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Preface

The topic of this thesis are two further developments of the Factorization
method for electrical impedance tomography (EIT). In EIT current is
applied to the surface of the investigated subject and the resulting voltage
is measured at the surface. From these measurements one tries to recover
information about the conductivity inside the subject. The Factorization
method for EIT is a noniterative method to detect domains inside the
investigated subject that exhibit a different conductivity than the a priori
known background medium.

We start by giving an introduction to the direct and the inverse problem
of EIT in Chapter[l} We show how our mathematical model can be derived
from Maxwell’s equations and give an outline of the functional analytic
setting we are dealing with. Afterwards we discuss the direct and the
inverse problem of EIT and give a short summary of some reconstruction
methods and in particular the Factorization method.

For the Factorization method for EIT it is usually assumed that either
all the inclusions have a higher or they all have a lower conductivity than
the background medium. In Chapter[2]we therefore develop a modification
of the Factorization method for EIT that is capable of detecting mixed
inclusions, i.e. in the case in which there are both inclusions with a
higher as well as inclusions with a lower conductivity than the background
medium. Parts of Chapter [2l have been previously published in the paper
.

Since the Factorization method only provides information about shape
and location of inclusions but not about their actual conductivity we
present a method to compute the conductivity inside inclusions after they
have been localized in Chapter [3] This method is based on a new version
of the Factorization method for EIT that involves a factorization with
three operators that are different from those in Chapter 2} In particu-
lar, we show some essential properties of the spectrum of the operator
that appears in the middle of this new factorization and that it is closely
related to the conductivity of the inclusions.
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1 Electrical Impedance
Tomography

This first chapter serves as an introduction to this work. After a short
summary of possible technical applications of electrical impedance tomog-
raphy we turn towards the investigation of the direct problem. Afterwards
we formulate the inverse problem and present some important results con-
cerning identifiability and various reconstruction methods. At last we give
an outline of the development of the Factorization method and explain
what new results our work contributes to the Factorization method for
impedance tomography.

1.1 Motivation

In electrical impedance tomography (EIT) current is applied to the sur-
face of the investigated subject and the resulting electrical potential is
measured at the surface. From a set of such measurements one tries to
obtain information about the conductivity inside the subject.

There is a large variety of possible applications for this imaging method.
First of all, there are applications in medicine such as lung imaging or the
detection of breast tumors. Since different tissues inside the body have
different conductivities, these tissues can potentially be visualized using
EIT. In contrast to other imaging methods in medicine, production as
well as application of EIT devices are relatively cheap and there are no
harmful side-effects such as radiation exposure as they are unavoidable
e.g. for X-ray tomography.

Another important field of application is geoelectrical imaging where
one tries to recover information about the conductivity distribution in the
ground. Since different materials in the ground exhibit different electrical
properties, they can also be distinguished using EIT.

In the following section we derive the mathematical model for the direct
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problem of EIT, and afterwards we formulate the corresponding inverse
problem and give an outline of some reconstruction methods.

1.2 The Direct Problem

In this section we investigate the direct problem of electrical impedance
tomography. At first we give an outline how the mathematical model
can be derived from Maxwell’s equations. Afterwards we explain our
functional analytic setting to ensure unique solvability and introduce the
Neumann-to-Dirichlet operator.

1.2.1 Derivation of the Mathematical Model

We first assume that the investigated subject is three-dimensional while
later we will see that the resulting direct problem for EIT applies to
subjects in R? as well. Let B be the subject unter investigation, i.e.
B C R? is a bounded and simply connected C?-domain. The following
considerations are adopted from [IG].

The starting point for the derivation of the mathematical model for EIT
are Maxwell’s equations for conductive materials in the frequency domain:

curlE = iwpH, curlH = (0 —iwe) E. (1.1)

Let [z],[E],[H] € R be scaling factors such that = = [z]Z, E(x) =
E([z] ) = [E] E(Z) and H(z) = H([z]Z) = [H] H(Z). In particular, the
terms in brackets carry the corresponding units while the quantities with
tildes don’t. Now we obtain

[H] [z]

curl; E = iwu[TfI, curl; H = (0 — iwe)

[E] ]

] E.

Here curlzE is defined by curlz E(Z) = curl%E(x) and, analogously,
curlz H (%) denotes curl%H(m).

The mean value of ¢ in B is denoted by &, and we choose the scaling
(E][=

[ H]] = 1. Hence the equations can be transformed to

factors such that o

- ~ ~ 1
curl; B = iwpe (2> H, curl; H = = (0 — iwe) E.
T
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Now the complex-valued admittivity is defined by v := % (o —iwe) from
which it is easy to see that Re y is non-negative and has mean value 1 while
Im~y is non-positive and depends on the applied frequency w. In this
work the complex-valued admittivity v will be called (complex-valued)
conductivity.

For non-ferromagnetic materials and low frequencies w as they are usu-
ally used in EIT the term wuo [x]2 is negligible. We therefore postulate
curl;E = 0 in B which also implies curlE = 0 in B and thus that there
exists an electrical potential u such that £ = Vu. Plugging this equal-
ity into the second equation in and applying the divergence yields
div (vVu) = 0.

The current applied to the boundary 0B can be modelled by a Neumann
boundary condition. To derive this boundary condition from Maxwell’s
equations we have to add the current density J to right hand side of
to obtain

curlH = (0 — iwe) E + J. (1.2)

By substituting £ = Vu in and using the divergence theorem in
small domains at the boundary 9B the Neumann boundary condition
73%” = f for f = v-J at OB can be obtained. For a more detailed
derivation we refer to [I6].

On the whole, we obtain a boundary value problem for the electrical
potential wu:

vgu = f on 0B,
v

and in order to analyse this problem we present some required functional
analytic tools in the following subsection.

div (yVu) =0 in B,

1.2.2 Functional Analytic Setting

We proceed by giving an outline of the the functional analytic setting of
this work. For more extensive introductions we refer to [60], 1] or 9.
Let B be a bounded domain in R? for d € {2,3} with C2-boundary.

First of all we will deal with the following function spaces on the bound-
ary:

C3(0B) ={g € C*(0B) : (g,1) = 0},
L3(0B) = {g € L*(dB) : (g,1) = 0},
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where (-,-) denotes the standard scalar product in L?. Tt is obvious that
C2(0B) is a dense subspace of L2(0B). Now we consider the Sobolev
space Hz(OB) and its dual space, H~2(0B). It is well-known that the
imbedding j : H2(0B) — L?(dB) is compact and has dense range (see
e.g. Thm. 3.27 in [66]).

Using the Riesz representation theorem we identify L?(0B) with its
dual space which implies that the scalar product in L?(9B) is identical to
the dual evaluation between L?(0B) and its dual space. Furhermore, this
dual form extends to the dual pairing in H~2 (0B) x Hz (dB).

Now we define two more function spaces on JB:

(0B) = {g € H2(dB) : (g,1) = 0},
(0B) ={g€ H 2(dB) : (g,1) = 0}.

H,

Nl=

Here, in the first line (-,-) denotes the scalar product in L?(9B), while

in the second line it is meant in the sense of the dual evaluation be-

tween H~2(8B) and Hz(OB). These two spaces are closed subspaces

of H2(OB) and of H2(0B), respectively. Now we can argue as before
1

and identify L2(0B) with its dual space. We observe that HZ (0B) is

compactly embedded in L2(0B) and that H, ?(dB) is the dual space of

Hé (0B). This leads to the Gelfand triple
HZ(9B) C L2(dB) C H, *(9B),

which will play an important role in Chapter [2| (compare Theorem [2.2.6)).
In addition, we will need appropriate function spaces inside the domain
B. First of all, we define the space

L*(B,R%) = h:B—>Rd://|h|2dx<oo ,
B

which we will mainly need in Chapter

The electrical potential v that solves the direct problem of EIT is usually
considered as an element of the Sobolev space H!(B). A connection to the
previously defined Sobolev spaces on the boundary is given by the trace
theorem (see e.g. Chapter 3 in [68]) which states that for u € H!(B)
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the trace u|,p is an element of Hz (0B) and that the trace operator that
maps u € H'(B) to u|yp is bounded.
Last but not least, we need to define the following closed subspace of
HY(B):
1
HY(B)={ue H'(B): ul,z € HZ(0B)},

in which we will look for solutions of the direct problem in the following
section.

1.2.3 The Direct Problem

Now we have collected all the tools to formulate the direct problem in the
subject B C R? (d = 2,3) which is assumed to be a bounded and simply
connected C?- domain.

The conductivity v : B — C is assumed to be such that v € L*°(B).
Furthermore, we assume that Re~ is bounded from below by a constant
¢ > 0 and that Im v is non-positive almost everywhere in B.

For a given current pattern f at 0B we now want to find a an electrical
potential u that solves the Neumann boundary value problem

ou
Tou

A weak formulation for the Neumann boundary value problem with
boundary values f € L?(9B) is to find u € H'(B) that solves

div(yVu) =0 in B, = f on OB. (1.3)

//Wu Vi dr = /f@ds for all v € H*(B). (1.4)
B OB

By setting ¢ = 1 in B we observe that for existence of a solution
u € HY(B) to the current pattern f has to satisfy f € L2(0B).
Since we restrict the Neumann boundary values to L2(0B), the problem
doesn’t change if the test functions v are restricted to Hl(B). In
addition, v can be determined uniquely at most up to an additive constant.
We therefore also restrict our solutions u to H}(B).

As a result we obtain the following weak formulation: for a given current
pattern f € L2(0B) find u € H!(B) that solves

//Wu -Vipdr = /f@ds for all v € H2(B). (1.5)
B oB
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Now the right hand of ([L.5) side leads to a linear form L : ¢ — [ fids
B

on H}(B) for which we can estimate

LY < (£l 20m) 191 208y < lfll2om) 191 o 5y

for some constant ¢ > 0, hence L is bounded on H!(B). On the left
hand side of (L.5)) the bilinear form a(u,v) = [[vVu- V¢ dzx on H!(B)
B

is bounded since

|a(u, )| < ess sup{V} [ Vull 12 () VOl L2 () < Ellullpa(m) 19111 (m)

for some constant ¢ > 0. Coercivity of a can be shown using the lower
bound ¢ for Re~ and Poincaré’s inequality:

2 ~ 2
Re{a(u,u)} = ¢|Vullzzp) = ellullz p)

for some constant ¢ > 0. Using the Lax-Milgram theorem (see [60] or
EI) it can now be shown that the problem is uniquely solvable for
every f € L2(0B) and that it is well-posed, i.e. the potential u depends
continuously on the Neumann data f. Throughout this work the solution
of the direct problem is meant in the sense of .

The trace theorem yields together with the well-posedness of the direct
problem that the Neumann-to-Dirichlet operator

ALi(aB) HLz(aBL f'_’u|aBa

where u € H(B) solves is well-defined and bounded.

Now that we have introduced the weak formulation we may also
consider the conormal derivative 0, that corresponds to the normal deriva-
tive in the classical formulation (L.3). In Chapter 4 of [60] it is shown
that for a weak solution u € H'(B) of the partial differential equation
div(yVu) = 0 the conormal derivative at B is an element of H~2 (0B)
and the map v — Oyu is also bounded.

In addition, it can even be shown that A is an isomorphism from
Ho_% (0B) to HQ% (0B) (see e.g. BO]). Furthermore, this result also implies
that A has dense range in L2(9B).
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1.3 The Inverse Problem

The inverse problem of electrical impedance tomography (or inverse con-
ductivity problem) is to recover the conductivity v from the knowledge
of the Neumann-to-Dirichlet-map A. This inverse problem has first been
posed by Calderon in the influential paper [[H]. Since then, various proofs
for uniqueness of the inverse problem, i.e. the unique identifiability of
~ from the knowledge of A, have been developed for different classes of
conductivities and dimensions. We proceed by giving a short outline of
identifiability results.

1.3.1 Identifiability and Reconstruction Methods

In B8] Kohn and Vogelius showed the unique identifiability of a real-valued
piecewise analytic conductivity, and Sylvester and Uhlmann proved in
[[3] uniqueness for real-valued C?-conductivities in dimensions d > 3. In
Section 5.7 of HT] a uniqueness result for piecewise C2-conductivities is
shown. For the dimension d = 2 uniqueness for real-valued W?2? conduc-
tivities was shown by Nachman in [68], and Astala and Paivarinta proved
uniqueness even for real-valued L* conductivities in [B]. The most gen-
eral uniqueness result for real-valued conductivities in dimensions d > 3 is
shown by Brown and Torres in [7] so far. A uniqueness result for complex-
valued conductivities is shown by Francini in [24].

These identifiability results also led to reconstruction methods out of
which a very successful one is the d-bar method (see e.g. [21] or the review
paper [[3]).

There are some stability results for the determination of the conduc-
tivity from the Neumann-to-Dirichlet-map (see e.g. [I). However, they
require rather restrictive regularity assumptions on the conductivity. In
Section 2.3 of [ and in Chapter 7 of [[0] a simple example for radi-
ally symmetric conductivities demonstrates the severe ill-posedness of the
inverse conductivity problem

There is a large variety of reconstruction methods for EIT out of which
we only mention a few. A very successful class of reconstruction methods
is based on the linearization using the Fréchet derivative of A with respect
to . This linearization can be used to develop iterative reconstruction
methods as well as one-step algorithms (see e.g. [T, B2] and [G1]).

Another class of reconstruction methods uses the a priori assumption
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that there is an inclusion, i.e. a domain inside the investigated subject
with a different conductivity than the background medium. The main
idea is the linearization of the problem using the Fréchet derivative with
respect to the boundary of the inclusion. This Fréchet derivative is called
domain derivative, and the linearization leads to iterative reconstruction
methods as in 3] or [23].

The assumption that there is an inclusion is also fundamental for the
reconstruction approaches in {0, [4I] and 2] which are adaptions of the
concept of the convex scattering support and the convex backscattering
support from [60] and B to the inverse problem of EIT.

For a more extensive overview over various aspects of impedance tomog-
raphy and reconstruction methods we refer to the review articles [I0],[0]

and [73].

1.3.2 The Factorization Method

This work is also focused in the detection and characterization of anoma-
lies or inclusions, i.e. of domains in which the conductivity is different
from the background medium. In order to formulate the corresponding
inverse problem we state further a priori assumptions. Let Q be a C?-
domain such that Q C B and B\ Q is connected. Furthermore, let the
conductivity be as follows:

¥(x) = 70(2) + xa(z)7n(2),

where yq denotes the characteristic function of the domain 2. ~q is called
the background conductivity and is assumed to be known a priori and
sufficiently smooth.

The problem that we consider in Chapter []is to recover the inclusion
from the Neumann-to-Dirichlet map A. More precisely, let Ag : L2(0B) —
L2(0B) be the Neumann-to-Dirichlet map for the background case, i.e.
for the case in which the conductivity is equal to 7y everywhere in B. In
particular, Ag : L2(0B) — LZ(9B), and f — ug|yp, where ug € H!(B)
solves for 7y instead of v. Now the problem is to recover the inclusion
Q from the difference A — Ag.

The method that we use to solve this inverse problem is the Factor-
ization method that has first been suggested by Kirsch in [B] for inverse
obstacle scattering problems. Since then the method has been applied to a
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wide range of problems such as scattering by an inhomogeneous medium
(see [B2]) or scattering from obstacles with mixed boundary conditions
(see B3], B0, BA and B6]). The method has also been developed for
scattering from periodic structures and rough surfaces (see H, Bl, [G2])
and for Maxwell’s equations (see [B4]). The monograph [Bf] presents many
aspects and applications of the method.

The Factorization method for impedance tomography has first been de-
veloped by Briithl and Hanke in [B], [[d], @] and [IJ. The review article
B3 provides an overview over these papers. Since then the method expe-
rienced further analysis, extensions and further developments. In [B1] a
regularization technique for the Factorization method is developed, while
in [53] and 25 more general partial differential equations are under con-
sideration. In [B2] the detection of infinitely thin inclusions is considered.
Furthermore, there are several works dealing with weaker assumptions on
the conductivity (see e.g. Ea] 7], 25]).

The assumption that A is known, i.e. that the whole surface potential
u| 5 is known for every current pattern f € LZ(9B) is an idealized model
called the continuum model. In real applications the current is applied and
the voltage is measured through a finite number of electrodes. The most
realistic way to model these electrodes is the complete electrode model
(see [IF or [[2]). The Factorization method has successfully been applied
in the framework of the complete electrode model in [@4], HEG] and [G4].
However, for the sake of simplicity we restrict to the continuum model in
this work.

1.3.3 OQOutline of this Work

This work consists of two main parts and contributes to the Factorization
method for EIT as follows.

One drawback of the Factorization method for EIT is that in order
to prove it to work one has to assume that either all the inclusions (i.e.
all the components of €2) have a higher or a lower conductivity than the
background medium. In Chapter[2] we therefore present a modified version
of the Factorization method which we can prove to work even in the mixed
case, i.e. in the case of both inclusions with a lower conductivity and
inclusions with a higher conductivity than the background medium. This
modification is mainly is based on the considerations in B4], B3] and B
where a modified version of the Factorization method for inverse scattering
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problems with different types of obstacles is presented.

In Section we therefore first investigate the Factorization method
for EIT in the case of at least two disjoint inclusions. We show that in the
case of mixed inclusions, the usual proof for the Factorization method to
work fails. The main reason for this is that in the case of mixed inclusions
the operator that appears in the middle of the factorization fails to be
coercive.

Afterwards, in Section [2:2] we adapt the method suggested by Grinberg
and Kirsch in B4, B3] and [B7] for acoustic scattering problems to derive
the Factorization method for a slightly different factorization to the inverse
problem of detecting inclusions in EIT. The method is mainly based on
the idea to cover one type of inclusions with a synthetic inclusion to obtain
a factorization in which the middle operator is coercive. As a result we
obtain a two-step algorithm in which we first cover one type of inclusions
to reconstruct the other type and then vice versa.

In Section we present some numerical tests with this new method
and compare the results to the results obtained with the original Factor-
ization method which is not proven to work in the mixed case.

Since the Factorization method (or any other qualitative method) only
provides information about location and shape of inclusions but not about
their actual conductivity, it is desirable to have a method to obtain this
conductivity after the inclusions have been identified. In Chapter [3] we
present such a method that is also closely related to the Factorization
method.

This new method is based on a new version of the Factorization method
for EIT that involves a factorization with three operators that are different
from those in e.g. Chapter [2] In Section [3.1] we present this new version
of the method and introduce the operators involved.

Afterwards, in Section [3.2 we investigate the spectrum of the operator
in the middle of the factorization for the case of piecewise constant con-
ductivities and show bounds for it. This spectrum is also closely related
to the spectrum of boundary integral operators. In addition, we show
that the spectrum of the middle operator exhibits one accumulation point
for the case of only one inclusion and N different accumulation points in
the case of N inclusions with different conductivities. These accumulation
points have a direct connection to the desired conductivity contrasts.

Since the information about the conductivity inside anomalies can be
obtained from knowledge about the spectrum of the middle operator of
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the factorization, in Section [3.3] we develop numerical methods to obtain
an approximation of the spectrum from a generalized eigenvalue prob-
lem that involves only operators that are known after the inclusions have
been detected. We also implemented some numerical tests with this new
method that are described in Section [3.4






2 The Factorization Method for
EIT in the Case of Mixed

Inclusions

For the Factorization method in EIT it is usually assumed that there is
only one type of inclusions present, e.g. only inclusions with a higher or
with a lower conductivity than the background. To our knowledge there
is no proof that the method works for mixed inclusions, i.e. the case in
which there are inclusions with a lower as well as inclusions with a higher
conductivity than the background medium. This is a severe restriction
since there are applications for EIT in which such mixed conductivity
distributions do occur, e.g. thorax imaging.

The reason for this restrictive assumption is that the proof of the main
result of the method, i.e. the range identity, relies on the fact that the
operator that appears in the middle of the factorization is either posi-
tively or negatively coercive or at least a compact perturbation of such an
operator. For a mixed conductivity distribution this is no longer fulfilled.

There are several recent works dealing with related problems of weak-
ening assumptions on the problem setting for the Factorization method.
In the article [27] it is shown that the assumption on the contrast between
the background conductivity and the inclusion conductivity can be weak-
ened but it is still assumed that the conductivity inside all inclusions is
either higher or lower than in the background. In 28] a slightly different
partial differential equation is considered. Again, the contrasts in the co-
efficients of the differential equation need to have the same direction for
all inclusions.

A closely related problem occurs for the Factorization method in acous-
tic scattering if there are both sound-soft and sound-hard obstacles. This
problem has been considered by Grinberg and Kirsch in [B4], B3], B and
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Edl. They introduced additional a priori information about the rough lo-
cation of the obstacles in order to derive the Factorization method for
slight modifications of the far field operator. For this modified version of
the Factorization method it can be shown that the method works in the
case of both sound-soft and sound-hard obstacles.

The aim of this chapter is to apply these techniques to EIT. At first,
in Section we formulate the Factorization method for EIT according
to B3] and illustrate why we cannot prove that the method works in
the mixed case. In Section we present the modified version of the
Factorization method and show that it is capable of detecting inclusions
even in the mixed case, while in Section we show some numerical
examples using the new method.

2.1 The Factorization Method for two
Inclusions

In this section we first summarize the main steps for the Factorization
method in EIT as it is formulated in [E3]. Afterwards we take a closer
look at the middle operator in the case of two disjoint inclusions. These
considerations serve as a basis for the covering method that is presented
in the following section.

2.1.1 The Standard Factorization Method

We start by explaining the problem setting and by providing an overview
over the original Factorization method for impedance tomography. Before
we can define the operators that appear in the factorization, we need to
state some basic assumptions on the underlying geometry of the body
considered and the inclusions as well as the conductivity distribution.
Since our considerations are aimed at the detection of mixed inclusion
types, we adapt our notations to the case of at least two disjoint inclusions.

Assumption 2.1.1. Let B C R? (d € {2,3}) be a bounded C?-domain.
Let Q1,99 be subdomains of B with C2-boundaries, Q;,Q» C B and
Q1N Qs = 0. By Q we denote the union of both inclusions: Q = Q; U Q.
Let B\ Q be connected.
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Additionally, we allow isotropic and complex-valued conductivities that
have properties as stated below.

Assumption 2.1.2. Let the conductivity be as follows: v : B — C and

~Yo(x), r € B\Q,
V(@) = §7(@) +7(z), =€,
Yo(w) +72(z), T € Q.

Let the background conductivity vy be real-valued, satisfy vo € C%%(B)
for some o > 0 and let let v be strictly positive, i.e. there exists ¢y > 0
such that

Yo(z) > co >0 forall z € B.

For v we require that Rey is strictly positive, i.e. there exists ¢ > 0 such
that
Rev(x) > ¢ >0 for almost all z € B.

We assume that v; € L>(Q;) (j = 1,2) and allow two different types of
inclusions: for j = 1,2 there exists ¢; > 0 such that either

Rev;j(z) < —¢; <0 for almost all z € Q; or

Revj(z) > ¢; >0 for almost all z € ;.

In the first case we call £2; an inclusion of type 1 and in the second case
an inclusion of type 2.

The inclusions may have a complex-valued conductivity with nega-
tive imaginary part. In particular, we assume that for j = 1,2 either
Im;(z) = 0 holds for almost all € ; or Im~;(z) < 0 holds for almost

all z € Q; (see also Remark [2.1.6)).

Assumption[2.1.2lmeans in particular that type 1 inclusions have a lower
absolute conductivity than the background, while type 2 inclusions have
a higher absolute conductivity than the background.

We proceed by deriving the Factorization method according to [B3] but
for the special case of two disjoint inclusions. We only recall the main
results while for the corresponding proofs we refer to [R3]. Firstly, we
define the operators that appear in the factorization of A — Ay. Consider
the operator

G: Hy 2(00) x Ho 2(8Q) — L2(0B), (91,92) — vlyp,
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where v € H'(B\ Q) with v|, € H? (0B) solves

//*VOVU-VidJ: = /glﬂdﬁ—/ g ds forall v € HY(B\Q). (2.1)

B\ﬁ 6521 692

This weak formulation corresponds to the following Neumann boundary
_ 1
value problem: find v € H'(B\ Q) such that v|,5 € HZ (0B) and

div(yoVv) =0in B\ Q,
O0y,v =g; on 09 (j=1,2),
0v,v =0 on 0B.
As shown in (3], G is compact and one-to-one, R(G) is dense in L2(9B),
and the corresponding assertions hold for its adjoint G* : LZ(0B) —
1 1
Hg (0€) x H (9€2).
Furthermore, the following operator will appear:
T H2(00) x H2 (00%) — Ho ?(90) x Hy 2 (90),
.
.
(hasha) "= (Dl Ol )

where w € H'(B\ Q) with w|,p € Ho% (0B) satisfies the jump conditions
w|, ;—w|_;=h; (j=1,2) and

// YWw-Vipdr =0 for all p € H:(B). (2.2)
B

The notation w|, denotes the trace of w from the exterior and interior
of Q;, respectively. In addition, we use the notation w| 4 ; for the traces
from exterior and interior at the particular boundary 9Q; (j = 1,2). The
corresponding classical formulation is to find w € H(B \ 992) such that

1

w|yp € HZ (OB) that solves the transmission problem
div(yVw) =0 in B\ 99,
Oy,w = 0 on 9B,
Oyow|, — Oyw|_=00n9Q; (j=1,2),
w|, — w|_=hjondQy (j=1,2).
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The operator Tj : Hé (0£21) x HQ% (092) — H;%(Gﬂl) x Hg%(ﬁib) is
defined just the same as T but with v replaced by g in , ie. Ty
corresponds to 7' in the background case.

In order to show well-definedness and boundedness of T we derive a
weak formulation equivalent to the problem and the additional jump
conditions at 0Q; (j = 1,2).

For h; € HO%(C')Q]-) choose w9 € H'(Q;) such that wU‘)\an = hj

(j = 1,2). Then by setting @ = w + xo, W™ + xq,%? we obtain the
formulation: find @ € H}(B) satisfying

//WVw v¢dx— K/7vw® v¢¢n+//7vw® Vidr (2.4)

Q2
for all ¢ € HX(B). Since w = w in B\ Q the definition of T is equivalent

T
to setting (h1,hg) — <6V0u7|+71 ) 8701D|+,2) and @ solves (2.4). Here
we can also show unique solvability using the Lax Milgram theorem, and
from the trace theorem we obtain well-definedness and boundedness of
T, Tp.

Now we state the well-known factorization that can be proven indepen-
dently of the signs of vy; and ~s,

A=Ay = G(T — Tp)G*. (2.5)

Figure illustrates this factorization, and for its proof we refer to [B3].

The adjoint 7™ of T is characterized just as T but in the transmission
boundary value problem (and thus also in ) ~ is replaced by
7. This implies for real-valued conductivities that T is self-adjoint and in
particular that Tj is self-adjoint.

Furthermore, we can define the operators ReT = % (T+T*) and
ImT := %(T —T7*), and the equality T = ReT + i Im T holds obviously.
Now for Im T it is shown in [B3] that

(ImT)h,h) =Im (Th,h) = —/ Im~y |[Vw|> >0 forall h e Hé (09).
Q

(2.6)
Under the assumption that only one inclusion type is present inside B the
real part of the middle operator T' — T} satisfies the following coercivity
assertions (Theorem 2.3 in [B3)]):
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12(9B) - [2(0B)

G+ G

HE (09 - H, 2 (00
dow) ——— THoo)

Figure 2.1: Diagram of operators and spaces in the factorization (|2.5)

Lemma 2.1.3. Let T, Ty be defined as above.
(a) If Q1 and Qo are both of type 1, then there is ¢ > 0 such that

(ReT = To)h,h) > c|lh} 3 e

for all h € HZ(89),
(b) If Q1 and Qo are both of type 2, then there is ¢ > 0 such that

(~(ReT —To)h.h) = c[Ih}y o,

for all h € HZ (992).

In the following sections the case of mixed inclusions will be considered.
However, we will show connection to the cases in which there is only
one of the two inclusion types present. We therefore define the following

4 1 1
modified versions of T for j = 1,2: TW) : HZ (0Q;) — Hs *(08;) and it
maps h; — a%m)\ﬂ. As for ([2.4) we choose W) € H'(Q;) such that

. . . 1
w<-7>|mj = hy and @) € H'(B\ 8;) with @7|, . € HZ (0B) solves

//yovwm -v@dﬁ//ww(j) -V dx = //va@ Vi dz (2.7)
B Q; Q;
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for all v € H*(B).
Now we observe that 7W) is equal to T for the case in which 1 is
. 1
the only inclusion inside B. In addition, we define To(j) : HZ (09) —

1
H, 2(09;) just the same but with v = 7, everywhere in B. Now Lemma
implies the following assertion.

Lemma 2.1.4. Let TV, Téj) be defined as above for j = 1,2, then there
is ¢ > 0 such that:

(a) <(ReT 7Y, h> > el for all hy € HE (9),

3 (00)

(b) <(ReT<2 T<2>)h,h> > chal?y ) Jor all hy € HE (092).

H? (99)

Another immediate conclusion from Lemma, is that the operator
ReT — Tj is one-to-one. Later we will see that these coercivity results
are not valid in the mixed case. However, we are still able to show the
following Lemma, which we will need in Section

Lemma 2.1.5. Assume that Qy is of type 1 while Qo is of type 2, then:

(a) The operator T — Ty is one-to-one.

(b) For0#h=(hy,hs)| € HZ(00)x HE(9) with (Re T —Ty)h =
it holds that Tm (Th,h) >0

Proof. Part a): Let h = (hy,ho)| € HZ () x HZ (89) be such that
(T —Tp)h = 0. Then

% w‘+,1 =0y, w0|+,1a D, w|+,2 = 0y, w0|+,27

where w, wq are weak solutions to the transmission boundary value prob-
lem for the actual conductivity and the background case, respec-
tively. By uniqueness of the Neumann problem in B\ Q we know that
w = wp in B\ Q, from which we can conclude, using the jump conditions
at an, 892, that

Oy wL,l = 0y, w0|7_’1, 0y w|7’2 = Oy, w0|7,27

w|_y = wol_y, w|_y=wol_,.

)
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Using the first Green identity it yields

//’y|Vw|2 doe = //VO Vwol|® dz (j =1,2). (2.8)
2 Q2

We have to distinguish between two different cases. If Im~y < 0 in €,
then we obtain Vw = Vwg = 0 in Q; immediately. If v is real-valued
inside €2y then we have to argue as follows: we use the first Green identity
to show

// YVw - V(W —wy) de = / (W —wo)O0ywds =0, (2.9)

971 oM

and estimate using (2.9)

Og//ﬂVW—wwfw
(951

://nyqu(@—Eo)dx—//’wa(yV(@—Eo)dx
o (o

= //7|Vw0\2 dxf//’wao«V@dz.
Ql Q1

Using (2.9) once more yields

//’y|Vwo|2 dx > //’y|Vw|2 dzx.
Ql Q1

This inequality and the fact that 2, is a type 1 inclusion allows us to

estimate
[ vl de= [[ 019wl ds
Q1 1951
> //7|Vw0|2 dx + 1 // [Vwo|? da
Ql Q1
> //7|Vw|2 dx + ¢ //|Vw0\2 dx.
Ql Q1
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Now it follows that Vwg = 0 and from that Vw = 0 in ;. Hence w
and wy are constant inside 2;. We have to apply the very same arguments
to the inclusion Qs using its type 2 property to show that also Vw =
Vwg = 0 in Q5. This means that the normal derivatives of w,wqy at 0
and at 02y from both sides are zero, which implies that w = wy = 0 in
B\ Q. Now h; and hy have to be constant, and since h; € Ho% (0925)
(j = 1,2) we obtain hy =0 and he = 0.

Part b): Case 1: If Im~ = 0 almost everywhere in 7 and in Qg, then
ReT — Ty =T — T, which is injective according to part a).

Case 2: Now we assume that both Im~; < 0 and Im~,; < 0 almost
everywhere in €} and €25, respectively. From we obtain

(Th, h) //Im’y|Vw| dx.

Hence Im (T'h, h) = 0 implies that w = const in Q; and in (s, from which
we deduce that w solves the homogeneous Neumann problem in B\ 2 and
_ 1 1
therefore w = 0 in B\ §2. Since h € HZ (0Q) x HZ (0£)2) it follows as in
1 1

part a) that h = 0 and thus that Im T is positive on HZ (9Q) x HZ (0€2).
Case 3: The remaining case is the one in which Im~y < 0 inside one

inclusion and Im~y = 0 inside the other inclusion. We assume without

loss of generality that Im~; < 0 almost everywhere in €3 and Im~; =0

almost everywhere in Q5. As before we know that

(Th,h) //Imfyl |Vwl|? d,

and Im (Th, h) = 0 implies that w = const in ;. It is easy to show that
m (Th,h) = —Im (T*h,h) and

Im (T*h, h) = //Imm V| da,
Q

where w is the weak solution of . for 7 instead of v. We deduce that
w also has to be constant in €21, and &mw|+ | = Oyw|, ; =0. Since v is
real-valued outside 21, both w and w are weak solutions to the following
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transmission boundary value problem: find w € H*(B\ (Q; U992)) such
that w|,,; € HZ (0B) solves

div(yVw) =0 in B\ (Q; U 9Q»),
Oy,w = 0 on 0B U 0Qy,
Oyow|, — Oyw|_ =0 on 0y

w|+*w|_ = ho on 0y

in the weak sense. This problem has a unique solution, thus 0., w| yo =
Oy, |, 5, and

1 B B T
ImTh = % (8"/0w|+,1 B a’Y(Jw|+,1 ’ 6’70w|+,2 o a’Yow|+,2) = (OvO)T'

Now let i € HE (921) x HE (990) # (0,0)7 be such that (ReT — Ty) h =
0. Then the identity (T' — Tp)h = (ReT — Tp)h +i(ImT)h = i (ImT)h
and part a) yield the assertion. O

Remark 2.1.6. Our assumptions on Im «y are rather strict since inclusions
in which Im  is negative only inside a subdomain of Q; (j = 1,2) are not
allowed. However, under certain smoothness assumptions on « such as
e.g. v € CHQy) (4 = 1,2) the proof of part b) of Lemma can be
extended to more general conductivities using the unique continuation
principle.

Now we return to our outline of the Factorization method and assume
that there is only one of the two inclusion types present. The coercivity
results from Lemma play a crucial role in the proof of the range
identity

R(|ReA—A0|%) = R(Q), (2.10)

1
since it relies on existence and bijectivity of the operator |ReT — Tp|? :
1
HZ(09) — L2(09) (compare Section 2.3 in [E3]). This range identity
is the main result for the Factorization method, and it leads to a binary
criterion that characterizes the inclusion €2. In order to derive this binary
criterion we first have to define dipole potentials.
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The Neumann function N for the domain B and the background con-
ductivity g is for a fixed point y € B defined as the distributional solution
to

divy (vVeN(z,y)) =d6(x —y) in B,
Oyo,zN(z,y) = |oB|""  on 0B,

/N(x,y)ds(x) =0.
OB

N is also symmetric, i.e. N(z,y) = N(y,x) for all 2,y € B, © # y (see
e.g. [61). Using the Neumann function we construct the dipole potential
@y for every point y € B by setting

(2.11)

ey () =0(y) (@- VyN(z,y)), (2.12)

where @ is an arbitrary but fixed unit vector.
Now the range identity (2.10) can be used in the following way: it can
be shown that

yeENQ U & Py € R(G), (213)
and the proof is mainly based on the singularity of ¢, in y (compare

Theorem 2.6 in [B3]). Together with the range identity (2.10) and the
Picard criterion we obtain the following equivalence: let y € B, then

’ @yﬂﬁk ’ <
k

y691UQQ<:>Z o0

k=1

with an eigensystem {Ag, ¥y : k € N} of [Re A — Ag].

This binary criterion can now be used to decide whether a point y € B
lies inside the inclusion 2 = Q7 U 25 or not. However, we have to assume
that there is only one inclusion type present, which is a severe restriction.

2.1.2 Representations of the Middle Operator

In order to investigate the Factorization method in the special case in
which at least two disjoint inclusions are present we now take a closer
look at the middle operator T'— Ty. Our aim is to use the superposition
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HE(00) HZ (00)
T(21) T(12)
T(11) T(22)
Hy# (00) H # (09)

Figure 2.2: Diagram of the partial operators of T" — T and corresponding
spaces

principle to write 7' — Ty in the form

T(ll) _ Téll) T(12) _ Té12)
T — TO = (T(21) _ T0(21) T(22) - T0(22)

where T, T . 12 (99;) — Hy * (0%).
1 1
In particular, for b = (hy,hy)' € HE(09) x HZ (99,) these partial
operators satisfy

(T(ll) _ Té“)) ha + (T(12) - T0(12)> he = ((T' = To)h)lag, »
and
(T(21) _ Téﬂ)) hy + (T(22) _ T0(22)> he = ((T = To)h)|q, -

The mapping properties of the partial operators are also illustrated in
Figure 2.2}

Furthermore, we derive a connection to the cases in which only one
of the two inclusions is present. This will enable us to make use of the
coercivity results from Lemma The subsequent considerations are
based on the weak formulation .

We start by deriving such a representation for Tjp. Let (hl,hg)T €
1 1 .
H3 (091) x HZ(0Q) be given and choose @) € H'(Q;) such that
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zfz(j)|an = h; (j = 1,2). Now consider the following problems: for
J ..
(j = 1,2) find ©7 € H(B) such that

// oVa§ Vi da = // YV Vi de for all p € HL(B), (2.14)
B Q

//vowo wdaz—//%vm ). Vipda for all ¢ € HL(B). (2.15)

Qo

By addition of (2.14) und (2.15) we realize that @ = 711(()11) + 12/822) is

the solution to ([2.4) for the background case, i.e. v = 7. Now we define
the components of Tj:

T HE (000) — Ho #(00), hy e 05,50 0] o™ solves [2T3),

TS HEZ (00) — Hy (00), ha v 05,507 @) solves [ZT),

.1

To(m) : Ho% (09) — HO_%(GQQ)a hy = 04w, g 9’ “7(()11) solves (2.14),
+,

IS Hé (092) — H;%(892)7 hg = 0y, i 2’ 5§ solves [Z15).
+,

Now we observe that T(jj ) = T(j ) holds for 7 = 1,2, where the operators

(J ) (j =1,2) have been defined in the previous section using the vari-
atlonal problem (2.7) in the background case. This means in particular

that TO(H) corresponds to Ty in the case in which only the inclusion £
is present, and Tém) corresponds to Ty in the case in which s is the
only inclusion, respectively. The following lemma provides the desired
representation for Tj.

Lemma 2.1.7. Télz) and T0(21) are compact operators. Hence Ty can be

represented by
T 0
Ty = ( % TéQ) + Ky

where Ky is a compact operator.



Detection of Mixed inclusions 26

Proof. We only prove the assertion for 7, 0(12); for T0(21) the arguments are
analogous. Let (h(Q’j))jeN be a bounded sequence in Hé (0922). Then the
corresponding sequence of solutions (ﬁ)(()m’j )> - of is also bounded
in HY(B). Now let U C B\ Q3 be a subdoﬁain with U C B\ Qy and
08 C U. Following Theorem 8.8 in [29] the sequence (uvff?’j ))jEN is even
bounded in H?(U) and the trace theorem yields that there is a constant
¢ such that ‘ (()22’j) H

L < ¢ for all j € N. From compactness of
H?2(69)

the imbedding J : Hé (01) — HO_% (0921) we obtain the assertion. O

Oy, W

For T the partitioning is not as simple as for Tj, since the conductivity
contrasts 71,2 appear in Equation (2.4). However, we start as before and
divide T into parts contributed by the jump conditions at the individual

inclusion boundaries. As before, for (hy,hy)' € HQ% (01) x Hé(&Qg)
choose W) € H'(Q;) with u?(j)|aﬂ = h; (j = 1,2) and consider the
J

following problems: find w\"/) € H}(B) (j = 1,2) satisfying

//Ww“l) Vi dr = //Ww(” -Vipdz for all o € HX(B), (2.16)
B Q

/ / AV . Vi dr = / / AV? . Vide for all iy € HY(B). (2.17)
B Q2

One can easily see that @ = @ +@(*2) is a solution to (2.4). As before,
we define component operators:

7 :Hé(an) — H;%((‘?Ql), hy — 87011)(11) , oMY solves (2.16)),

+,1
1 1
7D HE (0Qs) — Ho ? (0Q1), he — 9,,w?? E w®? solves [@.17),
+,
1 1
TCY . HE (0Q1) — Ho ?(9Q), hy — 9y, ) M) solves ([2.16)),
+,

TG . H3(6Q5) — Hy *(00), hy o 8,,02P] | 5 solves (@17).
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All four partial operators are well-defined and bounded. However, 7(11)
is not identical to T in the case in which €25 is the only inclusion. The same
holds for T22). We therefore carry out one more decomposition of these
two operators and consider the operators T, T?) defined in ([2:7). We
continue by investigating 712 and T2V as well as the difference between
T and T (between T(?) and T, respectively).

Lemma 2.1.8. Let T%) and T™ (i,j = 1,2) be defined as above. Then:
(a) The operators T2 and TV are compact.

(b) The operators SV = T — 7MW gnd §@) = T2 _ TR gre
compact.

Proof. Part a): We decompose T(2) into two bounded operators out of
which one is compact. The proof for T2V is completely analogous. There-
fore let Ql be a simply connected C?-domain in B such that Ql C B,
91 c Q1 and ©, N0 = 0. Then T2 = T o T, where T : H2 (892) —

(891) maps hy to 0,0 )’891, where @(?? € H!(B) solves ([2.17).
The second operator T : H;%(Bfll) — Hg%(ﬁQl) maps g to 9y,
where v € H!(Qy) solves

v|1,+,

div(yVv) = 0 in €,
dyov =g on

in the weak sense. Both T and 7' are bounded operators. Following the
same arguments as in the proof of Lemma it can be shown that

R(T) - Ho% (8@1) and thus that 7' is a compact operator.
1
Part b): The operators S and S®) are as follows: SV : HZ (0Q;) —
_1
H, 2(0), hy — (“)7017(1)|+ , Where oM € H(B) solves

// AV Vi de = — // Vo) - Vi de for all ¢ € HY(B), (2.18)
B Q2

and @) is solution to problem (2.7) for j = 1. Analogously S(®
1 _1
HZ(0Q2) — Hy 2(09Q3), hy — 8%17(2)|+ , where 5 € H}(B) is solution
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to

//W@@) Vi de = —//%vw@) -Vipda for all » € HX(B), (2.19)
B Q

and @w® is solution to for j = 2. By addition of and
(and of (2.7) and ([2:19), respectively) we realize that ®*1) := &) 4 50
solves (and that @) := ©® 452 solves ([2.17), respectively). We
thus conclude that 7 4+ S = 70D apnd 7() 4 §C) = 7(2),

Now it remains to show that S() and S are compact operators. We
only prove the assertion for S() and decompose it as follows: S() = SoS ,

where S : HE(@Ql) — Hé(an), S : Hé(an) — Hg%(aﬂl), and

)

hy s w<1>(2 e a%ﬁ(l)L 1

where w(®) is the solution of and 91 solves . We can apply
the very same arguments as in part a) to show that the map S is a
compact operator. Furthermore, S is obviously bounded, and the proof is
completed.

O

Altogether we have derived the representation

W 0

with a compact operator K. By combination with Lemma[2.1.7] we obtain
the following assertion.

Corollary 2.1.9. Let the operators T(j),Téj) (7 = 1,2) be defined as
above. Then the operator T — Ty can be represented as

T — 1M 0 -

with a compact operator K

This representation is fundamental for the covering method that is pre-
sented in the following section.
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2.2 The Covering Method

After the original Factorization method for EIT has been investigated in
the previous section we now present our modified version of the method
that is capable of detecting mixed inclusions. We first derive the method
for real-valued and bounded conductivity contrasts while in Section [2.2.2]
we show that we can even extend it to insulating and perfectly conducting
inclusions.

2.2.1 Contrasts in the Absolute Conductivity

Let us turn towards the mixed case, i.e. there is an inclusion €2; of type 1
as well as an inclusion 25 of type 2. In this section we derive the Factor-
ization method for slight modifications of A — Ay under some additional
a priori assumptions on the inclusions’ locations. We show that using
these we can reconstruct inclusions even in the mixed case. This setting
is defined in the following assumption.

Assumption 2.2.1. We assume that we know C2%-domains Q;,Q, C B
for which Q1 N Qs = 0, 0, UQ, C B and Q; C Qj (j = 1,2) hold, and
B\ (Q1 UQy) is connected.

This configuration is illustrated in Figure 2:3] The a priori knowledge
of 04,05 is —at least in some applications— no strong restriction. For
example, in medical applications one knows roughly where the different
tissues lie and which conductivities they usually have.

According to Lemma the following coercivity assertions hold for
the operators on the diagonal in the representation of T'— Tj in Corollary
219} there exist constants c¢;,c2 > 0 such that

(ReT® = TV) hasha) = eullalll g for all by € HE (900),

for all hy € Hé (093).
(2.20)

<_ (RGT(2) — To(z)) hg,hz> > Co ||h2HiI%(QQ2)

Now it is easy to see that the operator ReT' — Tj is neither positively nor
negatively coercive, so that we are not able to apply the Factorization
method immediately. In order to derive a new factorization for slight
modifications of A — Ay, we need to define some auxiliary operators.
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Figure 2.3: Sketch of inclusions and the a priori known domains fll, QQ

Remark 2.2.2. In order to distinguish between operators that decouple
according to the different inclusions and operators that don’t decouple
we use different notations. Operators with a superscript index j (such as

e.g. TV, To(j )) correspond to the case in which §2; is considered the only
inclusion. On the other hand, we will shortly define several operators with
a subscript index (such as e.g. Qj or éj), and their definition involves
both inclusions.

At first let us define Q) Q) by
_1 1.
Q;:Hy” (an) — H,*? (8Qj), g avow|aﬁj )

where w € HY(B \ ;) with w|,z € H? (0B) solves the boundary value
problem

div(yoVw) =0 in B\ Q;,
Oy, w = g on 09, (2.21)
Oy, w =0 on 9B

in the weak sense (j = 1,2).
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Furthermore, we will need the composed operators

Or : Ho 2(001) x Hy 2(99) — Ha 2 (90) x Ha ® (89y),
Qs - Hy 2(000) x Hy 2 (092) — Hy * (90) x Hy * (65).
They are defined similarly to the operators Q1. Q®: Q1 : (g1,92) "
T J— 1
(8701D|a§~21 ,gg> , where w € H*(B\ Q) with 0|, € Hé (0B) solves

—

div(y V@) =0 in B\ Q,
Oy, W =g; on 09, (j=1,2), (2.22)
Oy, =0 on 0B,
. oA T ~ T
in the weak sense, while Q)2 is defined by (g1,92) — (gl, 870w|892) ,

where @ also solves (2.22]). We remark that the boundary value problem
(2.22) is the same problem that defines the operator G and thus that the

weak formulation corresponding to ([2.22) is (2.1])).

The following lemma provides some basic properties of the newly defined
operators.

Lemma 2.2.3. Let QW, Q@ Q1 and Qs be defined as above, then:

(a) Q1 and Q2 are compact operators.
(b)

. - (QW (T - Tél) (QW)* 0
Q1 (T-T)Qt = < ( 0 ) 7@ TéQ)
+ Rla
- - (T -1 0
Q2 (T —To) Q5 = ( 0 0@ (T(z) _ Té2)) (Q(Q))*>
+ R27
(2.23)

where K1, Ko are compact operators.
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Proof. Part a): Compactness of Q) and Q) can be shown using the
same arguments as in the proof of Lemma [2.1.

Part b): We first show that Q; is a compact perturbation of (Qél) ?)

As in Section [2.1.2] we consider the weak formulations for the boundary

value problems (2.21)) and (2.22)). For (2.21)) the weak formulation is to
find w € H'(B\ Q) such that w|,z € HZ (0B) and

//VOVw Vi dr = / qibds  forally € HY(B\Qy),  (2.24)

B\(4 o0,

while for (2.22)) we have to find @ € H'(B\ Q) such that @|,; € Hé (0B)
and

[V Vide= [ giast [ gvds torallvemiE\9),

B\Q o el

Setting v := w — W in B\ Q we obtain by subtraction and the first Green
identity that

//Won-V@dl“Z —/ Y Vw- Vi da — /gQ%d‘s

B\Q Qs (192
=— / (Orow + g2) Y ds
%
for all p € HY(B\ ©1). Now we observe that the difference operator

R . T
Q= (Q(()U ?> — @1 maps (91,92)—'— to (6701)|35~21 ,0) . Furthermore, the
map

Q1: H, 2(0Q) x H, 2(090) — H, 2 (99s),
(91»92)T = a’yow|+’2 +927

where w solves (2.24) is a bounded linear operator. Using the same argu-
ments as in the proof of Lemma [2.1.8] we can show that the map

Qg : Hy 2(00) — Hy 2(0Q) x Ho 2(09), g (84,0,0) ",
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where v € H'(B\ Q) with v|,, € Hé(aB) solves

//%w-vwxz—/g@ds for all » € H'(B\ Q)

B\Q 992

is a compact operator. By construction it is clear that Q QQ o Ql
holds which implies that there is a representation Q = (Q(l) 0) + K

with a compact operator K. Since Q™ is also compact, plugging this
representation into Ql(T TO)Q1 yields the assertion. The proof for the
second equality is analogous.

O

In addition, we will need the operators G : H;%(afzj) — L2(0B)
(j = 1,2) that are defined just as G in Sectionbut with § replaced by

Qj, i.e. the operator GU) maps g; — vl,p, where v € H'(B\ ;) with
1
v|yp € H (0B) is the weak solution to the boundary value problem

div(yoVv) =01in B \5]-,
04,V = g; on an, (2:25)
0y,v = 0 on 0B.

Furthermore, we define G : H;%(a(zl) x Hy 2 (8(22) — L2(0B) b
(g91,92) "+ ¥|yp, and & € H(B\ (0, UQ)) with 4|, € HE (9B) solves
div(%Vﬁ) =0in B\ (0 UML),

= g1 on 89y,

= go on 02y,
=0on 0B

@z

Ox,
Oy,
Ov,

in the weak sense. For the operator Go : H;%((C)Ql) X H;%<BQQ) —
L2(OB) the corresponding definition holds.

It is quite obvious that GV, G@ | G4, G5 have the same properties as G
concerning compactness, injectivity, and denseness of the range (compare
page . The following Lemma shows some connections between the
newly defined operators.
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Lemma 2.2.4. The operators defined above have the following properties,
where K1, Ko are compact operators:

(a) o o
G=G1Q1, G=G20Q2,

(b)

) A - (I Kr\ A
(AW _ Ve
GG = & <K1 Kle)Gl

o)~ . (KoK Ko\ -
G(Z) G(2) =G ( 2 *2 2) G
(&) *\ K3 1)

(c) Ql and Qg are one-to-one_and have dense range. The same holds
for their adjoints Q7 and Q5

Proof. Part a) follows immediately from the definition of the appearing
operators.

Part b): Define Kj : H;%(ale) — H;%(QQQ) by g1+ 0y,0]yq, and

v e HY(B\ Q) with v|,; € Hé(aB) solves for j = 1 in the weak
sense. Analogously to the proof of Lemma [2.1.8]it can be shown that K3
is compact.

We observe that the identity G = G ( él 8) holds which implies

GOy = (éfgf)é; and thus GO (GM)* = & (;1 KKK)G1 The
arguments for the second identity are analogous.

Part ¢): Since G is injective we deduce from part a) that Q; is injective
~ _1 _1
and thus that Q7 has dense range in H, 2(91) x H, 2(08).
Now we derive a representation for the adjoint Q7 and show that it is
injective. We therefore first show an alternative representation for Q).

Consider the partial operator Q') : H;%((?Ql) — H;%((C)Ql) that
maps g1 — Oy, w1y, and wy € H'(B\ Q) with wy|,p € H? (0B) solves
div(yoVwi) =0in B\ Q, Oy,w1 = g1 on 081, Oy, w1 =0 on Qs UOB
in the weak sense. ) L L

In addition, consider the operator Q(*?) : Hy ? (09Qy) — H{E (091) that

maps gz — Oy, Walyq , and wa € HY(B\ Q) with ws|,5 € HE (0B) solves
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div(voVws) = 0in B\ Q, d,,ws = g2 on 8Q2, dy,we =0 on 99y UIB
in the weak sense.

Now we observe that w := w; + wo solves (2.22) and thus that the

~ ~ ~ ~ A(11)y*
identity @, = (Q<O“> Q(Ilz)) holds, which also implies Q}iz (Egl;;* ?)
The next step is to show representations for the adjoints (Q(11)*, (Q12))*.
- 1 1

In fact, (QUY)* : HZ (01) — HZ (01), by — vlyg,, and v € HY (B \
(QUIN)) with v],, € Ho% (0B) solves the transmission boundary value
problem div(yoVv) =0in B\ (QU 08), 05,v = 0 on 9B U 924 U 095,
v|_ — vl =hy in 0Q and 0,,v|_ = 9,v[, on 0 in the weak sense.

Now we can use the second Green identity to show that Q(H) and
(QU1)Y* are indeed adjoint to each other. Therefore let g; € Hy 2 (0€21)

and hy € Ho (0€11) be arbitrary, and let wy, v be the corresponding weak
solutions of the above boundary value problems, then:

<Q(11)91, h1> B / Oyew1(V|_ = [} ) —wi(0y0]_ — 04,7, ) ds
J N————
%, =0

= / Ea.mwl — w1 8%@ ds + / Ea.mwl —w1 8,),0@ ds
~—~— —— ~—~—

121971 =0 192 =0 =0
- /Eavowl —wi 04, ds = <917 (Q(u))*h1> .
—— ~—
OB =0 =0

In the same way it can be shown that the adjoint of Q(lz) is given by
(QU2)* : HE(00) — HE (0€2), h1 — vlyq,, where v is defined by the
above transmission problem. R

The only thing that remains to show is that Q7 is injective. Therefore

1 - 1 ~

let (h1,ho) € HEZ(0) x HZ(892) be such that (Q1Y)*h; = 0 and
(QU2)*hy + hy = 0. The first identity yields that v has zero Cauchy
values at 9y and thus that v = 0in \Q;. In addition, the continuity of
Oy, across 0% yields that v solves the homogeneous Neumann problem

in B\ (€, UQy) and thus that v = 0 in the whole of B which also
implies hy = 0. Now the second identity yields hy = 0 immediately,
and mJecthlty of Ql is shown which also implies that Q; has dense

range in H, 2 (8(2 ) X H, 2 (892) For Q, the arguments are completely
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L2(0B) A=A L3(0B)
Gi ‘ G
1 ~ 1 G* G _1 ~ _1
H<>2 (891) X HOQ (892) H() 2 (891) X Ho 2 (892)
Qi (ol
Y

HZ (001) x HE (99) H; 2(0900) x Hy 2 (99)

T-To

Figure 2.4: Diagram of operators and spaces corresponding to the new factor-
ization of A — Ag (compare Lemma[2:2.4] part a))

analogous. O

Figures and illustrate the connections between the factorization
(2.5) and the newly introduced operators G1, Go, Q1 and Q- that have
been shown in Lemma P24l Now we have collected all the tools we need
to derive our new factorization.

Therefore consider the perturbed Neumann-to-Dirichlet difference maps

A=A —Ag+p1GOGCWY* Ay = A — Ag + p.GP(GP)*,

with parameters p1, ps € C. First, we remark that both maps only con-
tain measured data and information known a priori: A is obtained from
measurement data, Ay is obtained either from measurement data or from
information about the background conductivity v and for éj, @;‘ we only
need information about o and the covering domains Q; (j = 1,2). Using
Lemma and the factorization we can derive factorizations of
A1 and AQZ

Ay

G(T — To)G* + plé(l)(é(l))*

. [ ” I K\ A
- Gl {Ql(TTO)Ql +pl (Kl Klll(i«>}G17
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L2(0B) L2(0B)
G5 1 G
1 1 ~ G* G _1 _1 ~
HQQ (891) X H<>2 (892) HQ 2 (891) X HQ 2 (892)
Qs Q>
HZ (001) x HE (99) H; 2(001) x Hy 2 (90)
T-—T,

Figure 2.5: Diagram of operators and spaces corresponding to the new factor-
ization of A — Ag (compare Lemma [2.2.4] part b))

Ao = G(T — Tp)G* + p,GD (G

- [~ - KK: Ko\ o~
=Gy {QQ(T_TO)QQ —|—p2< 12(-*2 1-2)}G2~
2

Our aim is now to show that for these factorizations the Factorization
method works. On order to do this, several properties of the appearing
operators have to be verified. These properties can be established by
choosing the parameters p;, p2 in a proper way as we will see in the
following considerations.

We therefore proceed by investigating the new middle operators S7, .52
defined by

- - I K
Sl = Ql (T — TO) Ql + P1 (Kl K1]1(;<> 5 (226)

Ky K3 K2>
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Lemma 2.2.5. Let p1,p2 € C be such that Rep; < 0, Repy > 0 and
Imp; >0 (j =1,2). Then the middle operators Sy, Se have the following
properties:

(a) Tm (Sih,h) > 0 for all h = (h1,ha) | € HZ(30) x HE (99%) and

Tm (Sah, h) > 0 for all h = (hy, ho) | € HE(901) x HZ (80).

(b) If0 % h = (hy,hy) ' is such that (Re S;)h =0, then Im (S;h,h) >0
(j=12).

Proof. Part a): We only consider the operator Sy from (2.26) while for S,
the arguments are the same:

—_———

- (T K
Sl *Ql (T_TO) Ql +p1 <K1 Kle) .
=H S——

=0

PR 1
From (2.6)) we know that (Im Hh,h) > 0 for all h € HZ (0921) x HZ (03),
and H is non-negative since it is an operator of the type A*A. Hence

Im (Syh, h) = (Im Hh, h) + Im {p;} <f1h, h> >0,

and the first assertion is shown. . )

Part b): Let h = (hi,hs)| € HZ(9) x HZ(9Q) be such that
(ReS1)h = 0 and h # 0. If ReHh = 0 then it follows that Hh = 0.
From Lemmas and we obtain that (Im Hh,h) > 0 and thus
(Im S1h,h) > 0. If Re Hh # 0, then we conclude that Hh # 0 and thus
<ﬁh, h> > 0. This implies together with part a) that Im (S1h,h) > 0
which completes the proof.

O

Now we derive another representation of A; that is used to prove that
the middle operator Sy is a compact perturbation of a negatively coercive

operator. Using Corollary as well as Lemmas and we
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obtain

Ay

T — 7V 0 ) " } A
G ‘ o | +K G 4+ pGD(GD)
{ ( 0 7@ — 1

5 prl 0
W{(3 1o ap)

(Qu)(T(l) — T QW) Kf) n f{} Gy

(2.28)

K, 0
~ PlI 0 = ~
:Gl{( 2)+K1}G*.

0 T@ -7 L

K, is a compact operator, and if the parameter p; is chosen as in Lemma
then from it follows that Re.S; is indeed a compact pertur-
bation of a negatively coercive operator. Analogously we can derive a
corresponding representation for Ao

. 71 _7M 0 - con =
Ay =G 0 o | + K 3 GF+ GG
{ ( 0 7@ 1

- (1) _ (1)
:G2{<T OTO OI)
p2 (2.29)
- (K Q<2><T<2>—Té2>><cz<2>>*) R }G2

~ T(l) _ T(l) 0 x ~
=G 0 K> G5
2 { ( 0 ,02] + 2 2

with a compact operator K, and choosing p» as in Lemma and
(2.20) yield that Re S5 is a compact perturbation of a coercive operator.

Now we summarize our results from and as well as Lemma
and the knowledge about the properties of the operators G1 and Gs.
We have derived the two factorizations

/~\1 = élslé;, ]\2 - GZSQG;

and the appearing operators have the following properties:
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(a) Ay : L2(0B) — L2(8B) and Ay : L2(dB) — L2(dB) are bounded
operators.

(b) Gy : Hy 2(89) x Hy 2(3Q) — L2(B) and S; : HZ(99) x

Hé (0Q2) — Hgé(ale) x Hy 2 (99Qs) are bounded operators.

(¢) Go : Hy 2(90) x Hy 2 (90) — L2(B) and S, : HZ () x

Hé (9Q2) — H, 2(0Q1) x H, 2 (0€) are bounded operators.

(d) G1 and Gy are compact operators and they have dense range in
L2(0B).

(e) The operator Re S7 can be written as Re S1 = C; + K1 where K; is
compact, C; is self-adjoint and —C; is coercive.

(f) The operator Re Sy can be written as Re Se = Cy + Ko where Ky is
compact and Cs is self-adjoint and coercive.

1 1
(g) The operator Im .Sy is non-negative on HZ (9€1) x HZ (0€2), and
1 P
the operator Im Sy is non-negative on HZ (0Q;) x HE (0€s).

(h) Im.S; is positive on the finite-dimensional nullspace of Re S; (j =
1,2).

These results yield that we can apply the Fiz-Factorization Method in the
form of the following theorem that is cited from [G3].

Theorem 2.2.6. Let X C U C X* be a Gelfand triple with a Hilbert
space U and a reflexive Banach space X such that the imbedding is dense.
Let H be a second Hilbert space and let F : H — H,G : X* — H and
S : X — X* be linear and bounded operators with F = GSG* and

(a) G is one-to-one and compact with dense range in H,
(b) ReS =C + K where C (or —C) is coercive and K is compact,
(¢) Tm S is non-negative on X,

(d) S is injective or Im S is positive on the finite-dimensional nullspace

of ReS.
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Then Fy = |Re F|+1ImF is positive definite and the ranges of G : X* —
1
H and .7-'; : H — H coincide.

For the corresponding proof we refer to [G3]. As a result, we conclude
for our factorizations:

Corollary 2.2.7. The operators Ay 1,Ay o : L2(0B) — L2(0B) defined
by

Ay, = ’ReA — Ao+ Re {p1}GD(GM)*| + Im A + Im {p }GD(GD)*,

Ay = ’ReA — Mg+ Re {p2}GP(GP)*| + Im A + Im {po} G (G@))*,

~ 1
are positive definite, and the ranges of G1 and A;& 1 as well as the ranges

- 1
of G2 and A;‘#Q coincide.

By means of the test functions ¢, defined in we can again derive
a binary criterion to decide whether a point y lies inside an inclusion or
not. Therefore we first show a connection between the inclusions and the
ranges of Gy and Gs.

Lemma 2.2.8. The inclusions 2y, (2o can be characterized as follows:
a) Lety € O, theny € O < ¢, € R(Gy).
b) Lety € Qq, theny € Qy & ¢, € R(G1).

Proof. We only prove assertion a). Under the assumption y € Q0 the
equivalence y € O < y € O U Q, holds, since ; and €, are disjoint.
Additionally, we know that y € Q; UQy < ¢, € R(Gy) since it is the very
same result as for the original Factorization method (compare ([2.13)).

O

Note that the assumptions y € Qj (j = 1,2) are no restriction in the
present setting since in Assumption [2.2.1] we require that we a priori know
that the inclusions are located inside the corresponding covering domains.
By combination of Lemma [2:2.8 and Corollary 2:2.7] we obtain a binary
criterion that connects the data Ay 1,Ax o with the desired inclusions
Q1, Q0.
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Corollary 2.2.9. Let Qq be of type 1, let Qo be of type 2 and let Assump-
tion be satisfied.

a) Lety €y, then

- |<‘py7¢k>‘2
yeM &> B <o, (2.30)
k=1 k

where { A, ¥x : k € N} is an eigensystem of Ay o.
b) Lety € Qq, then

- |<‘py7¢k>‘2
yEMW e Y B <o, (2.31)
k=1 k

where { A, Vi : k € N} is an eigensystem of Ay 1.

These two binary criterions can now be used to reconstruct inclusions.
However, in contrast to the original Factorization method we now have
to implement two steps in order to identify both inclusions. In the first
step we use criterion and reconstruct 2y, while in the second step
we use criterion to reconstruct 2.

The new method can also be interpreted as follows: for the reconstruc-
tion of €27 we use the parameter p; to synthesize a type 1 inclusion Qs
that covers the perturbing type 2 inclusion 23. On the other hand, we
cover () by an artificial type 2 inclusion that is produced by p; in order
to identify .

2.2.2 Insulating and Perfectly Conducting Inclusions

In our statements above perfectly conducting as well as insulating inclu-
sions have been excluded since we assumed the absolute conductivity Rey
to be strictly positive and essentially bounded. In this section we show
that these two special cases also fit in our setting. In particular, we show
that for insulating inclusions the middle operator of the factorization is
coercive, while for perfectly conducting inclusions the middle operator is
negatively coercive.

At first we consider the factorization for the case of an insulating in-
clusion and and no other inclusions. If Q is an insulating inclusion, then
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there is no current flux across its boundary, i.e. the direct problem is to
_ 1
find a solution v € H*(B\ Q) with u|,; € HZ (0B) to

//VOVU Vi dr = /f@ds for all » € HY(B\ Q),
B\Q 0B

where f € L2(dB) is the injected current pattern. This weak formulation
corresponds to the following Neumann boundary value problem

div (y0Vu) =0 in B\ Q,
Oy, u = 0 on 012,
Oy, u = f on 0B.

The homogeneous Neumann boundary condition at 9€2 yields that
(A=A f=C <_ 8’You0|+> )

where uy € H}(B) solves the background direct problem. Now we can
define the operator L : L2(0B) — Hs 2(99), f — Os,uol,q for which
the identity A — Ag = GL holds. Using the second Green identity it can

be shown that the adjoint L* : HQ% (0Q) — L%(dB) is such that it maps
h +— wo|yp, where wy solves (2.3]) in the weak sense for the background
case ¥ = Yo:

(Lf.hy = /a%uomou — Wol) — uo( By Tol, — BuyTol_) s

o0 =0
= /@0870’&0 — U &,Owo ds = <f, L*h> .
——
OB =0

Now we observe that L* = —GT, and thus that L = —TyG*. On the
whole, we obtain the following factorization for 2 being an insulator:

A=Ay = G(=T,)G*.

The desired coercivity property for the middle operator —T; can now
1 J—
be shown as follows. Let h € HZ(09) and let wy € H' (B \ Q) be the
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corresponding weak solution of (2.3) for v = ~p, then

<7T0h,h>89 = 7\/ 870U10|+ (@0|+ — E0|_) dS

o0
— //,YO |Vwo|2 dx — /EO Oy, Wo der//'yO \Vw0|2 dx
0

B\Q 0B

= //’yo |Vu)0|2 dx > co //|Vw0|2 dz,
B B

where ¢y > 0 is the lower bound for 79 from Assumption Now we
can argue as in the proof of Theorem 2.3 in [B3] to obtain that there is
¢ > 0 such that

(~Toh,h)gq = cllhl? g ) for all he H2 (09).
Since the middle operator is positively coercive we know that an insulating
inclusion can be treated in our covering method exactly the same as an
inclusion of type 1.

Now we consider the second case. Let  be a perfect conductor which
is roughly described by 7|, = co. For the sake of simplicity we restrict
ourselves to the case in which the perfectly conducting inclusion 2 consists
of only one component. For the case of several components we refer to [2]
or B. A perfect conductor €2 is modeled by the claim that the electric
potential inside 2 has to be constant. The direct problem for a given
current pattern f € LZ(9B) is then to find v € H'(B\ Q) with u|,p €

Hé (0B) satistying u = const on 99 and

//WOVU-VECZQU :aé fibds

B\Q
for all ¢y € H'(B\ Q) such that 1|, = const. The corresponding classical
formulation is
div (voVu) =0in B\ Q,
Oyu = f on 0B, (2.32)

u = const on O0f2.
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Remark 2.2.10. The constant in the boundary condition u|,, = const

is determined uniquely by the claim that u|,; € Hé (0B). We could
alternatively formulate a well-posed direct problem for u € HY(B \ Q)
using the homogeneous Dirichlet boundary condition u|y, = 0. However,
since we wish to find a factorization for the difference operator A — Ay, it

1
is desirable to have u|,5 € H3 (0B).

As in the insulator case above we now derive a factorization of A — Ay
and show negative coercivity of the middle operator. From the direct
problem we observe that the identity A = GL holds with the operator

L:L2(0B) — Ho_%(aﬂ) that maps f — 0y ul,q, where u € H*(B\ Q)
with ulyp € Hé (0B) solves in the weak sense. The adjoint of
L is given by L* : Hé(E)Q) — L2(0B) mad maps h — wl|,y, where
w e HY(B\ Q) with w|,z € H? (OB) is the weak solution to

div (yoVw) =0 in B\ Q,
Oy,w =0 on I8,
w = h + const on 0.

The proof that L, L* are adjoint to each other is again based on the second
Green identity:

<ﬁf,h> = /ﬁﬁwuds—/u&m@ds

o0 o0
=0
= /E(?%u — w0, W ds = <f, ﬁ*h> .
——
OB =0

Lo 1
Now we define the operator T': Hg (092) — H, *(0Q) by h — 0,,wl,q,
and the factorization

A=Ay =G(T - Tp)G*

is shown.
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In order to show negative coercivity of the middle operator we use the
first Green identity:

<Th, h>aQ = /EBVOw — const Oy, w ds

/w&mwds //’yo |Vw|? dz = //’yo \Vw|? dz

B\Q B\Q
and thus
<(T0 - //’yo |Vwl|? dz — //Wo Vwo|® da.
B\Q

We extend w to a function w € H'(B\ 02) by setting w = const inside
Q) and obtain

(Ty — T)h, h = Yo [Vw|® = ~o |Vwel|® da
o0
B
=-2 // Yo Vuwy - (Vg — V) dx
B

+//% [Vwol|® — 270 Vwg - V@ + o [V|? da.
B

Here the first integral vanishes which can be seen by setting ¢ = wy — w
in (2.2) for the background case v = 9. Hence we can estimate

(T —T hhm—//fyoWwo—le dm+//’yo|Vw0| dx

B\Q
> //’yo |Vwo|? da.
Q

Again we can argue as in the proof of Theorem 2.3 in [B3] to show
coercivity of Ty — T'. Hence we can treat {2 in the same manner as a type
2 inclusion in our covering method.
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Altogether we have shown in this section that for the covering method
we can subsume all type 1 inclusions together with the insulators and cover
it by an a priori known covering domain ;. Analogously, we can subsume
all the type 2 inclusions together with the perfect conductors and cover
them by Qy. We can detect the type 1 inclusions and insulators using
the binary criterion from part b) of Corollary and we can detect all
type 2 inclusions and perfect conductors using part a) of Corollary
respectively.

2.3 Numerical Experiments

In this section we present some results of numerical experiments with our
new method. We compare the results to those obtained using the original
Factorization method and investigate its performance depending on the
parameters pi, p2 as well as the covering domains Ql, Qz.

2.3.1 The Original Factorization Method

In all our examples the domain B is the unit disc in R? and the background
conductivity is 79 = 1. In the upper half of B there is a type 1 inclusion
Qy, while in the lower half of B there is a type 2 inclusion 5. The
conductivity in B is as follows:

0.5, S Ql,
")/(I) = 27 VS Q27
1, zeB\Q

We consider two examples with different locations and shapes of the
inclusions €27 and 5. In the first example € is kite-shaped and lies in
the upper half of B, while ()5 is a small ellipse and is located in the bottom
right of B. In the second example both 2; and 5 are peanut-shaped and
are located in the center of the upper and lower halves of B. In Figure
these two examples are illustrated.

Since B is the unit disc, the dipole test function ¢, can be represented
explicitly by
1 (y—z)-a

@y(x) = % |y71_|2 )



Detection of Mixed inclusions 48

() (e

) test model 1 (b) test model 2

Figure 2.6: The two test models and with the inclusions €21, Q22

where @ is a fixed unit vector that represents the dipole axis (see e.g. B3]).
As an orthonormal basis for the current patterns as well as the boundary
potentials we use the trigonometric functions

cos(kd) sin(kf) : k=1,2,... } , (2.33)

1 1
{ VT R
where 6 denotes the argument of points on the boundary 0B in polar
coordinates.
In order to obtain discrete approximations of A and Ay we solve the
direct problem with and without the inclusions for the basis current pat-
terns up to an end index N € N using a standard finite element method.

For the reconstruction of the inclusions, we evaluate the functions
()
(awv?))
Wi(y) = ZT (j=12)
k=1 k
on a mesh of points y in B. As stated in Corollary 2.2.9] we obtain the

reconstruction of 27 by evaluation of Wy, where {)\,(f), ,(f) : keN}is
an eigensystem of Ay 2. On the other hand, we can reconstruct s by
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(a) No noise (b) 1% noise

Figure 2.7: Reconstruction for test model 1 using the standard Factorization
method

evaluating W on a mesh, where {/\,(Cl)7 wlgl) : k € N } is an eigensystem of
Ay 1. In [B] a justification for the truncation of the Picard series at the
index N can be found.

For our first reconstructions we set p1 = p2 = 0, which implies that
Ay = Ay and thus Wi = Wy, This corresponds to the standard
Factorization method for EIT which is not proven to work for the present
examples.  Figure 277] shows the reconstruction for Example 1, for the
noiseless case (left picture) and for 1% of white noise added to our discrete
approximation of A — Ag. In Figure the corresponding reconstructions
for Example 2 are shown.

From these examples we observe that even the standard Factorization
method seems to be capable of reconstructing inclusions in the mixed case.
This observation was also made in Figure 7 in Hf] and, for scattering
problems, in 1.

2.3.2 Different Parameters and Noise Levels

The experience from scattering theory (see e.g. [B7]) also suggests that
the original Factorization method produces better reconstructions than
the covering method although it is not proven to work in the case of
mixed obstacles.
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(a) No noise (b) 1% noise

Figure 2.8: Reconstruction for test model 2 using the standard Factorization
method

Furthermore, the larger the absolute values of the parameters p;, ps
get, the more they might influence the reconstruction as we can see in our
theory: the larger |p;| is (j = 1,2) the larger the contrast of the artificial
covering inclusion to the background gets, and the Factorization method
emphasizes this synthetic inclusion rather than the one that we wish to
identify. This can also be observed in the representations ,
of the middle operator. The information about the desired inclusion lies
inside the first part

Q1 (T —To) Qi or Q2 (T —Tp) Q3.

respectively, while the second part

I K KoK} K,
Pk, Kikr) @72\ Ky 1)

respectively, contains information about the covering domains Ql, Q, and
carries more weight as |p;| (j = 1,2) gets larger.

In the following numerical examples we verify these expectations for
our new method where we carried out both reconstructions using different
values of the parameters p1, ps.

For the first examples with the coverlng method the covering domains
Qh Qg are circles as shown in Figure|2.9 The domains in which we eval-



2.3 Numerical Experiments 51

(a) test model 1 (b) test model 2

Figure 2.9: Covering domains for the test models

uate the indicator functions W; (j = 1,2) are ellipses as indicated by the
white dotted lines in the reconstructions. We start by the reconstructions
in the noiseless case and different values of p; and ps.

Figures 2-10] and 2-I1] show the corresponding reconstructions. We ob-
serve that the inclusions are localized properly by our method but the re-
constructions are not as focused as with the original Factorization method
(compare Figuresand. The absolute value of the parameters p1, p2
also has the expected influence on the reconstruction quality: the results
for p; = 1073(=1+14) and p2 = 1073(1+1i) (parts a) and c) of the Figures
and are considerably better than those for p; = 1072(—1 + i)
and ps = 1072(1 + i) (parts b) and d) of Figuresand .

We proceed with the same examples for noisy data. In the Figures[2.12]
and the results of the very same experiment are shown but with 1%
white noise added to A—Ay. The reconstructions are slightly more blurred
compared to the noiseless case. However, the observations concerning the
absolute value of p1, p2 as well as the quality compared to the standard
Factorization method are the same.
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(a) p2 = 1073(1 +1) (b) p2 = 1072(1 41)

(c) p1 = 1073(~1 +4) (d) p1 = 1072(~1 +1)

Figure 2.10: Reconstruction for test model 1 using the covering method
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(b) p2 = 1072(1 +1)

(¢) pr =1073(=1+1) (d) p1 =1072(=1414)

Figure 2.11: Reconstruction for test model 2 using the covering method
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(a) p2 = 1073 (1 +1) (b) p2 = 1072(1 +1)

(c) p1 =1073(=1+1) (d) p1 =1072(=1414)

Figure 2.12: Reconstruction for test model 1 using the covering method; 1%
white noise added to A — Ag
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(¢) pr =1073(=1+1) (d) p1 =1072(=1 1)

Figure 2.13: Reconstruction for test model 2 using the covering method; 1%
white noise added to A — Ag
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Figure 2.14: Large covering domains for test model 1

2.3.3 Different Covering Domains

Now we investigate the influence of the size of the covering domains 4, Q»
on our reconstructions. In the examples from above they were chosen rel-
atively small, hence we now choose larger coverings as they are illustrated
in Figure 214} For the following examples we restrict to the test model
1 since the results for the test model 2 are very similar.

We observe that they are noticeably worse than the corresponding re-
constructions for the same values of p1, p2 and the previous smaller cov-
ering domains. This observation can be explained as follows: since the
synthetic inclusion caused by the covering method is now larger than be-
fore it is more disturbing for the localization of the desired inclusion. It
is thus recommended to choose the coverings as small as possible.

Our last experiment deals with the case in which the covering domains
do not cover the inclusions properly, i.e. the assumed a priori information
is incorrect. For the choice of the covering domains Q1, € compare Figure
2. 10l

The reconstructions for this case are shown in Figure They are
slightly worse than the reconstructions in Figure but still have an
edge on the ones in Figure where the coverings were larger. This
observation is in some sense plausible since the unions Q; UQ; (j = 1,2)
are only slightly larger than the coverings in Figure 10| but still much
smaller than the elliptic coverings before. However, we have to emphasize
that this case is not dealt with by our theory.



2.3 Numerical Experiments 57

(a) p2 = 1073(1 +4) (b) p2 = 1072(1 +1)

(c) pr =1073(=1+1) (d) p1 =1072(=141)

Figure 2.15: Reconstruction for test model 1 using the covering method and
large ellipses as covering domains
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Figure 2.16: Improper covering domains for the test model 1
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(a) p2 = 1073(1 +4) (b) p2 = 1072(1 +1)

(c) pr =1073(=1+1) (d) p1 =1072(=141)

Figure 2.17: Reconstruction for test model 1 using the covering method and
improper covering domains






3 Determination of the
Conductivity Inside Anomalies

The Factorization method for EIT is a very successful method for the lo-
calization of anomalies. However, one possible drawback of this method
is that the conductivity inside the inclusions remains unknown. The aim
of this chapter is to derive a method for approximating the conductivity
inside inclusions after they have been identified by a qualitative method,
such as e.g. the Factorization method. This plan is comparable to the
considerations in [[2], [[4] and [[3], where the authors present methods of
approximating the surface impedance or the index of refraction of a scat-
terer whose shape has been determined before by a qualitative method.

The main idea of our method is to make use of a factorization of A — Ag
that appears in a new version of the Factorization method which has been
derived by Kirsch in [B3]. Our method of determining the conductivity
is —in contrast to the assumptions in Chapter [}- restricted to the case of
piecewise constant conductivities. Furthermore, we emphasize that this
problem is still an ill-posed problem.

In Section we present the new factorization and show substantial
properties of the appearing operators. In Section we focus on the
middle operator 7 of the factorization and especially its spectrum that
is closely related to the conductivity inside the inclusions. Afterwards, in
Section 3.3} we show how this spectrum and the conductivity can be com-
puted numerically and in Section we present some numerical results
with this new method.

3.1 A new Version of the Factorization Method

Our assumptions on the domain B and the inclusion €2 from the previous
chapter are still valid, i.e. B is a simply connected C?-domain, € is a
C?-domain such that Q C B and B\ Q is connected. For the conductivity
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distribution we restrict ourselves to piecewise constant and real-valued
conductivities, i.e. y(x) = v + gxa(x) (x € B), and 7, q € R are such
that v(z) > 0 in B and ¢ # 0. In Section we noticed that the
mean value of the absolute conductivity in B is equal to 1. Hence we
can assume that v9 = 1 without loss of generality. Later we will extend
our results to complex-valued ¢ as well as several conductivity contrasts
q,---,qn, on N mutually disjoint inclusions €4, ...,,.

We proceed by defining the operators that will appear in our new fac-
torization and start with the operator A : L2(0B) — L*(Q,R%), defined
by f+— Vug|g, where ug € H!(B) solves

// Vug -V de = /fw ds for all oy € H(B). (3.1)
B OB
This weak formulation corresponds to the classical formulation

Aug=01in B, Jyup= f on JB. (3.2)

The term 0, is a short notation for the normal derivative %. Hence A is
defined via the background direct problem. A* : L?(Q,R?) — L2(dB) is
given by h — w|,p where w € H}(B) solves

//Vw'vwdx:é/irvwdx for all ¢ € H}(B). (3.3)

B

A and A* are adjoint to each other since the first Green identity yields
together with (3.3) that

<.Af, h>L2(Q,]Rd) = // V’LLO -hdx = // VUO -Vwdx = <f, A*h>L2(aB)
Q B

holds for arbitrary f € L2(0B), h € L*(Q,R?). Using the unique continu-
ation principle for harmonic functions it can be shown that A is injective
which also implies that A* has dense range in LZ(9B).

In the following lemma we show representations for the closure of the
range of A and the nullspace of its adjoint A*. We therefore need to
declare what we mean by Av = 0 in Q for a function v € H!(£2), namely:

// Vv -Vipdr =0 for all ¢ € H} (). (3.4)
Q
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Lemma 3.1.1. The operators A, A* defined above have the following
properties:

(a) The nullspace N (A*) consists of all h € L*(Q,R?) such that there
is a solution w € H*(Q) to

//Vw-v¢da::é/h~vwdx for all p € HY(Q)  (3.5)

Q

satisfying w = 0 on 0S2.

(b) _
R(A) = {Vu:ue H(Q), Au=0in Q}. (3.6)

Proof. Part a): Let h € N'(A*). Then there is w € H!(B) that solves
and w = 0 on dB. This implies that w has zero Cauchy values on
OB and thus w = 0 in B\ Q by the unique continuation principle. For
such a w is equivalent to . Furthermore, since w € H(B), it is
continuous across 9§ and therefore w|;, = 0.

Let h € L?(Q, R?) be such that there is a solution w € H'() to
and w|,q = 0. Then we can extend w to w € H}(B) by setting w = 0 in
B\ Q. Now w is a solution to (8.3)), and wl|,; = 0. Hence h € N (A*).

Part b): Define M := {Vu: u € H'(Q), Au=0in Q}. From the defi-
nition of A we obtain R(A) C M. From it follows immediately that
M is a closed subspace of H(2) and thus that R(A) C M.

Let Vv € M and let h € N (A*). Then we know from part a) that
there exists w € H'(Q) that solves and w|,, = 0. Hence we obtain

using (3.5)) and (3.4) that

//Vlwhdx://Vv«dez:O.
Q Q

This implies that M C (A (A*))" = R(A), which completes the proof.
O

Remark 3.1.2. (a) The classical formulation for the variational prob-
lem (3.5) is to find w € H(Q) that solves Aw = divh in Q, w =0
on 9N and 0, w = h - v on Of2.
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(b) Lemma implies in particular that A4* is not one-to-one. For
instance, let us fix some arbitrary point & inside 2 and and choose
€ > 0 such that dist(Z,0) > e. Then we define

2

L {exp(l—M), |CC—.'i’|<€,
w(zx) =

0, otherwise.

We observe that w € C°°(2) and that w has zero Cauchy values
at 9. Then w obviously solves (3.5) with & = Vw, and therefore
0#heN(AY).

For h € R(A) we can find the classical formulation of (3.3]) using the
fact that h = Vv for some v € H'(B) and Av = 0. As a result we obtain
the following transmission problem: find w € H}(B) such that

Aw =0 in B\ 09,
O,w =0 on 0B, (3.7)
dw|_ — 8yw|+ =v-h on ON.

Remark 3.1.3. The operator A*A is also very similar to the operator
LqLg, in 28] that is used to construct so-called localized potentials. Both
operators map from L2(0B) to LZ(0B), and A*Af = wl|,p, where w
solves with h = Vug|g, while for LoLg, f = 9|y, where ¥ solves

4/7V6~dex:é/h-vwdx for all ¢ € H.(B),

where h = Vulg,, and u solves (|1.3). Hence the only difference is that for
A* A we use the the background conductivity vy = 1, while for Lo L§, the
actual conductivity ~ is used.

The operator 7 : L2(2,R?) — L2(Q, R?) is defined by h — ¢ (h — Vw),
where w € H}(B) solves

//(1 + gxo)Vw - Vipdz = //qh~V1/}dx for all v € HX(B). (3.8)
B Q
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Again, for h € R(A) we can formulate this as a transmission problem:
find w € H!(B) such that

Aw =0 in B\ 09,
d,w =0 on 0B, (3.9)
(1+q) dyw|_ — dyw|, =q(v-h) on 9.

Throughout this chapter we restrict 7 to R(A), and we observe that
T : R(A) — R(A) since ¢ is constant and the potential w that solves the
transmission problem satisfies Vw|, € R(A). In addition, it is easy
to show that 7 is self-adjoint.

By construction of the appearing operators the following factorization
can be shown as it is done in [53].

Lemma 3.1.4. Let A, 7T be defined as above. Then:

Ao—A=ATA (3.10)

Proof. The weak formulation for the solution u € H!(B) of the direct
problem for a given current pattern f € L2(9B) is

//(1+qXQ)Vu~dex:/f¢ds for allweHg(B),
B OB

while the weak formulation for the solution ug € H}(B) of the background
direct problem is (3.1)). By subtraction we obtain

//(1 +gxa)V(uw —u) - Vipdo = // qVug - Vipdx for all o) € HL(B).
B Q

From this representation we observe that (Ag — A)f = GAf, where the
operator G : L?(Q,R?) — L2(0B) maps h to wl|,z, and w € H!(B)
solves ([3.8]). This newly introduced operator G can now be decomposed
as follows. We rewrite to obtain

//Vw'Vzbdx:é/q(h—Vw)-Vz/}d:c for all v € H}(B).

B
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L2(0B) A= Ao ~ L2(dB)
A A*
L2(Q,RY) pe - L2(Q,R%)

Figure 3.1: Diagram of operators and spaces for the factorization ([3.10)

From this representation it is clear that the composition G = A*7 holds,
which completes the proof.

O

Figure[3d]illustrates this new factorization schematically. Furthermore,
this factorization can be used to derive a new version of the Factorization
method as it is done in [B5]. This derivation is based on the coercivity
of T (or of —7, respectively) which follows immediately from Lemma

This coercivity admits the decomposition |7| = |T|% |T|%, where

|712 : R(A) — R(A) is boundedly invertible. This result will also be
used in Section B3]

The main idea of our method to determine the conductivity inside € is
to make use of the factorization . The operators A, A* only contain
information about the inclusion’s boundary, hence they are known after
the inclusion has been located. The information about the conductivity
inside ( lies inside the middle operator 7.

In the next section we take a closer look at 7 and especially its spec-
trum, while afterwards we show how the knowledge about this spectrum
can be used to compute the conductivity contrast gq.
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3.2 The Spectrum of the Middle Operator

In this section we show some important properties of the operator 7 and
its spectrum o(7). We start our considerations by a simple example in
which basic properties of the spectrum ¢(7) can be observed.

3.2.1 A Radially Symmetric Example

We assume that B is the unit disc in R? and the inclusion €2 is a concentric
circle, i.e. Q = B(0, R) with radius R < 1. The conductivity in B is then
as follows:

() = {1, 2| > R,

14+4¢q, |z| <R,
and ¢ is a constant such that 1 +¢ > 0 and ¢ # 0. Let h € R(A), i.e.
there is u € H*(Q) such that h = Vu and Au = 0 in . Now the jump
condition for the normal derivative on 9f) in the transmission problem

(3.9) is as follows:
(1+¢q) dow|_ — dyw|, = qd,u on IN. (3.11)

By separation of variables we can represent v and w in polar coordi-
nates:

u(r, ) = ag + Y (an cos(ng) + by sin(ng)) r", r < R,

n=1

¢ + i: (c;, cos(ng) + d,, sin(ng)) r™, r <R,

w(r, ¢) = &+ S (b cos(ng) + df sin(ng)) ", > R.

n=-—oo
n#0
The partial derivatives with respect to r are

oo

%(r, o) = Z n (ay, cos(nd) + by, sin(ng)) r" ', r < R,

n=1
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i n (c;, cos(ng) + d;, sin(ng)) r"—1, r <R,

o) ="
or > n(ef cos(ng) + df sin(ng)) r"~t, r > R.
nj;ooo

First we make use of the homogeneous Neumann boundary condition

%—’TU = 0 at OB which implies that

Z n (¢} cos(ng) + df sin(ng)) =0 for all ¢ € [0,27).

n#0

From symmetry properties of the trigonometric functions we can deduce
ct,=cf,dt, =—dt (n €N) and thus
(oo}
¢y + > (¢, cos(ng) + d;, sin(ng)) r™, r <R,
n=1

UJ(T, ¢) = [
ca' + 21 (¢}t cos(ng) + df sin(ng)) (r™ +7r=™), r> R.

Now we apply the continuity condition w[, = w|_ at J{2 and obtain

¢y + Z (¢, cos(ng) + d,, sin(ng)) R"

n=1

=ci + Z (¢} cos(ng) + d;f sin(ng)) (R" + R™").

n=1

. . s § - 4 o R™ —
By comparison of the coefficients, it follows that ¢; = ¢, ¢} = T R Cn
and d} = #d; (n € N). In order to keep our notations simple we
denote ¢o == ¢y, ¢n '=c¢;;, dy, = d;; (n € N) and rewrite w as

co + io: (cn cos(ne) + dy, sin(ng)) r™, r < R,

n=1

w(r, ¢) = co + io: %}%,n (cn cos(ng) + dy, sin(ng)) (r™ +r~"),
n=1

r> R.
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The partial derivative of w with respect to r now is

§ n (¢, cos(ng) + dy, sin(ng)) r"~t, r <R,
ow nt

E(T: ¢) = Z n+R = (¢ cos(ng) + dy, sin(ng)) (r"=t — r=n=1),

7‘>R7

and we can apply the transmission condition (3.11]) which means that

n (¢, cos(nep) + d, sin(ng)) R"~!

Mx

(1+4q)

n=

8

1
nR" . n—1 —n—1
_ W (cn cos(ng) + dy sin(ng)) (R"~" — R )

8 1

=q Y n(ay,cos(ng)+ by,sin(ng)) R" 1.

n

Il
-

For the coefficients we deduce

(]. + q)n Can71 - %Cn(Rnil — Rinil) = qnaanil,
(1+q)nd,R" ! — %dn(}zn—l —~ R Y =qnb,R",

and with a simple computation we obtain for n € N

q<R2n + 1) - q(RQn + 1)

Cn = —an7 n — a5 |, [DP2n | 1\'"
2+q(R?"+1) 2+q(R?" +1)

Now we observe that the auxiliary operator T that maps Vu to Vw has
an eigensystem {n,, ¢, : n € N} with eigenvalues

q(R?" +1)

T (R )

converging to 5~ + as n tends to infinity with corresponding eigenfunctions

q

i) (r,9) = cos(n)r”, P (r,¢) = sin(ng)r"



Determination of the Conductivity 70

Remembering that the operator 7 itself was defined as 7 = ¢(I — ’j')
(compare page we realize that 7 also has an eigensystem with the

very same eigenfunctions ¢§})7 wﬁf) (n € N). The eigenvalues are

2q
A = 1 — =
and they converge towards \* = —22_3(1 as n tends to infinity.

During the next section we will show that also for arbitrary shapes of
B and  the eigenvalues of 7 form a convergent sequence and that the
spectrum of 7 consists only of this sequence of eigenvalues A, and its
limit point A*. Furthermore, these considerations lead to the supposition
that a representation 7 = A\*I + K with a compact operator K holds and
thus that 7 is a Fredholm operator. This Fredholm property will also be
proven in the following section.

3.2.2 Constant Conductivity Contrast

Returning to the more general case, i.e. B and ) satisfy the assumptions
from Section we assume again that the conductivity is such that
v = 14qxq, where q # 0 is real-valued constant and 1+¢ > 0. We start
our considerations by giving bounds for o (7).

Lemma 3.2.1. IfA € o(T) then A > {1 and A < q.

Proof. Since T is a bounded self-adjoint operator, o(7) is a compact set
in R. Furthermore, it is a well-known fact that

o(T) C {{Th,h) : he L*(Q,R?) ||n]| =1}.

For the upper bound we use the weak formulation (3.8) and obtain for
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h € L?(Q,R?) with ||n| =1
(Th,h) ://q(h—Vw)-hdx
Q

— [[amlas [[a(vuw-nas
) o

=q—//(1+qu)|VW\2dw<q~
B

Equality would imply that Vw = 0 in B from which we can easily conclude
that h = 0, in contradiction to ||h|| = 1. Now it remains to show the lower
bound where we again assume ||h|| = 1. Using (3.8) we obtain

(Th,h) ://q(h—Vw)-hdx
Q

Z//Mh—Vdeﬁ+[/mﬁ—Vw%dex
Q Q
://q|h7Vw|2dx+//|Vw|2dx
Q B

2// (10 =24 (h - Vi) + (1 + ) [Vwl?) da
Q

2
q 4 02 q
= vV1+qVw — h| + hl” | de > ——.
[/<‘ ! ¢1+q‘ 1+q||> “T+g
Q

O

Remark 3.2.2. Note that the assertion of Lemma B.2.] holds for both
g > 0 and ¢ < 0 and in particular that %}rq < ¢ holds independently of
the sign of q. If ¢ > 0, then T is coercive and o(7) lies on the positive
real axis, while in the case ¢ < 0 the operator —7 is coercive and o(7) is
part of the negative real axis.
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From now on we restrict 7 to 7 : R(A) — R(A). Soon we will see that
T is closely related to certain boundary integral operators. We there-
fore proceed by investigating some properties of these boundary integral
operators. For a detailed introduction into boundary integral equation

methods we refer to [60], [[9 or 0].
Let N be the Neumann function that is defined in (2.11)) and let SL :

H;*® (0Q) — H'(B) be the single layer potential. i.e.

SLp(r) = / Nz v)p(y)ds(y), = B\ oD,
o0

In the following lemma we characterize the range of SL and show that
on this range it is a boundedly invertible operator. In the corresponding

proof the double layer potential DL : Hé (0B) — HY(B\ 09),

DLy(x) = / By N (@, ) p(v)ds(y), = € B\ o0
o0

will also appear. The assumption Aw = 0 for w € H'(B\ 99) has to be
understood in the sense of Remark 324

Lemma 3.2.3. Consider the space

X:={weH}(B): Aw=0in B\ 0%, ,w=0on 0B},

equipped with the H'-norm, then SL is a bijective operator from Ho_% (09)
onto X and the inverse SL™' : X — H, %(0R) is bounded.

Proof. Let w = SLy for ¢ € Ho_% (092), then Aw = 0 in B\ 0. Using the
properties of the Neumann function (see ([2.11))) we obtain for ¢ € C2(99)
that

0,5L¢lys = [ AN Cel)dsty)| =108 [wds =0,
) 9B E)

_1
From the denseness of C2(9Q) in H, *(9€) and continuity of the trace
operator we obtain that SLy has zero Neumann values on 0B for all

o e Hy?(9B).
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Furthermore, for ¢ € C2(0B) we obtain

[ steds= [ [ Ngyot) dsty) dste)

OB OB 02
- / o) / N(x, ) ds(z) ds(y) = 0.
o0 OB

and by the same denseness argument as before it follows that [ SLeds =
oB

0 for all p € Ho_%(é)Q). We have thus shown that R(SL) C X.

Assume that SLp = 0 for some ¢ € HJ%@Q). Then the jump con-
ditions on 02 (see e.g. Theorem 6.11 in [60]) imply ¢ = 9,SLp|_ —
c”)‘,,SL<,0|Jr =0.

Now let u € X, 2 € B\ 09, then we use the third Green identity in the
form of Theorem 6.10 in [G6] to show

SL(Oyu|_ — 8yu\+) (z)
=SL (dyul_ — dyul,) (x) = DL (u|_ — ul,) ()

:U(CC),

and hence u = SLy with ¢ = d,u|_ — dyul, € Hgé(aQ). This shows

that SL is an isomorphism between the spaces H, : (09) and X.
In addition, X is a closed subspace of H'(B), which follows directily
from the variational formulation for X (see Remark [3.2.4)), and the open
1

mapping theorem asserts that SL™!: X — H, 2(9Q) is bounded. O

Remark 3.2.4. A variational formulation for elements of the space X
from Lemma [3:2:3]is given by

X = ngj(B)://Vw-vwdm:O Vo € Hy (),
Q

/ Vw-Vipdr =0 Yip€ H'(B\Q): ¢|,n=0

B\Q
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We proceed by considering boundary integral operators and define S :
C?(09Q) — L?(09) by

Se(z) = / Nz, y)o(y)ds(y), =€ o
o0

Theorem 7.1 in [G6] asserts that there is a bounded extension of S to
H~2(8Q) and that the range of S is contained in H2 (9€). In addition,
S is a self-adjoint operator (compare Chapter 7 of [66]).

Furthermore, we have to define D : C?(9Q) — L?(9Q) by

Dila) = [ 8, N y)elw)dsty), € o0
o0

Theorem 7.1 in [66] asserts that D has a bounded extension to H %(89)
and that the range of D is contained in H2(9€2). Since we assumed the
inclusion boundary 99 to be of class C2, we can apply Theorem 2.14 from
9 to show that D maps continuously from Hz (99) into H'(99). Hence
D : Hz(09) — Hz(0R) is a compact operator.

Let us consider its adjoint D* : H~2(09Q) — H~2(99) which is for
¢ € C%(09) given by

D'pla) = [ 0, Nz)ewist). o o0,
o0

It can easily be shown that D* is also well-defined as D* : HO_%(('?Q) —
_1 _1
H, 2(09Q): let ¢ € H, 2(09), then we have

D700 -4 ayead om) = O PV b ey oy

From the jump relations (see Theorem 6.11 in [6G]) we obtain D1 = 1 +
DL1|_. Using the second Green identity yields that DL1|_ = 0 which
implies D1 = const and thus that (D*p,1) = 0.

Furthermore, since we assumed ) to be a domain of class C%, D* is
a compact operator, hence its spectrum consists at most of a sequence
of eigenvalues and zero. In the following lemma we give bounds for the
spectrum of D*. The proof is based on the considerations in [B9] where
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the derivations are carried out for the Dirichlet problem instead of the
present Neumann problem. In addition, in [B9 D* is considered a map
from the space of continuous functions on 9f to itself, while we extend

_1
the assertion to He 2 (99).

I -1
Lemma 3.2.5. All eigenvalues of D*: 2(0Q2) — H, 2(09) have ab-
solute value less than or equal to L 5- Furthermore 5 is mot an eigenvalue
of D* but —3 is.

Proof. Define (-,-) : Hy *(9) x Hy ?(99) — R by
(SD7¢> = <Lp) S¢>H7%(69)XH%(6Q) '

(+,-) is a well-defined bilinear form, since the boundary integral operator
S maps from H, 2 (09) to Hz (). It is symmetric since S is self-adjoint.

_1
Furthermore, we show that (-,-) is positive definite on H, 2 (92) using
the first Green identity:

(2,0) = (@, S¢) = (,(SL)|_ — 0, (SLy)|, , Sv)
/ V(SLy) - V(SLY) d:v+/ V(SLy) - V(SLy)dx > 0,

B\Q

and from this representation it is easy to see that (¢,¢) = 0 implies
VSLp =0in B\ 99 and thus ¢ = 0.

We now show that D* is symmetric with respect to this newly defined
scalar product:

1
(D*Cp,l/} =35 <au SLSD)|— + aD(SLQD)h_ 7S¢>

/ V(SLy) - V(SLy) dx — f/ V(SLy) - V(SLy)dx
B\Q
This expression is symmetric with respect to ¢ and 9, hence (D*@, ) =

(¢, D*1). Altogether we have shown that o(D*) is a compact subset of
R.
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Now define R, R : X — Rx by
lﬂu):i[/\Vuﬁdx, AROO::/‘\VuFdx
Q B\Q

where the space X is defined as in Lemma Using the considerations
from above we now derive a connection between o(D*) and R, R:

sup{o(D")} = sup {(1();2;;)) Lo e Hy 2 (00), o # 0}

1 R(SLy) — R(SL 1
—sup { L ESLO) = RSLY) - ot a0), o £0
2 R(SLy) + R(SLy)
Since the range of SL coincides with X by Lemma [3:2:3] this implies that
) 1 R(u) — R(u)
sup{o(D")} =sup =——~:u e X, u#0,,
plo(D")} p{2R(u)+R(u) ;

and in the same way it can be shown that

(u)

1R(u)—R
R(u) + R(u)

inf{o(D*)}:inf{2 : ueX,u;éO}.

From these bounds we conclude that o(D*) C [f%, %] Assume that
1

p = 5 is an eigenvalue of D*. Then there is u € X, u # 0 such that
R(u) = 0, which implies that Vu = 0 in B\ Q. We know that u € H!(B),
hence u = 0 in B\ ©2, and since u is continuous across 9§ we deduce that
u|_ = 0. Uniqueness of the Dirichlet problem for the Laplace equation in
Q now implies v = 0 in €2, a contradiction to the assumption.

Let u € H'(B) be such that v = 1 in Q and d,u = 0 ob dB. Such
an u exists if there is a weak solution @ € H'(B\ Q) to A4 = 0 in
B\ Q, |y = 1, Oyt|yp = 0. The corresponding homogeneous problem
is almost the same but with a zero Dirichlet boundary condition at 9f2.
Hence its weak formulation is as follows: find ig € H'(B \ Q) that solves

/vao-vwzo for all p € H*(B\ Q) : ¢[y0q =0 (3.12)

B\Q
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and gy, = 0. Choosing ¢ = 7 in yields @ip = const in B\ Q,
and the homogeneous Dirichlet boundary condition implies @y = 0. This
shows that the homogeneous mixed boundary value problem has
only the trivial solution, and Theorem 4.10 in [66] asserts that there is a
unique % as required and thus that there is u € H!(B) as stated above.
Now we define @ € H'(B) by @ = u + C, where the constant C' is chosen

such that |, € Hé(aB) and observe that 4| = 1+ C and that ¢ € X.

N R(w)—R(w) _ .
Now for @ we deduce that liR(ﬁHR(ﬂ) = —1, and using Lemma (3.2.3
yields that there is ¢ € H, 2(9Q) such that SLy = 4. In addition,
@ is an eigenfunction of D* for the eigenvalue p = —%, which follows

immediately from the jump conditions for the single layer potential.
O

We proceed by deriving a connection between 7 and D* in order to
characterize the eigenvalues of 7. In Lemma we have already shown

that o(7) C [I;quq’ q) which allows us to restrict our considerations to this

interval.

Theorem 3.2.6. )\ is an eigenvalue of T if and only if p = —22% + % is

an eigenvalue of D* and p # f%.

Proof. “=": Let \ € [#q,q) be an eigenvalue of 7, i.e. there exists

h € R(A), h # 0 such that 7h = Ah and h = Vu for some u € H'(Q)
satisfying Au = 0 in . From the definition of 7 we obtain

¢(Vu—Vw)=AVu in Q, (3.13)

where w is the weak solution of the transmission boundary value problem
(-9). From (B3.13) we obtain (¢ — A)Vu = ¢Vw and thus u = Lxw+c
with some constant ¢ (A # ¢ by assumption). The transmission condition
in (3.9) can now be written in terms of w:

2
q p—
(1 +q- (0= )\)) dyw|_ — dyw|, =0 on 9. (3.14)

=p
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Since w € X, w can be represented by a single layer potential w = SL¢p

_1
with a density ¢ € H, ?(02). Using the jump relations for the single
layer potential and (3.14)), leads to the the integral equation

1 1
p<2w+lfw)-<—2@+lfw)==0

on Jf) which can be simplified to

lp+1

D*y 1
2, 1Pt —0, (3.15)

since p = 1 would imply A = 0, a contradiction to o(7) C {ﬁ,q).

Equation (3.15)) has a nontrivial solution if and only if p = —%% is an
eigenvalue of D*. It remains to show that —%%} = 2+q + )\ which is

a simple computation. In addition, pu # —% since in thls case we have
A = g, another contradiction to o(7) C {#’_q, q)

“<~=": Now let u € (—5, 5) be an eigenvalue of D*. Then the integral
equation
—p+ D=0

has a nontrivial solution ¢ € H, 5 (092), and the single layer ansatz w =
SL¢ provides w € H!(B) such that Aw = O in B\ 09, and 9,w = 0 on
O0B. Defining p = 2#_&, we realize that ( ) holds. Deﬁne A= (1(1p)ﬁ_)q
and u := ﬁw + ¢ with a constant c, then w solves with Vu instead
of h, and we obtain ¢(Vu — Vw) = AVu in Q. Since p# —3% we know
from the jump relations that d,w|_ # 0 and thus w,u are non-constant
in Q.

O

Remark 3.2.7. In our proof we had to exclude = —1 which corresponds
to A = g, the upper bound for o(7) from Lemma that is not attained

by o(7). Since % is not an eigenvalue of D* we now even know from the

correspondence p = 2+q —|— that —q is no eigenvalue of 7. This can also
be observed in the exarnple from Section [B:21) where the eigenvalues are
Ay, = m (n € N). Since n = 0 is excluded, there is no eigenvalue
equal to +1
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In the following corollary and theorem we use this correspondence be-
tween 7 and the integral operator D* and similar techniques as in the
proof of Theorem [3:2.6] to obtain further results about the structure of
o(7T). Afterwards, in Theorem we will show that 7 is a Fred-
holm operator which yields, together with the spectral theorem for com-
pact, self-adjoint operators, an explicit characterization of ¢(7") which is
a stronger result than the following two assertions.

Corollary 3.2.8. If there is an infinite sequence of eigenvalues \,, of T,

then they converge towards \* = 22qu.

Proof. Let (An)nen be a sequence of eigenvalues of 7. Define p, =
2+q + /\ (n € N). Then Theorem states that (un)nen is a se-

quence of elgenvalues of D*. Since D* is compact, the only possible ac-

cumulation point of its eigenvalues is zero, which implies that A,, — 22qu
(n — o). O

Theorem 3.2.9. If A € o(7), then A is an eigenvalue of T or A\ = \*,

* __ 2q
where \* = Trq

Proof. Assume that X\ € (#}rq, q) with A £ A* is not an eigenvalue of 7.

Then 7 — A : R(A) — R(A) is one-to-one. If we can show that 7 — AT
is also onto, then we know by the open mapping theorem that it has a
bounded inverse and thus that A ¢ o(7).

In order to show surjectivity we assume that g € R(A), i.e. g = Vv
for some v € H(Q) such that Av =0 in Q, and we construct h € R(A)
satisfying (7 — AI)h = g. To this end we first consider an equivalent

boundary integral equation: find ¢ € H, z (09) that solves

1
—pp+ Do = Y O] _ (3.16)
with p = 2; 4 + +. Since A is neither an eigenvalue of 7 nor equal to
A* we deduce from Theorem [3:2:0] that p # 0 and p is not an eigenvalue

of D* and thus that (3.16) has a unique solution ¢ € H, * (BQ) Using
this solution we now define w € X by w := SLg, where X denotes the
space defined in Lemma Using the jump conditions for the single
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layer potential we observe after a short computation that w satisfies the
following jump condition:

¢ q
(1+q—c]/\) 6VU)|7—6V’U}|+:q77>\8VU|77
which can be converted to

2
9 q
(1+q) dw|_ — du|, = 7q_ 5 vl + 2 Dl (3.17)

Now we define h € R(A) by h = Vv + 745 Vw, and by comparison of

(3.17) with the jump condition i 1n we obtam that 7h = g(h — Vw)
and thus that

(T —M)h=(q—ANh—qVw=Vv+¢qVw—qVw = Vo.
This shows that (7 — AI)h = g, and the proof is complete.
O

The next theorem states that 7 is a Fredholm operator with index zero.

Theorem 3.2.10. Let \* = 2+ , then the operator K : R(A) — R(A
defined by K =T — X\*I is compact.

~—

Proof. Let Vu € R(A), then KVu = q(Vu — Vw) 2+un = 2+un —
qVw, and w € H}(B) is the unique solution to ) for h = Vu Since ¢

is constant we can define v € H(Q) with Vv € R(A) by v := 2+qu qu.
Our aim is to decompose the map K : Vu — Vv into several bounded
operators out of which one is compact and start with (3.8)):

//(1+qXQ)Vw~V1/1d:r://un~dex for all 1 € H(B),
B Q

and obtain using ¢Vu = mVv + (2 + ¢)Vw that

//Vw Vz/Jd:Jc—i—//Vw qudx—l—//qu Vi dx

B\Q

//mv V¢dm+//(2+Q)Vw-V1/1dx,
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which can be transformed to
2
//Vw qud:cf//Vw dexf//ﬂv Vgde  (3.18)
B\Q

for all » € H!(B). This weak formulation formulation for w and some
given v with Vo € R(A) corresponds to the transmission problem to find
w € X where the space X is defined in Lemma [3.:2.3] and

m(f)m

- 8l,w|+ — Jyw|_ = on Of).

As already done in the preceding proofs, we represent w by a single layer
_1
potential w = SLe with a density ¢ € H, 2(92) that solves the integral

equation
1 . 1 . 2+
(B 00) ~ (~hor0e) = 20
2 2 q

which can be simplified to
2
—2D%p = 2ta O] _
q

Now we return to the operator K : R(A) — R(A), Vu — Vv and show
that it is a composition of several bounded operators out of which at
least one is compact. Let the space X C H'(B) be defined as in Lemma
In addition, let the auxiliary operator 7 : R(A) — X be defined
by Vu +— w, then the considered composition of operators is as follows:

K :Vu . w TS ® =i —2%}6] dyv|_—Vu.

The map 7 is bounded, and the single layer potential SL : H;% (09) —
X is bounded, bijective and has a bounded inverse SL~! : X — HO_% (092)
(see Lemma. Hence the map w — ¢ is also bounded. Since 0f2 is
of class C?, D* : _%((%2) — HO_%((?Q) is a compact operator. The
operator that maps the Neumann boundary value 2+q dyv|_ € Hy 2 (09)

to the corresponding weak solution v € H!(Q) of the Laplace equation
in Q as well as the weak derivative v — Vv € R(A) are again bounded,
which completes the proof. O
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The last conclusions in the proof show in particular that K is one-to-one
because it is a composition of injective operators. Since 7 is self-adjoint
we conclude that K is also self-adjoint. The spectral theorem for compact,
self-adjoint operators applied to K yields the following corollary.

Corollary 3.2.11. There is an orthonormal system of eigenfunctions of
T in R(A) with corresponding eigenvalues A, (n € N) converging towards
A*. The spectrum o(T) consists of these eigenvalues A, (n € N) and their
limit point \*.

As already mentioned above, this result also implies the assertions from
Corollary and Theorem [3.2.9

3.2.3 Several Conductivity Contrasts

In the previous section we assumed that there is only one inclusion having
a constant conductivity. The next further development of our considera-
tions is the case in which there are N inclusions. This problem setting is
formulated in the following assumption.

Assumption 3.2.12. Let Qy,...,Qx be N separated C?-domains in B,
ie. Q;NQ;=0(i,j=1,...,N, i # j). Let the conductivity distribution
v satisfy

l4+q, z€Q (j=1,...,N),
Vo) =4 HFD i | )
1, otherwise.

The constants g; are such that 14 ¢; > 0 for all j =1,...,N. By  we
denote the union = Q U--- U Qy, while we denote v — 1|, by ¢. We
also assume without loss of generality that the conductivity contrasts are
mutually different from each other since for ¢; = g, we can subsume §;
and €, under one inclusion. As before, B\ € is assumed to be connected.

The operators of our factorization of Ay — A now have the following
mapping properties:

A: L2(0B) — L*(Q1,R?) x -+ x L*(Qn,R?)
T
f’—> (V’LLO|91,...,VUO|QN) ;
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where vy € H!(B) solves the background direct problem (3.2)). For the
adjoint A* we obtain

A* L2(Q1,R?) x -+ x L*(Qn,R?) — L2(0B),
(h17"'ahN)T = v|aBa

and v € H}(B) is the solution to

é/vv'vwwiz/mvwz for all v € HX(B).

For the middle operator we obtain
T :L?(Q,R?) x -+« x L*(Qn,R?) — L*(Q1,R?) x --- x L*(Qn,R?)
(hl, ey hN)T — (Q1 (hl - Vw|Ql) e dN (hN - V’lU|QN))T B

where w € H}(B) solves

é/vw.v¢dz+§é/%vw.v¢dmé!j/qjhj.v¢dx (3.10)

for all ¢» € H!(B). As in the previous section we start our considerations
by giving bounds for ¢(7) and adapt Lemma to the present case.

Lemma 3.2.13. If A € o(7), then A > 22— and A < gmax, where

Qmin = min{qla-~-7qN} and Qmax = maX{q17---an}-

Proof. Analogously to the proof of Lemma we show for A € o(7)
that A\ < @max and A > min{ L. 5= 1,...,N}. It remains to show

1+q; -~
qj dmin s — 3 3
that 1+qu 2 S— for 5 = 1,..., N, which can be obtained from the
equality 1_“1_’% =1- - O

Remark 3.2.14. If we assume that all the conductivity contrasts ¢; (j =
1,...,N) are positive, then Lemmayields injectivity of the operator
7. The same holds if ¢1,...,gn are negative, respectively. However, T
is injective even if the contrasts ¢; (j = 1,...,N) have different signs.
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This assertion correspronds to Lemma [2.1.5] but for the new factorization
instead of . However, the proof for the new factorization
is more elementary:

Assume that there is h € L?(Q, R?) such that 7h = 0, then, since none
of the g; is zero, we have that Vw = h in the whole of 2. Using this

equality, (3.19) reduces to

//Vw-vwdx:O for all ¢ € H}(B).
B

Setting 1) = w and yields that w = const in B and thus h = 0 in .

It is easy to check that the assertions of Lemma [B.1.1 hold here as well,
and in particular that R(A) has the representation

Furthermore, we now restrict 7 to 7 : R(A) — R(A) as we did in
Section in order to derive further results about o(7) in the case of
N different conductivity contrasts.

We start by formulating an assertion corresponding to Theorem [3.2.6
for which we have to introduce some notations for the appearing boundary

1
integral operators. The single layer potential SL; : H, 2 (0Q;) — H!(B)
that corresponds to the particular inclusion boundary 9Q; is for j =
1,..., N defined as the usual single layer potential SL but restricted to
anZ

SLp(x) = / Nz w)e(y)ds(y) (x € B\ 09).
o

The boundary integral operators Dj : Hg%(aflj) — Hé 0) (j =
1,...,N) are for densities ¢ € CZ(99;) defined by

Dipj(z) = / D@y N (z,y)e;(y)ds(y) (€ 08Y),
29,

and as in Section we use their bounded extensions to He : (082;).

The operators D}_, (j,k=1,...,N, j # k) are defined by the same
integral, but evaluated on 0§ instead of 0€;. This means in particular
that D7, is the normal derivative of SL; at the boundary 0€2.



3.2 The Spectrum of the Middle Operator 85

Theorem 3.2.15. Let Qq,...,Qn be the inclusions with corresponding
conductivity contrasts q1,...,qn. Then A € R is an eigenvalue of T if and
only if there are p1,...,un € R such that there is a nontrivial solution

1 _1
(01, on)T € Hy 2(0Q) x -+ x Hg 2(90n) to the system of integral
equations

N
(—m I+ D) j + Y Dy _jor =0, (j=1,...,N), (3.20)

k=1
k#j

2qj . . . . .
such that the term a2 identical for all j = 1,...,N. In this
_ 24; .
case A = P, (j=1,...,N).
Proof. “=": Let X be an eigenvalue of 7, i.e. there is Vu € R(A) such
that TVu\Qj =q; (Vu— Vw)|9j =A Vu|Qj forall j=1,...,N, and w
solves (3.19) with h = Vu. We distinguish between two different cases.
Case 1: A # g for all j = 1,...,N. In this case we proceed as in the

proof of Theorem [3.2.6{and express « in terms of w by u|Q7, = q_q—’i)\ w|Qj +
P J Y

¢; (j=1,...,N) and obtain the transmission conditions

2
<1+qj—q_qi)\> dw|_ = dw|, =0 on 9 (j=1,...,N). (3.21)
j

=p;
Hence w can be represented by a sum of single layer potentials w =
N _1
> SLypy with densities ¢, € He 2(0Q) (k = 1,...,N). Using the

k=1
jump relations for the single layer potential the normal derivatives of w

on 0f); are as follows:

N

dyw|_ = %%‘ + Do+ Dijor  on 09,
=4
1 N
dwl|, = —5%i + Dipj + ZDZ_)jQDk on 99;.
k=1

k]
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The transmission condition (3.21)) implies that the densities ¢1,...,¢N
solve the system of integral equations

N
lpj+1 . * -
§p]'_1§0j+ng0j+ZDk_}jg0k =0 ondQ; (j=1,...,N),
=g

since p; = 1 would imply A = 0, a contradiction to injectivity of 7 (see

Remark [3.2.14)).

Case 2: A = g for some [ € {1,...,N}. Then Vwl|, =0 and u|Qj =
qj‘li‘/\ w\QJ +c; for j # [ as in case 1. The potential w now has to satisfy the

condition (3.21)) on the boundary of each inclusion ; except for €; and
O,w|_ =0 on 9€;. As in the first case we can represent w by the sum of

N
single layer potentials w = Y SLiys, and the densities ¢1, ..., N solve
k=1

N

(—uﬂ—i—D}‘) ©j "‘ZDZHJ'%DI@ =0 ondQ; (j=1,...,N),

k=1
k#j

where for j # [ the parameter u; is defined as in the first case and p; = —
2q, .
e 77 U

1,...,N) and thus that the term % is independent of j. Further-
747 J

more, we know that (¢1,.. .,cpN)T # (0,... ,O)T holds since otherwise
Vw = Vu=0.
“<=": Let now p1,...,un € R such that there is a nontrivial solution

to (3.20) and the term ﬁ is identical for all j = 1,...,N. Asin
747 J

the first part we distinguish between two different cases. Case 1: p; # —%

|| N[—=

In both cases a simple computation shows that A =

N

for all j = 1,...,N. Define w € HX(B) by w = Y. SLips, then w
k=1

solves Aw =0 in B\ 99, 9,w = 0 on 0B and the jump condition ([3.21]

with p; = ;Z;H for all 5 = 1,...,N. By assumption we can define

A = m for some j € {1,...,N} which is indepqepdent of the
J

choice of j, and u € H'(Q) can be defined by u|Qj = o= w|Qj since
A#q; (j=1,...,N). Now we observe that Vu € R(A), TVu = AVu

and w is non-constant.




3.2 The Spectrum of the Middle Operator 87

Case 2: y = —3 for some [ € {1,...,N}. Now by assumption we can
N
define A := ¢;. As before define w = Z SLipk, then w € Hl(B) solves
k=
Aw =0 1n B\ 99Q, ,w = 0 on OB and the jump condition ) for
pj = gu +7 and j # [. Furthermore, 0, w|_ = 0 on 0% Wthh 1mphes
Vuwlg, = 0. We define u € H'(Q) by ulg = q S wlg, (J=1,...,N,

J # 1) and ulg, such that Au = 0in ; and 9, u = 7qz 8 w|+ on 0. Now

we observe that Vu € R(A), u is non-constant on © and 7Vu = AVu,
which completes the proof.

O

Remark 3.2.16. In Assumption [3.2.12] it is required that the conduc-

tivity contrasts ¢; (j = 1,...,N) are mutually disjoint from each other.
m (j=1,...
that p; = p; is equivalent to ¢; = ¢;. In order to avoid equality of con-
ductivity contrasts strictly, the claim p; # p; for all 4,5 = 1,..., N such
that i # j should be included in the formulation of Theorem [3.2.15] while
the present formulation of the theorem admits equality of conductivity
contrasts. However, in order to keep the assertion simple we omitted this
additional condition.

From the correspondence \ = ,IN) it is easy to see

We will also present an assertion according to Theorem [3.2.10] in the
case of several inclusions. To this end, the next step is to decouple 7
according to the different inclusions, i.e. to find a representation for 7 of
the type

70O o 70N
7= : . :
TWH o TNN)

such that 709 : L2(Q;,RY) — L?(Q;,R?). Tt is easy to check that 7 (%)
is defined by h; — g (h— Vw;)|g, and that TG for i # j is defined
by hj — —g; ij‘ﬂi' Here, for h; € L?(Q;,R?) and j = 1,..., N the
potential w; € H}(B) is defined as the solution of

é/ij~v¢d$+i!k/kawj-V’(/de:!j/qjhj.V,L/}dx (3.22)
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for all » € H!(B) (compare the arguments from Section [2.1.2). The
following lemma shows a connection to the previously considered case of
only one inclusion. We therefore define 7 : L2(Q;, RY) — L?(Q;,R%) as
the operator 7 that corresponds to the case of only a single inclusion €,
ie. TV : h; — qi(hi — Vibi|g,), and @; € H}(B) solves

//vwi-vwdxjué/qivwi-wda;zgi/qih,wdx (3.23)

B
for all v € HX(B).

Lemma 3.2.17. Let the operators T and T be defined as above for
i,j=1,...,N, then:

(a) fori# j the operator T is compact (i,7=1,...,N),

(b) the operator S = T — TG js compact (i =1,...,N).

Proof. Part a): The proof of this assertion follows along the same argu-
ments as the proof of Lemmam 79 maps hj — —g; ij‘fh’ where

wj is the solution of . Let ©; C B be a simply connected C?-domain
such that Q; c €; and 61» ﬁﬁj = () for all j # i. Then we can decompose
T into T) = —¢;S08 where S : L2(Q;,R?) — H;%(afli) maps h; to
the trace 9,w;l,q - S : H;%(ﬁfli) — L?(;,R?) maps g — Vvl where
v e HL(Q;) solves

Av =0 in,Q; \ 99,
d,v =g on Y,
(1 + ql) auv‘+ - ayv‘f = O on QQZ

in the weak sense. Both partial operators are bounded and S is compact
since Jywlpg, € Hz(0%;) (compare the proof of Lemma which
proves the first assertion.

Part b): The weak formulation for w; is , while the weak formu-
lation for @; corresponding to 7, i.e. for the case of the only inclusion
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Q; is (3.23)). Setting v; := w; — w; we deduce that v; solves

N
//Wi-vwdx+//qiwi-wdx:—Z//quwi.wdx
Q; k=la

B ki Sk
for all v» € H}(B). The map S may now be decomposed as follows:
h|Qi — V’LUZ‘|Q\Qi — V’Uz"ﬂi — —q; vv’ilﬂi ,

where we can show analogously to part a) that the first map in this de-
composition is compact. Furthermore, it is easy to see that the other
maps are bounded. O

Lemma [3:2.17] now yields the following representation:

70 0
T = + K,
0 T(N)

with a compact and self-adjoint operator K. This representation is similar
to Corollary but for the new factorization instead of .

Furthermore, this representation can now be used to investigate the
spectrum of 7 as it is done in the following theorem.

Theorem 3.2.18. In the case of N inclusions Q1,...,Qn with conduc-
tivity contrasts qi,...,qn the spectrum of T consists of a countable set
of eigenvalues and the points Ai,..., Ay that are defined by \j = %
(j=1,...,N). The points \; (j =1,...,N) are the only possible accu-

mulation points in o(T).

Proof. From Theorem 3.2.10{we know that 7() = \*I+K; (i=1,...,N),
and the K; are self-adjoint and compact operators. Hence we can represent

T as
AT 0

T = + K, (3.24)
0 NI

and K is a compact operator.
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Now we make use of the concept of the essential spectrum (see 8] or
[B9). The essential spectrum consists of all A for which 7 — AI is not
semi-Fredholm, i.e. for these A neither the nullspace N (7 — AI) nor the
defect R(A),/ R(T — AI) is finite-dimensional.

This definition implies immediately that the first part in representation

(3.24), namely the operator

AL 0
7T =
0 ANT

has the essential spectrum {\},... A% }. Theorem 5.35 in Chapter IV of
[ states that the compact perturbation K has no effect on the essential
spectrum and thus that o.ss(7) = {A},... AN}

From Theorem 5.33 in Chapter IV of B8 we now obtain that o(7)
consists of 0es5(7) and a countable set of eigenvalues. In addition, these
eigenvalues are isolated eigenvalues, i.e. none of them is an accumulation
point in o (7). O

Remark 3.2.19. It can even be shown that if A7 is an isolated point of
o(7), i.e. there is no sequence of eigenvalues converging to Aj, then AT is
itself an eigenvalue of 7" with infinite multiplicity (compare Section 3.5 of

Chapter V in EJ]).

3.2.4 Complex-valued Conductivities

In this section we show that that the previous considerations also apply
to complex-valued gq. We start by the case of a constant conductivity
contrast and assume that ¢ € C such that Req # 0 and Im ¢ < 0. Note
that this assumption on ¢ is also consistent with Assumption [2.1.2

For complex-valued conductivities the middle operator 7 is no longer
self-adjoint and its spectrum o(7) is part of the complex plane. In fact,
T : L*(Q,RY) — L2(Q,RY) is given by h — q(h — Vw) where w € H!(B)
solves

//(1 + gxo)Vw - Vi dz = //qh -Vipdx for all o) € HL(B). (3.25)
B Q
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As it is the case for the factorization (2.5) in Chapter the adjoint of the
middle operator is given via the complex conjugate of the conductivity.

Lemma 3.2.20. The adjoint T* : L?(Q,R?) — L?(Q,R%) of T is given
by h — q(h — V), where w € HL(B) solves

//(1 +qx)Vi - Vi do = //qh -Vipdx for all o € HL(B). (3.26)
B Q

Proof. Let h,h € L*(Q,R%), and let w,w € H!(B) be the corresponding
solutions of (3.25]) and (3.26)), respectively. Then:

Thh = h— hd
< ’ >L2(Q,Rd) //Q( V) *
Q
= //qh~ﬁdz—//(1 +gxo)VW - Vo dz
Q B
- //qh (thw> do = <h,T h>Lz(md)'
Q

In the following lemma we give bounds for the complex spectrum of 7°
as in Lemma |3.2.1}] These bounds show in particular that the operator
ReT is bounded and either positively or negatively coercive.

Lemma 3.2.21. Let the conductivity contrast ¢ € C be such that [Im¢q| <
|Req| and either Req > 1 or Req < 1 and |Imgq| < |[Req| /=222, Then

1-Req"
for X € o(T) it follows that Re X € [HLEZ(I,RG q).

Proof. As in the proof of Lemma we derive two representations for
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(Th,hy and ||h] = 1:

(Th,h) zé/q(h—Vw)-hdx
://q|h\2d:n—/ q (Vw-h)dz (3.27)
Q Q
=q—/B/Z(1 +x0) |Vw|? dx

(Th, h) ://q\h—Vw|2 da:+/ Vul? da. (3.28)
Q B

and

The second representation can be derived completely analogously to the

proof of Lemma From ([3.27) we deduce
Re (Th,h) Req—//Re{ 1+QXQ)}|Vw|2dx,

and it is easy to check that under the above assumptions on ¢ the real part
of %(1+§XQ) is positive in the whole of B and thus that Re (7 h,h) < Regq.

The remaining bound is derived from (3.28). For ||h|| = 1 we obtain

e ,h)y > Req —2ReqRe (h-Vw) + (1 + Req) |Vw T
(T, 1) //( Al (- Vo) + (14 Req) [Vul*) d

Req
1+ ReqV —h
//‘V+e Y TTReg

(Re q)? 5
+ (Req 1T Reg |h|*dx

// (Req)? Ih|2dz Regq
1+R 1+Req
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Imgq 0.5
0.4
0.3

0.2

0.1

91 -0.5 0 0.5

Regq

Figure 3.2: Upper bound for [Im ¢| depending on Regq

Remark 3.2.22. The assumption [Img| < |Reg| and either Req > 1

or Reqg < 1 and |Imgq| < |Reg] }fgzg is no severe restriction since in

real applications the imaginary part of a complex-valued conductivity is
much smaller than the real part. In Figure the upper bound for |Im g|
depending on Re ¢ for Req < 0.5 is illustrated.

From it can easily be seen that Im (Th,h) < 0 since Imgq < 0
and thus that all elements of ¢(7") have a non-positive imaginary part. In
addition, since 7 is a bounded operator, there has to be a lower bound
for the imaginary part of o(7).

If we look once more at Theorem [3.2.6] and its proof we observe that
it doesn’t rely on the assumption that ¢ is real-valued. Hence we still
have the one-to-one correspondence between the eigenvalues A of 7 and
the eigenvalues p of the boundary integral operator D* via the formula
w= —22%1‘1 + % This means in particular that even for complex-valued ¢
existence of eigenvalues of 7 is assured (see Lemma [3.2.5).

The same holds for Theorem and complex-valued ¢ since the
proof also doesn’t rely on real-valued conductivities. This means that
T = \*I + K with a compact operator K and the spectrum of 7 consists
at most of \* = ;qu and a countable set of eigenvalues with the only
possible accumulation point A*.

Additionally, the theory from Section [3:2-3]for the case N disjoint inclu-
sions Q1,...,Q2y can be adapted to complex-valued conductivities. The-

orem [3.2.15] and Theorem [3.2.18 may therefore also be applied here.
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3.3 Determination of the Conductivity

In this section we explain how the spectrum of 7 can be obtained from
the knowledge of Ag — A and A and show how it can be used to compute
the conductivity contrast q.

We present two different methods to obtain an approximation of o(7")
out of which the first one provides a one-to-one connection between o(7")
and the spectrum of an operator that can be constructed from measured
data. The proof of this connection is closely related to the proof that the
Factorization method works and therefore it relies on the coercivity of 7.

The second method is based on projection on finite-dimensional sub-
spaces and provides only an asymptotic result for eigenvalues of the finite-
dimensional problem. However, it doesn’t rely on coercivity of 7 and can
therefore even be applied to the mixed problem from Chapter

3.3.1 Approximation of the Spectrum

Our first method to obtain the spectrum o(7) is based on the factorization
(13.10), and it relies on the following assumption.

Assumption 3.3.1. Assume that that ¢ is is constant and real-valued
or, for N inclusions, either ¢; > 0 for all j = 1,...,N or ¢; < 0 for all
j=1,...,N.

In this case we know that either Ay — A is either positive definite or
negative definite which implies that the operator |Ag — A| : L2(0B) —
L2(0B) is positive definite and self-adjoint. This implies the existence
of the square root operator |Ag — A|% : L2(0B) — L%(0B). In addi-
tion, the main result of the Factorization method is the range identity
R(|Ao — A|%) = R(A*) (see [E]). We denote this range by Y and note
that it is a dense subspace of LZ(9B).

As a motivation of our procedure consider the generalized eigenvalue
problem

[Aog — A| f = ANATAS (3.29)
for f € L2(0B). Using the factorization ([3.10), (3.29) can be rewritten

as

A*(|T| = M) Af = 0.
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Now we observe that there is an eigenpair {\, f} of if and only
if A\ is an eigenvalue of |7| and at least one corresponding eigenfunction
h is contained in R(A). The existence of solutions to the generalized
eigenvalue problem is not clear since we only investigated o(7) on the
closed space R(A), and even if there are such generalized eigenvalues A
we cannot hope to find all eigenvalues of 7 using .

In the following considerations we derive a new representation of the
generalized eigenvalue problem that yields a one-to-one connection to
o(7T). Using the substitution g = |Ag — A|% f and applying |Ag — AF%
to , we obtain

1 _1 _1
39 = Ao — A2 ATAJA — A2 g,

which is an ordinary eigenvalue problem. Nevertheless, g has to be con-
tained in Y and existence of eigenvalues is still not assured. In the follow-
ing we thus extend this new eigenvalue problem to L2(0B).

Let us define the operator B: Y — R(A) by

B=AlAy—A|"?
as well as the operator B : R(A) — L2(dB) by
B=|Ao— A2 A

Using these operators we derive a connection to the spectrum of 7. How-
ever, we first have to show some properties of B and B. By construction
of B and B it is easy to see that

BIT|B=|Ao—A"2 A" |T| AlAg — A|"% = Iy (3.30)

holds. In the following lemma we show that B, B are boundedly invertible
and adjoint to each other.

Lemma 3.3.2. Let Assumption hold. Then the operators B, B have
the following properties:

(a) B has a bounded extension B : L2(0B) — R(A).

(b) B:R(A) — L2(dB) is also bounded.
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(c) B and B are adjoint to each other.
(d) B: L3(0B) — R(A) and B:R(A) — L2(0B) are boundedly invert-
ible and B |T‘ B= IL%(@B)'

Proof. For arbitrary z € Y and h € R(A) we have that

(B, h) 2oy = (Alo = Al72 2, 1)

L2(Q,R4)

= (1Mo — A" 2, 4R} (3.31)

L2(dB)

- <3c Ao — Al 2 A*h> - <x,l§h> .
L2(8B) L2(8B)
However, it is not yet shown that B, B are adjoint to each other since Bz
is only defined for x € Y.
The operator | 7| : R(A) — R(A) is bounded, self-adjoint and coercive,
i.e. there are constants ¢y, co > 0 such that

er [Pl 72 qza) < (T hoh) < oo ||Bl72qpay for all b € R(A).
Now let x € Y such that ||z|| = 1 then we know from (3.30) that

1= <z§ 17| Bx,x>L2 = (|| B, Ba) 12 g,y > €1 1B 220

oB)
We have thus proven that B is bounded on Y, which also implies that
B has a bounded extension B : L2(0B) — R(A). Furthermore,
holds for all # € L2(dB) and thus B, B are adjoint to each other. This
implies that B is also bounded on R(A) and can be extended to

B|T|B=1I130p).
~ 1 1
This equality can now be rewritten as B|7|? |T|2 B = Ip2(9p) which
implies (|’T|% B) (\T|% B) = Ip2(ap)- This implies that (|’T\% B) is one-

1 *
to-one and that (\T |2 B) is onto. By construction B has dense range in

R(A), and |T|% : R(A) — R(A) is an isomorphism. Hence (\T|% B) has
dense range and (|T\% B) is also one-to-one. This proves that (|’T|% B)

is boundedly invertible, and the same holds for |’T\% B. Since |’T|% is
boundedly invertible, B is also boundedly invertible and the same holds
for B. O
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Now we return to the investigation of the spectrum of 7 and show a
connection to the operators B and B.

Corollary 3.3.3. Let A € R, then X € o(|T|) if and only if + € o(BB).

Proof. Since both |7T| and BB are boundedly invertible operators, their
spectra don’t contain 0. Let 0 # p be in the resolvent set o(BB), i.e. the
operator R := ul — BB is boundedly invertible. From Lemma we
know that

R=uB|T|B—BB=Bu|T|-I)B.
Hence R is boundedly invertible if and only if A := % € o(|T)), since B, B

are boundedly invertible as well. This also implies that the spectra o(BB)
and o(|7|) are connected via the relation 1 = +. O

The operator BB can principally be obtained from measured data and
a priori information and its spectrum can therefore be used to compute
the spectrum of 7.

The second possibility to compute an approximation to o(7) is to make
use of the generalized eigenvalue problem . We show that for a dis-
crete version of existence of solutions is assured and that a subse-
quence of those generalized eigenvalues converges towards an eigenvalue
of 7 or an accumulation point in ¢(7). This method can be used inde-
pendently of whether Assumption holds or not.

Let Y,, be an n-dimensional subspace of L2(0B) and let X,, = A(Y,,).
X, is also n-dimensional since A is injective. We define the maps P, :
L2(0B) — Y,, Q, : L*(Q,RY) — X,, as the corresponding orthogonal
projections. From the factorization we obtain its finite-dimensional
counterpart by orthogonal projection:

Pu(ho — M)y, = PLA'T Ay, .
Now we regard the generalized eigenvalue problem

Po(Ao — N fro = MNPy AT Af (fr €Y0), (3.32)

which has a set of n possibly complex-valued eigenvalues )\21)7 .. .,)\%n)

and corresponding eigenfunctions f,(Ll), cee f,(ln), since injectivity of A im-
plies injectivity of P, A*Aly. . If v is real-valued then Ag — A is self-
adjoint which also implies self-adjointness of P, (Ag — A)[y, . The oper-
ator P, A*Aly is self-adjoint and positive definite independently of the
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conductivity. Hence the eigenvalues according to are real-valued if
v is real-valued.

We consider the behavior of A’ and f,(lj ) for n — oo and arbitrary
7 € N. In order to keep our notations simple we only write \,, f, instead
of )\Elj) and f,gj), where \,, denotes )\%j) for some j € N.

In the following lemmas we show that the discrete eigenvalue problem
(13.32) can be used to approximate the spectrum of 7. We distinguish
between the case of a constant conductivity contrast as in Section [3.2.2]
and the case of N different contrasts ¢i,...,qn as in Section [3.2.3] In
particular, in the second case we don’t need Assumption to hold
which makes this method especially attractive in the mixed case from
Chapter However, we first consider the case of a single conductivity

contrast ¢ and we denote \* = QQqu as in Section

Lemma 3.3.4. Let q be constant and let \,, be eigenvalues according to
the discrete generalized eigenvalue problem for n € N. Then there
exists a convergent subsequence (A, )ycy with limit X that is an eigenvalue
of T or equal to \*.

In addition, if the sequence (A\,)nen itself converges to some A, then the
limit X\ is an eigenvalue of T or equal to \*.

Proof. We first derive an equivalent formulation to the eigenvalue prob-
lem (3.32) that can be used to show convergence of eigenvalues towards
eigenvalues of 7 and the connection to the infinite-dimensional case. By

the factorization of (3.10) and Theorem [3.2.10] (3.32) can be written as
NP, A*Af, + P, A" KAfp, = A\ Py A" Af,.

Setting g, = Af, and assuming without loss of generality that ||g,| =1
we write

N = )P A" g + PobA*Kg, = 0.
This means that we have
(A" = An) A%Gns Yn) 29y + (A K Gn, ¥n) 12(05) = 0

for all ¢, € Y,,. Using the duality of A and A* we obtain

(A" = An)gn7A¢n>L2(Q,Rd) + <KgnaA¢n>L2(Q,Rd) =0
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for all ¥, € Y, and thus
(A" = An) gns @0 120, ey + (B Gns $n) 120 ey = 0
for all ¢,, € X,,. Using the orthogonal projection @, we obtain
N =) gn + QnKgn, = 0. (3.33)

Let A\,, gn be eigenpairs according to for n € N. Since the g,
are uniformly bounded there is a subsequence gy, that converges weakly
towards some g € L?(Q,R?) for k — co. We know by compactness of K
that Qn, Kgn, — Kg (k — 00). This means that (A\* —\y,,) gn, — —Kg
(k — o0) and thus

<(>‘* - )\nk) gnk7¢>L2(Q,Rd) - - <K‘g’ ¢>L2(Q,Rd) (k - OO)

for all ¢ € L?(Q,R?).
Assume that g # 0, then the weak convergence yields (g, , ¢>L2(97Rd) —
(9,9) 12(q,re) for all ¢ € L?(Q,R%) and thus

)\nk <gnka¢>L2(Q,Rd) — A\ <gv ¢>L2(Q,]Rd) + <Kg’ ¢>L2(Q,Rd)
=(Ty, ¢>L2(Q,Rd) .

By setting ¢ = g and using g # 0 we obtain \,, — A (kK — o0) for some
A € R, which implies 7¢g = Ag, i.e. A is an eigenvalue of 7.

Now assume that g = 0, hence Kg = 0 and (A\* — X\,, ) gn, — 0 (k —
00). If An, - A", then for a subsequence g,, we have g, — 0, in
contradiction to ||g,|| = 1. Hence A, — A* (k — 00).

For the second assertion, assume that A, — A (n — o0) and A #
A*. As before, there is a weakly convergent subsequence g,, — ¢ of the
corresponding generalized eigenfunctions according to . From
we deduce that @, Kg,, — Kg and hence 7g = Ag and g # 0 as shown
above, which completes the proof.

O

This result means that for sufficiently large n at least some of the gen-
eralized eigenvalues A, of the discrete eigenvalue problem lie arbi-
trarily close to eigenvalues of 7 or to A\*. In particular, we observe that
they accumulate in \*.
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An optimal result in this context would be that for n sufficiently large
all the eigenvalues from are lying in a neighborhood of elements of
o(7T) and that every element of o(7) is approximated by eigenvalues from
(13.29). However, this question will be subject to future work.

We proceed by applying the projection method to the case of N in-
clusions. As before, let Y,, be an n-dimensional subspace of L2(0B) and
X, = A(Y,). The orthogonal projections P,,Q, are defined as in the
case of only one inclusion, and we denote A} = 22_5;_ for (i=1,...,N) as
is Section

Lemma 3.3.5. Let q1,...,qn be as in Section|3.2.5 and let \,, be eigen-
values according to the discrete generalized eigenvalue problem for
n € N. Then there exists a convergent subsequence (A, )y with limit A
that is an eigenvalue of T or equal to X} for some j € {1,...,N}.

In addition, if the sequence (A\,)nen itself converges to some A, then the
limit X is an eigenvalue of T or equal to A} for some j € {1,...,N}.

Proof. The proof is very similar to the proof of Lemma[3.3.4] Our starting
point is again the discrete generalized eigenvalue problem :3.32|) which is
equivalent to

A=) T 0
P, A" Afn + P,AKAf, =0,
0 Ay — M) 1
where we used and the proof of Theorem This problem can
be transformed the same way as we did for Lemma to the problem
A=) T 0

.. gn + QnKgn =0, (3.34)
0 AV — )1
where we set g, = Af,, and ||g,|| = 1 without loss of generality.

Let A, be eigenvalues according to (3.34)) for n € N and let g,, —
g be a weakly convergent subsequence of the corresponding generalized
eigenfunctions g,. Then @, Kgn, — Kg and

(AT - Ank) I 0
- Iny — _Kg (k - OO)
0 (AN = An) I
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In the present case gy, consists of N components gfmlk), e ,gEL],j) corre-

sponding to the inclusions Qy,...,Qy. As before we have to consider the
two different cases g # 0 and g = 0. First assume that g # 0. We know
that

N
Z< Any, gnk7¢()>L2(QiRd) _’_<ng¢>[/2(33) (k — 00)
i=1 ’
with ¢ = ¢l (i = 1,...,N) holds for all ¢ € L?*(2,R?). From the

convergence <gnk,¢>L2(Q’Rd) — <g,¢>L2(Qde) for all ¢ € L?(,RY) we
obtain

N
Ay (> ) p2(.ray = Z <)\;<g(i)7 ¢(i)>

i=1

=(T79,9) 2 ra) -

By setting ¢ = g and using g # 0 we obtain A,, — X (k — oo) for some
A € R which implies 7¢g = Ag and A is an eigenvalue of 7.
Now assume that g = 0, hence Kg = 0 and

vz T ey

A=) o) -0 (i=1,...,N).

If A, = Af forall i € {1,..., N} then there is a subsequence g, — 0
(I — o0), a contradiction to ||gn|| = 1. Hence A,, — A for some i €
{1,...,N}.

In addition, we can show that if a sequence (A, )necn of the generalized
eigenvalues converges to some A, then X is an eigenvalue of 7 or equal
to one of the accumulation points Af. The corresponding proof is also
analogous to the case of one inclusion.

O

These results show that the discrete generalized eigenvalue problem
may be used to approximate o(7 ). However, we have not shown
that this method provides all eigenvalues of 7 as n tends to infinity. One
advantage of this method is that it also works for mixed inclusions, i.e.
for the case in which we have both inclusions with a lower and inclusions
with a higher conductivity than the background. In this case 7 is no
longer positively or negative coercive, and the proof of Lemma does
not work.
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3.3.2 Approximation of the Conductivity

Once the spectrum of 7 is obtained, the next step is to compute the con-
ductivity contrast ¢ (the contrasts ¢, ..., gy in the case of N inclusions,
respectively). There are several methods for this problem, and we start
by explaining the most obvious ones.

First of all, we know from Lemma[3:2.I]that an upper bound and and a
lower bound for the spectrum of 7. From these we can obtain bounds for
the conductivity contrast g (for ¢1,...,qn, respectively) using the largest
and the smallest eigenvalue of 7. Analogously, we can use Lemma [3.2.13
to obtain bounds for N different conductivity contrasts ¢i,...,qy. If v
is also complex-valued, we can make use of Lemma [3.2.21] However, this
method doesn’t give exact values for the conductivities and we therefore
turn to more exact methods.

In Theorem [3.2.10] we have proven that in the case of a constant con-
ductivity contrast ¢ the eigenvalues of 7 exhibit exactly one accumulation
point, namely \* = ;qu. We thus have to identify this limit point in the
numerically approximated spectrum of 7 and to compute ¢ from this
value. In the case of N disjoint inclusions o(7) has N possible accu-
mulation points A}, ..., Ay (compare Theorem [B.2.18), and we can com-
pute the conductivity contrasts gi,...,¢n using the relation A7 = 22%21_
(j=1,...,N).

For constant ¢ this method is recommendable since it is fast and accu-
rate. However, for several inclusions with different conductivity contrasts
q1,---,qN it remains open which conductivity contrast belongs to which
inclusion. In some applications this assignment may be available from a
priori information, but otherwise we have so solve the direct problem in
order to find the correct conductivity assignment.

In Corollary [3:2.17] we showed a direct connection between the spec-
trum of 7 and the spectrum of the boundary integral operator D*. This
connection provides another method to compute ¢ since D* and its eigen-
values 11 (j € N) can be computed from the knowledge about the inclusion
boundary 02 and hence without the knowledge of ¢q. Having found the

eigenvalues A; (j € N) of 7, we can compute ¢ from the correspondence
2+ 1

S _2+q
Hj = =3¢ T3,

However, we cannot use this procedure in the case of N inclusions. The
reason is that according to Theorem|3.2.15|we have to find p, ..., un such
that (3.20) has a nontrivial solution under the additional condition that
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the value of the term QL doesn’t depend on j for j = 1,..., N.
Hjq5+2+q;

Without this condition there is in general an uncountable set of tuples

U1, ...,y such that the integral equation system (3.20) has nontrivial

solutions. But the condition that m

pending on the unknowns qi,...,qnN.

= const is obviously de-

3.4 Numerical Experiments

In this section we present some numerical examples with our new method
to approximate the conductivity inside anomalies. We first explain how
the operators Ag — A and A*A are computed numerically and discuss
several possibilities to obtain approximations of o(7) and ¢. Afterwards
we present some examples concerning exact and inexact data Ag — A as
well as exact and inexact inclusion boundaries.

3.4.1 Numerical Solution of the Direct Problem

As in Section 2.3} in all our examples the domain B is the unit disc in R2.
At first we need to compute discrete versions of Ag — A and of A* A. Since
we restrict ourselves to piecewise constant conductivities these operators
can be computed easily using boundary integral equation methods.

Let us fix some arbitrary current pattern f € L2(0B). Now define
v € HY(B) by v == ug — u where u € H!(B) solves the direct problem
[T.5) with the conductivity v(z) = 1 + gxa(z) and vy € HL(B) solves
(3.2). Then for v we obtain the transmission problem

Av =0 in B\ 09,

0,v =0 on 0B, (3.35)
1+gq) Ov|_ — O,v|, = qd,ug on ON.
(I+4q) .

For B being the unit disc, ug may be calculated explicitly, and (3.35)

can be transformed to a boundary integral equation of second type. By

setting v = SLp we obtain the following integral equation on OS2 for the
1

density ¢ € H, *(09):

(1 + g) o +qD*p = q0,up.
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(a) Test model 1 (b) Test model 2

Figure 3.3: The two test models with corresponding inclusions

For A* A the corresponding transmission problem is with h = Vuyg.
Here it is not even necessary to solve a boundary integral equation as for
Ao — A but it is sufficient to define v = SLy with ¢ = 0, u0|yq-

Using these integral equation methods for n orthogonal current patterns
as in we obtain the discrete versions L, = P,(Ao —A)[y, and
A, = Pn.A*A|Yn of Ag — A and A*A, where Y,, is the n-dimensional
subspace of L2(0B) spanned by the basis of current patterns.

3.4.2 Approximation of Spectrum and Conductivity

We use two different test models, where in the first test model there is an
elliptic inclusion €2 in the upper right part of B having the conductivity
contrast ¢ = 1. In the second test model there are two inclusions: € is
the same inclusion as ) in the first model, i.e. also with ¢; = 1, while Q9
is a circle located in the lower left part of B with ¢go = —0.5. This means
in particular that test model 2 corresponds to the case of mixed inclusions
from Chapter The inclusions are illustrated in Figure [3.3

As described in Section there are two possibilities to calculate
o(7) numerically. The first one is to compute a discrete version B,, of the
operator BB, to conduct an eigenvalue decomposition of B,, and to invert
these eigenvalues (compare Corollary . For the discrete version B,



3.4 Numerical Experiments 105

o
° Apmmm e e2----
Q
0.6667
o Pl
x o°
xx O
x o 6000
o
06667 ——x = o
[0 S 00— m e o
° ~0.6667 ; Q.
o°
0o R
o o
o] ()
5 10 15 20 25 30 5 10 15 20 25 30
(a) Test model 1 (b) test model 2

Figure 3.4: Approximation of o(7) for both test models. blue ‘x’: generalized
eigenvalue problem , red ‘o’: use of B,, continuous line:
the limit point A\* (the accumulation points A7, A3, respectively),
dashed lines: upper and lower bound for o(7)

- st 1
of BB we use the composition B,, = L, 2 A, L, 2.

The second possibility is to make use of the generalized eigenvalue prob-
lem (3.32)) that can be rewritten as

Such a generalized eigenvalue problem can be solved using the Cholesky
factorization (see e.g. [[4]). Since the conductivity is real-valued in both
test models the operator Ag — A is self-adjoint. This implies that the
operators L,, and A,, are also self-adjoint und hence that the eigenvalues
according to (3.36|) are real-valued.

Our first numerical example consists of a comparison between these two
methods. Figure[3:4]shows the approximated spectrum of 7 for both test
models. The blue ‘x’ indicate the eigenvalues obtained from while
the red ‘o’ correspond to the inverses of the eigenvalues of B,,.

For test model 1 and both methods the approximated eigenvalues accu-
mulate in A* which is indicated by the continuous black line. We observe
that the eigenvalues from are all lying between the bounds for
o(7T) that are indicated by dashed black lines (compare Lemmas
and , while there are several eigenvalues computed from B,, that
lie outside these bounds.
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For test model 2 the eigenvalues obtained from accumulate in
A7 and A} that are indicated by continuous lines, and they lie between
the bounds for o(7) (dashed lines). However, the eigenvalues obtained
from B,, don’t exhibit any clear accumulation point and some of them are
also lying outside the bounds for o(7). We therefore suggest to use the
generalized eigenvalue problem instead of B,, to approximate o (7).
This observation for test model 2 is not very surprising since our proof of
Lemma [3:3.2] relies on Assumption which is not valid for test model
2.

The next step is to calculate an approximation of ¢ (of ¢1, g2, respec-
tively) using the approximated eigenvalues of 7. We now restrict to the
eigenvalues obtained from and compare two methods to compute
the conductivity contrast. Since we clearly observed that the eigenvalues
have the correct accumulation points we can compute ¢ from

_2q
2—|—q’

*

(3.37)

for test model 1 and g1,¢2 from A} = ;Tqéj (j = 1,2) for test model 2,
respectively.

For test model 1 we can also make use of the correspondence between
o(7T) and o(D*) shown in Theorem To this end we also compute
the eigenvalues of a discrete version of D* and compute ¢ from the formula
= —22%;1 + % In Section we have seen that this method doesn’t
apply to the case of several conductivity contrasts and thus not to test
model 2.

In Figure [3.5] the resulting approximations of ¢, q;,gs are illustrated.
In the plot for test model 1 we observe that the approximations using
(3-37) (blue‘x’) and those using the correspondence between o(7) and
o(D*) (green ‘o’) don’t differ substantially from each other. Altogether
we obtain quite accurate approximations for the exact value of ¢ which
is indicated by the continuous black line. The same holds for the second
test model where the we only used the formula .

3.4.3 Inexact Data

The previous tests were conducted for unperturbed data Ag — A and un-
der the assumption that the inclusion boundaries are known exactly. In
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Figure 3.5: Approximation of ¢ for both test models. blue ‘x’: ¢ (or ¢1,q2)
computed from (3.37)), green ‘o’: use of correspondence to o(D"),
black line: exact value of ¢ (of ¢1, g2, respectively)

this section we show some numerical examples for perturbed Ag — A as
well as for perturbed inclusion boundaries. We start by computing the
approximation of the conductivity contrasts where Ay — A is perturbed by
1% of white noise.

Figures and show the corresponding results for both test mod-
els. We observe that for both test models there are only few computed
eigenvalues lying in the neighborhood of A\* (of A} and A}, respectively),
while the others have very large absolute values. This affects the approx-
imations of ¢ as well. In addition, we can only obtain an estimate of ¢
(of q1, g2 respectively) from the right hand sides of the Figures
since there are no distinct accumulation points as in the previous noiseless
examples.

These results show that our method is quite sensitive to noise which can
also be observed in the generalized eigenvalue problem : both Ag—A
and A*A are compact operators and thus L,, and A,, are ill-conditioned.
The algorithm we used to solve the generalized eigenvalue problem
performs a Cholesky factorization of A,,: A,, = C,,C,|, where C,, is a lower
triangular matrix. Now is transformed to an ordinary eigenvalue
problem by multiplication with the inverses of the ill-conditioned matrices
C, and C,] on both sides.

We therefore show one more example using three different methods in
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Figure 3.7: Approximation of (7)) and g for test model 2 for 1% noise added

to Ag — A
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Figure 3.8: Approximation of (7)) and ¢ for test model 1 for 1% noise added
to Ly. blue ‘x’: use of (3.36)), red ‘o’: A, + el instead of A, in
(13.36]), green ‘x’: Tikhonov-like method, pink ‘V’: spectral cut-off
of A,

order to improve the numerical stability of the solution of the generalized
eigenvalue problem. In the first method we we add el to A, before we
perform the Cholesky factorization. The second method is inspired by
Tikhonov regularization (see e.g. [B0]): instead of solving (3.36) we use
an eigenvalue decomposition of the operator (A% + el )_1 A,L,. In the
third method we conduct a spectral cut-off of A,, before solving (3.36), i.e.
all eigenvalues of A,, with absolute values less than a tolerance level tol are
set to zero. Now the matrix on the right hand side of is singular,
and the generalized eigenvalue problem is solved using the QZ algorithm
(see e.g. BI]). As concrete values we used € = 10~% and tol = 1075.

The corresponding results are illustrated in Figures and They
show that the eigenvalues obtained with A,, + €I instead of A, (red ‘o)
and those obtained with the spectral cut-off (pink ‘V’) are almost the
same as the original ones (blue ‘x’). Those obtained from the Tikhonov-
like method (green ‘x’) are slightly more focused around the expected
accumulation points A*, A, A\5. However, none of the three methods yields
a substantial improvement of the results for the approximated spectrum
of 7 and the conductivity contrast q.

In the following example we investigate the effect of an inexactly known
inclusion boundary 92 on the approximations of o(7) and gq. Figure
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Figure 3.10: The two test models (black lines) and perturbed boundaries 09
(red lines)
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Figure 3.11: Approximation of o(7) and ¢ for test model 1 and perturbed
inclusion boundary 952

shows the exact boundary of 90 (black lines) as well as the perturbed
boundary (red lines).

In Figures and the corresponding approximations of ¢(7) and
q are shown, where we used without any of the three aforemen-
tioned methods to improve numerical stability. We observe that the ap-
proximated eigenvalues don’t exhibit any clear accumulation points. The
same holds for the approximations of ¢. However, for test model 1 we can
read out a rough estimate of ¢, and for test model 2 we observe that there
are two distinct values of ¢; and g3 whose values can be read out roughly.

The above results show that our method of approximating ¢ via the
spectrum of 7 works quite well in the case of exact data. In the case where
Ag—A is perturbed we can still obtain a rough estimate of the conductivity
contrast. The same holds for the case of an imperfectly known boundary
of Q. However, in order to improve the stability of our method towards
errors in the data, it would be desirable to find a reasonable regularization
strategy for generalized eigenvalue problems of the type

Mx = uNx,

where both M and N are ill-conditioned matrices that may be perturbed
by noise as it is the case in (3.36]).
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Figure 3.12: Approximation of o(7) and ¢ for test model 2 and perturbed
inclusion boundary OS2

3.4.4 An Alternative Approach

Since the numerical stability of our new method seems to be rather sub-
optimal so far, we now present an alternative approach to determine the
conductivity contrast g of a previously located inclusion €. This approach
is based on boundary integral equation methods for a Cauchy problem.

Therefore let f € L2(0B) be an arbitrary current pattern, let u €
H!(B) be the corresponding solution to the direct problem and let
uy € H!(B) be the solution to (3.2). Then the difference v = uy — u
solves the transmission boundary value problem .

Since we know the Neumann-to-Dirichlet operators Ag and A, we know
the corresponding boundary potential v|,z =: g € L2(9B) for every cur-
rent pattern f € L2(0B). The potential v can be represented by a single
layer ansatz of the type

v = SLop,

where SL denotes the single layer potential with the Neumann function as
kernel as it is introduced in Section [3.2:2] In order to satisfy the Dirichlet

_1
boundary condition v|,5 =: g, the density ¢ € H, 2(0€) has to solve the
integral equation

SL@QH@B Y=g, (338)

where the operator SLyn_.op is the evaluation of the single layer poten-
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Figure 3.13: Approximated values for g for 10 different current patterns and
and regularization parameter o = 10~°%; exact data

tial at the outer boundary 0B. This ill-posed equation is solved using
Tikhonov regularization with a fixed regularization parameter a.

After ¢ has been determined the conductivity contrast g can be obtained
using the jump condition in the normal derivative of v at 9:

(1+q) Ouv|_ — duv|, = q0yuo.

Using the jump relations for the single layer potential we deduce
1 *
¢\ 59 +D =0 | =—p,

from which we obtain ¢ e.g. by division of the maximal values of —¢ by
the term in parentheses.

We performed this procedure for test model 1 from the previous section
(see Figure for exact data Ag— A and 912, for perturbed Ag— A and for
an inexactly known inclusion boundary 0f2. As a basis of current patterns
we used the trigonometric basis up to the end index N = 5.

The operator L,, that approximates Ag — A is computed just as in the
previous section, while the integral equation is solved on a coarser
mesh.

For our first example we used exact measurement data Ag — A as well
as the exact inclusion boundary 092. For the regularization parameter we
chose o = 1076, Figure shows the approximations for ¢, where each
marker corresponds to the value obtained from one current pattern f and
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Figure 3.14: Approximated values for g for 10 different current patterns and
and regularization parameter o = 10™°; 1% white noise added to
Ao — A

its corresponding image g = (Ag—A) f. We observe that most of the values
lie relatively close to the exact value ¢ = 1, while there are some values
lying further away from ¢ = 1. This indicates that the approximation is
strongly dependend on the specific current pattern.

In our next example the measurement data Ag — A is perturbed by 1%
of white noise but we still use the exact inclusion boundary 0f). Figure
shows the corresponding results. We observe that we have to use
the larger regularization parameter o = 10~° and that the approximated
values for ¢ differ slightly more from ¢ = 1 than for the case of exact
measurement data. However, the approximations are noticeably better
than those in Figure where we there were only few values lying in the
neighborhood of q.

Or last example deals with an imperfectly known inclusion boundary
012, and we used the example with rotated boundary as it is illustrated
in Figure 3:I0] The results are shown in Figure [B.15] Again, they are
noticeably worse than for the exact data case but still better than the
results from Figure[3.11

These observations indicate that the method to obtain the value of ¢
that is presented in this section might be an alternative to our new method
from the previous sections. Our numerical examples only serve as a proof
of concept, and one has to conduct a much wider range of tests in order
to evaluate the potential of both methods.
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Figure 3.15: Approximated values for g for 10 different current patterns and
and regularization parameter a = 107%; perturbed inclusion
boundary 02

However, since there is a variety of regularization techniques for the
solution of an integral equation of the first kind as in , numerical
stability towards perturbations in the data can be established for the
present method. In contrast, our new method from the previous sections
is based on the solution of the generalized eigenvalue problem with
ill-conditioned operators on both sides for which we have no regularization
strategies so far.






4 Conclusions

The considerations in Chapter [2] show that our modified version of the
Factorization method for EIT is capable of detecting inclusions in the
mixed case, i.e. the case in which there are inclusions with a lower abso-
lute conductivity than the background as well as inclusions with a higher
absolute conductivity than the background. Furthermore, we showed that
the problem setting can even be extended to insulating and perfectly con-
ducting inclusions.

In our numerical tests we showed that using this new method we can
detect both inclusion types using a two-step algorithm. However, we
observed that the reconstruction quality is dependent on the choice of
the parameters p1, po as well as the size of the covering domains Ql, Q.
We therefore suggest to choose the absolute values of pi, pe very small
compared to the largest eigenvalues of the operator [Re A — Ag| + Im A.
In addition, we suggest to choose the covering domains €, Qs as small as
it is admitted by the available a priori information about the inclusions’
locations.

The comparisons to the original Factorization method for EIT showed
that the reconstructions obtained with the original Factorization method
are noticeably better than those obtained with our new method. However,
if the parameters and the covering domains in our new method are chosen
reasonably as described above, then it is also capable of reconstructing
both types of inclusions for exact data as well as for noisy data. Never-
theless, a proof that the original Factorization method works even in the
mixed case would be the optimal solution to this problem. However, to
our knowledge, there is no such proof so far.

In future work one could also introduce a third type of inclusions which
involves conductivities with strictly negative imaginary parts and extend
the covering method to these.

In Chapter [3] we presented a new version of the Factorization method
for EIT that is based on the factorization of the operator Ag — A in three
operators that are different from those used in e.g. Chapter The
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main advantage of this new factorization is that the middle operator is a
bounded linear operator from the space L?(Q2, R?) to itself which implies
that its spectrum is a compact set in R (or in C, respectively).

We showed that this spectrum is closely related to the conductivity
inside the inclusions and presented a method to compute this spectrum
and the conductivity contrast numerically. The numerical experiments
with this method show that it works quite well for exact data but lacks
numerical stability for perturbed data. However, this observation is not
surprising since the determination of the conductivity contrast from the
knowledge of the Neumann-to-Dirichlet map is still an ill-posed problem.

The main reason for this instability lies in the generalized eigenvalue
problem that has compact operators on both sides. We tried to
apply some regularization strategies to the operator on the right hand
side of this generalized eigenvalue problem which didn’t improve the re-
sults substantially. It would be therefore desirable to have regularization
strategies for such generalized eigenvalues.

In Section we presented an alternative method to determine the
conductivity contrast that is based on a boundary integral equation of the
first kind. To this integral equation we can apply well-known regulariza-
tion strategies to handle noisy data.

Our considerations in Chapter [3] are based on the assumption of piece-
wise constant conductivities. In future work one could try to extend this
assumption to e.g. piecewise continuous conductivities and investigate the
structure of the spectrum of the middle operator in this case. In addition,
another obvious extension of this work is to apply the covering method
from Chapter 2] to the new factorization from Chapter [3]since for the new
factorization the middle operator also fails to be coercive in the case of
mixed inclusions.
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