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Chapter 1

Introduction

We consider a number of random points in some space with some prescribed
measure of distance. The largest interpoint distance between two points would
seem to be of interest. For example, the maximum distance between pairs of
stars describes the diameter of a galaxy, the maximum distance between bul-
let holes is one of the criteria of the weapon quality, the maximum distance
between nodes in a network gives the cover width of the network, the maxi-
mum difference between prices of some stock in a time span is a property of
its risk class. Alternatively, we may be interested in estimating the diameter of
some random set, which is impractical or impossible to be determined directly.
Indeed, we can consider the diameter of a random sample from the set as an
estimator. In each of these cases, and many others, one may be interested in the
asymptotic behavior of the distribution of certain extreme values as the number
of points becomes large.

A simple mathematical model for the above situations is as follows. Let
(Q, A, P) be a probability space and (X;);>; a sequence of independent and iden-
tically distributed (i.i.d.) random vectors (“points”) X; : Q — R, where d > 2
is a fixed integer. Writing || - || for the Euclidean norm in R?, the largest inter-
point distance between Xi, ..., X,, is denoted by

Dn = max ||X, —Xj”.
1<i<j<n
In the terminology of random graphs, the random variable D,, may be consid-
ered as a threshold distance for completeness of the random graph G(y,,; r) with
node set y,, = {X1, ..., X} in which any two points are connected by an edge if
their distance is at most r (see Penrose [34], p. 1).
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Let K ¢ R? be the support of the common distribution PX! of the random
points X, X», ..., i.e., K is the smallest closed set such that PX/(K) = 1. Write
diam(K) := sup |[|x; — x| (£ o0)
xX1,%€K
for the diameter of K. Intuitively, diam(K) can be approximated by the largest
interpoint distance D,, i.e. the diameter of the random point set {X1,..., X,}.
Moreover, for all § < diam(K),

P(Dy<0)=P| (] {IX - X <6} | s P(IX; - Xall < )4 — 0
i#j
as n — oo, where | -| denotes the floor function. If diam(K) < oo, we have

PWD,<60) =1

for each 6§ > diam(K). Thus D, LR diam(K) as n — oo. Since D,, is nonde-
creasing in n, we conclude that

D, = diam(K)

as n — oo. This fact does not provide much information. Our aim throughout
this thesis is to provide weak convergence results for D,, after some suitable
centralization and normalization. It is obviously of interest to gain some insight
into the speed of convergence of D,, to diam(K).

In the univariate case d = 1 the largest interpoint distance is the sample
range, the difference between the sample maximum and the sample minimum.
Since the random variables are assumed to be independent, the limit distribu-
tions of the maximum and the minimum can be derived by classical extreme
value theory, and the asymptotic distribution of the sample range is the con-
volution of the limit distribution for the extreme order statistics. If, for in-
stance, the distribution of X; is uniform over [0,1], both n - (1 — max<;<, X;)
and n - min;<;<, X; converge in distribution to a standard exponential law (see,
e.g., Galambos [17], p. 64-65, or Leadbetter et al. [28]], p. 23). Since these two
rescaled extreme values are asymptotically independent, it follows that the limit
distribution of n - (1 — D,,) is a Gamma distribution with shape parameter 2 and
scale parameter 1. Making the transformation X; — 2X; — 1, we obtain the limit
distribution of the largest interpoint distance for uniformly distributed points in
[—1, 1] as follows:
limP(E-Q—DH)St):1—(1+t)-e_t (1.1)

n—oo 2



for ¢+ > 0. Another instance is a standard normally distributed sample in R, for
which the asymptotic distribution of D,, is well known (see David and Nagaraja
[8], p. 211 and exercise 9.3.2), namely, for any ¢ > 0,

logl log4
i 7 V3o 0, -2 o+ e bt |

= foo exp (—t —e M — e_”) du.

In the multivariate case d > 2, there are only a few results in the literature
for the limit behavior of D,. The reason is that, in contrast to the case d = 1,
the largest interpoint distance D, does not have a simple expression in terms of
asymptotically independent extreme order statistics. Moreover, the interpoint

distances are based on point pairs, which are not always independent of each
other, e.g. (X, X») and (X1, X3) are not independent. Consequently, the classical
extreme value theory under the independence condition is not applicable in our
context.

If the points are standard normally distributed in R?, d > 2, the limit distri-
bution of D,, was obtained by Matthews and Rukhin [30]. Henze and Klein [23]]
considered the more general case of a multivariate symmetric Kotz distribution
M 4(b,k, 1,0, 1;), which contains the standard normal distribution for b = 1
and x = 1/2. Writing I,n = loglogn and 1sn = logl,n for short, then for each
teR,

han(\Kl/Kﬂogn-([%——Z\KI/Kﬂogn

_(1/2)(a’+4b—7) 12n+13n+a) < t )

vVaklogn 2
= exp (—e_t),
where
d — 129D (d /2
aza(d,b)zlog( ) d/2)

a 20 d)2+b-1)7

There are also some results for uniformly distributed samples. Appel and
Russo [3]] stated that if the 1.1.d. points are uniformly distributed in the d-dimen-
sional unit cube [0, 1]¢ associated with the supremum norm ||-||«, then n-(1-D,,)
converges in distribution to a non trivial limit law with distribution function
1 — (e7'(t + 1))% t > 0. In related work, Appel et al. [4] provided a limit
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theorem for the diameter of uniformly distributed points in a compact planar set
A associated with the Euclidean norm. They assumed that A has a unique major
axis and that the boundary of A decays strictly faster than the function +/x near
the endpoints of this major axis. The assumption of sub- 4/x boundary decay is
really restrictive, since many interesting sets are thereby excluded, in particular
ellipsoids and balls. However, in case of uniformly distributed points in the
unit disc, 1.e. diam(A) = 2, Appel et al. [4] gave the rate of the limit distribution
of D, by some bounds, although the existence of the limit distribution is not
proven. They stated that

lim inf]P(n4/5 .(2-D,) < z)

n—0o0o

4912
=)

I —exp (—

< lim supP(n4/5 -(2-D,) < t)

4512
< 1-ep(-*]
T

for each r > 0. An exact result for uniformly distributed points in a d-dimen-
sional ball was provided by Lao [26] using a Poisson limit theorem of Silverman
and Brown [38]]. Independently of Lao, Mayer and Molchanov [32] obtained
the same result by first deriving an asymptotic distribution for the diameter of
a Poisson point process, and then applying the de-Poissonization technique to
obtain the same limit distribution for a general binomial point process. In [32] a
more general result was given for spherically symmetric distributed 1.1.d. points
with certain conditions on the distribution of X;.

The method in [26] has been used later by Lao and Mayer [27] to derive
the limit law of a class of so-called U-max-statistics, which are similar to the
well known U-statistics. They considered i.i.d. random elements X, X5, ... in
some measurable space and a real-valued symmetric measurable function A of
k variables. The U-max-statistic of degree k associated with the kernel % is
defined by

H, := mJax X, ....X),

where the maximum is taken over all permutations J = {(if,...,i) : 1 < i <
- < i < n}. Notice that the only difference between U-max-statistics and
U-statistics is that the former deal with the maximum of the kernel whereas the
latter deal with the average of the kernel.
Using some known asymptotic results for U-statistics, Lao and Mayer [27]
derived the asymptotic behavior of the distribution of U-max-statistics by estab-



lishing some relationship between U-max-statistics and U-statistics. In Chapter
2, we introduce a useful Poisson approximation theorem for some U-statistics.
Under the same necessary (and sufficient) conditions on the underlying distri-
bution of the sample, the limit law of U-max-statistics follows from this rela-
tionship.

In Chapter 3| we consider a sample of 1.i.d. random points in the d-dimen-
sional unit ball. The asymptotic behavior of D, will be treated for cases with
different underlying common distributions that are distinguished by the density
of the i.1.d. points near the boundary. The result for the case with a common
distribution of power type has been obtained in [27].

Chapter 4| is devoted to the study of the limit distribution of the maximum
with three arguments, e.g. the largest surface area or perimeter of all trian-
gles formed by point triplets. We take up the discussion made for uniformly
distributed random points on the unit circle.

Chapter 3 contains the limit law of the largest interpoint distance between
random points on the edges of a polygon in the unit ball. In this case, we
can make use of some known results in the classical extreme theory and some
geometric considerations to derive the limit law, instead of using the Poission
limit theorem as before. Simulations can also be found in this chapter to support
the obtained result.

In Chapter [0, we turn to the case that the random points are i.i.d. in the
support with finite major axes as square or cube. We first derive the limit dis-
tribution of the largest interpoint distance between the uniformly distributed
points in the unit square. Then, we generalize the method to some other distri-
butions in the unit square, or the uniform distribution in the unit hypercube with
dimension d > 2, or the uniform distribution in a regular convex polygon. We
also give some bounds on the limit law of the largest distance between points
in an ellipse.

In the last Chapter, we highlight some open problems during the research
and give some preliminary considerations.






Chapter 2

Asymptotics for U-max-statistics

As mentioned in Chapter |1, we can define the extremes of symmetric kernels
based on random samples as a class of statistics analogous to U-statistics, which
we call U-max-statistics. In what follows, we study the asymptotic behavior of
the distribution of U-max-statistics as the sample size n tends to infinity.

Let X1, X5, ... be a sequence of random elements in a measurable space M,
and let h : M*¥ — R denote a real-valued measurable function of k variables.
Analogous to U-statistics, we may also assume without loss of generality that
h is symmetric, because otherwise / could be symmetrized by putting

h(xy,...,x;) = l_ma)lg h(xi, ..., xi,),
Toeees k
where the maximum is taken over all permutations (iy, ..., i) of {1,...,k}. The
U-max-statistic of degree k associated with the kernel 4 is defined by
H,:= max hX;,...,X;),
1<ij<-<ix<n

where the maximum is taken over all ordered k-tuples (i1, ..., i) in{l,...,n}.

The key to derive the limit law of H, is to construct a U-statistic for each
n € IN, which has some relation to H,, and whose limit law can be derived by
some known limit theorem. For some 6 € R we define the random variable

T,(6) := Z Hh(X;,,....X;) > 6}, 2.1

1<ij<-<ix<n

which counts the numbeflof exceedances of the kernel 4 over the threshold 6.
Apart from the factor (’,:) , T, (6) 1s a U-statistic in the usual sense and is equal
to zero if and only if H, does not exceed 6, i.e. we have
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If we can derive the limit distribution of 7,(6), then the limit distribution of H,,
can also be obtained.

Barbour et al. [6], Theorem 2.M and Corollary 3.D.1, stated a Poisson ap-
proximation result for the sum of independent indicator random variables. They
gave the exact order of the error between the distribution of the sum and a suit-
able Poisson distribution by providing upper and lower bounds. Suppose I is
a collection of k-subsets a = {iy,..., i} of {1,...,n} and, foreacha € I, 1,
is an indicator based on (X;, j € a), having the value 1 if (X;, j € a) satisfies
certain condition and the value O if not. Denote by W the sum of indicators
W = > .1, and by p, the expectation of 1, for each a € 1. If (1,,a € I) are
independent indicators, then

-1
5 min(1, ) 3 S drv( L), Pob) < — W
where L(W) denotes the law of W, Po(A) stands for the Poisson distribution
with parameter A = ), c; pa, and d7y(-, -) is the total variation distance of prob-
ability measures.

Notice that, in any two indicators 1{A(X; , ..., X;) > 6} and H{A(X,, ...,
X;) > 0} are independent if and only if the two index sets {i,..., i} and
{j1,-.., jx} are disjoint. We are thus dealing with dissociated indicator ran-
dom variables (see [33]]); the random number of exceedances 7,,(6) defined in
(2.1) is just a sum of dissociated indicators. Barbour et al. [6] also generalized
their Theorem 2.M to cover the case of dissociated random indicators. Using
the notations above, the family (1,,a € I) is said to be dissociated if for each
A, B C I the subsets of random variables (1,,a € A) and (1,,b € B) are inde-
pendent whenever (| cq @) N (Upep ) = 0. In the case k = 1, a dissociated
family of indicators is equivalent to an independent family. If £k > 2, there is a
much wider scope. For each a, define I’ = {b €1 : b # a,b N a # 0}. Barbour
et al. [6], Theorem 2.N, gave an upper bound of the error between the law of
the sum W of dissociated indicators and a Poisson distribution with parameter
A = D 4er Pa as follows:

dry(LW),Po(D) < 7' (1 =™ > {p2 + > (papy + E(L1,)}.

ael bel;
In our case where [ is the class of all k-subsets of {1, ..., n} and the random
variables X1, ..., X, are 1.1.d., the upper bound above can be given more explic-

itly. The following result can also be found in Barbour et al. [6], p. 35, which
is a direct consequence of the inequality above.



Theorem 2.1. For any 6 € R and n > k, let
p(e) = P(h(Xl’ e ,Xk) > 8) )
n
E(T,(0)) = (k)P(G),

A,(0)
and, forr=1,...,k—1,
7,(0) := p(O)'P (h(X1, ..., Xi) > 0, WXy sirs Xoakors - - - Xoter) > 6) .
We then have

drv (L(Tx(0)), Po(1,(6)))

w79

where the sum is defined to be zero if k = 1.

< (k\(n -k
+ Z; (r)( L r)rr(e)} . (2

r=

Note that p(6) is the common value of the expectations of the indicators 1, =
1{h(X;,i € a) > 6}, a € I, and 7,.(0) is the common value of p(6)~'E (1,1,) =
P, =111, = 1) for all pairs a,b € I for which |a N b| = r. Obviously, the
behavior of the upper tail of the distribution of the kernel / plays an important
role.

One of the main applications of this theorem is that the law of the number of
exceedances T,(6) converges to a Poisson distribution as n — oo if the expecta-
tion 4,,(6) converges to some positive constant for each 6 and the upper bound of
the error converges to zero as n — oo. We then get an approximation of the law
of the U-max-statistic H,, as n — oo. It is obvious that for a fixed threshold 6 the
expectation 4,(6) either equals zero for all n or converges to infinity as n — co.
We therefore must find a suitable sequence of transformations 8, : ® — R with
® C R such that the tail probability p(6,(¢)), t € O, decreases in n and both
the convergence of 4,(6,(t)) to some positive value and the convergence of the
upper bound of the error to zero hold for each t € ®. Without loss of generality,
we can choose ® = [0, o).

Poisson approximation in this context was first considered by Silverman and
Brown [38], who considered the statistical analysis of point patterns and stated
that

p(0n(1) < 71(0,(1) < -+ < T1(6,(1) < 1 (2.3)
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for each n > k and each t € ®. On the other hand, since (";) = O(m") for fixed [
and m — oo, the upper bound in (2.2) is of the order

k—1
O| PNt~ + > 700"
r=1

as n — co. Moreover, the upper bound of the error converges to zero if and only
if p(6,(t))n*~! — 0 and the summands converge to zero as n — co. Suppose that
A,(6,(¢)) converges to some positive constant, which means that p(6,,(¢)) must
be of the order O(n~*) and thus p(6,(1))n*~! converges to zero. It thus remains
to prove that the summands converge to zero. Using the inequalities (2.3)), we
obtain a simplified corollary, which was stated by Silverman and Brown [38].

Corollary 2.2. For ® C R, let (6,),s1x be a sequence of transformations 6, :
® — R. Suppose that for each t € O there is a constant A(t) € (0, o) such that

lim (Z)P (h(X,.....X0) > 6,(1) = A(D) 2.4)

n—00

and
lim n?* 'P (X1, ..., X)) > 6,0, (X1, ..., Xie1, Xes1) > 6,(0) = 0.
(2.5)

We then have
D
T,(6,(1)) — Po(A(1)),
D
where — denotes convergence in distribution.

Using this Poisson approximation on the special set {T,(6,(¢)) = 0} = {H,, <
0,(t)}, we obtain the limit behavior of the law of H,:

lim P (H, < 6,(1)) = exp{—A(1)}, te 0.

Hence, this is the main tool to derive the asymptotic results in Chapter 3]
Note that (2.4) is equivalent to the convergence

,(0,(1)) = E (T,,(6,(1))) — A1)

as n — oo which implies tightness of the sequence (7},),>k, a necessary crite-
rion for weak convergence of distributions. Furthermore, we can calculate the
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variance of T, as follows:

V(Tn(6n(1)))

- ZV(la) + Z Cov (14,1p)

ael a,bel

n
= (k)pwn(t»[l ~pEOI+ Y [EAL) - p@.0)?].

anb#0

Here, the last sum is over all distinct pairs a, b € I such thatand # (. Under the
first condition, the sum of the variances of indicators converges to the constant
A(t), and the sum of the covariances of indicators is equal to

k-1
L

r=1

k—1
= O(Z nz’”p(ena))-n(en(t))]. (2.6)

r=1

From condition (2.5) and inequality (2.3)) we conclude that each of the sum-
mands in (2.6) converges to zero, which implies

lim V(T,,(6,(1))) = A(2). 2.7)

Obviously, condition (2.5) is sufficient but not necessary for (2.7). In the
case k > 2, it is sometimes useful to replace this single condition by the weaker
conditions

Tim 7%~ p(6,(0)7,(6,(1)) = 0

forr=1,...,k—1.






Chapter 3

Largest distance in a ball

Using the results of Chapter [2} this chapter deals with the limit distribution of
the largest interpoint distance between points in the unit ball. The first two sec-
tions are preparations for the discussion. Section [3.3] states the results given in
Lao and Mayer [27], who considered the case that the underlying point distribu-
tion belongs to the so-called power type. Some of the asymptotic considerations
in the proofs of Lao and Mayer are studied in more detail. In Section [3.4 we
turn to another class of point distributions, called of logarithmic type, where
the points lie more likely near the boundary of the unit ball than in the case of
power type. The opposite case is the exponential type point distributions dis-
cussed in Section[3.5] where we shall see that the second condition of Corollary
is not satisfied. However, we detect an interesting phenomenon. In the last
section we shall deal with some special cases where the support of the point
distributions is a proper subset of the unit ball.

3.1 Preliminaries

Let (X))is1, Xi : Q@ — RY, be a sequence of i.i.d. random points, where d > 2.
As before, write
D, := max ||X; - X/
1<i<j<n

for the largest interpoint distance between X1, ..., X.

This chapter studies the limit distribution of D, under some general con-
ditions where the support of PX' is some ball in R? (except in the last section)
which, because of translation invariance and the fact that D,, is scale equivariant

(i.e., Dy(tXy,...,tX,) =t- Dy(Xy,...,X,), t > 0), may be taken without loss of
generality to be the unit ball B? = {x € R : ||x]| < 1}. A notable exception can
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be found in Section [3.6) where we discuss some special cases in which the sup-
port of PX is contained in the unit ball and PX'(A) = 0 for some subset A ¢ B¢

of positive Lebesgue measure.

If the support of PX! is B¢, the random variable D, converges almost surely
to diam(BY) = 2 as n — oo. To study the asymptotic behavior of 2 — D,, we
choose a sequence of thresholds 2 — g, such that g, | 0 as n — oo and write

Tyi= ) HiXi— Xl >2-z)

1<i<j<n

for the number of exceedances of the interpoint distances over this threshold.

By Corollary if conditions (2.4) and (2.5)) hold, the random variable 7,
converges in distribution to a Poisson distribution as n — co. As a consequence,

we have the following lemma.

Lemma 3.1. Let X|,X,,... be i.i.d. points in B and, for fixed t > 0, let
(&n(D)ne be a sequence of positive real numbers satisfying lim,_, €,(t) = 0.

If
lim (Z)P(Ile — X0l > 2 - &,() = A1) (3.1

for some A(t) € (0, 00) and

lim P (1X1 = Xoll > 2 = £,(0), 11X = X3/l > 2 = &,(1)) = 0, (3.2)

then

Iim P2 — D, < &,(t)) = 1 — exp(—A(2)).

n—00

Suppose throughout this chapter that P (X; = 0) = 0. For each random point
X;,i=1,2,..., write

Ri(w) = [ Xi(w)l, w €

for the random distance (radius) between the point and the origin, and put

Xi(w) :
e if X;(w) # 0,
Uw) = { @I . |
(1,0,...,0)", otherwise.

Then, U;(w) is a point (angle) on the surface S~ := {x € R? : ||x|| = 1} of the
unit ball which describes the direction of the point X;. Since P (X; = 0) = 0,
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there is a subset Q; € A such that P(Qy) = 1 and X;(w) = Ri(w) - Ui(w),
i=1,2,..., foreach w € Qy. We assume throughout this chapter that R; and U;
are independent fori = 1, 2, .. .. This condition holds if X; has a spherical sym-
metric distribution. In this case the variables U;, i = 1,2,... are independent
and uniformly distributed on S%-!.

As is common in classical extreme value theory, we classify the distribution
of the radius by its tail behavior. To this end, write tz := sup{x € R : F(x) < 1}
for the right endpoint of a univariate distribution function . The following
concept defines an equivalence relation on the set of all distribution functions.

Definition 3.1. Two distribution functions F| and F, are called tail-equivalent
if Ip, = IF,, and if
1-Fi(t) . 1-=Ftp —59)
m-——— =Ilim =c
ir, 1 — Fy(1) sl0 1 — Fz(tpl —9)

for some constant ¢ € (0, o).
We also need the following concept of asymptotic equivalence of functions.

Definition 3.2. Let ¢/, ¥, be real-valued functions defined on some nondegen-
erate interval M C R, and let sg € M. If Y¥»(s) is non-zero for each s sufficiently
close to so, we write Y1(s) ~ ¥(s) as s — s¢ if and only if

y Yi(s)
1m =
s=s0 Y2($)

In this case ¢| and ¥, are called asymptotically equivalent as s — 5.

I.

According to this definition, the concept of tail-equivalence means that
1= Fi(tp =) ~c- (1 = Fa(tr = 5))

for some ¢ € (0,0) as s | 0. The following lemmas are also useful for later
purposes.

Lemma 3.2. Let Y1, ¢, : Rs9 — Ry be measurable integrable positive real-
valued functions such that yi(s) ~ ys(s) as s | 0 and, let h : R> = R be a
measurable function such that, for each s > 0, h(s, -) is positive and integrable
on the interval (0, s). We then have

(a) fo (1) - h(s. ) di ~ fo Ua(t) - h(s, ) di
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(b) fsxp](s—t)-h(s,t) dt ~ fstpz(s—t)-h(s,t) dt
0 0

as s | 0. In particular, if h(s,t) = 1 for all s,t € R, we have

fslﬁl(t)dtfvfswg(t)dt and fs¢1(s—t)dt~fs¢2(s—t)dt
0 0 0 0

as s | 0.

Lemma 3.3. Let F be a distribution function satisfying F(0) = 0 and ¥ a
function defined on the support of F with W(0) = 0. Suppose that F and ¥

are differentiable and Y’ > 0 in a right neighborhood of 0. Moreover, assume
F'(s) ~¥Y'(s)as s | 0. We then have

(a) F(s) ~¥(s),

(b) F x F(s) ~ fs‘P(s—x) Y'(x) dx
0

as s | 0, where “x” denotes convolution.

The proofs of these two lemmas can be found in Appendix [A]

Throughout this chapter, 4(-, -) denotes the central angle between two points.
(The central angle means here the smaller of the two angles at the origin, it does
not mean the reflex angle.) The s-dimensional Hausdorff measure on R" (see
Appendix will be denoted by 7#”°. Note that the restriction of the (d —
1)-dimensional Hausdorff measure on R? to S?! is the surface area measure,
which is denoted by u¢~!. In the computation we also use the Gamma function
and the Beta function, which are denoted by I' () and B (-, -), respectively.

3.2 Tail probability

We already know that the tail behavior of the distance between two random
points is of crucial importance for the limit behavior of D,. In the following,
we derive some bounds on the probability that the distance between two points
exceeds a threshold which is close to 2. We then give the asymptotic behavior
of this probability under some further conditions on the point distribution.

Let X1, X» be i.i.d. points in B¢, d > 2, such that X; = R;U;, i = 1,2, where
R; = |IXil and U; = X;/|IXi|| € S¢! are independent. Suppose that U; has a
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density g with respect to u?~'. Denote by ¢ := «£(~U;, U,) the central angle
between —U; and U,. By using the law of cosines we have foreach 0 < & < 2

P(X; - X5l >22-¢)
= P(R}+ R} +2RRycos¢ > (2 - )", Ri+ Ry 22 —¢)

2-e-R-R;
, Ri + Ry, > 2 —¢].
2R.R, LT ©

For small &, an exceedance can only happen for a very small random angle ¢.
The second order Taylor approximation to cos ¢ around O is 1 — %(]52 cos &, where
¢ € [0, ¢]. Using this approximation and plugging Y; := 1 - R;, i = 1,2, into the
last expression, we get

P(X1 =Xl 22 - &)

P(cosqﬁ >

= P(l — %qﬁz cosé > 2= 8)22(_1 (_1 ;1;11)2__;; — YZ)Z, Yi+Y, < s)
_ P(%& cosg < HEZ le(_l 12;) ((1Y1_ +y;2)2 vy < g)
= P(¢cosé <4(e— Y - Yo) +0(s, Y1, Y2), Y1 + Y, < &) (3.3)
= p(e),
where
o6, Y1, V) = de-Y - Y)Y1+ Y2 - Y1)+ (Y1 + Yo)? —82. (3.4)

(1-Y)( -T2)

Since Y| + Y, < € implies

4'|8—Y1—Y2|'|Y1+Y2—Y1Y2|+|Y1+Y2|2+82
I1-Y1|-|1 =Y,

lo(e, Y1, Y2)| <

6&>
(1-e)?
and 6£2/(1 — &)? = 6g% + 0(33) by Taylor series expansion, we obtain the
inequality |o(e, Y1, Y»)| < 7&* for sufficiently small &.
Moreover, by some geometric considerations the upper bound on ¢ for the
distance exceeding the threshold 2 — £ reaches its maximum at Ry = R, = 1,
and it follows from the inequality || X; — X5|| > 2 — ¢ that

2-¢)?-2 1,

cos ¢ > > =1—28+§8.
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Since 0 < € < ¢ and the cosine function is decreasing on the interval [0, 7], we
have

1
Il >cosé>cosgp>1-2e+ 582,

where the lower bound is positive for sufficiently small £. Moreover, for the
reciprocal a Taylor series expansion yields

1 1
l<—x< — =1+2:+0(&%),
cosé 1 —2g+ 3¢?
whence 1 < —— f < 1 + 3¢ for sufficiently small €.

We now derlve inequalities for p(g) by putting the bounds on o(e, Y1, ¥3) and
on 1/cos ¢ into (3.3). On one hand, we have for sufficiently small &

ple) 2 P(P*<d4e-YI-Y)—T% Y1 + Y, < &)
= P(¢*<de-2)-7¢ Z<¢)

7.2

_ f B <46 -9 - 78) dPAQ)

= [ T r(er<[4e-0-74]") a0
= pf(&),

where Z := Y; + Y, and P is the convolution of P"' and P*2. On the other hand,
we have

ple) = P(¢2SCOS§ (4e—Y, - Yo) + (&, Y1, 12)), Y1+Y2§g)
< P(¢*<(1+38)-(4e-Y1 - Y2) +78%), V1 + Y, < 5
< P(¢2 <4(e-Y) - Y2 +206% ¥ + V) < &)
= P(¢* <4(e-2)+20°, Z< s)

= f (¢ <4(e-z)+ 2082) dP%(z)
z=0

=0

< f8+58 P(Iq&l < [4(8 -2)+ 2032]1/2) dP*(z)

=1 pa(e).
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Like the lower bound p;(€), this upper bound is only valid for sufficiently small
e. For example, the second inequality involves the estimate 21&* < &2, which
holds if € < 1/21.

Both the integrands in p;(€) and in p,(g) involve probabilities of the form
P (|¢| < \/ﬁ) for small . With help of some geometric considerations, we can
prove the following result.

Lemma 3.4. Let U;, U, be i.i.d. points on S°~', d > 2, with bounded density g
with respect to u*~' and let ¢ = £(~U,, U,). We then have

B(lgl< v0) ~ B-n7

asn | 0, where
2(@-D/2
e

Proof. For fixed u € S et ¢, := 4(—u, U;) be the central angle between —u
and U,. We then have

fg  gg(=u) p™ (dw). (3.5)

Bl < V) = || B0 < V) dBV,
Write

C,p) == {ve ST 4(~u,v) < Vi)

for the spherical cap that contains the points on S¢~! with a central angle to —u
of at most +/n (see Figure . By a general form of Lebesgue’s differentiation
theorem (see Appendix [A)) we obtain

P(Igul < )

M o 8w

for ,ud_l—almost every u € S?-1, Furthermore, since

P (gl < Vi) < sup gu) - 1 (Cu(m))

ueSd-1

and g is a bounded function, ‘]P (Iq&ul < \/ﬁ) /u?=1(C,(1))| is bounded by a pos-
itive constant and hence integrable with respect to any finite measure. By the
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Cul(n)

Figure 3.1: The illustration of the geometric consideration.

dominated convergence theorem (see Appendix [A), integration with respect to

the angular distribution yields

P (I < )
_ Ui - 1 Ui
fs glw dERw) = I ) Gy W

Iim ———

0 p=1(C() Jom
 P(lel < va)
Iim ————=.
70 p=1(C,()

Since

qd-1

‘Ld—l g(_bl) CIPU1 (u) = f g(u)g(_u) /Jd_l(du),

implies

B¢l < V)~ pNCulm) - | s@gCw) ' duy

asn | 0.
Using the result derived in Appendix we obtain

U

—1
s d-1

Tag

I\)l

uNCam) ~

|Q.
)

P (Ipul < vm) dPY (u)

(3.6)

(3.7)
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as 7 | 0. Plugging this into (3.7), we have
(d-1)/2

()

asn | 0. O

d-1

W%J;JﬂMﬂ—MM“%wO

P(I¢l < v) ~

Let (y1,y2) € [0, 11> with y; +y, < & 2= y1 +y2 € [0, ] and
m o= M) =4de—2) -7,
m = m(2) 1= 4(e - 2) + 207
By Lemma [3.2]and Lemma [3.4) we have for € | 0

7.2

e = [ Bol< v dF)
z=0
~ B- f [4e-2) - 7.92]% dP*(2) (3.8)
z=0
and
£+5&>
pe) = [ Bl < Vi) a4
z=0
e+5¢2 o
~ B f [4(8 —)+ 2082]T dP*(z) (3.9)
z=0
with 3 given in (3.5).

Recall that p(e) < p(e) < pa(e). If we can prove that lim. o p2(€)/pi(e) =
1,1.e.,

7.2

e-1le e+5&°
f |4e-2) - 732]% dP*(z) ~ f |46 -2+ 2082]% dP*(2)
z=0 z=0

as € | 0, we then obtain the asymptotic behavior of the tail probability p(¢).
We consider again the distribution of the angle U;. If

‘LHgmﬂﬂoM*wm=a
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then g(u)g(—u) = 0 u¢~'-almost everywhere, which contradicts the assumption
that the support of the point distribution is the unit ball. However, since g is
bounded, we have

fg  glg(-w u'du) € (0,00),

then B in (3.5)) is a positive constant and by the dominated convergence theorem
both the integrals in (3.8)) and in (3.9) converge to zero as € — 0. Consequently,
the tail probability converges to zero. Moreover, because of the boundedness,
the density g of U; also satisfies

fs  glg(-w” 1! (du) € (0,00),

which is essential for proving (3.2).

Since a necessary condition for the distance exceeding a threshold 2 — & is
that the radii of the two points exceed 1 — &, it is not surprising that the tail
of the distribution of R; plays a central role. In the following sections we will
investigate the limit distribution of the largest interpoint distance under specific
conditions on the tail of the distribution of R;.

3.3 Power type

Having proved the technical Lemma [3.4] and the expressions of the upper and
the lower bound on the tail probability p(g), we now proceed to the main deriva-
tion of the extremal result under the assumption that the tail behavior of the
distribution function of R; can be approximated by a power function.

Denote by F the distribution function of ¥; := 1 - R;, i = 1,2,.... Suppose
that F is differentiable in a small right neighborhood of 0 and F’(s) ~ aas®!
as s | 0 for some a > 0 and @ > 0. By Lemma [3.3] we have F(s) ~ as® as
s | 0. Since F is also continuous in a right neighborhood of 0, the distribution
function of Ry is P(R; < s) = 1 — F(1 — s) for sufficiently large s € [0, 1].
The asymptotic expression for F' implies that the distribution function of R; is
tail-equivalent to the power distribution function 1 — (1 — ) =: ¥(¢), i.e., we
have

. PRy >0 . F(s)
Iim ———— = lim — =

= > (.
e I 7 T

We therefore say that the distribution of radius is of power type.
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The (right-hand) derivative of F at s = 0 is then given by

o, ifa<l
F(s)—-F(@O F ’
F'(0+) = limM = limﬁ st =2qa, ifa=1
510 s 510 §¢ .
0, ifa>1.

In other words, the probability distribution of R; becomes sparser when ap-
proaching its right endpoint 1 if @ > 1, it is homogeneous in the case @ = 1 and
it becomes denser if @ < 1.

We first derive the tail behavior of the distribution of the distance between
two points by investigating the asymptotic behavior of the upper bound p;(g)
and the lower bound p;(é&).

Proposition 3.5. Let X1, X» be i.i.d. points in B¢, d > 2, such that X; = R;U,,
i = 1,2, where R; = ||X;|| and U; = X;/||Xil| € SY"! are independent. Suppose
that U, has a bounded density g with respect to u®~' and that the distribution
function F of 1 — Ry is differentiable in a small right neighborhood of 0 and
satisfies

F'(s) ~ aas”™! (3.10)
as s | 0 for somea>0and a > 0. As € | 0, we then have
P(IX) - Xall 22— &) ~ oy - &7 7,
where

_ @m T @ (a+ 1)
F(d—;“l + 2&)

oy f  8Gg(=u) p™ ). (3.11)
sd-

Proof. LetY;:=1—-R;,i=1,2,and Z := Y| + Y,. In the last section we proved

that the tail probability P (||X; — X;|| > 2 — ¢) satisfies

pi1(e) < P(IX; — X5l 2 2 — &) < pa(e),

where

pi(e) ~ B- f [4e -2 -7 7 aP¥(a).
z=0

e+5&2

pa(e) ~ B- f [4(8—Z)+2082]d71 dP*(z)

z=0
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as € | 0. Note that 3 is a positive finite constant given in (3.5).
At first, we derive the asymptotic behavior of the distribution function of Z.
By (3.10) and Lemma 3.3] Y; has the distribution function F with

F(s) ~ as” (3.12)

as s | 0. Since Y| and Y, are 1.i.d., applying Lemma|3.3|and substituting u = t/s
lead to the following asymptotic expression of the distribution function of the
convolution of Y; and Y,:

F %« F(s) ~ fsa(s—t) at® dt

— f(l a'a'ldu

= das’*B(a+1,a)
aT (o + 1)

_ -\t 2
T TQa+1) (3.13)

as s | 0.
The main part of the proof is to compute the integrals in p;(g) and p,(g) as
follows. Using integration by parts, we obtain

pie) ~ B f [4(8—Z)—782]? dP%(7)

72

o 72% e—1¢
= [-47 (S_Z)_Zg P(Z < 7)
=0
e—1g? Z
~d-1 7,17
2
_— —-7)—— 7Z <
+f 5 l(s 2) 48] P(Z <2 dz
z=0
_1.2
i-1 ([ 7 E
= 13.4% 5 f!g—zsz—z] F * F(z) dz.
z=0

Applying the approximation (3.13) to the convolution F * F', Lemma [3.2] yields

_7.2
&—y¢ d-3

dld—l azl“(a+1) l 72 ]T
—Z

2 TQa+1) £T4°
z=0

pi(e) ~p-47 2% dz
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as € | 0. By substituting t = z/(e — %82), we have fore | 0

pi1(€)

d—1 45T (@ + 172 7 \Tre ]
N ﬁ . 2 a (a’ ) 8—182 f (1 —t)% tza’ df
=0

2 TQa+1)

d-1 45@T(@+1) 7 \THe g
— . 2a (@+1) e = 2&? B(—2a+1)

2 I'Qa+1)
4 aZr(a,_i_ 1)2 (d;l) 7 , d21+2(1
- '8 d+1 . 8_18 :
F( + 2« )

Plugging formula (3.5) for B into p;(e), it reduces to

7

S+2a
pie) ~ o -(8— 162)

as € | 0, where o is the positive finite constant given in (3.11)).
Using the same method and substituting ¢ = z/(& + 5&%), we get

p2(€)
e+5&?
d-1
~ B | |Me-2+2087| 7 dP(2)
z=0
-1 e—5&2 d-=3
= B- 47 > [s+532—z]2 F + F(z)dt
z=0
d-1 45aT(@+1)7 (=% i
- . . +5 2 2 ZQd
2 TQa+1) LO [+ 567 2] 7 2 d
d—1 4%a2r(a+1)2 dT .
=P T T et f(l_t)ztz dt
d—1 47dT (@+1) S (d—1
= B 5 Tt D (s +5¢%) B(T,2a+l)

L )
= 0'1'(8+582) ’

ase | 0.

Since pi(e) ~ pa(e) as e | 0 and pi(e) < 0'18%-'-20[ < pa(¢), the result in

Proposition [3.5]follows immediately.

O
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Thus, under the condition (3.10), the tail probability of the distance between
X, and X, is asymptotically equal to some power function of . Indeed, we
need to be true to obtain (3.13). By Lemma the “direct” condition
follows immediately from (3.10), and it coincides with the condition on
F given in Theorem 3.1 in Lao and Mayer [27]. However, the converse does
not always hold, e.g. for a Cantor-Lebesgue function.

A more general case of power type distribution function is regularly varying
distribution function. Suppose that F € R,, @ > 0, where R, denotes the set
of all functions which are regularly varying at O of index « (see Appendix [C)).
Then, we have F(s) ~ s?L(s) as s | 0, where L(s) is slowly varying at O (in
case of power type distribution, L(s) = a). By the monotone density theorem
stated in Appendix [C, we have F’(s) ~ as® 'L(s) as s | 0. Thus, using the
substitution u = t/s, the convolution of F has the asymptotic expression

F = F(s) ~ f S(s—t)"L(s—t)-at“‘lL(t) dt
0

1
= al(s)s* f (1 = e 80 Z0) o LW
0

L(s) L(s)
2
~ aL(s)*s*B(a+ l,a) = %L(s)zsza

as s | 0, where we use the property limgjo L(s?)/L(s) = 1, t > 0, for slowly
varying functions. The asymptotic expression of the tail probability can be
obtained similarly, as € | 0 we have

T(a+ 1T (&L
PN + Xl 22— &) ~ f 45 (%)
F(%+2a/>

8%4-2&14(8)2.

To deduce the limit law of D,,, we still need more information about L(&).
We return to the situation of power type distributions. The main result of
this section is as follows:

Theorem 3.6. Let X1, X, . .. be i.i.d. points in BY, d > 2, such that X; = R;Uj,
i=1,2,..., whereR; = ||Xil|l and U; = X;/||Xi|| € S?~! are independent. Suppose
that U has a bounded density g with respect to ="' and that condition (m
holds for the distribution function F of 1 — R,. We then have

2
lim P((%)Hm 2-D,) < t) =1—-exp (—td%“fzft)

n—oo

fort >0, where oy is given in (3.11).
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Proof. First, we set

2 d—1+4a
&, = £,(1) 1= (—) T (3.14)

(O8]

for fixed r > 0. We check the conditions (3.1)) and (3.2) of Lemma 3.1} If they
are satisfied, then

2 d—12+4a A
P(Z—Dnﬁé‘n) = P 2_DnS(_) - d-1+da . f
01
0| \T i
- A e ae)

— 1 —exp(—A(1))
as n — oo, where A(¢) will be proved to be a positive finite constant as follows.

Applying Proposition and plugging (3.14) into the tail probability, we
obtain

lim (Z)mel —Xoll > 2 - &)

2
. n d%+2a
= lim —-0; ¢,
n—o00
.0 2 5, a4
= lim —  -n?-— .p 2.tz 1%
n—co 2 oa]

d

= 72 = A1) € (0, ).

Consequently, condition (3.1]) holds.

To check condition (3.2) we will use the independence of the 1.i.d. points
to obtain an upper bound for the probability of two overlapping exceedances.
Write X; = UiR;,i = 1,2,3,andput ¥; =1 —-R;,i = 1,2,3. Then Yy, Y>, Y3 are
1.1.d. with the distribution function F', where

F(s) ~ as®

as s | 0 by Lemma[3.3] Put ¢ = «(-U,, U;) and ¢’ = «(-U,, Us). By adopting
the same approach as in Section [3.2] and using the independence of Y¥; and U;,
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i =1,2,3, we obtain
P (IX) — Xall > 2 — &, X1 — Xzl > 2 — &)
= n’P(¢ cos& < (e, — V1 — V) + 0. Y1, Vo),
¢ cosé < 4(g, — Y1 - Y3) +o0(gn, Y1, V3),

Yi+Y) <6, Y1+ Y3 < &)

IA

1 1
n3P(|¢| <48, + 2082, 10/) < [4e, +2082]", Vi < &i = 1,2, 3)

n’F(g,)’P (|¢| < |4&, + 208,3]% 1] < [4en + 208,%]%), (3.15)

where o(g,, Y1, Y») and o(g,, Y1, Y3) are given in and € € [0, ¢],¢& €[0,¢'].

We now deal with the probability in the last expression. To this end, let
¢, = 4(-u,Uy) and ¢, = 4(—u,U3), u € ST, Since ¢, and ¢/, are i.i.d., it
follows that

P(|¢| < [46, + 208,3]% 1 < [ds, + 2032]%)

d-1
fs _IP(|¢u|s[4gn+2og] |¢|<[4gn+2og]) () 1 (du)

1\2
212 d-1
La’—l P(|¢u| < [48” + 208n] ) g(u) u= (du).

As in the proof of Lemma 3.4/ we have for each fixed u € S

1 —1
P(Igul < [4e +2052]') ~ ) (de, + 2062)F

~ g(-u)-

=y
|Q.

as &, | 0. Since g is a bounded function, the dominated convergence theorem
yields

101 < |46 + 2063, 1671 < [46, + 2062 )
@™

r(gy

~

: f g(—u)’gw) pNdu) =: C-&7', (3.16)
Sd—l

where C is some finite positive constant because of the boundedness of g.
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Thus, applying the approximations F(g,) ~ aey and (3.16) as &, | 0 and
plugging (3.14) into the upper bound (3.15]), we get

n'F (Sn)3P(I¢I < [4e,+2022]", 1] < [, + 2033]%)

~ n-C-e g

2(d—1+3a)
2 d-1+4a

d—1
= C - a3 . (_ . td_l+3a - N d-T+da
o1

— 0,

where asymptotic equality and convergence refer to n — oo. Hence, the main
result follows directly from Lemma[3.1] O

So far, we did not impose any restriction on the distribution of the angle
except for the boundedness of g. A large class of multivariate distributions is the
class of spherically symmetric distributions, for which the random points have
independent radii R; and directions U;. Moreover, the directions are uniformly
distributed on S¢°!, e.g. U, has the density

r(g

S leni),  ueR, (3.17)

1Sd—l(1/l) =

go(u) = A (SAT)

with respect to u“~!. In this case the integral figuring in (3.11) takes the value

fS . go(u)go(—u) ,ud"l(du) fs N go(u)2 /Jd—l (du)

1 d-1
= del pd-1(ga-y2 K (du)
I ¢
- ud—l(gd—l) - 2d/2

Plugging this result into the assertion of Theorem [3.6, we get the following
corollary, which has also been proved in [32] using a different method.

Corollary 3.7. If the i.i.d. points Xy, X», ... have a spherically symmetric dis-
tribution in B¢, d > 2, and condition holds for the distribution function
of 1 —||Xill, we have

n—00

2
lim P((%)d—l+4a _nﬁ -2-D,) < l‘) =1—exp (_[%+2a) ’
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t >0, where
29720 (4) T (@ + 1)
g1 =
\Vr T (d—;l + 2@)

For the special case of uniformly distributed points in B¢, i.e. the case a = 1
and a = d, the limit distribution is as follows (cf. [26] and [32]).

Corollary 3.8. If X|, X, ... are independent and uniformly distributed in B,
d > 2, we have

n—00

2
lim P((%)"” . (2-D,) < r) = 1 —exp(-1'7), (3.18)

t >0, where
2d+1d
(d+1)d+3)B(4+1.)

Figure [3.2 shows a simulation of the limit law of the largest interpoint dis-
tance between points in the unit circle. The solid curves are the empirical dis-
tribution function (EDF) of (%)2/ >.n*3 . (2 - D,) with n = 1000 (lower curve)
and n = 100000 (upper curve), respectively. The dotted smooth curve is the
theoretical distribution function on the right-hand side of (3.18). We see that
the convergence of the EDF to the limit law is slow, so that we need a relatively
large sample size to get a good approximation.

If the parameters @, a and d are fixed, the limit distribution in Theorem
depends only on the value of the integral [., , g(u)g(—u) u¢~'(du). Denote by
go the uniform density on S¢~! given in and by G. the class of bounded
centrally symmetric densities with respect to u¢~!, i.e., we have g(u) = g(—u),
u € S, for each g € G.. By the Cauchy-Schwarz inequality, we get

o1

2
(fg g<”)go(u>u”"1(du)) < fg @ i duy - | go)® p (dw).

Sd-1
Since
f  glgo(w) udu) = 1/pd 7N = f d go(w)* u(du),
S -1 S -1
it follows that

fs 807 1) 2 e = fs g p(dw),

i.e., the integral fsd—l g(w)g(—u) n?~'(du) takes its minimum for g = go, and we
have the following corollary:
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Figure 3.2: EDF’s of (72)*3 - n** - (2 = D,)) with n = 1000 (lower curve)
and n = 10° (upper curve). The dotted smooth curve is the limit law
1 —exp (—tS/z).

Corollary 3.9. Among the class G. of centrally symmetric densities, the U-
max-statistic D,, is asymptotically stochastically minimal if the direction has a
uniform distribution on the surface of the unit ball.

Up to now, we have discussed the limit law of the largest interpoint distance
D,,, when the distribution of || X|| belongs to some class of power type distribu-
tions. In this case the limit law of D,, is of Weibull type, and the rescaling factor
is of the order O (nﬁ)

3.4 Logarithmic type

In this section we investigate the limit distribution of the largest interpoint dis-
tance for the case that the distribution function of R; behaves like a logarithmic
function near 1.

Suppose that the distribution function F of Y; = 1 — R, 1s differentiable in a
small right neighborhood of 0, and that

ax

Fiis) ~ (1 — alog s)? .

1
s

as s | 0 for some a > 0 and @ > 0. Thus, by Lemma [3.3| ' has the asymptotic
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expression

y aa 1 a
F(s) ~ c—dt = ———
(5) ‘fo (1 —alogt)? ¢ 1 —alogs

as s | 0. Since F is right-hand continuous at 0, then 1 — F(1 — s) is the distri-
bution function of R; at least for sufficiently large s € [0, 1]. The asymptotic
expression above then implies the tail-equivalence of the distribution of R and
the logarithmic distribution function 1 — =: Y(¢), i.e., we have

1
1-alog(1-7)

. PRy >1)
lim

i 1_—qj(0=lsllr61F(s)-(l—alogs)=a>0.

In this case, we say that the distribution of || X}]| is of logarithmic type.
Notice that the distribution function F' of logarithmic type belongs to the
class of slowly varying functions, because of

. F(st) . I —alogs
lim = lim =
slo F(s)  slo 1 —alogs—alogt

We now consider the (right-hand) derivative of F at 0. Using I’Hopital’s rule
we get

F04) = lim QO
510 S

) F(s) , as™!
lim lim —
slo a/(1 —alogs) sl0 1 —alogs

a . _
1-—lims!
a sl0

= 00,

Actually, the speed of convergence of the derivative of F at O to infinity is even
more rapid than that of a distribution function of power type with @ < 1 (see
page [23)), a phenomenon that is illustrated in Figure [3.3]

Since the random points are more likely to fall in a narrow annulus close to
the boundary than in the case of a radial distribution function of power type, the
probability of an exceedance over a given threshold is greater. To compensate
for this effect with respect to the situation of Theorem we need a rescaling
factor which converges to infinity more rapidly.

The following proposition gives the tail behavior of the distribution of the
distance between two points, in the setting of Section [3.4]
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Figure 3.3: The function 1/(1 — log s) decays more rapidly than all power
type distribution functions as s | 0.

Proposition 3.10. Let X, X, be i.i.d. points in B¢, d > 2, such that X; = R;U,,
i = 1,2, where R; = ||X;|| and U; = X;/||Xil| € SY"! are independent. Suppose
that U, has a bounded density g with respect to u®~' and that the distribution
function F of 1 — R is differentiable in a small neighborhood of 0 and satisfies
, aa 1
F'(s) ~ (I —alogsy i (3.19)
as s | 0 for somea>0and a > 0. As € | 0, we then have

d-1

P(IX; - Xo|| >2-¢€)~ 05 -(loge)2-&7

as € | 0, where

d-1

B 4n)7 a?
B d+1

a’T (%)
Proof. As in Proposition we deduce the asymptotic behavior of the bounds
on the tail probability.

LetY; = 1—-R;,i = 1,2. The i.1.d. random variables Y; and Y, have the
distribution function F, where

F(s) ~

02

fg  gng(-u) = (du). (3.20)

a
I —alogs
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as s | 0, which follows from (3.19) and Lemma [3.3] As before, we put Z =
Y + Y,. We first derive the asymptotic behavior of the convolution of F with
itself. Lemma 3.3]yields

g a aa 1
FxF ~ . - —dt
* F(s) ﬁ l—alog(s—1) (1-alogr)? t

In the following, we derive an upper and a lower bound for the right-hand side.
Since the function 1/(1 — alog(s — 1)) is decreasing in ¢ on the interval [0, s],
we have

azafs ! ! ldt
o 1—alog(s—1t) (1-alogt)? t

— dt
l—alogs f(l—alogt)z t

aa

l—a/logs @ l—alogtt:O

a2

(1 — alog s)?

Cl2

a?(log 5)2’

113 2
~

refers to s | 0. To find a lower bound, we confine the integration

i 1
02D = T-alogs/2) for

where
to the interval [0, s/2] and then use the inequality ;—
t € [0, s/2]. We thus obtain

) fs 1 1 1
a‘a . 5 dt
o l—alog(s—1) (1—-alogr* t
a’a s/2 1 1
> . — - — dt
1 —alog(s/2) Jo ({-alogt? t
a’a 1 1 §/2

I-alog(s/2) @ 1-alogt|_,

a2

(1 - alog(s/2))?

a2

a?(log 5)’
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where “~” refers to s | 0. Hence, we conclude that
)
FxF ~—_— 3.21
“FB) > alog ) (3-21)
ass | 0.

Now, we deal with the lower bound p;(g) given in (3.8). Using integration
by parts, we have

pi(e) ~ B- f [4(g—z)—732]71 dP*(2)

8—28

= 5.47{[(3—Z) - —82] P(Z <2

z=0

d-3

+ f %[(8—@—%82] 2 P(Z<2) dZ}

-1 d-1 7 'z
= ,8-461T [s——sz—z] F x F(z) dz.

Applying (3.21) on the convolution F'* F and using Lemma 3.2} the substitution
t =z/(e — &%) yields

p1(e)
8—%82 4
o @ (d-1[ 7 T
~ B-47 . — — gt d
P aZf 2 ls 5° Z] (logo)?
z=0

207 \T d-1 y I
= ,3-47-—2(8——82) f —(l—t)dT - dt
@ 4 =0 2 (log((e — 38M)1))>?
d-1
,8-4%612'(6—%82) ’ fl d—
t

1 (1 (log(e — 1&%))?
a*(log(s — 2£%))? —o 2 (log((s — 2&)1)?

Since for each fixed 7 € (0, 1)

(log(e - %82))2
m =1 an
el0 (log((e — %32)0)2

(log(s — {&%)?
(log((s — 7611
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by the dominated convergence theorem we have

d-1

5'4%612"9_1827 ld—l -3
(e i) f (1-07 dt
I

a*(log(s — 2£%))?

pie) ~
o 2

B 45 . 2 ( 7 2)%
le——-¢€
a?(log(s — 2£%))? 4

d-1

() . (8 _ 282)7
 (log(s — 1&7))2 4

ase | 0.

Similarly, applying integration by parts, substituting t = z/(e + 5&%) and
using some asymptotic considerations, the upper bound p;(¢) is asymptotically
equivalent to

a+582d |
_ — d=3
pa(e) ~ ,8-46% f > [8+582—Z]2F*F(Z)d2
z=0
,8-4(%a2'(8+582) La-1 i
~ — {1 -1 dt
a?*(log(e + 5&%))? ft:() 2 (=9

d-1

d-1
2

02 2\ 7
= le+5
(log(s + 562))2 (6+5¢%)
ase | 0.
Since by I’Hopital’s rule we have
loge—21&%) = (1-1e)e+58%) |

1m ———=- = 11 =
£l0 log(e +5&%)  €l0 (& — Z&2)(1 + 10¢)

it is convenient to verify that
(e) 2
. & .
lim p2e) _ lim = 1.
el0 pl(é‘) el0

d-1
g+582) 7 (log(s — 2&%)
g~ 1e2 log(e + 5&?)

Recall pi(e) < P(||X; — X3|| = 2 — &) < pa(e). Combining this and
a1 d-1
o (8 — %82) T e o, (8 + 582) ’

(log(s — 2&2))? ~ (loge)* ~ (log(s + 5¢2))?

for sufficiently small &, the proof of the proposition is completed. O
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We have obtained the tail probability of the distance over the threshold 2 —¢.
Thus, Lemma [3.1]leads to the following theorem:

Theorem 3.11. Let X1, X, ... be i.i.d. points in B¢, d > 2, such that X; = R;U,,
i=1,2,..., whereR; = ||Xjl| and U; = X;/||1Xil| € S?~! are independent. Suppose
that U, has a bounded density g with respect to =" and that condition (m
holds for the distribution function F of 1 — R|. We then have

2 4
: d =10\ [ n 7T a1
lim P||———— - -2-D,) <t|=1- —t
s [( 32 logn ( ) exp( 2 )
fort > 0, where o, is given in (3.20).
Proof. For a fixed real number ¢ > 0, put
2 4
32 T fp AT
n=¢&(t) i =|———=—]| - 1. 3.22
on = ) &d—lPaJ (kgn) 522

Write 1,n = loglog n for short. Thus,

| 2 | 32 4 | + 4 ILbn +logt
0geg, = 0 ~ ogn n + logt.
B = 1 B\ d—120,) d—1 BT g T

If conditions (3.1)) and (3.2)) are satisfied, we use Lemma 3.1| to derive the limit
law of D,, as follows (cf. Section [3.3):

2 4
2 a—1 Td-1
PQ-D,<e) = Pl2-p,<[—22 ). [ -t
d - 10, logn
2 4
_12 a1 a1
_ p|(@ Do) [ n 2-D) <t
32 logn

— 1 —exp (A1)

as n — oo with A(7) € (0, o).
Putting &, and log &, into (3.1]) and using Proposition [3.10, we have

n—oo

lim (;)P (1X1 = Xall > 2 — &)
2 d-1
= lim % -0 - (log £) g,
2 I d—1)logt]™” o
= lim log 3 B L ( )1og =
n—e | 2logn (d - 1)%0,
= T = Q).

Since t € (0, 00), (3.1) is satisfied.

logn 4logn
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The proof of the second condition is also analogous to the proof of Theorem
B.6. Put ¢ = £(-U;,U;) and ¢’ = «(-=U;, Us). As in (3.15), we use the inde-
pendence of R; and U;, i = 1,2, 3, to obtain an upper bound on the probability
of two overlapping exceedances:

P (IX1 = Xall > 2 — &, 1X1 — X3l > 2 — &,)
< n3F(en)3P(|¢>l < [48, +2082) , 1¢/] <[4, + 208,3]5),
where

P (|¢| < [4&, + 20.9,3]% 1] < [den + 2085]%)

47T)d_] ~ -
~ ((d+1)2-82’ - fs 8w’y u ! (du)
F a+1l -1
2
= C-&!

as &, | Ois given in (3.16]) and

a
F(ep) ~—
(&n) I —aloge,

as &, | 0 is the distribution function of ¥; = 1 — R;. Plugging (3.22) into the
upper bound, we have

n'F(en)'P (I¢| < |den + 208,%]% 1¢') <[4, + 2085]%)

3
3 -d—] a
~ .Cé& =
" (l—alogsn)

-4
3 n d-1_3

= -C - t
((d— 1)20'2) (logn) “

2 32 4 loegn + 4 Ihn +logt h
bl 04 n n
d—1 2 d—1o, d—1 8T o8

2
- C. logn Al 1
(d - 1)20'2 n logn
2 32 4a 4alyn alogt -
- log - + +
(d—-1)logn (d-—1)Y20, d-1 (d-1)logn logn

— 0,

where asymptotic equality and convergence refer to n — oo. O
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As expected, the probability for an exceedance of the distance over a thres-
hold is asymptotically greater than the corresponding probability in case of a
power type distribution. Indeed, the rescaling factor in the limit law of D,, in
this case is of the order O (n4/ @=D(log n)=4 (‘H)), which grows asymptotically

faster than the rescaling factor of the order O (n4/ (d‘1+4“)) in Section [3.3]

3.5 Exponential type

Throughout this section we suppose that the distribution function F of Y| =
1 — R, is differentiable in a small right neighborhood of 0, and that

F'(s) ~ % exp (—g)
s s

as s | 0 for some a > 0 and @ > 0. By Lemma 3.3 we then have

F(s) ~ fo ‘i—f exp (—%) di = a-exp (—%) (3.23)

as s | 0. The right-hand continuity of F at O ensures that R; has the distribution
function 1 — F(1 — ) for sufficiently large s € [0, 1]. Thus, the distribution of R;
is tail-equivalent to the exponential distribution function 1 —exp (—%) =: Y(1),
1.e., we have

PR, >1) . (a)
T 2D imFs)-exp(E) = a>o.
M v i e T)=a>0

We therefore say that the distribution of R; is of exponential type.
Notice that the distribution function F of exponential type is rapidly varying
with index oo, i.e., we have

F(st :
A

slo F(s)  slo oo, ifr>1.

The distribution function F is differentiable in a right neighborhood of 0 and
the derivative is positive and converges to 0 as s — 0. Moreover, F’ decreases
more slowly than each of the power distribution functions with @ > 0 (see page
when approaching 0, see Figure 3.4, Compared to the situation where F is
of power type (see Section [3.3)), it is less probable that random points appear in
a narrow annulus close to the boundary of the unit ball. Hence, the probability
of an exceedance is asymptotically smaller.
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Figure 3.4: The function exp(1—1/s) increases more slowly than all power
type distribution functions as s | 0.

As before, we first determine the asymptotic behavior of F * F(s) as s — 0.
By (3.23)) and Lemma substituting u = t/s leads to the following asymp-
totic expression as s | 0:

FxF(s) ~ f aexp(—i)-gexp(—g) dt
=0 - t t

aca (! ex a 1 J
= — ——— | = du.
S Ju=0 P s(1—wu)u

1
(1-w)u
we split up the integral into two parts and put v =

Since the function u — is decreasing on (0, %) and increasing on (%, 1),

e Which implies u =

%(1 F /1 - %) and % = F1/+/v3(v — 4), respectively. Consequently,

2
a? ° a 4 1
Fx«F(s) ~ — f exp(——v)4(1— 1——) — dv
S =4 s v V3w — 4)

-2
« a 4 1
——v|4[1+4[1-—| ——
+fv:4exp( Sv) ( + v) o5 dv

2 00 a
= — exp -V

aa )
S Jyea s m
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Finally, by substituting w = <(v — 4), we have

4ar
s

l

F = F(s) a5 exp( ) f e "(sw+ 4&)_%(sw + 2a/)w_% dw

~ atse exp (——)(4&)_5(2a)f e™wI dw
= raa*s™ exp(—4—“) 510, (3.24)

where the second asymptotic equivalence follows from the dominated conver-
gence theorem.

Recall that the main idea for deriving the limit law of D,, is to determine the
limit law of the random variable

T,i= ) HIXi— Xl >2 -8,

1<i<j<n

which counts the number of exceedances of the distance between two points
over the threshold 2 — g,. Condition implies that the expected value of
T, converges to a positive finite constant, which entails the tightness of the
sequence (7,),ev. We first prove this convergence of E (7,) for a suitable &,,.

To this end, we first derive the asymptotic behavior of the lower and upper
bound p;(¢g), pa(e), defined in (3.8) and (3.9)), of the tail probability p(e) =
P (X1 — Xall = 2 — ) as € | 0. Using the same methods as in Proposition [3.10]
applying (3.24)) for the convolution of F' and substituting ¢ = z/(e — %82), we
have fore | 0

E—7&

4 d-3
1 d-1 7 2z
i) ~ ,3~4de > IS_ZSZ_Z] F+ F(z) dz
z=0
o ad=1 (] 7, 17 . 4
~ B-47 Vnaa e——&g"—z| zilexp|l-—]dz
2 4 Z
z=0

with §8 given in (3.5). We now deal with the integral in (3.25). Putting «, =
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da/(e — %82) for short and substituting u = ./t — k., we obtain

4a
1 - 2 2 -
f ( t) r exp( oo —32)t] dt

d-3

z e e K Ke
= e " 5 du
U+ K U+ Kg (u + k)

= Kée st MZe_”(u+K8) 2 du
u

l\)l'—‘

d-1

F(d=1)(_4e o 4a
= €X - ’
2 J\e-1sg? Ple- 1g?

where the asymptotic equivalence above as £ | 0 follows from the dominated

convergence theorem. Plugging the asymptotic expression of the integral and

formula (3.5]) for 8 into (3.25)), we have

4
(&) ~ o3 - (& — Ted)i3 exp[ > )
as € | 0, where

d _d=2 _
o3 = nida f  gwg(-u) u" (du).
”

Analogously, the upper bound p, (&) is asymptotically equal to

4
pae) ~ 03 - (& + 56215 eXp( “), 610,

&+ 5&2
Since
d-3
+5g%) 4 4
lim P2(e) = Iim || 2222 exp S =77 > ],
elo pi(e)  &lo [\& - 2&2 - 12 e+5&

we do not know the exact asymptotic behavior of p(g), but we can conclude
that the convergence of p(g) to 0 is of the order O (8d_% exp(—%")).
In the following, fix # > 0 and put

2
&, = &,(1) = —— (146, (3.26)
v +logn
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with
1. o3Qa)?3? _(d-3/2)n

= =1 , 0, :
[ o8 2t 2logn

Since E (T,) = (g) p(e,) and pi(g,) < p(e,) < p2(e,), we now study the conver-
gence of g1(n) := log (% p1(ex)) and ga(n) := log (% pa(en)).

By plugging the Taylor series expansion of 1/(1 — %sn) =1+ %sn + O(s,%)
into g;(n), we have

g1(n) = log % +2logn — +(d - 3)log(e, - 162)

2

7
n_Zgn

4 1
= 10g2+210gn——a- =
2 En —Zé‘n

+(d —3)log s, + (d — 3)log(l — 1s,)

4
= log% + 2logn — i —Ta+(d- %)10g8n+0(1)
£

2(y + logn)
1+0,
+(d - % [log(2a) — log(y + log n) + log(1 + 6,)] + o(1).

= log%+2logn— - Ta

Using 1/(1+6,) = 1—6n+0(6,%) and log(y +logn) = log(logn(1+vy/logn)) =
I,n + o(1), we obtain
qi(n) = log% +2logn -2y —2logn + 26, logn — T«
+(d - 3)logRa) — (d — )n + o(1).

Plugging y and 6, into g;(n), we have

2 d-3/2
qi(n) = log % ~log % +(d-3ln-Ta

+(d - 3)logRa) — (d — H)n + o(1)
= logt—"Ta+ o(1).

Analogously, we have
q2(n) = logt+20a + o(1).

Consequently, the lower and the upper bound of the expected value of T,
converge both to some (different) finite positive constants, i.e., we have

2 2

Ta

lim %pl(sn) =t-e 'Y, lim %pz(sn) =12
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and thus

t-e ' <liminf E(7,) < limsupE(T,) < t - ¢*%.

n—eo n—o0

Hence, the sequence (7)), 1s tight.

On the other hand, we will prove that for g, given in (3.26]) condition (3.2))
is not satisfied. To be more specific, the probability for two overlapping ex-
ceedances rescaled by n® converges to infinity as n — co. In view of Chapter
this means that the variance of 7, converges to infinity.

In the following, we use again the geometric considerations and asymptotic
methods of Section(3.2/and Section|3.3| Seté&, = ¢, — %sﬁ for short, the substi-
tution t; =y /&, and to = y2/(&, — y1) = y2/&,(1 — 11) yield

WP (IX) - Xl =2 - &, 1X1 — X3l =2 - &)

v

1
WP (0] < [4en - Vi = Y = Te] L i+ Yo < o - T

1%n

o En—Y1 1 2
= n3f {f P(|¢| < [4(8n —y1—Y2) — 78,%]2) dF(yz)} dF(y1)
y1=0 \(Jy

1
1< |4 -1 -Y) =T i+ Vs < ey zgz)

1= 2=0

1ol | ?
= n3f_0{f_1%(|¢| < [48,(1 —1)(1 - Tz)]i)dF(én(l - fl)fz)} dF(&nty)
= 1% pa(n). (3.27)

Applying Lemma [3.4] and integration by parts, the inner integral in (3.27) is
then asymptotically equivalent to

1 o . _
f BATET (1 —1)T(1 = ) TdFE,(1 — 1))
=0

(3.28)

asn — 0. Set k(1) = a/&,(1 — 1;) and substitute u = «.(t1)/t, — k:(t1). This



3.5. EXPONENTIAL TYPE 45

gives
f (1-0)* ( o )dr
(=0 ? P\Taa—mn) 7
d-3
00 T
= f (—u ) e_”e_"g(“)—KS(tl) 3 du
u=0 \Ke(t1) + u (k:(11) + u)
d+1
= KE(tl)K ([]) de u#e_u (M) ’ du
u=0 Ke(t) + u
~ F(E) e_Kg(tl)Kg(tl)_%,
2
where “~” refers to n — () and follows from the dominated convergence theo-

rem. Putting this into (3.28) and then into (3.27)), integration by parts yields

n’ p3(n)
1
2
~ 82 f a —t1)2d_2exp(—~—a/) dF(&,11)
l1=0 81’!(1 - tl)

1
1 +1
~ O {2a(d—1) f (1—t1)2d—3exp(—f"(—+1)) dty
=0

E(1 =10
2aa _ a(l +1)
exXp (—m) dll} (329)

as n — 0, where C; is some positive finite constant. Since the two integrals in
(3.29) have the same structure, we compute in the following the integral

1
C i exp |- 20D
j;zo(l t) exp( e —tl)t1) dt (3.30)

1+4
(1=t

(0, 1) we find that v has the local minimum 3\/‘/__4 =:catf; = V2 —1 and the

function is decreasing on (O, V2 - 1) and increasing on ( V2 -1, 1). Moreover,
the inverse function on the two interval parts istH=Ww-1F V1 -6v-—v2)/2v
with dt‘ = FBv -1/ V1 —6v+12) + 2 5, respectively. According to this
con51derat10n we separate the interval of integration (0, 1) into two parts and

for a general k£ > 0. By studying the function v : #; — on the interval
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substitute v = (11_’;1“)”. Then (3.30) is equal to

f (1-1 )kGXP (_g,iy((lljt?))t dt + f(l - tl)kexp( sa((11+tt11))t1) dty
=V2-1

= fexp(—%v)[(v+l+ m)"( 3v -1 1)

2v 22Vl —6v+12  2V°
(v+1— \/1—6v+v2]k( -1 1 )}
+ ; dv.
2v

+
2v Vi-—6v+12 2v
3.31)

Furthermore, we use the substitution w = £(v — ¢). For a fixed v € (0, o) the

terms in (3.3 1)) reduce to
k
v+1+ V1-6v+1?2 c+1

= 0(2?),
2v 2c " (8”)
k
v+ 1— V1 —-6v+1? c+1 9
= + O(sn)
2v 2c
and
3v—1 1 3c—-1 a 1 +0(~%)
- = ~ - 81’[ s
AV -6y +12 22 2¢2V2c—6 NV &w  2c?
3v—1 1 3c—1 a 1 A
+-— = — t -5+ O(sn)
w2Vl —6v+12 2V 2¢2V2c =6 N EWw  2c

as &, | 0. Then, invoking (3.31)) and (3.30), we have
1
a(l + 1)
1-1) -——— | dt
L:O( ) exp( En(1 — fl)fl) !

o[ _c@ c+1  2@e-1) @ gnf ny
~ _—— € W w
P En 2¢2V2c -6

1
= (L&, exp(—g)

En

as n — 0, where C; is some positive finite constant. Using this on the integrals
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in (3.29), we then obtain

1

}’l p3(n) ~ C1n3 g2d=2 {C38n cXp (—g) + C48n exp (_%)}

En En

£, — 162

s
~ CiCy 1 (sn - %8,%)261 *exp (— «@ ) (3.32)
1

as n — oo, where C, C3 and C, are positive finite constants.
To see the divergence of n’ p3(n), we now study log(n®ps(n)). Plugging &,

given in ( into , we have

log(n’ p3(n))
= log(CiCy4) +3logn —

(04
— +(2d - 2) log(s, — 2&2)
Ey — ZSn

7
= log(C,Cy) +3logn — <% — Jea+(2d = Ploge, +o(1)
En

c(y + logn) B z
21+06,) 47
+(2d - 3) [log(2@) — log(y + log n) + log(1 + 6,)] + o(1)

= log(CiCy4) +3logn —

3 5
= Cs+ (3 - %)logn— [(2— “yd + gc =2 [lan + o(D)
where Cs is a positive finite constant. Since 3 — ¢/2 = 3 — 2(37\/3—4) ~ 3 -
5.828/2 > 0, we have
log(n’ps(n)) — o0,  n — oo,

which implies the divergence of the expression in condition (3.2)) as well as that
of V(T,).

Since condition is not satisfied with g, given in (3.26]), we cannot use
Lemma [3.1] to obtain the limit law of D,, although condition (3.I) holds for
some subsequence (E (7,,)),,. Furthermore, we will show in the following that
the random variable T,, converges in probability to zero as n tends to infinity.

Set

with &, given in (3.26) and v, := (d — 3/2)lan/logn. Then, &, < &,/2 for
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sufficiently large n. Letting

EG ) = {IXi—Xjll 22 - &},
AW = {lIXill = 1 =&},
B(i) = {l-(&,—&) <IIXill <18,

it follows that

T,=T" +T2,

where
T = 3T HEG )N AGDUAG) ),
1<i<j<n
T? = > EG. )N BG) N BG)).
1<i<j<n

Since {T,Sl) > 0} c UL, A(i), we have for fixed € > 0

IA

P(T,S“ > e) Z PIXill > 1 -2,)
i=1

n-P - [Xll < &,)

)
~ n-aexp|——|.

En

Now,

logn +loga — Aﬁ

En

logn +loga — (22 - 10a + o(1))(1 = v,)""
logn +loga — ((y +logn)(1 +&,)™" = 10a + o(1)) (1 = v,))""

= loga -y +10a - (52)hn + o(1) — —oo

. P
as n — oo, which means that T,(,l) — Qasn — oo.

To show the convergence of T we need to study the modified tail proba-
bility P(E(1,2) N B(1) N B(2)). Let &, = &, + 58,% for short. By adopting the
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notations and geometric considerations in Section 3.2 we have

P(E(1,2) N B(1) N B(2))

IA

P(I¢l < [4(eq — Y1 = Y2) + 206213, ¥ + Y3 < &, 8, < V1, YV < £, — &)
En—E&n En—Y1
f P(I¢l < [4(E, — y1 = y2))?) dF(y2) dF(y))

ylzén yZZén

IA

én_én én_yl
< 4t f f B0 = y1 = o) dF(y2) dF (1)

ylzén y2=én

Ey—8

d-1 " _ d-1 En—)1
= p4°> {(Sn—)ﬁ—)’z)zF(Yz) B
ylzén Y2=&p
én_yld 1
+ f (=1 - )T F(y) d}’z} dF(y))
y2=én
=1 BA4T - {ps(n) + ps(n)} =: pa(n) (3.33)
with
ps(n) = f —(&n— &n — yl)%F(én) dF(y1),
yl=én
én_én én_yl
d-—1 _ 43
pe(n) = > (& —y1—y2) 2 F(y2) dy> dF (y1),

ylzén y2:§n

where “~” 1n (3.33)) refers to n — oo and follows from Lemma |3.4. We now
deal with ps(n) and pe(n), respectively.
Integration by parts, followed by the substitution ¢ = (y; — &,)/(&, — 2¢,) and

invoking (3.23) lead to

PR RN
pS(n) ~ (én - 2811) 2 F(gn)2 -

f 1 (1-n% i dt
. —_ 2 ex —
o P\T G - 280+ &,

d—-

1 _
a(E, — 28,7 F(&,)
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a

@ik—tyi+e, — Kn, WE obtain

asn — oo. Letting «, = a/(§, — &,) and u =

~Ll A (2 A \d-1
aa” 2 F(&,)(&, — &)

ps(n) ~ (&

d+1

T
2
T, T
a s _ [ K
cexp|——— uze" L du

where 7, = /&, — k, = 4av,/(E,(1 — vﬁ)). Since for fixed u € (0, c0) we have
Kn/(u + k) = 1 asn — oo and |-2-| < 1, then

d+1 d+1

T g K E 4 K E
f uze L du < f uze L du
u=0 u+ Kn u=0 u—+ Ky

by the dominated convergence theorem. On the other hand, since 7, — oo as

n — oo, we have for fixed ¢ > 0 and sufficiently large n

d+1

d+1
T =y c =y
d-3 K -3 K
uze" i du > uze z du.
u=0 u-+ kK u=0 u+ K

As n — oo, the latter integral converges to fu C:0 Te™ du by the dominated
convergence theorem. Letting ¢ — oo, it follows that

d+1
Tn _ ; 2 _ 1
lim u'T e ( al ) du=T (dT) X

|&.
[S]

Hence,

ps(n) ~ a’exp|- )(énvn)%

n(l - n)

—a a_dTF(d“)Z_d”exp( da

- 2)) 54-1(1 4 y,)4-!
as n — oo.
By using the substitution ¢t = y;/&, and t, = (y, — &,)/(€, — &, — y1) and
(3.23), it follows that
(14+v,)/2

1

d—-1 _ _

ps(n) ~ ——a f (B — &0 — Ent)T f (1-1)7
=0

n=1-v,)/2

a
. - dty dF (g ty).
exp( (én - én - éntl)IZ + én) ’ (8 1)
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asn — oo. Set k,(t1) := a/(,(1 —t;)) and u := (a/K,,(tl)Cfén)tﬁén — k,(t1), we then
have

(14v,)/2
d—1 a1y, f d-1 @
~ 2 1 -1t S —
Pe(n) ;a7 E, ( )" exp TS
n=1-v,)/2

Tu(f1) a1
_: n(t _
uT et (&) du dF (8,1,

u+ k,(t1)
u=0

with 7,(t)) = /&, — k,(t;). By the dominated convergence theorem, we obtain
on one hand

On the other hand, we have for fixed ¢ > 0 and sufficiently large n

d+1

T, (1) 2
- K,
f uue_“( (1) ) du
u=0 u+ k,(t1)

d+1
. d+1
_ K, (t 2
> f Uz et (—"( D ) du.
u=0 u+ Kn(tl)

d=3
2

The latter integral converges to foc uze"duasn— oo. Thus,

d+1

Tn(tl) _- t 2 d _ 1
lim ] MGV e Ll
n—eo ) _o u+ k,(t1) 2
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By using integration by parts and (3.23) again, we have

Po(n)
(14v,)/2
d-1 d+1 a
~ aa” 7T g ! 1 - 1) exp|—————| dF (&ut
aa ( > )& f( )Y exp 20— (Ent1)
n=(1-v,)/2
_aa [(d+ 1Y) _, 1=y \d=1 (14,141 4a
- (e el e et
(1+v,)/2
aa @
+ 1= )3 exp|-—a | dr
3 f (= exp( énrlu—rl)) 1}

n=(1-vn)/2
(3.34)

as n — oo, where the derivative of (1 — #;)% ! exp (—
equal to £(1 - )43

= (f‘_ tl)) is asymptotically
as n — oo by omitting the asymptotically negligible terms.
To compute the last integral, we substitute v := ﬁ Since this function

has a local minimum at 1/2, we split up the interval of integration into two
parts (] a 1) and (1 1+V") The inverse function is #; = (1 F 41— —) and the

derivative is d” = F1/V3(v — 4), respectively. It follows that

(1+vn)/2

a
1 —1)43 — | dt
(1-1) e"p( é,,nu—rl)) !
Il:(l_vn)/z

4/(1-v?) 3

f” N )(1 +VT=ap) F (1= vT=47)" )
= €X et % V.
J "\7a, 243 \[\3(v — &)

(3.35)

Substitute w = (v — 4), the integral is then equivalent to
P )
f exp (—w — 4a) 2-d+3 &on
€n \/énw(é,,w + 4a)3

w=0
EW 43 EW 43
01 + _— n +11 - _ " dw
ew+4da NV e,w + 4a

1 4 n |
= 27z exp(—_—“) f e w2 L(w) dw (3.36)
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where p,, := 4av?/(&,(1 = v2)) — 0 as n — oo and

ExW - EpW -3
3

W)= Ew+da) 2|1+ [ ———]| +|l— |—— .
Enlw) := (Eaw + 40) [( 8nw+4a) ( 8nw+4a)

To compute the integral in (3.36)), we substitute s := w/p,, and obtain

—

’ N
f e W_% Ln(w) dw = pg f S_% e £(pnS) ds.

:O =0

Since for each fixed s € (0,1) we have lim,_, e = 1, lim, 0 {u(0nS) =
272732 and e3¢, (p,,s) is uniformly bounded in 7 and s by (4a)73/2(2973 + 1),
it follows from the dominated convergence theorem that

1 1
: 1 o 3 _1 3
lim sT2e P (0ns) ds = 272 Zf s2ds = 27a2.

n—=0o0 Js=0 s=0

Invoking (3.35) and (3.36)), we then have

(14+v,)/2

dt

(1 = 1,)¢3 exp(——é tl(f_ tl))

n1=(1-vn)/2

1 4 1
~ 279382 exp (___a) P22 a?
£

n

1/2
= 2"d+3aén% exp (—ﬁ) 1 fa Y5143
En) 8,/*(1 - v2)1/2
4
~ 273 exp (___a) Vi,
En
where “~” refers to n — oco. Plugging this into (3.34), we have
P = da —d-1 (127, )47 (149, )41
i~ ol e
_ 4
+ataTT (%) 2793 exp (___a) g1-2y,
asn — oo.

Recall that T.> counts the number of exceedances of points that both fall in
the narrow annulus with inner radius 1 — (g, — &,) and outer radius 1 — &,. By
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plugging the asymptotic expressions of ps(n) and pe(n) into (3.33), we have

E (Tf)) (Z)P (E(1,2) N B(1) N B(2))

nz

3(1?4(71) + o(1))
_fa
én(l - Vn)

IA

= Cin*exp (— ) (énvn)dz;l

4ar
+ Con? A T
n exp( G _V%))sn

4a _,_
+ Csn? exp (—_— éz Vi
n

where C; C, and C; are finite constants. We now study each of these summands
separately by taking its logarithm and using the definitions of &, and v,,. Firstly,
we have

+ d-1 d—-1
logCy +2logn — — A log &, + log v,
E(1 =v,) 2
4 4av,
= 10gC1+210gn——a+20a— @ +%logsn+%logvn+o(l)
&n En
— 5 _
= ( —(2d—§)12n+ Isn + o(1)

— —©

as n — oo, where C; is a finite constant and l3n = logloglogn. Secondly, we
have

logCy +2logn — +(d—-1)logé,

E,(1=v2)

4
= logCy+2logn — ~2 +20a + (d — 1) log &, + o(1)

1
= (C,- Elzn + o(1)

— —00
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as n — oo for some finite constant 52. At last, we have

4
log Cs + 210gn — —% 4 (d - 2)log &, + log v,

&n

4
= logCs;+2logn — ind + 20a + (d — 2)log e, + logv, + o(1)

~ 1
= (C3- 512n+13n+0(1)

— —00
as n — oo for some finite constant Cs. Consequently, we conclude that
@)
E (Tn ) — 0, n— oo,

Finally, it follows from Markov’s inequality that for each € > 0

E(T,”)

€

B(r > ¢) <

— 0

as n — oo, which implies the convergence of T% t0 0 in probability. Together

. P .
with T,gl) — 0, we then obtain
7 =70 7@ F
wn=T,"+T,” —0

asn — oo.
Up to now, we have proved the following three facts about the random vari-
able T,:
1.) O0<liminfE(T,) <limsupE(T,) < oo,

n—>oo n—o0

2.) lim V(T,) = o,

P
3) T, — 0asn — oo.

At first glance these conclusions are confusing. In fact, we can explain this
phenomenon by the following consideration: Only the points in the narrow an-
nulus close to the boundary lead to the exceedances. Since the probability that
a point appears in such an annulus is very small, the number of exceedances T,
converges in probability to zero. However, if a point appears in the annulus, it
will lead to a cluster of exceedances, so that the expected value of T}, converges
to a positive finite constant, and the variance of 7, converges to infinity.
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3.6 Conical and angular supports

In this section, we study some special cases in which the support of the point
distribution is a proper subset of the d-dimensional unit ball, d > 2, and the null
set with respect to the probability measure PX' has a positive Lebesgue measure.

Let K c B? denote the support of PX!, and put —K := {x e R : —x € K}. A
necessary condition for the largest interpoint distance converging almost surely
to the diameter 2 is that for each r € (0, 1) the set A, := {x € R? : ||x|| > r}
satisfies PX1(A, N K) > 0 and PX1(A, N —K) > 0. That means, the probability for
a point pair appearing in opposite directions and arbitrary close to the boundary
1s positive.

Firstly, we consider the case that the support of PX' is a set bounded by the
surface of the unit ball and a circular conical surface with vertex at the origin
(see Figure . Denote by Ky the support of PV!, then Ky is the union of

Figure 3.5: The conical support of PX!,

the two spherical caps cut off by the conical surface. Suppose that Uy, U, ...
are i.i.d. with a bounded density g with respect to u?~!, then g(u) = 0 for all
u € S\ Ky. Thus, the tail probability of the distance between two points
has the similar lower bound p;(g) and upper bound p,(e) in the form of (3.8)
and (3.9). The only difference is that the integral fKu g(w)g(—u) u?~'(du) in the

constant 8 given in (3.5) is over the support Ky of PU! instead of over the whole
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unit sphere S~!. And consequently, the asymptotic distribution of the largest
interpoint distance is also similar to the former according to the distribution of
the radius.

Secondly, we consider an annular support of the point distribution. Suppose
that the random points are 1.1.d. in an annulus with inner radius r and outer
radius 1 (see Figure[3.6). We note that the exceedance {||X; —X> > 2—¢]|} occurs

X

Figure 3.6: The annular support of PX!,

only if both || X;|| > 1 — € and ||X;|| > 1 — €. Hence, we just need to consider
the points which lie in the narrow annulus with width & closing the boundary of
the unit ball. Let » < 1 be fixed. Since {1 —e < ||Xjl| < 1} Cc {r < |IXi]| £ 1}
for sufficiently small &, the lower and the upper bound of the tail probability
P(||X; — Xz|| = 2 — &) have the same asymptotic expressions and as
e | 0. Hence, if the radial distribution of the random points belongs to the
power type, the limit distribution of the largest interpoint distance is the same
as in Theorem [3.6] if the radial distribution belongs to the logarithm type, the
limit law is the same as in Theorem [3.111

An extreme case of the annular support of PY' is the surface S¢~! of the unit
ball. In this case, the radii R;, i = 1,2, ..., are almost surely equal to 1, and the
points can be represented by the direction component, i.e. X; = U;,i = 1,2,....
Suppose as before that U, has a bounded density g with respect to u¢~!. The
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probability for an exceedance of distance between two points is

ple) = P(IU-Us|22-¢)
= P(12+12+2cos¢2(2—6)2)

1
= P(COS¢21—28+582)
= P(¢zcos§§48—ez),

where ¢ = L(U,,—-U;) and € € [0,¢]. Recall that 1 < 1/cosé < 1 + 3& (see
page , hence, 4¢ — &2 < (4e — £%)/ cos & < (1 + 3e)(de — &%) < 4e + 11&? for
sufficiently small . By using Lemma [3.4) we obtain the asymptotic behavior of
the lower and the upper bound for p(¢) as follows:

pE) = pie) =P(lgl < 4e—)') ~ B- (4 - )7,
pe) < pa(e) = P(|¢I < (de+ 1132)1/2) ~B-(4e+ 11T,
where § is given in . Since lim, o p2(€)/pi1(e) = 1, we have
PIX;-Xal|=22—-¢)~B- (48)‘%1
ase | 0. Set

4

g, = &,(1) = (2‘1_2,8)_% ‘n a1 -t

for r > 0. Plugging &, into the tail probability, condition (3.T)) reduces to

lim (Z)P(HX] X >2-¢,)
N T S GNIY SR R 7S
= lm—-426.2 n°t?

n—0o0

= 17 € (0,0).

The proof of condition (3.2)) is analogous to the proof of Theorem [3.6] Thus,
we have the following limit law of D,;:

Corollary 3.12. If X|, X, ... are i.i.d. on S?7', d > 2, with a bounded density g
with respect to u®~!, we have

lim P ((2‘1—25)% n@1 - (2=D,) < t) =1—exp(-7), (3.37)

n—oo

where (B is given in . If g is the uniform distribution on S%', we have
B=1/n
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Note that the point distribution on S¢~! can also be regarded as a special
case of radial distribution of power type with @ = 0 and a = 1. Plugging these
values into the limit law of D,, given in Theorem we get the same formula
as (3.37). Moreover, in this case the radial distribution belongs to the class of
slowly varying distribution functions. Since the points are only possible to lie
on the boundary of the unit ball, it is more likely to observe an exceedance of
the distance over the threshold 2 — &. Therefore, the rescaling factor must be
asymptotically greater than its counterparts in the situation of Theorem[3.11|and
Theorem 3.6, Indeed, the rescaling factor of the order O (n4/ (d‘l)) 1s consistent
with this intuitive consideration.

In Figure there is a simulation of the limit law of the largest distance
between uniformly distributed points on the unit circle.

Figure 3.7: EDF of (n*/n?) - (2 — D,) with n = 1000 random points. The
dotted smooth curve is the limit law 1 — exp (— \/f)

In case @ = 0 and a € (0, 1), the points are distributed both in B¢ and on
S9! with
PAIXill=1D =PI -[Xill=0) = F)=a>0.

Moreover, we suppose that
F(s)—a ~ as®

as s | 0 for some @ > 0 and @ > 0, which implies that the distribution function
F of 1 — ||X1|| jumps at O from O to a and then behaves as a power function és?
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in a small right neighborhood of 0. We can separate the tail probability of the
distance between two points into the following four disjoint cases:

P(IX) - Xoll > 2 - & X1. X2 €57") ~ € -gT,
P(IX) - Xoll > 2 - &, X1, X, € BY\ §47)
P(IX) - Xll > 2 — &, X; €87, X, e B\ §771) ~ ‘%f’,
P(IX) - Xal > 2 -2, X; € B\ 8", X, e 57 ~
where C|, C,, C5 are finite positive constants. Since the first part of the tail
probability dominates the others for sufficiently small g, the limit law of D, is

the same Weibull distribution as in (3.37/)) with the rescaling factor of the same
order O (n%), ie.,

lim P((zd—2a2 )" ni . (2-D,) < t) = 1 - exp(—'7).
Actually, this effect of dominance by the points on S%! also exists, if the ra-
dial distribution function is of the logarithmic type before it jumps by a at the
boundary of the unit ball.



Chapter 4

Largest area of triangles

In this chapter, we indicate how the Poisson approximation can be used in prob-
lems involving the maximum of a function of three arguments. As an example
for such a kernel function, we consider the area of triangles that are formed
by triplets of i.i.d. random points. Other examples could be the perimeter of
triangles formed by point triplets or the average distance between three points
(the maximum of such average distances was called “triameter” by Grove and
Markvorsen in [19]).

To simplify the computation, we consider the case of uniformly distributed
points on the unit circle. The derivation of the limit law is similar to the reason-
ing in Lao and Mayer [27] for the case of the largest perimeter of the triangles.

Let X;, X5, ... be independent and uniformly distributed points on the unit
circle S', and let A(i, j, k) denote the area of the triangle formed by different
points X;, X; and X;. The maximum area

A, = max A(, k)

1<i<j<k<n

converges almost surely to the area of an equilateral triangle with vertices on
S!, ie., A, = 3V3/4 as n — oo with probability 1.

We first determine the asymptotic behavior of the tail probability of A(1, 2, 3)
over a threshold close to 3 V3/4.

Proposition 4.1. Let X, X», X3 be independent and uniformly distributed points
on S'. We then have

P{A(1,2,3) > — —¢g| ~ —¢, el 0. 4.1)
4 3

Proof. By rotational symmetry, we may without loss of generality fix X; and
put X; = (1,0). Let ¢, ¢, be the angles (at the origin) measured counterclock-
wise between X; and X, and between X; and X3, respectively (see Figure [4.T]).

3\/5) 4
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X,

¢
¢2 Xl

X3

Figure 4.1: Illustration of a triangle with vertices on the unit circle.

Thus, ¢ and ¢, are independent and uniformly distributed in (0, 27). Since
P(¢; < ¢p) = 1/2, symmetry yields

(A(l 2,3) > i—gJ 2-P(A(1,2,3)2 #—s, b1 s¢2).

Moreover, we put ¢ = 2n/3 + a; and ¢, = 4n/3 + @, with independent ran-
dom variables ;| uniformly distributed in (-27/3,4r/3) and a, uniformly dis-
tributed in (—4m/3,27/3). Under the condition ¢; < ¢, only the point triplets
with ¢ close to 27/3 and ¢, close to 47/3 deserve attention. We therefore con-
sider in the following the behavior of the area for small a; and a;. Suppose that
1 < ¢.

Firstly, to obtain bounds for a;, we fix X, = (—l —) so that ¢; = 21/3.

Then, A(1,2,3) > % — ¢ and elementary trigonometric arguments yield

7|2~

A(l1,2,3) = \f(cosa2+ 1) 3;/_

and a Taylor series expansion yields
| < arccos (1 - 26/ V3) =237V Ve +0(¥%) <2 Ve (4.2)
for sufficiently small € > 0. Analogously, by fixing X3 = (—— ——) so that

¢, = 4m/3, we obtain |a;| < 2 v/e. Consequently, |a; — @] < 4 +e.
Using trigonometric formulae, the area of the triangle formed by X, X, and
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X3 1S

A(l1,2,3) = - [sin @y + sin(¢py — @) + sin(2w — ¢,)]

) 27r+ 47T+ N 27r+
Sin 3 (03] sin 3 (0%) sin 3 sy — A

(4.3)

D= =

Taylor series expansions of @, @, and @, — a; around 0 yield

s1n(2—7r+a1 = ﬁ—lal —ﬁa%+ia?+op(a‘l‘),
3 2 2 4 12
sin (4—7T +ay| = —ﬁ — laz + £a/% + iag + op (ag),
3 2 2 4 12
sm(z—ﬂ +a —a| = ﬁ l(cyz—al)— —(ar — ay1)?
3 2 2 4
1—12(6Yz — ;) +op ((az —-ay) )

Putting the restrictions on «, @; and a; — a@; into the Taylor series expansions
of the sine functions and then into (4.3]), we obtain

3

A(l1,2,3) > —\/——T\/_(a1+a2 aqaz)—Cls3/2
3

A(1,2,3) < T\/——T\/—(al+a2—a1az)+cls

where C; > 0 is some constant and ¢ is sufficiently small. It follows that

4 2
ZP(Q’% +CZ% alay < —e— C28 2, ) < ? + ay

V3
< P(A(1,2,3) > ¥ —g]

4 2
< 2P(CL’% +a§ — a1y < —8+C283/2, a; < —ﬂ- +a/2)
V3 3

with C; > 0 and ¢ sufficiently small. We now compute 2P(a% + a% —aay <
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0, a1 < 23—” + @) for a sufficiently small § > 0. Conditioning on @ = 6 yields

2
2P(a%+a%—a1a2 <0, a; < ?ﬂ +a2)

1 (P 2
- _f P(92+a§—9a2§6, azze—?ﬂ) do

2r/3
] 362 2 362
a’z——'S 6——,(1/2_6‘—?”) 1{—36}d9

1 /3
_ ! f p
T -2n/3 2 4 4

V46/3 302
= — \/ 5— 22 dg
2n° J)_as73

= \/—6 4.4)
3n
where we note that {Iaz - 0/2| < 0 - 392/4} C {ap = 6 — 27/3} holds for suf-
ficiently small § > 0 and 8 € [ V45/3, V46/3]. Plugging 6 = %81(?263/2 into
(4.4)), we obtain the following lower and upper bounds on the tail probability:

4 4
V3 —s— | <P|A(1,2,3) > 3V3 —g| < V3 —e+ G
3n \\3 4 3 \\3
Consequently, (4.1)) follows for & | 0. O

Figure 4.2| shows the EDF of 3 V3/4 — A(1,2,3), based on a simulation with
10° replications. As & | O the EDF behaves asymptotically like the linear
function 3478 (dotted line), confirming (4.1)).

In the following, we set for each ¢ > 0

T
g, = &,(1) := 711 3

1. (4.5)

Hence, condition (2.4)) is satisfied, i.e., we have

3 34 9
lim(3) (A(123)_—\/_—8n) im = 2 28—y

n—oo

However, condition does not hold for this choice of ¢,. Recall that
1s a sufficient but not necessary condition for the validity of the Poisson limit
theorem given in Corollary[2.2] We shall replace this condition by the following
weaker conditions:

3V3
lim n4P(A(1,2, 3) > T — &y, A(l, 2,4) > T - 8;;) = 0, (46)

lim n°P (A(l,Z, 3) > # - &y, A(1,4,5) > # — gn) = 0. 4.7)

n—oo
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Figure 4.2: A simulation of the tail probability in (4.1) with 10° replica-
tions.

We now state the result of the limit law for A,,.

Theorem 4.2. Let X1, X, ... be independent and uniformly distributed random
points on S'. We then have fort > 0

lim P(n3 : (ﬂ —An) < r) =1 —exp (—iz).
n—0co 4 On
Proof. As mentioned, it remains to check conditions (4.6) and (.7). As in
Proposition 4.1}, we denote by ¢1, ¢, ¢3 the angles between X, X;, between X,
X3 and between X, Xy, respectively, measured counterclockwise. Obviously,
they are independent and uniformly distributed in (0, 2rr). There are six different
orders of ¢, ¢, and ¢3, each occurring with probability 1/6. Note that ¢, <
@1 < ¢3 and ¢3 < @) < ¢, are not possible in case of a double exceedance with
overlapping points Xi, X5. Since {¢1 < ¢2}N{¢; < @3} and {$) = g2} N {P1 > @3}
are disjoint, using symmetry we have

P(A(I,Z, 3) > ¥ - &, A(L,2,4) > ¥ - 8,,)

= 2-P(A(1,2, 3)> ¥ - &y, A(1,2,4) > # —&p, 1 S P2, P1 < ¢3)-

(4.8)
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Put ¢; = 23—”+a1, ¢ = 4§+a2 and ¢3 = 4?”+a3. Thus a1, @, a3 are independent
and uniformly distributed in (-27/3,4n/3), (—4n/3,2n/3) and (—4n/3,2n/3),
respectively. By the same geometric considerations as in (4.2)), we conclude that
lail < 24/e,, i = 1,2,3, is a necessary condition for A(1,2,3) > 3 V3/4 — ¢,
and A(1,2,4) > 3V3/4 — &,. Invoking above, we then obtain

343 33
P(A(I,Z, 3) > T\/— _e, A(1L2.4) > T\/— _ e,,)
< 2-P(ar.a2. 3 € (-2 V&, 2Vz,))
I ERA)
B 2
16
_ 1650

3

Plugging (4.5) into this, we therefore have

16 3/2
lim n4-—-(9—”n-3t) = 0.

n—co o\ 2

We now consider the two triangles formed by triplets (X, X3, X3) and (X,
X4, X5) with one common vertex. Let ¢, ¢», ¢3, ¢4 denote the angles between
X;and X;, i = 2,3,4,5, respectively, measured counterclockwise. Thus, they
are independent and uniformly distributed in (0, 27r). We consider the following

four disjoint cases: {¢1 < ¢2}N{d3 < ¢a}, {P1 < $2}N{P3 > Pal, {d1 > d2}N{eh3 <
@4}, (D1 > P2} N {3 > ¢4}. By symmetry, we conclude that

343 343
P(A(1,2, 3) > T\/— _e, A(1,4.5) > T\/— —sn)

= 4. P(A(l,Z, 3) > # - &y, A(1,4,5) > 34—\5 —&n, 01 S P2, P3 < ¢4).

Put ¢ = %T +ay, P = 43—7T +ay, ¢3 = 2% + a3, P4 = 43—7T + a4. Hence a1, an, a3, ay
are independent, and «, a3 are uniformly distributed in (—27/3,4n/3), while
the distribution of a@;, @4 is uniform over (—4x/3,2m/3). By analogy with the



67

reasoning given above, we have

P(A(I,Z, 3) > # — &y, A(1,4,5) > # - 8,,)

IA

4. P(afl,a’z, 3,4 € (_2 \/8_"’2\/8—”))

o5

Invoking (@.5)), it follows that

2
lim n° - % . (%Tn%t) = 0.

Theorem [2.1]yields the result. O

The simulation of the convergence given in Theorem .2 needs a large sam-
ple size, because the upper bound on the total variation distance in (2.2)) con-
verges to zero rather slowly. Figure 4.3|shows the simulation results of the limit
law of A,, with different sample sizes, corroborating the theoretical findings.

Figure 4.3: EDF’s of n? - (%g —A,,) with n = 100 (lower curve) and
n = 10000 (upper curve), respectively. The dotted smooth curve is the
limit law 1 — exp(—%t).
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In a similar way, we can treat the largest perimeter of the triangles formed by
triplets of points that are uniformly distributed on the unit circle. As in the case
of area the perimeter attains its maximum value 3 V3, if and only if its vertices
form an equilateral triangle. Denote by

S, := max peri(i, j, k)
1<i<j<k<n
the largest perimeter of the triangles formed by X1, ..., X,,. We then have for
t>0
lim P(n® - (3V3-8,)<1)=1-¢"

n—oo

This result was deduced by Lao and Mayer in [27].



Chapter 5

Largest distance between points on the
edges of polygons

Up to now, attention has been confined to studying the limit law of U-max-
statistics by means of a Poisson limit theorem stated in Chapter 2] In some
particular cases, one may derive such a limit law by classical extreme value
theory and some geometric considerations. As an example we now consider
the largest interpoint distance D, between n points that are independent and
uniformly distributed on the edges of a regular convex polygon in R2. In this
case D, converges almost surely to the length of the longest diagonals. If the
polygon has an even number of sides the longest diagonals pass through the
center of the polygon. Moreover, for any two different diagonals the sets of
endpoints are disjoint. Intuitively, only the points that are nearest to the end-
points of such a diagonal deserve attention. For large n these point sets are
disjoint for different diagonals, so that we can treat them separately by making
use of the independence of the points. If the number of sides is odd, the longest
diagonals do not meet the center of the polygon, and there are any two such di-
agonals starting at each vertex. Consequently, the sets of endpoints for distinct
diagonals are not disjoint and we cannot use an independence property of the
points.

In Section we prove a general result on the limit law of D, for the case
that the points are distributed on a polygon with an even number of sides. In
Section [5.2] we discuss the limit law of D, in case of points on a polygon with
an odd number of sides by observing an example of triangle.
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5.1 Polygon with an even number of sides

Let K C R? be the boundary of a 2m-sided regular convex polygon, m € NN,
with vertices vy, . .., vy,. Since K exhibits rotational symmetry of order 2m and
all its vertices lie on a common circle, we assume without loss of generality
that the circumscribed circle of K is the unit circle, and that the vertices are
ordered counterclockwise with v; = (1, O) Denote by K; the side connecting
viand vii1, i = 1,...,2m, so that K = U K;. Additionally, put vy,,,11 := vy
for convenience. To be more explicit, we regard K; as a half-open interval that
contains the point v;. Split each side K; by its midpoint into two disjoint (half-
open) parts, then K; = Kl.(]) + KZ@, where Kl.(l) denotes the first half from v; to
the midpoint, while Kl.(z) denotes the second half from the midpoint to v;,;.

Let Xi, X5, ... be independent uniformly distributed random points on K.
Each of these points can be generated in two steps. We first choose one of
the half-sides Kl.(v) , 1 =1,...,2m and v = 1,2, completely at random and,
independently of this choice, place the point according to a uniform distribution
on K(V). In what follows, we identify each point on Kl.(l) with its distance to
the endpomt v; and each point on K(Z) with its distance to the endpoint v;,,
i =1,...,2m. Thus, the uniform dlstrlbution of the points on Kl.(l) and on Kfz)
can be represented by a uniform distribution of these distances over [0, a/2) and
(0, a/2], respectively, where a is the common length of the sides.

Let X1, X, ..., X, be generated in that way. Writing

N = NO(n) := Z 1{X; € K"

j=1
for the number of points falling in K; ™ i=1,...,2mand v = 1,2, the random
vector (Nil) ,N?), Ngl),Nf), .. Né}qg N(z)) has a multinomial distribution with

parameters n and p; = 1/(4m), i = 1,...,4m. By the strong law of large
numbers, we have

NY 1
: n— oo, (5.1)
n 4m’
almost surely fori = 1,...,2mand v = 1, 2.
Let
2m

2
ﬂ (N> 1) (5.2)

i=1 v=1
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denote the event that there is at least one point on each Kl.(v). We have

2m 2
P(B,) = 1—1@( U{NEV):O})

(\V
_
|
™
NG
a]
P~
=
N
Il
=

as n — oo. Since for any sequence of events (A,),cn such that lim,,_,., P (A,)
exists we have

lim P (A,|B,),

the limit law of D, is the limit law of D, conditionally on B,. Due to this
relation, the following considerations are always based on condition B,,.

1 X’l
X(3) (1
V3 V1

1
X3, \ X
\/

Figure 5.1: Illustration of the notations (m = 2).

Suppose we are standing at one of the vertices v; and are facing the origin,
then the most distant vertex from v; is v,,,4; for i < m or v;_,, for i > m. Denote
by Xél.) and X, the nearest points to v; on the left-hand side and on the right-
hand side, respectively (see Figure[5.1). We then define foreachi=1,...,ma
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cluster of distances as follows:

Dy(im+i) = X5 = X, I
Dy(iym +10) = X0 = Xl 53)
Dyyim+0) 1= IXG = Xp,, - |
Dy(i,m+1i) := ||Xf,-)— (m+,-)||-

Let X;, X; be any two points such that (without loss of generality) X; € Kj.
Since

1 = X511 < max{1X; = X0, )l 1 = X0l 1 = Xl 11X = X001}
< max {Dy(L,m+ 1), Dyy(L,m+ 1), Dy(2,m +2), Dy(2,m +2)},

the collection of distances given in (5.3)) for i = 1,...,m contains all the can-
didates for the largest interpoint distance. Moreover, these collections are inde-
pendent for different values of i, because they are formed by disjoint point sets.
Let

D,(i,m +1i) ;== max D (i,m + 1)

Jokelr,l}
denote the maximum of clusteri, i = 1, ..., m. We therefore have
D, := ]£rll<aj)i I1X;: — Xl = nllax D,(i,m + ).
Since D,(i,m +i),i = 1,...,m, are i.1.d., it is crucial to study the asymptotic

behavior of D, (1,m + 1). Then, the limit law of D,, follows immediately from
the classical extreme value theory for i.i.d. random variables. Our result is
stated in the following theorem.

Theorem 5.1. Let X1, X5, ... be independent and uniformly distributed points
on the sides of a 2m-sided regular convex polygon, m € N, with diameter 2. We
then have fort > 0

1 2t " 2
IimP—-n-2-D,) < t) 1 - (— + 1) - exp (——mt),
n—oo ma a a

where

.o
a=?2sin —
2m

is the length of the sides.
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Proof. We first determine some geometric quantities that are useful for later
purposes. Since the regular polygon has 2m sides, the central angle between
two neighboring vertices is @ := m/m, and the side length is

a= 1/2—200s£ :2sinl.
m 2m

Each interior angle and each exterior angle is equal to 7 — 7/m = m — a and
n/m = a, respectively. For each i = 1,...,m the two sides K; and K,,,; are
parallel. If we extend the two sides K; and K,,,.;— (or K,,;+1), they will intersect
at some point (see Figure[5.2)). This point and the two vertices v;, v,,.; constitute

Figure 5.2: The geometric quantities (m = 4).

an isosceles triangle with base angles equal to half of an interior angle. Hence,
the included angle between the two extension linesis equal tor— (1 —a) = @ =
n/m. Denote by b the length of the distance between the point of intersection
. . 2 b .
and one of the vertices v; and v,,;, that satisfies ST = S Plugging
a into this equation, we have

o (n _ n r
b_2sm(2 2m)_ZCosﬁ_ 2005% B 1 _z
sin £ sin X 2sinZXcosX sinZ a
m m 2m 2m 2m
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In the following, we identify each of the critical points Xfl.) and X, i =

1,...,2m, by its nearest distance to one of the vertices. Fori = 1,...,2m
define
) . 1
v IXG, = vill = miny o 1X; = vl it N > 1,
. A1) = i
W al2, if N =0,
X' = Vil = mi X;—vill, ifN® >1
” (i+1) Vl+1|| = miny ” J Vz+1||, i, - =21,
Yl N(Z) = J i

a/2, if N7 =0,

where we define X{, ., := X,,. Since, conditionally on B, given in (5.2),
the distances {|IX; - vill: X; € K{"}, {I1X; —vial: X; € K2} i = 1,2, ....2m,
are independent and U(0, a/2)-distributed, the random variables ¥, yo, Y; yo
(i = 1,...,2m) are extremes of 1.i.d. random variables with random sampie

sizes Nl.(l) and Nl.(z), respectively. The classical extreme value theory yields
P(n *MiNj<j<y, Zj < t) = 1 — exp(=2t/a), if the random variables (Z;) jcen are
independent and U(0, a/2)-distributed. By a similar method used in the proof
of Lemma 6.2.3 in Galambos [17], we obtainfori=1,...,2mandv =1,2

as n — oo, where (EEV) ci=1,...,2myv=1, 2) are independent and exponen-

tial distributed random variables with parameter 2/a. More precisely, El@ has
density f(r) = % exp(—%) and distribution function F(¢) = l—exp(—%) fort > 0.
Invoking (5.1), we have

= — NY, v — E (5.4)

asn — oo.

As hinted, the pivot of the proof is to derive the limit law of D, (1, m+1). We
first represent the four distances D, (1,m + 1), D,.,(1,m + 1), D;,(1,m + 1) and
Dy(1,m + 1) given in (5.3)) with the help of Yi,Nf”’ i=1,....2mand v = 1,2.
Suppose that condition B, holds. To simplify notations, we will write Yl.(v) =
Y; y» in the following.

Using the law of cosines and plugging @ = n/m and b = (sin ﬁ)_l =2/a
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into the expression, we get
D rl(l, m + 1)

\/(b - Y{l))2 + (b - Y,Sf))z - 2(b — Yf)) (b - Y,S,z)) cos

2 2
\/2b(1 — cosa) (b - v - Y,Ef)) + YDy - 2v VY cosa

2 1 2 1)2 2)2 (2 T
\/2a(5—Y{>—Y,§1))+Y§) +7,)" =21V, cos —.

Since —1 < cos % < 1, we have on one hand

2 2
Dy(1,m+1) > \/2a(— -y - Y,Sf)) + (Yi” - Y,(nz))
a

\/2a(g -y - Y,(n”)
a

2 2
D,(1,m+1) < \/2a(— ~-r - Y,Sf)) + (YP + Y,Sf)) .
a

v

and on the other hand

Obviously, both Y ](1) and Y,gf ) converge in probability to 0 as n — oo. Invok-

ing (5.4) we have

n D
o (Y%l) + Y,gf)) — EED +EY, n — oo,
m

. P .
Since Y fl) + Y,Ef) — 0 as n — oo, it follows from Sluzky’s lemma that

- (r"+ r2Y = () (v r2)" 5o
as n — oo for each k > 1.

Regarding the lower and the upper bound of D,;(1,m + 1) as functions of
Ygl) + Y2 and taking their Taylor series expansions around 0, we find that the
first order Taylor approximations coincide. Hence, we obtain

Dy(l,m+1)=2— g(yg” +Y?) +op (Y + YD),
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and Sluzky’s lemma yields
n

D
(2= Du(lm+1) = EV +ED

asn — oo,

To derive the limit law of D,,.(1,m + 1) we draw an auxiliary line that passes
through the vertex v, and is parallel to the line formed by X(’l) and X(rm o (see
Figure[5.2)). It follows from the law of cosines that

D, (1,m+1)

= \/b2 + (-7 =¥V ) —2(b- 7" - ¥ )cosa

_ \/219(1 —cosa) (b= ¥ -y )+ (Y 4 ¥ D Y

2 g M,y \?
- \/2a(5—yl —Y )+ (D + Y )

Arguing as above, we have
_y_ 9y M,y
Dy(Lm+1)=2- (v + ) ) +op (Y + 1)
Analogously to D, (1,m + 1) and D,,(1,m + 1), we obtain

_ a (v
Dy(I,m+1) = 2—5(1/”1+l

Dy(1,m+1) = 2- ;(Yr(nZ) + an)) +0P(Y1512) + Yéi))

+ Yéil)) + op (Y(l)

m+1

+ Yéi))

Note that the first order Taylor polynomials of the four distances coincide.
Since D,(1,m + 1) = maxxe(,.y {Djx(1, m + 1)}, we conclude that

L 2-D,1l.m+1)
2ma

n
= in — -{2-D(1l,m+1
jﬁ}g} 2ma { (1, m )}

= min{i (Yil) + Yr(nz)) , 4i(

(1) + Y(l)
4dm m

1 m+1)

@) I 2 )
(v, 1), %(Y,;uyzm)}mp(l). (5.5)

From (5.4) and the independence of Yl.(v)
obvious that

n D
D v(2) y) () D @2 () 2)
am (Yl Vs Y YZm) - (El By ’Em+l’E2m)

n (Y(l)

, i =1,....2mand v = 1,2, it 1s
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asn — oo. Let h : R* — R be defined by

h(y1,y2,y3,y4) := min{y; + y2, y1 +y3, y3 + Y4, y2 + ya}.

The continuous mapping theorem and (5.5) then yield

L 2-D,(l.m+1)

2ma
D : (1) 2 (D (1) (D (2 (2) (2
— min{E{" + EQ, EV+E)) | EY +EDED + Es)
=: E
as n — oo,
Since Egl), E,(f), E;SBA and Eg; are independent and Exp(2/a)-distributed,

we can deduce the distribution function of £ conveniently. The details can be
found in Appendix The result is

| 4t 4t

lim P(— n-2-Dy(1,m+ 1)) < t) =1- (— + 1) : exp(——)

n—eo  \2ma a a

for each r > 0. Applying the independence of D, (i,m +1i),i = 1,...,m, and the

relation D, = max,—;__,, D,(i, m + i), we have

.....

1
limP(z—-n-(Z—Dn)St)

n—oo ma

= lim P( min {%-n-(Z—Dn(i,m+i))} < t)

n—oo i=1,...m ma

1 m
= 1—1imP(2—-n.(2—Dn(1,m+1))>t)

n—00 ma
At " 4
= 1—(—+1) -exp(——mt).
a a
By a simple transformation, we get the limit law stated in Theorem [5.1] O

As examples, we consider the cases m = 1 and m = 2.
If m = 1, the random points are uniformly distributed on a diameter of the
unit circle and a = 2 sin 5 = 2. The limit law of D, is then

n
2

which coincides with the limit law given in (I.1).

Iim P(

n—oo

-(2—Dn)§t)=1—(t+1)e_’,
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Figure 5.3: The simulation of the limit law of D,, when the points are
distributed on the sides of a square.

If m = 2, the random points are uniformly distributed on the sides of a square
with side length a = 2 sin jl—r = 2. Thus, the limit law of D,, reduces to

lim P gn(Z—Dn)St = 1= (V214 )22Vt (5.6)
for ¢+ > 0. Figure [5.3] gives a concrete simulation of this limit law. Firstly, we
generated 500 points that are independent and uniformly distributed on the sides
of a square with side length V2, and then determined their largest interpoint
distance. This procedure was repeated 500 times. Figure[5.3|shows the EDF of
# -500 - (2 — Dsgp). The dotted smooth curve in Figure |5.3|1s the distribution
function figuring on the right-hand side of (5.6). The EDF approximates the
smooth curve very well, which corroborates our theoretical findings.

5.2 Polygon with an odd number of sides

Let X, X, . .. be independent uniformly distributed random points on the bound
ary K ¢ R? of a 2m + 1)-sided regular convex polygon, m € IN. As be-
fore, we denote the vertices counterclockwise by vy, ..., vy, wWith vy = (1,0)

and denote by K; the side connecting v; and v;1, i = 1,...,2m + 1, so that
K = Ul.z;"]“ K;. Additionally, put vy,,+2 := vi. We split each side K; by its
midpoint into two disjoint half-open parts K D and K@,

1 1
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Let .
N = NP = > 1(X; € K
=1
be the number of points in Kl.(v), i=1,...,2m+1and v = 1,2. By the strong
law of large numbers, we have

NV 1
’ : n— oo,
n 22m+ 1)
almost surely fori = 1,...,2m + 1 and v = 1, 2. The following considerations

are always based on the condition

which states that there is at least one point on each half-side Kl.(v). Note that
lim, . P(B,) = 1.

V3

NI

V4

Figure 5.4: Illustration of the geometric quantities in a pentagon (m = 2).

In a regular convex polygon with 2m + 1 sides, the central angle between
two neighboring vertices is @ := 2n/(2m + 1), and the side length is

21 . b4
a= \/2—20032m+1 —2sm2m+1.

The following schema gives all the possible pairs of endpoints, which form the
longest diagonals:
/Vm+1 /Vm+2 /Vm+i /V2m /V2m+1
V1 N 1%) R 7 R ) Vin+1
Vim+2 Vim+3 Vim+i+1 Vom+1 Vom+2 = V1
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where ~ and \\ mean the connections by one of the longest diagonals. Thus,
there are altogether 2m + 1 diagonals with the maximal length

2

1/2
2 2 1/2
szl(u 1—%)#&} =2+ Va—a| "

We adopt the notations Xfl.), X(rl.) for the nearest points to v; on the left- and
right-hand side. Then, for eachi = 1,...,m + 1 there is a cluster of distances

defined by

DyGi,m+1i) = |IX[, = X,
Dy (i,m+10) = [IX{ — X0, 5.7)
Dy(i,m+1i) = X, - X7 .
Dy(i,m+1i) = |IX[, = X[, |l
and for each i = 1, ..., m there is a cluster of distances defined by
DyGi,m+i+1) = |IX[) = X[, ..l
Dy (i,m+i+1) = [IX{) — X(, 0l 5.8
DyG,m+i+1) = |IX; = X[, 1)l
Dy(i,m+i+1) = |IX[) = X[,

Since for any distinct points X;, X; such that (without loss of generality) X; € K;
the following inequality holds:

1X; — Xl
< max {|1X; = X{,,, [l 1X; = X0, 0|l 11X = XL, 51l
1X; = X0l 1X: = Xl 11X = X0, 51
< max{Dy(1,m +1), Dy(1,m +2), Dy(2,m +2), Dy(2,m +3),
D, (1,m+1), D,(1,m+2), Djy(2,m+2), Djy(2,m + 3)},

the collection of the distances given in (5.7)) and (5.8) contains all the 4-(2m+1)
candidates for the largest interpoint distance. Define foreachi=1,...,m+ 1

D,(i,m +1i) := max Dj(i,m+i)
Jjketrl)
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and foreachi=1,...,m

D,(iym+i+1) := max Dy(i,m+i+1).
Jjkelrl)

Notice that these random variables are not independent, so that the computation
cannot be simplified as in Section[5.1] In what follows, we derive the limit law
of D,, when the points are on the sides of an equilateral triangle.

Theorem 5.2. Let X1, X5, ... be independent and uniformly distributed points
on the sides of a equilateral triangle with radius 1 (from the centre to one of the
vertices). We then have fort > 0

1imP(g-(\/§—Dn)3t)

n—00

5692 1043 3
= l—exp{ 2\/_t} ( +2V3r+ 9216\/— )

1 25 53 13
+ 3 exp {_E \/gt} — exp {_ﬂ \/gt} + exp {_F \/gt} . (5.9
Proof. In the case m = 1 we have a equilateral triangle with side length a = V3
and the maximal diagonal length s = /3. There are 12 candidates for the
largest interpoint distance, which are plotted in Figure[5.5]

vV
b
|
1
| )
Yi 3 {/'5

Figure 5.5: Candidates for the largest interpoint distance in the case m = 1.

Suppose that condition B, holds. We now identify the endpoints of these
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candidates by its distance to the nearest vertex. Define

Yio= Y o= 1Xty —vill = mir(ll) I1X; — vill,
XjEKl
— .— l — :
Yy = Y ye =Xy —wall = min, IX; — vall,
XjGKl
Y3 = Y2,N;1) = ||X(rz) - V2|| = mil‘(l]) ||X] - V2||,
XjGKZ
. . l — :
Yy 1= Y0 i= IXf) = vall = min [1X; - vl
X]EK2
Y5 = Y3,N§1) = ||X€3) - V3|| = mil’(ll) ||X] - V3||,
Xj€K3
— — l — :
Y = Y3’N§2) = ||X(1) -vill = min, I1X; = v1ll.
Xj€K3

By the same considerations as in Section |5.1{and Nl.(v) /n—> 1/6asn — oo, we
conclude that

Yy = Ny, = E, (5.10)

as n — oo, where E| is an exponential distributed random variable with param-
eter 2/ V3. Moreover, this convergence holds for each Y, i = 1,...,6, when
rescaled by n/6, with 1.1.d. limit laws Ey, ..., E¢, respectively.

Now, all the 12 candidates can be represented with the help of Yy,..., Ys.
Since under condition B, the random variables Y1, ..., Y¢ are independent, we
can obtain the limit law of D,, by using the continuous mapping theorem. We
first treat four candidates in some detail. To begin with, we have

Dy1,2) = V3-Y,-Y,= V3—(Y;+Y>).

By using the law of cosines we have

Da(1,2) = (V3= Y2+ Y2 = (V3 - ¥p)Ys

- \/3—2\/§Y1— V3V + Y2+ Y2+ 11 Y5
>3- (231 + V3Yy)

and on the other hand

D, (1,2) < \/3 — (2V3Y, + V3Y3) + (23, + V3Ys)
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Since these bounds are both functions of 2 V3Y 1+ V3 Y3, we take first order
Taylor approximations and obtain

D,(1,2) = \/5—(1/1 + %Y3)+op (2 V3Y) + V3Y3).

Using similar considerations, we have

Dy(1,3) = \/(\/5—Y1)2+(\/§—Y4)2—(‘/§—Y1)(‘/§—Y4)

= \/3— V3Y - V3Y4+ Y2+ Y2 - V1Y,

= @—(%Y1+%Y4)+OP(V§Y1+ \/§Y4)

and

D,,(1,3)

\/Y12+(\/§—Y5)2—Y1(\/§—Y5)

- \/3_ V3V —2V3Ys + Y2+ Y2 + Y, Y5
1

= @—(§Y1+Y5)+OP(\/§Y1+2\/§Y5).

The other distances can be obtained similarly. We have

1
Dll(2’3) = \/_— §Y2+Y4)+OP(\/§Y2+2\/§Y4),

1 1
Dlr(273) = \/_— §Y2+§Y5)+OP(V§Y2+ \/§Y5),

1
Dy(1,2) = V3- Y2+§Y6)+0P(2\/§Y2+ V3Ye).

D.(2,3) = V3-(Y3+7Yy),
D, (2,3) = V3- Y3+%Y5)+0P(2\/§Y3+ \/§Y5),

1 1
Dlr(1,2) = \/_— §Y3+§Y6)+0P(\/§Y3+ \/§Y6),

1
Dy(1,3) = V3- 5Y4+1/6)+0P(«/§Y4+2\/§Y6),

D,(1,3) = V3 - (Ys5+Y).
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Since
D, = max {Dr1(1,2), D,.(1,2), Dy(1,3), D.(1,3), Dy2,3), D;(2,3),
Dy(1,2), Dy(2,3), D(2,3), D;(1,2), Dy(1,3), Dzr(1,3)},

we apply (5.10) and the continuous mapping theorem and obtain the limit law
as n — oo as follows:

" (Vi-D,)
gnm{@?DMng@FDMng@FDMLﬂ
V3 =D, (1,3), V3 -Dy2,3), V3 -D,(2,3),
V3 - Dy(1,2), V3 -Du(2,3), V3 -D.(2,3),

V3 - Dy(1,2), V3 -Dy(1,3), V3-D;(1,3) ]

D : 1 1 1 1

—> 2 -min {El + E>, E; + EEg, EEI + §E4, EEI + E5,
lE2 + Ey4 lEz + lE5 E, + lE6 Es+ E4
2 "2 27 27 ’

1 1 1 1
Es+ —-Es, —=Es+ —E¢, =E4 + E¢, E5s + E
3+25,23+2 6,24+ 6, L5+ 6}
=: 2.E. (5.11)

The distribution function of E is obtained in Appendix by long and
tedious computations. Then, the limit law can be obtained by a simple transfor-
mation. O

Figure [5.6| shows the EDF of % . (\/§ - Dsoo), based on 500 replications.
The dotted smooth curve shows the limit distribution function given on the
right-hand side of (5.9).

In principle the method in the proof of Theorem [5.2] can be generalized to
a general regular convex polygon with an odd number of sides. However, the
analytical complexity grows rapidly with the number of sides, since we cannot
exploit an independence property that holds for polygons with an even number
of sides.

Consider a regular convex polygon with 2m + 1 sides, m > 2. The interior
angles and the exterior angles are equal to 71 — @ = 2m — 1)n/(2m + 1) and
a = 2n/(2m + 1), respectively. For further purposes, it requires knowing more
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Figure 5.6: EDF of % . ( V3 - Dsoo) and limit distribution function (5.9)
in case of an equilateral triangle.

geometric quantities with respect to each longest diagonal. By the symmetry
of the polygon, we consider for instance the longest diagonal connection v,
and v,.o (see Figure [5.7). The extension lines of the two sides K, and K4
intersect at a point u, the origin and points u, v, v,,+2 shape a kite. Since the
central angle between v, and v, 1s 2mn/(2m + 1) and the two equal angles
are half of the interior angle, then the included angle between the two extension
lines is
2mm 3n

el FTO=5

Bi=2r -

Furthermore, since the points u, v,, v,,+» form an isosceles triangle, its base is
the longest diagonal with length s, by the law of sines the distance between u
and v, (or v,,42) 18

s-sin((mr—B)/2) _ S
sin B ~ 2sin(B/2)’
On the other hand, if we extend the two sides K; and K,,,,, they will intersect

at some point w, and the points u, v,, w, v,,4» shape a kite. Thus, the included
angle between the extension lines is

b=

i3
2m+ 1

yi=2n-F-2(r—a) =
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Figure 5.7: The geometric quantities (m = 4).

The distance between w and v, (or v,,42) follows from the law of sines:

_sesin((m—=vy)/2) S
B siny ~ 2sin(y/2).

Suppose that condition B, holds. Analogous to the proof of Theorem [5.2]
we denote fori =1,...,2m+ 1

Yy = mif(ll)HXj—ViH,
XjEKi

Yy = min [|X; — vl
X;ek?
J i

Thus, foreachk =1,...,4m + 2

n D
_" v 2E 5.12
20m+1) KT Ek (5.12)
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where (Ej)i=1...4m+> are independent and exponential distributed random vari-
ables with parameter 2/a.

In the following, we represent the distances given in and with the
help of (Yi)i=1...4m+2- Foreachi=1,...,m+ 1 we have

.....

=

= [(b ~Yoii)? + (b = Yamsi1y)* = 2(b = Y2 1) (D = Yagmsio1y) COSﬁ]

1 1 1
2621 = cos p)| = 7 [26°(1 = cos )" (Yaies + Yasi-y)
+ 0p(Y2i—1 + Younsi-1))

. B
= §—sin E(YZi—l + Youuti-1) + op(Yaii1 + Yogusio1))s

where we take the first order Taylor approximation and use b = s/(2 sin(8/2)).
Similarly, we have

D,.(i,m + i)

= [b2 + (b = Yaii1 = Yagmeir-1)* = 2b(b = Yai_1 — Yomeiy-1) COS,B]

NI—=

. B
= s§—sin E(YZi—l + Youmriy-1) + or(Yai1 + Yomsi-1),

Dll(i, m + l)

= [192 + (b = Yooty = Yagmeio1)® = 2b(b = Yaii_1y = Yogmeio1)) COS,B]

N—

. B
= s§—sin §(Y2(i—l) + Youmri-1) + 0or(Yoii-1) + Yopuri-1)),

Dy (i,m + 1)
1
= [(C — Yaie1y)? + (¢ = Yapmeiy-1)* = 2(¢ = Yai_1))(C = Yagmiiy—1) COS 7’]2
Y
= s—sin §(Y2(i—l) + Yoim+i-1) + or(Yoi-1) + Yogm+i-1)-

Note that we use the notations Yy := Y412 and Eqy := E4,,42. Analogously, we
obtain foreachi=1,...,m

. : .Y
D,(i,m+i+1) = s—sin 5(Y2i—1 + Youmsi) + 0p(Yaic1 + Younsi)),

: . . B
D, (i,m+i+1) = s—sin E(YZi—l + Yom+iy+1) + 0r(Yaic1 + Younsiy+1),
Dy(i,m+i+1) = s—sin E(YZ(z’—l) + Yom+i)) + 0p(Yo(i-1) + Youmsi))s

Dy(i,m+i+1) = s—sin E(YZ(z‘—l) + Younripe1) + op(Yai-1y + Yogutips1)-
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Applying (5.12)) and the continuous mapping theorem yield the general ex-
pression of the limit law as follows:

Theorem 5.3. Let X1, X5, ... be independent and uniformly distributed points
on the sides of a (2m + 1)-sided regular convex polygon, m > 2, with radius 1
and side length a = 2 sin 57~. We then have

n
2m+ 1

: (S - Dn)
. . B . B
— 2-min {sin 5 (Ezi-1 + Exgn+i-1y) » Sin 5 (Ezi-1 + Exgneir-1) »
. B Y
sty (Eai-1) + Exm+i-1y) » sin 5 (Eii=1) + Exm+ir-1) »

sin % (EZj—l + E2(m+j)) , sin’g (EZj—l + E2(m+j)+1) ,

. B . B
Sin> (EZ(j—l) + E2(m+j)) » SIn3 (EZ(j—l) + E2(m+j)+1)}
= 2-F,

where 8 = 3n/2m+1),y =n/Cm+1)and E;, i =0, ...,4m+1, are independent
and exponential distributed random variables with parameter 2/a.

Since E is the minimum of finitely many linear combinations of independent
and exponential distributed random variables, its existence is ensured. How-
ever, the computation of the limit distribution function seems to be prohibitive.



Chapter 6

Largest distance in a support with major
axes

In this chapter, we turn our attention to random points in a polytope or an el-
lipse. In the first section we investigate the limit law of the largest interpoint
distance in case the underlying distribution is uniform in the unit square. After
giving some simple polynomial bounds for the limit distribution function, we
deduce the exact limit law by some asymptotic and geometric considerations.
In subsequent sections we generalize the approach adopted in Section |6.1] in
three directions. Firstly, we drop the restriction that the underlying distribu-
tion is uniform. Some general conditions on the density f of X; are given and
several examples for f can be found in Section [6.2] Secondly, we tackle the
general case of uniformly distributed points in a cube or a hypercube with di-
mension d > 2. In the final Section [6.4] the support of the uniform distribution
of the random points is a regular convex polygon. Moreover, we treat the case
of a uniform distribution in an ellipse. For the latter case we improve the lower
bound for the limit law given in [4] by Appel, Najim and Russo.

6.1 Uniform distribution in the unit square

Suppose that X, X, ... are independent with a uniform distribution in the unit
square [0, 11%. Let v; = (0,0), v» = (1,0), v3 = (1, 1), v4 = (1, 0) denote the four
vertices. With vs := vy, let K; be the side connecting v; and v;y, i = 1,...,4.
Obviously, the largest interpoint distance D), := max<;< <, ||X; — X/|| converges
almost surely to the length V2 of the diagonals.

Choose a sequence of thresholds V2 — &, such that &, | 0 as n — oo, and
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denote by
EGj)={IX; - X}l > V2-&,}, 1<i<j<n,

the event that the distance between X; and X; exceeds the threshold. For each
Xo € [0, 1]* write

C,(x0) := {x e[0,11% : |lx = xoll > V2 - 8,,}

for the cap that contains the points having a distance to xo larger than V2 — &,.
Note that for large n, a necessary condition for an exceedance is that one of
the endpoint lies in C,(v¢), kK = 1,2, and the other in C,(v¢42). By the central
symmetry of the unit square, we study without loss of generality the area of

Cn(v3).
V4 m,1) w3

(1,

0,6,)

(S’ t) \‘:‘
¢ (61, 0) V2

Figure 6.1: Illustration of the notations.

To obtain the cap C,(v3) consider the circle with center v3 and radius V2-¢,
(see Figure[6.1). For sufficiently large n, this circle intersects the sides K; and
K4 at (6,,0) and (0, 6,,) respectively, where 6, = V2¢, + 132 + O( ) < V2e, +

(5 Denote by A »(v3) the triangle formed by (6,,, O) 0,0,) and vl, which
contalns C,(v3) and has the area 162 2( V2 8,1+<92)2 = 8 +2¢&3 2e;, + Further-

more, the circle intersects the diagonal connecting v; and v3 at (—sn, > sn) the
tangent to the circle at this point intersects K| and Ky at ( \V2e,,0) and (0, V2&,)
respectively. The triangle A,(v3) formed by these intersection points and v;
is contained by C,(v3) and has the area %( \/Zc:n)2 = sﬁ. We therefore have
area(C,(v3)) ~ s,% as n — oo. Moreover, the integral of a continuous function
on C,(v3) 1s asymptotically equal to the corresponding integral over A, (v3).
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The following lemma is also useful for later purposes:

Lemma 6.1. There is a constant C > 0, such that for sufficiently large n

2
+ 1
sup P(||X1 — x| > \/E—sn) - (sn - sﬁ) < C-si.

x=(s5,0)€Cp(v3)

Proof. Since the density of X; is uniform over [0, 1]?, the probability in the
formula above is equal to the area of the cap C,(x). Note that, for each x =
(s,1) € Cp(x), we have 0 < 5,7 < 6, < V2e, + & for sufficiently large n.
The circle with center x and radius V2 — &, intersects K, and K; at (1,¢) and
(n, 1), respectively. (See Figure[6.1]) The area of C,(x) is bounded by the area
of the triangle A,({) formed by vs, (1,¢), ({,1) and the area of the triangle
A,(n) formed by vs3, (1, 1), (1,1). In the following, we compute the area of the
triangles area (A, ({)) = %(1 — ()% and area (A, (1)) = %(1 —1)%. Some geometric
considerations yield

1-¢ = 1—1- \/(\/E—gn)z—(l—s)Z,

l-n = 1-s— \/(\/E—sn)Z—(l—t)Z.

We have on one hand

JOV2= 6,2 = (1= 52 < (1= (V25— ) = 1 = (V2s, - )

as well as

(V2g, -5 —1) = (sn - S—\g)z ©.1)

On the other hand, since €,(s) := 2( V2e, — s) + 8,% — s> <3g,for0 < s <
V2e, + &2 and large enough n, we obtain by Taylor series expansions of &,
around 0

\/(\5—8,1)2—(1—s)2 = \/I—Z(Visn—s)+8,%—s2

1 1
5(1—4) 25

v

1
I—E[Z(ﬁsn—s)+si—s2]—Clsﬁ

> 1—(V2g,—s) - Cas?,
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where Cy, C, are suitable positive constants that do not depend on s and 7. It
follows that

2
S+t—C28,21)

1 1
5(1—{)2§E(ﬁsn—s—t+Czsi)2=(sn— 7

Together with (6.1]), we have for n large enough

2
1 s+t
Ly for- 221
2 V2

where C3 1s some positive constant not depending on s and . Analogously, we
have

< C3SZ,

2
1 s+t
(1 - 2 e <C 3
2( 77) (Sn \/5 ) = G48y
for a suitable constant C4 > O that does not depend on s and ¢. The lemma is
proved. O

For i, j, k,1 € IN we define the relations
(i, j))< (k) & (i=kandj<l)or(i<k),
(G, )=k :© (i=kandj<Ior(i<k),
and set
&= gn(t) :i=t-n? (6.2)
for t > 0. By the inclusion-exclusion principle we have

palt) = P(n'?-(V2-D,) <1
= P(Dn> \/z—gn)

- P[ U En(i,ﬁ]

1<i<j<n
= Y (=178,
v=1

where

Sun®) = D P(E(ir, ) 0.0 EnGiv, i)

(12201 )<e
<(iv,jv)=(n—1,n)
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In the following we give some bounds by using the Bonferroni inequalities.
Conditioning on X; = x fora x € U?z Cn(vy) and approximating the region
of integration C,(v3) by the triangle A, (v3), Lemma yields for n — oo

V2e, V2e,-s 2
n n + t 2
) ~ 4| [ (sn—s—) drds = 26,
s=0 t=0 3

V2
\/EE \/58 —S 4
n " s+t 4
P(E,(1,2) N E,(1,3)) ~ 4 f f (gn - —) dt ds = —&°.
s=0  Ji=0 V2 15

Plugging into the expressions, we obtain

4
Sia= Y P(En(i,j»=(’;)P<En(1,2)>—>%=:Sl<t> (63)

1<i<j<n
as well as
San®) = D P(EG )N EkD)

(1,2)<(, /)<
(k,)=(n—1,1)
n n 2

= |5 -3-P(E,(1,2) N E,(1,3)) + 4 -3-P(E,(1,2))
21 8

— 5773 Sa(0) (6.4)

as n — oo. Thus, the Bonferroni inequalities yield

S1(2) = S2(2) < liminf p,(¢) < limsup p,(¢) < S1(2).

Similarly, we have forn — oo
8318 210 412
S3,(t + =: §3(1), 6.5
3n(0) 1260 T a5 T1gp T 030 6.5
S 4.4(0) = S40).  (6.6)

+ + + +
140 105 18900 135 11944
We then get the following more precise bounds:

Theorem 6.2. Let X, X5, ... be independent and uniformly distributed points
in the unit square [0, 1]%. For t > 0, we have

S1(1) = S2(t) + S3(1) = S4() < liminfP(n'/?- ( V2-D,) <1)

- n—0oo

< limsupP(nl/2 . (\/E—Dn) < t)

n—00

< 810 =520 + 5300,
where S, S, S3 and S 4 are given in ({6.3)-(6.6).
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Figure 6.2: The thick curve is the EDF of n'2(V2 — D,). The smooth
curves are, from above to below, S 1(¢), S 1(£) = S2(t) +S5(¢), S (1) = S,(t) +
§3(1) — §4(2) and §1(2) — S2(2).

These polynomial lower and upper bounds for p,() become more and more
precise by taking into account more §,,,’s. However, the bounds are not always
nondecreasing and do not take values in [0, 1] for large ¢, so we have to restrict
the choice of ¢ to a bounded interval. Since the upper and lower bounds are
both O for = 0 and their difference increases in #, the approximation of p, ()
by these bounds is applicable only for small 7 (see Figure[6.2).

As noted above, only the points that are close to the vertices deserve atten-
tion for large n, and the candidates of the largest distance are the point connec-
tions which are close to one of the two diagonals. For reasons of symmetry, it
suffices to consider the diagonal connecting v; = (0,0) and v3 = (1, 1).

In what follows, let ¥; denote the distance between the orthogonal projection
of X; onto the diagonal and the vertex v, 1 <i < n. Let U, := min;<;<, ¥; and
V, = max,<<, Y;, thus M,, := V,, — U, is the sample range of V;, i = 1,...,n.
With these notations we now give the limit law of M,,.

Lemma 6.3. We have
n 2 (N2 = M) 2 Wy + Wy

as n — oo, where Wy and Wy are independent Weibull distributed random
variables with distribution function

PWy<t)=PWy<t)=1l-e" =G@t), t>0.
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Proof. Since the points are uniformly distributed in the unit square, Y1, Y, ...
are i.i.d. with density

21, if0<r< L,
=1 2v2-21, if <1< V2,
0, otherwise,
and distribution function
0, ift <0,
2, if0 << L,
PO (e i< 2
1, if 1 > V2.

It follows that for each t > 0
P(n'?-U,<t) = 1-P(U, >m™'?)
= 1-(1-Fy(mn™')"

tznn—mo 2
= 1—(1——) — 1-e" =G@®
n

and

P(n'?- (V2-V)<1) = P(V, 2 V2—m'7?)

= 1-Fy(V2-m'P)

fznn—>oo 2
= 1—(1——) — 1-e" =G,
n

which implies n!'/? - U, £> Wy and n'/? . (\5 -V, £> Wy as n — oo with
Wy, Wy 1.1.d. with the distribution function G. The result follows from the
asymptotic independence of U,, V,, and the continuous mapping theorem. O

By the convolution formula, the limit distribution function is

! S
GxG() = f f 2(s — u)e"(s"”)22ue_“2 du ds
0 Jo

= 1- {e_tz + \/gte_’z/z Q1) — 1)}

= 1-H(@), (6.7)
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where ®(-) denotes the distribution function of the standard normal law.

We shall now put an upper index in the notations above to denote the number
of diagonals, where we number the diagonal connecting v; and vy, by k, k =
1,2. For instance, Yl.(l) (i = 1,...,n) are the distances between the projections
of the points onto the diagonal connecting v; and vs, M. denotes the sample
range of Yl.(l), 1 <i < n. The idea to obtain the limit law of D,, is to approximate
D,, by the maximum of M,(ll) and M,(f). Then, the main result of this section is
stated as follows:

Theorem 6.4. Let X1, X5, ... be independent and uniformly distributed points
in the unit square [0, 1]>. We then have

W2 (\/5 _ Dn) 2, min{Wf}) + W‘(/D’ Wg) + WY(/Z)}

as n — oo, where ng ,Wg‘), k = 1,2, are independent Weibull distributed
random variables with distribution function G(t) = 1 — e‘tz, t>0.

Note that the limit distribution function is given by

lim P(n'/? - (V2 - D,) < 1)

n—0oo

1 - -G =G@)?
1 — H(r)?

for each ¢ > 0 with H(r) defined in (6.7).

Proof. Set &, 1= &,(t) := tn"/? for t > 0. We now investigate the probability
of an exceedance of D, over the threshold V2 - &,. On one hand, we have
D, > max{M'", M?}, which implies

P(Dy2 V2-&,) 2 P(max{M", MP} > V2 - &,). (6.8)

On the other hand, we assume that x; and x, are the endpoints of D, which are
closest to two opposite vertices, respectively. We move the diagonal connecting
these vertices parallel to itself till it passes through one of the two endpoints x;
and x, (see Figure [6.3). Without loss of generality let x; be the point on the
parallel line. Denote by z, the orthogonal projection of x, onto the parallel
line, then the distance between the orthogonal projections of x; and x; onto the
diagonal is equal to [|x; — 22]|.

Suppose that the inequality |lx; — x»|| > V2 — &, holds. Note that a necessary
condition for this is ||x; — || < V26, < 2e, + \/53% Then, the Pythagorean
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X1 22
"\’\’\’;;;: *********** a
1 \\\\\\\\ l
—e

X2

Figure 6.3: Geometric considerations in the proof of Theorem

theorem yields for sufficiently large n

i =220l = VIl = xal? =[x — 2l
> \/( V2 - £,)% — (28, + V2&2)
> \/2—2\/58,1 —4¢2

> \5—8,,—282

n°
where we used a Taylor series expansion of &, around O in the last inequality.
Since max{M'", M®} > |Ix; = zll, we obtain

P (Dn > V2 - sn) < P (max{M,(ql), MPy > V2 —¢, - 285) . (6.9

It remains to show that the right-hand sides of (6.8) and (6.9)) converge to the
same limit as n — oo. By plugging &, = tn~!/? into the formula and using
Lemma [6.3] we obtain on one hand

lim P (max{M,Sl), M,(f)} > V2 - sn)

n—00

= limP (nl/2 ( V2 - max{MV, M,(f)}) < t)
= lim P(min{nl/z( V2 - Mfll)), n'’?( V2 - Mflz))} < t)
n—oo

= P(min{wy + W, WP + W)} < 1)
2
= 1-P(W, +w,’ >1)
= 1-H@?,
and on the other hand

lim P (max{M,(f), MPy > V2 —¢, - 28,%)

n—00

= lim P(n' (V2 - max{M{", M*}) < 1+ 2°n7'?)

n—oo
= P(min{Wg) + Wg,l), Wg) + W‘(/z)} < f)
= 1-H®>

The theorem has been proved. O
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Figure 6.4 shows a simulation of the EDF of n!/2 - ( V2 - D,) with n = 500

points. The limit law is given as the dotted smooth curve. The simulation
corroborates the result of Theorem

Figure 6.4: EDF of n'/? - (V2 — D,), n = 500, and the limit distribution
function 1 — H(¢)>.

6.2 Non-uniform points in the unit square

The technique applied in the proof of Theorem|[6.4]does not involve the uniform
distribution of the random points. This assumption has been used in the proof
of Lemma to obtain the limit law of the sample range of the projections
onto a diagonal. We shall now replace this assumption by a less restrictive one.
Namely, if the sample range of the orthogonal projections of the points onto
each diagonal has a limit law when suitably normalized, we can deduce the
limit law of the largest interpoint distance.

To illustrate the situation, we first briefly discuss the univariate case. Let
X1, X5, ... be 1.1.d. in the interval [0, 1] with distribution function F. Since the
asymptotic behavior of the sample range of the projections depends only on the
local behavior of F at O and 1, we assume that F satisfies

F(s) ~ as®, s 10,
F(l—s) ~ 1-bs, 510,
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for some positive constant a, b and a, 8. This implies that F' behaves like a
power function in the neighborhood of 0 and 1. Put U, := min;<;<, X;, V), :=
maxi <<, X; and M,, := V,—U,. Then, n'/*-U, and n'/#.(1-V,) converge as n —
oo to Weibull laws W and W, with distribution functions G(¢) = 1 —exp (—at®)
and G,(t) = 1 —exp (—btﬁ), respectively. Moreover, the normalized extremes
are asymptotically independent (see e.g. [17], Theorem 2.9.1). If @ > B, the
asymptotic behavior of U, dominates that of V,, i.e., by using Sluzky’s lemma
we have for n — oo

A (1= M) = (1= V) + 0 U, 2wy,
Similarly, for @ < 8 we have
WV (1= M) =P (1= V) +n' U, 25 W

More interesting is the case @ = £, in which both U, and V,, contribute to M,
in a non-negligible way. It follow from a result by Galambos [[17] (Theorem
2.9.2) that forn — oo

V(1= M) = 0V (1= V) + 0 U,y = W+ Wi,

Now, let X, X5, ... be 1.1.d. random points in the unit square with a density
f :10,1]> = Rso. Denote by K the support of PX!. Assume that the Lebesgue
measure of [0, 1]? \ K is zero and for each vertex there is an [ € IN, such that
the /-th order (mixed) partial derivatives of f at the vertex are not all equal to
zero. Denote by Y fl), Yél), ... the distances from the orthogonal projections of
the points onto the diagonal viv3 to v, and by Y%z), Yéz), ... the distances from
the orthogonal projections of the points onto the diagonal v,v4 to v,. For each
k = 1,2, the random variables Y, Y'¥ .. are i.i.d. in the interval [0, V2] with

1 212
the distribution function

V2t V2i—x
[ [ feoy dydx, ifo<r<L
F;l)(t) = y:01 |

1- f f f(x,y) dy dx, if%qs V2,
x=1-V2t y=2— V2t-x

for k =1 and
1 x—1+ V2t
J [ fGy dydx, ifosrs%
F;Z)(t) = x:I—\/\%t y=0l
1_f f f(x,y)dy dx, if¥<t5 V2,
X=0 y=xt1- V21
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for k = 2. Put U,Sk) = minj<j<y, Yl.(k) and V,Sk) = maXj<j<p Yl.(k), k =1,2. To study
the asymptotic behavior of U % and V® as n > oo, we need more information
about the behavior of f in the neighborhood of each vertex. For k = 1, 2, define

[
Ox alr

I
6x’6yl‘rf(vk+2) # 0}, (6.11)

where v = (0,0), v, = (1,0), v = (1, 1), v4 = (0, 1). The Taylor polynomial of
order a; at the point v = (xo, o), kK = 1,2, 1s

Tk _ P~y _ ag-r O%
flay = Y EZWL 2N F0, 50,
r=0

Q) = min {l € No: dref0,...,1} with flvp) # O} (6.10)

B := min {l € No: dref{0,...,1} with

rl(ay —r)! 6xr0 =T
so that by integrating we obtain
FP@® ~ au™?, 110, (6.12)

for some constant a@; > 0. Similarly, the Taylor polynomial of order §; at
Viez = (X0, y0), k = 1,2, 1s

Br _
0 (= x0) (v = o) P

then
FP(V2—1) ~ 1= 10, (6.13)

with b; > 0. For instance, if £(0,0) > 0, then F\(r) ~ £(0,0) > as ¢ | 0. Using
(6.12)) and (6.13]), we conclude that

lim P (n'/@*2. U0 <) = 1-lim [1 - F (n/@2y)]"

n—oo n—oo

= 1-lim[1- akt“k+2n—1]”

n—0o0

= 1—exp (—akt“"+2) =: G(l];)(t)
and

lim B (n"/®*2 . (V2 - V) < 1) = 1 = lim [F{ (V2 = n7/627)|"

n—00 n—oo

1 - lim [1- bktﬁk+2n—1]”

n—00

1 —exp (—bkt’B"+2) =: G(‘f)(t)
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exist and are nondegenerate for t > 0, k = 1, 2. then the limit laws of the sample
ranges M,(f) and M,(f) can be derived similarly to the univariate case. Namely,
with different values for a; and Sy, M,gk) reduces to one of U, ,(j‘> and V,Sk) in limit,
k = 1,2, and with o = B = k, M® is the convolution of two asymptotically

independent random variables with limit laws G(zl;) and Gif), respectively. The

limit law of D,, is contained in the following theorem.

Theorem 6.5. Let X1, X, ... be i.i.d. points in [0, 11> with density f and «;, a>,
Bi, Bz defined in (6.10) and ((6.11)), respectively. Denote y := max{a;, @z, 1, 82}.

We then have as n — oo
A102) (\/5 _ Dn) D, min{WS) + W, w4 W(Vz)} =:Z,
where Wgc) and Wg,k ), k = 1,2, are independent random variables and
(a) if ay =y, then Wg() has the distribution function
P(Wy <t)=1-exp(-aut™?) =GP, >0,
with some constant a; > 0, else if a; <y, then Wgc) = 0 almost surely;
(b) if Bx =y, then W‘(,k ) has the distribution function
P(Wy <1)=1-exp(-b™?) =GP,  1>0,
with some constant by > 0, else if B; < vy, then W‘(,k ) = 0 almost surely.

In the case a1 = ay = 1 = B2 = v, we obtain the distribution function of Z by
a convolution formula, i.e. fort > 0

PZ<H=1-(1-Gy G(Vl)(t)) : (1 ~ Gy = GY().
Proof. Analogous to the proof of Theorem [6.4] O
To illustrate the theorem, we consider several examples.

Example 6.1. Let X, X», ... be i.i.d. random points in [0, 1]> with the pyramid-
shaped density

6y, if y € [0, %] and x € [y, 1 —y),
6(1—x), ifxe(3,1]andy €[l - x,x),
6(1—y), ifye(3,11andx € (1-y,yl,
61, if x€[0,3)andy € (x,1 — x]

Jxy) =
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Figure 6.5: The density function of the pyramid-shaped point distribution
and a sample with n = 1000 random points.

(see Figure [6.5). By symmetry, we only need to consider the sample range
of the projections onto the diagonal v;v3. For each ¢ € [0, ﬁ], the probability
P (Y%l) < t) is equal to the volume of the tetrahedron with base area > and height

f(t/ V2, t/ \/5). By straightforward algebra, we obtain for k = 1,2
FP@~ V27, rlo.

It follows that for z > 0

limP(n'? - U® <1) = 1-1lim [1 - FP (n73)|

n—oo n—oo
281"
= 1-Ilim [1 - V2 }
n—oo n

= l—exp(— \/§t3) =: G(1).

By symmetry of F ;k ) onl3 (V2 - V,Sk)) converges to the same limit. Hence, the
limit law follows from Theorem [6.5}
D
n'? (V2 -D,) — min{w) + W), WP+ W'} =z
where Wg‘) and WS‘), k = 1,2, are 1.1.d. Weibull random variables with the

distribution function

G =1-exp(-V2), t>0.

Figure |6.6| shows the EDF’s of n!/? (\/5 — D,) with n = 100 (upper curve),
n = 1000 (lower curve) points and the theoretical limit distribution function
(thick smooth curve).
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Figure 6.6: EDF’s of n'/3-(V2—-D,) with n = 100 (upper curve), n = 1000
(lower curve), and the limit distribution function for the pyramid-shaped
density (thick smooth curve).

Example 6.2. Let X|, X,, ... be i.i.d. random points in [0, 1]*> with the wedge-
shaped density

f(x,y)i=c—Q2c-2)-x, x,y € [0, 1],

for some positive constant ¢ € [1, 2] (see Figure[6.7)). Note that the density is not
symmetric with respect to the center of the unit square, but to the line y = 1/2.
Moreover, f(0,y) = c and f(1,y) = 2 — ¢ are the maximum and the minimum
of f, respectively. By some geometric considerations, the distribution function
of Yl.(l), i=1,...,n, satisfies

2
FP = - T\/_(zc ~2)P, 0<t<—,

FP@) = 1—(2—c)<xfz—r>2—g@c—z)(ﬁ—r)% gsrs V2.

Choosing n'/? as the normalizing factor for U, ,(11), it follows that

lim P (n'/2- U < 1) = 1= lim [1 = 7 (7 20)]

n—0oo n—00

= 1-lim [1 = %2 + O(n—3/2)r

n—0o0

= 1-exp (—ctz) =: G1(?)
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Figure 6.7: The density function of the wedge-shaped point distribution
with ¢ = 3/2 and a sample with n = 1000 random points.

for t > 0. To derive the limit law of V,(,D, we treat the cases ¢ = 2 and ¢ < 2
separately. If ¢ = 2, i.e. if f(1,y) = 0, the squared term in F ;1) vanishes for
% <t < V2. We choose n'/? as the normalizing factor and obtain for ¢ > 0

lim P(n' - (V2= V) 1) = 1—lim [F (V2 -n"P)]"

n—oo

3
— 1_hm[1_&t_]
n—oo 3 n

2V2
= 1l —exp (—T\/_ﬁ).

Since the asymptotic behavior of V'Y dominates that of U\" | the symmetry of
f with respect to y = 1/2 and Theorem [6.5] yield

lim IP’(nl/3 : (\/E—Dn) < t) =1 —exp(—z—ﬁﬁ).

n—o00 3

If ¢ < 2, choosing n'/? as the normalizing factor for V" yields for 7 > 0
lim P(n'2- (V2= V") 1) = 1-lim [F) (V2 -n"2)]

n—0o0 n—0o00

= 1-lim !1 _@-or O(n"3/2)]n

n—oo n

= 1-exp(-2-07F) = Gy0).
Thus, we have

lim P(n'2 - (V2= M) < 1) = Gy % Go(0).

n—oo
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By symmetry of f with respecttoy = 1/2, M? has the same limit law as M.
Hence, we have

D
n'?-(V2-D,) — min{w) + W, WP+ W)} = Z
where the distribution function of Z is
PZ<H)=1-(1-Gy*G(0))*, t>0.

A simulation of the EDF’s of n'/? - (V2 — D,)) with n = 100 (upper curve) and
n = 1000 (lower curve) points can be found in Figure [6.8] Note that ¢ = 1
yields the uniform distribution on [0, 1]%. In this case we have G(f) = G»(t) =
1 — exp(—?) and thus the limit law of Theorem [6.4

Figure 6.8: EDF’s of n'/?-(V2-D,) with n = 100 (upper curve), n = 1000
(lower curve) and the limit distribution function for the wedge-shaped den-
sity with ¢ = 3/2 (thick smooth curve).

Example 6.3. Let X, X», ... be i.1.d. random points in [0, 1]? with the parabo-
loidal-cup-shaped density

c

1\ 1\
f(x,y) ::c(x—i) +c(y—§) +1_E’ x,y €[0,1], (6.14)

for some constant ¢ € [0,6]. Note that the case ¢ = 0 yields the uniform
distribution on [0, 1]%. If ¢ = 6 the curvature is maximal and f vanishes at the
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center of the unit square. A plot of f with ¢ = 6 and an example of a point
sample can be found in Figure [6.9] The density is symmetric with respect to
V2

5 1

(%, %) and attains its maximal value 1 + ¢/3 at the four vertices. For ¢ € [0,

Figure 6.9: The density (6.14) with ¢ = 6 and a sample with n = 1000
random points.

we obtain the distribution function F §,k), k = 1,2, by integrating f on the triangle
formed by ( V2t,0), (0, V2¢) and v;. The result is

2V2 2
FP@) = (1 + %)tz — T\/—cﬁ + gct“ ~ (1 + g)tz, t10.

By symmetry of f, F g‘) is symmetric with respect to V2/2. For ¢ € (%, V2]
we thus have fork = 1,2

FP0 = 1-FP(V2-1).

Choosing n'/? as the normalizing factor for both of U,Sk) and V,(,k), k=1,2, we
then have for ¢ > 0

i 202 ) = 1t 1~

2n
- 1—1im[1—(1+£)t—]
n—oo 3 n
C\ 2
= l—exp(—(l+§)t) =: G(1)
and

lim B(n'2 - (V2= V®) <) = 1 - lim [F{ (V2 - n7"21)]" = G (o).

n—00 n—oo
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Consequently, we derive the limit law by Theorem [6.5]
n'2 (V2= D,) = min W+ W, W+ wP) = z

where Wg) and W‘(,k ), k = 1,2, are 1.1.d. Weibull random variables with the
distribution function

Gt)=1-exp(-(1+¢/3)7), >0

Figure |6.10/ shows a simulation of the EDF’s of n'/? - (V2 — D,)) with n = 100
(lower curve) and n = 1000 (upper curve) points.

Figure 6.10: EDF’s of n'/2 - (V2 — D,) with n = 100 (lower curve) and
n = 1000 (upper curve) as well as the limit distribution function for the
density (@) with ¢ = 6 (thick smooth curve).

Example 6.4. As a last example we discuss the case with a paraboloidal-cap-
shaped density. Let X, X», ... be i.i.d. random points with density

SN R | RO IR A IO c[0,1, (6.15
f(x’y) L c|x 2 c y 2 6’ )C,y s ’ ( . )

for some constant ¢ € [0, 3]. If ¢ = 0, the density is a uniform distribution in
[0, 11> and, if ¢ = 3, the curvature is maximal and the density vanishes at the
four vertices (see Figure [6.11)). The density is symmetric with respect to the
center of the unit square and attains its minimum 1 — ¢/3 at each of the vertices.
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Figure 6.11: The density function (6.15)) with ¢ = 3 and a sample with
n = 1000 random points.

We obtain the distribution function F g/k) for t € [0, ﬁ] by integrating f over the
triangle formed by ( V2t,0), (0, V27) and v;. Straightforward calculations yield
fork=1,2

22 2,

3 o — 3t (6.16)

FO@) = (1 - %)tz +

and by symmetry,
2
FP@o=1-FP(V2-1), te [7\/— \6]

Notice that the squared term in vanishes for the case ¢ = 3, which re-
quires a different choice of the normalizing factor for U, ,(f) and V,(lk), k=1,2.

For ¢ € [0,3) we choose n!/? as the normalizing factor for both of the ex-
tremes. Then, for each r > 0

lim P(n'2- UL <¢) = LmP(n'? (V2-VP) <)

= 1 lim [1 - F" (n7?)]"
|
= 1—-exp (— (1 - %) tz) =: G(v).

Applying Theorem [6.5| we get the limit law of D,, as follows:

a2 (\/5 _ Dn) 2, min{Wg) + Wy, W + W‘(/z)}’
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where Wg‘) and Wg,k ), k = 1,2, are 1.1.d. Weibull random variables with the
distribution function

G =1-exp(-(1-¢/3)?), t>0.

Figure shows that the approximation of limit law by the EDF becomes

Figure 6.12: EDF’s of n'/? - (V2 — D,) for n = 200 (upper curve), n =
1000 (middle curve) and n = 5000 (lower curve) together with the limit
distribution function (thick smooth curve) for the density , c=1.

better with increasing n.
Now, for ¢ = 3 we choose n'/? as the normalizing factor. For ¢ > 0 it follows
that

limP(n'? U <) = limP(n'? - (V=VP) <)

= 1 lim [1 - F{ (n7)["
= 1-lim !1 ~ (2V2c) g + o(n—z)]n

= 1-exp (— (2 \/ic) t3) =: 5(:).
Theorem [6.5]yields the limit law

VER (\/5 _ Dn) 2, min{ﬁ/g}) + Wy, W+ W‘(/Z)}
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where Wg‘) and VT/‘(,k ), k = 1,2, are 1.1.d. Weibull random variables with the
distribution function

G(t) =1 —exp (—2 \/Ecﬁ), t>0.

Figure illustrates an approximation of the limit law by the EDF of n~!/3 -

Figure 6.13: EDF of n'/® - (V2 — D,)), n = 1000, and the limit distribution
function (thick smooth curve) for the density (6.15) with ¢ = 3.

(V2 - D,), n = 1000, for the paraboloidal-cap-shaped distribution with ¢ = 3.

We now discuss the influence of the parameter ¢ on the speed of conver-
gence. In Figure there is a comparison of simulations with ¢ = 0, 1,2 and
3 and n = 1000 points, respectively. As mentioned, for ¢ = 0 the distribution
is uniform, and the limit law agrees with that given in Theorem with the
convergence rate n'/2. For ¢ € (0, 3) the density is strictly positive on the unit
square and the convergence rate is n!/2. We note that the speed of convergence
seems to decrease with growing c. For ¢ = 3 the density vanishes at the four
vertices of the unit square, and the rate of convergence is n'/3. We see that the
EDF with n = 1000 points resembles the limit law very closely.

6.3 Generalizations: The unit d-cube

In this section, let X;, X5, ... be uniformly distributed points in the unit hyper-
cube [0, 11¢, d > 2. Such unit hypercube has 2¢ vertices with coordinates equal
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Figure 6.14: EDF’s (n = 1000) and limit distribution functions (thick
smooth curves) of D, for the density (6.15) withc¢ =3,¢c=0,c =1 and
¢ = 2 (from above to below).

to 0 or 1 and 297'd edges with length 1. There are 297! space diagonals with
the maximal length of Vd, to which D, converges almost surely. The key part
to derive the limit law of D, is to determine the limit law of the sample range
of the orthogonal projections of Xi, ..., X,, onto a space diagonal.
Generalizing Theorem we shall prove the following result.

Theorem 6.6. Let X, X>, ... be independent and uniformly distributed in the
unit hypercube [0, 119, d > 2. We then have

/4 (Vd-D,) > min (WP +wh) =z

1<k<2d-1
as n — oo, where Wg‘), W‘(,k), k=1,...,2¢4" are independent Weibull dis-
tributed random variables with distribution function
472
G()=1-exp (—Wtd) , t> 0.

Moreover, the limit distribution function is
P(Z<H=1-{1-G+G@o) .

Proof. We consider the space diagonal connecting (0,...,0)" and (1,...,1).
Let Y, Y5, ... denote the distances between the orthogonal projections of the
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points onto this diagonal and the vertex (0, ..., 0)'. Note that Y, Y,,... are
i.i.d. and take values in the interval [0, Vd]. We derive the distribution func-
tion of Y; by some geometric considerations. Choose a r+ > 0 sufficiently
small and consider a (d — 1)-dimensional hyperplane orthogonal to the diag-
onal and having a distance ¢ from the vertex (0,...,0)". (The chosen t is so
small that the orthogonal hyperplane intersects only the edges of the hypercube
with (0, ..., 0)" as one of the endpoints.) This hyperplane cuts off a corner from
the hypercube. The cut-off part is a d-dimensional simplex formed by the ver-
tex v; := (0,...,0)T and the d intersection points wy, ..., w, of the hyperplane
and the edges. We first determine the common distance s between v; and w;,
i =1,...,d. This simplex can be regarded as a pyramid with apex v; and base
formed by wy,...,w,. Since all adjacent edges at v; are pairwise orthogonal,
the base is a (d — 1)-dimensional regular simplex with edge length V2s. More-
over, the circumradius of the base is r = Vs2 — 2. It is well-known that d?r? is
greater than or equal to the sum of squared lengths of the edges (see e.g. [9])
and, equality holds if and only if the simplex is regular. We then have

(s — 1) = (g) (V2s) = dtd - )&’

and hence s = Vdr. Thus, w ;1s the vector with the j-th coordinate equal to Vdt
and other coordinates equal to 0, j = 1,...,d. Since the points are uniformly
distributed, the volume of the simplex is the probability P (Y; < ). The well-
known formula yields

1
P(Y; <t = Edet(wl—vl,...,wd—vl)
1' d dd/zd
= E(\/E[) :Wt'

Putting U,, := min;<;<, ¥; and V,, := max,«,<, Y;, we have for each r > 0

lim P(nl/d U, < t) = lim [1 - P(Un > n-“f’t)]

i 1\
= lm|l—-|(1-—— —
tm[1-(1- )]
dd/Zd
= l—exp(—Ft) = G(1),

and, by symmetry, we obtain similarly

lim P(n'4-(Vd-V,)<t) = G@., >0

n—0oo
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Hence, the sample range M, of Y1,...,Y, has the following asymptotic distri-
bution:

lim P(n'4-(Vd-M,) <t)=G+G@, t>0.

n—oo

The rest of the proof is analogous to the proof of Theorem [6.4] O
The next result is given to exemplify the theorem above.

Corollary 6.7. Let X1, X>, ... be independent and uniformly distributed points
in the unit cube [0, 11°. We then have

(V3= Dn) = min (WP + W) =2

as n — oo, where Wg), W‘(,k ), k =1,2,3,4, are independent Weibull distributed
with distribution function G(t) = 1 — exp (—gﬁ), t > 0. More precisely, the

limit distribution function is

2 2 7

- exp (—gﬁ) [2(1) (¥t3/2) -~ 1]}4 ,

t > 0, where ®(-) is the distribution function of the standard normal distribu-
tion.

3/4
PZ<h) = 1—{1exp(—£t3)+_3 V230 0 4 443)

Figure [6.15|shows an approximation of the limit law in Corollary [6.7]by the
EDF of n'/3 - (V3 = D,), n = 500.

6.4 Generalizations: Polygons and ellipse

In this section, we shall turn back to the 2-dimensional situation. We note
that there are three crucial points in our method. The first one is that the sup-
port of the point distribution has finitely many major axes with disjoint sets of
endpoints, that ensures the independence of the sample ranges of the orthogo-
nal projections onto each axis. Secondly, the point distribution has a smooth
density, so that the maximum and the minimum of the distances between the
orthogonal projections onto an axis and one of the endpoints converge weakly
to nondegenerate distributions, respectively. The last crucial point is that D,, is
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Figure 6.15: EDF of n'/? - (V3 — D,)), n = 500, and the limit distribution
function (dotted smooth curve), d = 3.

asymptotically equal to the maximum of all sample ranges of the projections
onto the axes. In the following, we shall get rid of the restriction of the unit
square.

We consider a regular convex polygon with 2m sides, m € IN, which has
unit area, interior angle § = m — m/m and m major diagonals with length
s = 2/+/msin(z/m). For a uniform point sample in such support, we have
the following result:

Theorem 6.8. Let X1, X, ... be independent and uniformly distributed points
inside the regular convex polygon with 2m sides, m € N, and unit area. We
then have

2 D
12 D ®
ne - D min {W; + W
( m sin(rr/m) ") lgkgm{ U 1% }
as n — oo, where Wg‘), W‘(/k)’ k =1,...,m, are independent Weibull distributed

random variables with distribution function G(t) = 1 — exp (—tz cot ﬁ), t>0.

Proof. By adopting the notations in Section we have
B

F;k)(t)~tan§-t2:cot%-t2, tlO0.
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It follows that for each # > 0

imP(n'? UL <1) = 1-1lim (1 - FP@n™?)'

n—oo n—00

n
= |- lim (1 — cot21 . tzn"l)

n—oo m

= 1-exp (— cotl . [2) =: G(1).
2m
Similarly, n'/2 - (s — V¥) converges to the same Weibull law as n — oo. Hence,
D
n'/%. (s — M,Sk)) — ng + W‘(,k)

asn —»> oo fork =1,...,m, where Wg‘) and W‘(,k) are 1.1.d. with the distribution
function G. Now, we set &, = tn~'/? and prove that D, and max;<<, M,Sk)
have the same asymptotic behavior as n — co. Since D,, > maXj<x< M,Sk), one
direction is trivial. For the other direction, suppose without loss of generality
that D,, = ||x; — x3|| = s — &, holds. By the same geometric considerations as in

the proof of Theorem[6.4] we obtain

k
max MY > |lx; - zll = Vllxi — xl? - [1x - 2l
1<k<m

where z, denotes the orthogonal projection of x; onto the line parallel to the
diagonal and passing through x; (see Figure[6.3)). Since ||x; — 22|l < cot(x/2m) -
&, + C1&2 for some C; > 0 and sufficiently large n, a Taylor series expansion of
e, at 0 yields

max MY > (s — 8,2 — (cot(r/2m) - &, + C1e2)?

1<k<m

> s—&,— Czs,%,
where C, > 0 is some constant. Consequently, we have

P(D,>s—¢g, < P(max M,gk) > s—en—Czsi)

1<k<m

= ]P(nl/2 (s — max M,(f)) <t+ Cztzn_l/z)

1<k<m

— P( min {Wgc) + W‘(,k)} < t)

1<k<m

as n — oo. This completes the proof. O

For m = 3 the support of the uniform distribution is a regular hexagon with

unit area. The length of the major diagonals is s = 2/ 4/3 V3/2. Figure 6.16




116 CHAPTER 6. DISTANCE IN A SUPPORT WITH MAJOR AXES

Figure 6.16: EDF of n'/2 - (2/ /3 V3/2 — D,)) with n = 1000 and the limit
distribution function for the largest distance in a regular hexagon (thick
smooth curve).

shows an approximation of the limit law given in Theorem [6.§ by the EDF of
n'’? . (s = D,), n = 1000.

Appel, Najim and Russo used in [4] a different method to approximate D,
and gave the same result for the asymptotic behavior of D,, in a regular convex
polygon. They also provided some lower and upper bounds for the limit law
of D, in an ellipse with unit area. We shall derive in the following an sharper
lower bound on the limit distribution function of suitable normalized D,,.

Theorem 6.9. Let X1, X5, ... be independent and uniformly distributed points
in the ellipse with major half axis a > 1/ \r and unit area. We then have for
eacht >0

liminf P (n* - (2a - D,) < 1) 2 G  G(»),

n—oo

where G * G is the convolution of G(t) = 1 — exp (_%a—yzts/z) with itself.

Proof. Since the ellipse has unit area, the minor half axis is b = 1/(na) < a.
Because of translation invariance we take without loss of generality
(x-a)

=1 (x,y) € R?,
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as the boundary function of the ellipse, which implies that (0, 0) and (24, 0) are
the endpoints of the major axis and y = i# V2ax — x* for each (x,y) on the
boundary. Adopt the notations of Section [6.1] Since the points are uniformly
distributed, we obtain by integrating the boundary function

I l[a-t t
Fy(t) = = — - [a_ 2at — 12 + arcsin(l — —)
2 nl a® a
for each t € (0,2a). It follows from a Taylor series expansion of Fy around 0
that for each r > 0

lim P(n2/3 ‘U, < t)

n—0oo

1 — lim P(U,, > m—2/3)

n—oo

= 1 lim (1 - Fy(mP))’

1 1[r 42 "
— 1=liml|l=+=|== -3/23/2,,~1
ng?o(fnlz 3 40T

= 1—exp( 43\/_ 312 3/2) =: G(t).

By symmetry, n*/3-(2a—V,) converges to the same limit law as n — co. Finally,
since D, > M,, = V,,—U,, we obtain the lower bound given in Theorem[6.9] O

Figure shows simulation results of the EDF’s of n** - (2a — D, with
a=0.6,a =028 a=1anda = 2, and the bounds for the limit distribution
function given in Theorem[6.9] In addition, the EDF’s and the lower bounds lie
between the lower and upper bounds by Appel, Najim and Russo [4], i.e., they
stated that for r > 0

P(W1 + W, < ) < 1imian(n2/3 -(2a - D,) < r)
1+vy n—oo
< limsupP (n2/3 -(2a - D,) < t)
n—0o0o
< PWi+W,<1),

where y = 1/(n%a* — 1) and W, W, are iid with the distribution function
1 — exp(—cr*/?) with ¢ = $Q2n%a* - 1) (ﬂ2a4 -
lower bounds differ considerably, and they become closer with growing a.
Turning back to the last crucial point stated at the beginning of this sec-
tion, we note that D, and the maximum of the sample ranges have the same
asymptotic behavior, if the boundary function of the bounded support has a
sub- v/x decay at the endpoints of the major axes. We state this requirement

For small a, the upper and



118 CHAPTER 6. DISTANCE IN A SUPPORT WITH MAJOR AXES

Figure 6.17: The thick curve in each image is the EDF of n*? - (2a — D,,),
n = 20000, for different a. The smooth curves in each image are, from
above to below, the upper bound given in [4], the lower bound given in
Theorem [6.9] and the lower bound given in [4] for the limit distribution
function.

more precisely by considering one of the major axes. Let s > 0 denote the
length of the major axis, and its endpoints are (0,0) and (s,0). If the bound-
ary function of the support is described by h;(x) and h,(x) with h; > hy on
[0, 5] and 71(0) = hy(0) = hi(s) = hy(s) = 0, then they satisfy h;(x)/ x — 0,
hy(x)/ Vx = 0as x = 0 and hi(x)/ Vs —x — 0, hy(x)/ Vs —x = 0 as x — s.
These conditions on the boundary function hold for the regular convex poly-
gons. However, for the ellipses the boundary has a /x decay, so that we derive
only a lower bound of the limit law of D,,.



Chapter 7

Open problems and conjectures

At the end of this thesis, we want to highlight some open questions related to
limit laws of extremes, and give some suggestions for further research.

7.1 Spherically symmetric distributions with unbounded
support

In this thesis, the distribution of X; was assumed to have bounded support. If
the support of PX! is unbounded, the largest interpoint distance D,, converges
almost surely to infinity as the sample size increases. What is the possible limit
law of D,,, when suitably rescaled, in this case?

To be more specific, suppose that PX! is spherically symmetric. Let X; =
RU;,i=1,2,..., beii.d. random points with independent radial component R;
and directional component U;, where R; has distribution function F with

sup{t > 0: F(¢) < 1} = oo,

and U; has the uniform distribution on S?~!. If X; has a standard d-variate
normal distribution, the limit law of D,, i1s a Gumbel distribution (see Matthews
and Rukhin [30]). This result was generalized by Henze and Klein [23]] to the
case of the (short-tailed) spherically symmetric Kotz type distribution.

Henze and Lao [24] obtained the limit law of D,, if F belongs to the maxi-
mum domain of attraction of the Fréchet distribution, i.e.,

1-F(s) =59 L(s), s> 0,

for some constant @ > 0 and some slowly varying function L. Since the right
tail of F'is regularly varying with index —a, the technique used in [30] and [23]]
is not applicable. By using point process techniques, the limit law of D,, when
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rescaled by 1/inf{r € R : F(t) > 1 — 1/n}, can be given as the supremum of
distances between points of a certain Poisson process.

For other cases of spherically symmetric point distributions with unbounded
support, the limit behavior of D,, is still unknown.

7.2 Radial distributions of exponential type

In the situation of Section [3.5| with a radial distribution of exponential type, we
detected an interesting phenomenon. We found a threshold 2 — ¢g,, so that the
expected number of exceedances [|X; — Xj|| > 2 — g, 1s stabilized, i.e. condition
is satisfied. But the variance of the random number tends to infinity as
n — oo, i.e. condition (3.2)) fails, so that the Poisson approximation theorem
1s not applicable. Moreover, it has been proved that this number converges to
zero in probability. However, an honest limit law of D,, under this setting is still
unknown.

7.3 Largest area of triangles formed by points in a circle

Suppose that, under the setting of Chapter 4, the points are uniformly dis-
tributed inside the unit circle. By some geometric considerations and tedious
calculations, we deduce that

343
l—e™/ < lim ian(n3/4 (T\/— — An) < t)
343 )
< limsupP(rﬁ“(T\/_—An]St) < l1-et/e

with ¢; = 10872 and ¢, = 285—167r2. We conjecture that n34 (3 \V3/4 - A,,) has a

nondegenerate Weibull limit distribution.

7.4 Largest distance between points in an ellipse

In Section we gave a lower bound for the limit law of D,,, when the points
are uniform inside an ellipse. The limit distribution of the maximum interpoint
distance for points distributed uniformly in a (proper) ellipse is still unknown.



Appendix A

Proofs of Lemma 3.2 and 3.3 and some
convergence theorems

Proof of Lemma [3.2] Since y1(s) ~ ¢2(s) as s | 0, it follows that for each 6 > 0
there is some sy > O such that

1(s)
Wo(s)

<o
and thus

(1 =6) - ¥als) < Yi(s) < (1 +9) - Ya(s)

for all s € [0, so]. For each s € [0, s5¢] and ¢ € [0, 5] we therefore have

(1 =06) - ¥a(0) - h(s, 1) < Y1 (®) - h(s, 1) < (1 +6) - a(¥) - (s, 1),

and since s — t € [0, s¢] we also have

(1=0)-Yo(s—1)-h(s,t) <Yi(s—1)-h(s,t) < (1 +0) (s —1)- h(s,1).

By integrating we get

(1—6)fsw2(t)-h(s,t) dt < fswl(t)-h(s,t) dt
0 0

IA

(1+9) fs Wo(t) - h(s,t) dt
0
and

(1—5)fsl//2(s—l)-h(s,t)dl < fswl(s—t)-h(s,t)dt
0 0

< +6)fstﬁ2(s—t)-h(s,t)dt
0

for all s € [0, s¢], and (a) and (b) follow immediately. O
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Proof of Lemma 3.3} (a) follows immediately from Lemma [3.2] To prove (b),
note that by Fubini’s theorem, we have

FxF(s) = fOSF(s—x)dF(x) = LSF(s—x)F’(x)dx, s> 0.

Since F'(s) ~ W (s) and F(s) ~ W(s) as s | O, for each 6 > 0 there is some
so > 0 such that

F(s—x)F'(x) _ 1‘ -
Y(s — )V (x)

for each s € (0, 59) and each x € (0, s), whence
(1=-8)P(s—x)P'(x) < F(s—x)F'(x) <1 +0)¥(s — x)¥'(x)

for each s € (0, s¢9) and each x € (0, s5). By integrating we get
(1-6) f W(s— 0P () dx < f F(s — x)F'(x) dx
0 0

< (1+9) fs Y(s — x)¥' (x) dx
0

for each s € (0, sg), which proves the assertion. O
The following convergence theorems are useful in the proof of Lemma [3.4}

Theorem A.1 (Generalized Lebesgue’s differentiation theorem). Let v be a
Borel regular measure over R? such that every bounded subset of R? has fi-
nite v measure, and let f be an R%-valued v-measurable function such that
fA |f| dv < oo for every bounded v-measurable subset A C Re. Then, for v-
almost every x € R¢

tim [ gy =

i v = f(x),
v v(B,) Jg,
where (B,),>1 denotes a sequence of balls centered at x, and the diameter of B,
tends to 0 as n — oo.

We can also replace the balls (B,) by a family of sets U, which satisfies the
following conditions: Firstly, there is a constant ¢ > 0 such that each set U
from the family is contained in a ball B, with v(U) > cv(B,); secondly, each
x € R is contained in arbitrarily small sets from the family. Then, the same
result holds when these sets shrink to x.
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Theorem A.2 (Dominated convergence theorem). Let fi, f>,... be a sequence
of real-valued measurable functions on a measure space (2, A, u). Suppose
that f, — [ pointwise u-almost everywhere as n — oo, and that |f,| < g for all
n, where g is a u-integrable nonnegative function on L. Then f is u-integrable,

and
ffd,u = limffnd,u.






Appendix B

Hausdorff measure and surface area
measure

B.1 Hausdorff measure

Hausdorff measure is a type of outer measure, which measures some “very
small” subsets of R". This brief introduction refers to the book by Evans and
Gariepy [12].

Let (X, d) be a metric space. For any A C X we define the diameter of A as

diam(A) := sup d(x,y), diam(0Q) := 0.

x,yEA

Let s > 0 and 6 > 0. Define

HA) = inf {Z o, (M)‘ . Ac| B diam(B) < 5},

i=1 2 i=1

where the infimum is taken over all countable covers of A by sets B; C X, i € N,
satisfying diam(B;) < 9, and

ﬂ.s/2

r (% + 1)
is the volume of the s-dimensional unit ball.
Notice that .7Z;*(A) is decreasing in J, since for 6" > ¢ the corresponding

family (B});ew contains more sets and hence the infimum is smaller. Thus, the

limit lims_,g 77, (A) exists, and the s-dimensional Hausdorff measure of A is
defined as

HN(A) = lim HF(A) = sup H(A).

0>0
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Example B.1. (i) If A ¢ R”, then .7#°(A) counts the number of points in A,
so it is the so-called counting measure.

(ii) If A is a simple curve in R”, then ##1(A) is the length of the curve A.
(iii) If A ¢ R? measurable, then .7#>(A) measures the area of A.

Moreover, the n-dimensional Lebesgue measure and n-dimensional Haus-
dorff measure agree on R”. A detailed proof can be found in Evans and Gariepy
[12], Section 2.2.

B.2 Surface area measure of a spherical cap

For a point u € S~! and an > 0, let

C.(n) = {v e S 4(—uv) < \/ﬁ}

be the spherical cap centered at —u with the maximal central angle /7. One
can obtain the surface area of C,(n7) by integrating in spherical coordinates. It
is very similar to the computation of the surface area of a sphere, which can
be found in many literatures, e.g. Walter [39] (page 253-254) or Amann and
Escher [3] (page 198-201).

Now, we derive step by step the following asymptotic result as  — 0:

NCm) ~ 1) f =y

LS (B.1)
= ]7 , .
d+1
r (%)
which is applied in the proof of Lemma [3.4]
By symmetry, we choose —u = (0,0,...,0,1) without loss of generality.
Then

Cu) = {01s -+ s Va1t HOL oo ¥a ) € RY: Y2 4o+ 32| < sin? )

with

Hyi,...,y4-1) = \/1 —y =y
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Thus, the surface area can be derived by the method stated in [39] (§ 8.9). Put
y:i=01,...,Ya-1) € R%!'and A := {y e R4-1 . llyll < sin +/n7}. Since

(9H -y

Ay 1—[yll?

oH \*
1+ + -4+ d
f\/ ay1 (3}’d-1) Y
= —dy
L 1 —yll?

To proceed the computation, we transform the integral to polar coordinates.
Set

fori=1,...,d -1, we have

uHCum)

yir = r sin 91 ......... sin Qd__?, sin 9d—2,
Y = r sin 91 ......... sin Qd_3 COS Gd_z,
y3 = r sin 91 ... sin Qd_4 COS Qd_3,

Yg—2 = rsinfjcosb,,

Ya-1 = rcosb,

where r > 0,0 < 0;, < 2rand 0 < 6, < mfori = 1,...,d — 3. The

transformation yields

i sin \p 7T
p(Cum) = f f
r=0 61=0 04-3=0 J04-2=0 \/1 —r?

rd_z(sin 91 )d_3(sin ez)d_4 ...sIn Hd_3 d@d_z cen d@ldl”,

where the (d — 2)-dimensional integral of the angles 6y, ..., 60,_, is known as
T
f f f (sin 0, )d_3(sin Qz)d_4 ...sIn Qd_g, de—2 .. d@]
0,=0 04 3_0 0,
2
_ d-1)

()

(see e.g. [39] p. 254). Thus, by substituting ¢t = arcsin r, the surface area of
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C.(n) reduces to

U
—_

S sin /i rd—z
d-1(c. _ 7 (d-1 f d
1 H(Cu(m) r(%)( ) Y Vi r
x5

Vi
= d+1 -(d—l)-j;:o (sin)*"~ dt.

r(s)
Recall that we observe here the surface area for a very small 1. Applying the
Taylor series expansion of sin# at 0, Lemma [3.2]1eads to asn — 0.



Appendix C

Regularly varying functions

Nowadays, the theory of regularly varying functions, imported by Feller [14]]
into probability theory, plays a crucial role in extreme value theory, especially
for questions about domains of attraction. We state here some useful results for

our concept. Further information can be found e.g. in Embrechts et al. [11] or
Resnick [36].

Definition C.1. (a) A positive measurable function /4 on (0, o) is said to be
regularly varying at O of index @ € R (we write h € R,,) if

. h(st)
1 =1, t>0.
.llr(r)l h(s) >

(b) A positive measurable function L on (0, o0) is said to be slowly varying at
0 (we write L € Ry) if

. L(st)
lim =
510 L(s)

1, t> 0.

(c) A positive measurable function 4 on (0, o) is said to be rapidly varying
with index co (we write h € Ry) if

limh(st)_ 0, ifO<r<1,
s10 h(s) | oo, ift>1.

If h € R, then h(r)/t* € Ry, so a @-varying function is always representable
as t”L(t). Note that the convergences above are uniform on each compact subset
of (0, c0). Moreover, we can represent a regularly varying function & € R, for
some @ € R as follows:

h(x):c(x)exp(fxydu), X2z,
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for some z > 0, where c¢(-) and 6(-) are measurable functions with ¢(x) — ¢y €
(0, 00) and 6(x) — a as x — 0. This representation is often applicable.

The following theorem, which can be found in [11] (Theorem A.3.7), gives
the asymptotic behavior of the differentiation of regularly varying functions.

Theorem C.1 (Monotone density theorem). Let

Fx) = fo £ dy (or f ) dy),

where f is monotone on (z, 00) for some 7 > 0. If
F(x) ~ cx*L(x), x— 0,
withc >0, « € R and L € Ry, then

f(x) ~ cax® 1 L(x), x— 0.



Appendix D

The computation of the limit laws in
Chapter

D.1 The limit law in Section

Let Egl),E,(f) ,Eﬁil,Egr)l be 1.i.d. random variables with distribution function

F(t) :=1—-exp (—%) and density f(¢) := %exp (—%) for t > 0, where a is a
positive constant. Define

E:=min{E"+ED, E" +E\. , E\ +E5)

m+1° m+l1 2m’

2 2
EQ +Egl.

In the following we derive the distribution function of E. For each t > 0 we
have

P(E>1)
= B(EP+ED > BV 4 EY, > (B, + B > L ED + B > )

- Pu+EY >t u+E)) >t v+E) >t v+ED > 1)

<
1l
)
<
1
=)

dPEin(v) dPEY (1)

P(ED > t—u, E > t=v) - f) dv- f(u) du. D.1)

I
L—y¢
&z

u 1%

We compute the double integral by splitting up the region of integration into
four disjoint cases as follows:

l)O<u<tandO0<v<u:



132 APPENDIX D. ADDITIONS TO CHAPTER 5

f f E(z) >t— U, E,Sf) >t — v)2 - f(v)dv- f(u) du

= f f P(E3>I—V)2'f(V)dV’f(u)du

B f f s e @ dv- %e T du
u=0 =0 a
(2 2
= if (———e 2a) du
u=0 \a a

2)0<u<tandu <v < oo:

A 00
f f P E,(qf)>t—u, E,(f)>t—v)2 fw)dv- f(u) du
u=0 Jv=u
= f f P(EQ >1- ) - f) dv - f(u) du
2 2v 2 2u
= f f e W . 27 dy - Zemd du
u=0 Jv=u a a
t
: 2
= e f —du
u=0 a

3)t<u<occand0<v<r

foof P(E,(Tf)>l‘—bt, Er(r%)>t_v)2'f(v)d\/'f(u)du
u=t Jv=0
) fwf £ Eg)”‘v)z'f(v)dwf(u)du

2
f f el e Tdv-Ze 7 du
=0 a a

) .
(eat—l)fuojze « du

4t 6t

:ea—ea’

4)t<u<ooandtr <v < oo:
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f f P(ED > t—u, E > 1=v) - f) dv- f(u) du
u=t Jv=t

_ fmfmp (EQ > 0)" - £ dv- flu) du

_u
= —eav—eadu
V
ea @ d

Plugging these four parts of double integrals into (D.1)), we obtain

_4&

P(E<t) = 1—P(E>t):1—(%+l)-e

D.2 The limit law in Section 5.2

Let Ey,..., Es be independent and Exp(2/ V/3)-distributed random variables

with distribution function F(f) = 1—exp (—TI) and density f(¢) = = -exp ( \%t)

for > 0. The limit law E is presented as the minimum given in ( , whence
fort>0

P(E>t)=P(E\+Ey>t, E\+3E3> 1, 3E\ +3E4 > 1, JE + Es > 1,
%E2+E4>t, %E2+%E5>l‘, E2+%E6>[, Es+ Eqf>t,
E3+%E5>[, %E3+%E6>t, %E4+E6>l‘, E5+E6>t).

We define the following events:

Al = {E\x+Ex>t, E\+3E3> 1, 3E1 + SE4 > 1, 3E1 + Es > 1},
Ay = (3Ey+Ey>t, YEr +3Es > 1, Ex + 1Eq > 1),

Ay = {E3+Es>t, E3+1Es>1t, 1E3+ 3Eq > 1),

Ay = {E4+E6>t}

As = {Es5+ Eg > t}.

By conditioning on E; = z with z > 0, we can split the probability P (E > ¢)



134 APPENDIX D. ADDITIONS TO CHAPTER 5

into three parts P(E > t) = I} + I, + I3, where
t
I, = fP({E2>I—Z,E3>2t—2Z,E4>2T—Z,E5>t—§}

z=0 NA, NA3NAs N As)f(Z) dz,
2t

L, = fP({E4>2Z—Z, E5>t—%}ﬂAzﬂA3ﬂA4ﬂA5)f(Z)dZ,

7=t
0

I = fP(Az N A3 NA4NAs) f(z) dz.
=2t

We can further split each of the three integrals by conditioning on E, = w for
w > 0. For example, we have I3 = I + I3, + I33, where

ffP({E4>t—%,E5 > 2t —w, Eg > 2t — 2w}

2=21 w=0 NA3 N Ay N As) f(w)f(2) dw dz,
co 2t
IEY) —f f {Eqs >1t— ,E5 >2t—wiNA3NAsN A5)f(W)f(Z) dw dz,
=2t w=t

Iz = ffP(A3ﬂA4ﬂAs)f(W)f(z)dwdz

7=2t w=2t

Then, conditioning on E3 = v for v > 0 yields a further splitting for each of /5|,
IER) and Ix3. For example, we have Ly=05hL31+132+ 1333 with

(o] (o] 1
13’3,1 = f f fP({E4 >t—v,Es>2t—2v,Eg > 2t — v}

7=2t w=2t v=0 NA4 N As) f(V)fw)f(z) dv dw dz,

o

iy = f fP({E6 >2t—vINAsN A5)f(v)f(w)f(z) dv dw dz,

z=2t w=2t v=t

Ihay = f f f P (Ag 0 As) FO)f 0 fG) dv dw dz.

z=2t w=2t v=2t

In the last step, we compute the integrals by conditioning on E¢ = u for u > 0.
Firstly, we have
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Iy = f f f f B(Ey > 1= v, Es > 21 — 2) fW)f(0) S0 f(2)
7=2t w=2t v=0 u= du dv dw dz
7=2t w=2t v=0 u=2t—v du dv dw dz
; (ezﬂ l)e—()\/_z

Secondly, it follows that

oo oo 2t 0
Ian = f f f f P(E4 > 20— 2, Es > 1 — ) f) f0)f ) f(2)

7=21 w=2t V=t u=21—v du dv dw dz
00 oo 2t t

_ f f f f P(Ey > 2 = 2u, Es > t — ) £) f0) fW) £ (2)

7=21 w=2t V=t u=21—v du dv dw dz

0o 2t oo

f f f f FaOfOV () du dv dw dz

7=2t w=2t v=t u=t

4 1 3 _u,
_ 56—4\5: + 86—6\/§t _ Ee v
Finally, we have
Ias = f f P(Es > 21— 2u, Es > 1 — u) fu) f0) fw)f )
7=2t w=2t v=2¢t u=0 du dv dw dz
o) o0 o) t
- f f f f B(Ey > 2 — 2, Es > ( — u) f()f () f0) )
z=2t w=2t v=2t u=0 du dv dw dZ

3 _m, 1
= Ze V3 _56_6\/§t.

All the other split integrals are computed by a Maple program. Finally, the
probability P (E > ¢) can be obtained by summing up all of the integrals, and
the limit distribution function is equal to 1 — P (E > ¢).
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This work establishes several weak limit laws for problems in
geometric extreme value theory. We find the limit law of the
maximum Euclidean distance of independent and identically
distributed points, as the number of points tends to infini-
ty, under certain assumptions on the underlying distribution.
For points in a ball, a main tool of proof is a Poisson approxima-
tion theorem. This method is also applicable for some other
functionals, such as the maximum area or the maximum
perimeter of triangles formed by point triplets. For points
distributed inside a cube, inside a polygon or on the edges of a
polygon, the limit distribution of the largest interpoint distance
is obtained by classical extreme value theory and some geo-
metric considerations.
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