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0 Introduction

Arithmetic subgroups of semi-simple Lie groups have been and still are a
major subject of study. They are examples of lattices, i.e. discrete subgroups
of finite covolume. Margulis’ Arithmeticity Theorem states that for groups
with R-rank greater than or equal to 2, the only lattices are the arithmetic
ones (see Margulis [17], Theorem A, p.298).

The situation is very different for the simple Lie groups PSL(2,R) and
PSL(2,C). There, the arithmetic lattices represent a minority among all
lattices, i.e. the cofinite Fuchsian and Kleinian groups. Nevertheless, they
provide important examples since one can get the general form of their ele-
ments quite explicitly and not only in terms of generators.

The so called semi-arithmetic Fuchsian groups constitute a specific class
of Fuchsian groups which can be embedded up to commensurability in arith-
metic subgroups of PSL(2, R)" (see Schmutz Schaller and Wolfart [21]). These
embeddings are of infinite covolume in PSL(2,R)". A trivial example is the
group PSL(2,Z) that can be embedded diagonally in any Hilbert modular
group. Further examples are the other arithmetic Fuchsian groups and the
triangle Fuchsian groups.

While lattices are studied very well, only little is known about discrete
subgroups of infinite covolume of semi-simple Lie groups. The main class
of examples are Schottky groups. The chief goal of this thesis is to provide
and investigate further examples of such subgroups. Namely, we consider
subgroups of irreducible lattices in PSL(2, C)? x PSL(2, R)" with the property
that the projection to one of the factors is a Fuchsian (or a Kleinian) group.
We are in particular interested in those groups whose projection to one of the
factors is (a subgroup of) an arithmetic Fuchsian (or Kleinian) group. These
are exactly the nonelementary groups with the “smallest” possible limit set.
It is somewhat surprising that one can get information about the arithmetic
nature of a group from its limit set.

We recall the definition of the limit set. The symmetric space correspond-
ing to PSL(2,C)? x PSL(2,R)" is a product of 2- and 3-dimensional real hy-
perbolic spaces (H?)? x (H?)". The geometric boundary of (H?)? x (H?)" is
the set of equivalence classes of asymptotic geodesic rays. Adding the geo-
metric boundary to (H?)? x (H?)" yields a compactification of (H?)? x (H?)"
compatible with the action of PSL(2,C)? x PSL(2,R)". The limit set Lr
of a discrete subgroup I' of PSL(2,C)? x PSL(2,R)" is the part of the or-



bit closure I'(x) in the geometric boundary where z is an arbitrary point in
(H3)? x (H?)". Hence the limit set gives us information about the group by
looking at its action “far away”.

This thesis is organized as follows. In Section 1 we have compiled some
basic facts about Fuchsian and Kleinian groups and especially about Schot-
tky groups. We prove in particular a criterion for a Schottky subgroup of
PSL(2,C) to be Zariski dense over R.

Section 2 provides a detailed description of the geometric boundary of
(H3)? x (H?*)". We also introduce the notion of the limit set and state a
structure theorem for the regular limit set L1 of discrete nonelementary
groups I' due to Link: £7¥ is the product of the Furstenberg limit set Fr
and the projective limit set Pr. We also give a criterion for a subgroup of
PSL(2,C)? x PSL(2,R)" to be nonelementary.

Section 3 is devoted to the study of nonelementary groups. We show that
the regular limit set of a nonelementary group is not empty. The main result
of the section is the following theorem, which is Theorem 3.8 in the text.

Theorem A. Let " be a nonelementary subgroup of an irreducible arithmetic
group in PSL(2,C)? x PSL(2,R)" with g +r > 2. Then Pr is convex and the
closure of Pr in RPIT ! is equal to the limit cone of T and in particular the
limit cone of I' is convex.

This is a result similar to a theorem of Benoist in Section 1.2 in [2].
Note however that while the interior of the limit cone is always nonempty for
Zariski dense groups, it can be empty for groups that are just nonelementary.

In Section 4 we describe the irreducible arithmetic subgroups of the group
PSL(2,C)? x PSL(2,R)" using quaternion algebras.

In Section 5 we consider subgroups (of infinite index) of irreducible arith-
metic groups in PSL(2,C)? x PSL(2,R)". We start by giving the example of
Hecke groups embedded in Hilbert modular groups. In §5.3 we determine the
groups with the smallest possible limit set. The main result is a compilation
of Theorem 5.10 and Corollary 5.18.

Theorem B. Let I be as in Theorem A and in addition be finitely generated.
Then the projective limit set Pr consists of exactly one point if and only if I’
is a conjugate by an element in GL(2,C)? x GL(2,R)" of a subgroup of

Diag(S) := {(o1(s),...,041r(s)) | s € S},



where S is an arithmetic Fuchsian or Kleinian group and, for each i =
1,...,q9+r, o; denotes either the identity or the complex conjugation.

In particular, Theorem 5.10 shows that the projective limit set Pr consists
of exactly one point if and only if p;(I") is contained in an arithmetic Fuchsian
or Kleinian group for one and hence all j € {1,...,q+ r}.

The main ingredients of the proof are the characterization of cofinite
arithmetic Fuchsian groups by Takeuchi [24] (and the analogous characteri-
zation for cofinite Kleinian groups given by Maclachlan and Reid in [16]), the
criterion for Zariski density of Dal’Bo and Kim [7] and a theorem of Benoist
[2] stating that for Zariski dense subgroups of PSL(2,C)? x PSL(2,R)" the
projective limit cone has nonempty interior.

There are some differences depending on whether ¢ = 0 or r = 0 or
qr # 0. The group S and hence p;(I') can be an arithmetic Kleinian group
only if r = 0. And if ¢ = 0, we can require that only one of the projections of
I' is nonelementary. This is due to the following fact. If A is a subgroup of
an irreducible arithmetic group in PSL(2,R)" and T is a subgroup of A such
that its projection to one factor is nonelementary, then I' is nonelementary
(Lemma 3.5). This is no longer true in the general case as the example in
the remark after Corollary 5.12 shows.

We can also avoid the assumption that I' is nonelementary by using the
limit cone as Theorem 5.16 shows.

We then consider the full limit set (instead of Pr only) and determine
the nonelementary groups with the smallest one. The following theorem is a
compilation of Theorem 5.19 and Corollary 5.20.

Theorem C. Let I' be a finitely generated subgroup of an irreducible arith-
metic group in PSL(2,C)? x PSL(2,R)" with ¢ +r > 2 and r # 0 such
that p; (') is nonelementary for some j =1,...,q+1r. Then Lr is embedded
homeomorphically in a circle if and only if p;(I') is contained in an arithmetic
Fuchsian group.

Furthermore Ly is homeomorphic to a circle if and only if p;(I') is a
cofinite arithmetic Fuchsian group.

In the case r = 0 we prove the following theorem, which is Theorem 5.21
in the text.

Theorem D. Let I' be a subgroup of an irreducible arithmetic group in
PSL(2,C)? with ¢ > 2 and assume that p;(T') is a cofinite Kleinian group
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for some j € {1,...,q}. Then Lr is the image of a differentiable embedding
of the 2-sphere S* in O(H?)? if and only if p;(T') is an arithmetic Kleinian
group.

In the case r = 0 we can also ask the question when the limit set is
homeomorphic to a circle and the answer is given by Theorem 5.22, which is
stated here as Theorem E.

Theorem E. Let I' be a finitely generated subgroup of an irreducible arith-
metic group in PSL(2, C)? with ¢ > 2 such that p;(I') is nonelementary. Then
Ly is homeomorphic to a circle if and only if p;(I') is a cofinite arithmetic
Fuchsian group or a quasi-Fuchsian subgroup of an arithmetic Kleinian group

for some j € {1,...,q}.

In Section 6 we provide examples of “small” groups with a “big” limit
set, namely groups where the projection of the regular limit set into the
Furstenberg boundary is the whole Furstenberg boundary. These examples
come from groups admitting so called modular embeddings.

Finally, in Section 7, we describe the totally geodesic embeddings of H?
in (H3)4 x (H?)". This is used to answer the question when the modular
embedding of a semi-arithmetic group admitting a modular embedding is
totally geodesic. Here we give the general statement combining Theorem 7.1,
Theorem 7.2 and Theorem 7.3.

Theorem F. Let I' be a finitely generated subgroup of an irreducible arith-
metic group in PSL(2,C)? x PSL(2,R)" with ¢ + r > 2 such that p;(I') is
nonelementary for some j € {1,...,q+r}. Then there is a totally geodesic
embedding of H? in (H?)? x (H?)" that is left invariant by the action of T if
and only if p;(I') is a subgroup of an arithmetic Fuchsian group.



1 Subgroups of PSL(2,R) and PSL(2,C)

In this section we provide some basic facts and notations that are needed
in the rest of the thesis. We will mainly work with products of PSL(2,R)
and PSL(2,C) but in order to do this we need first to introduce the simple
factors.

1.1 Subgroups of PSL(2,R) and the hyperbolic plane

We denote by SL(2,R) the group of real 2 x 2 matrices with determinant 1
and by PSL(2,R) the quotient group SL(2,R))/{%1} where 15 is the 2 x 2
identity matrix.

A Fuchsian group is a discrete subgroup of PSL(2,R). On the hyper-
bolic plane H? := {z = x4+ iy € C | y > 0} endowed with the metric
ds? = y~2(dx® + dy*) a Fuchsian group acts isometrically and properly dis-
continuously by fractional linear transformations

az+b
{z —

cz+d
We will change freely between matrices in SL(2,R) and their action as frac-

| a,b,c,d € R, ad — bc = 1} C Isom(H?).

tional linear transformations, namely as elements in PSL(2, R).

A Fuchsian group I is called cofinite if the associated quotient surface
['\H? has finite area.

For g = [Z Z] € PSL(2,R) we set tr(g) := |a + d|. For a subgroup I of
PSL(2,R) we then call
Tr(l) = {tr(9) | g € T'}
the trace set of T.

1.2 Subgroups of PSL(2,C) and the hyperbolic 3-space

In this section we use Chapter 2 in the book of Maclachlan and Reid [16].
We denote by SL(2,C) the group of complex 2 x 2 matrices with deter-
minant 1 and by PSL(2, C) the quotient group SL(2,C))/{£1s} where 1, is
the 2 x 2 identity matrix. It acts via linear fractional transformations on
C:=CU {0}
az+b
cz+d

with a,b,¢,d € C, ad — bc = 1.



We will change freely between matrices in SL(2, C) and their action as frac-
tional linear transformations, namely as elements in PSL(2, C).
The action of each g € PSL(2,C) on C extends to an action on the upper
half space
H® := {(x,y,t) € R® | t > 0}

via the Poincaré extension. When H? is equipped with the metric

_da® + dy? + dt?

2
ds 2 ,

then the group PSL(2, C) is identified with the group of orientation-preserving
isometries of the hyperbolic 3-space H?.

The metric on H? is the restriction of the hyperbolic metric on H? to
the plane y = 0. Since PSL(2,C) acts transitively on the set of circles and
straight lines in C, the hemispheres and planes in H?, orthogonal to C, with
the restriction of the hyperbolic metric in H?® are all models of hyperbolic

2-space.
The geodesic lines in H? are circles and straight lines orthogonal to C.
b
For g = [a d} € PSL(2,C) we set tr(g) := +(a + d), where the sign is
c

chosen so that tr(g) = re®® mit 6 € [0, 7). For a subgroup I' of PSL(2,C) we
then call

Tr(T') = {tr(g) [ g € T'}

the trace set of T.
For the elements g # Id in PSL(2, C) there are the following possibilities:

e g is elliptic if tr(g) € R and |tr(g)| < 2. The isometry g fixes pointwise
a unique geodesic in H? and rotates H? about it.

e g is parabolic if tr(g) = 2. It has exactly one fixed point in C and is
conjugate to z — z + 1.

e ¢ is loxodromic otherwise. It has exactly two different fixed points in C
and a fixed geodesic in H? but no fixed points in H?. The isometry g is
a screw motion translating along its fixed geodesic and simultaneously
rotating about it.

If additionally tr(g) is in R, then g is hyperbolic. In this case g is just
translating along its fixed geodesic without rotating about it.



The translation length of a loxodromic g is the distance between a point x on
the geodesic fixed by ¢ and its image g(z) under g. If g is elliptic, parabolic
or the identity, we define ¢(g) := 0.

The following notion of “smallness” for subgroups I' of PSL(2,C) is im-
portant in the subsequent discussion. The group I' is elementary if it has a
finite orbit in its action on H3UC. Otherwise it is said to be nonelementary.
Every nonelementary subgroup of PSL(2,C) contains infinitely many loxo-
dromic elements, no two of which have a common fixed point (see Theorem
5.1.3 in the book of Beardon [1}).

A Kleinian group is a discrete subgroup of PSL(2,C). This condition is
equivalent to requiring that I' acts properly discontinuously on H?3.

A Kleinian group I' is said to be cofinite if it has a fundamental domain
of finite hyperbolic volume.

A subgroup of PSL(2,C) that is conjugate to a subgroup of PSL(2,R)
and is discrete will also be called Fuchsian.

1.3 Schottky Groups

A Schottky group is a finitely generated free subgroup of PSL(2,C) that
contains only loxodromic isometries. We will mainly deal with two-generated
Schottky groups.

Lemma 1.1. For each two loxodromic isometries without common fized
points, we can find powers of them that generate a Schottky group. This
means that every nonelementary subgroup of PSL(2,C) has a subgroup that
is a Schottky group.

Proof. Let g and h be the two loxodromic isometries without any common
fixed point.

The proof is similar to the proof of Lemma 2.8 in the book of Matsuzaki
and Taniguchi [18]. The idea is to consider a fundamental polyhedron @ of
the cyclic group generated by ¢™, for m big enough, that is bounded by two
hemispheres S and S’ and such that the fixed points of h are in Q N OH3.
Now we can find n big enough so that the cyclic group generated by A" has a
fundamental polyhedron bounded by two hemispheres that are in Q\(SUS’).

Then from the fact that a nonelementary subgroup of PSL(2, C) contains
infinitely many loxodromic elements, no two of which have a common fixed
point, it follows that such a group has a subgroup that is a Schottky group.

[
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In a Schottky group there are isometries without common fixed points
because it is nonelementary.

Everything above is also true for Fuchsian Schottky groups, i.e for sub-
groups of PSL(2,C) that after conjugation become subgroups of PSL(2, R).

1.3.1 Schottky Groups as Zariski dense subgroups

In this section K will be either C or R.
The following is shown by Cornelissen and Marcolli in [5], Lemma 3.4.
For convenience we also propose a different proof here.

Lemma 1.2. A Schottky group is Zariski dense over K in PSL(2,K).

Proof. Let I' be a Schottky group in PSL(2, K) and [ its Zariski closure over
K. Then I is an algebraic group and hence a Lie subgroup of PSL(2,K).
Since PSL(2,K) is connected, it is enough to show that the dimension of r
is equal to the dimension of PSL(2,K) over K in oder to conclude that I' is
Zariski dense in PSL(2, K).

We will show that the Lie algebra of [ is equal to s[(2,K), which is the
Lie algebra of PSL(2, K).

First we consider I and T" as subgroups of SL(2, K). Then the exponential
map from the Lie algebra of [tolis given by the matrix exponential map.

Eventually after conjugating we can assume that one of the generating

elements of 'is 17 = [60 94 with x # 0. The other (or another) generator
e

d d
with 77 and hence &' # 0 and ¢’ # 0. Hence their preimages in sl(2, K) under

/ b/
T = [a 1 of the free discrete group does not have a common fixed point

the exponential map are t; = B 0 ] and ty = [a b ] where b # 0 and
—x c —a

¢ # 0. Hence also the element

0 2xb
ts = |t1,to] = t1to — Tot] =
3 = [t1, 1o 1l2 — laly {—Qxc 0}
is in the Lie algebra of . The vectors t1, to and t3 are linearly independent

over K and thus the Lie algebra of [ is three dimensional over K. Hence it

is s1(2, K).
This means that if we consider ' and ' as subgroups of PSL(2,K), the
Lie algebra of T is still sl(2, K). O

11



Since every nonelementary subgroup of PSL(2,K) contains a Schottky
group, we have the following

Corollary 1.3. A nonelementary subgroup of PSL(2,K) is Zariski dense
over K in PSL(2, K).

1.3.2 Schottky groups in PSL(2,C) that are Zariski dense over R

In the previous section we showed that a Schottky group I' in PSL(2,C) is
Zariski dense over C. Now the question is when I' is Zariski dense over R.

By Corollary 3.2.5 in the book of Maclachlan and Reid [16], if Tr(I") is
a subset of R, then I' is conjugate to a subgroup of PSL(2,R). Then the
Zariski closure of I' over R is a conjugate of PSL(2,R). For the case when
Tr(T") is not a subset of R we have the following lemma.

Lemma 1.4. Let I be a Schottky group such that Tr(T') is not a subset of
R. Then I' is Zariski dense in PSL(2,C) over R.

Proof. Let T be the Zariski closure of ' over R. Then I is an algebraic
group and hence a Lie subgroup of PSL(2,C). Since PSL(2,C) is connected,
it is enough to show that the dimension of I is equal to the dimension of
PSL(2,C) over R in oder to conclude that I' is Zariski dense in PSL(2,C)
over R.

We will show that the Lie algebra of " over R is equal to 5[(2,C), which
is the Lie algebra of PSL(2,C) considered as a real Lie group.

We use similar arguments as in Lemma 1.2. First we consider I' and [ as
subgroups of SL(2,C). Then the exponential map from the Lie algebra of r
to I is given by the matrix exponential map.

After conjugation, since Tr(T") is not a subset of R, we can assume that T’

Ox] with x € C\R and and hence
e

61‘

0
tr(71) ¢ R. There is also an isometry 75 which does not have common fixed

!/ /
points with 77 and hence is equal to Ty = la b] with & # 0 and ¢ # 0

contains a loxodromic element 7T} = [

cd d

(otherwise 0 or co would be a common fixed point). Therefore their preimages

b
in s[(2,C) under the exponential map are t; = B 0 } and ty = [a }
—r c —a

12



where b # 0 and ¢ # 0. Then s[(2,C) contains

t3 = [t1,ta] = tity —toty = [—gca: 2(b)x] ;

ts = [ti,t3] = titg — t3ts = LCOIQ 4b0x1 ;

ts = [t ta] = tity — tyty = [ 0 3 bej ;
—8cx 0

te = [t1,ts] = tits — tsts = {162904 168564} .

Since tr(7}) = e*+e~7 is not real, then z is not only not real but also cannot
be a multiple of 7. This means that x and 2 are linearly independent over

R. Hence the linear span of t3 and ¢5 over R is { [ 0 b(ﬂ | z € C}.
—cz

0 bz
- 0] | z € C}.

Hence t3, t4, t5 and tg span the 4-dimensional real vector subspace of the
Lie algebra of I"

Analogously, the linear span of ¢4 and tg over R is { [

0
U::{L2 ﬂ | 21,2 € C}.

By taking the commutator of the elements of U with [(1) 8], which is also

an element in U, we get that the Lie algebra of [’ contains

V= {[%1 _OZJ | z1 € C}.

The span of U and V is the 6-dimensional real vector space sl(2,C). Hence
the Lie algebra of I is s{(2, C).

This means that if we consider T’ and T' as subgroups of PSL(2,C), the
Lie algebra of I is still s[(2,C). O

Since every nonelementary subgroup of PSL(2,C) contains a Schottky
group, we have the following

13



Corollary 1.5. (i) A nonelementary subgroup I of PSL(2,C) is Zariski
dense over R in PSL(2,C) if and only if Tr(I') is not a subset of R.

(ii) The Zariski closure over R of a nonelementary subgroup of PSL(2,C)
with real traces is a conjugate of PSL(2,R).

14



2 Products of hyperbolic planes and 3-spaces

Let ¢ and r be two nonnegative integers such that ¢ +r > 0. We consider
the product (H3)? x (H?)" of ¢ hyperbolic 3-spaces and r hyperbolic planes
which is the Cartesian product of ¢ upper half 3-spaces and r upper half
planes with the metric

2 2 2 2 2 2 2
o _ dat+dyi + alt%+ +d:rq + dy; + dtucl:z:q+1 + dyq+1+‘ | ‘+d:cq+,q +dyz,,

ds .
t t2 Yoi, Yiir

and we denote by d the corresponding distance function. The Riemannian
manifold (H?)¢ x (H?)" is a symmetric space of rank ¢ + r.

In the next sections we will define the geometric boundary of (H?)¢ x (H?)"
and the limit set of a group acting on (H?)? x (H?)" by isometries.

2.1 The geometric boundary of (H?)? x (H?)"

For i = 1,...,q, we denote by p; : (H*)? x (H?)" — H3, (21, ..., 2g1r) — 2
the i-th projection of (H3)? x (H?)" into H3, and for i = ¢+ 1,...,q+ 7,
we denote by p; : (H?)? x (H?)" — H?, (21, ..., 24+) > 2; the i-th projection
of (H3)? x (H?)" into H2. Let v : [0,00) — (H?)? x (H?)" be a curve in
(H3)? x (H?)". Then v is a geodesic ray in (H?)? x (H?)" if and only if p; oy
is a geodesic ray or a point in H? for each i = 1,...,q and a geodesic ray or
a point in H? for each i = ¢+ 1,...,q+7. A geodesic 7 is reqular if p; oy is a
nonconstant geodesic in H? for each i = 1,...,q and a nonconstant geodesic
in H? for each i = q+1,...,q+7.

Two unit speed geodesic rays v and § in (H3)? x (H?)" are said to be
asymptotic if there exists a positive number ¢ such that d(v(t),d(t)) < ¢ for
all ¢ > 0. This is an equivalence relation on the unit speed geodesic rays of
(H3)? x (H?)". For any unit speed geodesic v of (H?)? x (H?)" we denote by
7(-+00) the equivalence class of its positive ray.

We denote by 9((H?)? x (H?)") the set of all equivalence classes of unit
speed geodesic rays of (H?3)? x (H?)". We call 9((H?)¢ x (H?)") the geometric
boundary of (H?)? x (H?)". The regular boundary O((H?)? x (H?)"),e, of
()7 x (H?)" consists of the equivalence classes of regular geodesics.

The geometric boundary 9((H?)? x (H?)") with the cone topology is home-
omorphic to the unit tangent sphere of a point in (H?)? x (H?)" (see Eberlein
8], 1.7). (For example OH? is homeomorphic to S'.) The homeomorphism is

15



given by the fact that for each point xy and each unit speed geodesic ray v in
(H3)? x (H?)" there exists a unique unit speed geodesic ray § with §(0) = z
which is asymptotic to ~.

The group PSL(2,C)? x PSL(2,R)" acts on (H?)? x (H?)" by isometries
in the following way. For g = (g1, ..., g4+r) € PSL(2,C)? x PSL(2,R)"

g1 (HA7 x (H2) — () x (H2), (21, 26r) > (91210, GgtrZasn);

where z; — ¢;2; is the usual action given by linear fractional transformation,
1=1,...,q+r.

The action of PSL(2,C)? x PSL(2,R)" can be extended naturally on
O((H?)? x (H?)"). Let g be in PSL(2,C)? x PSL(2,R)" and £ be a point
in the boundary O((H?)? x (H?)"). If 7 is a representative of £, then g(&) is
the equivalence class of the geodesic ray g o 7.

We call g elliptic if all g; are elliptic isometries, parabolic if all g; are
parabolic isometries, loxodromic if all g; are loxodromic isometries and hy-
perbolic if all g; are hyperbolic isometries. In all the other cases we call g
mized. Remark that in the hyperbolic and loxodromic isometries, the last r
factors are always hyperbolic and the difference between them comes from
the factors that are in PSL(2,C).

If at least one ¢(g;) is different from zero, then we define the translation
direction of g as L(g) := (€(g1) : ... : €(Ggsr))-

2.2 Decomposition of the geometric boundary of (H?)?x
(H2)"

In this section we show a natural decomposition of the geometric boundary

of (H?)? x (H?)" and in particular of its regular part. This is a special

case of a general construction for a large class of symmetric spaces (see e.g.

Leuzinger [13] and Link [14]). This decomposition plays a main role in the

thesis.

Let © = (z1,...,244,) be a point in (H?)? x (H?)". We consider the
Weyl chambers with vertex z in (H?)? x (H?)" given by the product of the
images of the geodesics §; : [0, 00) — H? with 6;(0) = z; for i = 1,...,q and
d; : [0,00) — H? with §;(0) = a; fori =q+1,...,q+r.

The isotropy group in PSL(2, C)?xPSL(2,R)" of z is PSU(2)?x PSO(2)".
It acts transitively but not simply transitively on the Weyl chambers with
vertex x because a fixed Weyl chamber with vertex x is left unchanged by
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a group isomorphic to PSO(2)? x {id}". Hence the group acting simply
transitively on the Weyl chambers with vertex x is (PSU(2)/PS0O(2))? x
PSO(2)".

Let W be a Weyl chamber with vertex z. In W, two unit speed geodesics

Y(#) = ((t), ..., Y () and 7 = (F1(t), ..., Yg4r(t)) are different if and
only if the corresponding projective points

(A (1(0),7(1)) = -+ = du(7g40(0), 744(1))) and
(du (11(0),71(1)) = - di (g4 (0), g4 (1))
are different. Here dy denotes the hyperbolic distance in H? and H?. The
point (dg(71(0),71(1)) : ... : dg(74:+(0),72(1))) in RP*"" ! is a direction in
the Weyl chamber and it is the same as (||v1]] : ... : ||vg4r]|), Where v =
(V1, -+, Ugtr) :==7(0) is the unit tangent vector of v in 0.

In other words we can extend the action of Iso, on the tangent space
at z in (H?)Y x (H?)". Then [so, maps a unit tangent vector at z into a
unit tangent vector at x. Let v be a unit tangent vector at z in (H?)? x
(H?)". We denote by v; the i-th projection of v on the tangent spaces at w;,
1 =1,...,q+r. Then all the vectors w in the orbit of v under Iso, have
Jwil] = [loi]l-

Let v be a vector in the unit tangent sphere at z in(H?)¢ x (H?)". If
v is tangent to a regular geodesic, then the orbit of v is homeomorphic to
(S%)4 x (S = (OH?)? x (OH?)" because OH? = S? and OH? = S!. The
orbit of v under the group (PSU(2)/PSO(2))? x PSO(2)" consists of all
unit tangent vectors w at = such that ||w;|| = ||vs|| for i =1,...,¢+r.

The regular boundary O((H?)? x (H?)"),¢q of (H?)? x (H?)" consists of the
equivalence classes of regular geodesics. Hence it is identified with (OH?)? x
(OH?)" x RPL! where

RPY = {(wy 1t wgpr) € RPYT wy > 0,0 wesr >0}

Here wy, .., wq4, can be thought as the norms of the projections of the regular
unit tangent vectors on the simple factors of (H?)? x (H?).
(OH®)? x (OH?)" is called the Furstenberg boundary of (H?)? x (H?)".
We note that the decomposition of the boundary into orbits under the
group Iso, is independent of the point x.
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2.3 The limit set of a group

Let  be a point and {x, },en a sequence of points in (H?)¢ x (H?)". We say
that {z, }nen converges to a point £ € 9 ((H?)? x (H?)") if {x,, }nen is discrete
in (H?)? x (H?)" and the sequence of geodesic rays starting at x and going
through x,, converges towards £ in the cone topology. With this topology,
(H3)? x (H2)" U 0 ((H3)? x (H?)") is a compactification of (H?)? x (H?)".

Let I' be a subgroup of PSL(2,C)? x PSL(2,R)". We denote by I'(z) the
orbit of z under I and by T'(z) - its closure. The limit set of T'is Lr := I'(z)N
O ((H3)4 x (H?)"). The limit set is independent of the choice of the point
in ((H?)? x (H?*)". The regular limit set is L1 := Lr N9 ((H3)? x (H?)")
and the singular limit set is L™ == Lp\LJ.

We denote by Fr the projection of £ on the Furstenberg boundary
(OH?)? x (OH?)" and by Pr the projection of £i on RPL™ . The projection
It is the Furstenberg limit set of I' and Pr is the projective limit set of T'.

reg

Let h € T" be a loxodromic element or a mixed one with only hyperbolic or
elliptic components. There is a unique unit speed geodesic «y in (H?)? x (H?)"
such that hoy(t) = ~v(t+1T}) for a fixed T}, € Ryg and all t € R. Fory € v, the
sequence h"(y) converges to y(+o0c). Hence also for every z € (H?)? x (H?)",
the sequence h"(z) converges to y(+00). Thus y(400) is in Lr. The sequence
h~"(x) converges to y(—o0) := —vy(400) and therefore v(—o0) is also in Lr.
The points y(400) and y(—o0) are the only fixed points of h in Lr. The
point y(+00) is the attractive fixed point of h and the point y(—o0) - the
repulsive fixed point of h.

If h is loxodromic, then for all ¢ = 1,...,q 4+ r, the projection p; o~y is
not a point. Hence 7 is regular and y(+00) € L. The point y(+00) can
be written as ({r,&p) in our description of the regular geometric boundary
where

éF = (pl © 7(+OO)7 -+ Pg+r © 7(+OO))

is in the Furstenberg boundary and
€p = (du(pro7(0),proy(1)) ... du(Pgir © ¥(0), pgrr 07(1)))
is in the projective limit set. Here we note that &p is also equal to

(da(pro(0),proY(Th)) : -t da(pgrr © Y(0), Pgyr 0 ¥(1h))),

which is exactly the translation direction of A.
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Thus the translation direction of each loxodromic isometry h in I' deter-
mines a point in the projective limit set Pr. This point does not change after
conjugation with h or after taking a power h™ of h, because in these cases
the translation direction remains unchanged.

Recall that following Katok [10], we call a subgroup I' of PSL(2,C) ele-
mentary if there exists a finite T-orbit in H3 := H? UOH? and nonelementary
if it is not elementary. Since H?® and OH? are I'-invariant, any I'-orbit of a
point in H3 is either completely in H?® or completely in OH?.

We call a subgroup I' of PSL(2,C)? x PSL(2,R)" nonelementary if for all
i=1,...,q+r, p;(T) is nonelementary, and if for all g € T that are mixed,
the projections p; o g are either loxodromic or elliptic of infinite order. Since
foralli =1,... ¢+, p;(T") is nonelementary, I' does not contain only elliptic
isometries and thus Lr is not empty.

This definition of nonelementary is more restrictive than the one given by
Link in [14]. The definition of a nonelementary subgroup I' of PSL(2,R)" in
[14] is the following: The limit set of I" is nonempty and if £ € L and T'(§)
denotes its orbit under I', then each point in the orbit of £ under PSL(2, C)? x
PSL(2,R)" can be connected with a geodesic to at least one point in I'(£).

Two points € and 7 in O((H?)? x (H?)") can be connected by a geodesic if
and only if £ = y(c0) and 1 = y(—o0) for some geodesic ~y in (H?)? x (H?)".
If € and 7 can be connected by a geodesic then they necessarily lie in the
same orbit under PSL(2, C)? x PSL(2,R)". A possible element mapping & to
71 is one that fixes a point on the connecting geodesic and rotates around a
geodesic orthogonal to v by 7 in each of the first ¢ factors and around the
fixed point by 7 in the other r factors.

Lemma 2.1. If a subgroup I' of PSL(2,C)? x PSL(2,R)" is nonelementary
(according to our definition), then it is nonelementary in the sence of Link’s
definition in [14].

Proof. Let ¢ and n be in the same orbit under PSL(2,C)? x PSL(2,R)" and
~ and ¢ their representative geodesic rays. Then £ and n can be connected
by a geodesic if and only if when p; oy and p; o § are nonconstant in H? (or
H?3), then p; oy and p; o § are not in the same equivalence class in OH? (or
OH?).

Let I be nonelementary (according to our definition) and let £ be in Lr
and 7 a point in the orbit of £ under PSL(2,C)? x PSL(2,R)". Without
loss of generality we can assume that the first k£ projections of the defining

19



geodesics of £ and 7 are nonconstant. We denote their equivalence classes in
O((H3)? x (H?)") with & and n; respectively, i = 1,..., k. We will show by
induction that there is an element g = (g1, . .., gg+r) of I such that g;(&;) # n;
for all ¢+ = 1,...,k and therefore I' is nonelementary according to Link’s
definition.

First, for j = 1, if & = m, we can find g € I" such that ¢;(&;) # m. The
existence of g follows from the fact that p;(I") is nonelementary and thus the
orbit of & under p;(I") is infinite.

Let g € T' be such that ¢;(&§) # n; for all ¢ = 1,...,5, 7 < k. If
gj+1(&j+1) # Mj41, then g is the searched element. Otherwise, since p;1(I') is
nonelementary, there is h = (hy, ..., h,) in I" such that h; is loxodromic and
does not have §;,; as a fixed point. Hence for all n € N, A7, (§j41) # nj41-

According to our definition of nonelementary, for i = 1,..., 7, h; is either
loxodromic or elliptic of infinite order. Hence the point ¢;(&;) is either fixed
point for h; or has an infinite orbit under h;. In the first case, for any n € N,
h? o gi(&) # mi, and in the second case for n big enough the same is true.
Hence h" o g for n big enough is the searched element. [

Remark. In the proof we used the assumption that for all g € I' that are
mixed, the projections p; o g are either loxodromic or elliptic of infinite order.
We can prove the lemma without this assumption on I', but then the proof is
a little more complicated because we need to consider different cases. And as
we will see later we are only interested in groups I" such that for all g € T" that
are mixed, the projections p; o g are either hyperbolic or elliptic of infinite
order.

The next theorem is a special case of Theorem 3 from the introduction

of [14]. Tt describes the structure of the regular limit set of nonelementary
discrete subgroups of PSL(2,C)? x PSL(2,R)".

Theorem 2.2 ([14]). Let T be a nonelementary discrete subgroup of the group
PSL(2,C)? x PSL(2,R)" acting on (H?)? x (H?)". If LI is not empty, then
Fr is a minimal closed T-invariant subset of (OH?)? x (OH?)", the reqular
limit set equals the product Fr X Pr and Pr s equal to the closure in RIP’fr*l
of the set of translation directions of the loxodromic isometries in T
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3 Nonelementary groups

In this part we will show first that the regular limit set of a nonelementary
subgroup of PSL(2,C)? x PSL(2,R)" is not empty and then we prove that its
projective limit set is convex. This is a generalization of a result of Benoist
in [2]. Finally, we describe the groups in which the projection to one factor
is nonelementary.

3.1 The regular limit set in nonempty

To prove that the regular limit set of a nonelementary group is nonempty is
equivalent in our case to proving that the group is strongly nonelementary,
i.e. that it contains a Schottky subgroup. In order to prove this we first need
the next lemma.

Recall the definition of translation direction L(g) := (¢(g1) : ... : €(gg+r))-

Lemma 3.1. Let I be a nonelementary subgroup of PSL(2,C)?x PSL(2,R)".
Further let g and h be two loxodromic isometries in I'. Then there are lox-
odromic isometries ¢ and b’ in I' with L(g) = L(g') and L(h) = L(h') such
that the groups generated by the corresponding components are all Schottky
groups with only loxodromic isometries.

Proof. Let g = (g1, .., 9q+r) and h = (hq, ..., hytr) be the given loxodromic
isometries.

Step 1. We can assume that g; and hy; do not have a common fixed point:
Since p; (I') is nonelementary, there exists a transformation § = (g1, . . ., Jg+r)
in I' such that g, is loxodromic and ¢; and g; do not have any common fixed
point. Hence for n € N big enough, the isometries ¢g; and gih;g," do not
have any common fixed point. Since the translation direction does not change
under conjugation, we can consider g"hg~" instead of h.

Step 2. We can assume that g; and h; generate a Schottky group which
contains only loxodromic isometries: Indeed, by the previous step, the isome-
tries g; and h; do not have a common fixed point, therefore, by Lemma 1.1,
for n big enough, g7 and h} generate a Schottky group which contains only
loxodromic isometries. Since L(g) = L(¢g") and L(h) = L(h™), we take g"
and A" instead of g and h.

Step 3. If g and h are as in the first and in the second step, then,
forv = 2,...,9 4+, g; and h; have no common fixed point. In order to
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show this we assume that g; and h; have a common fixed point. Possibly
after conjugation we can assume that this common fixed point is infinity and

a b c d
f
0 1/a] and { } or

hence g; and h; are represented by the matrices [

some a,c € Rog\{1} and b,d € R. Then

(i ] = gihegth! = {1 —cd — abc® + a*ed + ab} .
0 1

Hence the commutator [g;, h;] is either parabolic or the identity. On the other
hand [g;, h;] has to be loxodromic or elliptic of infinite order because [g1, h1]
is a loxodromic isometry in the free group generated by ¢g; and h;. This is a
contradiction.

Now we take ¢ := ¢g" and ' := h" for N € N big enough so that we
can assure that for all i = 2,... ¢+, the group generated by ¢; and A/ is a
Schottky group with only loxodromic isometries. O]

The next lemma is needed in the proof of Lemma 3.3.

Lemma 3.2. Let g € PSL(2,C)? x PSL(2,R)" be elliptic of infinite order
and h € PSL(2,C)? x PSL(2,R)" be loxodromic. There are positive integers
m and n such that g""h™ and h"g™ are loxodromic.

Proof. Since g is an elliptic isometry of infinite order, there is a sequence
my, such that ¢"* converges to Id when & — oo. Now if h is loxodromic,
then ¢g"th converges to h when kK — oo. Hence tr(g"*h) i tr(h) and
there is K € N such that for all £k > K, the isometries ¢"*h and hg™* are
loxodromic. If this K is big enough, then for all n > 0 and for all £ > K,

the isometries ¢"™*h™ and h™g™* are loxodromic. O]

Lemma 3.3. Let I' be a nonelementary subgroup of PSL(2,C)? x PSL(2,R)".
Then L9 is not empty.

Proof. The idea is to find an element A in ' such that for allt=1,...,q +r,
the transformation h; is loxodromic. Then the attractive and repulsive fixed
points of h define a point in the regular limit set.

We are going to use a diagonal argument. For each ¢ = 1,...,¢ +r we
choose g; = (gi1, - - - » Gig+r) € I such that g;; is loxodromic. The isometries g;
do not need to be different. Using g;, we will gradually construct the searched
isometry h. In each step of the construction g;; will stay loxodromic.
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First we show that for all i = 2,...,q + r, we can choose the isometry g;
so that g;; is loxodromic.

If for some 7 = 2,...,q + 7, ga is not loxodromic then it is elliptic of
infinite order. If ¢y; is loxodromic, then instead of g; we take g;. In the
other case, when gy, is elliptic, instead of g; we take gi"¢;* where m and n are
chosen according to Lemma 3.2 such that gi;¢}; and g7}g;; are loxodromic.
Then also ¢7;¢}, and g7lg}; are loxodromic.

Now assume that fori = k,...,g+rand for j = 1,...,k—1, the isometries
gi; and g;; are loxodromic. We will show that for all ¢ = k+1,...,q¢ + 7,
we can choose g; so that, for j = 1,...,k, the isometries g;; and g;; are
loxodromic.

If for some i = k+1,...,q9+r, g is loxodromic, then instead of g; we

take g,. In the other case g; is elliptic of infinite order. First instead of gy
and ¢g; we consider g; and g} that we get from Lemma 3.1 after projecting
[' on the first k — 1 factors. The types of the isometries remain unchanged
under conjugation. Instead of g and ¢}, we will continue to write g; and g;.

Then using Lemma 1.1, we take powers of ¢, and ¢; so that, for all
j=1,...,k—1, g; and g,;; generate a Schottky group.

Finally, instead of g; we take g;"g where m and n are chosen according
to Lemma 3.2 such that gprgjj, and g;;gr. are loxodromic. Then also g} g
and g;}gl: are loxodromic. O]

Remark. This lemma is also true if we omit the condition for the mixed
elements in the definition of a nonelementary group.

If the group I' is a subgroup of PSL(2,R)" we have an even stronger
statement.

Lemma 3.4. Let T be a subgroup of PSL(2,R)" such that all mized isometries
in I' have only elliptic and hyperbolic components and p;(S) is nonelementary
for one j € {1,...,r}. Then L is not empty.

Proof. First we show that the subgroup I of PSL(2, R)" contains a hyperbolic
element h = (hy,...,h,). A proof of this fact is given also by Ricker in [19],
in the proof of Proposition 2.

Without loss of generality we can assume that p;(I') is nonelementary. In
this case I' contains two isometries g and ¢’ such that ¢; and ¢} are hyperbolic
without common fixed points. We set § := ¢’g¢’ *. Then ¢; and g also do
not have any common fixed point. Again without loss of generality we can
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assume that, fors = 1,... k, g; and g; are hyperbolic and, for ¢ = k+1,...,r,
elliptic of infinite order. By Lemma 1.1 and by Step 3 from the proof of
Lemma 3.1, for n big enough, for all © = 1,..., k, the isometries ¢;' and g}
generate a Schottky group. Hence the isometries [gF, '] = ¢l'glg; "g; " are
hyperbolic.

For i = k+1,...,r, the isometries g' and g;' do not commute, because
otherwise their commutator [¢7, '] will be the identity, which cannot be a
component of a mixed isometry. Therefore g!' and g have different fixed
points and by Theorem 7.39.2 in the book of Beardon [1], the commutator
[gl', gI'] is hyperbolic.

Thus we have proved that h := ¢"g"¢g "¢~ " is a hyperbolic element in I'.

The attractive and repulsive fixed points of h are points in the regular
limit set of p; (). O

As the next lemma shows, a corollary of the previous lemma is that p;(I")
is “big” (=nonelementary) if and only if I" is “big”.

Lemma 3.5. Let I be a subgroup of PSL(2,R)" such that all mized isometries
in I' have only elliptic and hyperbolic components. If p;(I') is nonelementary
for one j € {1,...,r}, then I' is also nonelementary.

Proof. Again without loss of generality we can assume that j = 1. By the
previous lemma, I' contains a hyperbolic element h = (hy,...,h,). Since
p1(I') is nonelementary, the group I' contains an element g = (g1,...,9,)
such that ¢; is hyperbolic and does not have any fixed point in common with
hy. Then for all : = 2,...,r, the isometry g; is either elliptic of infinite order
or it is hyperbolic that does not have common fixed points with h; (see Step
3 from the proof of Lemma 3.1). In both cases some powers of h; and g;h;g; *
generate a Schottky group (by Lemma 1.1.) O

Unfortunately, the above statement is false for subgroups of PSL(2, C)? x
PSL(2,R)" with ¢ > 1 and ¢ +r > 2.

3.2 Groups with a nonelementary projection

In this section we continue the investigation of groups with a nonelementary
projection in one factor that was started with Lemma 3.5.

Proposition 3.6. Let I' be a subgroup of PSL(2,C)? x PSL(2,R)" such that
all mized isometries in I' have only elliptic and lozodromic components and
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p;(I') is nonelementary for some j € {1,...,q+r}. Then each projection
pi(T) to a real factor, i.e. i =q+1,...,q+r, is nonelementary, and to a
complex factor, i.e. 1 =1,...,q, is either nonelementary or consists only of
elliptic isometries with a common fized point.

Proof. For simplicity we will denote p;(T") by T; for all i = 1,...,q + r.

First we show that I'; is nonelementary for i =qg+1,...,q+7r. lf ¢g+1 <
j < q+r, then from Lemma 3.5 it follows that all I'; are nonelementary for
1 =q+1,...,q+r. Otherwise, we see that the proofs of Lemma 3.4 and
Lemma 3.5 work for the projections p; with ¢ = ¢+1, ..., ¢+ independently
of the fact that the given nonelementary projection is not among them.

Without loss of generality, we can assume that I'j;, is nonelementary.
We will prove that for i = 1,...,¢, the subgroup I'; of PSL(2,C) is either
nonelementary or consists only of elliptic isometries and then by Theorem
4.3.7 in Beardon’s book [1], they have a common fixed point. In order to
see this, we assume that I'; contains a parabolic or loxodromic element g;.
It is the i-th component of an element ¢ = (g1 ..., gq+r) of I'. Since I'gy,
is nonelementary, it contains a two-generated Schottky group with only hy-
perbolic isometries. Let h = (hy ..., hgsr) and h = (hy ..., hesy) be the two
isometries in I' such that h,y, and iLq+T generate it.

By Theorem 4.3.5 in [1], if h; and h; have a common fixed point then
their commutator has trace 2, i.e. it is either the identity or parabolic. Since
no component of a mixed isometry has trace 2, the commutator of A and h
can be only the idenity or a parabolic isometry. Therefore the commutator
of hgir and qu has trace 2 which is impossible because they generate a
free group with only hyperbolic isometries. Hence h; and h; do not have a
common fixed point in OH?.

If both h; and h; are loxodromic, then by Lemma 1.1 we see that they
generate a Schottky group and hence I'; is nonelementary.

If only one of them, let us say h;, is loxodromic and the other one h; is
elliptic of infinite order, then there is a power k for which h; and hFh;h7* do
not have a common fixed point and thus some powers of them generate by
Lemma 1.1 a Schottky group and hence I'; is nonelementary.

If both A; and 712 are elliptic of infinite order and g; is loxodromic and
does not have common fixed points with at least one of h; and h;, we proceed
as in the previous case in order to show that ['; is nonelementary. Otherwise
g; has one common fixed point with h; and one with iLz There is a power k
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for which h; and Bf giﬁ; * do not have any common fixed point and we are in
the previous case.

1
If g; is parabolic, then after conjugation we can assume that it is {O J .

b
For h; we have the representation [a d] with a + d real with absolute value
c

- a b -
less than 2 and for h; the representation [Cf cﬂ with @+ d real with absolute

¢
value less than 2. Since h; and h; do not have a common fixed point in OH?,
they cannot both fix the point co. Therefore without loss of generality we
can assume that c is different from zero. Then

1 k} [a b]:laJrkc b+kd}

kp
gihi [0 1] [c d c d

is loxodromic for k = 1 if ¢ is not real and hyperbolic for k£ big enough if ¢ is
real. Hence we found a loxodromic element in I'; and as in the previous case
['; is nonelementary. O

3.3 The projective limit set is convex

Recall that the projecitve limit set Pr is the projection of Li*Y on RPL™ !,
In this section we show that Pr is “nice”, i. e. convex.

Lemma 3.7. Let I be a nonelementary subgroup of PSL(2,C)? x PSL(2,R)"
with ¢ +r > 2. Then Pr is convex in the real projective space RPT 1 with
its standard metric and in particular Pr is path connected.

Proof. The regular limit set £ is not empty by Lemma 3.3.
Since L1 is not empty, Pr contains at least one point. We will show that

if (w1 :...:24r) and (y1 @ ... : ygur) are two different points in Pr then the
segment (x1 + Ay1 : ... Tgpr + AYger) with A > 0 is also contained in Pr.
First we consider the case where (z1 : ... : 2gr) = (U(g1) = ... : €(ggsr))
and (y1 1 ... 1 Ygrr) = (U(h1) © ... £(hgqr)) for loxodromic transformations
g,hinT.
By Lemma 3.1 we can assume that for all i = 2,...,¢ + r, the group

generated by ¢; and h; is a Schottky group with only loxodromic isometries.
Next we proceed as Dal’Bo in the proof of Proposition 4.2 in [6] using
Lemma 4.1 from [6]. The latter says that there exists C' > 0 such that for all
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m,n€Nandall:=1,...,¢+r,

[0(gi"hit) — ml(gi) — nl(h;)| < C.

Hence

00 n n
(UG M) . B )) = () + 2ot) - U)o )
and so for each A > 0, the point (¢(g1) + M(h1) ... €(gger) + M(Pgsr)) 18

in the closure of the translation directions of the loxodromic isometries of I
and hence in Pr.

In this way we found a path in Pr between ((¢(g1) : ... : €(gy+r)) and
(C(h1) o ... l(hgtr)).

Now we consider two arbitrary different points z and y in Pr. By Link’s
Theorem 2.2, the translation directions of the loxodromic isometries of I'
are dense in Pr. Therefore there are sequences {z'} and {y'} of translation
directions of loxodromic isometries in I' such that zi == z and Y i Y.

We consider the canonical projections of 2%, ¥*, z and v in the hyperplane
{(t1,.. . tgrs) €ER" |ty 4 -+ + to, = 1} and denote them by (zf,...,z},,),
(yi,... ,yé+T), (1,...,2q4r) and (Y1, ..., Ygtr) respectively. Then for all j =

1,...,7, x; i x; and y;'» 2y y;. Therefore x; + )\y; o xj+ Ay; for A > 0.
Hence

(T4 ) ol A i (1A Y1t T+ AYgr),  with A > 0.
As already shown above the points (z] 4+ Ay : ... :xl,, + Ayi,,) are in Pp.
Hence the points (z1 + Ay1 © ... : Tgpr + AYgyr) With A > 0 are also in Pr,
which is what we wanted to show. O

Remark. This lemma is also true if we omit the condition for the mixed
elements in T'.

3.4 The limit cone and a theorem of Benoist

The limit cone of a nonelementary group I' < PSL(2,C)? x PSL(2,R)" with
q+r > 2 is closely related to the projective limit set of T'.

In this section we first define the limit cone as defined by Benoist in [2]
and then show that the limit cone of a nonelementary I' is the closure of
Pr in RP*" ! and hence convex. We give also a version of the theorem in
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Section 1.2 in [2] which motivated the previous result and is used later in the
thesis.

The limit cone of I' is defined via the complete multiplicative Jordan
decomposition of the elements of I'. The multiplicative Jordan decomposition
can be found for example in the the book of Eberlein [§].

Each element g € SL(2,C)? x SL(2,R)" can be decomposed in a unique
way into g = e, h,u, where e, is elliptic (all eigenvalues have modulus 1), h,
is hyperbolic (all eigenvalues are real positive), u, is unipotent (in our case
parabolic) and all three commute. The canonical projection of SL(2, C) into
PSL(2, C) gives the Jordan decomposition for g € PSL(2,C)? x PSL(2,R)".

For instance, if ¢ € PSL(2,C) is loxodromic, i.e. one of its representa-
oT+id

0 —x—i¢} with z,¢ € R then e, is conjugate to
e

tives is conjugate to [
0 and h, is conjugate to e 0 We have x = £(g)/2, where
0 e g U8 0 e ®| = 9
{(g) is the translation length of g.
With A(g) we denote the unique element in PSL(2, C)? x PSL(2,R)" that

x1 Tq+r
is conjugate to hy and has diagonal form ( {60 ¥ } ey [6 ! } )
e

-1 0 e Tatr
with ; > 0,2 = 1,...,r. Then the limit cone of I" is the smallest closed

cone in the space of diagonal elements in sl(2,C)? x s[(2,R)" that contains
log(A(I")). E.g. if

et 0 eratr 0
Ag) = .
o-(5 S )

with @1, ..., 244r € R, then

oo =[5 ][5 2])

and the limit cone contains the line

by 0 ,...,mq” 0 . teR.
0 —tx; 0 —tx gy

The translation direction of the isometry g given above is L(g) = (2 :
... 1 2244,). Hence the closure in RP?*"~! of the translation directions of the
hyperbolic and mixed elements of I' can be identified canonically with the
limit cone of I.
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The interior of the limit cone of I' is the intersection of the limit cone
of ' with RPZ~". Hence it is exactly the projective limit set Pr of T'. In
[2] Benoist shows that for Zariski dense groups T', the limit cone of T is
convex and has nonempty interior. This means that the limit cone of I' is
the closure of its interior. Thus for Zariski dense I, the limit cone of I' and
Pr are the same. As the next theorem shows, the same is true even if I is
just nonelementary.

Theorem 3.8. Let ' be a nonelementary subgroup of PSL(2, C)?xPSL(2,R)"
with g+ 1 > 2. Then Pr is convex and the closure of Pr in RPT™ ! is equal
to the limit cone of I' and in particular the limit cone of I is convex.

Proof. By Lemma 3.3, £ is nonempty. We will show that the translation
direction of every mixed isometry is the limit point of a sequence of transla-
tion directions of loxodromic isometries in I'. From this it follows that the
limit cone of T" is the closure of Pr in RP“" ! and since by Lemma 3.7, the
projective limit set Pr is convex, its closure in the convex set RP9T ! is also
convex.

Let h = (h1,...,h4s,) be a loxodromic and g = (g1,...,9.+r) be a
mixed isometry in I'. Without loss of generality we can assume that for
1 =1,...,m — 1, the isometries g; are loxodromic and for i = m,..., ¢+ r,
the isometries g; are elliptic of infinite order. By Lemma 3.1, we can further
assume that for j = 1,...,m — 1, h; and g; generate a Schottky group with
only loxodromic transformations.

Since gy, is elliptic of infinite order, there is a sequence {ny }xen such that
gr+ converges to the identity when k goes to infinity. Therefore the trace
of h,,g* converges to the trace of h,,. The trace of h,, is greater than 2
because h,, is loxodromic. Hence for all k greater than some integer Ny,
tr(hmgr*) > 2 and thus h,,g/* is a loxodromic isometry.

We can find a subsequence {ng, }jen of {ni}ren such that for all i > m,
the isometries ginkj converge to an isometry g; in PSL(2,C) or PSL(2,R)
because g; are elliptic of infinite order. So without loss of generality we can
assume that ¢ converge to an isometry g; in PSL(2, C) or PSL(2,R).

According to Dal’bo [6], Lemma 4.1, there exists a constant C' > 0 such
that for all np and alli=1,...,m —1,

[£Chaigi™) = £(hi) = nil(gi)| < C.

Hence KT(LZZZ:) "2% 1. Therefore (L(h1g7*) ... 2 l(hpmo1g,F 1)) converges
to (U(g1) = ... : l(gm—1)) when k goes to infinity and additionally, for i =
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1,...,m — 1, the translation length ¢(h;g;*) converges to co when k goes to
infinity.

On the other hand, the sequence {(Amgnt, Mmt1Gmisis- - s PgrrGyte) e
converges to (R, Rmt1Gm+1s - - - > RgtrGgrr) When k goes to infinity. This
means that for i = m, ..., r, (h;g;*) remains bounded. Therefore (¢(h1g7*) :

- U(hgsrgyt,)) converges to L(g) = (€(g1) : ... : €(gm-1) : 0...:0) when k
goes to infinity. Hence we found a sequence of isometries whose translation
directions converge to L(g) and who have, compared to g, at least one more
component that is loxodromic. By repeating the argument for the elements
of this sequence, we can find a new sequence of isometries whose transla-
tion directions converge to L(g) and who have, compared to g, at least two
more components that are loxodromic. This process stops since g has only
finitely many components and the resulting sequence consists of loxodromic
isometries whose translation directions converge to L(g). Thus L(g) is in the
closure of Pr in RP9T" 1, O

This theorem extends partially the following special case of Benoist’s
theorem in Section 1.2 in [2].

Theorem 3.9 ([2]). If T is a Zariski dense over R subgroup of PSL(2,C)? x
PSL(2,R)", ¢+ r > 2, then the limit cone of I is convex and its interior is
not empty.

Remark. Since the limit cone of I is identified with Pp, the interior of Pr is
also not empty. This is not always true for nonelementary groups I' that are
not Zariski dense.
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4 Irreducible arithmetic groups

A special case of a general result of Margulis is that the irreducible lattices
in PSL(2,C)? x PSL(2,R)" are all arithmetic. We present a construction
of the irreducible arithmetic subgroups of PSL(2,C)? x PSL(2,R)" with the
help of quaternion algebras. This construction gives a natural connection
between some subgroups of PSL(2, R) or PSL(2, C) and irreducible arithmetic
subgroups of PSL(2,C)? x PSL(2,R)".

4.1 Quaternion algebras

For more details concerning the definitions, notations and theorems in this
section we refer to Katok’s book [10], Chapter 5, and the book of Reid and
Maclachlan [16], Chapters 0, 3 and 8. In this section K will always denote a
field.

A central stmple algebra A over K is an algebra over K, which is finite
dimensional as a vector space over K, such that

e as a ring, A has an identity element,
e the center of A, which is the set {a € A | ax = xa, Yz € A}, equals K,
e A is simple, i.e. A has no nontrivial two-sided ideals.

A quaternion algebra over K is a central simple algebra over K which is
four dimensional as a vector space over K.

Each quaternion algebra is isomorphic to an algebra A = (‘%’) with a, b €
K* = K\{0} and a basis {1,i,j, k}, where i* = a, j2 = b, k = ij = —ji.

We denote by M(2, F') the 2 x 2 matrices with coefficients in the field F'.

An isomorphism between A = (“?b) and M (2, K(y/a)) is given by the
linear map sending the elements of the basis of A to the following matrices:

Bl T N B o B P S

Thus if at least one of a and b is positive, then (%’) is isomorphic to the

matrix algebra M (2,R). If both a and b are negative, then (‘%’) is isomorphic

to the Hamilton quaternion algebra H = (71]1’{1).
If K is an algebraic number field it can be written as Q(¢), where ¢ is a

root of a polynomial with rational coefficients and Q(¢) is the smallest field
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containing Q and ¢. Let f € Q[z] be the minimal polynomial of ¢. If n is the
dimension of K considered as a vector space over Q, then f has degree n.

Let t; =t, tg, ... , t, denote the roots of f, then the substitution t — t;
induces a field isomorphism Q(¢) — Q(¢;). Conversely, if 0 : K = Q(t) — C
is a field embedding, i.e. 0 : K — o(K) is a field isomorphism, then o(t) is
a root of the minimal polynomial of ¢. Therefore, there are exactly n field
embeddings o : K — C.

K is a totally real algebraic number field if for each embedding of K into
C the image lies inside R.

Let A = (%b) be a quaternion algebra. For every x € A, © = x¢ + x11 +
x9j + w3k, we define the reduced norm of = to be

Nrd(z) = 2% = 2§ — x}a — x3b + w3ab,

where T = x¢g — 211 — x2] — x3k.

An element of K is an algebraic integer if it satisfies a polynomial with
coefficients in K and leading coefficient 1. The algebraic integers of K form
a ring and we denote it by Og.

An order O in a quaternion algebra A over K is a subring of A containing
1, which is a finitely generated Og-module and generates the algebra A over
K.

The group of units in O of reduced norm 1 is O' = {e € O | Nrd(e) = 1}.

We recall that a subgroup of SL(2, C) is nonelementary if it does not have
a finite orbit in its action on H3 U C.

Let I' be a finitely generated nonelementary subgroup of SL(2, C). Then
the subgroup I'® of ' generated by the set {g?> | ¢ € I'} is a finite index
normal subgroup of I'.

Now we show how we can construct a quaternion algebra and an order
starting from a finitely generated nonelementary subgroup of SL(2, C).

Let I' be a nonelementary subgroup of SL(2,C). We denote

AL :={) aigi | a; € Q(Tx(T)), g; € T}

where only finitely many of the a; are non-zero. By Theorem 3.2.1 from [16],
AT is a quaternion algebra over Q(Tr(I")).

Two groups are commensurable if their intersection has finite index in
both of them. The commensurability class of a subgroup I' of a group G is
the set of all subgroups of G that are commensurable with I'. The following
theorem is Corollary 3.3.5 from [16].
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Theorem 4.1 ([16]). Let I" be a finitely generated nonelementary subgroup
of SL(2,C). The quaternion algebra AT'?) is an invariant of the commensu-
rability class of T'.

The second theorem is Exercise 3.2, No. 1, in [16] and a proof of it can
be found in the proof of Theorem 8.3.2 in [16].

Theorem 4.2 ([16]). Let " be a finitely generated nonelementary subgroup
of SL(2,C) such that all traces in ' are algebraic integers. Let also

OF = {Z a;g; | a; € OQ(Tr(F))7gi S F}

where only finitely many of the a; are non-zero. Then OT is an order in AT.

4.2 TIrreducible arithmetic groups in PSL(2, C)YxPSL(2,R)"

In this section, following Schmutz and Wolfart [21] and Borel [3], we will
describe the irreducible arithmetic subgroups of PSL(2, C)? x PSL(2,R)".

Let K be an algebraic number field of degree n = [K : Q] and let ¢y,
i € {1,...,n}, be the n distinct embeddings of K into C, where ¢; = id.
Further, we assume that K has ¢ complex places. This means that K has
2q different embeddings into C that can be divided into ¢ pairs of complex
conjugated embeddings.

If K is not a subfield of R, then for i = 1,...,q, let ¢; denote one
of the embeddings in the pair and we assume that ¢; = id. Let ¢;, i =
qg+1,...,n—q, be the remaining embeddings of K into C that are actually
embeddings into R.

Let A = (“?b) be a quaternion algebra over K such that for ¢ + 1 <
1 < q + r, the quaternion algebra <%f"(b)> is unramified, i.e. isomorphic
to the matrix algebra M(2,R), and for g +r < i < n — g, it is ramified,
i.e. isomorphic to the Hamilton quaternion algebra H. In other words, the
embeddings

i K — R, i=q+1,...,q+7
extend to embeddings of A into M(2,R) and the embeddings

i K — R, i=q+r+1,...,n
extend to embeddings of A into H. The embeddings

o K —C, 1=1,...,q
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extend to embeddings of A into M(2,C). Note that the embeddings ¢;,
i=1,...,q+r, of Ainto the matrix algebras M(2,C) and M (2,R) are not
canonical. As we will see later, they are canonical up to conjugation and
complex conjugation.

In the case when K is a subfield of R, the definition is analogous. We
start with a number 7, 1 < r < n — 2¢, and a quaternion algebra A = (“—b)

K
over K such that for 1 < ¢ < r, the embeddings ¢; are embeddings of K

into R and the quaternion algebra (%) is unramified. Each of the
embeddings ¢;, © = r+1,...,q¢ + r, is a representative of a different pair

of complex conjugated embeddings. Finally, for ¢ +r < i < n — ¢, the

di(a),¢i(b)
R

This case is interesting only when K is a totally real algebraic number
field because otherwise we can start with ¢;(K’) that is not a subfield of the
%) So for simplicity of the
notation we will assume that ¢ (K),...,¢,(K) are not subfields of R and
Gg1(K), ..., pgir(K) are subfields of R and ¢ or r can be 0.

Let O be an order in A and O! the group of units in O. Define I'(4, O) :=
¢ (OY) € SL(2,C). If ¢ = 0, then I'(A4,0) is a subset of SL(2,R). The
canonical image of I'(A, O) in PSL(2,C) is called a group derived from a
quaternion algebra. The group T'(A4, O) acts by isometries on (H?)? x (H?)"
as follows. An element g = ¢,(¢) of I'(4, O) acts via

quaternion algebra ) is ramified.

reals and consider the quaterion algebra <

G (21, 2g0r) > (01(8) 21, - ooy Pgir (€) 2gr )

where z; — ¢;(¢)z; is the usual action given by linear fractional transforma-
tion, 1 =1,...,q+r.
For a subgroup S of I'(A, O) we denote by S* the group

{g" = (01(6), .-, bgir(€)) | D1(e) = g € S}

Instead of (¢1(g),. .., ¢gir(€)), we will usually write (¢1(g), ..., Pg+r(g)) or
even (g, 2(9), - .., ¢g+r(g)), since ¢y is the identity. The isometries ¢1(g), . .., Pg+r(9)
are called ¢-conjugates.

Note that ¢* and S* depend on the chosen embeddings ¢; of A into
M(2,C) and M(2,R). On the other hand, the type of ¢* is determined
uniquely by the type of g. This is given by the following lemma.

Lemma 4.3. Let S be a subgroup of I'(A,O) and S* be defined as above.
For an element g € S the following assertions are true.
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1. If g is the identity, then g* is the identity.

2. If g is parabolic, then g* is parabolic.

3. If g is elliptic of finite order, then g* is elliptic of the same order.

4. 1If g 1s loxodromic, then g* is either loxodromic or mixed such that, for
i=1,...,7, ¢;(g) is either loxodromic or elliptic of infinite order.

5. If g is elliptic of infinite order, then its ¢-conjugates are loxodromic
or elliptic of infinite order.

Proof. 1f g is the identity, then ¢* is the identity too, because each ¢; is an
isomorphism between A and ¢;(A).

If g is parabolic, i.e. tr(g) = 2, then g* is parabolic, because ¢; | = id
and ¢; has a trivial kernel.

If g is elliptic of finite order, then g¢* is elliptic of the same order. The
trace of an elliptic transformation g of order m is equal to 2cos(2wk/m)
where k,m € N are relatively prime and k& < m. By [12], all ¢-conjugates of
g have a trace of the same kind and thus are elliptic of order m.

If g is loxodromic, then g¢* is either loxodromic or mixed such that, for
i=1,...,7, ¢;(g) is either loxodromic or elliptic of infinite order. This is
a consequence of the fact that the isometries of H* (and H?) can be only
loxodromic, elliptic of infinite order, elliptic of finite order, parabolic or
the identity and the last three types of isometries are preserved under ¢-
conjugation. Two examples show the two remaining possibilities. First,
if tr(g) = 3+ 5 > 2, i.e. g is hyperbolic, then its ¢-conjugate with
trace 3 — /5 < 2 is elliptic of infinite order. The second example is with
tr(g) = 6 + /5 and its ¢-conjugate with trace 6 — v/5 are both hyperbolic.
Note that if g is hyperbolic, it could still have a ¢-conjugate that is purely
loxodromic.

If g is elliptic of infinite order, then its ¢-conjugates are loxodromic or
elliptic of infinite order but at least one of them is loxodromic, because oth-
erwise S* will not be discrete. O]

Hence the mixed isometries in this setting have components that are only
loxodromic or elliptic of infinite order. This justifies the condition in our
definition of nonelementary that the projections of all mixed isometries can
be only loxodromic or elliptic of infinite order.

By Borel [3], Section 3.3, all irreducible arithmetic subgroups of the group
PSL(2,C)? x PSL(2,R)" are commensurable to a I'(4, O)*. They have finite
covolume. By Margulis, for ¢ + r > 2, all irreducible discrete subgroups of
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PSL(2,C)? x PSL(2,R)" of finite covolume are arithmetic, which shows the
importance of the above construction.
We will mainly consider subgroups of irreducible arithmetic groups.

P. Schmutz and J. Wolfart define in [21] arithmetic groups acting on
(H?)". Here we extend the definition for (H?®)¢ x (H?)". An arithmetic group
acting on (H?)?x (H?)" is a group G that is commensurable to a '(A4, O). Tt is
finitely generated because it is commensurable to the finitely generated group
I'(A,0). Then by Theorem 4.1, the quaternion algebra AG® of the group
G®@ generated by the set {¢g? | g € G} is an invariant of the commensurability
class of G. Hence AG® is isomorphic to A. By Theorem 4.2, OG® is an
order in AG®. Therefore G is a subgroup of I'(AG®, OG®?) and we can
define (G®)*. This explains “acting on (H?®)? x (H?)"” in the name.

The interest of this approach is that it allows us to consider a subgroup
S of G c PSL(2,C) and then the corresponding subgroups S and G®" of
PSL(2,C)? x PSL(2,R)". In this case ¢ and r are determined by the bigger
group G.

4.3 Arithmetic Fuchsian groups

In the case of r = 1, the arithmetic subgroups of PSL(2,R) are arithmetic
Fuchsian group. Since subgroups of arithmetic groups are sometimes also
called arithmetic, we will emphasize the cofiniteness of an arithmetic Fuch-
sian group by calling it a cofinite arithmetic Fuchsian group. If r = 1 then a
subgroup of finite index of I'(A, O) and its canonical image in PSL(2,R) are
called Fuchsian groups derived from a quaternion algebra.

The following characterization of cofinite arithmetic Fuchsian groups is
due to Takeuchi [24].

Theorem 4.4 ([24]). Let T be a cofinite Puchsian group. Let T® be the
subgroup of T' generated by the set {g* | g € T'}. Then T is arithmetic if and
only if the following two conditions are satisfied:

(i) K = Q(Tr(I'®)) is an algebraic number field of finite degree and
Tr(I'®) is contained in the ring of integers Ok of K.

(ii) For any embedding ¢ of K into C which is not the identity, p(Tr(I'?)))
is bounded in C.

Remark. In [24], Takeuchi shows that K is a totally real algebraic number

(2

field and the cofinite Fuchsian group I'® satisfying (i) and (ii) is derived
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from a quaternion algebra over K. And since I'® is of finite index in T,
I' is arithmetic. Thus I' is arithmetic if and only if I'® is derived from a
quaternion algebra.

The above characterization motivated the following definition of semi-
arithmetic Fuchsian groups given in [21].

A cofinite Fuchsian group I is semi-arithmetic if and only if K := Q(Tr(T'®))
is a totally real algebraic number field of finite degree n = [K : Q] and
Tr(I'®) is contained in the ring of integers Ok of K. T is called strictly
semi-arithmetic if T is not an arithmetic Fuchsian group.

The following theorem is a characterization of semi-arithmetic Fuchsian
groups due to Schmutz Schaller and Wolfart [21].

Theorem 4.5 ([21]). Let I" be a cofinite Fuchsian group. Then the following
two conditions are equivalent.

(i) T is semi-arithmetic.

(i) T is commensurable to a subgroup S of an arithmetic group A acting
on (H?)".

The initial motivation for the thesis was the question whether it was possi-
ble to characterize the arithmetic Fuchisan groups among the semi-arithmetic
ones with the help of their trace set.

4.4 Arithmetic Kleinian groups

In the case of ¢ = 1 and r = 0, we call a group commensurable to I'(A4, O) an
arithmetic Kleinian group. If an arithmetic Kleinian group is additionally a
subgroup of finite index of I'(A, O) then it is called Kleinian group derived
from a quaternion algebra.

The following characterization of cofinite arithmetic Kleinian groups is
Theorem 8.3.2 in the book of Maclachlan and Reid [16].

Theorem 4.6 ([16]). Let I be a cofinite Kleinian group. Then T is arithmetic
if and only if the following three conditions hold.
(i) Q(Tr(I'®))) is an algebraic number field with exactly one complex place.
(i) tr(g) is an algebraic integer for all g € T'.
(iii) AT® is ramified at all real places of Q(Tr(I'®)).

Corollary 8.3.5 in [16] gives additionally that T" is arithmetic if and only
if I'® is derived from a quaternion algebra.
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This characterization is very similar to Takeuchi’s Theorem 4.4. We can
see it from the following formulation, which uses Lemma 5.1.3 from [16].

Theorem 4.7 ([16]). Let I be a cofinite Kleinian group. Then T is arithmetic
if and only if the following two conditions hold.

(i) K = Q(Tr(I'®)) is an algebraic number field and Tr(T'®) is contained
in the ring of integers Ok of K.

(ii) For any embedding ¢ of K into C which is neither the identity nor
the complex conjugation, o(Tr(T'®)) is bounded in C.
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5 Small limit sets of subgroups of arithmetic
groups in PSL(2,C)? x PSL(2,R)"

A way to measure the size of a group is by the size of its limit set. It is still
an open question how exactly to measure the size of the limit set. In our
case we can say that a nonelementary group is small if its projective limit
set is the smallest possible nonempty one, i.e. it is just a point, or if its
Furstenberg boundary is measure 0 and even just a circle.

This chapter contains the main results of this thesis. We study the limit
sets of subgroups I' of arithmetic groups in PSL(2,C)? x PSL(2,R)" with
g+ r > 2 and determine for which groups the limit sets are the smallest.

First, we will look at the projective limit set of a nonelementary I' and
prove that it consists of exactly one point if and only if p;(I") is a subgroup
of an arithmetic Fuchsian or Kleinian group for one j € {1,...,q+r}.

Then we will show that the groups I' for which p;(I") is a subgroup of an
arithmetic Fuchsian or Kleinian group are conjugate to an (almost) diagonal
embedding of a Fuchsian or Kleinian arithmetic group and in particular that
their limit set can be embedded as a topological space in a circle. This is not
the case for the other groups.

5.1 Examples: Triangle groups and Hilbert modular
groups

A family of examples of nonelementary subgroups of arithmetic groups in
PSL(2,C)? x PSL(2,R)" that are not Schottky groups is provided by the
triangle Fuchsian groups. A Fuchsian triangle group of type (I,m,n) is a
cofinite Fuchsian group generated by elliptic or parabolic elements g, h and s
such that ghs = id, ¢' = id, h™ = id and s" = id, where 1/I+1/m+1/n < 1.

For a more geometric definition we consider the group Sy of reflections on
the sides of a hyperbolic triangle with angles 7 /l, m/m and mw/n. Then the
subgroup S of Sy of orientation preserving isometries is a Fuchsian triangle
group of type (I, m,n).

By Proposition 2 in Takeuchi [25], the trace set Tr(S) is contained in
the ring Z[2 cos(m /1), 2 cos(m/m), 2 cos(m/n)|, where m/oo = 0. In particu-
lar, the field Q(Tr(S)) coincides with the totally real algebraic number field
Q(cos(/1),cos(m/m),cos(m/n)) and Tr(S) is contained in the ring of inte-
gers of Q(Tr(S)). Hence S is a semi-arithmetic group. By Takeuchi [25],
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only finitely many conjugacy classes of arithmetic triangle groups.
By Theorem 4.5, S is commensurable to a subgroup of an arithmetic
group in PSL(2,R)".

Examples of arithmetic subgroups A of PSL(2,R)" are the Hilbert mod-
ular groups. Let I’ be a totally real number field and ¢;, i = 1,...,r, be

the r distinct embeddings of F' into R. For g € PSL(2,0r), g = [a b}y
c

d
we define ¢;(g) = Lbz(c) ¢i(d)

arithmetic subgroup of PSL(2,R)" and is called a Hilbert modular group over

F. Tts quaternion algebra is isomorphic to (%)

The Hilbert modular groups are the only arithmetic groups acting on
group Yy group g
(H?)" that contain parabolic isometries. Note that PSL(2,Z) is a subgroup

of any Hilbert modular grouop.

}. The group PSL(2,Op)* is an irreducible

A Hecke group is a triangle group of type (2,m,00). The Hecke groups
are strictily semi-arithmetic except for m = 3,4, 6.
A Hecke group S of type (2,m,c0) is generated (in PSL(2,R)) by g =

0 1
S have entries that are algebraic integers in Q(cos(w/m)). Therefore S is
a subgroup of PSL(2,Or) where F' is a field which is a finite extension of
Q(cos(m/m)). Hence PSL(2, Op)* has a subgroup I' such that p;(I') = S.

1 1 2
[ 01 0] and g = [ COS(W/m)} see Katok [10]. Hence all elements in

5.2 Arithmetic Fuchsian and Kleinian groups as sub-
groups of arithmetic groups in PSL(2, C)?xPSL(2,R)"

Let T' be a subgroup of an irreducible arithmetic group in PSL(2,C)? x
PSL(2,R)". In this section we show that if p;(I") is a subgroup of an arith-
metic Fuchsian or Kleinian group for some j € {1,...,q + r} then the same
is true for each nonelementary projection p;(I'), i =1,...,q+ .

Lemma 5.1. Let A be an irreducible arithmetic subgroup of PSL(2,C)? x
PSL(2,R)" and I' a subgroup of A such that p;(I') is a cofinite arithmetic
Fuchsian (or Kleinian) group for some j € {1,...,q+ r}. Then, for all
i=1,...,q+r, the group p;(T') is either elementary or a cofinite arithmetic
Fuchsian (or Kleinian) group.
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Proof. Since A is arithmetic, it is commensurable to an arithmetic group
derived from a quaternion algebra I'(A, O)*. Hence for each g = (g1,...,9r)
in A there is a power k such that ¢g* is in T'(A, O)*.

The group I' is commensurable to the subgroup S* = I' N I'(A4,O)* of
['(A,O)*. Then for all i = 1,...,q + r, the groups p;(I') and ¢;(S) are also
commensurable. This in particular implies that ¢;(.S) is a cofinite arithmetic
Fuchsian (or Kleinian) group.

gbj(S)(Q) is defined via a quaternion algebra B over a field £ that is a
subalgebra of A and is ramified at all infinite places except one. This place is
real if ¢;(5) is a cofinite Fuchsian and complex if ¢;(.5) is a cofinite Kleinian
group. The group ¢;(S5)®? is isomorphic to the group of units of reduced
norm 1 of an order Op in B.

Fori=1,...,q+r,if ¢;(S) is nonelementary, then B is unramified for the
Galois’ isomorphism 7; := ¢; o ¢j_1 and hence 7;|, is the identity. Therefore
$:(S)? = 7(¢;(5))? is also isomorphic to the group of units of reduced
norm 1 of Op and hence ¢;(S5) and p;(I") are cofinite arithmetic Fuchsian (or
Kleinian) groups.

It remains to show that ¢;(S) is nonelementary if and only if p;(I") is
nonelementary: Assume that p;(I") is nonelementary. Let g and h be two
hyperbolic isometries that generate a Schottky group in p;(I"). The isometries
g and h*2 are in ¢;(S) for some integers k; and ky. Then ¢ and h*2
generate a Schottky subgroup of ¢;(S) and therefore ¢;(S) is nonelementary.
The proof of the converse is analogous. ]

Remark. From Proposition 3.6 it follows that p,41(I'), ..., psr(I") are nonele-
mentary and hence of the same type as p;(I'). But they can not be cofinite
arithmetic Kleinian groups. Hence it is possible that p;(I") is a cofinite arith-
metic Kleinian group only if r = 0.

The next lemma follows from the previous one.

Lemma 5.2. Let A be an irreducible arithmetic subgroup of PSL(2,C)4 x
PSL(2,R)" and ' and T finitely generated subgroups of A such that p;(I) s
a nonelementary subgroup of the cofinite arithmetic Fuchsian (or Kleinian)
pj(f) for some j € {1,...,q+r}. Then, for alli =1,...,q+r, the group
pi(L) is either elementary or a nonelementary subgroup of a cofinite arith-
metic Fuchsian (or Kleinian) group.

Proof. If p;(I") is nonelementary, then p;(I") is nonelementary and hence, by
the previous lemma, a cofinite arithmetic Fuchsian (or Kleinian) group.
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Let p;(T") be elementary. By Proposition 3.6, it consists only of elliptic
isometries with a common fixed point. Since p;(I') has a loxodromic element,
pi(I') has an elliptic element of infinite order. Hence p;(I") is not discrete.
Therefore pl(f) is also not discrete. Since it is either elementary or a discrete
arithmetic Fuchsian (or Kleinian) group, it is elementary. H

5.3 Small projective limit sets

In this section we will determine the groups for which the projective limit
set is the smallest possible nonempty one, namely when it is just one point.

We need the following criterion for Zariski density which is a special case
of the criterion proved by Dal’Bo and Kim in [7]. For part (iii) we use
the fact that there are no continuous isomorphisms between PSL(2,R) and

PSL(2,C).

Theorem 5.3 ([7]). (i) Let ¢ be a surjective homomorphism between two
Zariski dense subgroups T' and T of PSL(2,R). Then ¢ can be extended
to a continuous automorphism of PSL(2,R) if and only if the group I', =
{(9,¢(9)) | g € T'} is not Zariski dense in PSL(2,R) x PSL(2,R).

(ii) Let ¢ be a surjective homomorphism between two subgroups I' and
I of PSL(2,C) that are Zariski dense over R. Then ¢ can be extended
to a continuous automorphism of PSL(2,C) if and only if the group I'y, =
{(g,0(9)) | g € T'} is not Zariski dense over R in PSL(2,C) x PSL(2,C).

(i1i) Let T be a subgroup of PSL(2,C) that is Zariski dense over R and I"
a Zariski dense subgroup of PSL(2,R). Further let ¢ : I' — I be a surjective
homomorphism between them. The group ', := {(g,¢(g)) | g € I'} is Zariski
dense over R in PSL(2,C) x PSL(2,R).

A proof of the following theorem is given by Schreier and Van der Waerden
in [22].

Theorem 5.4 ([22]). (i) All continuous automorphisms of PSL(2,R) are
given by a conjugation with an element of GL(2,R).

(i1) All continuous automorphisms of PSL(2,C) are given by a conjuga-
tion with an element of GL(2,C) or by a complex conjugation followed by a
conjugation with an element of GL(2,C).
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5.3.1 The general case

In the first four lemmas we will prove Theorem 5.9 which is the essential step
of the proof of the main results for nonelementary subgroups of PSL(2, C)? x
PSL(2,R)" with ¢ +r > 2. Then we consider seperately the three different
cases: ¢ =0, r =0 and gr # 0.

Unless specified otherwise, I'(A, Q) will denote a subgroup of PSL(2,R)
or PSL(2,C) dereived from a quaternion algebra such that

(A, 0)* C PSL(2,C)? x PSL(2,R)" with ¢+ r > 2.

Here we fix for simplicity of notation the order of the complex and real
factors.

Let S be a subgroup of I'(A, O) such that S* is nonelementary. Then by
Lemma 3.3 the regular limit set £ is not empty and in particular we can
define the Furstenberg limit set Fis« and the projective limit set Pgs.

Lemma 5.5. If for at least onei € {1,...,q+r}, the mapping ¢; : Tr(SP) —
¢i(Tr(S®@)) is neither the identity nor the complex conjugation, then Peg-
contains more than one point.

Proof. We have four cases for Tr(S) and ¢;(Tr(5)).

The first one is when Tr(S) and ¢;(Tr(S)) are both subsets of R. Then
by Corollary 1.5, the Zariski closures over R of S and ¢;(S) are conju-
gates of PSL(2,R). Hence, by Theorem 5.3(i) (the criterion of Dal’'Bo and
Kim), Sy, := {(s,¢:(s)) | s € S} is Zariski dense over R in a conjugate of
PSL(2,R) x PSL(2,R).

The second case is when Tr(S) is not a subset of R and ¢;(Tr(S)) is
a subset of R. Then by Corollary 1.5, the Zariski closure over R of S is
PSL(2, C) and the Zariski closure over R of ¢;(5) is a conjugate of PSL(2, R).
By Theorem 5.3(iii) S, is then Zariski dense over R in a conjugate of
PSL(2,C) x PSL(2, R)

The third case is when Tr(S) is a subset of R and ¢;(Tr(S)) not is a
subset of R. It is analogous to the second case.

The last case is when both Tr(.S) and ¢;(Tr(S)) are not subsets of R. Then
by Corollary 1.5, the Zariski closures over R of S and ¢;(S) are PSL(2,C).
Hence, by Theorem 5.3(ii) (the criterion of Dal’'Bo and Kim), Sy, is Zariski
dense over R in PSL(2,C) x PSL(2,C).

In all of the cases, by Theorem 3.9 follows that E has a nonempty
interior in RP*, i.e. Py », contains more than one point.
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Let h be a loxodromic transformation in S all of whose ¢-conjugates are
loxodromic and whose existence is guaranteed by Lemma 3.3. Since Ps,
contains more than one point, we can take g € S such that the translation
directions (¢(h) : £(¢i(h))) and (€(g) : £(¢i(g))) are different.

Case 1: If all ¢-conjugates of g are loxodromic isometries, then the
translation directions L(h) and L(g) of h and g determine different points in
RPZ7 " and hence Ps. consists of more than one point.

Case 2: There is a ¢-conjugate of g that is an elliptic isometry of infinite
order. By Theorem 3.8, Pg- is convex and in particular path connected.
Hence there is a path in Pg- between L(h) and L(g). Since RPZ" " is open,
there is an open subset of the path in RPZ™ . Therefore there is another
point in Ps« except L(h). O

We will need the following lemma in the proof of Lemma 5.7.

Lemma 5.6. Let A be an irreducible arithmetic subgroup of PSL(2,C)4 x
PSL(2,R)". Then forallg = (g1,-..,9q+r) € A, the tracestr(gy), . .., tr(gg+r)
are algebraic integers.

Proof. The group A is commensurable to a I'(A, O)*. Then for all g € A,
there is a power g" € I'(A, O)* for some n € N.

From Lemma 2.2.7 and Lemma 2.2.4 in [16] it follows that the traces of all
elements in ['(A, O) are algebraic integers. Hence tr(g),i=1,...,q+r, are
algebraic integers. Since tr(g!") is a monic polynomial with integer coefficients
in tr(g;), the trace tr(g;) satisfies a monic polynomial with coefficients that
are algebraic integers and hence is an algebraic integer. O]

Lemma 5.7. Let S be finitely generated. Then the mapping ¢; : Tr(S®) —
¢i(Tr(SP)) is neither the identity nor the complex conjugation for at least
one ¢;, i € {1,...,q+r}, if and only if S is not contained in an arithmetic
Fuchsian or Kleinian group.

Proof. In order to prove the first implication we assume that the mapping ¢; :
Tr(S®@) — ¢;(Tr(S®)) is neither the identity nor the complex conjugation
for at least one ¢;, i € {1,...,q+ r}. In this case S is not contained in an
arithmetic Kleinian or Fuchsian group because there is the embedding ¢; of
Q(Tr(S@)) into C which is neither the identity nor the complex conjugation
such that ¢;(Tr(S®)) is not bounded in C and this contradicts the second
condition in Theorem 4.4 and Theorem 4.7.
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We prove the negation of the second implication. We assume that for all
i=1,...,q+r we have ¢; ‘Tr(S(Q)) =1id, i.e. tr(g) = £o;(tr(g)), or ¢; ‘Tr(s(z))

is the complex conjugation, i.e. tr(g) = +¢;(tr(g)) for all g € T.
We consider the following set of matrices

AS(Q) = {Z a;g; | a; € Q(TI'(S(Q))),QZ € S(2)}

where only finitely many of the a; are nonzero. By Theorem 4.1, AS® is
a quaternion algebra over Q(Tr(S®)) because S is finitely generated. By
construction it is contained in A. So it is a quaternion algebra over the
algebraic number field Q(Tr(S®))) which is unramified at id and ramified at
all other infinite places. By Lemma 5.6 all traces in S are algebraic integers
and hence by Theorem 4.2, an order of AS® is

05® = {Z a:9: | a; € Ogr(s@)y: 9i € S}

where only finitely many of the a; are nonzero. The group OS5 @' = {a €
OS | Nrd(a) = 1} is an arithmetic Kleinian or Fuchsian group depending on
whether its trace field is a subset of R or not. The group S is contained in
05",

It remains to construct an arithmetic Fuchsian group containing S. Since
S is finitely generated, we can assume that it is generated by its elements
hi,...,h,. Note that h? € 0S®" because h? € S@ foalli =1,...,r.
We consider the group S generated by OS @' and hi,..., hy,. It is finitely
generated and nonelementary. Hence S®@ is a finite index subgroup of S. On
the other hand we have the group inclusions 5@ < o8 @* < S. Therefore
0S®" is a finite index subgroup of S and S is an arithmetic Kleinian or
Fuchsian subgroup of I'(A, O). O

Remark. We also proved the statement that S is contained in an arithmetic
Fuchsian or Kleinian group if and only if S is contained in an arithmetic
Fuchsian or Kleinian subgroup of I'(A4, O).

The next lemma shows that there are groups with the smallest possible
projective limit set.

Lemma 5.8. If S is contained in an arithmetic Fuchsian or Kleinian group,
then Pg« consists only of the point (1 :...:1).
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Proof. We prove the negation of this implication. Assume Pg« contains at
least one point different from (1 :...:1). By Theorem 2.2, the translation
directions of the loxodromic isometries in S* are dense in Pg«. Therefore Py«
contains a loxodromic transformation h* with L(h*) # (1 : ... : 1). There
is ¢; such that £(h) # £(¢p;(h)), where ¢(g) denotes the length of the closed
geodesic corresponding to g.

For all g,g € PSL(2,C), if £(g) # ¢(g), then tr(g) # tr(g) and tr(g) #
tr(g). Therefore, for the above ¢;, we have tr(h) # +¢;(tr(h)) and tr(h) #
+¢;(tr(h)) and in particular the mapping ¢; : Tr(S®) — ¢;(Tr(S?)) is
neither the identity nor the complex conjugation. Hence by Lemma 5.7, the
group S is not contained in an arithmetic Fuchsian or Kleinian group. O]

The following theorem follows directily from Lemma 5.5, Lemma 5.7 and
Lemma 5.8.

Theorem 5.9. Let I'(A, O) be a subgroup of PSL(2,C) or PSL(2,R) derived
from a quaternion algebra such that T'(A, O)* C PSL(2,C)? x PSL(2,R)" with
r4+q > 2 and let S be a finitely generated subgroup of I'(A, O) such that S* is
nonelementary. Then Lg? is not empty and P« consists of exactly one point
if and only if S is contained in an arithmetic Fuchsian or Kleinian group.

Remark. From Theorem 5.9 follows in particular that if S is not a Fuchsian
group, i.e. S is not discrete, then Pg« contains more than one point.

Theorem 5.10. Let A be an irreducible arithmetic subgroup of PSL(2,C)? x
PSL(2,R)" with g+r > 2 and I a finitely generated nonelementary subgroup
of A. Then L is not empty and Pr consists of exactly one point if and
only if p;(T) is contained in an arithmetic Fuchsian or Kleinian group for
some j €{1,...,q+r}.

Proof. By Lemma 5.1, the group p;(I") is contained in an arithmetic Fuchsian
or Kleinian group if and only if the group p;(I') is contained in an arithmetic
Fuchsian or Kleinian group. Thus we prove the statement with p;(I") instead
of p;(I).

We recall that £179 is not empty by Lemma 3.4.

Since A is arithmetic, it is commensurable with an arithmetic group de-
rived from a quaternion algebra I'(A, O)*. Hence there is k € N such that,
for each g = (g1,...,gqsr) in [, g* is in ['(A, O)*.

There is a subgroup S of I'(A4, O) such that S* =T NANT(A,O)*. The
group I' is commensurable with the subgroup S. Then p;(I') and S are also

46



commensurable. The group S* is finitely generated because it is a finite index
subgroup of the finitely generated group I'. (This follows from the Schreier
Index Formula, see for example the book [23], 2.2.5.) The group S* is also
nonelementary because I' is nonelementary: Let g and h be two loxodromic
isometries that generate a Schottky group in I'. The isometries ¢* and h¥
are in S*. Then ¢g* and h* generate a Schottky subgroup of S*.

Thus S* is a finitely generated nonelementary subgroup of I'(A4, O). By
Theorem 5.9, the group S is contained in an arithmetic Fuchsian or Kleinian
group if and only if its projective limit set Pg« contains exactly one point.

The final step is to go back to T'.

If Pr contains at least two points, then it contains two points that are
the translation directions of two loxodromic isometries g and h of I'. The
isometries g¥ and h* that are in S* have the same translation directions as g
and h. Hence L(g*) and L(h¥) are different points in Ps« and therefore S is
not a subgroup of an arithmetic Fuchsian or Kleinian group. Thus p;(T") is
not a subgroup of an arithmetic Fuchsian or Kleinian group too.

If Pr contains exactly one point, then Pg« contains also exactly one point
and S is contained in an arithmetic Fuchsian or Kleinian group. Hence the
quaternion algebra B := AS® = Ap,(T')?, which is an invariant of the
commensurability class, is unramified only at one place. Since by Lemma 5.6

2) is an order

the trace set Tr(p;(I'))) consists of algebraic integers, Op; (T)(
in B and thus p;(T')® is a subgroup of an arithmetic Fuchsian or Kleinian
group. The proof that p;(I') is a subgroup of an arithmetic Fuchsian or

Kleinian group is the same as the one for S in the end of Lemma 5.7. O

5.3.2 Subgroups of PSL(2,R)"

In the case when ¢ = 0 we can specify the statement of Theorem 5.10. First,
we have Lemma 3.4, so requiring that I' is nonelementary is equivalent to
requiring that one of its projections is nonelementary. And second, PSL(2, R)
does not have arithmetic Kleinian subgroups. Hence we have proved the
following corollary.

Corollary 5.11. Let A be an irreducible arithmetic subgroup of PSL(2, R)"
with r > 2 and ' a finitely generated nonelementary subgroup of A. Then
L7 is not empty and Pr consists of exactly one point if and only if p;(T) is
contained in an arithmetic Fuchsian group for some j € {1,...,r}.
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Remark. This corollary is in particular true when p;(I") is a cofinite Fuchsian
group.

5.3.3 Subgroups of PSL(2,C)? x PSL(2,R)"

In the case when both ¢ and r are at least 1, we can state Theorem 5.10
more precisely because by the remark after Lemma 5.1, p;(I") can not be a
cofinite arithmetic Kleinian group for any group I'.

Corollary 5.12. Let A be an irreducible arithmetic subgroup of PSL(2,C)?x
PSL(2,R)" with ¢, > 1 and I' a subgroup of A such that p;(I") is a finitely
generated nonelementary subgroup for some j € {1,...,q+r}. Then L
is mot empty and Pr consists of exactly one point if and only if p;(I') is
contained in an arithmetic Fuchsian group.

Remark. Tt is not possible to prove an analogous statement to Lemma 3.4 for
subgroups of PSL(2, C)?x PSL(2,R)" because if S is nonelementary subgroup
of a I'(A, O), then S* is not necessarily nonelementary.

Consider, for example, the quaternion algebra (&i\/;) with its embed-

ding ¢, in M (2,Q(v/2)) given by the linear map sending the elements of the
basis of A to the following matrices:

1.—>L1) ﬂ, @.—>[\? _(34/5], jr—>[_01 (1)], kw[% \?]

The finitely generated Og,5-module O = {z = xg + 210 + 29j + 3k |
Xg,T1,To, T3 € OQ(\/E)} is a ring containing 1 and hence an order because
i? and j? are algebraic integers. The group S = ¢;(O?') is an arithmetic
Fuchsian group because its ¢-conjugate is a subgroup of (ﬁ), which is
isomorphic to the Hamilton quaternion algebra H.

The group S is a subgroup of the arithmetic group acting on (H?)? x H?
A={Aec M2QV2)|det A=1}.

The group S* is not nonelementary because ¢3(5), which is a subgroup of
PSL(2,C), consists only of elliptic isometries.

We can construct some other examples by instead of taking M (2, Q(v/2))
we take M (2, K) where K is a finite extension of Q(+/2).
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5.3.4 Subgroups of PSL(2,C)?

In the case r = 0, Theorem 5.10 is stated in the most general way. This case
is of independent interest because this is the only case when p,(I') can be a
cofinite arithmetic Kleinian group.

5.4 Subgroups with parabolic elements

We can prove Theorem 5.11 using different methods in the case when the
group S contains parabolic elements. This proof does not use the results of
Benoist and Dal’Bo. Here we only give the proof of the main new step for
the case where S* is a subgroup of PSL(2,R)".

Proposition 5.13. Let I'(A, O) be a subgroup of PSL(2,R) derived from a
quaternion algebra such that T'(A, O)* C PSL(2,R)" with r > 2 and let S be
a finitely generated nonelementary subgroup of T'(A,O). Then Ps« contains
the point (1:...:1).

Proof. First we will show that £52 is not empty and Pg« contains (1 :...: 1).

Let T}, be a hyperbolic isometry in S. The connection between the trans-
lation length of T, and its trace is given by tr(7,) = 2cosh(¢(T,)/2). The
translation length of T, is equal to the length of the only simple closed
geodesic in (T,,) \H2. For a Fuchsian group I there is a bijection between its
hyperbolic elements and the closed geodesics in T'\H?. Hence for the length of
every closed geodesic in T'\H? there is at least one hyperbolic transformation
in ' with this translation length.

A Y-piece is a surface of constant curvature -1 and of signature (0, 3),
i.e. homeomorphic to a topological sphere with three points removed. By
Geninska and Leuzinger [9], Corollary 2.3, which is true not only for Fuchsian
groups but also for nonelementary (non-discrete) subgroups of PSL(2,R), an
element T, € S exists such that (T,,T,) \H? contains a Y-piece with one
cusp and two boundary geodesics of length ¢(T,) and ¢(T,). By Schmutz
[20], Lemma 1, for all n € N, this Y-piece contains a closed geodesic such
that the corresponding hyperbolic isometry T,, satisfies

tr(7,) = n(tr(T,) + tr(T,)) — tr(Ty).
For n big enough, all ¢-conjugates ¢;(T},) of T,, are hyperbolic because
tr(¢i(15)) = [¢i(tr(Th))| = [n(¢s(tr(Th)) + ¢i(tr(Ty))) — ¢i(tr(Tw))]
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is unbounded when n is unbounded. (In this way we found a hyperbolic
element in S*, i.e. a hyperbolic element in S such that all its ¢-conjugates
are hyperbolic.)

We set A := tr(T,) + tr(7,) and B := tr(7,). Then

¢(T,) = 2arcosh = 2arcosh ~ 2In(nA— B).

Hence for big n, the translation direction of T, is asymptotic to
(2In(n) +2In(A) : ... : 2In(n) + 21In(|¢:(A)])),
which converges towards (1:...:1). Thus (1:...:1) is in Pg-. O

Remark. In the general case we do not have Y-pieces but just groups gener-
ated by two elements and with their help we can create an analogous sequence
of translation directions converging (1:...:1).

Knowing that the projective limit set always contains the point (1 : ... :
1), we can finish the alternative proof of Lemma 5.5 by the two cases from
its first proof.

5.5 Small limit cones

The restriction in Theorem 5.10 that I' should be nonelementary is needed
so that £ is nonempty and hence Pr is well defined. This can be avoided
by using the limit cone of I' as defined in Section 3.4. This is proved in
Theorem 5.16. In order to do so, we first need two lemmas.

Lemma 5.14. Let T" be a finitely generated subgroup of an irreducible arith-
metic group A in PSL(2,C)? x PSL(2,R)" with g +r > 2. If p;(I") for some
j € {l,....,q + r} is nonelementary and not a subgroup of an arithmetic
Fuchsian or Kleinian group, then there isi € {1,...,q+r}, i # j, such that
pi(T) is nonelementary.

Proof. Since A is arithmetic, it is commensurable with an arithmetic group
derived from a quaternion algebra I'(A, O)*.

We assume that p;(I") is elementary for all i except j. Then for the
subgroup S of I'(A4,O) defined as S* = 'N ANT(A O)" only ¢,(5) is
nonelementary. This means that for all embeddings o of the field F' :=
Q(Tr(¢;(S)?)) into C that are not the identity or the complex conjugation,
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the set o(Tr(¢;(S)?)) is bounded. By Lemma 5.6, the trace set Tr(¢;(S)®)
consists of algebraic integers. Since the properties nonelementary and finitely
generated are invariant in the commensurability class (see the proof of The-
orem 5.10), the group S® is also nonelementary and hence by Lemma 5.1.3
and Corollary 8.3.7 in [16] it is a subgroup of an arithmetic Kleinian or Fuch-
sian group. Then p;(I") is a subgroup of an arithmetic Fuchsian or Kleinian
group, which is a contradiction. O

The second lemma explains how to make nonelementary a subgroup I' of
A that is not nonelementary. In order to do so, we need to consider I' as a
subgroup of the product group PSL(2,C)? x PSL(2,R)" with ¢ < q.

Here is the place to remark that since all mixed isometries in I have only
components that are loxodromic and elliptic of infinite order, we can write
I'as T' = {(¢1(91): #2(91); - - -+ Bgr(91)) | g1 € p1(D)} where ¢; is a surjec-
tive homomorphism between p;(I") and p;(T"). Here ¢; coinsides with the ¢;
coming from I'(A4, O)* for 'NT(A4, O)*.

If for at least one j € {1,...,¢g+r}, the projection p;(I") is nonelementary,
define

"= {(¢i (1), in(91),-- -, Pin(g1)) | 41 <...<iy and p;, (I') nonelementary} .

Lemma 5.15. The group I'™® is nonelementary, discrete and its limit set is
wdentified canonically with the limit set of I

Proof. T is nonelementary and discrete by definition.

By Proposition 3.6 if p;(I") is not nonelementary then p;(I') is not a sub-
group of PSL(2,R) and it consists only of elliptic isometries with a common
fixed point. Let I be the set of all ¢ such that p;(I") is not nonelementary.
Then for each representative geodesic v of each point in Lr, the projection
vi := pi(7y) is constant for i € I. The following mapping gives the identifica-
tion of Lr and Lrne:

Y= (V1 Yarr) = Virs s Vin)-
O

Theorem 5.16. Let A be an irreducible arithmetic subgroup of PSL(2,C)? x
PSL(2,R)" with g4+r > 2 and I' a finitely generated subgroup of A. Then the
limit cone of I consists of exactly one point if and only if p;(T") is contained
in an arithmetic Fuchsian or Kleinian group for some j € {1,...,q+r}.
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Proof. The idea is to apply Theorem 5.10 to I'*. In order to do this we
need that n > 2, because otherwise I is just a subgroup of PSL(2,R) or
PSL(2,C).

If n = 1, then the limit cone of I' contains only the line

R o O B

But in this case, by Lemma 5.14, p;(I') is a subgroup of an arithmetic Fuch-
sian or Kleinian group.

If n > 2, the limit cone of I' is identified with the limit cone of I'™¢, which
coinsides with Prne. By Theorem 5.10, then L£ivs is not empty and Ppe
consists of exactly one point if and only if p;(I") is contained in an arithmetic
Fuchsian or Kleinian group for some j € {1,...,n}. O

5.6 The structure of groups with an arithmetic pro-
jection and their limit set

In Theorem 5.10 we have seen that a finitely generated nonelementary sub-
group I' of an irreducible arithmetic group in PSL(2,C)? x PSL(2,R)" has
the smallest possible nonempty projective limit set only if p;(I') is a non-
lementary subgroup of an arithmetic Fuchsian or Kleinian group for some
J €1,...,q-+r. In this section we determine the structure of I' and its limit
set. Corollary 5.18 finishes the proof of Theorem B.

Lemma 5.17. IfI'; := p,;(I') is nonelementary and a subgroup of an arith-
metic Fuchsian or Kleinian group, then Lr, is homeomorphic to Lr.

Proof. If T'; := p;(I') is nonelementary only if ¢ = j, then clearly Lr, is
homeomorphic to Lr.

We assume that there is at least one more i # j such that I'; is nonele-
mentary. Then by Lemma 5.15, the group ['¢ is a nonelementary subgroup
of PSL(2,C)? x PSL(2,R)" with ¢’ < ¢ and g+r > 2 and its limit set is iden-
tified with the limit set of I'. For simplicity of the notation, we will assume
that I' = I'™® and also that 7 = 1. The group I'y does not need necessarily
to be a subgroup of PSL(2,C) even if g # 0.

By Theorem 5.10, the regular limit set £1 is not empty and Pr consists
of exactly one point. Since L1 equals the product Fr x Pr (see 2.2), L1 is
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homeomorphic to Fr and so it is contained in the generalized torus (9H?)? x
(OH?)".

Theorem 5.12 in [14] says that if £ is not empty, then the attractive
fixed points of the loxodromic isometries in I' are dense in Lr. Hence L1 is
dense in Lr and so L1 = L because L1 is contained in the compact (and
hence closed) generalized torus (OH?)? x (OH?)".

We have I' = {(g1,%2(91), -+, Pgir(91)) | g1 € p1(I')} where ¢; is a sur-
jective homomorphism between p;(I') and p;(I"). We define the group I'y; :=

{(91,0i(g1)) [ 91 € (D)}

If p;(T") is a subgroup of an arithmetic Fuchsian group, then for all i =
1,...,q+r, the group I'; :== p;(T") is also a subgroup of an arithmetic Fuchsian
group and hence Tr(T;) is a subset of R. Then by Corollary 1.5, the Zariski
closures over R of I'; is (a conjugate of) PSL(2,R). Since Pr consists of
exactly one point, Pr,, consists also of exactly one point forallt =1,...,g¢+r.
Hence by Benoist’s Theorem 3.9, the group I'y; is not Zariski dense in (a
conjugate of ) PSL(2,R) x PSL(2,R) and then by the criterion of Dal'Bo and
Kim (Theorem 5.3), for all @ = 1,...,¢q + r, the homomorphism ¢; can be
extended to a continuous isomorphism A; between conjugates of PSL(2, R),
which, according to Theorem 5.4, is given by a conjugation with an element
A; = [CC% ZZ] € GL(2,R). Hence for all ¢ = (g1,...,944r) € I, i =
Aigr A7 L

If T’y is a subgroup of an arithmetic Kleinian group but not a subgroup
of an arithmetic Fuchsian group (this is possible only in the case r = 0),
then by Corollary 1.5, the Zariski closures over R of I'; is PSL(2,C). As
C:' ZZ} € GL(2,C) such that
for all g = (g1,...,94) €T, g = AignA; ", or for all g = (g1,...,94) €T,
gi = AigiA;!, where g7 denotes the complex conjugation.

above, for each i = 1,...,q, we can find A; = [

—1
7

If ¢ is an attractive fixed point of an element g; = pi(g) in I'; with
g =(91,--.,94+r) € I', then either A;(&) := ‘Zf—jgz or A;(§) = % is the

attractive fixed point of g; and vice versa. The maps A; are homeomorphisms
of OH? (and in the first case of OH?).
We consider the mapping A : Lr, — Lr, z — (2, A2(2),..., A.(2)) x (1:
: 1) where A;(2) := ‘;Zz—:‘l: if o is the identity and A;(z) := Zf—:z if o is the
complex conjugation, ¢ = 1,...,¢ + r. This mapping is a homeomorphism

on its image, i.e. A : Lr, — A(Lr,) is a homeomorphism. Since A is a
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bijection between the attractive fixed points of the loxodromic isometries in
[' and the attractive fixed points of the loxodromic isometries in I'y, and
since the attractive fixed points of the loxodromic isometries are dense in
the corresponding limit set, Lr = A(Lr,). Therefore A : L, — Lr is a
homeomorphism. O

The above proof is also the proof of the following corollary.

Corollary 5.18. Let I be a finitely generated nonelementary subgroup of an
irreducible arithmetic group in PSL(2,C)? x PSL(2,R)" with ¢ +r > 2. If
S = p,([') is a nonlementary subgroup of an arithmetic Fuchsian or Kleinian
group for some j € 1,...,q+1r, then I' is a conjugate by an element in
GL(2,C)? x GL(2,R)" of a group

Diag(5) = {(a1(s), .-, 041(5)) | s € 5},

where, for i = 1,...,q + r, o; denotes either the identity or the complex
conjugation.

This corollary and Theorem 5.10 prove Theorem B from the introduction.

5.7 Small limit sets
5.7.1 Subgroups of PSL(2,C)? x PSL(2,R)"

In this section we answer the question when the limit set of I" is topologically
a circle or a subspace of a circle where I' is a finitely generated subgroup of
an irreducible arithmetic group in PSL(2,C)? x PSL(2,R)" with g +r > 2.
We say that a set X is embedded homeomorphically in a circle if there
exists a map f: X — S! such that f: X — f(X) is a homeomorphism.

Theorem 5.19. Let ' be a finitely generated subgroup of an irreducible arith-
metic group in PSL(2,C)? x PSL(2,R)" with ¢+ 1 > 2 and r # 0 such that
p;([) is nonelementary for some j € {1,...,q+r}. Then Lr is embedded
homeomorphically in a circle if and only if p;(I') is contained in an arithmetic
Fuchsian group.

Proof. If T'; := p;(I") is a subgroup of an arithmetic Fuchsian group, then
Lr and Lr; are homeomorphic (Lemma 5.17). Since Lr, is a topological
subspace of S!, the limit set Lr is embedded homeomorphically in a circle.
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Now let p;(I') be such that it is not contained in an arithmetic Fuchsian
group. Then according to Theorem 5.10, Pr contains at least two different
points and by Lemma 3.7 there is a path in P between these points and
thus Pr contains an interval. Let I be an open subinterval (contained in this
interval.)

The next step is to show that Fr is infinite. Since Lr is nonempty, there
is at least one loxodromic element & in T. By Lemma 3.1, starting from h
and h, we can find loxodromic isometries g and h in T such that the groups
generated by the corresponding components of g and h are Schottky with
only loxodromic elements. The projections of the attractive fixed points of
g*hg™*, k € N, in the Furstenberg boundary give us infinitely many points
in Fr.

Consequently, since Fr is closed and lies in the generalized torus (OH?)? x
(OH?)", it contains a point ¢ that is not isolated. This means that any
neighborhood U of £ in Fr contains a point &y different from &.

Let us assume that there is a topological embedding f : Lr — S!, ie f
is a homeomorphism between Lr and f(Lr) with the subset topology. Since
{&} x I C Lr is connected, the image f({{} x I) is also connected. Hence
f({&} x I) is an arc in S* and thus open in S* and so in f(Lr). Since f is
homeomorphism, the preimage of the open set f({{} x I) is open in Ly, i.e.
{&} x I is open in Lr.

The topology of ((0H?)? x (OH?)"),, is the product topology and L1 C
((OH?)? x (OH?)"),., has the product subspace topology. In particular, each
open set V' containing {{} x I contains also {{y} x I where U is a neigh-
borhood of ¢ contained in the projection of V in Fp. Hence, since any
neighborhood U of £ in Fr contains a point & different from &, {{} x T is
not open in Lr. This is a contradiction. O

Theorem 5.19 allows us to deside whether p;(I") is a subgroup of an arith-
metic Fuchsian group or not. The next corollary distinguishes when p;(I") is
a (cofinite) arithmetic Fuchsian group and when it is not.

Corollary 5.20. Let ' be a finitely generated subgroup of an irreducible
arithmetic group in PSL(2,C)? x PSL(2,R)" with ¢ +r > 2 and r # 0
such that p;(I') is nonelementary for some j € {1,...,q+r}. Then Lr is
homeomorphic to a circle if and only if p;(I') is a cofinite arithmetic Fuchsian

group.
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Proof. If I'; := p;(I") is not a subgroup of an arithmetic Fuchsian group, then
by the previous theorem, Lr is not homeomorphic to a circle.

Now let I'; be a subgroup of an arithmetic Fuchsian group. Then by
Lemma 5.17, Lr is homeomorphic to Lr,.

If Lr be homeomorphic to a circle, then Lr; is connected. Since I'; is
nonelementary, Lr, contains more than two points and by Theorem 3.4.6 in
[10], it is either the whole boundary OH? of H? or it is nowhere dense in OH?
and in particular not connected. Hence Lr; is OH?.

Combining Theorem 4.6.1 and Theorem 4.5.1 in [10] we get that a finitely
generated Fuchsian group of the first kind, i.e. whose limit set is OH?, has a
fundamental region of finite hyperbolic area. Therefore I'; is cofinite arith-
metic Fuchsian group.

The converse is also true, namely, if I'; is cofinite arithmetic Fuchsian
group, then Lr; and hence Lr are homeomorphic to S L m

5.7.2 Subgroups of PSL(2,C)4

We consider a subgroup I' of an irreducible arithmetic group in PSL(2, C)?.
The question we answer is when Lr is a sphere. The next theorem is analo-
gous to Corollary 5.20 but it needs an additional structure on the geometric
boundary 0(H?)4.

The geometric boundary 9(H?)? is homeomorphic to the unit tangent
sphere at a point in (H?)?. This unit tangent sphere has a natural smooth
structure induced by the Riemannian metric of (H?)? and this makes the unit
tangent sphere diffeomorphic to the standard (3¢ — 1)-sphere and defines a
smooth structure on 9(H?).

Theorem 5.21. Let I' be a subgroup of an irreducible arithmetic group in
PSL(2,C)? with ¢ > 2 such that p;(I') is a cofinite Kleinian group for some
j€A{l,...,q}. Then Lr is the image of a differentiable embedding of the
2-sphere S% in O(H?)? if and only if p;(T') is an arithmetic Kleinian group.

Proof. For simplicity we will denote p;(I") by I'; for all i = 1,...,q. Without
loss of generality, we can assume that p;(I") is a cofinite Kleinian group for
j=1.

In order to show the first implication let I'; be an arithmetic Kleinian
group. Then Lr and Lr, are homeomorphic (Lemma 5.17). From the proof
of Lemma 5.17 it follows that L and Lp, are diffeomorphic because :{: are
diffeomorphisms of the Riemann sphere for ¢ =1,...q.
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Thus Lr is the image of an embedding of the S? in 9(H?)?.

In order to show the second implication, we assume that I'; is not arith-
metic and the limit set of I" is the image of an embedding of the sphere S
in O(H*)4. By Lemma 5.15, £r and Lpne are diffeomorphic. Here O(H?)? is
a submanifold of O(H?)?.

The projective limit set Prne contains at least two different points (The-
orem 5.10) and by Theorem 3.8, it contains also a path joining them.

Theorem 4.10 in [15] says that the set of attractive fixed points of loxo-
dromic isometries in a nonelementary subgroup of PSL(2,C)" is dense in its
limit set. It follows that £ is dense in Lrne. Additionally, since O(H
open in O(H?)", L{+% is open in Lrne. Hence L17% is open and dense in Lrne

The limit set Lp, of I'y is OH?, i.e. homeomorphic to S?. To each point

)reg is

in Lr, corresponds at least one point in Lrne. We will show that each point
in Lr, is the projection in the first factor of a point in L.

For each point in EFM there is a sequence in Lre that converges to it.
Let £ be a point in L’Fne such that the projection of one of its representative
geodesics in the first factor is not a constant. This means that the first factors
of the regular elements converge to the first factor of £&. The projections of
the regular elements in the Furstenberg boundary (9H?)? converge to a point
in (OH?)? (because (OH?)? is compact). Since Frne is closed, there is a point
in £ such that its projection in the first factor coincides with the first
factor of &.

Hence the projection of L. on the first factor of the regular boundary
is Lr,, which is the 2-sphere. Since L. = Frne X Prne by Theorem 2.2, the
projection of L17. on the first factor times Prre contains a set homeomorphic
to R®. On the other side £[ is a two dimensional smooth submanifold of
O(H?),., and therefore its projection on the first factor times Prne is two
dimensional, which is impossible.

Thus if I'; is not arithmetic, then the limit set of I'*® is not the image of
an embedding of the S? in 9(H?)?. O

Remark. The fact that the projection of L. on the first factor times Prne
contains a set homeomorphic to R* while L[5 is two dimensional is not a
contradiction if £ is just assumed to be homeomorphic to S

We can give a more precise answer to the question when the limit set is
topologically a circle. An answer is given by the next theorem. In order to
state it, we need the definition of a quasi-Fuchsian group. A quasi-Fuchsian
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group is a subgroup of PSL(2, C) whose limit set is homeomorphic to a circle.

Theorem 5.22. LetI' be a finitely generated subgroup of an irreducible arith-
metic group in PSL(2,C)? with ¢ > 2 such that p;(I") is nonelementary for
some j € {1,...,q}. Then Lr is homeomorphic to a circle if and only if
p;([) is a cofinite arithmetic Fuchsian group or a quasi-Fuchsian subgroup
of an arithmetic Kleinian group.

Proof. Again for simplicity we will denote p;(T") by T'; for all i = 1,...,q.
Without loss of generality, we can assume that p;(I") is nonelementary for
j=1

We will consider two main cases: when I'y is a subgroup of an arithmetic
Fuchsian or Kleinian group and when it is not.

Let I'y be an arithmetic Kleinian group, then L and L, are homeomor-
phic (Lemma 5.17). In the next three paragraphs we consider the different
possibilities for I'y.

If Iy is a cofinite arithmetic Fuchsian group or a quasi-Fuchsian subgroup
of an arithmetic Kleinian group, then Lr, is topologically a circle.

If T'y is a subgroup of an arithmetic Fuchsian group but is not cofinite,
then by Theorem 4.6.1 and Theorem 4.5.1 in Katok’s book [10], I'; is not of
the first kind and since it is nonelementary from Theorem 3.4.6 in [10] follows
that Lr, is nowhere dense in the circle in 9H? that is left invariant by I'; and
in particular not connected. Thus in this case Lr is not homeomorphic to a
circle.

Let I'y be a subgroup of an arithmetic Kleinian group. If I'; is (conjugated
to) a Fuchsian group, then it is contained in an arithmetic Fuchsian group and
we are in the previous case. If I'y contains purely loxodromic elements, then
Lr, is homeomorphic to a circle if and only if I'; is a quasi-Fuchsian group.
Hence if 'y contains purely loxodromic elements, then Lr is homeomorphic
to a circle if and only if T'y is a quasi-Fuchsian group.

Now we come back to the second big case. Let I'y be such that it is not
contained in an arithmetic Fuchsian or Kleinian group. By Lemma 5.15,
Lr and Lrne are homeomorphic, I'¢ is a subgroup of PSL(2,C)" and by
Lemma 5.14 n > 2.

Then according to Theorem 5.10, Pr=e contains at least two different
points and by Lemma 3.3 there is a path in Prne between these points and
thus Prre contains an interval. The rest of the proof in this case is analo-
gous to the corresponding part in Theorem 5.19 that shows that Lr is not
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homeomorphically embedded in a circle. O]

Remark. From the proof it follows in particular that if Lr is not contained in
a circle, then p;(I") is not a subgroup of an arithmetic Fuchsian or Kleinian
group.

To the best of my knowledge it is not known how quasi-Fuchsian sub-

groups of arithmetic Kleinian groups look like. Is it possible that they are
always arithmetic Fuchsian groups?
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6 The limit set of modular embeddings of
Fuchsian groups

We already saw that for an arithmetic Fuchsian group the projection of the
regular limit set into the Furstenberg boundary is homeomorphic to a circle.
In this section we provide examples of “small” groups with a “big” limit set,
where the projection of the regular limit set into the Furstenberg boundary
is the whole Furstenberg boundary.

Let I'; be a semi-arithmetic subgroup of PSL(2,R) that is a subgroup of
an arithmetic group derived from a quaternion algebra acting on (H?)". We
set I' := I'] a subgroup of PSL(2,R)". Then I'; is said to have a modular
embedding if for the natural embedding f : I'y — I'* = T’ there exists a
holomorphic embedding F': H? — (H?)" with

F(Tz) = f(T)F(z), forall T €Tl; andall z¢cH?.

Examples of strictly semi-arithmetic groups admitting modular embeddings
are Fuchsian triangle groups (see Cohen and Wolfart [4]).

According to Theorem 3 by Schmutz and Wolfart in [21], if ¢; is not a
conjugation then ¢;(I";) is not a Fuchsian group. Since every nondiscrete sub-
group of PSL(2,R) has elliptic elements of infinite order (see Theorem 8.4.1
in Beardon [1]), the nondiscrete group ¢;(I'1) contains elliptic elements of
infinite order. (Here the ¢; are the same as the ones from the definition of
['t.) We will use this in the proof of Theorem 6.2.

In the further discussion, we will assume that none of the ¢; except ¢; is
a conjugation. In other words, we will assume that PSL(2,R)" is the minimal

product for which I'y has a modular embedding in an irreducible arithmetic
subgroup I' of PSL(2,R)". The number r is the degree of Q(Tr(I'y)) over Q.
An example of such a I is a group commensurable to F(AFlz), or 52))* such
that p;(I') contains I'y.

Corollary 5 by Schmutz and Wolfart [21] states that for all g = (g1, ..., g,)

in I' such that g; is hyperbolic, we have the inequality tr(g;) < tr(g;) for

i = 2,...,r. Hence for every hyperbolic (or mixed) g in I' the inequalities
0(g;) < £(g1) for i = 2,...,7r hold. Thus the translation direction L(g) is in
{(xy:..oixy) oy > foralli=2,...,r}.

Since I' is nonelementary, by Theorem 2.2 it follows that the translation
directions of the hyperbolic isometries in I" are dense in Pr and we have the
following proposition.
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Proposition 6.1. Let I' < PSL(2,R)" be a modular embedding of a semi-
arithmetic Fuchsian group I'y. Then

PrC{(xy:...imp) |2y > 2y foralli=2,...,7}.

Remark. (i) In the above proposition, r is not necessarily the smallest one
for which I'" has a modular embedding.

(ii) There are examples of semi-arithmetic groups that do not admit mod-
ular embeddings and for which the proposition is not true. E.g. the strictly
semi-arithmetic examples from Theorem 1 in [21].

As this proposition already shows, Pr is not ]RIP’”:l and hence the limit
set Lr is not the whole geometric boundary of (H?)". Nevertheless, we can
still ask the question whether Pr contains an open subset of RIEDC:l or not.

From the fact that tr(g;) < tr(gy) for i = 2,...,r it follows that for all
hyperbolic g; € I'y, the conjugates of their traces are different, i.e. tr(g;) #
tr(g;) if ¢ # j. Hence no trace in Tr(I'y) of a hyperbolic element is contained
in a proper subfield of the trace field Q(Tr(I'y)) of I';. In particular there are
no hyperbolic elements in I'; with integer traces.

The next theorem shows examples of groups admitting modular embed-
dings that are in some sense “big”.

Theorem 6.2. Let I" be a subgroup of an irreducible arithmetic subgroup of
PSL(2,R)" with r = 2,3 such that p1(T") is a semi-arithmetic Fuchsian group
admitting a modular embedding and r is the smallest power for which I'y has

a modular embedding in an irreducible arithmetic subgroup of PSL(2,R)".

Then Fr is the whole Furstenberg boundary (OH?)".

Proof. We first give arguments that are true for general 7.

We denote I'; :== p;(['), fori =1,....7.

First we remark that by Lemma 3.4 the regular limit set of I' is not
empty and hence there is £ = (&;,...,&.) € Fr. Without loss of generality,
we can assume that £ is the projection in the Furstenberg boundary of the
attractive fixed point of a hyperbolic isometry in I". By Theorem 2.2, Fr is
the minimal closed T'-invariant subset of the Furstenberg boundary (OH?)".

Then Fr = I'(§). The idea is to show that I'(¢) is the whole Furstenberg
boundary (OH?)" and hence Fy = (OH?)".

We will mainly use that except of I'y all the other I'; are non discrete and
in particular that then they contain elliptic elements of infinite order. An
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elliptic element e of infinite order acts on OH? as a "rotation” of irrational
angle. That is why the orbit of a point in OH? under the action of e is dense
in OH2.

We will show that (9H?2)" = ['(€) for the cases r = 2, 3.

Case r = 2: Let g = (g1,92) € T be a transformation such that g is
an elliptic transformation of infinite order. Such gy exists because I's is not
discrete. The isometry g; is hyperbolic because I'y is discrete.

Let 7, be the attractive fixed point of g;. First we note that {n;} x OH?
is in T'(€). The reason is that for any point 7, € H? there is a sequence {ny}
of powers such that gy*(£2) — 12 when n;, — 0o and additionally, because
of the dynamics of the hyperbolic isometries, ¢1* (&) — 11 when ny — oc.
The only problem could be that & is the repelling fixed point of g;. In this
case we consider ¢g~! instead of g¢.

Now let ¢ = (¢1, () be a point in OH? x 9H?. Since I'; is a cofinite Fuchsian
group, Lr, is the whole boundary of H2. It is also the minimal closed T';-

invariant subset of JH?(see Theorem 5.3.7 in [1]). Therefore Lr, = T'y(n;)
and there is a sequence of elements {h,} in T' such that (hy):(n) = (.
The points (11, (hn)5*((2)) are points in T'(€) because it contains {n;} x

OH?. Therefore all the points ((h,)1(m1), (2) are in T'(§). Therefore their limit
¢ = limp o0 ((hn)1(m), G2) is also in I'(€). Thus I'(§) = (OH?).

Case r = 3: Let g = (g1,92,93) € I' be a transformation such that g,

is an elliptic transformation of infinite order. The isometry g; is hyperbolic
because I'y is discrete. Let n; be its attractive fixed point. The isometry g3
can be either hyperbolic or elliptic of infinite order.

e First assume that g3 is hyperbolic with attractive fixed point n3. We
can assume that & and &5 are none of the fixed points of g; and g3
respectively. The reason is that & is the projection on the Fursten-
berg boundary of the attractive fixed point of an element g in I'. By
Lemma 3.1, we can find ¢’ such that g/ and g; do not have any common
fixed point for ¢ = 1,2,3. Then instead of the attractive fixed point of
g we can take the attractive fixed point of §’. Then as in the previous

case we see that {n;} x OH? x {n3} is a subset of T'(£).

The next step is to use an element h = (hy, ho, h3) such that hg is an
elliptic isometry of infinite order. Such an element exists because I's is
not discrete. For any point ((;, (2, (3) in the T-orbit of {n; } x OH?x {ns},
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the points in {(;} x OH? x {(3} are also in the orbit. Hence we can
forget the second factor and proceed as in the case r = 2.

Assume now that g3 is elliptic of infinite order. We forget for a moment
the first factor and look at the action of (g, g3) on the 2-torus (9H?)2.
As already remarked the traces of go and g3 are different. Let tr(gs) =
|2 cos(ar)| and tr(gs) = |2cos(fm)|. Since g and g3 are elliptic of
infinite order, they are rotations of angles 2am and 287 respectively
where o and § are different irrational numbers in the interval [0, 7)
and cos(am) is a conjugate of cos(fm) =: ¢(cos(am)). The orbit of
(&2, &) under (gq,g3) can be represented as the orbit of a point in the
flat torus S' x S* under translations with translation vector (2c,203).
By Theorem 442 in the book of Hardy and Wright [11], the orbit of a
point is dense if 2a,, 2 and 1 are linearly independent over Q.

Let us assume that 2«, 24 and 1 are linearly dependent over Q, i.e.
2ma + 2nf = k for some integers k, m,n.

For a positive integer [, we have cos(lx) = P/(cosx) where P, is a
polynomial of degree [. Hence

¢(cos(lam)) = @(Fi(cos(am))) = P¢(cos(am)))
= PB(cos(pm)) = cos(If).

This means that a conjugate of cos(nam) is

¢(cos(nam)) = cos(npm) = cos((k — ma)m)

= cos(km) cos(mar) + sin(km) sin(mar).

Up to multiplying by two, one can assume that k is even and hence
sin(km) = 0 and cos(km) = 1. Thus ¢(cos(nan)) = cos(mar).
If m = n, then ¢(cos(nam)) = cos(nam), which is impossible because

cos(nam) is a conjugate of the trace of a hyperbolic element in T'; and
it is not contained in a proper subfield of Q(Tr(I'y)). Hence m # n.

We will show that ¢(cos(nam)) = cos(mamr) is impossible by finding ¢
different conjugates of cos(n‘am) where ¢ is an arbitrary integer.

¢(cos(nam)) = ¢(Phe-1(cos(nam))) = Pye-1(¢(cos(nam)))

c—1

= P,—1(cos(mam)) = cos(mn an).
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By induction we see that for every integer d with 0 < d < c,

¢?(cos(nar)) = cos(mintar).

All ¢?(cos(ndar)) are conjugate and different because cos(mn®dan)

are different for different d. This contradicts the fact that Q(Tr(T")) is
a finite extension of Q.

Thus 2«, 23 and 1 are linearly independent over Q. Therefore the orbit
of (&3, &) under (g9, g3) is dense in OH? x OH?. Hence {n; } x OH? x OH?
is a subset of I'(£). The rest of the proof is as in the case r = 2.

]

Remark. (i) Examples of groups with » = 2 are the triangle groups (5, 0o, 00)
and (2,5, 00). For them we have also that their limit cone Ct is a subset of
P := {(x1 : x3) | 1 > x2}. Even more, Cr = P because (1 : 1) € Cp
(Proposition 5.13), (1 : 0) € Cr (the second projection of the modular em-
bedding contains an elliptic isometry of infinite order) and the two points are
connected (Theorem 3.8). Therefore their limit set is “half” of the geometric
boundary of (H?)2.

(ii) Generally, for a modular embedding I' of I'y we can prove that the
limit set contains a subset homeomorphic to R2. I think it is not difficult to
show that there is a subset homeomorphic to R? or even R*. A question is
which is the biggest n such that Lr contains a subset homeomorphic to R™.
Other interesting questions are if Lr is connected or even more if Fr is the
whole Furstenberg boundary.

64



7 'Totally geodesic embeddings

In this section we show applications of Theorem 5.19 and Theorem 5.22.
The idea for these applications came from the question if the modular
embedding of a semi-arithmetic group admitting a modular embedding is
totally geodesic.
We remind that we can write I' as

L= {(61(91), @2(01); - -+ durrl(90) | 1 € pa(D)}

where ¢; is a surjective homomorphism between p; (I') and p;(I"). Hence there
is a natural embedding of p;(I") into I" given by the following mapping:

FiTi=T, g (6107 (1), 6207 (1) - - - s Bgsrdi *(g1))-

Theorem 7.1. Let I' be a finitely generated nonelementary subgroup of an
irreducible arithmetic group in PSL(2,R)" with r > 2. Then T'; := p;(I") is
a subgroup of an arithmetic Fuchsian group for some j € {1,...,r} if and
only if for the natural embedding f : I'y — T there exists a totally geodesic
embedding F : H? — (H?)" with

F(g;2) = f(g;)F(2), forall g; €Ty andall »¢cH.
Proof. Let F : H? — (H?)" be a totally geodesic embedding with
F(g12) = f(q1)F(2), forall g, €T; andall z€ H>

Then the limit set of T' is contained in the geometric boundary of F(H?),
which is a circle in (H?)". By Theorem 5.19 this is only possible if T'; is a
subgroup of an arithmetic Fuchsian group.

Now assume that I'; is a subgroup of an arithmetic Fuchsian group. By
Lemma 5.2, then I'; is also a subgroup of an arithmetic Fuchsian group. We
consider the matrices A; = [ai bi € GL(2,R), i =2,...,r from the proof
of Lemma 5.17 which are defined so that for all g; € I'y, the corresponding
element f(g;) in I is given by (g1, Asge A5, ..., A,g-A7Y). Then a totally
geodesic embedding F : H? — (H2)" is given by z — (2, Ay(2), ..., A.(2))
where A;(z) 1= 225 if det(A;) > 0 and A;(z) = 22 if det(4;) < 0,
1=2,...,T. ]
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The next theorem describes the totally geodesic embeddings of H? into
(H?3)? that are left invariant by the action of T

Theorem 7.2. Let I" be a finitely generated subgroup of an irreducible arith-
metic group in PSL(2,C)? with ¢ > 2 such that p;(I") is nonelementary for
some j € {1,...,q}. Then there is a totally geodesic embedding of H? in
(H3) that is left invariant by the action of T if and only if p;(T) is a sub-
group of an arithmetic Fuchsian group.

Proof. Without loss of generality, we can assume that j = 1.

Let F': H?> — (H?)? be a totally geodesic embedding that is left invariant
by the action of I'. Then the limit set of I' is contained in the geometric
boundary of F(H?), which is a circle in (H?)?. By the remark after the
proof of Theorem 5.22 this is only possible if T'; := p;(T") is a subgroup of an
arithmetic Fuchsian or Kleinian group.

Now assume that I'y is a subgroup of an arithmetic Fuchsian group. As in
the proof of Theorem 5.22, after projecting, if needed, on the factors that do
not consist only of elliptic isometries, we can assume that I' is nonelementary.

By Proposition 3.6, I'; is either nonelementary or consists only of elliptic
isometries with a common fixed point.

For ¢« = 1,...,q such that I'; is nonelementary, we consider the matrices
A; = [a d] € GL(2,C),1=1,...,q, from the proof of Lemma 5.17. Then
Ci Gy

the mappings ¢; are given by ¢;(g1) 1= A;gJ A; ! for all g; € Ty, where ¢ is

fixed and denotes either the identity or the complex conjugation of g¢;.
Without loss of generality we can assume that I'y leaves the plane y = 0

invariant. Then we define the totally geodesic embedding F : H? — (H?*)4

by (2,t) — (2 := (2,0,t), Ay(2), ..., A, (2')) where 4; is the extension to H?
a;z+b;

of #2571 if I'; is nonelementary and o is the identity, the extension to H? of

Z:;—ISZ if I'; is nonelementary o is the complex conjugation and the constant
mapping to the fixed point of I'; if I' is not nonelementary, i = 1,...,q.

The last case is when Iy is a subgroup of an arithmetic Kleinian group.
If T'; is (conjugated to) a Fuchsian group, then it is contained in an arith-
metic Fuchsian group and we are in the previous case. If I'; contains purely
loxodromic elements, then I'; does not fix any geodesic plane in H?. On the
other hand, if F is a totally geodesic embedding as above, then F(H?) is a
geodesic plane in (H?)? that is fixed by I'. Hence its projection p;(F (H?))

in the first factor is fixed by I';. Since I'y is nonelementary, the projection
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p1(F(H?)) cannot be just a point or a geodesic. Hence it is not possible
that I'y contains purely loxodromic elements and there is a totally geodesic
embedding compatible with T". O

The proof of the next theorem is analogous to the proof of the corre-
sponding result in the real case Theorem 7.1. The only difference is in the
construction of the totally geodesic embedding for the complex factors when
I'; is arithmetic. This is done as in the proof of Theorem 7.2.

Theorem 7.3. Let I' be a finitely generated subgroup of an irreducible arith-
metic group in PSL(2,C)? x PSL(2,R)" with ¢+ r > 2 and qr # 0 such that
p; (L) is nonelementary for some j € {1,...,q+r}. Then there is a totally
geodesic embedding of H? in (H3)? x (H?)" that is left invariant by the action
of I' if and only if p;(I') is a subgroup of an arithmetic Fuchsian group.
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