Jj; ,u is well defined for k, o € R and u € Sy(R), so is

jk_,ioz (jks,ozu) =u

——
€Sk (R)
—1

and therefore (j,ja> = jk_’fa.

Sk(R)

Consider a sequence (u) C Sg(R) with u, — 0. To prove con-
o . c Sk(R
tinuity of J;’,, we have to verify that this implies J ,un 2+ (B) 0.

. SR) . . . . . .
Since J°u, — 0, it is sufficient to discuss uniform convergence of

all derivatives of (mn) and (kan) around +k, or equivalently,
uniform convergence of all derivatives of (o, —atn) and (0k,—a—1 tn)
in fixed small neighborhoods of +k if —a — 1 is negative at all. The
derivatives are finite sums of functions which are bounded by func-
atl
2

tions as discussed in Lemma 4.2.8 for p > and higher, and be-

cause of this they will all converge uniformly to zero. O

REMARK 4.2.10. The Bessel k, a Potential is self-adjoint with respect
to the L? scalar product, i.e., for any u,v € Si(R) we have

(jks,ozua U)L2 = (’LL, jks,ozv)L2 :

This is an effect of the definition as a multiplication with a real valued

multiplier in Fourier space.

DEFINITION 4.2.11. S} (R) denotes the dual space of continuous linear

functionals on Sk (R).

LEMMA 4.2.12. S} (R) is weakly sequentially complete, i.e., a sequence
(pn) C Sp(R) of linear functionals such that (¢n(u)) converges in C
for any u € Si(R) is convergent in Sii(R).
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PROOF. Since Si(R) is a Fréchet space, it is barreled by Baire’s
Theorem, and thus such sequences of continuous functionals are con-
vergent to a continuous linear form on Si(R), [15] 3 §6 Proposition
5 and Corollary. See also the proofs for D*(R) and S*(R) in [32] §4,
IT and §11, VIL 0

DEFINITION 4.2.13. The Bessel k, a-Potential has a natural continu-
ous extension J; , : Sp(R) — S} (R), where

(Tiapsuw) = (o, Tpqu) for ¢ € Sp(R), u € Sp(R).
——
€Sk (R)

REMARK 4.2.14. Again, this definition really is an extension because
J}; o 18 self-adjoint and its Fourier multiplier is real: For ¢ € Si(R)N
Sk(R) and u € Si(R) we identify the dual pairing with the L?(R)

scalar product,

<~7ks,a507u> = (jks,asovﬂ)Lz(]R) = (Savjls,aﬂ)Lz(R) = <507t7]:,au>

and this coincides with the above definition.

4.3. Weighted Sobolev Spaces

Now weighted Sobolev spaces may be defined using the modified

Bessel k, a-Potential:
DEFINITION 4.3.1. For s € R, a € R and k£ > 0, let
Hj o(R) = {p € Sp(R) : Tio 9 € L*(R)}.
REMARK 4.3.2. We equip this space with the inner product
(%WH,:,Q(R) = (jlj,a%jlj,aw)L?(R)
and the induced norm

llE; ) = (P20 )

The necessary properties of the inner product directly follow from the
inner product in L?(R). Since Jio = J*, the spaces Hj ((R) and
H*(R) coincide in the sense which will be discussed in Lemma 4.3.4.

Note that an increasing o denotes additional regularity.
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THEOREM 4.3.3. H} ,(R) is a Hilbert space.

PROOF. It remains to prove completeness: Consider a Cauchy se-
quence (¢n) C Hy ,(R). Since L?(R) is complete, the L?(R) Cauchy
sequence (J ,n) converges to a function y € L*(R). Let u € Sk(R)
be an arbitrary test function, then the sequence ((j,f’agan, u)L2(R)),

which is the same complex valued sequence as ((apn,jks’au) L2(R)),
will converge to (y,u)r2. Since u was arbitrary and J ,u € Sk(R),
the sequence (¢,,) will converge to ¢ € S;(R) by Lemma 4.2.12, for
which for all u € S;(R)

(0, TiaWirzw) = (Ti o Wr2w) = (Y u)r2(R) -
Therefore, y = Tia® with respect to the test function space, and
thus ¢ € H} (R), as y = Jg ¢ € L*(R). O
LEMMA 4.34. Ifa >0, seR,

HZ’Q(R) C H*°(R)

and ||ul|gs ) < max{1, k*} ||u||H51u(R) for all v € H}; (R).

PROOF. This relationship is not as obvious as it seems, because
Si(R) D S*(R). Thus a distribution u € S (R) itself may not have
a meaning in §*(R). But as J ,u € L3(R) for u € H (R), we may
define

V=T Tt = F ) T u € L*(R),
——
€L?(R)

k212 a/2
T

tion for a > 0 with [0 _,||pe @) = max{1,k*}.

since the Fourier multiplier wg,_a(r) = is an L>°(R) func-

This defines a continuous linear functional ¥ : S(R) — C by
ﬁ(f) = (jisfvrv)L%R) ) f € S(R)v
——
eS(R)

which coincides with u as functionals on Sk(R): For f € Si(R),

V()= (T f,0) 2wy = (T °f, T s,y = (fsws,w) = ulf) -
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This extends u to a functional u € S*(R), and since J*u € L?(R),
we have u € H*(R). This diagram illustrates the use of the different

potentials in the case of a > 0:

Hi (R & I2(R)
T LT
L2(R)

Finally,

lullg=@ = ITullrzm) = 150l 2@ = VR, _o¥f obll 2@

< ||¢2,—a||Loo(1R)||«7ks,au||L2(R)

>0
= max {1k} fullm; ) -

O

For an impression of the weight functions v}, , see the following plots.
The parameter s specifies the growth to infinity in case of s > 0 and
« sets the order of the poles for @ > 0 or roots for o < 0 at +k.
The value of k sets the position of the roots or poles, and it does also

modify the graph as a whole, but these changes are negligible.
EXAMPLE 4.3.5. Illustrative plots of 1/18’71 and 1/)?/2 4

1/2 1/2
1/)3,—1(7') =

92_ 2

2_ 2
0 (7) = [HT

1472

1/2,—1

LEMMA 4.3.6. If o > 3, then
H . (R) C HE 5(R)

and |[ul| gy ) < max{1, k=P lulln; ) for allu € HE (R). This
includes H*(R) C H 5(R) if B <0 and

[l g,z < max{1, &7} [[ul| 5o )

for all u € H*(R).
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PROOF. Since H*(R) = H}, ((R), it remains to prove the second
norm inequality: For u € Hy (R),

lullgg 2y = T8 pull Lz
= [0} gillee@) = [WR p_athatllL2®)
B—a<0 _
< WRpalli=m@ [T aullze ~ = max{L,k* "} lulln; (=) -

O

Finally, these spaces characterize the mapping properties of the Dirich-
let-to-Neumann map:

THEOREM 4.3.7. The Dirichlet-to-Neumann map is a bounded linear
operator
A:H ,(R) — H{ L (R), s,a€R

and [[Apl| -1 ) = llellag @) for all o € Hj ,(R).
PROOF. Let ¢ € HS(R), then
[Ap(r)] = V72 = k2¢(r)| = |7° = k2" |@(r)],
—_———

=0k,1(7)

and since g1 = 1} _,, we have

A gy = 1T Al = s ¥ @l

||¢Z,a¢||2L2(R) = ||~715,a<P||%2(R) = ||50||?'-I£)Q(R)'

O

And the mapping is onto, thus we may now give the formal definition

of the Neumann-to-Dirichlet map a meaning:

THEOREM 4.3.8. The Neumann-to-Dirichlet operator is a bounded
linear operator

AT HPL (R) - HE L(R), s,a€R,

and ||A—1¢||HZ1Q(R) - ||¢||H£;1+1(R) for all o € Hy || (R).
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PROOF. Let ¢ € H L (R), then

k,a+1
— 1 . B .
AT0(0)] = | 5ol = |72 = K172 ()
— —_——
=0k,-1(T)
and since gy, —1 = 1/),;%, we have
AT ellE: @) = TR 0l @) = W0 Vi1 Pll2m)
= Wi a1 @llem = 170 a1 @llizm)

2
||50||H;;1+1(R) .

4.4. Extension to Two Dimensions

So far we have established suitable function spaces for discussion
of a two-dimensional coupled TE, TM mode system, that is, the
functions on the interface were functions of one variable. In the full
three-dimensional Maxwell setting, the traces on the interface will
be functions of two variables, so we will have to extend the concept
above spaces to R%2. We will see that this does not exhibit additional
challenges: The general approach for extension will be to apply polar
coordinates, and the same method could be used to derive spaces
for higher dimensions by spherical coordinates. The following results
for functions defined on R? follow the same order as in the previous
section and only the differences in the proofs compared to their earlier

counterparts are presented in detail.

DEFINITION 4.4.1. For k > 0 and g (1) := |k? — |7]?|71/2,
Sk(R?) := {u € S(R?) : opi € S(R?)}

where @ denotes the two-dimensional Fourier transform of uw. The

topology of Si(R?) is defined by a countable family of semi-norms

ulsy,0,8 = lii]s,0,8 + [0kTs,0,6 -
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This means a sequence (u,) of functions u,, € Sx(R?) converges to 0
in S(R?) if both sequences (ii,,) and (gx,) converge to 0 in S(R?).
This also defines u,, — u as (u, —u) — 0 in Sk(R?).

LEMMA 4.4.2. S,(R?) is a Fréchet space.

PROOF. This is true due to the same reasoning as in the proof
for Lemma 4.2.4. O

PROPOSITION 4.4.3.

i) Se(R?) = {ueSR?: |0 ()] =0 for all |7| =k, n € Ny}
(i) Sk(R*) = {ucSMR?): opat € S(R?) for all o € R},
where gp.o (1) = |k — |7|?|*/?

PROOF. (i) = Definition: As before in the proof of Proposition
4.2.7, the condition in (ii) includes the condition in the Definition
4.4.1 for o = —1, as g, —1 = Ok-

Definition = (i): Now, let u € S(R?) and v € S(R?) with v = ggu.
Transformation to polar coordinates yields

u(r, ) = K =272 u(r ).
Lemma 4.2.5 applied on shifted restrictions
Up(r+ k) :==ulr+k,¢) and v,(r+k):=v(r+k, )

for r € (—¢,¢) and fixed ¢ proves

u(k, ) =v(k,) =0 and 9 nu(k )= 9 nv(k‘ )=20
)SD - 7%0 - 87" 790 - 8T aSD -

for all n € N. Now since this is true for all ¢ and n € Ny, the

functions (%)nu(k, ¢) and (%)nv(lﬂ,(p) are constant in ¢, and all
e e m

(%)n (%) u(k, ) = 0 for m,n € Ny, thus the condition in (i) is

fulfilled.

(i) = (ii): Assume the conditions in (i) are satisfied for u, that is
u € S(R?) with [u(™(7)] = 0 for all |7 = k and n € Nyg. As a
composition of smooth functions v := g ou, the function v is

v e C®RN\{r e R?: |7| = k})
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for all @ € R. In polar coordinates, we see by Lemma 4.2.6 that for
fixed ¢ the function v, (r) := v(r, ) is in C*(Rs) and v, (k) = 0 for
all ¢. Therefore, v(r, ¢) and all partial radial derivatives of v are zero
and constant for r = k, thus all derivatives exist and are continuous
also at |7| = k and therefore v € C*°(R?). Again, as gy o is at most
slowly increasing, v(7) is rapidly decreasing for |7| — oo as u(7) and
therefore v € S(R?). O

THEOREM 4.4.4. Let o, s € R, k > 0. Then the Bessel k, a-Potential

for scalar functions on R>
Tia Sk[R?) — Sk(R?)
u = FHa0),

e
2

2
L] , 1s well defined and continuous.

where ¥, o (7) = (1+|7*)? | 70

Its continuous inverse s j,;fa.
,

PROOF. Analogous to the proof of Theorem 4.2.9 but for Sy (R?)
and use of Lemma 4.2.8 with polar coordinates as in the proof of
Proposition 4.4.3. 0

DEFINITION 4.4.5. The Bessel k, a-Potential for scalar functions on
R? has a natural continuous extension J¢ , : S;(R?) — S (R?).
By this we may define the corresponding weighted Sobolev spaces:
THEOREM 4.4.6. The spaces
H} o (R?) == {u € S;(R?) : J¢ yu € L*(R)}

for s € R and k > 0 equipped with the inner product

(w, )iy (r2) = (T ot TR V) L2(R)
and the induced norms

||u||?{g’a(R2) = (Ua“)H;,a(le)

are Hilbert spaces.



CHAPTER 5

Full Three-Dimensional Maxwell System

We will now discuss the scattering problem in the two-layered space
in R? = R} UTUR? with the interface I' = R? x {0} and half-spaces
R} := {(z1,z2,23) € R? : 23 = 0}, we seek the solution to the
time harmonic Maxwell’s equations for the electric or magnetic field
intensities with wave numbers k% = k‘_%_ > 0 for 5 > 0 and k2 € C,
argk? € (0, ) for x5 < 0, the transmission condition at the interface,
and boundary condition on a bounded perfect electrically conducting
obstacle 2 C R% within the lower half-space, and a radiation condi-
tion. As before we split the total field into an incoming field, which
itself is a solution to the Helmholtz equations in the two-layered space
without the scatterer 2, and the scattering field.

First the classical problems for the electric and magnetic field inten-
sities are defined on the whole space, then integral equalities and
functions and trace spaces suitable for the corresponding weak for-
mulation are presented. This leads to the definition of the Calderon
operator and its mapping properties, with which it will be possible
to reduce the scenario to the lower half-space using weak formula-
tions. By virtue of the Lax-Milgram Lemma we will be able to
prove unique solvability of the weak problems using specific singu-
lar weighted Sobolev spaces. For these spaces we have equivalence of
the weak and classical formulations under the additional condition of
integrability which is no real restriction as the original problem was
shown to be uniquely solvable by Delbary et al. [11].

81
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5.1. Classical Problem Definitions

As outlined in Chapter 2, we may express the problem in terms
of both the electric and the magnetic field intensity, with differing
boundary and transmission conditions. First, we formulate the def-
inition of the classical boundary value problem for the electric field
intensity:

PROBLEM 5.1.1. (EBVP1) Given a bounded scatterer  C R? with
boundary 9Q € C?, an analytic incoming field E’ (at least defined
on some region GG in the lower half-space enclosing the scatterer, i.e.,
Q) C G C R?) the problem is to find the scattering field

(i) EeC*R3\(I'uQ),C?) n BCRI\Q,C?) such that
(i) curlcurl E—k31E =0 in RY,
(iii) n x Elsa = —n x Esq,
(iv) [nx E]r =[n x curl E]r =0, and
(v) components E1, By of E=(Ey, Es, E3)T satisfy the UPRC,

Es3 the Sommerfeld radiation condition 2.4.3 in R?,

and the exponential decay condition 2.4.2 in R3 .

Secondly, we add the definition for the magnetic field intensity:

PROBLEM 5.1.2. (HBVP1) Given a bounded scatterer {2 C R with
boundary 9Q € C2, an analytic incoming field H' (at least defined
on some region G in the lower half-space around the scatterer, i.e.,
Q) C G C R?) the problem is to find the scattering field

(i) HeC*R3\(I'uQ),C?) nBCRI\Q,C?) such that

(i) curlcurl H — k3 H =0 in R3,,

(iii) n x curl H|pg = —n x curl H|yq,

(iv) [nx H]p = [k2n x curl H]p = 0, and

(v) components Hy,Hy of H=(Hy,H,H3)" satisfy the UPRC,
Hj the Sommerfeld radiation condition 2.4.3 in R%,

and the exponential decay condition 2.4.2 in R3 .

REMARK 5.1.3. The commonly used Silver-Miiller radiation condi-
tion is equivalent to the Sommerfeld radiation condition of the Carte-

sian components as proven in [6]. In general, solutions satisfying
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the Sommerfeld radiation condition will also satisfy the UPRC, but
the converse is not necessarily the case. Therefore, above radiation
conditions for the upper layer are more general than the traditional
Silver-Miiller radiation condition. The radiation condition of expo-

nential decay for the lower layer
|E(z)| + |curl E(x)| < M exp (—Imk_ |z|)

for some M > 0 and correspondingly for H, follows [11] to ensure

existence and uniqueness of the classical problems.

As in the two dimensional case, we will be able to transform these
problems to weak formulations using Green’s formula, which is out-

lined below.

5.2. Integral Equalities and Function Spaces

In this section, integral equalities and function spaces most suitable
for Maxwell’s equations are established. The following notation for
vectors, which will also be used for functions, clarifies the switch

between R? representing I' and R? when it is needed:

T
faex=| and y= n ,
Y2

3
. Y1
then z = ( ! ) and y=| yo
T2 - 0

Please note, that in earlier chapters we already used a similar nota-
tion of a tilde above a symbol in completely different contexts and
meanings. The reader should not be confused by this minor inconve-
nience, and in this chapter this notation will consistently only have

above meaning.

To derive suitable spaces for the variational formulation we first need
to extend the following well known Theorems to unbounded inter-
faces:
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THEOREM 5.2.1. Let Q C R3 a bounded domain with Lipschitz contin-
uwous boundary 02 with unit outward normal n. Then the Divergence
Theorem holds for functions f € C1(Q,C3):

/divfdx:/f~ndA

Q [219)

Choosing f = tu and the product rule for one, and using the identi-
ties div(ux ) = p-curlu—wu-curly, as well as (u X @) -n = (nxXu)-p,
and the substitution f = u x ¢ for the other, we get, cf. [14]:

THEOREM 5.2.2. Let Q C R3 be a bounded domain with Lipschitz
continuous boundary O with unit outward normaln. Then, for func-
tions u, v, € C1(Q,C3) andp € C1(Q), the following equalities hold
by the Divergence Theorem:

/(wdivu—l—u-gradw)da: = /(n-u)wdA, (5.1)

Q 0
/(go'curlv—v-curlgo) de = /(nxv)-gadA. (5.2)
Q o0

This motivates the definition of function spaces suitable for Maxwell’s

Equations:

DEFINITION 5.2.3. For 2 C R? not necessarily bounded, we define
H(div,Q) = {veL*Q,C?% : divve L*(Q)},
H(curl,Q) = {veL*(,C% : curlve L*(Q,C%} .

Indeed as shown in [26], Equations (5.1) and (5.2) hold for functions
u € H(div,Q), v, € H(curl,Q), and ¢ € H'(Q2), when € is bounded
with a Lipschitz boundary. To discuss the validity of above integral
identities on the unbounded domains R3 with boundary I' we will
make use of the following density argument.

LEMMA 5.2.4. C(R3., C¥)NH(div,R3) is dense in H(div,R3), and
C>(R3,C3) N H(curl,R3) is dense in H(curl,R3).
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PROOF. Both assertions for unbounded domains are justified by
the same technique of diagonal sequences and corresponding theorems
on bounded domains, for example from [26]. Here, only the proof for
H(curl, R%) is presented for brevity. Let Qr = Br(0) NR3 and ug
the restriction of u to 2z and continued by 0 outside Q2r. Then
lur — ullg(eurgz) — 0 for R — oo and there exists a sequence
(Ry) such that [lur, — ullgurry) < 5. Since Qp, is bounded
for all k, there exists a function ¢ € C(R3,C3) such that ||¢x —
uR,|| H(curlRY) < % by standard density results on bounded domains
and @), € H(curl,R%). This defines a sequence (@) in C°°(R3., C?)
which is convergent to u with respect to the H(curl, R} ) norm:

||90k - u||H(Curl,Ri) < ||50k - uRk”H(curl,]Ri) + ||U‘Rk - u”H(curl,]R‘;’:)
1 1 1 -
< — =2 k=¥ g
= %%k

O

Next, we need to discuss the definition of the four different traces

showing up on the right hand sides of the identities:

DEFINITION 5.2.5. Let n = (0,0,+1) T denote the unit outward nor-
mal to I', depending on the context. Then the trace operator onto I
is denoted by

You = ulr,
the surface traces are
aru = n X (uxn)|r,
mwu = nXulp,

and the normal component trace is expressed as

Yot =M - ulp.
Of course, by adaption of Trace Theorem 1.2.1 to R3, the trace vy is
a bounded operator H'(R?) — H'/2(R? x {0}).

Due to the special form of I' the traces will often be discussed as

functions on R? instead of R? x {0}, making use of the notations
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introduced before. Note that they may implicitly reflect above traces

— ~ — ~ — —_
as, such as mru = a|r as well as You = @|pr and yu = n X ulr.

To state the mapping properties of the other traces, we need to define
the surface divergence, denoted by Div, and the surface curl, denoted
by Curl, following [26, 6]:

DEFINITION 5.2.6. Let S denote a C? surface in R® parametrized
by ¥(v) and let g denote the determinant of the first fundamental
matrix defined by g;; := gT‘I’ . g—q‘i. Then, for a smooth tangential field
u decomposed into u = alg—i‘—i— aggT‘I;, the surface divergence and

curl are defined as

Dive = — (8(‘/%) + 8(‘/§a2>> :

\/§ 8’01 81}2
N L 8(\/§a2) _ 8(\/§a1)
Curlu = \/§< or 0r )

As in the regarded setup ¥(v) = v and therefore g = 1, the following

definition on I' will suffice, defined for vector fields in R?, or on R2.

DEFINITION 5.2.7. For u € D(R?, C?) or u € D(R?,C?), the surface
curl and divergence on I' are defined as

Divuz%—i—%7 Curlu:%—aw

8x1 8x2 axQ 8—251 ’
and are extended continuously by density arguments as operators on
Sobolev spaces H*(R? C?) and H*(R3,C3), s € R.

The following spaces will aid to define the ranges of the traces:

DEFINITION 5.2.8. For s € R let
H*(Div;T) = {ve H*,C* : n-v=0, Divoe H*(I)} ,
H*(Curl;T) := {ve H¥I,C* : n-v=0, Curlve H*(I)} .

Now we can state the first integral equality on the unbounded sets

R} and the mapping properties of the 7, trace operator:
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LEMMA 5.2.9. Letu € H(div,R%), o € H'(R3}) andn = (0,0,F1) ",
then
/(u-grad<p+<pdivu) dx:/(n-u)godA, (5.3)
R} r
with a bounded dual pairing of the traces on the right hand side, and
the trace

Yo @ H(div,RY) — H™Y(I),
u — n-ulp

18 bounded.

PROOF. By the above density argument, and as for the corre-
sponding density in H'(RY), it is sufficient to prove the assertion
under the additional assumption of u, € C°(RL,C?). Also note
that the left hand side of the equation is bound by the product of the
H(div,R3) and H!(R%) norms of u and ¢.

Let Qr = Br(0) "R} and Ty g = Br(0) N T, then

/(u-gradgp—l—gpdivu) dx
Qr
= /(n~u)godA+ / (n-u)pdA.
FO,R 8QR\FO,R

Therefore, for the equality it remains to show for u (and ¢, too), that

lu[2dA =2 0.
9Qr\To, R
This is a consequence of u € H(div,R3) C L*(R3) and the assumed
continuity of w: If the limit were not true, there would be a radius R
from which on all above integrals for R > R were greater than some
e > 0. Then the integral of |u|? over R} \ B (0) would diverge, which
contradicts u € L2(R3).

To prove the mapping properties of the trace, let & € H'/2 (T") and
assume that ¢ = E® € H'(R3) is the image of a bounded extension
operator E such that y0¢ = ® and [|¢||gi(rz) < Cr||®[g1/2r)-
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Then, by above findings,

/%u@dA _ /(n-u)gadA

r r

IN

||u||H(div,R3i) ||50||H1(]th)

IN

Ce ||u||H(div,Ri) ||(I)||H1/2(F)

and therefore =, : H(div,R3) — H~'/2(T) is bounded by Cf as a
mapping onto the dual space. O

LEMMA 5.2.10. Let u,¢ € H(cur,R3) and n = (0,0,F1)", then
/(gp-curlu—u-curlgp) dx:/(nxu)-godA, (5.4)
R3. r

with a bounded dual pairing on the image spaces of the traces on the

right hand side, and the traces are bounded as mappings
v : H(cur,RY) — H_l/Q(DiV;F)7

u

!

n X ulr,

7 H(curLRY) — H~Y2(Cwrl;T),

1

u nx (uxn)r.

PROOF. By the above density argument it is sufficient to prove
the assertion assuming u, p € C*°(R3,C3) N H(curl,R}). Also note
that the left hand side of the equation is bound by the product of the
H(curl, R3) norms of u and ¢.

As above, let Qr = Br(0) NR3 and Ty g = Br(0) N Ty, then
/ (¢ curlu —u - curlp) do

Qr

:/(nXu)-<pdA—|— / (nxu)-pdA.

To,r 0r\To,r
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Therefore, for the equality it remains to show for u (and also ), that

/ luf2da =% 0.
aQr\To,r
This is a consequence of u € H(curl, R3) C L*(R3) and the assumed
continuity of w: If the limit were not true, there would be a radius R
from which on all above integrals for R > R were greater than some
e > 0. Then the integral of |u|? over R} \ B (0) would diverge, which
contradicts u € L?(R3).

To prove the mapping properties of ¢, we first assume that ¢ =
E® ¢ H'Y(R? C?) is an extension of ® € HY?(R3 C?), such that
<p|r = ® and ||<P||H1(]R3,(C3) < CE ||(I)||H1/2(]R3,(C3)' Then

/'ytu~<I>dA = /(nxu)~<pdA

r r

IN

||u||H(curl,]R§:) ||90||H1(]R3’i,(c3)

IN

Ce ||ullg(eurrz) 1Rl 7172 (0 c5) 5

which means that v; : H(curl, R3) — H~Y/2(I",C3) is bounded. Ex-
actly the same argument holds for y7 : H(curl, R3) — H~Y/2(T,C?).

Furthermore, we now assume that ¢ = V¥, for some ¥ € H?(R3).
Of course curlu € H(div,R3), as divcurlu = 0 and by (5.3) we have
on the other hand

/grad\II-curludx = /(n-curlu)\I/dA

R3 r
= /(Curlu) UdA = —/(Div (n xu)) ¥dA.
r r
Therefore,

/(Div vu) UdA /(Div (nxu)) UdA
r r

A

< ull geunzs )y 9] a1 (re o8y
+

IN

Ce ||u||H(curl,]R§:) ||\Il||H1/2(F,(C3) )
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s0 v : H(curl,R3) — H~'/?(Div;T) is bounded, using the fact that
the third component of v; vanishes. Note that since curlp = 0, we
have ¢ € H(curl,R}) and thus by above identity

/grad\ll-curluda: = /ga-curludx:/(nxu)-godA

RS RS r
= /(nxu)~grad\IldA,
r

so —(Divyu, ¥) = (yu, grad ¥) as a dual product. By symmetry of
the left hand side of (5.4), a similar argumentation holds for v, with
the simplification that n - curl ¢ = Curl@pp on I'. Therefore, nr is as
well bounded as a mapping 7r : H(curl,R%) — H~Y2(Curl;T). O

Although we just found that the H~'/2(T') norm of the surface pro-
jection trace mru and its surface curl Curlnru of a vector field u €
H (curl, R%) are bounded by the H (curl, R3) norm of u, we will need

the following more specific result for the surface curl alone:

LEMMA 5.2.11. For u € H(curl,R3) the surface curl of u may be
estimated by just the L*(R3) norm of curlu:

[|Curl7rul|g-1/2(ry < Ce|leurluf|p2ga )

PROOF. Since divcurlu = 0, curlu € H(div,R3) and therefore

[[Curlmrul|g-1/2r) = [|n curlu||g-1/2(p)

< Cglleurlul|gaivry) = Celleurlul| 2y |

using the operator norm Cg of the extension operator E from above
proofs. d

REMARK 5.2.12. Note, that this result is surprisingly stronger than
corresponding estimate in the two-dimensional case! Recall that in
the two-dimensional case we only had

&
lulfy ey < e Callll + (2 + C1C2 ) 19l
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for fixed C7, C5 but arbitrary € in Lemma 1.2.4. In both cases the idea
is to estimate the traces mainly by the derivative terms in the lower
half-space, but in two dimension we can only make the dependence
of the trace with respect to the L? norm of u arbitrary small, with
the cost of bearing an arbitrary large % So here, we have a far
more fortunate estimate, and it is due to less regularity of the chosen
function space H(curl, R3) compared to H!(R3, C3).

5.3. The Calderon Operator

The Calderon operator maps given boundary data such as the tan-
gential E field A on I' onto the tangential trace of the H field on
T', when the E, H fields are a radiating solution to the time har-
monic Maxwell’s equations in the upper half-space with given bound-

ary data.

It is strongly related to the Dirichlet-to-Neumann operator, as it not
only takes a similar role in the weak formulation of the problem, but
in fact, the reduction of the Calderon operator to the simplified TE
or TM setting yields just the Dirichlet-to-Neumann operator, or the
Neumann-to-Dirichlet operator, respectively.

Due to the symmetry in Maxwell’s equations, there are two Calderon
operators: The Calderon operator which maps E to H is denoted as
Ggg)\ = n/;fﬂp = 'yft\ﬂ' where A = TL/;/Eh" and n is orthogonal to
the surface, that is n = (0,0,1) ", thus (/\1,)2_,\/_\3)T = (—%1,0).

The corresponding operator Gyr maps A =n x H|p onto n X E|r.

THEOREM 5.3.1. Let E and H = —(ﬁcurlE be a (classical) solution
to the full space Mazwell’s Problem 5.1.1 (EBVP1), then the E to H

Calderon operator is given by the Fourier multiplier

— 1 T T2 T2 — k2 2
Gk (1) = ———= ( 22 2-7 A
wi k3 — |72 TN 172

with 7 € R? satisfies G\ = n/;fﬂp, for A = n/;/E|p if the

Fourier transforms exist.
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REMARK 5.3.2. Later specific conditions for existence will be given.
Most importantly, there is a condition on A to ensure integrability,
but we also need integrability of the E and H fields and their curls
in the proof. If X € Sy, (R?, C?) then above definition corresponds to

2 2
exp (i 7'17'2 Ty — k% N
GEH)\ / A7) dr.
27rwu / |T|2 < -7 ) (1)

PROOF. We split the transmitted divergence-free field
E=EY 4+ E® = (E|,Ey,v)"

into two divergence-free components such that

Ey 0
EW=1 o |,divEV =0, E@=| B, |, divE® =0.
U1 V2
8'1) dE
This means that =% = ’ for j = 1,2 and v = v; + vy. We will
now compute the correspondmg HO) = —w—ucurl EW):
HY = —LcurlE(l)
wp

= —wi’ucurl (e1E1) — wiucurl (esv1)

1 OFE, O0F; ) 81}1 vy
) L)
SN TS E T\ W

wp Oz Oxr1  Ozj Oz

The second field results in:

H®» = — icurl E®
Wit

= —cul (eaEs) — 2 curl (e3v2)
Wi wp

(a2 (0
o W ! Ozs 3 o0x1 83:2 2 0x1

i 0F>  Ovy 81}2 OE;
— e\ g ——5 | tez— —e37—
8x1 8x1
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As the components F;, and Fs satisfy the conditions for Theorem
2.4.8 and are solutions to the Helmholtz equation themselves, we can

represent the solution as double layer potentials for xg > 0.

Using the Fourier representation (2.9) of the fundamental solution in
three dimensions and its estimates in Lemma 2.4.7, we can apply the

same arguments as in Lemma 3.2.4.
In analogy to Equation 3.1 this yields the representation
1 .
E(z) = Py /exp (z [xg k2 — |72 —l—j':-TD Ei(r)dr, j=1,2,3
0
R2

for x3 > 0, where Ej denotes the two-dimensional Fourier transform
of E; at I'. Additionally, since E is divergence free, the Fourier
transforms of the three components of E satisfy

1B (1) 4+ 7 FEa (1) + k2 — |[7]2E5(1) = 0.

Therefore, it is a reasonable Ansatz to assume the following represen-
tations for the fields £, j=1,2 in the upper layer:

B = 5 e (i [ro BT+ 57]) By ar

R2
_ 2/77]
o "2 — |12
R2
- exp (z [xg k2 —|r]P+%- TD Ej(r)dr

where we identify E; and v; by E[(Jj) =e;Ej + egv;.

Since we defined v; in the upper layer using the divergence condition,
there might still be some function u(x1,x2), that is, constant in the
x3 coordinate direction, which itself satisfies the three-dimensional
Helmholtz equation such that

E3=v +vy+u.

Note that this is different to the two dimensional setup, where the

transmission conditions are relatively stronger in comparison to this
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case. It turns out that we cannot have a unique solution without a
radiation condition preventing such contributions that are constant
in the z3 coordinate direction, for example plane waves propagating
parallel to the interface I'. By the Sommerfeld radiation condition in
E3, we ensure that there is no constant contribution in any direction

to infinity, so u = 0 and v, + vo = Ej3, as expected.

By above findings and time harmonic Maxwell’s equations
HY = —LcurlE(l)
Wi

and differentiation rules for the Fourier transform the field H®) in

the upper layer is given by

Wiy = Lo b [N
Hy'(z) = ol 150 2|7
2

- exp (z [m k2—72+f'7})E1(7’)d7’

; 2
{ Ti
—ex— ——t+ Vk? - 7'2>
2 < 2 _ |72
) \ V=T

- exp (Z |:J)3 k2 — |T|2+§:-TD By (r)dr

-|-eg,2i /7’2 exp (z |:£C3 k2 — T2+ % - TD E\(7)dr
m
R2

and therefore

T1T2

VE2 |72
1 1 22
HV(2) = / K23
v 2w k2—|T|?
R2

T2

- exp (Z [xg E2— |2+ %- TD Ey(r)dr.
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For the second field H® we get

H? @) = - ei/ S SNy v
v\ = wp | 2w k2 —|7|?
R2
- exp (z |:£C3 k2—|’7'|2+£z"T})EA'2(T)dT

) T1T2

— |7—|2

- exp (z |:£C3 k2 —|7|2 +i-TD Es(r)dr

—63—/7'1 exp VEE |12+ & T:|)E2(T) dr
and thus
k272
__ kT
) 1 /k27‘7.‘2
H( )(l‘) — T1T2
v Ve

2wy
R2 -

- exp (z |:£C3 k2 — |2+ % - TD Es(7)dr .

Altogether, this yields

T1T2 _ kQ*Tf
. TV e
Hy(x = k> _Tz T1T2 . BE(r
U( ) 27TWILL/ \/k2 |T|z \/in‘T‘Q ( )
e 2 1

'exp<i [m k2—|T|2+£'TD dr .
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Therefore, we have for x3 = 0, and using Zz = Ggg\

0
z(x) = 0 | x Hy(\)
1
k2*712 __ TiT2
1 0 N=mE \]ékj—z\rP )
= 0 | x| ——nm 2 “A(T)
2mwp VERITE k2T
R2 1
0 0
cexp (iZ - 71) dr
1 (i5-7) T1To 7'22 — k2
_ exp(iZ-T s o A d
S o k? — 71 TIT2 (r)dr.
R?2 0 0
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5.4. Weighted Spaces for the Calderon Operator

In contrast to the two-dimensional models where the weak problems
for the unbounded domains are discussed using traditional Sobolev
spaces, we will see that it is impossible to achieve coercivity of the
sesquilinear form for the corresponding three-dimensional problem
without using weighted spaces. The following decomposition of the
Fourier multiplier matrix in the Calderon operator is a key point in

finding the appropriate weights:

REMARK 5.4.1. For || # 0, the matrix in the Fourier multiplier of

the Calderon operator has the following revealing decomposition:
TTa  —k? 472 1 To T1 7|2 = k% 0 T T
k2 — 72 —T1T2 N |72\ =71 0 k2 Ty —T1

By this decomposition and the division by /%2 — |7|2, we see both
the integrating as well the differentiating part of the Calderon op-
erator: The matrix on the right hand side represents a linear map
performing the surface divergence and curl in Fourier space, the ma-
trix on the left hand side is the inverse to the map performing surface
curl and divergence, so in other words the curl components map onto
divergence components and vice versa. The diagonal matrix divided

k2 — |7|? finally features the Fourier multipliers of the Dirichlet-
to-Neumann, and the Neumann-to-Dirichlet map. The detailed dis-
cussion of the mapping properties of both operators in the previous
chapter, will now lead us to appropriate function spaces describing
the mapping properties of the Calderon operator on the unbounded

domain I.

In Definition 5.2.8 the domain and ranges of the functions in the set
were artificially truncated from R? to the two dimensional set I' and
by the additional condition of orthogonality to n. It seems natural
to treat the traces as functions R? — C2. To facilitate the discus-
sion of the mapping properties and enable us to use the previously

introduced weighted Sobolev spaces directly, we will now introduce
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equivalent and corresponding weighted function spaces of functions

with domains and ranges in R?:

DEFINITION 5.4.2. Let s € R, k > 0, and o € R, then

H*(Div;R?) = {u€ H*(R?,C?) : Divu € H*(R?)}
H} ,(Div;R?*) := {u€ H*(R?C? : Divue H} ,(R?),
Curlu € HZ,;{H(RQ)}
H*(Curl;R?) := {ue€ H*(R?,C?) : Curlu € H*(R?)}
H} (CwrR?) = {u€ H*(R?,C?) : Culu€ H} (R,

Divu € Hy L, (R*)}.

REMARK 5.4.3. These spaces are normed spaces by

||u||%{5(Div;]R2) = ||U||%{-§(R2,<c2) + ||D1VU||%{S(1R2) )
||u||?‘I£)a(Div;]R2) = ||U||%15(R2,<c2) + ||D1VU||%1;)Q(R2)
2
—|—||Curlu||H£;1+1(R2)7
||u||%{5(0url;]R2) = ||U||%15(R2,<c2) + ||CUY1U||%IS(R2) 5
||u||?‘I£)a(Curl;R2) = ||U||%15(R2,<c2) + ||CUY1U||%1;)Q(R2)
2
+||D1VU||H£;1+1(]R2) .

Note that rotation of one space results in the other, in the sense that

if s € R and n represents the normal vector on T,

H*(Div;R?) = {nx v:vE HS(Curl;RQ)} )
H*(Cwl;R?) = {n/;/y Lwve HS(Div;IR{Q)} ,
H; ,(Div;R?) = {n/;/y Lwe H,‘j’a(Curl;Rz)} ,

H} (Cur,R?) = {n Xy ve H;:’a(Div;]RQ)} .

Choosing some ¢ € S(R?) illustrates that the weighted spaces are
not empty: For any v in H*(Div; R?) or H*(Curl; R?) the convolution
@ * u is not only in same space by regularity of ¢, but also in the
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weighted versions Hj , (Div;R?) or Hj ,(Curl;R?) for any a, since ¢
handles the additional weights by Proposition 4.4.3.

The following lemma establishes the norms of above spaces in the
frequency domain:

LEMMA 5.4.4. In the frequency domain, above unweighted norms have
the representations

[T —— / L+ 172)° (|8 + |- a(m)P) dr

R2

[lull3re (ure2) /(1 +172)" ([a(r)]? + [riie(r) — 7t (7)) dr
R2

and the corresponding weighted norms are

il owsey = [ (1 17 latr)Par
]R2

+/ (L+]72)"

R

R
Ny R

i e () ~ ()P
R2

lullyy sy = [ (1) i) P
]RQ

+/ (1+]712)"

N N 2
T |T11ia(T) — Totq (7)|“dT

R
[l

~ 2
e — e O
]R2

where U is the two-dimensional Fourier transform of u.

PROOF. Since Divu = 7 - @ and Curlu = 7éis — iy by Def-
inition 5.2.7 and the differentiation rules of the Fourier transform,

the assertion just combines the definition of traditional and weighted
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Sobolev spaces using the traditional and weighted Bessel potentials

in the frequency domain of the norms of u, Divu and Curlu. g

As we expected, it turns out that the space H}(Div;R?) is very well
suited for the Calderon operator at the unbounded interface I' that

was introduced before:

THEOREM 5.4.5. The Calderon operator Ggg at I, given by

— 1 T Ty —k2 472 .
Gen\(T) = e ( 2 2 _+ 2] M),
wi k3 — |T|? + 7T T1T2

is a bounded mapping Gpg : H,i’a(Div;RQ) — H,j’a(Div;R2) for
seR and a > 0.

PROOF. This proof only validates the mapping properties, and
for brevity let k& = ky: Recall that for A € H;:,a(Div; R?),

||)‘||%{ (Div;R2) = ||/\||%{S(R2,C2)+||Div)‘H%{bﬁ (R2)+||Cur1)\||i{s,1 R2
k,a ko k.ot (R?)
= [asrPrieP e
]RZ
1+ 7.2 s+a . .
+/7(|k21||7|)2|(, 1 () + o (r) 2 dr
]RQ
(14725t <

Wh’g)\l(’r) - ’7'15\2(7')|2 dr.
R2

Then the image p(t) = GgaA(t) is bounded by these norms. First,
the norm of ||Curl Gy ||

2 .
s—1 1S
Hy oqa (R?)

1 2\s+a«
[Curl Gpa A%, Chdu)
k,

_ A A ~ . . 2
a1 (B2 k2 — |7_|2|a+1 |T2f1.(T) = T1fia(7)[" dT
RZ

where

A(r) 1 1 nre  —k*+ 713 A)
)= . T).
M) = o B\ =72 —mim
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Since
-
To T1T2 —k2 + 72 T
) 2 2 : = (T12 + 7'22 - k'2) !
—T1 k* — i —T1To To
we have
(L |rP)ste NG
| i i) = ()
RQ
L [

= 2 192123 5 2
= G ) o 12 = 72 [ (7) + moda(r)|
R2

and therefore

1 (1 + |T|2)s+a
1 )\ 2 N =
[|Curl Gy ||H,~C1Q+I(R2) (2mwp)? / k2 —|r*
R2

R . 2
. ‘71/\1(7') + 7 A2(T)| dT

o) |[Div A”%{Z&(Rz) :

Next, the norm of ||Div GEH)\”?{Z,Q(RZ):
' L |72)ste 2
||Div GEH/\H%—I;Q(R% - / W |T1f1 (T) + T2fi2(7)|” dT
R2

Since

-
5! T1T2 —k%+ 7'22 2 To
T k? — 72 —T1T2 -7

we have

1+ ,7_2 sta R R

/ (|k'2 l ||T|)2|a |T1f1(7) + T2M2(T)|2 dr

RZ
S O L VTN

= E* |11 (7) — iAo (7)| dr.
2 2 oja+1
Crop? J T2~ Il
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This results in

4

. k
||D1V Ge)\”%{i’u(RQ) = W||CUI‘IA|

2
s—1 .
Hi; o1 (R?)

The two remaining norms are both dissected into two parts:
JasrPrlmpa = [0 iRyl
R2 K

+ / (14 7[2)° i () [P
R2\ K

where K = {7 € R? : |7| < v/2k} and p = 1, 2.

Outside K, we have

| @lePylinpar
R2\ K

1 / 1+
(2mwp)? k2 — |72
R2\K

_ 1 / (L +]r)®
C (2mwp)? k2 — |72
R2\K

R . 2
T1T2A1(T) + (—k? + 7'22)/\2(7)‘ dr

dr .

o (1AL (7) + o ha (7)) — k%(r)f

Since on the one hand

(L] : N (e DA e
W r]7] To (T A1 (T) + ’7'2)\2(7'))‘ < 7%2 ey ‘7’1>\1(T) + A2 (T)
and on the other hand for |7|* > 2k?

(L +[)°

2
PAY < 1 2\s
k2 — 77| k )‘2(7)‘ < (1+|7%)

N 2
kAo (7)‘




5.4. WEIGHTED SPACES FOR THE CALDERON OPERATOR 103

the summands can be estimated by ||Div)\||%,i.a(R2) and ||)\||%IS(R27C2)
using Minkowski’s inequality

1 248 ~ 24 (ClHDiV)‘| Hy (R2) T K[[A] Hs(]Rz,cz))
[ a+irPrlinpar .
R2\K
.« 2
(2mwp) - (B2)
2C1 k
(2rwp)? 5 IDVAl g &) Al Be ®2,02)
k2
+ (271_&}#)2 ||/\||%—I-§(R2,C2) s
where C} = max %22 : kQ_M; : and likewise
1 |T|Z\/§k k [7] 1+]7]
[ @By laampar
R2\ K
1 (1 + 172y : o
- (2mwp)? / k2 — |72 (k2 - 7'12))‘1(7) - 7'17'2>\2(T)‘ dr
R\ K

dr,

T 2\s R R . 9
- (2773)#)2 / T112+_| |7|.|3| ? (1) = (T A (7) + 7'2)\2(7'))‘
R2\ K

thus

2
Hy  (R2) + k”)‘”Hs(]R?,(C?))

| s iepylastar Bl

]R2\K (27“"}#’)2
_ ct
 (2nwp) R?)
201k
Dr 2 P 2 [N e,
k2

+

2
(2rwp)? Mz 2 c2) -
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Within K, it is

/ (14 72)° | ()P

K

1 / A+
(rwp)? ) [k = |7]?
K

_ 1 / A+
o @rwp)? )[R -2
K

’7'17'25\1 (7’) + (-kQ + 7'22)5\2(7—) dr

‘ 2

sl (725\1 (r) — 7'1;\2(7))

(K~ lrP)olr)| dr

and similar to before we have on the one hand

1+ |7 . . 2 1+ ,7_2 s+1 R “ 2
(Chauvh |) ni(r2hi(7) = (7)) < Wi [0 (r) = mda(r)|
k2 — k2 = |7[?]
and on the other hand
(14 172)" N RN
[ (k‘2—|7|2))\2(7)‘ =1+ /\2(T)‘ |k — 77| .
Thus the summands can be estimated using ||Curl)||2 I () and
Y[
JasrPrimmPar < (CallCulilyy s o+ Il
K
= C’2||Curl)\||Hg LL®)
+2CQ||CIH‘1/\| Y 1 1(R2)||/\||H (R2,C2)
+||)‘||H5(]R2,(C2)
where CF = max |7|?- [k? — |7'|2‘a. Finally,
I7|<V2k

(L4 |71*) ()2 dr

?lngr s ) (k% — )M (1) —717'25\2(7)‘2657
_ ﬁ; L 02 = r2)3a() = () = ()

w\ x\ N
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so likewise

/ (1+ 7[2)° fin () 2

K

IN

2
(cg||cur1A||HZ:3H(R2) n ||)\||H5(R27C2))

CZ||Curl \||

2
s—1
Hy o1 (R?)

+2CZ||CUTI)‘”HZ—Q1 1(]R2)||>‘||HS(]R2,(C2)

+

A e (g2 c2) -

By the same argumentation, an identical result holds for the second

Calderon operator:

THEOREM 5.4.6. The Calderon operator Ggg at T, given by

— —1 T1T2 —If2 +T2 N
GrpA(T) = o 2 e < k2 — 12 —:' T i AT,
wey (/K3 —|7|? + 7 172

is a bounded mapping Gyg : H,ﬁ}a(Div;RQ) — H,j’a(Div;R2) for
seR and a > 0.

The last two theorems present the same mapping properties of the
Calderon operators as in [26, 19] where they were used at bounded
interfaces, but they will not be sufficient for the discussion at the
infinite boundary plane. The following Lemma will be most useful
for the discussion of coercivity of the weak formulation, as it defines

the Calderon operators for even less regular spaces than before:

LEMMA 5.4.7. For s > —%,
Gup,Gpu : H ,(Div;R?) —  (H; ,(Cur;R?))”

are bounded with respect to the L*(R?) scalar product if and only if
a>—1
=73
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PROOF. Let u,v € Hy ,(Cur;R?), then n x u € Hj,(Div;R?)
and

—_—~—

<U,GHE7”L X 1~L>R2

_k2 2 ~
= C/ exp (61; 1/)2) 2T1T2 2 + + T2 1,{,2 dT
|7_|2 k% — i —T1T2 —1q

. / exp (i(t - 7)) ((r-a)(r-0) + (k2 = |7[*)(a-0)) dr
IrI<2k, |T|2
+C / et 1) ((rotin — mytia) (201 — o) + k3 (0 - 0)) dr .

2
|7]>2k4 \/ |T|

This integration will only be successful for || < 2ky for all v and v
if and only if the surface divergences 7-4 and 7 - 0 are sufficiently reg-
ular: So if Divu,Dive € H;;Xﬂ_l(RQ), then the equivalent condition
is 294 > L or a > —1. For |7| > 2k, the condition for the surface
curls Curlu, Curlv € Hj (R?) and u,v € H*(R?) is 25 > -1,

5> —% is needed and suffices for the remainder of the integral. 0O

SO

5.5. Variational Approach

Now that suitable integral equalities, the Calderon operator, and its
mapping properties are established, we may lay out the weak prob-
lems after the next definition of the solution space of H(curl;R?)
functions with traces in H k_ i/ 2 (Div; R?) appropriate for the Calderon
operator:

DEFINITION 5.5.1. For k > 0, a € R, let

Hp, o (curl; Curl; R? ) := {u € H(curl,R?) : Mh €H, ;2 (D1V RQ)}.

REMARK 5.5.2. The space Hy, ,(curl; Curl; R? ) is normed by

lulls, ooz )= ullfzgs coy + [lewlul| 22 s co
el e )

+ ||Cur1u|F|| 1/2 Rg) + ||D1VU|F|| *3/2 (]R2)
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and is non-empty for a > 0, as trace functions in H,_ ;/ 2 (Div; R?) are
in H~1/2(Div; R?) as well, and therefore have extensions to functions
in H(curl;R?). Thus all spaces Hy, o (curl; Curl; R?) are non-empty,
as H}; ,(Div; R?) C Hj 5(Div;R?) for all 3 < . Since H*(Div; R?) C
H,ﬁ}a(DiV;RQ) for a < 0 and since H*®(Div;RR?) is the trace space of
H(curl; R?) in the regarded context, we even have
H(curl; R®) = Hy, o (curl; Curl; R?) for a < —1
as sets with differing norms.

At first, it seems natural to assume o« = 0 or @ = —1 to seek a solution
in a space closest to H(curl;R?), as then either the surface curl or
the surface divergence resembles the usual trace space. In order to
discuss which « are appropriate, the problem definitions are posed

for general o > —1/2 for which the sesquilinear form is well defined:

PROBLEM 5.5.3. (EBVP2)
For D = R3\Q and a > —1/2, find u € Hy, o (curl; Curl; D) such that
for all test functions ¢ € Hy, o(curl; Curl; D) the equation
bp(u, ) = ap(p)
holds, where
be(u,p) = (curlu, curl @) 2(py — k2 (4, ©) L2(p)
+ iwp(GEaYi, TrP)R:
using the traces vyu = n X u|r, 7r@ = n x (@ X n)|p, and
ap(p) = —(nx E' (n x @) x n)aq
for an analytic incoming field E* defined at least around €.

The weak problem for the magnetic field intensity for « € R is defined
as:

PROBLEM 5.5.4. (HBVP2)
For D =R3\Q and a > —1/2, find u € Hy, (curl; Curl; D) such that
for all test functions ¢ € Hy, o (curl; Curl; D) the equation

br(u, ) = an(p)
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holds, where

ba(u,@) = (curlu, curl ) 12 (py — k2 (4, ) 2(D)
+  (0- —iwe_)(Gupyiu, Tre)R
and
ar () = (curlg, curlp) 2py — k2 (9,9) 12(D) »
where ¢ is a smooth rapidly decaying vector field such that its sup-

port is located in a small domain around Q and glog = —H%|sq, an

analytic incoming field, defined at least around {2.

5.6. Existence, Uniqueness, and Equivalence

By the discussion of the Calderon operator we found out that the

weak problem definitions are only well posed for ao > —1/2:

THEOREM 5.6.1.

b ;
sup 7| E/H(u il < 00

u,vE H, o (curl;Curl,R3 ) ||u|| ||’U||

if and only if o > —%.

PROOF. As u,v € H(curl, R?), we only need to consider the last
part of the sesquilinear forms. Lemma 5.4.7 then proves the desired

assertion. O

In the following, we will concentrate on the weak problem for the H
field for two reasons: First, only by exposes suitable phase conditions
for application of the extended Lax Milgram Lemma, and second, a
solution to one of the weak problems will yield a solution to the other

problem.

PROPOSITION 5.6.2. In the following, two representations of by (u,w)

will be used, where tp = 1 = (ii1,72) " denotes the two dimensional
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Fourier transform of the first two components of u at T'.

@)
bp (u,u) = IICHTIUII%2 ) = k2l )

/ |’7’ uT|2
—-Z-——— dr
= |7?

k2
—ik—;/ K2 — [P g dr
+

]R2
(44)
ba(u,u) = ||Cuﬂu||%2(p) — K2 [JullZ2(py
/ |2t — Tido|* —T1u2|2 dr
|T|2

2
—zk%/imﬂ dr
RV

PrROOF. The first two summands are obvious since
b (u,u) = (curlu, curlwu)p2(py — k% (u, u)12(D)

+ (0 —iwe ) (Gupyu, Tri)g:

. 2 . 2
: : o_—iwe_ _ .wlc_H4iwo_ kT .
S0 it remains to analyze the term Toer T T arey = z—k2+ using

Equation (2.3) and the term
1 o _k2 2 _5
(ﬂlv ﬂ2) 2T1T2 2 * " E ,l;LQ .
/kgr — |72 k% — i —T1T2 Up

First of all,

—— = T1T2 —k? +7—2 o -— . e
(1, a2) < 2 2 o ) ( . >_—T1T2 (Uﬂtz +U1U2)
k% — i —T1T2 =
— (k% —73) ||

— (kK3 — 1) |ao|?.
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From this we get the first representation by
—717 (G tig + A tz) — (K7 — 73) |1 > = (k3 — 71) |Go|?
= — (k%r — |’7’|2) |12T|2 — 7 |u1|2 — T1To (ulug + U1UQ) — 75 |uQ|2
= — (k1 —1I71?) lar|* - |7 - ar)?
and the second representation by

—T1T2 (’Et_lag —l—’&lﬁ_g) — (ki — 7'22) |’&1|2 — (k-2|- — 7'12) |’&2|2

—ki|ﬂT|2 + (722|ﬁ1|2 + T17T2 (ﬁ_1ﬂ2 + ﬂlﬁ_g) =+ T12|ﬁ2|2)

—k3|ar)? + |t — man)? .
O

REMARK 5.6.3. We will need to analyze the structure of the sesquilin-
ear forms by plots of the phases of the different terms of by in the
complex plane. As before, we assume arg k2 € (0, 7). In the plots we
set argk? ~ 7 for illustration purposes. As before, the arguments of

square roots are either 0 for |[7| < ky or J for |7 > k.

Representation (i) of by (u,u) =

||CU.I'1’U,||%2(]R3_) —k% | |’LL| |i2(R‘z)

(4) (B)

k2 A2
—zk— _rede —z— ./kQ 7|2 a2 dr
ﬂ/k?i-_|7—|2
(©)

(D)

(B) (©) (D)
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Representation (ii) of by (u,u) =

||cur1u||%2(R3_) —k‘% | |u| |i2(]R‘z)

(B)
Isz —7'1U2| 9 / i |?
—H—/ dr —ik* —_——dT
|T|2 ARV e
(B) (F)
(B) (E) (F)

’ Tqu ‘
4 |'l'|ﬁ\7'<lur

The dashed lines in the plots approximate the coercivity plane in the

spirit of Lemma 1.3.3 for the proof of the next theorem. It turns out
that even though the problem is well defined for a > —3, coercivity

is impossible for a@ > — 2, leaving only one choice of «:

LEMMA 5.6.4. For all constants ¢ > 0 and o > —1 there exists a

2
function w € Hy, o(curl; Curl; D) such that

|bH(u7 ’LL)| < C||u||?‘1k,a(curl;0ur1;D) :

PROOF. First, we need some continuous extension operator F
from Sk (R2,C?) to Hy o (curl; Curl; D), such as Ep(z) = gb(t%)e*mg
for ¢ € S, (R?,C?). Please note, that the extension operator will be
used together with the Fourier transform. For arbitrary but from

now on fixed € > 0 let
©o € Sp(R* C?) with suppgp € B 4(0)\Br12/2(0)

and normalized by ||Edol|m, _(curl;cur;p) = 1. Starting from ¢ we
will define a sequence of functions which extended Fourier transforms
will eventually yield a function with the desired properties by induc-

tion:
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Assume that ¢, € Si(R?,C?) and

Supp ¥n € Biqe/on (O)\Bk+6/2"+1 (0),

then we define

) +k .
Ynsa(re) == o (T ew) |

which inherits ¢, 11 € Sp(R?, C?) and moves the support to

SUpp Yn+1 € Biyejan+1(0)\Bpye/an+2(0).

We therefore have an extension E@ZAJnH € Hj, o(curl; Curl; D), and we

may normalize

wn-i-l

| |E¢n+1 | |Hkya(cur1;Cur1;D)

Pn+1 ‘=

Note that such a sequence of (E@,) is not a Cauchy sequence in

H, . (curl; Curl; D), since by construction

,Q
||D1V¢n+1 - Div@”HHk_,i/fl(RQ)

will not vanish. Thus it does not contradict the completeness of the

singular weighted Sobolev spaces.

Regarding the individual parts of the Hy o(curl; Curl; D) norm, we

see that for a > —1 the ||Div @y, will grow for increas-

202, )
ing n compared to the other parts due to the moving support and
the highest order singular weight function. By representation (i) of
ag(Edn, Edy), it is bound from above by several norms, from which
the norm with the most singular weight is ||Div <,5n||qu_1 2 There-

fore, ap(E¢y, E¢y) converges to 0 if @ > —1 as it has a less sin-
gular weight, and thus for n sufficiently large there exists a function
u = FE¢, such that the assertion is fulfilled for any previously chosen

c> 0. O

THEOREM 5.6.5. There are constants C and ¢ dependent on k_ and
ky such that

Re (ei<pr(ua ’LL)) > C||u||%{k+,a (curl;Curl; D)
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for all w € Hy, o(curl; Curl; D) if and only if a = —1.

PROOF. The norms are treated in Fourier space within three sec-
tions: The first section will treat large frequencies, the second section
frequencies just above the wave number &, , and the last section will

cover frequencies below the wave number k.

First, we consider the segment

k4
. 2.
pi={TeR?: |7] > /K2 + 4|k |4},

where C is a trace constant, such that

CT||G’|F||§{—1/2(]R2) < ||U’||§-I(curl;]Ri)

for all u € H(curl;R?).

Using the representation (i) of by (u, u), we see that all terms are on
one side of a coercivity plane for this segment, except for the term
(E) for || > k4. Since the term
1+ |72 B 1+ k;_%_
P T R
is monotonically decreasing for |7| > k4 which is the case for 7 € ¥4
and noting that

k2 k2 4 kic% 12 _ kiCT
+ T4k o 2k2
we may estimate
1/2
|1+ |72 k2 | T k1 C2
+
K3 — 2| RO A

if 7 € ¥; and therefore by Lemma 5.2.11

2
1 — Tt
/|721 T1l2| dr

ITI2
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|k |4 ) 4 2
S ZE 1+k+ 4|k |4||Cur1u||H 1/2(]R2)
k_[*CE , |
é 2@ 1+k 4|k |4 ||cur1u||L2(D)
:ch

As discussed in Lemma 1.3.3, we now choose ¢ such that

Tolly — T1U 1
ziﬁz_/| 201 1 2| dr —||CUI'1’U,||L2(R3),
Ve )

then by above considerations there exists a constant Cy such that

. k2_ Tgﬁl - ’7'1’&2 2
Re |e*¥ k_2 7| | dr

MSTERY k3 —|7]?
2

1 9 k2 5
+ 5||cur1u||L2(R3_) + 7||u||L2(R3_)

> G (llewrlullFaes y + llul Fages ) -

The remaining norms are bounded due to the usual traces because
|T| > k?+ + €.

For the second segment consider

k;4 C'2
ST

Yo:={reR?: ky <|1| <

and representation (i) of by (u,u). Here, the |7| > k4 part of the (D)
term is on the wrong side of the coercivity plane, but by monotonicity

of the square root term and the specific choice of Y5, we see that

N

k2 N Cr
= [ VR iRl ar] < SFlalli-va
+

PP

IN

1
5 (1l e ) + llewrlul 22z )
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it is sufficiently small in 35, thus
ip k% 2 215412
Re |e —iry k3 — |7 |ar| dr
+ Sy

1 k2
+§||CUY1U||2L2(R§)+7||u||%2(u§i) = 0.

In this segment the estimation of the a trace norms are most impor-

tant; it turns out that
Re ew(_i)g [ Mdr
k3 o VEL—IT]2

oya—1/2
204/(}1+|T|) "ELT|2d7—,

5 a+1 |T
||DiVuHZ};i/fl(Div;R2)\Eg

for some constant Cy if and only if a@ < —%: This is the necessary

condition under which the denominator of the Bessel potential factor

. 2
of the ||D1V U| |H1;i/+21 (Div;R?)

the left-hand side. The estimate of the surface curl norm of u follows

norm has at most the same singularity as

from Lemma 4.3.6 as a < 0.

For the third segment consider
Y= {r€R?: |7| < ky}

and representation (i) of by (u,w). Here, all summands multiplied by
e’ have a positive real part, thus estimates for ||u|| and ||curl u|| are
given, and as before

i
+23
1/2
(L+17*)" >

>
20 [ et

y; T

|| Div ul| _3/2
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if and only if a < —%, and the estimate for the surface curl norm of

u is again easily fulfilled by Lemma 4.3.6 as a < 0. g

CONCLUSION 5.6.6. The weak problem for the magnetic field inten-
sity (HBVP2) is uniquely solvable for « = —1/2 by the Lax-Milgram
Lemma. This also yields a solution for (EBVP2) for the same «, and

the solutions may be extended to solutions in the full space R3.

LEMMA 5.6.7. A solution H to Problem 5.1.2 (HBVP1) satisfying
the integrability condition H|p € Hy, _; o(curl; Curl; D) is a solution
to Problem 5.5.4 (HBVP2).

PRrROOF. If H is a solution to HBVP1, then a function u := H +g,
where ¢ is chosen in HBVP2, will satisfy

curlcurlu + k2w = curlcurl g + k2 ¢
in R? | and n x curlu|gg = 0. Let
¢ € Hy, 1 2(curl; Curl; D) N C>(D, C?)

be an arbitrary test function. Then, by multiplication of above equa-
tion by ¢, integration over D and the integral identity (5.4), we gain

(curlu, curl ) r2(py — k% (u, ©)r2(py — (n x curlu, p)r
= (curlg,curl 80)L2(D) -k (g, SO)L?(D) .

Since the term n x curlu may be expressed by the Calderon op-
erator, using Theorem 5.3.1 and density proven in Lemma 5.2.4,
the vector field H satisfies by (H,¢) = amg(p) for any test function
¢ € Hy, _y/5(curl; Curl; D). O

LEMMA 5.6.8. The extension U of a solution uw to Problem 5.5./
(HBVP2) defined by

) v(z)  for reRY,
V@) { u(z) for xeR3UT,
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where v is defined as a divergence free vector field using a double layer

potential
vi(z) | _ 2k [0%(xy) [ wily) dy
va(x) k3 J dys3 uz(y) 7
_ r Ovi (w1, 22,y3)  Ova(z1,22,y3)
’U3($) N /< 8x1 8152 dy3

x3

is a solution to Problem 5.1.2 (HBVP1).

PROOF. Since the Calderon operator is defined as a Fourier mul-
tiplier, it is as translation invariant and linear like the Dirichlet-to-

Neumann operator A. Therefore,
brr(Afu, @) = —bu(u, A7") = —am(A7"¢),  j=1,2

if u is a solution to HBVP2. A corresponding equation holds for u—g,
and thus we may bound the difference quotients by the coercivity of
ba
CllAYul 3y < Ml oyllgll e ()

for all h > 0, so %u € HY(D). Using the sesquilinear form ay
to find a bound for the derivative of u with respect to x3, the third
component is also in H!(D) and therefore u € H*(D) C C(D). By
smoothness of H? and 01, we may repeat the argumentation result-
ing in w € C%*(D). The double layer potential Ansatz for R} with
such continuous and bounded potential therefore fulfills the radiation

conditions and Maxwell’s equations and the jump conditions. O

Please note that the uniqueness result of Delbary et al. [11] is appli-
cable using uw € H(curl, D) N C(D) instead of the exponential decay
condition in the proof. Therefore, the weak and classical problems

are equivalent.
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7T, 85, 88
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Vi o> 66
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p(z,t), 23 field intensity, 23
ox(7), 69, 78 induction, 23
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w, 24 time harmonic, 24
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S;(R™), 73, 80

Divergence Theorem, 84

Electric

charge density, 23 upward propagating, UPRC, 35
conductivity, 24

. Schwartz space
current density, 23

D([R"™), 9
displacement, 23 . (Rn ) .
field intensity, 23 (R™),

S(R™), 10

permittivity, 24
Si(R™), 69, 78

Fourier multiplier Silver-Miiller, see Radiation

Dirichlet-to-Neumann, 46 condition

b°, 11 Sobolev space, 12

"/’Z,w 66 weighted, 74

on, 69, 78 Sommerfeld, see Radiation
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Hankel function, 36 Surface divergence and curl, 86
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Yn, 85, 87

¢, 85, 88

7, 85, 88
Transmission condition, 26, 30, 44
Transverse

electric, 29, 32, 45, 50

magnetic, 29, 31, 44, 52

UPRC, see Radiation condition

Wave number, 24






[1]
2]

[3]

[4]

[5]

[6]

[7]

(8]

[9]

(10]

(11]

(12]
(13]

Bibliography

R. A. Adams, J. J. F. Fournier: Sobolev Spaces (2nd edn). Elsevier, 2003.
M. Cessenat: Mathematical Methods in Electromagnetism: Linear Theory
and Applications. World Scientific, 1996.

J. Coyle: Direct and Inverse Problems in Electromagnetic Scattering from
Anisotropic Objects. PhD Thesis, University of Delaware, 1998.

J. Coyle: Locating the Support of Objects Contained in a Two-Layered
Background Medium in Two Dimensions. Inverse Problems, Volume 16, 275—
292, 2000.

P.-M. Cutzach, C. Hazard: Existence, Uniqueness and Analyticity Properties
for Electromagnetic Scattering in a Two-Layered Medium. Math. Methods
Appl. Sci., Volume 21, 433-461, 1998.

D. Colton, R. Kress: Inverse Acoustic and Electromagnetic Scattering The-
ory, 2nd Edition. Springer-Verlag, 1998.

S. N. Chandler-Wilde: The Impedance Boundary Value Problem for the
Helmholtz Equation in a Half-Plane. Math. Methods Appl. Sci., Volume 20,
813-840, 1997.

S. N. Chandler-Wilde, P. Monk: Existence, Uniqueness and Variational
Methods for Scattering by Unbounded Rough Surfaces. STAM J. Math. Anal.,
Volume 37, 2005.

S. N. Chandler-Wilde, C. R. Ross: Uniqueness Results for Direct and Inverse
Scattering by Infinite Surfaces in a Lossy Medium. Inverse Problems 10,
1063-1067, 1995.

S. N. Chandler-Wilde, B. Zhang: Electromagnetic Scattering by an Inho-
mogeneous Conducting or Dielectric Layer on a Perfectly Conducting Plate.
Proc. Roy. Soc. London Ser. A, 454, 519-542, 1998.

F. Delbary, K. Erhard, R. Kress, R. Potthast, J. Schulz: Inverse Electro-
magnetic Scattering in a Two-Layered Medium with an Application to Mine
Detection. Inverse Problems, Volume 24, 015002, 2008.

L. C. Evans: Partial Differential Equations. AMS, 1998.

B. Gebauer, M. Hanke, A. Kirsch, W. Muniz, C. Schneider: A Sampling
Method for Detecting Buried Objects using Electromagnetic Scattering. In-
verse Problems, Volume 21, 2035-2050, 2005.

123



124
[14]
[15]
[16]
[17)
18]
[19]

20]

(21]

(22]

23]

(24]

25]

[26]
[27]
28]
[29]
[30]

(31]

(32]

BIBLIOGRAPHY

D. Gilbarg, N. S. Trudinger: Elliptic Partial Differential Equations of Second
Order. Springer-Verlag, 1983.

J. Horvath: Topological Vector Spaces and Distributions. Addison-Wesley,
1966.

J. D. Jackson: Klassische Elektrodynamik, 2. Auflage. De Gruyter, 1982.

A. Kirsch: An Integral Equation for Maxwell’s Equations in a Layered
Medium with an Application to the Factorization Method. J. Int. Equ. Appl,
Volume 19, 333-358, 2007.

A. Kirsch, N. Grinberg: The Factorization Method for Inverse Problems,
Oxford University Press, 2008.

A. Kirsch, P. Monk: A Finite Element/Spectral Method for Approximating
the Time-Harmonic Maxwell System in R3. SIAM J. Appl. Math., Volume
55, 1324-1344, 1995.

A. Kirsch, P. Monk: Corrigendum: A Finite Element/Spectral Method for
Approximating the Time-Harmonic Maxwell System in R3. SIAM J. Appl.
Math., Volume 58, 2024-2028, 1998.

G. Kothe: Topological Vector Spaces I. Springer-Verlag, 1969.

W. McLean: Strongly Elliptic Systems and Boundary Integral Equations.
Cambridge University Press, 2000.

F. M. Odeh: Uniqueness Theorems for the Helmholtz Equation in Domains
With Infinite Boundaries, J. Math. Mech., Volume 12, 857-868, 1963.

A. Lechleiter, S. Ritterbusch: Scattering of Acoustic Waves from Rough
Layers. Submitted, 2009.

D. Lesselier, B. Duchéne: Buried 2D Penetrable Objects Illuminated by
Line Sources: FFT-based Iterative Computations of the Anomalous Field.
Applications of Conjugate Gradient Methods to Electromagnetics and Signal
Analysis, 400-438, Elsevier, 1991.

P. Monk: Finite Element Methods for Maxwell’s Equations. Oxford Science
Publications, Oxford, 2004

M. Petry: Uber die Streuung zeitharmonischer Wellen im geschichteten
Raum, PhD Thesis, Georg-August-Universitdt Gottingen, 1993.

J. A. DeSanto: Scalar Wave Theory, Green’s Functions and Applications.
Springer-Verlag, 1992.

L. Schwartz: Théorie des Distributions. Hermann, Paris, 1966.

J. A. Stratton: Electromagnetic Theory (Reissue). IEEE Press, 2007.

F. Treves: Topological Vector Spaces, Distributions and Kernels. Academic
Press, 1967.

W. Walter: Einfiilhrung in die Theorie der Distributionen. BI-
Wissenschaftsverlag, 1994.



BIBLIOGRAPHY 125

[33] C. H. Wilcox: The Steady-State Diffraction of Electromagnetic Radiation
by an Obstacle in an Inhomogeneous Anisotropic Conducting Medium. Arch.
Rational Mech. Anal., Volume 14, 326-336, 1963.



