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Introduction

0.1 Introduction to the problem to be simulated

Micro-ring resonator is an optical device which consists of a circular ring cavity in the center
and coupled by two separated straight waveguides through an air gap of a few hundred
nanometers. Optical signals which are imported from one of the straight waveguides can
be resonated into the ring cavity and again be switched to another straight waveguide if
their frequencies match. People from industry are interested in designing of micro-ring
resonators. Such optical devices are useful components for wavelength filtering, switching,
routing [16, 35]. Due to huge cost of material based experiments, numerical simulations
have become indispensable approaches.

Mathematical problem of micro-ring resonator is nothing but to solve time domain
Maxwell’s equations. A method called finite difference time domain (FDTD) [43] has been
used to various types of application problems involving time domain Maxwell’s equations,
including numerical simulations of micro-ring resonators [16]. To represent the localized
fields with high accuracy, FDTD has to sacrifice a large number of numerical grid points
even in the region where the requirement of fields resolution is relatively low. Hence, another
method called adaptive wavelet collocation method (AWCM) which dynamically adjusts the
distribution of numerical grid points is motivated.

0.2 Motivation of AWCM

Assume there is a 1D Gaussian Pulse propagating towards the positive direction of x-axis
(Figure 1). To represent the signal numerically, one has to use certain number of points
around the peak; however, the amount of points with same density is unnecessary in the
region far away from the peak, at least before the peak approaches there. Thus, a more
effective way of distributing computational grid points is needed. The distribution should
not be uniform but nonuniform and should dynamically change as the peak moves to the
right.

When we consider adaptivity of numerical grid points, we have two aspects: first, some
parts of the numerical grid points in the current time step may become less important in
the next time step, and should be discarded; second, some other parts of the numerical grid
points may become significant, thus, more points should be added to that region. In every
time step, we perform throwing away and adding some more of grid points. Wavelets which
describe detail information of different resolution levels of a function can be a straightforward
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way of deciding the distribution of numerical grid points effectively. In other words, using
wavelet for adaptivity strategy is a natural choice.

Especially for time evolutionary equations, an effective method called adaptive wavelet
collocation method (AWCM) ([40], [39], [30], [20], [41] and [42], etc.) has been developed and
verified. In this thesis, we investigate the applicability of AWCM to solve the time domain
Maxwell’s equations numerically which is also one system of the evolutionary equations,
and compare the results of numerical simulations with other methods, such as FDTD,
interpolating scaling functions method (ISFM) [14], Coupled Mode Theory (CMT) [17], etc

Figure 1: Gaussian peak propagating along x-axis
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Chapter 1

Mathematical modeling of the
micro-ring resonator

1.1 Structure of a micro-ring resonator

Analyzing high frequency signal coupling efficiencies of a type of optical waveguide, micro-
ring resonator, which is composed of a micro-ring cavity and two straight waveguides is
the main purpose of the numerical simulation. The geometry of this micro-ring resonator
is described in detail in Figure 1.1. From the position A, the left part of the waveguide
WGT1 below, a bundle of signal containing continuous frequencies will be launched. The
excitation in WG1 is a Gaussian pulse modulating a frequency carrier’ [35]. Then along
with the time evolution we will observe that some parts of the signals of certain frequencies
will be switched into the ring cavity and also again be switched into the other straight
waveguide, while other parts of the signals will continuously propagate along the WG1 and
exit from the right position B of WG1. The numerical simulations of ring resonators have
been done using FDTD [16], DGTD [18], [28] and CMT [17], etc. In this paper we will
simulate the ring resonator with AWCM and compare the results obtained with FDTD,
ISFM and CMT.

1.2 Time domain Maxwell’s equations

1.2.1 3D Maxwell’s equations

Propagation of electro-magnetic waves is described by Maxwell’s Equations, which consist
of Faraday’s law, Ampere’s law, Gauss’s law for electric field, and Gauss’s law for magnetic
field. The time dependent Maxwell’s Equations in three dimensions in differential form are

IThis will be explained in detail in Chapter 5.
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Figure 1.1: A geometric diagram of a micro-ring resonator, which is composed of a circular
ring cavity and two lateral straight waveguides. On-resonance and off-resonance signal
excited from port A are guided with different directions by the ring resonator. Source: [35].

given by:
—%—If =V x¢& in Q x[0,00), (1.1a)
%—?:VXH—j in Qx[0,00), (1.1b)
V-D=p in Qx[0,00), (1.1c)
V-B=0 in Qx [0, 00), (1.1d)

where the symbols in (1.1a) - (1.1d) are:
e &: electric field (volts / meter),
e D: electric flux density (coulombs / meter?),
H: magnetic field (amperes / meter),
e B: magnetic flux density (webers / meter?),
J

. electric current density (amperes / meter?),
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e p: free charge density (coulombs / meter?).

Each of these fields is a three dimensional vector function of four independent variables: x,
y, zand t ((z,y,2) € Q, t € [0,00)), where Q C R? is a bounded domain.

Remark 1.1. 1. Symbols in the time domain equations such as B, £, D, H, and J are
denoted by calligraphic fonts to be distinguished from those in the frequency domain
equations. We use bold fonts for the fields in the frequency domain, i.e. B, E, D, H
and J.

2. We will use subindex to denote each component of the vector, for example, £ =
2&, + 9&, + 2E., where Z, y, £ are unit vectors along x, y, z respectively. Note that
&, here does not mean the partial derivative of £ with respect to y.

3. Equations (1.1a), (1.1b) are called curl equations.

4. Equations (1.1c), (1.1d) are called divergence equations.

5. In linear, isotropic materials, D is related to £ by a constant called electrical permit-
tivity, as well as B is related to H by a constant called magnetic permeability. These
relations are called constitutive equations.

D =€ = gpe,&,
B = uH = poprH,

where

e: electrical permittivity (farads / meter),

g0 relative permittivity or dielectric constant (dimensionless scalar),

go: free space permittivity (8.854187817 x 10~'? farads / meter),

e ,: magnetic permeability (henrys / meter),

i, relative permeability (dimensionless scalar),

po: free space permeability (47 X 1077 henrys / meter).

For anisotropic materials, the dielectric constant is different for different directions of
the electric field, and D and £ generally have different directions, in this case, the
permittivity € is a matrix:

D, €11 €12 3| [&,

Dy = |E921 €22 €&923 gy . (13)

D, en €3 e3l LE:
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In particular, if the off-diagonal entries of the matrix in (1.3) are all zero, we have

Dm e;1 O 0 gx
Dy = 0 €929 0 gy . (14)
Dz 0 0 e33 gz

This type of medium is called to be biaxial. Moreover, if we have €17 = e99, the
medium is uniaxial. In the case of €17 = €99 = €33, it is an isotropic medium.

6. In this thesis, we will only deal with the case that there is no free charge density, i.e.,
p=0.

7. Initial conditions and boundary conditions are needed to solve various types of prob-
lems.

1.2.2 Decoupling of 2D Maxwell’s equations

Assume z, z directions represent the horizontal direction and the vertical direction respec-
tively, and the fields are constant along y-direction?, thus, the partial derivatives with respect
to y vanish in the equations (1.1a) and (1.1b) so that Maxwell’s equations are divided into
transverse magnetic mode with respect to y (TM,)) and transverse electric mode with respect
toy (TE,):

e TM, mode:
8;—? _ %%’ (1.5a)
8;2 _ i%? (1.5b)

e TE, mode:
o, _1 (_% jx) | (1.6a)
88% i % (6’;@, _ jz) , (1.6b)
a;y _ % (aaim B 8@%) _ (1.6¢)

2Fields in the 2D Maxwell’s equations are still 3D vector fields. However, these are called 2D since the
fields do not change along the y direction.
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Remark 1.2. 1. TM, mode and TE, mode are independent of each other, hence, in the
homogeneous case, i.e. J = 0, any solution of 2D Maxwell’s equations is a linear
combination of solutions of two modes, conversely, any linear combination of solutions
of two modes is a solution of 2D Maxwell’s equations.

2. In this thesis, we will focus on TM,, mode for our problem of the numerical simulation
of the micro-ring resonator.

1.2.3 Reduction to 1D Maxwell’s equations

Starting from the 2D Maxwell’s equations (1.5), (1.6), we assume further that fields are con-
stant along z direction. Then, the partial derivatives with respect to z vanish in (1.5), (1.6).
Thus, TM, mode and TE, mode are more simplified as an z-directed, y-polarized trans-
verse electromagnetic (TEM) wave and an z-directed, z-polarized transverse electromagnetic
(TEM)? wave, respectively.

e z-directed y-polarized TEM mode:

o€ 1 OH.
1(-4)

ot ox
oH.  1&
ot pox

e x-directed z-polarized TEM mode:

oE, 1 (0H,
ot _5<83: _jz)’
on,_ 1c
ot pox
Remark 1.3. 1. Similar with 2D case, these two 1D modes are independent of each
other.
2. In each of these two modes, if we assume J = 0, by eliminating either electric or
0? 0?
magnetic field, we derive traditional 1D wave equation (i.e. a—tg = 028—2;’ where
x

c? = 1//j0go is the speed of light in vacuum) for magnetic or electric field.

1.3 Numerical methods

Numerical methods to differential equations are indispensable when there is no analytic
solution available. The derivatives in differential equations are substituted by numerically
approximated ones so that the new equations can be solved with computers. According to

3These terminologies here are referenced from those in [35].
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the type of numerical discretization, there are various kinds of numerical methods, such as
FDTD, ISFM, finite element method (FEM) and AWCM, etc. With the guarantee of the
certain accuracy analysis, approximate solutions computed from approximated equations

are practically useful in application. All these computations are done on a bounded domain
Q.

1.3.1 Incident source
Hard source

A hard source is simply specifying £ and H fields values on some selected points with given
time function. For example, in a 1D numerical grid, we can generate a continuous sinusoidal
wave of frequency fo by hard source for &£, at position 44

Eyln = Esin(27 fynAt),

Thard
where &) is the amplitude of the sinusoidal wave, and n is the index for time stepping.
We can also generate another type of hard source, a bandpass Gaussian pulse with zero dc
content:
Eylh, = Eexp(—[(n — no)/ndemy]Z) sin(27 fo(n — ng) At).
The pulse is centered at the time-step 1y and ngecqy is a scaling factor of the Gaussian
amplitude.

An incident source launched by a hard source technique is easy to implement. However,
it is not a preferable way of source launching for a long-duration incident wave such as
continuous mono-frequency wave. Because when the scattered field propagates back to the
hard source points, retro-reflective waves will occur from these locations so that it would
contaminate the computation [35]. This problem has been solved by another technique
which will be discussed in next subsection.

Total field and scattered field technique

We can excite an arbitrary incident wave using total field/scattered field (TF/SF) formu-
lation, see for example, K. R. Umashankar [38] and A. Taflove and S. C. Hagness [35].
Based on the linearity of Maxwell’s equations in vacuum, we decompose the electric field
and magnetic field as:

gtotal - 5inc + gscam Htotal - Hinc + Hscat-

We divide the whole computational domain into two regions (see Figure 1.2). The inside
region is total field region, and the outside region is scattered field region. In the total field
region the total field is stored in the computer memory, in the scattered field region the
scattered field is stored in the computer memory. At the numerical cells near the interface
between the total field region and the scattered field region, the numerical derivatives are
calculated by the stored variables of different types. We must correct these numerical
derivatives at those cells. The incident field values &;,. and H,,. are known beforehand and
the total field and scattered field values are unknown. Since the formulation of TF/SF is
dependent on each type of numerical method, we will discuss it with AWCM in detail in
Chapter 5.
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Scattered field region

Total field region /

Signal scatterer

Interface between

/ TF and SF region

Figure 1.2: Description of the total field and scattered field regions.

1.3.2 Perfectly Matched Layer

In our numerical simulation problems of a micro-ring resonator, we need to simulate un-
bounded propagations of electromagnetic waves. However, we cannot store infinite number
of numerical data in computers or even if we managed to store those data we could not
perform numerical calculations on the infinite number of data. Our interests are only in
the region where the signals are interacting with the materials. Therefore, we must do
simulations on finite, truncated computational domains. When we truncate computational
domains, our concern is that those signals scattered by waveguides should disappear from
the boundary as if it is exiting from the boundary without any reflection. This is done by
adding an absorbing medium around the original computational domain, which absorbs the
waves incident into the layer after being scattered by the waveguides in the main domain,
2], [15]. This absorbing medium around the original computational domain is called per-
fectly matched layer (PML).

There are two key points in the theory of PML:

1. the fields match at the interface between the isotropic and anisotropic media, i.e. zero
reflection at the interface,

2. after totally transmitted into the PML region, the fields attenuate rapidly in the PML
region.

Let us consider a time-harmonic, TE,-polarized plane wave,

H" (2, 2, 1) = RH™ (2, 2) exp(uwt)),
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Figure 1.3: A magnetic plane wave incident on the interface between vacuum and PML.

with frequency w, where
H™ (2, 2) = §Hy exp(—13ix —15.2)

(Figure 1.3), in isotropic space (z > 0) is incident on a lossy material (z < 0) which is
a uniaxial anisotropic medium?, where 3 is a unit vector along y direction, and H is the
amplitude of the sinusoidal wave, 1 = v/—1, and 3%, 5! are wavenumbers of the plane wave
in the isotropic medium corresponding to z, z direction respectively and the superindex ¢
means isotropic. Note that we use the calligraphic fonts for field values in the time domain
and the bold fonts for those frequency domain. The interface between two media is the
z = 0 plane. The fields excited within the uniaxial anisotropic medium satisfy two curls
equations (1.1a), (1.1b) with uniaxial constitutive relation.

_OH
VX &= —popli (1.9a)
_0&
= goe,F— 1.
V x H = eo5, 2 o (1.9b)

where ¢, and pu, are the relative permittivity and permeability of the isotropic space and

a 0 0 c 00
g=1(0 a 0, =10 ¢ 0
00 b 0 0 d

4See the definition of the uniazial medium in the Remarkl.1.
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The equations in the system (1.9) in the frequency domain are:

V x E = —wpop,iH, (1.10a)

V x H = weye,ZE. (1.10b)

Since derivative of an exponential function is constant times the original function, i.e.
(exp(ax))’ = aexp(ax), it is clear that for any sinusoidal plane wave,

A(z, z) = gAgexp(—18,x — 1,2),
the curl operator is equal to a multiplication operator with the vector —i4, i.e.,
Vx =[x

where § = 23, + 28.. Note that f is not a 2D vector, indeed, it is a 3D vector whose ¥
component is 0.

The incident plane wave with the wavenumber vector 3 after entering the uniaxial
anisotropic medium becomes another plane wave with the wavenumber vector f* = 25¢ +
2P%, where the superindex a means anisotropic, thus, (1.10) becomes:

3% x E = wpop, iH, (1.11a)
% x H = —wepe,EE. (1.11b)

Here, if 7o and Z are identity matrices in R3*3, the equations in (1.10) coincide with the
isotropic case, hence, we derive from (1.10a)

E"(x,2) = (28° — 28%) - Hy/(we) - exp(—18La —13.2).

It is well known that in the theory of electromagnetic waves, at the dielectric interface the
tangential components of the electric and magnetic field intensities must be continuous. Now
using the continuity, we compute the reflection coefficient I' of TE, incident wave at the
interface (z = 0) of the two half spaces. The reflection coefficient I' is defined by the ratio
of the amplitudes of reflected field to incident field at the interface. In the upper half-space
(z > 0) where the medium is isotropic, the total field is a superposition of the incident and
reflected fields, and the reflected magnetic field

H'*/ = gT Hy exp(—18,2 +16.2),
thus,
H» — Hire 1 1o
= yHo(exp(—1f,x —1.2) + T exp(—1f,2 +13.2))

= §Ho(1 + T exp(28;2)) - exp(—18,x —13.2).
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By substituting the H"/ into (1.10a) with the isotropic setting, we get
E = (=23 — 28 Hy/(we) exp(—1fiz +18.2),
hence,
Ew — Einc 4 gref
= (2B — 2B2)Hy/(we) exp(—1Bie —1B8.2) + (=2 8% — 28T Hy/ (we) exp(—1Bix +18:2)
= [26.(1 = Texp(2187)) — 28, (1 + T exp(2:5}))] Ho/(we) exp(—18;x — 13,2).

The wave transmitted into the lower half-space medium which is anisotropic will also be
expressed as

Hlow — Htra
= yTHy/(we) exp(—1B2x —1622),
Elow — Etra

= (2P2/a — 285 /b)THy/(we) exp(—1fox —1822),

where 7 is the transmission coefficient, which is defined by the ratio of the amplitudes of
the transmitted field and incident field at the interface. Enforcing the continuity of the
tangential components of the fields at the interface, we obtain

_BL-pea 28
B+ Be/a’ Bi+pe/a

We want to construct an anisotropic medium which perfectly matches (i.e. I' = 0), thus, we
require 3¢ = 3%/a. If we write the equations (1.11) in each components, we have

B = By =1+T

ﬁ;Ez - /BSE:B - wMONCHya (112)
BiHy = wepe,aky, (1.13)
BeH, = —wepe,bE;. (1.14)

From (1.13), (1.14) we eliminate E,, E, and substitute those into (1.12), then we get the
dispersion relation in the uniaxial medium:

B2+ B% Ja = k* - ¢, (1.15)

where k? = w?ege, poptr, which satisfies the dispersion relation in the isotropic medium
Bi% 4 1% = k2. Since 3% = B and % = af3?, we get from (1.15),

ﬁ;Q/bjLﬁiz-a: k- c.

It is valid if we choose ¢ = a and b = 1/a. Hence, the plane wave will be purely transmitted
into the uniaxial anisotropic medium if a« = ¢ = 1/b = 1/d, independent of the angle
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of incidence. The remaining thing is to find a suitable a such that the transmitted wave
o
attenuates in the medium. This can be done if we choose a = 1 + ——, hence, we have,

WWE(
1+—Z 0 0 ]
WE
o
_ 0 1+ — 0 _
g = WE =i (1.16)
0 0
1+ ——
L weg |

Finally, given a TE, incident wave, the field intensities in the uniaxial medium are given by

H'" = §H, - exp(—1f,x — 1/312) - exp(—a.2),

. Bé Aﬁi(l_'_L)
X z

Elov — — W | L H, - exp(—ifiz —18L2) - exp(—a.2),
WEQES WEWER
o .
where the attenuating factor is a, = —f3., using the relation between the wavenumber &
WEep
W
and the angular frequency w, i.e. v = —, where v = is the speed of the waves, and the

k /HE
definition of impedance 7y := | /ﬂ, we obtain
€0

a, = ony\/ercos b’

where, 6 is the incident angle of the plane wave (i.e. 8¢ = kcosf’). We substitute (1.16)
into the matrix form of the equation (1.10), then we have

(OH. OH,] 17 0 0
oy 0z e o E,
OoH, OH, 0 1+ — 0
o | T WWEYE S WE 1 E,|. (1.17)
oH, OJOH, 0 0 15 E.
— 1 4+ —
| Ox dy | i e

We convert these equations from the frequency domain into the time domain with inverse
Fourier transformation, then the first two equations in (1.17) in the time domain become

87{3_8Hy_55%+055
dy 8z "ot Y
oM, OH.

= coer—= + 05,E,.

0z ox ot
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The inverse Fourier transform of the third equation in (1.17) is not convenient since the
term ww is in the denominator, Gedney [15] introduced a technique which split the inversion
into two steps using D., that is, first update D, using information of the magnetic fields
and then update E, with the updated D,:

Eor

o
14—
WWE(

D, = E.. (1.18)

Then, we have

oH, OH, OD.

Ox oy ot~

From (1.18), we get
wD, + gDz = wepe, B,
€o

Again, with the inverse Fourier transform we can derive the relation between D, and £, in
the time domain:
oD, o 0€,

—D, = gpe,——.
ot o Y

Hence, the &, field can be updated from D, field which has been updated in the previous
step. So far, we have considered only for a simple case of a medium which is uniaxial along
only one direction. However, in practical, we need to deal with some corner regions which
are uniaxial along various directions. In these general corner regions, the matrices g, 1,
which describe the property of the medium are:

- - - SySs -
1 sy 0 s: 0 W !
Sz
= = 1 0 . 0 S¢Sz
E=f=|0 s, 0||0 — 0 i =0 — 0|,
Sy y
0 0 1 0 0 525y
0 0 s,/ [0 0 s 5, ] 5
Wheresx:1+&, sy:1+&, s, =1+ % et
WEQ WEQ Wweo
D. = 05, 2K, (1.19)
s

z

Note that here we use D to distinguish it with D, which is sy]~)z. We substitute (1.19)
into the second row in the equation of the matrix form (1.17), then,

OH OH, ~
&Uy_ 9 = ws,D,

—wD. + 2D, (1.20)
€0

By converting (1.20) into the time domain, we have

oM, OH, OD. oy~
— = —D,. 1.21
or oy ot 5 - (1.21)




16

Chapter 1

From equation (1.19) we have

g Z 1N Oy
wD, + U—DZ = go&, (szz + —Ez> )
€0 €0

Again with inverse Fourier transform we have the following time domain relation:

oD. o, ~ 0. o
= %2p e Tre ).
o +€0 . 60€r<8t +€05)

In this way, we are able to incorporate the PML method to our TM, mode problem (1.5)
with J = 0°. In this case, the matrices € and 7z of the medium property in the curl equations

in the frequency domain (1.10) are:

1 (s. 0 ] [
=) s, 0
Sy
g = ﬁ = 0 Sy 0 0 Sz 0 = 0 SzSz
1
0 0 s,/|0 O . 0 0

0

Sz

Sz

Using the previous method described above, we get a PML-extended form of TM, mode

equation
aals;gg _ % in Qpur,
aaziz _ _% in Qpur
aa_ijy Z_Sﬁy:%_a;: in Qpyr,
o0&, o, g, = 1 aﬁy in Qpwur,

o TR T

x [0, 00),

x [0, 00),

x [0, 00),

x [0, 00),

x [0, 00),

x [0, 00),

(1.22a)

(1.22b)

(1.22¢)

(1.22d)

(1.22¢)

(1.22f)

where Qpyy, is the computational domain extended by PML (See Figure 1.4). Our interest
is in the update of H,, H. and &,, not in the fields such as B,, B, and 25y. In practical
calculation, these auxiliary fields are needed only in the region when the corresponding lossy
factor o; # 0 (i = x, z). Inside the main computational domain 2, where all the lossy factors

are zero, this system (1.22) coincides with (1.5).

5See the Remark 1.4.
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Remark 1.4. 1. J = 0, since, in our simulation problem, there is no electric current
density source.

2. Initial conditions: The initial conditions for these fields are dependent on each type
of problems we want to solve. For example, in the case we test the propagation of
a Gaussian pulse in the waveguides, the electric field &, will be given as a Gaussian
pulse, and all other fields are zeros initially. When we need to continuously input some
type of waveguide modes, the initial conditions of all the fields are zeros, except that
the electric field values on some particular positions need to be corrected at each time
step either by the hard source or the total field and scattered field source.

B.(v,2,0) = B, (z, 2), Ho(r,2,0) = H,""(, 2),
B.(x,2,0) = B.™(x, 2), H.(7,2,0) = H,™(z,2),

ﬁy(:c, z,0) = 15;"2(37, ), &) (1, 2,0) =&, (x,2),

for V (z,2) € Qparr, where B, ™ (z, 2), H,"(x, 2), B."(x, 2), H.™ (x, 2), 15;’"@, 2)
and &, (x, 2) are given functions.

3. Boundary conditions: The boundary conditions of all fields (i.e. on the outermost
boundary) are always zeros. Here the assumption is that the propagating fields start
to attenuate exponentially after entering PML region and become almost zeros when
they arrive at the outermost boundary.

B.(z,z,t) =0, Ho(z,2,t) =0,
B.(x,z,t) =0, H.(x,z,1) =0,

Dy(z,z,t) =0, Ey(x,2,t) =0,

for V (z,2) € 00ppr, ¥V t € [0,00), where 0Qpyyy, is the boundary of Qpy,.

1.4 Numerical approximation of derivatives

Let us consider a scalar function u(x, z,t) such that u(z, z,t) € C?*(Qpyy) x [0, 00), where
Qpur, s a 2D rectangular domain, i.e. Qpyr, = [Tiepe, Tright] X [Zbottom, Ztop). We uniformly
Lright — Lleft A Ztop — Rbottom

z = ———— Denote
N, ’ N,

1 1
ul? ; = u(iAw, jAz, nAt), where At is the time step, i, j, n € §Z = {§m tm € Z}.

divide Qpyy, into N, x N, sub domains. Let Ax =
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Upper PML g

Signal scatterrer

"
I
I
I
I
I
I
I
I
I
I
I
I
I
R
o
I
I
I
I
I
I
I
I
|
I
I
I
I
I
ke

Lower PML

*~..‘:.‘;;;'55c5x =0 o z() =

Figure 1.4: Description of a computational domain for the simulation of general time domain
Maxwell’s equations: computational domain is surrounded by PML region. The inside white
domain is the original computational domain 2. The whole domain including PML is Qpyr,.

Approximation of time derivatives

Consider the approximation of the time derivative of u(x, z,t) at the grid point (iAx, jAz),
at the time step nAt. From the Taylor series expansion, we have:
2 92
n+1/2 _ At Ou . At* 0%u
ul; ; it 75(2Az, JAz, nAt) + = o2
- At O At? 9%
u|i,j1/2 =ul} ; — - au(zAx JAz, nAt) + ?g(zAa@ Az, nAt) + O(At?).  (1.25b)

By subtracting (1.25b) from (1.25a), we get

(ZA:E Az, nAt) + O(At?), (1.25a)

n+1/2 n—1/2
iy

8u(zAx jAz, nAt) = —21 L 1 O(AP).

ot At

This is a central finite difference scheme (or symmetric scheme) which has second order
accuracy. We use leap-frog time stepping® for our TM,, modes system extended with PML:

6This is a scheme whose electric field and magnetic field are half time step staggered.
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(1.22). First, if we consider semi-numerical scheme, i.e. only time derivatives are approxi-

mated, we have the following.

oE,"
B, "t = B, |2 4 A Y (1.26a)
0z
AN At AN
1 _ o ' 14 o 1 _ o
Hm|n+1/2 _ 2¢g9 Hx‘n71/2 + = 2¢g9 Bx\nH/Q . 2¢g9 Bm|n71/2 : (1.26b)
o, At Lo o, At o, At
1+ 1+ 1+
20 2¢0 2g0
0E, |
B, "2 = B,V - A Y 1.26
| | o (1:26¢)
oAt o, At o, At
1— 5 1 1+ 2 i
n+1/2 _ €0 n—1/2 ;| * €0 nt+1/2 €o n—1/2
o = g el 7 B — 7 B , (1.26d)
1+ 1+ 1+
20 2¢0 2¢g0
] IS WAN
~ - - At OH, n+1/2 OH., n+1/2
Gy ep— RS i § (1.260)
oAt oAt 0z ox
1+ 14+ ——
260 250
o, At
1= ¢ 1 1/~ ~
n+1l __ 0 n - n+1l n
& = —20 &)+ ———7 < (DI = D). (1.261)
1+ 1+
280 280

where fields are only discretized
corresponding time step.

for the time variable. The super index represents the

Approximation of spatial derivatives

We have established a mathematical model, system (1.22), for the numerical simulations of
micro-ring resonators. Now according to the methods of approximating the spatial deriva-
tives, there are finite difference time domain (FDTD), interpolating scaling function method
(ISFM), adaptive wavelet collocation method (AWCM), etc. In the next chapter, we will

discuss FDTD.
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Finite difference time domain method

The simplest way of approximating a derivative of a given function f(z) € C3(a,b) at one
point zy € (a, b) is finite difference. The derivative f’(x() which is the slope of the tangential
line at x( is approximated with the slope of another secant line which passes two points near
that point (See Figure 2.1). This approximation is called finite difference. Finite difference
can be obtained by truncating the Taylor series of the function at that point.

e forward difference scheme with zy and a forward point xy + h:

fao) = LB o, 210

e backward difference scheme with xy and a backward point z¢ — h:

f(xo) — fwo = h)
h

f(xo) = + O(h), (2.1b)

e central difference scheme with a forward point x¢ + A and a backward point z¢g — h:

f(xo+h) = f(xg —h)
2h

[ (wo) = + O(h?). (2.1c)

Hence, forward and backward finite differences have first order accuracies, while central
difference has second order accuracy. When we solve Maxwell’s equations, normally we
use central difference, which is symmetric. According to the arrangement of numerical grid
points of different components of electric field and magnetic field, there are several numerical
schemes, such as the staggered uncollocated scheme, the unstaggered collocated scheme and
the staggered collocated scheme, [35].

2.1 Yee’s scheme

The staggered uncollocated scheme is called Yee’s scheme [43] (Figure: 2.2 and 2.3). In
Yee’s scheme, not only different fields are not collocated on the same positions, but also each
different component of the same fields is not collocated on the same grid point. Furthermore,

20
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0 a Xo—h X‘O x‘o+h b X 0 a Xo—h X‘o X‘o+h b X

(a) tangential line Iy of f(x) at xg (b) tangential line Iy o of f(x) at zo and for-
ward secant line {19 of f(x) at zg

Z

0 a Xo—h X‘O x‘o+h b X 0 a Xo—h X‘o X‘o+h b X

(c) tangential line Iy ¢ of f(x) at x¢ and back- (d) tangential line oo of f(z) at zo and cen-
ward secant line Iy 1 of f(x) at zg tral secant line I _1 of f(x) at zo

Figure 2.1: Lines involved with exact and approximate derivatives of f(z) at zg

not every grid point in the Yee’s lattice is assigned to a component of a field. In detail,
there is no field component on points (iAz, jAy, kAz), where i,j,k € Z. There is one grid
point for electric field between every two successive points for magnetic field of the same
type, and there is one grid point for magnetic field between every two successive points for
electric field of the same type. Thus, each field is updated using the spatial derivatives of
other field on both side of it. The finite difference scheme is therefore a central scheme
which has second order of accuracy.

Let us consider the semi-numerical equations system (1.26) discretized on the two-
dimensional Yee’s grid (Figure 2.3). We consider the spatial derivatives in (1.26), such

. 0E) &, " OH,|"TV?2 oM, |2
oxr 0z’ 0z or
1
{gyu HZ; H:B}u for iu ja n e §Z

a Denote ul}!; = wu(iAz, jAz, nAt), where u €
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ZA

(+1)Ax, +1) Ay, (k+1) Az)
/

Hy
Hx EZ/ Hx
H[}7 \Hz
Hz A Hz )~ Ey
EX
N Hx

(1Ax, jAy, kAz)

X

Figure 2.2: Yee’s grids in three dimensional space: uncollocated staggered grid. Source: A.
Taflove, Susan C. Hagness, Computational electrodynamics, the finite time difference time
domain method, third edition, 2005, pp. 59.

agyg;m _ &l jzz_ Goliy O(A?) (2.2a)
agygj;l/?,j _ 5y‘?+1,i; gy‘?,j +O(AT?), (2.2b)
ayma\zjw ) %xli‘,ﬁ@gA—Z%leﬁ@ Lo, (2.20)
37{28‘;?1/2 _ HZ‘?jll/;jA_xHZ‘?il/;j + O(Az?). (2.2d)

We obtain the approximation of the Maxwell’s equations system extended with PML by
substituting these finite difference approximations into the semi-numerical system (1.26).
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G+1/2) AY >
T
A A
iay |
G=1/2)AY Hx>
(i-1/2) Ax i Ax (i+1/2) Ax

Figure 2.3: Yee’s grids in two dimensional space (for TM, mode): uncollocated staggered
grid

At

n+1/2 n—1/2 n
B$|i,j+/1/2 = Bw|i,j+/1/2 (5 1 i+l €y|i,j)7 (2.3a)
o, At o, At oAt
1-— 1+ 1-—
Y |n+1/2 o 2e9 |n—1/2 i i 2eq |n+1/2 B 2eq |n—1/2
Tl j+1/2 = o At Ttrli 12 o At Pzlij+1)2 o At Drligr2 |
1+ z Mo 1+ z 1 z
280 260 280
(2.3b)
At
n+1/2 n—1/2 n
B. |z+1//2 ji= Bz|i+1//2,j (5 e, — €l g)s (2.3c)
1— 1+
1. |n+1/2 o 2eq |n—1/2 +i 2eq |n+1/2 B 260 " 1/2
zlit1/2,5 = g At Ttlit1)2,5 g At 27lit1/2,5 o, At z+1/2 j
14 =2 Ho {4 2= 1+
260 260 260
(2.3d)
1 I AN 5
nl _ 280 5 n At
D uliy = L+ o, At Dylis + |+ o, A\t
280 260
n+1/2 n+1/2 n+1/2 n+1/2
_ Hw|z’,j+1/2 - H$|z’,jfl/2 _ Hz|i+1/2,j - Hz|z>1/2,j (2 Se)
Az Az ’ '
] o, At
2 1 1 ~
n+1__ 0 n n+1 n
. VL AN V= (Dol =Dl (2:59)

260 260
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Remark 2.1. 1. Initial conditions for the difference system (2.3):

i, j+1/2 =

Bol M =B+ 1/2)Ax, jAz), Ho| ) =H 0+ 1/2) Az, jA2),

i+1/2,5 =
§y|?,j = 5;"1(2Ax’jAz)’ £y|?,j - gyznl(ZAl’,jAZ)’
for all i, j € Z such that i € [0, N,], j € [0, N,].
2. Boundary conditions for the difference system (2.3):

B M2 =0, M, "2, =0:V(i, ) € Z2 such that i € {0, N,}orj € {0, N, — 1};

i,j+1/2 i,j+1/2
B =0, M|y =01 ¥(i, 5) € Z* such that i € {0, N, — 1} orj € {0, N.};
Dt =0, &1, =0:  V(i,j) € Z* such that i € {0, N} orj € {0,N.};

where n € Nj.

2.2 Unstaggered collocated scheme

Unlike Yee’s scheme, the unstaggered collocated scheme uses the same grid point for all
the components of the both of the electric and magnetic fields (Figure: 2.4). There is
no “empty point” (i.e. point which is assigned to no component of the either field, like
(1+1/2)Az, (7 +1/2)Az), where i, j € Z in Figure 2.3).

G+1) AY |
H,4
JAY e (R
Ey  Hx
G-DAYy !
(i-1) Ax i Ax (i+1) Ax

Figure 2.4: Unstaggered collocated scheme in two dimensional space (for TM, mode)
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Then, the spatial derivatives in (1.26) are approximated as the following:

OE, . E M =&
glz,j _ y|z,]+12Azy|z,j—1 +O(A22), (26&)
OE, I E,lM - —ELT
ay:‘pz,] _ y|z+1,j2Axy‘zl,j + O(AI‘Q), (26b)
o2 |2 n+1/2 "+1/2
Holi; '™ Halijih — Hali L O(AZ? 2.6
82 N 2Az (A7), (262)
O[T . ?H/'z A, ?jl/?
a‘x _ | +1,J2A$ ‘ 1,75 + O(AZE2) (26d)

If we substitute (2.6) into the semi-numerical system (1.26), we obtain:

At
n+1/2 n—1 2 n
B, |z; / =B, | / 2A (&7 i+l €y|i,j71)7 (2.7a)
0. At oAt o, At
+1/2 2 1/2 1 L+ 2e +1/2 _ L= 2e -1/2
n _ 0 n— 0 n 0 n—
Halij " = azAtH ali MO O'ZAtB zli.j O'ZAtB oli.; . (2.7b)
1+ 1+ — 1+
280 250 280
At
n+1/2 n—1 2 n
B ‘z yJ / o B ‘ / 2A (8 ‘z+1 J gy‘ifl,j)u (276)
At At At
-5 (13 -5
n+1/2 5N n— 1/2 L €0 n+1/2 €0 n— 1/2
Hel; —H%NHI - H%NB\ 71+%At8| . (2.7d)
2¢eq 2¢0 20
] AN
~N |n+l _ 250 ~N |n At
Dylis = oAt Dyliiy + oAt
1+ 1+
2¢eg 2¢eg
n+1/2 n+1/2 n+1/2 n+1/2
Hm|z‘,j+1 - M. ‘ Hz|z‘+1,j - Hz‘i—m (2.7e)
2Az 2Ax ’ '
o, At
L= 11 -
n+1 _ 0 n n+1 n
Eulii” = O PNAZILE R | oAl (D i Dy'z‘vj)' (2.7f)

280 280
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Remark 2.2. 1. Initial conditions for the difference system (2.7):

B ‘71/2 _ B an(lAl’,jAZ), H |71/2 Hxln2<ZAx7jAZ),
|—1/2 - B Zm(ZAZL',jAZ), H, |—1/2 HZZ”Z(ZA$,jAZ)7

25y|g,j = ZSZ”i(iA:L’,jAz), gy‘?,j = gyim@Ai’fajAz)a

for all 4, j € Z such that i € [0, N,], j € [0, V,].

2. Boundary conditions for the difference system (2.7):

B |n 1/2 O, H ‘n 1/2 O,
Dymjzoa 5y|2j20

for all i and j such that either i € {0, N,} or j € {0, N,}, and for n € Ny.

3. Order of approximation:
The local error of the difference schemes (2.3), (2.7) are both O(A#*) + O(Ax?) +
O(Az*). The orders of accuracy for the spatial derivatives approximations discussed
above, i.e. (2.2), (2.6) are all two. We can increase the order of the spatial derivatives
by increasing the number of points on each side of the corresponding grid point used
in approximating derivatives. These schemes are called higher order finite difference
scheme.

From the (2.6), we notice that the unstaggered collocated scheme is essentially a combi-
nation of four staggered independent Yee’s schemes (Figure: 2.5), that is, these four parts
are unaffected by each other during the implementation. We can easily know that, sim-
ilarly, in 1D or 3D case we can also decompose the unstaggered collocated scheme into
several independent parts, and the number of independent parts is decided by the level of
the dimension. This behavior is more clearly explained when we use a 1-point source in
the scheme. If the initial conditions of all other points except the source point are zeros,
then, only the independent part that contains the source point is being updated during time
stepping while other parts stay zeros. Ax in Yee’s scheme (Figure 2.3) plays the same role
as 2Ax in the unstaggered scheme (Figure 2.4). Therefore, double number of discretization
is needed for the unstaggered scheme in order to get the same accuracy.
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y
—

G+DAY er 3 HX " G+DAY y Hzl Ey
® | ® = | —
JAY R —_— o —
Ey Hz Ey Hx ‘ HX
G-bay | Hy i H, G-nay By  Hzt By
(—DAx i Ax (+1)Ax (-lax  1AX I (+1)Ax
(a) (b)
A o A
G+DAY o
. > H; Ey H;
(+DAY Hy. |
A 3 A ‘ 3
: JAY e e <BEEEEEEEEEEEEE
JAY f R H
Hy Ey(X> Hy "
| A | A
(G-DAY Hx: . G-nay THz Ey@ H;
(i-DAx i Ax (i+1)Ax (i-1Ax i Ax (i+1)Ax

(c) (d)

Figure 2.5: Decomposition of the 2D unstaggered collocated scheme (Figure 2.4) into four
staggered independent Yee’s schemes

2.3 Numerical dispersion and stability

Let us consider TM, mode equation (1.5) in homogeneous medium with the assumption

J =0k

oM, 10E,

- %y 2.1
ot oz’ (2.102)
oH, 108,

- % 2.1
ot pox’ (2.10b)
06, 1 (0H, OM.
5?_2(&__m)' (2.10¢)

IThroughout the whole thesis we will use this assumption that there is no current density source.
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When we solve Maxwell’s equations numerically, it is inevitable for us to discuss the be-
havior of numerical dispersion and stability, which also influence our choice for the spatial
discretization size and time step. We consider the difference system (2.3) in the main com-
putational domain 2 (Figure 1.3) only, where all the lossy factors, o’s, are zero and no
auxiliary variable such as B or D is needed, then the system simplifies into:

At

n+1/2 n—1/2 n n

H$|i7j+/1/2 = ’Hx|i,j+/1/2 + M—Az(gy|i,j+1 - 5y|z,j)> (2.11a)
n+1/2 n—1/2 At n n

Heligrjo ;= Melivao — m(5y|i+1,j —&li ), (2.11b)

gt — g 4
vl y|z’]+ € Az Az

Z?]

n+1/2 n+1/2 n-+1/2 n+1/2
At (Halijie = Halig e Helifijn = Helitifoy
( | L j+1/2 | J=1/2 | +1/2,5 | /2.5 ) (2.11¢)

2.3.1 Numerical dispersion

Lemma 2.3. If a pair of real numbers k, and k. satisfies
wlue = K2+ k2, (2.12)

then, the following set (2.13) of the fields is a solution to the system (2.10),

Ho(z, 2,t) = —j—; exp(i(wt —kyz —k, 2)), (2.13a)
ks

H.(z,2,t) = —exp(r(wt — k. x — k, 2)), (2.13b)
pw

Ey(x,z,t) =exp(r(wt — kyx — k, 2)), (2.13c¢)

conversely, if there exists a pair of real numbers k, and k. such that (2.18) is a solution to
the system (2.10), then k, and k, yield (2.12).

Proof. If k, and k, satisfy (2.12), we can easily check that (2.13) is a solution of (2.10)
simply by substituting (2.13) into (2.10).

Conversely, if there exist k, and k, such that (2.13) is a solution to the system (2.10),
we can obtain (2.12) by substituting (2.13) into (2.10) and simplifying it. O

The solution (2.13) is a plane sinusoidal wave of angular frequency w. Suppose that k,,
k. are components of a wavevector k, i.e. , k = k., + k.2, then from (2.12) we have the

analytic relation between phase velocity v and wavevector k,
w

v = b (2.14)

and ’E} = k2 + k2

1
[E

where phase velocity v =
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Optical waves of various frequencies travel at the same speed v in homogeneous medium.
However, it is not the same for the numerical case, that is, the solution to the numerical dif-
ference system (2.11) is different from that to (2.13) in wavenumbers, for given fixed angular
frequency w. This causes the phase velocity © of the numerical wave differs from the analytic
velocity v. And the numerical phase velocity © depends on the angular frequecy w, number
of space discretization, ratio of smallest time step size and space mesh size and propagation
direction. This phenomena is called numerical dispersion. The choice of the smallest spatial
discretization size is restricted due to the analysis of numerical dispersion of the FDTD. In
the numerical dispersion analysis, our aim is to calculate v of the corresponding numerical

plane sinusoidal wave with frequency w and compare v with v.
Lemma 2.4. If a pair of real numbers k, and k, satisfies

L (WAL 2_ L . l;;xA:c i . l;;ZAz
N N S Az T

where v =1/,/ue, then the following set (2.16) is a solution to the difference system (2.11),

2 2

: (2.15)

+

At sin (k.Az/2)

Hell ji12 = ~A: s (A12) exp(t(wnAt — k,IAx — k,(J + 1/2)Az)),  (2.16a)

- At sin (]~C$A9U/2)
AUHY2,0 7 Ax sin (wAt/2)

exp(1(wnAt — ky (I +1/2)Az — k. JAz)), (2.16b)

&l ;= exp(e(wnAt — koIAz — k,JAZ)). (2.16¢)

Conversely, if there exists a pair of real numbers ky and k, such that (2.16) is a solution to

the difference system (2.11), then ky, and k. yield (2.15).
Proof. The proof of this lemma is essentially the same as that of Lemma 2.3. O

The equation (2.15) is numerical dispersion relation of the FDTD with Yee’s scheme
[35], from which we will analyze the relation between © and v. The numerical phase velocity
v is defined by:

b= — (2.17)

B

T

where l? = k@ + k,2. We shall only consider the case of Ax = Az = A, moreover, we define
a term called CFL stability factor?:

S = vAt/A, (2.18)
and we know that wavelength X is related to the angular frequency w by

Aw = 270, (2.19)

2The term is named after Richard Courant, Kurt Friedrichs, and Hans Lewy who described it in their
1928 paper [6].
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Now we define the grid sampling density Ny := A/A. From (2.18) and (2.19) we have
At = SA/v and A = 27v/w, respectively, hence, the dispersion relation (2.15) becomes

1, (7S\ ., (17 (1
ﬁsm <F,\) = sin (§}k‘Acos¢)+sm (5

where ¢ = arctan(k, /k,), which is the propagation angle of the wave with respect to z direc-
tion. And we use U4 to denote the numerical phase velocity with respect to the propagation
angle ¢. The dispersion coefficients are different along different propagation directions. Here
we will only discuss two directions which are relatively simple: ¢ = 0 and ¢ = 7/4. First,
for the case that ¢ = 0, the equation (2.20) simplifies into:

1 . TS . 1
S sin (F,\) = sin <§ A) .

Thus we get the corresponding numerical phase velocity:

k

A sin gb) : (2.20)

-

k

€

Vo = 7= = YoV,
k

where the dispersion coefficient o> is
T

”)/0 = .
1
N, arcsin {E sin (%ﬁ)]

From this we see that the dispersion coefficient 7, is dependent on the choice of both the
stability factor S and the grid sampling density V). Next, we come to the case that ¢ = 7 /4.
In this case, the equation (2.20) becomes

1 . TS . 1=
gsm (F,\) = v/2sin <§‘k‘A)

Thus we get the corresponding numerical phase velocity:

where the dispersion coefficient vy is

7

, 1 . [/7mS\]’
V2N, arcsin {\/55 sin (E)}

As N, increases, the coefficient increases towards 1 (See Figure 2.6, 2.7). In Figure 2.7,

we tested with CFL factors 1/4/2 times those of Figure 2.6. We need more numbers of
numerical meshes in one wavelength to get more accurate numerical phase velocities. In
the simulation of ring-resonator with FDTD [16], the smallest mesh size is 13.6nm, which
guarantees at least 100 cells inside a wavelength around 1.5um. In this case, the error of
the numerical dispersion is less than 0.001, see Figure 2.6, 2.7.

Yr/a =

374 is the dispersion coefficient with respect to the propagation angle ¢.
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Figure 2.6: Dependencies of dispersion coefficient vy on the grid sampling density N, with
different fixed CFL factors. Note that when S = 1, i.e., there is no numerical dispersion
along the propagation angle ¢ = 0, see the magic time step in [35].

2.3.2 Numerical stability

We cannot choose freely the smallest time step At regardless of the mesh size Az, Az.
The choice of At is restricted by the choice of spatial mesh size: Az, Az. Otherwise, we
have numerical instability, which blows up the numerical data after several time steps. The
principal idea of the numerical stability analysis is that the amplification factor of time dif-
ference operator is less than that of the curl operator. We will derive the stability condition
for the Yee's FDTD scheme for the three dimension case*. We rewrite the Maxwell’s curl’s
equations in a homogeneous medium,

o€ 1

a = gv X H, (221&)
OH 1

—_— = —— . 2.21b
P MV x & ( )

Let

£ = /e,

V ="+ jE,

4These ideas are mainly from [34, 35].
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Figure 2.7: Dependencies of dispersion coefficient ~,/4 on the grid sampling density Ny with
different fixed CFL factors. Like the case ¢ = 0, there is no numerical dispersion when the
CFL factor S = 1/v/2.

where j = 1/—1, then we can combine the two curl equations (2.21) into one equation:

oy

ot Jue
Then the Yee’s FDTD scheme of the equation (2.22) becomes:
V‘n+1/2 . V|n71/2

p,q,T p,q,T j —
= Vx| 2.23
At /_/,LE p,q,7r ( )

where V is “discretized gradient” with respect to central finite difference of second order
with Yee’s scheme, i.e., whose three components are central finite difference approximations
of partial derivatives with respect to corresponding directions. We use von Neumann method
or Fourier method® to analyze the numerical stability. We set

VI» = Voa" exp(u(k.pAz + kyqAy + k.rAz)), (2.24)

where V[ is a constant 3D vector and « is amplification factor. Our task is to derive
the condition which guarantees the numerical stability of the finite difference scheme, i.e.,
la] < 1. We substitute (2.24) into (2.23) to obtain:

all2 — o1/2 2 (sinQ(kmAsL’/2) sin®(k,Ay/2) sin®(k,Az/2)

ac T TE T @ T (g T (A

®See for example [21].

vV x V. (2.22)

n
p,q,T

) x Vo  (2.25)
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If we consider Vj as a column vector and write the equation (2.25) in matrix form, then

/2 _ 12 9
— Vo= —AV, 2.26
At 0 \/,U_E 05 ( )

where
i 0 _sinQ(/{;ZAz/Q) sin®(k,Ay/2)
(Az)? (Ay)?
sin®(k,Az/2) 0 _st(l{; Ax/2)
(Az)? (Az)?
_s1n2(k; Ay/2)  sin®(k,Az/2)
L (Ay)? (Az)? .

/—M€<a1/2 _ a—l/Z)
2At

Thus, from (2.26), we know that

solving

is an eigenvalue of the matrix A. By

|sI — Al =0,
where [ is the 3D identity matrix, we get,

o sin®(kAx/2)  sin®(k,Ay/2)  sin®(k.Az/2)\
(e B )

Since a'/? — a~1/? cannot be zero, we have
VIE(aM? — a2\ 2 N sin?(k,Ax/2) N sin?(k,Ay/2) N sin?(k,Az/2) _o. (227)
2At (Ax)? (Ay)? (Az)?
After simplification, we have
o> —(2-2n)a+1=0, (2.28)

where

(Az)? (Ay)? (Az)?
Note that v = 1/,/2p, thus by solving (2.28), we obtain

a=1-n++(1-n)?-1

It is easy to see that |o| < 1 if and only if

n—zw\/sif(’%ﬂw/% i lgdy/2) | stt(hAn?)

0<n<2

Hence,

sin?(k,Ax/2)  sin’(k,Ay/2) sin®(k,Az/2)
vAt\/ (A7)? + (Ay)? + (A2)2 <1. (2.29)
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We require that the inequality (2.29) should be held for all possible &, k, and k,, thus we
have the stability condition of the Yee’s FDTD scheme:

1

At <

1 1 1
i @t @
Remark 2.5. 1. 2D TM, mode can be understood as a special case of 3D case, where
H=aH,+2H, and & =yé&,.

Thus,
V=H+j&=aH, + jy& + ZH..

We set
VIp, = Voo exp(u(kapAz + k.rAz)),

where Vj is a constant 3D vector, then instead of (2.25), we have

M 2 <sin2(k$Ax/2) 0 Sinz(k’zAZ/Q)) X Vp, (2.30)

At VOZ_\/,u_e (Az)2 7 (Az)?

and the remaining steps of the stability analysis is the same as that of 3D case, thus

we have,
1

1 R T
v
(Azx)? — (Az)?
2. For 1D TEM, mode the process of the stability proof is similar. The stability condition
for 1D case is:

At <

L
T v
(Ax)?

At <

v

At
We define S = U—, which is (CFL) stability factor in one dimensional case. Then

X
the stability condition is S < 1.

3. For the stability of the Uncollocated staggered scheme, which is a combination of
several independent Yee’s schemes, we apply the stability criterion for each of the
independent Yee’s scheme whose spatial mesh size is double of that of the original
scheme itself. Then we have the stability condition for the Uncollocated Staggered
scheme in which the upper bound for At is two times that of Yee’s scheme.

2

At <

U\/ r 1
(Az)? ~ (Ay)*  (Az)?
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Interpolating scaling functions
method

The Taylor series method is not the only way of deriving the central finite difference scheme
(2.1c). We can also obtain the scheme using the concept of Lagrangian interpolation (see
[37]), which can be straightforwardly extended to other numerical schemes by replacing the
Lagrangian polynomials with other types of functions.

We know that there is a unique polynomial of degree less than n that interpolates n
distinct given points. We can explicitly represent this unique polynomial in the following
form.

Definition 3.1. To any set of n distinct real data points,

{(z,y;) €R*|j=1,2,--- ,n and x,, # x, for m # p},

the Lagrangian interpolating polynomaial is defined by
P(z) =Y yuli(z), (3.1)
k=1

where the Lagrangian basis polynomaial

r — Tk
Ej(l‘) == H e — .
1<k<n 7 k

k]

The error of the Lagrangian interpolation is stated in the following theorem.

Theorem 3.2. Let x1, x, -+, x, be n distinct real numbers in |a,b], and g € C™[a,b.
Then for x € [a,b] there exists £(x) in (a,b) with

9" (&(x))

g(z) = Pa) + =5

(x —z1)(x —29) -+ (T — @),
where P is the Lagrangian interpolating polynomial with n points (x;, g(z;))1<j<n-

35
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Proof. See, for example, K. E. Atkinson [1]. O
Now we come to the derivation of central differences with Lagrangian interpolation. We
approximate a function f € C3(a,b) with the Lagrangian interpolating polynomial P(x) at
three points, (z;, f(x;)) for j = 1,2,3, where
a < x1=x9— h, To = Xg, r3 =29+ h <b.
Then, (3.1) becomes

where the Lagrangian basis polynomials ¢1, ¢, and {3 of the three points zo — h, xo and
xg + h are as following:

T =@ x — (zo+ h) N
gl(x) N (SL’Q — h) — X (SL’Q — h) - (x(] + h)’ <33 )
)= T =G 47 61
ly(a) = — L= @ =h) — (3.3¢)

(xo +h) — (xg — h) (xo + h) —xo

Differentiating on both sides of (3.2) and substituting © = z into it, we obtain the
central difference scheme:

f($0+h)—f($o—h).

f'(w0) = P'(x0) = o

Since 3-points Lagrangian interpolation is exact for the polynomial of degree less than 3,
the approximation (3.2) above has second order accuracy.

We have shown that finite difference can be obtained by differentiating the local approx-
imation of a function with Lagrangian interpolations. Now we consider replacing these local
polynomial functions with another type of functions called interpolating scaling functions*
(ISF’s). In this thesis we will call this method interpolating scaling function method (ISFM).
There are several different ways of constructing ISF’s. We can construct ISF’s by iterative
interpolation processes, which does not involve the concept of wavelets, see G. Deslauriers
and S. Dubuc (1989) [10]. N. Satio and G. Beylkin (1992) have shown that ISF is an au-
tocorrelation of Daubechies compactly supported scaling function [31]. W. Sweldens [32]
proved that one can also obtain ISF by [lifting a set of biorthogonal wavelet filter called Lazy
wavelet. Like FDTD in previous chapter, we also consider uniform meshes, that is, only
scaling functions of the same level of resolution are involved.

IThese functions were sometimes also named as interpolating wavelets, or Deslauries-Dubuc interpolating
functions, or fundamental interpolating functions, see for example D. L. Donoho [12], M. Fujii [14] and S.
Dubuc [13].
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3.1 Wavelets

3.1.1 Multi-resolution approximations

Our purpose is to decompose functions in L?(R) according to different resolution levels*. We
start with the mathematical definition of multi-resolution approzimations (MRA) introduced
by Mallat [25, 24] and Meyer [27]. First, we need the definition of the Riesz basis.

Definition 3.3 (Riesz basis). Assume that V is a subspace of L*(R). We call a set of
functions

{e, €V |nelZ},

a Riesz basis of V if there exist A > 0 and B such that any function f in V can be uniquely

decomposed into
“+o00

f() = Z anen(~),

n=—0oo

where a, € R and satisfies the following inequality
+oo
2 2
A7 < lanl® < B2 -

The notation || - ||z2 refers to L*(R) norm, i.e.,

wm:(/m@wﬁm,feﬁm»

Now, we come to the definition of the MRA.

Definition 3.4 (MRA). A sequence {V;};cz of closed subspaces of L*(R) is a multiresolution
approzimation if the following 6 properties are satisfied:

Vj,keZ,f(-)er@f(-—ﬁ)er,

VjEZ,‘/}C‘/jJrl,
Vi€Z f() Ve f(2) € Vi,

+o0
Jim V= () V= {0},
Jj=—00

VAT
g = (U w) - v
j=—00

There exists ¢(-) € L*(R) such that {¢(- — k) }rez is a Riesz basis of V.

2This term will be defined immediately.
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Remark 3.5. 1. The subindex j is the resolution level. Translating or shifting does not
change the resolution level of a function, while dilating or contraction does. The higher
the level j, functions with the more detailed information are contained in V.

2. For an L?(R) function f, we define its orthogonal projection Py, f into the subspace
V; of L*(R). We know that

lim ||Py, fllzz =0and lim ||f — Py;[[z2 = 0.
J——00 J—+o00

The first equation means that, if a function loses every detail of it, then nothing is
left. And the second equation means that a function recovers its original information
by obtaining all details of every resolution level.

3. We can easily check that, for any j € Z, {¢; 1} ez, which is defined by
Gin(-) == 229(27 - —k),

is a Riesz basis of V}. In particular, {¢1 }rez is a Riesz basis of V;. Since Vj C V3, we
represent ¢ as the linear combination of the basis {¢y x frez of V1:

+oo
= Z hk(bl,lm

k=—00

or

“+oo
=v2 Y ho(2- k), (3.4)
k=—0oc0
where hy, € R. We call ¢ scaling function, and the equation (3.4) scaling equation.
The sequence of coefficients {hy}rez is called the filter of scaling function ¢, or more
briefly, the filter h. We define the symbol h of the filter h by

Z hy exp(—inw). (3.5)

n*—oo

The reason we use Fourier series of {hj}rez scaled by factor 1/4/2 instead of the
original Fourier series to define the symbol is for the convenience of normalization of
the formulas which will be discussed later. The filter has a finite support if there exist
ki,ky € Z such that k; < ky and hy = 0 for all £ < ky and k > ko (k € Z). If the
filter has a finite support, then the summations in the scaling equation (3.4) and in
the definition (3.5) of the symbol h are finite sums.

Theorem 3.6 ([25]). A family of functions {¢(- —n) }nez is a Riesz basis of the space Vy if
and only if there exist A >0 and B > 0 such that

< Z |p(w + 2km)|? < Z Vw e [-m, 7],

k=—00

where gzg 1s the Fourier transform of ¢, i.e. gb f t) exp(—wt)dt.
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3.1.2 Scaling functions

Let f be a function in L*(R) and {V;};cz be an MRA. In every subspace V; for every
J € Z, [ is optimally approximated by its orthogonal projection Py, f into V;. We need an
orthonormal basis of V; to compute the orthogonal projection.

We use 9,,,,, to denote the Kronecker symbol, i.e.

P 1, if m=n,
™0, if m+#n

Definition 3.7 (Orthogonal scaling function). We call a scaling function ¢ of an MRA
{V;}jen orthogonal if {¢;,}nez is an orthogonal basis of V; for all j € Z. Particularly, if
these norms of the basis functions are one, we call ¢ to be orthonormal, i.e. for all j,

<¢j,m7 (bj,n) == 5m,n-

In fact, from the properties of MRA, we know that if {¢;, }nez is an orthonormal basis
of V; for any fixed jy € Z, then it is so for all j.

Lemma 3.8. Let {V;};cz be an MRA and ¢ be a scaling function of it. Then ¢ is orthonor-
mal if and only if its Fourier transform g?) satisfies

> ldw + 2km)> = 1. (3.6)

k=—o00

If a scaling function ¢ is not orthonormal, we can get an orthonormal scaling function
¢ by orthogonalization as following

(w)
(Sh b+ 2km))

We can easily check ¢ satisfies the orthonormal condition (3.6).

We also know that properties of scaling functions totally rely on the choice of the filter
in the scaling equation (3.4). We will study the properties of scaling function ¢ with the
filter h. By taking the Fourier transform of both sides of (3.4), we obtain

o) =n(3)4(3)

We recursively use this relation to get

i)~ (TTurt ) dev

If ¢(w) is continuous (e.g. ¢ € L') at w = 0, then we have,

o(w) = (H h(2‘kW)> %(0).

plw) =
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Theorem 3.9 ([25]). Let ¢ € L*(R) N L*(R) be an orthonormal scaling function, with the
scaling equation

o) =v2 Y ho(2- —k), (3.7)

k=—o00

Then the symbol h of the filter h satisfies
Ih(w)|* + |h(w + 7)|* = 1, for¥ w e R, (3.8)
and
h(0) = 1. (3.9)
Conversely, if h(w) is 2w periodic and continuously differentiable in a neighborhood of w = 0,

if it satisfies (3.8) and (3.9) and if

inf  |h(w)| >0,

w€[—7m/2,7/2]
then
A +w
o(w) = [[n2"w)
k=1
is the Fourier transform of a scaling function ¢ € L*(R).

Proof. See S. Mallat 1998 [25]. O

3.1.3 Orthogonal wavelets

Let f be an L*(R) function and {V;},;cz be an MRA. Suppose W; to be the orthogonal
complement of V; in V:
Vier = V; @ W
The orthogonal projection of f on Vi, can be decomposed as the sum of the orthogonal
projections on V; and W;:
Py f = Py, f + Pw, [.

Here the complement Py, f is the detail information of f which can be described at the
resolution level 7 + 1 but cannot be described at the level j. For j < [, we know that

Vi1 C Vi and Wi LV,

thus,
mJ_‘/}Jrl and VI/[J_WJ C ‘/}'Jrl.

Hence, for j <,

Vi=a_Wea V. (3.10)
Since {V}};ez is an MRA, by letting j — —oo and [ — +o0 in (3.10), we get

L*(R) = @i W;.

j=—o0
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Therefore, f can be represented as the superposition of details of all resolution levels.

+o0 +oo

F=" Y (fdia)tim.

Jj=—00n=—00

Theorem 3.10. Let ¢ be an orthonormal scaling function with the symbol h. Let 1) be the
function whose Fourier transform is

-5(2)5(2)

g(w) = exp(—w)h*(w + 7). (3.11)

with

Let us denote .
bin=220(2 - —n),  forjeL.

Then, for any resolution level j, {1}, tnez ts an orthonormal basis of W;, and for all j € Z,
{jn}jnez is an orthonormal basis of L*(R).

Proof. See S. Mallat 1998 [25]. O

We call the function v a wavelet>. Sometimes people also call the wavelet 1 to be a
mother wavelet and the scaling function ¢ to be a father wavelet. And we call W; a wavelet
space of resolution level j.

Definition 3.11 (Orthonormal wavelet). A wavelet ¢ is orthonormal if {1}, kez is an
orthonormal basis of L*(R).

Since v € Wy C Vi, we can represent ¢ with the unique combination of the basis

{1k rez,
400
v() = Z gn®(2- —n).

n—=—oo

We call the sequence g, the filter of the wavelet of 1, or briefly the filter g, and the symbol
g is the Fourier series of the filter g,

| =
g(w) = ﬁ Z Gn exp(—1nw).

n=—oo

Apparently, properties of the wavelet 1 depend on its filter g and the scaling function ¢.
And since the filter g is constructed from the filter A of the scaling function ¢, the main
task in construction of wavelets is to construct the filter h.

3Here in this definition of wavelet, we are involved in the range of discontinuous wavelet transform.
People define a zero average function in L?(R) to be a wavelet for the continuous wavelet transform. The
requirement of the zero average is to guarantee the admissible condition which makes the reconstruction
formula or the inverse wavelet transform possible, see Daubechies 1992 [8].
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3.1.4 Constructing wavelets

When we want to construct a wavelet 1, we mainly consider the number of vanishing mo-
ments of ¢ and its support. We will investigate how the filter h is related on the requirement
of the number of vanishing moments and support of .

Vanishing moments:

Definition 3.12 (Vanishing moments). A function ¥ has p vanishing moments if

+o0
/ typtydt =0 for0<k<p

o0

In other words, the fact that ¢ has p vanishing moments means that ¢ is orthogonal to
any polynomial of degree less than p.

Theorem 3.13 (Vanishing moments). Let ¥ and ¢ be a wavelet and a scaling function,
respectively, which are both orthonormal. And let h be the symbol of the filter h of ¢.
Suppose that

lW(t)| = O((1 +2)7P27Y) and |¢(t)| = O((1 + t2)7P/271).
The following four statements are equivalent:

(i) The wavelet ¥ has p vanishing moments.
(ii) )(w) and its first p— 1 derivatives are zeros at w = 0.
(11i) h(w) and its first p — 1 derivatives are zeros at w = .

(iv) for any 0 < k < p,

+oo
q(-) = Z nf¢(-—n) is a polynomial of degree k.
Proof. See S. Mallat 1998 [25]. O

Compact support:

In application, the number of non-zero coefficients of the filter of a scaling function directly
affects the computational cost. The more the number of non-zero coefficients of the filter
is, the greater is the cost of the computation. We know from the following lemma that
the number of non-zero coefficients of the filter is related to the support size of the scaling
function.

Lemma 3.14 (Compact support). The scaling function ¢ has a compact support if and only
if the filter h has a compact support. Furthermore, their supports are equal.

Proof. See 1. Daubechies [7] and S. Mallat [25]. O
Note that, if a scaling function does not have a compact support, then the number of

non-zero coefficients of the filter of the scaling function is infinite. We are interested in
scaling functions or wavelets which have compact supports.
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Daubechies compactly supported wavelets

Theorem 3.15. Let h = {hg, h1,- - ,hap—1} (p € N), be a finite real sequence, whose symbol
is h. If h satisfies

@) + b +m)* =1, h(0) =1,

and

o) - (AR ),

where t is a trigonometric polynomial with |t(w)] < 2P712 (V¥ w € R). Then there is a
compactly supported orthonormal scaling function ¢ € L*(R), whose Fourier transform ¢ is

R 1=
d(w) = ﬁgh@ k).

Proof. See Daubechies [7, 8] or Louis Maass and Rieder [23]. O

Daubechies (1988) has constructed a family of compactly supported orthonormal wavelets
which has the minimum support size with a given number of vanishing moments [7].

Theorem 3.16 (Daubechies). Let h be the filter of a scaling function ¢ whose symbol h(w)
has p zeros at w = m, then the filter h has at least 2p non-zero coefficients. And the filter of
the scaling function of the Daubechies compactly supported wavelet of p vanishing moments
has 2p non-zero coefficients.

Proof. See 1. Daubechies 1988 [7] or I. Daubechies 1992 [§]. O

We call this family of wavelets Daubechies wavelets. And we use DS,, and DIV, to denote
the corresponding scaling function and wavelet.

Since Daubechies orthonormal compactly supported wavelets are asymmetric (see Figure
3.1) and the support sizes of wavelets are relatively large to obtain certain order of vanishing
moments, compactly supported orthogonal wavelets are not optimal in applications. If we
replace orthogonality with biorthogonality, we may obtain a more practical families of bases

of L*(R).

3.2 Biorthogonal wavelets

The construction of compactly supported orthogonal wavelet with certain regularity is to-
tally dependent on the design of the symbol h of the filter h. This is quite a burden to h. By
replacing orthogonality with biorthogonality, in which we introduce two more dual functions
qg, ¥, we may relieve the burden on a single h in the orthogonal case. These dual functions
are called dual scaling function and dual wavelet function respectively, whose corresponding
filters are i and §. We have the following four refinement equations.
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Figure 3.1: Daubechies scaling functions and wavelets of order 2, 3 and 4.

O()=V2 Y had(2-—n),  G()=V2 Y hd(2-—n)

Q/J() = \/§ Z gn¢(2 ’ —TL), "I)() = \/5 Z gnq;(Q ) _n)'

The biorthogonality requires us that

(@), 6(- —n)) = (), (- = n)) = dn0 and
(@(), (- —n)) = (W), (- = n)) = 0.

(3.12)
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Definition 3.17. We call a set of scaling functions and wavelets, {¢, ), qz,z/?}, a family of
biorthogonal scaling functions and wavelets if it satisfies (3.12).

The filters (h, g, h, §) must satisfy

+oo +o0
Z hkhk—Qn = Z gkgk—Zn - 571,07 (313&)
k=—0oc0 k=—o00
+o0 +o0o B
> hiGr-an = Y Gehk—on =0, (3.13b)
k=—o00 k=—o00
for V.n € Z.
We also have the biorthogonal condition in the form of symbol:
h(w)h(w) + h(w+ Mh(w+7) =1, gw)gw) + glw+ Mg(w +7) =1, (3.14a)
h(w)g(w) + h(w+mg(w+7) =0, g(wh(w)+gw+mh(w+m) =0,  (3.14b)

for Vw € R.

Definition 3.18. If a group of filters (h, g, h, §) satisfies (3.13), then we call it a family of
biorthogonal filters. And if a group of symbols (h,g, h,g) satisfies (3.14), then we call it a
family of biorthogonal symbols.

The following theorem of C. K. Chui (1992 [4]) tells us a general description on the
dependence of the choice g and g on h and h.

Theorem 3.19. Let h and h be symbols of a scaling function and its dual and satisfy

h(w)h(w) + h(w + m)h(w) = 1.
Then symbols g and g together with h and h compose a family of biorthogonal symbols if
and only if there exists a function k, such that

—+00 —+00

k(w) = Z ¢ exp(—nw) for w € R and Z len| < o0,

n=—oo n=—0oo

and satisfies that

g = exp(—w)h(w + m)k(2w) and g(w) = exp(—w)h(w + 7)k~1(2w).

We call a family of biorthogonal filters is finite, if each filter of the family is finite.
Let f be a function in L*(R). Let {V;},cz be the MRA generated by ¢ and {W;},cz be
wavelets spaces generated by 1. We have the corresponding dual MRA {V;},;cz and dual

wavelets spaces {W] }jez generated by <;~5 and zﬁ, respectively. In this biorthogonal case, W;’s
are not orthogonal to each other for different j € Z. Instead, we have

ij_ﬁ/}andl/[/ijj.
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We can represent f with the basis {1 x};rez

f_z Z (fs ja)sns

j=—00 k=—00

which is not an orthogonal decomposition.

The following work has been done by A. Cohen, I. Daubechies and J. -C. Feauveau
(1992) [5], who first introduced biorthogonal wavelets and constructed compactly supported
biorthogonal wavelets.

Theorem 3.20. Let h and h be filters with finite supports, whose symbol are h and h,
respectively. Suppose that

h(w)h(w) +h(w+mh(w+7) =1,  h(0) =h(0) =1,
and

- (FEEY ) g - (L

Here t and t are trigonometric polynomials, and there exist k and k in N such that

k—1

i) < op—1/2 F(290)| < 9P—1/2
Icruleaédnt(Q w)| <2 and T?§<|Ht(2 w)| <2

Then, there exist biorthogonal scaling functions ¢ and & whose corresponding filters are h
and h, respectively. Moreover, by defining ¢ and ¢ as

ﬁ’ 2{: hl n¢1n and ﬁ’ 2{: hl n¢1n7

nez nez
we have a family of biorthogonal wavelets functions {¢, v, é,z/;}

One can also obtain a new family of biorthogonal scaling functions and wavelets by a
technique called lifting or dual lifting. This work has been done by W. Sweldens (1996)
[32]. Moreover, I. Daubechies and W. Sweldens (1998) have shown that any family of finite
biorthogonal filters can be obtained from any other family of finite biorthogonal filters by
performing finite number of liftings and dual liftings on it [9].

So far, we have briefly introduced the basic theory on scaling functions and wavelets. It
is convenient for us to choose a family of scaling functions which has interpolation property
in solving differential equations.

3.3 Interpolating scaling functions

In this section, we will discuss the construction and the properties of the ISF’s.
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Construction of ISF’s

In ISFM, we use uniform mesh and only involve scaling functions with the same resolution
level. Therefore, here in this section we only introduce a method of construction of ISF’s
which constructs ISF’s without involving the concept of wavelets.

Iterative interpolating process

We will construct ISF’s on the real line with a method introduced by S. Dubuc (1986 [13])
and by G. Deslauries and S. Dubuc (1989 [10]). Let N be a positive integer. We interpolate
the Kronecker sequence {0, 0}nez at the integers to a function on the binary rationals by
repeating the following process. For a given integer j > 0, if we have already obtained the
values on all k/27, for all k € Z, then we interpolate the values at points (k+1/2)/27, for all
k € Z, with the symmetric 2/ N-points Lagrangian interpolations. Then we have values on
all k/2971. And we continue with the next resolution level and do the same symmetric 2N-
points Lagrangian interpolations. By repeating in this way, we will have values at any binary
rationals, i.e., k/2/, for V k,j € Z and j > 0. We call this process iterative interpolating
process. Thus we get a discrete function defined on a dense subset of R. Since this function
is uniformly continuous on the whole binary rationals, it can be uniquely extended to a

function ¢ on R. We also call this function fundamental interpolating function of order N,
or briefly DD y*.

Properties of ISF(DDy)

The construction with the iterative interpolation process tells us that DDy (N € N) is even
symmetric, i.e.
DDy(—t) = DDy (t), teR.

Theorem 3.21. If p is a polynomial of degree less than 2N (N € N), then p can be reproduced
by the translates of DDy .

—+00

p(t) = Z p(n)DDN(t —n), fort eR.

Lemma 3.22. Let N € N. Then DDy vanishes outside (—2N + 1,2N — 1).

Proof. We define a sequence {t,},>o by the recurrence

with tg = 0. For a given n € N, we can observe from the process of iterative interpolation
that DDy vanishes outside [—t,,t,] at the resolution level n, i.e., where the points are in
the form of k/2"(k € Z). We can easily compute that t, = 2N — 1 — (2N — 1)/2". By
letting n — +o0, we know that DDy vanishes outside (—2N + 1,2N —1). O

Lemma 3.23. DDy (N € N) is continuously differentiable.

4This term is named after Deslauriers and Dubuc.
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1 DD 1 DD
3
0.5 0.5|
0 0
_2 0 2 -5 0 5
1 1
DD, DD,
0.5 0.5|
0 0
_5 0 5 5 0 5

Figure 3.2: Deslauriers Dubuc functions of order from 2 to 5.

Proof. See S. Dubuc 1986 [13]. O

N. Saito and G. Beylkin have shown that DDy(N € N) is the autocorrelation of
Daubechies compactly supported orthogonal scaling function [31].

DDy (t) = +<><> DSy (2)DSn(x — t)dz, (3.15)

— 00

where DSy is the Daubechies compactly supported orthogonal scaling function of order N,
which yields the scaling equation,

2N—-1
DSy(t)= Y hDSy(2t—k), teR.

k=—2N+1
We also know that DDy satisfies the scaling equation,

2N—-1
DDy(t)= Y hiDDy(2t—k), teR.

k=—2N+1
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One can also easily check the relation between the filters h* and h from the autocorrelation

equation (3.15),
+o0

o= hnhmn, forVon ez

m=—0Q

And since DDy is interpolating, the filter h} yields
hy, = DDy (k/2).

Now we decompose any data set {f;}icz as:

+oo
fi= Z 105, (3.16)

j=—o0

where 0 is the Kronecker symbol. Then the interpolation f of {f;}icz on the whole R is
combination of translates of DDy.

+o0
f&)= > fiDDy(t—j), teR.

j=—o0

Since DDy is interpolating, we know that f; = f(j). We apply this relation on the data set
{DDn(j/2)}jez to have

DDy (t/2) = io DDy (j/2)DDy(t — j), teR. (3.17)

j=—00

Since the DDy has a compact support, the summation in (3.17) is finite. And since
DDy vanishes outside (—2N + 1,2N + 1), we know that DDy (j/2) = 0 for |j| > 4N — 2.

Therefore
AN-3

DDy(t/2) = > DDy(j/2)DDy(t — j), for t € R. (3.18)

j=—4N+3

We know from the interpolating property that DDy (j/2) = 0, for even j € Z, hence, we only
need to compute DDy(j/2) for odd integer j. And these can be computed using 2/N-points
Lagrangian interpolations. One can easily check that

9i 11 A IN-1p N4 1/9
J ):(—1)N_]< k=0 (K +1/2) for — N <j<N. (3.19)

DDy | —— ,
N( 2 J41/2)(N —j — DN + j)!
If N =2, we have

DDy(%£1/2) = 9/16, DDy(£3/2) = —1/16 and DDy(%(2j + 1)/2) = 0, for j > 2.

Next, we will compute derivatives of DD, at half integer points, j + 1/2, which will be
needed in ISFM. We know DDs has a finite support. And from the symmetry of DD,, we have
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the anti-symmetry of the derivatives. Thus we only need to calculate DD5(1/2), DD5(3/2)
and DD}(5/2). We rewrite the equation (3.18), since we have computed its coefficients,

t 1 9 9 1
DD, (—) = — 1 PD2(t+3) 41 DD (t+1)+ DDo(t)+ 1 DDa(t—1) — 1 DDs(t=3). t € R.

2 16
(3.20)
We differentiate both sides of (3.20) to have
L ooy (f) L DDL(t43) 4 DD} (t41) 4 DD)(E) 4~ DD} (t—1)—— DDY(t—3), ¢ € R
27 72\2) 1677 167 S T T '
(3.21)

In order to compute DD}(1/2), DD4(3/2) and DD}(5/2) from equation (3.21), we need first
to compute DDj(1) and DD}(2).

We assume that f is the extension of a discrete data set { f; }icz by iterative interpolation
process with 4-points Lagrangian interpolations. Then we can write f as

+oo
f)= Y £,DDut ~ ) 3.2
Differentiating (3.22) we obtain
+o0o
F= Y f0DE )

Taking ¢ = 0, and since DD, vanishes outside the interval (—3,3) and f; = f(j), we have

f1(0) = =DDy(D[f (1) = f(=1)] = DD5(2)[f(2) — f(=2)]. (3.23)

Lemma 3.24.
DD;(l) = —2/3 and DD§(2) =1/12.

Proof. This proof has been given by S. Dubuc 1986 [13].
We set p, = [f(27") — f(=27™)]/(2-27™). The iterative interpolation process tells us
that

F(=27") = —1/16f(—4-27") + 9/16f(—=2-27™) + 9/16£(0) — 1/16f(2-27")
f(27™) = —1/16f(—=2-27") +9/16£(0) + 9/16f(2-27") — 1/16f(4-27™)

Hence,

P =[f(=4-27") = 10f(=2-27") + 10f(2-27") — f(4-27")]/(32-27")
B2 — f(=2- 2 /2 (2027
—1/A[f(4-27") = f(=4-27")]/[2- (4-277)]
=5/4pp_1 — 1/4p,_o. forn > 1. (3.24)



3.3. INTERPOLATING SCALING FUNCTIONS 51

The general solution of this difference equation (3.24) is
Pp=cC1+ 4"
We use the initial condition
po1 =ty = [f(2) = f(=2)]/4 and po = ¢1 + ¢ = [f(1) = f(=1)]/2. (3.25)

to compute ¢; and co, i.e.

a1 =2/3[f(1) = f(=1)] = 1/12[f(2) = f(=2)], (3.26a)
6 =~ 1/16[7(1) — f(~1)] + 1/12[/(2) — f(~2)]. (3.26b)

If we substitute (3.26) into (3.25) and let n — 400, then, we have
f10) =2/3[f(1) = f(=1)] = 1/12[f(2) — f(-2)]. (3.27)
This equation (3.27) does not depend on the choice of f. Now compare this with (3.23),
then we get DD,(1) = —2/3 and DD5(2) = 1/12. O
Hence, by substituting these into (3.21), we can obtain that DD,(1/2) = —59/48,

DD)y(3/2) = —3/32 and DD,(5/2) = —1/96.
Now if N = 3, by the formula (3.19), we know that

DDs5(41/2) = 75/128, DD5(+3/2) = —25/256 and DD5(+5/2) = 3/256.

One can verify that the method used in the proof of the lemma above cannot be gener-
alized for any V.

G. Deslauriers and S. Dubuc (1989) [10] have provided a beautiful technique on compu-
tations of these derivatives for N = 3, which may be generalized for the higher N.

Lemma 3.25.
DDg(l) = —272/365, DD§(2) = 53/365, DD§(3) = —16/1095 and DD§(4) = —1/2920.

Proof. We can reproduce any polynomial of degree less than 6 with translates of DD3. Let
us consider a polynomial p(t) = t(t* — 1)(t* — 4). We know that p can be reproduced by
DD37

p(t) = 3 p(n)DD(t — n).

nez
Since we know that p vanishes at ¢t = 0,+1 and +2, and DDj(t) = 0 for |t| > 5, we have

p'(0) = —=2p(3) DD5(3) — 2p(4) DD3(4),

In the same way, if we consider other polynomials ¢(t) = ¢(t* — 1)(t* — 9) and r(t) =
t(t* — 4)(t* — 9), we obtain

q'(0) = —2q(2) DD3(2) — 2q(4) DD5(4),
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and
r'(0) = —2r(1)DD5(1) — 2r(4)DD5(4).

So far, we have three equations for four unknowns. If we consider the equation (3.18), and
substitute ¢ with 2s, then we have

9
DDs(s) = > DDs(j/2)DDs(2s — j). (3.28)
j=—9
We differentiate both sides of (3.28) and take s = 4, then we have
DD;(4) = 2DD3(5/2)DD4(3) = 3DD5(3)/128.

Therefore, we can get DD5(1), DD5(2), DD5(3) and DD5(4) by solving these four linear
equations. ]

With these derivatives on integer points ready, we can also compute DDj5(+j/2) by
differentiating (3.18), for j = 1,3,5,7,9. See the table 3.1 and 3.2.

Table 3.1: Derivative filters DD’y (—1).

i[N=2] N=3 N=4
1| 2/3] 272/365 | 39296/49553
2 | —1/12 | —53/365 | —76113,/396424
3 16/1095 1664,/49553
4 1/2920 | —2645,1189272
5 —128/743295
6 1/1189272

Table 3.2: Derivative filters DDy (—i — 1/2).

1| N =2 N =3 N =4
0| 59/48 120707 /93440 266099391/202969088
1| —3/32 | —76883/560640 | —189991331/1217814528
2 1/96 1075/37376 63928787,/1522268160
3 —1297/373760 —1505623/173973504
4 3/373760 1011845/1217814528
d 6637/608907264
6

—5/1217814528




3.4. NUMERICAL APPROXIMATIONS OF THE SPATIAL DERIVATIVES WITH
ISFM 23

(-3/2)Ax  (-1/2)Ax (+1/2) Ax  (1+3/2) Ax

(i—l‘)Ax iAx (i+1)Ax X

Figure 3.3: Yee’s lattice for 1D.

3.4 Numerical approximations of the spatial deriva-
tives with ISFM

Assume there is a uniform Yee’s Lattice as in the figure 3.3. Where Az is the smallest mesh
size and 1Ax’s (i € Z) are grid points and (i+1/2)Az’s (i € Z) are midpoints of grid points.

Let f be a function which is discretized on midpoints of grid points, (i + 1/2)Ax, for
i € Z. We will approximate f’(0) with the given values {fiy1/2 = f((¢ + 1/2)Ax)}iez of f
at midpoints, i.e., (i + 1/2)Ax, i € Z. We approximate the function f with a function fm,
which is a linear combination of translates of contracted ISF’s.

fao(@) =" fiyr2DDy(z/Ax —i—1/2), fort€R, (3.29)

€L

where fi1/0 = f((1 4+ 1/2)Ax).
D. L. Donoho (1992 [12]) has shown that fa, converges to f in C*°(R) as Az goes to 0.
Here we state two lemmas from [12].

Lemma 3.26. Let N € N. And let V; be a space spanned by {(DDy); ,}trez, for any
non-negative integer j. Then the following statements are true:

e Forany f €V},
f=>_f@7k)/2"*(DDy);,
k
e We have the inclusion
Vi C Vigr
e All the polynomials of degree less then 2N are in V;.

For a given function f € Cy(R), we define a projection P;f of f on V(5 > 0), i.e

Vi = span{(DDx), | b € Z,

as

Pif _Zf 277k)/2/*(DDy);

Note that P; f is not an orthogonal projection since (DDy);,’s (k € Z) are not orthogonal.
Lemma 3.27. If a function f € Cy(R), then

| f—Pjflloc = 0, as j — +oo.
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Differentiate both sides of (3.29), and put z = 0, then we have

> fivr2DDy (=i — 1/2)

Fasl0) = = (3:30)

Since DDy has a compact support, there exists an integer [y such that DD\(—i —1/2) =0
for |i4+1/2| > ly (i € Z). For the simplification, we use a(i) to denote DD’;(—i —1/2), then

we have -
ZiO:,lO fz'+1/2a(2)

Fas(0) = ==

(3.31)

This is a general formula for ISFM with Yee’s scheme. The higher the order N is, the larger
is the compact support of DDy, hence, the more is the number of terms in the sum of (3.31).

Now, in the TM, mode Maxwell’s equations systems we approximate the time derivatives
with central finite difference of second order, and the spatial derivatives with DDy (N € N).
Then, we have the following difference system with ISFM. The initial conditions and the
boundary conditions are the same to that of Yee’s FDTD method and we will not repeat
them here.

lop—1
n+1/2 5 n—1/2
Bol; iiije = Beli i1 + A Z i j1 (3.32a)
I=—Io
AV AY) LAt
1-2 147 -7
H |n+1/2 o 2¢eg 2", | 1 2¢e9 |n+1/2 B 2¢eg |n71/2
wli,j+1/2 = o AL o At i j+1/2 o At V412
1+ 1+ —=— 1
2¢0 2¢0 2e0
(3.32b)
At
n+1/2 n—1/2 n
Bz|i+1//2,j = Bz|i+1//2,j T Ax a(l)&y[i4i41,; (3.32¢)
1 AN m o, At o, At
H |n+1/2 o 2¢eg 1" i 2¢e9 |n+1/2 B 2¢eg |n71/2
2lit1/2,5 = o, At Tl o, At DFlit1/2, o, At DFlit1/2,
1+ + 2= 1+
260 250 250
(3.32d)
AL
1_ 02 lo—1 H, |n+1/2 ) ey |n+ll/2/
~m € i, j+H+1/2 2liti4+1/2,
Dyli;' = A D uli At > all ( A T Aw ]> (3.32e)
1 I=—1
+ 260 250 ’
] o, At
n B 25 1 1 n ~ |n
E, It = 0 5 7 R (D s Dy|m‘> ’ (3.32f)
1+2 1+ K

280

280



3.5. NUMERICAL DISPERSION AND STABILITY 5}

where a(i) = DD'y(—i —1/2). And [y is an integer such that [—ly,ly — 1] is the support of
the filter {a(l)};ez.

3.5 Numerical dispersion and stability

We consider the difference system (3.32) in the main computational domain €2 (Figure 1.3)
only, where all the lossy factors, o’s, are zero and no auxiliary variable such as B or D is
needed, then the system simplifies into:

At o
n+1/2 n—1/2 n
Hm|z‘7er+/1/2 - H$|i7j+/1/2 + WAz a(D)Eyl7 jir41s (3.33a)
I=—1lo
At 2
n+1/2 n—1/2 n
Hz|z:1//2,j = Hz|z‘+1//2,j - oy Z a(l)£y|i+l+1,j7 (3.33b)
I=—1lo
lo—1 n+1/2 n+1/2
At H$| . ’HZ| ,
n+l n i, j+H+1/2 i+l+1/2,5
&y =&18;+ ~ zZz a(l) ( Ao - AL . (3.33¢)
=0

3.5.1 Numerical dispersion

Lemma 3.28. If a pair of real numbers ky, and k. satisfies

e (2] [& S (12222

=—Ip

Aiz 2 () sin (k:z(l +;/2)Az>

l=—lo

2

+ : (3.34)

where v =1/\/pe, and a(l)’s are derivative filters in Table 3.2, then the following set (3.35)
is a solution to the difference system (3.33),

L A lzl j\5in (ko (1 +1/2)A2/2)
P2 T A sin (wAt/2)

l=—lo

exp(v(wnAt — k,IAz — k. (J +1/2)Az)), (3.35a)
" At lzl sin (k, (1 + 1/2)Az/2)
2l 14+1/2,0 = A . :
pAx = sin (wAt/2)
exp(v(wnAt — ky (I +1/2)Ax — k. JAz)), (3.35b)
&7 ;= exp(e(wnAt — koIAz — k,JAZ)). (3.35¢)

Conversely, if there exist a pair of real numbers ko and k. such that (8.35) is a solution to

the difference system (3.33), then k, and k. yield (3.34).
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Proof. The proof of this lemma is just a straightforward substitution of (3.35) into the
system (3.33). We omit the detail here. O

The analysis of numerical dispersion with higher order method such as ISFM is not as
simple as that of FDTD, since it is difficult to analytically solve for numerical wavenumbers,
k, and k.. E. M. Tentzeris, R. L. Robertson, J. F. Harvey and L. P. B. Katehi have
used BisectionNewtonRaphson hybrid technique to solve this non-linear dispersion equation
(3.34) with different type of wavelets, i.e., different a(l), and provided comparison results
with FDTD, see [36]. They showed that higher order schemes have less dispersion error
than FDTD. We don’t want to discuss it in detail here. According to our experience in
numerical examples, the computation errors caused by numerical dispersion are less than
that of FDTD of second order.

3.5.2 Numerical stability

The stability analysis for the ISFM is similar to that of Yee’s FDTD scheme, see subsection
2.3.2. We keep all the notations of the subsection 2.3.2 except V, which is the discretized
gradient with respect to central finite difference of second order, and we use V instead of
V., which is the discretized gradient with respect to ISFM difference scheme. Here we will
have the following equation instead of (2.23),

Vit = Vha!”  § <
'Yy 'Yy — n 3.36
At \/,MEV XVl (3.36)

We substitute (2.24) into (3.36) and obtain

WVO = _%(uhu%ufi) X Vo,
where
[ lo-l 2
uy = _A—w ; a(l) sin(k,(I +1/2)Az/2)| |
lo—1 12

s — Aiy ;a(l) sin(k, (I + 1/2)Ay/2)|
ug = Aiz i a(l)sin(k,(I +1/2)Az/2)

=0

92

We also get a similar form to (2.26),

Qll? — o~ 1/2 9
&Yy =By
At 0 ’_,ME 05
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where

Then, as in Subsection 2.3.1, by solving eigenvalues of the matrix B, we obtain,

mE(al/? — =172
( ,u( N )> +u%+u%+u§:0.

The derivation here is not different from that in the former chapter. We get

VAt Jud +ud +ud < 1. (3.37)

We require that the inequality (3.37) should hold for all possible k,, k, and k., thus we
have the stability condition of the Yee’s ISFM scheme:

At

- lp—1 :
Z la(!) |\/ Arx)? Ay (Az)
For 2D case we have
bl 1 1
At < |v ( |a(l)|> \/(Ax)Z + (A2)? (3.38)
1=0

this is generalization of the stability analysis of FDTD Yee’s scheme, where differentiation
filters a(—1) = —1/2 and a(1) = 1/2. Note that the stability conditions derived here are
not only for the Yee’s scheme, which is staggered and uncollocated, but also valid for the
unstaggered and collocated scheme.
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Adaptive wavelet collocation method

In the ISFM, which was discussed in the previous chapter, we use a uniform grid to discretize
field values. Only scaling functions of one resolution level are involved in the ISFM. In
this chapter, we continue to discuss the adaptive wavelet collocation method (AWCM) (O.
Vasilyev [40, 39]), which considers not only scaling functions of one resolution level but also
wavelets of different resolution levels.

Let {qb,w,qg,zﬁ} be a family of biorthogonal scaling functions and wavelets. And let
{Vi}jez and {W;},ez be the corresponding MRA and the wavelet spaces. In general, W is
not the orthogonal complement of V; (j € Z) in V;1,. Suppose that jo,j; € N (jo < j1). We
know the following relation:

‘/jl :VJOEBWJO EBWJ'OJrlEB"'EBle*l' (4'1)

Note that “@ ” in (4.1) is a direct sum which is not necessarily orthogonal.
Let f be a function in L*(R). We use P; and @; to denote projections of f into the
subspaces V; and W; (j € Z) of L*(R), respectively. Then from (4.1) we have

Jji—1
Pj1f:Pjof+Zij- (42)

J=Jjo

We represent the R.H.S. of (4.2) with the basis functions {¢j, x}rez and {¥j.m}jmez,
then we get

ji—1
Pif = iosbioh+ > > BimWim,
keZ Jj=jo meZ

where 3 )
ok = ([, Pjok) and B = (f,0jm)-

We call a1 scaling coefficient and 3;,, wavelet coefficient. We may think that scaling
coeflicients ay,  (k € Z) show rough information of Pj, f at the coarsest resolution level jg
and the wavelet coefficients f;,, (j = jo, - ,/1 — 1,m € Z) show detailed information of
P;, f at various resolution levels from jy to j; — 1.

Our interest is in the wavelet coefficients. In the applications such as numerical solutions
to partial differential equations (PDE’s) or image compressions, we may approximate a

58
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function or signal by discarding some terms in its wavelet decomposition whose wavelet
coefficients are negligible, i.e. the absolute values of the wavelet coefficients are less than
a given thresholding tolerance value. We can obtain wavelet coefficients with fast wavelet
transforms. In the AWCM, we will use the lifted interpolating wavelet transform. We can
obtain the lifted interpolating wavelets by lifting a type of wavelets called interpolating
wavelets or Donoho wavelets.

4.1 Interpolating wavelets

Let us first study about the interpolating wavelets introduced by Donoho 1992 [12].
For N € N, we define a function Doy (named after Donoho) by

Assume j € Z (j > 0). Define W := span{(Dox);,, | m € Z}. Note that,

(Do) () = 2/(Doy) (27 - =m) = V2(DDw) 11 gy (-

Hence, we know that

W; C Vi1 = span{(DDy )1 | k € Z}.
Suppose we have two sequences {a;j}rez and {5 }mez. Let f be a function constructed
by

F=> ain(DDy);+ Y Bim(Don); e (4.3)

keZ meZL

We know that f € Vj;, thus we can also represent f as
f = Z&jJrl,k(DDN)jJrLk- (44)
keZ
For a given integer j, we define a set of dyadic rationals of degree 7,
Kj:={k/2 | k € Z}.
Then we have the nested relation,
K;j C Kji1.

We define M; := ;11 \ K;, for j € Z. The grid set K41 of level j + 1 is composed of two
independent parts, K; and M;. We call K; a coarse part and M, a fine part in the level
Jj+1

Now we consider the two forms (4.3) and (4.4) of representations of f € V; ;. From the
definition of Doy, we know that

(DON)j7m(t) = 0, fort € IC]‘.

Therefore, we have

D @k (DDN) 1 4 (1) = D agu(DDy) (), for t € K.

kEZ keZ
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Hence, we have
Q= \/§Oéj+1,2k, for k € Z.

Let ty € My, ie.,, 3k € Z s.t. 1o = (k+ 1/2)/27. Substituting ¢, into (4.3) and (4.4), and
using the interpolating property of DDy, we have

\/§Oéj+1,2k+1 —=279/2 Z aj,m<DDN)j,m(<k + 1/2)/2j) + ﬁjk

mEZL
Hence, we have the following lemma.

Lemma 4.1. Every f € V41 can be represented as (4.3), with

J 1 k43 k+3
aj7k:2_§f<§)a/8j,k:2_§ <f< ;2)—(ij)( ;2))

This lemma shows that the wavelet coefficients §;;’s (k € Z) represent the difference of
f and its approximation P;f in V.

Now we discuss the symbols of the family of biorthogonal scaling functions and wavelets.
Let h and g be the filters of DDy and Doy respectively and h and g be their corresponding
symbols. Since DDy is interpolating, it is easy to check from its scaling equation that
hoy = 5k,0/\/§, for all k € Z. In the symbol form we have

h(w)+h(w+m) =1, weR. (4.5)

Since Doy (t) = 2DDy(2t — 1), for t € R, we know that g = {go = 0,91 = v/2}. Therefore,
g(w) = exp(—w), w € R. The biorthogonal condition (3.12) in matrix form is

M(w)M(w)' = I. (4.6)
where M, M € C2*2 | and

=[5 o] mad =[5 10

and [ is the 2 x 2 identity matrix. The notation “x” means conjugate transpose of a complex
matrix.
Thus, we have

1 1

[exp(—zw)h(w +7) exp(—t(w + 7))h(w + 27)

Therefore, we can choose h(w) = 1 and g(w) = exp(—w)h(w + 7). Thus, the dual scaling
function ¢ is the Dirac impulse at the origin and the dual scaling function ¢ is a linear
combination of the shifted Dirac impulses. This biorthogonal family { DDy, Doy, o, 1/;} with
its family of symbols {h, g, h, g} is called Donoho wavelets family.

The Donoho wavelets family has some disadvantages.
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1. Doy does not have vanishing moments. Thus, it does not satisfy the admissible con-
dition, which means it cannot generate a Riesz basis of L*(R).

2. The duals are not L*(R) functions.

W. Sweldens has introduced a smart technique, called lifting scheme 1996 [32], which
can be used to construct better families of biorthogonal scaling functions and wavelets
overcoming these disadvantages of Donoho wavelets family. This will be the main contents
of the next section.

4.2 The lifting scheme

In this section we will introduce the lifting scheme developed by W. Sweldens (1996 [32]
and 1998 [33]). We start with the following lemma.

Lemma 4.2. If we have a family of biorthogonal symbols, {h,go,ﬁo,g}. Then, the new
family of symbols, {h,g, h,g}, defined as the following,

O(w) — h(w)s(2w), (4.7a)

forw € R, where s is a trigonometrical polynomial, is also a family of biorthogonal symbols.

Proof. Our task is to check the biorthogonal condition in matrix form (4.6). Let MO, MO,
M and M be the corresponding 2 x 2 complex matrix functions, i.e.,

M) = [ @) gt )] i) = [Z(Ef)) e 3

v i) -8 B2
for w € R. From (4.7), we know that

M = S, M°, and M = S,M°,
where S; and S5 are 2 x 2 matrix funtions and

Si(w) = {O 3<21“)] and Sy(w) = {_3(1200) ﬂ weR.

We know that the old family of symbols is biorthogonal, i.e., MO(MO)* = I, and it is easy
to check that S1.55 = I, therefore,

M(M)* = S;M°(M°)*S; = Sy (M°(M°)*)S; = 5118, = I.

Hence, the new family of symbols is also biorthogonal. O
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Next we observe how these changes of symbols affect the corresponding functions. We
see that the scaling function ¢° does not change, i.e, ¢ = ¢°, because its symbol h® does not
change. However, the other three functions change. We consider the Fourier transforms of
the refinement equations of these three functions.

P(w) = g(w/2)0%(w/2)
= 8°(w/2)9°(w/2) — s(w)h’(w/2)¢(w/2)
= g'(w/2)°(w/2) = s(W)P*(w), weR.

We assume that

w) = Z spexp(—w), sy €R,
k
then by the inverse Fourier transform, we have
=V2) g2t —k) =Y skt —k), teR
k k

Similarly we have

~ ~

8(6) = hle/2)0(/2) A
= B0(/2)0(/2) + S@)E"(w/2)0(2)
= B(w/2)0(0/2) + 5@, wEeR

Thus, by the inverse Fourier transform, we have

_ \/§Zfl2¢§(2t — k) + Z s_pb(t—k), teR.
k k

We also have . .
Y(w) =g(w/2)p(w/2), weR.

Therefore, we get

=V2) b2t —k), teR.
k

We have the following theorem.

Theorem 4.3. Suppose that we have a family of biorthogonal scaling functions and wavelets

{0, 9°, @, 1/}0} Then a new family {¢, v, ¢, @/}} defined as,
—Zb‘k(b('_k),
thM —k) +Zs pb(- — k),
=fng¢ 2 —k),
3

where s, € R, is biorthogonal.
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Remark 4.4. 1. This process of obtaining a new family of biorthogonal scaling functions
and wavelets is called lifting.

2. Assume we have an initial family {h° g, h, g°} of biorthogonal symbols, then we can
also get a new family {h, g, h, g} of biorthogonal symbols defined by

h(w) = h’(w) + g(w)3(2w),

g(w) = &°(w) — h(w)3(2w),
where s is a trigonometric polynomial. We call this process dual lifting.

3. The choice of trigonometric polynomials s and § both in lifting and dual lifting pro-
cesses plays an important role in improving the properties of the scaling functions and
wavelets.

Example (Lazy wavelet)

We have a family of biorthogonal symbols simply defined as:
2h’(w)=h(w)=1 and gw)=28"(w)=exp(—w), weR.

People call this family {ho,g,fl, g’} of symbols family of Lazy wavelet symbols, see for
example W. Sweldens 1996 [32] and S. Mallat 1998 [25].

We assume that a family {h, g, h, g} is a Donoho wavelets family, i.e., h is a symbol of
DDy (N € N), and

g(w) = exp(—w), h(w) =1, and g(w) = exp(—w)h(w + ), weR.

We will investigate how these two families {h°, g, h, g’} and {h, g, h, g} relate to each other.
Since h is a symbol of an ISF, we know that hop = 5k,0/\/§ and h is finite. And also we
know that hopy1 = DDn((2k + 1)/2)/v/2. Hence, there exists a trigonometric polynomial 3
such that
5(2w) = exp(w) (h(w) —1/2), weR.

Then we have
h(w) = 1/2 + exp(—w)35(2w)
=h'w) + g(w)i(2w), weR. (4.8)
And by using the fact that h(w) + h(w +7) =1 (w € R), (see (4.5)), we have
g(w) = exp(—w)h(w + )
= exp(—w)1l — h(w)
= 1/2exp(—w) + exp(—w)1/2 — h(w)

= g%(w) — h(w)i(2w), weR.

Therefore, we can see that the family of Donoho wavelets can be obtained by performing a
dual lifting scheme on the family of Lazy wavelet.
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Lifting Donoho wavelets family

Now we will continue to lift the family of Donoho wavelets in order to improve the properties
of wavelet functions. We start with the family of the symbols of Donoho wavelets.

We still suppose that a family {h, g, h, g} is a Donoho wavelets family, i.e., h is a symbol
of an ISF of order N (N € N), and

g(w) = exp(—w), h(w) =1, and g(w) = exp(—w)h(w + ), weR.
Let us consider a new family {h, g', h', g} lifted from the Donoho family as the following:

= exp(—w) — h(w)s(2w),
h'(w) = 1+ exp(—w)h(w + 7)s(2w), w €R,

where s is a trigonometric polynomial.
Let s(w) = >, spexp(—thw), (w € R), then, we know from the theorem 4.3 that the
lifted wavelet 9! is

YM(t) = 2DDy(2t — 1) = > s DDy(t — k), tER.
k

Our purpose is to choose the coefficients s, (k € Z) to get ¢! that has 2N (N € N)
vanishing moments. From (4.8), we can write the symbol h of DDy as

h(w) = 1/2 + exp(—w)35(2w). (4.9)

We can easily see that the coefficients of § is half of the 2 N-points Lagrangian interpolation
weights. W. Sweldens (1996 [32]) has shown the following theorem.

Theorem 4.5. Suppose N, N € N. Let 1) be the Donoho wavelet, i.e., () = 2DDy(2- —1)
and WY be the symbol of DD . We define 3V as

¥ (w) = exp(w/2) (hN (w/2) -1 /2) .

If N < N, lifting Donoho wavelet family with

results in the shortest wavelet with 2N vanishing moments.
Proof. For the proof of the theorem, see W. Sweldens (1996 [32]). O

We denote the lifted Donoho wavelet with 2/ vanishing moments by Dl .
And we know from (4.9) and theorem 4.5 that

S(w) = exp(w/2)(h(w/2) — 1/2) and s(w) = 25(—w).
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Now let us consider
IN-1

1
h(w)=— Z hy exp(—w).
V2 I=—2N+1
For example, if N = 2, then we know
h(w) = 1 (— 7o exp(—e3w) + 1k exp(—uw) + 1+ 1= exp(is) — - exp(i3e)
w) =5 16 &Xp(=1w) + T exp(~w 16 &xP(w) — o exp(i3w) ).
Thus, we have
1 1 9 9 1
S(w) = 5( kT exp(—w) + 16 + 16 exp(w) — 16 exp(sz)),
1 9 9 1
s(w) = T exp(—12w) + 16 exp(—w) + 16 16 exp(ww).

Thus we know that s;’s are the 4-points Lagrangian interpolation weights and §,’s are halves
of the 4-points Lagrangian interpolation weights. This is true for the general N € N.

The Lifted interpolating wavelet transform

Suppose N € N. Let {DDy, Doy, ¢, 9} be a family of Donoho wavelets and { DDy, Dy, ¢, '}
be a family lifted from the Donoho wavelets family. Assume that s be the corresponding
lifting trigonometric polynomial,

s(w) = Z sk exp(—thkw), for w € R,
i

where s, € R. We know that these coefficients s, (k € Z) are the 2N-points sym-
metric Lagrangian interpolation weights (see the theorem 4.5). And let {h, g, h,g} and
{h,g', h', g} be the corresponding family of Donoho wavelets symbols and family of lifted
Donoho wavelets symbols, respectively.

Let us consider the theorem 4.3, then we know that

P = VI A @)+ S s (1), (4.11a)
l l
D) =V2Y a2 ). (4.11b)

Since
h(w)=1 (w € R),

we know that .
h =260 (L€ Z).

And because

g(w) = exp(—w)h(w + 7) and h(w) = % + exp(—w)5(2w),
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for w € R, we know that
—\/55_1/2, [ is even,
a= L lisoad
\/5 k,17 *
For a function f € L*(R), we define
Q= <f7 é;,k) and ﬁj,m = <f7 lﬁjl,m>
Thus, from (4.11), we get

Qg = \@Oéjﬂ,zk + E 5155kt
]

Bk = 1/V2 (aj+1,2k+1 — Z 25—1%‘+1,2k+21> .
!

This is the lifted interpolating wavelet transform. For convenience, we set
Cik = 2j/2()éj7k and deg = 2j/2ﬁj7k.

Then, we have the following normalized form for the wavelet transform,

Cik = Cj+1,2k + Z S—1dj k41, (4.12a)
!
1 .
djk = 5( j+1,2k+1 — Z 237lcj+1,2k+2l>- (4.12Db)

l

Now let us discuss the (4.12) in more detail. As we can see from the formula of the
wavelet transform, the calculation is being done from the higher resolution level to the
lower resolution level. If we assume j; (€ N) to be the highest resolution level which we use
to discretize the given f, i.e., f is approximated by F;, f, where

P f = a; x(DDN);y i
k

Since DDy is interpolating, we know that aj, , = 277/2f(k/2/1). Thus, we have

ek = f(k/27).

4.3 AWCM for time evolution equations

In this section, we will discuss the AWCM and its application to time evolution equations.
As the field values change along the time stepping, the requirements of the resolution levels
of the field values should also adapt to the field profile. The adaptivity includes not only
thinning the grid where the requirement of resolution level is relatively low but also adding
grid points where higher resolution is probably needed in the following time step.
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4.3.1 Compression of the grid points

Let f be a function in L*(R). And assume join, jmaz € N (Jmin < Jmaz) to be the minimum
resolution level and the maximum resolution level, respectively. We represent f with the
lifted interpolating wavelet decomposition:

f= Z%mm (DDy);, Z > Bim(Dly); (4.13)

J=Jmin ™

Let V; be the MRA generated by the scaling function DDy and P; be the projection of f
into the subspace V;. We consider P; .. f,

]maz 1

P..f= Zajmm (DDN); o+ > Y Bim(Dly);, (4.14)

J=Jmin ™

Then we have,

+o0o
f = ]maxf: Z Zﬁj,m(DlN)j,m

J=Jmaz ™

From the property of MRA, we know that
Jim [ = P fll 2@ = 0.

Let ¢ > 0 be a thresholding tolerance. Then the compression (P;,,..f)c of P, .. f is

Jmaz—1

(P;,..f) C—Za]mm (DD, D Y Te(Bim)(DIn), e (4.15)

J=Jmin ™

where the thresholding function 7¢ is defined by

fox, if x| > 2792,
Te(z) = { 0,  otherwise for & € R.

We know that the wavelet coefficients ; ., can be calculated from the lifted interpolating
wavelet transform (4.12). The thresholding criterion |8;,,| > 279/2¢ is equivalent to the
normalized form |d;,,| > (. Note that the normalization term 279/2 originates from the
normalization factor of (Dly);.,. We can recursively calculate all the normalized wavelet
coefficients d; ,,, = 29/23; , for j between jyi, and jimae — 1.

We are interested in multi-dimensional cases, especially in 2D. In 2D case, we will con-
sider the tensor product of scaling functions and wavelets. For x,y € R, let

¢(x,y) = DDy (x)DDy(y),

Diy(x)D: N(y% p=1,
¢“($ay): DDN( ) ( )7 MIQ,
Din(z)Din(y), — p=3.
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And we denote their translates and dilations by

Bjmn(2:y) = (DDN); 0 (2) (DD ), (y),

(DZN>j,m (x) (DDN)j+172n (y),
5m 2T y) = (DDN)j+172m(x) (DZN)]‘JL(?/)a
(DZN)j7m(x) (DZN)jm (y),

L,
2,
3

ISR SRS
I

For a 2D function f € L*(R?), we have the representation formula with the lifted interpo-
lating wavelet decomposition:

Za]mmmnd)jmmmnx Y +Z Z Zﬁfmn ]mnl' y)

#=1 j=Jmin m,n

First, we state the following facts on tensor products without proof.

e Let H; and H, be two Hilbert spaces. In particular, here we only deal with Hilbert
spaces of 1D functions. Define a tensor product H of H; and H, as

span{f1 ® f2 | fi € Hy, fo € Hy},

where f1 ® fo(-, %) := fi(*)f2(%). We denote H by H; ® Hy. Then H is a Hilbert

space, with the inner product:

<f1 ® f27g1 ® g2>H = <f17g1>H1 <f2,g2>H27

where fi, g1 € Hy and fs, g» € Hy. Furthermore, if {e!},cy and {2 },.en are two Riesz
bases of H; and H, respectively, then {e} ® €2}, men is a Riesz basis of H.

o L(R?) = [*(R) ® L*(R).

e Let {Vj}jez be an MRA of L*(R) generated by DDy. Define V? = V; ® V;. Then
{V7} is an MRA of L*(R?) generated by ¢y.

Now we use P;f to denote a projection of f into Vf. Then, we have

3 Jmaz—1

]mazf Za]mznmn¢]m,nmn+z Z Zﬁfmn jmmn:’ (416)

p=1 j=Jmin m,n
Then the compression (P;,... f)c of P;, . f1is

3 Jmaz—1

Jmax C_Za]mznmn¢jmznmn+z Z ZT# 6]/$mn ]mn’ (417)

#=1 j=jmin m,n

where the thresholding function TC“ is defined by

wo o ow, if x> 279712 B
Tew) = { 0, otherwise , forp=12 reR
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and

o [ ] > 20C,
Ti(z) = { 0, otherwise , forzeR

The terms 27772 and 277 before ¢ are normalized factors, which come from the normal-

ization factors of '/, . (See the definition of ¥, , below).

By discarding the wavelet coefficients which are negligible, we can compress the repre-
sentation of a function. We will consider the dual scaling function and wavelet in order to
calculate these coefficients. Let <;~5 and 1/~J be the 1D dual scaling function and dual wavelet
of the lifted interpolating wavelet family. The 2D dual scaling function ¢ and dual wavelet
e (1 =1,2,3) are defined by their tensor products:

Since we know that

J(w) = exp(—w)h(w + 7) and h(w) = % + exp(—w)5(2w), w €R,

the equation (4.11) becomes:

() =02 1) = 25,9(2- —21).

We define the translates and dilations of dual functions as

¢j,m,n<x7 y) = Q;j,mfx)(gj,ngy)v

iy Vjm(T)Dj11,20(Y),
wj,m,n(x7y) = <Zéj+1,2m(~37)¢j,n(y)a
Vim(2)¥jn(y),

=T T T
I
W N =
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Thus,
éj,m,n(a;7 y) :éj,m(x)éj,n(y)
—25(20 — m)d(2y — n)
=97 (2(;3(2j+1:1: —2m) + Z s_(2x —m— l)) (2(;3(2”13/ —2n)
!

+ Z S_l/’lj)(ij —n— l,))
0
—oi (4&5(2]‘“3; —om)(2Hy — 2n)

+2 Z s_(2x —m — )2y — 2n)
I

+2 Z S_p(2Hr — 2m)h(2y —n —1')
l/

3N s s b @ —m = DYy —n—1))
1o
- ~1
:2¢j+1,2m,2n($a y) + \/QZ S—le,m+l,n(x7 Y)
+\/_ZS U ]anrl’xy +ZZS 1S—r ]eranrl’(x y)

-

w;,m,n(l‘a y) :szj,m(x)q;j—I—LQn(y)

:2j/21/~1(2j37 — m)(gj+1,2n<y)

(5 am 1) - 25 e 2m 20
l

:% (‘5]'+1,2m+1(37)<13j+1,2n(y) - Z 2§*l(z~5j+1,2m+21(x)(ngrl,Zn(y))

1 ~
:ﬁ <¢ +12m41,20 (2, Y) 225 l¢ +1,2m+21,2n (T, ?/))

In the same way, we obtain

1
¢j,m,n<x7y> - ﬁ( j+1,2m,2n+1 'T y 223 l¢j+1 2m2n+2l<x y))

and

~3 1/~ o~
ij,m,n :é (¢j+1,2m+1,2n+1 - E 28*l¢j+1,2m+2l,2n+1
l

- Z 2§—l’¢j+1,2m+1,2n+2l' + Z 2(25—1)(25—1’)¢j+1,2m+2l,2n+2l')-
4 A
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Now we come to the calculations of the coefficients ., and 3, of the wavelet decom-
position (4.16). We know that

W = (f, Pjmn) A0 B = (] 1)

Therefore, we have the following 2D fast wavelet transform:

E 1 E 2 E E 3
aj,m,n :2aj+1,2m,2n + \/§ S—lﬁj7m+l,n + \/5 S—l//Bj,m,n—f—l/ + S—ls—l/6j7m+l7n+l/7
l 4 l 4

1
1 ~
J,m,n :\/5<O‘j+172m+1,2n - E 25—l(1j+1,2m+2l,2n),
l
2 1 Z _
l
3 1 N -
Jim,n :é Qj+1,2m+1,2n+1 — E 28*laj+1,2m+2l,2n+1 - E 2371/0éj+1,2m+172n+21/

l v

+ Z Z(257l>(2§fl/)aj+1,2m+2l,2n+2l/) :
Y

To get a normalized form of the fast wavelet transform, we set

__9J 1
ijmyn - 2]aj7m7n7 d

_ 9j+1/241 2 _ oj+1/292 3 _ 03
]7m7n - 2 .]7m7n’ d]7m7n - 2 j7m7n and d.]7m7n - 2 /Bj7m7n.

Then, we have the 2D lifted interpolating wavelet transform in the normalized form:

Cjmn

1 N
=5 CGr1amiron = Q25 1Ci 11 2mr21.2n ), (4.18a)
2
!
1 N
=5\ Gi+L.2m2n+1 — 25_1Cj41,2m2n+21 )5 (4.18Db)
2
l
1 - ~
=7\ Cj+1,2m+1,2n+1 — 237lcj+1,2m+2l,2n+1_ 237l/cj+1,2m+1,2n+2l/
4

l/

!
+ Z 2(25—1)(25—1/)Cj+1,2m+2z,2n+2z/)- (4.18¢)
[

1 2 3
=Cj+1,2m,2n + E S*ldj,m-i-l,n + E S*l’dj,m,n—I—l’ + E E Sflsfl'dj,m-i-l,n-i-l/v (418d)
l U l v

It is clear that the criterion of thresholding is simplified into |d? mnl < G-
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And the inverse wavelet transform is

— 1 2 3
Cirtoman =Cimmn = Y 50+ Y 50D gy DY 55 vd] g,
l 4 l 14

(4.19a)

Citomiton =2d),, , + Z 25_1Cjt1,2m+21,2n (4.19b)
I

Ciitamani1 =2d5,,, + Z 25_1Cj4+1,2m 20421 (4.19¢)

l

43 Z 3 Z :
Cj11,2m+1,2n+1 —4dj,m,n + 25_1Cj 41 2m421,2n41 T 25_1Cjt1,2m41,2n420
l/

1
- Z 2(25*1)(2§fl/>cj+1,2m+2l,2n+2l/ (4.19d)
v

Now we discuss the relation between these coefficients and the numerical grid points.
Let Jmins Jmaz € Z (Jmin < Jmaz). For any integer j between j, and jya., we define the
coordinates of mesh points in the resolution level j as

m n
Tjm = o5 and vy, = 2 for m,n € Z.

We define
Kj = {(xjm,Yjn) | m,n € Z}.

Then, we know that K;’s have the nested relation, i.e.,
ICj C ICj+17 for j :]mznajmzn+]-7 7jmaaﬂ -1

It is easy to check that x;,, = z;41.2m and y;, = yj11,2,. We also define

{(xj+1,2m+17 yj+1727l) | m,n € Z}7 if H = 1,
M? = {(:Ej+1,2ma yj+1,2n+1) | m,n € Z}7 if H= 2a
{<xj+1,2m+17 yj+1,2n+1) ‘ m,n € Z}7 if n= 3.

And we set
M; = M UMZUMS,

then, we have

M; = Kja \ K.

We can also represent P; . f=>" a; . .¢ Thus, we know that

jmaz yM,n

o p— 2_jmaacP . f m n
JImax,M,M Jmax 2jmaz’ 2jmaz )

or in the normalized form,

m n
JImax,M, Jmazx 2]ma:€ Y 2]ma:€
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We start the fast wavelet transform with the values ¢;,, ., m» of the highest resolution level
Jmae to calculate df s and ¢j,,. 1,mn, and then we go on with the values ¢, 1.mn
and repeatedly compute coefficients ¢;,, s and d? mn S until we reach the lowest resolution
level jnim. We have the following one to one correspondence between these coefficients and

grid points.

Clmin,m,n :(xjmin7m7 yjmimn)v m,n € 7Z
d}mn ('Tj+1,2m+17 yj+1,2n)7 m,n & Z7 .7 = jmma]mm + 17 e 7.jma:v -1
?m,n '(xj+172m7 yj+172n+1)7 m,n € Z, J = Jmins Jmin + 1, Jmaz — 1
d?mn ('Tj+1,2m+17 yj+1,2n+1)7 m,n & Z7 .7 = jmma]mm + 17 o 7jmam —1

By discarding the grid points whose absolute values of the corresponding wavelet coefficients
are less than the given thresholding tolerance ¢ > 0, we have the compression of the grid
points. However, we do not perform the fast wavelet transform only one time. When we
solve a time evolution equation, we perform the fast wavelet transform every time step.
Suppose a wavelet coefficient d“ mn Survived after the compression at the time step nAf.
Then, at the next time step (n + 1)At in order to calculate d},, ,, we need neighbor points
of the point which corresponds to d (See Figure 4.1).

Y
Yjme+1 Yim+t + Y jme+1 +i

! nane

.

jmn

Yim+2 Yim+2

R
e

Vim — @ @ X @@ Yim Yim
Yim-1 Yim-1 + Yim-1 —r—
Xjm-1 Xjm Xjm+l Xjm+2 Xjm-1 Xjm Xjm+l Xjm+2 Xjm-1 Xjm Xjm+l Xjm+2
(a) x: point corresponds to (b) x: point corresponds to (c) x: point corresponds to
djlm n; ® mneighbor points dfmn, e: neighbor points d?m n; @, o1 neighbor points
needed to calculate dj o needed to calculate d] o needed to calculate d? o

Figure 4.1: Descriptions of the neighbor points needed to calculate wavelet coefficients dé‘ mon
with the order N = N = 2.

The process of adding these neighbor points needed to calculate wavelet coefficients is
called reconstruction check. The efficiency of the wavelet transform depends on the number
of the finest grid points at the beginning; however, after the first compression, it depends
on the number of compressed or adaptive grid points. Thus, the profile of the field values
itself determines the speed of the computation.

Of course, we cannot only discard the unimportant grid points in every time step. Since
some part of the adaptive grid which is unimportant in some time step does not necessarily
stay unimportant in the next time step, we ought to consider artificially making some poten-
tial part of the grid finer. The adaptivity of numerical grid does not only mean compression,
but also includes the process of extension. We will discuss this extension of the so called
adjacent zone in the next subsection.
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4.3.2 Adding adjacent zone

Here we want to consider the concept of the adjacent zone with the example of the time
domain Maxwell’s equations. When solving the time domain Maxwell’s equations numeri-
cally, we must choose the smallest time step according to the numerical stability condition.
From the numerical stability condition we easily know that wave information at one posi-
tion does not travel more than one spatial cell in one time step. So it is reasonable for us
to suppose that only the wavelet coefficients which are not far away from the significant
wavelet coefficients in some time step would be possible to become active in the following
time step, see for example, J. Liandrat and P. Tchamitchian 1990 [22] and O. Vasilyev 2000
[40], 2003 [39].

We will follow Vasilyev’'s way of description about the adjacent zone. For 2D case, we
assume a wavelet coefficient d’ ~ survived after the compression of the grid points in the

7,m,n

current time step. We assume (211 k,, Yj+1.4,) to be the point corresponding to d?m - Then
we require that the wavelet coefficient d;‘, . located at the point (xji 11, Yjr11,8,) should

belong to the adjacent zone if
j = <L, 277k — K| <M, |27k, — k)| <M, for L, M €N,

where L explains the range of the resolution levels that should be added around an existing
wavelet coefficient and M is the width of the adjacent zone. We choose L = M = 1. In
other words, if a point P € M; (jimin < J < Jmaz — 1) is in the adaptive grid, we add eight
nearest points of P in K;;,. Furthermore, if j < jyq, — 1, we add additional eight nearest
points of P in K;;. See Figure 4.3.2.

& & &

e o ©o ® neighbor pointsin K.
® @& OPO@ &

e o o ® neighbor pointsin K;.,
@ & &

Figure 4.2: Description of adjacent zone of a point P in M.

4.3.3 Approximation of spatial derivatives on dynamic grid

We continue to discuss the approximation of spatial derivatives of a function on an adaptive
grid. For a 2D function f in L?*(R?). Let us consider the lifted interpolating wavelet
decomposition of f. Assume j,,;n and J,q.. to be the lowest resolution level and the highest
resolution level respectively. For a given tolerance ¢ > 0, we compress the projection P; . f
of f as the following,

3 Jmaz—1

jmaz C - a]mzmm Tld)jmm,m n + T ] m, n ] m,n"*

#=1 j=jmin m,n
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We will use derivatives of (P, ... f)¢ to approximate those of f. Before we calculate the
derivatives of (P;, . f)c at each point in an adaptive grid, we ought to first determine the
density level of the point in the adaptive grid. The density level of a point in an adaptive
grid is the maximum of the x-level and the z-level of that point.

We only discuss the x-level since the z-level is similar. For each point @ = (zg, 29) in
an adaptive grid G, we define the z-level of QQ in G according to a point Q" = (x1, z) in G
nearest to ). The z-level Levelx of () in G is

Levelr = jpae — logy(dist(Q, Q") /Ax), (4.20)

where Az is the smallest computational mesh size along x axis and dist(Q, Q') = |z, —
xo|. If dist(Q, Q") = Az, that means the level Levelr of @) is the maximum, j,,4., and if
dist(Q, Q") = 2Ax, then the Levelr of Q iS jmer — 1, and so on. The z-level of a point in
an adaptive grid is defined in the same way as z-level. Then the density level of a point in
an adaptive grid is defined as the maximum value of z-level and z-level of the point in the
adaptive grid. See Figure 4.3.

Figure 4.3: Description of the density level of a point () in an adaptive grid: the x-level of
Q@ 1S Jmazr — 1 and the z-level of Q) is Jaz, thus, the density level of ) in the adaptive grid

iS jmax-
Now we continue to discuss the derivative calculations. Suppose jg to be the density

level of @ in the adaptive grid G. Then, we can approximate (P;, . f)c by P, f locally at
some neighborhood €2y of Q.

( ]of X y Z(onmn(ﬁjomn(x y) (l’,y) € QO (421>

We differentiate P, f(x,y) to approxnnate x-derivative of f at ). If some points in the
sum (4.21) are not present in G, we interpolate the values at those points using values of
the coarser levels with inverse wavelet transform. We know that

_ m n
Ajommn = 2 0( ]0f> (2]0 2]0) for m,n € 7.

Thus, we have

(Psuf)(9) = S (Piaf) (5 5 ) DD (2 = m) DDy (20 — ), () € D (4.22)

m,n
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When we differentiate both sides of (4.22), we need the differentiation filters which have
been computed in the previous chapter, see the Table 3.1. For example,

(OP;, f) dDDy (2"°x — m)
“or YT ;( w1 (5 55) do DDw(2ty=n), () € Do.
(4.23)
The R.H.S. of (4.23) is a finite sum of products of separated functions of = and y. And since

m' n
the density level of Q) is jo, there exist m/,n’ € Z such that Q = (%, 2o

see that

). It is easy to

Ol (5 30) = S (5 55) PG ot

—210 3 (P, f)<2m]0 ;0>(DDN) (m/ —m). (4.24)

m

Similarly, we obtain

<01;;°f)(;}0 ;) — 2y (P ]Of)(;bo 2?0>(DDN)/(n'_n). (4.25)

n

4.3.4 General steps of the algorithm

We talk about the general steps of the AWCM with the example of TM, mode equations.
In TM, mode equations, we have three unknown functions &,, H, and H.. These are
time dependent functions defined on xz plane in space, for example, &, (z, z,t). Assume

that we solve the equations on a square domain 2 = [—é, ﬂ X [—%, %} Let jmin and

Jmae De the coarsest and highest resolution levels respectively. We discretize the domain
, A mL n

2 by 2/mez x 2Imer gmall square subdomains. We define z;,, := ETh and y;, = OTR for

Jmin < 7 < Jmaz, myn =0,1,-+-,27. And we define the nested gird sets K; and ./\/l;‘ as
ICj = {(xjmla yjm) | m,n = 07 17 T 72j'}
for jmm S ,] S ,jma:va and

{(xj+1,2m+17yj+1,2n> | m =Y, 7 ' 2 1 n_0717"f 72j}7 1f:u: 17
M_l; = {(xj+1,2m7yj+1,2n+1> | m =V, 7 2j n = 07 17 72] - 1}7 if n= 27
{(@j11,2me1, Yjrr,ome1) | myn = 0> 1, , 20 — 1}, if p=3.

fOI‘j eN (jmm S,] S jma:v - 1)

In AWCM, we use unstaggered collocated scheme instead of Yee’s scheme, i.e., all the
fields are stored at the same position. At the beginning, all the fields are discretized on
IC; For electric field component &,, we consider the ISF representation of it. Note that

Jmaz *

we have the scaling factor 1/L in the basis function decomposition.

r Zz r z
ijaxgy (Z’ Z’ t) = Z ajmax,m,n(t)d)jmaz,m,n (Z? Z) .
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From the interpolating property of ISF, we get all the scaling coefficients ;.. mn-

. X Zq
9] Jmax,M JImax,N
Xz m,n (t) =2 maz£y< . L 7t>7

or in the normalized form

xX; Z3
— Jmax,M Jmazx,M
ijax7m7n (t) - gy( L ] L 9 t) 9

Starting with these coefficients, we perform the lifted interpolating wavelet transform
(4.18) to get all the coefficients in the wavelet decomposition of the field,

J1—1

ijazgy(%7 %7 t) = Z&jmm,m,n@)d)jmm,m,n( > + Z Z Zﬁ}umn ]mn(zv %)

#=1 j=Jmin m,n

In practical coding, instead of using these original coefficients «; ;,, ,, and Bfmn, we use the
normalized coefficients ¢;,, »'s and d,, ’s.

Let us consider (1.26). For example, we update 5, and H, on an adaptive grid G in the
following way. For a point ) € G, we use .A|g to denote discretized value of A at @) in the
time step kAt. Assume j(Q) to be the density level of @) in the grid G. We can represent @)

as (2(Q)m’> Yj(@)n) for some m’,n" € Z. Then we have the following updating equations,

kt1/2 k—1/2 2@
Bl =B, + A~ Y Eulli s (PPN (0 =), (4.26a)
] o, At " IS WAN 1 IS WAN
' |k+1/2 2eq ' |k 1/2+i 250 B |k+1/2 2e9 B, |k 2| (4.26b)
" o, At po | 4 + " o, At
2¢e9 250 2¢e9

AWCM algorithm for solving TM, mode equations

Here we want to discuss the AWCM algorithm for solving TM, mode equations.

First, we initialize all the necessary global variables which will be called by other sub-
routines. For example, the maximum and minimum resolution levels e and Jnn,, the
order N of DDy and the number N (normally equal to N) of the vanishing moments of
the lifted wavelet DI, and the geometric parameters of the computational domain, such
as length L of the computational domain, the smallest mesh sizes Ax and Az, and the
updating coefficients in PML region, etc.

We will use 2D arrays of real numbers for storing the field values such as &,, H,, H.,
D,, B, and B.. The initial conditions of these field values are included in the process of
the initialization. For the storage of an adaptive grid, we will use a 2D array of booleans
which is called a grid mask, or simply a mask. If the value of an entry of a mask is true
or 1, that means the corresponding grid point is included in the adaptive grid; otherwise,
the grid point is not in the adaptive grid. Moreover, by forcing the value of an entry of a
mask into 1, we mean the inclusion of the corresponding point into the adaptive grid, or by
forcing the value of an entry of a mask into 0, we mean the corresponding point is removed
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from the adaptive grid. Initially, we start with a full mask grid, i.e., all entries have values
1.

The Algorithm 1 is a pseudo-code of the main function awem2d_main(). After the initial-
ization awem2d_initialize(), it goes on with time stepping repeatedly by a “for” loop, which
contains, awcm2d_adaptive(), awem2d_update() and awem2d _print(). In the awem2d_adaptive(),
the grid will be adapted by performing wavelet transforms to the field value &,. In the
awcm2d_update(), all the fields will be updated on some adaptive grids. And then we
output the calculated field data into files for visualization in awem2d_print().

Algorithm 1: awcm2d_main for TM, mode equations

# initialization

awcm2d_initialize()

# time stepping of &,, H, and H.,

for t <T do

# adapt the grid for ¢t + At according to &,', see the Algorithm 2

awcm2d_adaptive()

11

I/ - + 2 + 2 ~ -+ .
# update H, A2 H AV and o At gee the Algorithm 4
awem2d_update()

i

# print the data into files for visualization
awcm2d_print ()
# go to the next time step

L t=t+ At

We explain here the process of the subroutine awecm2d_adaptive() in detail. Suppose
we have a 2D array of &, with a mask Mask0. We use another mask pMask0 to store
the information Mask0 since Mask(O will later be modified by following subroutines. We
perform the fast wavelet transform (FWT) of £, on the Mask0. Note that MaskO is either
fully 1 if at the beginning or has been performed a reconstruction check from the last time
step, which means the fast wavelet transforms on Mask( are always plausible. Then the
2D array of &, will be converted into wavelet domain, i.e., scaling coefficients of the coarsest
level j,.., and wavelet coefficients of levels from j,,,in t0 Jmex — 1. For each wavelet coefficient,
we will compare its absolute value with the given tolerance (. If the value is less than (, we
remove the corresponding point from the Mask0. In this way, Mask(0 becomes thinned or
we can say that the information of Mask( is compressed. Since some other points which are
not in Mask0 currently may also become significant in the next time step, we add points
of adjacent zone to Mask(. And then, in order that the FWT of the next time step be
possible, we need to perform a reconstruction check to MaskO. These two processes are
contained in the subroutine Maskext(Mask0).

After the adaptation of the grid is finished, we go on with the updating fields on adap-
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0&, 0&,
tive grids. First, we need to update H, and H, using the spatial derivatives 8— and 8—
z x
0&,
respectively. In order to calculate —2 and —~, we need values of £, at neighbor points of

points in Mask(0 which are not in MaskO We store the information of Mask0 into Mask1.
And, we add more points to Maskl needed in calculations of spatial derivatives. For each
point in Maskl, we add neighbor points needed in calculations of derivatives according to
the density level of the points in Maskl. We will use a subroutine Level(Maskl) to calcu-
late Level(. Level( is a 2D array that contains information of the density levels of points in
Mask1l. We do not mind the density level of the points which are not in Maskl. In order
that the inverse wavelet transform be possible, we should again perform a reconstruction

check to Mask1. This is done by the subroutine gMaskext(Mask1, Level()). After updating
OH.,

of H, and H., we need to update &, using the spatial derivatives an

again perform a process of adding neighbor points needed for calculatlons of gpatlal deriva-
tives. We store the information of Maskl to Mask2. And then we calculate the density
level of Mask2 and store them into Levell. Then perform gMaskext(Mask2,Levell). Now
we use IWT(E,, Mask2) to reconstruct the values of &, in the physical domain.

4.4 Numerical examples

4.4.1 1D Maxwell’s equations

We will solve a system of TEM mode equations within an interval Q = [-L/2, L/2] in free
space, i.e., g, = 1 and p, = 1. We set the length of the interval L = 20um. The initial values
for the problem are &,(z,0) = exp(—16.0 x 10"%2%) and H.(z,0) = 0, for z € Q. We will
take the minimum and maximum resolution levels as ji, = 5 and .. = 10, respectively.
Then the smallest mesh size is Az = L/2/mes = 195.3125nm. We take the smallest time
step At = Az/c/1.5, where ¢ = 2.99792458 x 10% is the light speed in the free space. The
width of the PML is taken as L/8. We take N = N = 2, which are the order of ISF and
the half of the number of vanishing moments of the lifted wavelet!, respectively. We take
the threshold tolerance ¢ = 107°.

Figure 4.4 shows us the propagation of £, field as time evolves. The &, field is a Gaussian
peak in the center of the interval €}y at the beginning. As time evolves, the field splits into
two parts and the two parts propagate in opposite direction and attenuate in the PML
region.

We compute the same problem with the adaptive grid method and the full grid method.
Figure 4.5 shows the relative error between the two results inside the computational domain
which does not include PML region. When the amplitudes of both separated peaks are
attenuated by the PML region, then the relative error becomes significant.

IThe number of vanishing moments of the lifted wavelet is 2N, see the Theorem 4.5.
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Algorithm 2: awcm2d_adaptive for TM, mode equations
# store Mask( into pMask0
# pMask0: the adaptive grid for &, at current time step
pMask0 = Mask0O
#
# fast wavelet transform of £, on Mask0 with ¢
# &, is converted into coefficients of wavelet domain, MaskO is thinned
# see the Algorithm 3
FWT(E,, MaskO, ()
#
# add adjacent zone and perform a reconstruction check to Mask0
# see the Algorithm 5
Maskext (M ask0)
#

# add points needed to calculate U and —2 on Mask0

~

# 1. determine the density level of gél(fh point in MaskO0
LevelO = Level(MaskO0)

# 2. initialize Mask1l with Mask0

Maskl = Mask0

# 3. update Maskl, see the Algorithm 6
gMaskext(Maskl, Level)

#

. OH, OH.,
# add points needed to calculate —— and —— on Mask1

# 1. determine the density level (,)f%?;l(fh point in Maskl

Levell = Level(Mask1)

# 2. initialize Mask2 with Mask1

Mask2 = Maskl

# 3. update Mask2, see the Algorithm 6

gMaskext(Mask2, Levell)

i

# inverse wavelet transform of the values &£, in the wavelet domain on Mask?2
# &, is reconstructed from the values in the wavelet domain on Mask?2
# see the Algorithm 11

IWT(E,, Mask2)

4.4.2 2D Maxwell’s equations

We will solve a system of TM, mode equations within a square domain Q = [-L/2, L/2] X
[—L/2,L/2] in xz plane in free space, i.e., &, = 1 and p, = 1. We set the domain length
L = 6.0pm. The initial values for the problem are &,(z, z,0) = exp(—16.0 x 10'?(2? + 2?))
and H,(z,z,0) = H,(x,2,0) = 0 for z,z € Q. We will take the minimum and maximum
resolution levels as jin = 3 and e = 9, respectively. Then the smallest mesh size is
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Algorithm 3: FWT
Input : 2D array A of field values, grid mask Mask_temp, tolerance
Effects: A will be converted into wavelet domain, the adaptive grid Mask_temp will
be thinned by thresholding with tolerance.

for j = jmae — 1: —1: jyin do

forall @ : (xj+1,2m+17 yj+1,2n+1) € M;’ do
if Q € Mask_temp then
calculate d?,  according to (4.18c)

7,m,mn
if |d3,, .| < tolerance then
| remove the point @ from Mask_temp

forall Q . <Ij+172m+17 yjm) € Mjl do
if ) € Mask_temp then
calculate d},, , according to (4.18a)

j,m,n
if |d;,, .| < tolerance then
| remove the point @) from Mask_temp

forall Q . (xj,myyj+1,2n+1> c M? dO
if ) € Mask_temp then
calculate Mask_temp according to (4.18b)

if |d?,, .| < tolerance then
| remove the point @) from Mask_temp

forall Q : (xj,mayj,n) S IC]' do
if Q € Mask_temp then
| calculate ¢;,, , according to (4.18d)

A=Az =Az= L/2me= =11.71875nm. The stability condition of the 2D AWCM scheme
1s

A
4.27
B WCZ“’ o' la() 2

where a(l) is the derivative filters of ISF, see Table 3.1.
The error of the AWCM full grid method is controlled by O(A#?), since it uses central
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Algorithm 4: awcm2d_update for TM, mode equations
# update H, and B,
# 1. interpolate H, and B, on points in Mask1 that is not in pMask0
# see the Algorithm 10
interpolate(H,, pMask0, Mask1)
interpolate(B,, pMask0, Maskl)
NE

, . L 0E — . .
# 2. Calculation of —¥ on Mask1, similar with the Algorithm 9

dA, = diffa(€,, Maskl, Levell, diff filter, dz)

Update H, and B, on Maskl using dA,, see for example, (4.26).

#

# update H, and B,

# 1. interpolate H. and B, on points in Mask1 that is not in pMask0
interpolate(H., pMask0, Mask1)

interpolate(B., pMask0, Mask1)

# 2. Calculation of dﬁ on Maskl, see the Algorithm 9

dA, = diftx(&,, Maskl, Levell, dif f filter, dz)

Update H, and B, on Maskl using dA,.

#

# update &, and D,

# 1. interpolate &£, and D, on points in Mask0 that is not in pMask0
interpolate(&,, pMask0, MaskO0)

interpolate(D,, pMask0, MaskO0)

# 2. Calculations of ()?_["
0z ox
dA, = diffz(H,, Mask0, LevelO, dif f filter, dz)

dA, = diffx(H,, Mask0, Level0, dif f filter, dz)
Update &, and D, on Mask0 using dA, and dA,.

: OH., :
and —— on Mask0, see the Algorithm 9

Algorithm 5: Maskext
Input : a grid mask Mask_temp
Effects: the grid mask Mask_temp will be modified
# add adjacent zone to Mask_temp, see the Subsection 4.3.2
Maskext_adj(Mask_temp)
#
# perform the reconstruction check to Mask_temp, see the Algorithm 8
Maskext_rec(Mask_temp)

difference of second order for discretization of the time derivatives. Our choice of the
threshold tolerance should be larger than the discretization error of AWCM. We take At =
A/c/1.6, which is a little bit smaller than the upper bound of the CFL stability condition.
And we take a smaller threshold, ¢ = 5.0 x 107%. The PML width is taken as L/4. Let
N be the order of ISF and N be the half of the number of vanishing moments of the lifted
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Algorithm 6: gMaskext
Input : a grid mask Mask_temp, density level Lev
Effects: the grid mask Mask_temp will be modified

Maskext_diff(M ask_temp, Lev)

Maskext_rec(Mask_temp)

Algorithm 7: Maskext_diff
Input : a grid mask Mask_temp, density level Lev
Effects: the grid mask Mask_temp will be modified

Mask_templ = Mask_temp

fOI‘all Q = (xjmaw7m7yjmaw,n) € Iijaac dO
if Q € Mask_temp then

\; Jjo = Lev[n][m]

include the closest 2N neighboring points of ) in the level j5 into Mask_temp

wavelet. We take N = N = 4.

The centered Gaussian peak will spread away from the center of the domain () as time
evolves. Unlike the 1D case, since the energy is spreading along each direction in 2D, the
amplitude is decreasing, while in 1D case, the amplitude will stay as 1/2 during propagation.
We can see the compression of the grid points from Figure 4.6.

Figure 4.8 shows the relative error of &, field values between adaptive and full grid
methods only inside the computational domain as time evolves. The amplitude of a 2D
Gaussian decays as it propagates towards the boundary. When the amplitude approaches
the threshold tolerance ¢, the relative error of &, field between adaptive and full grid methods
increases.

We record computation time for every ten time steps. The computation of time stepping
is fast when there is a relatively less number of adaptive grid points. The time evolution
profile of the computation time is very similar to that of the percentage of adaptive grid
points in adaptive grid, see Figure 4.9. We know from numerical experiments that the
computation time of full grid method for every ten time stepping is about 18 seconds. In
adaptive grid method, the computation time of ten time steps becomes greater than 18
seconds when the percentage of adaptive grid points is more than about 2.5%. In Figure
4.9, we see that the percentage is lower than 2.5% for most of the time steps. Therefore,
adaptive grid method is faster than full grid method for this example. It took 1900 seconds
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Algorithm 8: Maskext_rec
Input : a grid mask Mask_temp
Effects: the grid mask Mask_temp will be modified

for j = jmae — 1: —1: jon do

forall Q = (241 2m+1, Yj+1,2n41) € M;’ do
if Q € Mask_temp then
| include neighbor points of @) into Mask_temp according to Figure 4.1(c)

forall Q = (zj41.2m41,Yjn) € Mjl do
if Q € Mask_temp then
| include neighbor points of @) into Mask_temp according to Figure 4.1(a)

forall Q = (2, Yj+1,2n41) € M? do
if Q € Mask_temp then
| include neighbor points of @) into Mask_temp according to Figure 4.1(b)

Algorithm 9: diffx

Input : a 2D array of field A, a grid mask Mask_temp, Level, dif f filter, h
Return: a 2D array of 3z " Mask_temp
x

dA =0
forall Q = (xjmaacym7 yjmaac,n) € IC]maz dO
if Q € Mask_temp then

J(Q) = Level[n][m]
calculate dA at point ) using dif f filter and values of A at neighbor points
in the level j(Q). See the equation (4.24).

to run 1200 time steps with adaptive grid method, while 2160 seconds were used with full
grid method. However, this example is an extreme case. In general, we cannot expect every
example to have such nice compression, i.e., greater than 97.5%. We say the AWCM is still
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Algorithm 10: interpolate

# interpolate field values of A at points in Mask_temp2 that is not included in

Mask_templ

Input : a 2D array of field A, a grid mask Mask_templ, a grid mask Mask_temp?2

Effects: A is modified by the interpolation

# initialize an empty grid mask Mask_tempQ

Mask_temp0 < 0

# include points in Mask_temp2 but not in Mask_templ

forall Q = (%j,....ns Yjmawm) € Koo dO

L if Q € Mask_temp2 but ¢ Mask_templ then
| include @ into Mask_temp0

# perform the reconstruction check to Mask_temp0
Mask_rec(Mask_temp0)
for .] = jmzn : jmaa: —1do
# interpolate A at (211 2m+1,Yjn)
forall Q = (2;11,2m+1, Yjn) € Mj do

if @ € Mask_temp0 but ¢ Mask_-templ then
L | calculate ¢;i1,2m41,20 according to (4.19b) with dj,,, =0

]7m7n

# interpolate A at (2., Yj+1.2n+1)
forall Q = (Zjm, Yj41,2n+1) € M? do
if @ € Mask_temp0 but ¢ Mask_templ then

| calculate ¢;ji12m,2011 according to (4.19¢) with d3,, =0

# interpolate A at (z41.2m, Yj+1,2n)
forall Q = (Tj41,2m, Yjt1,20) € M;’ do
if @ € Mask_temp0 but ¢ Mask_-templ then
L calculate ¢;11.2m.2n according to (4.19d) with d? =0

]7m7n

computationally efficient for examples of which compression is about 90%, because of the
huge reduction of the storage of data, although the total computation time is longer than
that of full grid method.
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Algorithm 11: IWT

Input : a 2D array A, a grid mask Mask_temp

Effects: values of A at points in Mask_temp will be converted into physical domain

for j = jmin : jmax —1do

forall () = (xj+1,2m7 yj+1,2n) € ]Cj do
if Q € Mask_temp then
| calculate ¢;41,2m,2,, according to (4.19a)
else
L A at point (xj+1,2m7yj+1,2n> =0

forall Q = (2j41,2m+1, Yj+1.20) € M; do
if Q € Mask_temp then
| calculate ¢;11,2m+1,2, according to (4.19b)
else
| A at point (2j112m11,Yjt120) =0

forall Q : (zj41,9m, Yj+1.2n41) € M7 do
if Q € Mask_temp then

| calculate ¢j41,2m,2n41 according to (4.19c)
else

| A at point (2j11.2m, Yjr1,2n41) =0

forall Q : (%41,2m+1,Yj+1,2n41) € M? do
if Q € Mask_temp then

| calculate ¢ji1,2m+1,2n41 according to (4.19d)
else

L A at point (:cj+1,2m+1,yj+1,2n+1) =0
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Figure 4.4: Visualization of the propagation of a 1D Gaussian peak along the = axis. Note
that the main computational domain is the interval [—1.0x107°,1.0x107°], and the intervals
[1.5 x 107°, —1.0 x 107°] and [1.0 x 107°,1.5 x 107°] are both PML regions.
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Figure 4.6: Visualization of the propagation of a 2D Gaussian peak &, in the
cross-section plane zz: N = N = 4, ¢ = 50 x 107%, cp: percent-
age of adaptive grid points. For animation movie, see the Youtube channel:
http://www.youtube.com/user /HaojunLi?feature=mhee#p/u/1/2Yzpjf7Xnp4.
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Figure 4.7: Visualization of the propagation of a 2D Gaussian peak &, in space: N =
¢ =5.0 x 107, cp: percentage of adaptive grid points.

>,
I
\rh

Log, ,(I[Ey***-Ey™"||_/IEY"™"|| )

36 ! ! ! ! ! !
700 200 300 400 500 600 700

time step

800

Figure 4.8: Relative Error of £, between the adaptive and full grid method : N = N =4,
¢=5.0x10"%



90 Chapter 4

computation time (seconds):

| | | | | | |
100 200 300 400 500 600 700 §00 900 1000 1100 1200

time step

percentage of adaptive grid points:

| | | | | | | | | | |
100 200 3on 400 500 GO0 700 &o0 300 1000 1100 1zon

time step

Figure 4.9: Time evolution profiles of computation time and that of percentage of adaptive
grid points. The computation time was recorded for every ten time steps.



Chapter 5

Simulation of the micro-ring
resonator

In this chapter, we will investigate the applicability of adaptive wavelet collocation method
(AWCM) to simulation of the micro-ring resonator. The mathematical modeling of this
optical device has been described in Chapter 1. The purpose of the simulation is to find out
the frequency responses of ring resonators. This is done by launching a guided signal through
the straight waveguide below which contains a bundle of frequencies to check how it interacts
with the ring cavity (See Figure 1.1). We set several checkpoints in the waveguides to store
signal values during time stepping. We apply discrete Fourier transform (DFT) to the
stored values of the signal at those checkpoints. In order to obtain a fair frequency response
profile, we need to run the simulation code for a certain number of time steps to store
values. Then we can find out resonance frequencies of the ring-resonator, and compare the
results with that of obtained with other available methods like finite difference time domain
(FDTD) method (Chapter 2), interpolating scaling functions method (ISFM) (Chapter 3)
and coupling mode theory (CMT) method [17]. Subsequently we also characterize the
resonances by various measures like the free spectral range (FSR), the quality factor (Q
factor) etc.

5.1 Source excitation

We will launch two types of sources. One is a guided mode of slab waveguide for a specific
frequency, the other one is a Gaussian pulse modulating a frequency carrier. The Gaussian
pulse modulating a frequency carrier is used to check out the resonance frequencies of the
device and the mono-frequency guided mode of the slab waveguide is used to confirm the
on-off resonance behavior of the resonator for the resonant frequencies.

Before we discuss the type of source called Gaussian pulse modulating a frequency carrier,
we need to understand first how to derive transverse profiles of a guided mode of a dielectric
straight waveguide at a single frequency. The theory of guided mode of a dielectric straight
waveguide is a well established topic. See Appendix for the detail of derivation of the field
profiles of the guided mode of dielectric waveguide.

91
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5.1.1 Gaussian pulse modulating a frequency carrier

In order to check the frequency response of the resonator, we need to launch a type of
source that contains a range of frequencies about a center frequency w.. We can see from
the Appendix that the longitudinal propagation constant 5 depends on the choice of the
angular frequency w. Here we will derive the accurate Gaussian pulse, see for example, X.
Ji [18]. We assume the time dependence of the source to be

F(t) = exp(woe(t — to) = (t = t0)* /tiecay), ¢ >0, (5.1)

where ¢, is the centered time of the Gaussian pulse and tge.q (> 0) is a scaling factor of the
pulse. The Fourier transform of f is

flw) = tﬁ exXP(— (@ — we) 2, /4 — 1ho). (5.2)

Assume F € {E,,Hy,H,} to be the corresponding phasor profile of the mono-frequency
mode exp(wwt) as calculated in Appendix we obtain by integration

F(z, 2,t) z, z,w) f(w) exp(wt)dw, (5.3)

-
where F € {&,, H,, H.} is a field in the time domain.

Then, F is an accurate Gaussian pulse with frequencies centered at w., which satisfies
the TM, mode equations (2.10). In our simulation, we approximate the phasor profile with
different frequencies with that at the center frequency w, for simplicity. Therefore, the time
dependent source function of our simulation is

Flx,z,t) = F(x, z,w.) f(t).

5.1.2 TF/SF formulation with AWCM

The total field and scattered field (TF/SF) formulation allows us modulating incident
sources of long-duration such as continuous mono-frequency waves. If we use a hard source
method to launch such type of long-duration sources, then there will occur retro-reflections
at the sourcing position when the waves scattered by materials propagate back to the sourc-
ing position. And these retro-reflections will introduce contaminations into the computa-
tional domain. However, the TF/SF formulation of incident sources is an analytical way of
launching source. In particular, if we use hard sources in AWCM, such retro-reflections will
cause bad compressions of grid points. Therefore, we choose the TF/SF method to launch
sources, although it is more complicated than the hard source method in implementation.
The idea of the total field and scattered field (TF/SF) formulation of incident sources
([38],[35]) is based on the linearity of Maxwell’s equations. Assume that we know an accurate

incident wave beforehand. We decompose the total field as a combination of the incident
field and the scattered field.

5y,total =& Jinc + gy,scata
Hm,total :Hm,inc + H:}:,scatu
Hz,total :Hz,inc + Hz,scat-
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In the total field region the total field values are stored and in the scattered field region the
scattered field values are stored. Then when we approximate the derivatives with AWCM
at the numerical grid points near the TF /SF interface, both of total field and scattered field
values are used. We must correct these numerical derivatives obtained by mixed types of
field values. For example, we will look at the equation for updating of H, component,

oH.  10¢,

= 4
ot 1 Ox (54)

We artificially include the finest grid points near the interface between TF/SF into
the adaptive grid for convenience. Therefore, the density level of the grid points near
the interface is always the maximum, j,... Suppose Az = L/2/me=  For a grid point
Q = (Tjparn’s Yjmawin’)» We use Al§ to denote the value of A at the point @ in the time step
kAt. Then the AWCM discretization of the equation (5.4) is

_ At
Mol = ol - Sl (DD (m’ —m). (5.5)

MOAI» (mjmazym7yjmaz,n

m

We consider the case N = 2, then, (5.5) becomes

_ At 1 2
k+1/2 k—1/2
HZ|Q+/ __HZ‘Q / (

gy‘k ) _5y|k
12 (xjmaz’m/*27yjmaz’n/ 3 (xjmazymlfhyjmaz,n/)

poAx
2 k 1 k
+ ggy|(xjmaac,m/+1’yjmaac,"/) N Egy‘(‘ijaw,m/‘FQ’yjmaac,"/)) ' <56)
scattered field region total field region
o ® ® @ o

Figure 5.1: Description of numerical grid points for total field and scattered field.

Let us look at Figure 5.1. When @) is in the scattered field region, for example, () = Sy,
the equation (5.6) becomes

k41/2 4, (k—1/2 At (1 g 2.0 2.0 Lo

HZ|SQ - HZ|SQ - ,LLOAx (Egy‘&; - ggy‘SS + ggy‘fh - Egy‘jﬁ . (57)
We implement the TF/SF formulation by modifying the normal AWCM code, i.e., in which
all the fields are total fields, during each time-stepping. For example, before modifying, the
H., component is falsely updated according to the equation (5.7) as:

k+1/2y k—1/2 At 1 ko2 k
{Hz,scat‘SQ } —,7"—[,2,3(:at‘5,'2 - ,UOASU <E£y,scat|s4 - ggy,scat‘sg

2 1
+ ggy,scatvg‘l - Egy,total‘%)a (58)
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where {HZ,Scat ’;jl/ 2} is not a correct value, since the stored value of &, at the point 7 is a
total field, we must correct this term with a scattered field. Since the scattered field is the
difference between the total field and the incident field, we can get the right value by

k+1/2 _ {Hz,scat|k+1/2 1 At

k
Hz,scat|5’2 So } - 12 mgy7inc|Tl- (59)

In the same way, we can correct all of the corresponding field values at S, 17 and T5.

Remark 5.1. In time-stepping of the TM, equations with AWCM, we need to interpolate
values on some adaptive grid points which were not present in the adaptive grid of the
previous time step. The interpolation is based on the Lagrangian interpolation with the
neighboring points. If those points are on the interfaces close to the TF/SF interface, then,
the interpolations are not correct since they involve both total field points and scattered field
points. It is not impossible that we correct these values as TF/SF method above.

However, these may enhance the complicatedness of the code. A remedy for this problem
is to keep sufficiently “thick” layers close to the TF/SF interface the finest level so that
the interpolations do not happen at the boundary of the different type of the fields. Another
simpler way to avoid this is to turn off adaptivity of the grid, i.e., full grid calculation
without FW'T and IWTs, until the incident source stops launching.

5.2 Numerical simulations of the micro-ring resonator

with AWCM

In this section, we will perform the numerical simulation of the micro-ring resonator (Figure
5.2) with AWCM and discuss the simulation results. We will compare AWCM with FDTD,
interpolating scaling functions method (ISFM) and coupled mode theory (CMT) [17] on
these simulation results.

We simulate the setting as in [16, 35]. We launch a 20-fs full width at half maximum
(FWHM) Gaussian pulse modulating a 200-THz carrier (center frequency w,) at the left
port A of the straight waveguide WG1 (Figure 5.2) using the TF/SF formulation. Then
the incident Gaussian pulse propagates along WG1. When it reaches the region close to the
ring, it interacts with the ring and some parts of the Gaussian pulse switch into the ring
and the rest of the pulse continues to propagate and exits from the right port B of WGI.
The signal which switched into the ring cavity continues to circumnavigate inside the ring
and some parts of the signal will interact with WG2 and exit from the left port C of WG2.

In the simulation, the outer radius R of the ring is 2.5pm and the width wr of the
ring is 0.3pm. The width ws of the straight waveguide is 0.3pm and the gap distance g is
0.232pm. The refractive indices of the straight waveguide and the ring cavity are both 3.2,
ie., ng = n. = 3.2. We take a squared computational domain with the length L = 8um
and the width of the PML layer L/4. See Figure 5.3 for the geometry of the computational
domain, PML layer and TF/SF interface.

We take the maximum and minimum resolution level, j,0e = 9, Jmin = 3, respectively.
Then the smallest mesh size, A = Az = Az, is 15.625nm. And we take N = N = 2.
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Figure 5.2: A geometric diagram of a micro-ring resonator, which is composed of a circular
ring cavity and two lateral straight waveguides. On-resonance and off-resonance signal
excited from port A are guided with different directions by the ring resonator. Source: [35].

The smallest time step size is taken according to the CFL stability condition!, i.e., At <

2v2A

c
time derivatives of the TM,, equations, the error of the full grid solutions to our problem is

Since AWCM uses a central difference scheme of second order to discretize the

limited by O(At?). We choose a smaller time step size, i.e., At = T6e’ in order to take a
.6c

relatively smaller threshold tolerance, ¢ = 5.0 x 1074

The choice of the threshold tolerance is the most crucial in the whole simulation. If we
take a threshold which is too small, then the adaptivity efficiency is very bad, i.e., almost all
the points of the finest level are in the adaptive grid. And if the threshold is large, then, after
the incident source exits from the right port of WG2, all the grid points are compressed,
thus, only the points of the coarsest level will remain in the adaptive grid. Therefore, we
cannot obtain detailed information for the signal circumventing inside the ring.

We run the simulation 2'® time steps. The reason we select the number of simulation
time steps as a power of 2 is because we want to perform FFT with stored field values.

The snapshots of several time steps of the &, field component are plotted in Figures 5.4
and 5.5. We see that the numerical dense grid points are following the intensive signal in
the ring. Note that the points of the cross-sections of the four ports are always kept as the
finest resolution level in order that we store the field information on these cross-sections.

!The stability condition for the AWCM is essentially the same as that of ISFM, see (3.38).



96 Chapter 5

E PML E L/4
,,,,,,, S I A
: TF
1 WG2
:P4
—

S s La L2
= =
:Pl Pz:
| WG1 |
! TF !

,,,,,,, SF
: L :

<Lt PML |

Figure 5.3: A geometric diagram of the computational domain, PML region and TF/SF
interface for the simulation of micro-ring resonator.

The percentage cp of the adaptive grid points are given in the title of each snapshot with
the time step. Note that we only plotted fields in computational domain. For information
on fields in PML see the animation online. The link is provided in the caption of Figure 5.5.

5.2.1 Spectrum response

The signal which switched into the ring continues to circumnavigate inside the ring until
all its energy extinguishes. We store the information of the signal at the cross-sections P1,
P2, P3 and P4 during time stepping. We use the stored time domain field components to
calculate the average power densities flux through the cross-sections. The average power
density? is defined as

1
Pow = 53%[]5) x HY| | e€{l1,2,3,4}, (5.10)
Pe

where E and H are the phasors in the frequency domain, and P, (e = 1,2,3,4) are the
cross-section ports for recording data.

2See more detail about Poynting vector and power in [3].
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The length of the cross-section P, (e = 1,2, 3,4) should be taken big enough so that the
average power density flux calculated on the corss-section represents almost the full modal
power density. In our simulation we take the length of the cross-section four times the width
of the ring. We integrate the power density flux on the cross-section P3 and normalize it by
that on the cross-section Py to get the normalized dropped power as a function of frequency,
see Figures 5.6 and 5.7. The sharp peaks in these figures are resonant frequencies. We
also calculate the normalized transmitted power which is defined as the ratio between the
power density flux on the cross-section P, and that on the cross-section Py, see Figure 5.8.
In these figures, we rescaled the normalized power by its maximum in order to have highly
contrasted view of the resonant frequencies.

5.2.2 Coupling efficiency

The coupling coefficient « is defined as the ratio between the power switched into the ring
and that of the incident power. It is the percentage of power coupled into the ring from
WGT1. Since the power switched into the ring continues to circumvent inside the ring, we
should calculate the switched power with the stored fields at the cross-section P3 only for
the first circulation.

We can see from Figure 5.9 that the coupling efficiency decreases as the frequency in-
creases and the gap size distance increases.

5.3 Comparison with other methods

In this section, we compare the resonant data obtained with different methods, such as
FDTD, ISFM, CMT. We perform FFT on the 2! equally spaced time samples obtained by
FDTD and ISFM, see Figure 5.10, 5.11.

Calculating the resonant frequencies with single FFT is time consuming. Since the
frequency resolution is reciprocal to the product of the total number of time-steps and the
time-step size, thus, in order to get a desired accuracy of the resonant frequencies, the
simulation time should be sufficiently long. There are several methods, such as Prony’s
method [29], Pade approximation [11], which can obtain nice resonant frequencies with
relatively shorter window of time domain fields by extracting FFT peaks. We don’t want
to discuss these in detail here. There is a free software, called Harminv [26], which can
obtain much better accuracy than straightforwardly extracting FFT peaks [19]. We use it
to calculate the resonant data from the stored window of time domain field values obtained
with several different methods and compare them. The stored time domain samples are
combinations of decaying modes in the form,

exp((a + 2muf)t), (5.11)

where « is the decay constant and f is the frequency of the mode. We define the quality



98 Chapter 5

factor (Q factor) 3 of the mode (5.11) to be

Q=L (5.12)

The resonant frequencies are those with high @ factors. We perform Harminv [26] on the
215 samples of the time domain electric field obtained by AWCM, FDTD, ISFM to get
frequencies with @) factors.

Let m be the longitudinal mode number inside the ring, i.e., the number of wavelengths
in the ring. Table 5.1 shows resonant data of the same micro-ring resonator calculated by
Harminv [26], except the coupled mode theory method (CMT), which is provided by K.
R. Hiremath, [17]*. We see from the table that the resonant frequencies of the same mode
obtained by different methods are differed by each other only within 0.3% range.

Table 5.1: Comparison of the resonance data for the 5.0um-Diameter ring-resonator ob-
tained with four different methods. m: longitudinal mode number in the ring; f,,: resonant
frequency; \,,: resonant wavelength; Q): @) factor; FSR: free spectral range.

(a) AWCM (b) FDTD

m  fm(THz) X\ (nm) Q FSR (nm) m  fm(THz) Ap (nm) Q FSR (nm)
25 186.15 1610.51 3206.00 25 186.04 1611.48 3509.95

50.99 51.09
26 192.23 1559.52 2068.65 26 192.13 1560.39 4364.47

47.62 47.09
27 198.29 1511.90 23185.0 27 198.11 1513.30 5918.55

44.69 44.87
28 204.33 1467.21 3979.14 28 204.16 1468.43 7817.19

42.32 41.91
29 210.40 1424.89 5130.40 29 210.16 1426.52 11328.7

(c) ISFM (d) CMT [17]

m  fm(THz) X\ (nm) Q FSR (nm) m  fm(THz) Ap (nm) Q FSR (nm)
25 186.19 1610.11 3499.43 25 185.85 1613.1 4473

51.23 53.5
26 192.31 1558.88 3692.44 26 192.23 1559.6 5776

47.04 44.7
27 198.30 1511.84 6368.16 27 197.90 1514.9 7560

44.94 43.4
28 204.37 1466.90 11301.4 28 203.73 1471.5 10482

41.97 43.5
29 210.39 1424.93 13771.4 29 209.94 1428.0 14252

3Sometimes @ is defined as ratio between 7|f| and the full width at half maximum of the corresponding
frequency [17].
4We calculate f,,’s and (FSR)s in Table 5.1(d) from A, in [17]. And Q’s are provided by K. R. Hiremath.
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5.3.1 Steady state resonances

We can find the resonant frequencies from the spectrum response (Table 5.1) of the ring
resonator, or those peaks in Figures 5.6 and 5.7 are resonant frequencies.

If we continuously launch guided modes of the straight waveguide at these resonant
frequencies, we will observe intensive resonant power energy inside the ring. We should run
a sufficient number of time steps to simulate the steady state of on-resonances. The number
of time steps needed to reach the steady state of an on-resonance depends on the frequency
and the gap distance between the straight waveguides and the ring cavity. We have seen
that the coupling efficiency is higher with smaller frequency and smaller gap distances, see
Figure 5.9. If the coupling efficiency is high, for example, above 50%, then we can reach the
steady-state of the on-resonance with only several round trips of the wave inside the ring.
But the intensity of the resonance in the steady state is higher for a frequency of the signal
and a gap distance of the ring with low coupling efficiency. In this case, we need to run the
simulation for hundreds or thousands of round trips. When m increases, the corresponding
mode frequency also increases, and the coupling efficiency decreases. Therefore, we should
run the simulation a sufficient number of time steps to reach the steady state of on-resonance.

Here we simulate the on-resonance with a mode, m = 26, and the gap distance, g =
0.14um. When a resonant frequency signal of the ring is continuously launched from the
port A of WG1 (Figure 5.2), the signal coupled into the ring will accumulate inside the
ring because of the resonance. Some amount of the coupled signal inside the ring will also
interact with WG2 and exit from its left port. At the beginning of the simulation, the input
signal dominates over the output signal. As the signal inside the ring becomes intensive,
then the output signal increases into the amount of input one. After sufficiently long time
of simulation, when the resonator reaches the steady state, we can observe almost 100% of
the input signal switched into the ring and exit from WG2.

For an off-resonance frequency, the signal coupled into the ring cannot accumulate and
become intensive inside the ring, since the frequency does not match with the resonant
frequency, thus few signals could be found from the port C of WG2. See Figure 5.12 for
both On-resonance and Off-resonance behavior of the ring resonator.

5.4 Conclusion

We studied AWCM and verified its applicability in the area of numerical solutions to the
time domain Maxwell’s equations with the simulation of micro-ring resonators.

Adapting the grid points dynamically with time stepping is the key feature of the method.
The adaptivity property of AWCM enables less storage of data. In each time step, we skip
computation on any point in the finest resolution level which is not in the adaptive grid. For
those points which are not in the adaptive grid, we only perform an “if” command to check
whether that point is included in the adaptive grid or not. The computation of AWCM
is mainly done on the points which are in the adaptive grid. The time of computation
depends on the percentage of adaptive grid points over the full number of grid points.
Since we perform more computations on adaptivity, such as forward and inverse wavelet
transforms, interpolations of points needed in the algorithm, than the full grid method,
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which is non-adaptive, the computation speed is highly effective only when the percentage
of the adaptive grid points are very low. The adaptive grid method becomes faster than the
full grid method when the percentage of the adaptive grid points are lower than roughly
2.5%. For example, in the simulation of 2D Gaussian peak propagation in the homogeneous
media, the adaptive grid method is faster than the full grid method. And also, in the
simulation of ring resonators, the percentage of the adaptive grid points becomes close to
2.5% from about the time step 2'7, which is half of the number of the total simulation time
steps.

According to our experience, the computation on an adaptive grid, whose percentage of
adaptive points is about 10%, is still efficient, although the speed of computation is a little
bit slower than that of the full grid method. Because we can save a huge amount of the
memory space for the storage of output data for visualization. In the AWCM-simulation of
ring resonators, the percentage of adaptive grid points is less than 10% for most of the time
steps and even less than 2.5% for the second half of the whole simulation time steps.

AWCM is an efficient method for the problems of signals guided by optical waveguides. It
will save huge storage of output data for visualization. Especially when signals of interests
are highly concentrated inside optical devices so that the compression of grid points for
the whole field profile is larger than about 97.5%, AWCM is even faster than the full grid
method.

One of the disadvantages of AWCM is slow speed of computation when the compression
rate of grid points is low. We are interested in improving AWCM by performing compu-
tations on wavelet domain only so that huge amount of computations are saved, since we
don’t need to do forward and inverse wavelet transforms at each time step to restore physical
fields and we even don’t need to perform those interpolations procedures in the algorithm.

Another disadvantage of AWCM is on its time integrator. At the moment, we only use
second order central difference scheme for discretization of time derivatives in the Maxwell’s
equations. Thus, no matter how high the order of spatial discretization is, the solution error
is restricted by O(At?). If a time integrator of higher order is applied in the problem, we may
obtain better accuracy with the full grid method so that we can use even smaller threshold
tolerance to increase the accuracy of the numerical solution of the adaptive method.
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Figure 5.4: Snapshots of AWCM-computed &, field navigating in the ring resonator. Incident
source: a 20-fs Gaussian pulse launched from the left port of the straight waveguide below.
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Figure 5.5: More snapshots of the simulation. See the simulation movie in the following
link: http://www.youtube.com/user/HaojunLi?feature=mhee#p/u/0/f99PHItq1 VM



5.4. CONCLUSION 103

-
o I
o ® -

| g

Normalized power
o
N

Normalized power

O

180 190 200 210 191 191.5 192 192.5 193

Frequency (THz) Frequency (THz)
(a) (b)

Figure 5.6: Visualization of the AWCM-computed normalized dropped power. Number of
simulation time steps: 2'8.
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Figure 5.10: Visualization of the FDTD-computed normalized transmitted power. Simula-
tion time steps: 219,
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(a) (b)

Figure 5.12: Visualization of the AWCM (full grid method) - computed sinusoidal steady
state &, - field in the 5.0pm diameter ring with the gap distance g = 0.14um. (a) Off-
resonance: at 195 THz; (b) On-resonance (m=26): at 192.3 THz.
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Guided modes of a dielectric slab waveguide

We discuss how to calculate the guided mono-frequency modes of a dielectric slab waveguide,
see for example, D. K. Cheng [3]. These modes will be used in our simulations of the steady-
state on-off resonance of the ring resonator. And the phasor profiles of these modes will be
used in the calculation of a Gaussian pulse modulating a frequency carrier.

Let the permittivity and permeability of the slab waveguide to be e; and p respectively,
and the slab waveguide be surrounded by a vacuum. Assume the width of the slab waveguide
to be d and the slab waveguide is symmetric about the x axis. See Figure 5.13.

z A
€o,U0
Vo -
€o,Ho

Figure 5.13: A longitudinal cross-section of a dielectric slab waveguide.

We will only consider the guided modes of the slab waveguide for TM, mode equations
(2.10).
Let the time harmonic fields be

Ey(x,z,t) =R(E,(z, z) exp(wt)), z,z€R,t>0, (5.13a)
Ho(x, z,t) =R(H,(x, z) exp(wt)), z,z€ R t>0, (5.13b)
H.(z,2,t) =R(H,(z, z) exp(wt)), xz,z¢€ R, t>0, (5.13c¢)

where E,, H, and H, are vector phasors which contain information on directions, magni-

107
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tudes and phases of the fields. We can write time harmonic TM, mode equations,

OE
wpH,(z, 2) :$’ z,z €R, (5.14a)
E
wpH,(z,2) = — W, z,z € R, (5.14b)
x
H H
weB,(x, 2) _9 :’38(:’ 2) _ 88 = x,z€R. (5.14c¢)
x

The guided modes of the slab waveguide are solutions of (5.14) in the following form,

E,(z,z) =E,(z) exp(—fx), xz,z€R, (5.15a)
H,(z,2) =H,(z) exp(—fzx), z,z€R, (5.15b)
H.(z,2) =H.(z) exp(—fz), z,z€R, (5.15¢)

where £, H, and H, are profiles of mode along z direction, and j is the longitudinal
propagation constant.
If we substitute (5.15) into (5.14), then we get

dE
wpHy(2) = ;(z), z€R, (5.16a)
z
wpH,(2) =18E, (%), z € R, (5.16b)
dH,
weky(2) :( d;z) + zﬁHz(z)), z €R. (5.16¢)
From (5.16b), we have
B
H,(z)=—FE,(2), R. 0.17
@)= LB ), ze (5.17)
We substitute (5.17) into (5.16¢), then we get
Wit dH,(z)
E = . 1
y(Z) 'L(WQEE,M—BQ) dz (5 8)
Now we substitute (5.18) into (5.16a) to obtain
d*H.
h*H, L= 1
+ 2 0, (5.19)

where h? = (w?epu — 3?). We know that (5.19) has fundamental general solutions either in
the form of cosine and sine terms or in the exponential terms. We require that in the region
|z| < 4, the solution for H, is

H,(z) = Aysin(k.z) + Ay cos(k.2), |z] < =, (5.20)

where A; and A, are constants and

k2 = w?e g — B2 (5.21)
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If H, contains only a sine term, we call the mode odd and if H, contains only a cosine term,
we call the mode even.
In the free space region (|z| > g), the waves must decay exponentially, thus,

d
Ho(2) = Aveplmalz =), 2 2, (5.22)
Ajexp(a(z +d/2)), 2 <=5,

where A; and A, are constants and
o = % — weouo. (5.23)

We use continuity of H, at the interface |z| = d/2 to eliminate the constants As and Aj.
For example, for the odd mode case, i.e., H,(z) = A;sink,z, we have A3 = A;sin(k,d/2)
and Ay = —A; sin(k.d/2). Using (5.17) and (5.18) we can also obtain corresponding profiles,
H, and E,.

Here we only list the odd TE modes.

(i) In the dielectric region, |z| < d/2:

H,(z) =A;sin(k,z), (5.24a)
H.(2) :%Al cos(k.z), (5.24b)
B, (2) :":]’:: A; cos(k.2). (5.24c)
(ii) In the upper free-space region, z > d/2:

H,.(z) =A;sin(k.d/2) exp(—a(z — d/2)), (5.25a)
H.(2) :%Al sin(k.d/2) exp(—a(z — d/2)), (5.25D)
E,(2) :%Al sin(k.d/2) exp(—a(z — d/2)). (5.25¢)

(iii) In the lower free-space region, z < —d/2:
H,(z) = — Ay sin(k.d/2) exp(a(z + d/2)), (5.26a)
Ha(2) :%Al sin(k.d/2) exp(alz + d/2)), (5.26b)
E,(2) :%A1 sin(k.d/2) exp(a(z + d/2)). (5.26¢)

Now from (5.24a) and (5.25a), by using continuity of H, at z = d/2, we obtain
% - % tan (k.d/2). (5.27)
We also see from (5.21) and (5.23) that

o = \/w(eypy — eopio) — k2. (5.28)

For a given angular frequency w, we can compute a and k. by solving the nonlinear equations
(5.27) and (5.28). Then, we can obtain § from (5.23).
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