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Chapter 1

Introduction

1.1 Abstract

Photonic Crystals, or PCs, are artificially developed optical materials with periodic di-
electricity. They represent an innovative type of structures with tailor designed properties
and could be considered as semiconductors of the next generation. They are hoped to
become the first step to a technological revolution in computing, communication, optics
and other spheres.

The flow of light is much faster then the electric current, and the idea to use laser light
instead of electricity in information processing and transmission is very tempting. In-
vestigation of new optical materials permitting to capture, to direct and to control the
propagation of the electromagnetic waves is a challenge for physicists and mathematicians.
Theoretically, an appropriate modification of material composition, symmetry, dielectric
periodicity with embedding of defect structures can provide a creation of a semiconductor
applicable to any specific purpose. But because of their microscopic scale comparable
with the wavelength of light, Photonic Crystals are very complicated to fabricate. For
this reason a mathematical simulation plays such a significant role.

For description of light propagation, different techniques have been applied by researchers.

For example, the Finite Difference Time Domain (FDTD) approach was considered by A.



Taflove in [Tal8Y]. Another route is to implement Galerkin-type methods with an appro-
priate set of basis functions, like, for instance, plane waves. However, these ways do not
seem to be very useful in modeling of complicated structures with piecewise-continuous
dielectric permittivity because of huge computational resources that they require.

It would be preferable if a simulation method could take into account the Photonic Crys-
tal structure that it deals with. Fortunately, it is possible. There exist basis functions for
a Galerkin approximation which already contain information about dielectric and sym-
metric properties of a particular PC — these are the eigenfunctions of this PC called the
Bloch waves. Although these functions are wide-spread and non-localized, one can use
the advantages that they give to build other, well-localized bases.

The Wannier functions have been introduced by G. Wannier in [Wan37] for description
of insulating crystals and afterwards have been successfully employed in modeling of elec-
tronic orbitals. The idea to draw an analogy between Photonic Crystals and real crystals
and to apply the same functions for PCs first appeared in 2003 in a work of the group of K.
Busch [BMGMT03] and at the same time in a paper of Whittaker and Croucher [WCO3].
The Wannier functions have several advantages which make them very attractive for PC
simulation: first, they form a complete orthonormal basis applicable for Galerkin-type
methods; second, being calculated by definition via the Bloch waves, they already contain
the information about the layout of a given PC; and third, they are not unique and thus
can be localized — the existence of exponentially decaying Wannier functions is proved.
The last property is significant: due to the localization of a basis set, the computations

would require less resources which is highly desirable.

The aim of this Ph.D. thesis is to summarize and unify knowledge about the Wannier
functions and to explore several algorithms for construction of maximally localized Wan-
nier functions in application to Photonic Crystals. In Chapter 2 we state the problem
to consider within the thesis — the Transverse Magnetic for of the Maxwell’s equations

— and analyse the properties of its eigenfuctions, the Bloch waves. In Chapter 3 we



define the Wannier functions as the result of application of the inverse Floquet transform
to the Bloch waves. We study the existence of real, (anti-) symmetric, exponentially
decaying Wannier functions for different types of crystals and give a method of comput-
ing such functions explicitly as the eigenfunctions of the projected position operator in
one-dimensional crystals. This method is implemented numerically. In Chapter 4 we in-
troduce the spread functional as a criterion of localization of the Wannier functions and
explore its properties. Chapter 5 is dedicated to an algorithm of minimization of the
spread functional given by Marzari and Vanderbilt and based on unitary transform of
the Bloch waves. This algorithm we implement numerically in 1D and 2D. In Chapter 6
we consider unitary transform of the Wannier functions and the method of simultaneous
diagonalization of a set of matrices developed by Gygi, Fatterbert and Schwegler. The
numerical results in 1D and 2D are also given. Chapter 7 describes a more general ap-
proach then in Chapter 6 — minimization of the spread under sum-unitary transform of
the Wannier functions which we first introduce in the framework of this thesis. Again,
we compute it numerically for 1D and 2D Photonic Crystals. Chapter 8 refers to the
application of the Wannier functions in physics — particularly, in simulation of Photonic
Crystals with point defects. Finally, the conclusions of the work are given in Chapter 9.

Some numerical aspects of the presented methods one can find in Appendix.
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1.3 List of notations

Symbol  Meaning

Om.n the Kronecker symbol: equals to 1, if m = n, and 0 otherwise

3(f) the Dirac distribution: generalized function with a property 6(f) = f(0)
for continuous f and [7_ f(r)é(r —a)dr = f(a)

uf Floquet transform acting on a function f

d the dimensionality of the problem (here 1 or 2)

r € RY aspace vector, d-dimensional

WSC  Wigner-Seitz cell — a fundamental domain in R?: here [0, 1]¢

r periodicity lattice in real space; here I' = Z¢

R eI' anode of the lattice I'

\Y% a d-dimensional gradient operator w.r.t. variable r

A a Laplacian operator V -V w.r.t. vector r

k € R? a dual space vector, also called a crystal momentum, d-dimensional

BZ the (first) Brillouin zone — a fundamental domain in the reciprocal space:
here [—, 7]¢

I reciprocal lattice; here I'* = 277Z¢

K eI anode of the reciprocal lattice ['*

Vi a d-dimensional gradient operator w.r.t. variable k

MP Monkhorst-Pack mesh in BZ: a mesh shifted by half-meshsize from the boundary

Sk a stencil of the closest neighbour mesh nodes for a node k

crystal permittivity, periodic w.r.t. I': (r) =e(r + R)
an inner product (f,g),. = [, f*(r)e(r)g(r) dr; D is either WSC or R?
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Symbol  Meaning
(-,-)p  a shortend notation for (-,-), _ in cases when it is obvious
LZ(D) function space L?(D) with a weighted inner product (-,-)_; D is WSC or R¢
Ank the n-th eigenvalue of TM problem corresponding to the n-th Bloch wave
tYnx(-)  the n-th Bloch wave with crystal momentum k
u,x(-)  the periodic part of the n-th Bloch wave: u, 1 (r) = e &, (1)
Wy () the n-th Wannier function centered at 0
wyr(-) the n-th Wannier function centered at R € I'; w, r(r) = wyo(r — R)
16} a composite band
Ng the dimensionality of the composite band (3
By a set of Bloch waves corresponding to the eigenvalues of a composite band (3
Pk projection onto the span of Bloch waves of a band (3,
k __ n1+Ng—1
P - anznl 7 77Z}7'L,k ® w’n,k
Pk projection onto the periodic parts of Bloch waves of a band (3,
Pl= 3t Nty @ ung
P projection onto the span of Wannier functions of a band (3,
P = ZZSL]IVBA Wn,0 @ Wn,0
Q projection onto the span of other bands except 6: Q =1d — P
R projected position operator, R=PrP
Q spread functional — used as a measure of localization of a set of (Wannier)
functions
O gauge invariant part of the spread functional
Qp band-diagonal part of the spread functional
Qop band-off-diagonal part of the spread functional
Opop  p+ Qop
Qrop Q1 + Qop
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Symbol  Meaning

T, a special notation for (1w, 0, wn0)ga, € R?
2 : . 2

(r*), a special notation for (r“w;,, wn,0>Rd’€ eR,

2 a discrete analogue for T,, (approximation)

(r)2  a discrete analogue for (r2)

Uk a unitary transform of the Bloch waves of a band 3, a matrix Nz x Nj

Wk a sum-unitary transform of the Wannier functions of a band 3, a matrix Nz x Nj



Chapter 2

Bloch waves

2.1 Maxwell’s equations. Transverse Magnetic and
Transverse Electric problems

At a macroscopic level a Photonic Crystal is a low-loss dielectric medium (one-, two-
or three-dimensional) with periodic electric permittivity, without free charges and non-
conducting. In some sense it is an optical analogue of an electrical wire where the infor-
mation is transported by photons instead of electrons.

From mathematical point of view, a Photonic Crystal is an infinite linear periodic medium

where the propagation of light is described by the time-harmonic Mazwell’s equations:

- VxE{r) = i%JH(I), (2.1.1)
V xH(r) = i%}5(1")E(r), (2.1.2)

V- (e(r)E(r)) = 0. (2.1.3)
V-H(r) = 0, (2.1.4)

Here E is the electric field, H is the magnetic field, w is frequency, c is the speed of light
and ¢ is the electric permittivity of the medium. Here we restrict electric and magnetic

fields E and H to be time-independent, which means that the medium properties depend

12
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on position in space r only. Most of the described Photonic Crystals have no magnetic
properties, for this reason in our considerations the magnetic permeability is assumed to
be 1 everywhere (and thus excluded from the equations above). We also assume that
the electric permittivity ¢ is scalar and independent of the third space coordinate rs.
Therefore, E and H do not depend on it either.

Since the Maxwell’s equations — are formulated for a vector

(E7H) - (E17E2a E37H17H27H3)7

an exclusion of the third space coordinate r3 means that the waves propagate in the plain
(r,19) and therefore it is sufficient to study a vector of the form (Ej, Es,0,0,0, H3) or
(0,0, E3, Hy, Ho,0) [KucOI]. Thus the Maxwell’s equations are getting decomposed into

a direct sum of two well-known forms:

-V (%V@D(r)) = i—j (r) (Transverse Electric),
—AY(r) = t—js(r)w(r) (Transverse Magnetic).

The first equation (TE) describes polarized waves which have the electric field orthogonal
to the the r3 axis while the magnetic field propagates along it, in this case ¥ = Hz. Anal-
ogously, the second equation (TM) describes the waves with magnetic field orthogonal
to r3 and the electric field parallel to it, and ¢ = E3. Here the space vector r and the

operators V and A are two-dimensional in terms of two remaining space coordinates 1,

and ry:
0 2 2
r— I v . ory A - 8 + (3
- ’ - ’ o Or2 or2’
r 9 I I3
2 Oro

In the framework of this thesis we will follow the second form ( Transverse Magnetic prob-
lem). We will take it up as an eigenvalue problem in the following sense: for a fixed piece-
wise periodic function e consider a partial differential operator with periodic coefficient

Lty = —A/e and find its eigenvalues A = w?/c? and the corresponding eigenfunctions 1:

—AY(r) = Ne(0)(). (2.1.5)
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Considerations analogous to those given here may also be implemented for the Transverse

Electric case.

2.2 Basic notations

In this section we introduce some notations which will be used in all parts of our work.
Let d be a dimensionality of a crystal, it can be equal to 1 or 2.
A Photonic Crystal that we consider is a medium with a certain periodicity. In practice
it means that cylinders of a particular dielectric material are embedded into another
dielectric material so that they form a periodic structure. Let us consider a uniform
square periodic lattice with the centers of the cylinders in the midpoints between its
nodes. Without loss of generality, let it be an integer-valued lattice Z¢ in real coordinate
space R?. This lattice is often called Bravais lattice (henceforth denoted by “I'”). The
smallest cell, or a fundamental domain, of this periodic structure is a unit square. To be
precise, let us consider the square [0, 1]¢. In physics this is called Wigner-Seitz cell (in our
further notations “WSC”). This domain is called fundamental, because the whole space
R? is formed of an infinite number of its repetitions so that

R*= | J (WSC+R)

Rel’

and every vector 1 € R? either belongs to the Wigner-Seitz cell 1 € WSC or has a
“representative” there: r = ' + R with t/ € WSC and R € I'. Therefore, a Photonic
Crystal periodic with respect to I' is completely described by its WSC and can be easily
reconstructed from it.
Now we define the spaces which we are going to work with. Let ¢y be the center of the
Wigner-Seitz cell (% in 1D or [1 1] in 2D). Let ¢ be a positive piecewise constant periodic

272

function, in particular, for some py < %, let

1, re WSC, |r— ¢l >
e(r) = Ir=col > o (2.2.1)
g0 # 1,e0>0, |r—col < po
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and £(r + R) = (r) for R € T' (see Figure 2.1)).

Figure 2.1: A Photonic Crystal structure

- O _____ O _____ O . O 1

Define e-weighted inner products by

{(f:9wsce = sc fr(r)e(r)g(r)dr, (2.2.2)

e = [ IO dr (223)

Let L2(R?) be the space L?(R?) with the inner product (-, -) s . and analogously LZ(WSC)
be the space L?(WSC) with the inner product (-, Jwsc.e- Obviously, these are Hilbert
spaces with corresponding norms || f|gee. = (/(f, flga. and [|fllwsce = /{f, Hwsce:
The mapping f +— f/1/Z is an isometry between L?(Q) and LZ(Q2) where (2 is either WSC
or R4,

For the cases where the applicable domain of the functions f and g is evident, we will use

simplified notations (f, g). and || f|..
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2.3 Floquet theory and the Bloch waves

Now let us introduce a transform U on the Bravais lattice which is called Floguet transform.

Let f € L2(RY), then

Uf)(rk) = e fr— (2.3.1)

Rel
This is an analogue of the Fourier transform in the periodic case. Note that in contrast
to the Fourier transform, the resulting function U f depends not only on the dual variable
k, but on r as well. k is called quasi-momentum.
We review shortly the main properties of this transform; for a more detailed consideration
one can refer to the literature, e.g. [KucOT].
First, the Floquet transform is quasi-periodic by r with respect to I, this property is called

Floquet condition:
Uf] (r+R, k) =®F[UUf] (r,k), ReT. (2.3.2)
Second, the Floquet transform is periodic by the quasi-momentum k:
USf] (r,k+K)=[USf](r,k), Kel*=2xl. (2.3.3)

Here we introduce a reciprocal lattice I'" = 27", and a corresponding fundamental do-
main [—m, 7%, called Brillouin zone (or first Brillowin zone in some literature sources).
Henceforth we will use notation “BZ” for it.

From these two properties we can conclude that a resulting function i/ f can be defined
on a finite domain WSC x BZ = [0,1]¢ x [—n,7]? and reconstructed on its exterior by

periodicity with use of ([2.3.2)) and ([2.3.2)).

Third, the Floguet transform commutes with a periodic partial differential operator. Let

(L Wil

L, be such an operator, the index shows that it differentiates in space variable r. Then

we easily get

UL f)) (0, k) = [Le(UF)] (1, K). (2.34)
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On the right hand side the function U f depends on both variables r and k and can be
considered as a set of r-depending functions [U/ f], , so the differential operator L, is applied
to each of them. Using the same formalism on the left hand side, we have a decomposition

of the differential operator into a direct integral of k-dependent operators:

L, = / LI dk,
BZ

with L") having the same periodicity as L,.
Finally, the fourth property of the Floquet transform will be formulated in the following

theorem.

Theorem 2.1 (Invertibility of the Floquet transform, [KucOTI]). The Floquet transform

U: L? (RY) — L* (BZ,L2(WSC)),
Ufl @) = D *Tfr-R)
Rel

18 an isometric isomorphism. Its inverse is given by

U~g] (r) = —/ gi(r) dk, (2.3.5)

where Vg is the volume of the Brillouin zone and gy(r) is extended to v € R? according

to the Floquet condition (2.3.2]).

Here the space L2 (BZ7 Lg(WSC)) has an inner product

1
(f, 9>L2(BZ,L§(WSC)) - Vi, /BZ (fkvgk>wsc,sdk-

The proof of this theorem can be found in [KucOI] Theorem 7.2, p. 220].

The Transverse Magnetic problem ([2.1.5)) represents a system of partial differential equa-

tions with periodic coefficients. The operator of the problem Lty = —A/e is an example
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of a differential operator L, considered above. Therefore, it can be decomposed under the
Floquet transform into an infinite set of k-dependent operators:

-1 -1 —A —A® (k)
Lem =U U (Lew)) =U U —) ) = dk= [ L, dk (2.3.6)
€ BZ € BZ

For each of them the eigenvalue problem reads:

—ABY(r) = Aee(r)(r).

Here the Laplacian A® is the same operator as an ordinary Laplacian A (in sense of dif-
ferentiation by spacial variable r). The index (k) just shows that its eigenvalues depend
on k either and this way represent a decomposition of the solution. Having this in mind,
we omit the index in further discussion.

Since the operators L%)VI in ([2.3.6) are elliptic, each of them has a compact resolvent and

therefore a discrete spectrum:

0</\1,k§/\2,k§'--)\n,k<

The sequence is unbounded and the multiplicity of each eigenspace is finite. As it is well
known [KucOI], A, x as continuous functions of k exhibit band gap structure. It means that

the spectrum of Ly consists of closed intervals [An,, An,] called bands: for n between

N1 and N2—1

max \,
keBZ

Kk > lflelgé Ant1k

and the A, as functions of k cannot be separated from each other. Their graphs on a
plain (k, \) can intersect or coincide. A band is called simple, if it contains only one such
a function (No = Ny), or complex, if there are two or more functions (Ny > Ny).

For e # const there may exist gaps between the bands, namely, intervals on A-axis which

consist of such values A* that for k € BZ they do not belong to a spectrum of any LEE)VI:

max A, < A* < min \,4q k.
keBzZ keBZ ’
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From the physical point of view it means that electromagnetic waves of a frequency
w = V2\* cannot propagate into the Photonic Crystal.

An analytical proof of existence of band gaps for high-contrast media was given by Figotin
and Kuchment in [FK94]. For an illustration of the photonic band gap structure see Figure
(for numerical details see Appendix, Section 10.2).

Figure 2.2: Band Gaps in a Photonic Crystal: 1D (left) and 2D (right)

—_— =

. ] AR
x;f/(zn) \l/

0.5-

— T i ]
A

T X M T

We say that two functions 1, x, ¥k Which correspond to the eigenvalues A, and A, x
“belong to one band”, if the eigenvalues A, x, A\, Wwhich they comply with belong to
one band, and this sentence actually makes sense only in this context, because the

eigenfunctions do not form any bandstructure.

According to Floquet-Bloch theory, the solutions of (2.1.5) permit the Floquet-Bloch

ansatz:

U (1) = Ty, 1 (1), (2.3.7)

where the functions u, x(r) are periodic in r with respect to I': u,x(r + R) = wu,,(r) for

all R € I'. For a fixed k, functions {1, }, .y are the eigenfunctions of the corresponding

operator L% = —A® /o These functions are called Bloch waves.
™
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2.4 Properties of the Bloch waves

We start with a well-known orthogonality property:

Lemma 2.1.

/ eik'R dk = VBZ(SR,O-
BZ

Proof. Indeed, if R = 0,

/eik'odk = / 1dk = Viy.
BZ BZ

If R # 0, the integral fBZ consists of a sum of two integrals taken by half of BZ with

opposite signs of k:

/ kR dk = Rk + / KR qk
BZ (BZ/2)~ (BZ/2)+

= / TR Ak + / "R dk
(BZ/2)+ (BZ/2)+

- (BZ/2)*+ <eik.R * e_ik.R) dk

= 2 cos(k-R)dk = 0.
(BZ/2)+

~—

Together this proves the assistance. O]

Let us make a close acceptation which will be useful later:

> e = Vigs (k). (2.4.1)

Rel
This equality should be understood in the following sense. On the right hand side we have
a Dirac distribution ¢, therefore, we do not speak here about values. On the left hand
side there is a series which actually does not converge absolutely. But in sense of tempered
distributions [Rud91] it can be considered as a Floquet transform of identity, which is 4:
1+ §. Of course, we should not forget that 1 ¢ L?(R?) and a Floquet transform can be

applied to it only in the distributional sense. For intuitive understanding we write the
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following sequence of formulas which can be made mathematically rigorous with some

effort:
1 .
l=U'tWU[) = — e R qk,
s Viz BZP;F
Z eff = 0 fork#0.

Rel
The same equality (2.4.1)) is mentioned in [KohB9] as a “fact” which the author uses in

his computations.

Now we summarize the most important properties of the Bloch waves in the following

theorem.

Theorem 2.2 (Properties of the Bloch waves). For k € BZ the operator L(jlf) =AW /e
has a complete set of eigenfunctions 1,y with eigenvalues A, x. This functions have the

following properties:

1. They are periodic by k with respect to the lattice I'*:
Uitk (1) = Yni(r), Kel™.
2. They are quasi-periodic by v with respect to the lattice T':
Unx(r + R) = e, (r), ReT.
3. They belong to L2(WSC) and are orthonormal by means of its inner product:

<¢m,k7 wn,k’>wsc75 = 6m,n6k,k/ .

4. Extended by quasi-periodicity to the whole space RY, the 1, are orthogonal in the

sense of distributions:

<wm,k> wn,k’>Rd7E = VBZ(Sm,né(k - k/)a

where Vg is the volume of the Brillouin zone.
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5. Any function f € L2(R?) admits an expansion

1
=D /B Fustalr)

with 1, extended to RY by Property 2 and fnx = (Vnx, [uﬂk>wsc,a'

Proof. (After [RST8 p. 304] and [DLPT11])

Orthonormality of Bloch waves in WSC follows from the fact that they do form a complete
set of eigenfunctions of an elliptic operator L, (sce [Kucdl], [RSZq). The periodic
properties 1-2 follow from the definition of the Floquet transform since LS_FM =U(Ltm).

Let us show k- and n-orthogonality of extended Bloch waves.

sV pae = [ ey dr
= > [ 41— R)e(t =R}t —R)d(r — R)

= i(k—k')-R 5 e(r () d
/Wsc <Rz€;e ) Vs (T)E(1)y 1 (1) d

(according to (2.4.1))

= VBZ(S(k - k,) <wm,kv ¢n7k/>WSC,€
= Vizd(k — K)6pmn

Let us consider the Property 5. From the definition of the Floquet transform (2.3.1)),
Uf € LE(WSC x BZ) for any f € L2(R?%). As far as the Bloch waves {1, }

neN form an

orthonormal basis in this space, U f can be expanded as

[uf]k (1") = Z<wn,ka [u.ﬂ >Wscg¢nk an k¢nk

n

with fr e = (Vs [Uf]) wse o for r € WSC.
To obtain f, we apply the inverse Floquet transform (2.3.5)):

o =ut w0 = g [ k=3
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Here r € RY and 1, are extended by the Property 2. A rigorous proof of the Property 5
(in particular, of the convergence of the sum) one can find in [DLP¥11]. Theorem [2.2]is

proven. 0

Remark 2.1. The coefficients f,x from Property 5 of Theorem are defined for k in
the Brillotun zone only. By Property 1 they can be considered as periodic in k with respect

to I'™*.

Remark 2.2. The extended Bloch waves 1, do not belong to L2(R9). The inner product

in Property 4 can be computed only formally and understood in the sense of distributions.

2.5 Periodic functions u,

In our analysis it is sometimes preferable to deal with periodic functions. That is why we

turn from the Bloch waves v, to their periodic parts u, k. Recall :
Un k(1) = €7y (1),
For functions u, x we update the eigenvalue problem :
—A (1)) = Aee(r)e™u(r),
e (—Aug(r) — 2i (k- V) ui(r) + Kui(r)) = Aee(r)e™ u(r)
and thus
— (V+1k) - (V+ik) ue(r) = Aee(r)u(r). (2.5.1)

Note that functions w, x and 1, x correspond to the same eigenvalue A, .
The operator to examine now is L’(Il‘(l)\/lu = — (V +ik)-(V +ik). As we see, the replacement
of ¥, x by uy,x gives us a k-dependent operator, but a k-independent domain of definition.

For the functions w, ) we formulate a theorem equivalent to Theorem
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Theorem 2.3 (Properties of the functions u, k). For every k € BZ the operator L(:,lfl)v_,u =

— (V+ik) - (V +1ik) has a complete set of eigenfunctions wu,y(r) with eigenvalues A\, x.

This functions have the following properties:

1. They are quasi-periodic by k with respect to the lattice I'*:

Un ik (1) = e KT, (r), KeT™

2. They are periodic by r with respect to the lattice I':
Unx(r + R) = unk(r), Rel.
3. They belong to L2(WSC) and are orthonormal by means of its inner product:
(s o )ysce = Omanie-

4. Being extended by periodicity to the whole space R?, they form an orthogonal set:
<um,k7 un,k’>Rd7E = ‘/BZ(Sm,n(S(k - k/),
where Vgy is the volume of the Brillouin zone.

5. Any function f € L2(R?) admits an expansion

1 u
=5, / Fhatsls) dk

with un extended to R by Property 2 and f\ = (unx, [Uf])wso.e-

Proof. A mapping T such that Tfi(r) = e ¥7 i (1) is an isometry T : L2(Q) — L3(Q) for
Q being WSC or R?. Indeed, for any fi, g € L2()

(TheTo)g. = (e fig e_ik'r9k>g,5 = (fio 9 q. -
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Consequently, the functions wu, x = T, x inherit orthogonality from ,, x.
Periodic properties of u,x can be easily obtained from those of Theorem and its

definition. Obviously, since u, 1 (r) = e ¥4, (r), for K € T'* and R € T’ we have:

Un,k+K(1") _ e—i(k+K)-r¢n7k+K(r) _ e—iK.re—ikrwn,k(r) _ e_iK'run,k(r),

un,k(r + R) _ e—ik~(r+R),¢n7k<r + R) _ e—ik~(r+R)eik~R¢n7k<r) _ Un,k(l")-

Theorem [2.3] is proven. O



Chapter 3

Wannier functions

3.1 Definition and properties

In the previous chapter we have made all necessary preparations to define the main subject
of this thesis — the Wannier functions. Formally, these are functions obtained from the

Bloch waves by application of the inverse Floquet transform:

1
Wy o(r) = Vor | Unx(r) dk. (3.1.1)

Here the index “0” indicates that the functions defined this way are centered at r = 0.

More generally, Wannier function centered at R € I' are determined as

1

unrld) = 7

/ e m Ry k(1) dk = w,o(r — R). (3.1.2)
BZ

These functions originally appeared in the chemical literature for modeling of electron
orbitals in crystal solids. They were described by Gregory Wannier [Wan37] first in 1937
and were named after him “Wannier orbitals”, or just “Wannier functions”. The idea to
apply the same tool to Photonic Crystals by analogy to normal crystals was stated in
2003 by two independent groups of scientists in their papers [BMGMT03] and [WCO3].

By definition of the (inverse) Floquet transform, Wannier functions belong to L2(R?).

They can be understood as some “average” electromagnetic field at a certain node R of
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the Bravais lattice.

Theorem 3.1 (Orthonormality of the Wannier functions).

complete basis in L2(RY) which is R— and n—orthonormal:

<wm,R7 wn,R'>Rd7€ = OmnOR,R-

Proof. First let us recall Lemma [2.1

1 kR
— e“dk = 0ro.
Viz /BZ o
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Wannier functions form a

From the definition of Wannier functions and the orthonormality of Bloch waves we have:

1 _ik-R 1 / —ik’-R’ /
m,Ry Wn R/ = — e m dk7 e n rdk
(Wi, R W R ) g <VBZ /BZ Y.k Vaz Juz Uni Rd

1

. rrny 1
_ i(k-R—Kk'-R’) , dkd¥
€ m,K» n
VBZ \/BZ /BZ VBZ <¢ 7k ¢ 7k >Rd7€

1

= / / kR R) 5 0k —K)dkdK
BZ JBZ

Viz

— G / ol (R
" VBz JBZ

— 5m,n5R,R’ .

Now we want to show completeness. Let f € LZ(RY). From Theorem ,

1
0= 53 / Funs)d

with coefficients f,, \ periodic in k with respect to I'*. Applying Fourier expansion yields:

fn,k - Ze_ik‘an,R

Rel
with

1 .
fn,R - V_ e_lk.an,kdk-
BZ JBZ
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Therefore,

= Z Z fn,an,R(r>

n Rel

To finish the proof it remains to show that f,r = (Wnr, f)ga

78.

1
(Wors flga, = <VBZ ‘kR¢nkdk—mek'wmk/dk>

Rd e

= 1kR i ,
= S e [ Gt e

_ Z/ / ik-R
Vs Bz JBZ oy

= 2 fow {@ / k‘“’)dk}

R’el

= > farlrr = far.

R’el’

_ik/.R/fm’R/) (5n’m(5(k . k/) dkdk/

So, we see that any function f € LZ(R?) allows a representation of the form f(r) =
Y on 2orer JnRWnr(r) With the coefficients f,r = (wnr, f)ga., Which means the com-

pleteness of the orthonormal basis w,, r in the space L2(R?). Theorem is proven. [

3.2 Phase indeterminacy

Wannier functions represent a perfect basis for description of various effects in Photonic
Crystals, e.g. defect modes. They can be used for Galerkin approximation which will
be discussed later in Chapter 8. Since they are constructed from the Bloch waves of a
particular Photonic Crystal, they already contain implicitly the information about the

crystal structure. In general the Wannier functions appear to decay slowly and show
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erratic behaviour at a distance from the center R. But we can repair it using nonunique-
ness of Bloch waves which originates from freedom of phase choice. For a simple band
no (and an “isolated” Bloch wave) a phase factor is e®o®. In other words, if ¥, is a
Bloch wave of the band, then eigno(k)wnmk is evidently also a Bloch wave — namely, also

an ng-eigenfunction of the operator L%)w (2.3.6)):

k) i .
L’(I‘]_)\/_[eleno (k) ¢no,k — )\no 7ke19no (k) wno k- (3 9. 1)
For a complex band where several eigenvalue states Ay, x, ..., Ay, x are mixed up such a

nonuniqueness is given by a unitary transform U of the set of the Bloch waves of this

band:

N2
Y = > Ukt (3.2.2)

m=N1
In this sense we can talk about generalized Bloch waves which represent a class of functions
defined uniquely up to a unitary transform of their set. The corresponding Wannier

functions are determined as

Ny
1 .
wyr(r) = — e IR Z UK hi(r) d Kk, (3.2.3)

Viz JBz =N,

which means that they are also non-unique.

This important feature gives a possibility to influence the localization properties of the
Wannier function basis by choosing proper phases for the Bloch waves. Slowly and os-
cillating decaying functions can be substituted by the ones which decay faster and have
monotone “tails” away from the center. In particular, one can obtain exponentially local-

ized Wannier functions — namely, decaying like an exponential function at infinity.

The next section is dedicated to the question of existence of exponentially localized Wan-
nier functions. First, we will prove the existence in a case of one-dimensional crystals
with symmetries following the classical paper of W. Kohn [Koh39]. Second, we generalize

this result to arbitrary-dimensional crystals with symmetries using the investigation of J.
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des Cloizeaux [dC63|, [dC64a], [dCG4D]. Finally, we will adduce the proof of A. Nenciu
[Nen&3 of the existence of exponentially decaying functions in a case of crystals without
symmetries in arbitrary dimensions.

Once the proofs will be given, our aim in the framework of the present thesis will be to

construct localized Wannier functions using various methods.

3.3 Existence of exponentially localized Wannier func-
tions

The existence of exponentially decaying Wannier functions is a very attractive property
which is, however, not so evident. From 1959 mathematicians proved it for several cases
starting from a very restricted one and making the result more and more general.

The Wannier functions were first introduced as electron orbitals in periodic crystalline
solids [Wan37. The motion of an electron in such crystals is described by a Schrodinger

equation

A+ V)] 9(r) = Ap(r)

with a periodic potential V. Thus, the Bloch waves appeared as the eigenfunctions of the
Schrodinger operator —A 4+ V', and the theory we are going to review in this section was
developed for this case. However, the problem we study in the framework of this thesis is
the Transverse Magnetic form of the Maxwell’s equations with an elliptic operator
—A/e where ¢ is periodic. The analogy between these two operators was considered
in detail by Kuchment [KucOI], [KucO8]. In particular, he calls the TM problem a
“Schrodinger-type” spectral problem with e playing a role of a metric. One can show that
there exists a Hilbert space isometry between L?(D) and L?(D) where D is a Wigner-Seitz
cell [0,1]¢ or a space R?, [KIo04] Section 2.3]. This isometry is given by the mapping

®(D): L*(D) — L*D),
v o= P =y/Ve
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Although in this section we review the theory for usual crystals — as it was originally
developed by the authors we refer to — we will mention that it can be adopted to Photonic

Crystals as well.

3.3.1 Kohn’s proof for 1D crystals with inversion symmetry

The first rigorous proof was introduced by Walter Kohn in [Koh39 for an isolated band

in a one-dimensional crystal with inverse symmetry. Consider a 1D Schrodinger equation:

[_di +V ()] vle) = 2o

d z?

with a periodic, symmetric and non-constant potential V:
V(z+ L) =V(x) =V(—z) # const.

Let ¢, x be its Bloch waves (see Section 2.3, 2.4), i.e. solutions with the quasi-periodicity

condition

Ynge(L) = €4 1(0), ), (L) = e F4), 1 (0)

for real k and normalized:

on [*
T ()P de = 1.
0

The corresponding eigenvalue curves k — A, i are called energy bands.

The Wannier functions w, o are defined as localized linear combinations of all Bloch waves
of a given band n, namely:
L [mE
Wpo(x) = gy o Unx () dk,
or, more general,

L w/L )
W (2) = wno(z — RL) = 2 / MBIy () d k.

T J—z/L
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To let these integrals exist, we consider a priori that the phases of 9, x are chosen so that

they are piecewise continuous in k in the interval [—7/L, 7 /L] (the Brillouin zone).

In the framework of this chapter we observe only the key points of Kohn’s paper; for
further details see the original source [Kohb9.

Let us denote with the symbol f a complex extension of a real function f. The energy
bands A, can be studied as functions of a complex variable k = k'+ik”. Kohn shows that

in a vicinity of the real axis the function k — X(k) is analytic, symmetric and periodic in

k:

Ak) = A-K),

M) = AK)"
X(k+2%) ~ X,

The image of X lies on a Riemannian surface S with an infinite series of sheets S, con-
nected with each other in branch points apart from the real axis. The bands A, are the
traces of X(k) on the sheet S, for k real. One can pass continuously from one band to
another in the complex plane.

The most important result of Kohn’s observations is the following theorem.

Theorem 3.2 (Existence and uniqueness of real, (anti-) symmetric and exponentially

localized Wannier function, W. Kohn). Consider a one-dimensional Schridinger equation

{_d—Z + V(x)} V() = ()

d z?

with a periodic, symmetric and non-constant potential V: V(x + L) = V(x) = V(—x).
For every band number n there exists one and only one Wannier function w, o which has

all three of the following properties:

e it is real;



e it is either symmetric or antisymmetric about either x =0 or x = L/2;
e it falls off exponentially as
Anlz|

W o(x) ~ e

for some A,, € (0,00).
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Proof. [Kohh9]. To prove the theorem, let us introduce a more general class of functions

than the Bloch waves. Let J

e satisfy

with complex X,

e be quasi-periodic in the sense
Y(L) =7(0), ¢'(L) =+¢'(0),  v€C,
e be normalized in a manner which for |y| = 1 reduces to
2 [iwprar=1

For v = ¢!*F these are just ordinary Bloch waves.

(3.3.1)

(3.3.2)

(3.3.3)

For a given \, we now search for such ~ that (3.3.1) and (3.3.2) are fulfilled. ¢ which

satisfy can be written as
D@, X) = ar )W (@, X) + ax)@ (2, \)
with
J0eN =1 (3) 0% =0
23 (0,3) =0, (%2))' (0,3) = 1.

(3.3.4)



34

Substituting ([3.3.4]) into (3.3.2) gives the ratio:
a YA (L, ) YA(L, )

— = — — = : (3.3.5)
_ oh(D) 1 1
“@ y=g0(LA) L (y-1)
By eliminating a; and as we obtain the following relation for ~:
v —2u(A\)y+1=0, (3.3.6)
where
Yo lama s (3@Y (L%
pA) =5 (9L A) + () (L, A) (3.3.7)

is a single-valued, entire function of X, [Kra3d].

Now we want to replace the variable \ with ~ in order to study the properties of @Z

depending on v. By (3.3.6)), u relates to «y as
1 1
p=3 (’y + —) . (3.3.8)

Thus,

can be considered as a function of . For this reason, we may henceforth omit the
notation A and write U(z,7), YO (L,7), v (L,7), having in mind that it assists at these
expressions implicitly:

So, 1 is the same function of z as zz, the difference between them is only in the second
variable.

With the equation ([3.3.5)), ¢ as well as 1)) and ¥® can be considered as functions over

two variables z and 7:

$01) = gz [0 + 5 (7= ) 0]



where C' is chosen to satisfy the normalization requirement (|3.3.3)).

Let us denote

. ) 1 1\ -
x(z,7) = &L, )P (2,7) + 3 (v — ;) P (z,7),
so that

- X(z,7)
() = e

After simple computations one can conclude that C' must have a form

47 - du
C=——yI(L,~)—=%,
7 v)dA
and therefore (3.3.11)) turns to
. B x(x,7)
I )Y i
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(3.3.10)

(3.3.11)

(3.3.12)

We investigate the properties of the analytic function v + (-,7). From (3.3.12)), it can

have singularities at the points where d 11/ d X = 0 or where Y@ (L,~) = 0. Kohn shows

that such points are v = 1. He proves that one can find Laurent series for 1/ depending

on properties of ¢ (L, +1):

(A) if both @ (L, 1) and ® (L, —1) are zero or both nonzero, then ¢(-,7) permits a

Laurent expansion of the form

o0

b)) = 3 ot an®,

R=—00

(B) while if one of ¥® (L, 1) or ¢y (L, —1) is zero and the other is nonzero, the Laurent

expansion is

b)) = S B,

R=—o0
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In both cases the series converge in a ring

e A < Iy < elA

for some A € (0,00). Let us substitute v = e

d(w,y) =P (z,e").
Then v = 1 corresponds to k =0 and v = —1 to k = 7/L.
From [Koh59] we know that 1 is a multivalued function of k whose branch points coincide
with those of A. At each branch point four Riemannian sheets are connected; two of them
correspond to a band n and the other two to a band n + 1; two functions related to the
same band differ only by sign.
Let @n,k be branches of 1). We need to observe some properties of these functions which

will be used further. Consider the same cases as before (A and B).

Case A: Both @n,O(O) and @an/L(O) are zero or both nonzero. We have the Fourier ex-

pansion

[e.e]

Ui(@) = D af(z)ehr

R=—00
which represents an analytic function of k = k' +ik” in a strip [k”| < A,,. Obviously, {p\n,k’

s
as a function of a real variable k’ is periodic with period f:

~

Vg2 (@) = Vo ().

Case B: One of l//f\n,o(o) or Qz;n’ﬂ-/L(O) is zero and the other is nonzero. The Fourier expan-

sion
w k ﬂR lk 2R+1
n, §

represents an analytic function of k = k' + ik” in a strip [k”| < A,. In this case zzn’k/ is

2
antiperiodic by k" with period %:

~

Bses 22 (1) = ~Die (@),
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In addition to the described Case A and Case B, another classification of possible cases
will also be useful.

Case 1: ’Q/Z)\mo(O) # 0. One can check that

~

Vie(@) = dup(-a),
@n,—k'(x) = {D\n,k’(_l’)’

Case 2: 7:[)\”70(0) = 0. Then

-~

V(@) = Puw(-2),
@n,—k/(‘r) = _@Zn,k’<_x)'

Let us now switch to the Wannier functions which are defined via arbitrary Bloch waves

wmk:

L /2 .
Wy r(7) = wyo(x —RL) = —/ e MRLqy 1 (z) d k

27 —7/2

We will fix the phases of the Bloch waves according to their initial values in the point

x = 0.
(1) If ¢, 0(0) # 0, choose the phase so that

o 1, x(0) is real for real k;

o U, is analytic for complex k in a strip |Im(k)| < A, with some finite and positive

A,.

Then it is equal (apart from a possible factor —1) to z/b\nk(m) described in Case 1. There-

fore,

w;,k’<x) = wn,k/(_x)>
wn,—k'(x) = wn,k’(_l‘)a



38

and this yields

L /2 ) L w/2 )
wyo(®) = - Yp(r)dk = — U, () Ak = wn0(),
2 —r/2 27 —7/2
L /2 , L w/2 ,
wn,()(_x) = % /ank/( )dk = % /2wn,7k/<x)dk :wn,O(x)'

Consequently, wy, o is real and symmetric about z = 0.

(2) If ¥, 0(0) = 0, let the phase be such that
o 1, x(0) is purely imaginary for real k;

o U, () is analytic for complex k in a strip |Im(k)| < A, with some finite and

positive A,,.

Then it coincides with :l:imek described in Case 2. Consequently,

Un(@) = —nw(—2),
wn,fk'(‘r) = _wn,k'(_x)a

and thus
i} L w/2 i , L /2 .
wn,O(x) = o s wn,k/(az) dk’ = o s U —x (z) dk' = wyp(z),
L w/2 , L /2 )
wn,O(_x) = 5 ¢nk'(_x)dk o 'an k’( )dk = _wn,O(I)'

Hence, wy, o is real and antisymmetric about x = 0.

What about the asymptotic behaviour of the Wannier functions?
Again, take the phases of the Bloch waves as described in (1) or (2) depending on whether

¥n.0(0) equals to 0 or not. Then our Bloch waves 1, are connected with @nﬁk(x) as

wn,k(x) = 67/Jn,k(33)’
€ = Z£lor 1.
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Let us examine two combinations.

(a) Both v, 0(0) and v, »,1,(0) are zero or both nonzero. This is related to Case A above.

We have the Fourier expansion

Unx(z) =€ Z aﬁ(m)eikRL

R=—00
which represents an analytic function of k = k' + ik” in a strip |k”| < A,. But from the

definition of the Wannier functions we obtain:

[e.e]

Unx(z) = Z eikRLwnyR(x).

R=—0c0
Thus we immediately see that w,r(z) = eal(z). But af(z) are the coefficients of the

Laurent expansion of t,) and this series was convergent for |k”| < A,. This implies

limg oo af(x)e L = 0 for this range of k”. This is equivalent to
. 0, ¢<A,
lim wy, o(z)e? =
e oo, q¢> A,

Indeed, in the convergence domain it holds:

— T AR(GKRL _ i & iKRL
O = i en@e = fim Cunn(r)e
. 1
= }%En “wyo(z — RL)e*E = Z}Lm —wpo(—y)e?

where ¢ < A,,.

(b) One of 4, 4(0) or ¥, ~/1(0) is zero and the other is nonzero. Shifting the coordinates
(in 2 axis) by a half-period L/2, one can prove that in this case 1, 0(L/2) and ¢y, /(L /2)
are both zero or both nonzero and therefore we have case (a) for the coordinate origin

x = L/2. Note that if we shifted the coordinate origin from = = 0 to x = L/2, then the
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(anti-)symmetry center is also shifted into this point.

No other choice of phase except a possible trivial factor £1 leads to a Wannier function
which is simultaneously real and (anti-)symmetric. Indeed, let us suppose that another
set of Bloch waves leads to real and (anti-)symmetric exponentially decaying Wannier

functions. This set is connected with the just observed by a phase shift:

@En,k(w) - eian(k)djn,k (l‘) .

Representing the phase as

oo
elGn(k) _ § &n,ReilRka

R=—c0

we can rewrite the corresponding Wannier function as

L /2
Wno(z) = o /¢n,k<$>dk
—7/2
L /2
= — M), () dk
2 —7/2
L /2 S iRLk
= — amRe_l wn’k(l’)dk
2 —W/2R:Z_oo
= Z An RWy R (T).
R=—00

As far as the w, r are real and orthonormal, and w0, is also real by assumption,

o0
Bno(t) = Who(@) = ) a; pwar(2),

R=—c0

we have: a,r = a” », hence a,, r is real. Analogously, as soon as {w,, and w,, o are
R n,R» R ) RIReZ ,0
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(anti-)symmetric,

:l:U_)n o(I) = ’U_Jn’(](—l’)

)
o0

- Z an,an,R(_x)

R=—00
00

= Z anRWn0(—7 — RL)

R=—00
00

= Z Qp,—RWn0(—z + RL)

R=—

= &+ Z An,—rWpo(x — RL)
R=—c0

oo
= =£ Z an,—an,RL(x)u
R=—c0

hence, a, _r = £a,r.

Substituting this into the representation of the phase yields:

ano+ 2y pey Gnr cos(RLK), ap_r =anr

eiGn(k) |
—21 210%021 a/n,R Sln(RLk), an,*R — _an,R

In the first case the phase is real and consequently, the factor e?»(®) equals +1. The

second case can be ruled out by setting k = 0. Theorem ([3.2)) is proven. O

Remark 3.1. Let us turn to the Transverse Magnetic problem

~ L) = Rel@)ita)

instead of (3.3.1)). In this case (3.3.3]) holds and (3.3.2)) should be understood in sense
o [* ~ ~
TP @i -1
0

Then we can represent ¥ in form [B.3.4) and again obtain the relation (3.3.0). It means
that we can adopt the theorem for the TM problem and get the same result — namely,
the existence and uniqueness of real, (anti-) symmetric, exponentially localized Wannier

functions.
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Remark 3.2. In a multidimensional case, if a band is simple (namely, it contains only
one energy state \), there exists a Bloch wave which is analytic in k = k' + ik” in a
strip [k"| < A. But if the band is composite (it consists of several intersecting eigen-
value branches Ay, ..., AN, ), the energy X is @ multivalued function of a complex variable
k = k' +ik”; the points where several states touch or intersect each other are branch points
of this function and also branch points for the Bloch function k +— @Z(k) which therefore
cannot be analytic in k. This remark indicates that Kohn’s results cannot be trivially gen-

eralized to a multidimensional crystal and that another approach is required.

Remark 3.3. For a composite band, a simultaneous choice of a phase of each Bloch wave
of the band is nothing but a unitary transform (for every k) of the whole set of waves
corresponding to the band with regard to some fixed initial Bloch waves:
ng
Yog = Y Uk b
m=ni

where ny,...,ny 15 a set of indices which determine the composite band.

3.3.2 Des Cloizeaux’s proof for multidimensional crystals with

inversion symmetry

The next step to the proof of existence of exponentially localized Wannier functions was
given by des Cloizeaux in [dC64a] and [dC64L] for crystals with a center of inversion in
arbitrary dimensions. Let us take up this approach in details.

Consider the Schrodinger equation in a crystal of dimensionality d > 1 and periodic with

respect to some lattice T' (for instance, I' = Z9):
[—A + V(0)](r) = Mp(x). (3.3.13)

Here the potential V' is assumed to be periodic: V(r+R) = V(r) for R € I'.
As we know from the fundamental works [RS7§| (Chapter XIII.16) and [KucOI], the
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eigenfunctions v,y of the operator —A + V lie in L*(WSC x BZ) with WSC being the
Wigner-Seitz cell of the crystal, BZ being the first Brillouin zone.
Following [dC64a], consider an isolated band 3 — by which we mean the following.

Definition 3.1. Let 3 be a set of Ny energy branches Ay = Ay(k), n = ny...ny,,
which are the eigenvalues of the Schrodinger equation noticed above. If the ranges of the
branches (i.e. projections of their graphs onto the \-axis) create a continuous segment in
the spectrum and are separated from above and from below by spectral gaps, then we call
the set 3 an isolated band.

If Ng =1, the band is called simple. If 1 < Nz < oo, the band is complex or composite.

For an illustration of a band gap structure see Figure 2.2 On this figure we can derive
two isolated bands: a simple band n = 1 and a complex band n € [2,4]. As we see, they

are separated by gaps from the other parts of the spectrum presented on the A-axis.

Notation 3.1. Let 3y be a set of Ng independent Bloch waves 1, x which correspond to
the eigenvalues A, x of band 3. Here “independent” means that the phases of the Bloch
waves are somehow fized, and there are no Bloch waves in the set obtained from other

waves of the set by a phase shift.

Remark 3.4. The requirement for Ng to be finite excludes the case of a constant poten-
tial V' =const because then all the eigenvalue branches touch and thus it is not possible to

single out an isolated band.

Without loss of generality, assume that the Bloch waves of the set 3, are enumerated

from n =1 to Ng.
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Let us introduce a projection operator P¥, periodic in k, which characterizes the subspace
of the Bloch waves 1), x belonging to 3. For real k this operator can be defined as

Ng

=) Unk @ (3.3.14)

n=1

or represented by its matrix elements

Ng
[Pk]r,r’ = Z wz,k(wd’n,k(r/)
n=1

which are invariant with respect to a phase transform of the wave functions ¥,k +—

eiGn(k)wn =

e Zeﬂa 04,1 (') = [PMe. (3.3.15)

This operator acts on a function f € L*(R9) as

Ng

s [f(x)] = Z (Vni f)Rd 77Z)n,k(1")

n=1

Frahes = [ F0)ge)dn

For complex k = k' + ik”, the operator P* can be extended to a strip |k”| < A for some

with inner product

constant A > 0 as
Ng

- Z wn,k* & ¢n,k7 or

n=1

rr’ Zl/}n k* w"lk )

Let us define another operator PX, proportional to P¥ and projecting onto the span of

periodic parts of the Bloch waves:

szczu K @ nke ( )
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Here Viysc is the volume of the Wigner-Seitz cell and

Unp, k (I‘) = eiik.rd}n,k (I‘) )

Unx(r+R) = wupx(r) for R el
P* and PX are closely related by the following equality:
[Pk]r,r’ = VWSC : eiik.(rir/)[quf]r,r’-

In [dCG4a] PX is proved to be analytic in a narrow strip [k”| < A. A straightforward
consequence of this result is analyticity of the matrix elements [P¥],  in the same domain.

Let us define a projection operator P as

1

P=—
VBZ BZ

PEdk. (3.3.17)
Its matrix elements

Py = / [PY, . dk (3.3.18)
BZ

are continuous in r and 1’. The operator is periodic with respect to lattice translations of

the crystal:
Pr+R,r’+R’ = PI‘,I‘/7 R, R/ erl.
By its definition, P can be expressed in the form

Py = Z wy, () wnr (1), (3.3.19)
n,R

where w,, g are the Wannier functions corresponding to the Bloch modes of the set 3,:

B 1
Viz

/ e E By, k(1) dk.
BZ

wy R (1)
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The relation (3.3.19)) is easy to show:
S i) = Y [ @ dk [ oW )l
n,R , nR BZ BZ

BZ

S R T

ReT
(recall the property (2.4.1] -

= VBZ/ ank Yk () dk

1
= — P¥. . dk =P ..
) ML ,

In our further considerations we will need the following result.

Theorem 3.3 (Analyticity of periodic functions and asymptotic properties of their
Fourier coefficients). Let f be a periodic function of a d-dimensional complex vector
k = k' +ik", admitting real vectors K; (j = 1...d) as periods: f(k + K;) = f(k). Let
R be translational vectors of the reciprocal lattice defined by vectors Ry (I = 1,...,d) so
that

R = Y aR (ue)

Kj‘Rl = 271'(5]'[.

Then, if f is analytic in a domain |k"| < A with some constant A > 0, it can be expanded
i a convergent Fourier series:
fk) = Z " gp
Rell

and the Fourier coefficients satisfy the condition:

for some 0 < e < 1.

Conversely, if the coefficients gr of a Fourier series have this asymptotic behaviour, the
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series converges in the strip |k"| < A and its sum is an analytic function of k.

Different variations of this assertion appear in literature, in particular, the result is known

as Paley- Wiener theorem. Its proof, which is very simple, can be found, for instance, in

[dC64al p. 692].

Theorem 3.3 implies that, due to analyticity of [P¥], ./ in a vicinity of the real values of k
(k"] < A), the matrix elements P, , decrease exponentially with |r — 1’| — oo.

But unfortunately, as it is pointed out in [MV9T, p. 12856], this result does not imme-
diately imply exponential localization of the Wannier functions. However, it is possible
to prove the possibility of choosing such Wannier functions, as des Cloizeaux does in his

paper [dC64D]. Let us review it shortly.

The Bloch waves can be represented as Fourier sums of the Wannier functions:

Unx(r) = Z e R, r(r).

ReT
With the help of the Theorem , if ¢,k is analytic in k = k' 4 ik” in the strip [k"| < A
with a constant A > 0, then its Fourier coefficients w,, g (r) satisfy conditions of the form:
lim %, g(r+R') =0
R’'—o0
with 0 < € < 1. The converse is also true. Thus the problem is reduced to the construc-

tion of Bloch waves which are analytic in k in a strip centered on the real axis.

For a simple band (Ng = 1), these functions can be constructed explicitly. Introduce
trial Wannier functions w{#' which are arbitrarily normalizable with e" |wi!(r)| < oo

and have a bounded support. These can be, for example, true Wannier functions with a
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cutoff:
wno(r), [r| <C,
wi(r) =% 6(r), C<||<C+56,
0, lr] > C +6,
with some C' > 0, some small § > 0 and a smooth function # such that 0(r)j-c =
Wi o (1) rj=c and 0(r)j=c+s = 0.

Apply the following construction:

1) ¢ni(r) = [ga[PMerwii@ () dr’, or equivalently ¢y, (r = (Vnx, mal>Rd U (T

(prOJectlon of trial functions onto the span of Bloch modes)

= Jou Jpal P¥le (w Z“ﬁh(r))* wigl (1) dr’ dr, which is the same as

[ }mn = <¢m,ka ¢n,k>Rd

(orthonormalization)

3) ¢re(r) = [GY] T2 do(r)

(new Bloch modes)

The integrals converge uniformly, therefore, the functions k + ¢, and k — G¥ are
analytic in k for |k”| < A where A is the width of the strip of analyticity of [PY], .
Moreover, by its definition, G¥ is real and non-negative for real k, and, if G¥ is strictly
positive, this remains true for some strip |k"| < Ay < A with Ay > 0 and constant.

~1/2

Consequently, [Gk] is also analytic in this strip and, finally, ¢;%" is analytic — and

this is just what we want. The corresponding Wannier functions

—1k anew( )

w,R (1)

1
v Viz JBz

fall off exponentially at infinity.
Positivity of G¥ will be discussed further.
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Remark 3.5. The construction described above can be interpreted as choosing a phase

for the Bloch waves:

Q/Jn,k — [Gk}—l/Q <1/]n7 . tmal>Rd Q/)nk _ e On( 77an7

since this transform keeps the orthonormality.

Let us now consider the case of a complexr band, or a composite group of eigenvalue
branches (Ng > 1). In such a group the branches of A, x are connected with each other by
degeneracies but separated from all the lower and higher branches by gaps. We introduce

the generalized Bloch waves (in [dC64D] they are named quasi-Bloch waves):

7pnk ZU 7pmk

where U¥ is a unitary matrix of size Ng x Ng for every k. The set of Jn,k inherits the

following properties of 1, x:
1. an’k also form a complete orthonormal set in L*(WSC x BZ).

2. For every k € BZ they span the same space Sg(k) of functions formed by the Bloch
waves 1, i of the set 3, (Notation 3.1), namely:

Ng
Sﬂ(k) = fk(r) = Z&n,kwn,k(r) ‘ ¢n,k € ﬂ’l/n On k eC
n=1
Ng _
= gk(r) = Z'-Yn,kwn,k(r) ’ Tnk eC
n=1

3. They are periodic in k with the same period: Jn7k+K(r) = Jmk(r), Kel™

These three properties allow us to call the new set “quasi- Bloch waves”, or “generalized

Bloch waves”.
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Accordingly, we introduce generalized Wannier functions as being obtained by

N 1 .
Ton(r) = — / R (1) dk,
Vez Jpz
They possess the following properties:
1. {@nr},  form a complete orthonormal set in L*(R%).

2. {wyr}, i span the space Sy formed by the Wannier functions w, g which correspond

to the set By:

Ng

1 .
S = f r) = Qp RWp RAT WpR = —5— eilk'an,kdk, wn,k c ﬁ
ERICE D RRTTCIEEy ) :
Ng
= g(r) = Z Z ’Vn,an,R(r>
n=1 Rel’

3. The functions w, r corresponding to a site R can be obtained from those attached
to the lattice origin R = 0 by a rotation or a reflection of the lattice. In particular,

Wy r(r) = Wyo(r —R).

In terms of the introduced notations, the goal is to prove the existence of generalized

Wannier functions which decay exponentially at infinity.

As in a simple band case, by applying Theorem [3.3] to Fourier series, we conclude that
existence of a set of exponentially decreasing Wannier functions is equivalent to the pos-
sibility to build quasi-Bloch waves which are analytic in a domain |[k”| < A with some
positive constant A. Again, our plan is to prove such a possibility by construction, and to
do so we need a generalization of the method described for a simple band. Let us review
it briefly.

trial

First, choose trial Wannier functions w,’i" which satisfy the properties of generalized

Wannier functions and, moreover, have exponential tails. For example, these may be
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polynomial functions of r for |r| < C and zero for |r| > C, C' > 0. As before, unnormal-

ized trial waves are determined by

o) = [ [PLowiw)ar

Their orthonormalization matrix turns out to be

Gk = /Rd /Rd[Pk]m/ (wg’i@l(r))* wg’i@l(r’) dr’'dr.

And finally, the quasi-Bloch waves are introduced by putting

Gr®) =[G poilr).

by and G* are analytic functions of k in a strip |k”| < A. The question is, however,
whether [G¥]71/2 is analytic or not.

By its definition, G* is non-negative for real values of k, and thus we can define the non-
negative function [GX]~'/2. Furthermore, if G* is strictly positive for k real, then [G¥]~1/2
can be continued analytically into a complex-space domain |[k”| < Ay < A with some
constant Ay > 0. In this case the quasi-Bloch waves @f/;nyk are also analytic in the same
domain. By Theorem [3.3] the corresponding Wannier functions

1 . ~
ib/n,R =37 e_lk.Rq/}n,k(r) dk
VBZ BZ

have exponential decay at infinity.

In both simple and complex bands, the open question which may (or may not) provide us
with the analyticity of (quasi-) Bloch waves is positivity of G¥ for real k. Henceforth, to
make the description shorter, we write just “Bloch waves”, but for a complex band have
in mind “quasi-Bloch waves”.

We already have a result of Kohn [Koh39] for centrosymmetric one-dimensional crystals.
Des Cloizeaux [dC64DH] removes the restriction of inverse symmetry in 1D and proves the

possibility to construct analytic Bloch waves.
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Let k = ko be a point in which G* vanishes. As an analytic function, G* can be expanded

in a convergent series in the vicinity of ky:
GE = a?(k — ko)?[1 + e(k — ko)].
Here a > 0, p € N (namely, the exponent 2p is even), e(k) is analytic and €(ko) = 0. Thus,
[GY]Y? = +a(k — ko)P[1 + e(k — ko)]"/2.

[GX]'/2 can be chosen to be analytic in k = ko. Therefore, if a crystal is linear, there exist
exponentially localized Wannier functions.

In d-dimensional crystals, if G¥0 = 0, the function [G*]'/? has a singularity in this point,
and its effect often cannot be eliminated. However, it is possible to overcome this difficulty
if the crystal has a center of inversion in Ry, in particular, V/(Rg—r) = V(Rg+1). Without
loss of generality, Ry may be zero.

In this case trial Wannier functions w;“ﬁh are symmetric or antisymmetric with respect

to this point [dCG64D]. The Bloch functions can obey the form:

wn,k<r) = Sn,k(r) + ian,k(r)a

where the functions s, and a,y are real and respectively symmetric or antisymmetric.

This representation implies that

2

k trial : trial - s
G = (snx, wn7R0>Rd , i w,§, is symmetric;

k trial \ 2 : trial : :
G = (ank, wn7R0>Rd , i w, gk, is antisymmetric.

1/2

In such a way, [G¥]'/? is analytic and real.

As a consequence, we have shown the existence of exponentially localized Wannier func-
tions (i) for 1D crystals in general and (ii) for multidimensional crystals under a restriction

of inverse symmetry.

Remark 3.6. The approach of des Cloizeaux can be applied in the same manner to the

Transverse Magnetic problem (2.1.5)) instead of (3.3.13|), with the corresponding substitu-

tion of the inner product: (-, -)ga > (-, )ga .-
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3.3.3 Nenciu’s proof for crystals without inversion symmetry

The projection method of des Cloizeaux was later used by Gheorghe Nenciu in [Nen8&3]
to generalize the proof for crystals without an inversion center.

Consider a nondegenerating band. Let us split a space vector r into two components:
r=p+R,
where p € WSC, R € I'. Represent the Bloch waves as
Ync(r) = eik-run’k(r) _ eik-Reik-pun?k(p) _ eik-Rvn,k<p).

The definition of Bloch waves is not unique because of a k-dependent phase factor; let it
be included into notation %, x(p) and the corresponding vy, x(p) and {p\n,k(r).

The Wannier functions turn out to be

. 1 KR~
Wy o(r) = - /BzekRvn,k(p)dk.

By Theorem , the functions w,, o are exponentially decaying, if and only if their Fourier
sums Uy, x(p) are periodic and analytic in k. To construct functions which satisfy these

two conditions, we need the following result.

Theorem 3.4 (G. Nenciu). Let X be a separable Hilbert space and Q(k) : X — X be
a projection operator, dependent on the d-dimensional complex vector k = k' + ik” and

analytic in a strip |K"| < A (A >0). Let Q(k) satisfy the conditions:

Qk) = Q(k)  forkeR?
Qk) = Qk+27K)  for |[K'|< A KeZ
dim(Q(k)) = 1.

If there exists an antilinear involution 6 : X — X such that

0Q(k)d = Q(=k)  forke R,
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then there exists a bounded operator-valued function B(k) : X — X, with bounded inverse,

analytic in the strip |kK"| < A and satisfying
Qk) = BKQO)B'(k),  B(0)=1 for [k"| <A,
B7'k) = B*(k) forkeR%
Bk)Q(0) = B(k+2rK)Q(0)  for [K'| < A, K e Z"

A rigorous proof of this theorem can be found in [Nen83].

Applying Theorem [3.4] we now build now analytic and periodic in k functions v, x(p).
Let Q, (k) be the orthogonal projection in L2(WSC) (and therefore a restriction to BZ of
Q(k) from Theorem[3.4). Evidently, dim(Q(k)) = 1 — this results from the nondegeneracy
of the band 3. Let 6 be the involution representing complex conjugation such that 01, x =
Yn.—x up to a phase factor. Q(k) and @ satisfy the conditions of Theorem ; therefore,
a function B(k) can be determined.

Consider the phase factor of v, o fixed. Then functions v,y = B(k)v, o are analytic and
periodic in k.

The existence of exponentially decaying Wannier functions of nondegenerated bands in

arbitrary multidimensional crystals is proven.

3.4 Projected position operator in 1D

In this section we will consider a special case when the exponentially decaying Wannier
functions can be found explicitly.

Consider a 1D crystal with inversion symmetry. As it is noticed in [dC64a], one-dimensional
crystals have in general only simple bands. We fix an n-th energy band.

As before, let P, be a projection operator onto the subspace S,, of this band:

Pn = § Wn,R ® Wn,R,
Rel



where {wy, r} are the Wannier functions of the n-th band:

wyr(x) = L/ e ¥Ry, 1 (7) d k.

It acts on a function f € L*(R) as

Pnf = Z <wn,R7 f>R Wn,R-

Rel’

Define fin as a projected position operator:

R, = PP,

R,R/

Rnf - Z <Iwn,Ra wn,R'>R <wn,R/7 f>IR Wn,R -

95

(3.4.1)
(3.4.2)

S. Kivelson in his article [Kiv82] has shown that exponentially localized Wannier functions

of the band n are eigenfunctions of the operator Ry
Enw}fi-{(x) = Rwlﬁ‘ﬁ(m).

We are going to examine this assertion.

(3.4.3)

Recall the translational invariance of the crystal and the orthogonality of the Wannier

functions:

wpr(z) =w,gr(r—R'), or w,p(r)=wno(z—R),

<wn,Rawn,R’>R = 5R,R"

One can write the following sequence of equations:

Rnwn,Ra Wy R/ = <anpnwn,R7 Wy, R’>R
b ]R b

= <Pn(R/ + (z — R,))inmR_R,(. —R), wnol- — R/)>R

, ~
= R <wn,R7R'> wn,0>R + <Rnwn,R7R'7 wn,O>R

= OdprR+ <Rnwn,R—R’7 wn,0>R

We want to show that the second term can vanish. By definition of the projected position

operator,

Rywp, r = 2wy R.
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According to Kohn’s theorem the Wannier functions can be (uniquely) chosen to
be real and (anti-)symmetric w)'g(z) = £wp z(—z). (In addition, such functions are

exponentially localized). Thus,

<R Wik, 1?3>R = (2wR o)y
= (£1)* (—zwp (=), wis(—))g

o loc loc
- <an,o>wn,7R R

= —((z = R)ywpi(- — R), w5 (- — R)), + Réro
loc loc

= <an R’wn,O>R )

and, comparing the first and the last lines, we conclude:
<Rnwg"§{,wi§8>R =0.
Consequently, for the exponentially decaying Wannier functions it holds
<R wle, }§§,>R — SprR.

Consider another isolated band m with its own set of Wannier functions wy, ,, m # n.

From the definition of f%n,

ﬁnwm,p = Z <an,Ra wn,R’> <wn,R'7 wm,p> wn,R(x)
R,R’

— Z <an,R7 wn,R’> 5m,n5p,R’wn,R<x>
R,R/
= 0.
Therefore, for an arbitrary [, R, R’ it holds:
(Rl vl ) = b0 wR.
The last equation is the matrix equivalent of the eigenvalue problem:

R wloc( ) Rwloc( )

Finally, let us formulate a theorem to sum up the result of this section.
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Theorem 3.5 (The eigenfunctions of the projected position operator, S. Kivelson). Let
n be an isolated band for a 1D periodic crystal with inversion symmetry. Let P, be a
projection operator onto the subspace of this band:

Pn = E Wn R X Wn R
Rell

and let fin be a projected position operator:
R, = P,zP,.

Then the exponentially localized Wannier functions of the band are the eigenfunctions of

the operator ZSL,L :

Rywih(x) = Rupy (o).

A. Nenciu and G. Nenciu [NN82] have shown that the operator R, has discrete spectrum
and the functions from Theorem [3.5]are its only eigenfunctions. In [CNNOS] the authors H.
D. Cornean, A. Nenciu and G. Nenciu generalize this result for arbitrary one-dimensional
crystals, not necessarily periodic — with a potential which tends to zero as the variable
tends to infinity, — and prove that the eigenfunctions of En are maximally localized

Wannier functions in this case also.

3.5 Numerical computation of maximally localized
Wannier functions in a 1D Photonic Crystal

Our aim is to compute the eigenfunctions of the projected position operator — which are
at the same time the Kohn’s localized Wannier functions — numerically. The formulas
below should be applied to each band separately, for this reason the band index n is
further omitted.

The projected position operator R = PzPis independent on the choice of phases of the
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Bloch waves because the operator P does not depend on them (3.3.15)). Thus, let us fix
some initial set of Wannier functions w$; it is not yet important how we do it. Let the

functions we are looking for be wg®. Expand them into the basis {w }cy:

wit() = > ol wh (= (3.5.1)

R’el

The eigenvalue problem to solve can be then reformulated:

Rwloc — Rwloc

0,0 W’ — R),, 0
E <xwp,wp,>R7€< b E a wR/> w, = RE a,w
PP R,e P

R’el’

/
Let XPr = <xw2,wg,>R6, then we have:

ZXP’) ZaR,)élR/wg = RZaR) 0

R’'el
Zproz wg = RZ@R) 0
ZX’”’Q = Raf)R.

Therefore, the eigenvalue problem for the projected position operator is reduced to the
following matrix equation:

Xa® =Ra®, (3.5.2)
We know a priori the eigenvalues of X to be R € Z, so when we find its eigenvectors a(®),

the corresponding eigenfunctions of the operator R can be easily found:

loc Z Q/R’ le
R'erl
How to calculate X?*'? Recall:
XRR — <xw%, w%»R’E
= <(a: —R +R)w} w (=R, wi(- — Rl)>R,E

= <37wR R/ w0>R8+R5RR’
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Now we want to use some facts which will be described in detail later. Since we need
them only for the numerical implementation, let us omit the explanations in this section
and take only the results. In Section 5.1 it will be pointed out that

0 0 1 ik(R—R’ 0 0
<wa7R/, wO>R,5 = % /BZ el ( ) <uk’ akuk>WSC,E dk,

where u)(z) = e *¥0(z) are periodic in x with respect to the nodes R: ul(z+R) = ul(x).

So far we have considered continuous problem, but now we turn to numerics. To do so,

we have to approximate X. After [MV97 (which will be considered in Section 5.2), the

last expression can be approximated by

i ik(R—R') /, 0 0 1 ik(R—R) MS!
— PR dk ~ —— KRR ) Imn ———
2 Jiy e <“k’ akuk>wsc,g . ;e A
with
ks _ /.0 ,0
ME = (uy, uk+s>wsc,s :
Introduce another notation:
— Mkl ul, ud
MK = Imln? =Imln < Ok 0k+1>WSC .
M <uk’uk—1>WSC,e
Then
1 —
<xw%_R/, w8>Rd ~ 1 Z elK(R=R') 7k
k=1
and thus
1 —
XRRI ~ —E Z eik(R_Rl)Mk + RCSR,R’- (353)
k=1

Now we have the formula to solve the eigenvalue problem ([3.5.2)) numerically. First, we
need the initial functions u{. These can be obtained as the numerical solution of (2.5.1)).
What we actually do here is implementing of the Finite Element method; for a descrip-

tion see Appendix, Section 2. Then we fix the amount 2L + 1 of considered R-nodes (this
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means, L to the left and L to the right from R = 0) and compute matrix X by (3.5.3).
The eigenvector a® of ([3.5.2]) can be now found in Matlab with use of the subroutine

“eig”. The eigenfunctions wi® of the projected position operator R are then determined

by (B5.D).
We implement the algorithm with the following input data:
1. The Photonic Crystal:

e nodes R are integer from -50 to 50 (L = 50);

e in the Wigner-Seitz cell [0, 1]

1, r € [0,0.41) U (0.59, 1],
11.56, = € [0.41,0.59];

2. Mesh in z-space: N, =51, h, = 0.02;

3. Monkhorst-Pack mesh in k-space as in Section 5.2: Ny = 100 hy = 27/100;
4. Linear Finite Elements to compute u);

5. Implemented for the first 4 bands (n = 1,2, 3,4).

As we see on Figures [3.113.4] the resulting functions look as expected: real, (anti-) sym-

metric about 0 or 1/2 and exponentially localized.



Figure 3.1: Eigenfunction of R

Figure 3.2: Eigenfunction of R,
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Figure 3.3: Eigenfunction of J§3

Figure 3.4: Eigenfunction of R,

05~

0.5
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Chapter 4

Spread functional

4.1 Localization criterion

In the previous chapter we have observed the proofs of existence of exponentially decaying
Wannier functions for periodic crystal structures. However, we have no general recipe
to obtain them, so, we have to talk about some “optimally” or “maximally” localized
functions. But how can one estimate, how “good” they are?

To discuss localization, we need to define a measure of the total spread of the Wannier
function basis such that its minimum could serve as a criterion of localized functions. For
a given basis {w, o}, define:

Qw) = Z |:<T2wn,07wnvO>Rd,e -

n

This spread functional was suggested by Nicola Marzari and David Vanderbilt in [MV9T].

2] | (4.1.1)

<rwn,07 fwn,O>Rd75

Following them, we shorten the notations:

<T2>n = <T2wn,07wn,0>Rd7£> (4.1.2)

Tn = (IWno,Wno)pa, (& d-dimensional vector), (4.1.3)

so that

Q=3 (%), - 5.l

n
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A functional of this type comes from chemistry literature as a criteria of “localized
molecule orbitals” — since the whole theory of the Wannier functions actually origins
from the modeling of electron orbitals.

To realize why such a functional was chosen as a criterion of localization of a Wannier
function set, let us turn to some analogies from probability theory.

The term

<rwn,07 u)n,0>]Rol75
has a meaning of mathematical expectation of r for given probability density f(r) =
e(r)wy o(r):
5(1’) = /d rf(r) dr = <rwn,07 wn,0>Rd7€ .
R

This term shows where the function wfho (and herewith w, o) “is most probably located”.
Actually, we are interested in wy o, but w?, (which has the same localization region) is
positive and thus can be considered as probability density.

So, (rw, o, wn,o>Rd’€ can be interpreted as the center of n-th Wannier function.

The expression
2

2
<T wn,o; wn,0>Rd7€ - <rwn,07 wn,0>Rd75

is a dispersion of r with the same density f:

D) = ()~ [E@)]
= /Rd|r|2f(r)dr— /Rdrf(r)dr

_ 2
— <,r Wn,0, w”70>Rd,s -

2

2
<rwn,0 3 U)TL,0>]Rd78

This shows the deviation of r from the expected center £, namely, how wide is the interval
where the wi’o “most probably lie”.

So, the functional €2 can be understood as a sum of the second moments, or variances
of the band functions and therefore can serve as a measure of their deviations from the

center — namely, the measure of localization.
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4.2 Lattice shift

Let us examine the behaviour of the components of the spread by a lattice shift r — r+R:

I, = (Twyp, ’LUn70>Rd’E = ((r — R)wpy, wn,0>Rd,e
= (rwno, wn70>Rd’{5 +R
= T, +R;
() = (om0 wno)ga . = (4 R) w0 wn0)pa,
= <T2wn70, wn70>Rd,a + 2 (rwy0, wn,0>Rd75 R+ R?

= (r*) 425, -R+R|%

The shift of the lattice (or, in other words, of the zero point) is equivalent to “movement”
of the Wigner-Seitz cell — namely, to the choice, which Wannier functions belong to the

fundamental domain. Notice that €2 itself keeps unchanged:

Q=" ((r"), — ) = D (%), + 20 R+ B = [ +RP)

- Z(<r2>n—|—2fn-R—l—R2 — [fa]? — 2, - R — R?)

n

= 2 (), — ).

n

4.3 Decomposition of the spread functional

For deeper understanding of the mathematical nature of the spread functional, it is useful

to decompose it into the following parts:

Q= Qp + Qop +
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such that
2

Qo = I > | (cWnr, Wao)ga| - (4.3.1)

n  R#0

2

Qp = Y Z(@wmﬂ,wmm , (4.3.2)

n,m#n Rel’

2
QO = Z [< 2> Z rwm,R,wn,@Rd’g ] (4.3.3)
m,R

The terms Qp and Qop are called band-diagonal and band-off-diagonal correspondingly.
It is evident that their sum

) = m7 bl £
Op.op Z Z ’(rw R;wn0>Rd7

n  R#0,m#n

2

(4.3.4)

is positive.

For the third term ) we formulate the following result.

Theorem 4.1 (Invariant part of the spread functional). The functional Qy is positive and
gauge invariant, namely, invariant with respect to a unitary transform of the Bloch waves

B2.2):

7vbnk ZU wmk

Proof. Consider a composite energy band [ in a crystal. Let P be a projection operator
(3.3.17) as in Section 3.3.2 onto a subspace of Wannier functions corresponding to this
band:

nNg

P = Z an,R ®wn,R.

n=n1 Rel'

Let @ = Id — P be a projection onto all other bands. Then €2; can be rewritten as

d
QI == Z Z <raQTawn,07 wn,0>]Rd75

n a=1

= Z tr [ProQra],

a=1
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where d is the dimensionality of the crystal [MVO7]. We immediately see that € is
positive.

Having shown in Chapter 2 that the operator P is invariant under the considered transform
of the Bloch waves , we conclude that () is also invariant. The required property
follows from the representation of €2;. Theorem is proven.

O

Remark 4.1. Since all three components 2, Qp and Qop of the spread functional are

positive, € is also always positive. Its value is bounded from below by the constant €.

The following combination can be useful:

Qrop = QI+QOD—Z[< DM

Rel’

Trwn R, wn,O>Rd75

2] . (4.3.5)

Clearly, it is also positive.

4.4 Minimum of the spread in 1D

In a 1D crystal, let us choose a set of Wannier functions wloC to be eigenfunctions of
projected position operator (as in Section 2.3). For them it holds
(Rl wlse) | = bmndnwR.
R%e
Therefore,

2

_ loc loc
QD,OD = E E ‘rmey >Rd

n  R#0,m#n
2
loc loc
TS (Rt
Rd e
n  R#0,m#n
= 0.

In other words, the non-invariant part of {2 vanishes on this set. From here we make a

remarkable conclusion:
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In a 1D case, the eigenfunctions of the projected position operator are maximally localized

Wannier functions in sense of their spread.

From Theorem we know their properties described by Kohn: real, (anti-)symmetric
about 0 or 1/2 and exponentially decaying (see Figures [3.113.4]).

4.5 Minimization methods

Unfortunately, we have no exact solutions for crystals of higher dimensions. Our aim
is to employ and implement different minimization methods to obtain localized Wannier

functions numerically.

An efficient algorithm based on a conjugate gradient method was presented by N. Marzari
and D. Vanderbilt in [MV97]. They suggested to switch to the level of Bloch waves since
the computational domain WSC x BZ = [0,1]¢ x [, 7]¢ is bounded in both variables
r and k. The spread functional €2 is reformulated in terms of functions u,x and their
unitary transforms U¥. The authors could find an explicit formula for the gradient Gy of
Q from

Q(UeY) — Q(U)

(Y,Gu),, = dQU)[Y] = lim

t—0

and applied conjugate gradient minimization to find

min Q(Ue™*Cv)

«

with positive (small) a. This algorithm is known to be one of the best so far, and we will

consider it in detail in Chapter 5.

Another, intuitively simple approach was suggested by F. Gygi, J.-L. Fatterbert and E.
Schwegler in their paper [GES03]. This one deals with unitary transformation of the Wan-

nier functions themselves without referring to the Bloch waves. Instead of {21 introduced
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in (4.3.3), another part of the spread is shown to be invariant under this transform. The
minimization of the non-invariant part is reduced to a problem of simultaneous diagonal-

ization of several matrices. This method will be discussed in Chapter 6.

Finally, in Chapter 7 we present a new method based on sum-unitary transform of the

Wannier functions which has been developed in a framework of this thesis.



Chapter 5

Marzari- Vanderbilt method

The method we plan to review in this chapter was first presented by N. Marzari and D.
Vanderbilt in [MV97] and further developed in [SMVOI]. Being relatively new, it became,
however, very popular very soon and is considered today as the most efficient way to

localize Wannier functions.

5.1 (2 as a functional over U

When one talks about numerical integration, the computational domain is naturally con-
sidered to be bounded. However, in the definition of the spread functional we have two
integrals over an unbounded domain R%: (r?) and T,.

Let us turn to the Bloch waves level where we have the following theorem.

Theorem 5.1 (Representation of T, and (r?), , [Blo62)). For the periodic parts u,y of
the Bloch waves it holds:

i

ik-R
<rwn7R, wmﬁ)Rd,s _V € <un,k7 Vkum7k>WSC,e d k,
BZ JBZ
1 .
2 ik-R
<r Wn, R, wm,0>Rd € V4 " (Victin g, Vkumk>vvsc cdk.
’ BZ JBZ ’

70
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The proof can be found in [Blo62] or [KIo04].

From Theorem [5.1] follows that the spread functional can be rewritten as

Q:Zn: 2].

In Chapter 2 we established that Bloch waves as eigenfunctions of the operator Lty are

1

V_ / <Vkun,k7 Vkunyk>WSC,€ dk —
BZ JBZ

i
Viz / (U ks vkun,k)WSC,E dk
BZ JBZ

unique only up to a unitary transform of a band:

nNg nNg
§ 2 k
wn k U wm k> Unx — Umjnum,k
m=ni m=ni

With this freedom in mind, we fix some initial set ugvk and rewrite the spread as depending

only on U:

QU) =

Vaz /BZZ (Vi (Ut i) > Vi <U§n’n“m’k>>wsc dk-
2

| Ve /Bz Z <Umn Upp > V (Um n m’k)>w505dk

5.2 Discretized () in the Brillouin zone

As far as we plan to compute (2 numerically, we have to discretize it.
Following [MPT0], we introduce a Monkhorst-Pack mesh MP in BZ which can be described
as follows. Let Ny be a number of nodes in every axis direction, and let h, = 27 /Ny be
a meshsize. The Monkhorst-Pack mesh has nodes in points with coordinates of the form
(=27 + hy/2) + jhy with integer j. Thus, the nodes are shifted from the boundary by
half-meshsize (see Figure . The mesh consists of N¢ nodes.
What advantages does this mesh give? First, it simplifies the periodic boundary condition:
recall, u, . = u, €™, therefore, the mesh contains only “unique” points. Second, it is
symmetric about the axes which gives some numerical advantages that we will show later.
Let
L[ aks >
Viz Jz d

keMP
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Figure 5.1: Monkhorst-Pack mesh in the Brillouin zone

[-mm] ) [m.m]

[m-m] [m-m]

Let Sk be a “stencil” of closest neighbouring nodes for a node k:

Sk = {—hk,hk} in 1D, (521)
—hy I 0 0 .

Sk = , : : in 2D. (5.2.2)
0 0 — Dy hi

The stencil is the same for all nodes and independent on k. After [MY9T], we approximate
by finite differences

Vif(k) = > as(f(k+s)— f(k), (5.2.3)
SESK

Vif®)P = > as(fk+5) — f(k) (5.2.4)
SESK

with some weights a, which satisfy the consistency condition:

Zass@)s:Id.

SESK
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From here we obtain the following

Lemma 5.1. For any vector s' € R,

> als-sP =I5

SESK

Proof. This can be shown easily:

Z asls - s> = Z as(s-s)(s-8) =+ (Z asS ® s) (s =1d(s)* = |~

s€Sk SESK SESk

The terms of the spread functional can be now approximated as

l

1
I, = m Z Z Qas8 [<un,k7 un,k+s> - ]'] = fﬁv (525>

k keMP se Sy
(r*),,

Y Y= 2Re (et )] = (5. (526)

kK keMP se Sy

Q

Here we denote the approximations with a symbol “#. These expressions tend to T,, and
(r?), as Ny — oo, which is equivalent to hy — 0.

Let

MrlZTSL = <um,k> un,k+s>wsc75 . (527)
We note some properties of M:

1. [MHS’_S}H = M* . Indeed,

H

mn

[MkJrs,fs] [Mﬁgrls,fs] *

*

= <un,k+s s um,k+sfs>

- <um,k7 un,k+s> - M}:{:L
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2. M*+Ks = Mks for K € I'*. We can easily show:

k+K,s __
an = <Um,k+K7un,k+K+s>
—iK-r —iK-r
= (e upx, € Uy gs)

<um,k7 un,k+S> = M}v{irsz

The equations for T,, and (r%), can be rewritten as

With these approximations we have, however, a small problem. They do not transform
by a lattice shift r — r+R as their continuous analogues do. From Section 4.2, we require

for the approximations:
fﬁ — fﬁ + R,
() ()0 o2 R+ R
The approximations suggested above do not fulfill these conditions, however, they can be

modified a little to become satisfactory. Marzari and Vanderbilt suggested the following

update of (FZ3) and (Z0):

- 1 .
e = —WgassargMﬁ;l, (5.2.8)
() = %Zas [1—|M5§\2+(argMg;f)2] (5.2.9)
k k,s

A detailed derivation of these formulas can be found in [KIo04] Section 4.5]; we also refer
to Appendix (Section 10.4) of this thesis.
These new expressions still approximate T, and (r?), as Ny — oo, but also satisfy the

lattice shift conditions. Together they give an approximation of the spread functional:

2

1 S S 1 S
O~ Q> = Z Fg;as [1—‘M71;h|2+(argM;h)2]_‘szsassargMgﬁ

n



75

Now 2 formally depends on the variable M, but the information about unitary transforms

of Bloch waves is implicitly contained:

ks
an - <um»k?un7k+S>WSC7g

— k+s, .0
- <§ Umm m’ k> § :Unn n’k+s>
WSC,e
_ E E 0 k+s
= (Umm/) <um’,k’ unl7k+S>WSC,€ Un/n

m’  n/
_ k * 0;k,s11k+s
o ZZ <Umm/) an Un’n
m’  n/

= [(Uk)HM0§k,SUk+si| 7

mn

where the set u° is fixed and

O:k,s __ 0 0
an — <um,k7un,k+s

>WSC,€ ’

Therefore, M transforms as follows:
Upk Z Umnum ks
MES (Uk) MRsTkFs.
Let us update the formulas for g, Qp and Qop. First, we need to simplify
2

Z )<rwm,R7 u}n,0>Rd"E = Z <rwm,R7 wn,0>Rd’6 <rwm,R7 wn,0>]>1kgd76
Rel Rel

= — e
Vi
Rel ' BZ

(—1) —ik’-R * !
' Vez Jrz ¢ <um’k/’ Vku”’k/>WSC,e dk

1 #
= 2 / / <um,k7 vkun,k>wsc € <um,k'7 vkun,k’ >WSC c
Vsz JBz JBZ ’ ’
Z KRk d K.

Rel

1 .
ik-R
<um,k7 vkun,k>\;vSC’5 dk-

As we stated in ([2.4.1)),
ikR _
e
=y

Rel’
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With this in place, we continue:

D

Rell

2

o dk

Viz

<rwm,R7 U)n,O>]Rd7‘E

) <um,k7 Vkun,k>wsc7a

Now we discretize it using the same scheme as before:

Z ‘(rwm,R, wn,O>Rd Nd Z Z a, ‘Mks B | '

Rel k s€eSk

Assuming the approximation (|5.2.8]) for 7, we finally obtain:

Nd sta’s (argMé‘;f){ m=n,

m # n.

2
Z ‘ (TWin Ry Wn,0) ga

k,s 2
Rel Nd Zkb as |an ’

Now we can write down discretized formulas for the decomposition parts of the spread

functional.

O = Z[<T2> Z rwm’R’wn’0>Rd75 2]
m,R

1
3 D0 D | L M + (arg MED)? — (arg ME)? = 3 M5
k p k,s

m#n

Q

_ Nigzzas 1= ks
n ks

m

= QF.

Remark 5.1. Note that the approximation QIA 1s also gauge invariant as its continuous

analogue Qy (Theorem (4.1)) since it can be written in form

QIA = % Z as tr (Pka+S)

k k,s

with P* defined as ([3.3.14]) and Q% = Id — Pk.



For Qp we have:

QD = ZZ’<rwn,R7wn,0>Rd75

n  R#0

2

2

2
g Z Z <I‘wn,R, wn’O>Rd’€ - ‘ <rwn,07 wTL,O>Rd,5 ]
n REF

Z NdZas (arg M*5)? |rn|2]

n kks

= N ZZ@S [(arg Mi?)? + arg MY5P - 1, -
To continue, we will use the following trick:
5 (Sosnr) = S
k S

E ass - Toarg MY = —NI|E, |2,

Q

— 0 = Zas(]s~fn|2+s~fnarngf§).
k,s

Adding this to the last expression, we obtain:

Qp

Q

NdZZas arngS +2arg M5 -1, + |s - rn|]

s - 12 AN
= Fg;;as[argMﬁh—i—smn] = Q.

Finally, for the last term we write:

QOD = Z Z ‘(rwm,Ra wn,0>Rd78

n m;én Rel

Nd Z Zas ]\/[ks QéD.

nm;én k,s

2

Q

For a construction {}; op we write:

hop = QH—QODz%ZZQS ll_Z‘Mks|2+Z|Mks

m#n
= NdZZas [1— M2 = QfOD.

]

7
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Alltogether,

Qx> Y a, [1 + (arg M55 1 51,)° — |M};;f\2} — Q2. (5.2.10)

n ks

5.3 Discrete gradient of ()

It would be too costly to search for the minimum of the spread without the information
about the descent direction. Several minimization algorithms are considered in [BMRT00]
and the most effective ones are gradient methods. For this reason, in this section we want
to formulate explicitly a gradient of the spread functional for later use.

Consider Taylor’s expansion of €
aQ(UO) k 2
QUy+tU) = QU —|—t§ —=U "+ O(t
( 0 ) ( O) - aUk ( )
= Q(Up) +t (U, VQ(Uy)) z + O(¢?).

From this we define a gradient of {2 to be

(U,G(Up)) 7 = (U,VQ(Uy)) » = dQUp)[U] = lim Q(Uo +tU) — (Vo)

t—0 t

Here (-,-), is some “inner product” between objects like U. An explicit form of this

product is so far not important. Let
Af(U) = f(U+AU) = f(U).
Compute a discretized expression for
AQ = Q(Uy +tU) — Q(Uy).

At this point we must mention that tU is not allowed to be arbitrary. The matrices
Ulg + tU* must be unitary, as the initial Ulg are. From the properties of matrices we
know that one unitary matrix can be obtained from another by multiplication by an ex-
ponential of a skew-hermitian matrix: namely, if U§ is unitary (UIS)H Up = Id, and Y is

skew-hermitian (Yk)H = —YX then Ulg exp (Yk) is unitary.



As far as we search for a first-order

the linear part of matrix exponent:
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approximation of A2, it will be enough to take only
exp (Yk) ~Id + tY*.

Alltogether, consider a perturbation of Uy as Uy(Id + tY') with a skew-hermitian Y.

Since we have rewritten €2 in terms

Ms — (Ulé)H MO;k,sUlSJrs

AMk,S

For the hemitian conjugate,
(Mk,s)H _ (U16+s)H MO;k,sUla
from here

A (Mk,s) H

of M (b.2.10), let us start with AM.

= (US(Id + ¢Y9)) " MORSUS*(1d 4 1Y)

= (Id + V%) MR (1d + 1Y5) + O(12)

Q

Mk,s . tYkMk’s + th,syk+s;
— _tykMk,s + th,Syk-f—s

— —tYkMk’S 4+t (Yk+SMk+S’_S)H '

(Mk,s)H _ pykts (Mk,s)H +t (Mk,s)H yk + O(t2);

—tYk+sMk+s’_S 4t (YkMk’S)H
(AMS)"

Let us introduce some new notations:

k,s
Rmn
Dk,s
Rmn

k,s
4n

k,s
Tmn

— Mg (1)’
Mk,s

mn ,

k,s?
= arg MTIZ;LS + 8Ty,

_ Dks ks
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Recall the decomposition of the spread functional: Q@ = Q;op + Qp. Perturbations give:
AQiop = w7 ZZQS (1 — |MEs?)
- & Zzas (M)
- ——d > Zas |0y + Al = ]
- ZZasRe( [ME]" A M) + O(#)
ZZQS Re ([M]" ([ears],, + [Y*esaie=] )

- mzkz% (Re ([Y*R™],,) + Re ([y<sRE=~] )

Q

nn
n

_ JQV_; Zn: ; as Re (tr [Y*RE)) + ;—; Zn: ; as Re (tr [y R
- ;_; zn: ; as Re (tr [YER*]).
Accordingly,
AQp = %ZZ% A (arg Mty +5-1,]°)

- ONg ; Z as & ( I )
- Fg Z ; as ([a* + 2as)” = [45°]°)
- WL s
- % > Z asqy® [A (arg Myi?) + A (s 1)
- ZZasan A (arg MES) + g ZZasan A (s 1)



Let us examine the terms separately.

A (arg M,lfns) = A (Imln Mrlfns)
= Im (AIn M)
= Im (In (ML + AME) —In (M?))

AMkS
= Im(In(1+ —=22
M

Ay
= Im ks + O(t?)

nn

—t [YkMk’s} I t [Yk—i-sMk—&-s,—s} :m
My

4t |:Yk+8§k+s,fsi|

2
=

= —t [Ykékis]

NA(s-t,) = A —%Zas/&s’arng/ /)
K i
= Zasxs s A <arngnS>

nn

- Zasls S (1 ([YVR] ) =t (YR ).

Note that

k+s,—s k,s\* -
q, = arg (Mnn) —s-T,
_ k,s =
= —argM,’s-T,

_ k,s
- _Qn 9

Z sqts = Z asS (arg MES 4. fn)
k,s
= Z ags arg M5 4 Z ass (s - Tn)
k,s

k,s

S

= —N%, + N,

= 0.
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Therefore,
Al = Z Z asgs® Im V<R
g Zn: Z a,gst I [y <R
de Z Z ags®s - Y aus/Im [YVR]
" o
NQd Z Z 0,0 - Y ag(—s) Im [yk+s §k+s,_s}

Y

= Z Z asqk *Im [YkRk S}

k pn k,s
4t kk,s
= g2 2 as T (tr [Y<T]).
k k,s

nn

nn

Finally, we obtain the following formula for the discretized spread functional:

AQ = AQrop + AQp

= 4td as Re (tr [YkRk S} — 4—td Z as Im (tr [Yka’S]) )
Nk k,s Nk k,s

Now it is time to define the inner product (-, -) - mentioned earlier. Let it be a Frobenius-
type product:
1 KH pk
<,4,B>f:@2k:tr<[fl] B )

Then we define a gradient of ) as

(Y,G) z = lim L0

t—0 ¢

for any skew-hermitian W.



From previous calculations we have then:

Y, G) 5

1 H
= Fﬁl Ztr ([Yk} Gk>
K
(as far as Y™ is skew-hermitian, [Yk}H =Y
1
= —— tr (Y*GX
= D an (Re (ir [YER]) — T (1r [Y<T5]))
k k,s

Let us introduce “asymmetric” and “symmetric” operators A[B] and S[BJ:

Then

<Y7 A[BD}'

AB] = 3 (B~ B"),

S[B] = - (B+B").

N |

((Y.B)z — (Y. B"),)
- g S (1) - (1 7))
_ _2_]{71(3 Xk: (—tr (Y*BY) — tr* (YBY))

1 k pk
= ngk:Re(tr(YB));

N —

i

(V,8[B))r = 5 ((V.B)+(Y.B"),)

2
_ 2;Ng gk: (e (" B) + o (" [B4"))
_ 2;1\7;3 Ek: (—tr (YEBY) 4 tr* (Y*BY))

- _Nigzk)m (tr (Y*BY)) .

Gathering together all these pieces of information, we conclude:

(Y.G)p = 4 a, (Y AR, + (Y, S[T7)) )

= 4) a, (Y AR®+S[T) 5.

83
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From here we find the gradient:
Gk = 42% A[R**] 4 S[T**])
_ 2Zas (=R [R=] " irs i [

Obviously, it is also skew-hermitian.

Let us take Y* = —aGX with some infinitesimal av > 0. Then
1
dQU)Y] = (V,G), = i >t ({W}H Gk> _ _N&f S h <[Gk]H Gk>
k k
=~y LI <0,
k

where ||-||r is Frobenius matrix norm.
As we see, such a choice of W makes () decay or at least not grow. It means that if we

transform U as
Uk — Ukexp (Yk) = Ukexp (—aGk) ,

we can minimize the spread.

5.4 A choice of the initial set U

In the algorithm described in this chapter, we have skipped an important point — the
choice of initial values for U. Meanwhile, it has a big influence on efficiency of the method,
namely, on how fast a localized solution can be found and how good it will be.

() as a functional over U has erratic behaviour, and therefore conjugate gradient minimiza-
tion depends crucially on how far from the (global) minimum it starts. With a bad initial
guess, the algorithm can be trapped in a local minimum. Wannier functions obtained by
this minimum can have unphysical oscillations. Marzari and Vanderbilt notify that the
proposed method is not secured of such a possibility, but they also point out, that at a

global minimum |q§’s‘ < 7, while at a false (local) minimum some of its values approach
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.
We also remember that maximally localized Wannier functions are expected to be real,
apart from a trivial overall phase, while a false local minimum of 2 often is complex-
valued.

So, we conclude that initial matrices U* should be “good”. But what does it mean?
First, they must be smooth in k. Indeed, as far as we use finite differences in k-mesh,
we expect to obtain a proper approximation of the functions u,x. Second, they have to

satisfy periodicity conditions on the Bloch waves ), x:

1/}n,k - 7pn,k—i—K;
k 0 _ _ _ k+K, /0 _ k+K, /0
E :Umn m,k T wn,k - wﬂ,lﬂ“K - E :Umn mk+K T E :Umn m,k>
m m m
Uk — Uk+K

An intuitively natural way is to take identity matrices UX = Id. As we will show later,
this choice is rather good, but can be also improved. With this goal in mind, we put the
third condition: initial values for U are desirable to look roughly like localized Wannier
functions.
A nice example of such localized functions can be Gaussian bell functions centered in the
Wigner-Seitz cell:
2

gn(r) = an exp (—%) :
where a,, is a peak height of n-th Gaussian, b,, is the position of its center and ¢, is a
value related to its full width at half maximum (FWHM) as FWHM= 2v/21In2c, (see
Figure .
Let us consider such functions as an initial guess for Wannier functions, with a, = 1,
b, € WSC = [0, 1]¢ and closer to its center, and ¢ taken such that FWHM is comparable
to the width of WSC.
We project the Gaussians onto the span of Bloch waves, orthonormalize the projections,

and take the result as starting Bloch waves — or, equivalently, construct such matrices
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Figure 5.2: A Gaussian bell function

U which rotate fixed initial Bloch waves zﬂg’k to this starting guess. Algorithmically it

can be written down as follows.

Construction of matrices U* based on Gaussian bells

1. Construct a random d x Ns-dimensional set b such that b,, € [0.1,0,9]? for every n;
2. Construct a random d x Ng-dimensional set ¢ with ¢, € [0.1, min(b,, 1 — b,)]%

3. Define d-dimensional Gaussian bells:

by,

2
2cz

gu(r) = exp (—

4. Project them onto the span of Bloch waves:

Ng

Prx = Z ( Sn,k, 9) @D?n,k;

m=1

5. Orthonormalize these functions to obtain a starting guess for Bloch waves:

Ng
©nk = Z [5;1/2] n ¢l,k7
=1

where Sy, = (d1x, dnx) (this must be strictly positive according to [CG4D] );
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6. Finally, construct the matrices U* using two equalities:

Therefore, assign

©n .k

©n .k

Ng

2 : k 0
Umn m,k>

m=1

Ng
Z [81:1/2:| In ¢l,k
o v,
Z [Sk_m} n Z < ?n,ka gl> %%k
=1 m=1
Ng Ng
SO [5, hea) | v
m=1 =1
Ng

Ub = 2 [S°] (o)

=1

Such a construction suggested in [MV97] is not new — it comes from chemistry literature

on modeling electron orbitals. As we will show in the next section, this starting guess

leads to quite good results.

5.5 Minimization algorithm

In this section we describe explicitly the algorithm of spread minimization based on the

conjugate gradient method [Shedd].

The subroutines

(p) Preparational computations

At the very beginning compute:

pl) periodic parts of Bloch waves ugvk in Wigner-Seitz cell

p2) My = (u,

0
m,k> Up k+ts >5,WSC



p3) some initial values for U*

(t) Transformations of matrices

Subroutines to transform U as U(Y') and M as M (U):
t1) for given Y, U* — UXexp (Yk)

t2) for given U, M** — (Uk)H MesUkts

(s) Spread functional ()
Input: M.

1
S1) Tn = =7 20 Doees, 08 arg M3
N¢ k

1
2) Q= 135, Yoo ([arg Ml +5-5,]" + 1 - [MEs]2)
k

(g) Gradient G
Input: M.

gl) RS = Mk (ME)”

o~ My
g2) Ry = ks

g3) calculate T, as in (s1), then ¢ = arg M*5 +5-1,
gd) Trn = Rinay’

g5) G* =2 a, (— R 4 [R5e)" 4 iTke i [

38
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The minimization procedure

Input: U, tolerance ¢, maximal number of iterations mje,.

Conjugate gradient method [She94]:

m01) for initial set U, compute M as in (t2)
m02) for M, compute G as described in (g)
m03) let Fl.ss = G

ml) for fixed G, find oy > 0 which minimizes Q(M (U(—a(@))); here first compute U(aG)
as in (t1), then M(U) as in (t2) and finally Q(M) as in (s)

m2) update U — U(—aoG) as in (t1)

m3) let F'= G(M(U)) using subroutines (t2) and (g)

<F, F - Fiast)]:)
<East7 Fiast>]:

m4) Polac-Ribiere formula: § = max (O,
mb) refine G — F + G and set Flugy = F

Perform loop (m1)-(m5) until Q cannot reduce the tolerance ¢ in 3 consequitive steps,

or until ag = 0, or until the number of iterations achieves the prescribed maximum mjge,.

Localized Wannier functions
Input: uy ., U.

wl) for the last values of U, compute the functions u, x as u,x =) ,, Uf,mug%k

ik-r

1
W2) wyo(r) = 7 D o € Uy k(1)
k
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5.6 Computational results

1D case

In 1D all bands are isolated and thus can be considered separately. Let us take the first
four bands.

We take the following input data:
1. The Photonic Crystal: in the Wigner-Seitz cell [0, 1]

1,  2el0,041)U(0.59,1],
11.56, z € [0.41,0.59];

2. Mesh in x-space: N, = 51, h, = 0.02;

3. Monkhorst-Pack mesh in k-space as in Section 5.2: N, = 100, hy = 27/100;

W

. Stencil (5.2.1]), weights a; = ay = 1/(2h});
5. Linear Finite Elements to compute U%,k (for details see Appendix, Section 10.2.1);
6. Implemented for the first 4 bands (n = 1,2, 3,4).

If we start the algorithm of Section 5.4 with the initial guess U* = Id = 1, the results

look as follows:

n| Qo Quin | iterations | time
1| 7.527 | 0.036 52 2 sec
0.148 | 0.147 6 1 sec
6.684 | 0.174 52 3 sec
2.711 | 0.139 52 2 sec

=~ W N

For the starting U* constructed from Gaussian bells we obtain:
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n Qo Quin | iterations | time
1124.098 | 0.036 52 3 sec
2| 7773 | 0.147 52 3 sec
31 3.109 | 0.174 52 2 sec
4 124.003 | 0.139 52 3 sec

The corresponding Wannier functions are illustrated in Figures H. 14

2D case

In 2D we consider the following Photonic Crystal: In the Wigner-Seitz cell [0, 1]

17 (Tl -
11.56, (r —

)2 > 0.182%,
)2 <0.182%

)? + (2 —
)? + (12 —

NI N
NI N

The band structure corresponding to this crystal is illustrated in Figure The first
band is isolated (simple), the following tree bands a gathered together in a composite.
Therefore, we consider them in groups: 1) n =1; 2) n = 2,3, 4.

We take the following input data:
1. mesh in r-space: N, = 31, h, = 0.033;

2. Monkhorst-Pack mesh in k-space as in Section 5.2 (see Figure : Ny =40 hy =
27 /40;

3. stencil (5.2.2), weights a1 = ag = a3 = a4 = 1/(2h3);
4. linear Finite Elements to compute ugvk (for details see Appendix, Section 10.2.2);
5. implemented for the first 4 bands (n = 1,2,3,4).

We start the algorithm with the initial guess U* = Id. For the isolated band (n = 1) it is
just 1, for the composite group (n = 2,3,4) it is a 3x3 identity matrix.

The localization process looks as follows:



n Qo Qumin | iterations time
1 | 8.667 | 0.084 30 4 min 7 sec
2-4 1 26.552 | 0.510 73 20 min 21 sec
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Again, as in 1D also, we remark the localization and the symmetries which corroborate

the theoretical expectations of Section 3.2.

Another initial guess is U¥ constructed from gaussian bells.

The localization process looks as follows:

n Qo Qi | iterations time
1 10.996 | 0.951 8 1 min 48 sec
2-4 | 8.896 | 1.637 30 8 min 45 sec

The corresponding Wannier functions are illustrated in Figures [5.15H5.20



Figure 5.3: 1D, band 1: Initial Wannier function w9

Figure 5.4: Localized w; o and the minimization of €2, Uk=1d

Figure 5.5: Localized w; o and the minimization of €2, U¥ gaussian
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Figure 5.6: 1D, band 2: Initial Wannier function w%o

Figure 5.7: Localized wy o and the minimization of Q, U = Id

0.148

Figure 5.8: Localized wy and the minimization of €2, UK gaussian
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Figure 5.9: 1D, band 3: Initial Wannier function wgp

s
2

Figure 5.10: Localized w3 and the minimization of (2, Uk=1d

Figure 5.11: Localized w3 and the minimization of (2, UK gaussian
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Figure 5.12: 1D, band 4: Initial Wannier function wio

s
2

Figure 5.13: Localized wyo and the minimization of , U* = Id

Figure 5.14: Localized w, and the minimization of (2, UK gaussian
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Figure 5.15: 2D, band 1 (composite 1): Initial Wannier function w%O

Figure 5.16: Localized w; ¢ and the minimization of (2, Uk=1d




Figure 5.18: 2D, composite 2-4: Initial Wannier functions w3, w§,, and wj
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Figure 5.19: 2D, composite 2-4: localized Wannier functions wsg, wso and wso and

minimization of ; U* = Id

e
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Figure 5.20: 2D, composite 2-4: localized Wannier function ws g, wso and wso and mini-

mization of §; UX gaussian




Chapter 6

Unitary transform of Wannier

functions

6.1 Description of the method

Besides the algorithms which minimize the spread functional at Bloch level, we also review
the methods dealing with Wannier functions explicitly. The transformations here are
intuitively more transparent, but we must satisfy strong requirements to be sure that the
computations are actually allowed.

An elegant method of minimizing 2 was presented by F. Gygi, J.-L. Fatterbert and E.
Schwegler in their paper [GESQ3]. Having in mind (3.1.2), we can speak here only about

the functions w,, o centered at 0 and thus omit index “0”. Recall, the spread functional is

1

For a fixed composite of Ng bands taken into account the summation is over n € {1,..., Ng}.

introduced as follows:

) = 3 [ (P, -

n

{1, Wn ) ga .

In this chapter we will mention any sum over n or m to be from 1 to Ng.

101
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Defining hermitian Nz x Ng matrices A, B by

Amn - (rwm, wn>Rd’5 )
B = <r2w w >
mn my n Rd,€7

we rewrite the spread as

Qw) = tx(B) = > [Ana*.

Note that the elements A,,, are d-dimensional vectors.
In contrast to the Marzari-Vanderbilt method observed in Chapter 5, the authors of this
method suggest to apply a unitary transform to the set of Wannier functions instead of

the set of corresponding Bloch waves:

W, :Zanwm, X unitary. (6.1.1)

According to the definition (3.1.1), w,, are also Wannier functions since

)= Xpntwn(r) = é /B ) > Xtk (r) dk

and in Section 3.2 we illustrated that ) = X%, with unitary X are also Bloch waves.
We point out that the transform of Wannier functions suggested in this chapter is very
restricted; a more general type of transformation (7.1.4]) will be considered in Chapter 7.

The spread functional is not invariant under (6.1.1)):

T

= Z <T22anwm7ZXm’nwm’>

n

(rfljn, flfl\)/n>Rd’

- <1"§ anwma§ Xm’nwm’>
Ré e m m/ Re e

2

m'n rwmv Wy >Rd

= Z ZX;nZXm/n<T2wm,wm/>Rd

n

= tr(X;{BX) - [x"Ax),

and in general Q(w) # Q(w).

The problem that we want to solve can be formulated in the following way:
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Problem 6.1. For given hermitian matrices A, B find a unitary transformation X that

minimizes the functional Q = tr(X"BX) — > [X"AX]?,.

But the trace stays invariant under a unitary transformation, therefore it suffices to max-

imize the term > [X"AX]2 . As far as the Frobenius norm
|A][7: = tr(A"A)
is also invariant under a unitary transformation, we can go further:

D XTAXE, =) IXTAXT, - Y [XTAXT, = AlR - ) XTAX],

n m,n m,n#m m,n#m

and thus maximization of 3 [X"AX]2 is equivalent to minimizationof 37 [X"AX]? .

Both together lead us to the problem of diagonalization of a matrix A. Consequently, the

new formulation of Problem [6.1] is:

Problem 6.2. For a given hermitian matriz A find unitary X such that the matriz X1 AX

18 diagonal.

6.2 Algorithm in 1D: eigenvalue problem

In a 1D case we have nothing else but the eigenvalue problem for A. The algorithm of
minimizing the spread of the Wannier functions under a unitary transformation of the

basis is now reduced to the following steps.

The minimization procedure

1) Compute the matrix A defined by its elements A, = (rw),, wy)ga _;
2) Solve the eigenvalue problem AX = X D;

3) Update the Wannier functions basis: w, =) Xonnw?, .
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To obtain a numerical result, one has to deal with a finite set of Wannier functions. The
method is described in [GESQ3] just for this requirement. Therefore it can be recom-
mended for application to composite bands which generically occur in higher dimensions.
It can also give a result for several isolated bands considered together as a group. For
a simple isolated band the problem of diagonalization does not make sense since in that
case the matrix A is 1 x 1 and thus already diagonal.

Note that a unitary transform of a finite number of Wannier functions keeps the orthog-
onality of the whole basis. Indeed, let the functions wy,, ..., wy, be transformed and the

others not. Then for m,n € [Ny, Ns] we have

No No
_ * 0 0
(W, Wy )ga, = E X g X <wm,,wn/>Rd7€
m’:Nl n’:Nl
N2 N2
H
= E Xm/m E Xnn/émlvn/
m’/=N1 n’=N;

= [X"X] =6

n

For m € [Ny, No] and n ¢ [Ny, Ny,

Na
0 H
(Wi, wn>Rdﬁ = E XrmOm/m = 0.

m/=N1

Remark 6.1. The results of this method do not guarantee to be the same as in the previ-
ous chapter. Here we apply another approach — the unitary transformation of a Wannier
function set, while a transform corresponding to that of Bloch waves is completely differ-
ent. Thus, here we are looking for a solution in another manifold, and the result is not

expected to be the same.

Remark 6.2. Note that in the algorithm suggested above only the second component of
the spread functional gets minimized: — ", |(vwy, w,)|>. The first summand is invariant

under a unitary transform.
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Remark 6.3. Formally the algorithm given above looks similar to that of Section 3.5:
first we compute a matriz with entries of a form (zw?, 7~U~O>Rd,57 then find its eigenvectors
and construct localized functions. However, there is an essential difference: in one case
(Section 3.5) the band n is fivred and the eigenvalues are enumerated with respect to nodes

R; while in the other case (this section) the node R = 0 is fized and we consider several

bands. So, being resembling in form, these are two totally different methods.

6.3 Algorithm in 2D: simultaneous diagonalization

In a two-dimensional case the minimization of the spread is not so obvious. Instead of

one matrix A as in 1D, we now have two:

A 1 A%z«b
mn <1"U)m, wn>Rd76 - . W, Wn - A(z)
2 mn

R e

To write it explicitly,

AL = //rlw;(m,7“2)6(7“1,7“2)%(7“1,rz)dmdrz,
RJR

AR = / s / W (14, 7)1, r)wn (11, 72) d 1 d o,
R R

Matrices A and A® have to be diagonalized — or, to be precise, maximally diagonal-
ized — simultaneously. 1f the matrices were commuting ones, there would be a unitary
transform to diagonalize both of them, but in general they do not commute. Therefore,
they cannot be brought to diagonal form with one unitary transform. For this reason we
discuss maximally diagonal matrices.

J.-F. Cardoso and A. Souloumiac in [CS9@] introduce a Jacobi angle technique for si-
multaneous diagonalization of a set of any matrices, including non-commuting ones. An

object to minimize is a sum of the squares of offdiagonal elements:

o(X)= Y (IxX"a0x], [+ [[x"A@x] )

m,n#Em
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which comes from the previous section.
A unitary transform X is represented as a product of plane rotations. Define a rotation
1,J5¢,8

matrix R ) which can be obtained from an identity matrix by a replacement of the

following elements:

(i) plisgscs) R
R R

Z’j'c O iges | T c,s €C, |c|*+1s]*=1.
R Rj;

Introduce a functional O(i, j; ¢, s) as
O(i,j;¢,8) = @ (R(i,j;c,s))

- (H(R(z’,j;c,s>)H A o)

m,nF£Em

g ‘ [( Ri5e9) T 4@) R(i,j;c,s>]

)

The goal is, for every choice of i # j, to find Jacobi angles ¢, s which minimize O(i, j; ¢, s).

mn mn

The resulting matrices R%7¢*) are then multiplied to construct X.

In [CSOd the values of ¢, s were given explicitly. For an arbitrary matrix A define a vector
hED(A) = (A — Agje Ay + Ajiy i(A5 — Ay)).
Then a real symmetric 3 x 3 matrix G(i, ) is given by

Gli, j) = Re ([h(i,j) ( Am)}H @ hD(AD) 4 [ A(z))}H ® K9 A(z))) _

Let ¢ = (gii’j),géi’j),gg’j)>T be an eigenvector of G(i,7) associated to its largest
eigenvalue. Without loss of generality, let ||¢®?| = 1 and g?’j) > 0. (Here ||a]| =
\/m is just an Euclidean norm of a 3-dimensional vector). Cardoso and Souloumiac
proved in [C39G], that for any matrices A", A®) the Jacobi angles which minimize

O(i, j; ¢, s) are equal to

Now let us sum it all up.
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The algorithm [CS96], [GFS03J]
0

1. For an initial set of N3 Wannier functions w?, compute matrices A% and A®

2. Initialize X = Id of size N3 x Np.
3. (loop) Fori=1...Ng—1and j =i+ 1... Ns apply the following steps:

e compute the vectors h(#)(AM) and h7)(AP);

e construct 3 x 3 matrix G(i, j);

e find the largest eigenvalue of G(i,7) and take the corresponding eigenvector
g9,

o apply 09 = 909 - sign g /]}g)

e compute Jacobi angles ¢ and s;

e construct an Nz X Ng rotation matrix R(0:55¢:5)

o apply R(47%%) to AN and A®): AR = [R s CS} AF) REGes) | =12

,]CS

e update the global unitary transform: X = X R(

4. ComPUte (I)(X> = Zm,n#m (| [A(l)}mnf + | [A(Q)}mnf)

5. Repeat the steps 3-4 until ®(X) does not decrease by more than some given tolerance

at one loop.

6. Update the Wannier functions w, = S20%, X,w?,.

Remark 6.4. According to [BloGd], initial matrices AY) (j = 1,2) can be determined as:

, 0
A%L = 47r2/ /_W// (k1 ) 7”1,7"2)6(’/”1,Tg)a—kjun7(k17k2)(7“1,7’2)d?"ldrgdkldkg.

0

It means that in computation for the initial data we can use periodic functions u, . instead

of w® and integration over bounded domains WSC and BZ.
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6.4 Computational results

Although it looks nice and well in theory, the numerical results of the described algorithm

are not so good as we would hope. We will demonstrate it below.

1D case

Let us consider a 1D Photonic Crystal with periodicity R = 1, permittivity e; = 1 with
a strip of width 0.18 of permittivity eo = 11.56 in the center of the unit interval:

1, z €10,0.41) U (0.59, 1],
11.56, z € [0.41,0.59];

The figures were obtained with te following input data:

1. Mesh in z-space: N, = 51, h, = 0.02;

0

., computed as in Appendix, Section 10.3, from functions

2. Initial Wannier functions w

u%k obtained by FE method as in Appendix, Section 10.2.1;
3. Implemented for the first 10 bands (n = 1,...,10).

For such a crystal the term tr(B) is much larger than 37 |A,,|*: 46.799 against 1.175. It
means that the larger term of the spread cannot be minimized. After diagonalization of
A the second part grows by 16 percent, but is of minor importance. Totally, 2 reduces

only to 99.492 percent:

Q(u’) = 46.799 — 1.175 = 45.625,
Q(w') = 46.799 — 1.406 = 45.393.

The resulting Wannier functions are not well-localized, see Figure [6.1

Neither for another number of bands, nor for another crystal, the situation becomes better.
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2D case
Consider a 2D Photonic Crystal with a periodic cell [0,1]? and the following permittivity
distribution therein:

17 (Tl -
1156, (7’1 —

)2 > 0.18%
)2 <0.182

)?+ (12 —
)? + (g —

N[—= N
N= N

(see Figure. Take first two isolated bands: for n = 1 it is a simple band for n = 2, 3,4
there is a composite band. Alltogether, we have four starting Wannier functions. Input

data:

1. Mesh in z-space: N, = 31, h, = 0.033;

0

» computed as in Appendix, Section 10.3, from functions

2. Initial Wannier functions w

u) . obtained by FE method as in Appendix, Section 10.2.2;
3. Implemented for the first 2 composite bands grouped together: n = 1and n = 2, 3,4.

Again, like in 1D, the invariant part of the spread functional is much more significant

than the one we maximize:

Q(u’) = 36.512 — 0.470 = 36.042,

Q) = 36.512 — 0.532 = 35.979.

The matrices A and A® get maximally diagonalized very fast — in 4 iterations. Nev-

ertheless, it does not help a lot to localize the Wannier functions. The results one can see

on Figure 6.2}

6.5 Conclusions

The technique presented in this chapter deals with unitary transformations of a set of
Wannier functions. Thanks to elegant simplifications we obtain an algorithm which can

be easily implemented. It does not require any information about a descent direction of
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the spread functional and gives quick results.

But unfortunately, due to the serious restriction on the transform, these results are
not satisfactory. The main problem of this approach is the invariance of Y, (r?ws, wn>Rd7 .
under such a unitary transform. This part of the spread functional is much larger that
the rest, and therefore any unitary transform of w, does not make the spread decrease

significantly. The authors of the method do not report about this problem in [GEFS03].



Figure 6.1: Wannier functions in 1D, bands 1-4:

unitary transform minimization (right)

04
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Non-localized (left) and localized under

A

%
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Figure 6.2: Wannier functions in 2D, bands 1-4: Non-localized (left) and localized under

unitary transform minimization (right)




Chapter 7

Sum-unitary transform of the

Wannier functions

7.1 Fourier transform of U

As we have mentioned in Section 3.2, nonuniqueness of Wannier functions originates from
phase indeterminacy of the corresponding Bloch waves. We fix some initial wave set and

consider generalized Bloch waves as unitary transforms of this set:
Uni(r) = Y US, Ui (r).
m

Remember that the summation over m involves the Bloch waves of just one composite

i9(k) with some real-

band. In case of a simple band there is no summation and U* = e
valued function 6(k).
Let us switch to the r-space level and see what happens to the Wannier functions under

these transformations:

1 k 0
Wno(r) = L /B Z;Umn 0 k(r) dk.

The matrices UX are unitary and periodic with respect to the reciprocal lattice I'* in k-

space, i.e. UST¥ = UX K e I'*. This means that U* can be written as a Fourier transform
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over the space lattice I':
Uk — Z o—IkRpR
Rel
with
! / M RURd k.
(2m)? Jpy

For a simple (one-wave) isolated band there will be

WR =

BZ

The unitarity of U* transforms to the following property of W&:

WH =

Id = (27r)d/Bz(U) Uk dk

1 R\H ik-R R’ ,—ik-R’
= @ BZZ(W YRy "W e R qk
R R’

/ 1 H A
- Z(WR)HWR( d / elk‘(R‘R)dk)
RR/ (2m)¢ Jgy
= ) (WY ep
R,R’

=y (whHiIwk

R

Therefore, the requirement for W is

> WHIWR =1d.
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(7.1.1)

(7.1.2)

(7.1.3)

We call this property sum-unitarity and the transform W, accordingly, sum-unitary. The

corresponding generalized Wannier functions will be
1
n = —— | > UL (r)dk
w 70(1‘) (27T)d /BZ — mn m,k(r>
1 ZZ —ik-Ry/R /0
= (27T)d /];Z € Wmn m,k(r)dk

m Rel

S (g e neon)
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and finally

woo(r) =3 Y Wi w, u(r (7.1.4)

m Rel
Note, here the initial (fixed) Wannier functions correspond to the initial (fixed) Bloch

waves:

1 .
0 _ —ik-R, /0
w,g(r) = @i /B e 0 (1) dk.

One can easily check that such a transform keeps the Wannier functions orthonormal:

R/ 0
<wn,07wn’,0>]1{d7g - E E mnW mR?E :E :Wm’n’wm’,R’
m/
_ 0
— § § (WR ) WE, <wm,R,wm,7R,>Rd’6

m,m’ R,R’

NS Y Wi

m,m’ R,R/

22 0¥ Wi
- (S| b

R

R e

Let us introduce a manifold of sum-unitary elements W:

M= {W e LA S I (A R e Id} . (7.1.5)

R

One can easily check the following properties of M:
1. If Ae M, then —A € M.
2. If A€ M, then A" € M.

3. If Ae M and |a]? =1 (or a =€), then a4 € M.
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Clearly, the manifold is not linear.

From here on we assume that all further W belong to M. A trivial example of such W is
WOWOH =1d; WR =0 for R # 0.

Such a particular case, already considered in Chapter 6, is very restricted. We have shown
that it provides a cheap minimization, but the result is not satisfactory. In this chapter

we will try to find the minimum of the spread in a wider manifold.

7.2 () as a functional over W

Introduce the notations:
(PP = (0wl g wl p), . for j=1,2, (7.2.1)
PR = (WRHPIRER for j =1,2. (7.2.2)

One can easily check that (P]Q;R’R/)H = PJQ;R,’R and (P]-R’R,)H = P]R,’R.

Remark 7.1. [Plo ;R’R/} and [PlR’R/] are vectors of dimensionality d, while [on ;R’Rl]

mn mn mn

R,R/
and [PQ’ ] are scalars.
mn

Let us find the expressions for the parts of the spread functional T, and (r?)  in terms of

the sum-unitary transform of the initial Wannier functions.

j _ j R, 0 R, 0
<r W0, wn70>Rd,g = <r E E Wi Wi R E E W Wy g
m R Rd e

m’ R’
, .
- Z Z (WEH)*WT%/TL <r]w?n>R'7 w?n’,R/>Rd75
R,R’ m,m/
. ’
= > > WRLLB T L Wi,
R,R' m,m/
. ’
= WA W,
R,R/

- Z [P]&Rl]nn-

R,R’/
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Therefore,
B= 3 [P () =Y [P, (7.2.3)
R,R/ R,R/

and then
2

Q) =3 (P =S IP | (7.2.4)

R,R/ n  |R,R/

Or, equivalently,

QW) = Z tr <(WR)HP20;R,R’WR'> _ Z Z [(WR)HPP;R,R’WR’

R,R/ n |R,R/

nn

7.3 Derivative of ()

To find a minimum of the spread functional, we need the information about its direction of
decay. Without this information the minimization process can be too costly and inefficient
since we would have to go over many points, within any discretization. But before we
start, we have to find a way how to switch from one sum-unitary W to another — namely,
a way to update W keeping it sum-unitary.

Let us perturb W as

W — WA. (7.3.1)
The requirement for A then comes from ([7.1.3)) and reads
Z WRAR[AR]H[WR]H _ Id,
R
with Y p WRWRH =1d. Let A have a form
AR = X x Id 4t X (7.3.2)
with infinitesimal ¢ > 0. Then for X we have the following condition:
Id = Y W (Id+tX") (Id + ¢[X™") [
R

= Id+ty WR(X" 4+ X8 W+ o@),



118

or

0 = Y WR(X® 4+ [XRT) R (7.3.3)

The equation ([7.3.3) characterizes 7y M — the tangential manifold to M :
Ty M = {X ={X% e | WR (R (X)) R = 0} : (7.3.4)
R
The update for W corresponding to reads:
W= Wexp™ ~ W(Id + tX). (7.3.5)

Unfortunately, we cannot derive an explicit formula for such X. One of the possible

choices satisfying is
XB=—[X®"  forall R. (7.3.6)
Introduce a notation:
AfW) = fW +AW) = f(W).

Let us search for the derivative of the spread €2 in a point W in a direction X which we

denote as d Q(W)[X] and define as

40X = tim 22—t QW (1d + X)) — QW)

t—0 ¢ t—0 t

To find AS2, we consider AP. For j =1,2
APPY = (1a+ X)) PR R (1d 4 ex V) - PP
= (1= X" PP (1d 4 4XY) - P
= PP XN e xRpR

I / ! H
= tPXY g (PR

From here,

a(X[E] ) = aYore(Pa] ).

nn
R,R/ R,R/
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a(£0,) - o (T

R,R/

= 2t Re (tr (PzR’RIXR'» .

R,R/

To evaluate the second component of the spread functional, first introduce the notation:

D = Diag(Re(t,)), (7.3.7)

where Diag(a) is a diagonal matrix with elements of the vector a at its diagonal.

We obtain:

(%)

Q

D (I + AT, * = 1))

n

2> Re(r, - AL,) + O(£)

2 Re |1, 2 | Y [P

R,R/
23 Re(r,) -2t Re ( [PPR'XR’] )
- AR nn
4t3" Dun- 3" Re <[P1R’R/XR/] )
- AR nn
4> ) Re <Dnn - [PF’RIXR/] )
n RE nn
443" 3 Re ( [D : PF’R'XR'}
RR n nn

4t 3" Re (tr ( [D : PlR’R'} XR’>) .

R,R’
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Recall that D, and [PlR ’Rl} are d-dimensional vectors. Therefore,
d
Z DP (PlR’R,)p]
SO
: Z Db [P

= Dmm : |:P1R’R/]

o2, -

mn

mn

mn

Finally, for the spread functional we now have:

g0 2[00

= 2t Re (tr (PQR’R'XR’)) — 4t Re (tr ([D : PIR’R’] XR’))
R,R/ R,R/
— 2t Re <tr ([pgm —2D PFR] XR’>)
R,R’
= 2t Re <tr (TR/XR')) ,
—
with
™ =% [vaR’ —2D. PF?R’] . (7.3.8)
R

Therefore, a derivative of () reads:

dQW)[X] = hm@ - QZRe <tr <TR XR’>) (7.3.9)

t—0

Now let us define an inner product of matrix-type structures as
(A,B)y =Y tr([AM"BY). (7.3.10)
Define an operator

A[B] = - (B-B").

N —
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Then, having in mind our choice [X®]" = — X,
ABLX), = 5 ((B,X),— (B X),)
= 3 (B~ (BXY)
XR: (o (B [=X"") -t (B"X™))
> (" (BUXT) +tr (BUXT))

= =) Re(tr(B"X")).

| —

N —

Thus we conclude that

dQ(W)[X] =23 Re (tr (TR’XR’>) = —2(A[T], X) . (7.3.11)

=
7.4 The descent direction

From the expression for the derivative we can try to retrieve the descent direction of the

spread in the submanifold of 7y, M determined by . Note that since we are
restricted to , we cannot talk here about the gradient of the spread. Unfortunately,
it was not possible to generalize the formulas in a way to consider the whole tangential
manifold 7y M because of its complicated structure. For this reason, we just search for

a descent direction. Let us define it as

From ([7.3.11)),

what immediately implies

G = —24[T), (7.4.1)
G} = (TR’)H—TR’. (7.4.2)
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Clearly, G¥ is skew-hermitian. If we take X® = —aG® with some a > 0, this guarantees
dQW)[X] <0:
dQW)[X] = (G, —aG) ; = —aZtr ([GRMGR) = aZHGRHF <0.
Here ||.||r is the Frobenius matrix norm. So, if we transform W using such X, we get
WR N V[/RefozGR(W)7

Q) at least will not increase.

7.5 A weak point in the algorithm

Unfortunately, the numerical computations show that the algorithm described above does
not always work well. The main problem is sensitivity of the whole construction to the

initial values of wy ; and W. To explain this, we recall the formula (7.4.1]) for the gradient:

/ ! H /
GY o= (V) -7V with
™ = S (P20 P,
R

/ / H
This formula has parts of sort PR’R — [PjR’R] , j = 1,2. What difficulties can they

provide? Recall how we update PR by (7.2.1)):

PR = [WRHPIRR R for =1 9,

where

O;R.R’ _ 3,,0 0
|:‘P] :| - <I‘ Wi R U)n,R’>]Rcl’6

mn

From here we see that if the initial Wannier functions {wg R} are real, then the values of

{[PJQ;R’R/]WL} will also be purely real, which means P0 R R PJQ;R,’R . Furthermore,
m,n,R,R’

if the matrices {WR}R are self-adjoint, this brings us to the following situation:
R,R' R pO;R,R y1/R’
P, = WP, W™,

(] = e ppr,
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Clearly, for simple isolated bands (where all these matrices are 1 x 1) the difference
/ 1 H

P]-R’R — [P]R’R} will be zero and as a consequence the gradient will also be zero.

An artificial grouping of simple bands into “composites” does not help to cure it since

W is diagonal in this case. Quite generally, the same can happen to composite bands also.

To develop this concept further, we have to change the choice of the descent direction.
After ([7.3.9)), the derivative of €2 looks like

dQW)[X] =2 Re (tr (T"X™)).

Let us try to find such values of X which make the derivative non-positive. At the moment
we forget about the requirement of its skew-hermitivity. For instance, if X® = —a[TR|H

with some o > 0, we have
dQW)[X] = =20 > Re (tr (TMTH)")) = =20 ) "Re (JIT%7) <0.  (7.5.1)
R R

Unfortunately, on this way we have another weak place: the sum-unitarity of W is not

guaranteed. Therefore, we need a trick. Let
WR = [yRealT™"

With this transform the old W has been shifted from the manifold M. We want to shift
W “back” to M by

W — WE(Id — §)

with some small §. By definition of M, it means that

(Id — &)H [Z(WR)HWR] (Id — &) = Id.

R

Let

A= (WHTWR,
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We look for such § that for known A
(Id — 6" A(Id — 0) = 1d,
or equivalently
A= (1d-8)")"1d -6,
As soon as A is a hermitian matrix, it permits Cholesky decomposition:
A=B"B
with a lower triangular matrix BY. Therefore, we can suppose:
(Id-96)"' = B,
§ = Id— B,
and, by composition,
WR(1d — §) € M.
Rewrite the transform of W in its final form:
wh = WRe’a[TR]H,
WR o WRB

_\H
where B is a matrix of Cholesky decomposition of Y (WR) WER,

As far as we apply a shift, or a “projection” of a computed value W to the manifold M,
we want to be sure that the new choice is not worse than the one we started from. Namely,
we want to know that (W(Id — 6)) < Q(W). For this reason we must be careful with
0 = d(a) to avoid that the functional increases too much. The non-negativity of the
parameter o guarantees that €2 does decay, see . It means that the value of €2 in
point W (Id — §) € M must be very close to that of the point W ¢ M

QW) — QW) <QUW) — QWId—-246))~ Q).
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. / . /
Pl(),R,R PQO’R’R

7.6 On computation of and

N ’
PO ;R,R’ PQO,R,R

In numerical implementation it is important, how the initial values for and

are computed. Let us rewrite their constituents as

Wy, R/ (1) = wpolr — R'),
War(t) = Wolt = R) = wno((r = R) = (R = R)) = wpp_pe(r — R,

Consequently,
[PIO;P“R } - <rwm,R? wn:R/>Rd €
mn 7

= (=R +R)wpr (= R),wio- = R))ga.
= <rwm,R7R/7 wn’0>Rd,€ + R,émml(sR’Rl

and

|:P20§R7R i| = T2wm R, Wp R >Rd
mn

{

(= R R0 (- — R, o — R
<(<r - R/)2 + 2R’ (r - R/) + ’R/P) wm,R—R'(' - Rl wn 0 >Rd e
(

T WmR-R’> wn,0>Rd7E + 2R’ - <rwm,R—R’a wn,0>Rd75 + |R/|25m,n6R,R"

We simplify the notations by introducing

R,R/ _
[Bl } = <rwm,R—R’a wn,0>Rd e
mn ’

R,R’ _ 2
[Bz } = <7” wm,R—R’uwn,0>Rd,€

Note that [Bf{ ’R/] is a d-dimensional vector and [Bg ’R/] is a scalar. We can rewrite

mn mn

the formulas:

[Pf;R’R’] = [B?’R'} + ROmnlr g, (7.6.1)

[PQO;R,R’] _ [Bgt,R’}

mn

1 OR - [B?R’} + (R0 00p - (7.6.2)

mn
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With help of Theorem we can now calculate [B?’R/} and [B2R ’R/} by integration

mn mn

over the Brillouin zone which is bounded. For further details how to do it numerically see

Appendix, Section 10.4. The other values in the computations described in this chapter

0;:R,R/ 0;R,R/
Pl P2 .

can be formulated in terms of and

Remark 7.2. As far as we sum up by R, R/, in numerical simulations the number of
summands 1s always assumed to be finite. However, we must keep sum-unitarity of W.
Namely, as far as we fix a quantity of {WR}R which will be involved into computations

(e.g. for R = Ny,...,Ny), we “normalize” them to get identity in the sum:

Na
A= (i wE,

R=N;
’m‘}R _ WRA—I/Z
N2 H N2
> (’WR) W= A1 ( STt WR> AT = ATRAAT? = 1A,
R=N; R=N;

Then the rest 1s allowed to be set to zero:

00 Na
ST Iwrt=0+ Y (WH)'WRro=1d
R=—00 R=N;

7.7 Starting guess for W

The Marzari-Vanderbilt algorithm has been started with U¥ = Id, for which an analogue
would be WR = dr,o. But now this ansatz does not work since it would not make the
process start. Another idea is to start with Gaussian bell functions. Let us take it up in
detail.

Let g, be a random Gaussian bell centered at 0. Here n corresponds to a band number of
the corresponding Wannier function w%o which we want to replace with this bell, having

first modified it to keep orthogonality of the basis. The bell have a form

gn(r) = a,ne_(r_bn)Q/(QC%)’
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where a,, is a peak height, b,, is the location of the peak and c¢,, determines the full width
of the bell at half maximum as 2v/21In2¢,. All parameters are positive and random in
range [6,1 — 4], e.g. [0.1,0.9].

We project the functions {g,}, onto the set of {w27R}n7R by

=) mul p(r) with R = (w) g gn) -
m R

Apply orthonormalization:

= Y [S7] dm(r), (7.7.1)

m

where

Smn = {(Pm, Pn)
. <Zzﬁ,mwm,szﬁ;wzf,R/>
- Zg ) v € nOI,R,wS/,R&
= 220
: ;Wm

We take the function ¢, as a starting value for w,,¢. In other words, the transform
of the initial wy  such that ¢, = > > "p Wi wp, ¢ will be:

W’rl;L{n = Z mel 1/2 ln ) (772)
Wk = WRS 172, (7.7.3)
Check sum-unitarity:

Z(WR)HWR _ Z(S_l/Q)H(’yR)H’}/RS_l/2 _ (S—1/2>HSS—1/2 — 1d.

R R



7.8 Minimization algorithm

The subroutines

(i) Preparational computations

Compute:

prl) w,x(r) in Wigner-Seitz cell

r R,R’ 1 ik-(R—R’
pr2) |B } = Vo fBZ el (R=R (U i, vkun,k)ws;c@ dk
L mn BZ
B ’ ]_ :
R,R ik-(R—R’
pr3) BQ i| = V_ fBZ € ke(R-R) <Vkum7k, Vkun’k>WSC,E d k
L mn BZ
prd) [P ;R’Rl} B [BF ’R/} + Roundr p
pr5) [P = [BE] wor [BIY] o RPSmadn

pr6) initial Wannier functions w 5

pr7) initial values for W®

(ii) Update Py, P,
Input: PP, PY, W.

pl) P = (WRRPPRIWR 1,2

(iii) The spread 2
Input: W.

s1) update P, and P, as in (ii)

’ ’ 2
82) Q=3 pp (P — >on [2oRR [P

128
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(iv) descent direction 7" of the spread

Input: W.

t1) update P, and P as in (ii)

2) T = Y [P]
t3) D = Diag(Re(T,))

) T = 55 (AP~ 2D P

(v) Improved descent direction G of the spread

Input: T

H

gl) GR = (T%)" — 7R

(vi) Update W (first version)
Input: a, G, Wyq.

—aGR
wl) WR = WR e

new

(vii) Update W (second version)
Input: o, T, Weg.
w2.1) Wh = Wk eoT"
~ H .
w22) A= (WR) R
w2.3) B = chol(A) (Cholesky decomposition)

w2.4) WR =TWERB-!

new
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Minimization procedure

Input: W, apax, a small value § (tolerance), mie;.
ml) for known W, compute T" as in (iv)

m2) for T', compute G as in (v)

m3) if G # 0, define function

Q(a) = QW (a, G, W))

with W updated by the first version (vi) and let ¢ = 1;

else define
Qa) = QW (a, T, W))

with W updated by the second version (vii) and let ¢ = 2;
in both cases compute Q(W) as in (iii)

m4) find ag € [0, amay] such that Q(ag) = MiNag[0,ammax] Q(a)

mb) if ¢ = 1, update W = W(ap, G, W) as in (vi);
if ¢ =2, update W = W(ap, T, W) as in (vii)

Loop m1-mb5 till 2 cannot reduce for more than d;, for 3 consecutive steps, or till ag = 0,

or till the number of iterations achieves the prescribed maximum mje,.

Localized Wannier functions

Input: wf.’mR, w.

For the obtained values of W, compute the localized Wannier functions:

U}no § E mn mR
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7.9 Computational results

1D case

In 1D all bands are isolated and thus can be considered separately. Let us take first four
bands.
We take the following input data:

1. The Photonic Crystal: in the Wigner-Seitz cell [0, 1]

1,  2e0,041)U(0.59,1],
11.56, z € [0.41,0.59];

2. Mesh in z-space: N, =51, h, =0.02; R € {-5,...,5};
3. Monkhorst-Pack mesh in k-space as in Section 5.2: Ny = 100 hy = 27/100;

4. Stencil (5.2.1), weights a; = ag = 1/(2h3);

5. Linear Finite Elements to compute u%k (for details see Appendix, Section 10.2.1);

6. We implemented the first 4 bands (n = 1,2, 3,4).

n| Qo Qmin | iterations time
1| 7.527 | 5.659 3 5 sec
210473 | 0.147 19 1 min 32 sec
3 16.684 | 1.426 3 7 sec
412711 | 1.166 2 5 sec

The corresponding Wannier functions are illustrated on the Figures[7.1} As we see, they
do not possess symmetry properties as the maximally localized functions (according to
Theorem (3.2 of Kohn). The minimum values of €2 are greater than those of the functions
obtained in Chapter 5, but comparable with them and much better as in Chapter 6. The

most significant properties are obtained: these functions are well-localized and real.
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2D case

In 2D we consider the following Photonic Crystal: In the Wigner-Seitz cell [0, 1]

17 (7”1 -
11.56, (r, —

)%+ (ro — 3)* > 0.18%,
1
2

)2 4 (ry — 1)2 < 0.182.

Q)

=

I
= N

The band structure corresponding to this crystal is illustrated in Figure The first
band is isolated (simple), the following tree bands a gathered together in a composite.
Therefore, we consider them in groups: 1) n =1;2) n = 2,3,4.

We take the following input data:
1. Mesh in r-space: N, =21, h, =0.05; R € {(—2,—-2),...,(2,2)};

2. Monkhorst-Pack mesh in k-space as in Section 5.2 (see Figure : Ny =40 hy =
27 /40;

3. Stencil (5.2.2)), weights a; = ay = a3 = a4 = 1/(2h%);
4. Linear Finite Elements to compute u%}k (for details see Appendix, Section 10.2.2);

5. We implemented the first 4 bands (n = 1,2,3,4).

n Qo Quin | iterations | time
1 6.864 | 0.097 3 3 sec
2-4 1 24.179 | 11.701 3 2 sec

The corresponding Wannier functions are illustrated on the Figures 7.2

7.10 Conclusions

As a generalization of the approach presented in Chapter 6, this method provides better

localization. This conclusion was expected at the very beginning since the manifold of
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sum-unitary transformations in which we search for a minimizer in this chapter is
wider than that of unitary transformations .

However, we have a problem here — the tangential manifold could not be determined, for
this reason the presented minimization path is not optimal. Another descent direction is

an open question which can be studied in future.
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Figure 7.1: Wannier functions in 1D, bands 1-4: Non-localized (left) and localized under

sum-unitary transform minimization (right)

04
04

08
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Figure 7.2: Wannier functions in 2D, bands 1-4: Non-localized (left) and localized under

sum-unitary transform minimization (right)
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Chapter 8

Application of the Wannier functions

The route of light propagation in a Photonic Crystal can be specified by defects, properly
embedded into a periodic structure [BMGMT03], [BusO3]. An example of such a defect
can be an optical micro-cavity caused by a modified single rod — this can form a light
mode localized inside the PC. A chain of such sense defects can provide a staggering effect

— it works as a waveguide channel and can form sharp waveguide bends.

Figure 8.1: Single defect rod in a PC Figure 8.2: Row of defect rods in a PC
() () () () () () ‘ ()
N o/ o/ / N o/ /
o O @& O o O @& O
() oD I i () oD ‘ i
o/ -/ -/ -/ o/ -/ -/
) () () () ) () ‘ ()
/ -/ / o/ / -/ o/

136
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Combining these types of basic defects, one can design various optical properties and rule
over the propagation of electromagnetic waves in a Photonic Crystal in a way similar to
the control over the motion of electrons in electronic circuits. These efforts provide a
possibility to create compact all-optical integrated circuits.

In this chapter we will consider an approach to modeling of defect modes using the Wannier

function basis.

8.1 Modeling of a defect: Galerkin approach

Let us consider a Photonic Crystal as a dielectric medium with certain electric permittivity
g1 with periodically located rods of another permittivity e5. As a defect structure embedded
into a periodic PC we define an amount of rods which have permittivity ¢, different from

9. Such a crystal with defect can be described, in accordance to (2.1.5), by the following

formula [BMGMT03|, [SMHOB0OT]:
— AE(r) = Ag,(r) + de(r)] E(r), (8.1.1)

where E is the electric field, A = (w/c)? with ¢ being the speed of light, ¢, is a periodic
electric permittivity and de is the contributional permittivity of the embedded defect.

Let us expand the electric field F into some complete orthogonal set of functions suffi-

ciently smooth to approximate (8.1.1):
)= Ejp;(r)
J
Inserting this expression into (8.1.1)) gives:

—ZEjAgpj(r) = Aley(r) 4 de(r Z
Z (0)Ag;(r) = A Ejle; r)sp(r)soj(r)+<pi<r)5e(r)soj(r)]-

J
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Integrating both parts by R? gives:
—ZE/ 1 Ap;(r)dr = AZE U @1 (1)ep(r)p;(r) dr (8.1.2)
+ /Rd gof(r)(Ss(r)goj(r)dr} . (8.1.3)

Introduce new notations:

Ay = = [ FmAar,
Cy = [ e

Dy = [ @m0
R
Therefore, (8.1.2) can be rewritten in matrix form as

Y Ay E; = AY (Cij+ D) Ej. (8.1.4)
J J
This technique of substituting of the partial differential equation (8.1.1) by the linear
system ([8.1.4)) is well known as the Galerkin approach. And the quality of this approach
depends crucially on a proper choice of the basis set {¢; }j.

The Wannier functions {w,r}, r, computed for an analogous but perfectly periodic Pho-

n,R
tonic Crystal (§¢ = 0), are L?(R%)-orthogonal and, in contrast to other possible bases, they
already contain the information about the underlying crystal structure. Moreover, they
can be chosen real-valued, well-localized and possessing certain symmetries described in
Chapter 3. Apparently, the basis of Wannier functions is an optimal choice for our prob-
lem. A confirmation of this statement one can find in [SMHBOI], where the authors

compare several different bases and make the same conclusion.

Let us insert the Wannier functions instead of ¢;; here i = {n,R}, j = {n/,R'}:
A = = [ w08 () d, (.15
R4
CrljﬁRl = / wZ,R(r>5p(r)wn’,R’ (r)dr = 5n,n’5R,R', (8.1.6)
Ra

DR / ()3 (1) (8.1.7)
R
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Now we want to simplify the matrices. Recall the definition ({3.1.2)) of the Wannier func-

tions via Bloch waves:

1

wyr(r) = @ e_ik'mek(r)dk

— @ flkRZU ko

We remember that 1y, is an eigenfunction of Transverse Magnetic problem (2.1.9):

Therefore,

This implies:

_A¢gq,k(r) = )\m,kep(r)wg%k(r).

1 .y
A Lo - _ —ik"-R o k/
Wy R ( ) (27T)d /BZe Aw K (I‘) d
_ 1 71k’R' ’
__2)/ ZU/,Aw,k, r)dk
— (5;(3) / _lk,R/ZU / /)\ i m/k/( )dk/
AS;E,{/ = —/ wy g (1) Aw,y g (r) dr

1kR Uk *dk
/BZ Z nm mk ))

/Rd -

X 1" / lk/R/ZU , /)‘m’k/ /k/( )dk/dr

(27T

— 27T2d/BZ/BZ i(lkR—K"-R') [Uk] A UK X

mm

x { / , i) e (0010 >dr} dkdlk'

By Theorem we recall that

/Rd( %k( ))*5p(r)77b ’k’( )dl” — (27T)d5mm/5(k k/)

With this in mind we conclude:

ARE I A UK e (R=RD) q g (8.1.8)

BZ -
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It is can be shown that this matrix A is positive definite.

As soon as the Wannier functions w,, g and the defect dielectricity de are localized, both
matrices A and D are sparse — namely, with increasing distance between the integer-
lattice nodes R and R’ the values of A®R" and D®® vanish. Moreover, since {wart, r

are real, A and D are real and symmetric.

The equation (8.1.4) can be rewritten as
SOARRER — A% (5,17”,5R,R, + DS;?’) ER. (8.1.9)
n,R n,R

We see now very clearly the advantage of the Wannier function basis in defect mode sim-
ulations. Instead of the system (8.1.4])) with full complex matrices we obtain the system

(8.1.9) with sparse real symmetric matrices, one of those even reduced to unity.

Note that the entries of A depend only on the properties of perfectly periodic crystal;
the information about defects is contained in D. So, the parameter €, and herewith the

“initial” periodic PC are excluded from further computations.

8.2 Single defect rod

Let us consider a single embedded rod of electric permittivity 4 centered at Ry:
0e(r) = [ea(r) — &p(r)] O(r — Ra)

with

1, 1 inside the rod centered at Ry,

Y

@(I — Rd) =
0, otherwise.
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Namely, the contribution ¢ is zero everywhere except the defect rod where it is equal to

4 — & (see Figure B.1). Then
Ds,fl = / w,, g (r)0e(r)wy g (r) dr
Rd
= [ i) eale) = 50O ~ Ry (1) d
R

= [ w0 eat) - 50w @) dr.
rod(Rg)

8.3 Waveguides

A row of defect rods described in the previous section is the most significant type of PC
defects. These rows can be constructed in such a way that they form a waveguide which
allows to control and guide the propagation of electromagnetic waves with frequencies
within a photonic band gap.

A chain of defects is 1D-periodic, therefore its guided modes satisfy the quasi-periodicity
condition (Theorem [2.2] Property 2):

E(r+ ") =e®"E(r),

where s is a waveguide director — a d-dimensional vector which specifies the line of
defect rods in the Photonic Crystal.

The electric permittivity of the defects is given by

[e.9]

be(r) = ) [ealr) — £, (1)] O(r = RY),

j=—00
where R = Rg'+js" are the positions of the defect rods, Ry’ is the origin of the waveguide.
As before, the function © defines the area of the defect rods and equals to 1 inside this
ares and 0 outside (see Figure 8.2).
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Let us compute the matrix D:

Dsﬁl = /wZ’R(r)éa(r)wn,,Rl(r)dr
R4

o0

- /Rd Wy r (1) Z [ea(r) — &, (1)] O(r = R} Jw,y g (r) dr
- Z /d(Rw) w5 (r) [ea(r) — ep(r)] wpy rr(r) dr.

8.4 The main conclusion

In the framework of this chapter we do not present the numerical computations. Examples
of the application of this approach to different types of 2D crystals one can find in physical
papers [BMGMT03], [SMHB0O5. The most important for us are the conclusions that the
authors make: the Galerkin method with the Wannier functions as a basis set allows very
efficient calculations which require much less data and time than other techniques such as
the Finite Difference Time Domain (FDTD) method or plane-wave supercell approach.
The basis of guided modes of PC waveguides, used instead of plane waves, allows to built
a transparent and easy understandable theory of Photonic Crystal circuits. This can
be effectively extended to 3D Photonic Crystals as well as to nonlinear and anisotropic
materials.

It is straightforward that the Wannier functions possessed of localization and symmetric
properties improve the situtation even more by significant decreasing of the data massives
required for the computations. For this reason the problem of finding better and better

ways to localize the Wannier functions is so asked-for and topical.



Chapter 9

Conclusions and directions for

further work

In the framework of this thesis we have explored an important numerical tool in Photonic
Crystal simulations — the Wannier functions. We summarized the information about
them and unified the notations which differ in various papers denoted to this topic.

We started from the analysis of the Bloch waves as the eigenfunctions of the Transverse
Magnetic problem and studied their properties. The non-uniqueness in determination of
the Bloch waves allowed us to construct the Wannier functions also non-uniquely and
thus to formulate the problem of finding localized Wannier functions.

We reviewed the proofs of existing of the exponentially localized Wannier functions for
different types of crystals: we started from a 1D case with inversion symmetry; then
turned to a case of a symmetric crystal in arbitrary dimensions; and finally generalized
the result to an arbitrary crystal, not necessarily symmetric.

We explored a way to compute the exponentially localized Wannier functions explicitly
for a 1D crystal.

We considered the spread functional as a criterion of localization of the Wannier func-
tions and examined its properties. We implemented several different methods of the

spread minimization, including the Marzari-Vanderbilt algorithm based on the unitary
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transform of the Bloch waves, the Gygi-Fatterbert-Schwegler approach dealing with the
unitary transform of the Wannier functions and we also suggested a new method never
considered before which minimizes the spread under the sum-unitary transform of the
Wannier functions. We researched and explained in detail the features of every method
and implemented all of them in Matlab for 1D and 2D Photonic Crystals using the Finite
Element method to compute the Bloch waves numerically.

We showed how the Wannier functions can be used in simulation of defect modes in
Photonic Crystals and what advantages they have in comparison to other tools. Being
well-localized, real and symmetric, they require significantly less computational resources.
Moreover, they already contain the information about the periodic structure of a partic-
ular Photonic Crystal and perfectly “fit” for modeling of the light propagation problems
in it.

At the end we can conclude that a big and fruitful work was done. As in any big research,
there remain unfinished problems as well as ways to improve the things. For example, in
Chapter 5 we considered two initial guesses for the unitary matrices U¥, one of them was
taken intuitively as the simplest example of a unitary matrix (identity), the other one was
chosen more smart and gave some localization at the very beginning (construction based
on the Gaussian bell functions). Nevertheless, we do not exclude the possibility that a
better initial value can be found to make the computations faster. In Chapter 7 we were
unfortunately not able to suggest an alternative update of the sum-unitary matrices W&,
but we believe that this could be a perspective research in this direction. For instance,
one could try to search for the minimizer in a space of rotations of the manifold M. Other
descent directions of the spread functional as well as other initial values of W® could also
be tried. The algorithm from Chapter 6 can be applied to the results of any other method
in order to improve them.

The idea to use the Wannier functions in Photonic Crystal simulation is relatively new
and very attractive. But at the same time the problem of localization of the Wannier

functions becomes of high interest. We hope that the present work will be helpful for
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researches of this topic, will give them a good knowledge base and inspire them with new

ideas.



Chapter 10

Appendix: Numerical aspects of the

presented work

10.1 Explicit computation of the Bloch waves with

constant permittivity

Let us consider the simplest case of the Transverse Magnetic problem (2.1.5) — a 1D

Photonic crystal with constant electric permittivity €. Without loss of generality, let

¢ = 1. The eigenvalue problem in this case reduces to the form

w2
—p(x) = C—;‘ k() for x € [0, 1]

with the initial conditions
(1) = Y (0),  Yi(1) = ey 0).
In further notations let A\, = wy/c so that (10.1.1)) turns into
—U(x) = ANah().
Rewrite it for the periodic functions wy:
—uy(x) — 2ikuj (x) + Ku(z) = Nug()

146

(10.1.1)

(10.1.2)
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with
(1) = uk(0),  wu (1) = u(0). (10.1.3)
The solutions can be found analytically. The dispersion relation reads:
A2 — K2+ 2ikpuy + pd = 0.
Its roots are
wh =ik + M), g =i(—k — ). (10.1.4)
We make the following ansatz: uy can be found in the form
ug(z) = e 4 beti

with some coefficients a and b which we are going to find. The boundary conditions

(10.1.3|) give:
u(0) = uy(1):

atb = ael + bet

a(l—e";)—i-b(l—e“;) = 0

pfa+pgb = paet + g bet
ap’ (1 — e“lt> + by (1 — e“l:> = 0.
Finally we obtain the following system for the coefficients a and b:
1— ek 1 — et a 0
w (1 — e*@) e <1 — e“g> b 0

The system has nontrivial solutions only if its determinant vanishes:

—2i\, (1 . eﬂi) (1 . eﬂi) — 0.



Figure 10.1: Eigenvalues of the

1D TM problem with ¢ = 1
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Except the trivial solution Ay = 0, this can be achieved in two cases:

et = ik th) = 1
AN = k+ 2w, v, €Z,

and

el =e = 1,

)\;71( = —k+27mv,, v, € Z.
Alltogether, the eigenvalues can be rewritten as
A2y = (k+2mv,)%, v, € Z.
The eigenfunctions u,, i satisfy
Upx(x) = ey, € 7,
and the corresponding Bloch waves are
D) = ellicr2mm)e 7,

The functions 9, x have degeneracy in points k = mm with m € Z.
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(10.1.5)

(10.1.6)

The graphs k — A(k) and z +— 1), z/2(x) see at Fig and Fig As we see on the

graph, there are no gaps in the spectrum in this case and there is no possibility to single

out an isolated composite band.

An analogous situation appears in a 2D Photonic Crystal. The eigenvalue problem read

then as

— Ay (r) = A(r)

with the boundary conditions

k(r+R) = e*y(r),
Vi(r+R)-n = e*Vi(r) n

(10.1.7)

(10.1.8)

(10.1.9)
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Figure 10.3: Eigenvalues of the 2D TM problem with ¢ =1

212

0.5 SzamsmRes T

Here

r R k
r=[ " e, R=[|""|.R.Rez k=| " |e[-ma?
T2 R2 ]{?2

n is a normal vector to 90, 1]°.

The eigenvalues can be found in a similar way and turn out to be
A= [k + 27,7, v, € 22 (10.1.10)

As in 1D case, there are no band gaps in the spectrum (see Fig[10.3). The corresponding

Bloch waves are
Ppi(r) = ET2T e 72, (10.1.11)

Again, they have degeneracies in points k = mm with m € Z2.
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10.2 Numerical computation of the initial functions
unx: Finite Element method for the eigenvalue
problem

In this section we explain shortly the application of the Finite Element method (FEM) to
computation of the Bloch waves as the eigenfunctions of the Transverse magnetic problem

@.1.5).

10.2.1 1D case

A Photonic Crystal in 1D is described by the Transverse Magnetic equation:
—p () = Me(z)n (), € [0,1], k € [—7, 7]
with periodic piecewise constant electric permittivity e(x) = e(x + R), R € Z, given by
1, z€[0,2,,),
5(13) = €0, T € [xmwmmz]’
1, z€ (my,1],

where 0 < z,,,, < T, <1 and g9 > 1.

Floquet ansatz for the solutions:

Ur(z) = e u(z),

ug(z) = ux(zr+R),Re€Z.
Then in terms of the periodic functions uy the problem reads:
—uy(z) — 2ikup (7) + Ku(2) = e (@) u(z),
or equivalently:

Lk7guk(x) = /\kuk(x), (1021)
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where

1
Li: = - (= dyp —2ikd, +k°) = —g(dx +ik)(d,, +ik). (10.2.2)

(LI

Let us introduce a uniform mesh z;..xy, in [0, 1] such that z; = 0 and zy, = 1; mesh
step h, = ;41 — x;. Consider e(x) = e(x;) = ¢; for x € [z}, Tj11).

Finite elements (FE) ¢; on the mesh are defined as some continuous functions with a
support (“hat”) on the intervals [z;_;, x;41] correspondingly and are zero outside [Lay99].

Expansion of w in basis of FE:
Ny
u(z) = Zak,j(ﬁj(x)-
j=1
Thus (10.2.1)) can be rewritten:
Ny Ng
> ailiepi(®) = MY o),
j=1 j=1
Liepi(z) = Aepj().
Multiply every equation by ¢; in sense of the inner product (-,-)_ in LZ([0, 1]):

(u,v), = /Ou*(m)s(x)v(x)da:,

(Pir Liews). = (i Acpy). -
Insert the operator Ly . from ([10.2.2):

1 . .
<90i7 —g(dm +ik)(de +ik)p; ) = A (@i 95),

)

)
<(dx +ik)%’é(dx +ik)¢j> = A {®i 95).
> = (@i, 05). -

15
1 . 1 , 1 1
<902,—90}> +1k<90£,—90j> —1k<90i,—90;> +k? <<,0¢,—s0j
E e £ 5 £ E e

£
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Introducing the notations
A = <
BY = < :
cHo= <S0i,1¢}
D = <
{

EW =
we reformulate the equation:
AR ik B% — kO™ 4+ K> D = \ B,

From here one can find the matrices A, B, C', D and E.

For every k we reformulate the eigenvalue problem in the form
Stif* . U* = Mass - U* - Ak,

where Stiff is a stiffness matrix, Mass is a mass matrix, A¥ is a diagonal matrix of the
eigenvalues A,y of the operator Ly ., U is a desired matrix whose columns are the eigen-
functions w,x of L., orthonormal in sense of the inner product (-, -)..
Note the periodic conditions: ¢(z) = e(x + R), ux(z) = w(r + R), R € Z. In numerical
computations, €1 = ey, ux(z1) = ux(xy,), and for this reason the size of the matrices

Stif, Mass, UX, A% is (N, — 1) x (N, — 1) with N, a mesh size.

One can compute the eigenfunctions for every k numerically, e.g. using Matlab command

2 v )

eig”:
[U%, AX] = eig(Stift,Mass). The columns of the matrix U* will then give us the eigenvec-

tors u,x of the operator L.
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The algorithms for localization of the Wannier functions given in Chapters 5, 6 and 7 are
independent on the method of computing the Bloch waves or their periodic parts w,, .
However, to be precise, we give here more details about the initial functions we work with.

Let us apply linear finite elements and unitary mesh for x and k with € defined as

1, zel0,0.41),
e(r) =4 11.56, x € [0.41,0.59],
1, ze(0.59,1],

The convergence properties of the corresponding functions wu, y for different mesh sizes

N, and Ny are described in the tables below; consider bands n =1, ...,4.

Table 10.2.1: Convergence in x-mesh, 1D
1/2
Ny = 100, fixed point kg = 7/2, norm || fi,|| = (Zjv;“l(fko)?)

N | s s O/ VN | g OI/VNe | s OI/VNG | lwa, (Oll/ VNG
o1 0.5479 0.8748 0.6879 0.8549
101 0.5381 0.8564 0.6795 0.8510
201 0.5432 0.8610 0.6792 0.8549
401 0.5459 0.8632 0.6799 0.8563

Table 10.2.2: Convergence in k-mesh, 1D
1/2
N, = 51, fixed point o = 0.5, norm ||f(zo)|| = ( N fg(xo))

Nic | N, (o) I/ V/Ni | lluz,(z) /v N | Hlus,-(xo)ll/v/Nic | lla (o)l /v/Ni
50 0.6223 0.3034 0.2129 0.3584
100 0.6223 0.3034 0.2129 0.3584
200 0.6223 0.3034 0.2129 0.3584
400 0.6223 0.3034 0.2129 0.3584

Note that the norms given here are not the same as ||-||wsc; in this weighted norm the
computed functions u, are orthonormal in accordance to Theorem ({2.3]).

The corresponding eigenvalues A, x form a bad gap structure with all simple bands. On



Figure [10.4] we see such a structure computed for N, = 51, N, = 100, n =1, ..., 10.

Figure 10.4: Band Gaps in a 1D Photonic Crystal

G v

10.2.2 2D case
Photonic crystal in 2D is described by the equation:

— A (1) = Nee()h(r), T € [0,1)%, k € [, 71]?,
with periodic electric permittivity e(r) = e(r + R) > 0, R € Z*

1L, re0,17|(z -2+ (y—2)? >r,

€0, |($—%)2+(y—%)2| Srl)

e(r) =
where 0 < 1r; < % and g9 > 1. Ansatz for the solutions:

Y(r) = e u(r),
u(r) = w(r+R), ReZ
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Then in terms of periodic functions wuy:
A (r) — 2i(k - V)ui(r) + ki) = M ()un(r),
or
Lycuye(r) = A (r)ux(r),
where
Ly = —(V +ik) - (V +ik)

Let us introduce a uniform quadratic mesh [z1..zy5] X [y1..yn] in [0, 1)% such that (z1,4;) =
(0,0) and (xzn,yn) = (1,1); mesh size h, = h, = h. Renumerating the nodes, we obtain
the mesh ry = (2;,y;): s = (j — 1)N +i.

Consider e(r) = (x4, y;) = & for (x,y) € [z, it1) X [Yj,Yj41). With the same renumer-
ation as before, we get €, on the mesh r,. Introduce finite elements ®, ; with a support

(251, Tiy1] X [yj—1,Yj+1]. Ansatz for uy in the FE-basis:

N
(1) = > G Piy(r).

ij=1

Thus the equations can be rewritten:

N N
D Ciila®i(r) = Ae() D i ®is(r),
i,j=1 i,j=1
Lk®i7j(r) = /\12(5(1‘)(1),'7j(r>.
Multiply every equation by ®, 3(r) in sense of inner product (-,-) in L*([0, 1]?):
(u,v) = / u*(r)v(r)dr,
[0,
(P LiPij) = Np{Pap,e(r) i)
Insert operator L:
(Pog, —(V+ik) - (V+ik)D, ;) = )\12{ (Do, ePij) s
(V4 ik) Py, (V4 1K) P ;) = A (Pap,ePi;) -



For vectors this reads as:

<f1
f27

[
g2

)1

A
fs

g1
g2

dr = <f1>gl>
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+ <f27g2> :

Applying the calculations similar to described for a 1D case, one can find stiffness and

mass matrices and then compute the eigenfunctions uy and the eigenvalues \y.

Let us apply linear finite elements and unitary mesh for x and k with ¢ defined as

1

11.56, [(z— 3%+ (y— 1) <0.18,

: re (0,12 [(z - 3)° + (y — 3)° > 0.18,

The convergence properties of the corresponding functions wu, y for different mesh sizes

N, and Ny are described in the tables below; consider the high symmetry path '’X MT°

and bands n =1,...,4.

Table 10.2.3: Convergence in z-mesh, 2D
1/2
Ny = 40, fixed point ko = (7T/2’7T/2)’ norin ||fko|| = (Zi\gl Z;V:gvl(fko)zzj>

No | o ON/Na | 1wz O/ Na | luzio (O Na | a1/ N
15 | 0.5741 0.7637 0.5566 0.6676
31| 0.5744 0.7379 0.5428 0.6586
61 | 0.5860 0.7500 0.5575 0.6339

Table 10.2.4: Convergence in k-mesh, 2D

12aala0))

N, = 31, fixed point ¢y = (0.5,0.5), norm || f(xo)| = ( klezl Z“Zl
Nie | (o) | /Nic | Nz, (o) [ /Nic | [[us,(zo)[l/Nic | [Jua, (zo) || /Ni
40 0.8759 0.5665 0.1994 0.4758
80 0.8780 0.5615 0.2046 0.4673
160 0.8790 0.5591 0.2079 0.4631

The corresponding eigenvalues A, x form a bad gap structure with all simple bands. On

Figure [10.5| we see such a structure computed for N, = 31, Ny =40, n=1,...,10.
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Figure 10.5: Band Gaps in a 2D Photonic Crystal

x;f/(zn)

0.5+

10.3 Integration over the Brillouin zone

In this section we describe the numerics used for the computation of the Wannier functions.

By their definition,

Wy o(r) = é /BZ e, 1 (1) d k.
Introduce a Monkhorst-Pack mesh in the Brillouin zone: k; = (=27 +hi/2) +jh, j € Z,
hx = 27 /Ny (see Chapter 4, section 2). We have the values of the functions w, only in
the mesh nodes, since they have been calculated numerically after the section 2 of this
chapter.

The simplest intuitive way would be to approximate the Wannier functions as

d
Nk
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But, to improve the quality of the result, we apply the following trick.

Divide the Brillouin zone into a (N, — 1)? smaller areas formed by the mesh nodes:

Ne—1

BZ = | [ky, k]

j=1
and thus split up the integral:

N—1
k)dk = k) dk.
UL / LW

Let us approximate u, x in the k-space by some continuous piecewise polynomial functions:
Un’k(r) =~ ﬁn’J(k, I') k e [k k]+1] .

Therefore, on every cube [k;, kj+1]¢ we have a function k — e, ;(k,r) which can be

integrated ezplicitly. The Wannier functions can then be calculated as

Ni—1
Wno(r) = > / L, 5 (k, v) dk
VBZ j=1 kj ki)

Ni—1

B VBZ ; alr

where every g; is the result of an integration.

10.4 Numerical computation of the inner products of

type <rwm,R7 U)TL,O>]Ral7 and <7“ W R Wp, O>Rd,€

In different chapters we use values of the integrals (rwy, r, Wn,0)ga . and (F2Wy R, Wi o) g .
for further calculations. Here we will describe in detail how to obtain them numerically.
Apparently, one cannot integrate over R?, therefore we need a trick. Recall Blount’s

theorem [0.1] that we have mentioned in Chapter 5. By this theorem,

1 ik.
(PR, Wno)pa, = —— [ €T

Viz
1

Visz

Um k, Vkun’k>WSC,a d k;

<r2wm,R, wnv0>]Rd,a Gl <vkum,k7 Vkun,k>WSC,s dk.
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The Brillouin zone is bounded and therefore one can numerically integrate over it. Note
that the first expression is a d-dimensional vector and the second one is a scalar. To

simplify the notations, we set
1 _
IR;mn - <rwm,R7 U)n,0>]Rd78 )
2 _ 2
[R mn <T wm,Ra wn,0>Rd’€

Let us shift the Wannier functions by a lattice vector R’ as w,, g + w, g g’ or equivalently

Upx — e Ry, which has a meaning of choosing the “home” unit cell. Then the

corresponding values of I}, and I, . also get shifted:
!/
<rwm,Ra an,0>Rd76 — <rwm,R7 U)n,0>]Rol78 + R 5m,n5R,07
2 2 / 12
<T‘ Wm,R, wn,0>Rd’€ = <T wm,R7UJ7L,0>Rd’E + 2R’ - <1“wm,R; wn,0>]Rd78 + |R| 5m,n5R,07
and thus

Lomn = Thinn + R'0mn0r.0, (10.4.1)
B — L2 2R Ih 4 (R 6 nmo- (10.4.2)

Let us now follow the notations from Section 5.2 (Monkhorst-Pack mesh in the Brillouin

zone, stencil Sy (]5.2.1[) or (5.2.2)), definition (5.2.7) etc.). We approximate the terms with

k-gradient by ([5.2.3]) and -

vkumk ~ Z ass (un,k-‘rs - un,k) )

SESK
~ Z Qg (un,kJrs - un,k)2
SESk
with s from the stencil Sy and weights a, such that Zse 5, AsS®S = Id. Recall the definition
(B2 of M, then
By = I, = Nd Zelk Rags [ME> — 6nn] | (10.4.3)
k k,s
1 .
2 ~ 2, ik-R k,s
Tmn ® Timn = ~a > e Fa, [26,,, — 2Re (ME3)] . (10.4.4)
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Unfortunately, with a lattice shift w, r + w, rir’ these approximations do not satisfy

and (01):

k,s —is-R’ 3 sk,s
M> — e M,

mn?
LA 1 ik-R —is'R’ 3 rk;s
Ropn N g e ags |e My — 0mn| ,
k k,s
2,A 1 ik-R —is-R’ 3 sk,s
IR;mn — N E e as |20, —2Re (e M) .
k ks

For this reason we want to update the approximation formulas in order to obtain the
same shift properties as we have for the continuous analogues. Following [KIo04] Section

4.5], consider small 5 > 0 and the Taylor expansion

Un, k+Bs = Unk + ﬁS : vk:un,k + O(ﬁ2)7
where the derivative is understood to be taken in point § = 0 and s fixed. Suppose
) 1
M}:{gs = 5m,n + 1“16 + 5#262 + O<63)7
LA LA .
then for the components of Iy, and Iy, it holds:

1
My =0 = i+ S + O(5), (10.4.5)

26mn — 2Re (M%) = 205, — 2 <5m7n + % Re(ug)ﬁ2> +0(p%)  (10.4.6)
= —Re(u)5* + O(3°). (10.4.7)

From the orthonormality of u, x we have:

Omn = (Umkc+Bs: Un,k+ﬁs>wsc,e )

Ommn = (Umk + 05 Vil Unk + 08 - Vil i) wse + 0(6%),

Omm = (Umi, un,k>wsc,g +26Re (s Viumpk, un7k>wsc,s + O(p%),
0 = 20Re(s: Vilmk, u"’k>WSC,£ +O(5%).

But

i = {5 Vit Uniwso,. s
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therefore, Im p; = 0.
So, we update the way to approximate the integrals in a manner suggested in [MV97] (for
detais see also [KIo04] Section 4.5]). Finally,

[1}{’;1” =~ Z *Ragsarg MSS (10.4.8)
k k,s
1 .
B = 2 D¢, [5m7n — M+ (arg Mﬁ;;ﬂ . (10.4.9)
k ks

From (|10.4.8]) and (|[10.4.9)) one can derive the approximations for the expressions which

we need in different algorithms. In particular, with m = n and R = 0 we deduce to the
equations (5.2.8) and ([5.2.9) of the Section 5.2 and thus find an approximation of the
spread functional for Marzari-Vanderbilt algorithm. In Sections 6.2 and 6.3 dedicated to

unitary transform of the Wannier functions we introduced matrix A which elements are

~
)

nothing but Ié; ; and we used the same approximation for X in Section 3.5 (computation

mn?

of the eigenfunctions of the projected position operator). In Section 7.6 of the sum-

unitary method the values [BF’R,} and [Bg ’Rl] can be obtained by substituting

mn mn

B = BV =1

R—R/;mn’ R—R/;mn’
mn mn



Bibliography

[Blo62] E.I. Blount. Formalisms of band theory. Solid State Physics, 13:305-373,
1962.

[BMGM™03] K. Busch, S. Mingaleev, A. Garcia-Martin, M. Schillinger, and D. Hermann.
Wannier function approach to photonic crystal circuits. J. Phys. Cond.

Mat., 15, 2003.

[BMR00] G. Berghold, Ch.J. Mundi, A.H. Romero, J. Hutter, and M. Parinello. Gen-
eral and efficient algorithms for obtaining maximally localized Wannier func-

tions. Phys. Rev. B, 62:10040-10048, 2000.

[Bus03] K. Busch. The physics of Photonic Crystals. Institut fur Theorie der Kon-

densierten Materie, Universitat Karlsruhe, pages 1-30, 2003.

[CNNOS| H.D. Cornean, A. Nenciu, and G. Nenciu. Optimally localized Wannier
functions for quasi one-dimensional nonperiodic insulators. J. Phys. A:

Math. Theor., 41, 2008.

[CS96] J.-F. Cardoso and A. Souloumiac. Jacobi angles for simultaneous diagonal-

ization. SIAM J. Matriz. Anal. Appl, 17:161-164, 1996.

[dC63] J. des Cloizeaux. I. Orthogonal orbitals and generalized Wannier functions.

Phys. Rewv., 129(2):554 — 566, 1963.

163



[dC64a

[dC64b]

[DLP*11]

[FK94]

(GFS03]

[Kiv82]

[K1004]

[Koh59]

[Kra35]

[Kuc01]

[Kuc08]

164

J. des Cloizeaux. II. Energy bands and projection operators in a crystal:
Analytic and asymptotic properties. Phys. Rev., 135(3A):A685 — A697,
1964.

J. des Cloizeaux. III. Analytical properties of n-dimesional energy bands

and Wannier functions. Phys. Rev., 135(3A):A698 — A707, 1964.

W. Dorfler, A. Lechleiter, M. Plum, G. Schneider, and Ch. Wieners. Math-

ematics of photonic crystals. 2011.

A. Figotin and P. Kuchment. Band-gap structure of the spectrum of periodic
Maxwell operators. Journal of Statistical Physics, T4:447-455, 1994.

F. Gygi, J.-L. Fattebert, and E. Schwegler. Computation of maximally
localized Wannier functions using a simultaneous diagonalization algorithm.

Comput. Phys. Comm., 155(1):1-6, 2003.

S. Kivelson. Wannier functions in one-dimensional disordered systems: Ap-
plication to fractionally charged solitons. Phys. Rev. B, 26(8):4269-4277,
1982.

A. Kloeckner. On the computation of maximally localized Wannier func-

tions. Master’s thesis, Universitat Karlsruhe (TH), 2004.

W. Kohn. Analytic properties of Bloch waves and Wannier functions. Phys.
Rev., 36:809-821, 1959.

H.A. Kramers. Physica, volume 2. 1935.

P. Kuchment. The mathematics of Photonic Crystals. Mathematical Mod-
elling in Optical Science, 22:207-272, 2001.

P. Kuchment. Tight frames of exponentially decaying Wannier functions.

J. Phys. A: Math. Theor., 42, 2008.



[Lay99]

[MP76]

MV9T7]

[NenS3)

INN82]

[RSTS]

[Rud91]

[She94]

[SMHBO5]

[SMVO1]

[Taf88]

165

Y.M. Layevsky. Finite element method (theory fundamentals, exercises).

Novosibirsk State University, 1999.

H.J. Monkhorst and J.D. Pack. Special points for Brillouin-zone integra-
tions. Phys. Rev. B, 13:5188-5192, 1976.

N. Marzari and D. Vanderbilt. Maximally localized generalized Wannier

functions for composite energy bands. Phys. Rev. B, 56:12847-12865, 1997.

A. Nenciu. Existence of the exponentially localized Wannier functions. Com-

mun. Math. Phys., 91:81-85, 1983.

A. Nenciu and G. Nenciu. Dynamics of Bloch electrons in external electric
fields: II. The existence of Stark-Wannier resonances. J. Phys. A: Math.
Gen., 15:3313-3328, 1982.

M. Reed and B. Simon. Analysis of operators. Methods of modern mathe-
matical physics, 4, 1978.

W. Rudin. Functional analysis. McGraw-Hill Science, 1991.

J.R. Shewchuck. An introduction to the conjugate gradient method without
the agonizing pain. 1994.

M. Schillinger, S.F. Mingaleev, D. Hermann, and K. Busch. Highly localized
Wannier functions for the efficient modeling of Photonic Crystal circuits.

Proc. of SPIE, 5733:324-335, 2005.

I. Souza, N. Marzari, and D. Vanderbilt. Maximally localized Wannier
functions for entangled energy bands. Phys. Rev. B, 65(035101):1-13, 2001.

A. Taflove. Review of the formulation and applications on the finite differ-
ence time domain method for numerical modeling of electromagnetic wave

interactions with arbitrary structures. Wave Motion, 10:547-582, 1988.



[Wan37]

[WC03]

166

G.H. Wannier. The structure of electronic excitation levels in insulating

crystals. Phys. Rev., 52(2):191-197, 1937.

D.M. Whittaker and M.P. Croucher. Maximally localized Wannier functions
for photonic lattices. Phys. Rev. B, 67: 085204, 2003.



Curriculum Vitae

Personal data

Name:

Tatiana Bulovyatova

Date of birth: 03.08.1982

Place of birth:

Citizenship:

Russian

Family status: married

Novosibirsk, Russia

Contact: bulovyatova@gmail.com
Education

2006-2011 | Ph.D. study | GRK1294, Department of Mathematics,
Karlsruhe Institute of Technology (KIT)
(earlier University Karlsruhe (TH))

1999-2004 | Diploma in | Department of Mechanics and Mathe-

mathematics | matics, Novosibirsk State University
1988-1999 | School

Working experience

2004-2006

Software tester

Atapy Software, Russia

2002-2004

Research assist

ant | Institute of petroleum geology

and geophysics (SB RAS), Russia

167




	Introduction
	Abstract
	Acknowledgment
	List of notations

	Bloch waves
	Maxwell's equations. Transverse Magnetic and Transverse Electric problems
	Basic notations
	Floquet theory and the Bloch waves
	Properties of the Bloch waves
	Periodic parts of the Bloch waves

	Wannier functions
	Definition and properties
	Phase indeterminacy
	Existence of exponentially localized Wannier functions
	Kohn's proof for 1D crystals with inversion symmetry
	Des Cloizeaux's proof for multidimensional crystals with inversion symmetry
	Nenciu's proof for crystals without inversion symmetry

	Projected position operator in 1D
	Numerical computation of maximally localized Wannier functions in a 1D Photonic Crystal

	Spread functional
	Localization criterion
	Lattice shift
	Decomposition of the spread functional
	Minimum of the spread in 1D
	Minimization methods

	Marzari-Vanderbilt method
	Omega as a functional over U
	Discretized spread functional in the Brillouin zone
	Discrete gradient of the spread
	A choice of the initial U
	Minimization algorithm
	Computational results

	Unitary transform of Wannier functions
	Description of the method
	Algorithm in 1D: eigenvalue problem
	Algorithm in 2D: simultaneous diagonalization
	Computational results
	Conclusions

	Sum-unitary transform of the Wannier functions
	Fourier transform of U
	Omega as a functional over W
	Derivative of the spread functional
	The descent direction
	A weak point in the algorithm
	On computation of matrices
	Starting guess for W
	Minimization algorithm
	Computational results
	Conclusions

	Application of the Wannier functions
	Modeling of a defect: Galerkin approach
	Single defect rod
	Waveguides
	The main conclusion

	Conclusions and directions for further work
	Appendix: Numerical aspects of the presented work
	Explicit computation of the Bloch waves with constant permittivity
	Numerical computation of the initial functions Bloch waves: Finite Element method for the eigenvalue problem
	1D case
	2D case

	Integration over the Brillouin zone
	Numerical computation of the inner products

	Bibliography
	Curriculum Vitae

