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Preface

Photonic crystals are refractive materials with a certain periodic structure in
one, two or three linearly independent dimensions. The behaviour of light in such
media strongly depends on its frequency. At so called “forbidden frequencies” lying
in the band gap of a particular photonic crystal no wave propagation is possible.
Such effects allow for applications in photonics and optics. For the prediction of
photonic crystal properties one relies on a model of an infinite crystal with perfect
periodicity. By the Floquet-Bloch transformation the Maxwell eigenvalue problem
for the propagating frequencies in an infinite domain is reformulated into a set of
eigenvalue problems in the elementary cell, parameterised by the quasi-momemtum
k. The relation between quasimomentum and eigenfrequencies is the well-known
band structure.

The aim of this thesis is to develop adaptive techniques to deal with the family
of eigenvalue problems. In one or two space dimensions there is a lot more that can
be said about the problem compared with the three-dimensional case. In Section
1 of Chapter II we pose the problem in more detail. We then focus on the two-
dimensional elliptic eigenvalue problem and develop a convergent algorithm for fixed
k and a chosen eigenvalue (Section 2 of Chapter II). In the same Chapter, in
Section 3, we investigate what can be done in a posteriori error estimation when
the dielectricity function has jumps that are not aligned with the discretisation.
This is a difficult mathematical topic that has not been treated successfully so far.
The last theoretic task of Chapter II is in Section 4. It is to develop an algorithm
to perform the entire band structure calculations adaptively and use as little as
possible computer resources, i.e. a suitable combination of a discrete set of Floquet
parameters where the eigenvalue problem is solved and an adaptive finite element
mesh for the eigenvalue problems.

In three dimensions there are many more difficulties involved in each eigenvalue
problem because the associated operator is no longer elliptic. In Chapter III, we
consider the corresponding boundary value problem and give a brief review of what
methods can be used to discretize the Maxwell equations in three dimensions using
H?' conforming finite elements. Our main results concerning the a posteriori error

estimation are valid for the full 3d curl curl system. However, the a priori results

vii



are only stated for the 2d curl curl system for which we perform the numerical

experiments. In 3d these results would be more involved.
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CHAPTER 1

Introduction

1. Problem statement

1.1. Maxwell’s equations. The propagation of light inside a photonic crystal
is governed by Maxwell’s equations, which in the absence of free charges and currents

is the following system of partial differential equations

B 1 0B(x,1)
V X E(X, t) = — E T,
B 0D(x,t)
(1.1) VxHxt) = ——5—,

1
c
V-B(x,t) = 0,

V-D(x,t) = 0,
where E is the electric field, H is the magnetic field, D and B are the displacement

and magnetic induction fields, respectively, and c is the vacuum speed of light. All
vector fields are functions from R?® x R to R3. Henceforth a bold font denotes a
vector quantity.

For a physical explanation and a detailed problem statement, we refer to [25].
We consider only the case of a linear medium. For such a medium there are two

linear constituitive laws, that relate D to E and B to H as
D(x,t) = e(x) E(x,t)

(12) B(x,t) = p(x) H(x,t).

In this way, any linear dielectrical material is determined by two properties, the
electric permittivity € and the magnetic permeability p.

We assume that the medium has no frequency dependence (material dispersion),
which means that ¢ and p are functions of position x only. To keep things simple,
we furthermore restrict to the case of isotropic and lossless media, which amounts
to saying that € and p are scalar real-valued positive functions.

Since the common choice of materials for photonic crystals do not possess any

magnetic property, we assume that p = 1. Inserting the relations (1.2) into (1.1),
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we obtain a simplified form, where we only keep two out of four vector fields:

B 10H(x,1)
V X E(X, t) = — ET,
1 OE(x,1)
(1.3) VxHx 1) = P G(X)iat ;
V-B(x,t) = 0,

V~<€(x) E(x,t)) = 0,

From the time-dependent problem we go to the time-harmonic form. This as-
sumption simplifies the problem, but does not restrict the generality of the approach,
because from Fourier analysis it follows that any solution can be modeled by har-

monic modes. Monochromatic light of frequency w can be modeled by

E(xt) = R{Ex)},

(1.4) H(x,f) = ® {eith:I(X)} :

where E and H are complex vector fields. Substituting (1.4) in (1.3) we obtain a
system of differential equations describing the propagation of light of frequency w in

a photonic crystal:

VxEx) = — —H(x),

VxHx = — ¢xE(®x),
V-H(x) = 0,
V-(e(x) E(x)) — 0.

System (1.5) is time-independent. Any frequency w, such that (1.5) possesses a
nontrivial solution, is allowed to travel through the crystal. On the other hand,
light at a frequency, for which (1.5) does not possess a nonvanishing solution, cannot

travel through the crystal.

1.2. Polarized modes. In Chapter II, we will deal with 2d photonic crystals.
Here, we briefly illustrate how the system (1.5) can be simplified when the electric
permittivity function e only depends on the first two components of x = (x,y, 2),

such that we can write € = €(x,y).
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It is straightforward to conclude, that in this case the quantities E and H in

(1.5) will also only depend on z and y. The system (1.5) thus becomes

VxB(ry) = - i%’ﬂ(x,y)’
(1.6) VxH(z,y) = % e(z,y)E(z,y),

VI:I($7y) = 0,

V-(e(x,y) E(:U,y)) = 0.

Now, we would like to show how the system (1.6) naturally splits into two disjoint
subproblems, called TM and TE modes.

1.2.1. TM mode. Substituting in (1.6) the first into the second equation we ob-
tain:

w2 ~

(1.7) V x (V X E(x,y)) = — — e(z,y)E(z,y).

C

Denoting the components of E by (Ey, By, E3) and remembering that each one of

these components only depends on = and y, we can write the system (1.7) as

(E2)yz - (E1)yy = ‘;’—f € by,
(1.8) —(By) +(B1),, = % ¢h,
—(Bs),, — (E3), = % eEj,

where the subscripts x and y mean differentiation along the indicated axes. The last
equation of (1.8) does not depend on the other two equations. We call this equation

the TM mode and after the substitution A = “6’—22 it can be written as
(]_9) L E3 = —AE3 = Xe E3.
1.2.2. TE mode. To obtain the TE mode we again start with the system (1.6).
This time we substitute the second equation into the first one to obtain:
1 - w? =
(1.10) Vx (eey) 'V x Hizy)) = = SH(,y).

This system again possesses an equation that is independent of the other two equa-

tions. This time it can be written as
(1.11) —V-(e'VH;3) = \Hj,
where Hj is the 3rd component of Hand \ = “;—22

1.3. Periodic media and the band structure of a photonic crystal. Pho-
tonic crystals are periodic structures. We assume that a crystal is unbounded and
occupies the whole space R?, which is an abstraction that is justified, when we as-

sume that the whole crystal is very large compared to the size of a periodicity cell.
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A useful overview of mathematical approaches concerning photonic crystals is given
in [27].
Let d € {1,2,3} and suppose that there exist linearly independent vectors

rq,...,ry such that
e(x+r;)=ex) forallzeR’ j=1,....d

Then the medium is called a d-dimensional periodic medium (photonic crystal) and
the vectors r; with minimal lengths are called the primitive vectors. For such a

medium one may define the d-dimensional Bravais lattice

d
A= {sz r; | zl,...,zdez}.
j=1

A d-dimensional domain € is called fundamental domain if for any x € R? there
exists a € A such that either a is unique and x + a € (), or a is not unique and
X +a € 0). So we may write
Ri= | (@+a),
acA
where for two distinct a;, a, € A, Q+a; and Q+a, may only have a non-empty inter-
section along their boundaries. We now define primitive reciprocal vectors t1, ..., Tq,
such that
r;-T; =2m;; foralli,je{l,....,d},

and the d-dimensional reciprocal lattice by

d
A= {sz i | ll,...,ldeZ}.
j=1

The domain B that consists of k € RY which are closer to the origin than to any
other & € A is called the Brillouin zone.

In Chapter II we focus on the solution of the equation (1.9). This is quite a
challenging task since the domain of the problem is the whole space R?. A standard
tool for the analysis of partial differential equations with periodic coefficients is the
Floquet transform (see [26]). The result of an application of this theory is, that the
spectrum of the unbounded operator £ from equation (1.9) can be represented as

the union of spectra of differential operators L, (k) on bounded domains

U(L) = U U(Lper(k))a

keB
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where B stands for the Brillouin zone and L, (k) is a k-dependent partial differential

operator on a fixed domain. Its eigenpairs satisfy:

Loer(K)E3 = —(V+ik) - (V+ik)E; = Ae By inQ,

(1.12)
Es(x+a) = Es(x), acA, x,x+aecd,

where ) is a fundamental domain. For each k € B, L, (k) is a self-adjoint operator

with a discrete and positive spectrum
(1.13) 0< (k) <...<\(k) —o00, asj— o0

and finite dimensional eigenspaces (cf. [21]). Furthermore, for each j € N an
eigenvalue \;(k) of the operator L, (k) is a continuous function of the parameter
k € B (cf [26]). A\;(-) is called a band function and its graph is called a band. For
j € N we define the j-th band I; := {)\;(k) | k € B}. Since B is compact and
connected and the operator L, (k) is symmetric, /; is a compact real interval. This
gives another representation of the spectrum:

(1.14) a(L)=J 1

JEN






CHAPTER II

Adaptive bandstructure calculations

1. Approximating the bandstructure

We have seen in the preceding chapter, that the spectrum of the unbounded
operator £ (introduced in equation (1.9) in Chapter I) is given by the union of all
values of all bandfunctions (¢f. (1.14) in Chapter I). Given k €B we are seeking

solutions (\;(k), uk ;) to the following eigenvalue problem

—(V+ik) - (V+ik)ux; = Aj(k)eug; in €,
upj(x+a) = upi(x), a€N x, x+a€ed

(1.1)

() is regarded as a torus, i.e. opposite sides are identified with each other. We are
considering several ”band functions” j € M (with M := {1,...,4}, for instance) at
the same time. We are interested in choosing a sufficiently large and well distributed
discrete set of parameters {ki}f.vz’“l C B hand in hand with a good adaptive mesh for

the eigenvalue problem such that
(12) BRROR = max | ,() = Ao (o) < TOL

where \; ,um(+) suitably interpolates different approximated eigenvalues \;,(k;) on

the discrete set {k;}™*

. and \j(-) stands for the exact band function.

2. The shifted Laplace eigenvalue problem for fixed k

In this section we focus on the approximation of the eigenpairs of equation (1.1)
for fixed k by means of the finite element method. For this purpose, we first need

some preparation and some notation.

2.1. Functional spaces, norms, and notation.

DEFINITION 2.1. Let €2 be a bounded, simply-connected Lipschitz-domain. We

define the following spaces of infinitely differentiable functions:

m-+n

C>®(Q) := {f Q—C|Vm,ne{0}UN, 3 is continuous} ,

oxrmoy™

C2(Q) = {f € C™(Q) | supp(f) C K compact in Q}
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For a polygonal domain €2 that has an even number of sides, such that opposite sides

have the same length and orientation, we additionally define
Cr(Q):={feC®(Q) | f(x+a) = f(x), a€ A, x,x +a€dQ}.

Furthermore, we define the following scalar products

(f,9)r :/Qfg,

(f.9)m = /Q Vf Vg ()

that induce the norms ||-||;. and ||-||;;1, which we also denote by ||-|| and |||,

respectively. Finally, we define

o (Q) = cega

per

We use standard notation for all Sobolev spaces W*?(Q2) and their associated

norms and seminorms, see e.g. [1]. For p = 2 we denote H*(Q2) = W*P(Q) and
=l

Hy(Q) := C2(€2) " . Furthermore, we denote ||-[|, o = ||l], .o and [|-llg = |||l 2,0-

Throughout the thesis, we shall use C' to denote a generic positive constant which

may stand for different values at its different appearances. At times, we write A < B

to denote A < CB, for some constant C' that is independent of mesh parameters.

2.2. Weak formulation. We define the following bilinear forms

ax(u,v) = /(V +ik)u - (V +ik)v  for all u,v € H! (),
Q

p

(2.1) o (1, 0) = ay(u,v) + ob(u,v) for all u,v € H (),

per
b(u,v) == / euv forall u,v € L*(Q),
Q

where € is assumed to be a piecewise smooth function that is bounded from above
and below by positive constants ¢, €

(2.2) e<e(x)<e forall zel.

The norms associated to the bilinear forms, we denote in the following way

(2.3) olllopes = {aro(v,0)}2,

N

(2.4) o], := {b(v,v)}7 .

For fixed k, the weak formulation of problem (1.1) is the following problem.

PROBLEM 2.2. Seek eigenpairs (\;,u;) € C x H} (), with [Ju;|[, = 1 and

per

(2.5) ax(uj, v) = A; b(uj,v) for all v e H) ().
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We also define a problem, where the spectrum is shifted by o. In this way we

are able to deal with a coercive bilinear form on the left-hand side.

PROBLEM 2.3. Seek eigenpairs ((j,u;) € C x H}

per

(), with ||uy||, = 1 and
(2.6) o (uj,v) = ¢ buj,v) for allv € HY ().

per

Note that the shift o defines the relation ({j;,u;) = (A\; + 0, u;), which is a one-

to-one relation between the spectra of Problems 2.2 and 2.3.

2.3. The finite element method and interpolation estimates. We let

Tn, n=1,2,..., denote a family of triangular meshes on €2, such that
(2.7) o= J T

In other words, we assume that {2 has a polygonal boundary. We assume that for each
n, T,11 is refinement of T,,. For a typical element T" € T,,, its diameter is denoted by
hr.,,. We denote the maximal diameter in a triangluation by A]'™ := maxreq, .
hy, denotes the function whose restriction to an element 7" is hp,. All the meshes
are assumed to be conforming and shape regular in the meaning explained in [10].
On any mesh T, we denote by V,, € C°(Q) N H},(Q) the finite dimensional space of

piecewise polynomials, i.e.

(2.8) Vi i={v, € CO(N)NH ,(Q) | vyr € P(T) for all T € Ty, } .

per

Unless specified otherwise, we are dealing with linear polynomials in this chapter,
i.e. r =1 in the above definition.

We denote by F, the set of all the edges of the elements in T,,. Moreover, we
denote by hg the length of an edge F' € F,,. We use the following notation to denote
element patches:

(2.9) W)= J{T" €T | T'NT +# 0},

(2.10) wF) = J{T" €T, | T'"NF#0}.

ASSUMPTION 2.4. There exists an interpolation operator I, : H. (Q) — V,

per

with the following properties:

(2.11) v — HhUHO,T < Chr ‘v‘l,w(T)
and

1
(2.12) v — HhUHO,F < Chp ‘U‘l,w(F) :

Furthermore we assume that the following stability estimate holds

3
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One possible choice of an interpolation operator that fulfills Assumption 2.4

would be the interpolation operator introduced by Clément in [12].

REMARK 2.5. The Scott-Zhang interpolation operator introduced in [33] satisfies
(2.11) and (2.12), however it satisfies (2.13) only for £ <. It is on the other hand

a projection on V,, in the sense that:
(2.14) v, = v, for all v, € V,,.
We define the discrete solutions to Problems 2.2 and 2.3 as follows.
PROBLEM 2.6. Seek eigenpairs (Xj,, u;,) € C x V,,, with [|u;,[|, = 1 and
(2.15) ax(Ujn, V) = Njp b(ujn,v) forallvel,.
PROBLEM 2.7. Seek eigenpairs (jn, ujn) € C x V,,, with ||u;,||, = 1 and
(2.16) ko (Wjp, V) = Cjp b(wjpn,v) forall veV,.

2.4. A priori analysis. The following result, which we formulate as a Lemma,

is obvious.

LeEMMA 2.8 (Continuity). The bilinear form ax(u,v) and ax »(u,v), respectively,

introduced in (2.1) are continuous in the sense that

(2.17) ax(u,v) < Collull [[v]l; Yu,v € Hper(Q),

per

(2.18) k.o (u,v) < Cop lJull, |v]l; Vu,v € H)

per

(2).

LEMMA 2.9 (Coercivity). With the choice 0 = (maxyep @) + 1 and the norm
ulllgx.o = ax(u, u) + ob(u, u), we have the following coercivity estimate
(2.19) lulllogo = cllull, VB Vue Hy,(9),

where € = mingeq €(z) and ¢ = min {3, €}.

Proor. We readily calculate
(11, ) ::/(V+ik)u-(v+ik)u:/ |Vu\2+|k\2/ uf?
Q Q Q

(2.20) o
+2/Q§R{1uk-Vu}.

It can easily be seen that
(2.21) R {iuk - Vu} < [uf ’k . W} < |u| k| |Vul,
and thus

2
(2.22) /QéR{iuk-W} < % +2 k[ Jlull,
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where we have used the arithmetic-geometric mean inequality 2a8 < da? + %2 with
_ 1
0=3. )
Remembering that 0 = (maxyep %) + 1 we see that
]uﬁ 2 2
ax (u, u) + ob(u, u) > o + (— |k|” + o¢) ||ul]

1 2
> i { 5.l

Applying the Lax-Milgram lemma, we can deduce that for sufficiently large o
there is a uniquely defined solution operator T': L?(Q) — H! (), such that

per

(2.23)

O

(2.24) Vfe L), axo(Tf,v)=b(fv), forallve H,,(Q).

Since the imbedding H},(Q2) C L*(£2) is compact, we can conclude that the solution
operator T in (2.24) is a compact operator. Since T is furthermore a self-adjoint
operator, we can apply the spectral theorem for compact self-adjoint operators to
conclude that T has a positive discrete spectrum and the eigenspaces to these eigen-
values are finite dimensional. To each eigenpair (u,u) of T' there corresponds an
eigenpair (u~1, u) of (2.3), so that we can conclude that (2.3) also has a positive and
discrete spectrum. Because the spectrum of (2.2) is a shifted version of the spectrum

of (2.3), it is also discrete with finite dimensional eigenspaces.

We make an additional assumption:

ASSUMPTION 2.10 (H'** regularity). There exists s € (0,1] and there exists a
solution

(2.25) veH}

per

Q) NH™*(Q)
for any f € L*(Q) to the following boundary value problem:

—(V+ik) - (V+ik)u(x) = f(x) forall x €,

2.26
(2.26) v(x+a) = v(x) ac€l; x, x+ae .

This solution is not unique in general.

THEOREM 2.11 (Convergence with respect to uniform mesh size). Let s be as
given in Assumption 2.10. Let h,, be sufficiently small and consider the eigenvalue
¢ € C of Problem 2.3. If ((n,un) € C XV, is a computed eigenpair of Problem
2.7 with (., converging to (;, then the following statements hold:

(2.27) 0 < G — G S (h™)>
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(2.28) lwr = wnll o) S (h™)* [l = wnlll,
If in addition w,,, € H™(Q) with m > 2 then we have the following estimates:

(2.29) s = wnlll e S ™)™ 0 ],

(2.30) 1€ = Cul S (Ryyex)?mintmrd 15]] 41,60

where 1 is the degree of the polynomials in the piecewise polynomial space V,, intro-

duced in (2.8).

PROOF. These are standard results that can be adapted to our case very easily.

The main tools can be found in [2]. O

REMARK 2.12. Undoing the effect of the shift of the spectrum by o, we obtain
the same kind of result for the convergence of the eigenpairs of Problem 2.2 to the

eigenpairs of Problem 2.6. We refer to [21].

THEOREM 2.13 (Relation between eigenvalue and eigenfunction error). Let (Cjn, ujp)
€ R x Vj be a solution of Problem 2.7 that approzimates the eigenpair (;,u;)
e R x H! _(Q) of Problem 2.3. Then we have the following estimate:

per

(2.31) G = Gl Sawo(ws — wjn, uj — ujp).

PROOF. This is a standard result that can for instance be found in [21]. O

2.5. A posteriori error estimation. Before we can formulate and prove the
main results of this section, we first need to define the error estimator. This requires

some notation.

DEFINITION 2.14 (Jump of a function). For any sufficiently regular function
g : 2 — C and for any edge F' € F that is common for the elements T" and T", we
define the jump of g along F' by
2.32 = 1 r) — i 7).
(2.32) Glp (2) = _lim g(3) - lm  g(z)

DEFINITION 2.15 (Residual error estimator). On each element 7" € T, the fol-

lowing local error indicator is defined for an eigenpair (., u.,) € CxV;, of Problem
2.7:

U%n((ul,n, Cl,n)u T) = h’% ||(v + lk) : (V + ik)ul,n + Cl,neul,an‘

2.33 ;
(2.33) +% Z he || [Oavin + ikul,n]FHF'

FCOT,FeF,
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On the whole domain €2 the error can be estimated by means of the following esti-

madtor:

(2.34) Utrn((uszln Zﬁfyn (s CGin ), T).

TET

DEFINITION 2.16. For g € L*() we define the data oscillation as

(2.35) osc(g, Tp) : (ZHthg gr H) ,

TETn

where g is a polynomial approximation of g on 7'

THEOREM 2.17 (Reliability of the estimator). Let ((jn, ujn) € Cx HL () be a

per

simple eigenpair of Problem 2.7. Then we have the following error estimate:

(2.36) My = winlllgpo S 17 (G i), Q)+ () |y = wjinlll e o

where s is from Assumption 3.1, and u; is the eigenfunction number j of Problem
2.3.

PrOOF. We readily calculate for arbitrary v € ngr(Q) and arbitrary v, € Vj,
that

@k,a(uj_uj,m ) C] (u], )

(2.37) + Tze;r/ (V+ik) - (V +ik)uj, + €jnujn) (v —vp)

_Z/BT u3n+1ku3n)(v—vh) Cjn (ujm )
TeT

It is equivalent to

o (Uj — U, © Z/ (V +ik) - (V + iK)ujpn + €(intijn) (v — vp)

TeT

(2.38) _Z Z /a:r (W0 + ikuj )] (v —wp)

TG‘T
+ ¢ b(uj,v) — §nb(t)n, v).
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We choose v := u — u;,, and define vy, := IIv, where II), : ngr(Q) — V,, is the

interpolation operator satisfying Assumption 2.4. This yields:

1t = wjnllly o
1

2
S (Z 77%) Juj — ujv”|H1(Q)
TeT
+ G b(wg, uj — ) = Gnb(Wjn, wj — Ujn)

1

N (Z ﬁ%) ;= wjnlllpe, + (G + Gin) (1 +0(us, uj0))
(2.39)

TeT

1
2
_ (Zn%) s = wsalll

TeT
+ Cj _;Cj,n b

1
2
S (Z 77%) s = wjnlllages + (™2 [1uj = wjnlllypeo

TeT

(Uj — Wjps Uj — Ujin)

Here we used that |uj — ujnlpg) < [l — winlll . and that bluj, u;) =
b(wjn, ujn) = 1. We additionaly used the fact that the bilinear form b(-,-) is her-
mitian and in the last step we employed (2.28) from Theorem 2.11. Dividing the

equation by [|[u; — u;alll, ), leads to the result. O

REMARK 2.18. The second summand in (2.36) is a higher order term. If A < 1

independent of n, then we can absorb the second term in (2.36) to get

(2.40) ws = wjnlllaxo S 17 ((Gns jin) 5 $2)

independent of n.

2.6. A convergent adaptive algorithm for the eigenvalue problem. In

this section we propose a convergent adaptive algorithm of the form
(2.41) SOLVE — ESTIMATE — MARK — REFINE

We will explain the different modules shortly.

We achieve convergence of the algorithm that we describe below by extending
the results from [17], which rely on a similar result for the corresponding boundary
value problem (cf. [9]), to our case of photonic crystals. An oscillation term as in
[22] is merely used in the analysis, however, we do not need to refine according to
this quantity as was proposed in that source.

Now we describe the different modules put forth in (2.41) that make up the

algorithm.
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2.6.1. The Module SOLVE. We do not discuss the step SOLVE in detail. We
simply assume that the finite dimesnional Problem 2.7 is computed exactly, i.e.
for given [ € N the eigenpair ((;,,u;,) is computed via exact linear algebra and
exact integration. In Section 3 we will investigate the effect of solving Problem
2.7 employing quadrature schemes, though not in conjunction with a convergent
adaptive algorithm.

2.6.2. The Module ESTIMATE. We assume that given a triangulation 7, and
the solution ((jn, u,) € R x V,, of Problem 2.7, this module outputs the local error
indicators as defined in (2.33):

(242) {77‘3‘" ((ul,n, Clﬂ)? T)}TE‘Tn = EST'MATE((QJZ, Ulm), Tn)

2.6.3. The Module MARK. Given a grid T,, the set of indicators {9z}, , and
a parameter 6 € (0, 1), we suppose that MARK outputs a subset of marked elements
MeT,,ie.

(2.43) M = MARK((Gn, ), T, 0),

such that

(2.44) > 3 (s Gn) T) = 003, (w0, G, ).
TeM

This strategy was introduced in Dorfler [18].

2.6.4. The Module REFINE. We do not require the procedure REFINE to satisfy
the Interior Node Property as in [29], for instance. Instead, we assume that a
procedure REFINE is at our disposal, as described in [9] and [17]. It is some iterative
or recursive bisection of elements with the minimal condition on the refinement

condition that each element that is marked is bisected at least once.

The discussion above results in the following Algorithm.

ALGORITHM 2.19. (Adaptive convergent FEM to solve for ({;,u;))

: Choose 0 < 6 < 1.

: Choose an initial mesh Tj.

: SOLVE the eigenvalue Problem 2.3 on T to find the eigenpair (A, u).

: Let n:=0

: ESTIMATE: Compute the local error indicators {ng, ((wn, Gn), 1)
(2.33).

6: Mark a set M C T, according to the the module MARK from Section 2.6.3 using
6.

7: Refine 7,, according to the procedure REFINE described in Section 2.6.4 to get

a new conforming triangulation T, .

QU = W N =

}T T from

8: Solve Problem 2.3 on T,,1; to find the eigenpair ({41, U nt1)-



16 II. ADAPTIVE BANDSTRUCTURE CALCULATIONS

9: Let n:=n+ 1 and go to Step 5.

The above algorithm is fairly standard. We estimate according to a standard
residual error estimator and refine a number of elements in each step that con-
tribute a certain fraction of the overall estimated error. That the discrete eigenpair
in Algorithm 2.19 actually converges to the corresponding eigenpair of Problem 2.3
will be formulated in the next theorem, which is taken from [17]. Remark 2.9 of the
mentioned article clearly states that the result can be used for our eigenvalue prob-
lem by employing a shift as was done in Problem 2.3. The proof given in [17] uses
a similar result for an adaptive convergent algorithm to solve the boundary value
problem that corresponds to the eigenvalue problem, which is given in [9]. The
authors of [9] were the first to prove convergence of a standard adaptive algorithm
without the need to refine according to an oscillation term similar to the one intro-
duced in (2.35), when g is replaced by some terms appearing in the estimator, and
without any additional assumptions, such as a saturation assumption for instance.
Though no refinement needs to be done according to an oscillation term, these kinds

of terms still play some role in the convergence analysis.

THEOREM 2.20 (Convergence of the adaptive finite element method). Let ((;, u;)

be some simple eigenpair of Problem 2.7 and { (., urn)} be the sequence of finite

n€eNp
element solutions produced by Algorithm 2.19. Then there exist constants v > 0 and
a € (0,1), depending only on the shape reqularity of the meshes, ¢ and C,, from
the continuity and coercivity estimates, respectively, and the parameter 6 used by

Algorithm 2.19, such that for two consecutive iterates n and n + 1, we have

(245) |l = wall gy + 1200 < 0l = wall 2, +72)

PRrROOF. The proof can be found in [17]. O

3. Investigating the effect of quadrature

In Section 2 we assumed exact integration of all the integrals that had to be
evaluated in the solution process and in the a posteriori error estimation. Simple
quadrature formulas can be used if the finite element mesh, which we unlike in
Section 2.3 denote by T}, is aligned with the jumps of the function e, i.e. if the
restriction of € to any element 1" € 7}, is a smooth function. We use in this section
the index h (instead of n) as the mesh size of the triangulation, so that the discrete
space denoted earlier as V,, now is denoted as V}. h,'** now simply is denoted by h.

We would like to study the effect of evaluating the integrals by means of quadra-
ture both in the assembly of the finite element matrices and in the error estimation.
We distinguish the cases where the mesh is aligned with the jumps of € and where

1t 1S not.
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Our notation will be similar to the one used in [10] and [5]. Throughout this
section we assume that the integral appearing in the bilinear form b(-,-) is decom-
posed into its different contributions from different elements. On each element we

use a quadrature rule of the following form to evaluate integrals

L
(3.1) / oS wird(xir),
=1

where we assume that the weights w; r and quadrature nodes x; 7 are induced by a
quadrature rule on a reference triangle (see [10] for details). We furthermore assume
that there exists t > 1, such that for each T" € T}, there holds:

(32) /Tqb = Zwl,Td)(Xl,T) Vd) € (Pt(T),

where P, (T) denotes the space of polynomials of degree at most t. We then say that
the quadrature scheme has degree of precision ¢.

We are still interested in Problem 2.2 of the previous Section. That is why we
study the approximation of eigenpairs of Problem 2.3 by eigenpairs of Problem 2.7,
when the integrals that appear in Problem 2.7 are evaluated numerically. Actually,
instead of assuming that we approximate any given eigenpair ((;,u;) by solving

Problem 2.7, we need to do a convergence analysis for the following discrete problem.

PROBLEM 3.1. Seck eigenpairs (§j7h,aj’h) € C x Vj, with [[uzsl[;, =1 and
(33) CLk7U(’l~Lj7h,Uh) = 53'7}1 l;h(’lljﬁ, ’Uh) for all Vp, € Vh,

where for uy, v, € Vj,

L

(3.4) by (up, vp) = Z ZWz,TG(Xz,T)Uh(Xl,T)Uh(Xz,T),

TeT, 1=1

and

(3.5) [vnllg, == {Eh(vhavh)}Q :
and the weights w; 7 and quadrature nodes x;r are chosen, such that the scheme

has degree of precision t.

To accomodate an easy analyis we introduce a function € as an approximation
to €. The restriction of € to an element 17" € T}, will be denoted by ér and is defined
as the polynomial of least possible degree, such that

L
(3.6) / Er up Up 1= Zwl,TE(Xz,T)Uh(Xz,T)Uh(Xz,T) for all uy, vy € Vj,.
T

=1
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Since u, and v, are from the discrete space V},, the point evaluations on the right-
hand side of equation (3.6) make sense. From this definition the following property

of the piecewise polynomial € follows:

L
bn(un,vn) = > wire(xpr)un(Xr)on(xir)
(3.7) TeT), I=1
= [ €uy v, forall uy, v, € V.

Q
Since we have assumed that the quadrature scheme that is employed has degree of
precision t > 1, the following fact easily follows, which we formulate as an assump-

tion.

AssuMPTION 3.2. The following convergence in L>°(£2) for the function €, defined
in (3.7), towards € holds:

(3.8) }lllf(l) ||e — g||L<><>(Q) = 0.

3.1. A priori estimates. The a priori analysis in the absence of exact integra-
tion uses the same tools as in the standard a priori analyis for eigenvalue problems
that can be found in [2] and [3]. The analysis has been carried out for smooth
coefficients in [5] and [6]. We quickly summarize the results corresponding to our
problem and show what can be achieved in the case of discontinuous coefficients.

We recall the definition of the solution operator 7" to a corresponding boundary
value problem from (2.24) in Section 2.4. We state it once more and define similar

operators for the discrete Problems 2.7 and 3.1.

DEFINITION 3.3. Let the operators T, T}, and T}, be defined as in [3] with the
obvious modifications, i.e. T, Ty: H!  (Q)—H!, () are defined by

per per

(3.9) TfeH,.. ()
' o (Tf,v) = b(f,0) Vo€ HL(9),

T,f €V, c H- (O
(3.10) hf € Vi © Hyer(€)

axo(Thf,vn) = b(f,vn) Von € Vi,
and T h o Vi — Vj is defined by:

T.f €V, C H. (Q
(311) hf ) h pef( )

axo(Thf,vn) = b(f,vn) Yo, € Vi

The eigenvalues of T" are the reciprocals of the eigenvalues of Problem 2.3, and T’

and Problem 2.3 have the same eigenfunctions. Similarly, the non-zero eigenvalues
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of T, and Tj, respectively, are the reciprocals of those of Problems 2.7 and 3.1,
respectively, and they have the same eigenfunctions. In our analysis of eigenvalue
error with quadrature we will compare T, T}, and T),. T will be viewed as an operator

on H} . (Q) equipped with the norm [[|-|| and T}, as an operator on Vj,. T}, will

a,k,o

be viewed as an operator either on H!_(92) equipped with the norm |||-||| or as

per ak,o

an operator on V},. In Assumption 3.5 and Theorem 3.10 the operators T', T}, and
T), will be viewed as acting on the same spaces as described above, though equipped
with the L*(2) norm.

LEMMA 3.4 (Convergence of Tj, to T). There holds

(3.12) lim

= O7
h—0

a,k,0,Vi

’T—Th

where for any linear mapping Ay, : Vi, — H(Q) with Vi, € HY(Q):

A9l 4 1.0
a,k,0,Vp, geVy, |||g| ‘ |a,k,U

PROOF. As in [5] and [10], we apply the first Strang lemma. Since the bilinear

form ay (-, -) is not approximated, we can conclude that

’b(vm wh) - 6h(Um wh)

< inf — + inf
a,k,o ~ vilelvh ||f Uh||H1 @) wilévh lehma,k,a ’

319 ||lrs - s

for arbitrary f € V}, arbitrary. Choosing v, := Il f as the Scott—Zhang interpolation
operator (c¢f. Remark 2.5) we furthermore estimate for arbitrary w € Vj:

e s

(3.15) Slle— gHLOO(Q) HthHLz(Q) HwhHLQ(Q)

’b(th, wy,) — Bh(th, wh)’ <

Sle = €l ey M f o wall 2

Slle = €ll ooy 11l g1y lwnll 2y
where we have used the stability of the interpolation II, (2.13). Since I, is a

projection onto Vj, (¢f. (2.14)) we conclude that

(3.16) H’Tf - Thfma,k,a Sle =l g @) 111y -
Thus

. T—T ’ < — € 0o 9
(3.17) H’ " axor Slle—€ll, ()

and we conclude that (3.12) holds from the fact that
(3.18) }LIH%)HG—GHLOO(Q) =0,

that we have assumed in Assumption 3.2. O
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ASSUMPTION 3.5. We assume the following convergence result, when we consider
the operators T and Tj, for L?(£2) norms:

(3.19) lim

h—0

T— ThH —0,
0,V

where for any linear mapping Ay, : Vj, — Hj () with V, € H{():

|| Argl |L2(Q)
(3.20) [[Anlloyy;, = sup ————.
9EVh H9HL2(Q)

Let F' € p(T), the resolvent set of T', be a closed set. Then we additionaly assume

that
-1
()

The following result, which can be found in [5], is also valid in the periodic case

<(C, VzeF, Vsmallh.

(3.21) ' -

that we are considering.

THEOREM 3.6 (Convergence result in the case of quadrature and smooth coef-
ficients). Let m € N, and (¢j,u;) € C x (HL,(Q) N H™(Q)) be the solution of
Problem 2.3. Let (Q:M, ujp) € Cx Vj, be its approximation, the solution of Problem
3.1, where the degree of precision of the quadrature scheme employed in the bilinear
form by(-,-) in equation (3.4) is supposed to be at least t = 2m — 1. Let furthermore

e€ C (Q). Then for h sufficiently small we have the following estimate:

per

(3.22) || — 0] < O pmindmr}

a,k,oc —

and

(323) < ChQ min{m,r}7

G — G

where 1 is the degree of the polynomials in the piecewise polynomaial space V.

Now we wish to make an analysis in the case of discontinuous coefficients. For

simplicity, we restrict ourselves to the case of simple eigenvalues.

THEOREM 3.7 (Convergence result in the case of quadrature and discontinuous
coefficients). Let (fj,h,ﬂj,h) € C x V), be an ewgenpair of Problem 3.1 that approxi-
mates a simple eigenpair (¢, u;) € C x (H;er(Q) N Hm“(Q)) of Problem 2.3. Then

for h sufficiently small we have the following estimate:
(3.24) g = inlll e S ™ 4 (€ = O B(Cn)usll 2oy

where r is the degree of the polynomials in the piecewise polynomial space Vi, and

En(Gn) « Hyo () — HJ (Q) is the spectral projection onto the eigenspace of Cjp:

(3.25) Eh(Cj,h) = i /F(Z — Th)fldz.

27
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PROOF. The proof uses the ideas of [2]. Recall the definitions (3.9), (3.10) and
(3.11). Let I'; be a circle of radius r (I';) in the complex plane centered at p; = Cj’l
and enclosing no other eigenvalues of 7. Then for h sufficiently small fi;, = ({;5) "

but no other eigenvalues of T}, are contained in I'; and

(3.26) B(G) = 5 / (=T) "z
(3.27) BGin) = 5 [ (= To) e

where E((;) : HL,(Q) — HL,(Q) and Ey () : Vi — Vi, are the spectral projections

per

onto the eigenspaces of ¢;, and (;, respectively. Using (3.26), (3.25) and (3.27) we

calculate
H wj — En(Cin) En(Cin)uy e
SIEG) s — En(Gn) ], o
+ H’Eh(Cj,h)uj — En(Gin) Bn(Gin)uy ’aka
1 _1 1
< |||=— [(Z—T) —(z—=Tp) }ujdz
271 Jr.
j a,k,o
1 ~
+ %/ [(Z —Ty) ' = (2 — Th)_l] En(Gn)ujdz
Ly a,k,o
(3.28) X
<|IIZ / (2 = T0) (T = T)(z — T)'uydz
27T T,
J ak,o
1 . B
+ %/ (Z — Th)il(Th — Th)(z — Th)ilEh(CLh)Ude
Ly ak,o
< =Ty (T —T, I dz
<||| [ e -mra-m s
a,k,o
+ / (z = Th) " N(Th — Th)(z = Th) " En(Cn)uydz
L ak,o
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We continue the estimate by

C] h Eh(C] h)uJ

’ a.k,o

T —Th)uj|||, ko
< r(IYy) Z€§2£)<hH‘(Z_Th)_lH}a,k,cr,H&(Q) I r(r)j)Jm =
o e - mEGa|,,,
(3.29) +r(I5) iy H(Z - T ako Vi r(T)
= iug@m z—1Ty) 1}Hak,a,Hé(Q) (L = Pr)ugl],
H’(Th — T3) En(Gn)u s
w0 sw [l I

In the last equality we used the relation (' — Tj)u; = (I — Py)Tu; = p;(I — Pp)uy,
where P, : Hj(Q2) — V,, is the Rayleigh-Ritz projection, i.e.

(330) akﬁ(u, ’Uh) = ak,U(Phu, ’Uh) V’Uh € Vh.
=0 from Lemma 3.4 implies that (¢f. (3.7) in [5])
a,k,cr,Vh
su z—Ty)7 ! < o0.
(3.31) zerpg<h ”( h) a,k,0,V,
Furthermore, we have that (cf. [2])
-1
(332) Sup H’ < Th H’a k,0,H} () < 0.

zel';,0<h

Hence we conclude that
E% th E%(Cﬁh)uj ‘ Ko
ST = Btillges + ||| (T = T) BalGin)us

(3.33)

a,k,o

In order to achieve the desired estimate, we now have to estimate the term

(3.34) H’(Th — Th) En(Gjon)u,

ak,o
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Observing that (7, — Th)Eh(Cj,h)uj € V), we are able to conclude that

H’(Th — T3) En(Gjon)u; 2

a,k,o

< o (Tn = Tn) Bu(Gn)ug, (Tn — Th) Bn(Gn)uy)
= b(En(Gn)ug, (Tn = Th) En(Gn)uy)
= bu(En(Gn)ug, (T = Ti) En(Cin)uy)
= Jole = QEu(Cn)u; ((Th — Th)uy)
C'[[(e = ) En(Gin)wll 12 gy H(Th — T0) En(Gin)u;

(3.35)

IN

L2(Q)

we thus end up
a.k,o

Since H(Th — Th)Eh(Cj,h)“j

with the estimate

H(Th — T3) Bn(Cjon)u;

(@) = H’(Th — T0) En(Gin)u

L2

(3.36)

= Cll(e = OEu(Cin)usll 2oy -
Combining (3.33) and (3.36) we achieve the estimate

(3.37) g = winllloge S MU= Pu)uglllyg o + 1€ = BRG] L2y

Hence we conclude that:

a7k7

(3.38) s = winllloo S P™ + 1€ = O ER(GR)U; I L2y -

REMARK 3.8. In one space dimension we can achieve a more refined estimation:
As

H (T — Th) En(Gin)u

o S H(Th — T0) En(Cjn)u

(3.30) Lo H(Q)
N H’(Th — 1) En(Cin)u; L

we achieve

(3.40) H’(Th — Th)En(Gjn)u; e S e = &) En(Gn)will 1y q)

instead of estimate (3.36). In the special case that e only has jumps in a finite

number of intervals, say T;, ¢ = 1, ..., N, and stays constant everywhere else we can
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furthermore estimate to get:
[(e = €) En(Gin)tjll 11 (g

< Z [(e = ) En(Gin)tjll oy
(3.41) i=1,...,N

< > lle =gy 1ER(Gn) s oo 1 T3]
i=1,..,N

< Ch.

THEOREM 3.9 (Relation between eigenvalue and eigenfunction error in the case of
quadrature). Let (C~j,h, Ujn) € RxVj be a solution of Problem 3.1 that approzimates
the eigenpair (¢;,u;) € R x H;er(Q) of Problem 2.3. Then we have the following

estimate:

G — Gin

<ako(uj — Ujp, wj — Ujp)
(3.42) 2
+ Gb(uy — g, uj — @jp) + Cj/ € — el |tjnl”
Q

ProoF. A simple calculation yields:

o (W) — T, wj — tp) =Cj + G — alug, @yn) — o (g, @)
=(jn— G+ 2¢ — 2R {awo (uy, ) }
=(in — G+ 2¢ — 2R{¢ b(uy, )}

4 p- -
343 ~Cin— G+ G (2= 2R{ by, T3)))
=Cin = G+ Cibuy — yp, uy — Tjn)
+Cj/(€ — &) |yl
Q
From this we conclude that (3.42) holds. O

THEOREM 3.10 (L?(2) estimate of the eigenfunctions). Let ((jp, @) € C x Vj,

be an eigenpair of Problem 3.1 that approzimates a simple eigenpair ((j,u;) € C x
(Hl Q)N Hm+1(Q)) of Problem 2.3. Then for h sufficiently small we have the

per

following estimate:
(3.44) luy = @nll oy S P 4 (€ = O BR(Ga)us oy

where r is the degree of the polynomials in the piecewise polynomial space Vi, and

En(Cin) : Hyoo () — H () is the spectral projection onto the eigenspace of Cjp:
1

(3.45) En(Gin) = 5 /F(z —Ty) tdz.

27

PRroOF. The proof is quite similar to the proof of Theorem 3.7. This time the
operators T' and T}, from (3.9) and (3.10), respectively, are considered from L?((Q)
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into L*(Q). T}, from (3.11) will still be considered as acting on Vj,. We recall the
spectral projections from (3.26) and (3.27),

1
E(() = 3 /F(z —T) 'dz,
Eh(gj,h) = % \/F(Z — Th)*ldz.

En(¢p) is a map from V;, to V;, and E((;) acts on H' (). Using similar steps as

per

we did in Theorem 3.7 we arrive at the estimate

‘ uj — Eh(éj,h)Eh(Cj,h)uj

L2(Q)
(T — Th)ujHLQ(Q)

< r(T; — Tyt
<7l J) zels“?g<h ’ ’(Z ) ’ ’LQ(Q)HLZ(Q) r (Fj)
o H(T = Th) En(Cin)uy )
+r(I'; su ‘ z—T)" H
(3.46) (') S (z —Th) o T

=p; sup (2 Th)_lHL2(Q)_>L2(Q) 17 = Ph)ull o)

ZEFj,O<h
H(Th — 1) En(Cjn)uj

+r (L su ’z—f -1 L@
() zEFj,g<h ( 2 0,Vh r (L)
From Assumption 3.5 we can deduce that
) sup z—Tp)7 ! < 00.
(3 47) zel';,0<h ( h) 0,V
The argument that
-1
(3.48) sup |[(z = T) HLQ(Q)HLQ(Q) ’

ZEFj,O<h

i.e. (2 —T,) ! regarded as operator from L*(2) to L*(f2), is bounded can be found

in [2]. Hence we conclude that
wj = En(Gn) Bu(Gn)u; L2
ST = Pa)usll gy + || (T = T0) By

(3.49) ’

L2(Q)’
where P, : H} () — V}, again denotes the Rayleigh-Ritz projection satisfying (3.30).

In order to achieve the desired estimate, we now have to estimate the term

H(Th — T3) En(Cjon)u,

L2(Q)

Observing that (7, — Th)uj € V}, and that

H(Th — T3) Bn(Gjon)u;

) < ’H(Th — T3) Bn(Gjon)u;

L2(Q ak,o
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we are able to conclude that

H(Th — T3) Bn(Gjon)u;

2

12(Q)
S o (Th = Th) En(Gn)ug, (T — Th) Bn(Cin)uy)
= b(Ew(Gn)ug, (Tn = Th) En(Gn)uy)
— bu(En(Gin)ugs (T = Th) E(Gin)uy)
= Jole = OBu(Gn)u;((Th — Th)uy)
Cll(e = O E(Gn)will 120 H(Th - Th)Eh(Cj,h)uj‘

(3.50)

IN

2(Q)

Dividing by H (T3, — Th)Eh(Cj,h)uj

we thus end up with the estimate
L2(Q)

12@) S ll(e— g)Eh(Cj,h)ujHLQ(Q) :

(3.51) H(Th — Th) En(Gn)uy

Combining (3.49) and (3.51) we achieve the estimate
(3.52) uj = winll 20y S U = Po)ugllpaq) + (€ = ) En(Gin)ujll 120 -
We conclude the proof by noting that [|(/ — Pp) Ep(Cin)ujl| 12 ) S puin{mri+1

THEOREM 3.11 (Convergence result in the case of quadrature and discontinu-
ous coefficients II). Let (C}-,h,&j,h) € C x Vy be an eigenpair of Problem 3.1 that
approzimates a simple eigenpair ((;,u;) € C x H! (Q) of Problem 2.3. Then for h

per
sufficiently small we have the following estimate:
S B (= OB Gl + G [ 16 el sl

(3.53) |G — G

where Ey(Cjp) is the spectral projection onto the eigenspace of Cjp introduced in
(3.25).

PROOF. We start with the estimate (3.42).

G — Gin

<ag o (Uj — Ujp, wj — Ujp)

(3.54) 2

+ by — g, uj — @jp) + Cj/ € — € [tjn]" -
Q

The first summand on the right hand side is the square of the quantitiy that was
estimated in Theorem 3.7. Because € is bounded from above and below by positive
constants, the second term is equivalent to ||u; — ;| |i2(9), the square root of which

was estimated in Theorem 3.10. O

REMARK 3.12. We would like to mention that when we employ simple quadrature
rules to evaluate the integrals in the assembly of the matrices and the discontinu-

ities of the dielectricity function € are not resolved by the mesh, the convergence
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for the eigenvalues need not be faster than the convergence of the eigenfunctions
in energy norm. This is in contrast to Theorem 2.11 and even to Theorem 3.6
where the convergence of the eigenvalues is twice as fast as the convergence of the
eigenfunctions.

We wish to illustrate this fact for a one-dimensional example, where € only jumps
in two intervals and linear elements are employed. We have discovered in Remark 3.8
that in this special setting the energy error of the eigenfunctions can be estimated

to converge at least at the speed of
(3.55) g = @inlllpo S b+ (€ = OEGrUll 10y S b

Starting with Theorem 3.11 and doing similar manipulations as in Remark 3.8, we

can conclude that

(3.56) G —Gn

~ 2 ~ ~ 2
< B 4 (e — DEG)us ey + / & — el ligl® < by

since [[Ep(Cin)tjl| oo ) and [[ujnl] o q) are bounded in our special situation.
The inaccuracies in the assembly of the matrices due to quadrature, which are
rather significant, thus equally affect the calculated eigenfunctions and eigenvalues.

We could observe this fact also in numerical experiments (see Section 5.1 for details).

3.2. A posteriori estimates. We wish to show a result similar to the one in
Theorem 2.17 but without assuming exact integration in the solution procedure.

This comes at the expense of some additional terms.

(Q) be a
simple eigenpair of Problem 3.1. Then for h sufficiently small we have the following

THEOREM 3.13 (Reliability of the estimator). Let ({jp, ;) € C x H?

per

estimate:

(3.57)
;= @inlllgro < M (G in) s 0 + € = €l 120y + ¢ /Q & — el |@;nl* + b,

where g, <(C~j,h,&j,h), Q) has been defined in Definition 2.15.

PrROOF. We readily calculate for arbitrary v € H},(Q) and arbitrary v, € Vj,
that

ak,o(Uuj — Ujp,v) = ¢ bluy,v)

(3.58) + TZGT/T <(V +ik) - (V +ik)a;, + géj,hﬂj,h) (v —vp)

— Z an(ah + 1kﬂh)(v — Uh) — Ej,hg(ﬂ/j,h7 U).
oT

TeT
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It is equivalent to

ko (Uj — Ujp,v) Z / V +ik) - (V + 1K), 4 € pil;, h) (v —vp)

TeT

(3.59) —= Z /8 : (. + ikiin)] (v — vn)

TE‘J‘
+ / (EC]'U]' — géjﬁ’&jﬁ)ﬁ.
Q

We are going to choose v := u—1;; and define v, := IIv, where II}, : H;er(Q) — Vi

is the interpolation operator satisfying Assumption 2.4. This yields:

ko (Uj = Wjp, v (Z 77T> V] +/ (€Ctuy — €Ciniyn)T
Q

TeT

1
2
< (Z 77%) H|UH|a,k,a+/Q e(Cyuy — Gintyn)v

TeT

(3.60) +/ (€ — &)CniijnT
Q

1

5(217%) ollses + | sty = )0

TeT
+ / e(¢j — Cjn)jnT + / (e — O)Cniiy .
Q Q

Here we used that [v];q) S [[[v[l[,x,- Now we employ Theorems 3.9 and 3.10.
This leads to:
(3.61)

1
2
ey = il |2y S (Z 77:2r> e = jnlll g1 o

TeT

+ <hmin{m’r}“ + [(e = g)Eh(Cj,h)uij(m) [t = @jnll 120

min{m,r ~ 2 ~ ~ 2
" (h? )1 e~ DB Giaullge + [ 1=l sl )
X ||aj,hHL2(Q) [l — ﬂj,hHL?(Q)
+ G 1€ = Otinll 2oy s — Winllr2q) -

Using the fact that both [|@nll 2., and [|Ex(Cjn)ull 2 are bounded as well as

the fact that [lu; — @jnll o) < [llug — @jnlll we can deduce the desired result

a,k,o

by dividing by the latter quantity and using the fact that h is small. 0
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REMARK 3.14. One conclusion that could be drawn from Theorem 3.13 is that
in order to perform a successful a posteriori analysis of the error in the eigenfunc-
tions in energy norm, we should have some element-wise contributions of the terms
e — €[] j2(q) and Jo l€—¢ |i;4° in the estimator. The terms should be approxi-
mated by some easier expressions. If we were to assume that we could evaluate
e — €ll2¢r) and [ |€ — ¢ |i1;4]7 exactly, then there would be no point in our whole
analysis since in that case the integrals in the assembly of the finite element matrices,
which involve similar expressions, should be evaluated exactly in the first place.

Hence we recommend to include terms of the form
(3.62) hr (€ =€)

in the estimator 13 ((@,n, Cin),T), where € and € are from (2.2), in the case of the

eigenvalue problem when the discontinuities of € are not resolved by the mesh.

4. An algorithm to calculate adaptively in both 2 and the Brillouin zone

It is the aim of this section to use the results from Sections 2.5 and 2.6 as
building bricks in an algorithm to compute an entire band structure adaptively.
The ultimate goal is to reduce the quantity FRROR from (1.2) using as little as

possible computational resources. We recall this quantity here,
(1) ERROR = 1235 |,() = Ao

which shall be reduced starting from a combination of a uniform triangulation Ty in
2 and a set of discrete points Ky := {ki}f\fl uniformly distributed in the Brillouin
zone. In the course of the calculations we work with only one mesh in €2, the refine-
ment procedure of which will be quite similar as the one in Algorithm 2.19. Before
each refinement in 2, though, we accumulate contributions to the set marked for
refinement from the a posteriori error estimates for the different eigenvalue problems
for the different values of the discrete set of parameters {kl}fvzo1 In this way, we have
a routine that solves the eigenvalue problem for various parameters simultaneously
using adaptivity in €.

In the Brillouin zone, we also create a mesh from the set of discrete points
Ko := {k;}2%. If Nyy is the number of elements of the initial mesh in the Brillouin
zone, we define an array {I ]};V:Of with zero entries. The zeros indicate that we have
not evaluated yet, if the parameters are chosen dense enough. Elements of the mesh,
that will not be refined further will be set to 1 in the algorithm. In the course of
the calculations, since we do not know the true band functions \;(-), we estimate
the expression (4.1) by means of further band function evaluations, i.e. further

eigenvalue problems to be solved.
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14:
15:

16:
17:
18:
19:

II. ADAPTIVE BANDSTRUCTURE CALCULATIONS

ALGORITHM 4.1. (Adaptive bandstructure calculations)
Choose TOL > 0 .
Choose 0 < 6 < 1.
Set n:=0.
Pick any initial mesh Ty and initial set of discrete points Ky := {k;}°, C B,
which are the nodes of a conforming triangulation of B.
Solve for eigenpairs {(Cio.k;s 41,0k:) by, cxoenr USING Algorithm 4.2 with Ty, Ko
and 6 as input.
Define array I = {I; j\f:of of size Ny with zero entries.
while {i : /; = 0} is not empty do
Set V = 0.
for je {i: 1;#1} do
Compute the centers e; 1, e and e;3 of all edges of I; and add them to a
list V:i=VUe;1UejrUe;s.
end for
Create new elements of the mesh in B by joining all elements from V. The
old elements are removed from the list I, and the newly created elements are
added to the list with value 0.
Solve for eigenpairs {(Cl,n,ki7ul7n,ki)}ki eV.ieM with triangulation 7, using Al-
gorithm 4.2 with 7T, and V as input.
foric {j: I; # 1} do
if I, is such that for any k; € V in the closure of the element I; the expression
Cink, from step 13 differs at most TOL from the linear interpolation, which
is the unique linear function joining the eigenvalues previously calculated
for the boundary nodes of the element, for all [ € M then
Set I, :=1.
end if
end for

end while

ALGORITHM 4.2. (Adaptive solution of the eigenvalue problem for various
k; at once)

Input: Initial mesh Ty on €2, set of discrete points K in the Brillouin zone B, n,

6.

: Solve Problem 2.7 on T for each k; € K, to find the eigenpairs

{(Cl,O,km ul’ovki)}kiEKo,leM .

Compute the local error indicators

{UTO,i((Cl,O,k“ ul,07k1)7 T)}TE‘TO = {nTO((Cl,O,kN ul,07k1)7 T)}TE‘TO for all kZ e K using
the expression (2.33).
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4: while 3 i such that ny, ;((Gnk, Wnk),2) > VTOL do

5:
6:

10:
11:
12:

13:
14:

for i such that 1y, ;((Gnk;, Uink,),2) > VTOL do
Mark a set M, x, C 7, according to the marking strategy described in
Section 2.6.3 using 6.

end for
Define M := U M, x;

k;eK
Refine 7,, according to the procedure described in Section 2.6.4 to get a new

conforming triangulation 7T, ;.

for k; € K do
Solve the eigenvalue problem (2.15) on T,,4+4 to find the eigenpair ({ 41k, Uint1x,)-
Compute the local error indicators
{n7ii((Cns ks Wns1xi): T) }TG%H = {071 ((Qns ks Wns1,): T) }TG%H
using the expression from (2.33).

end for

Let n:==n+1.

15: end while
16: Output: Eigenpairs {(Cnk;, Uink;) b ex,enrs triangulation T,

REMARK 4.3. Algorithm 4.2 terminates due to the convergence result in Theorem

2.20, if we start from a sufficiently fine mesh in €). The reason is that due to the

contraction property in that theorem we can reach any prescribed tolerance for the

error in energy norm of an eigenfunction in a finite number of steps. The fact

that we consider several distinct eigenfunctions at the same time does not pose

any problems, because we consider the union of all refinements as would occur for

independent applications of Algorithm 2.19, which is convergent. Although Céa’s

Lemma is not valid in the case of eigenvalue problems, any additional refinement

for one eingenvalue problem that results from the other problems cannot worsen the

approximation significantly in the regime where we started with small initial step

size in 2. In steps 4 and 5 of Algorithm 4.2, we require that the estimator be smaller

than v/ TOL because due to Lemma 2.13 this is a quite reasonable requirement if we

want to have the error in the eigenvalues to be less than TOL.

Algorithm 4.1 terminates when the set {i : I; = 0} in step 7 is empty. Since the

band functions are highly regular functions of the parameter k, it is justified to

assume that at some point, as the mesh size decreases in the Brillouin zone B, the

linear interpolation that occurs in step 15 of the algorithm will be a good approxi-

mation of the true band function, which in turn is sufficiently well approximated in

discrete points by Algorithm 4.2. Then the different I; in step 16 will be set to one
and the set the set {i : I; = 0} will be empty.
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5. Numerical results

5.1. Results concerning the effect of quadrature. We first wish to illus-
trate numerically the findings at the end of Remark 3.8, that the error in the eigenval-
ues does not converge asymptotically as the square of the error in the eigenfunctions
in the energy norm.

This can be easily seen in a one-dimensional example, that follows. In an exam-
ple, where the dielectricity function € has a finite number of discontinuities in €2, we
were able to estimate in equations (3.55) and (3.56), that we have convergence in
the energy norm of the eigenfunctions and in the absolute values of the eigenvalues

of order 1 with respect to the mesh size h.

1 1
0 0.25 0.75 1

o
Sk

FIGURE 5.1. Dielectricity funciton e that is used for the experiments.

Our examples serve the purpose to show that, in general, we cannot expect better
convergence behaviour for the eigenvalues than for the eigenfunctions with certainty:.
Because the dielectricity function € possesses some symmetry, we distorted the initial
grid just a bit in order not to have cancellation of different errors. In Figures 5.2 and
5.3 we plot the different errors for uniform refinements starting from two different
randomly created distorted initial grids. If we do not distort the initial grid, or if
the dielectricity function e is continuous on €2, than we observe (Figure 5.4) that the
rate of convergence of the eigenvalues is twice as fast as that for the eigenfunctions

in energy norm.
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FIGURE 5.2. First Example: Number of unknowns vs.
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errors for the

eigenvalue and eigenfunction (energy error and estimated error) for se-
quences of uniformly refined grids starting from a distorted grid. The
quantities that are displayed in the legend are to be taken as Y and their
respective logarithms are the y-values in the plot.
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FIGURE 5.3. Second Example: Number of unknowns vs. errors for the
eigenvalue and eigenfunction (energy error and estimated error) for se-
quences of uniformly refined grids starting from a distorted grid. The
quantities that are displayed in the legend are to be taken as Y and their
respective logarithms are the y-values in the plot.
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If we apply Algorithm 2.19 from Section 2.6 to solve an eigenvalue adaptively

for fixed parameter k, where the dielectricity function e is discontinuous and using



34 II. ADAPTIVE BANDSTRUCTURE CALCULATIONS

10g,4(Y)
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FIGURE 5.4. Third Example: Number of unknowns vs. errors for the
eigenvalue and eigenfunction (energy error and estimated error) for se-
quences of uniformly refined grids. The initial grid is not distorted. The
quantities that are displayed in the legend are to be taken as Y and their
respective logarithms are the y-values in the plot.

a simple quadrature rule but without additional terms in the estimator, we get
very bad results as displayed in Figure 5.5. We notice that the error in eigenvalues
(the red line in Figure 5.5) behaves rather eratically. In the course of the adaptive
refinements the error due to quadrature on some meshes is of the same scale as the
error due to discretization while on other meshes it is much larger. We conclude
that the error due to quadrature cannot be neglected in the a posteriori analysis
and that terms as suggested in Remark 3.14 should be added to the a posteriori
estimator. Thus, assuming exact integration when developing a theory limits the
range of examples to which it can be applied.
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FIGURE 5.5. Adaptive refinements for discontinuous e that is not resolved
by the mesh: Number of unknowns vs. errors for the eigenvalue and eigen-
function (energy error and estimated error) for the solutions of Algorithm
2.19 but solving Problem 3.1 instead of Problem 2.7 in each step 8 of Algo-
rithm 2.19. We additionally display some quantities that appear in equation
(3.43). The quantities that are displayed in the legend are to be taken as
Y and their respective logarithms are the y-values in the plot.
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5.2. Results concerning the adaptive band structure calculations from
Section 4. First we have a look at what can be achieved with uniform meshes (both
in Q and in B). We are dealing with a one-dimensional example for no other reason
than that it can be implemented easily. Table 5.1 lists the FRROR quantity defined
in (4.1) for different combinations of uniform meshes in 2 and in B. In the example
that is used for the calculations, € attains the values 1 and 11 on equal parts of the
domain €2 and is piecewise constant with only two jumps. No jumps occur in the

interior of any element.

32 64 128 256 512 1024 2048

Q
B
8 | 7.81e-01 | 3.88e-01 | 2.91e-01 | 3.26e-01 | 3.36e-01 | 3.39e-01 | 3.40e-01
16 | 8.25e-01 | 2.06e-01 | 1.22e-01 | 1.62e-01 | 1.72e-01 | 1.75e-01 | 1.76e-01
32 | 8.73e-01 | 2.18e-01 | 5.44e-02 | 4.91e-02 | 5.95e-02 | 6.21e-02 | 6.27e-02
64 | 8.96e-01 | 2.23e-01 | 5.57e-02 | 1.39e-02 | 1.43e-02 | 1.69e-02 | 1.76e-02
128 | 9.04e-01 | 2.25e-01 | 5.61e-02 | 1.40e-02 | 3.51e-03 | 3.73e-03 | 4.39e-03
256 | 9.06e-01 | 2.25e-01 | 5.62e-02 | 1.41e-02 | 3.51e-03 | 8.78e-04 | 9.42¢-04

TABLE 5.1. Error in the eigenvalue approximation on uniform meshes.

We also display the results graphically:

number of intervals in B 0 1
number of intervals in Q

FIGURE 5.6. Error on different uniform meshes.
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We realize that care should be taken when deciding how fine the meshes in {2
and in B should be. It does not help to approximate the eigenvalues very well for
each parameter k, but only use a coarse mesh in B or vice versa. We realize that a
prudent choice of the fineness of the meshes leads to good results with a reasonable
amount of work.

Now we turn our attention to what kinds of results we achieve implementing our
algorithm. The results of the algorithm described above can be seen in the black

diamonds in the graph below.

number of intervals in B 10 4 o number of intervals in Q

FIGURE 5.7. Here we compare the results of Algorithm 4.1 (black
diamonds) with the previously displayed results for uniform refine-
ments.

In order to make it easier to draw some conclusions we now plot the error against
only one quantity, which we think is a good measure of the amount of work or time
necessary to solve the eigenvalue problem, namely the square root of the product
of the numbers of intervals in {2 and in B. The red and blue lines in the graph
correspond to the numbers that are printed in the same color in Table 1. The black
line corresponds to data from Table 1 between the red and blue diagonals. Once
again we have plotted the results of the adaptive strategy as in the previous graphic

as black diamonds.

We realize that the adaptive algorithm automatically finds good combinations of
meshes in (2 and in B. Since the eigenfunctions in the example are relatively smooth

functions, it only leads to results that are a bit better than those obtained for the
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exact error

107 ‘ ‘ ‘ e —
10°
VNI X NK

F1GURrE 5.8. Visualization of the coloured data points of Table 5.1.
The diamonds are results from adaptive calculations.

optimal combinations of uniform meshes. Nonetheless, it is more effective to use one
automatic procedure than to solve the problem on many different combinations of

uniform meshes and then guess which of the bandstructures is the most accurate.



CHAPTER III

Adaptive methods for the 2d curl curl problem

The most interesting case of course are 3d photonic crystals. In this case, the
problem does not split any more into two disjoint elliptic problems. There are lots
of difficulties involved in solving the curl curl equation adaptively. That is why
we focus on this issue in this section. A first step in this direction is to study the

following boundary value problem:

VXV xE=f in Q,
(0.1) V-E=0 in Q,
Exn=0 on 0f),

where f € L*(Q) with V-f = 0.

The a posteriori estimates apply to this general 3d case. As we have restricted
the numeric experiments to the 2d curl curl equation, the a priori estimates that we
cite for the weighted regularization method that we introduce in Section 2.2 are only

for this case. In two space dimensions we distinguish between a scalar-valued curl
that maps from L*(Q)? to L*(Q)

c%g 81}1
2 - _
(0.2) V xv 92 Oy’
and a vector-valued curl that maps from L(Q) to [L*(Q)]?
99
. 8x2
(0.3) Vx¢= oo
@xl

We assume that () is a polygonal domain. If the domain (2 is non-convex, which
amounts to considering a domain that has finitely many corners with an interior

angle w, > m, the set of all these non-convex corners a € 9€) will be denoted by A.

1. Discretizing the curl curl problem — edge elements vs. nodal

elements

Let us first state some spaces that are necessary for the discussion of the problem.
We write vector-valued functions in bold as well as the corresponding spaces. Thus,
L?(Q) means L*(2)? or L*(2)?, depending on whether we are in the two- or three-

dimensional setting. However, we do not make any notational distinction between

39
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the scalar products in L*(Q2) and L%*(2). The following space, equipped with its

natural norm, will be crucial when dealing with Maxwell’s equations:
(1.1) H(cwl, Q) :={Ee€L*(Q): VxEeL*(Q)}.

We also use a corresponding space with zero trace of the tangential component on

the boundary,
(1.2) Hy(curl, Q) :={E € H(cur, Q) : Exn =0 on 90} .
On Hy(curl, ), the weak formulation of the problem

(1.3) E € Hy(curl, Q) Vv € Hy(curl, Q) / VXxE - Vxv= / f-v
Q Q

is not coercive since any gradient field is in the kernel of the operator associated
with the bilinear form on the left hand side of the equality. Hence the Lax-Milgram

lemma cannot be applied. There are several ways to circumvent this difficulty.

One way to proceed is to recall that we are only looking for divergence-free
solutions. If we define

(1.4) H)(curl, Q) := {E € Hy(curl, Q) : Vx E =0 in Q},
and
(1.5) Zo(Q?) := {E € Ho(cur, Q) : (E,z) = 0 Vz € Hj(cur, Q) },

then we are in position to quote a Poincaré-Friedrichs-type inequality, Corollary 4.4
in [24):

LEMMA 1.1. There is a constant C' > 0 depending only on €2, such that

(1.6) |Ellq < |V x El|lg  for all E e Zy(Q).

This lemma is one step in the analysis of the existence and the uniqueness of a
solution to both the Maxwell source problem and the Maxwell eigenvalue problem.

A well-known strategy for finite element computations of the Maxwell equations
is to use one of the two families of edge elements due to Nédélec (cf. [30] and [31]).
These elements are conforming in H(curl, €2) since they are made up of piecewise
polynomial functions whose tangential components are continuous across elements.
The normal component is allowed to jump across elements. On a discrete level these
edge elements admit a splitting into a large kernel space and a space where the
Maxwell solutions are approximated. For instance, for linear elements of the first
family of Nédélec edge elements the splitting takes the form (cf. (3.5) in [34])

(1.7) NI N HY(curl, Q) = VY,
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where N? denotes the linear edge elements conforming in Hy(curl, ) and V{* de-
notes the piecewise linear finite element subspace of H}(€2). This splitting is a key
ingredient in the stability analysis of the discrete counterpart of (1.3) and ultimately
in the convergence analysis of finite element methods that employ edge elements.
Unfortunately, when approximating the Maxwell eigenvalue problem by means of
the edge elements, we calculate many zero eigenvalues that correspond to eigenfunc-
tions in the kernel of the curl-operator, NANHY(curl, ). For an illustration we refer

to Figure 4 in [15], for instance.

When we use nodal elements, on the other hand, to approximate the Maxwell
equations, there is no splitting similar to the one in (1.7) that we could use for the
analysis. Usually some sort of regularization is performed such that the formulation

includes V-E in some term. One possibility would be to introduce the space
(1.8) Xy = Xy[L*(Q)] := {E € Hy(cur, Q) : V-E € L*(Q) }

and seek solutions
EeXy VveXy

1.9
(19) /{VXE-VXv+SV-EV-v}:/f-v,
Q Q

where we have an additional term that integrates in L*(€2) the product of the diver-
gence of E and the divergence of the test function and s > 0 is a penalty parameter
that can be chosen. Formulation (1.9) can be discretized using nodal finite elements.
The discrete space that consists of piecewise polynomials is required to be curl and
div conforming. Hence each function in the finite element space is continuous across
interfaces and contained in H'(Q). If Q is convex this choice of a discrete space is
dense in X y[L?(Q)]. But if Q is not convex, this is no longer the case (cf. [13]).

A better solution thus seems to be to stabilize the divergence in an intermediate
space Y between L?(Q) and H'(Q) and pose the problem in

(1.10) Xy[Y]:={E € Hy(cur,Q2) : V-E€ Y}
with this choice of Y. The problem then reads as follows:
EGXN[Y] VVGXN[Y]

/VxE-VXv+S(V~E,V-v)Y:/f-v,
Q Q

(1.11)

where (-, -),- denotes the scalar product in Y and s is a parameter to be chosen. The
approach taken by Badia and Codina in [4] corresponds to the choice Y := H~ ().
Bonito and Guermond in [7] choose Y := H *(Q2), o € (3,1), in the case of the
eigenvalue problem. The approach by Costabel and Dauge on the other hand makes
the choice Y := Lj7_(€2), a weighted Sobolev space.
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2. Two different approaches using nodal elements

We have chosen to focus on solving system (0.1) using nodal elements, which is
a rather new area of research. To our knowledge, there are no results concerning
a posteriori error estimation for these methods available in the literature. We will
focus on this issue in Sections 4 and 5. For now, we introduce the discrete spaces
that are used for both methods.

As we did in Section 2.3 of Chapter II, we define a space of piecewise polynomial

functions on a triangulation T, (this time conforming in H'(€2) and not in H (1)),

(2.1) Qn = {v, € C%Q) | vpr € P(T) for all T € Ty, },

where P,.(T') stands for the space of polynomials less than or equal to r > 0.
We consider this kind of H'-conforming finite element space for every component
of vectorial fields:

(2.2) X, := (Qn)"* N Hy(curl, Q).

The degree r of the polynomials at hand will be specified later. For the methods of
Badia and Codina [4] and Bonito and Guermond [7], which we henceforth will refer
to as negative Sobolev penalty discretizations we additionaly need another scalar

finite element space

(23) Mh = Qh/R

Again, the polynomial degree for the space M) will be specified later. We recall
from Section 2.3 that for a typical element 7', its diameter is denoted by hp. We
denote the maximal diameter in a triangluation by A™* := maxpeshr. h denotes a
piecewise constant function whose restriction to an element 71" is hrp.

As in Section 2.3 of Chapter Il we assume the existence of some standard inter-
polation operators (cf. [12], [33]).

AsSUMPTION 2.1. There exist interpolation operators ITj, : Hg(Q2) — M, and
I, : H'(Q) — X, with the following properties:

(2.4) lv = Tpollg 7 < Chr [l 4y
(2.5) |w — HhWHo,T < Chr |W|1,w(T) )
and

1
(2.6) v — HhUHO,F < Chg MLu(F) )

(2.7) [w = TLwlly p < Chi [W| p) -
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Furthermore, we assume that the following stability estimates hold

3
(2.8) lo = vl < Clvlme » 0<1<3,

3

2.1. Negative Sobolev space penalty discretization. Both Badia and Co-
dina [4] as well as Bonito and Guermond [7] independently suggested to solve (0.1)
by means of the following discrete scheme: Find (Ej,, pn) € X, X My, such that

/ {v X Eh -V x vh+Vph 'Vh+h2V'EhV'Vh} = / f'Vh,
(2.10) Q
{-=En Vg, +Vpn-Vagr} =0
Q

for all (v, qn) € X X Mj,. Bonito and Guermond [7] more generally consider the

discretizations

/ {V X Eh -V x Vp +Vph -V +h2aV'EhV'Vh} = / f. Vi,
(2.11) 9 Q
JA-Bu Va4 1209V, - T} =0
Q

for all (vp,, qn) € X x My, where a € (%, 1]. In what follows, we will call the scheme
(2.11) the H~* penalty discretization. The motivation why (2.10) is a good scheme
to discretize (0.1) is quite different in Badia and Codina [4] compared with the one
given in Bonito and Guermond [7]. We briefly summarize the viewpoints.

In [4] the point of view is that the Maxwell problem (0.1) first is recast as a
saddle point problem with a Lagrange multiplier p € H}(Q):

VXV XE-Vp=f in §Q,
(2.12) —V-E=0 in €2,
Exn=0 on 0f).

For the weak formulation of this problem, the inf-sup condition
(2.13)

, Jo{VXE-Vxv—-Vp-v+E- Vg}
inf sup

> >0
(,p)€Ho(eurl Q) x H§ (2) (v,q)eHo (curl, ) x HY (2) [ PV, gll]

is satisfied, where

(2.14) v alll = 1Ivllaeuo) + llall @) -
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The problem thus possesses a unique solution. For numerical purposes this form is
augmented. Otherwise the discrete counterpart would not satisfy an inf-sup condi-

tion. The augmented form reads as follows:
VXxVxE-Vp=f in €,

(2.15) —-V-E-Ap=0 in €,
Exn=0 on 0f).

Its weak formulation is:
(2.16)

E € Hy(curl, Q) Vv € Hy(curl, Q) /{VXE-VXV—Vp~V}: f-v,
Q
Vg € Hy(Q) f{E~Vq+Vp~Vq}:O.
0

If we multiply the last line by —1 and substitute V¢ = —Vp, then we have exactly
(2.10) with V¢ instead of Vp;, and apart from an additional stabilization term that
is motivated both theoretically and numerically in [4].

The point of view taken in [7] is that we choose Y := H™*(2), o € (3,1], in

E € XN[Y] Vv € XN[Y]
/VxE-va+(V-E,V-V)Y:/f-V.
Q

Q

(2.17)

For the choice @ = 1 this results in

Ec Xy[H Q)] YveXy[H Q)

/VXE~VXV—}—(V-E,V~V)H1(Q)z/f-v.
Q Q

(2.18)

In what follows we use the following definition of the H~1(Q)-scalar product

(2'19) ('7 ')H*l(Q) = <'7 (_A)_l > )

where (-, -) denotes the H~1(Q) — HJ(2) duality pairing. If for an arbitrary vector
field E € L?(Q) we let p(E) € Hj(2) be so that

(2.20) Ap(E) = V-E,

then the following identity holds:

(2.21) (V-v,V-E)y 1) = / Vp-v.
Q
That is why we look for solutions to
E € Xy[H Q)] Vv eXyH Q)

2.22
(2:22) /{VXE~VXv+Vp~V}:/f-V,
Q Q



2. TWO DIFFERENT APPROACHES USING NODAL ELEMENTS 45

where p satisfies (2.20), or as expressed weakly

(2.23) /Vp-Vq:/E-Vq Vg € Hy(9).
Q Q

We realize that we have again found (2.16) and the need for the stabilization term
h*V-E,V v}, is explained in [7].

2.2. Weighted regularization method. The idea of the weighted regulariza-
tion method due to Costabel and Dauge [16] is to choose Y in (2.17) as a weighted
L? space.

(2.24) L7,(Q):={peLi(Q) :d¢ecl’(Q)},

where d is a function, that behaves locally like the distance to the nearest non-convex
corner a € A of the domain €2, and the choice 0 <~ <1 ensures that

(2.25) L*(Q) C L7 (Q) c H ().
The Maxwell problem is then posed over the space
(2.26) Xn[Li, ()] = {v e Hy(cwrl, Q) : V-ve L7 (Q)}.

In [16] it is shown that for v € (7, 1] the operator associated with the weak
formulation of (0.1): Find u € Xy[L7 ()], such that

(2.27) / {Vxu-Vxv+d'V-uV-v}= / f-v forallveXy[L] ()
Q Q

is elliptic, the subspace H'(Q2) N Ho(curl, Q) is dense in Xy[L7 ()] and the solu-
tion of (2.27) coincides with the solution of (0.1). 7y depends on the domain €.

According to [8] and [11], we have the following equivalence of norms on the space
X (L, ()]

228)  I¥llxyizg o = VI + IV X VI TV~ 1V 5 v+ 19]],
Y

where two norms ||-||, and ||-||5 are equivalent in the sense ||-||,~ ||-||5 if both
A4S [l g and ||-][5S |I-|] 4 for all elements from the Hilbert space. The discrete

version of equation (2.27) can simply be stated as: Find u;, € X}, such that

(229) / {V Xu, -V Xv,+ dQWV'uhV'V}Z} = / f-v, forall v, eX,.
Q Q
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3. A priori results from literature

In order to prove convergence in energy norm, both Costabel and Dauge in [16]
and Badia and Codina in [4] make an assumption that the finite element space Xy,
contains gradients of another finite element space, which in turn possesses good

approximation properties.

ASSUMPTION 3.1. There exists a finite element space G}, defined over the mesh
partition T, such that V¢, € X}, for any function ¢, € G},. Furthermore, this space
satisfies the approximation property

. max\t—s
1) 0 16— ullec S B 19~ dnllnc

in any bounded set w C Q, ¢ € H'(w) and 0 < s <t <r+ 1.

REMARK 3.2. In [4], several examples of elements are listed for which Assump-
tion 3.1 holds true. For instance, it is known to hold in dimension 2 for » > 4. In
this case we can take GG}, as the finite element space obtained for the Argyris trian-
gle. GG, could also be constructed by using the Bogner-Fox-Schmidt triangle, which
is r > 2. In order to do this, the triangulation T should admit a coarser mesh
of macroelements. Under the same kind of restriction on the mesh topology, the
discrete space recently introduced in [35], based on the Powell-Sabin interpolant,

makes true Assumption 3.1 in both 2 and 3 dimensions for r > 1.

3.1. Negative Sobolev space penalty discretization. Here we would like to
summarize the pointwise convergence results from Badia and Codina [4] and Bonito
and Guermond [7] for the discrete solution of (2.10) and of (2.11), respectively, to
the solution of (0.1).

From Bonito and Guermond [7] we cite the following convergence result for the

error measured in L*(€)) norm.

THEOREM 3.3 (Convergence in L*(2) norm). Let r > 1 be the polynomial degree
of the space Xy,. Then the solution By, of (2.11) converges to the solution E of (0.1)

and the following estimate is valid
a—Li__a
(3.2) I|E — EhHLQ(Q) <C (hmax)( 2 2(r+1))
where the notation b~ denotes any real number strictly smaller than b.

In order to state the convergence result from Badia and Codina [4], we use the

following regular decomposition.

LEMMA 3.4 (Regular decomposition). Let E be the solution of the continuous

problem (0.1). Then it can be decomposed into a regqular and a singular part.

(3.3) E=w+ Vo,
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where w € H(Q)3 NHg(curl, Q) and ¢ € HL(Q) N HFAQ) for some real number
A > mingea wla If A is empty the lemma holds with A\ .= 1.

The lemma is stated in [4] and is a result of the deep analysis about the singu-

larities of the Maxwell problem due to Costabel and Dauge [14].

THEOREM 3.5 (Convergence in |||-||| norm). Let Assumption 3.1 be satisfied.
Then the solution (En,pr) of (2.11) converges to the solution (E,p) of (2.12) and
the following estimate holds

(3-4) IIE = En,p = palll < C (0™ [Jwll ey + ()10 se(e)
for any € €]0,t — [ and for t = min{\,r}, with X\ from Lemma 3.4.

REMARK 3.6. We stress the fact, that the formulation in both [7] and [4] is
developed for uniform meshes. The parameter h in the formulation is a quantitiy
that is uniform on each discretization. All arguments carried out in both papers
can be generalized to non-uniform meshes and all proofs work also with a piecewise

constant function A that attains the value of the diameter on each element.

3.2. Weighted regularization method. In order to state the a priori results
for the weighted regularization method we need to specify which space L7_(€2) and
Xn[L;,(Q)] we are using. The weak formulation (2.27) depends on the choice of v
which in turn depends on the domain (2.

For a convex domain {2 we can choose d = 1. If the domain (2 is non-convex
on the other hand, we let d denote the distance to the non-convex corners a € A:
d(x) = dist(x, Uacawa). The weight function d” thus behaves locally as the distance
function to a non-convex corner, raised to the power v > 0. It is a non-negative
function that is bounded from above and beolow by a strictly positive constant
outside a neighbourhood of A.

From Theorem 7.4 in [16] we have the following result:

THEOREM 3.7 (Convergence in Xy[Lj ()] norm). Let Assumption 3.1 be sat-
isfied. If v is chosen such that 5P := mingecq 1 — =<y <1 forallac A, then

max\min{ 7, ANev—¢ y—§Dir_¢
(35) B = Bl o < OO e,

where AV := min,¢ A oo 18 the minimum singularity exponent for the Neumann
Laplace operator and r is the degree of the polynomials in X,,. If A is empty we can
make the choice 6P := 0 and the theorem holds with AV¢* := 1.



48 III. ADAPTIVE METHODS FOR THE CURL CURL PROBLEM

4. Estimator for the H~ ! discretization

We develop an a posteriori error estimator for equation (2.10), that is equation
(2.11) with the choice & = 1. We then show that it is a reliable estimator. We define

the element residuals

M) ._ ;2 ;
V) = h2||f =V x V X Ej, — V|2,

)

(4.1) (1) = W3 [IV-Eull.,
2

(n?)" = h Al

and jump residuals

) (1) = b 11V % By x ]2
)

2
()" = hell[apil}-

Furthermore we define

n(T)* = (77%”)2 + (779)2 + (77%”)2

(4.3) 1 2 1 2
1) (2)
o2 (W) ey X ()
FCOT,FEF}, FCOT,FEF,
and
(4.4) N’ =Y nr

TeTy

and show reliability of the estimator in a special situation.

DEFINITION 4.1. On X, X M), we define the discrete norm as:

1

(4.5) [[1vas palll, = IV x vl + (Z I !|V~vhH2T) + [ Vinl[-

TeT

LEMMA 4.2. For the difference between the discrete solution (Ey, py) € Xj X My,
in (2.10) and the solution (E,p) € Hy(curl,Q) N H(Q) of the continuous problem
(2.12) there holds

(4.6) [E = En,p—pulll < Cll[E=En,p—pulll,

independent of h.

PROOF. The proof is similar to the proof of Lemma 3.3 in [4], where the result
has been shown for the discrete solution alone and not for the differences E — E,,
and p — pp. Since X, x M;, C Hy(curl, Q) x H}(), due to the inf-sup condition
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(2.13) we know that
(4.7)
sup Jo{VX(E—-Ey) -Vxv—-V(p—py) v+ (E—-E,)-Vq}

(v,4) €Ho (curl, Q) x H} (©) [E = En, p = pall[ |V, glll

> 0(3>0.
We now do some manipulations with the numerator
[T % BB Vv = V=) v+ (BB Vo)
— /Q{Vx (E—E,) - Vxv—V(p—py) v+ (E-E,) V(g—1I,q9)}

uy  +[E-E)-VLg
19 (B~ B[V x ]| + V(0 — )l V]
£ 3 b IV~ Bl [Vl + 190 — )l [V (L)

TeTy,

S ME=Epp—palll, lllv, glll,

N

where to estimate the second integral after the equality sign, we used the fact that
V-E = 0 as well as the fact that the discrete solution (Ej,ps) solves (2.10). II,
is the interpolation operator from Assumption 2.1 and we use its continuity in
H'(Q) (2.8). When employing (4.8) in (4.7), cancelling |||v, ||| and multiplying

by |||E — Ej, p — pp||| we arrive at the result that we claimed was true. O

LEMMA 4.3 (Decomposition lemma). The following decomposition is possible for
the difference between the solution E of the continuous problem (0.1) and the solution
E;, of the discrete problem (2.10)

with w € HY(Q) and ¢ € Hy(Q) and the estimate

(4.10) Wl + ol < 1B = Enllgeuno) -
PRrROOF. The result can be found in [24] (Lemma 2.4). O

AssuMPTION 4.4 (Interpolation/Approximation by a C! regular functions). There
exists an interpolation operator II;, : HNQ) — HI(Q)NCHQ) N V,pq, where V4
denotes a standard finite element of piecewise polynomials of degree at most r + 1

and r is the degree of the space X,, such that there holds

— 1 H < Al
H¢ W5T_ 71911 wer)

(4.11) _ |
o= Tins|| <17 1680
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Additionally, we assume that we have the following stability estimate

(4.12) HVﬁhchQ < |IVdllg-

THEOREM 4.5 (Reliability of the estimator). Let Assumption 4.4 be true. Then,
if hp < 1 for all T € Ty, the a posteriori error estimator (4.4) is reliable in the

sense that
(4.13) [E = Ep, p — pall] < Cn(Q),

where (Ep,pr) € Xy, X My, denotes the solution of the discrete equation (2.10) and
(E,p) € Hy(curl, Q) x HY(Q) denotes the solution of the weak formulation (2.12).

PRrROOF. We start our calculation using (4.6) of Lemma 4.2.
1B = En,p— pal|I”
S E = Enp — pallly
=(f.E—-E,) — (VXE,Vx(E—-E,))
=2 H (V-Ew V(B = En))y — (Vpn, V(b — pn)

TeT

=(f.E—-E,) — (VXE,Vx(E-E,))
Y W7 (V-Ey, V-(E—Ep))y — (Vpr, E - Ey)

TeT
+ (En, V(p = p1)) = (Vpu, V(p — pn))

= (f,E—Eh—Vh)—(V XEh,VX (E—Eh—Vh))
— > B3 (V-Ep, V-(E—Ej — vi))r — (Vpn, E— E; — vy)

TeT
+ (En, V(o =01 — an)) — (Vpu, V(p —pn — @) »

where we have used the fact that V-f =0, V-E =0 and Vp = 0 and v, and ¢, are
arbitrary functions from the finite element spaces. We now apply the decomposition

(4.14)

of Lemma 4.3 and make the following choices: v, = II,w + Vﬁhgf) and ¢, =

I1,(p — pn), where 11, and II; are from Assumption 2.1 and ﬁh is from Assumption
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4.4. This leads to
[E — Ey,p — pal|[°
S(E,w—IILw) — (VX E,, V x (w—1II,w))

S ow <V-Eh,V-(W YV — TIw — vﬁh¢))T

TeT
— (Vpu, W + Vo — IL,w — VIL,¢) + (Ep, V(p — pp — In(p — pn)))
(4.15) - (Vp]M V(p — Ph — Hh(p - ph)))
=Y (F-VxVxE,w-ILw)r+ Y ([VxE,xn],w-ILw)p
TeT Fed
-Sow <V-Eh, V-(w—Ipw + Vo — vﬁh¢))T
TeT

— (Vpn, W — ILw + V¢ — VII,¢) + (En, V(p — pr — i(p — p1))
— (Vpu, V(p = pr — T (p — pn))) -
Using the Cauchy-Schwarz inequality we estimate
[[E - Eh,P—Ph|||2
S =V %V x Ep = Vpallp [[w — Hawl|;

TeT
+ 37V % By n |l [[w — T
FeF
£ 3 BV Bl Wl o,
TeT
+ 3 b IV Bally (b 1861+ he || AT )
(4.16) g
+ Z he [| Apa| |7 1811 wery
TeT
+ Z hr HAph - v'EhHT Hp _ph||1,w(T)
TeT

+ 3 [0upnlll H¢ - ﬁh¢HF
FeF

+ > Gapn]ll 1P = pn = (e — pa)ll -
Fer

Inserting V¢ = E — E, — w according to the decomposition Lemma 4.3, that we
used, or rather inserting Ap = —V-E;, — V-w, because V-E = 0, and applying the
inverse estimate (cf. [4], [10])

(4.17) hr "Aﬁh¢“T S HVﬁh¢HT
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followed by the stability estimate (4.12), we arrive at the following inequality
(4.18)
IIE — En,p — palll’

SS U =V XV x By — Vil [|lw — Thwl|,

TeT

+ SV X Eg xnll [[w = Twll
Fe7F

+ Z h2T IV -Ep| Hle,w(T)
TeT

+ 3 b [IV-Eally (b 1V-Ballp + b [[wlly + 16111
TeT

=3 b l1Aplle 1] oir,
TeT

+ ZhT |Apn = V-Epll7 [lp = pally oer
TeT

£ Mownllle |6 = Tuo|| + S Noaplle Ip = pr = o = o)l
FeF FeF

Using the triangle inequality on the term ||Ap, — V-E||;, and then employing
(4.10), Assumption 2.1 and the trace inequality we conclude that

H‘E_Eh>p_ph|||2

%
S <Zh?er—V XV x Eh_VthT>

TeT

: :
\ zwv-Ehu;) +(zh;|mphua)

TeT TeT
(4.19) 1
+ ZhF [V x E, x n]H?F)
Fed

%
+ ZhFl\[ﬁnph]||§> X |[[E = Ep,p — pall|

Fed

+ Y hp||V-Eill-

TeT
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Since we assume, that hy < 1 for all T € T},, we conclude that

|E —En,p—pulll
3
< (Zh%\\f—v x V x Ej —vthT)
TeT
! !
- (Z h%I\V~EhH2T> - (Z h%llAthT)
TeT TeT

(4.20) 1

+ (Z he ||[V x B, x nm;)

Fed

+ (Z hy manphm%)

Fed

< n(Q).

5. Adaptivity for the weighted residual method

In this section we derive an a posteriori error estimator for the discrete scheme
(2.29). We then resort to the ideas in [9] to show the reduction of a combined
quantity of the error measured in energy norm and the estimator. This could be

used to design a convergent adaptive algorithm similar to the one introduced in

Algorithm 2.19 of Chapter II with the modules

(5.1) SOLVE — ESTIMATE — MARK — REFINE.

As in Section 2.3 of Chapter II, we let T,,, n = 1,2, ..., denote a family of trian-
gular meshes on 2. We assume that for each n, 7, is refinement of T,. We then

consider finite element spaces as introduced in (2.2) and denote them by X,,, where

the index denotes which member of the family we are dealing with.

LEMMA 5.1 (Orthogonality relation). There holds:
IV % (E=E,)|]* + ||V (E — E,)||
(5.2) = |V x (B~ Eq)|[* + ||V -(E ~ Eps)|°

+ IV % (Ens1 = Eo)||* + |V (Epsr — En)I[.

Proor. Since X,, C X,,;; we can deduce that

(5 3) /Q{V X (E — En+1) -V x (En — En+1)

+d'V-(E ~ E,11)V-(E, — E,p1)} = 0.

53
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by substracting equation (2.29) with the choice v, := E, — E,,;; from equation
(2.27) with the choice v := E,, — E,,.,1. In other words, E,, — E,,;; is orthogonal to
E, — E, . in the scalar product

(5.4) (g,h):=(V xg,Vxh)+ (d*V-g,V-h).

From this we can conclude the orthogonality relation (5.2). O

We define the element residuals

2

. (1 (B ) s B =V x VX Eully
(B T)P) o= 0 B

and jump residual

2
(5.6) (79 (B YY) o= i ([ B x ]}

Furthermore we define

2 2
1, (B, T = (i, (B, 1))+ (s, (B, 7))

(5.7) 1 2
+ 2 Z (nTn(Em F)E?) )
FCOT,FeF,
and
(5.8) N7, (Bn, Q)= > g, (B, T)%.

In order to be able to show that the estimator is reliable we need the following
decomposition as Theorem 1.2 of [16] (¢f. also Theorem 2.3 in [11]).

LEMMA 5.2 (Decomposition lemma). Let E € Xy[L7_(Q)] denote the solution of
the weak formulation (2.27) and let E,€ X,, be the solution of the discrete equation
(2.29). Then the following decomposition is possible

(5.9) E-E,=w+ Vo,
with w € HY(Q) and ¢ € H}(Q) and the estimate
(5.10) Wil +1lolly + [ld"Adl] < |[E = Enllgeuno) -
THEOREM 5.3 (Reliability of the estimator). The a posteriori error estimator
(5.8) is reliable in the sense that
(5.11) 1B = Enllx 2@y < O, (En, ©),

where B, € X,, denotes the solution of the discrete equation (2.29) and E € Xy[L7_ ()]
denotes the solution of the weak formulation (2.27).
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PROOF. We start our calculation using (2.28) to get
1B~ By o
SV (E-E)| +|ldV-(E~E,)|*
=(f,E-E,) — (VXE, Vx((E-E,)
— (d*V-E,,V-(E—E,))
=(f,E-E,—v,) —(VXE, Vx(E-E,—v,)
— (d*V-E,,V-(E-E, —v,,)),

(5.12)

where vy, is an arbitrary function from the finite element spaces X,,. We now apply
the decomposition of Lemma 5.2 and decompose E — E,, = w 4+ V¢. Then we make
the choice vy, := II,w. This leads to
2
1B~ Eullkyiz_
S(f,w—IIp,w) — (VXE, VX (w-II,w))
— (d*'V-E,,, V-(w + V¢ — II,w))

(5.13) =) (fF-VxVXE, w-TILw)r
TETn
+ Z([VxEnxn],w—th)
FE?’n

— (@V-E,,V-(w+ V¢ —ILw)) .
Using the Cauchy-Schwarz inequality we estimate
|E — E, | \?{N[ng(m}
SO =V XV x Byl ||lw — TTwl|,

TeT
(5.14) + D IV x By x || ||w — TLw|,
Fed
: :
+ (Z ||d”V-EhH2T) 1wl o+ (Z Hd”V-EhHQT> ld"Ag]].
TET, TeT,
Using the interpolation estimate and (5.10) we conclude the proof. 0

REMARK 5.4. Due to the equivalence of norms in (2.28), we also have reliability

in another norm: The a posteriori error estimator (5.8) is reliable in the sense that
(5.15) IV X (B = E)|* + [[d"V-(B = Ey)|[* < Cung, (En, Q),

where E, € X,, denotes the solution of the discrete equation (2.29) and E € Xy[L7_ ()]
denotes the solution of the weak formulation (2.27). The constant C; will be used

in the proof of Theorem 5.6.
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Now suppose that we are examining an algorithm
(5.16) SOLVE — ESTIMATE — MARK — REFINE,

as described in Section 2.6 of Chapter II, but modified to our situation. That is, in

each step the marking is done in such a way that

We will prove a contraction property for a combined quantity of the error measured
in energy norm and the estimator in Theorem 5.6, which is the main ingredient for
showing convergence of the adaptive algorithm in the case of the Laplace equation
in [9].

LEMMA 5.5 (Estimator reduction). Let E,, and E,, 1 be two consecutive solutions
of the algorithm described above. Then there holds:

n%n+1 (En+17 Q)
(5.18) < (1+40) {n3, (B, Q) = M3 (En, M) }
L+ AV % Eprr = B[ + [V (Enis — E)II”)

where \ == 1—2"7 > 0, d denotes the dimension and the constant A only depends
on the shape reqularity of the mesh and the polynomial degree.

PROOF. The main ideas of the proof were developed in [9]. First, for an arbitrary
T € T,+1 we use the definitions (5.5), (5.6) and (5.7) to calculate

2 2 m)? @)

1 )2
T3 Z <nTn(En+17 F)%))

FCOT,FeF,

= I3 \If = V %V x By + |07V By 12

1
t3 > hp|llV X Epyr x 0]l

FCOT,FeF,

(5.19) <R[~V X V x B,
+ 12 [V XV X (B, — Eop) |2
||V B2+ ||V (B — Enyr)]2

1

+5 2 helllVx Byxn]ll;
1FC8T,F€9:n

+5 > eIV x (By— B x

FCOT,FeF,
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where we have used the triangle inequality. Applying inverse estimates to the terms
involving the differences E,, — E,, 1 and again using the definitions (5.5), (5.6) and
(5.7) we conclude that

n%n+1 (En+17 T)2
(5.20) S N1 (EmT)2
A (117 % (Buss = Bl ) + 1V (Busa = Bl )

Using Young’s inequality with parameter §, summing over all elements T" € T,
and using the finite overlap property of the patches w(7") we arrive at the following

estimate

77%‘,1+1 (EnJrla TnJrl)
(5.21) < (1+0)ng,,, (E,, T)?
1+ 0 A IV X (Ens1 = E)||” + [|[d'V-(Eni1 — Eo)|[%)

with a new constant A that only depends on the shape regularity of the mesh and
the polynomial degree. For a marked element 7' € M C T,,, we set

TnJrLT = {T/ € Tn+1 ‘ T/ C T} .

Since E,, € X,,, we see that

2 M)
(5.22) <nTn+1(En,F)F ) =0
on sides F' in the interior of 7. We then obtain
(5.23) SR (B, T) <271} (B, T),
T'€Tny1,T
because refinement by bisection implies hy = |T” \_é < (27! \T])fé < 2 ahy for all

T" € T,11r. For an element 7' € T,,\ M, on the other hand, Remark 2.1 in [9] yields

03, ., (Bn, T) <13, (Ey, T). Hence, summing over all T' € T, 1, we arrive at

n?rnﬂ (En, Q)

(5.24) < 02 (B, Q\M) — 27002 (E,, M)
= 17, (En, Q) — Az, (E,, M),
From this together with (5.21), the assertion finally follows. UJ

THEOREM 5.6 (Contraction property). Let E, and E, 1 be two consecutive so-
lutions of the algorithm described above. Then there exists ¢ > 0 and 0 < o < 1,

depending only on the shape reqularity of the meshes and the parameter 6 from the
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marking strateqy, such that for any two consecutive iterates n and n + 1, we have
IV % (E = Eppd)||* + |V (E = Ep 1) ||* + 3, (Bny1, Q)

(5.25) ) .
< & (IVx (E=E)|[ + [|[dV-(E — E,)[|" + (15, (En, Q)) .

ProOF. We start by employing Lemma 5.1 to get
1V % (E = Buy) P + |07V (E = Euy) P+ Coy (B, Q)
(5.26)  =||Vx (E—E,)|*+[|d"V-(E-E,)||"
— IV X (Ep1 = B[] = [0V (Epsy — B[] + 17, (B, )
Now we employ Lemma 5.5 to find:
IV % (B = Enar)||” + |V (E = Enyd)[|” + (07, ,, (B, Q)
<[V x (E=E,)|[ + ||V (E ~ E,)|I
(5.27) ~ IV X (But1 = Eo)||” = |V - (Ens1 — Ey)|*
+C(1+0) {5, (Ex, Q) — M3, (Bi, M) }
+ (1) A(IV X (Bppr = EDI° + |7V (Enyr — E)I°) -
Choosing ¢ dependent on ¢ to be

1 o
(irena — U=y

we achieve that all the terms involving the difference E, ; — E,, cancel each other

(5.28) (=

out:
IV % (B = Ep)|” + 10"V (B = By [[* + 05, (B, )
(5.29) <[V x (E—E)|[* + ||V (E - E,)|I
+C(1+0) i, (B, Q) = C (14 0) Ang, (B, M)
Invoking the marking strategy (5.17) we deduce
IV % (B = Buy)|I> + | 47V-(E — Buy)II* + G, (Bui1, )
(530)  <IVx(B-E)f+ |0V (B-E,)|
(U4 )72, (B, @) — C (14 6) A6, (B, )
We rewrite this equality as follows with any x € (0,1)
IV % (B = Buy)II> + [ 47V-(E — Buy)II* + G, (Buir, )
<|IV x (E-E,)|* + ||dV-(E - E,)||"
O+ 0) 1, (B @) — 5 (14 6) AP, ()
(1= RC (1 + 0) A2, (B ).

(5.31)
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We apply the reliability of the estimator from Theorem 5.3 and replace ( by the
choice made in (5.28) earlier to get

IV % (E = Ep)||* + |V (E = Ep)[1* + (3, (Bag, Q)
(5.32) < al (IVx(E-E,)||*+||dV-(E-E,)|)

+asC 7, (B, Q),
with

2
(5.33) o = 1—52—%5, a3 =(1+6)(1—(1—r)A?).
1

Now choosing ¢ small enough yields
(5.34) o’ :=max {aj, a5} <1,

which is the desired result. O



60 III. ADAPTIVE METHODS FOR THE CURL CURL PROBLEM

6. Numerical results

In this section we test the methods described in this chapter to see how they
work in practice. We report convergence rates for uniform refinements both for the
weighted regularization method and when stabilizing the divergence term in a nega-
tive Sobolev space. We additionally display the results of the estimator for uniform
refinements. Afterwards we adaptively refine according to the estimators to show

that we can improve the effectiveness of the calculations.

Examples:

1 Torus [0, 1]*-periodic, smooth solution.

2 Square [0,1]?, n x E = 0, smooth solution.

3 L—shaped domain, n x E = 0, singular solution.

This is an interesting example. The L-shaped domain is given as Q = [0,1]" \
([0,+1] x [=1,0]). The example has already been studied in both [16], [7] and [4]
for uniform refinements. We reproduce these results and then apply our adaptive
approach.

We consider the following boundary value problem:
VXV XxE=0 in €,

(6.1) V-E=0 in €,
Exn=Gxn on 0f),

—sin(%)
cos(%) ’

where (r,6) are the polar coordinates centered at the re-entrant corner of the do-

where

S8
wl>

(6.2) G = %T

main. The solution to the above problem is E = V¢, where ¢(r,0) = rs sin(%&),
and E € H3 ().
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6.1. Experimental order of convergence (eoc) for the weighted regu-

larisation method.

/{V x By -V ><Vh+d2’yv~Ehv~Vh—O'1Vph'Vh}:/f'vh
Q Q

/{—U1Eh Vg, + 0100V, - Vgt =0
Q

6.1.1. Ezample 2. 01,09 € {0,1}, v =0.9.

N | L%-err | eoc
oSy 25 [ 3.35_
41[1.26_,
8119.98 5| 1.98
-15 145 | 3.15_5 | 2.15¢
R 2891 2.60_5 | 2.07¢
25 s 545 | 7.87_3 | 2.07¢
1089 | 6.56_3 | 2.05¢
Ex=2, pd=1, sigl=0, sig2=0, v = 0.9, imax="7.
N | L%-err | eoc

log ’ 0(Err)

2
log,,(N)

Convergence history

05 25 | 3.38_;
4111.26_4
ED 81]9.98_5 | 1.99
g -15 145 | 3.15_5 | 2.15
_2 289 | 2.60_5 | 2.07,
25 s 545 | 7.87_3 | 2.07¢
1089 | 6.56_5 | 2.05

2
log, ,(N)

Ex=2, pd=1, sigl=1, sig2=0, v = 0.9, imax=7.

N | L%-err | eoc

o Convergence history 25 3.35_,
411 1.26_4
8119.98_5 | 1.98;
-15 145 1 3.15_5 | 2.15
R 289 1 2.60_5 | 2.079
15 2Iog10(N) 25 s 545 | 7.87_3 | 2.07¢
1089 | 6.56_3 | 2.05

Ex=2, pd=1, sigl=1, sig2=1, v = 0.9, imax="7.
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log, (Err)

log ] 0(Err)

log ’ 0(Err)
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Convergence history

2
log,(N)

Convergence history

25

2
log, ,(N)

Convergence history

25

2
log, ,(N)

25

N

L2-err

eocC

25
41
81
145
289
o945

4.20_9
1.15_,
6.07_3
1.58_3
8.07_4
2.03_4

3.21,
3.11,
3.14,
3.08

Ex=2, pd=2, sigl=0, sig2=0, v =

N

L2-err

€eocC

25
41
81
145
289
545

4.20_,
1.15_,
6.07_5
1.58_4
8.07_4
2.03_4

3.21,
3.11,
3.14,
3.08¢

Ex=2, pd=2, sigl=1, sig2=

0,7=

N

L2-err

€eocC

25
41
81
145
289
545

4.20_,
1.15_,
6.07_5
1.58_4
8.07_4
2.03_4

3.21,
3.11,
3.14,

3.08y

0.9, imax="7.

0.9, imax="7.

Ex=2, pd=2, sigl=1, sig2=1, v = 0.9, imax="7.
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6.1.2. Ezample 3. o0y1,09 € {0,1}, v =0.9.

log, ,(Erm)

log, ,(Er)

log ’ 0(Err)

Convergence history

N

L?-err

eoc

2.5
log,,(N)

Convergence history

65
113
225
417
833

1601

5.19_,
451,
3.99_,
3.54_,
3.14_,
2.81

0.42,
0.37,
0.37,
0.340

Ex=3, pd=1

sigl=0, sig2=0, v =

N

L2-err

eoc

2.5
log,(N)

Convergence history

65
113
225
417
833

1601

5.25_,
452,
3.95_,
3.46_,
3.02_;
2.66_,

0.45¢
0.41,
0.41¢
0.39%

Ex=3, pd=1

sigl=1, sig2=0, 7 =

N

L?-err

eoc

-0.35
-0.4

-0.45

-0.55

2.5
log,4(N)

Convergence history

65
113
225
417
833

1601

5.25_,
452,
3.95_,
3.46_,
3.02_;
2.66_,

0.45¢
0.41,
0.41,
0.399

Ex=3, pd=1

sigl=1, sig2=1, v =

N

L?-err

eoc

25
log,(N)

65
113
225
417
833

1601

457 4
3.80_;
311,
2.55_;
212,
1.82,

0.620
0.61,
0.58¢
0.500

Ex=3, pd=2,

sigl=0, sig2=0, v = 0.9, imax=6.

0.9, imax=6.

0.9, imax=6.

0.9, imax=6.
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log, ,(Ern)

log ; 0(Err)
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Convergence history

25
log (N)

Convergence history

25
l0g 5(N)

N

L?-err

eocC

65
113
225
417
833

1601

4.42_,
3.59_4
2.90_4
2.36_1
1.95_;
1.65_;

0.67
0.64¢
0.60¢
0.53¢

Ex=3, pd=2, sigl=1, sig2=0, v =

N

L2-err

€eocC

65
113
225
417
833

1601

4.42_,
3.59_4
2.90_,
2.36_
1.95_;
1.65_,4

0.67,
0.64¢
0.600
0.53¢

0.9, imax=6.

Ex=3, pd=2, sigl=1, sig2=1, v = 0.9, imax=6.

6.1.3. Ezample 3 — Dependence on . o, =0,0 =0, v € [0, 1].

log ’ 0(Err)

log ’ 0(Err)

Convergence history

-0.17R

-0.175

-0.18

-0.185

-0.19

-0.195

2.5
log o(N)

Convergence history

-0.21

-0.22

-0.23

-0.24

-0.25

-0.26

25
log,4(N)

N

L?-err

eocC

65
113
225
417
833

1601

6.77_1
6.63_1
6.54_,
6.48_;
6.42_,
6.38_1

0.05¢
0.04¢
0.030
0.02,

Ex=3, pd=2, sigl=0, sig2=0, v = 0, imax=6.

N

L?-err

eocC

65
113
225
417
833

1601

6.18_;
5.93_;
5.77_4
5.63_;
5.52_,
5.43_,

0.11,
0.08¢
0.07,
0.05¢

Ex=3, pd=2, sigl=0, sig2=0, v = 0.1, imax=6.



log ; 0(Err)

log, ,(Erm)

log ’ 0(Err)

log, ,(Err)

Convergence history
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N | L?-err| eoc

-0.35

25
log, o(N)

Convergence history

65 | 5.63_;
113|5.24_,
225 4.96_,
417 [ 473,
833 | 4.53_,
1601 | 4.36_,

0.20,
0.16,
0.14¢
0.12,

Ex=3, pd=2, sigl=0, sig2=0, v =

2.5
log,4(N)

Convergence history

N | L%-err| eoc

65| 5.21_;
113 | 4.71,
225 | 4.33_,
417 | 4.00_,
833 3.71_,
1601 | 3.47_,

0.300
0.25¢
0.23,
0.21,

Ex=3, pd=2, sigl=0, sig2=0, v =

2.5
log, 5(N)

Convergence history

Ex=3, pd=2

25
log, (N)

N | L%-err| eoc

0.2, imax=6.

0.3, imax=6.

65 | 4.93_,
113 | 4.36_4
2251 3.90_4
417 3.50_4
833 | 3.15

1601 | 2.87_4

0.38,
0.340
0.32
0.29,

sigl=0, sig2=0, v =

N | L?-err| eoc

0.4, imax=6.

65 | 4.76_,
113 4.15_4
225 | 3.63_;
4171 3.17_,4
833 | 2.78_;

1601 | 2.47_4

0.44¢
0.42,
0.41,
0.37,

Ex=3, pd=2, sigl=0, sig2=0, v = 0.5, imax=6.
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Convergence history
-0.35]
-0.4
T -045
y
© 05
(=]
2 _os5
-0.6
-0.65
2 2.5
log, ,(N)
Convergence history
~0.35%
-0.4
—~ -0.45
Y o5
=4
5’ -0.55
-0.6
-0.65
2 25
log, ,(N)
Convergence history
-0.4
W -05
)
g
= -06
-0.7
2 25
log, ,(N)
Convergence history
-0.4
o -05
]
o
o -06
-0.7
2 25
log,,(N)

N | L?-err| eoc

65| 4.67_
113 4.02_,
225 | 3.44_,
4171294,
833 | 2.52_4

1601 | 2.20_,

0.49¢
0.48¢
0.48
0.43

Ex=3, pd=2

sigl=0, sig2=0, v =

N | L%-err| eoc

65 | 4.61_;
113]3.94_,
225 | 3.31_,
417 | 2.77_,
833 2.33_,
1601 | 2.01_,

0.54¢
0.54¢
0.53¢
0.47,

Ex=3, pd=2

sigl=0, sig2=0, v =

N | L%-err| eoc

65 | 4.59_4
113 | 3.86_,
2251 3.20_,
417 1 2.64_4
833 1 2.20_;

1601 | 1.89_,

0.58¢
0.58¢
0.57¢
0.500

Ex=3, pd=2

sigl=0, sig2=0, v =

N | L?-err| eoc

65 | 4.57_;
113 | 3.80_;
225 [3.11_,
417 2.55_,
833 [2.12,
1601 | 1.82_,

0.620
0.610
0.58¢
0.500

0.6, imax=6.

0.7, imax=6.

0.8, imax=6.

Ex=3, pd=2,

sigl=0, sig2=0, v =

0.9, imax=6.
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Convergence history N | L?-err | eoc

-o.4<‘ 65 | 4.56_4
113 | 3.75_,
225 | 3.04_, | 0.65¢
417 2.49 ;| 0.63,
. 833 2.08_; | 0.58,

l0g () 1601 | 1.81_, | 0.47,

Ex=3, pd=2, sigl=0, sig2=0, v = 1, imax=6.

FiGURE 6.1. Dependence of the error on the choice of . The y-
values are the errors for the approximation on a uniform mesh with
polynomial degree 2 and 1601 degrees of freedom.
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6.2. Eoc for the H™“ regularisation.

/{Vth-V><vh+h2aV~EhV~vh—Vph~vh}:/f~vh
Q Q

/{_Eh Vg + Vg, - V) =0
Q

6.2.1. Ezample 3. a € (3,1).
Convergence history N L2-err €0C
65| 6.37_,
w03 113 5.31_,
= . 295 | 4.56_, | 0.54¢
° 417 3.90_, | 0.47,
: . N 833 [3.31_, | 0.49,
log (N 1601 | 2.80_, | 0.50,
Ex=3, pd=1, a = 0.6, imax=6.
N | L%-err | eoc
65 |5.90_,
- 113 4.72_,
E 225 | 3.90_, | 0.66,
° 417 3.21_, | 0.59,
. 833 [ 2.62_, | 0.61,
l0g(N) 1601 | 2.14_4 | 0.60,

Ex=3, pd=1, a = 0.7, imax=6.

Convergence history
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6.3. The estimator with uniform refinements. For uniform refinements we

achieve the following convergence:

-0.055 7 B
A 4
-0.1- B
G
-0.15- B
- -02p -
y
o
2 -0.25- B
-0.3+ B
~0.35 ——L2error weighted regularization method B
—=—1 2 grror H%7 regularization
0.4 —v—estimator weighted regularization B
—&— gstimator H™%7 regularization
_0.45- | ! ! ! ! ! ! ! °
1 1.2 1.4 1.6 .8 2 2.2 24 2.6

1
log, o(N)

FIGURE 6.2. Results for uniform refinements.

N [ L? error | eoc | estimator eoc
8 8.23_4 8.74_4
11 7.75_1 1 0.38q 7.10_4 1.30¢
21 7.01_1 | 0.31, 6.13_4 0.46,
33 6.26_1 | 0.50¢ 6.10_4 0.02
65 5.57_110.34q 5.96_1 0.07¢
113 4.93_71 1 0.44, 5.75_4 0.13
225 4.28_110.41 5.70_4 0.02
417 3.67_1 | 0.50¢ 5.72_1 | —0.01,

TABLE 6.1. Uniform refinements for the H %7 penalty regularization.
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N | L? error | eoc | estimator eoc
8 7.74_4 9.67_41
11| 692,070, 9.01_,| 044,
91| 634,027, 862.,| 0.14,
33 5.63_1 | 0.52 8.85_1 | —0.12¢
65 5.04_1 | 0.33g 8.86_1 | —0.00¢
113 4.50_41 | 0.40, 8.80_4 0.03¢
225 3.98_1 | 0.36¢ 8.73_1 0.02¢
417 3.53_1 | 0.39¢ 8.59_1 0.05¢

TABLE 6.2. Uniform refinements with the weighted regularization
method with penalty parameter 0.9.

6.4. Adaptive results for the Negative Sovolev Space penalty discretiza-

tion.
-0.1F :
-0.2- B
. . ‘M
-0.31- =
—0.4 i
— D
@ o5t i
o
=
o
- -0.6r —
-0.7 -
—e— % grror H07 regularization
-0.8" —v— estimator H®7 regularization ]
0.9l —=— 2 grror H07 regularization (adaptive) |
e —— astimator H™% regularization (adaptive)
| | | | | | | |
1 1.2 1.4 1.6 8 2 2.2 2.4 2.6

1.

log, o(N)
FIGURE 6.3. Adaptive refinements for the H %7 penalty regularization.

We realize that although the estimator overestimates the error, it is a very good

indicator. When we refine adaptively according to this indicator, we get much

smaller errors for the same number of degrees of freedom.
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6.5. Adaptive results for the Weighted Regularization Method.

-0.51-

-0.6-

—— % error weighted regularization method
—v— estimator weighted regularization

—=— 2 error weighted regularization method (adaptive)
—A— estimator weighted regularization (adaptive)

FIGURE 6.4. Adaptive refinements for the weighted regularization method.

1 1.2 1.4 1.6

71

We realize that also for the weighted regularization method we have found a
good error indicator.
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