The Principles of Limit Absorption and
Limit Amplitude for Periodic Operators

Zur Erlangung des akademischen Grades eines
DOKTORS DER NATURWISSENSCHAFTEN

von der Fakultit fiir Mathematik des
Karlsruher Instituts fiir Technologie (KIT)

genehmigte
DISSERTATION

von
Dipl. phys. Maria Barbara Radosz
aus Ratibor in Polen

Tag der miindlichen Priifung: 19.7.2010
Referent: Prof. Dr. M. Plum
Korreferent: Prof. Dr. A. Kirsch



Danksagung

An dieser Stelle mochte ich ganz herzlich Herrn Prof. Plum danken, der diese Arbeit
betreut und deren Fortgang mit wichtigen Vorschligen gefordert hat.

Herrn Prof. Kirsch danke ich herzlich fiir die freundliche Bereitschaft, das Korreferat zu
iibernehmen.

Dank gebiihrt auch der DFG, die mich im Rahmen des Graduiertenkollegs 1294 finanziell
gefordert hat sowie den Dozenten des Graduiertenkollegs fiir ihren fortwidhrenden Einsatz.

Vu Hoang mochte ich fiir zahlreiche Diskussionen danken, die zum Gelingen der Arbeit
beigetragen haben, sowie fiir die genaue Durchsicht des Manuskripts.

Meiner Famile und Giacomo K. mdchte ich fiir ihre wertvolle moralische Unterstiitzung

danken.



Contents

1 Introduction 4

1.1  Motivation: The principles of limit absorption, limit amplitude and radiation

in homogeneous media. . . . . . . . ... ... o 4

1.2 Limit absorption and amplitude principle, some other authors . . . . . . . .. 7

1.3 Photonic crystals, periodicmedia . . . . . . .. .. ... .. oo 10

1.4 The class of Floquet-Bloch decomposable operators . . . . . . .. ... ... 13

1.5 Contents and scope of thiswork . . . . . . .. .. .. ... ... 15

2 Distributional limiting absorption principle 19
2.1 Distributional formulation of the problem. . . . . . .. ... ... ... ... 20

2.2 Determination of the limit distribution u™ = 6l_i)r£1i US o e 21

2.3 The convergence of distributional solutions u; to u™ as § — 0. . . . . . .. 30

3 Limiting absorption principle for regular frequencies \ 41
3.1 Thenotionofregular \. . . . . . . .. ... ... ... ... .. ... ... 44

3.2 A criterion on the band functions, such that almost all A are regular . . . . . . 46

3.3 A theorem on the inverse Floquet-Bloch transform restricted to level sets at

regular A . ..ol 49
3.4 Representation of the distributional limiting absorption solution for regular A\. 60
3.5 Properties of integrals over regular level sets . . . . . . . . ... ... .... 62
3.6 The limiting absorption principle forregular A . . . . . . .. ... ... ... 67
37 Comments . . . . ... e e e e e 74



4 The limit amplitude principle for regular frequencies 76

4.1 Functionsoftheoperator £ . . . . . . . . ... ... . 7
4.2 The solution of the wave equationfort <oo. . . ... ... ... .. .... 81
4.3 Asymptotic behavior of the solution of the wave equation fort — oo . . . . 89
4.3.1 Asymptotic behavior of the parts of u,, involving the Hilbert trans-
form H . . . . .. e 90
4.3.2  Asymptotic behavior as ¢ — +o00 of the nonsingular parts of u,s, and
Of Uirans, « « « v v o e e e e e e e e e e e e e 96
4.4 Formulation of the limit amplitude principle for regular frequencies . . . . . 97
4.5 Equivalence of the presented principles of limit absorption and limit amplitude 99
5 Appendix 101
5.1 The Floquet-Bloch transform . . . . . . ... ... ... ... .. ...... 101
5.2 The Cauchy principal value integral . . . . . ... ... ... ........ 102
5.3 The Hausdorff Measure . . . . . .. .. ... ... ... ... ..., 103
5.4 The Area- and Coarea-Formula . . . . . ... ... ... ... .. ...... 104
5.5 A trace operator onto the diagonal for L°°-valued Lipschitz functions . . . . . 105
5.6 A variant of the Hilbert transform . . . . . . ... ... ... .. ... ... 113
5.7 Listof Symbols . . . . . . . . .. ... 115



Chapter 1

Introduction

1.1 Motivation: The principles of limit absorption, limit

amplitude and radiation in homogeneous media.

An important problem in mathematical physics is the solution of the wave equation in a
homogeneous medium
—CZAU—F@ = f (1.1)
ot?
on the whole of R? where f is a function modeling an external force'. For simplicity we put
¢ = 1 in this section. For time-harmonic external forces f = e¢™“'g one is often interested in

stationary time-harmonic solutions of the form

Inserting v and f in (1.1) one arrives at the Helmholtz equation
—Av—Kov=g (k=w). (1.2)

So formally every solution of the Helmholtz equation gives rise to a time-harmonic solution

of the wave equation. For a Holder continuous compactly supported g the volume potential

n the case of electromagnetic waves, f models a radiation source.
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defined by A
@)= [ o)y (@)
R3 Ar|z — y|
is Holder continuous and twice continuously differentiable, and for each choice of sign in the
exponent it is a solution of (1.2) on R3. In mathematical physics, it is desirable to formu-
late problems involving the Helmholtz equation which admit unique solutions. On bounded
domains this is achieved by imposing a boundary condition. But since we are looking for

solutions on the unbounded set R? we have to impose some “boundary condition at infinity”.
One could try to impose a decay condition like

v(x) — 0 uniformly as |x| — oo,

meaning that for all € > 0 there exists a 7 = r(¢) such that for all z € R? with |z| > r,
|v(x)| < € holds. But it turns out that this decay condition is not sufficient to enforce unique
solvability of the Helmholtz equation for every right hand side ¢ and every value of k2.
Consider first the case k? < 0, i.e. k = i for some x > 0. The volume potentials

e—rlz—yl J efle=vl d
v1<x>—/Rag(y)47T|.T—y| Y, U2<x>—/Rgg(y)47r|x—y| Yy

are both solutions of (1.2), but only v; vanishes at infinity in the above sense. In this case, the
uniform decay condition selects a decaying solution and seems to be suitable. But in the case
k? > 0, i.e. putting k = x > 0, we have the situation, that both potentials

6—i/{\x—y| p eilﬁ|x—y\ J
vi(x) = /ng(y)m y,  ua(x) = /ng(y)m y

solve the Helmholtz equation (1.2) and tend uniformly to O at infinity. So the uniform decay
condition does not work for all k2. There is still a need for additional conditions at infinity to

define the solution of (1.2) uniquely.

Now there are three well known possibilities to introduce additional physically motivated re-
quirements on the solution of the Helmholtz equation, such that the solution becomes unique
in these distinguished classes of solutions. These are the principles of radiation, limit absorp-
tion and limit amplitude, which turn out to be mutually equivalent in the case of homogeneous

media.

The principle of radiation is often also called outgoing (Sommerfeld) radiation condition, in

three space dimensions given by



% +ikv = o(r h).

This condition is in particular fulfilled for a spherical wave, so it expresses the physical idea
that every stationary wave field looks like a spherical wave at infinity provided the force term
has compact support. Looking for solutions v satisfying (1.2) and the radiation condition

selects v; and gives the desired uniqueness.

The principle of limit amplitude (of the first kind) tells to select the unique function v defined
by the following process as the physical solution of (1.1). Consider the wave equation (1.1)
with time harmonic right hand side f = e and study its solution as t — -+oo. If the force
term is time harmonic then for physical reasons the initial conditions (which we assume to
be localized in some sense) become unimportant as ¢ — 400 and the solution u of the wave
equation will perform forced oscillations with the frequency of the source. So as ¢ — +o0

we expect the asymptotic behavior
u(a, 1) ~ <o) (t — +o0),

with a v that solves the Helmholtz equation. This unique v is then the limit amplitude solution
of (1.2).

Finally the principle of limit absorption (of the first kind) is based on the idea that there is
always a small positive damping in the physical system, and so one has to add a small ab-
sorption § > 0 to the wave equation and the Helmholtz equation for a more realistic physical

situation. Then the damped (or absorptive) equations are

Pu  _Ou
and
—Av — (K* —idw)v =g (k= w). (1.4)

The unique limit absorption solution of (1.2) is given by the pointwise limit of the solutions
vsof (1.4)asd — 0T,

The selected solution v is always the same for any of the three principles.

Since we speak of principles of limit amplitude and limit absorption of the first kind, this
indicates that there are corresponding principles of the second kind.

For the limit absorption principle of the second kind equation (1.4) is replaced by
~AT— (K +idw)i =g (k=w). (1.5)
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The limit absorption solution of (1.5) is the limit of solutions of this equation as 6 — 0.

For the limit amplitude principle of second kind the right hand side f is written in the form

f = e “!g and the asymptotic behavior of the wave equation reads now u(x,t) ~ e~ “'7 as

t — +o0.
Third in row is the incoming (Sommerfeld) radiation condition, in three space dimensions
given by
v = O™
ov

9 — -1
5 ikv o(r=).

The latter three principles select the same unique solution v of the Helmholtz-equation (1.2),

namely v = vs. In general vy # vs.

All facts in this section are taken from [1, 2, 3].

1.2 Limit absorption and amplitude principle, some other

authors

The construction of physical solutions by the limiting absorption and limit amplitude prin-
ciple has a long history (see [1, 2] and references to early papers therein). We briefly list
some steps in the development of the theory of the principles of limit absorption and limit
amplitude for various kinds of differential operators. The body of literature is very large. The
following collection of results is not meant to be exhaustive, but rather we restrict ourselves
to the most popular approaches to this field.

In [4] the limiting absorption principle is proved for the elliptic equation of the form

gu = — Z é%k <akl(x)%) u+q(z)u = M+ f(x)

k=1

for an exterior domain with bounded boundary I" and boundary condition u|r = 0. Further-

more, the differential operator g is supposed to coincide with
—A+q (%)

outside a sphere and ¢ and f decay sufficiently fast. For the proofs the space dimension is set

equal to 3. (x) allows to make use of the well-known Green’s kernel for —/A\. The method is
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based on a contradiction argument to show a certain a-priori bound in a weighted norm for
solutions u, of the absorptive equation. Then a subsequence u., of (uc)e~o converges’ to a
solution u of the equation with absorption parameter ¢ = 0 in H2-norm on every bounded
interior subregion of the exterior domain and in H'(2,) for every p, where (2, is the part
of the exterior domain that is contained in the sphere S,. The limit element u satisfies an
integral-form radiation condition

2
lim do=0

p—00 S,

%—i\/xu

r

which contributes uniqueness, and so for the whole sequence u. — wu holds in the above

sense.

By similar methods a limiting absorption result is obtained in [4] for a region shaped like a
semi-infinite cylindrical tube, where the operator g is simplified to —/\ outside a finite part

of the domain and for right hand side is set to f = 0.

[5] extends the principles of radiation, limit amplitude and limit absorption to a class of hy-
poelliptic equations with constant coefficients and a class of elliptic equations that consist of
a constant coefficient part of order 2m and a part of order < 2m with variable compactly
supported coefficients. The limiting absorption result is obtained by weak convergence of
fundamental solutions of the absorptive equation and weak convergence of absorptive solu-
tions.
In [6] the case of a magnetic Schrodinger operator

n 9 2
L=-) (a—xjﬂbj) +V

j=1

with decaying magnetic and electric potential is discussed. The limiting absorption principle
is obtained as a limit of solutions of (L — k? — id)u = f, i.e. the limit

lim (L — k* —i6)~' f

6—0t+

exists in a weighted L? space under the assumption of a unique continuation property for L.

Moreover some sort of outgoing radiation condition is given in the form

||DUH(—1+€)/2,E1 < 00,

%First in local L?-norm and then by an additional a-priori estimate in the 2-norm.



where Du = (Dyu, ..., Dyu), Dju = (0; +ibj(x))u(z) + Z|—;|1|C§C—J|u(x) - zk%u(z) The norm
is a weighted L?-norm with weight (1 + |z|)(~'%%)/2 over the complement of the unit ball.
Finally the absolute continuity for L on (0, co) is shown using the limiting absorption method

for L.

[7] (see also references therein) draws the limiting absorption principle for an operator H =
Hy + V on a Hilbert space H from smoothness assumptions on the spectral family Ey(\)
of Hy and perturbation arguments on V. In particular, the spectral family F(\) is supposed
to be weakly differentiable in \ with locally Holder continuous derivative. For Aj being
the derivative of the spectral family associated to /; the following representation formula is
given:

Ao(N)

. N 4 Ao(N)
Iim(Hy — (u £ e lzp/—d)\j:mA +/ 0
tim(Ho — (u 12)) ™ = P 2 w3

),

where 4 € K and K C U are some open intervals (satisfying further conditions). For
H = Hy+ V, the limit
lim (H — (A £ig))™!

e—0+
exists in uniform operator topology of B(&X', X}, ). Here X is a dense, continuously embed-
ded subspace of ‘H and X} C X is to be chosen suitably. The operator V' : X — X is
assumed to be compact. The method is then applied to the operator
92

H = —52 +q(z1) + Ty +V(x), (71,7") € R x R*!
1

with twice continuously differentiable periodic ¢ and self-adjoint operator 7}, (semibounded
from below) and V' as above. The second application is the Schrodinger operator

H=-A+V.

The absorptive resolvents converge in the operator norm topology between a weighted >
space and a suitably weighted Sobolev space. Finally some other classes of operators are

treated.

In [8] the limiting absorption principle for an analytically fibered operator Hj is derived in
an abstract way from a so-called Mourre estimate for the commutator of H, with a conjugate
operator A

Xa(Ho)[Ho,iAlxa(Ho) > coxa(Ho) + K,

9



where x A (Hp) is the spectral projection on the interval A C R and K is a compact operator.
The limit
lim(Hy — A\ +ig)™!

e—0
for A ¢ 0,(H)y) exists as a bounded operator between suitable weighted spaces. This result is

applied to perturbations of a periodic Schrodinger operator in [9].

The Mourre-estimate approach is applied to various differential operators and geometries. It

can also be used to obtain resolvent estimates in Besov spaces (see [10, 11, 12, 13]).

Concerning periodic operators there is some interest coming from scattering theory in crys-
tals. An important object in this field is the Green’s function as the integral kernel of the
resolvent. The periodicity of the medium suggests to use the Floquet-Bloch transform for a
representation of the resolvent. In [14] (which also contains references to the application of
the limiting absorption principle in scattering theory) this method is used to show the exis-
tence of the limit in L _ (R?) of solutions

. _ v —1
lim(L = A i0)~" f

for a second order elliptic operator L on R%, d > 2, with periodic coefficients and right hand
side f € L*(R?) with compact support. As a crucial requirement \ has to be close to the
bottom of the spectrum of L. For the integral kernel of (L — A F:0)~! an asymptotic formula
for |z| — oo is derived. The operator ((%)m (L — X F10)~" between the Besov spaces B,,, | 1

and B; N is shown to be bounded.

i
The limit2 amplitude principle, in comparison to the limiting absorption principle, seems to
play a subordinate role in the literature. A reason is that often one of the essential ingredients
in the proof of the limit amplitude principle is the validity of the limiting absorption principle.
Thus, many of the authors who study the limiting absorption principle, also derive versions

of the limit amplitude principle (see [15, 16, 17, 18]).

1.3 Photonic crystals, periodic media

For reference to this section see [19, 20, 21].

A (3-dimensional) photonic crystal is a piece of optical material whose dielectric ”constant”
varies periodically with respect to some fixed spatial lattice. This discrete periodicity creates

physical effects that are not present in homogeneous media, such as the existence of band
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gaps, 1.e. frequency regions such that light at these frequencies cannot propagate in the crys-
tal due to destructive interference. Not every periodic structure necessarily has band gaps,
but photonic crystals with band gaps have already been fabricated. The periodicity of the di-
electric constant with respect to some lattice is expressed by the relation e(r + R) = () for
all r € R? and all lattice vectors R. Without loss of generality we take Z? as the periodicity
lattice, since any other 3-dimensional lattice can be produced from Z? by a linear transforma-
tion. Since periodic functions can be expressed by their Fourier transform, a second lattice
becomes important: the dual or reciprocal lattice. It is determined as the lattice build up from
vectors ¢ such that for all lattice vectors R there exists an € 7Z with ¢ - R = n2w. So the dual
lattice of Z3 is 27Z3. Propagation of electromagnetic radiation is governed by the Maxwell
equations. For time harmonic electric and magnetic fields £/, H respectively, and the mag-
netic permeability 4 = 1 one can derive the following master equation for free propagation

without a source )

v x (Lv < H@)) — Y H(r)

e(r) =0
with divergence condition V - H(r) = 0, or alternatively
1 w?

Vx(VXErr)=—

e(r) c Er)

with divergence condition V- (¢E) = 0. To exploit the discrete periodicity of the medium the
fields are expanded into Bloch modes. For illustration we focus on the H field. The Bloch
modes H,;,, where s is a discrete index and & € R3, are divergence free eigenfunctions of
V x ?%Vx with eigenvalues ws(k)? ;o

€o

2
V X (LV X Hsk) = &Hsk
e(r) c

0

Moreover, the H,, are k-quasiperiodic, i.e. Hy(r + n) = e™* Hy(r) for any n € Z>. k is
the wave vector of H,; and the functions w, are called band functions. Because of the k-
quasiperiodicity, all information characterizing wave propagation in the crystal is contained
in the set of Bloch modes and band functions with wave vector k € [—n, «]3. This set of
wave vectors is called Brillouin zone (B or BZ).

Starting point for this work was the Green’s function for the photonic crystals, which is

frequently and successfully used in physics literature and given by the formula (here for the

11



electric field F)

o Ealr) ® Bulr)
o) =X [ o (0

Clearly the Green’s function is a formal limit of absorptive Green’s functions

3 )®E8k( )
(i) Z/Bzd sk/co (/o + i0)

The solution of

1 w N
VX (V E() - (% i m) E(r) = f (1.7)

for f € L?is a L?-function given by

E(r) = /]sz Gs(r,r'sw) f(r') dr'.

If w # wg for all s, k, which means that w is in a band gap of the crystal, there is no
singularity in the denominator of the Green’s function, when § — 0. So E° converges in L?
to some unique £° € L? solving (1.7) with § = 0. The fast decaying solution® corresponds
to the fact that there is no light propagation in the crystal. Also for w in a band, i.e. if w = wyy
for one or several s, k, the notation (1.6) is used in physics literature. But now it is not clear
in which sense the limit 6 — 0 is to be taken. Moreover, if the frequency w lies in a band,
propagation of radiation in the crystal is possible, i.e. one expects a solution that decays more
slowly than a L2-function (the decay depending on the space dimension) when |r| goes to
infinity. Moreover, the propagating radiation should be carried by modes that correspond to
the frequency w. The formal expression (1.6) provides no such information on propagating

parts of the solution.

Motivated by these questions, we want to show in this work a limiting absorption principle
for a class of periodic operators in order to define limiting absorption solutions rigorously
in an appropriate sense. The representation formulas will reveal some more information on
propagating and evanescent parts of the solutions. Having established a limiting absorption
principle for periodic operators, it is also interesting to prove a limit amplitude principle.
The kind of limiting absorption principle presented in this work admits an equivalent limit
amplitude principle.

3If w is in a band gap, one can show that the solution decays exponentially (see [22]).

12



1.4 The class of Floquet-Bloch decomposable operators

Let d > 1 be the space dimension and M > 1. Q = [0, 1]¢ denotes the cell of periodicity and
B = [—m, 7% the Brillouin zone. Let J C Z be fixed subset of the integers (not necessarily
bounded or semibounded). In this work we consider operators £ : L*(R¢,CM) D D(L) —
L*(R4,CM) which fulfill the following five requirements

(1) L is densely defined, all compactly supported smooth functions are in the domain of £,

and Ly is a compactly supported smooth function provided ¢ is one*.
(2) There exists a family of operators (L )keB,
Ly : D(Ly) C L*(Q,CM) — L*(Q,CM),

a family of B-periodic® real valued Lipschitz functions (\;)scs on B and for each

k € B a L?(Q)-orthonormal complete system

{¢s(7k) RS j}

of k-quasiperiodic eigenfunctions of £ on € with corresponding eigenvalues A (k),

i.e.
Ek¢$(7k) = )\5(]6)77/)5(,]{3) (5 € j, k - B)
Vs(r+n,k) = e*y(x,k) (ne€Zt zeR,
where kn = Z?Zl kin; for k = (ky,...,kq), n = (n,...,ng). The functions A are

called the band functions of L and the v4(+, k) are called the Bloch waves of L.
(3) The mapping k +— v,(-, k) € L*(Q2, CM) is measurable®.

(4) For any fixed k € B the eigenspace of \s(k) is finite dimensional and the sequence of
eigenvalues (As(k))ses is ordered by magnitude and multiplicity (i.e. ... < A (k) <
Ae(k) < ..lif s, s € J, s < &). For any compact interval / C R there are only
finitely many s with I N \,(B) # 0.

If £ is a differential operator, for simplicity we assume the coefficients to be in C°.
%i.e. having the same values on opposite faces of B
8Since L?(£2,C™M) is a separable Hilbert space, weak, strong and Borel-measurability are equivalent (see

[23], Theorem 1V.22).
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(5) Let

D(L£)={u € LA(RY, CM) . Z/ B), e k) pcnny s )

seJ
converges in L?(R%, CM)}.
(The series converges in L2(R¢, CM) if
l—o00
Z / k), s (4 ) 2,0 s (2, k) dk — 0
s€TN{neZ: n|>1}

in L?(R?, CM).)
For u € D(L) we have the following decomposition of £ with respect to the Floquet-
Bloch transform U (for definition of U, see section 5.1 in the appendix)

Lu(x)=U"LUu(z

\/WZ/ B) (-, K)) 20,00y (2, k) de (1.8)

seJ

where the series converges in L?(R¢, CM).
In chapter 4 exclusively we make the following additional hypothesis:
(6) The spectrum of L is absolutely continuous and A; > 0 forall s € J.

It follows that £ is selfadjoint and

= J (B

seJ

The following representation is most important for this work. If A ¢ o (L), f € L*(R¢, CM)
then

(L-N7"

> [ WD snenblnd) 4, o,

\/Esej s(k)_)‘

This framework fits to many operators in physical and mathematical applications. For exam-
ple all self-adjoint elliptic differential operators with smooth periodic (with respect to some
lattice) coefficients are Floquet-Bloch decomposable (see [24], which also contains more

classes of operators compatible with the Floquet-Bloch transform). The first order Maxwell
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system with smooth periodic dielectric and magnetic constants as well as the corresponding
second order Maxwell operator ﬁcurl curl are Floquet-Bloch decomposable using suitable
operator domains (see [25]). Concerning the absolute continuity of the spectra of periodic
operators, see [26] and [27].

The reason for introducing the abstract class of Floquet-decomposable operators instead of
working for example with a concrete elliptic differential operator is that the limit absorption
and limit amplitude principle result from the Bloch-wave expansion of the operator and its
resolvent (1.9) and not from other properties of the operator such as ellipticity or the order.

1.5 Contents and scope of this work

In this work we will prove a variant of limit absorption and limit amplitude principle for
operators L as described in section 1.4. The principles work for any dimension including
d = 1, though applying the Floquet-Bloch transform with respect to just one of the variables
stronger results can be derived using methods of complex analysis, in particular by deforming
the integral over B in the representation formula for the resolvent into the complex plane to
avoid singularities (see e.g. [28]). Notice that for a d-dimensional periodicity lattice, it is
also possible to perform the Floquet-Bloch transform with respect to less than d variables,
i.e. to exploit just a part of the periodicity and ignore the rest. For example consider the
s-dimensional Floquet-Bloch transform

1 in
\/ﬁZf((xlu"wa)_n7ms+17~~-7xd)€ F
Sl nezs

with B, = [—m, 7|, k = (k1, ..., ks), Ts11, - . ., Tq are regarded as parameters. So the notion

Usf(xy,...,2q,k) =

of dimensionality refers rather to the number of variables, which are involved in the Floquet-
Bloch transform than to the dimension of the space R%. In this work we will exploit the full
given periodicity, i.e. Us = Uy = U.

Unlike other authors ([15, 7, 29]) we will not exploit Holder continuity of the resolvent, of
the derivative of the spectral family or of the solution. The only smoothness assumption is
the Lipschitz condition on the band functions A;. We will see that this implies that (with
A(X) = 2 E()) denoting the derivative of the spectral family £()) associated with £) for
any f € L?(RY,CM) the mapping 1 — A(u)f is is at least in L? for p in an interval of

regular (in the sense of definition 3.6) values of the band functions (regular frequencies),

15



but it is not clear whether it is Holder continuous. Thus we will develop a method, which
uses only the L2-property. We will work directly with the Bloch waves v, and not with full
projections on eigenspaces. But since no more smoothness of the Bloch waves is needed
than to be measurable in k£, multiple eigenvalues will not cause more problems than simple
ones. The cost for doing without stronger smoothness assumptions is that we will not show
convergence of absorptive resolvents with respect to the operator norm (hence there are no
resolvent estimates in this work), neither we will try to extend the resolvent analytically across

the real line. Instead we will show the convergence of solutions us of absorptive equations
(L—=(A+1id))u=f (1.10)

in a suitable sense. The right hand side f = f(),-) € L%(R¢,CM) can explicitly depend on
A as long as the dependence is Lipschitz. If f is not constant in A, for technical reasons we
demand f to have compact support in R%. If f is constant in A we can do without compact
support and just assume f € L?(R¢, C™). We would like to mention that we do not use or
derive any sort of (integral- or differential-form) radiation condition in this work.

It is the character of this work, that the results are obtained in a very direct way, i.e. by direct

computations and estimations.

The key to our method to prove the principles of limit absorption and limit amplitude for the

class of operators introduced in 1.4 is to regard the solution u; of the absorptive equation
(L—=X—id)u=f

as a function in the variables z € R? and )\ € R.

In chapter 2 a distributional formulation of the limit absorption principle is formulated rig-
orously. We will show, that for all test functions ¢ € C5°(R x RY, CM), us[p], where u; is
al

regarded as a distribution in z and ), converges to some u*[p] as § — 0F, defining for each

choice of sign a distribution u* being a distributional solution of (£ — X\ —i0%)u = f, i.e.
uH[(£ =Nyl = fle] (¢ € CF(R xR, CY)).

We then call v~ the distributional limit absorption solution of the first kind and ™ the distri-
butional limit absorption solution of the second kind in analogy to section 1.1. The distribu-
tional formulation has the great advantage that absolutely no restrictions on the range of \ are

needed. Moreover we gain a semi-explicit representation formula for the limit distributions.
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In chapter 3 we strive to establish a limit absorption principle for £ in a function space. To
this end, we have to make restrictions on the range of A. We demand X to be regular in some
sense, i.e. the band functions A\ have - in some sense - non-vanishing derivatives on the level
set corresponding to A. The physical interpretation of regularity of a frequency A is that all
Bloch waves 94(+, k) with band functions crossing the frequency A have non vanishing group
velocity, and thus propagate in space. Then for an interval I, C R of regular frequencies
and a suitable weight function w, we show the convergence of solutions us = us(\,x) €
LP(Iy, L*(R4; w(z)dz); d)) of the absorptive equation

(L—=X—id)u=f

to some function u*(\, ) in the space LP(Iy, L*>(R%; w(x)dr);d)\) as 6 — 0F. For each

choice of sign, the function u* solves the limit equation (£ — \)u = f distributionally, i.e.
uF[(L = Npl = fle] (¢ € C5°(1o x RY,CM)).

An important step to show the convergence is to realize that the inverse Floquet-Bloch trans-
form can be restricted to operate on functions defined on the product of the periodicity cell
and a level set of a band function. The restricted inverse Floquet-Bloch transform takes func-
tions which are in L? on the product of the periodicity cell {2 and the level set of \, under
consideration to functions on the whole R?, which are in a weighted L?-space. Not only the
existence of the limit is shown, but also a representation formula in terms of the Bloch waves
is given. The structure of the limit reveals parts of the solution with different decay behavior,

which are expected from a physical point of view.

In chapter 4 we show a limit amplitude principle for £. Our starting point for this chapter is
the exposition of the limit amplitude principle in the book [30] (Chapter XVIL.B.§4.) which
works for all frequencies A = w? ¢ o(L). We extend these results to regular frequencies w of
L£/2, for which w? € o(L) holds. The assumption (6) in section 1.4 is made in order to use
some results from [30]. Then by properties of the Hilbert transform and its Fourier multiplier

we will show, that for the solution of the wave equation u(z, t) with time periodic right hand

side
% + Lu = ™'y,
u(0) = u®, (1.11)
5(0) = u,
the following asymptotic relation
u~ ety



holds in some sense as ¢ — o0, where v~ is the limit absorption solution of the first
kind of the corresponding Helmholtz equation. To achieve this asymptotic behavior, the
solution u(t,-) of the Cauchy problem (1.11) for any fixed ¢ is regarded as an element of
L*(1, L*(RY, CM; w(x)dz); dw), where I C (0, 00) is an interval of regular frequencies of
L£'/2 and w is a suitable weight function. Furthermore the well-known representation of the

solution u of the wave equation
u(t) = cos(LYt)u’ + L7V sin(LY?t)ut

t
+/ L7Y2sin (£1/2(t —0)) €“7g do,
0

with initial conditions u°, ! and a time harmonic source ¢! g will be extremely helpful. The
principles of limit amplitude and limit absorption presented in this work are equivalent, in the

sense that they select the same physical solution v of the problem
(L=Nv=yg

for regular A € o(L).
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Chapter 2

Distributional limiting absorption
principle

In this chapter we will state and prove a limiting absorption principle for distributional solu-
tions of the Helmholtz-like equation

(L—Nu=f 2.1)

on the entire R?, d > 1, for the class of Floquet-decomposable operators introduced in section

1.4. The fact that the absorptive solutions us of
(L—=X—id)u=f

converge for § — 0% in distributional sense with respect to the frequency variable and the
spatial variables to limit distributions which are a distributional solutions of (2.1) will enable
us to avoid regularity conditions on the range of frequencies. Thus the range of A may even
include band intersections and overlaps, local extrema of the bands, saddle point frequencies
or eigenvalues of £. We will regard the absorptive solution as a distribution in the variables
x and A and decompose it via the Floquet-Bloch transform. Then, based on a well known
theorem about Cauchy principal value integrals, we will guess from its structure the limit dis-

tributions, prove the crucial semi-norm estimates as well as the convergence and the solution

property.
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2.1 Distributional formulation of the problem.

Throughout this chapter we make the following assumptions on the right hand side f.

. { f:RxR — CM
N\ x) — f(\ o)

e 3K CRY K compact : VA € R :suppf(\,-) CK

o VAER: f() ) € L2(R?Y,CM)

e )\ — f()\,-) € L*(R% CM) is locally Lipschitz continuous with local Lipschitz con-
stant

Lip(/)e = inf {€ > 0 [£(2,7) = f (5, )l poguaemy < Clo =yl . € €}
for any compact € C R.

Thus, f may explicitly depend on A. In the most common case when f is constant in A, the
assumption on the compact support of f can be dropped, which will become apparent in the
estimations below.

Consider the distributional version of the problem (2.1) in the variables x and .

Definition 2.1 (Distributional solution). With a given f as above, a distribution u acting on
test functions p = o(\,x) € C°(R x RY CM) is called a distributional solution of (2.1) if
forall p € C°(R x R4, CM)

u[(L— Ny / Rdf (N, x)p(\, x) dx d. (2.2)

In the right integrand the product of f(\, z) with (), x) is the standard inner product in C,
which will be used without mentioning from now on. For § # 0 we have, because of the
self-adjointness of £, that A + i ¢ (L) and so we have a L?-solution u; of (2.1) with fixed
A given by the Floquet-Bloch decomposition of (£ — (A +4d)) ™! f:

U )‘7 7k s\ 2 M
Jlﬁ X;/ = w(x&?ﬁf CE (e k) dk23)

us(A, z) =
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We can interpret u;s as a distribution in the variables A and z acting on test functions ¢ €
Cs°(R x R4, CM) by

//ﬁ

Note that the integral is well defined since us € L2, (R x RY C;d\ @ dz). Then u; is a

distributional solution of the problem

2.4)

Z/ Uf )‘a 7k ¢S(, )>LQQ(CM

— (A +1i0) 1/15(1‘7 k) dk o(\ x) dx dA.

seJ

(Py) W[(£ = O+ i6))p / [ 0)e00) do i

Now we are interested in the limit of u;s[¢] as 0 — 0. It will turn out that the limits are differ-

ent whether 0 — 0 from above or from below. We will treat both possibilities simultaneously.

Notation: To keep the notation simpler, we will suppress the target space C* in the notation
in the proofs. Furthermore

() = (, '>L2(Q,<CM)-
2.2 Determination of the limit distribution u* 11mi Us
0—0

The aim is now to show, that the limits

lim wug
§—0%t

exist in distributional sense and solve the problem (Fy).

Interchanging the order of integrations in (2.4), which will be justified by the estimations in
proof of theorem 2.8, we see

u5[90] = (2.5)
1 rf) )\7 ,k Vs (-, k) L2 (a0
\/E/ 2/ “ (i) < V(@ R @) df"') A dk.

The integral over R? can be reduced to an integral over the periodicity cell, by splitting R?

into translates of €2, using the Floquet-Bloch transform and the k-quasiperiodicity of the

Bloch waves 1),. This is done in the next
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Lemma 2.2. [p, o(\, 2)¢s(, k) dz = /[B] (UB(A, -, k), s (-, k) 2 00

Proof.
[ et ) do
R4
= Z / (,0()\,.%‘ - ])ws(x _j7 k) dx = Z / e_ikj(p()‘wr - ])ws(xv k) dx
jeza /e jeza /9
= Y [ Felna - ey de = [ wle Y et ) do
jEZd Q Q jGZd
=V |B’ /§2¢8(x’ k’)U@()\,x, k) dr = v ‘B| <w5('a k)v U@()V K k)>L2(Q)>
where we have used the k-quasiperiodicity of ¢(+, k). O

Since the the expression in the numerator in (2.5) will appear very often, we define

Definition 2.3.

q)s,k(A) = \/E <U¢()‘> K k)v wS(W k)>L2(Q,(CM)<Uf()‘7 K k)? ¢S<"7 k>>L2(Q,(CM)‘

Now we would like to apply theorem 5.6 from the appendix on every term in the series (2.5).

Then the limit for each term, i.e. for fixed s and &, would be
————— dA £ im P, (AN(K)),
%)\S(k>_/\ L 7’6( ( ))

provided @, ;, satisfies the requirements of theorem 5.6. This is indeed true by the following

Lemma 2.4. O, is locally Lipschitz continuous with a Lipschitz constant Lip(®g )¢ de-
pending on @ and f, but not on k and s.

Proof. Let supp(p) C K; x Ky C R x RY, s, k fixed. Let A, A lie in a compact set € C R.
First we use the definition of @, (skipping the subscripts), insert cross terms and use the

triangle inequality:

L o) = (D) = [TE0N R B RN U S Bl B)

V1B

- <U¢(X7 K k)v ws('a k)><Uf(X7 K k)v ws('a k)>
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< [WROLB)BCRNU £ k). (-, )
— (UBO - k), s KU FN - ), (- )
[ (UBO-, ), 0 DU SO, ), (- K)
— (UBOA k), s RDUFN - ), (-, )

Then we rearrange and use linearity of U and Cauchy-Schwarz inequality on the inner prod-

ucts, noting that [[¢)s(-, k)| 12(q) = 1:

1) = e
< NSO 1), 0 RMIKUBO ), 0 R) = (URO - k), )
HUUBO - 1), 0 DU PO+ B), 0l R)) = UL O -, R), ()|
< NUTO Rl [|[UBO - 8 = VBB,

_Xf?k H H >‘7'7k - X7'7k
Bt b g (07O R U B)

Next we use the estimate from lemma 5.3 in the appendix, noting that f and ( have compact

support with respect to the variable z:

1 ~
\/ﬁ@s,ko\) - q)s,k<)‘)|
C'(supp(f), supp(y)) 3
< 5 17O M [ ) = 0|,
C(supp(),supp(f)) || ~ 3
i | B| HQOO" Mg ‘ﬂ)" D= F A o
< C'(supp(f), supp()) sup || F (X, ')||L2(]Rd) Lip(¢)e|\ — X| (2.6)
|B| Aee
C(supp(f), supp()) 3 : By
* |B| e ‘SO(A’ ) L2(RY) Lip(f)elr = A

< O(€ 0, NN =

In the second last step we use that A — (\,-) € L*(R?) and A — f(),-) € L*(RY) are
locally Lipschitz and hence are also locally bounded. 0

By now we have a clear idea how the limit distribution should look like and so we make the

following definition.

23



Definition 2.5. For p € C°(R x R? CM) define the distributions u* by

Zp/ f(z’“% dA £ " ir®,,(A\(K)) | dk. (2.7)
R s seJ

£[y] = ﬁ /

In the proof of the next theorem we will show that the sum
> 79/ 5 A
seJ R

converges absolutely and that for each choice of sign u* is indeed a distribution.

Theorem 2.6. For all compact K = K; x Ky C R x R? there exist C,Cy > 0 depending
only on K, f and other system constants such that for all ¢ € C§°(R x RY, CM) with support
in K

[ [ell < Crllell + Cz\lmwlloo

holds.

Proof. Applying lemma 5.5 from the appendix to ®; ;, we obtain (®; ;, is Lipschitz by lemma
2.4), noting that the support of ®, ; is contained in /:

O, () O, () M \)
s.k s.k s.k
— 7 _d)\| = — 7 _d)\ — " d\
‘P/RAM—A ' / WIS S W5 Y
e (B)—A|>e As(k)—e
B () = k(A (8)
_ Sk (I> )‘ - s,k )\s k
- / N OESR / WO A
[As(kB)—A|>e As(k)—e
k() 0 B (N) = Bun(Mh)
s,k sk — ¥gk\As
<
< / k) — de A(k) A ‘CM
[As(k)—A|>€ s(k)—e
W)“@ () = Buu(Mulh))
1 s.k — ¥k s
< — [0} d .
As(k)—e

We use this estimate to estimate the first part of u™ (see definition 2.7) containing the principal
value integral:

1 D, 1(N)
'ﬁ/B;P[R—)\S(k)_)\dAdk:
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! Zl / D, x(N)] dX dk (2.8)
K1

Now we take care of the first summand of (2.8). In the following estimations the steps marked
with (%) are justified by Fubini’s theorem on the sum and the two integrals (see [31], Section
1.4, Theorem 1 for a suitable version of Fubini’s theorem).

\/I?/Z / D, 1(N)] dA dE
/ [ S WVIBI TR0 B RO £ -, ). (e )

—
*
N

E\/’f se€TJ
- / /Z‘Umnk s RNIU LN, - k), ¥s (-, k)| dk dX
seJ
= /Kl/\/;'w’ A k), s ;\Uf A, k), s (k) |? die d

Up to now we inserted the definition of @, (see def. 2.3) and used the Cauchy-Schwarz
inequality on the sum. Next we use the completeness of {¢s(-, k) : s € J} and then again

the Cauchy-Schwarz inequality on the integral over B to obtain

\/E/Z /K A)| dA dk

seJ

IS0 Ry 0O By e
K1 JB

1 ) 1/2 , 1/2
(] et i @) ([ 1050 Bl @) @
€ JKy B B

1
= ] 0B 1T Rl O

IN

IN

The isometry property of U now implies:

o] dA dk
\/|B/ /m sl
|
< 1O s 1O ey 0 29
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VIR 19l [ 17O a0 < o

Thus () is justified. In the last step we estimated the L*(R?) norm of ¢ by /|K>| ||¢]| ., and
used that [| f (A, -)|| j2(ga) is locally Lipschitz in \.

We are finished with the first summand and continue the estimations with the second sum-
mand of (2.8). Let

r =max{|s| : s € T, conv(\s(B) — €, \s(B) +¢) N K, # 0}

and
¢ = [ J conv(A(B) — €, \(B) +¢) UK.
Is|<r

conv denotes the convex hull taken in R. Clearly € is compact. The sum over s in the second
summand of (2.8) is in fact finite, since for |s| > r+1, @, ,(As(k)) = O forall k € B, because
As(k) ¢ supp(®s x). Moreover, if |s| > r + 1, the interval (A\;(k) — €, As(k) + ¢€) has empty
intersection with supp(®; ;) and so in that case @ ;. (A) = 0 forall A € (\;(k) —e€, As(k) +e).
Hence

sk )‘) - sk()‘s( ))
\/W/EZJ (k/ Wi 'd)\dk
) R0 — @(0)
_ \/E/ SEJZM k) 6 NGRS ‘d)\dk;
() ()\) - (I)s,k(AsU{;))
< mll X e aen

s€T; |s|<r

The interchange of integrals marked with (x) will be justified at the end by Fubini’s theorem.
Next we use lemma 2.4 and the estimate (2.6) in its proof. |\s;(k) — A| cancels out in the

numerator and the denominator:

1 sk; /\) - (Ps k(/\s( ))
V1Bl /GZJA g As(k) = A ‘dAdk
C(supp(f), K>) :
< S [ ]S (s Ol Lin(o)e



s (0 e Lip(e ) b

Counting the summands and carrying out the integrals we obtain:

5] k22

< (2 )Clsupp(). KB €] (supuf M goqee Lib(@)e
+sup\|¢<A,~>\|L2(Rd)Lip<f>¢) (2.10)
AEC
0
< (2r-+ DC(upp7) KV TR 17O e | 5]

+ ¢l Lip(f)e) < o0
Thus, (x) is justified. In the last step we estimated the L?(R%)-norm of ¢ by /| K> |l¢]l.,
and used that the Lipschitz constant can be estimated by /| K| H a%ngoo

It remains to estimate the [, >~ iw®, ;(A;(k)) dk part of u=. First we note that due to the
compact support of ¢, for r as defined above we have that for all x € R?, s € 7, |s| > r and
k € B: p(As(k),z) = 0. Furthermore there exists an a > 0 such that for all

supp(v(X,)) € | Q2+

Finally we note that since A;(B) is compact and A — || f(A, -)|[ ;2 (ga) is locally Lipschitz we
have that

sup || f(As(k), )l 2 ey < 0o (2.11)
keB

Now we can start the last estimation. First we use the triangle inequality, the definition of
®, ;. (see definition 2.3) and lemma 2.2:

I, = D, 5 ( ) dk
v et fy S

seJ

< [k (As(R))| dk
\/7/ s€J; |s|<r ’

/ QO(AS(]?),.’I})Q/}S({L‘,I{)CZJ}
Rd

/ .
s€T; |s|<r
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X (U f(Ns(k), - k), s (-, k))| dk.

Note that p(\s(k)) = 0 for all k € B if |s| > r + 1. Then we split the integral over R? into
integrals over translates of (2, use the triangle inequality, the k-quasiperiodicity of 14(-, k)

and the Cauchy-Schwarz inequality on the inner product with U f:

Ly < ¢|1§/ 3 /!w )+ ) ls o, k)| da

s€J; |s|<r \|n|<a

XNUFAs(R), - Rl 2y - (2.12)

We estimate |¢(A\s(k), z + n)| by ||¢]| ., use the Cauchy-Schwarz inequality on the integral
over (2 and that [[1)s(-, k)| 12(q) = 1 to obtain

sl [ 3 S VOIUAOG). Bl b @1

s€J; |s|<r In|<a

sk_

Counting the summands in the sum over n and using the estimate 5.3 from the appendix
yields

fo < SO e RlGar Vol [ X 17Ou0).lagas d
s€T; |s|<r
< Clsupp(NmV/U@a+ 1 ol 0 s FOR), oy

seJ; |s|<r ©€
< 0.

In the last step we estimated || f(As(k), -)|| 12(ga) by its supremum for k& € B and integrated
out the integral over B. From (2.11) follows now that the result is < oo.

Collecting the results of the previous estimations we arrive at

[u*[e]l < Crllglle + Co

7.
where the constants can be chosen as follows
1
Cr = VIR [ IO g
1

+(2r + 1)C(supp(f), K2)|€]v/ [ K2|Lip(f)e
+C(supp(f))mV/1Q]2a+ 1) Y sup [|f(As(k), )l p2rey

s€T; |s|<r keB
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Cp = (2r+ 1)C(supp(f), K> |¢!v|K2\Supr s M r2ay -

where a,r and € are as defined above in this proof. 0

Changing the proof of the previous theorem by using Holder’s inequality in the place (2.9),
continuing the estimate (2.10) by estimating sup,c¢ [|0(A, )| L2 (ray bY SUPer [[9(A, )| L2 (ray
and continuing the estimate (2.12) with

W%/ > 2 et i) do

s€J; |s|<r \|n|<a

X NUFs(R), - k)l L2y Ak

1/q2
< Qo+ VBl [ S sup UL, k)%,
keB
s€J; |s|<r
1/Q1
X Z sup [|p(As(k), -)| %12(]1@)
s€J; |s|<r keB

we can state an alternative version of the previous theorem.
Corollary 2.7. Let py,,p2,q1,q2 € [1,09] wzth -+ =1 qil + q% = 1. For all compact

K = K; x Ky C R x R? there exist Cy, Cs, 037 Cy 2 0 depending only on K and f such
that for all ¢ € C(R x R4, CM) with support in K

o 1/p
siel| e (100 Dt )

/a1
+Cssup [[p(A, )| 12ga) + Ca (Z sup [lo(As(K), )||L2 Rd ) ;
AER s keB

el < Oy

where one can choose as constants

Cr = (2r + D[€|C(supp(f), K>2) Sup 1F O L2 gay

1 1/p2
Cr= 2 ([ 10 )

C3 = (2r + 1)|€|C(supp(f), K2) Lip(f)e
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1/g2

Cy=VIBlr(2a+ 1) | Y suwp|[UFO(R), - k)|

s€J; |s|<r keB

with r, € defined as in the proof of theorem 2.6.

2.3 The convergence of distributional solutions u; to u™ as
5 — 0%,

In this section we show the convergence of the distributional solutions 15 — u* as § — 0%.
The main tools will be Fubini’s theorem and the Lebesgue dominated convergence theorem.
Note that the Bloch waves (-, k) depend on % in a measurable way by one of the hypotheses

made in section 1.4.

Theorem 2.8. For § # 0, ¢ € C°(R x R4, CM), supp(p) € Ky x Ky CR x RY, let

Uf )‘7 ak %(, )> Q,CM)
//Rd (ﬁ;/ (/\+25) ¥s(z, )dk) ©(\, x) dx d.

Recall that us solves
(P (L —(\+ i)y / FOu2)(\, ) da dA.
Rd

Then for u* from definition 2.5 we have

§—0* :I:[

uslp] — u=[p]

and u* solves (Py).

Before we come to the proof of theorem 2.8, we show three lemmas.

For better readability we omit the arguments of U f, 1, f and ¢ and subscripts that indicate
inner products in the proofs. Note that (U f, 1)) always means (U f (X, -, k), ¥s(-, k)) r2(0,cm)
and thus depends on A and % throughout the rest of this chapter.
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Lemma 2.9. Let \ be fixed and p : R — C be a continuous function such that there exists
ac > 0with |p(A\s(k))| < cforall s € J and k € B and let ¢ € C°(R x RY, CM) with

support contained in some compact set K1 X K. Then

/ / O @) (2, YU F(N, - k), s (-, k) p2a.omy dk doe
seJ
O )5 (2, K) U F(N, - k), s (-, k) p2e00) da dk,
-3 / /R d -

Proof. Because of the boundedness of p(A;(k)) and the isometry property of the Floquet-
Bloch transform U, the series

Z/ )wS( ; )<Uf7 ¢S>L2(Q) dk

seJ

converges in L%(R?). Hence by the continuity of the inner product in L?(R%) we have

/Rdz / PO\ s (0, YU f, 64) 12 e de

_ <Z/ U f, ) 2 )dkv‘P()‘")>
seJ

= ([ st )(Uf,%)m(g)dk,m>

seJ

L2(R4)

L2(RY)

_ / / B) s, K) U, 60) oy o\, @) b dar

It remains to swap fRd and [ p for s fixed. Let @ € N be as in proof of theorem 2.6. Then
we begin to split up the integral over R? into integrals over translates of 2, estimate || by its
supremum, use that |p(As(k))| < ¢ and count the summands of the sum over n:

/ / PR o {U f,40)| dk do
- /Z/ IVl [l (U £, 64)] d dao

n|<a

< Qa1 gl c / (F0)| [ 11w did
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Next we use Cauchy-Schwarz inequality repeatedly to obtain:

// 1o(As (k) (U f, )| d dew
< ot 1ol / U1, 0V 1ol

\.___\,____/

< Qa+ 1) ol / 10l /12 di

< Qa+ 1)@l cllUfll2xm VIBIVI
= (2a+1)" el cllfll e VIBIVIQ < 0.

The lemma follows now from Fubini’s theorem.
O]

Lemma 2.10. Let o € C°(R x R4, CM) with support contained in some compact set K, x

Ky and p : R xR — C be a continuous function such that there exists a ¢ > 0 with
lp(As(k),N)| < cforalls € J, k€ Band \ € K. Then

75>

and so by Fubini’s theorem one can change the order of fR / 5 2, arbitrarily while keeping

[P0 A0 DU T O ) R oy | o < o

the integral over R? in the innermost position.

p(As(k), A\)| < ¢ and apply Cauchy-Schwarz inequality on
the sum over s:

(>
_ /R/Bz\p@s(k),m‘/dsowsw;f,ws) da

- m/ /er NI G . 2)| dk dx

seJ

1/2 1/2
Bl [ (ZKU@,M?) (Z|<Uf,ws>\2) dkd),
K1 JB seJ

seJ

(F), s (U f, ) da| dk dA

dk d\

IN
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Then we use Parseval’s identity and afterwards the Cauchy-Schwarz inequality on the integral

>

Ble [ [ 101120 10120 i
K1 JB

1/2 1/2
— 112 2
Ble [ ([ wstiamar) ([ 10t ar) o
K1 B B

< VIBIVIK ¢l ¢ /K 1l sy A < 0.
1

In the last step we used that U is an isometry and estimated the L?(R%)-norm of ¢ by
VKol [l - Since || f(A, )| 2(ray is locally Lipschitz in A, the result is < oco. O

over B:

dk d\

[ 00 N U5 d

IN

IA

Lemma 2.11. Lete > 0y > 0,s € J and k € B. Then forall 0 < § <

)\S(k)+6 1
|
)\s(k)—e >\s(k> — )\ — ’L(S
Proof. We use the Cauchy integral formula
1 h
h(p) = — / ) 4.
2 Jpz—p
with h(z) = 1, p = As(k) —i0 and I being the path from (k) + € to \;(k) — € along the real

line and then from A, (k) — € back to A;(k) + € in a half-circle in the lower complex half-plane

s

< + 2.

6—50

with radius e. Since 0 < § < ¢, this path encloses A\;(k) — id. So

As(k)+e 1 2r ie ei@
—d\ = —/ ——— df — 2mi
//\S(k)e AS(k) —A—1i0 ‘ ™

ee? +40

2w
€
————df + 2
/ﬂ le e +id| em

27 €
/7T Ve2 + 62 + 20esin b 8

df + 27

IN

_ /27r €
T Jr @+ 82+ 20e(—1)
2w

€
= 2
/7T |€_5’d9+ T
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€T

= 2
e—5+7r
€m
< 2.
S 6_50+7T

]

Proof of theorem 2.8. Recall that for A € R, # 0 we have A 4+ i0 ¢ o(L). Since o(L) =
U,es As(B), we conclude that for all s € 7, k € B: [A;(k) — X —id|~' < [6]~" holds. Let
¢ € C°(R x RY, CM) with support contained in some compact K; x K,. For the continuous
function p(r,s) = (r — s —id)~" we have that |p(A;(k),\)| < |§] 7' forall A € Ky, s € J
and £ € B. From lemma 2.9 and 2.10 follows that

|Blusly] = //RdZ/ ad ff 15325 dk dzx dX
— /Z//Rd Ws gf 15825 da dX dk. (2.14)

S

We claim that for any fixed ¢ € C3°(R x R4, CM)

]

lim us|p] = u*[y]

§—0t

holds. For this it is sufficient to show

. Sows Ufws
JEI&/Z//RCI N _Z(dedmk

/ lim / / WS ULvs) g, d\ dE, (2.15)
5—0% ra As(k) = A —1id

the claim follows then from lemma 2.4 and theorem 5.6. Let K| x K5 C R x R? be compact

and contain the support of . There exists a ! € N and an ¢ > 0 such that for all £k € B and
all s € J, |s| > 1 + 1 (recall property (4) in section 1.4)

max{|A|: A€ K} + ¢ < |As(k)]. (2.16)

Thus we can split the sum over s in (2.15) in the following way

lim/ //
§—0%t B; R JRA
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= lim //~-+lim //
§—0+ Rd §—0F

seJ, |s|<l seJ, \ [>1+1
= lim -+ lim E e
§—0% Rd §—0%
€7, \ 1<l Bseg, |s |>z+1

and treat (A) and (B) separately.
ad (A): We want to show

hm/// Ws Uf,s) /hm// Ws Uf,s) 2.17)
§—0% ]Rd s —A—10 B 6—0+ Rd 5 —A—id

Take @ ;. from definition 2.3 and define temporarily (we will overwrite the definition of gs in

the next step of the proof)

_ ®sr(N)
9s(k) '_/RAS(k)—A—w dA. (2.18)

gim [ [ [ e = i [ gsth) e

Consider the case 6 — 07. The case § — 0~ is proved the same way changing some signs.

Then we can write

We want to use Lebesgue’s dominated convergence theorem. By Theorem 5.6 gs converges

a.e. in k to the function
k) = — 7~ dA D, (N (F)).
) % As(k> )\ +am ,k( ( ))

Now we seek an integrable bound for |g;|. Let € be as in the proof of theorem 2.6 and choose
an € > 0. First note that in the latest definition of gs (see (2.18)) R can be replaced by K.
We insert a zero in the form ®; ;(As(k)) — @5 x(As(k)) in the numerator of the integrand and
use the triangle inequality:

l95(K)| =

IA




Then we split the first integral into a part away from the point A\ (k) and a part close to this
point

1
7 As(k) — N2 + 62
Kl\(As(k)_ev)\s(k)"'e) \/< ( ) )
s(k)+€
k)

A
_H(I)s,k()\s(k))’

1
/ NOED T

As(k)—e
’q)s,k()‘) - q)s,k()‘s<k))|
+/Kl SO e

To estimate the first integral in this sum of three integrals, we use that the denominator is

greater than € and carry out the integral d\. For the second integral we use lemma 2.11 and
to estimate the third integral we use the Lipschitz property of ®, ; given in lemma 2.4. The

constant C'(€) there is independent of k. By now we have with some J; as in lemma 2.11:

g5k < |K1|§|<1>5,kus<k>>|+|¢S,k<As<k>>|< e HW)

6—50
OO\ — A (k)|
+/Kl INCES S

We use that @, , is locally bounded to obtain

|g5(k)| S C(K1’€7 6)7

where C'(K, €, €) does not depend on k and 0 < &y. By Lebesgue’s dominated convergence
theorem we can pull the limit inside the integral and get (2.17).

ad (B): In this part we want to show
: sows (Uf,1bs) wws (Uf,s)
615(%/ Z //R —A—1 / Z hm//R —A—1d
s€J, [s|>1+1 s€J, |s|>1+1

Define (for the second equality see lemma 2.2)

o) = [ i XTI
VIBl Jr Jea A(k) = A =6 Jp A(k) —A—is
gs converges pointwise a.e. as § — 07 to the function
o

g(s, k) = P/R W@A A\ + im®, p(As(K)).
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Again we are looking for an integrable bound for |gs| to apply the Lebesgue dominated con-
vergence theorem. We start the estimation with the triangle inequality and estimate the de-

nominator by ( from (2.16)

U_ S U? S
asts. 0] = | [EEITL g
(U, b U F, )]
< /K k) - A—io]
< % (U, 6 [(U f, )] d.
K,

The last expression is integrable as a function of s and k with respect to the measure dk ®
dH(s) (dH° denoting the counting measure), which can be seen from the following calcula-

tion:

/QEZ (A; (UL, ) KU f, )] dX dk

sej
lemma 2.10
< Kl/ ;| U, ¥s) KU f,1s)| dk dX
1 1/2 1o
< = (U, s)] ) ( (U f, ¢S>|2> dk d\

1 —
B Z/K /BHU@”LQ(Q) U fll 2y dk dX

1 _
< g /K 10BN 2 Ul dA

1
= C p (A, )||L2(Rd) 1£(A, ->HL2(Rd) d\ < oo,

since [|f (A, +) | p2(gay and [[o(A, )| 2 (gay are bounded in A. By Lebesgue’s dominated con-
vergence theorem we get

Jm | [t [ [ [ e

B seg; | [>1+1 s€T; |s \>l+1

Altogether we obtain

;gé;é@m=WMHm
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S bl 2 e

seT; |s|<i s€T; |s|>14+1
_ /Zglm//
seJ 0 /R JRI

which is (2.15). The solution property of u* follows easily from this convergence result,

since L is also a test function like ¢ by hypothesis (1) made in section 1.4 and so
/ A 2)p(A, 2) do dh = us|(L — A)g] — iduslp] — uF[(L = Ny
R JR

as § — 0*. ]

Remark 2.12. Using the lemmas 2.9 and 2.10 we interchange step by step the order of the
integrations in

Uf /\a 7k ﬂ)s(a )) L2(9Q)
/ /Rd(\/\? / — (At ) 1/’8(90”“)6”6) (A z) da d),

(see (2.14)) such that we can pull inside the limit &6 — 0F. Trying to take a short cut using

Fubini’s theorem directly on all three integrations and the summation fails. The problem is
to show

(UFN, - k), s (-, k) 2
As(k) — (A +140)

L)y (e, k) o(N, )| dk dad) < oo

| B|

without further additional assumptions.

Making further assumptions on the growth rate of |\s| as |s| — oo makes this short cut
possible. Then we can proceed as follows. Since the support of p is contained in K; X Ky
and we can find an a € N such that

Ky C U Q+n.

nezd; |n|<a
We begin with
(Ui )" ’k ) ¥s(5 k)2 ()
RY § As(k) — (X +1i0) Vs(x, k)N, )| dk dxd\
Uf)()\7 ) k)a ws(', k)>L2(Q)
; Vs(w, k)N z)| dk dzdX
”GZd [nj<a 4" Kl s As(k) = (A +0)

38



Uf )‘7 ak; /(/)S('v )> 2

< Nl o (e,

k)| dk d dX.

nezd; nj<a”’ K1

Here we used the k-quasiperiodicity of 1Vs(-, k) and estimated |p(\, x)| by its supremum.
Next we can get rid of the integral over §) and count the summands in the sum over n. Inter-
changing the order of the summation over s and the integration over B is justified by the final

outcome of the estimation. Thus an upper bound on the last expression is given by

2a + 1)1 ol / /Z' (i) A”k) vsls >>|L2 |dkd)\.

— (A +10)

Now we use Cauchy-Schwarz inequality on the sum over s.

(W) A,,k ), sl k) (e
/ o ~ Ot ) Vs(z, k)p(\, )| dk dx d)
< (2a+1)d\/@|!¢||oo/K /B\/Z|<(Uf)()\mk),¢s(-,k)>|2
\/Z o (k )\+ e
(20 + DL/ o]l / /||Uf s Bl e \/Z e

where we used Parseval’s identity. Cauchy-Schwarz inequality applied to the integral over B and the
isometry property of U yield:

(U~ k) 1/15(', k)20

dk dx dX

8

SGJ

20+ D/ gl /K \/ /B 10 L - 1) 2y b
\//Z\)\ )\+u5)| dk A
_ et )V gl / 1F O e con, \//Z‘A 57 A

Now we see that with a sufficient growth rate of |\s| as |s| — oo uniformly in k the series over
s converges and one can carry out the integral over B. For partial differential operators, such

sufficient growth conditions become hard to satisfy for high space dimensions. For example,

IN
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if L =—A on|0, 1]d then Ay ~ 5%/ (see [32], where the method is explained for d = 2 and
d = 3). We see that in this case the above argument would only work if d < 3.

Remark 2.13. If f is independent of \, we do not need the compact support of f. The proof of
lemma 2.4 is even easier, noting that the support of ¢ is still compact. In the proof of theorem
2.6 we needed the compact support of f only to get rid of the Floquet- Bloch transform U in
the expression ||U f(As(k), -, k)|l 12 cary in the right hand side of the inequality (2.13). If f
is independent of A we can use Cauchy-Schwarz inequality on the integral over B to estimate

/B WU FC 1) ooy 6 < /BTl oo cony

and do not need the compact support. In the proof of theorem 2.8 we did not need the com-
pact support of [ directly, but only that the function @, was Lipschitz continuous. But this
follows form lemma 2.4, which remains true if f € L*(R?, CM) without compact support as

mentioned earlier.

Remark 2.14. If f is Lipschitz continuous but not constant in \, then the compact support
of f was a sufficient condition for the right hand side of (2.13) to be < <. In fact we could

assume for [ the weaker condition

/BL ||Uf(/\s(k)7 y k)HLQ(Q,(CM) dk < 0

forall s € J instead of assuming that supp(f(\,-)) C K for some compact K C R¢ for all
AeR
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Chapter 3

Limiting absorption principle for regular
frequencies )\

In classical physics, a physical (field) quantity () is modeled as a function of space, time
and possibly other variables (for example frequency, temperature,...), i.e. Q = Q(z,t,...).
Examples for physical quantities are the electric field, magnetic field, energy, momentum, a
scalar or vector potential, the wave function. In quantum theory of fields a new perception of
physical quantities came up. In this theory physical quantities are modeled by field operators,
ie. @ = Q(x,t,...) is an operator in a Hilbert space. Moreover, it was realized, that the
field operators at a fixed point z have no meaning in a proper sense. This is so, since it is

impossible to measure () at a fixed point x. Instead, on can only measure average values

[ @an) i

with ~y being a function of a certain class (see discussion of K.O. Friedrichs in [33]). In view
of this interpretation we can give the results of the previous chapter a corresponding physical
meaning.

In the last chapter we have established a distributional version of the limit absorption principle
for Helmholtz-like equations on the whole R?. Because u*, which models a physical quantity,

was supposed to be a distributional solution of the Helmholtz equation
(L=Nu=Ff

in the sense of definition 2.1, we were able to integrate with respect to A and control the

singularity by means of Cauchy principal value integrals. Doing this we had no restrictions
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on the range of frequencies and only weak requirements on the right hand side f, but in
exchange the distributional solution provides only coarse information of the behavior of the
examined system which can be extracted by applying u* on test functions ¢ = ¢(z, \). This
corresponds to the idea of the measurement of an average value of u™*, where the support of
the test function models the area in space and in the frequency variable where the average is

taken.

One can also extract qualitative information concerning the behavior of u* in space and with
respect to the frequency variable by employing families of test functions and comparing the
response of u*. For example, consider a family of test functions ¢, (\, z) = p(A+a, z) where
the support of ¢ is concentrated around a certain (g, o). Then the comparison of the values
u*[¢p,] for different a indicates the behavior of u* around a point z, as the frequency varies
with a. If one finds that u*[p,] has a great resonance around a certain ay, this would indicate
that the frequency Ay + aq - or rather a frequency somewhere nearby - is a frequency with
special properties for the examined system. Similarly, the comparison of the values u™[(p]
for a family v, (A, ) = (A, z + b) of test functions where the support of ¢ is concentrated
around some (g, 7o) gives a rough impression of the spatial behavior of the solution u* for

a fixed frequency interval with nonempty interior.

At this stage it is interesting from a mathematical point of view to ask for conditions such that

the distribution u™*

can be represented by a function. A representation of physical quantities
as functions is also favorable from a physical viewpoint, since it would coincide more with
the common classical perception of these quantities mentioned at the beginning to have at

any point a well defined value as a tuple of real or complex numbers.

For example, in classical physics the values of the magnetic field generated by a radiation
source is supposed to exist as a triple of complex numbers in every point in space and at
any time for a fixed frequency. However, the requirement for a function to have well defined
values in every point is too restrictive for mathematical treatment, so this chapter we will find
a representation of the distribution u* from the previous chapter as a function that is locally
LP with respect to the frequency variable \ and in a weighted L? space with respect to the
spatial variable x.

To accomplish this task, it turns out that we have to restrict the range of frequencies A to
regular frequencies. Physically, these are frequencies for which all corresponding Bloch
modes with band functions intersecting A have non-vanishing group velocities. In studying

radiation phenomena, it is natural to consider such frequencies, since Bloch modes with zero
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group velocity do not propagate in space.

As we will only - apart of section 3.2 - rely on the Lipschitz property of the band functions,
we will first recall a suitable notion of regular frequencies. This requirement relates only to
a certain condition on the derivatives of the band functions at the frequencies in question.
In particular, it does not affect intersections of the band functions. This means that multiple
eigenvalues A\ (k) of L) cause no problems as long as the regularity condition is fulfilled for

each of the intersecting band functions under consideration.

In one space dimension it is known that almost all frequencies A are regular, since the band
functions can be chosen analytically (see [34]). In higher dimensions, a sufficient condition
that almost all frequencies are regular is that the band functions can be build up as restrictions

from sufficiently smooth functions defined on overlapping domains.

To find a representing function for u*, we will investigate the restriction of the inverse
Floquet-Bloch transform to level sets of the band functions at regular frequencies. The re-
stricted inverse Floquet-Bloch transform takes L?-functions on the product of the periodicity
cell and the level set to weighted L?-functions on the whole space.

After that we study the properties of the level set integral
1 Uf,¥s)¥s(w, k
o= (U, )z, k)
V| B| JtkeBirs (k)=r} VA
which is nothing else than the inverse Floquet-Bloch transform restricted to the level set
{k € B : \;(k) = 7}! applied to the integrand. It follows that h, lies in a weighted L>-space

dHYE)  (x € RY),

on R? in the variable x. Such integrals arise, when the Corarea formula is applied on the

integral over B in the Floquet—Bloch representation of the resolvent
Z/ Uf )‘7 Jk ws( ) )> Q(Q,(CM)ws(x7 k)

V ‘B seJ S(k) —A

The limiting absorption principle for £ in the space LP(Iy, L*(R¢, CM;w(z)dx); d)\), where

Iy is an interval of regular frequencies, p € (1, 00) and w a suitable weight function, is shown

dk.

(L=N"f=

by the following steps. First, the integral over B in the representation of the absorptive

resolvent

dk

(L—\—id)"Lf = Z/ (O k), v (( k) 2o s (@, k)

V| B = As(k) = A —id

IThis restriction is understood in the same way as the restriction of the Fourier transform to submanifolds in
[35].
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is split into a two parts: one, where the integration over k avoids singularities in the denomi-
nator for A € I, and a part where we possibly have A\;(k) = A € I. The first part causes no
problems when § — 0F. The second part is rewritten by the Coarea formula. For this step it
is necessary that we restrict to regular frequencies. Finally we will see that the second part

converges in LP (I, L>(RY, CM; w(x)dz); d\) as § — 0F to a sum of terms of the form
—mHhs(\, z) £ inThs(\, ),

where H is a variant of the Hilbert transform and 7' is a sort of point evaluation operator.
This representation has a similar structure as the distributional solution u*, which consists of

a part involving a Cauchy principal value integral and a point evaluation part.

Convention: Vectors, gradients and coordinate tuples are always to be regarded as columns,
though mostly written as rows to save space. So, if M is a matrix, and (k1, ..., kq) a vector,
then M (ky, ..., kq) means

1{71 mi1 ... Miyq ]Cl
M —
kd mgr ... My k‘d
Consequently, the transpose (k1, ..., kq)" is a row.

Furthermore we will often skip the target space C* in the subscripts of norms and inner

products.

3.1 The notion of regular ).

Usually a value A of a function A is called a regular value if for any element £ in the domain
of h with the property h(k) = X the derivative Dh(k) is not zero. Since we will only rely on
the Lipschitz continuity of the band functions we recall a notion of derivative that is suited for
Lipschitz functions. By Rademacher’s theorem Lipschitz functions possess classical deriva-
tives almost everywhere, but we will need a notion of derivative, that is defined everywhere
on B since we will deal with level sets having d-dimensional measure zero. Based on that
notion we will introduce regular frequencies, i.e. regular values of the band functions A,. For
derivatives for Lipschitz functions, it will be convenient to use the concept of the generalized
Jacobian (generalized gradient) from [36].
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Definition 3.1 (Generalized Jacobian). The generalized Jacobian of a function f : R — R"
at a point x € R™, denoted by 0f (x), is the convex hull of all matrices m of the form

m = lim D f(x;),

1—00

where x; converges to x and f is differentiable at x; for all i. O f(x) is said to be of maximal

rank if every m € Of(x) is of maximal rank. Partial generalized Jacobians

Iy f(z,y)

are defined in the same way.

We will also need the upper semicontinuity of the generalized gradient (see [37]).

Theorem 3.2 (Upper? semicontinuity). If v; and x; are sequences tending to v and x respec-
tively, and if v; belongs to O f (x;) for each i, then v belongs to O f(x).

For Lipschitz functions an inverse mapping theorem holds, which was proved in [36].

Theorem 3.3 (Inverse mapping theorem for Lipschitz functions). Let f : R" — R" be
Lipschitz in a neighborhood of xy € R™ and let O f(xq) be of maximal rank. Then there exist
neighborhoods U and V of xy and f(x) respectively, and a Lipschitz function g : V. — R",
such that

(a) g(fuw) = wu for everyu € U
(b) flglv)) = v for everyv € V.

From this theorem it is easy - at least in the case of generalized gradients, i.e. if f is taking

its values in R - to show an implicit function theorem for Lipschitz functions:

Theorem 3.4 (Implicit function theorem for Lipschitz functions). Let f : R x R — R
be Lipschitz in a neighborhood of (xo, o), f(xo,y0) = 0 and let 0, f(xo, yo) be of maximal
rank. Then there exist neighborhoods U C R™ and V' C R of xy and y, respectively, and a
Lipschitz function g : U — V such that

f(x7y):0 <~ y:g(l’), ((x,y) GUXV)'

Informally this theorem states ” lim df (z;) C df (x) if #; — =, i — o”.

1— 00

45



We will use the implicit function theorem for Lipschitz functions to describe level sets of the
band functions at regular frequencies by finitely many Lipschitz parametrizations. Now we

introduce the notions of regular points and values.

Definition 3.5 (Regular point). k € B is called a regular point of A, if 0 ¢ 0\(k). A point

that is not regular is called singular.

Definition 3.6 (Regular value). A € R is called a regular value of \, if A\;'({\}) = 0 or
M Y({\}) consists only of regular points of \s. The set of regular values of \, is denoted by
Rs. We also define R, the set of regular values, by

R = {\ € R : \is a regular value of )\ for all s}.

A value that is not regular is called singular.

3.2 A criterion on the band functions, such that almost all

A are regular

Assumptions: In addition to the assumptions on the band functions we have made in chapter
1, suppose for this section that for each s € 7 C Z there exists a subset X of B of dimension
< (d—1)andsets By1,...,Bsn (N = N(s)) which are relatively open in B such that

B\ X,=B,1U...UB,y

and such that ), is analytic on B \ X,.> Furthermore assume that there exist C4*V-1-

continuations of every A

B., to some open (in R?) sets A, ; containing B, ;. These ex-
tensions will be denoted by abuse of notation by A

A, ;- Note that such extensions do not
exist by the analyticity of the band functions on B ; and the global Lipschitz property only.

For example, the function defined by i(x) = 2

sin < forz > O and h(z) = 0 forz < 0is an-
alytic on (—o0, 0) and (0, 0o), Lipschitz continuous everywhere, but there is no C'*-extension

of h from (0, 00) to = < 0.

In our situation we have the following

3The existence of such B, ; and X, (satisfying further conditions) was shown by C.H. Wilcox for

Schrodinger operators with periodic coefficients in [38].
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Proposition 3.7.
(@) ON(k) = {VA(R)} ifk € B\ X,

(b) ONs(k) = comv{VAg|a,, (), ...,

0Bs,, for all other p.

o (K)}ifk € 0Bsj, N...N OB, and k ¢

S

Lemma 3.8. Let r > 1 be fixed and let h; : R?* D A; — R, i € {1,...,r}, be C4—1.
functions on open sets A;. For any J = {ji,...,jt C{1,...,r} such that (\;c; A; # 1)

define the function
gy : (ﬂ AJ) X R|J|_1 — R
j€J
|J|-1 |J|-1
gJ(kaaly"'aa\J\—l) = Zauhju( I Z&V ]‘J|

v=1

In particular, g5 is a CVI= _function. Consider the set

A, = {AGR 3 ko € R such that h;(ko) = A for j € J

and 0 € conv{Vh;(ko) : j € J}}

and the set
|J]-1
%J:{)\ERIE'kOERdHOq,.. ,ap7-1 € [0,1] such that 1 — Z% 0, 1]
j=1

gJ(]{Z(), Q... ,()é|J|_1) = )\ and VgJ(ko, Q... ,Oé|J|_1) = 0}
Then A; C B and L' (B ;) = 0, where L' denotes the 1-dim Lebesgue measure.

Proof. Let J = {j1,.... 5} € {1,...,r} and A € ;. So there exist ky € R* and

|71

o, 0p7-1 € [0,1] such that 1 — > o, € [0,1], hj(ko) = Aforall j € Jand 0 =
v=1

7|1

|J]-1
> a,Vh,, (ko) + (1 - >, al,> Vh;, (ko). For this kg and vy, . . ., )51 we have clearly
v=1

v=1

[J]-1 [J]—1

gJ<k07a17 s Q- 1 Z a,h 0 1- Z (% ]U,
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and

VQJ(ko, Qq, ... 705\J|—1>

|J]—1 |J]—1
_ ( ST a,Vhy (ko) + [ 1= 3" ay | iy, (ko)
v=1 v=1

hj1<k0) - hjm (k0>> R hjm—l(ko) - hj|J| (k0)>
— (0,0,...,0)

so we conclude A € B ;. Since B is a subset of the singular values of the C4*71-1_function

gy we can use theorem 3.4.3 from [39] (Sard’s theorem) to obtain
H0+(d+\J|—1—0)/(d+\J\—1)(sBJ) =LY(B,) =0,
where H" denotes the n-dimensional Hausdorff measure. O]

Lemma 3.9. For band functions satisfying the assumptions from the beginning of this section,

the set of singular values is a closed set of Lebesgue measure zero.

J—0

Proof. Let (A\9);cy be a sequence of singular values of \, and A¥) == X € R. We want to
show that the limit ) is a singular value of \,. Since A is singular there exists a k) € B
with A, (k1)) = AU) and 0 € OA,(k")). We can assume lim kY = k € B (note that B is
compact). Since A, is continuous we have A\;(k) = . ’

Case 1: k € B, for some i € {1,...,N}. Then we may assume kO e B, and so
O (kW) = VA (kW) = 0. Since V), is continuous on B, ; we have 0 = lim Vs (kW) =
Vs(k) € 0Xs(k), and so A is a singular value of A. ’

Case2: k € 0B;;,N...N0B;;, forsomeiy,...,i, € {1,..., N}. Without loss of generality
we may assume r = 2. If there exists a subsequence of k) that lies as a whole in one of
the By ;, i € {i1,...,i,} then the proof goes like in case 1 using the continuously differen-
tiable extension of \; on A, ;. Otherwise there exists a subsequence EU) € 0B;;, N 0Bs,,
converging to k. We denote this subsequence again by k). Since k%) is singular there ex-
ist &7 ol >0, oY + ) = 1 such that 0 = o'W, Avy (K9)) + VA, A, (KO)).
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Once again we pass to a subsequence such that (aij ), agj )) converges to some (o, ap) with
ap,ap > 0, ap + as = 1. Then for the final subsequence we obtain due to continuity
0 = oV, (k9) + o' V|4, (BD) =5 ay VA4, (k) + a2V A4, (k) which

means 0 € O\(k). So k is singular and \;(k) = A is a singular value of \,.

8,19

This means that the set of singular values of ), is closed. We apply lemma 3.8 to the col-
lection of functions Ag|4,, ..., As|a,. So the set of singular values of a band function A4 has
Lebesgue measure zero (note proposition 3.7). Now the set of all singular values is the count-
able union of the sets of singular values of all band functions. So it has Lebesgue measure
zero. It is closed, since for every frequency A there are only finitely many band functions
whose ranges contain \. [

Remark 3.10. The openness result for the set of regular values is true in general and does
not need the special extension property of the band functions. This can be seen as follows.
For a sequence \Y) € R of singular values converging to some \ € R we find a sequence of
singular k) € B, without loss of generality converging to some k € B with \,(k7)) = \0).
By upper semicontinuity of the generalized gradient, we obtain 0 € O\(k). Since As(k) = A
by continuity of \s, \ is singular.

3.3 A theorem on the inverse Floquet-Bloch transform re-

stricted to level sets at regular \

Level sets of Lipschitz functions can be very irregular. In general one cannot even expect a
level set of a C''-function to be rectifiable (see [40]). In this section we investigate regular
level sets of Lipschitz functions, i.e. level sets of regular values. It turns out, that regular level
sets can be locally described as graphs of Lipschitz functions. This property will enable us to

define properly a restriction of the Floquet-Bloch transform to regular level sets.

The next lemma shows that the generalized gradients O\ (k) are bounded away from zero,
when k runs through all £ € B with the property that A\;(k) € I, and [ is an interval com-
pactly embedded in the set of regular values of \;. The lemma will be needed to verify the
hypothesis for the application of the Coarea formula.

Lemma 3.11. Consider the band function \, and define the level set of \g at A by
By ={k € B: \;(k) = \}.
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Let A CC R,. Then

inf ' ok B; :
infq min im| : k € u 1 >0 (%)

Proof. First notice that for any k € B, nalin( : |m| exists, since d\¢(k) is a nonempty com-
medrs(k

pact convex subset in R (see [36]). Now suppose that the infimum in (*) is 0. Then there
exists a sequence k) € | J, 5 Bj such that k9 € B3 for some regular A9 e Aand 0 <

. j—00 . N j—00
min m| — 0. Because ~ B¢ is compact we may assume k) == k e ~ B3,
AEA T AEA A
mEs (kD)

Hence,  is a regular point.
For each j the minimum min, sy () [ is attained in some m; € O, (kY)). Since m; —
0 and k) — K we obtain 0 € O\,(x) by upper semicontinuity of the generalized gradient

(see theorem 3.2) in contradiction to the regularity of . 0

Lemma 3.12. Let \; : B — R be Lipschitz, \ a regular value of \; and k € B5. If
mg > ¢ > 0 for some fixed c for all (my,...,mq) € OXs(k), then 0 ¢ O, \s(k). Here,
Ok \s(k) is the partial generalized gradient with respect to the d-th component, i.e.

. OXs
O As(k) = conv{ lim 8—@(%)} :

For this convex hull all sequences (x;);en are taken into account that converge to k and

222 (x;) exists for all j € N (according to definition 3.1).

Proof. Since in the definition of the generalized gradient of a real valued function one can as
well constrain the sequences (z;);en to lie in the complement of a fixed set with measure 0
(see [37]), we constrain the sequences (z;) jen to the subset of R? where all partial derivatives
of )\, exist, i.e. to the set of all z € R? such that the full gradient V\,(z) exists. Suppose
w.Lo.g. d = 2 and hence that for all m = (my,mz) € d\s(k), my > ¢ > 0 holds. Assume
0 € Ok As(k) = [ag,b2] C R. Since ay and b, are extremal points there exist sequences
xj,y; — k such that

8%2)‘5(%) — a, 8%2/\5(%‘) — by, j — 00
and 0 = «ap + Bby for some «, 5 € [0,1], « + § = 1. For those sequences we find
subsequences, denoted again by z;, y; to avoid double indices, and a1, b; € R such that

0

a—kl)\s(%‘) — ay,

0 .
8—]{1)\5(%) — by, j — 0.
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Note here that 8%1)\5 is bounded by the Lipschitz constant of A\;. Then for the subsequences
we have
VAs(x;) = (a1, a2), VAs(y;) — (b1, b2), j — oo.

So by definition 3.1,
8)\S(k) = Oé(dl, CLQ) + ﬂ(bh bz) = (Oé(ll + Bbl, 0),

a contradiction since the 2nd component of every element in \;(k) is > 0. The proof for an

arbitrary d > 1 is clear now. O]

Remark 3.13. Since the band functions are periodic with respect to B we can identify B
with the torus R? /277 and also regard the level sets B as subsets of the torus. For a matrix
M € R¥4 e also may interpret M B as the torus MR /2x M7 We do this in order to
avoid the distinction of the two cases whether k lies in the interior of B or k € 0B.

Definition 3.14. Let 91 be the class of all subsets M of B that have Hausdorff dimension
Haim(M) = d — 1 and such that there exist finitely many invertible matrices D; € R4
together with Lipschitz parametrizations ¢y, ..., ¢, ¢; : Ul — U!', where U/ C R4,
U!" C Rand D;(U] x U!") is open in the torus D; B, with

M C | DU} x U})

and such that for all i € {1,...,r}
/{Zd = (bz(kl ceey /{del) = Di(l{il, ceey /{Zd) cMnN D1<U@/ X UZ//)
holds.

The matrix D); describes a suitable local change of coordinates. In these new coordinates, the
piece of M lying in D; (U} x U/) is the graph of a Lipschitz function.

Proposition 3.15. Let B3 be a level set of a Lipschitz function \s at a regular value \ €

Rs. Then By € I and there exist invertible matrices 151 with integer entries such that the
~\N-1 ~

matrices D; from definition 3.14 can be chosen as D; = (Df) , D! denoting the transpose

OfDl
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Proof. First we give some preparatory arguments, which will help us to construct the para-

metrizations via an implicit function theorem for a suitable function defined later in Step
3.

Step 1. Let £ € Bj. Consider the generalized gradient O\ (k). Since A is regular, 0 ¢
0Xs(k). So, since OXs(k) is compact and convex, there exists a (d — 1)-dimensional affine
hyperplane H separating 0 and O\¢(k). After projecting 0 and O\,(k) orthogonally onto H
we find a (d — 1)-dimensional closed ball C' in H around the orthogonal projection of 0 on
H containing the projection of OA¢(k). Then we see that O\(k) is contained in the double
cone C = R - conv{0, C'} where the convex hull is taken in R Let H' = (hy,...,hg 1) be
the parallel hyperplane to H through 0. Since the lattice directions of the lattice Z¢ are dense
in the (d — 1)-dim sphere S9!, we can perturb the h; to h; € Z* such that for the hyperplane
H spanned by E, i=1,....,d—1, (El, e ,Ed_ﬁ N C = 0 still holds and {El, e ,ﬁd_l}
is linearly independent. Now we can choose a hy € (Rsq - conv{{0} U C}) N Z? such
that {El, . ,Ed} is a basis of R%. Let D be the matrix whose columns are the E Then, if
T = e+ ...+ pgeq = fﬁlﬁl +...+ fﬁdﬁd, where {e;, ..., ey} is the standard basis of RY,
we have the following relation between the coordinate tuples in the two bases

(1, s pta) = D(a, . .., q).

Furthermore, from the construction of the basis {El, - ,Ed}, it follows that mg > ¢ > 0 for

some c if (Mmy,...,mg) = D7 (1, ..., pq) and (g, . .., pg) € OXs(k). Define

D= (f)t) -

Step 2. Observe that k € Bs < A\(k) = A < A\ (DD k) = A & A\(D'k) = \ where
XS := As o D. From the definition of the generalized gradient it follows that
X (D7) = DO (K).

Letm = (my, ..., mq) € OA(D~k). Then m = D'y = D~y for some p € O\, (k). From
step 1. follows that there exists a ¢ such that for all m = (my, ..., mg) € X, (D'k) the d-th
component satisfies my > ¢ > 0. So by lemma 3.12, 0 ¢ 8kdXS(D_1k).

Step 3. Since A € R, and R is open, there exists an interval I C R, with A € [ and I C R,.
Let (10, ko) = (7o, ko1, - koa) € T x A\72(I) be fixed. Define F(r,k) := A\, (k) — 7 on
R x D~'B. Then

F(r,k)=0a X\(k)=7< \Dk) =7 ke D'B.
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Thus F (7o, D~ ko) = 0. Since 7o is regular, we have 0 ¢ D'\ (ko) = dX,(D ko) and,
by step 2 and lemma 3.12, for the generalized partial gradient of XS with respect to the d-
I a-1(k1, ... ka—1,ka) = (k1,...,kqs—1) the projection on the first d — 1 components.
By the implicit function theorem for Lipschitz functions 3.4 there exist neighborhoods U x
U CRxTIL, 41(D'B)and U” C R of (1o, (D ko)1, ..., (D ko)g—1) and (D 'kg)g
respectively, where (D~ 'k); is the i-th component of the vector D~'ky, U’ x U” open in
D~ B, and a Lipschitz function ¢, x,) : U x U’ — U” such that

-----

F(r,k) =0 (7, ki,...,kq) € (UxU")xU"
S kg = (b(To,ko)(Ta kl, e ,/{,‘dfl) (T, kl, .. .,kdfl) ceUxU'.
Furthermore, for all (7, ky,...,kqs1) € U x U’ we have
D(kla R 7kd—17¢(7'0,k0)(7—7 kl? .- '7kd—1>> € Bi

Since I x A7'(I) is compact, only finitely many invertible matrices D; together with Lipschitz
parametrizations ¢y, ..., ¢,, with ¢; : U; x U/ — U! where U; x Ul C R x D;'Bis a
neighborhood of (7;, (D™ 'k;)1, ..., (D k;)4-1), U/ C R a neighborhood of (D~'k;), for
some (73, k;) € T x A71(I) such that U! x U/ is open in D; ' B are needed to have

Ix X\M(I) < | Ui x Dy(U; x UY).
=1

Now BS C |J; Di(U! x U/") and forall i € {1,...,r}
k’d = (ﬁz()\, 1{71, cey kd—l) = Di(/{fl, ey kd) € Bi N DZ<U; X UZH)
In the following text we will skip the A-argument in the parametrization ¢;. [

Definition 3.16. Let M be a regular level set of ;. Define

Unt L k) dH (k) (3.1)

1
=

forh € (LY(Q x M,CM);dx @ dH?1(k)), where in the right hand side of the formula h is
extended to R? by the k-quasiperiodicity condition h(x + n, k) = e*"h(x, k), n € Z<.
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Remark 3.17. Comparing (3.1) with the inverse Floquet-Bloch transform U~ in section 5.1
in the appendix, we can interpret (3.1) as a sort of restriction of U~! on M. Analogously one

can define Uy, where U C B is open.

Remark 3.18. Since M € 9 can be described by a finite number of Lipschitz graphs,
HIL (M) < oo holds (see [31], section 3.3.4). In particular, M is o-finite with respect
to H%' and by Fubini’s theorem (3.1) exists for almost all x € R®. Furthermore, by the
Lipschitz continuity of the parametrizations ¢;, for an interval I CC R there exist a constant
C, such that for all T € I, H*1(B?) < C holds.

Theorem 3.19. Let M = B3 be a regular level set of \s with Lipschitz parametrizations
N1
¢; = Ul — U/ and matrices D; = (Df) chosen according to proposition 3.15. Let w be

any strictly positive weight function w satisfying the following two conditions.
(i) There exists a function w such that for all li

w(Di(xy, ..., xq)) < w(xyq)

(ii) For the function w from (i)

Z ”{DHLOO([OJ]JFS) <o

SEZL

holds.
Then, for h € L*(Q x M,CM;dz @ dH*"'(k)) we have U,/ h € L*(R¢,CM; w) and

-1
HUM hHm(Rd,CM;w) <C Hh”LQ(QXM,CM;de‘@dH‘i‘l(k)) (3.2)

with C' > 0 independent of h.

As an example for w take w(xy, ..., xq) = (1+ |z + ... + |xg]) 7 (o > 1) with w(zy) =
(1 + %) , where |||, denotes a matrix-norm that is compatible with the | - |;
max; ||D; " []1

vector norm (i.e. |Mx|y < [|[M||, |x]1).

The constant C'in (3.2) depends on the parametrizations ¢; and w, but see remark 3.20.

Proof. The basic idea of the proof is similar to the corresponding proof for the Fourier trans-

form, which can be found in [35]. Yet the details are more intricate, since we have to take
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into account the relations of the periodicity lattice and the reciprocal lattice. The Lipschitz
parametrizations are used to flatten M locally. The weight function is used to separate a
(d — 1)-dimensional integral that can be estimated after using the flat (d — 1)-dimensional
Floquet-Bloch transform with its isometry quality.

For the proof let B,, := [—m, 7|, €, := [0, 1]" denote the n-dimensional Brillouin zone and
cell of periodicity. Consider one of the parametrizations and drop the index i: ¢ : U' — U”.
The accompanying matrix is D = (IN)"/)*1 according to proposition 3.15 (recall D e 79%9),
Then

D(ky,....kg) e MN DU xU") & kg = d(k1, ..., ka1).

We will need the following function for the application of the Area formula. Define

VU — MnDU xU")
(kla---akd—l) = D(k,‘l,...,kd_l,qb(l{il,...,/{,‘d_l)).

The Area formula from section 5.4 in the appendix yields

/ h(x, k) dH" (k) = / h(z,9(2))J0(2) dz. (3.3)
MOD(U'xU") '
J1 is the Jacobian (in the sense of [31], section 3.2.2) of ¥ and it is given by

JU(z) = 1+ |Vo(2)2

Since ¢ is Lipschitz there exist a constant C'(¢) > 0 such that for almost all (k1, ..., kq_1) €
U/
Now we start the essential estimations. Let 7 = (z1,...,24_1), k = (k1. .., kq_1). First we

employ the definitions of the weighted L?-norm and U Mlm DU xUM):

VB H /va U’ xU") ‘ = \/|B/ |UJ\_AmD(U’xU~ h(z)[? da

= /w(x)/ h(x, k) dH (k)
R4 MAD(U'xU™)

Then we insert the Area-formula result (3.3) and perform a change of variables © — Dz in

2

L2 (R;w)
2

dz.

the integral over R%:

v ’B H MOD U'xu’) h

2

dz

/ W, 9(0) O di

2
L2 (Re;w) B /Rdw(m)
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We use the property (i) of the weight function w and define an auxiliary function h(xd)

VB H MmD(U'xU” h)

< |detﬁ|/w(xd)/
R Rd—1

= /Rd w(Dxz)

/, h(Dz,9(k))JO(k) dk

2

L2(R4w)
/ WD, ), (7)) JO(E) di

=:h(zq)

2

dx dl’d

— |det D| /R B (wa)(2a) daa.

(3.5)

The next step is to split up the integral over R into integrals over translates of {2; and use

Hoélder’s inequality:

2
Vv |B HUMlﬂD U'xu'’) ‘

- <|detD\Z/ (g + 5)h(zq + 5) dag

‘h -+s)‘

< |det D Z 10| Lo (@, +4)

L)
SEZ (1)

We will now estimate ﬁ(xd + s) before continuing the estimation. Define

h

s,xd(:’fa E) = XU’(EVL(D(%v Tq+ 8)7 19(%))‘]19(%)

(3.6)

Then we make the following calculation, where we split up the integral over R%~! into inte-

grals over translates of B;_; C R4 !:

h(zqg+s) =

/R“

|Bg1]

2

/ WD, va + 5), 0(0)) JIF) di| dF

/ Tow, (%, k) dk
Rd-1

Z/ ooy (T, ki + 27j) dk| d=
Bg_

Zdl

2

dx

2

Rd—1 \/ﬁ/B_ Z

d—1 ]EZd_l
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Note here that the sum over j is finite due to the boundedness of U’. Define i (z, 7%) =

S,Tq

ES 24 (T, k + 2mj). In order to interpret the integral over B, as the (d — 1)-dimensional

inverse Floquet-Bloch transform of > ;41 hi . (%, k) we have to check, that ﬁgwd is k-

S,Tq

quasiperiodic. Let 7 € Z4 1 and n' := (n,0) € Z%.

= xu (k4 2m)h(DE + 7,24 + ), 0(k + 275)) JI(k + 275)
— xulk+20))h(D(F, 24 + s) + D(7@,0), 9(k + 27§)) JO(k + 2mj).

Since h(x, k) is k-quasiperiodic and D has integer entries, we obtain

W2y (T + )
= exp <Z k: - 27Tj)) XU'(E + 27j)
X h(D(x zq+ ), 9(k + 2m§)) JO(k + 277)
= exp( (7,0) D'( k+27rj)> Ty (T, + 2707)

~

— exp ( (7,0)' D' D(k + 27j, (k + 2@))) Rya, (@, T + 219)
= ) f o (F T+ 2m))
= R, (FF),

S,Tq

where we have used that D = (ﬁt)*l. So we can continue the calculation (3.7), remarking
that the sum is in fact finite because of the boundedness of U’. Thus the number of summands
is less than a constant C'(U’). In the following calculation we make use of the isometry
property of the (d — 1)-dimensional Floquet-Bloch transform Ug, ,:

2
hzg+s) = |Bai / B, (7,k)dk| dF
Ra-1 |Bd 1 Bg—1 jezd—1
— |By| - Ul > b, @) di
jezd—1

2

= |Bd 1| Uéd 1 Z hsxd

jezit L2(Rd-1)
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_ 1
- ‘Bd*1| UBd 1UBd 1 E : hs Td
jEZd 1

2

L2(Qq_1xBgq_1)

= |Bd—1| Z hsmd

jeza-1

L2(Qq-1xBg_1)

Next we use Cauchy-Schwarz inequality on the sum over j and insert the definition of hs 2y
and hw 4

h(zq + )

],
Qg1 JBg-1

By |C(U") /
Qg—1 v Ba—1 eZd 1
~ 12 ~
hs,xd(x,k)‘ dk di

_ |BdlC(U’)/ / 7
Qd 1 %d:l Bd—1+271'j
= [BaalO@) /

Qg1

(T k)| dk dF

sxd
Zd 1

IN

b, (3, k)‘ dk dF

Z /B I AXU/(%) ’h(ﬁ(f, T+ 3)’ﬁ(E))J§(E) 2 dk di.

EZd 1
Then we use the quasiperiodicity of / and that the modulus of e’ is 1 for any real ¢:
h(xq+ s)

\BdllC(U/)/ > /B . 'XU,(’IE)‘h(ﬁ(f,xd—i—s),ﬁ(%))ﬂ?(%)ﬁ di di
d—1 jGZd_l d—1 uvi

— CU)|Ba / /
Qg1 4
— |BealCU / /
Qg1 4

The estimate (3.4) and the Area-formula result (3.3) imply:

IN

A - - ~ 2 ~
¢i0s OvSVW(’“)h(D(z,xd),ﬁ(k))w(k)‘ dk dz

D@, ), (k))m(%)f ik dz.

h(xq + s)

< |B4g1|C(U / /
Qg1 !
e f
Qd 1 MHD U/XU"
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Now we can continue the estimation (3.6) of the weighted norm of U;'h. E(xd + s) is
estimated by an expression independent of s (see the above formula) which we can pull out
of the sum over s. The remaining sum is by the assumption (i) for the weight function w
less than a constant C'(w):

V |B H _/VlﬁD U’ xu” h} LQ(Rd;w)

< [detD|) 10| oo (2, 1-6) \ﬁ(- +8)\
SEL

_ ]detﬁ]ZHQZHLw(QHS)/ Fi(za+ 5) dg
SEZ O

|Baa|C(U', 6, @)| det D|

/5;1 /Qd 1 /MﬂD U/XU”

Bar|C(U", 6, @)|det D) / /
Q J MNDU' xU")

Again we change the variables Dz — z and afterwards split up the integration over DS into

2

L1()

IN

D(~ 2 d—1 ~
T,xq), k)| dHY (k) dZ dzgq

~ 2 d—1
h(D, k)’ dH (k) da.

integrals over translates of ) C R¢:

2
VB H MOD(U’ U”)h‘

L2(R;w)

< |Ba|C(U', 6, @) / / h(a, B)? RO (k) da
DQ J MNDU'xU")

IN

By |C(U, 6, @) / / X0 (@) (@, )P dH\ (k) da
Rd J MAD(U'xU")

IN

BaalCWU',6,@) 3 / / i@+ 5) (@ + 4, )P dHE\ (k) da
MﬁD U'xug”

EZd )

Finally we make use of the quasiperiodicity of h:
W] Y

Baalc@0.9) Y | /MQDW, Xpa( +3)|¢

EZd )

< Bl oa.D) [ | I, K dHO (k) da
MND(U’xU™)

2

IA

IRz, k:)‘ AH (k) da

= |By1|C(U', ¢, w,D) ”h”%Q(QXMQD(U/xU”);dm@de—l(k)) :

Note that the sum over j is finite, because DS is bounded. Thus C (5) is a constant bounding

the number of summands in this sum.
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Now it remains to put the estimates on the pieces M N D;(U] x U!) together to obtain (3.2).
The constant C' in (3.2) is to be chosen greater than the maximum of the constants C; =
C;(Ul, ¢i,w, D;) times a constant that depends on the total number of the parametrizations
O;. ]

Remark 3.20. From the proof of proposition 3.15 follows by compactness reasons that for
any interval I CC Ry of regular values of \; one can use a finite set of ¢;, U!, U!", D; and
D; to describe all level sets B? (1 € I). Thus we obtain a corollary of theorem 3.19:

Corollary 3.21. Let I CC R be an interval of regular values of \s. Then for any weight
function w with properties as in theorem 3.19 there exists a constant C' = C(I) such that for
all T € Iand h € L*(Q x By, CY; dzx © dH*"'(k)) we have Ug h € L*(R?,CM; w(x)dx)
and

HUEg_lh‘ < C Pl oo ps o0t drspdr-—1 (k) -

L2(RL,CM ;w(z)dz)
A suitable constant C' = C(I) can be computed from the properties of w and the finite set of
the ¢;, U, D;, 51 that is used to describe all the level sets BS (1 € I), and it is independent
of T and h.

3.4 Representation of the distributional limiting absorption

solution for regular \.

Recall that R denotes the open set of regular values (see definition 3.6).

Theorem 3.22. Let o € C°(R x R4, CM), L and f as in section 1.4 and 2.1. Then for every
€ > 0, there exist locally integrable functions a.,d* : R x R? — CM such that for almost
all X\ € R we have a.()\,-) € L*(R? CM), d*(\,-) € L*(RY,CM;w(x)dz) with a weight
function as in theorem 3.19, and for the distributional limiting absorption solutions u* of
(L — Nu = f from chapter 2 definition 2.5 the following representation holds

gp—llm//aEAx (A, z) dxd)\—l—//di)\x (A, z) dz d\,
e—0 Rd R4

where the limit lim,_.q . . . exists and is equal to the principal value part of u*[y] (see defini-
tion 2.5). The functions a.,d* can be chosen as follows:

1 Uf(\ k), ¥s(-, k) r2(.cm
CLG()\,-’E) = \/E/BZX{k:)\S(k)—)\|>e}(k)< f( )\)s(qli)(_ /\)>L — )T/JS(IE,k) dk
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d=(\ dH (k).

Uf >‘7 ’k ws(a )> Q(Q,(CM)QJZ)S('I’I{)
Z/ [V As (k)|

A, x)
\/|B

Note that V )\, exists almost everywhere and is bounded away from 0 by a positive constant
depending on the support of o (see Lemma 3.11).

Proof. BEach of the distributions u* consists of two parts. The first part containing the Cauchy
principal value integral can be manipulated as follows using

O, k(M) = /Rd O\, )5 (2, k) (Uf(A, - k), ¥s(+, k) r2(0,0my do

from definition 2.3 and lemma 2.2 in chapter 2.

/Z/O 5’“ 5 A dk

seJ

= \/@H /X{ku x> (k)
X Z// (A, )z, k) da IR, 0l R aesn g
e7 /R IR

As(k) — A
= e—>0//Rd< /ZX{M/\ k)-A>e (k)
seJ
% Uf )\7 7k) ws(? ))LZ(Q,CM)wS<$’k)

dk A, x) dx dA.
The point evaluation part is subjected to the Coarea formula 5.11, applied to the integral over
B. Notice that ¢ € C$°(R x R4, CM) and so the support of ¢ with respect to ) is contained
in the set of regular values. Also the sum over s is actually finite because of the finite support
of .

\/%/ichbsk

seT
(fim) (UfAs(k), - k), s(- k) 2 (Q,CcM) d—1
\/EZ;///R =ye(e, k) do VAR 4HT(E) d)
ZE’LTF <Uf()\7 y k) ws( 9 )>L2 Q(C]M) d—1
\/EZ//S/RGI o\, 2) s (2, k) da ) dHY(E) dX

m U >‘v 7k s\" 2 M s$,l€
L (SR et et av ) sy

seJ
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Changing the order of integrations can be justified as in the proof of theorem 2.8 in chapter
2. O

3.5 Properties of integrals over regular level sets

In this section we study integrals of the function

<Uf()‘7 K k)a ,QZ)S(W k)>L2(Q,(CM)¢s(l‘7 k)

gz k) = Y0

over level sets of regular values of A\, for a fixed band index s. Let [, CC [\ O and
I cC R C R,. For \,7 € I define for the L*(Q x B, CM:dx @ dH**(k))-function
g(, -, +), which is extended in x to R? by k-quasiperiodicity

g\ z+n, k) =e*g(\ k), (ne€Z?),
the level set integral h; of g by

he(\, 7, 2) = g\ @, k) dH (k) = Uglg(X, x). (3.8)

81

We put hig(A, 7,-) = 0if A or 7 is not in /. To remind of this fact, we will sometimes insert
an characteristic function y; in front of h,. We are interested in the integrability properties
of hy.

Lemma 3.23. h, € L*(I x [ x R CM;d)\ @ dr @ w(x)dx).

Proof. By lemma 3.11 there exists a ¢ > 0 such that |[V,(k)| > ¢ > 0 for all k£ belonging to
the level sets B with 7 € . First we write out the definition of the norm and use corollary
3.21:

2
[[hs]l L2(IxI xR QAT @w(z)dw)

dr d\

’ HL2 (Re;w)

IJI
< o / J a0 My dr

Uf ’ %y ¢s(7 )> Q(Q)¢s(ka) ?
[VAs(K)]

Up: g(A

dr d.

L2(2xB2)
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Then, using the definition of the L?(2 x B?)-norm, we integrate out the integral over {2 and

estimate one of the [V \;(k)| in the denominator by ¢:

”h‘ HLZ(IXIXRd d)\®d7—®w (z)dz)
Uf )\7 7k ws(? )>L2(9)|2 —
< CI /// dH*Y (k) dr d.
: [VAs ()|

Again we use the Coarea formula and the isometry property of U:

1
HhSHiQ(IXIXRd;d)\(&dT@w(x)dx) < 5C<I)//‘<Uf<)\?7k)7ws(7k)>L2(Q)‘2 dk dA

1
< 20 [ IS0 Mo 0 < o
O]

Lemma 3.24. Let ¢ > 0 be fixed and hs be as in (3.8), then for the truncated Hilbert trans-
form (see appendix 5.6)

hy(\
HOR (N z) = / XA T2) o 21w RECM dh @ di)

[A—T|>e A—T

holds without the weight function w.

Proof. Writing out the norm and the definition of 7(*) and h, we obtain:

| E Rl 1z

= //|H(a)h8(>\,x)|2d)\dx
R JT

_ \/%/Rd/l /)\ N 7) Jpe 9N\ 2. K) dH (k)

AN—T
Then we apply the Coarea Formula to the integrals f‘ Ar|>e and | Bs-

2

dr| d)\dzx.

Ol

. 1 <Uf()‘7 E k)v 7vZ)S('7 k)>L2(Q)¢S(x7 k) 2 2
- m// /kem N A=A (h) | ard
1 Uf(A k), (-, oz k) |
= ﬁ/l/w /BX{keB:As(k)—A|>a}(k)< A ) w ( ()]z)L Y (@.%) dk| dz dA.
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We write the integral over B as an inverse Floquet-Bloch transform, which is possible, since

the integrand is k quasiperiodic. Afterwards we use that U is an isometry:

R 2
1R o mey
1 . (UL k), s (5 R)) 2oy s k) |2
= — [|lut (k) [set (B dk dA\
\/E/f XA{keB:|As(k)—A|> }( ) N\ (k) L2RY)
1 /H <Uf()\7 " k)7w5('a k))LZ(Q)ws<x> k) ?
= = X{keB:rs (k)-A[>e} (K) dA.
VBl Jr B (=A< A= As(k) L2(0x B;dz®dk)

In the next step we estimate the denominator by ¢, integrate out the integral over €2 in the
L*(Q2 x B)-norm and add terms with the remaining s € J to complete the sum over s:

Ol

11 ,
= /|B|§/I||<Uf(/\v7k)7¢8(ak)>L2(Q)ws(w7 k)HL2(Q><B,dz®dk) dA

< g ), S IO B R dk i

seJ

Finally we use Parseval’s identity on the sum ) ___ , and the isometry property of U:

P - L LR R

HL? Ra) dA < 00.

- = o

Definition 3.25. We define
B := L*(RY CY; w(x)dx) (3.9

with inner product

Lemma 3.26. The mapping

he: A— (7"—>h5<)\,7','))

eB

€L (1,B)

is Lipschitz continuous for \ € I with values in L*°(1, B).
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Proof. First we show that there exists a constant C' > 0, that depends only on / and system
constants, such that for all A\ € I, almost all 7 € I, ||hs()\, 7, 2)||; < C < oo holds. This
shows that hg(\,-,-) € L*°(I,B). First we use the definition of A, and the estimate from
corollary 3.21:

2 — <Uf()""k)7¢8('7k)>lz2(9)¢5(ka) ?
||h8()‘77—7')||8 - ‘UB;?I ( |V/\s(k')| ) 5
<Uf<)‘7'7k)7¢8<'>k>>lz2(ﬂ)w8(ka) 2
c(l
< o) H IV (F)| L2(Qx BS;de@dHI—1 (k))

We integrate out the integral over € in the L?(Q x B)-norm:

C([) H <Uf()‘> K k)a ¢s('v k)>L2(Q)

2

HhS()‘v T, )HIZS <

[V A (k) L2(Bs:dHd-1 (k)
_ |<Uf(/\7 K k>7¢s('a kj)>L2(§2)|2 d—1
= i) /B NG AR

Then we use that |V (k)| is bounded from below uniformly for all 7 € I by a positive
constant by lemma 3.11. We absorb this constant into C'(I). Furthermore we use lemma 5.3

from the appendix:

C(supp(f)) -
Il < ORI O My [ 1) <o
by remark 3.18. Now we show Lipschitz continuity of h, with respect to A by similar esti-
mates. Let A\, A € I. First we use corollary 3.21 and integrate out the integral over {2 in the

emerging L*(Q x B?)-norm, such that we obtain:

|

~ 2
hs<>\7 ) ) - hs()\a ) -)HLOO(I B)

U (<Uf(k, LK) UFOL - R) K)oy, k>>

2

= sup
Tel T |v/\s( )| .
Y 2
UfN - k) —UfN - k), ¥s(-, k) 2
< C(I)sup (UFA - k) FO ), (5 F)) 2
el Vs (F)| I
(Bs;dHA-1(k))

Then we use lemma 3.11 to estimate the denominator and lemma 5.3 for the terms with U f.
All upcoming constants are absorbed into C'(1):

hs(/\,.y.)—hs(X,.’.)H2 < M”ﬂ/\,-)—f@ >

Bl

L=(I,B) |B| L2(R%)
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C(supp(f))

Lip(f)2|A — A%

c()
In the last step we used the Lipschitz continuity of f with respect to \. 0

The level set integral hs has a connection to the spectral family 1 +— F(u) associated with
L for u € R. For simplicity, let f € L?(R? CM) be independent of \. Due to the Floquet-

Bloch representation of £

\/EZ/ 'lvbs(a ))LQ(Q,(CM)ws(x,k’) dk

we find the following formula for £(p)

B0 () ﬁ 5 | Xtscton oy (DU, bl R oy, ) .

seJ
Proposition 3.27. Let [ CC R, f € L*(RY,CM), g € Bwith a weight function as in theorem
3.19 and r == max{|s| : s € J, A\{(B) N1 # 0}. For the derivative A() of the spectral
Sfamily, which is defined by

d
(A . g)m = T (E ) .0}
the following holds for almost all | € I:
A f = ) holp,)
seJ, |s|<r
Uf )> QCM)¢5( ) ) d—1

= dH" (k).

v |B s€;<r/ |V)\< )| ( )

Proof. For (E(u+v)—E(u))f we find the following representation, noting that |V (k)| > ¢
if 1 < As(k) < pu+ v and thus we are able to apply the Coarea formula.

(E(p+
_l_

v) = E(w)f
Z/ X{keB:u<As(x <M+V}( )<Uf('ak)ad)S('vk:)>L2(Q,(CM)¢S('7k) dk
eJ

(Uf(, k) ey s (k) g
2: '/’ L/g |VA( T dH (k) dr

SEJ [s|<r
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s€J,|s|<r H

We use this to calculate the derivative of E(j):

B+ 0) = B =3 bl s
seJ;5ls|<r
= % (Y /# Vhs(n) dr = ho(u v, 9)s
s€d,|s|<r s€Js|s|<r

IN

DY

s€J,|s|<r

(/# () dr = (. g)s
1
- - ¥

v v
: g h()ﬁ—/ ha(p, ) dr. )
seJ,|s|<r K

< Z / —h (M’ )7g>B| dr

seT|s|<r

Now, since 7 +— (h,(T,+), g)5 is in L*(I) because 7 +— hy(7,-) is in L*(I,B) (lemma 3.23),

by Lebesgue’s Differentiation Theorem (see for example appendix in [31]) the last line goes

to0asv — 0 for almost all p € 1. [

3.6 The limiting absorption principle for regular \

Recall B := L*(R¢,CM; w(x)dx). We now investigate the limiting absorption principle for
us in the function space L (I, B; d\) for p € (1, 00). For the whole section let Iy CC I\ 01,
I CCR,V:={keB:\(k)elforsomes e J},r:=max{|s| €T : A\(B)NI# D},
f as in chapter 2 section 2.1 and £ as in chapter 1 section 1.4. Consider the absorptive

distributional solution us of
(Ps) (L—=(A+id))u=f

on [y x R4 Then for almost all A € I, us can be represented as the unique following
L?(R%)-function of z using the Floquet-Bloch decomposition of (£ — (A + 1))~ f:

Uf )\a 7k ?/13(7 )>L2 Q)¢s(ka)
o) = \/E Z/ (k) — (A +0) dk
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Uf >‘a 7k) ¢S(> )> Q(Q)¢S(xak)
ﬁZ/B\V 3D — O+ i0)

(U, 7k Us(+, k) 2 ¥s(z, k)
s CEIFETE———

Recall that earlier we regarded us(\, x) as a distribution in 2 and A and proved in chapter 2

dk

convergence to a limit distribution u* as § — 0F. Then for regular frequencies in section
3.4 we found a representation formula for u*. This formula encourages us to to seek a
convergence result for us(\, ) in a space of functions in the variables x and A where \ is

confined to the set of regular frequencies.

Lemma 3.28. Regarding us as an element of LP(Iy, 3;d\) we have the following conver-

gence

Uf )‘7 7k) ws(a )>L2(Q)ws(xa k)
ﬁg/w M) — A+ ) "

6lm>[ Uf )‘7 7k) ’QZ)S(, )>L2(Q)ws(x’ k)
\/E Z/B A(F) — A *

in LP(Iy, B; d\).

(3.10)

Proof. First we observe that there exists an > 0 such that forall k € B\ V, all A € I,
and all 6 € R, [A\s(k) — X —id|7' < n. Next, recall that that we can swap the summation
and integration in (3.10) due to L?(R%)-convergence of the sum using Lebesgue dominated

convergence theorem. We study the convergence as § — 0F for a fixed \ € Ij:

2
(Uf, ha)s(z, k) Uf @/Js k)
/B\V /\S(k) )‘ + 25 dk Z/ /\ " L2(R4)

1

\/Tﬁ seJ

- = (U], 1s) Whed

N /B 2 Xy <)‘s(k) —(A+id) A (k) — ) Vs(@, k)dk
-1 {Uf,¢s) (U, ,) ?

= |[U xBwv EZJ (As(k) —(A+id) A (k) — ) Vs(z, k)

(Uf,s) (Uf,s)
- XB\VZ(AS(k)—(A+i5) (k) — )d’s(‘”’k)
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Here we have used that U is an isometry. In the next step we write out the L?(B)-norm and
use that the v,(+, k) are orthonormal in L?(Q):

2
1 Uf ) s, k) . h)
N dk
| B ;7/3\1/ As(k) — A+15 Z/B As( >‘ L2(Rd)
2
) (Uf,4) (U1 vs)
ALY 2 (0~ i >w8(x’ ™

= /XB\VZ
= /XB\VZ

Uf bs) (Uf,bs) ?
( (A+i6) A (k) — ) Vsl k) L2(9) dk

Uf vs) {uf, %)

(2, k)72 dk
—/_/

As(B) = (A +i0)  As(k) —
seT 1
B 2UUf, 1) |2
- /XB\VSZGJ| S Ny

Finally we estimate the denominator by n* and use Parseval’s identity and the isometry prop-
erty of U:

2

(Uf,0s)¢s(, k) (Uf, ths)hs (2, k)
;7/3\‘/ As( )\+@5)dk Z/B\v As(k) = A o

L2(R9)

152 / 10 SO+ B oy db 3.41)
B

6—0
= 7' FO )2 @a) = 0.

IN

To obtain the convergence in L”(1y, B; d)) integrate the pointwise estimate (3.11) d\ over I.
Note here that A — || f(A, )| 12 ga is locally Lipschitz in A. O

Proposition 3.29. Regarding us as an element of LP(Iy, B; d\) we have the convergence

Uf /\7 ’k 1/)8(7 )>L2(Q)¢S('T7 k)
TS ) — (vt 0) "
§—0%

= =1 > (Hhy)(A\x) Fi(Thy) (N x)

s€T; |s|<r

in LP(Iy, B; d)), where r is defined at the beginning of this section, H is the version of the
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Hilbert transform from appendix 5.6, 'I' is the trace operator on the diagonal from 5.5 and
Uf )\a 7k) ¢s< ) )>L2(Q,(CM)¢S(J77 k)

\/E/ 2N0]

We put hs(\,7,-) =0if\¢ LorT & I.

ho(\, 7, 2) = dH (k).

Remark 3.30. Informally, one could write the limit element as

s\, T, 7)
T 73/ D8 gr 4 ihy (0 A, @)
seJ; |s|<r
to see the analogy with the distributional limit absorption solution: one part being a Cauchy

principal value integral the other part being a point evaluation at \.

Proof. Starting from the integral over V/, the first step is to apply the Coarea formula 5.4 in
each summand with respect to the band function A\;. So we have to check the hypothesis of
the Coarea formula ess inf |V\,| > 0. This is true because of lemma 3.11 since I C R,.
Now we apply the Coarea formula on the integral over V:

Uf /\7 7k 77/}5(’ ))LQ(Q)d)S(I”k)
\/ﬁz;/ - (vt ) "

o Uf )‘7 ak) ¢S<7 >> 2(Q)¢s($,k) d—1 T
- \/y? O e Bty Tw o maCL
o).

seJ; |s|<r
Uf )\7 7k) ws<7 Q(Q)ws(wak) d—1
= // dH* (k) dr
sej ls|<r s (7 = (A +10))[VAs(K)]
. Z / )\ T, .73
N T—A— 2(5
s€J; |sI<r T
with the level set integral
Uf )\7 7k) ¢S(7 )) 2(9)%(% k) d—
he(\, T, ) / dH* (k).
)= ), VAb) (

We put hs(A,7,-) = 0if A ¢ T or 7 ¢ I. Since we are only interested in convergence on
Iy C I, we can put Thy(A,-) = 0and Hhs(\,-) = 0if A ¢ I. In the following calculations
will remind the reader of this fact by inserting a characteristic function y;. We now focus on

one of the summands.

hs(\, 7, x) B (t—2A) , )
/—T—)\—Z(SdT = /mhs()\yT,x)dT‘i‘Z/mhs()\,T,x)dT

1 I 1
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- _W/Q[;()\—T)X](T)hs(/\ﬂ',x) dr

R
+z'7r/P5()\ —7)x1(T)hs(\, 7, x) dr
R
= —WQ(s*hS()\,QS) —l—i?TP(;*hs()\,l"), (3.12)
with the Poisson kernel 5
P =
5(”) 772 + 52
and the conjugate Poisson kernel
_ 1
Q§<77> - ng +52

Since Pjs is an approximate identity and h; is uniformly continuous (Lipschitz) with respect
to A, we can use lemma 5.16 to obtain the convergence of the second term in (3.12):

§—0+

Considering the first term in (3.12) first notice the following estimate for the operator G from
5.6 using the definition of G and Q)s:

Qs * (hs — Ths)(N, x) — Ghs(A, x)”ip([ﬁ;(p\)
_ P
= ‘ / Q(S(A - 7_) (hs()\a T, x) - Ths(T7 x))dT - l / h5(>\777$) ThS(T7$) dT
1 (A —7)2 hs(A, 7,2) — Ths(T, x) hs(\, 7, 2) — Thy(t,2) , ||
= — . dr — dr
7 || Jg (A —7)2 + 62 A—T R A-T L?(1,B)
1 (A —1)2 hs(\, 7,2) — Thy(r,2) , ||
- = B
™ /R <()\ —7)2+ 02 ) u(r) A=T o L#(1,B)
1 (A —1)2 hs(\, 7, 2) — Th(r,2) , ||
= = |
7r/] /R<()\—T)2+(52 )XI(T) A—T dr Bd)\
1 (A —7)? hs(A,7,x) = Ths(1,7) g
< = —_— 1 d d\
< 7T/]</R -1 0 ‘XI(T) . BT
1 (A —7)2 . P
< = SN | :
S /I (/}R S ‘ x1(7) Llp(h5)1d7> d\ (by lemma 5.17)
610>i 0 (by Lebesgue dominated convergence).
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With the truncated Hilbert transform from section 5.6 we see that (note that GWh, =
HOh, — HOTh,, see (5.8))

HQ5 *hs — H(é)thLp(I,B)
< ||Qs* (hy = Thy) — HO(hy — Th

S)HLP(I,B) +{|Qs * Thy — Hw)ThS”L?(I,B)
= ||Qs % (hy — Thy) — G(é)hSHLP(I,B) +[|Qs * Thy — H(é)TthLp(LB)

§—0*

— 0,
according to the last argument and theorem 4.1.5 in [41] and since GOh, 5£ Ghg in
LP(I,B). And since H®)(Th,) =07 H(Ths) in L?(I, B), we conclude
1Qs * hs — Hhl| 11 )
HQé*h — HOh, ||LP(IB) HH(d)h — Hhs HLP(]B) = 0. (3.14)

]

Theorem 3.31 (Limiting absorption principle for regular frequencies). Let L and f be as in
introduced in section 1.4 and 2.1. Let Iy CC I \ 0I, I CC R with R introduced in section
3.1 of this chapter. 'V denotes the set {k € B : \;(k) € I for some s} and r := max{|s| :
s€J, A\(B)NI#0D}. Let

. (U, Jf ), s+, k)) L2 s (2, k)
us(\, z) = \/W;/ O (AH(S) dk (3.15)
be the unique L*(R*, CM)-function solving
(Ps) (L—X—id)u=f.
Define
+ Uf )\7 7k) 1/}8( 7k)>L2 ws<x7k)
A dk .16
uF(\, x) \/E;/B WO (3.16)

+ Z —mHhs(\, z) £inThs(\, ),
seJ; |s|<r
where H is the Hilbert transform from section 5.6, T' is the trace operator on the diagonal
from section 5.5 and h is the level set integral
/ (UL, E) (e, k) L2 s(, k)
\/|§ s 2N0I
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discussed in section 3.5. Then

§—0F

us(\, ) — uF(\ 1)

in LP(Iy, B; d)\) for any p € (1, 00) with a weight function w as in theorem 3.19 and u™ is a
distributional solution of (Py), where the space of test functions is C5°(Iy x RY, CM).

Remark 3.32. We recognize that we can improve the representation theorem in section 3.4 for

\in an interval Iy of regular frequencies, since the distributional solution u* of (L—\)u = f

// (A, )p(\, x) dx dA
Rd

for o € Cs°(Iy x R, CM) with u*(\, x) from (3.16).

satisfies

Proof of theorem 3.31. The convergence result follows from lemma 3.28 and proposition
3.29. The solution property of u* follows from the convergence result, since for 117 + é =1

|us[(£ = X = i8)¢] = u™[(L = Nl
= usl(L = A =ib)e] — u™[(L — X —id)p] —idu™[p]|

< / |(us(A, ) = w* (N, 2)| [(£ = A= id)p(\, 2)| dx dA + |idu™[¢]|
Iy JR4
1
< ugs(\, - NVwl|,, ‘E A—i0)p(N, ) — d\
IOH( 5( ) HL (R4) ) ( )\/E L2 (Rd)
+|i5ui[g0]|
1
= us(\, ) — ut (N, - L—X—id)o(N,)— d\
J s == | o7l
+|(5ui[4p]’
1
< us —u*| (L—X—10)p—= + |su®[y]
Jos = v I et
5—0*% 1
— 0 [(L=Np—= +0=0.
H Vw La(Io,L2(RY))
So
1] = usl( = X = i6)g] =% w*{(£ — Ny
giving

uw[(L =Nl = fle] (Ve e C(lo x R, CY)).

73



3.7 Comments

Remark 3.33. The “evanescent” part* of u™ given by

L <(Uf)<)‘77k)7ws<7k>>L2(Q)1/)s($7k)
V1B sezj /B\v As(k) — A

in fact is in L*(RY) with respect to the variable x, which can be seen from the proof of lemma
3.28.

dk

The “point evaluation” part

Z +irThs(\, x)

s€J; |s|<r

of u*, in informal notation

Ths(\,x) = hs(A\ A, x)

— / <(Uf)()‘77k)>ws(7k)>L2(Q)¢g(£E, k‘)
{A.S(k):)‘}

dHT k), 3.18
VA (k. @18

describes the propagating part of u®, that is carried by Bloch modes, which correspond
directly to the frequency )\ at which the system is excited, because the integration in (3.18)
accesses only Bloch waves (-, k) with s and k such that \s;(k) = X holds. To call this part
“propagating” is justified by the fact that it is in a weighted L*-space with respect to the
variable x and by the properties of the weight function w, it decays (in general, depending on
the right hand side f) slower than a L?-function when |x| — oo, in contrast to other parts of

u® that are truly in L?(R?) with respect to the variable x.

It would be satisfying to show that

Z —mHhg(\, x)

seT; |s|<r

is also evanescent, i.e. in L? with respect to the variable . Note that this is true for H® h, for
any ¢ > 0 by lemma 3.24. But the convergence of H®)h, as ¢ — 0 is in the space L?(Iy, B).

Since the properties of the weight function allow only the estimate

Il 2t w@yazy < C Ml 2 ey

“By this we mean a part of the solution with the fastest decay behavior compared with other parts of u®.
Usually an exponential decay is assumed, but for our purpose it is sufficient to distinguish parts in L?(R%) and
parts in L?(R%; w(x)dx).
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but not the converse, the evanescence of the Hilbert transform part of u™ is not seen in such
a direct way (but compare the quasi 1-D case in [28], where the only propagating part of the

solution arises from ”point evaluations”). This work leaves the question open.

Remark 3.34. If [ does not depend on )\, we can drop the compact support of | and demand
only f € L?(R%). Also the trace operator T is not needed and the Hilbert transform H is the

standard Hilbert transform on L*. Then the notation

u:l: T o L <(Uf)<7k)7¢s(ak)>L2(Q)1/}s<ka)
)= ;fm AR = A w

+ Y —wHh(\ ) £imhy(\,x) € L*(I,B;d))

seJ; |s|<r

is rigorous.
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Chapter 4

The limit amplitude principle for regular
frequencies

In this chapter we prove the limit amplitude principle for the class of operators as in section
1.4. So the powerful tool of Floquet-Bloch transform with all its implications including the
limiting absorption principles from chapter 2 and 3 will be available. To apply known theory
on the asymptotics of solutions of the wave equation, we will need the additional assumption
(6) in section 1.4, i.e. the spectrum of L is absolutely continuous and A strictly positive for
all s € J. From the continuity properties of A, follows that A\;(k) > ¢ > 0 for some ¢ € R
andalls € J,k € B.

An important tool to show the limit amplitude principle is the well-known representation

formula

U(t) = Ugrans. (t) + uaS-(t>
= cos(ﬁl/zt)uo + L2 Sin(£1/2t>ul

t
+/ L% sin (£1/2(t —0)) e“?g do,
0

0

for the solution of the wave equation with initial conditions u°, u' obtained by a diagonaliza-

tion method (see [30], Chapter XV). "trans.” stands for “transitory term” which corresponds

to the homogeneous case (¢!g = 0) and is a free oscillation term. as.” stands for “asymp-
totic term” and corresponds to forced oscillations due to the source e**g. From this formula
we will show, using the Floquet-Bloch decomposition, a certain representation of w,s, involv-

ing the Hilbert transform of the level set integrals h; from the last chapter. This representation
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will be crucial in the study of the asymptotic behavior of u,, as ¢ — oo, where we use the

Fourier transform as the main tool.

The proof of the equivalence of the principle of limit amplitude and limit absorption consists

basically of the fact that the function v satisfying
u(t) ~ e“'vast — oo

exists and is uniquely determined.

4.1 Functions of the operator £

We will need to define operators p(L,t) where p is a continuous function depending in ad-
dition on the time ¢. Defining functions of self adjoint operators is a standard construction
(see [23], chapter VII for continuous functional calculus and chapter VIII for bounded and
unbounded Borel functional calculus for self adjoint operators). By virtue of the Floquet-
Bloch transform U we can define directly p(L, t) for continuous p. To do this, neither p nor
L needs to be bounded. This subsection therefore is used to introduce the operator p(L, t)

and its domain and to collect some simple statements for later reference.

For abbreviation define

P r[h](z) = (UA(-, k), ¥s(-, k) 2,0y s (2, k) 4.1)

the projection on span{v,(+, k)}. To simplify the notation we will suppress the target space

CM in the proofs from now on.

Definition 4.1. Let p : (0,00) x R — R be a continuous function. Then for t € R fixed we
define the operator

p(L,t): D(p(L, t)) - LQ(Rd cM) — LQ(Rd C]V[)
AL D) = =D / Pyilu)(x) dk, 4.2)

SEJ

with domain
D(p(L,t)) = {u € L*(R*,CM): Z/ P, i [u] dk converges in L*(R%,CM)}.
seJ

Note that due to the convergence in L*(R?, CM) one can interchange the sum over s and the

integral over B.
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Definition 4.2. For any fixed t > 0 define operators L2, cos L'/?t, sin L'/t and L7'/?
according to definition 4.1. For example L™ = p,(L,t) with pi(x,t) = 27Y/% and
sin L2t = po(L,t) with py(x,t) = sin(\/zt). Hence in particular, with L also L£'/? is
in the class of Floquet decomposable operators from section 1.4 (satisfying the additional

requirement (6)) with strictly positive real spectrum.

Lemma 4.3. Let t € R be fixed. If p(-,t) is bounded then D(p(L,t)) = L*(R?, CM) and
p(L,t) is bounded. For a continuous and bounded p(-,t) and any continuous p(-,t), p(L,t)
and p(L,t) commute in the sense that

D(p(L,t)p(L,t)) = D(p(L, t)p(L,t)) = D(p(L, t))
and for all u € D(p(L,1))
p(L,1)p(L, t)u = p(L,t)p(L, t)u
holds.

Proof. If p(-,t) is bounded, then there exists a constant ¢ > 0 such that [p(\s(k),t)]* < ¢
foralls € J and k € B. For u € L?(R? CM) the following calculation holds using the
isometry property of U and the orthonormality of v, (-, k) in L?(12).

1
10(L, ulZagme, = / PO R, T, ) iy ths (- k)
N Z

= D pO(B), ) (U, 1) 2oy s (- k)

seJ
dk

/ L)

- / 2 o), PV, oz P 185 ) oy i

seJ

< /Z|Uu¢s 2o dk

seJ

L2(R4)
2

L2(2xB)
2

> pO(k), ) (U, ) p2(y s (-, k)

seJ

= ¢ ”UUHL2(QxB) =cC ||U||L2(Rd) :

For u € D(p(L,t)), ||p(L,t)p(L, t)uHig(Rd) can be estimated in an analogous way, from
which the remaining statements immediately follow. 0
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Lemma 4.4. For the domain of £'/? the following holds
(i) D(L) C D(LY?)
(ii) LY2D(L) C D(L'?)

Proof. To show (i) we use the same technique as in the proof of lemma 4.3, noting that
1
As (k)

< ¢ for some ¢ > 0.

2

/ Z VAs(B) (U, s) 20 s (-, k) dk

B seg

L2(Rd)
2

dk

L2(Rd)

X (B) (U, ) r20yts (- k)

1
/BZJ VRGOS

2
< & HEUHLZ’(W) 5

2
|>\s(/f)<UU>1/Js>L2(Q)|2 dk

and hence v € D(L£'?) if u € D(L). For (ii) let u € LY2D(L), i.e. u = £'/?v with some
v € D(L£'?). Since D(L£) C D(L'?) we obtain

1£720]| o guay = [1£72L120]] o gay = 1£0] 2 sy < 00
0

Lemma 4.5. Assume that p : (0,00) X R — R is continuously differentiable in a neighbor-
hood of 0(L) x R and |(5p) (y,€)| < (&), where & — c(£) is locally bounded. Then for
alve () D(p(L,7))ND((&p) (L,1)) for some small € the function t — p(L,t)u

TE(t—e,t+e)
is classically differentiable as a function with values in L*(R%, CM) and

9 (e ty) = (gp) (L.t

holds.

Proof. For small h # 0, we have for the difference quotient

p(Lt+hju—p(Lit)u < 0 p) (L,t)u

h ot

79



ﬁ / > ( L) ) (%p) (Asuf),t)) Pl d.

Using the isometry property of U and Parseval’s identity we perform the following calculation

p(L,t+ h)u— p(L,t)u <§t ) (L. t)u

2
lim
h—0 h

L2(R7)

= lim \/If/ Z( t+hf)L p(s(k),t) <§tp> ()\S(k),t)> Py g [u] dk B

2
. pOs(k),t+h) — pa(k). ) (D
It

- %ii%/]gzs:’p()\s(k),tthi)Lﬂ()\s(k:),t) _ (;p) On(E),0)

Since ‘(%p) (,8)| < c(€), where & — ¢(&) is locally bounded, for all |h| < hy there exists,
by the mean value theorem of calculus, a constant ¢ > 0 independent of A, s and £ such that

‘p(As(k), t+ hli —P(As(k), 1) (%p) (As(k), )

2
(U, bs) 12(0) | d.

Since for the rest

1
/|B| /BZ |<UU/7¢S>L2(Q)|2 dk = HUUHiQ(QxB) = ||UH%2(Rd) < 00

holds, Lebesgue’s dominated convergence is applicable to move the limit ~ — 0 inside the
integral and the sum. So we arrive at

p(Lt+hyu—pL,t)u [0 2
\/E}HO h R <3tp) e 12(Rd)
_ 2
_ /BZ}% P()\s(k)7t+h})L pOs(k),t) (;”) ()8 (O 62) e 2
= 0.
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4.2 'The solution of the wave equation for ¢ < oo

For an operator £ as introduced in section 1.4 including assumption (6) we consider a wave

type problem for £ as in [30] p.420

2 .
94 4+ Lu = ey,

u(0) = u®, (4.3)
9u(0) = u',

with given data u’ € D(L),u' € D(LY?), g € D(LY?)and w € (0, c0). We consider strong
solutions of (4.3), i.e. u € C?([0,00), L?(R%,CM)) such that for all t > 0, u(t) € D(L),
u(t) € D(LY?), Z4(t) € LA(RY,CM).

T
Proposition 4.6. The strong solution of (4.3) as described above is unique.

Proof. 1f there is another solution u to (4.3) then w := u — w satisfies (4.3) with right hand
side and initial conditions equal to 0. Then we deduce w = 0 adapting the proof of theorem

5, section 2.4.3 in [42]. The unboundedness of R is no obstruction, since the energy
2
+ 1LYV 2w (x, t) 20 da

1
R4 cM

1/ Ow ow

= 5 ((E(’ t)v E(? t)>L2(]Rd) + <‘C1/2w('7 t)v ‘Cl/Qw(" t)>L2(Rd))

ow
E(l‘7t)

is finite for each ¢ > 0 by the hypotheses made on the strong solution. Differentiating e with
respect to ¢ and using that £/2 is symmetric yields (skipping the subscripts L?(R?) of the

inner products)

50 = 5 (Gt e+ Gren Gren)

al = 3

w0, 220 + <%—f(-,t>,cw<-,t>>) o

Since e(0) = 0 it follows that £'/2w = 0, and by the assumptions on £'/? (property (6) in
section 1.4), w = 0. O

The solution of the problem (4.3) can be written in the form (see [30])
U = Ugrans. T Uas., (44)

81



with
utrans.(t) = COS(»Cl/Qt)UO + £—1/2 Sin(ﬁl/Qt)ul, 4.5)

t
Uy, (t) = /E‘l/zsin (El/z(t o)) €“7g do, (4.6)
0

which can be seen by directly differentiating u. Note that u.,,s. depends only on the initial

conditions ", u' and not on e

u, ut.

witq while 1, depends only on the source ¢™“'g and not on

From now on we restrict to an interval [ of frequencies w € (0, co) that is compactly embed-
ded in the set of regular frequencies with respect to the band functions /),. In this chapter
V denotes the preimage of I under all band functions /X, of £!/2. Note that there is the pa-
rameter w in the equation (4.3), and thus the actual strong solution of (4.3) depends on w. We
now start to regard the parameter w and the variable x on an equal footing, meaning that the
solution u of (4.3) is for any fixed ¢ a function of w and z, i.e. u(t) = u(t)(w, x) = u(t,w, x).
Then we have the following

Lemma 4.7. For any fixed t > 0, we can regard U (1) and u, (1) as elements of
LP(I, L2(RY,CM; dx); dw), p € (1, 00), and

Ugs, () = \/EZ/ Ugs. (s, k, t,w) dk, 4.7)

with

tsi s (k) (t — .
Ugs, (8, K, t,w) :/0 Sm( /is()k(r) 0>) e’ Ps klg] do. (4.8)

Note that this means
t
Ugs, () = / L7Y2sin LY2(t — 0)e™7 g do = p,(L,t)g 4.9)
0

with

PN ) = /Ot sin(\/x\/(;— U))ew” do. (4.10)

Proof. Note that

U = L 1/281n 12t — g))e™ o
o= / > / (A (0)'2(t = 0))e P,y lg] dk d
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by (4.6) and definition 4.1. Thus, to show (4.7), we have to justify the following rearrange-
ment of integrations and summation

/ 3 / sin ))emps,k[g] dk do

seJ

-3 / / sin ( U))eiwaps,k[g] do dk:. @.11)

seJ

We denote the left hand side of (4.11) by u; and the right hand side by 5. For any fixed w €
(0,00) and t € [0,00), u; and uy are in L2(RY). For any test function ¢ = ¢(z) € C°(RY)
we will show that

[ w@)e@ s = wlel = el

S0 U1 = uy in L*(R%; dx) for any fixed w. Let ¢ = o(z) € C(RY). Fort > 0,w € (0, 00)
fixed, lemma 2.9 in chapter 2 implies that

/]Rd Z/ on (B - U)) "7 Py ilg)(x)p(x) dk da

seJ

/ / sin (/s (k) (t — 0)) ¢ P, [g)(2)¢(2) d dF. (4.12)
seJ R? S )

Interchanging f(f and [p, in

/ /Rd / - t ~7) 7P, xlgl(2)p(x) dk dx do
7
/Rd / Z / - t - U)) " Pyilgl(x)p(z) dk do dx (4.13)

is justified by Fubini’s theorem, since one can show (basically using Cauchy-Schwarz in-
equality and orthonormality of ¥,(-, k) in L*({2)) that

sin ( Vs (k) (t — o)) o

VAs(k)

P klgl(z)p(x) dk| dz do < c.

(4.12) and (4.13) imply
t sin (v As(k)(t — 7)) 0
/Rd/o ;7/3 \/T(k‘) e P, ;9] (z)e(x) dk do dx
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t sin (VAR (E =) i,
/0 ; /B /Rd k) "’ Ps k[g](z)p(x) dz dk do. (4.14)

S

By lemma 2.10 in chapter 2 we can change the order of the summation over s and the
integrations do over (0,t) and dk over B in (4.14) arbitrarily while keeping the integration
dx over R? in the innermost position. Thus we arrive at

Z/ / /R o (VB — ) ™" Py 1 g (2) () do da dk.

seJ S )

For fixed s and k it is clear that one can interchange fot and fRd' Moving the integration over
R? before the sum over s and the integral over B while keeping the integration over (0, ) in

the innermost position works similar to the first step (4.12). The result is then

wel = [ X[ [ PBEED) oy oot s ar

seJ S

_ / / / sin ( l;_a»ei“"’PS’k[g](x)go(x) do dk dz

This implies

Uas. (t) -

1 1 1
T T S L
with 1, from (4.8).
It remains to show that Uy (f) and u, (t) are in LP(I, L?(R% dx); dw). For t > 0 fixed,
Ugrans. (1) can be regarded as a function of w and z that clearly lies in LP(I, L?(R%; dx); dw),
since it does not depend on w and s (t) € L%(R?; dz). Concerning u,s , notice that for the
function p,, from (4.10)
o (A 1)] < 2t

holds, so p,(£,t) : L?*(R?) — L?(R?) is a bounded operator and since moreover s (t) =
pu(L,t)g by (4.9)

ot (O 1 oty = / 190 1) 12 g e

< ”gHL2 R4 ’[| HgHL2 Rd) < 0.
( )

So we can regard u,s, as an element of L”(/, LQ(Rd; dx); dw). O

84



Lemma 4.8. For w?> € C, w? ¢ o(L)

_ P k9]
Ts, (5, ki, 1, w) = me(t,w, As(K)), (4.15)
where .
G(t,w,n) = e“' — cos (\/ﬁt) — iwsm (\/ﬁt) ) (4.16)

Vi

Proof. We can literally transcribe a proof from [30], which uses integration by parts.

R _ ['sin (VA(R)t—0)) .o
Uy (S, Kk, t) = /0 NG e’ Py k[g] do

_ Pl (ei“t 1 cos (Vs (k)t) B Msin( s (k)t)
VAES VAW )
+/t w2ewasm (\/)\S(k)(tg— a)) da)
0 As (k)



= ’—QG(t,w, )\s(k)) + —2aas.(37 k‘,t),
A (F) VAs(k)

with G from (4.16). Now for w? ¢ o (L) we obtain the assertion. O

The next lemma shows that we can extend the formula (4.15) for @y, to w? € o(L£) such that
(4.7) holds.

Lemma 4.9. For any fixed w € (0, c0),

e () = ﬁz |5 S_wz (1,0, A () d,

where G(t,w,n) is defined in (4.16). Note that W is bounded in k for fixed t,w, s.

Proof. For w? ¢ o(L) the assertion follows from lemma 4.7 and 4.8. So let w? € o(L). We
consider the equation (4.3) with w replaced by w + 0 for some ¢ # 0. Then (4.3) is solved
by % = Ugrans, + ugs_ With Ugans. and ugs. as in (4.6) with w replaced by w + 9. Then we claim

that the following convergence
t . .
ul (z,t) = / L7Y2sin LY2(t — 0)ge'“ T o
0
NG .
iR / L7V 2sin LY2(t — 0)ge™do = uy (1)

in L*(R?%) holds for any fixed ¢ > 0 and w € (0,00). To see this, first notice that as a

consequence of lemma lemma 4.7

ugs.(t) — Uy (1) = <5<£a t)g

with

C(S(x,t) _ /t sin(\/E\/(;— 7)) (ei(w+i6)a _ ei“”) do

for all |§] < dp. Clearly there exists a ¢ > 0 independent of § such that |(°(z,t)| < c.
Furthermore

. 5 .

(ISI_I%C (‘Ta t) - 07
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so the convergence of u, follows by Lebesgue’s dominated convergence theorem. Since the
spectrum of L is real, for w? € (L) and any 6 # 0 we have (w + i0)*> ¢ o(L) and so by

lemma 4.8
Ps,k [g]

As(k) — (w+16)?

U (8, k, t,w +10) = G(t,w + 10, As(k)). (4.17)

By lemma 4.7

ul (x,t) =

_G(t,w + 6, \(k)) dk.

WD v

seJ

The limit § — 0 of the right hand side of the above formula exists in L?(IR¢) and is equal to

Ps,k[g] w
;/B—As(k)_wﬁ(t, (k) dk

for any fixed ¢ > 0 and w € (0, c0) by Lebesgue’s dominated convergence theorem since we
can find a suitable bound as follows. Since only finitely many /), can intersect at a certain
w there is a maximal number r such that possibly \,(k) = w? for some k and s with |s| < r.
For all s with |s| > r the function

G(t,w+ 10, As(k))
As(k) — (w+1i0)?

is clearly bounded by a constant ¢ independent of || < 50, | | > r, k € B. Consider now
|s| < 7. Using the Taylor series expansion for G(t,-, As;(k)) at \/As(k) yields (R(w
S, A(it)re' VA s(k)t ( — /\S(k')> being the remamder term in the power series)

G(t,w+i6,)\s(k))—0+< iV skt _ VA G t) (w+i0 — /As(k)) + R(w +i6).

For the finite number of s with |s| < r we show that for all small |§] < &

i(wtid)t _ . , M
G(t,w+id, \(k)| | cos (/A (k)t) — i(w + i6) \/_VW)
- As(k) — (w +16)?

Ao (k) — (w + i0)2

R(w + i9)
(VAs(k) +w+10)(y/As(k) — (w+1i0))

IN
+
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t+1 N R(w +1i9)
VAs(k) +w [ (W As(k) +w + i) \/)\ (k:) — (w +16))
t+t . exp (W =+ 0o + /s <
VAs(k) +w (W As(k) +w) w—|—50+\/

holds for some ¢ > 0 that is independent of |6 < dg, |s| < rand k € B (recall y/As(k) >
q > 0). Since ud, — 1, for § — 0 in L?(R?) the assertion follows.

[

Now we are interested in the asymptotic behavior of u,, as ¢t — 4o0. To this end, it is favor-
able to rewrite u,s, in terms of the standard Hilbert transform H after using partial fraction
decomposition and the Coarea formula. Since the right hand side g of the corresponding
Helmbholtz equation of (4.3) is constant in w this situation is simpler than in chapter 3 and we
do not need the subinterval I, either. Thus, like in chapter 3 level set integrals will appear
which lie in a weighted L2-space.

Let w be a weight function as in theorem 3.19. Recall
B = L*R*CM; w(x)dx) (4.18)

with inner product denoted by f - g or (f, g)5 given by

()= [ 17wl
R4
In the calculations we will prefer the notation f - g.

Proposition 4.10. Let I be an interval that is compactly embedded in the set of regular values
of all \/\s and 'V its preimage under all \/\,. Then with Gfrom (4.16)

Ugs. (T,1) = G(t,w, \s(k)) dk 4.19)

2w\/|§Z/B\V )
_ﬂ > wH (ho(r, 2)G(t,w, 7)) (w)

s€J;|s|<r

2w\/\§§7/ \/7+w

with the level set integral h being

— —=kI Gt w, Me(K)) dk.

/ (Ug(-. k). (-, k) 2oyt )
ﬁ : |vm )
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where we put hy(1,2) = 0 if T ¢ I. In contrast to chapter 3 the level sets are taken from the
functions \/ A, i.e. in this chapter

B ={keB: \/\k) =

Proof. Note that in the second line of (4.19) the Hilbert transform is not really a singular
integral but rather

—%H (he(7,2) Gt 0, 7)) (@)
1 x1(7)hs(T,2)G(t,w, T)
|T—w|>e w—T

1 / hs(7,2) (€™ — cos(tt) — zwsmiiﬂ))

W —T

dr

dr

_ k) L2 )¥s(x, k) .
— 2w\/|§//s !VW ‘( o) G(t,w, \s(k)) dH (k) dr

/ Ys (-, )>L2(Q)¢s($ k)
2w\/|§ As(k) —w

unveiling how the Coarea formula comes into play. Undoing the partial fraction decomposi-

G(t,w, As(k)) dk,

tion proves the statement (compare with lemma 4.9). [

Though the representation of wu,s. by (4.19) might seem to complicate things, it opens a way
to regroup the terms on the right hand side using the linearity of /1. Then the arising integrals
will be really singular, but can be dealt with thanks to the properties of H. The partial fraction
decomposition is for technical reasons which will become clear, when we will use Fourier

transforms to obtain the asymptotical behavior as ¢ — 0o of parts of ..

4.3 Asymptotic behavior of the solution of the wave equa-

tion for ¢ — 400
In this subsection we study the asymptotic behavior of w, () and s (t) for t — doo. To
keep the notation simpler, we will suppress the = variable in the level set integral (4.20) and

regard
T +— hy(T)
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as a L2-function with values in B = L?(R¢,CM;w(z)dz) and support in I (compare with
section 3.5). Thus, integrating i, over R means integrating in the sense of Bochner integral.
Eventually we will see, that the asymptotic behavior of the solution u of the wave equation
(4.3) is connected to the corresponding Helmholtz equation

(L —whHv =g. (4.21)

Since we will make excessive use of Fourier transforms with respect to several sets of vari-
ables, it will help to make the following

Definition 4.11. We use this notation for Fourier transforms to emphasize what variables are

involved

I

Fuh(c) = /R e~ ()b

a=c

or even

(Fuh(D)) () = / e~ (b)db

a=c
Fourier transforms on L? will also indicate which variables are involved if necessary, i.e. for

a L? function h in the variable t, F,.h is the Fourier transform of h in the variable 7.

4.3.1 Asymptotic behavior of the parts of v, involving the Hilbert trans-
form H

First we take care of the the parts of u,s that contain the Hilbert transform H, i.e. the second
line of (4.19). Inserting a zero in the form —isin 7¢ 4 ¢ sin 7t we can split the second line of
(4.19) in the following way:

T

rH (hs(r) (¢ — cos(rt) — wSin(Tt>)> ()

4 in(7t
= —7H (hs(r) (e™* — cos(tt) —isinTt + isin Tt — zww)> (w)
T

B (hS(T) G Sm(ﬁ))) ()

= —mHhy(w)e™" + 7H (hy(1)e'™) (w) (4.22)
rH <hs(7) (i(w —7) Smf))) ().
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Now we will determine the asymptotic behavior for ¢ — +oo for each of the three resulting

summands in (4.22), beginning with the last one.

Lemma 4.12. 7H <2(w — 7)sinlrt) hs(7)> (w) is constant in w and tends to 0 in B ast —

+o0.

Proof. supp(hs) C (0,00) and hy € L*(I,B) (see lemma 3.23) yields

, sin(7t) o 1 sin(7t)
mH <z(w —7) = h8(7)> (w) = ili% o Tzw(w —7) = hs(T) dr
|w—T|>€
= iw/ Sin(ﬂf)M dr 2220
R T
in B for any fixed w according to the Riemann-Lebesgue lemma. 0

To see the asymptotics of the second summand in (4.22) we will need the following two
lemmata.

Lemma 4.13. For B-valued Schwarz functions ¢ and f € L*(R,R) we have

7o ([ H@ret0emar) () = f-t)e(-0.

Proof. Let 1) = 1(t) be a B-valued Schwartz function on R. Then the following calculation
proves the statement, where (-, -) denotes the duality action of a distribution on the Schwartz

space.

@ ([ s0vetor s ) i
= ([ r@ptore o o)
~ | [ #oto) e - Faitr) ar
_ /R f(o)elo) /R ¢~ F,u(7)dr do by Fubini’s theorem,
= [ f0)plo) - FurFrio) do
= [ fo)pto) - vi=a) do
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The following lemma is standard from harmonic analysis.

Lemma 4.14. Let f € L*(R, B) have compact support and g be uniformly continuous on R
and Fg € L'(R,B). Then f-g € L*(R,C) and F(f - g) = Ff * Fg. (By [ - g we mean the
C-valued function x — f(z) - g(x) and by the convolution f x g of two B-valued functions
we mean the C-valued function x — (f x g)(x) = [; f( ~g(y) dy).

Proof.
F(f-9)6) = / e f(2) - g(x) de
_ / e () - / ¢ Fo(n) dn da

- / / ~in1e f (1) . Fg(n) d di
— /R ( /R e~ £ () d:c) - Fyg(n) dn

= /Rff(f—n)-a’fg(n) dn
= (FfxFg)&).

With this two lemmata we can prove the following, crucial

Proposition 4.15. Ast — +oo we have the convergence
e 'l (hy(1)e™) (w) — Fimhs(w)
in L*(I,B; dw).

Proof. Now regard Ti(w) := 7H (hy(7)e’™) (w) as a family of distributions on the Schwartz

space in the variable w with values in B. It is helpful to compute the Fourier transform of 7;.
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For a B-valued Schwartz function ¢ we define ¢(w) = ¢(—w). Now by duality and using
FFp=¢
(Ty, ) = (T2, FFo) = (FT1, F o). (4.23)

We compute the Fourier transform of 7;. Since 7 — hy(7)e'™ is in L*(R, B) N L*(R, B) and
—isgn(-) is the Fourier multiplier of H in L? (see [41]) we see that

Ti(w) = —in ., (sgn(0) For(ho(7)e™)) (w)
and so
FouTy(0) = —imsgn(o) For(hs(7)e'™) = —imsgn(o)Fir (" hy(—7)), (4.24)
where the last equality is seen as follows, using h,(7)e’™ € LY(R, B):
For (ha(r)e™) = /R i (™ hy(r)) dr
= /Re_m (GiUThS(—T)) dr = Fir(€“Thy(—T)).
We use (4.24) to calculate (FT;, Fp):
FTFF) = [ imsen(o)Fue (=) - FE(o) do
= —inFi, <h5(—r) : /ngn(a) e TFp(o) do) by Fubini’s theorem
= —inFir (7)) s Fo [ senlo) 7 Fpl0) ).

In the last step lemma 4.14 was used. Note that h,(—7) is a L?-function of 7 with compact
support and 7 — [ sgn(o) €7 F@(o) do is uniformly continuous as the Fourier transform

of the L'-function sgn(—o)F@(—o). Further, using lemma 4.13, we see that
7 ( / san(c) ¢ F3(o) da) - £ ( / sen(—o)e 7" F3(—o) da>
R R
= sgn(t) F(t),
thus it is a L'-function in ¢. So we continue the calculation with
(FT,, Fp) = —inFi (hs(—7)) *sgn(t) Fp(t)
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= —’”T/]:m —7))(n)sgn(t —n) - Fo(t —n) dn
= —W/]:m s(=7)) (n) sgn(t —n) - /Re EG(w) dw diy

Now we would like to change the order of the two integrations. We mark this step with (%)
below and justify it after the following calculation at the end of the proof. Before continuing

we define temporarily the family f; of L?(R, B)-functions

fe(n) = Fopr (hs(=7)) (n) sgn(t — ).

Then we continue the calculation

i [ Fyr(hu(=r) ()sentt =)+ [ 0G0 o dy

in [ e ( / fi(ein dn) ) dw
—im / ( / e —de) - plw) du

— _in / e Fop(fi() (@) - p(w) dw
= (—ime"™ F ., (fi(n)), ).

(FT,, Fo)

—
x

Comparing this result with (4.23) we conclude that
T, = _iﬂ-eitw}—wn(ft(n)) € L2(R7 B; dw)

Since sgn(t — 1) — +1 pointwise as ¢ — +00, using Lebesgue dominated convergence we

see that
fe = £Fpr (hs(—7))

in L?(R, B;dn) as t — 4o0o. Since the Fourier transform is a bounded operator in L? we
conclude that
T = —inFuy(fi(n))
i F(Fy (=)
= FinFoy(Fp (hs(1)))
= Firhg(w)
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in L*(R, B; dw) as t — +oo0.

It remains to justify the step (x). For any fixed ¢ we have f; - Fo(- — t) € L'(R,C) by
Cauchy-Schwarz inequality and

R
~ R—o0 ~
[ - Fen =0 an™== [ - Fan—1) dy
in C. On the other hand by Fubini’s theorem
R R o )
| st rem-an = [ g [ emetu) dody
-R -R —o0

= /_ . e p(w) - /_ z fe(m)e™ dn dw.

~~

=5HR,t(W)

Since x(_r.r) fr € L'(R, B) N L*(R, B), we have

gre = Fi ' (Xcrp f) = Fs ' (Xrp) ft) € LP(R,B),

where F is the Fourier transform in L' and F, the Fourier transform in L?. Since 5 is an
isometry and x(_g,g)f; — f¢in L*(R,B) as R — oo we obtain gp; — Fyf,in L*(R, B) as
R — oo. By the following calculation the step (%) will be justified. Note that for a B-valued
Schwartz function ¢ the function

pw) - Fy ' filw)

isin L' (R, C; dw).

s [t inas- [ ot 50 a

R —o0

- ‘/Z epw) - (grelw) = Fy filw)) do

< [ el lomslw) - 7 i) o
< lelliews |9r: — fzflftHLz(R’B) ey}
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4.3.2 Asymptotic behavior as ¢ — +o0o of the nonsingular parts of w,,

and Of utrans.

The remaining non-time-harmonic parts of u,, i.e the first and third line of (4.19) - except
for the summands with €™ - and ., converge weakly to 0, as it was known for the case
w? ¢ o(L) (see [30], Chapter XVII B, §4.). This fact is the issue of the following two

lemmata.

Lemma 4.16. Ast — oo, for any fixed w € I, g € D(LY?)

QW\/EZ/B\V —w) (COS(\/—t) +Msm( . (k)t)> el

seJ

weakly in L?(R?, CM; dx).

Proof. We have xp\vPsrlg] = xB\w(Ug,¥s)0s = (XB\vUg, ¥s)ts, since xp\v depends
only on k. Since U : L?*(RY) — L?(Q2 x B) is an isomorphism, we can find a § € L*(R?)
with Ug = xp\wUyg. Note that although w € I, (£Y/? — w)~'§ € L*(R?) exists due to the
special definition of §. So

L _ sin (VAs(k)t)
u = 2w\/\§§7/3 <COS (\/)\s(k:)t)—l—zw—)\s(k) ) dk

= QL <cos (£1/2t) (£1/2 _ w)_ § + iwsin (51/275) £_1/2(£1/2 _ w)_1g> '

w

Now since £'/? is selfadjoint and the generator of the unitary group ei£'%t moreover

(LY? —w)~tg, L7V2(LY?2 —w)~1g € L?(R?) and finally the spectrum of £/2 is absolutely
continuous, by a theorem found in [30] (Proposition 1, p.426) we have for any ¢ € L?(R?):

(1, ©) r2(Ra) =i}

The same arguments lead to
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Lemma 4.17. Ast — =+oc, for any fixed w € I, g € D(L?), u® € D(L), u' € D(LY/?)

QwWZ/ (cos(\/—t)—i-waln(gt)) dk — 0,

u,m,,s,(t) = COS(CI/Qt)u + L2 51n(£1/2t)u — 0,

weakly in L?(R?, CM; dx).

4.4 Formulation of the limit amplitude principle for regular

frequencies

Recall B = L*(R?, CM; w(x)dr) with a weight function as in theorem 3.19 in chapter 3.

Theorem 4.18 (Limit amplitude principle for regular frequencies). Let I CC R C (0, c0) be
an interval that is compactly embedded in the set of regular (in the sense of 3.6) frequencies
of the band functions \/X\, of the operator L'/*. Then the strong solution v = u(t,w,z)" of

the wave equation
2 .
—%tg + Lu = ™'y,

u(0) = u°, (4.25)
51 (0) =u',

with u® € D(L), g,u' € D(LY?), which is given by u = Uy, + Uy, from (4.5) and (4.6),
the following asymptotics holds

u(t,w,r) ~ v (w, ) ast — +oo, (4.26)
in the following sense

u~vast— +o0o
= (u(t,w,) = 0(t,w, ), 605l 21 R (4.27)
"Z°0 V¢ e LARYCM)

lie. u(t,w,-) € D(L), 24(t,w,-) € D(LY?), T4(t,w, ) € L2 (R4, CM), t > u(t,w,-) € L*(RY,CM)
twice continuously differentiable.
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withv™ € L?(I, B; dw) being the limiting absorption solution (in distributional sense) of the
first kind of the corresponding Helmholtz equation

(L —w’)v =g, (4.28)

Ie.

v (w, ) = 61ir(r]1_ vs(w, z) = 61ir51_(£ — (w+1i6)*) g

the limit existing in L*(I, B; dw).

Proof of theorem 4.18. Let V be the preimage of I under all band functions v/),. The theory
from chapter 3 works also for the absorptive operators £ — (w + i6)? as for the absorptive
operators £ — w? — i6. One has only to perform partial fraction decomposition after de-
composing the resolvent by the Floquet-Bloch transform. Then adapting theorem 3.31 from

chapter 3 have the following representation of the limiting absorption solution of (4.28)

_ Pylgl
Ui(wal’) = ; dk 29
2wx/|B ezj B\V \/_( ) —
1 )
_‘_% Z —WHhs(w,CC) :l:’L’]Ths(W,l’)
seJ;|s|<r
dk

2w\/|§z/ \/_s
with P, [g] = (Ug(-, k), ¥s(-, k)) L2 ¥s (2, k),

hs(T,x) = / <Ug("k>>¢5('ak)>L2(Q)¢s(5E, k)

d—1
: (k) k)

and
B ={ke B: (k) =T}

We can do without the trace operator 7’, since g depends not on w. Again we skip the variable
x. Comparing v from (4.29) with the representation of u,s in equation (4.19) we find the
following for the difference

Ugs, — €T (4.30)
B . sin (VAs(k)t)
QMWZ/B —) < cos (v/As(k)t) zw—)\s(k) ) dk
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+% Z —TH (hs(T)( — cos(Tt) — iw

s€J; |s|<r
. sin (\//\S(k)t)
<— cos (v/As(k)t) — zw—)\s(k) ) dk

sin(7t)

)) @) ime (o)

2w\/|§z/ \/7+w

Now the first and the third line converge weakly in L?(R? C; dz) to 0 for any fixed w as
t — +oo as seen in lemma 4.16 and lemma 4.17. Since w € I, one can show by Lebesgue
dominated convergence that they converge to 0 in the sense of (4.27). An integrable majorant

can be found noting that

t . sin(q/As(k)t)
COS \/ —m

\/—j:w

can be bounded forallw € I,t > 0,s € J and k € B, k € B\ V respectively, by a constant
that is independent of all of these. The same applies to the term ;s . Let u (compare with
(4.22)) denote the second line of the right hand side of (4.30). Then u converges to 0 as ¢ —
+oo in L%(I, B; dw) as discussed in lemma 4.12 and proposition 4.15. For ¢ € L?(R? CM)

we have

pEAs(k), 1) =

Gt w, ) 6 Dslliegzan = / Gt w, ), 6())sl d
[ el ol do

2 ||~ 2
= ol llut, @, L2 s

IN

and so the second line the right hand side of (4.30) tends to O in the sense of (4.27). L]

4.5 Equivalence of the presented principles of limit absorp-

tion and limit amplitude

By equivalence we mean that both principles select the same (distributional) solution to the

Helmholtz equation.

Theorem 4.19. | CC R be an interval that is compactly embedded in the set of regular
frequencies of the band functions /X, of the operator L'/?. If v € L*(I,B;dw) satisfies

99



the limit amplitude principle for the wave equation (4.25), i.e. if for the solution u of (4.25)
u ~ e“t for t — +o0 holds in the sense of (4.27), then v is the limiting absorption solution
of (4.28) for 6 — 0~. Conversely, if v € L*(I,B;dw) is the limiting absorption solution of

(4.28) for § — 07, then for the solution u of the wave equation (4.25), u ~ e*“'v holds.

Proof. Let u be the strong solution of (4.25) and vy, vo € L?*(I,B;dw) with u ~ e™“'v; and

u ~ e“'vy as t — o0 in the sense of (4.27). Then e“'v; ~ e™“'vy as t — +o00 because for
¢ € L*(RY,CM)

w W 2
”<e "oy — e"a, ¢) BHL2 (I,R;dw)
W iw 2
H<6 or —u(t,w,-), ¢ BHL2 I R;dw) +H (t,w,")—e tU27¢(')>BHL2(l,R;dw)
— 0Qast — +oo.
But also
w w 2 w w
H(e tvl_e tv2’¢>BllL2(I,R;dw) = /|<6 tvl_e tv27¢>8|2 dw
= /\e“”t/ (v1 — v2)d w(x)dz|? dw
R4
= / / V1 — v2)¢ w(x)dz|? dw
= [[{v1 —v2,9)5 ||L211Rdw)'
So we see that [|(v; — v2,¢>8‘|i2(1,R;dw) = 0 and hence (v; — vo,¢)5 = 0 for all ¢ €

L*(R?,CM) for almost all w € I. In particular, (v; — v2,¢)r2(xcmy = 0 for all ¢ €
Cs°(K,CM), where K is an arbitrary ball in R%. So v (w,z) = vs(w,z) for almost all
x € RY, w € I. From this we see, that the v € L?(I, B; dw) satisfying u ~ e™'v as t — 400
is unique. Theorem 4.18 states that the limiting absorption solution v~ of the Helmholtz
equation (4.28) given by (4.29) satisfies u ~ e“‘v~ for t — +o0. L]

Remark 4.20. Theorem 4.19 shows the equivalence of the principles of limit amplitude and
limit absorption of the first kind (compare chapter 1, section 1.1) provided I is an interval of
regular frequencies. In an analogous way one can show the equivalence of the corresponding
principles of the second kind for an interval I of regular frequencies, i.e. for the (strong)
solution u of the wave equation (4.25), v ~ e~™'v as t — 400 in the sense of (4.27) for
some v € L*(I,B) if and only if v =v" € L*(I,B) is the limit absorption solution of (4.28)
as 0 — 0. Furthermore, v™ is then given by (4.29).
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Chapter 5

Appendix

5.1 The Floquet-Bloch transform

The Floquet Bloch transform is one of the most important tools in this work. A general
treatment can be found in [24]. © = [0, 1]¢ denotes the cell of periodicity and B = [, 7]

the Brillouin zone.

Definition 5.1. For a function f with compact support in R the Floguet Bloch transform of
f is defined by

Uf(x, k) = \/Efo—n et (zeQ, keB). (5.1)
nezd

Theorem 5.2. U extends to a bounded operator on L*(R?). Moreover,

{ U:I2RY) — L*Qx B) 52)
f(x) = Uf(z,k)
is an isometric isomorphism with the inverse
Ul L*(Qx B) — LQ(Rd)
{ g(z, k) — U lg(z \/Efngk (5-3)

where in the integral g(z, k) is extended to all of R? by the k-quasiperiodicity condition
g(x +n, k) = e g(x, k) forn € 74
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A proof of this theorem can be found in [43].
For compactly supported functions in L?(IR?) the following lemma holds by Cauchy-Schwaz

inequality.
Lemma 5.3. There exists a C' = C(supp(f)) such that for all k € B

C
||Uf('7 k)HL?(Q) < = ”f||L2(]Rd) :

V1Bl
5.2 The Cauchy principal value integral

For reference see [23, 44].

Definition 5.4. For h : R — C, p € R the Cauchy principal value is defined as

pe
73/ h(z)ds = / h(x) dx—i—P/h(x) dx
. R\(p—e,p+e) p—e
p=n pe
_ / () da -+ lim / h(z) dz + / Wa)de| . (54
R\(p—€,p+e) p—e p+n

In case of existence the Cauchy principal value is independent of the choice of e.

Lemma 5.5. Let h : R — C be locally Lipschitz continuous. Then

pte p+e _
I gy [,
p—e p— A p—e€ b=

>

Proof. We start with the definition of the P integral

pte
P / PN
p—e€ pb— A

[ [0,
=0 )y e P—A ptn P—

X
= lim | / T gy / W%plw

=0 pn P

J

~
=0 because of symmetry
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[T g [ )

p—A p+n p—A

_ ) —nlp) p+5h()\)—h(p)d)\
[ e [

p—A
_ /’”%(A h(p )d)\
p p—A ’

where in the third step we have used Lebesgue’s dominated convergence theorem. 0
We will need the following:

Theorem 5.6. Let h : R — C be Lipschitz continuous in a neighborhood of p and integrable
outside. Then

: h(X\) h()\) :
1 ———d\ = —=d\ £ . .
Jim p—)\—iéd)\ P/p_)\d/\ imh(p) (5.5)
R R

Proof. Write

h() h(A) — h(p) 1
/p—)\—iéd)\:/ p—A—10 dA+ hlp )/p—)\—iéd)\

and use Lebesgue’s dominated convergence theorem and lemma 5.5 on the first integral and

Cauchy’s integral formula on the second integral. 0

5.3 The Hausdorff Measure
For reference see [31].
Definition 5.7.

(i) Let ACR", 0 <s<00,0<6 < o0. Define

= inf{z a(s) (dlamC’ ) |A C UCj, diam C; < (5} :
=1

where
7.‘.53/2

a(s) = m

HereT(s) = [ e o' dx, (0 < s < o0), is the usual gamma function.
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(ii) For A and s as above, define

H*(A) = im H5(A) = sup H3(A).

6—0 §>0

We call 'H® s-dimensional Hausdorff measure on R".
Theorem 5.8 (Properties of the Hausdorff measure).
(a) H? is a Borel regular measure (0 < s < 00).
(b) HO is the counting measure.
(c) H' = L' (Lebesgue measure) on R,
(d) H° = 0onR" forall s > n.
(e) H*(ANA) = NH*(A) forall A >0, A C R™
(f) H*(L(A)) = H*(A) for each affine isometry L : R" — R", A C R".
(g) H" = L" on R™

Definition 5.9 (Hausdorff dimension). The Hausdorff dimension of a set A C R" is defined
to be
Huim(A) = inf{0 < s < co|H*(A) = 0}.

5.4 The Area- and Coarea-Formula

For reference see [31], Theorem 2 in section 3.3.3 and proposition 3 in section 3.4.4.

Theorem 5.10 (Area formula). Let f : R® — R™ be Lipschitz, n < m. Then for each
L"-integrable function g : R" — R,

/ng(a:)Jf(x) d:p:/m S )| aHn(y),

zef~1{y}

where J f is the Jacobian of f in the sense of [31], section 3.2.2".

li.e. (Jf)? = sum of squares of the determinants of the (n x n)-submatrices of D f, not to be confused with
Clarke’s generalized Jacobian O f of f or the Jacobian matrix D f of f.
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Theorem 5.11 (Coarea formula). Let f : R? — R be Lipschitz, with
ess inf |[Df| > 0.

Suppose that h : RY — R is integrable. Then

> h
/ hdx = / (/ — de—l) ds.
{f>t} t {f=s} ’Df’

5.5 A trace operator onto the diagonal for L°°-valued Lip-

schitz functions

Let (B, ||| 5) be a Banach space. In our application in chapter 3 and 4, B will be the weighted
space L?(R?, CM; w(z)dz). Let I C R a compact interval. We want to define a trace operator
onto the diagonal for functions that are Lipschitz continuous with values in L>(/, B), i.e. for
A — f(A,-) € L*(I,B) continuous on / we want a reasonable definition for the function
A— f(\A) € B.

Define the set of step functions on [ with values in L>°(I, B) by

SE(I,L®(I,B)) = {g .1 — L®(I,B): 3N € N, disjoint intervals .J,
and g; € L™ (1, B) such that

N

I = U J; up to a set of measure 0
jEN
N

and g(\, ) = ZXJj()\)gj(‘)}'

j=1
SF(I, L>(I, B)) is a normed space with the norm from L>(1, L*>(1, B)).

Definition 5.12. Forp € [1,00], g € SF(I,L>*(1,B)), g(\, 1) = Z;\lzl X7;(N)g;j () define

the trace operator onto the diagonal by

T : SF(I,L>(I,B)) L*(1, B)
Tyg

Tg(\) = S50 x, (Mg (N

—
—
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Lemma 5.13. T : SF(I,L>(I,B)) — LP(I,B) is well defined and bounded, and since the
closure of SF(1, L>(I, B)) with respect to the L>(I, L*°(1, B))-norm contains all continu-
ous functions on I with values in L>(1,B) we have [T f{| 1,5 < Cp | fll (115015 fOr
all f € C(I,L>(1,B)).

Proof. Let g(\, p1) = 320 x5,(N)g;(1) = M) Xk, (A)hy () and
Tig(\) = Z X5, (Ngi (N, Tag(h) = Z X, (A)h;(N).

Consider the set H;; = {J; N K; : 1 <i < N,1 <j < M}. Then

U Hj; =1 up to a set of measure 0

Il it e

and T1g = T5g on each H;;. Therefore T is well defined. Concerning the boundedness we
first see that

> x5, (Ngi ()

Hg”Loo(LLoo(LB)) = sup Hg(A7 ')HL‘X’(I,B) = sup
Ael Ael
Lo (I,B)

= jmax 1951l Lo 1.5 -

For p € [1, 00) we have

ITolrs = / ITgN) 1 dr = / 0

N
=S / lg; (W12 dA
j=1"Ji

N
p
. — p
jzl/]j <1I§E?z{v HgJHL‘”(I,B)) dXx = [I]|g] oo (I,L°°(1,8)) *

Z XJj()\)gj()\)

p
B

IA

For p = oo we have

N
1ol ey = supITg(Nls = sup |3 v, (Ngs (V)
Ael el |53 5
N
< swp|> X, (Mg = 1191l e 1o 1. -
& =1 L*(1,B)
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Putting = = 0 we conclude for all p € [1,00] and g € SF(I, L>(I, B))

1T 9N 0, < 12119 oo 1,100 1,8 - (5.0)

Now let f € C(I, L>(I,B)) and £ > 0 fixed. Since I is compact, f is uniformly continuous.
Choose N € N so big that [[f(A, ) = f(u, )| p=(s 5 < € whenever [A — p| < +. Let
ge(-) = f(£,-) and g. (A, ") := Sy X(%,%)(A)gk(-). Then for almost all A € [ we have
(A € (5L, £) for some k = k(X))

PO = 9e O Ml = [[FO) = D x9N ()

IN
™

and thus we obtain || f — g:|| joc (1 1o (1,5, < € and so (5.6) also holds for f € C(I, L*>(I, B)).
]

Definition 5.14. For [, CC I\0I,p € [1,00], g € SF(I,L>(I,B)), g(\,-) = Zjvzl X, (N)g; ()
and all h > 0 so small that Iy — h C I define

Ty :SF(I,L>(I,B)) — LP(Iy,B)
Thg(N) = 355 X0, (Ngi(A = h).
If h is so big that Iy — h ¢ I then put Tj,g = 0.
Lemma 5.15. For fixed Iy, h > 0 small enough, T}, is well defined on SF(I, L>=(I,B)) and

bounded with norm independent of h. Moreover
HThf”LP(Io,B) <G ||f||Loo(1,Loo(1,B))

and in the case p # oo, | Thf — TfHL,,(ImB) et Oforall f € C(1,L>(I,B)).

Proof. If p € [1,00) we have
p

dA
B

N

> x5 (N)gs (A = h)

J=1

gl = [ 1Tgldr = [
Ip Iy
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N
- Z/ ;A — B)|I% dA
Jﬂ[o

N

p

< (m 95l mqry ) @) = Vol gl covr. -

> [ ol .

For p = oo we have
N
IT0gll ey = 59D 1ThgMlls = sup D xuyn0 (Vg (V)
)\G]O )\GIO ]:1 B
< sup ZXJ SHgHLOO(I,LOO(I,B))'

PYSIN)

J=1 Lo (I,B)

As in the preceding lemma we obtain for all f € C(I, L>°(1,B))

1T f Wy < Hol VP NNl (1,2 (1.5 - (5.7)

For the last statement fix € > 0 and choose a g. € SF(I, L*>(1, B)),

A ) = Zij<A>g§f> (1),

N = N(e), J; = Jj(€), such that ||g- — f|| ;o (7 p (1,5 < € Then for fixed n = n(e) > 0
choose a h.,, € SF(I,C(I,B)),

N
henO 1) =3 X, VRS (1),
j=1

such that [|g. — hanLoo([ By =1 (recall p # oo). Then for almost all A € [ we have
BemO A = B) = he (X, N[5 222 0 and

||h6,n(/\v A= h) - ha,n()‘v /\)“Iz); <2 ||h8,n||poo(1,Loo(1,3))

h—0

and so by the Lebesgue dominated convergence [|he (- - —h) = hey(, )| oy 5 — 0
Moreover
N »
e = Wiy = 50 [ S0 xs ) EE0) = 0) |
=1 8
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_ Eme,y _ ,©)
_ 1%33% / th (1) = g5 (W))|  dn,
The, — Ty = — 2w
| The, 9ell 7 (Io,B) g; K H
J Nilo B
CYINI
< — N
< Nl%zgjcv/ll g9; (W) s
= Nllhey = 9l 5 Loy »
HThhs,n—ThQEHZL),P(IO,B) = E:/J i 577 (u=h) = (,u h)H dp
Nlo
< N max th”7 (1) — 42| dp
= agien Jp Y ! B

= N|hey — gHiOO(],LP(I)) :
Now we are prepared for the final estimation

| Thf — Tf”Lp(]O,B) < |Tnf- TthHLP(IO,B) + 1 Thge — Tga”LP(IO,B)
+1T9: = T fll 1o 1.3

< 2T ||ge — Fll oo 1,00 1,8))
H1Thge = Tihell oo ) + I Tibten = Theall oo,
+ HTh&?? - ng—:”Lp(Io,B)
< 20" Nge = Fllpeieamy T 2N Mhen = Gell o101,y

HllhenA A = ) = hey A M 1o (1.8).5)

< 2L|MPe + 2Nn A+ || hey (M A — ) — R (N, M 2o (1o.5).a0)

B9 91| VPe + 2NN,

and so limsup || 75, f — T f|| 1o, 5 < 2l1o]'/Pe + 2N for any 7 > 0 and ¢ fixed.
h—0
It follows limsup [|Th f — T f|| 1o (1 5) < 2|Iy|*/?e for any ¢ and finally

—0

;1}2% I Thf =T fll pory.m = O-

]

Let I C R be a compact interval, Iy CC I \ 0 and A — f(\,-) € L>(, B) continuous on
I. For p € [1,00) we extend f(A,-) to LP(R, B) by 0 outside of I. Moreover f(A,-) = 0 if
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A ¢ 1. By abuse of notation we write for A € T

(s HO) = [ K= n)f O
R
where k. is an approximate identity (see [41]).

Lemma 5.16. For f € C(I,L>(1,B)) and any Iy CC I \ 01 we have
kox f—TF =20
in Lp(l(), B)

Proof. Let e > 0 fixed. First we prove that

Let g, € SF(I, L>(I, B)) with |[gy — fl| o (s oo (1.5, < 1- Then there exists a set M, C o
with |[Io \ Mi| = 0 such that A € My = |[[g;(A,-) = F(A )l gz 5y < 1 Then for all
A € M, there exists a set My(\) C [ such that [I \ My(\)| = 0 and pp € My(\) =
lgn(A 1) = FON )|l 5 < 1. Let M3(A) = X — Ma(X). Then Ms(A) € A —Tand [(A—1)\
M;5(M\)| = 0. For any p € Ms(\) there exists a 7 € M;(A) such that 4 = A — 7 and we have
A€ My, 7€ M3(A) = ||gg(MA=7) = fFIMNA=T)]5 <1

0
0.

/R ke(r) (FOLA = 7) — T f(A)) dr

(LP(Io,B),dN)

/R ke(7) (FOLA = 7) = T f(A)) dr

(LP(1o,B),dN)
_ / / ke(r) (FOLA —7) — T, f(N)) dr|| dA
My R B
- / EOUOA=T) =T dr| 0
B
< /M/M IFOA = 7) = T f V)]s drdd
< /M/M DFOA=7) = goA A =7l
ks |||gn<m 7) = T, F (V)| drdA
< /M | /M RO 0+ T = HOVl) drt
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< [ O (1 70 = D)
My J M3(X

< // n—i—Hgn fHLoo(LLoo(LB)))de)\ (by lemma 5.15)
My J M3 (M)

S 277[067

where ¢ > 0 is a constant such that ||k|[ 1) < ¢ forall € > 0. The remainder of the proof
is like in [41], theorem 1.2.19. Let 6 > 0. Since || f — TfHLp(ImB) % by lemma 5.15
there exists a neighborhood Vs of O such that for all 7 € Vj

0
HTTf - TfHLP(IO,B) < 2

Since k. has integral one we have

x>~

N % f — TS
k(A — T)xa () f A7) / k(DT (\)dr

R

k(1) FOL A — 7)dr — / k()T F(\)dr

R

[
—

k. (T) (f()\, A—T)— Tf()\))dT
= /V ke(T) (T f(X) = Tf(N))dr +/ ko(T) (T, f(A) = Tf(N))dr

R\ Vs

Now we take the L”(l, B)-norm with respect to \.

1

</ k(DT f(X) =T F (M)l oz0,8),00) 47
5
gy
2

K;@wxﬂfu>—Tfu»m-

(LP(Io,B),dX)

Vs 2
] / RO TF) =TI dr

< / e ITFO) = T om0 47
R\ Vs

and

(LP(Io,B),dN)
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[P 4 o) N f Nl oo 1,01,y AT

IN
—

R\V;

IA
YRS

provided that
)

[ke(7)]dr < '
/R\V;; 217 + o2 [ f Wl oo (1, 1o 1,8

This can be achieved by choosing € small enough, since k. is an approximate identity. So

[k * f =T fll 1o (1,5 < ¢ for any € > 0 small enough and
limsup [ke + f =Tl oo, < 6
follows. Since 6 > 0 was arbitrary, the assertion follows. O]
Suppose that A — f(\,-) € L>(I, B) is Lipschitz continuous on [ and let
Lip(f); = inf {C > 0+ |0 ) = F(1, | oeiry < A= sl A€ I
Then we have the following

Lemma 5.17. For all \ € I and almost all 7 € I we have

1F7) = TF()ll < Lip(f)i[A = 7l.

Proof. Let A € I be fixed. Then we can choose a sequence g. € SF(I, L>*(I,B)), g-(1,-) =

Z;V:(? X 5 (1) ¢\, such that for all € > 0 the fixed X is in the interior of one of the J;S) and
J

19: = fll oo (1,50 (1,8)) < €- Then for almost all 7 € I

[FOAT) =TTl

< IO = 9o (m Dl + o7, 7) = Tl
N(e)

= [ X e @ (0 =g7@)| + 1T = Dl

N(e) °
< Yoxp@sm | ) = g7 0)|, s TG~ D)l

j=1 ve ve

N(e)

= s Y0 ™)||[f0) = 870+ 1T~ Dl



N(e)
= w3 0 (FO0) =7 0) |+ 1T = Pl

1FA ) = 9e(Ts M oo r8) + 1T (9e = Pll 1< 1,8)
[f(A ) = ge(T, ')HLOO(I,B) +1lg- — f”Loo(I,Loc([,B))

IN

N~ "~
e—0

=)= F () oo 1) —0
e—0
— ) = ) ey -
Hence we conclude
[fAT)=Tf()ls < 1) = F7 ) )
< Lip(f)7|A — 7|

forall A € I and almost all 7 € [. O]

A\

5.6 A variant of the Hilbert transform

Let f € Lip(/, L>=(I, B)). Recall that we put f(A,-) = 0 for A\ ¢ I and both f(\,7) = 0 and
Tf(r) =0for 7 ¢ I. Define the truncated Hilbert transform by

O e

[A=7|>e

We can write the truncated Hilbert transform of f on [ the following way

HOfO) = - / %W:W)i / f&?m

IA—7]>e IA—r|>e
R =
[A=T[>e A—7|>e
= Xt WG F) + xsWNHO(T (V). (5.8)

Now for all p € (1,00) we know from theorem 4.1.12 in [41] that H©(T'f) =3 H(Tf)
in LP(R, B) and a.e. since T'f € LP(R, B). Moreover form theorem 4.1.7 in [41]* we know

TP oy < CollTFll o, -

2The cited theorem is proved for real valued functions. For B-valued functions take section 4.6 in [41] into

account.
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Lemma 5.18. Forp € [1,00], x;GOf — Gf =2 0in LP(I,B) where

6ry =1 [WOUON =TI,

T AN—T

Moreover ||G f[ 1 5) < CpLip(f)r-

Proof. Letp € [1,00)

a6 =Gl = 169500 - o

R e,
I IA—7|<e

T A—T 5

. /( ! /Mge Hf(A,?A - f{(ﬂﬂ%)pdx

e—0

1
< —Lip(f)§2PePI — 0
m

p

using lemma 5.17. For p = oo we have

PaGOF = Gl = sup[[GOFN) = GFO]

1 - T
N g S.E
Xel | T Jia—r|<e A—T B
1 £E—
< —Lip(f)125—0>0.
T
Moreover
LLip(f)[1|®PD/Pif p £ o0
HGfHLP(I,B) < 17 : e
LLip(f)|1] if p = oo.

Definition 5.19. We define the Hilbert transform of f € Lip(I, L>°(1,B)) on I by

HfQA) == x1(NGFN) + xs(MNH(TF)(A).
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5.7 List of Symbols

Q) = [0,1]%, d-dimensional cell of periodicity

B B = [—n, w14, d-dimensional Brillouin zone
XA characteristic function of the set A

T space variable, x € R?

k wave vector variable, k € B

AT frequency variables, A\, 7 € R

w frequency variable, w € R, w? =\

L Floquet-Bloch decomposable operator

As(k) band function of £

Ys(x, k) Bloch wave of £

U Floquet-Bloch transform

0,1 (A)  Duk(N) = VIBI (UBA, -, k), (- K)) 2.0y (U F N, - ), s (-, R)) 12 e
Lip(f)e local Lipschitz constant of f on €

lole ol = sup le(ha)

AER, zeR?
B B! = {k € B: \;(k) = 7} in chapter 3,
B: ={k € B: \/)As(k) = 7} in chapter 4

Iy, 1 intervals of regular frequencies

R level set integral, hs(\, 7, 2) = | Bs Uf(?v# dH* (k) in chapter 3,
(A k) s (k)

sA\72) = [ Uf‘?”“) dH? (k) in chapter 4
U g} inverse Floquet-Bloch transform restricted to B?

OXs(k)  generalized gradient of A, in k

R, Rs regular values, regular values of A

w(x) weight function

P Puslhl(@) = (UR(R) (- ) aaconytha(a, b)
weighted L?-space

Hilbert transform or variant of Hilbert transform

Trace operator on the diagonal/point evaluation operator

NN ®

Fourier transform

115



Bibliography

[1] * W.I. Smirnow, Lehrgang der hoheren Mathematik, Teil IV, VEB Deutscher Verlag
der Wissenschaften, (1966)

[2] A.N. Tychonoff, A.A. Samarski, Differentialgleichungen der mathematischen Physik,
VEB Deutscher Verlag der Wissenschaften, (1959)

[3] D. Colton, R. Kress, Inverse Acoustic and Electromagnetic Scattering Theory, 2nd
edition, Springer, New York, (1998)

[4] D.M. Eidus, The Principle of Limiting Absorption, American Mathematical Society
Translations, Series 2, Vol. 47, p.157-191, (1965)

[5] B.R. Vainberg, Principles of radiation, limit absorption and limit amplitude in the
general theory of partial differential equations, Russ. Math. Surv. 21,115-193, (1966)

[6] T. Ikebe, Y. Saito, Limiting absorption method and absolute continuity for the
Schrodinger operator, J. Math. Kyoto Univ., 12-3, (1972), 513-542

[71 M. Ben-Artzi, A. Devinatz, The limiting absorption principle for partial differential
operators, Memoirs of the American Mathematical Society, vol. 66, no. 364, (1987)

[8] C. Gerard, F. Nier, The Mourre Theory for analyitcally fibered operators, Journal of
Functional Analysis 152, 202-219, (1998)

[9] C. Gerard, F. Nier, Scattering theory for the perturbations of periodic Schrodinger
operators, J. Math. Kyoto Univ. 38-4, 595-634, (1998)

3The entries are ordered by appearence in the text.

116



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

X.P. Wang, P. Zhang, High-frequency limit of the Helmholtz equation with variable
refraction index, Journal of Functional Analysis 230, (2006), 116-168

A. Jensen, P. Perry, Commutator Methods and Besov space estimates for Schrodinger
Operaotrs, J. Operator Theory 14, (1985), 181-188

J. Royer, Limiting absorption principle for the dissipative Helmholtz equation,
preprint (2009)

M. Melgaard, Optimal limiting absorption principle for a Schrodinger type operator
on a Lipschitz cylinder, manuscripta math. 118, 253-270 (2005)

M. Murata, T. Tsuchida, Asymptotics of Green functions and the limiting absorption
principle for elliptic operators with periodic coefficients, J. Math. Kyoto Univ. 46-4,
713-754, (2006)

D.M. Eidus, The principle of limit amplitude, Russ. Math. Surv. 24 (3), 97-167, (1969)

B. Zhang, On the limiting absorption and amplitude principles for transmission prob-
lems with unbounded interfaces, Math. Proc. Camb. Phil. Soc. (1997), 122, 343

K. Kikuchi, H. Tamura, Limiting Amplitude Principle for Acoustic Propagators in
Perturbed Stratified Fluids, Proc. Japan Acad., 65, Ser. A (1989)

H. Tamura, Resolvent estimates at low frequencies and limiting amplitude principle
for acoustic propagators, J. Math. Soc. Japan, Vol. 41, No. 4, (1989)

J.D. Joannopoulos, R.D. Maede, J.N. Winn, Photonic Crystals, Molding the Flow of
Light, Princeton University Press, (1995)

K. Sakoda, Optical Properties of Photonic Crystals, Second Edition, Springer (2004)

K. Busch, G. von Freymann, S. Linden, S.F. Mingaleev, M. Tkeshelashvili, M. We-
gener, Periodic Nanostructures for Photonics, Physics Reports 444, 101-202, (2007)

A. Figotin, A. Klein, Localization of Classical Waves I: Acoustic Waves, Com-
mun. Math. Phys. 180,439-482(1996)

M. Reed, B. Simon, Methods of Modern Mathematical Physics I: Functional Analysis,
Academic Press, (1980)

117



[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

P. Kuchment, Floquet Theory for Partial Differential Equations, Birkhduser Verlag,
(1993)

P.A. Markowich, F. Poupaud, The Maxwell equation in a periodic medium: homoge-
nization of the energy density, Annali della Scuola Normale Superiore di Pisa, Classe
di Scienze 4° série, tome 23, n° 2, (1996), p. 301-324

A. Morame, The absolute continuity of the spectrum of Maxwell operator in a periodic
media, Journal of Mathematical Physics, Volume 41, Number 10, (2000)

T. Suslina, Absolute continuity of the spectrum of periodic operators of mathematical

physics, Journées Equations aux dérivées partielles, (2000), p. 1-13

V. Hoang, The Limiting Absorption Principle for a periodic semi-infinite Waveguide,
(2010), submitted

G.F. Roach, B. Zhang, The limiting-amplitude principle for the wave propagation
problem with two unbounded media, Math. Proc. Camb. Phil. Soc. (1992), 112, 207

R. Dautray, J.-L. Lions, Mathematical Analysis and Numerical Methods for Science
and Technology, vol. 5 Evolution Problems I, Springer (2000)

L.C. Evans, R.F. Gariepy, Measure Theory and Fine Properties of Functions, Studies
in Advanced Mathematics, CRC Press, (1992)

R. Courant, D. Hilbert, Methoden der mathematischen Physik I, 3. Auflage, Springer-
Verlag, (1968)

K. O. Friedrichs, Mathematical Aspects of the Quantum Theory of Fields, Interscience
Publishers, Inc., New York, (1953)

T. Kato, Perturbation theory for linear operators, Springer Verlag, (1980)

M. Reed, B. Simon, Methods of Modern Mathematical Physics II: Fourier Analysis.
Self-Adjointness, Academic Press, (1975)

F.H. Clarke, On the inverse function theorem, Pacific Journal of Mathematics, Vol. 64,
No. 1, (1976), 97-102

118



[37] EH. Clarke, Generalized gradients and applications, Transactions of the American
Mathematical Society, Vol. 205, (1975), 247-262

[38] C.H. Wilcox, Theory of Bloch waves, Journal d’Analyse Mathématique, Vol. 33,
(1978), 146-167

[39] H. Federer, Geometric Measure Theory, Springer-Verlag, (1969)

[40] S. Konyagin, On the level sets of Lipschitz functions, Tatra Mountains Math. Publ., 2,
(1993), 51-59

[41] L. Grafakos, Classical Fourier Analysis, Springer, (2008)

[42] L.C. Evans, Partial Differential Equations, Graduate Studies in Mathematics, Vol. 19,
American Mathematical Society, (1998)

[43] M. Plum, On the Spectra of Periodic Differential Operators, Lecture Notes Autumn-
school (2006) of the GRK 1294

[44] K. Jinich, Funktionentheorie, Springer Verlag (1999)

119



Curriculum Vitae Auctoris

Maria Barbara Radosz, Dipl. Phys.
geboren am 10.10.1979 in Ratibor, Polen.

Eltern: Claudia Radosz, Christoph Radosz.

e 10.2010 - : Wissenschaftlicher Mitarbeiter am Institut fiir Analysis, Karlsruher Institut

fiir Technologie

e 10.2006 - 7.2010: Doktorand am Karlsruher Institut fiir Technologie unter der Betreu-
ung von Prof. Dr. Michael Plum im Rahmen des Graduiertenkollegs 1294 ”Analysis,
Simulation und Design nanotechnologischer Prozesse”.

e 10.2000 - 9.2006: Studium der Physik an der Universitit Karlsruhe.
Diplomarbeit: Untersuchung der Abbildungseigenschaften eines Auger-Fluoreszenz-
teleskopes mit einer kiinstlichen UV-Lichtquelle

e 10.2002 - 9.2006 Studium der Mathematik an der Universitiat Karlsruhe.

e 1991 - 2000: Besuch des Progymnasium Baiersbronn und Hebel-Gymnasium

Pforzheim.

120



