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Preface

The topic of this thesis are two further developments of the Factorization
method for electrical impedance tomography (EIT). In EIT current is ap-
plied to the surface of the investigated subject and the resulting voltage
is measured at the surface. From these measurements one tries to recover
information about the conductivity inside the subject. The Factorization
method for EIT is a noniterative method to detect domains inside the in-
vestigated subject that exhibit a different conductivity than the a priori
known background medium.

We start by giving an introduction to the direct and the inverse prob-
lem of EIT in Chapter [T} We show how our mathematical model can be
derived from Maxwell’s equations and give an outline of the functional
analytic setting we are dealing with. Afterwards we discuss the direct
and the inverse problem of EIT and give a short summary of some recon-
struction methods and in particular the Factorization method.

For the Factorization method for EIT it is usually assumed that either
all the inclusions have a higher or they all have a lower conductivity than
the background medium. In Chapter ] we therefore develop a modifi-
cation of the Factorization method for EIT that is capable of detecting
mixed inclusions, i.e. in the case in which there are both inclusions with
a higher as well as inclusions with a lower conductivity than the back-
ground medium. Parts of Chapter 2] have been previously published in
the paper [Z1].

Since the Factorization method only provides information about shape
and location of inclusions but not about their actual conductivity we
present a method to compute the conductivity inside inclusions after
they have been localized in Chapter B] This method is based on a new
version of the Factorization method for EIT that involves a factorization
with three operators that are different from those in Chapter[2} In partic-
ular, we show some essential properties of the spectrum of the operator
that appears in the middle of this new factorization and that it is closely
related to the conductivity of the inclusions.
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1 Electrical Impedance
Tomography

This first chapter serves as an introduction to this work. After a short
summary of possible technical applications of electrical impedance to-
mography we turn towards the investigation of the direct problem. Af-
terwards we formulate the inverse problem and present some important
results concerning identifiability and various reconstruction methods. At
last we give an outline of the development of the Factorization method
and explain what new results our work contributes to the Factorization
method for impedance tomography.

1.1 Motivation

In electrical impedance tomography (EIT) current is applied to the sur-
face of the investigated subject and the resulting electrical potential is
measured at the surface. From a set of such measurements one tries to
obtain information about the conductivity inside the subject.

There is a large variety of possible applications of this imaging method.
First of all, there are applications in medicine such as lung imaging or the
detection of breast tumors. Since different tissues inside the body have
different conductivities, these tissues can potentially be visualized using
EIT. In contrast to other imaging methods in medicine, production as
well as application of EIT devices are relatively cheap and there are no
harmful side-effects such as radiation exposure as they are unavoidable
e.g. for X-ray tomography.

Another important field of application is geoelectrical imaging where
one tries to recover information about the conductivity distribution in the
ground. Since different materials in the ground exhibit different electrical
properties, they can also be distinguished using EIT.
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In the following section we derive the mathematical model for the di-
rect problem of EIT, and afterwards we formulate the corresponding in-
verse problem and give an outline of some reconstruction methods.

1.2 The Direct Problem

In this section we investigate the direct problem of electrical impedance
tomography. At first we give an outline how the mathematical model
can be derived from Maxwell’s equations. Afterwards we explain our
functional analytic setting to ensure unique solvability and introduce the
Neumann-to-Dirichlet operator.

1.2.1 Derivation of the Mathematical Model

We first assume that the investigated subject is three-dimensional while
later we will see that the resulting direct problem for EIT applies to sub-
jects in R? as well. Let B be the subject unter investigation, i.e. B C R is
a bounded and simply connected C?-domain. The following considera-
tions are adopted from [16].

The starting point for the derivation of the mathematical model for
EIT are Maxwell’s equations for conductive materials in the frequency
domain:

curlE = iwuH, curlH = (0 — iwe) E. (1.1)

Let [x],[E],[H] € R be scaling factors such that x = [x]%, E(x) =
E([x] %) = [E] E(x) and H(x) = H([x] %) = [H] H(%). In particular, the
terms in brackets carry the corresponding units while the quantities with
tildes don’t. Now we obtain

B H A A (o — ey LE1X]
curl:E = iwp E] H, curlgH = (0 — iwe) ] E.
Here curlzE is defined by curl:E(%) = curl%E (x) and, analogously,
[H]

curlzH (%) denotes cuerH(x).

The mean value of ¢ in B is denoted by 7, and we choose the scaling
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[E][x]
H]

factors such that & = 1. Hence the equations can be transformed to

~ - ~ 1 -
curlsE = iwpv [x]* H, curl;H = = (0 —iwe)E.

Now the complex-valued admittivity is defined by v = 1 (0 — iwe)
from which it is easy to see that Re -y is non-negative and has mean value
1 while Im < is non-positive and depends on the applied frequency w.
In this work the complex-valued admittivity  will be called (complex-
valued) conductivity.

For non-ferromagnetic materials and low frequencies w as they are
usually used in EIT the term wuc [x]2 is negligible. We therefore pos-
tulate curls£ = 0 in B which also implies curlE = 0 in B and thus that
there exists an electrical potential u such that E = Vu. Plugging this
equality into the second equation in and applying the divergence
yields div (yVu) = 0.

The current applied to the boundary 0B can be modelled by a Neu-
mann boundary condition. To derive this boundary condition from Max-
well’s equations we have to add the current density | to right hand side

of to obtain
curlH = (0 —iwe) E+]. (1.2)

By substituting E = Vu in and using the divergence theorem in
small domains at the boundary 0B the Neumann boundary condition
y%u = f for f = v ] at 9B can be obtained. For a more detailed deriva-
tion we refer to [I4].

On the whole, we obtain a boundary value problem for the electrical
potential u:

div (yVu) =0 in B, 'ya%u = f ondB,

and in order to analyse this problem we present some required functional
analytic tools in the following subsection.

1.2.2 Functional Analytic Setting

We proceed by giving an outline of the the functional analytic setting of
this work. For more extensive introductions we refer to [66]], [21]] or [29].
Let B be a bounded domain in R for d € {2,3} with C2-boundary.
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First of all we will deal with the following function spaces on the
boundary:

C3(9B) = {g € C*(0B) : (3,1) =0},

L3(9B) = {g € L*(3B) : (3,1) =0},
where (-, -) denotes the standard scalar product in L2. It is obvious that
C2(9B) is a dense subspace of L2(dB). Now we consider the Sobolev

space H 2 (0B) and its dual space, H -3 (0B). It is well-known that the

imbedding j : H 2 (0B) — L%(9B) is compact and has dense range (see
e.g. Thm. 3.27 in [[66])).

Using the Riesz representation theorem we identify L?(dB) with its
dual space which implies that the scalar product in L?(9B) is identical to
the dual evaluation between L?(9B) and its dual space. Furhermore, this

dual form extends to the dual pairing in H -3 (0B) x H 2 (0B).
Now we define two more function spaces on dB:

ONI=

HE(9B) = {g € HE(3B) : (g,1) = 0},

2 %(9B) = {g € H™2(3B) : (,1) =0}

N\'—'

Here, in the first line (-,-) denotes the scalar product in L?(dB), while
in t}11e second linle it is meant in the sense of the dual evaluation betlween
H™2(dB) and H2 (dB). These two spaces are closed subspaces of Hz (dB)

and of H™2 (0B), respectively. Now we can argue as before and identify
L2(9B) with its dual space. We observe that H<> (0B) is compactly em-
bedded in L2(dB) and that H., * (aB) is the dual space of H<> (0B). This
leads to the Gelfand triple
1 _1
HZ(0B) C L2(dB) C H, 2(0B),

which will play an important role in Chapter | (compare Theorem[2.2.6).
In addition, we will need appropriate function spaces inside the do-
main B. First of all, we define the space

12(B,R%) = {h:B LRY //|h|2 dx < oo},
B
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which we will mainly need in Chapter 3}

The electrical potential u that solves the direct problem of EIT is usu-
ally considered as an element of the Sobolev space H'(B). A connection
to the previously defined Sobolev spaces on the boundary is given by the
trace theorem (see e.g. Chapter 3 in [66]) which states that for u € H'(B)

the trace u|,z is an element of H 2 (0B) and that the trace operator that
maps u € H'(B) to ul, is bounded.
Last but not least, we need to define the following closed subspace of
H'(B):
1
HY(B) = {u € H'(B) : u|,5 € H2(dB)},

in which we will look for solutions of the direct problem in the following
section.

1.2.3 The Direct Problem

Now we have collected all the tools to formulate the direct problem in
the subject B C R? (d = 2,3) which is assumed to be a bounded and
simply connected C?- domain.

The conductivity v : B — C is assumed to be such that v € L®(B).
Furthermore, we assume that Re y is bounded from below by a constant
¢ > 0 and that Im 7 is non-positive almost everywhere in B.

For a given current pattern f at 0B we now want to find a an electrical
potential u that solves the Neumann boundary value problem

div(yVu) =0 in B, 7% = f ondB. (1.3)

A weak formulation for the Neumann boundary value problem with
boundary values f € L2(dB) is to find u € H!(B) that solves

// YV Vidx = /fws forall y € H'(B). (1.4)
‘B aB

By setting i = 1 in B we observe that for existence of a solution u €
H'(B) to the current pattern f has to satisfy f € L2(dB). Since
we restrict the Neumann boundary values to L2(dB), the problem
doesn’t change if the test functions  are restricted to H!(B). In addition,
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u can be determined uniquely at most up to an additive constant. We
therefore also restrict our solutions u to H.(B).

As a result we obtain the following weak formulation: for a given cur-
rent pattern f € L2(dB) find u € H!(B) that solves

// YWV Vdx = /'fws forall y € H(B). (1.5)
B 9B

Now the right hand of side leads to a linear form L : ¢ — [ fipds
oB

on H!(B) for which we can estimate

L] < £ 2@y 19li2@m) < €l f 2@ 191 5

for some constant ¢ > 0, hence L is bounded on H}(B). On the left hand
side of the bilinear form a(u, ) = [[yVu-Vidx on HL(B) is
B

bounded since

la(u, )| < ess sup{7} ||V”||L2(B) ||V1/’||L2(B) <¢c H”HHl(B) ||¢’||H1(B)

for some constant & > 0. Coercivity of a can be shown using the lower
bound ¢ for Re v and Poincaré’s inequality:

Re {a(u,u)} > c||[Vu|T2p > & [ulfn s

for some constant ¢ > 0. Using the Lax-Milgram theorem (see [66] or
[210)) it can now be shown that the problem is uniquely solvable for
every f € L2(dB) and that it is well-posed, i.e. the potential u depends
continuously on the Neumann data f. Throughout this work the solution
of the direct problem is meant in the sense of (L.5).

The trace theorem yields together with the well-posedness of the direct
problem that the Neumann-to-Dirichlet operator

A:L2(0B) — L2(3B), f+ ulyg,

where u € H.(B) solves is well-defined and bounded.

Now that we have introduced the weak formulation (1.5) we may also
consider the conormal derivative 9, that corresponds to the normal deri-
vative in the classical formulation (I.3). In Chapter 4 of [Bf] it is shown
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that for a weak solution u € H!(B) of the partial differential equation

div(yVu) = 0 the conormal derivative at 9B is an element of H -1 (0B)
and the map u — 9, u is also bounded.

_1
In addition, it can be shown that A is an isomorphism from H, *(dB)

1
to HZ (9B) (see e.g. [B0l). Furthermore, this result also implies that A has
dense range in L2(dB).

1.3 The Inverse Problem

The inverse problem of electrical impedance tomography (or inverse con-
ductivity problem) is to recover the conductivity 7y from the knowledge
of the Neumann-to-Dirichlet-map A. This inverse problem has first been
posed by Calderon in the influential paper [I3]. Since then, various
proofs for uniqueness of the inverse problem, i.e. the unique identifia-
bility of 7y from the knowledge of A, have been developed for different
classes of conductivities and dimensions. We proceed by giving a short
outline of identifiability results.

1.3.1 Identifiability and Reconstruction Methods

In [B8] Kohn and Vogelius showed unique identifiability of real-valued
piecewise analytic conductivities, and Sylvester and Uhlmann proved in
3] uniqueness for real-valued C?-conductivities in dimensions d > 3.
In Section 5.7 of [EZ] a uniqueness result for piecewise C2-conductivities
is shown. For the dimension d = 2 uniqueness for real-valued W27 con-
ductivities was shown by Nachman in [68], and Astala and Péivérinta
proved uniqueness even for real-valued L conductivities in [B]. The
most general uniqueness result for real-valued conductivities in dimen-
sions d > 3 is shown by Brown and Torres in [[]] so far. A uniqueness
result for complex-valued conductivities is shown by Francini in [24].

These identifiability results also led to reconstruction methods out of
which a very successful one is the d-bar method (see e.g. [EZ] or the
review paper [[73])).

There are some stability results for the determination of the conduc-
tivity from the Neumann-to-Dirichlet-map (see e.g. [dll). However, they
require rather restrictive regularity assumptions on the conductivity. In
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Section 2.3 of [B] and in Chapter 7 of [Z0] a simple example for radially
symmetric conductivities demonstrates the severe ill-posedness of the
inverse conductivity problem

There is a large variety of reconstruction methods for EIT out of which
we only mention a few. A very successful class of reconstruction meth-
ods is based on the linearization using the Fréchet derivative of A with
respect to <. This linearization can be used to develop iterative recon-
struction methods as well as one-step algorithms (see e.g. [I7], [22] and
[630).

Another class of reconstruction methods uses the a priori assumption
that there is an inclusion, i.e. a domain inside the investigated subject
with a different conductivity than the background medium. The main
idea is the linearization of the problem using the Fréchet derivative with
respect to the boundary of the inclusion. This Fréchet derivative is called
domain derivative, and the linearization leads to iterative reconstruction
methods as in [@3]] or [23].

The assumption that there is an inclusion is also fundamental for the
reconstruction approaches in [A0], Al and [@2] which are adaptions of
the concept of the convex scattering support and the convex backscatter-
ing support from [60] and [BF] to the inverse problem of EIT.

For a more extensive overview over various aspects of impedance to-
mography and reconstruction methods we refer to the review articles

[14],[6l] and [73].

1.3.2 The Factorization Method

This work is also focused in the detection and characterization of anoma-
lies or inclusions, i.e. of domains in which the conductivity is different
from the background medium. In order to formulate the corresponding
inverse problem we state further a priori assumptions. Let Q be a C>-
domain such that O C B and B\ Q is connected. Furthermore, let the
conductivity be as follows:

Y(x) = 70(x) + xa(x)711(%),

where xn denotes the characteristic function of the domain Q). 7 is
called the background conductivity and is assumed to be known a priori
and sufficiently smooth.
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The problem that we consider in Chapter [ is to recover the inclu-
sion () from the Neumann-to-Dirichlet map A. More precisely, let A :
L2(dB) — L2(9B) be the Neumann-to-Dirichlet map for the background
case, i.e. for the case in which the conductivity is equal to vy every-
where in B. In particular, Ag : L2(dB) — L2(9B), and f — ug|,z, where
uy € H}(B) solves for 7y instead of . Now the problem is to recover
the inclusion () from the difference A — Ay.

The method that we use to solve this inverse problem is the Factoriza-
tion method that has first been suggested by Kirsch in [BI]] for inverse
obstacle scattering problems. Since then the method has been applied
to a wide range of problems such as scattering by an inhomogeneous
medium (see [BZ]) or scattering from obstacles with mixed boundary
conditions (see [B3, B2, B3] and [B4]). The method has also been de-
veloped for scattering from periodic structures and rough surfaces (see
[E], @, [62]) and for Maxwell’s equations (see [54]]). The monograph [56]
presents many aspects and applications of the method.

The Factorization method for impedance tomography has first been
developed by Briihl and Hanke in [3], [0l [@] and [I]]. The review arti-
cle [B9] provides an overview over these papers. Since then the method
experienced further analysis, extensions and further developments. In
[61ll a regularization technique for the Factorization method is devel-
oped, while in [53] and [25] more general partial differential equations
are under consideration. In [B2]] the detection of infinitely thin inclusions
is considered. Furthermore, there are several works dealing with weaker
assumptions on the conductivity (see e.g. 271, 28]).

The assumption that A is known, i.e. that the whole surface potential
u|,p is known for every current pattern f € L2(9B) is an idealized model
called the continuum model. In real applications the current is applied
and the voltage is measured through a finite number of electrodes. The
most realistic way to model these electrodes is the complete electrode
model (see [I8] or [Z2]]). The Factorization method has successfully been
applied in the framework of the complete electrode model in [44], [Ed]
and [[64]. However, for the sake of simplicity we restrict to the continuum
model in this work.
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1.3.3 Outline of this Work

This work consists of two main parts and contributes to the Factorization
method for EIT as follows.

One drawback of the Factorization method for EIT is that in order to
prove it to work one has to assume that either all the inclusions (i.e. all
the components of (2) have a higher or a lower conductivity than the
background medium. In Chapter 2] we therefore present a modified ver-
sion of the Factorization method which we can prove to work even in the
mixed case, i.e. in the case of both inclusions with a lower conductivity
and inclusions with a higher conductivity than the background medium.
This modification is mainly is based on the considerations in [34]], [B3]
and [B7]] where a modified version of the Factorization method for in-
verse scattering problems with different types of obstacles is presented.

In Section [2.1] we therefore first investigate the Factorization method
for EIT in the case of at least two disjoint inclusions. We show that in the
case of mixed inclusions, the usual proof for the Factorization method to
work fails. The main reason for this is that in the case of mixed inclusions
the operator that appears in the middle of the factorization fails to be
coercive.

Afterwards, in Section 2.2l we adapt the method suggested by Grin-
berg and Kirsch in [B4], [B3]] and [B7]| for acoustic scattering problems to
derive the Factorization method for a slightly different factorization to
the inverse problem of detecting inclusions in EIT. The method is mainly
based on the idea to cover one type of inclusions with a synthetic inclu-
sion to obtain a factorization in which the middle operator is coercive.
As a result we obtain a two-step algorithm in which we first cover one
type of inclusions to reconstruct the other type and then vice versa.

In Section .3 we present some numerical tests with this new method
and compare the results to the results obtained with the original Factor-
ization method which is not proven to work in the mixed case.

Since the Factorization method (or any other qualitative method) pro-
vides information about location and shape of inclusions but not about
their actual conductivity, it is desirable to have a method to obtain this
conductivity after the inclusions have been identified. In Chapter [f]we
present such a method that is also closely related to the Factorization
method.

This method is based on a new version of the Factorization method for



1.3 The Inverse Problem 11

EIT that involves a factorization with three operators that are different
from those in e.g. Chapter 2} In Section [B.T|we present this new version
of the method and introduce the operators involved.

Afterwards, in SectionB.2l we investigate the spectrum of the operator
in the middle of the factorization for the case of piecewise constant con-
ductivities and show bounds for it. This spectrum is also closely related
to the spectrum of boundary integral operators. In addition, we show
that the spectrum of the middle operator exhibits one accumulation point
for the case of only one inclusion and N different accumulation points in
the case of N inclusions with different conductivities. These accumula-
tion points have a direct connection to the desired conductivity contrasts.

Since the information about the conductivity inside anomalies can be
obtained from knowledge about the spectrum of the middle operator of
the factorization, in Sectionwe develop numerical methods to obtain
an approximation of the spectrum from a generalized eigenvalue prob-
lem that involves only operators that are known after the inclusions have
been detected. We also implemented some numerical tests with this new
method that are described in Section 3.4






2 The Factorization Method for
EIT in the Case of Mixed

Inclusions

For the Factorization method in EIT it is usually assumed that there is
only one type of inclusions present, e.g. only inclusions with a higher
or with a lower conductivity than the background. To our knowledge
there is no proof that the method works for mixed inclusions, i.e. the
case in which there are inclusions with a lower as well as inclusions with
a higher conductivity than the background medium. This is a severe
restriction since there are applications for EIT in which such mixed con-
ductivity distributions do occur, e.g. thorax imaging.

The reason for this restrictive assumption is that the proof of the main
result of the method, i.e. the range identity, relies on the fact that the op-
erator that appears in the middle of the factorization is either positively
or negatively coercive or at least a compact perturbation of such an op-
erator. For a mixed conductivity distribution this is no longer fulfilled.

There are several recent works dealing with related problems of weak-
ening assumptions on the problem setting for the Factorization method.
In the article [27] it is shown that the assumption on the contrast be-
tween the background conductivity and the inclusion conductivity can
be weakened but it is still assumed that the conductivity inside all inclu-
sions is either higher or lower than in the background. In [2§] a slightly
different partial differential equation is considered. Again, the contrasts
in the coefficients of the differential equation need to have the same di-
rection for all inclusions.

A very related problem occurs for the Factorization method in acous-
tic scattering if there are both sound-soft and sound-hard obstacles. This
problem has been considered by Grinberg and Kirsch in [34]], [B3], [B7]
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and [B€]. They introduced additional a priori information about the loca-
tion of the obstacles in order to derive the Factorization method for slight
modifications of the far field operator. For this modified version of the
Factorization method it can be shown that the method works in the case
of both sound-soft and sound-hard obstacles.

The aim of this chapter is to apply these techniques to EIT. At first,
in Section 2.1 we formulate the Factorization method for EIT according
to and illustrate why we cannot prove that the method works in
the mixed case. In Section [2.2] we present the modified version of the
Factorization method and show that it is capable of detecting inclusions
even in the mixed case, while in Section we show some numerical
examples using the new method.

2.1 The Factorization Method for two
Inclusions

In this section we first summarize the main steps for the Factorization
method in EIT as it is formulated in [B3]]. Afterwards we take a closer
look at the middle operator in the case of two disjoint inclusions. These
considerations serve as a basis for the covering method that is presented
in the following section.

2.1.1 The Standard Factorization Method

We start by explaining the problem setting and by providing an overview
over the original Factorization method for impedance tomography. Be-
fore we can define the operators that appear in the factorization, we need
to state some basic assumptions on the underlying geometry of the body
considered and the inclusions as well as the conductivity distribution.
Since our considerations are aimed at the detection of mixed inclusion
types, we adapt our notations to the case of at least two disjoint inclu-
sions.

Assumption 2.1.1. Let B C R? (d € {2,3}) be abounded C2-domain. Let
01, Q) be subdomains of B with C2-boundaries, (1, C B and O N
0, = . By () we denote the union of both inclusions: 3 = Q; U();. Let
B\ Q) be connected.
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Additionally, we allow isotropic and complex-valued conductivities
that have properties as stated below.

Assumption 2.1.2. Let the conductivity be as follows: v : B — C and

WO(x)f X€E€B \ﬁ/
Y(x) = ¢ v0(x) +71(x), x €y,
Yo(x) +72(x), x € Q.

Let the background conductivity 7 be real-valued, satisfy 79 € C>*(B)
for some a > 0 and let let g be strictly positive, i.e. there exists ¢cg > 0
such that

Yo(x) >¢co >0 forallx € B.

For v we require that Re 1 is strictly positive, i.e. there exists ¢ > 0 such
that
Rey(x) > ¢ >0 foralmostall x € B.

We assume that 7; € L¥(Q);) (j = 1,2) and allow two different types of
inclusions: for j = 1,2 there exists ¢; > 0 such that either

Re7;(x) < —¢; <0 foralmostall x € Q;or

Re7;(x) > ¢; >0 foralmostall x € Q;.

In the first case we call (); an inclusion of type 1 and in the second case
an inclusion of type 2.

The inclusions may have a complex-valued conductivity with nega-
tive imaginary part. In particular, we assume that for j = 1,2 either
Im 7;(x) = 0 holds for almost all x € Q); or Im ;(x) < 0 holds for almost

all x € O (see also Remark.

Assumption means in particular that type 1 inclusions have a
lower absolute conductivity than the background, while type 2 inclu-
sions have a higher absolute conductivity than the background.

We proceed by deriving the Factorization method according to [B3] but
for the special case of two disjoint inclusions. We only recall the main
results while for the corresponding proofs we refer to [B3]. Firstly, we
define the operators that appear in the factorization of A — Ag. Consider
the operator

_1 _1
G: H, 2(00) x Hy 2(00;) — L2(3B), (g1,82) + vlys,
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_ 1
where v € H(B\ Q) with v|,; € HZ (dB) solves

// YoVo-Vipdx = / Q1P ds + / gPds forallp € H(B\ Q).
(2.1)
This weak formulation corresponds to the following Neumann boundary

_ 1
value problem: find v € H!(B\ Q) such that v|,; € HZ (9B) and

div(1oVo) =0in B\ Q,
010 = gjon QY (j =1,2),
0,0 = 0 on 9B.

As shown in [B3], G is compact and one-to-one, R(G) is dense in L2(dB),
and the corresponding assertions hold for its adjoint G* : L2(9B) —

1 i
HZ (001) x HE (9€)).

Furthermore, the following operator will appear:

1 1 _1 _1
T: HE (801) X HE (aﬂz) — H, 2 (801) x Hy 2 (802),

;
(o) " (avow|+,1 / avow|+,2) 1

1
where w € H!(B\ 9Q)) with w|,; € HZ (9B) satisfies the jump conditions
wlyj—w|_;=hj({=12)and

// V- Vdx =0 forall p € HL(B). 2.2)
‘B

The notation w|, denotes the trace of w from the exterior and interior
of )}, respectively. In addition, we use the notation w| . i for the traces

from exterior and interior at the particular boundary 0Q); (j = 1,2). The
corresponding classical formulation is to find w € H' (B \ 9Q) such that
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1
w|,p € HZ (0B) that solves the transmission problem
div(yVw) = 0in B\ 0Q),
Oy, w = 0 on 9B,
0y W[, — dyw|_=0o0nadQ; (j=1,2),
w|, — w|_=hjondQ; (j=1,2).

2.3)

1 1 1 1

The operator Ty : H2(9Q)1) x H2(9Q)) — H, 2(9Q) x H, 2(90)) is
defined just the same as T but with 7 replaced by 7y in @.2), i.e. Ty
corresponds to T in the background case.

In order to show well-definedness and boundedness of T we derive
a weak formulation equivalent to the problem and the additional
jump conditions at 9Q; (j = 1,2).

For h; € Hé(aﬂj) choose ®() € H'(Q;) such that w@‘ =h
(j = 1,2). Then by setting @ = w + )mlzi)(l) + XQZL@(Z) we obtain the
formulation: find @ € H!(B) satisfying

j

// YV - Vipdx = // vl deer// Vo . VEde  (24)
o) o,

B

forally € HL(B). Since w = @ in B\ Q the definition of T is equivalent to

-
setting (hy,hy) " — (a%wh,l , Oy, 2) and @ solves 2.4). Here we
can also show unique solvability using the Lax Milgram theorem, and
from the trace theorem we obtain well-definedness and boundedness of
T, To.

Now we state the well-known factorization that can be proven inde-
pendently of the signs of 1 and 7y,

A —Ag = G(T — Ty)G*. (2.5)

Figure[2.T]illustrates this factorization, and for its proof we refer to [B3].

The adjoint T* of T is characterized just as T but in the transmission
boundary value problem (and thus also in 2:4)) 7y is replaced by 7.
This implies for real-valued conductivities that T is self-adjoint and in
particular that Tj is self-adjoint.
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L2(3B) A= Ao ~ L3(9B)

G* G

HZ(30) H. 2 (30Q)
é T—T, S

Figure 2.1: Diagram of operators and spaces in the factorization (2.5)

Moreover, we can define the operators Re T := (T + T*) and Im T :=

%(T — T*), and the equality T = Re T + i Im T holds obviously. Now for
Im T it is shown in [23] that

1
((Im T)h, by = Im (Th, k) = /Im'y\Vw| >0 forallh € H2(3Q).

(2.6)
Under the assumption that only one inclusion type is present inside B the
real part of the middle operator T — Tj satisfies the following coercivity
assertions (Theorem 2.3 in [B3])):

Lemma 2.1.3. Let T, T be defined as above.
(a) If O and Oy are both of type 1, then there is ¢ > 0 such that

>
((ReT—To)h ) > el

1
forallh € H3 (0Q2),
(b) If (0 and Q) are both of type 2, then there is ¢ > 0 such that

(~(ReT = To)i ) > ey

1
forall h € HZ(9Q)).
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In the following sections the case of mixed inclusions will be consid-
ered. However, we will show connection to the cases in which there is
only one of the two inclusion types present. We therefore define the fol-

, 1 1
lowing modified versions of T for j = 1,2: T\) : HZ (0Q);) — H, *(00);)
and it maps /1 — 9., @) ‘ . As for Z4) we choose @) € H!(Q);) such

it

that w(ﬁ’ 0= =h;jand @) € H'(B\ 9Q);) with @U )‘aB € Hg (9B) solves
i

/ / yovall) - Vg dx + / / yival) . Vi dx = / / o) . Vigdy 27)
B 0; o

forall y € H'(B).
Now we observe that TU) is equal to T for the case in which Qj is

; 1
the only inclusion inside B. In addition, we define Té] ). H¢? (E)Qj) —

_1
H,, ? (0Q)}) just the same but with y = ¢ everywhere in B. Now Lemma
implies the following assertion.

Lemma 2.1.4. Let TU), Téj ) be defined as above for j = 1,2, then thereisc > 0
such that:

1) (1) 3
(a) <(ReT - )h,h>>c||h1|| 3 oy Jor a1 € HE (20),

() ((ReT(? ~ T, 1) > c||ha]? 2 oy o all iz € HE (900).

Another immediate conclusion from Lemma is that the operator
Re T — Tj is one-to-one. Later we will see that these coercivity results
are not valid in the mixed case. However, we are still able to show the
following Lemma, which we will need in Section[2.2}

Lemma 2.1.5. Assume that ()1 is of type 1 while Q) is of type 2, then:

(a) The operator T — Ty is one-to-one.

1 1
(b) For0 # h = (hy,hy)| € HZ(90) x HZ(90),) with (Re T — To)h =
0 it holds that Tm (Th,h) > 0.
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1 1
Proof. Part a): Let h = (hi,hy) " € H2(9Q) x HZ(3) be such that
(T — To)h = 0. Then
Oy Wy 1 = Oy Wol 11, O Wy = 9o Woly 5,

where w, wy are weak solutions to the transmission boundary value prob-
lem for the actual conductivity and the background case, respec-
tively. By uniqueness of the Neumann problem in B \ Q) we know that
w = wy in B \ ), from which we can conclude, using the jump conditions
at d()q, (), that

Oy W|_ 1 = 9o Wo| 1, Iy W[_ 5 =y wo| 5,
w|_q=wo|l_1, w|_,=wo|_,.
Using the first Green identity it yields

//7 IVawl? dx = //70 IVawol? dx (j = 1,2). 2.8)
4

O:

7 7

We have to distinguish between two different cases. If Imy < 0in ()4,
then we obtain Vw = Vwy = 0in () immediately. If y is real-valued in-
side ()1 then we have to argue as follows: we use the first Green identity
to show

/ YV - V(T — W) dx = /(@—wo)avwds —0, (29
o) a0y,

and estimate using

0< [[7IV(w-w)l? d
M

://'wa-V(w—wo)dx—f/’)’VWO'V(w—wO)dx
M
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Using once more yields

//7|Vw0|2 dx > //7|Vw\2 dx.
ol ol

This inequality and the fact that (); is a type 1 inclusion allows us to
estimate

[ 7 190P dx = [[ 09wl dx
o) ol

> //7 |Vwol* dx + ¢; // |Vawg|* dx
o o

> //'y|Vw|2 dx +c; // |V |* dx.
M ]

Now it follows that Vwy = 0 and from that Vw = 01in ). Hence
w and wy are constant inside ();. We have to apply the very same ar-
guments to the inclusion (), using its type 2 property to show that also
Vw = Vwy = 0in (). This means that the normal derivatives of w, wy at
0Q); and at d(); from both sides are zero, which implies that w = wy = 0
1

in B\ Q0. Now /; and h; have to be constant, and since 1; € HZ (9€);)
(j =1,2) we obtain i; = 0 and /i = 0.

Part b): Case 1: If Imy = 0 almost everywhere in (0; and in (), then
ReT — Ty = T — T which is injective according to part a).

Case 2: Now we assume that both Imy; < 0 and Im v, < 0 almost
everywhere in () and (), respectively. From we obtain

Im (Th,h) = —//Im’y|Vw|2 dx.
o}

Hence Im (Th,h) = 0 implies that w = const in )7 and in Oy, from
which we deduce that w solves the homogeneous Neumann problem in

_ _ 1 1
B\ Q and therefore w = 0 in B\ Q. Since h € HZ(dQ)1) x HZ(9))
it follows as in part a) that # = 0 and thus that Im T is positive on

1 1
HE (90) x H3 (90)).
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Case 3: The remaining case is the one in which Im+ < 0 inside one
inclusion and Im = 0 inside the other inclusion. We assume without
loss of generality that Im ; < 0 almost everywhere in (2; and Imy, = 0
almost everywhere in ();. As before we know that

Im (Th,h) = —//Im'yl |Vwl|? dx,
M

and Im (Th,h) = 0 implies that w = const in ()y. It is easy to show that
Im (Th,h) = —Im (T*h, h) and

Im (T*h, h) = //Im')q Va2 dx,
M

where @ is the weak solution of for 7 instead of . We deduce that
@ also has to be constant in (), and 0, w|, | = d,@|, ; = 0. Since 7 is
real-valued outside ()3, both w and @ are weak solutions to the following
transmission boundary value problem: find w € H'(B\ (O U90,))

1
such that w|,;; € HZ (dB) solves

div(yVw) = 0in B\ (Q; U3Q,),
0y = 0 on 0B U d()y,
dyw|, — dqw|_ = 0on o,

w|, — w|_ = hy on d()

in the weak sense. This problem has a unique solution, thus d,,w/|, , =
0q,@|, ,, and

1 _ B T T
I Th = o= (9,0, 4 = By @, 1, Il = Do, ,) = (0,0)7.

2i
1 1
Now let h € HZ (9Q)) x HZ (9Q;) # (0,0)" be such that (Re T — To) h =
0. Then the identity (T — To)h = (ReT — To)h+i(ImT)h = i (ImT)h
and part a) yield the assertion. O

Remark 2.1.6. Our assumptions on Im v are rather strict since inclusions
in which Im 7 is negative only inside a subdomain of (}; (j = 1, 2) are not



2.1 The Factorization Method for two Inclusions 23

allowed. However, under certain smoothness assumptions on 7 such as
eg. v € C(Q)) (j = 1,2) the proof of part b) of Lemma can be
extended to more general conductivities using the unique continuation
principle.

Now we return to our outline of the Factorization method and assume
that there is only one of the two inclusion types present. The coercivity
results from Lemma play a crucial role in the proof of the range
identity

R (|ReA—AO|%) — R(G), (2.10)

1
since it relies on existence and bijectivity of the operator |[Re T — Tp|2 :

1
HZ(9Q)) — L2(9Q) (compare Section 2.3 in [B3]). This range identity
is the main result for the Factorization method, and it leads to a binary
criterion that characterizes the inclusion (). In order to derive this binary
criterion we first have to define dipole potentials.

The Neumann function N for the domain B and the background con-
ductivity 7 is for a fixed point y € B defined as the distributional solu-
tion to

divy (70VxN(x,y)) =d(x —y) inB,
dyoxN(x,y) = |9B|""  ondB,

.11)
/N(x,y)ds(x) =0.
oB

N is also symmetric, i.e. N(x,y) = N(y, x) forall x,iy € B, x # y (see e.g.
[67]). Using the Neumann function we construct the dipole potential ¢,
for every point y € B by setting

@y(x) = 70(y) (2- VyN(x,y)), (2.12)

where 4 is an arbitrary but fixed unit vector.
Now the range identity can be used in the following way: it can
be shown that
yeQU & ¢y € R(G), (2.13)

and the proof is mainly based on the singularity of ¢, in y (compare The-
orem 2.6 in [B3])). Together with the range identity (2.10) and the Picard
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criterion we obtain the following equivalence: let y € B, then

- ‘<(ny¢’k>|2
yteLJQz(:)k:ZlT<oo

with an eigensystem {Ay, ¢ : k € N} of |[Re A — Ag|.
This binary criterion can now be used to decide whether a point y €
B lies inside the inclusion QQ = Q1 U (), or not. However, we have to

assume that there is only one inclusion type present, which is a severe
restriction.

2.1.2 Representations of the Middle Operator

In order to investigate the Factorization method in the special case in
which at least two disjoint inclusions are present we now take a closer
look at the middle operator T — Ty. Our aim is to use the superposition
principle to write T — Ty in the form

T1) _ T(ll) 7(12) _ T(lz)
T-To= <T(21) _ ngn T(22) _ TEZZ)

G) 7). 5230, ~2050).
where T\, Tg"" : HZ (0Q);) — H,, * (9€Y;).

1 1
In particular, for b = (hl,hz)T € HZ(9Q)) x HZ(90)y) these partial
operators satisfy

(T(n) B Téll)) hy + (T(u) — Téu)) hy = (T = To)h) a0, -
and
(T(z1) B Téﬂ)) hy + (T(22> — Tézz)) hy = ((T — To)h) |50, -

The mapping properties of the partial operators are also illustrated in
Figure2.2]

Furthermore, we derive a connection to the cases in which only one
of the two inclusions is present. This will enable us to make use of the
coercivity results from Lemma The subsequent considerations are
based on the weak formulation



2.1 The Factorization Method for two Inclusions 25

HE (90)) HE (90)
T(21) T(12)
T(11) T7(22)
_1 _1
H, 2 (o)) H, 2(00);)

Figure 2.2: Diagram of the partial operators of T — Ty and corresponding spaces

We start by deriving such a representation for Tp. Let (hy, o) €
1 1 .
HZ(3Q)y) x HZ(90)) be given and choose @) ¢ H'(0)) that satisfies
cb(f)‘mj = hj (j = 1,2). Now consider the following problems: for

(j =1,2) find @ € H1(B) such that

// YoVl . Vgdx — // vV - Vdx forall p € HI(B), (2.14)
B 0

// yova ) - Vigdx = // yoVd? . VEdx forall p € HL(B). (2.15)
B 0

By addition of und (2.75) we realize that @y = ZT)(()H) + w(()22) is

the solution to (24) for the background case, i.e. v = 9. Now we define
the components of Tj:

1 _1
1" HE (00n) — Hy 2 (00n), = ayafV| ol solves @TH),

_1
(0Q) — H, 2(0C)y), hy — B,YOZT)((]ZZ) L u”)((]22) solves 2.15),

T . H

O Ni=

1 _1
T(gn) : H3 (00)) — Ho 2(902), hi+— a%wéll) e ZD((JH) solves [2.14),

1 _1
Ty HE (902) = Ho 2 (00), Iy = dq,00 |, @™ solves @T9).
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Now we observe that Téjj ) = éj ) holds for j = 1,2, where the opera-
tors Té] ) (j = 1,2) have been defined in the previous section using the
variational problem (27) in the background case. This means in partic-

ular that Tén) corresponds to Tj in the case in which only the inclusion

(), is present, and Tézz) corresponds to Ty in the case in which (), is the
only inclusion, respectively. The following lemma provides the desired
representation for Tj.

Lemma 2.1.7. Télz) and Tém) are compact operators. Hence Ty can be repre-

sented by
(1)
T, 0
To=|""° +K

where Ky is a compact operator.

) (21)

Proof. We only prove the assertion for Télz ; for T;” the arguments are

. 1
analogous. Let (h(z'])) be a bounded sequence in HZ (0);). Then

€N

the corresponding seqlience of solutions (w(()n'j )>je]N of is also
bounded in H!(B). Now let U C B\ Q) be a subdomain with U C B\ O,
and 00); C U. Following Theorem 8.8 in [29] the sequence (w((fz'f ))jeN
is even bounded in H?(U) and the trace theorem yields that there is a

constant ¢ such that Ha%wgzz/f ) ‘ 1 < cforall j € N. From com-
H2 (o))
1 _1
pactness of the imbedding | : HZ(9Q;) — H, ?(0Q);) we obtain the
assertion. O

For T the partitioning is not as simple as for Ty, since the conductivity
contrasts 7y, 2 appear in Equation (2.4). However, we start as before and
divide T into parts contributed by the jump conditions at the individual

1 1
inclusion boundaries. As before, for (hy,hy)' € HZ(30)) x HZ (90),)
choose @wl) € Hl(Qj) with w@‘m = h;j (j = 1,2) and consider the
]
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following problems: find @U/) € H!(B) (j = 1,2) satisfying

/ / PV . Vigdy = / / o) . Vdx forall p € HI(B), (2.16)
B o

// WV . Vgdx = // V@ . V§dx forallp € HI(B). (2.17)
‘B o)

One can easily see that @ := @(11) 4+ ©(??) is a solution to [Z4). As before,
we define component operators:

1 _1
T HE (901) — Ho * (0n), hy— 0qV| &1V solves @T8),

1 _1
TU2) . H2(30)%) — H, 2(00), hy +— 3@ Ly @) solves @17),

1
(001) — Ho 2(00), hy > 2yt Y @'V solves @.T6),

Lo

T . H

1 _1
T22) . H2(30%) — H, 2(00), hy v 94,@) Ly @'?) solves @.17).

All four partial operators are well-defined and bounded. However,
T(1) is not identical to T in the case in which Q) is the only inclusion. The
same holds for T(?2). We therefore carry out one more decomposition of
these two operators and consider the operators T(1), T(2) defined in €7.
We continue by investigating T(!?) and T(?!) as well as the difference
between TV and T (between T(??) and T(?), respectively).

Lemma 2.1.8. Let TU/) and T (i,j = 1,2) be defined as above. Then:
(a) The operators T"2) and T(?Y) are compact.
(b) The operators SV == T — T() and §2) .= T(22) — T() gre compact.

Proof. Part a): We decompose the operator T(12) into two bounded op-
erators out of which one is compact. The proof for T(1 is completely
analogous. Therefore let () be a simply connected C?-domain in B such

that O € B, Oy € O and O; Ny = @. Then T12) = To T, where T :
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1 1
HZ2(90)) — H, 2(3€)) maps hy to 9.,@??) 0 where (%2 € H!(B)
1

S B 1
solves .17). The second operator T : H, *(9()1) — H, *(dQ);) maps g
t0 940, ,, where v € Hi(();) solves

div(yVo) = 0in O,
94,0 = gon )y
in the weak sense. Both T and T are bounded operators. Following the
same arguments as in the proof of Lemma it can be shown that
R(T) C Hé (9€);) and thus that T is a compact operator.
Part b): The operators $(1) and S(2) are as follows: S : Hé (00)) —
H;%(aﬂl), hy = 9y ) ‘+,1 where 5(1) € H.(B) solves

/ / o) . Vgdx = — / / 12V . Vgdx forall € H(B), (2.18)
B 0,

and @) is solution to problem @7) for j = 1.
1 _1
Analogously, $?) : HZ(00)) — H, 2(00), hy + 9.,5?) " where

52 e H1(B) is solution to

// Vo) Vdx = — // nVa® . Vgdx forall p € H(B), (2.19)
B oY

and @2 is solution to (2-7) for j = 2. By addition of and (and
of @7) and @.19), respectively) we realize that @11 := @(1) 4 5(1) solves
(and that ®?) := ®() 4 5(2) solves [@.17), respectively). We thus
conclude that T + §() = 71 and T?) 4 () = T7(22),

Now it remains to show that S() and S(?) are compact operators. We
only prove the assertion for S(!) and decompose it as follows: S() =

< A A 1 1 L 1 1
SoS,where S : HZ(0Q)) — HZ(90)), S : HZ (0Q)) — H, 2(9()1), and

hy 2 o) . 2 9,5 oy
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where @(1) is the solution of @7) and 1) solves @.18). We can apply
the very same arguments as in part a) to show that the map § is a com-
pact operator. Furthermore, S is obviously bounded, and the proof is
completed.

O

Altogether we have derived the representation

T 0

with a compact operator K. By combination with Lemma[2.1.7)we obtain
the following assertion.

Corollary 2.1.9. Let the operators T(), Téj )( i =1,2) be defined as above. Then
the operator T — Ty can be represented as

(T T 0 .

with a compact operator K

This representation is fundamental for the covering method that is pre-
sented in the following section.

2.2 The Covering Method

After the original Factorization method for EIT has been investigated in
the previous section we now present our modified version of the method
that is capable of detecting mixed inclusions. We first derive the method
for real-valued and bounded conductivity contrasts while in Section[2.2.2]
we show that we can even extend it to insulating and perfectly conduct-
ing inclusions.

2.2.1 Contrasts in the Absolute Conductivity

Let us turn towards the mixed case, i.e. there is an inclusion ); of type 1
as well as an inclusion (), of type 2. In this section we derive the Factor-
ization method for slight modifications of A — Ay under some additional
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Figure 2.3: Sketch of inclusions and the a priori known domains Qy, (),

a priori assumptions on the inclusions’ locations. We show that using
these we can reconstruct inclusions even in the mixed case. This setting
is defined in the following assumption.

Assumptitgl 2.2.1. We asiumghat we know C?-domains 01,0, C B
for which 01 N, = @, (U, C Band O; € Q; (j = 1,2) hold, and
B\ (O U)) is connected.

This configuration is illustrated in Figure The a priori knowledge
of (11,(); is —at least in some applications— no strong restriction. For
example, in medical applications one knows roughly where the different
tissues lie and which conductivities they usually have.

According to Lemma the following coercivity assertions hold for
the operators on the diagonal in the representation of T — Ty in Corollary
there exist constants ¢1, ¢, > 0 such that

1
<(Re T — Tél)) h1,h1> > ||h1||12q for all hy € HZ(3()),

(0021)

NI—=

1
for all hy € HZ (00),).
(2.20)

<— (Re T _ ng)) hz,h2> > ¢ ||h2||il

1
2 (a)

Now it is easy to see that the operator Re T — Tj is neither positively nor
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negatively coercive, so that we are not able to apply the Factorization
method immediately. In order to derive a new factorization for slight
modifications of A — Ay, we need to define some auxiliary operators.

Remark 2.2.2. In order to distinguish between operators that decouple
according to the different inclusions and operators that don’t decouple
we use different notations. Operators with a superscript index j (such

as eg. TU), Té] )) correspond to the case in which (); is considered the
only inclusion. On the other hand, we will shortly define several oper-
ators with a subscript index (such as e.g. Qj or Gj), and their definition
involves both inclusions.

At first let us define Q(V), Q@) by
_1 1
Q] : HQ 2 (E)Q]) — H<> 2 (BQ]), g 870w|80]. ,

_ 1
where w € H'(B\ Q) with w|yp € H (9B) solves the boundary value
problem

div(yoVw) = 0 in B\ Q,
dy,w = g on d(Y;, (2.21)
dyow =0 on 9B

in the weak sense (j = 1, 2).
Furthermore, we will need the composed operators

~ _1 _1 S _1
Q1 Ho 2(30) x H, 2(90,) — H, 2(00y) x Hy 2(30)),
~ _1 _1 _1 B
Q2 : Hy 2(00)) X Hy, 2(9Q) — H, 2(9Q)) X Hy, 2(9()p).
They are defined similarly to the operators Q(1), Q): Q; : (g1, gz)T —
T — 1
(a%mml ,g2) , where @ € H'(B\ Q) with @, € H2 (9B) solves

div(yoV@w) =0in B\ Q,
Bnmzb = g] on aQ] (] = 1,2), (222)
04,@ = 0 on 9B,
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- T
in the weak sense, while Q» is defined by (g1, gz)T — (gl, aWowb()Z) ,

where @ also solves (2.22). We remark that the boundary value problem
(2.22) is the same problem that defines the operator G and thus that the

weak formulation corresponding to (2.22) is (2.1).

The following lemma provides some basic properties of the newly de-
fined operators.
Lemma 2.2.3. Let QV), Q@) Oy and Q5 be defined as above, then:

(a) Qq and Qy are compact operators.

(b)

0
+ Ky,
S (O 0
Q (T-To) Q; = 0 o (T(z) N T(2)) Q@)
+ Ky,

(2.23)

where 121, Kz are compact operators.

Proof. Part a): Compactness of Q1) and Q(?) can be shown using the
same arguments as in the proof of Lemma[2.1.7]

Part b): We first show that Q; is a compact perturbation of (Q(()l) (I’)

As in Section we consider the weak formulations for the boundary
value problems (2.21) and 2:22). For @.2I) the weak formulation is to
1

find w € H'(B\ (1) such that w|,; € HZ (dB) and

// YoVw - Vipdx = / q1pds forally € HY(B\ (), (2.24)
B\ﬁl an



2.2 The Covering Method 33

_ 1
while for 2:22) we have to find @ € H!(B\ Q) such that @|,; € HZ (9B)
and

//'yonD-Vde: /glﬁds—i— /gzﬁds forally € HY(B\ Q),

B\ﬁ 00y 0y

Setting v := w — @ in B\ Q we obtain by subtraction and the first Green
identity that

/ YoVo - Vipdx = —/ YoVw - Vpdx — /gzﬁds
B\ﬁ 02 802

=~ [ @rw+g2) s
0,

for all p € H'(B\ Q). Now we observe that the difference operator

5 .— (QWo 3 T '
0= ( ) I) — Q1 maps (g1,82) to (awvbﬁl ,0) . Furthermore, the
map

~ _1 _1 _1
01 : Ho 2(00) x Hs 2(90) — Hs 2(0,),
(31.82)"

= a’mw|+,2 + 82

where w solves [2.24) is a bounded linear operator. Using the same argu-
ments as in the proof of Lemma[.1.§ we can show that the map

A _1 B _1
Qs 1 Hy 2(30) — H, 2(00) x Ho 2(90), g+ (94,0,0)",
_ 1
where v € HY(B\ Q) with v|,; € HZ (9B) solves

//'yOVsz@dx:—/g@ds forallp € H(B\ Q)

B\Q Cle%)

is a compact operator. By construction it is clear that Q = Q; o Q; holds

which implies that there is a representation Q; = (Q(()l) (I)) + K with a
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compact operator K. Since QW is also compact, plugging this represen-
tation into Q1 (T — Tp)Qj yields the assertion. The proof for the second
equality is analogous.

O

. 1
In addition, we will need the operators GU) : H, 2 (0Q);) — L2(9B)
(j = 1,2) that are defined just as G in Section R.T|but with () replaced by

Q);, i.e. the operator GU) maps gj — v|yp, where v € H'(B \6]) with

s
1
v|,p € HZ (0B) is the weak solution to the boundary value problem

div(y9Vo) = 0in B\ Q;,
0400 = gj on 9QY), (2.25)
04,0 = 0 on dB.

~ _1 _1
Furthermore, we define G; : H, 2(9€);) x H, 2(dQ)) — L2(9B) by
=~ —_— l
(g1,82) — |y, and 3 € HY(B\ (O UQy)) with 3], € HZ (9B) solves

div(7oVd) = 0in B\ (O UQ,),

1 1
in the weak sense. For the operator G : H, 2(9Q);) x H, 2(9€),) —
L2(dB) the corresponding definition holds.

It is quite obvious that G(1), G(?), G1, G, have the same properties as
G concerning compactness, injectivity, and denseness of the range (com-
pare page[l6). The following Lemma shows some connections between
the newly defined operators.

Lemma 2.2.4. The operators defined above have the following properties, where
Ky, Ky are compact operators:

(a) o o
G=G1Q1, G=GQy,



2.2 The Covering Method 35

(b)
1)y s (1 K A
GG = G, (K1 KlKT)Gl
~2)c2nx _ ~ (KK Ko =«
G@(G@) _GZ(K; 7 G

(c) Q1 and Qz are one-to-one and have dense range. The same holds for their
adjoints Q7 and Q3
Proof. Part a) follows immediately from the definition of the appearing
operators.
R _1
Part b): Define K; : H, *(9Q)1) — H, ?(0()) by g1 — 8%v|a02 and

= 1
v € HY(B\ () with v|,; € HZ(9B) solves 225) for j = 1 in the weak
sense. Analogously to the proof of Lemma it can be shown that K
is compact.

We observe that the identity G(1) = G; ( 8) holds which implies

(G = (0 J ) Gy and thus G (GM))* (K K K*) G;. The argu-
ments for the second identity are analogous 5
Part c): Since G is injective we deduce from part a) that Q; is injective

~ _1 _1

and thus that Qf has dense range in H, > (00);) x H, 2(90)y).

Now we derive a representation for the adjoint QF and show that it is
injective. We therefore first show an alternative representation for Q1.

1

Consider the partial operator Q'Y : H; 2(3Q);) — H<> (801) that
maps g1 — 0y Wi|yq ,and wy € HY(B\ Q) with w1, € H<> (0B) solves
div(yoVw;) =0in B\ Q, 9,,w; = g1 on Yy, 9d,,w; = 0 on 90, UIB
in the weak sense. . )

In addition, consider the operator Q112 : H, 2(3Q),) — H, 2(3();)

_ 1

that maps g» > 0y, wa[yn , and wy € HY(B\ Q) with ws|,; € HZ(9B)
solves div(yoVw,) = 0in B\ Q, 9,,w; = g2 on 9Q, 9,,wp = 0 on
0 U 0B in the weak sense.

Now we observe that w := w; + w, solves (2.22) and thus that the iden-

tity O = ( (011) ~(Iu)) holds, which also implies Qf = (gg(i;; > The
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next step is to show representations for the adjoints (Q(1V))*, (Q12))*,
< 1 1
In fact, (QU)* : H2(3()y) — H2(d0)), hy — 0]yq,, and v € HY(B\

~ 1
(QU Ay )) with |5 € HS (9B) solves the transmission boundary value
problem div(yoVv) = 0in B\ (QU Y1), 04,0 = 0 on 9B U3y Uy,
o] — o[, = h1in 00 and 0,,0|_ = 94,v|, on d(); in the weak sense.

Now we can use the second Green identity to show that Q1) and
~ _1
(QU)* are indeed adjoint to each other. Therefore let g; € H, 2(dQ);)
1

and h; € HZ (9€)1) be arbitrary, and let wy, v be the corresponding weak
solutions of the above boundary value problems, then:

< gl/hl / 0y w1 (7] _ — 5|+) — w1 (04,0]_ — 8705|+) ds
—_————
o)y =0
= / V0., W1 — W1 0,y U ds + / 0 0.y W1 —W1 04,0 ds
~— ——r ~—~—
o0 =0 o) =0 =0
— /53%w1 —wW1 0,0 ds = <g1, (Q(n))*h1> )
oB =0 =0

In the same way it can be shown that the adjoint of Q(12) is given by

~ 1o 1
(Q12))* . H2Z(ay) — HZ(9QY,), hy 0|30, where v is defined by the
above transmission problem. }

The only thing that remains to show is that Q7 is injective. There-

fore let (hy,hy) € Hé (00)) x Hé (9€)) be such that (Q"V)*h; = 0 and
(QU2))*hy 4 hy = 0. The first identity yields that v has zero Cauchy val-
ues at Q) and thus that v = 0in ()1 \ Q. In addition, the continuity
of 9., across 9€); yields that v solves the homogeneous Neumann prob-
lem in B\ (Q; U ) and thus that v = 0 in the whole of B which also
implies h; = 0. Now the second identity yields h; = 0 immediately, and
injectivity of QF is shown, which also implies that Q; has dense range

1 _1 «
in H, 2(90)1) x H,, 2(9)y). For Q; the arguments are completely analo-
gous. O

F1gures and2.5illustrate the connections between the factorization
and the newly introduced operators G1, Gy, Q1 and O, that have
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L2(2B) A=f 12(2B)

~ A ~

G G

1 ~ 1 * 1 ~ _1
HZ (3 x HZ (30) G G H, 2 (3y) x H, 2 (00))
Q; O
_1 _1
HQ 2 (801) X HQ 2 (802)

Y
1 1
H3 (00)) x H3 (0€))
T—Tp

Figure 2.4: Diagram of operators and spaces corresponding to the new factoriza-
tion of A — Ag (compare Lemma[2.24]part a))

L2(9B) A= Ao L2(9B)
G; i Gy
1 1 ~ * _1 ~
HZ(30y) x HZ (3)) G G H, 2(3Q) x H, 2 (00))
Q; O
_1 _1
H, 2(30) x Hs 2 (3Q),)

Oni—

(90 x H (90;)
T-T,

Figure 2.5: Diagram of operators and spaces corresponding to the new factoriza-
tion of A — Ag (compare Lemmapart b))
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been shown in Lemma 224 Now we have collected all the tools we
need to derive our new factorization.

Therefore consider the following perturbed Neumann-to-Dirichlet dif-
ference maps:

;\1 =A—-ANy+ plé(l)(é(n)*, /~\2 =AN—Ayg+ PZG(Z) (G(Z))*,

with parameters p1, o2 € C. First, we remark that both maps only contain
measured data and information known a priori: A is obtained from mea-
surement data, A is obtained either from measurement data or from in-
formation about the background conductivity ¢ and for G]-, G]* we only

need information about 7y and the covering domains 0]- (j =1,2). Us-
ing Lemma and the factorization 2.5) we can derive factorizations
of A1 and Ajp:

Ay = G(T—Tp)G* + p G (G

~ ~ Xk I K* =k
:Gl{Ql(T_TO)Q1+P1 <K1 K1[1<T)}Gl’

]\2 = G(T — T())G:.< +P2G~(2)(é(2))*
=G, {Qz(T —Tp)Q5 + 02 <K12<1§2 KIZ) } Gs.
2

Our aim is now to show that for these factorizations the Factorization
method works. On order to do this, several properties of the appearing
operators have to be verified. These properties can be established by
choosing the parameters p;, p2 in a proper way as we will see in the
following considerations.

We therefore proceed by investigating the new middle operators Sq, S»
defined by

) - I K
5i=0 (T-10) Qi+ (i, e ). 226)

Sy =0 (T—To) Q5+ p2 ( %2 f) . (2.27)
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Lemma 2.2.5. Let p1,p2 € Cbesuchthat Repy < 0,Rep > 0andImp; > 0
(j =1,2). Then the middle operators S1, Sy have the following properties:

1 ~ 1
(@) Im (Syh,h) > O forall h = (hy,hy) " € HZ(30Y) x HZ(3) and
1 1
Im (Soh, h) > 0 forall h = (hy, hy) " € H2(3Qy) x HZ (9€),)

(b) If0 # h = (hy,hy) " is such that (Re Sj)h = 0, then Tm (S;h,h) > 0
(j=12).

Proof. Part a): We only consider the operator S; from (2.26) while for S,
the arguments are the same:

— 5 (T T OF [ K
Sl - Ql (T TO) Ql+p1 <K1 KlKT .
—H T

1 1
From we know that (Im Hh, h) > Oforallh € HZ (9Q)) x HZ (0(),),
and H is non-negative since it is an operator of the type A* A. Hence

Im (Sih,h) = (Im Hh, h) +Im{p1} (Hh,h) >0,

and the first assertion is shown.

1 1
Partb): Let h = (hy, hy) T € HZ(30);) x H2 (9C)) satisfy (Re S1)h = 0
and i # 0. If Re Hh = 0 then it follows that Hh = 0. From Lemmas
R.15andR.2.4we obtain that (Im Hi, k) > 0 and thus (Im S1k, k) > 0. If
Re Hh # 0, then we conclude that A/ # 0 and thus (Hh, i) > 0. This
implies together with part a) that Im (S1h,h) > 0 which completes the
proof.

O

Now we derive another representation of A; that is used to prove that
the middle operator S is a compact perturbation of a negatively coercive

operator. Using Corollary [2.1.9 as well as Lemmas [2.2.3| and [2.2.4] we
P g y
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obtain

s T _ M 0 5 i~
Ay G{( 0 o | +Rp G+ GG
0 T® — T

o= pll 0
~ pll 0 = ~
:Gl{<0 T(z)_TéZ)>+K1}G1.

Kj is a compact operator, and if the parameter p; is chosen as in Lemma
then from it follows that Re S; is indeed a compact pertur-
bation of a negatively coercive operator. Analogously we can derive a
corresponding representation for Ay:

_ T _ 1) 0 _ o
Ay = G{ ( 0 NER G*+ G (C@)*
0 T® — T

. (1)
0 sz
0 K N
+ 2) (T2 2(2) 2 +K?p Gy
K3 Q! )(T( ) ~ Ty )(Q( ))*

~ T(l) _ T(l) 0 ~ -
=G 0 K; » G

with a compact operator K», and choosing p; as in Lemmaand
yield that Re S, is a compact perturbation of a coercive operator.

Now we summarize our results from and as well as from
Lemmaand the knowledge about the properties of the operators G
and G,. We have derived the two factorizations

/~\1 = Glsléﬁ, /N\z = GzSzGS,

(2.28)

(2.29)

and the appearing operators have the following properties:
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(@) Ay : L2(9B) — L2(9B) and A, : L2(dB) — L2(9B) are bounded
operators.
_1
(b) The operators G : (E)Ql) x Hy 2(9Q) — L2(dB) and Sy :
- 1
H<> (0)) x H<> (802) — H, ? (801) x H, ?(0€)) are bounded.
U
() The operators G : (801) x Hy 2(9€)) — L2(dB) and S, :
U
HO (0Q)1) % H<> (802) — H, ? (801) x H, ?(0€)) are bounded.

(d) G; and G, are compact operators and they have dense range in
L2(aB).

(e) The operator Re S1 can be written as Re S; = C; + K1 where K is
compact, C; is self-adjoint and —Cj is coercive.

(f) The operator Re S, can be written as Re S, = Cp + K where K; is
compact and C; is self-adjoint and coercive.

1 1
(g) The operator Im S; is non-negative on Hg (0()1) x HZ (9€)y), and

Nl—

1
the operator Im S, is non-negative on HZ (9Q)1) x HZ (9()).

(h) ImSS; is positive on the finite-dimensional nullspace of Re S; (j =
1,2).

These results yield that we can apply the Fy-Factorization Method in the
form of the following theorem that is cited from [63]).

Theorem 2.2.6. Let X C U C X* be a Gelfand triple with a Hilbert space U
and a reflexive Banach space X such that the imbedding is dense. Let H be a
second Hilbert spaceand let 7 : H — H,G : X* - Hand § : X — X* be
linear and bounded operators with F = GSG* and

(a) G is one-to-one and compact with dense range in H,
(b) ReS = C + K where C (or —C) is coercive and K is compact,
(c) Im S is non-negative on X,

(d) § is injective or Im S is positive on the finite-dimensional nullspace of
ReS.
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Then Fy := |Re F| + Im F is positive definite and the ranges of G : X* — H
1
and F; : H — H coincide.

For the corresponding proof we refer to [63]]. As a result, we conclude
for our factorizations:

Corollary 2.2.7. The operators Ag1, Aso 2 L2(9B) — L2(9B) defined by

A1 = ’ReA — Ao +Re{p1}CW(EM)*| +Im A +Tm {p; ;G (GW)*,

Ago = ‘ReA — Ao+ Re {0} GP(E@)*| + Im A +Im {p, } GP(GP))*,

~ 1 ~
are positive definite, and the ranges of Gy and Aj, as well as the ranges of G,
1
and A, coincide.

By means of the test functions ¢, defined in we can again derive
a binary criterion to decide whether a point y lies inside an inclusion or
not. Therefore we first show a connection between the inclusions and the
ranges of G and G,.

Lemma 2.2.8. The inclusions )y, (Yy can be characterized as follows:
a) Lety € Oy, theny € O < ¢y € R(Gy).
b) Lety € Oy, theny € Oy < @y € R(Gy).

Proof. We only prove assertion a). Under the assumption y € €); the
equivalencey € O &y € M U (), holds, since ); and Q) are disjoint.
Additionally, we know that y € Q; U, & ¢, € R(G,) since it is
the very same result as for the original Factorization method (compare
(2.13)).

O

Note that the assumptions y € Qj (j = 1,2) are no restriction in the
present setting since in Assumption we require that we a priori
know that the inclusions are located inside the corresponding covering
domains. By combination of Lemma [2.2.8|and Corollary 2.2.7]we obtain
a binary criterion that connects the data Ay 1, Ay with the desired inclu-
sions ()1, ).
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Corollary 2.2.9. Let )y be of type 1, let 2y be of type 2 and let Assumption
be satisfied.

a) Lety € Q) then

gy, i) [

]/601@2 "

k=1

< o, (2.30)

where { Ay, Py : k € IN } is an eigensystem of Ay .
b) Lety € )y, then

<‘ny¢k>‘2

yGQzC>Z )\k

k=1

< o0, (2.31)

where { A, Py : k € N} is an eigensystem of Ay 1.

These two binary criterions can now be used to reconstruct inclusions.
However, in contrast to the original Factorization method we now have
to implement two steps in order to identify both inclusions. In the first
step we use criterion (2.30) and reconstruct (), while in the second step
we use criterion to reconstruct ().

The new method can also be interpreted as follows: for the reconstruc-
tion of () we use the parameter p; to synthesize a type 1 inclusion (),
that covers the perturbing type 2 inclusion ();. On the other hand, we
cover ()1 by an artificial type 2 inclusion that is produced by p; in order
to identify ().

2.2.2 Insulating and Perfectly Conducting Inclusions

In our statements above perfectly conducting as well as insulating inclu-
sions have been excluded since we assumed the absolute conductivity
Re 7y to be strictly positive and essentially bounded. In this section we
show that these two special cases also fit in our setting. In particular,
we show that for insulating inclusions the middle operator of the factor-
ization is coercive, while for perfectly conducting inclusions the middle
operator is negatively coercive.

At first we consider the factorization for the case of an insulating in-
clusion and and no other inclusions. If ) is an insulating inclusion, then
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there is no current flux across its boundary, i.e. the direct problem is to

_ 1
find a solution u € H'(B\ Q) with u|,; € HZ (9B) to

//vow.vwx:/fws forallp € H'(B\ QO),

B\O 0B

where f € L2(9B) is the injected current pattern. This weak formulation
corresponds to the following Neumann boundary value problem
div (oVu) =0in B\ Q,
0yt = 0 on 0Q),

The homogeneous Neumann boundary condition at () yields that

(A =20 f =G (= ymal.,),

where 1y € H(B) solves the background direct problem. Now we can

_1
define the operator L : L2(dB) — H, 2(0Q)), f +— 0q,lig|,q for which
the identity A — Ag = GL holds. Using the second Green identity it can

1
be shown that the adjoint L* : HZ (0Q)) — L2(9B) is such that it maps
h +— wo|yp, where wy solves in the weak sense for the background

case v = 7o:

(LE ) = [ 3nyuol@ol . = Tol ) — wo( ol — 30| ) ds

- /woa%uo — 19T ds = (f, L*h).
oB -0

Now we observe that L* = —GTy and thus that L = —TyG*. On the
whole, we obtain the following factorization for (2 being an insulator:

A — Ay =G(—Ty)G".
The desired coercivity property for the middle operator —Tj can now
1 —
be shown as follows. Let h € HZ(dQ) and let wy € H!(B\ Q) be the
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corresponding weak solution of for ¥ = v, then

a0
= //’)/0|va|2 d)C—/w()a%wod{i—i—//’)’()‘va|2 dx
B\Q oB Q

= //70|Vw0|2 dx > co//|Vw0\2dx,
B B

where ¢y > 0 is the lower bound for ¢ from Assumption 2.1.2} Now
we can argue as in the proof of Theorem 2.3 in [B3]] to obtain that there is
¢ > 0 such that

1
(=Toh, h)yq > ¢ ||h||fq forall i € H2 (9Q)).

1
2(00)
Since the middle operator is positively coercive we know that an insulat-
ing inclusion can be treated in our covering method exactly the same as
an inclusion of type 1.

Now we consider the second case. Let () be a perfect conductor which
is roughly described by | = oo. For the sake of simplicity we restrict
ourselves to the case in which the perfectly conducting inclusion € con-
sists of only one component. For the case of several components we refer
to [ or [B]. A perfect conductor Q) is modeled by the claim that the
electric potential inside () has to be constant. The direct problem for a
given current pattern f € L2(9B) is then to find u € H'(B\ Q) with

1
u|yp € H3 (0B) satisfying u = const on 0Q) and

//WOVM-Vﬁdx: /f@ds
9B

B\O
forall p € H'(B\ Q) such that 1|, = const. The corresponding classi-
cal formulation is

div (yoVu) =0in B\ Q,
dyott = f On 0B, (2.32)
u = const on 9Q).
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Remark 2.2.10. The constant in the boundary condition u|;, = const is

1
determined uniquely by the claim that u|y; € HZ (0B). We could alter-
natively formulate a well-posed direct problem for u € H'(B\ Q) using
the homogeneous Dirichlet boundary condition u|,, = 0. However,
since we wish to find a factorization for the difference operator A — Ay,

1
it is desirable to have u|,; € HZ (9B).

As in the insulator case above we now derive a factorization of A — Ag
and show negative coercivity of the middle operator. From the direct
problem we observe that the identity A = GL holds with the operator L :

L2(9B) — Ho_% (0Q)) that maps f +— 9., |,, where u € H'(B\ Q) with
ulyp € Ho% (9B) solves in the weak sense. The adjoint of L is given
by L* : Hé(aﬂ) — L2(9B) mad maps i — w|,5, wherew € H'(B\ Q)
with w5 € Hé (0B) is the weak solution to
div (yoVw) =0in B\ Q,
dy,w = 0 on 0B,
w = h + const on o).

The proof that L, L* are adjoint to each other is again based on the second
Green identity:

(Lf,n) :/wa%uds—/ua%wds
oQ)

Q)
=0
- /wa%u —ud,,@ ds = (f, L*h).
—
oB =0

A 1 _1
Now we define the operator T : HZ (9Q2) — H, ?(0Q)) by setting /1 —
0y, W| 5, and the factorization

A—Ny=G(T-Ty)G*

is shown.
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In order to show negative coercivity of the middle operator we use the
first Green identity:

(Th, h), /waww const 0., w ds

—/wayowds—/ Y0 |V dx——/ Y0 | Vw|* dx

B\Q B\Q
and thus
<(T0— //’yo\Vw| dx—//fyo|Vw0| dx.
B\Q

We extend w to a function w € H!(B '\ 9Q)) by setting w = const inside Q
and obtain

((To = T)h, h), //')/0|Vw| — 70 | Vawp|? dx
— 2 // YoV - (VT — V@) dx
B
+ // Y0 [ Vawo|* — 290Vwy - V@ + 0 | Vool dx.
‘B

Here the first integral vanishes which can be seen by setting ¢ = wg — w
in (2.2) for the background case v = 9. Hence we can estimate

((To = T)h, h)yq —//’Yolvwo—VwI dX+//'yo|Vw0| dx
B\

> //’Y0|Vw0|2 dx.
QO

Again we can argue as in the proof of Theorem 2.3 in [53] to show
coercivity of Ty — T. Hence we can treat ) in the same manner as a type
2 inclusion in our covering method.

Altogether we have shown in this section that for the covering method
we can subsume all type 1 inclusions together with the insulators and
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cover it by an a priori known covering domain ();. Analogously, we can
subsume all the type 2 inclusions together with the perfect conductors
and cover them by (). We can detect the type 1 inclusions and insu-
lators using the binary criterion from part b) of Corollary and we
can detect all type 2 inclusions and perfect conductors using part a) of

Corollary respectively.

2.3 Numerical Experiments

In this section we present some results of numerical experiments with
our new method. We compare the results to those obtained using the
original Factorization method and investigate its performance depend-
ing on the parameters py, p, as well as the covering domains ()1, Q.

2.3.1 The Original Factorization Method

In all our examples the domain B is the unit disc in R? and the back-
ground conductivity is 79 = 1. In the upper half of B there is a type 1
inclusion ), while in the lower half of B there is a type 2 inclusion (.
The conductivity in B is as follows:

05 xe)y,
’)’(X) = 2r X € QZ/
1, xeB\Q.

We consider two examples with different locations and shapes of the
inclusions ()1 and (). In the first example (); is kite-shaped and lies
in the upper half of B, while (), is a small ellipse and is located in the
bottom right of B. In the second example both (); and (), are peanut-
shaped and are located in the center of the upper and lower halves of B.
In Figure 2.6] these two examples are illustrated.

Since B is the unit disc, the dipole test function ¢, can be represented
explicitly by

_1y-x)-a
(P]/(x) - 20T |y_x|2 ’
where 4 is a fixed unit vector that represents the dipole axis (see e.g. [B3]).
As an orthonormal basis for the current patterns as well as the boundary
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(e

(a) test model 1 (b) test model 2

Figure 2.6: The two test models and with the inclusions ()1, ()

potentials we use the trigonometric functions

{\/1E cos(k0), \/1% sin(kf) : k=1,2,... } , (2.33)

where 6 denotes the argument of points on the boundary dB in polar
coordinates.

In order to obtain discrete approximations of A and A we solve the
direct problem with and without the inclusions for the basis current pat-
terns up to an end index N € IN using a standard finite element method.

For the reconstruction of the inclusions, we evaluate the functions
-1

()\?
N Py ¢
Wi(y) = Z< yA(j’§> (=12
k

on a mesh of points y in B. As stated in Corollary we obtain the

reconstruction of () by evaluation of W, where {/\k2 I%EZ) : ke N}
is an eigensystem of Ag>. On the other hand, we can reconstruct (), by

evaluating W; on a mesh, where {)\]((1), 1/)19) : k € N } is an eigensystem
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(a) No noise (b) 1% noise

Figure 2.7: Reconstruction for test model 1 using the standard Factorization
method

of Ay 1. In [[E6I]] a justification for the truncation of the Picard series at the
index N can be found.

For our first reconstructions we set p; = p2 = 0, which implies that
Ag1 = Ago and thus Wy = W,. This corresponds to the standard Factor-
ization method for EIT which is not proven to work for the present exam-
ples. Figure[.7shows the reconstruction for Example 1, for the noiseless
case (left picture) and for 1% of white noise added to our discrete approx-
imation of A — Ag. In Figure 2.8| the corresponding reconstructions for
Example 2 are shown.

From these examples we observe that even the standard Factorization
method seems to be capable of reconstructing inclusions in the mixed
case. This observation was also made in Figure 7 in and, for scatter-
ing problems, in [B7].

2.3.2 Different Parameters and Noise Levels

The experience from scattering theory (see e.g. [B7]) also suggests that
the original Factorization method produces better reconstructions than
the covering method although it is not proven to work in the case of
mixed obstacles.

Furthermore, the larger the absolute values of the parameters p1, p2
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(a) No noise (b) 1% noise

Figure 2.8: Reconstruction for test model 2 using the standard Factorization
method

get, the more they might influence the reconstruction as we can see in our
theory: the larger |o;] is (j = 1,2) the larger the contrast of the artificial
covering inclusion to the background gets, and the Factorization method
emphasizes this synthetic inclusion rather than the one that we wish to
identify. This can also be observed in the representations [2.26),
of the middle operator. The information about the desired inclusion lies
inside the first part

Q1 (T—To) Qf or Qx (T—To) Q3,

respectively, while the second part

I K KoK; Ky
1 2
o (Kl 1<11<;*> . pz( K3 I )

respectively, contains information about the covering domains €, (),
and carries more weight as |o;| (j = 1,2) gets larger.

In the following numerical examples we verify these expectations for
our new method where we carried out both reconstructions using differ-
ent values of the parameters p1, ps.

For the first examples with the covering method the covering domains
0, Q) are circles as shown in Figure The domains in which we eval-
uate the indicator functions W; (j = 1,2) are ellipses as indicated by the
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(a) test model 1 (b) test model 2

Figure 2.9: Covering domains for the test models

white dotted lines in the reconstructions. We start by the reconstructions
in the noiseless case and different values of p; and p;.

Figures and show the corresponding reconstructions. We
observe that the inclusions are localized properly by our method but
the reconstructions are not as focused as with the original Factorization
method (compare Figures2.7/and 2.8). The absolute value of the param-
eters p1, p2 also has the expected influence on the reconstruction qual-
ity: the results for p; = 1073(—1+1i) and p, = 1073(1 + i) (parts a)
and c) of the Figuresand are considerably better than those for
p1 = 1072(=1+1i) and pp = 10~ %(1 + i) (parts b) and d) of Figures
and R.17).

We proceed with the same examples for noisy data. In the Figures
R-12)and 13| the results of the very same experiment are shown but with
1% white noise added to A — Ay. The reconstructions are slightly more
blurred compared to the noiseless case. However, the observations con-
cerning the absolute value of p1, o7 as well as the quality compared to the
standard Factorization method are the same.
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@) p2 = 103(1 +1) (b) pa = 102(1+1)

(© pr =1073(=1+1) (d) p1 =1072(~1+1i)

Figure 2.10: Reconstruction for test model 1 using the covering method
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@ p2 =1073(1+1) (b) p2 =1072(1+1)

(© p1 =107 (=1 +1i) (d) p1 =1072(=1+1)

Figure 2.11: Reconstruction for test model 2 using the covering method
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@ p2 =1073(1+1) (b) p2 =1072(1+1)

(© p1=107(~1+1) (d) p1=102(~1+1)

Figure 2.12: Reconstruction for test model 1 using the covering method; 1% white
noise added to A — Ay
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(@) p2 =103(1 + 1) (b) p2 = 1072(1 +1)

© o1 =1073(~1+1) (d) pr = 102(~1+1)

Figure 2.13: Reconstruction for test model 2 using the covering method; 1% white
noise added to A — Ay



2.3 Numerical Experiments 57

Figure 2.14: Large covering domains for test model 1

2.3.3 Different Covering Domains

Now we investigate the influence of the size of the covering domains
f)l, Qz on our reconstructions. In the examples from above they were
chosen relatively small, hence we now choose larger coverings as they
are illustrated in Figure For the following examples we restrict to
the test model 1 since the results for the test model 2 are very similar.

We observe that they are noticeably worse than the corresponding re-
constructions for the same values of p1, p2 and the previous smaller cov-
ering domains. This observation can be explained as follows: since the
synthetic inclusion caused by the covering method is now larger than be-
fore it is more disturbing for the localization of the desired inclusion. It
is thus recommended to choose the coverings as small as possible.

Our last experiment deals with the case in which the covering domains
do not cover the inclusions properly, i.e. the assumed a priori informa-
tion is incorrect. For the choice of the covering domains )1, Q); compare
Figure[2.16|

The reconstructions for this case are shown in Figure They are
slightly worse than the reconstructions in Figure but still have an
edge on the ones in Figure where the coverings were larger. This
observation is in some sense plausible since the unions ); UQ); (j = 1,2)
are only slightly larger than the coverings in Figure but still much
smaller than the elliptic coverings before. However, we have to empha-
size that this case is not dealt with by our theory.
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(@) p2 = 1073(1 +1) (b) o2 = 1072(1+1)

(© p1=1073(~1+1) (d) o1 =1072(~1+1)

Figure 2.15: Reconstruction for test model 1 using the covering method and large
ellipses as covering domains
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Figure 2.16: Improper covering domains for the test model 1
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(@) p2 = 1073(1 +1) (b) o2 = 1072(1+1)

(© p1=1073(~1+1) (d) o1 =1072(~1+1)

Figure 2.17: Reconstruction for test model 1 using the covering method and im-
proper covering domains



3 Determination of the
Conductivity Inside Anomalies

The Factorization method for EIT is a very successful method for the lo-
calization of anomalies. However, one possible drawback of this method
is that the conductivity inside the inclusions remains unknown. The aim
of this chapter is to derive a method for approximating the conductivity
inside inclusions after they have been identified by a qualitative method,
such as e.g. the Factorization method. This plan is comparable to the con-
siderations in [12]], [[4] and [I3], where the authors present methods of
approximating the surface impedance or the index of refraction of a scat-
terer whose shape has been determined before by a qualitative method.

The main idea of our method is to make use of a factorization of A — Ag
that appears in a new version of the Factorization method which has been
derived by Kirsch in [B5]]. Our method of determining the conductivity
is —in contrast to the assumptions in Chapter [}- restricted to the case of
piecewise constant conductivities. Furthermore, we emphasize that this
problem is still an ill-posed problem.

In Section 3.1 we present the new factorization and show substantial
properties of the appearing operators. In Section 3.2 we focus on the
middle operator 7 of the factorization and especially its spectrum that
is closely related to the conductivity inside the inclusions. Afterwards,
in Section we show how this spectrum and the conductivity can be
computed numerically and in Section B4 we present some numerical re-
sults with this new method.

3.1 A new Version of the Factorization Method

Our assumptions on the domain B and the inclusion () from the previous
chapter are still va@, ie. Bisa sirri)ly connected C?-domain, Q) is a C2-
domain such that QO C B and B\ Q) is connected. For the conductivity
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distribution we restrict ourselves to piecewise constant and real-valued
conductivities, i.e. y(x) = v9 + gxa(x) (x € B), and 79,49 € R are such
that y(x) > 0in Band g # 0. In Section [[.2.1] we noticed that the
mean value of the absolute conductivity in B is equal to 1. Hence we
can assume that 7y = 1 without loss of generality. Later we will extend
our results to complex-valued g as well as several conductivity contrasts
41, - --.,qn on N mutually disjoint inclusions ), ..., Q).

We proceed by defining the operators that will appear in our new fac-
torization and start with the operator A : L2(dB) — L2(Q,RY), defined
by f — Vug|q, where ug € H}(B) solves

// Vuy - Vipdx = /fl/st forall p € H!(B). (3.1)
B 9B
This weak formulation corresponds to the classical formulation
Auy=0in B, dyup = f ondB. (3.2)

The term 9, is a short notation for the normal derivative %. Hence A is

defined via the background direct problem. A* : L>(Q,R?) — L2(dB) is
given by h — w|,; where w € H!(B) solves

. = . 1 . .
//Vw Vi dx Z}/h Vydx forall y € HA(B) (3.3)

B

A and A* are adjoint to each other since the first Green identity yields
together with that

(Af 1) 2 ey = // Vg - hdx = // Vitg - Vwdx = {f, Ah) 2 35,
Q B

holds for arbitrary f € L2(dB),h € L?(Q,R?). Using the unique continu-
ation principle for harmonic functions it can be shown that A is injective
which also implies that .A* has dense range in L2(9B).

In the following lemma we show representations for the closure of the
range of A and the nullspace of its adjoint .A*. We therefore need to
declare what we mean by Av = 01in Q for a function v € H!(Q), namely:

// Vo Vpdr=0 forally € H}(Q). (34)
(@)
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Lemma 3.1.1. The operators A, A* defined above have the following properties:

(a) The nullspace N (A*) consists of all h € L2(Q,R?) such that there is a
solution w € H'(Q) to

. — . 1 .
//Vw Vi dx (/)/h Vydx forally € H'(Q)  (35)

Q
satisfying w = 0 on 0Q).

(b)
R(A) = {Vu: ueH(Q), bu=0in0}. (3.6)

Proof. Part a): Let h € N (A*). Then there is w € H!(B) that solves
and w = 0 on 0B. This implies that w has zero Cauchy values on
9B and thus w = 0 in B\ Q by the unique continuation principle. For
such a w is equivalent to (35). Furthermore, since w € H'(B), it is
continuous across () and therefore w|, = 0.

Let h € L?(Q,R?) be such that there is a solution w € H'(Q) to (35)
and w|yn = 0. Then we can extend w to w € H(B) by setting w = 0 in
B\ . Now w is a solution to (8:3), and w|,; = 0. Hence h € N (A*).

Part b): Define M := {Vu: u € H(Q), Au = 0in Q}. From the defi-
nition of A we obtain R(A) C M. From it follows immediately that
M is a closed subspace of H'(Q) and thus that R(A) C M.

Let Vo € Mandleth € N (A*). Then we know from part a) that there
exists w € H'(Q) that solves and w|, = 0. Hence we obtain using
and that

/Vv-hdx:/ Vo -Vwdx = 0.
Q Q

This implies that M C (AN (A*))* = R(A), which completes the proof.
O

Remark 3.1.2.  (a) The classical formulation for the variational prob-
lem is to find w € H'(Q) that solves Aw = divhin Q, w = 0
ondQ and d,w = h - v on oQ).
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(b) Lemma implies in particular that .A4* is not one-to-one. For
instance, let us fix some arbitrary point £ inside ) and and choose
€ > 0 such that dist(£,9Q)) > €. Then we define

Y- —%
w(x) = {exp (1 ez_x_fz) , lx—2%l<e,

0, otherwise.

We observe that w € C®(Q) and that w has zero Cauchy values
at Q). Then w obviously solves with h = Vw, and therefore
0#heN(AY).

For h € R(A) we can find the classical formulation of using the
fact that h = Vo for some v € H!(B) and Av = 0. As a result we obtain
the following transmission problem: find w € H](B) such that

Aw =0 in B\ 0Q),
d0yw =0 ondB, (3.7)
dyw|_ — dyw|, =v-h onoQ.

Remark 3.1.3. The operator A*A is also very similar to the operator
LaL{, in [2€] that is used to construct so-called localized potentials. Both

operators map from L2(9B) to L2(dB), and A*Af = w|,5, where w
solves with h = V|, while for LoL{, f = 3,5, where 7 solves

5. — . 1 ,
//wv Vi dx Z)/h Vydx forall p € H(B)

B

where = Vu|, and u solves . Hence the only difference is that for
A* A we use the the background conductivity 9 = 1, while for LqLg,
the actual conductivity vy is used.

In addition, the operator 7 : L*(Q,R?) — L2(Q,RRY) is defined by
h— q(h— Vw), where w € H!(B) solves

//(1+qXQ)Vw-V1/de://qh-Vl[de forally € HL(B). (3.8)
B Q
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Again, for h € R(A) we can formulate this as a transmission problem:
find w € H!(B) such that

Aw =0 in B\ 0Q),
d,w =0 on dB, (3.9)
(1+4q) dyw|_ — dyw|, =g (v-h) onoQ.
Throughout this chapter we restrict 7 to R(.A), and we observe that 7 :
R(A) — R(A) since g is constant and the potential w that solves the
transmission problem satisfies Vw|q € R(A). In addition, it is
easy to show that 7 is self-adjoint.
By construction of the appearing operators the following factorization

can be shown as it is done in [B3].

Lemma 3.1.4. Let A, T be defined as above. Then:
Aog— A =ATA. (3.10)

Proof. The weak formulation for the solution u € H!(B) of the direct
problem for a given current pattern f € L2(9B) is

//'(1+qm)w.v1pdx - /ﬁpds forall p € H1(B),
‘B aB

while the weak formulation for the solution uy € H(B) of the back-
ground direct problem is (3.I). By subtraction we obtain

//(1 +qxa)V(ug—u)-Vipdx = //uno -Vipdx forally € Hi(B)
B Q

From this representation we observe that (A9 — A)f = GAf, where the
operator G : L2(Q, R?) — L2(dB) maps h to w|,z, and w € H(B) solves
(B-8). This newly introduced operator G can now be decomposed as fol-
lows. We rewrite to obtain

. — — . 1 .
// Vw - Vipdx é/q(h Vw)-Vydx forally € H,(B)

B
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12(3B) A-ho . 129m)
A A
L2(Q,R%) p= ~ L2(O,RY)

Figure 3.1: Diagram of operators and spaces for the factorization (3.10)

From this representation it is clear that the composition G = A*7 holds,
which completes the proof.

O

Figure illustrates this new factorization schematically. Moreover,
this factorization can be used to derive a new version of the Factorization
method as it is done in [B5]. This derivation is based on the coercivity
of 7 (or of —7, respectively) which follows immediately from Lemma

1 1
This coercivity admits the decomposition |7 | = |7|2 |7 |2, where

|T|% : R(A) — R(A) is boundedly invertible. This result will also be
used in Section B3.7]

The main idea of our method to determine the conductivity inside () is
to make use of the factorization (3.10). The operators A, A* only contain
information about the inclusion’s boundary, hence they are known after
the inclusion has been located. The information about the conductivity
inside () lies inside the middle operator 7.

In the next section we take a closer look at 7" and especially its spec-
trum, while afterwards we show how the knowledge about this spectrum
can be used to compute the conductivity contrast g.
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3.2 The Spectrum of the Middle Operator

In this section we show some important properties of the operator 7 and
its spectrum o (7). We start our considerations by a simple example in
which basic properties of the spectrum ¢(7") can be observed.

3.2.1 A Radially Symmetric Example

We assume that B is the unit disc in R? and the inclusion Q is a concentric
circle, i.e. (3 = B(0, R) with radius R < 1. The conductivity in B is then
as follows:

1, |x| > R,
v(x) =
14+4q, |x| <R,

and ¢ is a constant such that 1+4 > Oand g # 0. Leth € R(A), i.e.
there is u € H'(Q) such that h = Vu and Au = 0 in Q. Now the jump
condition for the normal derivative on Q2 in the transmission problem

is as follows:
(1+¢) dyw|_ — dyw|, = qo,u on Q. (3.11)

By separation of variables we can represent u and w in polar coordi-
nates:

u(r,¢) =ap+ i (ay cos(ng) + by, sin(ng)) ", r <R,

n=1
cy + f (¢, cos(ng) +d;, sin(ng))r", r <R,
n=1
wir @) = o+ .S (c;f cos(ng) +d;f sin(ng))r", r>R.

The partial derivatives with respect to  are

%I:(r' )= i 1 (ay cos(ng) + by sin(ng)) r" =1, r <R,

n=1
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OZO‘, n(c, cos(ng) +d, sin(ng)) "1, r<R,

aw( ) n=1
—(7 — [ee]
or ¢ Y. n(ctcos(ng) +d;tsin(ng))r"~!, r>R
n=—0c0
n#0

First we make use of the homogeneous Neumann boundary condition
% = 0 at 0B which implies that

i n (¢, cos(ng) + d;f sin(ng)) =0 forall ¢ € [0,277).

n#0

From symmetry properties of the trigonometric functions we can deduce

CJ—rn =cf, dfn = —d,} (n € N) and thus

o +§1 (¢, cos(ng) +d, sin(ng))r", P <R

w(r,¢) = =
0d) cf + ¥ (cf cos(ng) +dyf sin(ng)) (r" ++~"), r>R.
n=1

Now we apply the continuity condition w|, = w|_ at dQ and obtain

Oﬁ|
+
e

(c; cos(ng) +d;; sin(n¢)) R"

3
Il
—_

|
Oh_l'_
_|_
agk

(i cos(ng) + d,f sin(ng)) (R" +R™™).

3
I
—_

By comparison of the coefficients it follows that ¢, = ¢j, ¢, = %;_nc;

and d,} = ﬁ;_nd; (n € IN). In order to keep our notations simple we
denote ¢y := ¢, cn == ¢, , dy = d,; (n € N) and rewrite w as

co + E (cncos(ng) + dy sin(ng))r", r <R,

n=1

w(r,¢) = co + E %}1{7" (cncos(ng) + dysin(ng)) (r* +r="),
n=1

r > R.
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The partial derivative of w with respect to ¥ now is

f 1 (cy cos(ng) +dy sin(ng)) r"~1, r <R,
) ot
ai:(”r‘l’) = ; R 7 (cncos(ng) + dy sin(ng)) (11 — =171,
r >R,

and we can apply the transmission condition (3.11) which means that

Mg

(1449) Y n(cncos(ngp) + dy sin(ng)) R"!

B
—_

3 Il

~L % (cn cos(ng) + dysin(ng)) (R" 1 —R™"°1)

e I

=q Y n(aycos(np) + bysin(ng)) R" 1.

Il
—_

n

For the coefficients we deduce

_ nR" _ e _
<1+q)ncan 1_ch(Rn 1—R n 1) :E]Tlaan l,
n—1 nR" n—1 —n—1 n—1
(14+4g)ndyR _R”+R*”d"(R —R )=gnb,R",

and with a simple computation we obtain for n € IN

q(R*" +1) q(R*" 4 1)
Cn = #an/ n = " L A(PR2n L1\ "
2+q(R?"+1) 2+q(R?"+1)
Now we observe that the auxiliary operator 7 that maps Vu to Vw
has an eigensystem {7, ¢, : n € N} with eigenvalues

_ R +1)
T (R )

converging to ﬁ as n tends to infinity with corresponding eigenfunc-

tions
(1)

P (r,9) = cos(ng)r, i (r, @) = sin(ng)r"
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Remembering that the operator 7 itself was defined as 7 = q(I — 7T)
(compare page we realize that T also has an eigensystem with the

very same elgenfunctlons tpn , l[Jn 2) (n € N). The eigenvalues are

2q
A =q(1—mn) = 21 4RV +1)
and they converge towards A* := 22-:-7{1 as n tends to infinity.

During the next section we will show that also for arbitrary shapes of
B and Q) the eigenvalues of 7 form a convergent sequence and that the
spectrum of 7 consists only of this sequence of eigenvalues A, and its
limit point A*. Furthermore, these considerations lead to the supposition
that a representation 7 = A*I 4+ K with a compact operator K holds and
thus that 7 is a Fredholm operator. This Fredholm property will also be
proven in the following section.

3.2.2 Constant Conductivity Contrast

Returning to the more general case, i.e. B and () satisfy the assumptions
from Section .1} we assume again that the conductivity is such that y =
1+ gxq, where g # 0 is real-valued constant and 1 + g > 0. We start our
considerations by giving bounds for ¢(7).

Lemma3.2.1. IfA € 0(7) then A > 1+q and A < q.

Proof. Since 7 is a bounded self-adjoint operator, o(7') is a compact set
in R. Furthermore, it is a well-known fact that

o(T) C {<Th,h> the L2(Q,RY) ||n]| = 1}.

For the upper bound we use the weak formulation and obtain for
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h € L2(Q,RY) with |k =1

<Th,h>:/ g (h—Vw)-hdx
9]
://q|h|2dx—//q(Vw~h)dx
(@) @)
:q—//(1+qxg)\Vw|2dx<q.
B

Equality would imply that Vw = 0 in B from which we can easily con-
clude that & = 0, in contradiction to ||| = 1. Now it remains to show
the lower bound where we again assume ||k|| = 1. Using we obtain

(Th, ) /qh V) - hdx

://q\h—Vw\ dx+//q(h—Vw)~dex
0 0
://q\h—Vw\zdx+//|Vw|2dx
0 B

> [[ (a1l =29 (h- Vo) + (1 +g) [VoP) dx
Q

2
q 9 2 q
_ VIt qVw — h W2 | x> -9
4/(’ TV +1+q||)x_1+q

O

Remark 3.2.2. Note that the assert1on of Lemma [3.2.T]holds for both g >
0 and g < 0 and in particular that ;7— < g holds independently of the
sign of g. If g > 0, then 7 is coercive and o(7) lies on the positive real
axis, while in the case g < 0 the operator —7 is coercive and ¢ (7) is part
of the negative real axis.

From now on we restrict 7 to 7 : R(A) — R(A). Soon we will
see that 7 is closely related to certain boundary integral operators. We
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therefore proceed by investigating some properties of these boundary
integral operators. For a detailed introduction into boundary integral
equation methods we refer to [6d]], [T9] or [20].

Let N be the Neumann function that is defined in and let SL :

1
H, 2(3Q)) — H'(B) be the single layer potential. i.e.

SL(x) = [ N(xy)e(y)ds(y), x € B\aQ.
Q)

In the following lemma we characterize the range of SL and show that
on this range it is a boundedly invertible operator. In the corresponding

1
proof the double layer potential DL : HZ (dB) — H'(B\ 9Q),

DLp(x) = [ 2, NCxy)ew)ds(y), x € B\
Q)

will also appear. The assumption Aw = 0 for w € H'(B\ 9Q) has to be
understood in the sense of Remark 2.4}

Lemma 3.2.3. Consider the space

X = {we H)(B): Aw=0inB\20, d,w =00ndB},

_1
equipped with the H'-norm, then SL is a bijective operator from H, * (9QY) onto
_1
X and the inverse SL™! : X — H, 2(9Q)) is bounded.

_1
Proof. Let w = SL¢ for ¢ € H, ?(dQ2), then Aw = 0in B\ 9Q2. Using
the properties of the Neumann function (see [2.1I)) we obtain for ¢ €
C%(9Q2) that

9SLolas = [ NCy)gWw)ds(y)| =B [ gds 0.
Q) Q)

oB

_1
From the denseness of C2(dQ)) in H, (dQ) and continuity of the trace
operator we obtain that SL¢ has zero Neumann values on 9B for all ¢ €

H. 2 (3B).
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Furthermore, for ¢ € C2(9B) we obtain

[ Stods= [ [ Nxy)ds(y)ds(x)
JB

0B 90}

— [ oly) [ N(xy)ds(x)ds(y) = o,
0Q) JoB

and by the same denseness argument as before it follows that [ SLgds =
JB

_1
0 for all ¢ € H,, ?(9Q)). We have thus shown that R(SL) C X.
1

Assume that SLg¢ = 0 for some ¢ € H, 2(9Q2). Then the jump con-
ditions on dQ) (see e.g. Theorem 6.11 in [66]) imply ¢ = 9,SLo|_ —
dySLe|, =0.

Now letu € X, x € B\ dQ), then we use the third Green identity in the
form of Theorem 6.10 in [&8] to show

SL (9yu|_ — oyul, ) (x)
=SL (oyu|_ — oyu|,) (x) = DL (u|_ — ul,) (x)

=u(x),

_1
and hence u = SLo with ¢ = d,u|_ — dyu|_ € H, *(dQ). This shows
1

that SL is an isomorphism between the spaces H, 2(9Q)) and X.
In addition, X is a closed subspace of H!(B), which follows directily
from the variational formulation for X (see Remark|3.2.4), and the open

_1
mapping theorem asserts that SL~! : X — H, ?(9Q) is bounded. O

Remark 3.2.4. A variational formulation for elements of the space X from

Lemma3.2.3)is given by

X = {we H!(B) : //Vw.wdx:o vy € HY(Q),
Q

//Vw~V1pdx:0 Vg e HU(B\ Q) : Py =0

B\Q
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We proceed by considering boundary integral operators and define S :
C2(9Q)) — L2(9Q) by

So(x) = [ N(x.y)g)ds(y), x€o0.
20Q)

Theorem 7.1 in [66] asserts that there is a bounded extension of S to

H? (09)) and that the range of S is contained in H 2 (0Q)). In addition, S
is a self-adjoint operator (compare Chapter 7 of [6d]).
Furthermore, we have to define D : C?(9Q)) — L2(dQ) by

Do(x) = /avyN(x,y)qv(y)dS(y), x € 90D
Q)

Theorem 7.1 in [&@] asserts that D has a bounded extension to HZ (0Q))

and that the range of D is contained in H 2 (0Q)). Since we assumed the
inclusion boundary 9Q) to be of class C?, we can apply Theorem 2.14

from [A9] to show that D maps continuously from H 2 (0Q2) into H!(9Q)).
Hence D : H? (0Q)) — H? (0Q)) is a compact operator.

Let us consider its adjoint D* : H—? (0Q)) — H—? (0Q)) which is for
@ € C?(9Q)) given by

D p(x) = [ 3, N(x,y)g()ds(y), x €0,
Q)

_1
It can easily be shown that D* is also well-defined as D* : H,, 2(9Q)) —
_1 _1
H, 2(9Q)): let ¢ € H, 2(9Q)), then we have

(D (P’1>H*%(an)xH%(aQ) = {9, D1

) 1 1 .
H 2(0Q)xH2 (0Q))
From the jump relations (see Theorem 6.11 in [[66]]) we obtain D1 = % +
DL1|_. Using the second Green identity yields that DL1| = 0 which
implies D1 = const and thus that (D*¢, 1) = 0.
Furthermore, since we assumed Q) to be a domain of class C2, D* is a
compact operator, hence its spectrum consists at most of a sequence of
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eigenvalues and zero. In the following lemma we give bounds for the
spectrum of D*. The proof is based on the considerations in [59)] where
the derivations are carried out for the Dirichlet problem instead of the
present Neumann problem. In addition, in [R9] D* is considered a map
from the space of continuous functions on 0} to itself, while we extend

1

the assertion to H,, % (0Q}).
_1 _1
Lemma 3.2.5. All eigenvalues of D* : H, *(9Q)) — H,, 2 (9Q)) have absolute
value less than or equal to % Furthermore, % is not an eigenvalue of D* but —%
is.
_1 _1

Proof. Define (-,-) : H, 2(0Q)) X H, 2 (0Q)) — R by

(9. 9) = (9, 5¢)

H™2 (30)xH? (30)

(-, -) is a well-defined bilinear form, since the boundary integral operator
_1

S maps from H,, *(9Q2) to H 2 (0Q)). It is symmetric since S is self-adjoint.

_1
Furthermore, we show that (-, -) is positive definite on H,, ? (0()) using
the first Green identity:

(9,9) = (9, 5¢) = (9 (SLe)|_ — 3 (SLo)[, , Sy)
- // V(SLg) - V(SLy) dx—l—//V(SLqJ)~V(SLlp) dx >0,
B\Q
and from this representation it is easy to see that (¢, ¢) = 0 implies
VSLe = 0in B\ 9Q and thus ¢ = 0.

We now show that D* is symmetric with respect to this newly defined
scalar product:

. 1
(D7, ¢) = 5 (9u(SLe)|_ + 9 (SLe)l, S¢)
- %/ V(SLg) - V(SLyp) dx — %/ V(SLg) - V(SLy) dx
Q B\O
This expression is symmetric with respect to ¢ and i, hence (D*¢, ¢) =

(¢, D*¢). Altogether we have shown that o(D*) is a compact subset of
R.
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Now define R, R : X — Rx( by
= // \Vul? dx, R(u) = // \Vul® dx,
a B\O

where the space X is defined as in Lemma[3.2.3] Using the considerations
from above we now derive a connection between o(D*) and R, R:

sup{c(D*)} = sup {(?*W NS Hg%(aa), ¢ # 0}

@, 9)
_ 1R(SLp) — R(SLg) -3
SUP{ZR(SL¢)+ﬁ( L) @ € Hy (80),(p7£0}

Since the range of SL coincides with X by Lemma [3.2.3} this implies that

sup{c(D*)} = sup {;m rueX, u# 0},
and in the same way it can be shown that
o 1R() = R(u)
inf{c(D*)} = mf{ZR(uH-fi(u) cueX, u 750}.

From these bounds we conclude that o(D*) C { 1, 2} Assume that
1

p = 5 is an eigenvalue of D*. Then there is u € X, u # 0 such that
R(u) = 0, which implies that Vu = 0 in B\ Q. We know that u € H!(B),
henceu =0in B \5, and since u is continuous across 0Q) we deduce that
u|_ = 0. Uniqueness of the Dirichlet problem for the Laplace equation
in Q) now implies u = 0 in (), a contradiction to the assumption.

Let u € H'(B) be such that u = 1in Q and d,u = 0 ob dB. Such an u
exists if there is a weak solution i € H'(B\ Q) to Ail = 0in B\ Q, il|,q =
1, 9yii|;5 = 0. The corresponding homogeneous problem is almost the
same but with a zero Dirichlet boundary condition at 0Q). Hence its weak
formulation is as follows: find 7y € H'(B \ Q) that solves

//VﬁO-VqJ:O forall p € HY(B\ Q) : |y =0 (3.12)
B\O
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and |, = 0. Choosing ¢ = il in B-12) yields il = const in B\ Q), and
the homogeneous Dirichlet boundary condition implies 7ip = 0. This
shows that the homogeneous mixed boundary value problem has
only the trivial solution, and Theorem 4.10 in [[66] asserts that there is a
unique i as required and thus that there is u € H'!(B) as stated above.
Now we define ## € H'(B) by #i = u + C, where the constant C is chosen

1
such that 7|,5; € H? (0B) and observe that 1| = 1+ C and that 71 € X.

Now for #I we deduce that M = —1, and using Lemma [3.2.3
(1)+R (1)
_1
yields that there is ¢ € H,, ?(9Q)) such that SLg = 1. In addition, ¢ is an
eigenfunction of D* for the eigenvalue y = —3, which follows immedi-

ately from the jump conditions for the single layer potential.
O

We proceed by deriving a connection between 7 and D* in order to
characterize the spectrum of 7. In Lemma 3.2.1| we have already shown

that o(7) C [%, q) which allows us to restrict our considerations to
this interval.

Theorem 3.2.6. A is an eigenvalue of T if and only if y = _2ﬂ + 1 isan

eigenvalue of D* and p # —3.

Proof. “=": Let A € {ﬁ,q) be an eigenvalue of 7, i.e. there exists

h € R(A), h # 0such that Th = Ah and h = Vu for some u € H'(Q)
satisfying Au = 0 in ). From the definition of 7 we obtain

q(Vu —Vw) =AVu inQ, (3.13)

where w is the weak solution of the transmission boundary value prob-
lem (3.9). From (8:13) we obtain (g — A)Vu = qVw and thus u = q_LAw +
¢ with some constant ¢ (A # g by assumption). The transmission condi-
tion in can now be written in terms of w:

2
__ 1 _ _
(1 +q (q_A)> dyw|_ — dw|, =0 ondQ. (3.14)

=p
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Since w € X, w can be represented by a single layer potential w = SL¢

_1
with a density ¢ € H, 2(9Q2). Using the jump relations for the single
layer potential and (3.14), leads to the the integral equation

1 1
P <2¢+D*¢> - (—2¢+D*¢> =0

on dQ) which can be simplified to

p4+

2, 19T D=0 (3.15)

since p = 1 would imply A = 0, a contradiction to ¢(7) C [%ﬂ,q).

Equation (3.15) has a nontrivial solution if and only if y = —1 gi% is an
eigenvalue of D*. It remains to show that —1 5%1 = 2+q + 1 which is

a simple computation. In addition, y # —% since in thls case we have

A = g, another contradiction to 0(7) C [ﬁ, q).

“<=":Nowletu ¢ (— 5 j) be an eigenvalue of D*. Then the integral

equation
—Hp+D9=0

_1
has a nontrivial solution ¢ € H, ?(9Q)), and the single layer ansatz w =
SLg provides w € H}(B) such that Aw = 0in B\ 9Q), and d,w = 0 on
0B. Defining p = %Z—ﬂ, we realize that (3.14) holds. Define A := (7(—1;)‘3-)17

and u := %w + ¢ with a constant ¢, then w solves (3.9) with Vu instead

of h, and we obtain q(Vu — Vw) = AVu in Q. Since y # —3 we know
from the jump relations that d,w|_ # 0 and thus w, u are non-constant
in Q.

O

Remark 3.2.7. In our proof we had to exclude ¢ = —1 which corre-
sponds to A = g, the upper bound for ¢(7") from Lemma that is not

attained by o (7). Since % is not an eigenvalue of D* we now even know

from the correspondence y = —2% + 3 L that S + 7 isno eigenvalue of 7.

This can also be observed in the example from Section [3.2.1] where the
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eigenvalues are A, = % (n € IN). Since n = 0 is excluded, there

is no eigenvalue equal to %

In the following corollary and theorem we use this correspondence be-
tween 7 and the integral operator D* and similar techniques as in the
proof of Theorem to obtain further results about the structure of
o(T). Afterwards, in Theorem we will show that 7 is a Fred-
holm operator which yields, together with the spectral theorem for com-
pact, self-adjoint operators, an explicit characterization of ¢ (7 ) which is
a stronger result than the following two assertions.

Corollary 3.2.8. If there is an infinite sequence of eigenvalues A, of T, then

they converge towards A* := ;qu

Proof. Let (An)nen be a sequence of eigenvalues of 7. Define p, =
—22% + )%n (n € N). Then Theorem states that (j,)neN is a se-
quence of eigenvalues of D*. Since D* is compact, the only possible ac-

cumulation point of its eigenvalues is zero, which implies that A,, — 2L

21q

(n — o0). O

Theorem 3.2.9. If A € o(7), then A is an eigenvalue of T or A = A*, where
T

Proof. Assume that A € (ﬁ, q) with A # A* is not an eigenvalue of 7.

Then 7 — AI: R(A) — R(A) is one-to-one. If we can show that 7 — AT
is also onto, then we know by the open mapping theorem that it has a
bounded inverse and thus that A ¢ o (7).

In order to show surjectivity we assume that ¢ € R(A), i.e. ¢ = Vo
for some v € H'(Q) such that Av = 0 in (), and we construct 1 € R(.A)
satisfying (7 — AI)h = g. To this end we first consider an equivalent

_1
boundary integral equation: find ¢ € H, ?(9Q2) that solves

1
—Hy+Dg=—= 9| (3.16)
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with == — 22# + % Since A is neither an eigenvalue of 7 nor equal to

A* we deduce from Theorem [B.2.6]that i # 0 and y is not an eigenvalue

1
of D* and thus that has a unique solution ¢ € H, 2(9Q)). Using
this solution we now define w € X by w := SL¢, where X denotes the
space defined in Lemma [3.2.3] Using the jump conditions for the single
layer potential we observe after a short computation that w satisfies the
following jump condition:

7 q
(1-1—4— q_)\) ava - avw|+ = g—A aVvL'
which can be converted to

qZ
(1 +q) aVW|_ - ayZU|+ - F

9
T |+ P 9,0|_ . (3.17)

Now we defineh € R(A) by h = ﬁVU + LFLAVw, and by comparison
of with the jump condition in we obtain that 7h = g(h — Vw)
and thus that

(T —AM)h=(g—A)h—gqVw =Vv+gVw —qVw = Vo.

This shows that (7 — AI)h = g, and the proof is complete.
O

The next theorem states that 7 is a Fredholm operator with index zero.

Theorem 3.2.10. Let A* = ZZqu, then the operator K : R(A) — R(A) defined

by K := T — A*I is compact.

Proof. Let Vu € R(A), then KVu = q (Vi — Vo) — 2L Vu = ;2-Vu -

qgVw,and w € H}(B) is the unique solution to for h = Vu. Since g is

2
constant we can define v € H'(Q) with Vo € R(A) by v := ququ —qu.
Our aim is to decompose the map K : Vu — Vv into several bounded
operators out of which one is compact and start with (3.8):

: - . 1(B),
é/(l +gxa)Vw - Vipdx Z}/ qVu-Vipdx forallp € Hy(B)
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and obtain using gVu = zﬂVv + (2+g)Vw that
//Vw-Vzde//Vw-vwdx+//qu-V¢dx
B\O ‘0 Q

:// ZZqVZ}-Vl/)dx+././‘(2+LI)Vw-Vlder
[@) Q

which can be transformed to
2+q
// V- Vipdx — //Vw Vypdx = // SHIGy. vydx  (3.18)
B\OQ Q Q 1

for all € H1(B). This weak formulation formulation for w and some
given v with Vv € R(A) corresponds to the transmission problem to
find w € X where the space X is defined in Lemma and

As already done in the preceding proofs, we represent w by a single layer
1

potential w = SL¢ with a density ¢ € H, 2 (9Q)) that solves the integral
equation

1 so) (L io) = 2114
<2g0+D (p) (zqo—i—D (p) p o,v|_,

which can be simplified to

2+q

—2D%¢p = 90| _ .

Now we return to the operator K : R(A) — R(A), Vu — Vv and
show that it is a composition of several bounded operators out of which
at least one is compact. Let the space X C H!(B) be defined as in Lemma
In addition, let the auxiliary operator 7 : R(A) — X be defined
by Vu — w, then the considered composition of operators is as follows:
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sLl pr  2+49q
_— = —

K:VuLqu) 24 9,v|_—Vuo.

The map 7 is a bounded operator. The single layer potential SL :
_1
H, ?(9Q) — X is bounded, bijective and has a bounded inverse SL™! :

1
X — H, *(9Q) (see Lemma/3.2.3), thus the map w — ¢ is also bounded.
_1 _1
Since 9Q) is of class C?, D* : H, 2(dQ)) — H, *(9Q) is a compact opera-

tor. The operator that maps the Neumann boundary value 22# d,v|_ €

_1
H, 2(9Q) to the corresponding weak solution v € H}(Q) of the Laplace

equation in Q) as well as the weak derivative v — Vv € R(.A) are again
bounded, which completes the proof. O

The last conclusions in the proof show in particular that K is one-to-one
because it is a composition of injective operators. Since 7 is self-adjoint
we conclude that K is also self-adjoint. The spectral theorem for compact,
self-adjoint operators applied to K yields the following corollary.

Corollary 3.2.11. There is an orthonormal system of eigenfunctions of T in
R(A) with corresponding eigenvalues A, (n € IN) converging towards A*.
The spectrum o(7T) consists of these eigenvalues A, (n € IN) and their limit
point A*.

As already mentioned above, this result also implies the assertions

from Corollary B.2.8/and Theorem

3.2.3 Several Conductivity Contrasts

In the previous section we assumed that there is only one inclusion hav-
ing a constant conductivity. The next further development of our consid-
erations is the case in which there are N inclusions. This problem setting
is formulated in the following assumption.

Assumption 3.2.12. Let ()y,...,Qy be N separated C2-domains in B, i.e.
O,NQ;=0(Gj=1,...,N,i# j). Let the conductivity distribution -y
satisfy

1+g;, x€Q; (j=1,...,N),
Yx) = i G )
1, otherwise.
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The constants g; are such that 1+ 4; > O forallj = 1,...,N. By Q) we
denote the union Q) = O; U - - - U Qy, while we denote v — 1| by q. We
also assume without loss of generality that the conductivity contrasts are
mutually different from each other since for g; = g, we can subsume (),

and (), under one inclusion. As before, B\ Q) is assumed to be connected.

The operators of our factorization of Ag — A now have the following
mapping properties:

A:L2(0B) — L*(Q,R?) x - -- x L2(Qp, R?)
T
f'_) (vuo‘al,..., Vu0|QN) 7

where 1y € H!(B) solves the background direct problem (3-2). For the
adjoint A* we obtain

A* L2, R?) x - -+ x L*(Qy, R?) — L3(9B),
(hy,...,hn) " — 0]op,
and v € H!(B) is the solution to
N

//V0~Vzpdx - Z//hj -Vydx forall p € H\(B).

B =1
For the middle operator we obtain

T :L2(Q,R?) x - - - x L2(Qn, R?) — L2((,R?) x - - - x L2(Qy, R?)

(hi,...,hy) " — (m (hl - Vw|01) oo N (hN_ vw‘QN))T’

where w € H!(B) solves
N N
//Vw-wdx+ Z//Ww.wdx - Zf/qjhj.wdx (3.19)
B =1 =y

for all y € HL(B). As in the previous section we start our considerations
by giving bounds for ¢(7") and adapt Lemma to the present case.
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Lemma 3.2.13. If A € o(7), then A > % and A < Gmax, where guin =
min{q1,...,qn} and gmax = max{q1,...,qn}-

Proof. Analogously to the proof of Lemmalwe show for A € o(7T)

that A < gmax and A > mm{ :j=1,...,N } It remains to show

T+g;
that 11"7 > 11‘;““‘ for j = 1,...,N, which can be obtained from the
94  _ 1
equality 1+]q]_ =1- - 0O

Remark 3.2.14. If we assume that all the conductivity contrasts g; (j =
1,...,N)are positive, then Lemma[3.2.13]yields injectivity of the operator
7. The same holds if g1, ...,qn are negative, respectively. However, 7T
is injective even if the contrasts q; (j = 1,...,N) have different signs.
This assertion correspronds to Lemma[2.1.5)but for the new factorization
(3-10) instead of (2:5). However, the proof for the new factorization
is more elementary:

Assume that thereis h € LZ(Q, ]Rd) such that 7h = 0, then, since none
of the g; is zero, we have that Vw = h in the whole of (). Using this
equality, reduces to

//Vw-VI/de =0 forally € HL(B).
B

Setting ¢ = w and yields that w = const in B and thus h = 0 in ().

It is easy to check that the assertions of Lemma[B.1.1]hold here as well,
and in particular that R (.A) has the representation (3.6).
Furthermore, we now restrict 7 to 7 : R(A) — R(A) as we did in

Section [3.2.2]in order to derive further results about ¢(7) in the case of
N different conductivity contrasts.

We start by formulating an assertion corresponding to Theorem
for which we have to introduce some notations for the appearing bound-

_1
ary integral operators. The single layer potential SL; : H, *(9Q);) —
H((B) that corresponds to the particular inclusion boundary dQ); is for
j=1,...,N defined as the usual single layer potential SL but restricted
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to aQ]
SLig(x) / N(x,y)p(y)ds(y) (x € B\2Q)),

_1 1
The boundary integral operators D;f : H, ?(0Q)j) — HE(9QY) (j =
., N) are for densities ¢ € C3(90);) defined by

D} g;(x) /a N(x,)g;()ds(y)  (x € a0y),

and as in Section [3.2.2l we use their bounded extensions to H, : (00))).

The operators D "« Gk =1,...,N, j # k) are defined by the same
integral, but evaluated on 90 1nstead of 9Q);. This means in particular
that D]:k is the normal derivative of SL; at the boundary 9.

Theorem 3.2.15. Let ()y,...,Qp be the inclusions with corresponding con-
ductivity contrasts qq,...,qN. Then A € R is an eigenvalue of T if and only
if there are iy, . .., un € R such that there is a solution 0 # (@1,..., o)

_1 _1
H, 2(0Q)) X - -+ x H, 2(9Qy) to the system of integral equations

N
(~w1+ D) g; +I;1D;:H]»(pk =0, (j=1,...,N), (3.20)
K#j

such that the term s E identical for all | = 1,...,N. In this case

_ P
A= WA (Gj=1,...,N).

Proof. “=="": Let A be an eigenvalue of 7, i.e. there is Vu € R(A) such
that TVu|Qj =q; (Vu— Vw)|0j =A Vu\Qj forallj =1,...,N,and w

solves (3.19) with h = Vu. We distinguish between two different cases.
Case 1: A # q; forallj = 1,...,N. In this case we proceed as in the

proof of Theorem(3.2.6|and express u in terms of w by u| 0= q]q—i/\ w\Qj +
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2
q‘
<1+q]-— U) dyw|_ — dyw|, =0 ondQ; (j=1,...,N). (321)
]

=pj
Hence w can be represented by a sum of single layer potentials w =
Z SLy@y with densities ¢, € H, 2 (E)Qk) (k=1,...,N). Using the jump

relatlons for the single layer potential the normal derivatives of w on 9();
are as follows:

dw|_ = 2<p]+D P+ EDkaPk on 90},
k#]

dw|, = 2(pJ+D @+ ZDk—q(Pk on 9(};.
k#]

The transmission condition (3.21) implies that the densities ¢y, ..., ¢n
solve the system of integral equations

1pj+ \
2p] qo]+D go]+§ D,H]qok—o ondQ; (j=1,...,N),
A/—/ k?é]

Z:—}l]‘

since p; = 1 would imply A = 0, a contradiction to injectivity of 7" (see
Remarkm
Case 2: A = q; forsome | € {1,...,N}. Then Vw|, = 0and u|Q =

9
9=
cond1t10n 3.21) on the boundary of each inclusion (); except for (); and
dyw|_ = 0on d(Y;. As in the first case we can represent w by the sum of

—5 w| 0; 1 for j # l asin case 1. The potential w now has to satisfy the

N
single layer potentials w = ) SL;¢y, and the densities ¢4, ..., ¢ solve
k=1

( y]I—l—D)qo]—i-ZDk_,]qok—O ondQ; (j=1,...,N),
k#/
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where for j # I the parameter y; is defined as in the first case and y; =
1

3
In both cases a simple computation shows that A = W (G =
1,...,N) and thus that the term TR independent of j. Further-

more, we know that (¢y,..., (pN)—r #(0,... ,0)—r holds since otherwise
Vw =Vu=0.
“«<=": Letnow yq,..., y ~N € R such that there is a nontrivial solution

to and the term m is identical forallj = 1,...,N. As in the

first part we distinguish between two different cases. Case 1: y; # —% for

N
allj=1,...,N. Definew € H:(B)byw = Y. SLy¢, then w solves Aw =
k=1

0in B\ 9Q), d,w = 0 on 9B and the jump condition with p; = ;Z]H

2‘ujq,~+2+qj

j € {1,...,N} which is independent of the choice of j, and u € H'(Q)
. g . .

can be defined by ”'Q,- = %—_’A w|Q]_ since A # ¢; (j =1,...,N). Now we

forallj =1,...,N. By assumption we can define A = for some

observe that Vu € R(A), 7Vu = AVu and u is non-constant.
Case 2: yy = —3 for some ! € {1,...,N } Now by assumption we

can define A := g;. As before define w = Z SLy¢y, then w € HL(B)
solves Aw = 0 in B\ 0Q), 0,w = 0 on 0B and the jump condition (3.21)

for p; = Zg +7 and j # [. Furthermore, d,w|_ = 0 on d(); which 1mp11es
Vw|q, = 0. We define u € H'(Q2) by ulg, = q]—_fA wl, (G=1....N,j#
I) and u|q such that Au = 0in () and dyu = —% dyw|, on QY. Now

we observe that Vu € R(A), u is non-constant on Q) and 7Vu = AVu,
which completes the proof.
O

Remark 3.2.16. In Assumption it is required that the conductivity
contrasts q; (j = 1,...,N) are mutually disjoint from each other. From

2 - s
the correspondence A = T IS R (j = 1,...,N) it is easy to see that

#i = pj is equivalent to g; = g;. In order to avoid equality of conduc-



88 Determination of the Conductivity

tivity contrasts strictly, the claim p; # y; foralli,j = 1,..., N such that
i # j should be included in the formulation of Theorem .2.T5] while the
present formulation of the theorem admits equality of conductivity con-
trasts. However, in order to keep the assertion simple we omitted this
additional condition.

We will also present an assertion according to Theorem [3.2.10|in the
case of several inclusions. To this end, the next step is to decouple T
according to the different inclusions, i.e. to find a representation for 7 of
the type

700 . TN
T = : :
TND . T(NN)
such that 7(7) : LZ(Q]',IRd) — L2(Q), R%). Tt is easy to check that 7 ()
is defined by h; — gq; (h — Vw;)|q, and that T for i # jis defined
by hj — —q; ij‘n‘. Here, for h; € LZ(Q]-,]Rd) andj = 1,...,N the
potential w; € H!(B) is defined as the solution of

B

/ Vw; - Vipdx + % //quwj -Viypdx = //qjhj -Vydx  (3.22)
k=10, o

for all p € H}(B) (compare the arguments from Section . The fol-
lowing lemma shows a connection to the previously considered case of
only one inclusion. We therefore define 7 : L2(Q);, RY) — L2(Q);,RY)
as the operator 7 that corresponds to the case of only a single inclusion
Q;ie. T 2 by gi(h; — VZT),’|QZ,), and @; € H}(B) solves

//Vwi-VI,de—i—//quwi-thdx: //qihi-VI,bdx (3.23)
B Q; Q;

forall y € H(B).

Lemma 3.2.17. Let the operators T %) and TV be defined as above for i,j =
1,...,N, then:

(a) fori # j the operator TW) is compact (i,j =1,...,N),
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(b) the operator SO == T — T() js compact (i =1,...,N).

Proof. Part a): The proof of this assertion follows along the same argu-
ments as the proof of Lemma T ) maps hj— —q; ij|0_, where

wj is the solution of (3.22). Let Q; C B be a simply connected C2-domain

such that ; C ; and ;N Q) = @ for all j # i. Then we can decompose
. .. ~ A N 1

T into T = —g;,5 0 S where § : L2(Qj,R?) — H, *(9€);) maps h; to

~ 1
the trace d,w; S: H, 2(00);) — L?(Q;,R?) maps g + Vo|g, where

lacy;
v € HL(C);) solves
Av =0 in,(); \ 90y,
9,0 = g on aCY;,
(1+g;) 90|, — dy0|_ =0 on9Q
in the weak sense. Both partial operators are bounded and $ is compact

since dywlyn, € H %(a()i) (compare the proof of Lemma i which
proves the first assertion.
Part b): The weak formulation for w; is (3.22), while the weak formu-

lation for @; corresponding to 7!, i.e. for the case of the only inclusion
0); is (3.23). Setting v; := w; — @; we deduce that v; solves

: : N .
// Vo; - Vipdx + // qiVoi - Vipdx = — ) //quw,thpdx
B Q; kkjézl Oy
for all € H.(B). The map S() may now be decomposed as follows:
hlq, = Vwilg\q, = Voilg, = —qi Vvilq,,

where we can show analogously to part a) that the first map in this de-
composition is compact. Furthermore, it is easy to see that the other maps
are bounded. O

Lemma B.2.17]now yields the following representation:
71 0
T = . +K,
0 TN
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with a compact and self-adjoint operator K. This representation is similar
to Corollary 2.1.9)but for the new factorization instead of .5).

Furthermore, this representation can now be used to investigate the
spectrum of 7 as it is done in the following theorem.

Theorem 3.2.18. In the case of N inclusions ()1, ..., Qn with conductivity
contrasts qy, . .., qN the spectrum of T consists of a countable set of eigenvalues

. * % . " 2q; .
and the points Aj, ..., A} that are defined by )tj = ﬁ (j=1,...,N). The

points A]*f (j =1,...,N)are the only possible accumulation points in o(7T ).

Proof. From Theorem we know that 7() = A1+ K;(i=1,...,N),
and the K; are self-adjoint and compact operators. Hence we can repre-
sent T as
Al 0
T = +K, (3.24)
0 ANT

and Kis a compact operator.

Now we make use of the concept of the essential spectrum (see [43]
or [69]). The essential spectrum consists of all A for which 7 — A is not
semi-Fredholm, i.e. for these A neither the nullspace N (7 — AI) nor the
defect R(A),/R(T — Al) is finite-dimensional.

This definition implies immediately that the first part in representation
(3.24), namely the operator

AT 0
T = ,
0 AN

has the essential spectrum {A;,... A} }. Theorem 5.35 in Chapter IV of
[E3] states that the compact perturbation K has no effect on the essential
spectrum and thus that opss(7) = {A},... A} }-

From Theorem 5.33 in Chapter IV of [A8] we now obtain that o(7)
consists of 0,s5(7 ) and a countable set of eigenvalues. In addition, these
eigenvalues are isolated eigenvalues, i.e. none of them is an accumula-
tion pointin o (7). O
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Remark 3.2.19. It can even be shown that if A]”-‘ is an isolated point of
o(T), i.e. there is no sequence of eigenvalues converging to )\;f, then )\}*

is itself an eigenvalue of 7 with infinite multiplicity (compare Section 3.5
of Chapter V in [E8]).

3.2.4 Complex-valued Conductivities

In this section we show that that the previous considerations also apply
to complex-valued q. We start by the case of a constant conductivity
contrast and assume that g € C such that Req # 0 and Imgq < 0. Note
that this assumption on g is also consistent with Assumption2.1.2}

For complex-valued conductivities the middle operator 7 is no longer
self-adjoint and its spectrum ¢ (7) is part of the complex plane. In fact,
T : L*(Q,RY) — L2(Q,RY) is given by I + g(h — Vw) where w €
H!(B) solves

//(1 +gxa)Vw - Vipdx = // gh-Vpdx forally € HL(B). (3.25)
B o}

As it is the case for the factorization (2.5) in Chapter@ the adjoint of the
middle operator is given via the complex conjugate of the conductivity.

Lemma 3.2.20. The adjoint T* : L2(Q,R?) — L2(Q,RY) of T is given by
h— q(h — V), where @ € HL(B) solves

//(1 +qm)vw.v¢dx://qu-vwx forally € H.(B). (3.26)
B Q

Proof. Let h,h € L2(Q,RY), and let w, @ € H!(B) be the corresponding
solutions of (3.25) and (3.26)), respectively. Then:

<Th,fl>L2(Q,]Rd) = //q(h — Vw) - hdx

(@)
- //qh-ﬁdx—//(l 4 Gxa) VT - VT dx
o) B

_ // gh - (ﬁ— v%) dx = (h,T"h) 2y ey -
Q
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O

In the following lemma we give bounds for the complex spectrum of
T as in Lemma[3.2.1} These bounds show in particular that the operator
Re 7 is bounded and either positively or negatively coercive.

Lemma 3.2.21. Let the conductivity contrast q € C be such that |Img| <
|Re q| and either Req > 1or Req < 1and [Imq| < |Req| 4/ ifﬁgg Then for
A € o(T) it follows that Re A € |:1+Req Re q)

Proof. As in the proof of Lemma[3.2.T|we derive two representations for
(Th,h) and ||h| =1

(Th,hy = [[ q(h—Vw)-hd
[ e
= [fanPax— [fa(ve-R)ax g
o) 9
:q_é/;’(uqm)lwvlzdx

and

(Th, h) //q|h Vol dx+//|Vw| dx. (3.28)

The second representation can be derived completely analogously to the
proof of Lemma[3.2.T] From ( we deduce

Re (Th,h) = Req — //Re{ 1+q)m)}|Vw|2dx,

and it is easy to check that under the above assumptions on g the real part
of %(1 +gxq) is positive in the whole of B and thus that Re (7h,h) <
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Figure 3.2: Upper bound for |Im g| depending on Re g

Re . The remaining bound is derived from (3:28). For ||1|| = 1 we obtain
e (Thh) > / (Req |h|* —2RegRe (h- V@) + (1+Req) |Vw|2> dx
o}
R 2
eq
= V1+ReqVw — ———h
£/| o1 v1+Regq

+<Req (Req)” >| 2dx

1+ Re

//(Reql—l—R) )' [*dx 1Jliequ

O

Remark 3.2.22. The assumption [Img| < |Req| and either Req > 1 or
Req < 1 and [Img| < |Req|/ ifgig is no severe restriction since in
real applications the imaginary part of a complex-valued conductivity is
much smaller than the real part. In Figure the upper bound for |Im g
depending on Re g for Reg < 0.5 is illustrated.

From (3.28) it can easily be seen that Im (7h,h) < 0 since Img < 0
and thus that all elements of ¢(7) have a non-positive imaginary part.
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In addition, since 7 is a bounded operator, there has to be a lower bound
for the imaginary part of (7).

If we look once more at Theorem and its proof we observe that
it doesn’t rely on the assumption that g is real-valued. Hence we still
have the one-to-one correspondence between the eigenvalues A of 7 and

the eigenvalues y of the boundary integral operator D* via the formula

p=- 22% + 1. This means in particular that even for complex-valued g

existence of eigenvalues of 7 is assured (see Lemma/3.2.5).

The same holds for Theorem and complex-valued g since the
proof also doesn’t rely on real-valued conductivities. This means that
7 = A*I + K with a compact operator K and the spectrum of 7 consists

29

at most of A* = bR and a countable set of eigenvalues with the only

possible accumulation point A™.

Additionally, the theory from Section B.2.3| for the case N disjoint in-
clusions €y, ...,Qy can be adapted to complex-valued conductivities.
Theorem and Theorem [3.2.18| may therefore also be applied here.

3.3 Determination of the Conductivity

In this section we explain how the spectrum of 7 can be obtained from
the knowledge of A9 — A and A and show how it can be used to compute
the conductivity contrast 4.

We present two different methods to obtain an approximation of (7))
out of which the first one provides a one-to-one connection between
0(7) and the spectrum of an operator that can be constructed from mea-
sured data. The proof of this connection is closely related to the proof that
the Factorization method works and therefore it relies on the coercivity

of T.

The second method is based on projection on finite-dimensional sub-
spaces and provides only an asymptotic result for eigenvalues of the
finite-dimensional problem. However, it doesn’t rely on coercivity of 7°
and can therefore even be applied to the mixed problem from Chapter 2}
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3.3.1 Approximation of the Spectrum

Our first method to obtain the spectrum ¢(7) is based on the factoriza-
tion (3.10), and it relies on the following assumption.

Assumption 3.3.1. Assume that that g is is constant and real-valued or,
for N inclusions, either g; > O forallj =1,...,Norg; < Oforall j =
1,...,N.

In this case we know that either Ag — A is either positive definite or
negative definite which implies that the operator [Ag — A| : L2(dB) —
L2(dB) is positive definite and self-adjoint. This implies the existence
of the square root operator |Ag — A|% : L2(dB) — L2(0B). In addi-
tion, the main result of the Factorization method is the range identity
R(|Ao — A|%) = R(A*) (see [BH]). We denote this range by Y and note
that it is a dense subspace of L2(9B).

As a motivation of our procedure consider the generalized eigenvalue
problem

Ao — Al f = AA"Af (3.29)
for f € L2(9B). Using the factorization (3.10), (3:29) can be rewritten as
A" (|T| = AI) Af =0.

Now we observe that there is an eigenpair {A, f} of if and only if
A is an eigenvalue of |7 | and at least one corresponding eigenfunction
h is contained in R(.A). The existence of solutions to the generalized
eigenvalue problem is not clear since we only investigated ¢(7") on the
closed space R(.A), and even if there are such generalized eigenvalues A
we cannot hope to find all eigenvalues of 7 using (3.29).

In the following considerations we derive a new representation of the
generalized eigenvalue problem that yields a one-to-one connection to
o (7). Using the substitution g := |Ag — A|% f and applying |Ag — A|_%
to (3.29), we obtain

1 1 _1
Xg:‘AO_M 2ATAN - A" 2g,

which is an ordinary eigenvalue problem. Nevertheless, g has to be con-
tained in Y and existence of eigenvalues is still not assured. In the fol-
lowing we thus extend this new eigenvalue problem to L2(9B).
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Let us define the operator B: Y — R(A) by

B=A|Ag—A|?

as well as the operator B : R(A) — L2(dB) by
B=|Ao— A% A"

Using these operators we derive a connection to the spectrum of 7.
However, we first have to show some properties of B and B. By con-
struction of B and B it is easy to see that

BIT|B=|Ao— Al 2 A*|T|A|Ag—A| 2 =1y  (330)

holds. In the following lemma we show that B, B are boundedly invert-
ible and adjoint to each other.

Lemma 3.3.2. Let Assumption hold. Then the operators B, B have the
following properties:

(a) B has a bounded extension B : L2(9B) — R(A).

(b) B:R(A) — L2(9B) is also bounded.

(c) Band B are adjoint to each other.

(d) B : L3(0B) — R(A) and B : R(A) — L3(9B) are boundedly invert-
ible and B |T| B = Ij33p).-

Proof. For arbitrary x € Y and h € R(A) we have that
_1
(B, 1) 2y = (AlAo — A2 x,h>L2(de)

1
- <|A0 —A| 2y, A h>L2(aB) (3.31)

U 5
= (x,|n0— A2 A h>L2(aB) = (%, Bh) 12 p) -

However, it is not yet shown that B, B are adjoint to each other since Bx
is only defined for x € Y.
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The operator |7 | : R(A) — R(A) is bounded, self-adjoint and coer-
cive, i.e. there are constants c1,c; > 0 such that

c1 ||h\|L2 (rt) < ([Thh) <c ||h|\L2 ardy forallh € R(A).
Now let x € Y such that ||x|| = 1 then we know from (3.30) that
1= <B |T‘ Bx,x>L2(aB) = <|T| BX,BX>L2(Q’]Rd) Z C1 ||BXH%2(BB) .

We have thus proven that B is bounded on Y, which also implies that

B has a bounded extension B : L3(dB) — R(A). Furthermore, (3.31)
holds for all x € L2(9B) and thus B, B are adjoint to each other. This

implies that B is also bounded on R(A) and 30) can be extended to
B|T|B = Ij2(p):

This equality can now be rewritten as 5 \T|% \T|% B = I;2(3p) which
implies (|T|% B)* (|T|% B) = Ij2(3p)- This implies that (|T|% B) is

one-to-one and that (|T |2 B) is onto. By construction B has dense
range in R(A), and |T \ R(A) — R(A) is an isomorphism. Hence
(|T|% B) has dense range and <|T|% B) " is also one-to-one. This proves
that (|’T |% B) ’ is boundedly invertible, and the same holds for |T|% B.

Since |T|% is boundedly invertible, B is also boundedly invertible and
the same holds for B. O

Now we return to the investigation of the spectrum of 7" and show a
connection to the operators B and 5.

Corollary 3.3.3. Let A € R, then A € o(|T|) if and only if € o(BB).

Proof. Since both |T'| and BB are boundedly invertible operators, their
spectra don’t contain 0. Let 0 # u be in the resolvent set o(BB), i.e. the
operator R := ul — BB is boundedly invertible. From Lemma we
know that

R=uB|T|B-BB=B(u|T|-1)B
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. . . . . 1 .
Hence R is boundedly invertible if and only if A = y € o(|7T]), since

B, B are boundedly invertible as well. This also implies that the spectra
1

o(BB) and (|7 |) are connected via the relation i = ;. O

The operator BB can principally be obtained from measured data and
a priori information and its spectrum can therefore be used to compute
the spectrum of 7.

The second possibility to compute an approximation to ¢(7) is to
make use of the generalized eigenvalue problem (3:29). We show that
for a discrete version of existence of solutions is assured and that
a subsequence of those generalized eigenvalues converges towards an
eigenvalue of 7 or an accumulation point in ¢(7"). This method can be
used independently of whether Assumptionholds or not.

Let Yy, be an n-dimensional subspace of L;(dB) and let X, = A(Yy).
X, is also n-dimensional since A is injective. We define the maps P, :
L2(dB) — Yy, Qu : L2(Q,RY) — X, as the corresponding orthogonal
projections. From the factorization we obtain its finite-dimensional
counterpart by orthogonal projection:

Py(Ao — A)|yn = PHA*TAH,, :
Now we regard the generalized eigenvalue problem

Pu(Ag — A) f = AuPa A  Afy (fa €Ya), (3.32)

which has a set of n possibly complex-valued eigenvalues Agll),. ey )L,(f)

and corresponding eigenfunctions f,gl), R f,(,”), since injectivity of A im-
plies injectivity of P, A*Aly . If v is real-valued then Ag — A is self-
adjoint which also implies self-adjointness of P,(Ag — A)ly, . The oper-
ator P, A*Aly is self-adjoint and positive definite independently of the
conductivity. Hence the eigenvalues according to are real-valued
if y is real-valued.

We consider the behavior of )\,(1] ) and f,S] ) for n — oo and arbitrary
j € N. In order to keep our notations simple we only write A, f, instead

of A,(j ) and f,gj ), where A, denotes A,(qj ) for some j € IN.

In the following lemmas we show that the discrete eigenvalue problem
(3.32) can be used to approximate the spectrum of 7. We distinguish
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between the case of a constant conductivity contrast as in Section [3.2.2]
and the case of N different contrasts g1,...,qn as in Section [3.2.3] In
particular, in the second case we don’t need Assumption [3.3.1) to hold
which makes this method especially attractive in the mixed case from
Chapter 2| However, we first consider the case of a single conductivity

29

contrast g and we denote A* = 27q a8 in Section[3.2.2)

Lemma 3.3.4. Let g be constant and let A, be eigenvalues according to the
discrete generalized eigenvalue problem for n € IN. Then there exists a
convergent subsequence (A, ) with limit A that is an eigenvalue of T or
equal fo A*.

In addition, if the sequence (A )N itself converges to some A, then the limit
A is an eigenvalue of T or equal to A*.

keN

Proof. We first derive an equivalent formulation to the eigenvalue prob-
lem (3.32) that can be used to show convergence of eigenvalues towards
eigenvalues of 7 and the connection to the infinite-dimensional case. By

the factorization of (8.10) and Theorem[3.2.10 can be written as
NPy A* Afy + Py A KAfy = APy A" Afy.

Setting g, = Af; and assuming without loss of generality that ||g,| =1
we write
(A" — Ap)Py A% gy + Py A*Kgy = 0.

This means that we have
(A" = An) A%, ) 12(am) + (A"Kgn, ¥n) 12 (a5) = 0
for all ¥, € Y;. Using the duality of A and .4* we obtain
(A" = Au) gn/-Al/Jn>L2(Q,1Rd) + <K8nrA1Pn>L2(Q,]Rd) =0
for all ¢, € Y, and thus
(A" = Au) gns Pn) 120 ret) + (K&ns ) 2 vy = 0
for all ¢, € X;,. Using the orthogonal projection Q, we obtain

(A" — An) gn + QuKgy = 0. (3.33)
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Let Ay, gn be eigenpairs according to for n € IN. Since the gy,
are uniformly bounded there is a subsequence g, that converges weakly
towards some ¢ € L2(Q,R?) for k — co. We know by compactness of
K that Q,, Kg,, — Kg (k — o0). This means that (A* — A, ) gn, — —Kg
(k — o0) and thus

(A" = Aw) 8nw¢>L2(Q,1Rd) - - <Kgr¢>L2(Q,Rd) (k — o).

for all ¢ € L?(Q, RY).
We first assume that ¢ # 0, then the weak convergence yields that
<gnk/47>L2(Q/]Rd) — <g/¢>L2(Q/]Rd) for all ¢ € L2(Q,R?) and thus

A (8 P) 12wty — AT (& P 2are) T (KE 0D 120 re)
=(T&¢)12r?) -

By setting ¢ = ¢ and using ¢ # 0 we obtain A, — A (k — o) for some
A € R, which implies 7g = Ag, i.e. A is an eigenvalue of 7.

Now assume that ¢ = 0, hence Kg = 0 and (A* —Ay) gy, — O
(k — o0). If Ay, - A*, then for a subsequence Sny, We have Smy, — 0,
in contradiction to ||gx|| = 1. Hence A, — A* (k — ).

For the second assertion, assume that A, — A (n — o0) and A # A*.
As before, there is a weakly convergent subsequence g, — ¢ of the cor-
responding generalized eigenfunctions according to (3.33). From
we deduce that Q;, Kg,, — Kg and hence 7¢ = Ag and g # 0 as shown
above, which completes the proof.

O

This result means that for sufficiently large n at least some of the gen-
eralized eigenvalues A, of the discrete eigenvalue problem lie ar-
bitrarily close to eigenvalues of 7 or to A*. In particular, we observe that
they accumulate in A*.

An optimal result in this context would be that for n sufficiently large
all the eigenvalues from are lying in a neighborhood of elements
of 0(7) and that every element of 0(7") is approximated by eigenvalues
from (8.29). However, this question will be subject to future work.

We proceed by applying the projection method to the case of N in-
clusions. As before, let Y, be an n-dimensional subspace of L2(dB) and
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X, = A(Yy). The orthogonal projections Py, Q, are defined as in the case

of only one inclusion, and we denote A} = 22@, for(i=1,...,N)asis
Section[3.2.3

Lemma 3.3.5. Let qy,...,qN be as in Section and let ), be eigenval-
ues according to the discrete generalized eigenvalue problem (3.32) for n € IN.
Then there exists a convergent subsequence (A, ),y With limit A that is an

eigenvalue of T or equal to AS for some j € {1,...,N}.
In addition, if the sequence (A )N itself converges to some A, then the limit
A is an eigenvalue of T or equal to Aj for some j € {1,...,N}

Proof. The proof is very similar to the proof of Lemma[3.3.4 Our starting
point is again the discrete generalized eigenvalue problem (3.32) which
is equivalent to

(At —A) 1 0
P, A* Afn+ Py A"KAf, =0,
0 (A% — Au) I

where we used (3.10) and the proof of Theorem 3.2.18} This problem can
be transformed the same way as we did for Lemma to the problem
(A —An) 1 0
gn+ QuKgn =0, (3.34)
0 (Ay—An)

where we set g, = Af, and ||gx|| = 1 without loss of generality.
Let A, be eigenvalues according to 3.34) for n € IN and let g, — ¢

be a weakly convergent subsequence of the corresponding generalized
eigenfunctions g,. Then Qp, Kg,, — Kg and

(AF = An) I 0
8 — —Kg (k — o0).

0 (A = An) I
(1) (N)

In the present case g, consists of N components g;,’,...,&p, " corre-
sponding to the inclusions )y, ..., Q. As before we have to consider
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the two different cases ¢ # 0 and g = 0. First assume that ¢ # 0. We
know that

N : .
(=2 8l 0) ) ey~ — (KeB)an) (k o)

i=1

with ¢l = ¢|o (i = 1,...,N) holds for all ¢ € L?(Q,R?). From the

convergence <gi’lk1¢>L2(Qr]Rd) — (& P)12(qre) forall ¢ € L*(Q,RY) we
obtain

Ay (809D 2000 elzl@* 200) o T KE P2k
= (T8 P 2Rt -

By setting ¢ = ¢ and using ¢ # 0 we obtain A,, — A (k — o) for some
A € R which implies 7¢g = Ag and A is an eigenvalue of 7.
Now assume that ¢ = 0, hence Kg = 0 and

(Af =Aw) g =0 (i=1,...,N).

If Ay = Aj foralli € {1,..., N} then there is a subsequence gy, — 0
(I — 00), a contradiction to ||g,|| = 1. Hence A,, — A} for some i €

{1,...,N}.

In addition, we can show that if a sequence (A, ),cN of the generalized
eigenvalues converges to some A, then A is an eigenvalue of 7 or equal
to one of the accumulation points A}. The corresponding proof is also
analogous to the case of one inclusion.

O

These results show that the discrete generalized eigenvalue problem
may be used to approximate o(7 ). However, we have not shown
that this method provides all eigenvalues of 7 as n tends to infinity. One
advantage of this method is that it also works for mixed inclusions, i.e.
for the case in which we have both inclusions with a lower and inclusions
with a higher conductivity than the background. In this case 7 is no
longer positively or negative coercive, and the proof of Lemma([3.3.2]does
not work.
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3.3.2 Approximation of the Conductivity

Once the spectrum of 7 is obtained, the next step is to compute the con-
ductivity contrast g (the contrasts 41, ...,qy in the case of N inclusions,
respectively). There are several methods for this problem, and we start
by explaining the most obvious ones.

First of all, we know from Lemma[B.2.]that an upper bound and and a
lower bound for the spectrum of 7. From these we can obtain bounds for
the conductivity contrast g (for 41, . . ., gn, respectively) using the largest
and the smallest eigenvalue of 7. Analogously, we can use Lemma[3.2.13]
to obtain bounds for N different conductivity contrasts q;,...,qn. If 7 is
also complex-valued, we can make use of Lemma However, this
method doesn’t give exact values for the conductivities and we therefore
turn to more exact methods.

In Theorem [3.2.10| we have proven that in the case of a constant con-
ductivity contrast g the eigenvalues of 7 exhibit exactly one accumula-
. . x _ 2q
tion point, namely A* = pEw
in the numerically approximated spectrum of 7" and to compute g from
this value. In the case of N disjoint inclusions ¢ (7 ) has N possible accu-
mulation points )q, el A}*\] (compare Theorem [3.2.18), and we can cozm—
i
75

We thus have to identify this limit point

pute the conductivity contrasts 41, ...,qN using the relation /\]’-‘ =
Gj=1,...,N).

For constant g this method is recommendable since it is fast and ac-
curate. However, for several inclusions with different conductivity con-
trasts g1, ...,qn it remains open which conductivity contrast belongs to
which inclusion. In some applications this assignment may be available
from a priori information, but otherwise we have so solve the direct prob-
lem in order to find the correct conductivity assignment.

In Corollary we showed a direct connection between the spec-
trum of 7 and the spectrum of the boundary integral operator D*. This
connection provides another method to compute g since D* and its eigen-
values y; (j € IN) can be computed from the knowledge about the inclu-
sion boundary 0() and hence without the knowledge of g. Having found
the eigenvalues A; (j € IN) of 7, we can compute ¢ from the correspon-

24q | 1
+ 1

dence p; = —5*
However, we cannot use this procedure in the case of N inclusions.
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The reason is that according to Theorem[3.2.15|we have to find 1, ..., un
such that (3.20) has a nontrivial solution under the additional condition

29 ’ : -
that the value of the term I doesn’t depend onjforj=1,...,N.

Without this condition there is in general an uncountable set of tuples
1, ..., un such that the integral equation system (3.20) has nontrivial so-

lutions. But the condition that T T const is obviously depending

on the unknowns 4y, ..., qN.

3.4 Numerical Experiments

In this section we show some numerical examples with our new method
to approximate the conductivity inside anomalies. We first explain how
the operators A9 — A and A*A are computed numerically and discuss
several possibilities to obtain approximations of o(7") and 4. Afterwards
we present some examples concerning exact and inexact data A9 — A as
well as exact and inexact inclusion boundaries.

3.4.1 Numerical Solution of the Direct Problem

As in Section in all our examples the domain B is the unit disc in
IR2. At first we need to compute discrete versions of Ag — A and of A*A.
Since we restrict ourselves to piecewise constant conductivities these op-
erators can be computed easily using boundary integral equation meth-
ods.

Let us fix some arbitrary current pattern f € L2(dB). Now define
v € H!(B) by v := ug — u where u € H!(B) solves the direct problem
(L) with the conductivity y(x) = 1+ qxa(x) and uy € H(B) solves
(-2). Then for v we obtain the transmission problem

Av =0 in B\ 0Q),
d,v =0 on 9B, (3.35)
(1+4¢q) 9yv|_ — 9yv|, = qdyug on oQ).

For B being the unit disc, 1y may be calculated explicitly, and (3.35) can be
transformed to a boundary integral equation of second type. By setting
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v = SL¢ we obtain the following integral equation on 92 for the density
_1
¢ € H, 2(0Q)):
(1 + g) @ +qD* @ = qdyuy.

For A* A the corresponding transmission problem is with h = Vuy.
Here it is not even necessary to solve a boundary integral equation as for
Ao — A but it is sufficient to define v = SLy with ¢ = dyug|yq.

Using these integral equation methods for n orthogonal current pat-
terns as in (2.33) we obtain the discrete versions L, = Pu(Ag— A)ly,
and A, = P, A*A|Yn of Ag — A and A* A, where Y, is the n-dimensional

subspace of L2(9B) spanned by the basis of current patterns.

3.4.2 Approximation of Spectrum and Conductivity

We use two different test models, where in the first test model there is an
elliptic inclusion () in the upper right part of B having the conductivity
contrast ¢ = 1. In the second test model there are two inclusions: () is
the same inclusion as () in the first model, i.e. also with q; = 1, while (),
is a circle located in the lower left part of B with g = —0.5. This means in
particular that test model 2 corresponds to the case of mixed inclusions
from Chapter} The inclusions are illustrated in Figure

As described in Section there are two possibilities to calculate
0(7) numerically. The first one is to compute a discrete version B, of the
operator B33, to conduct an eigenvalue decomposition of B, and to invert
these eigenvalues (compare Corollary 8.3.3). For the discrete version By,

1 1

of BB we use the composition B, = L, > A, L, .
The second possibility is to make use of the generalized eigenvalue
problem (3.32) that can be rewritten as

Lafo = MAnfa  (fa € V). (3.36)

Such a generalized eigenvalue problem can be solved using the Cholesky
factorization (see e.g. [Z4])). Since the conductivity is real-valued in both
test models the operator Ag — A is self-adjoint. This implies that the
operators L, and A, are also self-adjoint und hence that the eigenvalues
according to are real-valued.

Our first numerical example consists of a comparison between these
two methods. Figure[B.4shows the approximated spectrum of 7 for both
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(a) Test model 1 (b) Test model 2

Figure 3.3: The two test models with corresponding inclusions
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Figure 3.4: Approximation of ¢(7) for both test models. blue “x’: generalized
eigenvalue problem (B:36), red ‘o”: use of By, continuous line: the
limit point A* (the accumulation points A}, A3, respectively), dashed
lines: upper and lower bound for o(7)
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test models. The blue ‘<’ indicate the eigenvalues obtained from (3.36))
while the red ‘o’ correspond to the inverses of the eigenvalues of Bj,.

For test model 1 and both methods the approximated eigenvalues ac-
cumulate in A* which is indicated by the continuous black line. We ob-
serve that the eigenvalues from | are all lying between the bounds
foro(7T) that are indicated by dashed black lines (compare Lemmas-
and B.2.13), while there are several eigenvalues computed from B, that
lie out51de these bounds.

For test model 2 the eigenvalues obtained from (3.36) accumulate in
Al and A} that are indicated by continuous lines, and they lie between
the bounds for ¢(7") (dashed lines). However, the eigenvalues obtained
from B, don’t exhibit any clear accumulation point and some of them
are also lying outside the bounds for ¢(7"). We therefore suggest to use
the generalized eigenvalue problem instead of By to approximate
o (7). This observation for test model 2 is not very surprising since our
proof of Lemma relies on Assumption [3.3.1] which is not valid for
test model 2.

The next step is to calculate an approximation of g (of g1, 42, respec-
tively) using the approximated eigenvalues of 7. We now restrict to the
eigenvalues obtained from (3.36) and compare two methods to compute
the conductivity contrast. Slnce we clearly observed that the eigenvalues
have the correct accumulation points we can compute g from

PO (3.37)
2+q
for test model 1 and 41, 47 from )L]*-‘ = ;j{i (j = 1,2) for test model 2,

respectively.

For test model 1 we can also make use of the correspondence between
o(7) and o(D*) shown in Theorem B.2.6] To this end we also compute
the eigenvalues of a discrete version of D* and compute g from the for-

mula p = —zﬂ + )\ In Section we have seen that this method

doesn’t apply to the case of several conductivity contrasts and thus not
to test model 2.

In Figure 3.5] the resulting approximations of g,4,q> are illustrated.
In the plot for test model 1 we observe that the approximations using
(blue’x’) and those using the correspondence between ¢(7) and
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Figure 3.5: Approximation of g for both test models. blue “x": g (or g1, 42) com-
puted from (8.37), green ‘o”: use of correspondence to o(D*), black
line: exact value of q (of g1, g, respectively)

o(D*) (green ‘o’) don't differ substantially from each other. Altogether
we obtain quite accurate approximations for the exact value of g4 which

is indicated by the continuous black line. The same holds for the second
test model where the we only used the formula (3:37).

3.4.3 Inexact Data

The previous tests were conducted for unperturbed data Ay — A and un-
der the assumption that the inclusion boundaries are known exactly. In
this section we show some numerical examples for perturbed Ag — A as
well as for perturbed inclusion boundaries. We start by computing the
approximation of the conductivity contrasts where Ag — A is perturbed
by 1% of white noise.

Figures [B.6]and B.7] show the corresponding results for both test mod-
els. We observe that for both test models there are only few computed
eigenvalues lying in the neighborhood of A* (of A} and AJ, respectively),
while the others have very large absolute values. This affects the approx-
imations of g as well. In addition, we can only obtain an estimate of g (of
q1, 42 respectively) from the right hand sides of the Figures 3.6} 3.7] since
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(a) Approximation of o(7)
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Figure 3.6: Approximation of ¢(7") and g for test model 1 for 1% noise added to

Ag—A
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Figure 3.7: Approximation of ¢(7") and g for test model 2 for 1% noise added to

Ao— A



110 Determination of the Conductivity

there are no distinct accumulation points as in the previous noiseless ex-
amples.

These results show that our method is quite sensitive to noise which
can also be observed in the generalized eigenvalue problem (8:36): both
Aog — A and A*A are compact operators and thus L, and A, are ill-
conditioned. The algorithm we used to solve the generalized eigenvalue
problem performs a Cholesky factorization of A,: A, = C,C,),
where C; is a lower triangular matrix. Now is transformed to an
ordinary eigenvalue problem by multiplication with the inverses of the
ill-conditioned matrices C,, and C,| on both sides.

We therefore show one more example using three different methods in
order to improve the numerical stability of the solution of the generalized
eigenvalue problem. In the first method we we add el to A, before we
perform the Cholesky factorization. The second method is inspired by
Tikhonov regularization (see e.g. [B0l): instead of solving @ we use

an eigenvalue decomposition of the operator (A2 + €l) 1 AyLy. In the
third method we conduct a spectral cut-off of A, before solving ,
i.e. all eigenvalues of A, with absolute values less than a tolerance level
tol are set to zero. Now the matrix on the right hand side of is
singular, and the generalized eigenvalue problem is solved using the QZ
algorithm (see e.g. [BIl). As concrete values we used e = 10~* and
tol =105,

The corresponding results are illustrated in Figures [3.8 and They
show that the eigenvalues obtained with A, + €I instead of A, (red ‘o’)
and those obtained with the spectral cut-off (pink ‘V’) are almost the
same as the original ones (blue “x”). Those obtained from the Tikhonov-
like method (green ‘+”) are slightly more focused around the expected ac-
cumulation points A*, A, A5. However, none of the three methods yields
a substantial improvement of the results for the approximated spectrum
of 7 and the conductivity contrast 4.

In the following test we investigate the effect of an inexactly known
inclusion boundary 9Q) on the approximations of ¢(7 ) and g. Figure[3.10]
shows the exact boundary of 0Q) (black lines) as well as the perturbed
boundary (red lines).

In Figures and the corresponding approximations of o(7)
and g are shown, where we used without any of the three afore-
mentioned methods to improve numerical stability. We observe that the
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Figure 3.8: Approximation of ¢(7") and g for test model 1 for 1% noise added to
L,. blue “x": use of (B:36), red ‘o": A, + €l instead of A, in (B:36),
green “x”: Tikhonov-like method, pink ‘V’: spectral cut-off of A,
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Figure 3.9: Approximation of ¢(7") and g for test model 2 for 1% noise added to
Ly. blue “x": use of B:36), red ‘o": A, + €l instead of A, in (B36),
green “x”: Tikhonov-like method, pink ‘V’: spectral cut-off of A,
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(a) Model 1

@
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(b) Model 2

Figure 3.10: The two test models (black lines) and perturbed boundaries 0Q) (red
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Figure 3.11: Approximation of ¢(7) and 4 for test model 1 and perturbed inclu-

sion boundary 9Q2
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Figure 3.12: Approximation of ¢(7") and 4 for test model 2 and perturbed inclu-
sion boundary 9}

approximated eigenvalues don’t exhibit any clear accumulation points.
The same holds for the approximations of 4. However, for test model 1
we can read out a rough estimate of g, and for test model 2 we observe
that there are two distinct values of q; and g whose values can be read
out roughly.

The above results show that our method of approximating g via the
spectrum of 7 works quite well in the case of exact data. In the case
where Ay — A is perturbed we can still obtain a rough estimate of the
conductivity contrast. The same holds for the case of an imperfectly
known boundary of (). However, in order to improve the stability of
our method towards errors in the data, it would be desirable to find a
reasonable regularization strategy for generalized eigenvalue problems
of the type

Mx = uNx,

where both M and N are ill-conditioned matrices that may be perturbed
by noise as it is the case in (3.36).
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3.4.4 An Alternative Approach

Since the numerical stability of our new method seems to be rather sub-
optimal so far, we now present an alternative approach to determine the
conductivity contrast g of a previously located inclusion (). This ap-
proach is based on boundary integral equation methods for a Cauchy
problem.

Therefore let f € L2(dB) be an arbitrary current pattern, let u € H!(B)
be the corresponding solution to the direct problem and let ug €
H](B) be the solution to (8.2). Then the difference v := 1y — u solves the
transmission boundary value problem (3.35).

Since we know the Neumann-to-Dirichlet operators Ag and A, we
know the corresponding boundary potential v|,; =: ¢ € L2(dB) for ev-
ery current pattern f € L2(9B). The potential v can be represented by a
single layer ansatz of the type

v=>SLg,
where SL denotes the single layer potential with the Neumann function

as kernel as it is introduced in Section[3.2.2} In order to satisfy the Dirich-
1

let boundary condition v|, =: g, the density ¢ € H,, *(9Q) has to solve
the integral equation

SLaa—oB @ = & (3.38)

where the operator SLyn_.5p is the evaluation of the single layer poten-
tial at the outer boundary dB. This ill-posed equation is solved using
Tikhonov regularization with a fixed regularization parameter a.

After ¢ has been determined the conductivity contrast 4 can be ob-
tained using the jump condition in the normal derivative of v at 0():

(1+4¢q) 9yv|_ — 9yv| . = qayug.

Using the jump relations for the single layer potential we deduce
1 *
q (2(P+ D ¢—8vuo> ==

from which we obtain g e.g. by division of the maximal values of —¢ by
the term in parentheses.



3.4 Numerical Experiments 115

1.25

0.75

Figure 3.13: Approximated values for g for 10 different current patterns and and
regularization parameter « = 10~°; exact data

We performed this procedure for test model 1 from the previous sec-
tion (see Figure for exact data Ag — A and 0(), for perturbed Ag — A
and for an inexactly known inclusion boundary d(). As a basis of cur-
rent patterns we used the trigonometric basis up to the end index
N =5.

The operator L, that approximates Ag — A is computed just as in the
previous section, while the integral equation is solved on a coarser
mesh.

For our first example we used exact measurement data Ag — A as well
as the exact inclusion boundary 9Q). For the regularization parameter
we chose a = 107°. Figure shows the approximations for g, where
each marker corresponds to the value obtained from one current pattern
f and its corresponding image ¢ = (A9 — A)f. We observe that most
of the values lie relatively close to the exact value g = 1, while there
are some values lying further away from g = 1. This indicates that the
approximation is strongly dependend on the specific current pattern.

In our next example the measurement data Ay — A is perturbed by 1%
of white noise but we still use the exact inclusion boundary 0(). Figure
3.14] shows the corresponding results. We observe that we have to use
the larger regularization parameter « = 10~° and that the approximated
values for g differ slightly more from g = 1 than for the case of exact
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1.25

0.75

Figure 3.14: Approximated values for g for 10 different current patterns and and
regularization parameter a = 10~>; 1% white noise added to Ag — A

measurement data. However, the approximations are noticeably better
than those in Figure [3.6| where we there were only few values lying in
the neighborhood of 4.

Or last example deals with an imperfectly known inclusion boundary
00}, and we used the example with rotated boundary as it is illustrated
in Figure[B.10] The results are shown in Figure .15 Again, they are no-
ticeably worse than for the exact data case but still better than the results
from Figure

These observations indicate that the method to obtain the value of
g that is presented in this section might be an alternative to our new
method from the previous sections. Our numerical examples only serve
as a proof of concept, and one has to conduct a much wider range of tests
in order to evaluate the potential of both methods.

However, since there is a variety of regularization techniques for the
solution of an integral equation of the first kind as in (8.38), numeri-
cal stability towards perturbations in the data can be established for the
present method. In contrast, our new method from the previous sections
is based on the solution of the generalized eigenvalue problem
with ill-conditioned operators on both sides for which we have no regu-
larization strategies so far.
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Figure 3.15: Approximated values for g for 10 different current patterns and and

regularization parameter & = 106; perturbed inclusion boundary
Q)






4 Conclusions

The considerations in Chapter ] show that our modified version of the
Factorization method for EIT is capable of detecting inclusions in the
mixed case, i.e. the case in which there are inclusions with a lower abso-
lute conductivity than the background as well as inclusions with a higher
absolute conductivity than the background. Furthermore, we showed
that the problem setting can even be extended to insulating and perfectly
conducting inclusions.

In our numerical tests we showed that using this new method we can
detect both inclusion types using a two-step algorithm. However, we ob-
served that the reconstruction quality is dependent on the choice of the
parameters p1, o> as well as the size of the covering domains ), (. We
therefore suggest to choose the absolute values of p1, p2 very small com-
pared to the largest eigenvalues of the operator [Re A — Ag| +Im A. In
addition, we suggest to choose the covering domains €}y, (), as small as
it is admitted by the available a priori information about the inclusions’
locations.

The comparisons to the original Factorization method for EIT showed
that the reconstructions obtained with the original Factorization method
are noticeably better than those obtained with our new method. How-
ever, if the parameters and the covering domains in our new method are
chosen reasonably as described above, then it is also capable of recon-
structing both types of inclusions for exact data as well as for noisy data.
Nevertheless, a proof that the original Factorization method works even
in the mixed case would be the optimal solution to this problem. How-
ever, to our knowledge, there is no such proof so far.

In future work one could also introduce a third type of inclusions
which involves conductivities with strictly negative imaginary parts and
extend the covering method to these.

Moreover, in Chapter 8] we presented a new version of the Factoriza-
tion method for EIT that is based on the factorization of the operator
Ao — A in three operators that are different from those used in e.g. Chap-
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ter[2] The main advantage of this new factorization is that the middle
operator is a bounded linear operator from the space L2(Q, R?) to itself
which implies that its spectrum is a compact set in R (or in C, respec-
tively).

We showed that this spectrum is closely related to the conductivity in-
side the inclusions and presented a method to compute this spectrum
and the conductivity contrast numerically. The numerical experiments
with this method show that it works quite well for exact data but lacks
numerical stability for perturbed data. However, this observation is not
surprising since the determination of the conductivity contrast from the
knowledge of the Neumann-to-Dirichlet map is still an ill-posed prob-
lem.

The main reason for this instability lies in the generalized eigenvalue
problem that has compact operators on both sides. We tried to
apply some regularization strategies to the operator on the right hand
side of this generalized eigenvalue problem which didn’t improve the
results substantially. It would be therefore desirable to have regulariza-
tion strategies for such generalized eigenvalues.

In Section we presented an alternative method to determine the
conductivity contrast that is based on a boundary integral equation of
the first kind. To this integral equation we can apply well-known regu-
larization strategies to handle noisy data.

Our considerations in Chapter B|are based on the assumption of piece-
wise constant conductivities. In future work one could try to extend this
assumption to e.g. piecewise continuous conductivities and investigate
the structure of the spectrum of the middle operator in this case. In ad-
dition, another obvious extension of this work is to apply the covering
method from Chapter[2]to the new factorization from Chapter[§since for
the new factorization the middle operator also fails to be coercive in the
case of mixed inclusions.
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The topic of this work are two further developments of the Fac-
torization method for electrical impedance tomography. The Fac-
torization method is a noniterative method to detect inclusions
inside a subject, i.e. domains that exhibit a different conductivity
than the a priori known background medium.

For the Factorization method it is usually assumed that either all
the inclusions have a higher or they all have a lower conductivity
than the background medium. We therefore develop a modifica-
tion of the method that is capable of detecting mixed inclusions,
i.e. both inclusions with a higher as well as inclusions with a lower
conductivity than the background medium.

In addition, we present a method to compute the conductivity
inside inclusions after they have been localized. This method is
based on a new factorization with three operators that are diffe-
rent from those in the original Factorization method. In particular,
we investigate the spectrum of the operator that appears in the
middle of this new factorization and show that it is closely related
to the conductivity of the inclusions.

ISBN 978-3-86644-635-9
9 ‘783866“446359“ >

ISBN 978-3-86644-635-9




	Electrical Impedance Tomography
	Motivation
	The Direct Problem
	Derivation of the Mathematical Model
	Functional Analytic Setting
	The Direct Problem

	The Inverse Problem
	Identifiability and Reconstruction Methods
	The Factorization Method
	Outline of this Work


	Detection of Mixed inclusions
	The Factorization Method for two Inclusions
	The Standard Factorization Method
	Representations of the Middle Operator

	The Covering Method
	Contrasts in the Absolute Conductivity
	Insulating and Perfectly Conducting Inclusions

	Numerical Experiments
	The Original Factorization Method
	Different Parameters and Noise Levels
	Different Covering Domains


	Determination of the Conductivity
	A new Version of the Factorization Method
	The Spectrum of the Middle Operator
	A Radially Symmetric Example
	Constant Conductivity Contrast
	Several Conductivity Contrasts
	Complex-valued Conductivities

	Determination of the Conductivity
	Approximation of the Spectrum
	Approximation of the Conductivity

	Numerical Experiments
	Numerical Solution of the Direct Problem
	Approximation of Spectrum and Conductivity
	Inexact Data
	An Alternative Approach


	Conclusions
	List of Symbols
	Index
	Bibliography



