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Abstract. A nonisothermal phase field model for alloys with multiple phases and components
is derived. The model allows for arbitrary phase diagrams. We relate the model to classical sharp
interface models by formally matched asymptotic expansions. In addition we discuss several examples
and relate our model to the ones already existing.
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1. Introduction. The phase field method is a powerful methodology to describe
phase transition phenomena. The method has been used to describe solidification
processes [7, 34] as well as microstructure evolution in solids [15] and liquid-liquid
interfaces [28]. There are phase field models for pure substances [7, 34] and binary
alloys [9, 21] for eutectic, peritectic, and monotectic systems [45, 31, 32, 33, 39].
Furthermore, the evolution of grain boundaries also can be modelled by phase field
models or order parameter models [12, 16]. For recent reviews of phase field methods
we refer to [13, 5, 14].

Traditionally the evolution of interfaces, such as the liquid-solid interface, has
been modelled as a moving boundary problem. This means that pure phases are
separated by a sharp interface. In the phases, partial differential equations, e.g., de-
scribing mass and heat diffusion, are solved. These equations are coupled by boundary
conditions on the interface, such as the Stefan condition demanding energy balance
and the Gibbs—Thomson equation. Across the sharp interface certain quantities (e.g.,
the heat flux, the concentration or the energy) may suffer jump discontinuities.

In phase field models the individual phases are distinguished by one or more so-
called phase fields. In different phases the phase fields attain different values and
interfaces are now modelled by a diffuse interface; i.e., the phase fields and all other
quantities do not jump across an interface, but they change smoothly on a very thin
transition layer (the diffuse interface). For example, for a solid-liquid phase transition
we choose a phase field taking the value one in the solid and zero in the liquid; across
an interface, the phase field varies smoothly from one to zero.

The use of diffuse interface models to describe interfacial phenomena dates back
to van der Waals [42], Landau and Ginzburg [26], and Cahn and Hilliard [10]. In
the theory of solidification this idea was introduced by Langer [27] and Caginalp [7].
Caginalp and Fife [8] used asymptotic expansions to relate the phase field models
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proposed by Langer to classical free boundary problems in the sharp interface limit.
This relation has also been rigorously established for some cases (see, for example,
[38, 41] and the references therein).

Since the original phase field model is not derived from thermodynamical prin-
ciples, a number of so-called thermodynamically consistent phase field models were
proposed in the 1990s (see Penrose and Fife [34], Alt and Pawlow [2], Wang et al.
[44]). All of these models guarantee a positive entropy production.

The classical asymptotics leads to restrictions on parameters which often makes
it difficult to perform practical computations of realistic solidification processes. This
is particularly true in the regime of small undercooling. In recent years Karma and
Rappel [23, 24] (see also [25, 1, 30]) used the so-called thin interface asymptotics to
realize numerical simulations in this regime. There, the Gibbs—Thomson equation is
approximated to a higher order and the temperature profile in the interfacial region is
recovered with a higher accuracy when compared to the classical asymptotics. Further
numerical simulations (see [35, 36, 37]) confirm the superiority of this approach in the
case of small undercooling.

So far, generalizing this approach to more general situations (see the discussion
in [25]) and, in particular, extending the approach to phase field systems handling
multiple phases are still an open problem. Therefore, as a first step, we apply classical
sharp interface asymptotics to handle general systems with multiple phases and com-
ponents. The task of making this approach more efficient by the use of thin interface
asymptotics is left to further research.

The aim of this paper is to derive a phase field model that

e is thermodynamically consistent,

e allows for an arbitrary number of phases and components,

e is defined solely via the bulk free energies of the individual phases, the surface
energy densities (surface entropy densities, respectively) of the interfaces, and
diffusion and mobility coefficients, and

e yields classical moving boundary problems in the sharp interface limit.

The third requirement enables us to define the full set of phase field evolution
equations by quantities which (in principal) can be measured. Since the bulk free
energies determine the phase diagrams (see, e.g., Chalmers [11], Haasen [22]) our
model can be used to model phase transitions for arbitrary phase diagrams. We
note that in a multi-phase field model computing the surface free energy densities
(or surface entropy densities) is difficult. Here one can make use of the studies by
Garcke, Nestler, and Stoth [18], in which free energies for phase field methods with
good calibration properties have been developed. This means that for given surface
free energies (also called surface tensions) one can calibrate the parameters in the free
energies of the phase field model in such a way that the sharp interface limit is defined
via the given surface tensions. In particular the sharp interface problem is defined
with the help of the surface free energies.

In the following section we introduce the phase field model in its full generality
and state the corresponding sharp interface model. In section 3 we give examples
and relate the model we propose to models already existing in the literature. Fur-
thermore, we discuss a variety of different applications for the new model. Due to its
general formulation, the model has the capability to describe phase transformation
processes in nonisothermal multicomponent alloys as well as in grain structure evo-
lution. Different phases and different crystal orientations can be distinguished at the
same time by an appropriate choice of the phase field variables. This allows us to treat
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effects occurring on different length scales such as eutectic grains and interdendritic
structures.

Finally, we show in section 4 via formally matched asymptotic expansions that
the phase field model yields the sharp interface model in the limit when the interfacial
thickness tends to zero.

2. The models. We consider a domain Q ¢ R%, d € {1,2,3}, and we assume
that the system has N components with M different phases possible.

2.1. The phase field model. The phase field model is based on an entropy
functional of the form

1) S(e.ci) = [ (sterei0) - (ca(0,90) + Lu(e)) )

We assume that the bulk entropy density s depends on the internal energy density e,
the concentrations of the N components ¢;, 1 < i < N, and the phase field variable
# = (¢o)M_,. The variable ¢, denotes the local fraction of phase a, and we require
that the concentrations of the components and the phase field variables fulfill the
constraints

N M
(2) D=1 > da=1
=1 a=1

It will be convenient to use the free energy as a thermodynamical potential. We
therefore postulate the Gibbs relation

(3) df = —sdT + Y pide; + Y radds

(see Alt and Pawlow [3], who show that the Gibbs relation is a consequence of the
entropy principle). Here, T is the temperature, p; = f ., are the chemical potentials,
and ro = f 4, are potentials due to the appearance of different phases.

We set

(4) €= f + STv

and hence

(5a) de =Tds + Z wide; + Z Toddq,
1 Hi ’ To

(5b) ds = de — Z e - Za: 7 0o

If we interpret s as a function of (e, ¢, ¢), then we have

1 — i -7
= Sie; = Tla S0 = Ta~

Later it will be convenient to switch among the variables (T, ¢, @), (e, ¢, @), (T, i, @),
and (f%, % i, @), and we therefore assume for the rest of this paper that

e c— f(T,c, ) is strictly convex,

o T — f(T,c,¢) is strictly concave.
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This will make the above exchanges of variables possible.

We note that given the free energy densities of the pure phases, we obtain the
total free energy as a suitable interpolation of the free energies f,, i.e., such that
f(T,c,eq) = fo(T,c), with e, being the ath coordinate vector.

So far we have neglected interfacial effects. The thermodynamics of the interface
gives additional contributions to entropy and free energy. Let us first consider how
interfacial contributions are accounted for in a sharp interface model. Let I',3 denote
an interface between phases o and 8 and let v, denote the unit normal at I'yg
pointing into the B-phase. Then in sharp interface models an interfacial term

(6) - Z / Yap(Vap)dHT !

a<p
a,B=1

with a positive function v, on S¢~1 is added to the entropy (see [29], [43]). The
notation dH?~! indicates integration with respect to the (d — 1)-dimensional surface
measure.

In diffuse interface models the surface entropy functional (6) is replaced by a
Ginzburg-Landau type functional of the form

) - [ (c0(6.90) + Lu(@) az

Here, a is the gradient energy density which is assumed to be homogeneous of degree
two in the second variable; i.e.,

a(¢,nX) = na(¢,X) (¢, X) € RM x R”M and vy € RY,

and w is a nonconvex function with exactly M global minima at the points eg =
(bap)M 1, 1 < B < M, with w(e,) = 0. It has been shown under appropriate
assumptions on a that the functional (7) converges to the perimeter functional (6)
when ¢ converges to zero. We refer to [18], [19] and section 3 for appropriate choice of a
and w. We assume in this paper that a and w and, hence, the interfacial contributions
to the entropy, do not depend on (T, ¢), but these dependences can be included, leading
to a much more complicated model.
Our goal is to derive balance equations,

(8a) Ore ==V - Jy (energy balance),
(8b) Oic; = -V - J; (mass balances, i = 1,..., N),

that are coupled to
(8¢) Ot = right-hand side (RHS)

in such a way that the second law of thermodynamics is fulfilled in an appropriate local
version. Here, Jy is the energy flux and Ji, ...,y are the fluxes of the components
c1,...,cn. In order to derive appropriate expressions for the ﬂuxeb Jo,...,JN, we use
the generalized thermodynamic potentials (compare (5b)) % = T and ‘SS = (_jﬁ”),
which will drive the evolution. Now we appeal to nonequilibrium thermodynamics
and postulate that the fluxes are linear functions of the thermodynamic driving forces
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V&,V ., V£ to obtain
Jo = Loo(T, ¢, )V ZLOJ (T, c, )V
7’
(9a) _LOO(chsv +;Loj (T,c, )V ij
- 58
Ji = Lio(T, ¢, )V o +;L i(Toc, qb)VE
1 al — L
—_T. — . J
(9b) = Lio(T, ¢, )V + ; Lij(T, ¢, )V —
with mobility coefficients
(Lij)i,j:() ..... N

To fulfill the constraint Zf\il ¢; = 1 during the evolution, we assume
(10) > Lij=0, j=0,...,N,

which implies ZZ 1 Ji =0, and, hence, ('9,5(2z 16)=V"- (vazl Ji) = 0. We further
assume that L is symmetric (Onsager relations). In addition, L is assumed to be
positive semidefinite; i.e.,

N
(11) Z Lij&i&; >0 VE=(&,...,6n) € RVTL

1,5=0

This condition will later ensure that an entropy inequality is satisfied. We note that
we include cross effects between mass and energy diffusion in the model. One can
neglect them by setting Lo = 0 and Lo; = 0 for all 4,5 € {1,...,N}.

For the nonconserved phase field variables ¢1, ..., ¢as, we assume that the evolu-
tion is such that the system locally tends to maximize entropy conserving concentra-
tion and energy at the same time. Therefore we postulate

OJEat¢a = 6675 - A
(12) o 1 fo
= (Y 0,(6,V9) ~ 0,6,(6,V9)) = 0,6, (6) = T2\,

where we denote with a x_ the derivative with respect to the variables corresponding
to Voo w is (in this paper) a constant kinetic coefficient and A is an appropriate
Lagrange multiplier such that the constraint 224:1 ¢ = 1 is satisfied; i.e.,

1 1 féa
(13) A= M Z |:€ (V X, — a’(z;a) - gw@a - T

[e%

Relevant for the dynamics are the variational derivatives of S that take the con-
straints (2) into account. We can therefore reformulate (9b) and (12) in terms of
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68 65 68
5 8¢, b
elements satisfy the constraints. Defining

the projection of ( ) onto the tangent space of the linear subspace whose

K
DK ={deR": Y dy =1},
k=1
and its tangent space
K
TLX ={deRX: Y dp =0},
k=1

the constraints (2) read as ¢ € ¥V and ¢ € M. In the following, P¥ will denote the
projection onto TS . Then the relevant quantities for the definition of the fluxes are

1 1 1 11
P(-30) =4 (- 5 Em) = S
( 7)) =7 |» N;ug TNj(u )
whereas there are no changes to %. We note that the quantities
_ 1
1 = sz:(m — 115)

can be interpreted as generalized chemical potential differences. For two components
we obtain 71, = (11 — p2)/2, i.e., the usual chemical potential difference multiplied by
the factor 1/2.

With the above notation we can rewrite the fluxes as

N
1 —Hj
Jo = Loo(T,c, d))VT + ;Zl Loi(T,c,$)V T

N
1 —Hj
Ji = Lio(T, ¢, )V + > Lij(T, ¢, ) V=5

j=1

Similarly we can rewrite (12) as

wedip = P [g(v ) a’X(¢7 Vo) — a4, V¢)) B %w’d)((b) - J;?:| .

Altogether the total entropy density is given by
1
bulk entropy + surface entropy = s(e, ¢, ¢) — (sa(qS, Vo) + Ew(q&)) ,

and a straightforward computation shows (setting poy = —1)

Oi(entropy) = 0, (s(e, ¢, d) —ea(p, Vo) — iw(qﬁ))

N N
—Hi —Hj — i —Hj

= LyiV—L V. L;;V—L
ig::()v T Jv T v g::o T jv T

+we L (0iga)’ =€ DV - (a.x,000)

N o on
> -V- (Z j/fz J; —€Za,Xaat¢a> .
a=1

=0
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The above inequality shows that the local entropy production is positive where
the entropy flux Js is given by

(14) J, = ZNj (_j’f

=0

‘ M
! J,») —€ Z ap, O0thq.
a=1

The first term represents the entropy flux due to mass and energy diffusion, and
the second one is due to moving phase boundaries (compare [2]). We refer to Alt and
Pawlow [3], who show that for conserved phase fields (they call them order parameters)
either the energy flux or the entropy flux has to depend on 0;¢ in order to describe
phase transitions.

2.2. The sharp interface model. In section 4 we use the method of asymptotic
expansions to relate the phase field model of the previous subsection to the sharp
interface model which we state in the following. We obtain that when the domain 2
is separated in phase regions €2q,...,Q); occupied by the pure phases 1,..., M such
that in every phase Q,, a =1,..., M, the following evolution equations hold:

[e%

N
1 :
(15)  Ore® = =V - | Lgy (T, ™) Vﬁ - g Lg; (T, c%) V% (energy balance),

a ,U .
(16) 0w = =V | LyH(T*, ¢ V— —ZL e Tj Vi (mass balances).

These equations can be formulated in the variables (T, p) (in which case the inter-
nal energy e® and the concentrations ¢® are given as e®* = e®(T%, u%) and ¢ =
(T, n*)) or, more commonly, in the variables (T,¢) (in which case the inter-
nal energy e® and the chemical potentials u® are given as e* = e*(T%,¢%) and
pe = (T, c)).

On a (smooth) boundary I',3 between two phases « and /5 we have (assuming an
isotropic surface energy)

T =78 =T continuity of temperature),

(17) (

(18) oy = ﬂ’? = Vi (continuity of chemical potentials),

(19) [e]g v = [Jo]g (energy balance),

(20) ey v=[Tlo-v Vi (

( ) [f]g B 21 ibi [Ci}g
T

mass balances),

MaB ¥V = Yaphk + (Gibbs—Thomson relation).

Here, v = v,g is the unit normal pointing into 3, v is the speed of I" in this direction,
and k is the mean curvature. The quantities

N
(22) ﬂ?:M?*%ZN? Z ),
j=1

2

where pgt = f¢, (T, ¢) are the generalized chemical potential differences in phase «, and

[]g denotes the jump of the quantity in the brackets across the interface. The quantity
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Yas is the surface entropy density and the relation between the surface entropy and
the entropy density in the phase field model is given by

(23) Yag = inf {2/_11 Vw(p)yalp,p' @ V)} :

where the infimum is taken over all Lipschitz continuous functions p connecting the
minima of w corresponding to the phases adjacent to the interface, i.e., p(—1) = e,
and p(1) = eg. The kinetic coefficient mq,g can also be expressed in terms of the
minimizer p (see [17]).

In general, a and w might depend on temperature and on the concentrations
leading to a temperature- and concentration-dependent surface entropy in the sharp
interface limit. In this case, the surface terms would also enter the internal energy.

For a thin interface analysis of a partially linearized model for pure substances
we refer to [30]. Performing a thin interface analysis for our model would require
studying higher order corrections of fields like s, f, T', and ¢ in the interface region.
We do not pursue this issue further at this stage.

We note that the Gibbs—Thomson equation can be derived by locally maximizing
entropy, conserving concentration and energy at the same time. For a stationary flat
interface the equations (17), (18), and (21) yield the classical equilibrium for phase
boundaries. The equilibrium condition at a flat boundary at rest separating phases
o and 3 is

A =g forall i=1,...,N.

In addition the temperature has to be the same and (see (21))
115 =Y mleld =0

For M phases to be in equilibrium we therefore have (N + 1)(M — 1) conditions. For
each phase we can choose N — 1 components and the temperature. All together there
are

MN—(N+1)(M—-1)=N—-M+1

degrees of freedom. This is the Gibbs phase rule. We note that for two component sys-
tems the equilibrium conditions between two phases lead to the well-known common
tangent construction.

Finally, at triple junctions where three phases a, 3, and § meet, a force balance
of the form

(24) YapBTag + V86736 + V6aTsa =0

has to hold (compare [19]). Here, To3, 7gs, and 75, are the tangents to the interfaces
I'ap,I'gs, and I'sq. All are assumed to either point in the direction of the triple
junction or point away from the triple junction at the same time. It can be easily
seen that this force balance is equivalent to certain angle conditions at the triple
junction.

In the appendix we will demonstrate that the entropy does not decrease for so-
lutions of the above problem. In particular, for a closed system we obtain, using
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appropriate transport theorems and assuming m > 0 and L = (L;;); j=1,.. .~ is posi-
tive semidefinite, the following:

d — [
ﬁ(/ﬂs(e,c)dm—/r'dedfl) :/Q(V;.JO—FZ:V;.Ji)d%
+/mv2de*1 >0,
r

where the integral over I' is an integral over all possible interfaces.

3. Examples. In this section we will first demonstrate that the phase field
method is able to model systems with a very general class of phase diagrams. In the
way it is formulated, the model can describe systems with concave entropies s, (e, ¢)
in the pure phases. This corresponds to free energies f, (T, c) which are convex in
¢ and concave in 7. In the case where f(T,c) is not convex in the variable ¢, the
free energy needs to contain gradients of the concentrations (as in the Cahn—Hilliard
model).

We will first give a rather general example, which already covers most exam-
ples in practice, and then discuss relations to existing models and possible partial
linearizations of the system.

3.1. Possible choices of the free energy. Choosing the phase field ¢ such
that ¢ = ej; corresponds to the liquid phase, we define bulk free energies for the
individual phases by

al T-T* R
fa(T,c) = ; (ciLf‘ T= Lo+ aTci ln(ci)) —¢,T(In(T)-1)
with LM =0, and L¢,i=1,...,N,a=1,...,M — 1, being the latent heat per unit
volume of the phase transition from phase « to the liquid phase of the pure component
1. Furthermore, T*, 1 = 1,...,N, a = 1,..., M — 1, is the melting temperature of
the ith component in the phase «, and ¢, is the specific heat, which is assumed to be
independent of ¢ and ¢; the molar volume v,, is supposed to be a constant, and R is

the gas constant. Then we define the total free energy density as follows:

M N o
(25) GTOES 95 3 (=S UR)
a=1i=1 ?

N

2

i=1

(RTCZ- m(ci)) — ¢, T(In(T) — 1),

Um

where h is a monotone function on [0, 1] that satisfies #(0) = 0 and h(1) = 1. Examples
are h(¢) = ¢ and h(¢) = ¢?(3 — 2¢). The last one has the property h'(0) = h/(1) =0
which is suitable for phase field models as we will see below. With this choice of h
the function f is an interpolation of the individual free energy densities f,.

We can calculate

06 s——fr—-3 XN: (ci;;h(%)) -2 (

i=1 m

vﬂci ln(ci)> + ¢, In(T),
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so that
M N
(27) e:f—f—Ts:—ZZch hba)) + T

We note that if LY = L for all components 7, then e does not depend on c. The
chemical potentials are given as

(28)  wi(T,c,0) = fei(Tyc, 9) = Z( i (%))+RT(1H(C¢)+1)-

— Um

Expressions for the quantities above in the pure phases are obtained by setting ¢, =
eo. For example, we have

T-T2 R
+ —T(In(¢;) + 1)

qzac a:ac,- T, ) Ca La
pit =0, f J(Tc eq) = = " om

for the chemical potential of the ¢th component in the phase .
Now we give some examples for the terms modelling interfacial contributions to
the free energy. The simplest form of the gradient energy is

M

a($, V) = Vo[> = Y |Véal*.

a=1
However, it has been shown [17, 19, 39] that gradient energies of the form

a($, Vo) = > Aap(¢aVés — d5Vea),

a,f=1
a<p

where A, are convex functions that are homogeneous of degree two, are more con-
venient with respect to the calibration of parameters in the phase field model to the
surface terms in the sharp interface model. A choice that leads to isotropic surface
terms is

a(6,96) = 3 12216, Vs — 65V u
a<pf afB

with constants 9,5 and m,s that can be related to vo5 and mqg in (21) (cf. [17]).
For the bulk potential one may take the standard multiwell potential

wet(9) = 9 Y MagTapdady
a<f
or a higher order variant
et (B) = wat(9) + Y Vapsbadids-
a<fF<é

For practical computations the multiobstacle potential yields good calibration prop-
erties. It is defined by

16
wob((m = ﬁ Z maﬂﬁaﬁ¢a¢ﬁ

a<f
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with a higher order variant

wob(¢) = wob((,b) + Z 7&55¢0¢¢B¢67

a<f3<é

where w,, and w,, are defined to be infinity whenever ¢ is not on the Gibbs simplex
G =1{dex™:d, >0} We refer to [18] and [19] for a further discussion of the
properties of the surface terms.

3.2. Possible choices of the mobility matrix. Here we give an example only
for the part of the mobility matrix (L;;); j=o,....n that defines mass diffusion resulting
from chemical potential differences; i.e., we do not specify L;g = Lg; for 0 < i < N.
An example for those terms, which in particular define cross effects between mass and
energy diffusion, will be given in section 3.4.

If I;(c;, T, ¢) are the nonnegative bare mobilities of the pure components, we can
argue as in [4] to obtain

N

-1
Lij(Ta c, (rb) = lz(T7 Cia(rb) <6lj - (Zlq(Ta an¢)> lj(T7 cj7¢)> ) 1 S Za] S N.

q=1

To give a simple example, we assume that all bare mobilities are the same constant
(e.g., 1;(T,c;y¢) = 1). Hence

. 1
(Lij)itj=1 = id — ~v1®1

where 1 = (1,...,1) and ® is the tensor product. Often it is more reasonable to as-
sume that the bare mobilities [; are linear in ¢;, and in the simplest case (I;(T, ¢;, @) =
¢i) we obtain

(Lij)ii=1 = (ci(bij — ¢;))ij=1-

Choosing a free energy of the form (25) and taking (28) into account, we get the
following equations for the concentrations:

1 & M 11
Opci = =V - Liovf‘f'zci((sij_cj)v(_z LY TTQ—T h(¢a)

j=1 a=1

~ B ey + D)

UTVL

-V |L; V1+§:§:L--V(L“ I PP )) LV
= 10 T 1] J Tja T o v 7.

a=1 j=1 m

3.3. Relation to the Penrose—Fife model. In this subsection we will demon-
strate that our model includes the model of Penrose and Fife [34] as a special case.
In this case there is only one component, and we can neglect the variable c. There
are two phases, so we will write the equations in terms of the solid fraction ¥ = ¢;.
Then by (2), g2 =1 — 1.
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The first phase, the solid one, is characterized by ¢ = 1; hence ¥ = 1. We assume
its free energy density to be

T-T,

m

=L — ¢, T(In(T) — 1),

where T, is the melting temperature and L the latent heat of the solid-liquid phase
transition. The second phase, the liquid one, is characterized by ¢ = es; therefore
1 = 0, and we take the free energy density to be

fl=—¢c,T(In(T) - 1).

We have
T—-T,,

m

f(T) =L

h() = e, T(In(T) = 1);

hence

S(T) = — 2~ h() + cy I(T)

m

so that e(T,v¢) = —Lh(¢) 4+ ¢,T. The evolution equation for the energy density yields
1
ey T — LKW ()Opp = =V - (LOOVT> .
Now we choose Log = ¢, Ko2T?2, A\(1)) = Lh/(¢)/c,, and

a(6,V9) = 5 Vo = Z(IVor[* + [Voal),

where ¢ = Kk1¢,/(2¢) for some constant k1. Setting w = 1, K7 = ¢,/(2¢) and

1 L

s0() = ———w(¥,1 =) = ——h(y).
We arrive at the system
oy = Ky (A(Ti/J) + 50(¢) + /<61A1/1> ,

KT — AN(1p)0pp = Ka AT

which is the model of Penrose and Fife [34, Chapter 6].

3.4. A linearized model. In this subsection we are going to partially linearize
our model. This is done in such a way that the evolution equations in the pure
phases are linear and they indeed reduce to standard linear diffusion equations. We
restrict ourselves to binary systems but a generalization to higher order systems is
straightforward.

We denote by ¢ = ¢; the concentration of the first component; therefore co = 1—c.
Using that L is symmetric and the algebraic constraints (10), we obtain

Loy = Lig = —Loa = —Lyg and Ly = Loy = —Lyip = —Lo;.
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Furthermore, we introduce the chemical potential difference

B = f,c = f,cl _f,02 = K1 — K2.

Then the conservation laws for energy and concentration read (up to a factor 2 in the
last term of the right-hand sides)

1 —J,c
(29) 8756 =-V- Loovf -V- LmV 1{7 5

1 —J,c
(30) 8,36 =-V- L10Vf —V- Lllv%.
Choosing

+ KT?,

T T T
L11 =D s L10 = LOl = 67CD7, and Lo() = 672CD

,cc ,cc ,cc

the system (29)—(30) reduces to

(31) e =V - <KVT +e.DVe+eoD Jes v¢> ,
(32) dec=V- (DVC + DJJZ’ché) .

Here K and D are coefficients that may depend on ¢. Equations (31) and (32) then
have to be coupled to the phase field system (12).

We assume as in (27) that the internal energy density is affine linear in the
variables (T,c¢). Then the system (31)—(32) reduces in regions where ¢ is constant,
i.e., in the pure phases, to (here K and D are constants)

0T =V -KVT = KAT, 0Oic=V-DVc= DAc.

Here ¢, is the specific heat. These are classical linear diffusion equations for temper-
ature (Fourier’s law) and concentration (Fick’s law).

3.5. Relation to the Caginalp model. If we further linearize the system it
can be seen that our model leads to a generalization of the original phase field model
[7] to the case of alloy solidification. We consider a three-phase system for a binary
alloy. We choose the free energy density

3

3
J(T.e,6) = (k5 = 3" Liga)el = e, T(n(T) = 1) = Y L§6a,
a=1

a=1

where L§ are latent heat coefficients and L{ and x, respectively, are coefficients
entering the chemical potentials. Then we get

3
s=—fr= —(Hg — Z L?qﬁa)c—i— ¢y In(T),

a=1

6:f+T5:cUT—ZLS‘¢a,

f_ fe
T T :"?C—ZL?@M

LO(
& L@ o, 22
1€ T
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Choosing the mobility matrix as in the previous subsection we obtain
Ore = 0 (ch -3 Lg%) =V - (KVT),

Oic=V- DV(HC - ZL(I"¢Q).

(03

For the gradient energy we take the isotropic function a(¢, Vo) = %Za |Val?.
Then the equations for the phase field variables are

1 LY
Wedpdo = APy — “W () + LSc+ 72 -\,

where ) is the Lagrange multiplier (13). Now we linearize the term % in the above
equation around a temperature 7;, to obtain

1 1 1
e = <000 = L, (0) + L+ I (7 - 7

T-— Tm)> -

The equations for (T, ¢) are linear and all terms in the equation for ¢ are linear
except for the term w 4, . A complete linearization cannot be expected because sys-
tems with moving interfaces can never be linear, as can be easily seen for the sharp
interface model.

Finally, we note that this simplification of the model leads to a linearized phase
diagram; in particular, the magnitude of the jump of the concentration in the sharp
interface model is constant for each of the phase boundaries.

3.6. Fields of application. In this paragraph, we comment on the generality
of the presented phase field model, on the new features, and on the various different
applications to solidification processes, microstructure formation, and polycrystalline
grain growth. With the phase field model set up for an arbitrary number of alloy com-
ponents and phases in a nonisothermal system, the set of governing equations is able
to describe the coupled heat and mass diffusion processes as well as the phase trans-
formations in multicomponent systems. Due to the flexibility to choose parameters
in the gradient and in the potential free energy, the model consists of enough degrees
of freedom to prescribe the physics of each phase boundary and interface separately
by defining values for appropriate surface energies 7,3 and for the mobilities mqg.
The model allows for both kinetic and surface energy anisotropies. Different types of
anisotropy such as smooth and crystalline expressions corresponding to Wulff shapes
with a different number of vertices can be realized in three dimensions. Consider-
ing the application point of view, the effect of the type and strength of anisotropy
on the growth structure can be investigated. Examples of experimentally observed
anisotropic characteristics in eutectic systems are tilted or spiral phase formations
and the growth of neighboring eutectic grains.

The phase field variables ¢, can represent different phases and different grains of
orientational variants at the same time. Therefore, phenomena such as eutectic grain
formation involving different length scales (grains on the larger scale and a eutectic
structure on a smaller scale) and interpretations of the nonconserved order param-
eters can be described using the new model. A main focus of application in future
development is the two- and three-dimensional numerical simulation of solidification
in multicomponent alloy systems with arbitrary phase diagrams. By choosing the
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specific thermodynamical quantities—the latent heats of fusion L{ and the melting
temperatures T/*—and by inserting these data as input parameters for the numeri-
cal simulations, different types of phase transformations, such as peritectics, eutectics,
and monotectics, are modelled. In particular, the stability of ternary eutectic lamellae
with phase arrays of different period length and phase permutations will be investi-
gated by phase field simulations in a forthcoming paper. The results of computed
structures are compared with a generalization of the classical Jackson—-Hunt theory
for ternary eutectics. The occurrence of a ternary phase impurity leads to the forma-
tion of eutectic colonies. The resulting complex structure is of multiscale type and
can also be modelled with the new approach.

4. Relating the models by asymptotic expansions. By matched asymp-
totic expansions we want to establish the relation between the phase field model and
the sharp interface model that were described in section 2. We are going to generalize
methods developed by Caginalp and Fife [8], Bronsard, Garcke, and Stoth [6], Garcke
and Novick-Cohen [20], and Garcke, Nestler, and Stoth [17]. We restrict ourselves to
two space dimensions, i.e., d = 2, but generalizations are possible.

Since the quantities (7', i) are continuous across a phase boundary it will be
convenient to use them in the asymptotic expansions. More precisely we will use the
variables ¢ and u = (%1, ﬁ—TI, el ﬁTN) Since f(T,-, ¢) is strictly convex and f(-,¢, ¢)
is strictly concave, we obtain that the mappings

(T,c,9) — (u,¢) and (e, c, @) — (u,q)

are both invertible and an exchange of variables between these quantities is possible.

We will use the variables (u, ¢) in the asymptotics but the equations can always
be reinterpreted with respect to the variables (T, ¢, ¢) or (e, ¢, ). We write the con-
servation laws as

N
Oei(u, ) =V - ZLij(u,(b)Vuj, 0<i<N,
=0

where we have set ¢y = e.
The phase field equations are

weis = PM[<(V - a,x(6, V) — ,0(9, V6)) — Zw,4(0) + vof o(T(u, 6),(u, 6), )]

We assume that the matrix L = (Lij)%zo is strictly positive definite for all
arguments on the space

N
HY o= {d = (d)y e RYT: Y di =0} =R x TSV,
i=1
In addition, we will frequently make use of the fact that a is homogeneous of degree
two in the variable X. In particular, we have (cf. [17])

(33) ax(¢,nX) : X = 2na(¢, X),

(34) a,s(6,nX): X =na (¢, X),
(35) a(¢,0
(36) a x(¢,0

=

0,
0.

=
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4.1. Outer expansion. We expect, based on experiences from numerical sim-
ulations, that several phases arise which are separated by diffuse interfaces whose
thickness is of order e. We will see that these phases correspond to the M minima
of the potential w. In such a phase, away from an interface to another phase, we
consider an outer expansion in the bulk region. For a function b in (¢,2) we present
the ansatz

(37) out t Z‘ Z gKbout
In this way we expand the variables u; and ¢,, 0 < j < N, 1 < o < M. For the

constraints ¢ € XM and u € HY to be satisfied we assume

gut € 2M7 (ZS(I)th € TEM? K Z 17
uk, e HY, K >0.

First we consider the equation for the phase field variables. We expand PMw 4(¢) as

PMw7¢(¢) = PMw,¢(¢out) + E(P w ¢) ( out) ¢out + O( )

To leading order O(e~1) the equation (12) becomes

(38) 0= PMw ¢(¢out) = ’LU’¢( out (Z w ¢a out ) 1.

As we are searching for stable solutions for this equation, ¢9,, is one of the base

vectors {egli<p<m. We can conclude that to leading order the whole domain  is

partitioned into phases which are characterized by the M possible values of ¢°
The O(1)-equations for the conserved variables are (0 < i < N)

out*

N
(39) 8tci(uguta ¢2ut) =V Z ( Uouts (bout) j out*
=0

Boundary conditions for these equations will be obtained by matching with the inner
expansion. One should note that we have expanded the coefficients L;; in (ud,,, ¢9,;)
in the same way as PMw , in ¢2,,. In phase a, i.e., at points where ¢9,, = e,, we
write L& (u) = Lij(u, eq). Then the O(1)-equations become

atcl( outa v Z L out ] out*

Since ¢y = €, ug = —=, and u; = 4 we obtain (15) and (16). We note that an upper

index in (15) and (16) refers to the phase, whereas an upper index in this section
refers to the order in the expansion.

4.2. Inner expansion. Now we consider an interfacial region where two phases
meet. Without loss of generality we assume that ¢, = e1 in one of the outer regions,
denoted by 1, and ¢, = e, in the other one, denoted by Q5. We assume that these
two regions are separated by a family {I';}; of evolving smooth curves. Let ¢ be a
smooth function such that s — (¢, s) is an arc-length parametrization of I';. The
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unit tangential vector 7(¢,2) on Iy in = 9 (¢, s) is given by 7(t,z) = 9s¥(t, s), and
the unit normal v(t,z) on I'y in = (¢, s) is such that (v, 7) is positively oriented.
We choose the orientation in the parametrization 1 such that v points into ;.

Since the parametrization is smooth, it is possible to introduce new space co-
ordinates (z(t,x),s(t,x)) in a strip S around T; in the following way. We define
r(t,x) = d(z,T;) to be the signed distance between a point x and T'y; i.e., r is positive
in € and negative in Q. Then the variable z is defined by z(t,x) = Lr(t,z). Let
P; be the projection of S onto I';. Then by the smoothness of I'; one can use the
strip S narrow enough such that there is exactly one s(t, z) for every x € S such that
P.(x) = 1+(s). The following holds:

Vez(t,x) = éy(t,Pt(x)),
Vis(t,x) = 7(t, Pi(x)) + O(e).

In the new variables (¢, z, s) we present for some real function b in (¢, x) the ansatz

(40) bin(t,z) = Za bE (t, 2(t, x), s(t, x)).

Introducing the notation v(P(x)) = v(t, s(t, z)) and, similarly, 7(P(z)) = 7(¢, s(t, x)),
we obtain

Vaibin(t, z(t, ), s(t,x)) = é[@zbm(t, z, 8)|v(t, s) + [Osbin(t, 2, 8)]7(t, s) + O(e),
and for some vector field b we have
V. - b(t, 2(t, @), s(t,x)) = 2(825(75, 2,8)) - v(t,s) + (Osb(t, z,5)) - 7(t, 5) + O(e).
Moreover, it follows that
Oz(t,x) = &%d(x,f‘t) = fév(Pt(x)),

Os(t,x) = —vr (Pe(x)) + O(e),

where v is the normal velocity and v, the tangential velocity. We note that v, depends
on the parametrization, whereas v is an intrinsic quantity. This leads to

1
%bfi(t z(t,x), s(t, z)) = Ob; (t z,8) — gvazbffl(t,z7s) —vTasbffl(t,z,s) + O(e).

Now we expand ¢ and u in the variables (, z, s) and we assume
0 M K M
in €5, ¢, €TEY, K>1,
ul e N, K >1,

to ensure that the constraints on ¢ and u are satisfied. Taking a Taylor expansion of
L;j around (ul,, ¢ ) and writing L?]?m = Li;(u?,,¢? ), we obtain from the conserva-
tion laws for mass and energy to lowest order, i.e., O(s72),

(41) dz ZL“"@ZW , 0<i<N,
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where we used that d,v = 0. Integrating yields
(42) Lol =k

for some vector k € RN*!. Later, the matching with the outer solution will give
k=0.
We have

o,v=0, 0,7/=0, 0,7 =~kv, Osv=—KT

where x is the curvature of I';. Concerning the sign of the curvature we note that
for a circle of radius r» whose normal is outward oriented (with our orientation the
tangent is then running counterclockwise) the curvature is —1/r.

Hence the O(e~1)-equations of the conserved quantities are

N N

d
0 0\ __ 0,in 0,in
(43) _Uazci(uinv ¢7,n) = =K Z L aZ ] n + @ Z L 82’ j in
j=0 j=0
d [ :
+£ Z((LU),OJTL : u},in + (L1])0¢Zn ’ }n)azug,zn
7=0

These equations will further simplify when an expression for 9 has been derived.

Now we consider the equations for the phase field variables. As done in [17] we
expand the a-terms in (¢5m, .Y @), the w-term in ¢? , and the f-term in (ul,, ¢2,).
To leading order O(e~1) we then obtain the equation

n

d
(44) 0= — (PYax (¢}, 0:00, @v)) v — PMay(dh,, 0:67, @v) = PYwy(67,).

Multiplying this equation with 9,¢? € TSM gives

(45) 0= % (a,X(¢gna az¢?n & V) : (az¢?n & V) - a(¢?n7 az(b?n ® V) - U}( ?n)) .

The equation of order O(1) is

d
(46) 7@1)8,;(,75?” = % [(PMGGX)#’ ' ¢11n

d
+(PMa x) x : (0500, @ T+ 0.0, V)| v+ %(PMQVX)T

*(PMCL@)@'Q%I”* (PM #5) : ( 9¢?n®7_+82¢11n®y)
_(PMw7¢)7¢' ' (Z)zln + P U‘O znf¢( ( ?n? ¢?n)’ c(u?n, (Z)?n)? ?n)’

where w and all its derivatives are evaluated in ¢{ and a and its derivatives in
(¢7/I’L’ (blon ® l/)'

4.3. Matching and resulting jump conditions. For some quantity b(t, z) we
gave by (37) and (40) expansions in bulk regions, respectively, in a strip around an
interface between such regions. Now we want to match these expansions in an overlap
domain. We will need the matching conditions of order zero and one. For the outer
expansions in £ and Qs we will use the subscripts byy:1 and boya-
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We observe that near I'; we can express the functions b% (¢, z) in the variables
(t,z,s). By expanding in a Taylor series at the point (0, s(¢,z)) which corresponds to
the boundary point ¢ (s(t,2)) € Ty (remember that z(t,2) = 1r(t,z) and 8, = v-V,),
we obtain

K
bout

(t, ) = by (t,7(t, ), 8(t, )
bout<tﬂ 0, S(t’ f)) + Ta ( out)(tv Oa S(ta fE)) + O<T2)
= b5 (t,0,5(t,2)) + e2(V,bE ,(t,0,s(t,x)) - v(t,0,s(t,x))) + O(?),

where bX ,

(t,0,5) and V,bX ,(£,0, s) mean the evaluation in (¢, Pi(z)). We get
bO’U«t(t J?) - bout(t7 O’ S) ( (V bout(t? 07 S) : V(ta 8)) + biut(t? 07 S)) + 0(52)'

Now we consider an intermediate variable z. = n(g)z for some z > 0, where 7(¢)
is some function in € in the overlap domain of validity of the two expansions (which we
suppose to exist); i.e., n = o(1) and € = o(n). Because of z = r/e we have z. — +oo
as e — 0.

We substitute the variable z in our expansions by this intermediate variable z.
and consider their difference; the expansions of u match if, in the limit as ¢ — 0, the
terms of every order ¥ vanish. For the O(1)-terms this means

0= lim (00,01 (£,0,8) — B2, (t, 2, 8)) = Tim (80,1 (£,0,8) — 00, (£, 22, 5)) ,
g

Ze—00

1
=1 0 30 = i 0 — 9
0 51}% (bout2 (tv 07 5) bm(t, Zes 8)) lmoo (bout2(t’ 0’ S) bm (t’ Ze, S)) ’

Ze

while for the O(g!)-terms the matching condition is
0 = lim (2:Vub0u (80, 5) - v(t, 8) + by (£,0,8) — bL (£, 22, 8))

Ze—00

Hm  (2:Vb0,00(t,0,8) - v(t,8) + bhuua(t,0,8) — bl (t, 22, 8)) -

Ze—>—00

0

First we apply the matching conditions on the functions u?
the differential equations (42). The assumption on L yields

0 < j < N, solving

J,in

0.l = L7k,
By the matching conditions of order zero, uY, must be bounded if |z| — co. Then the
assumption on L necessarily gives k = 0 so that u? is constant.
Since uY, is constant, we obtain that ul,,;(f,0,s) = ud,,;5(t,0,s) and hence u,
and therefore the temperature and the chemical potential differences are in the sharp
interface limit continuous across an interface.
Now, due to d,u),;, = 0, the O(¢™")-equations (44) for the conserved variables

simplify to
N
71;8201( 1na¢) ZLW 1n7¢ j’L'n
7=0

Integrating with respect to z from —oo to oo (or, more correctly, integrating from —R
to R and then considering the limit as R — oo) and using that v(¢, s) is independent
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of z, we obtain

2,00
v [e(ul 09)] 7 = - ZL” (s 60)0:1}
2\ —o0
As has been shown in [8, 6] the matching conditions of order one for the b] in vield
(47) 0.b ] in — Vg bj outl © for z— 00
and
(48) 0., le in — be?_rom 7 for 2z — —00,

where the right-hand sides are evaluated in (¢, ) = (t,%+(s)) or, in the other coordi-
nates, in (¢,7,s) = (¢,0,s(¢,z)). In fact, these are the boundary values of vz“?,outﬁ"/v
B € {1,2}, on T';. After matching for the phase field variables ¢ we obtain

’U[c’i]% = U(C’i(ugutlﬂ gutl) — G (ugut2’ ¢gut2)) (t7 .’17)

_U[ (uln7¢ )}j<iooo

N
S ( Z L?Jt‘)“tlvxug outl L?f“ﬂvxuaom> (t,z) - v(t,x)
§=0
= (Ji(ugutla ¢8ut1) - Ji(ugth? ¢gut2))(t’x) -v(t,x)
= [Jilz v
We will refer to this fact as the jump condition for the inner energy density e = ¢g

and the concentrations ¢;, 1 <i < .

4.4. Matching and the Gibbs—Thomson relation. In the bulk regions we
have ¢2utﬁ = eg, B € {1,2}. Hence for each s, we have to solve equation (44) of
second order in z with respect to the boundary conditions e; for z — oo and es for
z — —00.

By integrating (45) and using (35), (36) and w(e1) = w(es) = 0 we obtain

0= a,x (¢, 0:05, @ v) : (020, @ V) — a$h,, Dz, @ v) — w(5,)-
Using (33) we deduce
(49) (3, Oz, @ V) = w(y),
which is known as equipartition of energy. We set

(50)
ng([_lv 1], EM) =

{p:[-1,1] — M | p Lipschitz continuous, p(—1) = e, and p(1) = ez},

and define the surface entropy for some e € R™ to be

(51) Yap(e mf{ / Vw(p)a(p,p' @ e)( dy|p60§§}.
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As shown in [40, 17], if a minimizer exists for e = v(¢, s), then a reparametrization of
the minimizer fulfills (44) and, in addition,

(52) 12100 = [ (a6 0.0%, @ ) + w(eh) d=
Now we want to deduce the Gibbs—Thomson law. We multiply the equation (44) for

O by 0.¢L, € TEM and the equation (47) for ¢} by 0,4? € TSM. Observe that
we can drop the projections PM. Then we sum up the two equatlons and integrate
from —oo to co with respect to z. Some straightforward calculations together with the
matching conditions for the boundary values yield the following solvability condition
for equation (47):

v [ 0.z =j( [ (689,060 505) £ 0(5) - 0.8 (2,510 ) 700

—0 —00
o0
(53) b Tl 8 )l ), 0) - 0.8
—00
Using that “0 i and u), = (u?’m, cey u?vm) are independent of z, the last term on

the RHS of (53) yields

/ qunfqb( ins ”7,7(;5 ) 2(150 dz

—0o0

(8T 08) = a8 T ) 0.5, )

* /d
= L (d ( Uy, mf( in’ m’ ¢zn)) + ﬂ?n ’ azcg") dz
= [ug in zn’ ’LTL’ ¢zn) + uzn : Cin:I j<iooo
= [ (F(T,2,0%) — £o(T°,&2,6%) - ) ],

Here we use the abbreviation T2, = T'(ul,,#%.), 2 = c(ud o9 ), TO = T(u°,¢°),
and ¢ = c(u’, ¢°). Finally, as [c°] € TSN we obtain

oo 011 _ ,,0 . 1,.011
[ uOlnf¢( in’ zn7¢ ) O dZ:_(W> (t,.’l?)

Calculating the total derivative of 75 1, which becomes with (52)

D21 (v) =/ ax - 0.¢0,dz,
and setting
miv) = [ (0.6,

we reduce the solvability condition to (writing Vs - g = (9s9) - 7 for the surface
divergence of some vector field g on I'})

7% = O [}

m(v)v ==V, - Dy 1(v) + 70
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Considering v and v as functions in an angle € [0, 27), i.e., setting v(0) = (cos(0),
sin(#)) and 4(0) = v(v(0)), one can derive (see [17])

Vs Dy21(v) = =(921(0) +951(0))%

with the curvature kK = —V, - ¥ which may be inserted into the solvability condition
to yield

7% = 0 [

mv)v = (J2,1(0) + %/,1(9)),{ + T0

Finally, the force balance at triple junctions (24) can be derived as in [17]. Therefore,
all equations defining the sharp interface model have been derived by asymptotic
expansions.

5. Appendix. In this appendix we will show that for the sharp interface model
described in section 2 the entropy does not decrease in time. We consider a situation
where a bounded domain € is partitioned into M phases Q(t), ..., Qu(t) which are
separated by smooth boundaries I'ng(t) = Q, N Qg N Q. For simplicity we restrict
ourselves to two space dimensions, but the calculations can also be done in higher
dimensions.

Given some domain R(t) C © with smooth boundary OR(t) and a smooth evolving
curve I'(t) C Q with normal velocity v, we will make use of the following transport

identities:
d
i)
dt I'(t) endpoints

d
— / udx = / Oiudx +/ uv dH (z)
dt \ Jre t=to  JR(to) OR(to)

for some smooth function u = u(t,z) and some constant ~; & is the curvature of the
interface I', and v is the unit normal. By p we denote the velocity of the endpoints
of T and by 7 the exterior tangent vector to I'(¢) at the endpoints.

Let the evolution in each phase be given by

t=to

:—/ yrv dHY + Z p-7 and
I'(to)

Oe! ==V - Ji, Ol =-V-Jl, 1<i<N, 1<qg<M,

with the fluxes given in (15) and (16). We assume that the functions are smooth in
their domain 2, and that the fluxes vanish at the external boundary of 2. Observe
that —9,c =V -J € TEN. Then

il J
— s(e,c)dx = os(e,c)dr —
dt < () (€ ) ‘f:fo g Qute) (e:) 2

/ [s]%v dH?
a<g”Tas(to)

= zo; /Qa(to) (S,eate + zz: S,Ciatci) dx — O%/F [S]gvd'}-[l

ap (to)

_ 1. —Hig. g
%:/wm (Tv J0+zi: v Jz> da

- Z / [s]%vdH!
Tag(to)

a<f
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1 —Hi
za:/naaw T Z T
) IRY:
— i
+Z/F fJo+Z el v —[s]Pv | dH".
a<g”Tas(to) p o

The fact that L is positive semidefinite leads to

1 i
— . - J. > 0.
VT Jo—l—%VT J; >0

In addition, we make use of the continuity conditions (17), (18) and the jump condi-
tions (19), (20) to obtain

d / / L iy s TSN
— s(e,c)dr > —le]av + —|eilav — v | dH
dt ( Q(t) () ) t=to Z Tap(to) <T[ | zz: r “ T

a<f
B S 0e18
— Z / [f]a Z’L ul[cl]o‘vdHl.
asb/Tan(to) T

Furthermore, we have

d / 1 1 .
i Yo dH ’ :/ Yapkv dH" — P TapVa
dt( Post) ) t=te  Jrop) 2 7

endpoints

so that we get

d d 1
@S)t:to == /Q(t) s(e,c)dx — Z/F Yag dH ’t:to

a<f ap(t)
B S e 18
> Z/ ([f]a 21 /J‘Z[Cl]oz +7aﬁ"<’> UdHl
a5 Tasto) T
= Z/ m(v)v?dH' > 0.
a<f Faﬁ(tﬂ)

In the last equality we used the Gibbs-Thomson relation (21), the fact that the
mobility coefficient m is supposed to be positive, the force balance at triple junctions
(24), and the fact that in a closed system the interfaces intersect the exterior boundary
by a 90° angle condition (compare [6] and the references therein).
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