Global properties of kernels of transition semigroups
(Globale Eigenschaften der Kerne von Ubergangshalbgruppen)

Zur Erlangung des akademischen Grades eines
DOKTORS DER NATURWISSENSCHAFTEN

von der Fakultit fiir Mathematik des KIT
(Karlsruher Institut fiir Technologie)
genehmigte

DISSERTATION

von

FEsther Bleich

aus Kiew, Ukraine

Tag der miindlichen Priifung: 3. November, 2010

Referent:
Prof. Dr. Roland Schnaubelt

Korreferenten:
Prof. Dr. Abdelaziz Rhandi
HDoz. Dr. Peer Christian Kunstmann

Karlsruhe (2010)



Meinem Mann Dieter



Danksagung

Mein aufrichtiger Dank gilt dem Betreuer dieser Arbeit, Herrn Prof. Dr.
Schnaubelt, denn er brachte mir sehr viel Geduld entgegen und sorgte mit
auflerst wertvollen Ratschlidgen fiir das Gelingen dieser Arbeit.

ii



Contents

1 Introduction
1.1 Notation . . . . . . . . . e
1.2 Preliminaries . . . . . . . . o e

2 Sobolev regularity of the transition kernel
2.1 Global boundedness of the transition kernel . . . . . ... ... ... ...
2.2 The Li-regularity of the gradient of the transition kernel . . . . . . . . ..

3 Pointwise bounds of the derivatives of the transition kernel
3.1 Pointwise bounds on gradient . . . .. . ... ... o 0oL,
3.2 Pointwise bounds on second derivatives . . . . . . . . ... ... ..

4 The case of outward pointing drift

Bibliography

iii

16
16
ol

65
65
72

89

99



Chapter 1

Introduction

The main objective of this work is to study the properties of the integral kernels of Markov
semigroups associated with elliptic differential operator of second order with unbounded
coefficients. We treat locally regular and uniformly elliptic coefficients, and focus on the
unboundedness of diffusion and drift terms. The interest towards elliptic operators with
unbounded coefficients comes both from the theory of partial differential equations and
of Markov semigroups on R" and has grown in the last years (see e.g. [BL07], [MPW02],
[BKRO09], [DL95]). The global properties of these problems differ significantly from the
case of bounded coefficients and the case of Schrodinger operators. For instance, typically
the associated semigroup on C}, (RN ) is not analytic if the drift term is dominant and
it does not leave invariant L? (RY) or Cy (RY) (see [BLOT7]). Moreover, in general the
bounded solutions of the Cauchy problem

Ou(x,t) = Au(z,t), z € RN, t>0, 11
u(,0) = f(z),  zERY, -y

with f € (RN ) and

where

are not unique. This means that in such case there is no maximum principle for bounded
functions on RY (see [BLO7, Theorem 4.1.3]). One obtains a maximum principle and
uniqueness in bounded functions if there is a Lyapunov function V' for A. This means
that 1 <V € C? (RY) satisfies AV < KV for a constant K and V (z) — oo as |z] —
oo (see Definition 1.4). A standard example are functions like e*l", see Example 2.4
and Proposition 2.8. The existence of a Lyapunov function excludes cases where the
drift points towards infinity too strongly, compare with Example 2.4. We will assume
throughout that A possesses a Lyapunov function. The prototype of such problems is the

Ornstein-Uhlenbeck operator, first studied in [DL95],
1
Aov = 5 trace (QD?) + Bx - D, (1.2)

where Q and B are N x N matrixes such that @ is positive definite, D?v is the Hessian
matrix of v € C? (]RN ) and Du is the gradient of v.



In [MPWO02] a semigroup (7" ()),, was constructed on Cj, (RY) with generator (A, D (A)) ,

such that for each ¢t > 0 and f € C, (RY), u(z,t) = T (¢) f (z) is the solution of the
Cauchy problem (1.1).

Moreover, there exists an integral kernel 0 < p = p(z,y,t) : RY x RY x (0,00) — R
such that

T @)= [ plwnfdn >0

and
T f—f as t — 0 locally uniformly on RY.

For example, for A = A we obtain the Gauf3 kernel

1 2
p(ac,y,t):—exp<—|x y| )7 (I,y,t)GRNXRNX(()?OO).
N 4t
(4mt)

Also for the Ornstein-Uhlenbeck operator given in (1.2) the formula of p is known and
is given by
L d(ere) ot (@)

(27T)N det Qt

p(z,yt) =

Y

where .
Q¢ :/ e*PQ e ds
0

(see e. g. [BLO7, Chapter 9]). We remark that the Ornstein-Uhlenbeck operator given in
(1.2) has a Lyapunov function V (z) = |2|* + 1 with K = trace Q 4+ 2N || B| since

AoV (z) = trace Q + 2Bz - x < (traceQ + 2N || B|| ) V ().

If H = 0, we obtain a transition semigroup (7 (t)) In this case the kernel p is a
transition density of a Markov process.

We see that if f > 0, then the solution 7' (-) f is also positive. As said above, in
general, the bounded solution of the problem (1.1) is not unique. If f > 0, then 7'(-) f ()
is the minimal positive solution among all bounded and positive solutions of the problem
(1.1).

If A possesses a Lyapunov function, the integral [, p (x,y.t)V (y) dy is bounded, see
Proposition 1.7. This fact will be crucial for our investigations. It was already exploited
in [MPRO6] and [LMPR]. We want to establish a global bound on the transition kernel
p. In the well studied case of Schrodinger operators (where F' = 0) one obtains bounds
of Gaussian type (if the negative part of H is not too big), see [D89], [Ou95] and also
[AMPO08] for the case of dominating potential with |F| < ¢V'2. Such estimates already
fail for the Ornstein-Uhlenbeck case, see the above formula. Example 2.4 further shows
that we cannot expect a uniform decay as |x| — oo (which holds in the Gaussian case).
Thus we will focus on estimates in y. In the case of bounded coefficients one treats
the lower order coefficients as pertubations, which is not possible if they are unbounded.
Moreover, it is not clear how to use in our case the functional analytic methods developed
for Schrodinger operators. So one needs new techniques to estimate p in our setting.

The case of bounded diffusion coefficients (a;;), ., y Was investigated in [MPROG]
and [LMPR]. It was shown that under growth conditions for the drift ' and potential
H, namely,

t>0"

(L4 |FP+H)" " <V,
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for M > % and some Lyapunov function V for given 0 < ag < a < b < by < 00, it holds

bo by —a
sup \p(x,y,t)\§0<//p(x,y,t)v(y)dy+0—ﬂ(}+1><oo
ag RN

(y,)ERN X (a,b) (a —ap)

for a constant C' = C ()\, M, N, Hainq}(RN)) > 0, where \ > 0 is the ellipticity constant
given in (1.10).

Under stronger assumptions, the papers [MPRO06] and [LMPR] also gives pointwise
bounds on |Dp| and |D?p|, as well as bounds on Sobolev norms of p. But we point out
that the proofs of these papers use the boundedness of the diffusion coefficients and their
derivatives in a crucial way.

In this work we develop new methods in order to extend the results of [MPRO6] and
[LMPR] to unbounded diffusion coefficients.

Other related results are contained in the papers [BKRO1] and [BKR09] under weaker
regularity assumptions. However, here the kernel p (z,y,t) at some initial time ¢, enters
into the estimate. Observe that p (z,y,to) is not known apriori and tends to the Dirac
distribution as ty — 0, so that the results in [BKRO1] and [BKR09] are of a different
nature than ours.

We also want to mention the case of densities ¢ of invariant measure for (7" ())

100 I-

/RNT(t)f(a;)g(:B)dx: RNf(:B)g(x)da: for all ¢t € (0,00) and f € G (RY).

Here one obtains similar upper and matching lower bounds of ¢ under analogous assump-
tions also in the case of unbounded diffusion coefficients, see [MPRO05] and [BKRO06]. The
starting point for the proofs is the fact that o satisfies the elliptic equation A*p = 0 on
RY, where A* is the formal adjoint of A (see (1.12)). Similary, p satisfies the adjoint
parabolic problem O;p (z,-,+) = A*p(x,-,-) for each x € RY. We stress that for the par-
abolic problem an initial condition at ¢ = t, on p has to enter where p (x,y,to) is either
unknown (to > 0) or singular (ty = 0). This makes the case of transition kernels much
more difficult than that of invariant measures.

In this work we obtain similar results as in [MPRO06] and [LMPR] without assuming
that the diffusion coefficients <aij)i,j=1,.--,  and their derivatives are bounded. We will also
assume that there exists a Lyapunov function V for the operator A that dominates the
coefficients of A. Since a typical Lyapunov function is e’*!", the domination assumption
is fulfilled for polynomially growing coefficients.

In Chapter 2 we study the pointwise boundedness of p and Li-regularity of the gradient
of p. We will assume that the coefficients (a;;) F);_,.. n and H of the operator
A satisfy

i,j=1,...,N? (

M+1
(1—|—%—F’Daﬁ—}—‘FE—i—‘divF—i—H’) <V, (1.3)
+ 1y

where V' is a Lyapunov function and M > % From Theorem 2.2 we will conclude that

under this assumption it holds
t
)/ / p(x.y,s)V (y) dyds
s Jan

C 1 Kt
< _ - ‘/

1
S b)) < O 1+
s o) < 0 (14 57
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for all (z,t) € RY x (0,00) and some constants C' = C'(\, M, N) > 0 and K > 0. So we
obtain a global boundedness of p (z,-,t) on RN for all (z,t) € RY x (0,00). (If moreover
AV < —g (V) for some convex function g given as in Proposition 1.8, we obtain the global
boundedness of p (-, -, t) on RY x RY for each t € (0,0), see Corollary 2.6.) In the proof
of this statement we use Morrey’s inequality

ol <s ([ ipo@rars [ @)

for a constant S = S (¢, N) > 0, where ¢ > N. We will apply Morrey’s inequality to the
function p'~2 multiplied with time- and space-cut-off functions for some € € (O, ﬁ] . For
example, for the operator

A= 1+2)"A— |22 - D~ |2, 1<a<p,0<6,
we obtain that
p(z,y,t) < C’Oefcl(lz|2+‘y|2)+c2tt for all z,y,t € RY x RY x [tg,00),

for each ty > 0 and for the constants Cy, C7, Cy > 0 depending on «, 5 and 6, where the
constant Cy depends additionally on tj, see Example 2.7. We further show that

|Dp (z,-,t)]> € L* (RY) for all (z,t) € RN x (0,00) and q € [1, M].

Using the classical parabolic maximum principle, in Chapter 3 we obtain upper bounds
of | Dp| and |D?*p|. We will also give a condition on the coefficients of A under which the
semigroup is differentiable in Cy, (RY).

In Chapter 4 we consider the case that div F'+ H is bounded from below. We will see
that p (z,-,-) € L (RN x (a,b)) for each ¢ € [1,00), each z € RY and all 0 < a < b < oc.
Here we can use a method discovered by John Nash for the case of bounded coefficients
(aij); jo1..n» =0 and H = 0, see [Na58]. Moreover, if the formal adjoint operator
A* of A also has a Lyapunov function, we obtain the global boundedness of p (-, -,t) on
RN x R¥ for each t € R,

1.1 Notation

For z € RY, |z| denotes the Euclidean norm. As regards function spaces, L%(2) spaces,
1 < ¢ < o0, are always meant with respect to the Lebesgue measure, unless otherwise
specified, and are endowed with the usual norm

oo = (] |¢<y>|‘1czy>é

Moreover, W*4(02) is the Sobolev space of measurable functions in the open set  C RY
which have g-summable weak derivatives up to order k, endowed with the usual norm

Q=

o = 3 [ 107" dy

0<|BI<k



We will write [|-||, and [|-[|, , instead of [|-|| sy and [|[lyyeq(qy if 2 = RY. We set u €
WEI(Q), if pu € WHI(Q) for each ¢ € C°(Q). For 0 < a < b, we write Q(a,b) for

loc

RY x (a,b) and Qr for Q(0,T). For 0 < a < 1 we denote by C2r*'""*/2(Q(a, b)) the
space of all functions u such that u, d;u, D;u and D;;u are locally bounded and locally
a-Holder continuous. B(x, R) denotes the open ball of RY of radius R and centre z. If

u:RY x J — R, where J C [0,00) is an interval, we use the notations

ou ou

8tu = a, DZ'LL = axi’ Diju = DiDj’LL,
Du = (Dsu,...,Dyu), Dy = (Diju); ;- N
and
N N N
IDul* =3 |Dal,  |D*u* =" IDyul®, D' =" [Digul®.
i=1 ij=1 irj,h=1
We set
Dinax(A) = {u € C,RY) N WELRY) for all 1 < g < 00 : Au € Cy(RM)}. (1.4)
We write a(&, v) for nyj:l aij(-)&vi and &, v € RV, Tt then holds
e <a(¢&alv,y)  forall§,veRY. (1.5)
We further set
N N
a* = > (ay)*,  [Daf*= ) (Duay)*,
i,j=1 i,J,h=1
N N
2 2
|D2a} = Z (thaij)Q, }D3(l‘ = Z (thlaw)
i,7,h, k=1 i,4,h,k, =1
N N N
FP = Y F. IDFP=3)_(DiF)',  |[DF[ = ) (Duk)”.
i=1 ij=1 ihyk=1
Observe that
la (&,v)] < a| €] |V for all £,v € RY. (1.6)

We now define a cut-off function 7,. Let n € C2(RY) be such that n(y) = 1 if
lyl <1, n(y) =0if [y > 2and 0 < 5 < 1. For each n € N we set n,(y) := n (¥).
Then 7, |50n) = 1, N,|r3\B020) = 0 and 0 < 7, < 1. Moreover, there exists a constant
L = L(N) > 0 not depending on n such that

L

and < —
1+ |y

|Dn,,(y)| < for n < |y < 2n. (1.7)

D (y
Tl Wl

1.2 Preliminaries

Let now A be a second order elliptic partial differential operator with real coefficients

given by
N N

A=Y "Dj(a;D;)+» FD;j—H=A+F-D—H, (1.8)

ij=1 i=1



where Ay = ZN Dj (a;;D;) and F = (F),_,

i =1 ; ~- We study the parabolic problem

77777

{ Owu(w,t) = Au(x,t), o € RN t>0,

u(z,0) = f(x), r e RV, (1.9)

where f € C,(RY,R) for N € N is given.
We assume the following conditions on the coefficients of A which will be kept without
further mentioning.

Condition 1.1.

(i) a; € CEL*(RYN,R), F;, H € C2H(RYR), ai; = aj; foralli,j =1,..., N, inf,ep H () =

loc loc

Hy e R.

(i) There exists A > 0 such that
N
MEP <Y ay(a)gg;  forallz, & € RY. (1.10)
ij=1

(iii) N > 2.

Notice, that the diffusion coefficients (a;;); j—1...
potential H are not assumed to be bounded in R¥.

In [BLO7, Section 2.2] the existence of a classical solution u = u (x,t) of the problem
(1.9) was proved, i.e.

e

ue C(RY x[0,00)) NC*" (RY x (0,00)),

under the weaker assumption H, F}, a;; € C*(RY R), 4,5 = 1,..., N. The idea of the proof
was to consider the Cauchy-Dirichlet problem

Opun(z,t) = Auy(z,t), € B(0,n),t>0,
Up (z,t) =0, x€0B(0,n),t>0, (1.11)
un(x,0) = f(x), x € B(0,n),

in the Ball B (0,n) for a given f € C. (RN) and n € N with supp f C B(0,n) and
n > ng. By classical results for parabolic Cauchy problems in bounded domains (e.g.
[Fr64, Chapter III, §4]) we know that the problem (1.11) admits a unique solution

Uun € C (m % [0, oo)) N CFl+a/2 (B (0,n) x (0, 00)).
Moreover, Condition 1.1 implies the existence of the unique Green’s function
0<pn=npn(zr,yt)eC(B(0,n)x B(0,n)x(0,00))
such that for each fixed x € B (0,n) it holds
P (,-,-) € C2FHHY2(B (0, n) x (ty,15))
and for each fixed y € B (0,n) it holds

Pn ('7 Y, ) S O2+Oc,1+a/2 (B (0, TL) X (tl, tg))

6



for all 0 < t; < t5 < co. Furthermore, for each fixed y € B (0,n) the function p, (-, v, -)
satisfies

atpn (l’, Y, t) = Apn ($7 Y, t)
with respect to (x,t) € B(0,n) x (0,00) and for each fixed x € B (0,n) it holds

Orpn (2, y,t) = A'pn (2,9, 1)
with respect to (y,t) € B(0,n) x (0,00), where
A*=Ay—F-D—divF — H (1.12)
is the formal adjoint operator of A, such that
o (Y, 2,t) = pn (2,9,1) (1.13)

is the unique Green’s function of the problem

Oyun(y,t) = A*v,(y,t), y € B(0,n),t>0,
vn (y,t) = 0, y € 0B(0,n),t>0, (1.14)
vn(y,0) = f(y), y € B(0,n),

One can find the proof of these statements in [Fr64, Section III, §7]. The existence of

v (y,z,t) = pn (x,y,t) holds also under weaker assumptions such as a;; € Cof® (]RN )

loc
F, e Cui (RY) and H € Cg, (RY) for all 4,j = 1, ..., N. For the solution u, of problem

(1.11) we have
w e t)= [ (et £ () dy
B(0,n)

and
/ oo (x,y,t) f(y)dy — f(x) as t — 0 for each x € B (0,n)
(o)

and for the solution v,, of problem (1.14) we have

vy (y, 1) :/B(O )pn (z,y,t) f (x)dx

and

/ oo (2, y,t) f(2)de — f(y) ast — 0 for each y € B(0,n).
(o)

In the language of semigroup theory, the operator A, = (A, D, (A)), where

Dn(A):{ueCU(B(O,n))ﬂW27q(B(O,n)) forall 1 < ¢ < oo : Auec( (0, n))}

generates an analytic semigroup (7}, (¢)),>, in the space C ( (0, n)> and, for every f €

c(BO.m),

@) =T 0 @) = [ len 0 f @)y (0.0 € BO.0)x (0.).



(See [Lu95, Corollary 3.1.21 (ii)].) In [BLO7, Chapter 2], using the classical maximum
principle, one obtains that the sequence (p,,) is increasing with respect to n € N. One
sets

p(z,y,t) = lim p, (z,y,t), pointwise for (z,y,t) € RY x RY x (0,00),  (1.15)

and defines the linear operator 7' (t) in C, (RN ), for any ¢t > 0, by setting

T @)= [ pan0f Wy @0 eRY x (0.%).

Furthermore, in [BLO7, Capter 2] (and in [MPWO02] for the case H = 0) was proved that
the family (T (t)),», is a semigroup of linear operators in Cy, (R"). In general, (T (t)),-,
is not a strongly continuous semigroup in Cj, (RN ) Nevertheless, T'(t) f tends to f as
t tends to 0, uniformly on compact sets. If f vanishes at infinity, then, actually, T (t) f
tends to f as t tends to 0, uniformly in RY. But this does not mean that the restriction
of (T (t)),50 to Co (RY) is a strongly continuous semigroup, because, in general, Cy (R)
is not invariant for (7' (t)),., (see e.g. [BLO7, Proposition 5.3.4]). Since, in general, the
semigroup (7 (t)),», is neither strongly continuous nor analytic, then the infinitesimal

generator does not exist in the classical sense. This gap is filled introducing the concept
of a “weak generator” A with domain D(A) C C, (RN ) In [BLO7, Capter 2] the weak

generator <A, D (A)) was defined by

D(A) = {f € Cy (RY) : (2,t) — T(t)f@? — ) 4 bounded in RY x (0,1)

T -7

and — g € Gy (RY) pointwise as t — 0+} (1.16)

and for f € D(A) it holds

pointwise.

Af:Af:%E%%

~ A~

We have D(A) C Dyax (A) and D(A) = Dpax (A) if and only if the problem (1.9) is
uniquely solvable for each f € C, (RY) in bounded functions. Moreover, T'(-) f (-) is for
f > 0 the minimal solution among all positive solutions of the problem (1.9).

We remark that we can construct the semigroup (7™ (t)),., with weak generator

(A*, D(/l*)), D(A*) C Dyax(A*) (see (1.12)) if there exists Hi € R such that
H*(z)=H (z) +div F () > H} for each z € RY.
This fact follows again from [BL0O7, Chapter 2|. Combining (1.13) and (1.15) we obtain
p*(z,y,t) =p(y, x,t) for all (z,y,t) € RY x RY x (0,00). (1.17)

We formulate the main properties of (T'(t)), in the following proposition. The proof
can be found in [BLO7, Chapter 2] and in [MPWO02] for the case H = 0.

Proposition 1.2. For the semigroup (T (t)),s, the following statements hold.

8



(i) fRNp(x,y,t) dy < et for all (x,t) € RY x (0, 00).
(i) 0 <p(x,y,t+s) = [onp(x,2,t)p(2,y,s)dz for all z,y € RN and s,t > 0.
(iii) For each fized y € RY it holds Osp (x,y,t) = Ap (z,y,t) for all (z,t) € RN x (0, 00).
(iv) u(z,t) = [pvp(z,y,t) f(y)dy solves Problem (1.9) for each f € C, (RY), u €
C (RN x [0,00)) N CRtotrel2 (RN x (0,00)) and it holds

loc

Ju (2, 8)] < e fll -

(v) For each f € D (121) it holds

o [ ol 00wy = [ plen DAYy for all (1) €RY x (0,00).
(1.18)

(vi) For any bounded Borel function f > 0 with f % 0 it holds

/ p(z,y,t) f(y)dy >0 for all (z,t) € RY x (0, 00) (1.19)
RN

(positivity ) and hence for any nonempty open set U C RN and all (z,t) € RN x
(0,00) it holds T (t) 1y () > 0 (irreducibility ).

(vii) For any bounded Borel function f it holds T (t) f € C, (RY) for each t € (0,00)
(strong Feller property ).

(viii) For any f € Co (RN), T (t) f — f ast — 0 in C, (RY).

(ix) Let (f,) C C, (RN ) be a bounded sequence converging pointwise to a function f €
Cy (RN). Then T (-) fo — T (-) f as n — oo locally uniformly in (0, 00) x RY.

Remark 1.3. a) Analogous to the proof of the statement (iii) one sees that for each
fixed z € RY it holds d;p (z,y,t) = A*p (z,y,t) for all (y,t) € RN x (0, 00).

b) From Condition 1.1 (i) it follows that for each fixed x € RY, D®p (z,-,-), 0,D"p (z,-,-) €
Cg. (RN x (0,00)) for 0 < |B] < 3,0 < |y| < 1 and for each fixed y € RY,
DPp (-, y,-), 0:Dp(-,y,-) € Cf, (RN x (0,00)) for 0 < 8] <4, 0 < |y] < 2 (see e.

g. [Fr64, Chapter 111, §5, Theorem 10])

loc

We now give a definition of a Lyapunov function.

Definition 1.4. We call a function 1 < V € C? (RN ) Lyapunov function for A if
limg o V (2) = 00 and there exists a constant K > —Hy such that it holds AV (x) <
KV (z) for all x € RY.

Remark 1.5. The most important consequence of the existence of a Lyapunov function
is the uniqueness of a bounded solution of Problem (1.9) for each f € Cy, (RY) (see [BLO7,
Theorem 4.1.3]). The uniqueness implies immediately that if H = 0 on R, then

/ p(x,y,t)dy =1 for all (z,t) € RY x (0, 00), (1.20)
RN
since u (x,t) = 1 is the unique solution of Problem (1.9) with f =1 and H = 0.

9



We now prove some properties of the Lyapunov functions.

Proposition 1.6. Let V be a Lyapunov function for A such that AV < KV for some
K > —Hy. Then for each M > 1 the function W = Var s also a Lyapunov function for
A such that

K— (M —-1)H
AW < ( oy, < rew.
M
Proof. A simply computation gives
1 M—-1 M—-1
AW = Mvﬁ—lflv - HV 3 — i V124 (DV, DV)
< K—(M—l)Hovﬁ
M
K — (M —1)H,
= W.
M
Since K (M- 1)
K>— 705 g
el M 05
the statement follows. [ ]

The next two propositions were proved in [MPWO02 (2)], [LMPR, Proposition 2.4] and
[MPRO6] for the case H = 0.

Proposition 1.7. Let V be a Lyapunov function for A such that AV < KV for some
K > —Hy. Then, for every t > 0 and x € RY, the functions p(z,-,t)V (-) and
p(x,-,t) |JAV (+)| are integrable. If we set

Cwt = [ plendV O @)=V,

for (z,t) € RY x (0,00), the function ¢ belongs to C** ((0,00) x R¥) N C ([0,00) x RY)
and satisfies the inequalities

¢ (x,t) < eV (2) (1.21)
and
o< [ plann AV ) (122

Proof. For o > 1 weset V, =V A« and
o) = [ pen)Va@dy=T®Valo)  and ¢, (@,0)=Va (o),
R

for (x,t) € RY x (0,00). For every ¢ € (0,1] let ¢, € C* (R) be such that ¢, < o+ £,
. (t) =tfort <o, . =a+5 on[a+teo00), g > 0 and ¢! < 0. Observe that
¢, (t) = tAaand . (t) — I(_q (1) pointwise as e — 0. The function ¢, o V' belongs to
Dinax (A) since 1 < ¢, (V) < a+ % and ¢, (V (2)) = a + £ for all sufficient large z € RY.

Proposition 1.2 (v) and the fact that D (A) = Dpax (A) yield

o [ oGty o (Vs = [ ot Al (V () dy

N

10



for (z,t) € RY x (0,00). On the other hand,

Alp. (V) = wL(V(y)A (y)+<ﬂa( (¥)) a (DV (y), DV (y))
+(H (y) = Ho) V (y) w2 (V () = (H (y) = Ho) . (V ()
+HoV (y) o2 (V (y)) — Hop (V () -

Since ¢” < 0, it holds
(el (1) =tl () + 9l () S i(t)  fort>0. (1.23)
Integrating (1.23) from 0 to ¢t > 0, we obtan
tol (t) < . (1) for t > 0. (1.24)

Using the fact that
H(y)—Hy>0 for each y € RY,

we conclude

(H (y) — Ho) V (y) pL (V (y)) — (H (y) — Ho) ¢ (V (y)) < 0.
We then have

Al (V (1) <. (V(y) AV (y) + HoV (y) v (V (y)) — How (V (y))
and thus

Oy (eHOt / p(@,y,t) - (V (y)) dy)
RN
—Hoe [ papt) o (V@) dy+ e [ plat) AoV () dy
R R
< [ (o)L (V () AV () dy
R
FHE [ )V ) LV ) dy (1.25)
R
for (z,t) € RY x (0,00). Observe that p. oV < a+ 1 and ¢, oV — V, pointwise
as ¢ — 0. From Proposition 1.2 (iz) we deduce that T (t) (p, o V) — (, uniformly
on compact subsets of RY x (0,00). The interior Schauder estimates (see e. g. [Fr64,

Chapter III, Section 2, Theorem 5]) imply that 0,1 (t) (¢. o V') — 0:(, as € — 0 pointwise
on RV x (0,00). From (1.24) we obtain

o [ by VDAV G)dy < K [ pryt) oLV )V () dy

IN

K1 [ bt VW)V () dy

Kl [ pGeant) o (V () dy
< |K|(a+1)

IN

and

e [ (e V)LV () dy

IN

ol [ pa0V @) e (V () dy

11



IN

1l [ e 0o (V () dy
< |Ho|(a+1).

Observe that 0 < ¢’ (V) < ]l{vgwé} for all € € (0,1]. Letting e — 0 in (1.25), the theo-
rem of dominated convergence with majorante (o + £) (| K| + |Ho|) p (x,y,t) thus yields

O (eHOt(a (z, t)) = Hye"'¢, (z,t) + ™'0,(, (z,1)

< [ p ) AV () oy () dy
R
SHe [ eV ) e G)dy. (126)
R

If H() > O, then

HoeHot/Np(w,y,t)V(y) Lv<ay (y)dy < HoeHOt/Np(l’,yJ) Va (y) dy
R R
= HoeHotC

(e}

and hence
D€, (1) < / p (2,9, 1) AV (1) Ly<ay (1) dy.

RN
If Hy < 0, then

at (eHOtCa (I; t)) < eHOt/ p (I, Y, t) AV (y) ]I{Vﬁa} (y) dy
RN
So we get

at (6min{Ho,0}tCa ({L‘, t)) < 6min{Ho,O}t/ P (I‘, n t) AV (y) ]I{Vga} (y) dy (127)

RN

Hence, since AV < KV, it follows

0, (emin{Ho,O}tCa (m,t)) < Kemin{Ho0} /Np(Ly, OV (y) Lv<ay (v) dy
R
S |K| emin{Ho,O}tCa (ZL’, t) .

Gronwall’s lemma now gives e™™{Ho.0k¢ (1 ¢) < K1V, (2). Letting a — oo we obtain
by Fatou’s lemma that ¢ (z,t) < e(KI=min{Ho0Nty (2) g0 that V' is integrable with respect
to the measure p (z,y,t) dy. Thus (,, (x,t) — ( (z,t) as a — oo for all (z,t) € RY x [0, 00)
by dominated convergence. The inequality 0 < (., < (, the interior Schauder estimates
(see e. g. [Fr64, Chapter III, Section 2, Theorem 5]) and Ascoli’s theorem show that (¢,,)
is relatively compact in C*! (RY x (0,00)). Since ¢, — ¢ pointwise as a — oo, it follows
that ¢ € C1? (RY x (0,00)). Moreover, since (, (z,t) < ( (z,t) < elKlmmin{tHo0Nty (5),
we obtain
Vo () <liminf ¢ (z,t) <limsup( (z,t) <V (x).

t—0 t—0

It follows that ¢ (-,t) — V as t — 0 pointwise. Set £ = {y € RY : AV (y) > 0}. It holds
[peo VW d <K [ peonV @ <Ky <c. (129)
B B

12



Moreover, letting o — oo in (1.27) we obtain

0y (emntHo 0¥ ¢ (7 ¢)) < lim inf emm{Ho.0) / P @y, 1) AV () Ly<ay (y) dy.
R

a—00

This fact and (1.28) imply that |AV| is integrable with respect to p(z,-,t), and so the
above liminf is a limit.
Letting o — oo in (1.26), we also obtain

o0 < [ et av i

and hence

Since ¢ (x,0) =V (x), Gronwall’s lemma yields

¢ (z,t) < eV (2) for all (x,t) € RY x (0,00).

m
The next statement can be found in [LMPR, Proposition 2.5] for the case Hy > 0.

Proposition 1.8. Let ¢ € C?([0,00),R) be a convex function such that g(0) < 0,
limg .o g (s) = 00 and 1/g is integrable in a neighborhood of oo and V' be a Lyapunov-
function for A such that AV < —g (V). Then for each ty > 0 there exists a constant
C' = C (to) > 0 such that

/ p(z,y, )V (y)dy < em=>HoOE for all (x,t) € RN x [tg, 00) .
RN

Proof. Since g is convex, it follows that ¢” (s) > 0 for each s > 0. Then for each s > 0
we have

sg" (s) + 4 (5) 2 g'(s)

and hence
(s9'(5)) = ¢/ (). (1.29)
Integrating (1.29) from 0 to s > 0 we obtain
5 (5) > g(s). (1.30)

We investigate two cases: Hy > 0 and Hy < 0.
Let Hy > 0. Then Proposition 1.2 (i) yields

1 —/ p(x,y,t)dy >0 for all (x,t) € RY x (0,00). (1.31)
RN
Let us prove that
[ ronsoyaza( [ penove). (1.32)
RN RN

We set
50:/ p(z,y,t)V (y)dy >0 for fixed (z,t) € RY x (0,00).
RN

13



For every y € RY we then have

9(V(y)) =2 g(s0) + 9 (s0) (V (y) — s0) (1.33)

(see [Ev97, Appendix B1, Theorem 1]) and therefore, multiplying by p (x,y,t) and inte-
grating, we get

/RNp(:v,yjt)g(V(y))dy > g(So)/RNp(:v,yJ)dyﬂLg’(So)éNp(x,y,t)V(y)dy
—504" (s0) /RNp(:v,y,t) dy

= g(So)/RNp(x,y,t)der809’(80) (1—/RNP(:B,y,t)dy)

With (1.30) and (1.31) it follows that

/RNp(x,y,t)g(V(y))dy > 9(80)/RNp(x,y,t)dy+g(so) (1—4Np($,y7t)dy)
= g(s0)

= Q(ANp(x,y7t)V(y)dy>~

Proposition 1.7 and the assumption AV < —¢g (V') further yield
O (/ p(%y,t)V(y)dy) < / p(x,y,t) AV (y) dy
RN RN

< —/RNp(x,y,t)g(V(y))dy

< o[ pennvera).

Therefore [on p (x,y,t)V (y) dy < z (x,t), where z = z (x,t) is the solution of the ordinary
Cauchy problem
Z=—g(2), t >0,
{ z(z,0) = V(x),

for each fixed z € RY. Let zy € R denote the greatest zero of g. If V (z) = 2, then
z(x,t) = zo for all t > 0. If V () < zp, then z (x,-) is less than zy. If V (2) > 2o, then
z (x,-) is decreasing and greater than z,. Let now t > t; > 0 and V (z) > zo. It then
holds g (s) > 0 for s € (zp, 00) and

Hwt) g > ds #2t) g *  ds
0<ty<t=— =2 < S - 7 <.
Vi) 9 (s) V(z) 9 (s) Vzg) 9 (s) z(zt) 9 (s)
Since é is integrable in a neighborhood of oo, there exists a unique Cy = Cy (ty) >

z (x,t) > 2o such that
; /OO ds
0= :
Co(to) g (S)

As a result, Cy > 2 (z,t) for all t >t and x € RY. So we obtain

/ p(x,y,t)V (y)dy < Cy for all (z,t) € RY x [tg, 00) .
RN

14



Let now Hy < 0. At first we show that

o [ g sz g (¢ [ o ovima).

N
From Proposition 1.2 (i) it follows that
e~ Hot / p(z,y,t)dy >0 for all (x,t) € RY x (0,00). (1.34)
RN
We set
Sp = eHOt/ p(x,y,t)V(y)dy >0 for fixed (z,t) € RY x (0, 00).
RN
Multiplying (1.33) by p (z,y,t) and integrating, we get
[ gy = g0 [ peptdreg (0 [ o0V edy
RN RN RN
—509’ (So)/ plx,y,t)dy
RN
=9 (80)/ p(2,y.t) dy + sog’ (s0) (eHOt —/ p(z,y,t) dy) :
RN RN

Using (1.30) and (1.34), we estimate

effot /RNp(x,y,t)g(V (y)dy > g <€H°t/R p(z,y, )V () dy> :

N

We apply again Proposition 1.7. From (1.22) and the fact that Hy < 0 it follows that
) (eH(’t/ p(z,y,t)V (y) dy) < eH(’t/ p(z,y,t) AV (y) dy
RN RN
< —eHOt/Np(af,y,t)g(V (y)) dy
R

< —g (eHDt /RNp(x,yjt)V(y) dy)-

Analogous as in the case Hy > 0, we obtain that for each ¢y > 0 there exists a constant
C' = C (to) > 0 such that

eHOt/ p(z,y,t)V (y)dy < Cy for all (x,t) € RY x [tg, 00)
RN

and the statement follows. ]

Remark 1.9. Under the conditions of Proposition 1.8 and if H (z) = 0 for each x € RY,
then the semigroup (7' (t)),s, is compact in C, (RY) (see e.g. [BLO7, Theorem 5.1.5]).
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Chapter 2

Sobolev regularity of the transition
kernel

2.1 Global boundedness of the transition kernel

We fix an arbitrary # € RY and consider p as a function of (y,t) € RY x (0, 0c0).

Condition 2.1. Assume that Condition 1.1 holds. There exist K > max{0, Hy} and
M > % such that M > 2, a function 1 <W € C? (]RN) and a Lyapunov-function V with
AV < KV such that

%4
— > 1+&2+|Da|2+|F|2+|divF+H|
w 1+ |yl

L (DW DW) (Za D(DiW))>2>

=1

on RN .

Theorem 2.2. Assume that Condition 2.1 holds. Then we have

W) p (2,1, 1) < C[/RNp(g;,z,s)W(z) (xp (2) + tMlH) dzds

for all (x,y,t) € RY x RY x (0,00), where

U= [1+|Da)*+ |F| + |div F + H| + o

a(DW.DW) J S a(D(D;W), D (D;W))
and C' =C (\,N,M) > 0.

Remark 2.3. We assume that Condition 2.1 holds and let (z,t) € RY x (0,00). Then
Theorem 2.2 says that there exists a constant C' = C' (A, M, N) > 0 such that

W )p(x,- )] < O/ /RN T,Y, S < (y)+tMl+1W(y)> dyds. (2.1)

For possibly different constants C' = C' (A, M, N) > 0 we obtain the following conse-
quences.

16



a) Due to (1.21), for W = 1 we obtain

Il =€ (507 @) (= %) 4 ). 22)

Hence for all (z,y,t) € RY x RN x (0, 00) the function p (z, -, ) belongs to L (R™)
for each ¢ € [1,00]. Moreover, for each z € RY and all 0 < ¢; < 5 < oo we have
p(x,--) € L1(Q (t1,tz)) for each g € [1, 0.

b) If W is also a Lyapunov-function such that AW < K W for some Ky > 0, then we
get

W (p (o0l < 0 (1 (e

Sl
N—
<
S
= -

~
S =
—
/N
®
g
|
o
| X
S
N
S
~—
N———

c) Since 1 < W <V, in general we have

p(.y.t) < 2 (oKt = ) (ﬂ% ¥ 1) Vie) 23)

for all (z,y,t) € RY x RN x (0, 00).

d) If there exists a convex function g € C? ([0, o0) , R) such that g (0) < 0, limy .o, g (5) =
00, 1/g is integrable in a neighborhood of co and AV < —g (V) on R¥, then Propo-
sition 1.8 yields the boundedness of [ox p(z,y,t)V (y)dy on RY x [a,T] for all
0 <a<T < oco. From (2.1) and Proposition 1.8 we infer that for each a > 0 there
exists a constant C' = C' (A, M, N, «) > 0 such that

1
p(z,y,t) < Ctemax{_HO’O}tW—() for all (z,y,t) € RY x RY x [a, 00) .
)

Since W > 1, we obtain the global boundedness of p on RY x RY x [a, T for all
0<a<T <oo.

Proof of Theorem 2.2. Let x € RY be fixed. We consider p as a function of
(y,t) € RY x (0,00). Further, let 0 < a < oo, and 7 € C*(R) be such that 0 < 7 < 1,
T(t)zoforogtg%,T(t)zlfortZaandOgT’g%. Let € € (O,ﬁ] and set

p

B=(1-3)eM+2)>0 and 4= (2.4)

1

(In this proof we only need € = 57,

For i € {1,..., N} it holds

but for Proposition 2.11 below we also need ¢ < 37.)

ST W i D
+ B0 W apt 2 Dy, (2.5)

We will use the Jensen’s inequality

J 4 J
(Zw) <IN ml, mi20,g>1,JeN i=1,..J.
i=1 i=1

17



We apply the Jensen’s inequality to (2.5) with J = 3 and ¢ = 2 and get

|D (P niwtept—e)

IN

N

L= (D)
i=1
33

(5

+ (ﬁfénﬁ‘lWl‘gpl‘gDmnf)

2 2
2_ € 1>
W5 2Dlp> +( gfﬁnQW‘zplvDiW)

(2_5>2 25_2871/2 2 (2_5)2 25, 2 2 2
= (B o+ C g pw
_'_527257725 2y 2= 2= £ 1D, | ) (2.6)

We apply the Jensen’s inequality to (2.6) with J =3 and ¢ = M. It follows

M 31 (2 — )™ ( 26M

‘D (T(Sngwl—%pl—%) QBMw2M €M —eM |Dp|2M

= 921 Tln
%—T26A4 26A4‘¢/—5A4 2M — €A4|1)L@W2A4

22 20
20M 2BM72MW2MfsMp2M75M |D?7 |
(2 o 6)2M n n

(2.7)
Moreover since 2M > N and 7nfW'~2p'=2 € WM (RV) (for each fixed ¢ > 0 and

each x € RY), Morrey’s inequality (see [Ev97, Section 5.6.2, Theorem 4]) yields that
there exists a constant S = S (N, M) > 0 such that

5 3 1-¢ 1-<|?M
S sup |7 (8)"n, ()" W (y) 2 p(2,y,1)
yeRN
: Lo\ [2M
<[ (P C@rnmwn = o)
RN
5 3 1-£ 1-2\ M
+ (T )W W) @y ) ) )dy (2:8)
for all (z,t) € RY x (0,00). Combining (2.7) and (2.8), we deduce
22MS 2M

sup
32M-1 (2 — 5)2M JERN

1
S/ ()M, ()M W ()N ————— |Dp (2, y, )P
RN p(x,y,t)
7P, )W ()M p (2, y, )M DI ()M
2%W62M
(2 —¢e)*M
2%%

32M-1(2 — g)?M

T, ()W () 2 pla,y. 1) 2

- T ()M 0, ()W ()M (2, y, )M M D, ()Y

n

T (M0, )W ()M p (., t)QM_EM> dy.
(2.9)
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We set

]- 2M
IW |Dp (z,y,1)]

+7 ()M, ()M W ()M p (2, y, )M [ DW ()P

22Mﬁ2M 2BM—2M 2M —eM 2M —eM 2M
N (v) W (y) p(z,y,1) 1Dy, (9)]

22M

Ty (2—e)*

wo (m,y,1) = (M0, )M W ()M

)My

n

", )W ()M M p (2, y, )M (2.10)

n

for (y,t) € RY x (0,00) and any fixed x € RY. From (2.9) it then follows

2M

22M3 5 B 1-¢ 1-<
201 (3 o) Sup. ()1, ()" W(y) 2p(2,y,t) >
_ a

< / Wy, (z,y,1) dy
RN

(2.11)
for all (z,t) € RY x (0,00). Using
N N N
Op = aDup+ Y DrapDup— Y  FyDyp — p(div F + H) (2.12)
hk=1 hk=1 h=1
and
N
0, (IDpl*) =2 DipD; (9ip) , (2.13)

=1

we compute

8t( 26M7726MW2M eM _~ |D |2M)
pM
1 2M
peM |D |

1
o €M7_26M7772I,6’MW2M—5MP - |Dp|2M yp

—25M7J7'26M 17]2,8Mw2M eM

MM aMp Do 0, (|Dpf?)

1
peM
o gMTQJMniBM WQM—EM pEM+1 Z athhkp
h,k=1

N
w1
- €M725M777216MW2M M ‘Dp|2M Z Dyang Dyp

peM—i-l
hk=1
N
+ Z_:]\47_2(5M,I,}3L6MI/I/'2M—<€Mpdw+1 |Dp|2M Z Fhth
h=1

+ e MMMy M e |Dp|2M (div F + H)
pM
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N
1 _
N RM MM e | Dp| 2 D;an, DyepDip
paM
i k=1

N
1 -
+ 2M 72O oMy M= EMpsM (D™ > anDinkpDip
i hk=1

N
1 _
4 QM 2OM 2B My 2M EMPEM | DpM 2 Z Dixan,DipDpp
i hik=1

N
1 _
+ 2M Mo M 8M}DaM [Dp[*™™* > | DiamDinpDip
ishoh=1

oty Ly S b DDy
i,h=1

N
1 _
— QM 2OM My 2M = EMpeM |Dp|2M 2 Z FnDynpD;p
i,h=1

N M M R MM |Dp|2M (divF + H)
pM

QN PM My MM 1M | [y 20 2ZD (divF + H) D;p, (2.14)

=1

_25M7_/7_25M 1n2ﬁMw—aM 2M—eM |DW|2M
+ M (2 - ) 20M 2BMW EM 2M—eM—1 |DW‘2M atp
_26M7_/7_25M 17725Mw—5M 2M —eM |DW|2M

N
+ M (2 B 5) T2§MniﬁMW—eMp2M—eM—1 |DW|2M Z ans Dukp
h,k=1

M (2 ) S DY S D,y
h,k=1

(e ey S Dy
h=1
— M (2 — &) pMp2PMyy—eMp2M =M | Dy M (div F+ H),  (2.15)

92M 62M 5 2M

M
5 _ 6)2M
92M+1 )\ s 52M o)
:—T,T26M_17]2'8M_2M WQM—EMPQM—EM |_DT] |2M
(2 —e)*M " '
2M
% MMMy 2N PN | Dy, P Oy
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92M+1 )y 32M 5
B (2—5)2M o "
PMMB™M s
(2_ )QM 1

2— )2M nd n

22MM62M
- (2 . 5)2M lT n

(2 . 6)2]\471 n

/ 26M—17]2,8M—2M T 2M—eM

=M D, P

N
7725M 2Myyr2M— eMp2M eM—1 |D77n|2M Z ank Diip

k=1

N
oM
20M  26M =2M 17 2M —eM 2M =M =1 1y, | Z DyapkDypp

h,k=1

N
26M7725M 2Myy2M — sMp2M eM—1 ’DnnIZMZFhDhP

h=1

22MM62M 20M _2BM —2M 2M —eM 2M—eM 2M :
72OMp2BM=2Myr2M=eM2M =M By (2Y(Qiy 4 H) |

(2.16)

22M 20M , 2M By 2M—eM , 2M—eM
€ 11
a'5<32M—1 @_op v )
_ 22MHN 6 1 20M— 1,’72M,8W2M aMpQM eM
32M-1(2 — )M
22M M 26M . 2M
Byx2M—eM , 2M—eM—1
+ 1 (3 5)2M71 W P Oip
. 22MHIN 6 1_25M—1, 2MB1r 2M—eM  2M—eM
— si7 T T PW D
32M-1(2 — ¢)
+ 2°M M 26M 2M By r2M sM oM —eM—1 Z D
Y sr=1T 'n hkLnkp
3 (2—¢) hk=1
N
4 22MM 2§M 2M,Bw2M eM 2M—eM—1 Z D D
1 =1 T m, p EQpkLpP
3 (2—¢) hk=1
_ 22M £ 1 25M772M,BW2M sM 2M—cM— 1ZFhth
32M—1 (2 . 5)2M 1
_ 2°MM 7_26Mn2MﬁW2M—aMp2M—aM (div F + H).
32M-1 (2 _ 5)2M—1 n

(2.17)

Simplifying the sum of (2.14)-(2.17) and integrating over RY with respect to y, we deduce

_ 26M  2BM 1 2M—eM 2M—2
Oy /}RN wndy—/RN (2]\/[7' n, YW EM | Dpl Z ank DinkpDip

+ 2M7_25M772BMW2M eM 1

paM |

i,h,k=1

Dp[*"~? Z Dixany DipDpp

ihk=1

N
_ 2MT25Mn25MW2M—sMp1—sM ]Dp|2M_2 Z D; (divF + H) D;p

21
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N
1 .
QN[ 2M 2BM M M paM |Dp*™™* >~ D;F,DipDyp

i,h=1
oM M M—eM 2M
— e MM pZPMy? peM+1 | Dp|™™ Aop
92M \f
7_2(5M 2Mﬁw2M7€Mp2M76M71A0p

32M—1 (2 6)2M—1

2M
(222]\_4]\??]\/[ : 26M iﬁM 2M yj72M — sMpQM eM—1 |D77n|2M Aop

+ M (2 . 6) 7_26M 2,6’MW—6M 2M—eM—1 |DW|2M Aop

+€MT25M772BMw2M eM ‘Dp‘2MF Dp

pz-:M+1

N
1 _
19 MTzaMn%MW?M M paM ] Dp|2M 2 Z Diapy DprpDip
i,h,k=1

N
1 _
+ 20 2OMy2BM 20 EMpsM | Dp[* Z Dyank DinpDip
i kel

N
1 _
. 2M7_2§M,,726MW2M gMpaM |Dp|2M 2 Z FyDypDip
i,h=1

22MM 2M
. ﬂ 25M?725M 2Mw2M z—:Mp2M eM—1 |Dnn|2MF . Dp

(2 . 6)2M 1
22MM 26M, 2M
Bix2M—eM , 2M—eM—1
Y ST SPWERTE D F-Dp
3 (2—¢)

_ M (2 _ 5) 7—26M QBMw—aM 2M—eM—1 |DW|2M F Dp
— M (2 — &) 720My2BMyy2M—eM _—__ ]Dp|2M (div F + H)
pM

1
+ 26M7_I7_25M 17725MW2M eM EM | ’ 2M
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We consider the positive terms on the right hand side of (2.18). Applying repeatedly
Young’s inequality and using M > 2 and (1.7), we estimate
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We then get

32 M?
at/ wpdy < / <_ (5M 2l 2t ) 7200, 260
RN RN 4

MM psMH | Dp|** a (Dp, Dp)

DW|2M

—E& —E& |
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2M+3 32M 2M
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81M3
T WA Dyl (1Dal + |

+4M2 (2 _€> 7_25M Q,BMWQM eM— 1p€M ’Dp’QM (‘Da‘ + ‘FD |DW’

1 1
+85M7’26M 1772,8Mw2M sMpEM |Dp|2M a

1 DW, DW
+oM3 (2 - )2 26M,'725MW2M aMng |Dp|2M a( i )>dy.

We remark that
0<20M —1 and 0<26M —2M —2 < 26M —2
so that it holds
0 < 720M < ;20M-1 < and 0 < g2BM < 2PM=2 < 2BM-2M=2 ¢ |

Using Young’s inequality, (1.10) and the inequalities

M(2-¢) <3 and e < 1
M —eM -1 — 2 — oM’

we infer that

2772
8t/ wndy < / [— <6M — M2 - 3T M7 ) 720M 26M
RN RN 4

-VVm”*“”pdw+2MDpf”[ a(Dp, Dp)

C
25]\/[ 1, 28M—-2M—2 2M—eM  2M—eM
+€2_M ;! & W ““p €

a , a (DW, DW M
+EM54-QD@2+MV+vaF+fﬂ
(OW,DW) | ~a(D((DW),DD:W))
a , a i s i
+T + Z e + 1) ]
=1
1
+C 26 M — 1n2ﬁM 2W2M eM — | |2M
p
( |al Il?al-%|f7l> L yiony
1+y> 1+yl ==
1 . DW, DW
+E+WDM?HFF+mwF+fﬂ+gLﬁvr—l”d% (2.19)

for a constant Cy = Cy (a, e, A\, M, N) > 0 and a constant C' = C' (A, M, N) > 0. Moreover,
for arbitrary U > 0 it holds

TQ&M—lniﬁM—QWQM—aM pslM |Dp|2M U
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M

M +12M? ! h
§< + €_T25M7726MW2MEM—\DP|2MCL(DP’DP)>

M 4 n psM—f—Z

22M WM —M—1_ 28M—2M—2 ZMM?MMMlﬁ+1
. M il 77777167 CWEEEp U
e2M)\MNIM (M 4 1)
22 02 3 1 2M
< : T2OM 260 yy2M EMWWM a(Dp, Dp)
22M

20M—-M—1,28M—2M—2yy2M—eM  2M—eMyrM+1
+ g2M \M prm (M+1)M+1T Ul W p U )

(2.20)

From (2.19), (2.20) and the fact that eM — 2eM? > 0 it then follows

C 20M—M—1, 2BM—2M—2yx/2M—eM , 2M —eM
at/RandyS/RNéjQ_MT nnﬁ W € D 5

o s+ Do + e
1+ |yl
a (DW, DW)

+ |div F + H| + 2

M+1
+ 1) Lin<jyi<2n}

a (DW, DW)

1 2 2 .
+W+<|Da| + |F|” + |div F + H| + 2

. Za(D (DiWV)V;D (D:W)) +1> ]dy (2.21)

for a constant Cy = Cy (a,e, A\, M, N) > 0 and a constant C' = C' (A, M, N) > 0. Thus
Condition 2.1 implies

at (/N wndy) S C . T2§M—M—1n72f3M—2M—2W2M—EM—1p2M—€M—1 dey, (222)
R R

with a constant C' = C («, e, A\, M, N) > 0. Moreover, from (2.22) and (2.4) we deduce

at </ Wn, (l’,y7t) dy>
RN

<C ((r(t)‘snn<y>ﬁw<y>1—3p<x,y,t>1—5)w)l p(e.y, )V (4)dy

RN
o0 1= saronr
) / P2,y D)V (y) dy
RN

n|m
NI

p(z,y,t)'"

§C<mpf@fmwfwﬁwl

yeRN

for all (z,t) € RY x (0,00). From (2.11) it then follows

1

172M75M
O (/ wndy) <(C </ wndy) / pVdy (2.23)
RN RN RN
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for a suitable constant C' = C' (o, e, A\, M, N) > 0. We remark that (1.19) and (2.10) yield

0<0@0= [ wptdy< [ wudy (2.24)
RN

RN

for all n € N, z € RV and ¢t > §. Observe that ¢t — 6 (z,t) is continuous for t > .
Then from (2.23) it follows

@((/ wndy) h ) §C’/ pVdy
RN RN

for a suitable constant C' = C'(a,e,A\,M,N) > 0. Integrating from § to t > «, we

compute
. 2M—eM
/ wpdy < C </ / deyds)
RN 2 JRN

for a suitable constant C = C (a,e,\, M, N) > 0 and since w, (x,y,%) = 0 for all
z,y € RY. Using (2.11) again, we deduce

2M—eM
. 12M t
: gc(//m,y,s)wy)dyds) .
s JrN

sup |7 ()’ n, ()" W (1) "2 p (2, y,1)'
yeRN

for a suitable constant C' = C (a,e,\, M, N) > 0. For t > o and y € B (0,n) we get

‘ 2M —eM
W ()p (o PN < ( | [ rersve dyds>
2 JRr
2
so that
t
sup |W (y) p (x,y,t)| < C’/ / p(x,y,s)V (y)dyds for all (x,t) € RN x [, 00) .
yeRN & JRN
for a suitable constant C' = C (a, e, \, M, N) > 0. Then (1.21) implies that

up [V (9)p (2. .1)| < 2V (2) ¢ (2.25)

yeRN

for C' = C (a,e,\, M,N) > 0 and all (z,t) € RY x [, 0). Since a > 0 can be arbitrary
close to 0, it follows that

sup [W (y)p (2,y,t)] < o0 (2.26)
yERN

for all (z,t) € RY x (0,00). We remark that then for each fixed z € RY and each ¢t > 0
dominated convergence theorem and (1.21) yield

. W ()M ==M =1y (2, y, )M MV () nepyi<am dy
R

yeRN

2M—eM—1
< <sup (W (y)p(, yi)\) /Np (2,9, ) V(y) Lnpy<omydy — 0 asn — oo.
R

(2.27)
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From (2.21) and Condition 2.1 it then follows

C —M— — — —e —e
at/RN Wnp, (l’,y,t) dy S/RN ((_:Q_MT (t)26M M 17771 (y)2ﬁM M 2W(y)2M Mp(xay7t)2M M

1

' <aM+1 —i—‘l’(y)) dy + vy (2,1), (2.28)
where

: a (DW, DW) M a(D(D;W), D (D;W))
U= 1+|Da2—|—F|2+dlvF+H+T+JZ e

=1
C Mo .
Vn (flfy t) - 62_]?4 N w <y>2M M 1p (.T7 Y, t)QM M Vv (y) ]1{n§|y|§2n}dy (229)
R

for constants C' = C(A\,M,N) > 0 and Cy = Cy(a,e,\, M, N) > 0. Hence 0 <
Vn(z,t) — 0 as n — oo for all fixed (z,t) € RY x 0,00., As above, from (2.28) and
(2.4) and further from (2.11) it follows

O 2M— 5]\4 1
£

o [ ontody < o [ (@ 0,0 W W) e ) T
RN € RN
1

p(2,y,1) (W W) G tW WY (y)) dy + vn (z,1)

1—— 1
2A1> IM—cM
1

p(z,y,t) <W W) S t W)Y (y)> dy + vy (2,t)

yeRN

C _£& _£
= aw (S“p () 0, ()W () p (g, 1)

RN
1

32M — 1 I=or—em
52 22MS /RN wn (7,y,t) dy

/pa:y, < (y)aﬂiﬂ+W(y>‘11(y)>dy+vn(m>

IN

for C'= C (\, M, N) > 0. By means of (2.24) we conclude

m C
<
at((/l;an<x’y7t>dy> ) _52M(2M—6M)

-/RNp(fr,y?t) (W (y) aﬂiﬂ + W(y)‘lf(y)> dy
1
T M =

0 (x,8)7 7y, (2, 1)

for C = C(\,M,N) > 0. Since w, (x,y, %) = 0 for all z,y € R, integrating from § to
t > «a, we observe

p SeAT C t
t <
(/Ran(w,y,) y) _€2M(2M_EM)44Np(w,y,S)
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: (W (v) ﬁ +Wi(y) v (y)) dyds

1

t
ar—ear !
* (2M — 5M) /;‘ 0(x,s) Uy (2, 8)ds. (2.30)

for C = C' (\, M, N) > 0. Then we obtain with (2.11)

sup |n,, ()W () p (2,9, 1)
yERN

+@ﬁ?§ﬂéew$w%f%Mm$@. (2.31)
for a suitable constant C'= C' (A, M, N) > 0 and all (z,t) € RY x [, 00). Observe that

(2.25), (2.26) and (1.21) yield

Ks) 2M—eM

Vy (2,5) < Co (V (z)e for all (z,s) € RY x [%, oo>

for a suitable constant Cy = Cy (o, e, K, A\, M, N) > 0. As above, from (2.27), (2.29),

(1.21) and dominated convergence theorem we conclude that for all fixed (z,t) € RY x
[, 00) it holds

1 ¢ I
G f, @ i =0 asn oo
Letting n — oo in (2.31) we get

sup |W (y)p (z,y,1) _€2M// p(z,y,s ( (y)ﬁJrW(y)‘P(y))dyds

yERN
(2.32)
for all (z,t) € RY x [, 00). Let @ =t and € = 57 in (2.32). We arrive at
! 1
W(y)p(l‘,y,t) S Cﬁ /RNp(mazas)W(z) <\IJ (Z> + tM-l-l) dzds
2
for a constant C' = C' (A, M, N) > 0 and all (z,y,t) € RY x RY x (0, 00). n

Example 2.4. We consider the operator A defined by
A:(1+|m|2)aA—|x|2Bx-D, O<a<p,f>1.
In this case we have
a () = 5 (L4 2)", Fr=— (20 (14 o) + o) @
and

H(z)=0.

42



Now let 8,C > 0. Then for V (z) = Ce’l** it holds

AV (z) = 2600l (— 22 4 N (1 [2f?)" +26 (1+ [2})° |x|2>

IN

250l (— 22572 4 2% (N + 26) |2+ 4+ 29 (N + 25))
< KV(2), (2.33)

where

a(a+1)
o

278=

(2.34)

B+1

K = 21§ (N + 26) ( G
+1)5e

(N +20)F7 (3 0) (a+DF 1) |

The function V (z) = Ce®* is thus a Lyapunov function for A for all §,C > 0.
We remark that If 0 < o = 8 < 1 then V (z) = Ce’** is a Lyapunov function only for
5 € (0,3) and all C > 0 and it holds
AV () = 250 (— 2?2 4 N (1 + [22)" + 20 (1 + |2?)° |x|2)
< 200 (= 2T £ N 4+ N o + 26 |z* + 26 |2**"?) < KyV (2),

where set1) st
2atl yatlgoe 2755 e
K, = A C LN

(1=20)" (a+ 1™ (a 4+ 1) (1-26)a

If 1 <o =4, then V (z) = CePll’ is a Lyapunov function only for § € (0,27!) and all
C > 0 and it holds

AV () = 2600 (— 22 N (1 o) + 26 (1+ [2?)" |x|2)

26065|z\2 (_ |x|20¢+2 + 2a+15 |x|2a+2 + 2a—1N |x|204 + 2a—1N + 204—0—16)

<
S KQV (.Z') 5

where ,
207 Natlpag

+
(1 —20+15)* (o + 1)**

We return to the case 0 < a < £. Ful;thermore, for all 02 < v < 0 < oo there exists a
constant C' > 0 such that V (z) = Ce’l*l" and W (x) = e71#I" satisfy Condition 2.1 for each

9 =

20N 4 291252,

N
M > 5 since the coefficients only grow polynomially. From (2.3) it then follows that for
each M > & such that M > 2 there exists a constant C' = C (A, M, N, «, 3,8,7) > 0 such

that it holds o
oz
Kt Ky 1 €
p(x,y,t)§0<e _e2>(tM+1+1) g

for all (z,y,t) € RY x RN x (0, 00).

Moreover, in this special case we can obtain a better estimate of p by a more direct
estimate, see also Corollary 2.6 below. Let W (z) = ¢”*° and V; (z) = Coefl for
0<vy<d<ooand Cy=C(a,f,d,7) > e such that

W <Wv <.
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From (2.33) we conclude
AVp (x) < —Cyeflal’ 2| + ¢y
2 (1 2\ 7
= —C’le‘;m (3 log e‘sm ) + OQ

= —C3Vp () (log Vo ()" + C
< =03V (z) (log Vp ()% + CoVp (),

where C4, 5y, C3 > 0 depend on «, 3, § and 7. We set
g (s) = Css (log s)* — Cys, s> 1.

Then,
AVy (@) < —g (Vi ().

We remark that g is convex on [1,00). From the fact that [, p(x,y,t) = 1 for all
(z,t) € RN x (0,00) (since H = 0 and there exists a Lyapunov function for A, see (1.20)),
(1.22) and Jensen’s inequality (see [E109, VI, 1.3]) we deduce

o( [ pennvio) < [ oo o

<~ [ paas(al)dy

-9 (/ p(w,y,t)Vo(y)dy) :
RN
Thus for each fixed z € RY we have

Oy <10g <4Np($,y,t)%(y)dy)) < —Cs (log (ANp(w,y,t)%(y)dy>)2+Cz-

We set

IN

¢ (t) =log (/RNp(x,y,t)Vo(y)dy) > log (ANp(x,y,t)edy> =1,

using (1.20). Then
0C < =C3C* + Ca, ((0) =logVp (2) > 1.

We then have

at (6_02t<) < _03 (6—02t<)2 ngt

and hence

o (#> > (Cye?, (2.35)

e*CQtC

Let now 0 < ¢ty < oo and 7 € C™ (R) be such that 0 <7 <1, 7(t) =0for 0 <t < %,
7(t) =1 for 7 >ty and 7 > 0. We multiply (2.35) by 7 and get

1 1
at (Tm) Z 037'602t + T/e_CQtC 2 CgTGCQt. (236)



Integrating (2.36) from 0 to ¢ > ¢, we obtain

1 > /t ( )eC2SdS > C! /t eCQSdS _ % (ngt . eCQtO)
eCai¢ =77 s - to Cy '

We then have
Cg 602t

C — 03 (602t _ ngto)

So, it follows

Cgeczt N
/RNp(:U,y,t) Vo (y) dy < exp (C3 (cCar — o) for all (z,t) € R™ x (tg,00).

Setting g = %, we then deduce

C2 €Czt

- for all (z,t) € RY x (0,00) .
Cs <€C2t — 602§>

/ p(z,y,t) Vo (y) dy < exp
RN

We observe for ¢t > 0

sup W (y)p(z,y,t)] <

yeRN

/ (2,2, 5) (z)<\Il(z)+tMl+1>dzds

),

< tMH)//RN (z,2,5) Vo (2) dzds
(v ) [ o ()
(s
(s

IN

IN

Sl ) Coe®s
2 Cs (ecﬁ — 1>
Cy
t+ >e 3 exp 03(602£—1>

Since 0 > ~ can be chosen arbitrary, we set 6 = 2v. Therefore, for the operator A we
deduce that for each v > 0 there exist constants C}, Cy, C'3 > 0 depending only on o and
[ such that

¢
2

1
p(m:y,1) = G (t " W) P <<cc—_1>) W forall (z,y,£) € RN xRN x(0, 00).

Similar estimates for the case of bounded coefficients (aj;), ;_, _y one can find in [LMPR]
and in [MPRO6] in the case H = 0.

It also follows that for each t; > 0 and each 7 > 0 there exists a constant C' =
C («, B,7,to) > 0 such that

p(x,y,t) < Cte MW’ for all (z,y,t) € RY x RY x [tg,00) . (2.37)
We remark that the formal adjoint A* of A has the form

A = (14" A+ <4a (1+])* " + |x|2ﬁ) 2D
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+2a (1+ [2]))" 7" (N + (N + 20— 2) [2?) + (N + 28) |z[*°

so that
A" = A+ F*-D—H*
with
H*(z)=divF (x) = —2a (14 |2)" " (N + (N + 2a — 2) |2[?)
— (N +28) |=|*.

We see that H* is not bounded from below (Hi = —00) so that [y p (x,y,t) dz need not
be finite and hence the above methods are not appliable for the estimation of p (-, y, ) for
a fixed y € R,

Moreover, Remark 1.9 implies that the semigroup (7' (t)),., is compact. From [BL07,
Proposition 5.3.4] it then follows that for each ¢ > 0, Cy (R") is not invariant under 7 (¢).
Then the estimate of the form p (z,7,t) < e %" (y) 7 (t) for 6,7y > 0,0 < p € C (]RN),
0 < 7€ C(0,00) is not possible. In fact, if f € C. (RY), then

wwt) = [ pandfd. (o) R x (0,%).

is the unique solution of (1.9). Hence, if p (z,y,t) < e~%*I"p (y) 7 (t), then there exists a
constant C' > 0 such that
lu (z,t)| < O (t) ek,

Thus for each ¢ > 0 the function u (-, t) belongs to Co (RY) so that T (t) (C. (RY)) C
Co (R™). This is a contradiction to the compactness of the semigroup (7 (t)) £>0°

Remark 2.5. In general we see that if div '+ H < —~ for some v > 0, then
A'l(z) = —divF (z) — H () > v =~1(x)

and hence there is no Lyapunov function for the operator A* (see [BL07, Proposition
4.2.1]).

Corollary 2.6. Assume that Condition 2.1 holds and there exists a convex differentiable
function g : [0,00) — R such that g (0) < 0, lims_,o g (s) = oo, 1/g is integrable in
a neighborhood of oo and AV < —g (V). Then for each ty > 0 there exists a constant
C =C(\NM,N,tg) >0 such that

1

p(x,y,t) < Cemn{-—HoOkty__—
( ) W (y)

Proof. From Theorem 2.2 we deduce that

for all (z,y,t) € RY x RY x [tg, 00) .

W (y)p(z,y,t) <C (1 + tM%> [t /RNp(x,z, s)V (z)dzds (2.38)

with C = C (A, N, M) > 0 for all (z,y,t) € RY x RN x (0,00). Let t; > 0. Proposition
1.8 yields the existence of a constant Cy = Cj (tg) > 0 such that

. t
/ p(x,2,8)V (2)dz < eminl=Ho0}tcy for all (z,s) € RN x B), oo) : (2.39)
RN
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Letting t > to, we obtain from (2.38) and (2.39)

1
tM-i-l

W (y)p(2,y,t) < %emm{‘%’o” (1 + ) t  forall (z,y,t) € RY x RY x [tg, o0)

that is for each ¢y > 0 there exists a constant C' = C' (A, M, N, ty) > 0 such that

1
W (y)

1
¢
té‘“l) W (y)

. 1 '
p(w,y,t) < Cemmiziott (1 + tM—f—l) t < Cemin{-Ho 0}t (1 +

for all (z,y,t) € RY x RN x [tg, 00).

Example 2.7. We consider the operator A defined by
A= 1+2)"A— 22D~ 2", 0<a<p<6,8>1

Analogous as in Example 2.4 we observe that for all C,§ > 0 the function V (x) = Cedlel’
is a Lyapunov function for the operator A such that AV < KV with K given in (2.34).

Let now v > 0 and & > ~ be such that W (z) = ¢* and V (z) = ¢ (le*+1) satisfy
Condition 2.1. Analogous as in Example 2.4 we calculate
1
26

5(|=*+1) I ETRT
20e ( % || +K>.

AV (z) = zaeé<wl2+1>< \xiw—ym\25+2+zv(1+|x!2>“+25(1+\x12)a|xr2)

IA

Using
)e+1

— |2’ < 27 (2P + 1)+ 1, (2.40)

we obtain

2
~ 59071 (||

AV (z) < 25l +1>( 5

1
+1)9+1+—+K>

2 2 6+1
— _5“112965011 +1) (<1og eS(lel +1)) %K) 59+129)
- ——593129‘/ (2) <(10g V (2))"" = (14 26K) 59+126> _

We further define the function gy : [65, oo) — R by

1 o+1 0
go (s) = g <(logs) T (1+20K)6 +129> :

0

Observe that gy is convex on [e ,oo). We extend gy to g : [0,00) — R such that g is
5 1

convex, ¢ (0) < 0 and g (s) = go (s) for s € [€°,00). Moreover, g (s) — oo as s — oo, ;
is integrable in a neighborhood of co and AV (z) < —g(V (z)) for each z € RY. From
Corollary 2.6 and the fact that Hy = 0 it then follows that for each ¢ty > 0 there exists a

constant C' = C (A, M, N, «, 3,0,7,6,t9) > 0 such that
p(x,y,t) < Cte™ WP for all (z,y,t) € RY x RY x [tg, 00) . (2.41)
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We further have
A = (4P %A+ <4a 1+ %) + |m|2’8> z-D
+2a (1+ )77 (N + (N + 20— 2) [2]?) + (N + 28) |2[*° — [a|+2.
We remark that in this case it holds
H (2) = —2a(1+[a)" " (N + (N + 20 —2) |2?) — (N +28) [2[** + |22

(04+2)(a—1) 6+1

0+1
> —2°7la(N +2a—2) —2 0arz afiz= (N + 20 — 2)7+2-a
_Qe_’ﬁ (N + 25)9—97?3311 .

Thus H* is bounded from below and there exists Hj = inf, gy H* (z) € (—00,0). We
recall that in this case the transition kernel p* of the semigroup (7™ (?)),s, is given by
(1.17). For 6,C > 0 and V (z) = Cell"” we calculate

AV (z) = V(z) <(1 +[2)" (20N + 48° |2*) + (4a (1+ )" + |x\25> 26 ||

+20 (14 [2)) " (N 4 (N 4 2a — 2) |o]?) + (N +28) |2|* - |x|29+2>

IN

V@) (-3l ) (2.42)
< KV (x)

for some K = K («, 3,0,9) > 0. Therefore, V (z) = Cedlel” is for all 0,C > 0 a Lyapunov-

Function for A*. Let 0 < v < § < 0o be so that W (z) = e"*" and V (z) = ¢ (Ie*+1)
satisfy

1%
T > (1+£+|Da!2+|F\2+|H|

1+ [yl
L a(DW.DW) (Z a(D(D;W),D (DiW))) 2) |

w2 w2

i=1
namely Condition 2.1 for the adjoint operator A*. From (2.42) and using (2.40) we deduce

1

V (z) ((log V (2) = 2050+ (1 + 2K>) .

Setting g (s) = (26);9“3 <(10g §)PTE 206041 (1 4 2K)> for s € [e?,00), g is convex and
differentiable on [0, 00) such that g (0) < 0, we observe that

AV (z) < =g (V (x)) for each x € RY,

Moreover, g (s) — oo as s — oo and é is integrable in a neighborhood of co. Corollary 2.6
implies that for each 5 > 0 there exists a constant C = C' = C (A, M, N, «, 3,0,7,0,t) >
0 such that

p(x,y,t) < CeHitpe for all (z,y,t) € RN x RY x [ty, 00).
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Multiplying this estimate with (2.41) we obtain a constant ¢ > 0 such that for each ¢y > 0
there exists a constant C'= C' (\, M, N, «, 3,0,0,0,ty) > 0 such that

[ H*
p(x,y,t) < Ce= 3 (Il +uP) =3 for all z,y,t € RY x RY x [tg, 00), (2.43)

where

Hi = inf (divF (z)+ H (x)) < 0.

zeRN

We now consider operators with a Lyapunov function ¢’*I" for § > 0 and r > 2. It holds

N

N
8lx|” S)z|” r—2 r a(m,x) r—2 r—2
A(e”)z&re” <|$| (r—2+dr|z|") e + |z Zaii+|$| ZDjaijmi

2] i=1 ij=1

. 1
+ |z E- m - ﬁH) (2.44)

Here we extend a(x 2 and & &7 by 0 for z = 0. We see that if

N N
r—2 ry @ (.ZC,I’) r—2 r—2 r—1 1
lz|" % (r — 2+ or |x|") e + |z| Zaii + || Z Dja;jz; + x| F - m — 5H
i=1 ij=1

is bounded from above on RY, then V (2) = €l”I" is a Lyapunov function for A. We state
a condition under which the transition kernel p = p(x,y,t) decreases exponentially in

y € RY. A similar result one can find in [MPROG] for the case (a;),,_, _y € Gy (RY).

Proposition 2.8. Assume that for the operator A defined in (1.8) it holds

r—2 a(z,x) 1 al 1 & x 1
7 +57“> Tt T ) Gt Djayzi+a| " F- = ————H < —Cy
(% T T 2 2 Do ER

i,j=1

for each x € RN \ B(0,R) and for some R > 0, r > 2, 6 > 0 and Cy > 0. Then
V (x) = Ce®*" is a Lyapunov function for A for each constant C' > 0. Further, assume
that

la| + |Da| + |F| + |div F' + H|

grows only polynomially. Then for each M > % and each 0 < v < § there ewists a

2
constant C' > 0 such that it holds
o 1 t\ e
p(x,y,t) < Ce "W [t 4 7 ) exp max {—Hy, 0}t + B (2.45)

for all (z,y,t) € RY x RY x (0, 00).

Proof. Since the coefficients of A grow only polynomially, for each M > % and each

0 < 7 < § there exists a constant C' > 1, such that V (z) = Ce’l*l" and W (z) = el#I"
satisfy the inequality in Condition 2.1. From (2.44) and for z € R" \ B (0, R) it follows

B 2r—2 r—2
AV (z) = orV (x)|x] (( T +57“) |m| |x| Z u+ ZDame

i,7=1
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1-r z 1
T AP S -}
l lz| o |z )
< —=0rCyV (z) |z 2

“rCoV (x) (log V (x) — log 0)2_%

r—

= —6_ ™
< 0.

For x € B (0, R) we have
AV @) <0 (172 (v 24 508+ RVl 4 VR D

1
+R’”1]F|+—]H0]>.
or
Thus there exist constants C; = C;(0,r,Cy) > 0 and Cy = Cy (5,7’,R,N, H,,

=1,...,

AV (z) < — (C’IV (x) (log V (x) — log 0)2_% - C’2> for all # € RY. (2.46)

Moreover, V' is a Lyapunov function for A with AV < KV for some K > max {—Hy, Cs}.
It then follows from (2.1)

r 1 t
W p (z,y,t) < Cs (1 + —tMH) / /Np(x, z,8)V (2) dyds (2.47)
L JR

for all (z,y,t) € RY x RN x (0,00) and some C3 = C3 (\, M, N) > 0. We further set
g (s) = Cys(logs — log 0)2_% — Oy, s>C=V(0).
We ramark that ¢ is convex on [C, 00). From (2.46) we deduce that
AV (z) < —g(V(z))  forall z € RV,

From the proof of Proposition 1.8 we obtain that e™®{Ho0} [ oy (z y )V (y)dy <
z (z,t), where z = z (x,t) is the solution of the ordinary Cauchy problem

{z’:—g(z), t >0,
z(z,0) = V(z),

for each fixed x € RY. Let 2 € R denote the greatest zero of g. If z (x,t) < 229, we
have simply to choose a suitable constant in (2.45). If z (x,t) > 2z (and thus V (z) >
z(x,t) > 2z), then g (s) > 0 for all s € [z (z,t),00) and ¢t > 0 and we obtain

/ @ s /°° ds /°° ds
t=— < — = P a—
v 9(5) 2ty 9 (8) 2(zt) C1s (logs —log C)r — Cy

_ g(220)+C!
We set Cy = ‘W. Then

1 C
- < 1 . for all s € [z (z,t),00).
Cis(logs —logC)""r —Cy  Cys(logs —logC) v

V)
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It then follows that

/oo C4d8 04 T 1

t S 2 2 = A r—2

2(wt) Cys (logs —logC)*r Cir—2 <log (mt))) -
C

and hence L
z(x,t) < Cset 77

for a suitable constant C5 > 0. We can assume that Cs > 2z7. Thus we conclude that
/ p(z,y,t)V (y) dy < Crema{-Holkgt 72 for all (z,t) € RY x (0,00). (2.48)
RN

Using (2.47), we observe that

o 1
p(l’,y,t) S C(36 el (]‘ + tM+1

) /; /RNP (,2,5)V (2) dyds (2.49)

Combining (2.48) and (2.49), we get

. 1 ! e
p(l’,yﬂf) S O3€—v|y\ (1+tM+1)[ OSemaX{_HO’O}SBS ﬁds

2

. 1 t\
< Cge ! (t + W) exp {max{—Ho, 0}t + (§> }

for all (z,y,t) € RY x RN x (0,00) and a suitable constant Cg > 0. n

Corollary 2.9. Under the assumptions of Proposition 2.8, the operator T (t) : L* (]RN) —
L (RN) s bounded for each t > 0.

2.2 The Li-regularity of the gradient of the transition
kernel

To study the Le-regularity of gradient we specialize in Condition 2.1 to the case W = 1.

Condition 2.10. We assume that Condition 1.1 holds. There exist K > 0, M > % such

that M > 2 and a Lyapunov function V' with AV < KV, such that

|a| 2 2 . M
14+ ———= +|Da|” + |F|" + |div F + H| <V.
1+ |yl

Remark 2.3 a) yields boundedness of p (z,-,-) on @ (a,b) for all 0 < a < b < 0o under the
above condition.
We first state a preliminary result which follows from the proof of Theorem 2.2.

Proposition 2.11. Assume that Condition 2.10 holds and let ¢ € (O, ﬁ] . We then have

‘D (p (z, -,t)l_%> ‘2 e LM (RN) for all (x,t) € RY x (0,00),

o1



2
c LM (Q (a,b)) for each x € RN and all 0 < a < b < 0.

o pte5)

Moreover, we have

/ ‘Dp (z,y,1)" 2
]RN

. 1 t 2M—eM
dy < ¢ < ! —i——(eKt—eKz)V(x))

= 2M@2M—eM) \ M T |

and

1—e\ |2M C b 1 1 Kt Kt 2M—eM
/Q(ab)’D<p<CU7y7t> 2)‘ d@dtﬁm j %—M‘FE(e —e 2>V(ZE> dt,

where C' = C (A, M,N) > 0.

Proof. Let w, be as in (2.10) of the proof of Theorem 2.2 with W = 1. Let t > a > 0.
We recall estimate (2.30) saying that

4 Sew C ¢
n ) 7t S ) )
</RNw (z,9,1) y) 8QM(zM_gM)/g/RNP(IyS)

1
: (W +V (y)) dyds

1 t
i L T () ds

where v, = v, (2,t) — 0 as n — oo for all (z,t) € RN x (0,00), v, is locally bounded
and C'= C (A, M,N) > 0 is a constant. We remark that for ¢ > « it holds

2M

oM 22M
dy

dy < m/RNnn(y)wM)Dp(x,w)l

< / wy, (@, y,1) dy.
RN

o
(M)

/N 1, (1) ‘Dp (z,y, )"
R

Hence there exists a constant C' = C (A, M, N) > 0 such that

2M

/nn(y)wM)Dp(I,y,t)l_z dyé/ Wy, (z,y,1) dy
RN RN

C t 1
§€2M(2M—5M) (ﬁ /RNP(%ZJ, s) (W +V (y)> dyds
t

1 2M—eM
* i =D / 0 (2, 8)7 7, (2, 5) ds) |
2

Hier 0 (x,t) > 0 for all (z,t) € RV x (%,00) and continuous. Fatou’s lemma yields

27
/ ‘Dp (z,y,1)" 2
]RN

2M

dy

2M €
dy =/ lim nn(y)zﬂM(Dp(a’r,y,t)l_5
R

N M—00

< liminf/ wn (z,y,1) dy
RN

n—oo
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for all (z,t) € RY x [a, 00). Using (1.21) and Lebesgue’s convergence theorem, we obtain

1-£ 2M ¢ ' 1 Ks
/RN ’Dp (I’,y7t) 2 dy S m . M1 +e V(I) ds

1 t 2M—eM
e A f, 0@ T v @) ds>

T 22M@eM—eM) \ oM+l (t - 5) TE (e —e*2) V() :

Letting a = ¢, we get

/ ‘Dp (z,y,1)" 2
]RN

for C = C(\,M,N) > 0 and all (x,t) € RY x (0,00). Hence for all 0 < a < b < oo it
follows

/Q(a’b) ‘D (p (fc,y,t)l_%)

We now investigate the Li-regularity of the gradient of p.

= 2M(@eM—:M) \ )M T |

. 1 1 t 2M—eM
dy < ¢ < + = (eKt - eKE) 1% (x))

2M C b 1 1 . Kt 2M—eM
dydtém i %—M—FE((E —€ 2>V(.T) dt.

Theorem 2.12. Under Condition 2.10 it holds

B+1

D (pla.)F )| € 2@ (a,0)

and more precisely

o

3+1

2
D(p (I7y,t)[2)‘ dydt

f+1
<lp @iy T35

b S7en) et Sremy
+/3( / e—Hotdt) ( / p (e, 1) |div F (y) + H ()] dydt)
a Q(a,b)

forallz €RY, 3>0and0<a<b< oo.

max {—Hy, 0} e % (b — a) + e Hoo

Remark 2.13. Observe that under Condition 2.10 it holds

[ ol P+ H@M 4 < [ v

< MV (z)

for all (z,t) € RY x [0,00). If additionally AV < —g (V) holds for a function ¢ given as
in Proposition 1.8, then we obtain from Proposition 1.8 and Remark 2.3 d) for the case
Hy>0

s0+1

o7 [B(b—a) + e 0]

2
/ ‘D (p(Ly,t)%)‘ dydt < Ct
Q(a,b)
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and for the case Hy < 0

B+1
/ ‘D (p(w,y,t) 2 )
Q(ab)

for a suitable constant C' = C' (A, M, N, a) > 0.

*BHOt/B + ].

2

[(ﬂ — Hp) (b—a) e Hob e’HOa]

Proof of Theorem 2.12. Let 3 > 0. For fixed z € R it then holds
B(B—1)p"%a(Dp, Dp) = =0, (p”) + Ao (p7) — F - D (p°) — Bp” (div F + H)  (2.50)

with respect to (y,t) € RY x (0, 00). We multiply (2.50) by pn? and integrate over Q (a, b)
for 0 < a < b < oco. It then follows

_ B
/ B(8—1)n2p°ta(Dp, Dp)dydt = - / 0 (p™) dyd
Q(ab) Qab) B+

- / mapAo (p°) dydt
Qab)

B,
- L _0?2F.D () dydt
/Q(a,b)5+1nn (p"*) dy

— / Bn2pP T (div F + H) dydt.
Q(asb)
Integration by parts gives

1
/ BnZp®~ta(Dp, Dp) dydt = — / ———8, (2p*) dydt
Q(a,b) Qap) B+1

- / 2n,,p°a (Dn,,, Dp) dydt
Qab)

B+1
B2 g1
— —N,.D div FF + H) dydt
/Q(a,b) RSN )

1 2 811
- - Hdydt. 2.51
/Q wn BT TP y (2.51)

2
+ / ——n,p""F - Dn, dydt
Q(ab)

We further have

1 1 t=a
_ — 9 2, 8+1 dudt = / - 2 [, B+ dudt
/Q(a,b) B+1" (Unp ) Y rN B+ 1 [p ]t:b Y

p(z, -, ‘)Hﬁoo(@(a,b)) e~ o

— 5+1 Y

since [on p(2,y,a)dy < e 0% (see Proposition 1.2). Moreover, (1.5) yields
- / 2n,,p°a (Dn,,, Dp) dydt
Q(a,b)
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9
< / 2\/ é77%29‘**161(1%9, Dp)\/ —p?*+ta (Dn,, Dn,)dydt
Qb V2 B
3 9
< / znipﬁ Ya (Dp, Dp) dydt + =p°*'a(Dn,, Dn,) dydt
Q(a,b) Q(a,b) 6
B
< / 5map”"'a (Dp, Dp) dydt
(a,b)

2L2 ||p (l’ : ')Hloo b | |
>0 (Q(a,b)) / / a
p ]1 n<ly|<2n dydt

We further have

2 2L Ip (@, Mz (grany
pPHE - Diydy < // Pl Lo dydt.
/ab>5+1 Mty n(B+1) PIF[ Lngpyi<onydy

Holder’s inequality implies
—/ b 2Pt (div F + H) dydt
(a,b) ﬁ + 1

< / P ——n2pP Tt |div F + H| dydt
Q b

_1
M+1

(/ p|div F + H|M*! dydt)
Q(ab)

1
A8 b MMl 1
:E’ ’ _ . . ' M+1
- 12 (255 )| Lo (@art) (/ e—Hotdt) (/ pldiv F + H|M*? dydt) :
B+1 a Q(a,b)

1 H
- P Hdydt < —=— / FHL dyat
/ab B+1nnp / B f+1 Q(a,b)p !
b—a
B —Hob
< max{_HOaO} ”p (x7'7')||L°°(Q(a,b))e ’ ﬁ_‘_ 1
Combining these estimates with (2.51), we conclude
g
/ 5map”"'a (Dp, Dp) dydt
Q(a,b)
< Ip(z,, ')HiOO(Q(a,b)) e~ o
- B+1
2L |Ip (=, -, )15 /b/ |al
+ > p——— <y <onydydt
5 RN 1+’ |2 {n<ly|<2n}
2L||p< » 5 ||L°°(Q b))
(a, F| 1y, adydt
+ CESY //p\!{<|y<2}y
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M
Bllp (xv'v')”€°°(Q(a,b)) T
+ 5 n 1 e 0 dt

1
M+1
: </ p|div F + H[M*! dydt)
Q(a,b)

_gpb—a
+ max {—Ho, 0} [|p (2, -, ')||§oo(Q(a,b)) e 110!

B+1

Due to Proposition 1.6, VA is also a Lypunov function for A. From (1.21) and Condition
2.10 we conclude that for all fixed (z,t) € RY x (0, 00)

b
a
// p—| | 5 Lin<py<omdy < // pV W dy
a JrRN 1+ |y RN

K— MHt
< (JJ)M+1 e M+ 'dt < 0o
a

b
// PIF [ Lnpy<omydy - < // pV W dy
a JRN RN

< V(x)M+1/ et < oo,

and

Lebesgue’s convergence theorem with majorante pVﬁrl then yields

2L |Ip (2, ) (an)
(a, —— 1, wdydt — 0
6 / /RN 1+| | {n<|y|<2n} Y

2L |p (,

and

: L°°(Q (a,b)) / /
p|F|dydt — 0
/3 +1) (n<ly|<2n}

as n — oo for each fixed x € RY. Letting n — oo and using Fatou’s lemma we deduce
that

B\ .
/ -7 Y| Dp|? dydt
Q(ab)
< / épﬁ’la(Dp,Dmdydt
Q(ab) 2

< Hp (l’, 5 ')HgOO(Q(a,b))
- pf+1

: <max {—H,y,0} e b (b — q)

M 1
vy [Fomg)" div P+ B dyat)
( b)p ’ |
a Q a,

B+1)7° ,_ g+1]?
%pﬁ 1’_Dp|2:’Dp 2

Using

Y
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we observe

Lo
Q(a,b)

p+1

2
d/ydt S ||p (Ia i )HﬁOO(Q(a,b)) 2>\6

| (maX{_Hm 0} =% (b—a) (5 + 1) + e

b %-{-1 Mol M1+1
+8 </ e_HOtdt) (/ pldivE + H"T dydt) :
a Q(a,d)

Because of |div F + H|[Y™ <V, from (1.21) it follows that

/Q(mb) ‘D (p (z,y,t)%) ‘2dydt “

for all (z,t) € RY X (a,b). u
Corollary 2.14. Under condition 2.10 for each € € (0, ﬁ} it holds
N (2
D(pa. ) %) €L?(@Qab)  for cachqe 1]

for each x € RN and all 0 < a < b < 0.

Proof. With f =1 — ¢ in Theorem 2.12 yields
N
‘D (p (x,- -)17§> ‘ € L' (Q(a,b)) for every » € RV,

The statement then follows from Proposition 2.11. [ ]

We further show that under Condition 2.10 we have |D (p(z,-,-))|* € L4(Q (a,b)) for
each fixed z € RY, each ¢ € [I, M] and all 0 < a < b < occ.

Corollary 2.15. Under condition 2.10 it holds
|Dp(z ) € L'(Q(a,0))  for each q € [1, M]
for each v € RN and all 0 < a < b < 0.

Proof. Let r c RY, 0 <a<b< oo, e € (0, ﬁ} and ¢ € [1, M]. It then holds

2q

2(]
p(z,y,t) dydt

/ |Dp (z,y, )] dydt = —q/ ‘D (p(:c,y,t)l—%)
Q(a.b) 2—)" Jow@

2 <\ |24
< 7 suwp |p (:v,y,t)!”/ ‘D (p (:v,y,t)lfﬁ)‘ dydt.
(2 =)' wheoy Qab)
The statement follows from Remark 2.3 a) and Corollary 2.14. ]

To obtain the Li-regularity of |Dp (z,-,t)|* for all fixed (z,t) € RN x (0, 00) we need the
following corollary.
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Corollary 2.16. Under condition 2.10 for each € € (0 } it holds

' IM
1-2\|? q (N
‘D(p(x,',t) 2)‘ € L* (RY) for each q € [1, M]

and all (z,t) € RN x (0,00).

Proof. Let z € RY be fixed. We consider p as a function of (y,t) € RY x (0, 00). Further

let 7 be given as in the proof of Theorem 2.2. For §, 'g >2and e € (O, ﬁ] we set

1
= |Dp (z,y,1)|".

wa (,y,8) =7 (1) n, ()" p(z,y.t)°

As in (2.14) we compute

Ouwon = —e7"n)— | Dp|” Aop + 27°n Z ank DinkpDip
p p i,h,k=1

+27% Z DixansDipDap = 27" Z D;Fy,DipDhp
zhk 1 i,h=1

— 270Ppte Z D;(divF + H) D;p

=1

+€T nn el |Dp| F- Dp 27— Z Fh zhpsz
p p i,h=1
+ 27' Z D; athhkalp + 27’ p Z Dkathzhpsz
i,h,k=1 i,h, k=1

1
+ 6701 B |Dp| (2—¢) 7'5772;; |Dp|2 (divF + H)

and hence

0, < / wndy) = / ( ern— | Dp[* Aop
RN RN p

N

1
+27°— > amDipDip
k=1
+27°n Z Dixank DipDpp
zhk 1

—27‘ DFh ,pth
" Ly

i,h=1

—270nPpt=e Z D;(divF + H) D;p

=1

+er? nnpaﬂ |Dp|* F - Dp
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N
1
—27 67]51; Z Fy,DinpD;p

i h=1

+27% Z D;ang DpipD;p
i,h,k=1

+27% Z DyanyDinpD;p
i,h,k=1

+o7' 701 6 |Dp|
1

—(2—¢) 7y’ = |Dp|* (div F + H)) dy. (2.53)
pE

Integration by parts of the first five terms of right hand side of (2.53) yields

N

o( [ wntr) = [ N(—%%2%2@19@@,D<Dip>>

=1

_€(€+1)T 77np5+2 |Dp| (DpaDp>

+4ernf — pe Z D;pa (D ), Dp)
—287n)" ZDma Dip), Dn,,)

—27° nn - Z Diapk DigpDpp
i,h,k=1

1
+27 775 F- Dpz Dyp

=1
N

+2700Pp = (div F + H) Z Dyip

=1

N
1
+28T577§F Z D;ang DipDypDyp
ihok=1

+eB7onE~ 1p |Dp|* a (Dn,,, Dp)

1
—576775F |Dpl|* F - Dp

126872 1p' = (div F + H) ZDmDmn

=1

—2p7onP = Z D;anDipDypDin,,
zhk: 1
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N
1
+287°n57! F -Dp>_ DipD,
=1

1
—57%&—5 |Dp|2 (divF + H)

+o7' 701 5 ]Dp] )

Using (1.5), (1.6) and Cauchy-Schwarz inequality, we can estimate

N

o( [ entr) < [ N(—%%ﬁézawwm),D<Dip>>

i=1

_€(€+1)T77np5+2 |Dp| (DpaDp>

+4er0nf — s Z Va(D (sz))\/(DiP)2 a (Dp, Dp)

12870y Z\/“ (D (Dip),D(Dip))\/ (Dip)* a (Dn,,, Dn,)
=1
1
+27'5?75E | D?p| |Dp| | Dal
1
+2\/N7'677§—5 }D2p‘ | Dpl |F|

+2\/_T677§p1 °|D?p| |div F + H]|
+2e7°n— |Dp|* (|Dal + |FY)

+eBronl~ 1pe+1 |D]U|2 Va(Dp, Dp)y/a(Dn,, D,)
+2670n, ' p'” EIDpl |div £ + H| [ D,
T pry (IDa| +|F|) | Dn,]

+e7°n |Dp| |div F'+ H|

+467°71 5 — | Dpl|? ) (2.54)

We consider the positive terms on the right hand side of (2.54). Analogously as in the
proof of Theorem 2.2, using repeatedly Young’s inequality, (1.10) and (1.7), we estimate

4eronf — o Z\/a (sz))\/(Dip)2 a (Dp, Dp)

<2 Zl \/757752%(1 (D (Dip), D (Dip))

1
\/4627—577”]? T2 (D )2(1(Dp, Dp)
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=2

_r‘;nﬁé >_a(D(Dip), D (Dip)

- 45275n5pg+2 |Dp|* a (Dp, Dp),

26701 Zm D (D) (Dip)* a(Dn,, D)

1 1
<2 Z \/ {7 m-a(D (D), D (Dp)
i=1

21 2 |al
: 452L2757IE 2 (Dip) ——— Lin<jyi<on
\/ P 1+|y|2 {n<|y|<2n}

N
1 1
SZT(SUQE Z a (D (D;p), D (Dip))
=1
1 2 |a|
"‘452[127-6 g 2 Dp —]ln nts
7 pel ! T+ o {n<lyl<2n}
271 \D2p| |Dp| | Dal
1 I 1
<2\ 1P 3" a (D (D) D (D))o Dol 1Dl
=1
1 1
3175775];2“(17 (Dip), D (Dip)) + 17" \Dpl | Dal”,
=1
2V N7nl— |D?p| | Dp| | F|
1 N
SQ —Téﬁg]gza(l)( zp zp \/_T |Dp‘ |F‘
=1
1 1 &
15 sl
<77 nnpeza(D (Dip), D(sz))Jr S N s nh— p= !Dp| P,

W NTonlpt=e |D?p||div F + H|

1 N

1 4N )
<2 —75775— Z a(D(D;p),D (Dip))\/—T‘sngp?—f |div F + H|2
4 e 4 A
1 1 4N .
<—75?7§Z; > a(D(Dip), D (Dip)) + 3 —7np*E |divF + HP?,
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2e7° nnpeﬂ | Dp|* (|Da| + |F)

g2 1 8 1
§2\/Zf5n5p—5+2 |Dp|* a (Dp, Dp)\/XT‘Snﬁ—g |Dp|* (IDal* + |F|?)
2 8 2 2
< rinf— = |Dp|* a (Dp7Dp)+AT m— p= IDpl (IDal* + |FI%)

eBTonl- 1pa+1 |DP| va(Dp, Dp)+/a(Dn,, Di,)

g2 1 o1 |al
R D S 2 272.5,08-2 = 2
§2\/4 T n"ps+2 | Dpl|”a (Dp, Dp)\/ﬁ L2701 P | Dpl 1+ |y’2]1{nﬁly|§2n}

1 a
|Dp|* a (Dp, Dp) + B°L*m°n > = | Dp|? al s Lineiyi<onys

<82 |
— 4 i P 1+ |yl

”p5+2

28705~ 1p'~¢ | Dp||div F + H| |Dn,,|

1 _ divF + H|?
< 2\/757752; |Dp|2\/52L275775 2p2_5ﬁﬂ{n<|y<2n}

1 S|divE 4+ H
< 7= |Dp|* + B L*T ) ?p*” gﬂ{nslywszn}»
p 1+ |yl
1 Dal| + |F
2870 — |Dp| (|Dal +|F|) | Dn,| < 28L7°n, ' — IDPIQMII{@MS%}-
p 1+ [yl
We then get
2 g?
3 &) < (e—3 Dp[*a(Dp, D
([nar) = [ (= (e-32=5) #ni s oo a(0n. D)
1 |al
D0 e
p5| | 3 [ shisan)
8N
+TT m— = IDpl (IDal* +|F?)
5 |Da| + |F|
Q3L el 1y
+28L1%n pglp\ Ty nshi<2)
terdy pry |div F + H| + 4671 B IDp!

1 AN .
+7° nn]; |Dp|” + . —7nlp* E!dlvFJrH\

5. B 2p2 a’leF_'_H'

+52 L2700, Ln<pyi<any | &
B n T+ 1P {<y|<2}>’y
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and hence

2
9 €
() = [ (- (2 5) it om

1 |al |Da| + | F|
+C7° 1775 2— Dp2 ( + Lr<iyi<on
p — [Dpl T4 (4P Tyl {n<ly|<2n}

1
+|Daf’ + |FP? 4+ |div F + H| + 1+ E)

div F + HJ’
—I—CT5 B 2 2 € (’leF—I—H’ Wﬂ{nﬁlyﬂn}))d%

(2.55)
with a constant C' = C (A, e, 3,0, M, N) > 0. Moreover, for arbitrary U > 0 it holds

2 1 1
701 ﬁ 2 € 2 F0-2pB—4 2—eTT2
IDp! U < 2\/27 nnp — |Dp["a(Dp, Dp)\/2 T i U

52

< Srhn— pw |Dpl* a (Dp, Dp) +

5428U2
2

2e2 )\ G
From (2.55) we then deduce

1
0, ( / wndy) < / (— (e—4e2)75n€p—5+2 | Dpl” a (Dp, Dp)
RN RN

a
+C5277£ 4p28 ‘ ’ 2+|Da|2+|F|2
1+ |yl

2
+|div F' + H| +1> >dy,

with a constant C' = C (A, ¢,3,0, M, N,a) > 0. Because of Condition 2.10 and the fact
that e — 4e2 > 0, it follows

o (/ w"(x’y’t)dy) s ¢ / (020, ) p (2, y, )2V (y) T dy
RN RN

e 2
< Csup |p(2,y,t)[ /Np(fv,yﬂf)V(y)“”1 dy
R

yeRN

with a constant C' = C (\, ¢, 3,6, M, N, ) > 0 and for all (x,t) € RY x (0, 00). Moreover,
(2.2), Proposition 1.6 and (1.21) yield

1 1 1—¢
([ o) 0 (v (-t s gy )Y @

(2.56)
with a constant C' = C (), ¢, 8,0, M, N, ) > 0 and for all (z,t) € RY x (0, 00). Integrating
(2.56) from § to t > o we deduce

1
B 2
w(y) ————= |Dp(z,y,t)|" dy
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t 1—e )
<OV (z)77 / <%V (z) <6K5 — e§5> + oot 1M) TN e s,
S

NIl

Letting n — oo, Fatou’s lemma implies

/ ‘D (p (x,y,t}lf%> ‘Zdy < 00

1 2
—er z,y,t dy:
ANP( e

r,y,t)

for all (z,t) € RY x [, 00). Since o > 0 was arbitrary, we conclude that

[

for all (z,t) € RY x (0,00). The statement then follows from Proposition 2.11. |

2
dy < oo

D (p (fc,y,t)l_%>

Remark 2.17. From above we deduce that under condition 2.10 for all ¢ € (O, ﬁ] and
a > 0 it holds

D oIk L\ [ -
[y o (14 L) [ s ozl [ ps) V) doas
RN /s -

p(z,y, 1) 2 2eRN
for a constant C' = C' (\,e, M, N) > 0 and all t > a.
Corollary 2.18. Under condition 2.10 it holds
|Dp (z,-,t)]> € L7 (R"Y) for each q € [1, M]
for all (z,t) € RN x (0, 00).

Proof. Let (z,t) € RY x (0,00) be fixed, ¢ € (0, 5] and ¢ € [1, M]. It then holds

2 a _e\ |24 e
/ |Dp (z,y,8)|* dy = <2 )/ ‘D<p(x,y,t)1 )‘ plz,y,t) dy
RN — & RN
2 \* . e
< (g=Z) sw Ip (z,y,1)] ‘D(p(df,y?t) 2)
— & yERN RN

The statement follows from Remark 2.3 a) and Corollary 2.16. [ ]

2q

dy.

Example 2.19. We consider the operator
A:(1—|—|x|2)aA—|x|26x-D, l<a< g, f>1,

from Example 2.4. For each § > 0 there exist constants C, K > 0 such that V (z) = Ce’l*’
is a Lyapunov function vor the operator A such that AV < KV and V satisfies Condition
2.10. Corollaries 2.15 and 2.18 then yield for each ¢ € [1, M]

|Dp (z,-,-)|* € L%(Q (a, b)) for each z € RN and all 0 < a < b < o0

and
|Dp (x,-,t)]* € L9 (RY) for all (z,t) € RY x (0, 00).
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Chapter 3

Pointwise bounds of the derivatives
of the transition kernel

In this chapter we apply the parabolic maximum principle (see e.g. [Kr96, Chapter
8]) to estimate the derivatives of p. We will use the fact that D;p(x,-,-), Dyp(x,-,-),
Dijnp (z,-,-), 0w (z,-,-), ODip(z,-,-) € CL, (]RN X (0,00)) for each fixed z € RY (see

Remark 1.3 b)). In Section 3.2 we additionally assume that F; € C37* (RY). It implies
that Djjpep (z,-,-), O Dip (z,-,-) € C} (RN x (0, oo))

loc

3.1 Pointwise bounds on gradient

Condition 3.1. There exist K > 0, € € (O, }J N (O, Ni-',-Q) and a Lyapunov function V
with AV < KV, such that

2

(1+ $+ |Da|® + |D?a| + |F|)? + |DF| + |div F + H| + |D (div F + H)| + |H|> <V.
y

Theorem 3.2. Under Condition 3.1 for all 0 < a <T' < oo it holds
1Dp (z,y,0)]> < e”p(z,y,0)°V (y)°  forall (z,y,t) € RV x RV x [a,T],

where .
B=K+C (1 n a—) swp [p (w8 (3.1)

(y,t)eRN x[§,T]

the constant C' > 0 depends only on A\, € and N and K 1is given by Condition 3.1.

N
Remark 3.3. We set M = g — 1. Then M > 5 M > 2 and it holds

|a| 2 2 : M
1+ —— +[Dal” + |F|” + |div F + H|
1+ Jy|

€

= (1+ 4l 2+|Da\2+|F|2+]divF+H1)
1+ |yl

2

€

(1+1J|ra‘| ’2+‘Da‘2+|D2a‘+\F’2+\DF\+|divF—|—H]+!D(diVF+H)’+\H|)
y

65



< V.

So Condition 3.1 implies Condition 2.1 with W = 1 and hence Condition 2.10. Theorem
2.2 thus yields boundedness of p (z,,-) on RY x (a,b) for each x € RY and all 0 < a <
b < oo. Since the boundedness of p is necessary for the proof of the Theorem 3.2, we
assumed that ¢ < Moreover, Remark 2.3 a) implies that for all 0 < a < T < o0 it
holds

N+2

1 1 \°
Do 0F < 06 (v ) (5= ) 4 i) V0
for all (z,y,t) € RY x RN x [, T for a constant C' = C' (X, M, N) > 0, where the constant
B is given in (3.1).

Proof of Theorem 3.2. Let x € RY be fixed. We consider p as a function of
(y,t) € RY x (0,00). Further 7 be given as in the proof of Theorem 2.2 for some a > 0.
For fixed 7 € RN we set

1
ERTOR |Dp (z,y,t)|* for (y,t) € RY x (0,00).

Using (2.52) with 6 = 2 and 8 = 4, we obtain

w (z,y,1) =7 (), ()"

N
1 1
Own = — em’ny— |Dp* Agp + 27— > ankDinepDip
p ih =1
N
+ 277 Z DixansDipDpp — 27° nnp Z D;FyD;pDyp
ihok=1 ih=1

—2r%ptple Z D; (divF + H) D;p

i=1

+er? nn — |Dp|* F - Dp — 2% b ZFh DinpDip

i,h=1
+277n Z Dians DppDip + 27°n Z Dyank DinpDip
i,h,k=1 p i,h,k=1
1 1
+ 27t = |Dp|2 —(2—e) Pt = |D10|2 (divF + H). (3.2)
jud p°

Further, we have

1

N
1 1
AT [Dpf* Y ank Dy, — € (2 +1) 7277311@ |Dp|* a(Dp, Dp)

hoh=1
1
+e7— |Dpl” Aop — 470 |DP| Z Dy.anDyn,
p hok=1
2 41 - 9 3 1 al
—27 e Z DyankDinpD;p — 16771, — Z ank DinpDip Dy,
4,h,k=1 i,h,k=1
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N
1
+er?n i Z ane DinpDipDip — 2771, — Z ankDinkpDip

ishok=1 i,hk=1
L
—27%n4— > a (D (Dip), D (Dip)) — 47°n IDp\ F- Dn,
L
+e7? T]n |Dp] F-Dp—21?p n Z FnDinpD;p. (3.3)
i,h=1
Adding (3.2) and (3.3), we obtain
Ow,, — Aowp—F - Dw,, + Hw,,
N

1 1
=—c(e+1) TanLF |Dp|* a (Dp, Dp) — 27277%; Z a (D (D;p), D (D;p))

=1

N
1
e Z Dipa (D (Dip), Dp) = 471 > FyDipDip
ih=1
+ 27°n Z D;anyDpepDip — 16770 Z D;pa (D ). Dn,)
i,h,k=1

+ 267, — |Dp|* F - Dp + 87—+ L |Dpl*a(Dp, Dn,)
p D°
N
+277p Z Dixan, DipDyp — 272 n"p Z D;FyD;pDyp
zhk 1 ih=1

1 1
— (2 — &)t = |Dp| (div F + H) + 27'm: — | Dp|*
pe pe

N
1 1
- 4727751]; 1Dpl* Y Diank Dy, — 127%%}; |Dpl*a (Dn,,, Dn,)

hk=1
31
— 47 \Dp| Z ank Dnny, — 470, — | Dp|* F - D,
hk=1 P
1
—2rntpte Z D; (div F 4+ H) D;p + 1 = |Dp|* H. (3.4)
pE

i=1
Using (1.5), (1.6) and the Cauchy-Schwarz inequality, we estimate
Owwn — Agwp—F - Dw,, + Hw,,
1 1 &
<—e(e+1) T2niﬁ |Dp|* a (Dp, Dp) — 27’277;1LE Z a (D (D;p),D (D;p))

i=1

+ de7nt s Z Va (D , D (Dip)>\/(Dip)2 a(Dp, Dp)

T a4y \DQp| |Dp| (|F| + | Dal)

I 1672772 p= Z Va (D (Dip),D (Dip))\/ (Dip)*a(Dn,, Dn,)
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1
+2672ni]@ |Dpl’ |F| + 8e7*n),— |Dp|* /a (Dp, Dp)+/a (Dn,,, Dn,)

pe-i-l
+ NN#m% |Dp|* (| D?a| + |DF| + |div F + H|)

+ 87 | Dpl? - + 4V | Dy <|F| + |Dal) [Dn,|

- 1272772% |Dpl*a (Dn,,, Dn,) +47°n !Dp\ lal [ D,

+ 27202 p' ¢ |Dp| |D (div F + H)| + 72 |Dp] |H|. (3.5)

We consider the positive terms on the right hand side of (3.5). Applying repeatedly
Young’s inequality and using (1.7), we estimate

R Z Va(D (D). D (Dip)y/ (Dip)* a (Dp. Dy)

1 1
<2 Z \/TQU%ECL (D (Dip),D (Dip))\/4€27 n”p — (D p)? a(Dp, Dp)
i=1

N
1 1
<t > a(D(Dip), D (Dip)) + 12T |Dpl* a (Dp, Dp),

i=1

A%, — = \D2p| |Dpl (|F| + |Dal)

1

N
1 16
<2\ 37 Y o (D (D). D (D)ot Dol (FF -+ |Daf?)

=1

1 16 1
n,— Y a(D(D;p),D (Dip)) + 77277%? |Dp|? (|F|2 + |Da|2) ;

1672773% Z Va (D (Dip), D (D;p)) \/ (Dip)* a(Dn,, Dn,,)

N
1, 1 1
<2 ~72pt —a (D (Dyp) , D (Dip))y /1287202 — (D;p)* a (Dn,, D
< E \/27 Mz (D (Dip), D zp))\/ 872m (Dip)”a (Dny, D)

N
1 1
<smnh—= Y a(D(Dip), D (Dip)) + 128L°7°n2— = | D?p| 7 Ln<jyi<any

1+!|

257’2 4p |Dp] |F|

£2 1 1
C 2 2,4 7 2 2
<2\/4T 77np€+2 | Dp|* a (Dp, Dp)\/AT Tz | Dpl” | F|

2

4 1
<t D Dp, Dp) + —72n* = | Dp|? | F|?
< nnp5+2| pl* a (Dp, p)+AT77an| " |F|”,
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8t nnpgﬂ |Dp|* \/a (Dp, Dp)+/a (Dn,,, Dn,)

IN

g2 1
2\/ TR s |Dp|* a (Dp, Dp)\/ 647277%]; |Dp|* a(Dn,,, Dn,,)
52 9 9 91 la
|Dp|* a (Dp, Dp) + 52L* 7% — p | Dp|®

4 n”pa+2

IN

—]ln n

+127%y \Dp\ a(Dn,,Dn,),

1 1 F|+|Da
WEE L Dy (1F| + |Dal) | D, | < ALVEr2p L Dy ELE Dy
p p 1+ |yl
w2t L Dol ol [D?n,) < 4L S 1DpP —1U 1o
pa &‘ 1+| | — —

1
2rntp' ¢ |Dp| |D (div F + H)| < 24 /7'277%— |Dp|2\/72nflp2*5 |D (div F + H)|?

nh— = L D[ + 72t D (div F + H)P.

IA

Since

0<7<7<1 and 0<n<nd<n?<l,

we obtain

Oyw,, — Aow,—F - Dw,, + Hw,,

2
9 €
S—(e—?)e Z)Tn"p‘”?

+C7’77n |Dp| < +1+ ||2—|—|Da|2+|D2a|
1+ |yl

|Dpl|* a (Dp, Dp)

+ |F|” +|DF| + |div F + H| + \H\)

+ 724 p?~ |D (div F + H)|? (3.6)

for a constant C'= C (A, e, N) > 0. Further, for each U > 0, it holds

1 82 2
CmiEIDPIQU < 2\/2 s P | Dp|* a (Dp, Dp) s Pt U?
g2 C?
< D Dp, D —p* U2
< QTnnp5+2| pl* a(Dp, p) + 553P

From (3.6) it then follows

Oww,, — Aow,,—F - Dw,, + Hw,,
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1 2
< — (e -4 T%i}m |Dp|” a (Dp, Dp)

C 1 a
+ ¥ ° <—2 + (1 + % + |Dal? + | D%
€ o 1+ [yl

2
+|F|? 4 |DF| + |div F + H| + |D (div F + H)| + |H|> )
Hence, using Condition 3.1 and the fact that e — 42 > 0, we deduce
1
Ow,, — Aow,, — F' - Dw,, + Hw,, < C (1 + —2) p?EVeE (3.7)
a

for a constant C' = C' (\,e, N) > 0. Since p(z,-,-) is bounded for all T > o and x € RV
on RN x [4,T] , estimate (3.7) leads to
ath (l’, Y, t) - AOWn ((L’, Y, t) - F (y) ’ Dwn (l’, Y, t) + H (y) Wn (l'v Y, t)

<C (1 + %) V (y)° sup Ip (z, z, s)|27€ (3.8)

(2,5)€RN x[$,T]
for a constant C' = C' (A, e, N) > 0. Let now > K. From Proposition 1.6 we obtain
Ag(VE)+ F-D((VF)— HVE < KV°=.
It then follows

0, (~e™V7) = Aq (~eMV7) — F - D (=e"Ve) 4+ H (~e"V7)
= — BePVE L PPA(VE) < — (B - K)VE. (3.9)

Estimate (3.8) then implies

O (wn — eBtVa) —A (wn — eﬁtVE) —F-D (wn — eﬁtVE) + H (wn - eﬁtV‘E)

1
< - 6—K—O<1+E> sup  |p(x,z, )7 |V
(

2,8)ERN x [%,T]

for (z,y,t) € RY x RN x [2,T]. Set

27

1
ﬂ(m,a,T):ﬂ:K+C<l+?> sup  |p(a,y, )77

(y,t)ERN x[%,T]
It then follows
Oy (wn — eﬁtVE) — Ay (wn — eﬁtvs) —F-D (wn — eﬁtvs) + H (wn — e’BtVE) <0.

Observe that o
P | for t € [0, 5] and for |y| = 2n.

The parabolic maximum principle (see e. g. [Kr96, Chapter 8]) thus yields

0 <w, <ve on B(0,2n) x [0,7].
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Letting n — oo, we conclude that

|Dp (2, y, )" < e¥p (2,y,0)7V (y)°
for all (z,y,t) € RY x RN x [, T], for

1 e
6=K+C(1+—2) sup | (x,y. 1)

(y,t)eRN x [% ,T]

and the constant C' = C' (A&, N) > 0. u

We now combine the results from Theorem 3.2 with (2.2).

Example 3.4. We consider again the operator
A= 1+2)"A— 22D, 0<a<p, f>1,

from Example 2.4. Then for each ¢ € (O, ﬂ N (0, Niﬁ) we can find 0 < v < d < oo and

Cy,Cy > 0, such that W (z) = Cie"* satisfies Condition 3.1 and V (2) = Caefl*l® and
W satisfy Condition 2.1 by Example 2.4. So Theorem 3.2 yields

2 B
/ !Dp(w,y,t)ledyéeft/ p(x,y,t)V (y)dy
RN RN

so that

N 1
‘DP (x, -,t)‘2 e L1 (RN) for each g € [max {4, Z + 5} 700)

and for all (z,t) € RY x (0,00). Combining this result with Corollary 2.18, we deduce
that
|Dp (x,-,t)]> € L (R"Y) for each ¢ € [1, 00)

and for all (z,t) € RY x (0,00). Moreover, from (2.37) it follows that for all ¢, > 0 there
exists a constant C' = C (a, 3,7, o) > 0 such that

p(x,y, t) W (y) < Ct for all (z,y,t) € RN x RY x [ty, 00)

and thus Theorem 3.2 yields

B8
2

1Dp (2,9, 1) < e3'p (z,y,1)2 W (y)F < Ce2't3, (3.10)

for a constant C = C'(\, N,«a, 3,7,t9) > 0. That is |Dp(x,-,t)| is bounded for all
(z,t) € RY x (0, 00) since tg > 0 can be arbitrary close to 0. So we get

|Dp (z,-,t)]> € L? (R") for each ¢ € [1, o0].

Further, from Example 2.4 and Proposition 1.8 we infer that for each ty > 0 there exists
a constant Cy = C (tg) > 0 such that

/ p (2,9, D)V () dy < Co.
RN

Moreover, Remark 2.17 yields for some &’ € (0, ﬁ}, where a constant M > % such that
M > 2 is given as in Corollary 2.16,

Dp (z,y.t)[’ LY [ <
[ oIl < a1 g) [ s ool [ bt v o) s
RN p(way7t) to RN

to N
5 z€R
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S C2t2—€/

for suitable constants C7,Cy > 0 and all ¢t > to. Thus it follows

Dp 5’?73/775 2 e’
[ opanray = [ BRELOE,
RN RN p(,y,t)
|Dp (fv,yi)lzd

N op(x,y,t)°

< sup [p (a5 0)f /
zERN R

< Ct?

for a constant C' = C' (A, N, a, B,7,t9) > 0 and all ¢ > t,. From (3.10) we obtain
/ | Dp (x,y,1)[* dy < CCf Pl Digelam
RN

for constants C; = C} (A,N,Oz,ﬁ,’y,tg,> > 0, Cy = (Y ()\,N,()Z,B,’}/,to,) > 0,all t >ty
and all ¢ > 1.

3.2 Pointwise bounds on second derivatives

Condition 3.5. Assume that Condition 1.1 holds. Let also F, € C3t2 (RN). There is a
function U € C? (]RN) such that

a
1+ 1j|L‘| 2 +\Da!2+|D2a}+]F]2+\DF\+\divF+H|+]H| <U.
Y

Moreover, there exists a Lyapunov-function @ such that AQ < KQ for some K >
max {0, Hy} and

1+ |D%|* + |D*F[* +|D (div F + H)|” + | D? (div F + H)|*
(AU + F - DU)*  (a (DU, DU))*
g - U

Q°
U2 < x
+ + ST

for some £ € (0,1] N (0, NLH)

Remark 3.6. We set M = 2

3

1. Then M > % and Condition 3.5 implies that

|al 2 2 . S
1+ 5 + [Dal” + |F|” + |div F|
1+ |yl

a €
- (1 T |Da|* + |F? + |div F\)
1+ |yl

a %
< (1 + J’r |‘ : + |Dal® + |D%a| + |F|” + |DF| + |divF~|—H|)
y
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Therefore, () satisfies condition 2.1 with W = 1 and V = @ if Condition 3.5 holds.
Theorem 2.2 thus yields the boundedness of p (x,-,-) on RN x (a,b) for each x € RY and
all 0 < a < b < oo and with (2.2) it holds

sup p(z,y.1) < C (% (et e50) + %—) Q) (3.11)

yeRN

with a constant C' = C' (A, e, N) > 0.
Theorem 3.7. Under condition 3.5 for all 0 < a < T < o0 it holds

2 € 5
|D?p (x,y,1)]” + |Dp (z,y.1)]* < ”'p(2,9,4)° Q (y)

for all (x,y,t) € RY x RY x [a, T], where

1\’ cC —
B=K+ <1+—) S swp p(ay b))
a () RN x[5T]

and the constant C > 0 depends only on N and X\, where K > max {0, Hy} is given as in
Condition 3.5.

Proof. Let z € RY be fixed. We consider p as a function of (y,t) € RY x (0, 00). Further
let 7 be given as in the proof of Theorem 2.2. We remark that D;;p and D;jip exist and
are continuous (see Remark 1.3). For fixed z € RY we have

N
Oy (Tgn?; !D2p|2> = 3728 | D*p|* + 2705 Y DyypDy; (9up) -
ij=1
Equation (2.12) yields

N N N
Di; (Oip) = Z Djjank Dyrp + Z Diapk Dijnrp + Z DjankDinkp

h,k=1 h,k=1 h,k=1

N N N
+ Z ankDijrep + Z DijranDyp + Z DirapkDjnp
h,k=1 h,k=1 h,k=1

N N N
+ Y DigankDinp+ Y DranDignp — Y DijFyDyp
he=1 hjo—1 =1

N N N
—> DiFyDjp— Y DiFyaDinp — > FuDijap
h=1 h=1 h=1

—D; (divF + H)D;p— (divF + H) D;jp

It thus follows

N N
2
Oy (7'377?1, |D2p‘ ) = 27'377?1, Z ank DijnpDijp + 47377% Z DjankDingpD;jp

i,3,hk=1 i,3,hk=1

73



N N
+27°,, Z Dyank DijnpDijp — 27°n5 Z FyDijnpDijp
i7j7h7k:1 Z,],h:].

N N
+27°n, Z Dijane DijpDiip — 47°n, Z D;FyD;jpDinp
i7j)h)k:1 'L,],h:l

N N
+473n8 Z DjraneDijpDinp + 27°08 Z DijjranDijpDyp
iG k=1 ij k=1

N N
=278 Y Dy FyDijpDyp — 47°15 > " D; (div F + H) DijpD;p

,7,h=1 ij=1
N
_27-37]2]7 Z D;; (divF + H) Dijp — 27_377g |D2p}2 (div F + H)
3,0=1

+37' 728 |D2p}2 .

On the other hand, we have

N
Dy, (73772 }DQPIQ) = 670, | D*p|” Dum,, + 2708 > DyjnpDyp,

ij=1

N
2 2
D (70 [D*[") = 3070t | D*p[* Dn, Diy, + 1275, " DigepDigp D,

ij=1

N
2
+67°n5, | D?p|” Diin,, + 12705 > DijnpDijpDin,
ij=1
N N
+27°1),, Z DijnepDigp + 27°1, Z DijnpDijip

i,j=1 tj=1
for all h, k € {1,..., N}. Hence,

N
2 2
Ag <T377§\D2p|> = 307", |D*p|"a (Dn,, Dp,) +127%05 Y aweDiipDygpDii,
i, k=1
N

N
2

+67°n)) | D?p| E ank Duin,, +127°7), E ank DijnpDijpDin,,
hoi—1 igdk=1

N N
+27°0% Y anDigwpDigp + 2705 Y~ a (D (Dyp) , D (Dyjp))

i,7,h,k=1 4,j=1

N N
2
+67°0, |D*p|” > | DianeDun, +27°05 D DyapsDijnpDisp
hjo—1 ij k=1

We then compute
Oy (7’3772 ‘D2p|2) —Ap (7’3772 ‘D2p|2) —F.D (73772 ‘D2p|2>
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N
=— 277} Z Dy;p), D (Dy;p)) + 47°n5, Z Djang DipgpDijp

1,j=1 i,5,h, k=1

N N
— 4705 > " FuDijnpDigp — 127°0%, > ankDijnpDijpDin,
i,5,h=1 i,5,h,k=1

N N
+ 2700, Z DijankDijpDup — 47°n5 Z D;FyDijpDipp
i,5,h,k=1 i,j,h=1

N N
+47%05 " DjganDigpDanp + 2705 > Dijeane DijpDap
i7j7h7k:1 7"7]’7}7/71621

N N
— 27’37]2 Z D;;FyDijpDpp — 4737]2 Z D; (div F' + H) DypD;p

i.j,h=1 ij=1
N N
—27°%5p Z Dy; (div F + H) D;jp — 12703 Z ankDijrpDijpDpn,,
ij=1 i.j.hk=1

7, |D?p|” (div F + H) + 377>y, | D*p|” — 307°n;, | D*p|" a (Dn,, Dn,)

N
— 67, | D*[* F - Dy, — 67°0; | D*[* D" ameDur,
k=1

N
— 67’37]2 ‘D2p|2 Z Dkathhnn. (312)
h,k=1

Now let € € (0, }L] N (0, N+2) be as in condition 3.5. Observe that

1 1 1 1
3t(E)—(Ao+F-D) (—E> = 25p—F Dp+6p—(d1vF+H)—8(€+1)p a (Dp, Dp)

(3.13)
and

O (wv) — (Ag+ F - D) (wv) = u(Ow— (Ag+ F-D)v)+v(0wu— (A + F - D)u) — 2a (Du, Dv)
(3.14)

for each u,v € C*! (RN x (0,00)). From (3.12), (3.13) and (3.14) we deduce

) (Tsngi yp2p|2) 4 (#ngi ;D2p12> _F.D (Tsngl |D2p}2)
D* p* j

N
1
= — 27377&1; Z a (D (Dijp) ,D (Dijp))

,j=1

e(e+ 1)73772 g |D?p|* a (Dp, Dp)

+4€T nn a—i—l Z pr(l ng),DP)
i,5,h, k=1

)



N
1
+4r%8— > DjanDimpDisp
i7j7h'7k:1

N
1
— 45— >~ FuDijnpDyjp
lﬂj?hil

_ 247— Z pra sz) 7D77n)

i,7,h, k=1

+ ]_25772 3 ‘D2p’ 8+1 (‘Dp7 Dnn)

+ 2e7°p erl |D2p} F-Dp

—|—27’ Z DwathUpth:p
i,],h,k:l
1 N
_47—377?1_5 Z DijDijpDihp
%,J,h=1
N

1
47 Y DisancDipDap
‘jhkfl

1
+ 273 Z D;jjiankDijpDpp
1,5,h, k=1

_27— p Z DUFhDUpth

,J,h 1

— 47y D; (divF + H) D;jpD;p
Ly ) D

Jl

— or¥ySpl=e Z Dij (div F + H) Dyp

1,j=1
— (2= ) a0 A F + )
3 D%’
p
307t L \D2p| (D, Dip)

N

— 6705 (D[ 3 oDy,
p h,k=1
— 673 |D2p} Z DraneDpn,,
hk=1
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and hence

o (a2 ) g (P 2 o) - 7 (s L )
pE pE pa

N

1
< - 273772}; > a(D(Dyp), D (Dyp))

1,j=1

e+ 1) 00— p€+2 |D*p|* a (Dp, Dp)

—307%n !D2p| (Dn,,, Dn,,)

+ 4e7? nn e Z \/ zgp (Dijp))\/(Dijp)2 a (Dp, Dp)

3,j=1

+ 4l — = |D3p} |D?p| (|Dal +|F)

+ 2473 Z \/ D;;p), (Dijp))\/<Dijp)2 a(Dn,, Dn,)

4,7=1

+ 126’7 3\D2p{ %a (Dp, Dp)v/a (D, Dn,,)

+ 267377511@ IDQP\ | Dpl |F|

+ 4\/NT37721 |D?p| |Dp| (| D*a| + |D*F| + |D (div F + H)|)
+ 27’3772171 c |D2p| |D? (div F + H)|
+67°1 |D2p} (|D%a| + |DFY)

+(2- 5) 3 nn— |D?p\2 |div F + H|

+ 127 \D2 |

+67 nn; |D%[?|F| D,

4 67377,51% |D%p|* |a] | D?n, |

4 6%@%3% D?p|* |Dal | D, (3.15)

We consider the positive terms of the right side of (3.15). Using repeatedly the Young’s
inequality, (1.7), (1.5) and (1.6), we obtain

N
1
der'nf—5 3 \/a(D (Dyp) . D(Dyp)y (Dyp)*a (Dp. D)
ij=1
1
Ly Wnn—a (Dyp) . D <Dijp>>¢4s%3nzpe+2 (Dyp)? a(Dp. D)

i,7=1

7



N

1
ST%SLE Z a (D (Dip), D (Di;p)) + 4527'377%]) ‘D2p| (Dp, Dp) ,
ij=1

1
473772]; |D*p| | D?p| (IDal + |FI)

N

1 1
§2 57—37]2]; Z CL(D (Dz]p zgp \/_7—37]n c ‘D2p| (|DCL|2 + |F|2)
7,7=1
1 1 & 16 1
3 6 3 6 2 12 2 2
<57 %EZ-;G(D (Dz‘jp%D(Dijp))JrTT UHE\D p|” (|Dal* + |F|*),
1 N
2477 3" /a (D (Dyp) D (Dyp)) (Dop) a (D, D)
ij=1
N L o1
<2) /57 0 (D (Dyp) D (Disp)
ij=1

1

N
1 1
§§T377?L]; ZG(D (Dijp)uD(Dijp))+258L27—37]n |D?p | ﬁﬂ{nﬁ?ﬂﬁ%’b}
i,j:l
+307% |D2p\ (Dn,,, Dn,)
1273 p+1 |Dp|* \/a (Dp, Dp)y/a (Dn,,, Dn,,)
52
§2\/ ZT3nn — [D?p|*a (Dp, Dp)\/ 144L2T3nn p |D2p|? ﬁﬂ{ngyszn}
£2 1 al
<—71y— |D*p|” a (Dp, Dp) + 144L*7°n, — | D*p —]1n s

1 2
2673772]@ |D*p|” |Dp| | F|

g2 4 1 9 9
__ 3 2 316 2
32\/47 mpw |D2p|* a (Dp, Dp)\/AT T2 |D2p|” | F|

€ 4 1
I nnp5+2\D2p! Dp,Dp)+XT3772};!D2p|2!F|2,

4\/N73n21% |D?p||Dp| (| D*a| + | D*F| + | D (div F + H)))
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€2
<2\/57—3nnp5+2 |D2p| (Dpa Dp)

\/—TSanz “(ID%]| + [D2F| + D (div F + H)))*

8

<57 nnp€+2\D2p| a (Dp, Dp)

4 SN gt (|D%] + [ D2F| 41D (div F o+ 1))

1
2700 p' % | D?p| |D?* (divF + H)| < 2y /73n8— |D2p|2\/T3ngp2—a |D? (div F + H)|?
pa

< 3772]% |D?p|” + 780Sp* ¢ | D? (div F + H)|?,
1 2 51 2,12 |F‘
6’7‘37751 ‘D2p’2 |a| ‘D277 | < 6L7'3775i ’D2p|2 Aﬂ{nﬂ |<2n}
nps n| = np5 1+| |2 Sy )
3 51 2, 12 2 | Dal
6V NT o |D?p|”|Da| |Dn,| < 6LV N7y — = =Dl 1y ] Hstvian-
So we obtain
2 3.6 1 2|2 3.6 1 212
<—(e— 452) 73772]@ {DQP}QCL(DI% Dp)
+ 78— e }sz\
+ QAOT n— = \D2p| (IDal? + |F|)
+67° |D2p} (|D%a| + |DFY)

+ (2 - 5) 7'37]2—(E |D2p‘2 |div ' + H|
p
1 1
+ 127’27721; ‘D2p|2 —

1 a Da F
+6L\/NT3772E|D2P\2< |||y|2+ [Dal + ] >11{n3|y§2n}

L+yl  1+yl

1
+ 402L%73 4p }D2 ‘ 5 Lin<|y|<2n}

m
+ 82]\;73772172 “(|D%| + |D*P| +|D (div F + H))’
+ 70" |D? (div F + H)|*
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and thus
) (T D% ) (T%ié }D%!z) _F.D <73n2% |D2p\2) +T3n2; D%p[?

§C’7'277i1 |D?p | ( +1+ la 2+|Da|2+’D2a|
P 1+ [yl

+ |F|” + |DF| + |div F + H| + \H\)

- 07'377gp2 *(|D%| + |D*F| + |D (div F + H)| + | D? (div F + H)|)”

for a constant C' = C' (A, N) > 0. Now Condition 3.5 yields
1 2 1 2 1 2 1 2
o (Pt (%) = o (w6 2 Dl ) = 1D (w0 2 |0l ) o)

=0, (T%ié |D2p}2) —A (T?’ni% |D2P\2>
P p
<Cy (1 + l) i (D% U
o p
+ flf?’ni ¢ (|Da| + | D*F| + D (div F + H)| + | D (div F + H)|)’
(3.16)

A
for a constant C; = C; (A, N), where we may assume that C; > 1 > 0. Equation (3.5)
further gives

1 1
) (TQni}; |Dp|2) A (Tzni—s |Dp|2)

<—e(e+1)72 nnpg+2 | Dp|* a (Dp, Dp)

P ; > a(D(Dp),D (D))

i=1

+erl Z Va(D (D). D (D)) (Dip)* a (Dp. Dy)

+ 47%}; |D?p| |Dp| (|F| + |Dal)

+ 167'277731% Z va (D (D;p),D (Dip))\/(Dip>2 a(Dny,, Dn,,)

+ 2e7” ?7%(_:+1 | Dp|* |F|

+ 8er?n? |Dp|? \/a (Dp, Dp)\/a (Dn,, Dn,,)

pa+1
+ 2\/N72ni— \Dp|? (|D%a| + |DF| + |div F + H|)
p&'
1 1
+ 87— |Dp[* —
pE
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1
+ 4\/N72772— |Dp|* (|F| + | Dal) | Dn,,|
— 1277 IDpl a(Dn,, Dn,)

+ 27’27];1Lpl_6 |Dpl| |D (div F + H)|
1
+T277i]; |Dp|* |H| . (3.17)

We consider the positive terms of the right side of (3.17). Using repeatedly the Young’s
inequality, (1.7), (1.5) and (1.6), we obtain

i Z Va(D (D), D(Dp))y/ (Dip)* a (Dp, Dp)

1 1
<2y \/ Pt (D (Dip) D (Dip)y 42204~ (Dip)a (Dp. Dy)

N
1 1
<nh—> a(D(Dip),D(Dip)) + 4627277i’;p — |Dpl*a (Dp, Dp),

AP, — = |D2p} |Dpl (| F| + | Dal)

N

1 1 32 1
<2\ [ 172 3 a(D (D). D (D)) et L Do (1P + D)
=1
1 1 & 32
<y s D (D (Dip), D (Dip) + o7 - IDpl* (IFI* + |DaP)

=1

N
1 1 1
<2} ¢ 370 (D (Dip), D <Dz-p>>\/ 256727;%]; (Dip)* a(Dn,. Dn,)

N
1 1
gZTQUfLEZa(D (Dip) D (Dip)) + 2L | Dy %ﬂ{”é'mn}
i:1

g2 4 1
24 2 2
2671 p — |Dp’ |F| < 2\/4 77np€+2 | Dp|® (Dp,Dp)\/AT Tz | Dpl™ | F|

g2 4 1
< 7 D Dp, D —72* = |Dpl* | F)?
< 7 nnp5+2| p|* a (Dp, p) + 7 nnpsl " |F|”,
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|Dp|* /a (Dp, Dp)\/a (Dn,, Dn,,)

8er? 77np5 T

g2 1 s Jal
<o) 2 D Dp, Dp)4 | 64127202 — | Dp|* ——— Lin<yi<on
< \/4 nnpﬁzl p|*a (Dp p)\/ n psl j4 3 [ shisen)

62 1 |a|

= ™ pet2 |Dpl (Dp,Dp)+64L272niE]Dp|2 3 Lin<iyl<2n},

1+ |yl

1 1 F|+ |Da
W Dol (| + D) |Dw,] < 4LV 10p B 1,

1+||

1
2r%ntp' ¢ |Dp| |D (div F + H)| < 24 /7'277%— |Dp|2\/72nflp2*5 |D (div F + H)|?

< E\Dpl +0hp D (div F + H)J?.

APl — = L\ Dol 1al |D?n,,| < ALT*p)— p= LD 3 Ln<ly<2n}s

It then follows

Oy <T T — p | Dpl > A (T T — p IDp|2>
52

|Dp|* a (Dp, Dp)

1 a
+ C’T?ﬁl—s |Dpl|? (— +1+ al 5 + |Dal? + ‘Dza‘
p a 1+ [yl

+|F|> + |DF| + |div F + H| + yH|>
+ 2t |D (div F + H)|2 )

with a constant C' = C' (A, N) > 0. Using also (3.14), we conclude that

1 1
) (#niUE \Dp\2> —A (TQTIiU]; IDp\2>

52
S — <€ — 382 — E) ’7'27]n p€+2 |Dp‘ (Dp7 Dp)

- —T U2 Z D (D;p))

+ CiU |D| < +1+ ||2+|Da|2+|D2a\
L+ |y
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+ |F|* 4 |DF| + |div F + H| + |H|>
47 nnUp2 5|D(d1vF—|—H)|
—72n§E|Dp| (AgU + F - DU)

— 87 pr| a(Dn,,DU). (3.18)

Observe that

1 1 DU, DU
<—72?7iU]; > a(D(Dip), D (Dip)) + 167%?2]; D2 L2 2Y)

£2 1, ,a(DU,DU)
9\/17 U e |Dpl*a (Dp, Dp)\/472ni]; 1Dyl ———

2 1 QG(DU,DU)

) ar7 2.4
<—7n,U pm |Dpl* a (Dp, Dp) + 47 - 1Dpl T

—87%n IDpl (DU, Dn,,)
1 DU. DU 1
<9 47277;§—|Dp|2M AL2722U — | Dp|? o] .
P° U D° 1+ |y

1 DU, DU 1
<4r?ns— |Dp|? a(DU, DY) +4L27°n2U— | Dp|® ﬂr
P U P 1+ |yl

Now, (3.18) yields

1
o (T%n L1y ) (r%:iUE |Dp\2)
<

52
_ <5 — 32 — Z) Tznn p€+2 |Dp\ a (Dp, Dp)

N
1
ca S o (0 (). D (D)

=1
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1 1
+CTnfLUE|Dp|2( +1+ o “ ’ |Da|2+ |D2a}
+|F)* + |DF| + |div F + H| +|H]

AU+ F - DU, a(DU, DU))

U U?
+ 2t Up* | D (div F + H)|. (3.19)

with a constant C' = C'(\, N) > 0. Analogous as in (2.20) we deduce from (3.19), the
fact that ¢ — 42 > 0 and Condition 3.5

1 1
) (TzniU]; ’DP’2) —A (TzniU]; |Dp’2)

A 1
<= ZrnU—| D[’
4 o
C 2—¢ 1 2
+ SUp (S +ID (v E+ H) +U
AU+ F-DU>  a(DU,DU)
. 3.20
U U4 (3:20)
with a constant C' = C (A, N) > 0. We further set Cy = 451, where the constant Cj is

given by (3.16). We remark that Cy > 1. Then (3.20) yields

1 1 1 1
O (02 (1 + a) TanLUE |Dp|2> —A (Cg (1 + —) 7217;’;U—E |Dp|2>
<-0C (1+l> 24 ‘D2p|
a

1\ C 1
o) € (0%

’AOU+F'DU
+

2 a(DU,DU)2>
+
U

U4

(3.21)

with a constant C' = C'(A\,N) > 0. We now combine (3.16) with (3.21) and Condition
3.5. Let 0 < a < T < 0. It follows

1 1 1
Oy (73”3—5 |D?p|* + Cy (1 + —) T, U— |DP|2)
p « p
Al 736 1 2|2 1 2 4 1 2
- Tnn—E}D p‘ +Cy 1+ — TnnU—E|Dp|
b Q p
1 3
< (1 + —) %UpH <1 +| D%l + |D?F|?
(6] g

+|D (div F + H)|* + | D? (div F + H)|?
(AU + F - DU)*  a(DU,DU)?
* g LT

<(143) DI o @ (3.22)
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with a constant C3 = C5 (A, N) > 0. Let now

1\ C .
5<x,a,T>=/3:K+<1+—) % by
« € (y,t)

ERN x[2,7]

where K is given by Condition 3.5. Using (3.9) for the Lyapunov function @), we deduce
from (3.22)

1 1 1
0 (T?’ni—s D" + Cy <1 - —) T*n,U— | Dpl” — 6&@5)
p a p
3.6 1 2.2 1 o apr L 2 Bt Ne
—A( 00— |D*p|" + Cy ( 1+ = | P*nyU— |Dp|” — ”'Q
p ! p
1\* Oy 2—¢
<li1+=2) = . (- K)Q*
<(1+2) Sl oy @ - G- K)Q
=0.
Observe that
1 1 1
7377?;}; |D?p|” + Cy (1 + 5) ﬂ;ﬁUE |Dp|* — '@ <0

for t € [0, %] and for |y| = 2n. The parabolic maximum principle thus yields

1 1 1
7377551—5 |D2p‘2 +Cy (1 + —) 7'27731U—5 |Dp|? — P1Q° < 0
p «Q p
on B (0,2n) x [0,T]. Hence, letting n — oo, we obtain

1 2 1 1 )
€ D2 x, ,t +C (1—|——) U S D x, ,t Seﬁt 5

for all (z,y,t) € RN x RN x [a,T]. Since Cy (1+ 1)U (y) > 1 for each y € R, we
conclude that ,
|D?p (z,y,1)]” + |Dp (2,9, 1)|* < ’'p(z,y,1)° Q (y)°

for all (z,y,t) € RY x RN x [a, T]. n
Corollary 3.8. Assume that Condition 3.5 holds. We then have
|D?p (z,-,t)| € L: (RY) for all (z,t) € RY x (0, 00),

|D?*p (z,-,-)| € L: (Q (o, 1)) for each x € RY and all 0 < a < T < 00

and it holds
/ (}sz (z,y,t)
RN

where B is as in Theorem 3.7 and €, K and Q) satisfy Condition 3.5.

2
€

o 1Dp (1)) dy < 26)Q ), (3.23)

Proof. The assertion follows directly from Theorem 3.7 and (1.21). u
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Corollary 3.9. Assume that Condition 3.5 and € < % holds. Then we have
|Dp (z,-,-)| € L= (Q (a, T)) for each x € RN and all 0 < a < T < 00

and it holds
|Dp (z,y,t))* < CePH<R1Q (z)°

for all (z,y,t) € RN x RN x [a, T], a constant C = C (¢, N) > 0 and 3, K from Theorem
3.7.

Proof. Since g > N, from Morrey’s inequality and (3.23) we conclude
2 2
I1Dp (2, Dl & + lIp (2, - Dll5
2 2
CI/N (\D2p(x,y,t) *+ |Dp(z,y,t)]= +p(z,y,1)
R

< CelENQ (1) + Oy Ip (x, - 1|2
< CeEHNQ (2) + |Ip (2, - D|IE + Co

LRI

IN

)i

2—¢

where the constants C7, Cy > 0 depends only on N and . Theorefore we have
I1Dp (-, t)][|5, < CePH9Q ()7,
with a constant C' = C (¢, N) > 0. |
Example 3.10. We consider again the operator A from Example 2.4 defined by
A:(1+|x|2)aA—|x|25x-D, O<a<p,f>1.

In Example 2.4 it was proved that for each ¢y > 0 and each v > 0 there exists a constant
C =C(a,f3,7,t0) > 0 such that

p(z,y,t) < Cte— W for all (z,y,t) € RY x RY x [ty,00) . (3.24)
Furthermore, the function z —— Ccedlel” is a Lyapunov function for A for all C,é > 0.
Since the coefficients of A and their relevant derivatives grow only polynomially, for each

0 > 0 and each ¢ € (0, ﬂ N (O’Niw) there exists C' = C'(«,3,0,) > 0 such that

Q (z) = Ce'l* satisfies Condition 3.5 with U (z) = Cre7!*l”. Theorem 3.7 then implies
that for all 0 < tg < T < oo it holds
1D2p (2, y,0)|” + |Dyp (2, y,1)|* < e%p (2, y,1)° Ceo’ (3.25)

for all (z,y,t) € RY x RY x [to, T], where

c .
=i+ () D

(z,5)€RN x [%0 ,T]

K is given as in Condition 3.5 and Cy = Cy (A, N) > 0. We combine (3.24) and (3.25).
Setting v = 2, we obtain

|D2p (x,y,1) |2 +|Dyp (2, 1)2 < Oyt elote el
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for a constant C7 = C (o, 8,0,t9, A\, e, N) > 0. From Example 2.4 we obtain the formal
adjoint operator

A = (L+]e) A+ (4a 1+ + Wﬁ) 2D
+2a (1+ [2]))" 7 (N + (N + 20— 2) [2]?) + (N + 28) |2*° .
Since d;p = A*p (for each fixed € RY), it follows from above that
a a—1
0 (@,9.0] < VN (14 o) (D (2, ,0)] + (40 (L4 2)* 7 + |2 |2l [Dp (2,9, 1)

+ (2a (14121272 (N + (N + 20— 2) |a]?) + (N +28) |xy2ﬂ) p (2,9, t)

IN

‘. (m (14 1)+ e (14 o) ] o2

0; _se

+2a (1+ [2]))" 7 (N + (N + 20 — 2) |2) + (N +28) |x|2ﬂ> teste Tl

for a constant Cy = Cy (v, 3,0, t0, A, e, N) > 0. Thus there exist 0 € (0, %E) such that

|0 (z,y,t)] < C'3156670'5e’9|y|2 for all (z,y,t) € RY x RY x [to, T

and a constant C3 = C5 (o, 5,0,0,t9,\,e, N) > 0. Let now f € C, (RN). It holds

T(t) f(x)= / p(z,y,t) f(y)dy on RY for each ¢ > 0.

RN
For each t > t, and € RY we have

100 (. 9.8) f W)llo < Cae™ " | £l
for a constant Cy = Cy (o, 3, 9,0, t9, A\,e, N,T) > 0. The dominated convergence theorem
implies that ¢t — T (t) f € C, (RY) is differentiable in Cj, (RY).
Analogously we obtain the following result.
Corollary 3.11. Assume that for the operator A defined in (1.8) it holds

r—2 - T 1
— 4 or u—i— Djajjri+|z|" " Frim = ———H < —C;
(m ) |x| * R Z Z sl e °

2,7=1

for each x € RN\ B(0,R) for some R >0, r > 2,0 >0 and Cy > 0. Further, assume
that

|a| + |Da| + |D%a| + |D%a| + |F| + |DF| + | D*F|
+|D(divF + H)| + |D? (div F + H)| + | H]

grows only polynomially on RN . Then the semigroup (T (t)) 1>0 18 differentiable in C, (RM).
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Proof. We set ¢ = N+r2 and fix some vy € (0, g) Since the coefficients of A and their

relevant derivatives grow only polynomially, there exist constants C;,Cs > 0 such that
U= Cie" and Q = Cre?!" satisfy Condition 3.5. Theorem 3.7 implies that for all
0 <a<T < oo it holds

2 € €
|D2p (z,y,t)|” + |Dyp (z,y,1)]> < e”p (z,5,)°Q (y)

for all (x,y,t) € RY x RY x [a, T], where 3 is given as in Theorem 3.7. Moreover, for
each fixed z € RY and (y,t) € RY x [a, T] we observe that

0wl < la||D?p| + VN |Da| |Dp| + |F||Dp| + |H| p
< lale2'piQ% + VN |Da|e2'piQ% + |F|e2'pi Qs + |H|p.

Using the polynomial growth of |a| 4+ |Da| + |F| + |H|, we conclude that there exists a
constant C'3 > 0 such that

0ip] < Cse2'Q% (p? + p) = CyCiee T (p5 +p)

Furthermore, Proposition 2.8 says that for each M > % and each 0 < 7, < 0 there exists
a constant C4 > 0 such that it holds
£\ }

T 1 T r—2
p(z,y,t) < Cye 7ol (t + W) exp {maX{—Ho, 0}t + (—)

2

for all (z,y,t) € RN x RY x (0,00). Fix 7, € (£,6). It then follows

Op| < Cse?! (t%ema"{‘gvo}t + temax{*HO’O}t> e~ § 2030l

for all (z,y,t) € RY x R x [o, T] and some constant Cs > 0. Thus there exists a constant
Cs>0and 6 € (O, 3%5) such that

10,p| < Cge™ W for all (x,y,t) € RY x RN x [a, T].

Recall that

T(t)f= Np(',y,t)f(y)dy on RY for each t > 0.
R

Since

10w (- y:t) f W)lloe < Coe ™" || fllo, for each f € Gy (RY),

the dominated convergence theorem implies that ¢ — T (t) f € Cy, (RY) is differentiable
in Cb (RN) .
|
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Chapter 4

The case of outward pointing drift

In this chapter we treat the case of an “outward pointing” drift coefficient F’ (i. e., div F’
is bounded from below). Here we can obtain a very explicit estimate of the L4 norm of p.

Condition 4.1. We assume that Condition 1.1 holds and that there exist constants M >
N+2, K, Ky, Ky > —Hy and Lyapunov functions V- and W such that W <V,

AV <KV, AW<KW, MV+F-DV—HV <K,V

and
L+ [FM 7Y <Ww

on RY. Furthermore, we assume that N > 3 and there exists a constant v € R such that

v = inf (divF (z) + H (z)).

zeRN

Observe that for each m € N there is a n € N such that |x| > n implies that V (z) > m.

Theorem 4.2. Assume that Condition 4.1 holds. We then obtain
(¢—1)N

1 p LA
</ p (JJ, Y, t>q dy) ' < (%) B t (q;?Ne_(%"r% min{Hoﬁr})t
RN

for all (z,t) € RN x (0,00) and each q € [2,00), where the constant S > 0 depends only
on N.

Proof. Let ¢ be a function in C2° (R) satisfying ¢ (s) = 1if [s| <1, ¢ (s) = 0 if |s] > 2,
0<¢<1and ¢ (s) <0if s> 0. For each m € N we define ¢,, by

ou) =0 (L), s

where V' satisfies Condition 4.1. Observe that ¢,, € C? (RY). For i,j € {1,..., N} and
m € N we define al(-;”) by
) = ¢ai;+ A1 - 6,,) 8, (4.1)

where §;; = 1 and §;; = 0 if i # j. We remark that ag-n) € C’fota (RN) N Cy (RN) and
introduce the approximating operators

N N
AW:ZDZ- <Za§;”)Dj>+F-D—H, m € N.
i=1 j=1
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For each m € N and all z, £ € RY it holds

N N
STl (@)&8 = b Y €y + A1 — o, €
i,j=1 t,j=1
> Ao [P+ A (1= ¢,,) ¢
= AlgP

Moreover, we have

1

Ay G AV + Eqb' (%) a(DV,DV)+X(1—¢,)AV + (1 —¢,,) (F-DV — HV)

< Ko,V+(1—¢ YOAV + F-DV — HV)
< max{K, Ky} V.

Therefore, V is a Lyapunov function for A™ for each m € N. Let p,, = pp, (7,y,t) be
the kernel of the semigroup generated by (A™), Dyax (A™)) (see (1.4)). Then for each
fedq, (RN ), the function

wwt) = [ ol f)dn (@d) €RY x[0.50),

is the solution of the parabolic Cauchy problem

oz, t) = A™u(z,t), e RN, t>0,
u(x,0) = f(z), r € RV,

Furthermore, Condition 4.1 and (1.21) imply that for all 0 < a < b < oo and each x € RY
it holds

| et (@M @) dyde < [ o)W () dydt
Q(a,b) Q(a,b)
b
< V(:U)/ ema KK gt < oo,

Theorem 3.1 of [LMPR] the says that p,, (z,-,-) € L>(Q (a,b)) forall 0 < a < b < o0
and each x € RV,
Let f € C= (RY) \ {0} and for each m € N we set

@)= [ onlen 7 @)y () €R x p,oc).

Choose my € N such that supp f C B(0,mg). There is a ny € N such that ag-n) = a;j
on B (0,mg) for each m > ng. It follows that for each m > ng, the function u,, satisfies
Oy, = Auyy, on B (0,mg) X (0,00). Moreover, Proposition 1.2 (iv) yields

[t (2, 1) < e8| Il for all (z,t) € RN x [0,00) and each m > my.

Let T > § > 0, r > 0 be fixed. From [Fr64, Section III, Theorem 15] we conclude

that there exists a subsequence (um]) of (um)m>no such that w,,, is uniformly convergent
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in C?%! (B (0,7) x [5,T]> to some function u € C?t1+a/2 (B (0,7) x [(5,T]> such that

0qu = Au. Using an appropriate diagonal sequence (u,,, ) we can set

u(x,t) = lim wupy, (z,1) locally uniformly for (z,t) € RY x (0,00).

k—oo

Then u € C*! (RY x (0,00)), yu = Au and |u (z,t)] < e” | f|| .. Since up, (z,0) =
f (z) and Proposition 1.2 (v), we have for all fixed (x,t) € RY x (0,7

k—o0

t
= lim/ s, (,5)ds
0

u(e,t) = f (@) = |l (2,8) = f ()

k—o0

t
= i [ ) AT 7 ) s
0 RN

k—o0

t
< lim e~ tos ||A(m’“)fHOO ds

k—o00 0

t
— JAfI / e~ s
0

S €|H0|T ||Af||oot

It then follows that
u(z,0) = f () for each z € RY.

Since A has a Lyapunov function, Remark 1.5 implies that u is the unique bounded
solution of the parabolic problem (1.9)

Owu(x,t) = Au(z,t), xRN t>0,
u(z,0) = f(z), r e RY.

for each f € C° (RY). So we conclude that

w@t) = [ plonf@dn (@0 eRY x0.0),

where p is the kernel of the semigroup (7' (t)),, generated by (A, Dyax (4)). Thus, for
each f € C° (RN ) there exists a subsequence (pmj) of (pm) such that

[ et t@ay=lin [ @ fads pointwise  (42)

Jj—00 R

on RY x (0,7]. We now fix some arbitrary m € N. We remark that Proposition 1.2 is
true for p,,. Let 3> 1 and 0 < 2t; < t; < oo. For n € N we set

@)= [ @@t i @) ERY bl (43

We remark that for large n € N it holds
28 28-1
0<d(x,t):= /Npm (z,y,t) -1 (y) pm (2, 9,1) dy < ¢, (z,t) < 00 (4.4)
R
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for all (z,t) € RY x [t,t5] and all m € N. Moreover, § is a continuous function. We set

N N
AV =3>"D; (Z ali” () D]-) :

i=1 j=1

Since

atpm (xaya t) = A(()m)pm (:U7y7t> - F <y> ’ me (xvya t)
- (leF (y) + H (y))pm (ZE, yvt)

for each fixed x € RN and all (y,t) € RY x (0, 0), it holds
¢, = / 260 py Oipmdy
RN
= / 2602 p2 LA pndy — / 260 po) ' F - Dppdy
RN RN
— / 260%p* (div F + H) dy.
RN

We set
N

a™ (&)=Y ale ;.

1,j=1

Integration by parts yields
— ¢, = / 26 (26 — 1) n;’py 2™ (Dpy, Dpy) dy

RN
o [ Ag ™ (D, Dp,) dy
RN

—/ 208027 pil F - D, dy
RN

+/ n2p2? ((28 — 1) div F + 26H) dy
RN

Moreover it holds

[ 8 ) (Do Dy dy = [ 20 (D (aif) D (1))

- / 28°n2P2p22a™ (Dn,,, Dn,,) dy

(4.5)

—/N 28%n2 p2=2a™ (Dp,, Dpy,) dy.
R

Applying this identity to (4.5), we obtain
a6, = [ 2805105 " (Dpn. Dpo) dy
+ /R 2™ (D (napi) » D (mhprm)) dy
— / 26%02° 2™ (Dn,, Dn,) dy
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— / 208027 p2l F - D, dy
RN
28, 28 -
+/ 0 psl (26 —1)div F + 25H) dy. (4.6)
RN

Observe that p (z,y,t) %‘y)ﬂ is integrable in y € RY by (1.7), Proposition 1.6 and Condi-

tion 4.1. We then deduce

0 < / 28°n2°2p2a™ (Dn,, Dn,,) dy

< 52252250
— ey + |yl

< 262CmL2 Hp( )Hiéo(lQ (t1,t2)) /Npmll{n§|y§2n}dy —0 as 1 — 00, (47)
R

ﬂ{n<|y\<2n}dy

< 00, and

2
where C,,, = H \/Zf\;ﬂ <a§§n))

[e.9]

[ 20 Duay

RN
<2BL|p (x,-, )| 7% Fl g dydy — 0 asmn — 0o
— px L (Q(t1,t2)) szpml—i—] | {n<|y|<2n}@Yay

for all fixed (z,t) € RN x [ty,t5]. Moreover, we have

/ 28 (8 — 1) n2p2~2a"™ (Dpy,, Dpy) dy > 0,
RN

[ 24 (D (2 D (i) dy =22 [ 1D (i) dy
RN

RN
and
/ PP (28 —1)divF +28H)dy = / PP (26 — 1) (divF + H) + H) dy
RN RN
> (26— 1)y + Ho) / S dy
RN
Hence, from (4.6) it follows
ERCANE:
]RN

where

28—-1
Vp = 2ﬁ2CmL2 ||p< )HL@’ (Q(t1,t2)) /RN pm]l{nﬁ‘wﬁ?n}dy

2 1 |F|
#20L I (@2 Wb [, P s oy
RN
< 28 Cn L2 Ip (2, ) P iy €™
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28-1 L
+26L ||p (=, )HLEO(Q (t1,t2)) eKtV (z)™

for (z,t) € RY x [t1,t3]. Moreover, 0 < v,, = v, (z,t) — 0 as n — oo for all (z

RY x [t1,t5]. Furthermore, the Gagliardo—Nirenberg—Sobolev inequality implies

N-2
/ 1D (n2p2) [ dy > S (/ (nﬁpﬁ)%d@ :
RN RN

for the Sobolev constant S = S (N) > 0. Since

0< / MPmdy < / NpPmdy < / Pmdy < e,
RN RN RN

eHot S ;
Jn TaPmdy

it holds
< Q.

For r > 1, this fact leads to

3=
3
|

-

(/RN ((nﬁpfm)“&”yd?/)

r—1

1 ka
<fRN nnpmdy)

268N
> H(nnpm)w—”?“ ) (NnDm)

Holder’s inequality then yields

1
2N r 26N | r—1
( / () ™2 dy) > H(nnpm)(fwﬁ+
R

Choosing r = 215?—51;—1;—246 in (4.10), we infer

r—1
Hy - t‘

(&
1

2NB—N+2-43
4,3H0 4B8Hy

([, it ay) ™ s ) et - e,
RN

and hence Ny
2N -~ .
(/ (Uﬁpfn) N2 dy) > 6(2@ 1)N C T @ 1)1\1

RN

We combine the above inequality with (4.9) and arrive at
/ D () [Pdy > Sew vty 0%
RN

We set
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It then follows from (4.8)

4BH( 1+ -2
—0,C, > 2\SeTON'C, PPN Lge

and hence » 2
_A4BHg | NI R
9, (¢"C,)) = 2ASelErn+0)ic, TN _ oty

Taking into account (4.4), we conclude

2
2 4\S 2(Hg—) 207" @EON 5

) ( ot (2ﬁ—1)N> > " TNt TwEsNy, . 4.12

() ey o7 e 5

Let now 7 € C°(R) be such that 0 < 7 <1, 7(t) =0 for 0 <t <y, 7(t) = 1 for t > 2t;
and 77 > 0. We multiply (4.12) by 7 and get

12
o (T Ca 1)N> S re R 20 oy UN@ @ IN by,
B (26 -1 N (28—-1)N
( GtC ) @6-DN l)N
> NS 2Ho ) 25717(2631)N (25201)N
2 o NTe Y T g N © Uy
28 -1)N (28 -1)N

Integration from t¢; to t for ¢ € (21, ts] yields

t t *1*%
( GtC ) @3- 1)N > / (iT (8) ewsds . / 20 (377 5) (2B-1)N o 4(25201)]\, (x, 3) ds
t1 t1

- 26—-1)N (26—1)N
4A\S L2§ (Ls)*lfﬁ TR
> mm—/ﬁ T T (o) ds

where ¢ is defined by

© (t) (t _ 2t1 mln{ (HO ) O}t

We remark that Lebesgue’s theorem yields

1
20 (xz, s (@B-DN 29
—/ (z,5) e @08’y (x,5)ds — 0  asn — oo
t1

26— 1)N

for all fixed (x,t) € RN x (2t;,15]. For each t € (2t;,t;] and z € RY we can thus fix a
no = ng (,t) € N such that

4\S t o5~ @rnw o, NG
28— 1) N7 (t) — /t1 We C5-DN"y,ds > m@ (1)
for each n > ny. Hence,
(28—1)N
o = (%) 2 (t— 2t1)_w g~ Hot o= (26—1) min{Ho,y}t

for all (z,t) € RY x (2t;,t,]. Letting n — oo, Fatou’s lemma implies

(28—1)N

/ D (.T y t)QB dy < ((26 _ ]‘) N) ? (t o 2t1)_(25721)N €7H0t€7(2ﬂ71) min{Ho,vy}t
RN T - 2)\5
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for all (z,t) € RY x (2ty,1,]. Since t; > 0 can be arbitrary close to 0 and ¢, > 2t; can be
arbitrary large, we deduce

(28-1)N

/ P (x Y t)Q dy < <—< 1) N) ’ t‘Me—Hote—@ﬁ—l) min{Ho,vy}t
m \+Ly Y, > S
RN 2

for all (z,t) € RY x (0,00) and all m € N. For ¢ = 23 we then observe

1 (¢—1)N

7 (q—1)N\ 2 @~ — (2o 4 9= min{Hy 4}t
Do (1;7 y7t)q dy) < <— t 2¢ e \ 4« q 0,Y
2\8
RN

for all (z,t) € RY x (0,00) and each m € N.
From (4.2) for each f € C2° (RY) and each ¢ € [2,00) it then follows

/RNP(“"’?%??)f(y)dy' — lim

/RN Py (,9,1) [ () dy‘

k—o0
NN (=N a—1
— 29 (g—1)N H -1 . a
< <—(q 2)\)53 ) tiqTef(To+%mm{H0’7})t ( . f(y)T dy)
using Holder’s inequality. The assertion follows since L7 is the dual of 4. ]

Theorem 4.2 immediately yields the following statement.

Corollary 4.3. Assume that Condition 4.1 holds. We then obtain

N
N\?2 «n .
" 2d < 2 —(Ho+min{Ho,v})t
/RNP(%y, ) dy < (—QAS) e

for all (x,t) € RY x (0,00), where the constant S > 0 depends only on N.

Remark 4.4. The assumption inf,cg~ (div F' (z) + H (z)) = v € R implies the existence
of the kernel p* of the semigroup generated by <A*, D <A*>> (see (1.16)) and it holds

p(z,y.t) =p(y,a,t),  (z,y,t) € RN x RN x (0,00).

Corollary 4.5. Under conditions of Theorem 4.2 assume that F' = 0. It then holds

p(z,y,t) < (%)

where the constant S > 0 depends only on N.

N
2

¢~ g Hot for all (z,y,t) € RY x RN x (0, 00),

Proof. If F =0, then it holds A = Ay — H = A* and thus p (z,y,t) = p(y,x,t). The
Chapman—Kolmogorov equation (see Proposition 1.2 (ii)) and the fact that v = H, yield

p(r,y,t) = / p(w,z,f)p(z,y,f)dz

RN 2 2

NS NS
(/RNp(x,z,ﬁ) dz) </RNp(z,y,§> dz)
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N

(Lot o) (Lobt)e)

N
(E) e Hot for all (z,y,t) € RY x RY x (0, 00).

vz

Example 4.6. We consider the operator
A=(1+ |x\2)aA +2a (14 |x|2)a_1x . D — |z]**?, l<a<.
In this case we have
Ay = (1+|x|2)aA—i—2oz (1+|x|2)a_1x-D and  H(z) = |2/

so that
A=Ay — H.

The simple calculation shows that a function V' (z) = C el is a Lyapunov function for A
and satisfies Condition 4.1 for all 9, C' > 0. Moreover, for each dg > 0 there exists Cy > 0
such that the function W (z) = Coe®l** satisfies Condition 4.1. Further, v = Hy = 0.
Since in this case A = 1, Corollary 4.5 yields

S

N
p(x,y,t) < (E) £ for all (z,y,t) € RY x RY x (0,00).
We further apply the above methods to the formal adjoint operator A*. We recall from
Chapter 1 that for A = Ag+ F' - D — H we have
A*=Ay—F-D—(divF+ H).

Condition 4.7. We assume that Condition 4.1 holds. Moreover, there exist constants
K* > —v and K > —v and Lyapunov functions V* and W* for the operator A* =
Ay — F-D — (divF + H) such that

AV < K'VE, AW < KW, AMV* —F-DV* — (divF+ H)V* < K*'V™,

and
|F)M + |divF 4+ HM <wW*

on RY, that is Condition 4.1 holds also for the adjoint operator A* with

v = inf (—div F (x)+ (div F (x) + H (x))) = Hy and — Hj =7.

z€RN

Corollary 4.8. Under Condition 4.7 it holds

p(z,y,t) < (%) t”

for all (x,y,t) € RY x RY x (0,00).

[z

Ho+ .
¥ o~ (4% 4min{Ho1})t
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Proof. From Corollary 4.3 it follows that

(Loei)e)
(Lo ens))

The Chapman—Kolmogorov equation (see Proposition 1.2 (ii)) then yields

t t
p(x7y7t) = / p<x7z7_>p<zaya_> dz
RN 2 2

N _Ll(Ho+min{Ho})t

A
VR
>
&l =
N———
~
|
)
N

and

N ~L(min{Ho )t

|
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