AT

Karlsruher Institut fur Technologie

Local Inversion Of The Sonar Transform
Regularized By The Approximate Inverse

E.T. Quinto
A. Rieder
T. Schuster

Preprint Nr. 10/07




Anschriften der Verfasser:

Prof. Dr. Eric Todd Quinto
Department of Mathematics

Tufts University
Medford MA 02155 USA

Prof. Dr. Andreas Rieder

Institut fiir Angewandte und Numerische Mathematik
Karlsruher Institut fiir Technologie (KIT)

D-76128 Karlsruhe

Prof. Dr. Thomas Schuster

Fakultit V, Institut fiir Mathematik

Carl von Ossietzky Universitdat Oldenburg
D-26111 Oldenburg



LOCAL INVERSION OF THE SONAR TRANSFORM
REGULARIZED BY THE APPROXIMATE INVERSE

ERIC TODD QUINTO, ANDREAS RIEDER, AND THOMAS SCHUSTER

ABSTRACT. A new reconstruction method is given for the spherical mean transform with centers on
a plane in R® which is also called Sonar transform. Standard inversion formulas require data over all
spheres, but typically, the data are limited in the sense that the centers and radii are in a compact
set. Our reconstruction operator is local because, to reconstruct at x, one needs only spheres that
pass near x, and the operator reconstructs singularities, such as object boundaries. The microlocal
properties of the reconstruction operator, including its symbol as a pseudodifferential operator, are
given. The method is implemented using the approximate inverse, and reconstructions are given.
They are evaluated in light of the microlocal properties of the reconstruction operator.

A version of this preprint containing color figures can be downloaded under

www.math.kit.edu/ianm3/~rieder/media/local_sonar.pdf.

1. INTRODUCTION

In this article, we develop a novel local reconstruction method for the spherical Radon transform
with centers on a plane. As this transform is one model for Sonar under the Born approximation,
that is, under the assumption there are not multiple scattering events, it is also called Sonar
transform.

Let u(t;x) be the acoustic pressure field at x € R3 at time ¢t > 0. Then, u satisfies the acoustic
wave equation

(1.1) A — % 02 = —5(x — 2)5(1)

where v = v(x) is the speed of sound and z € P = {x € R3 ! x3 = 0} is the excitation point on the
ocean surface. The inverse problem in Sonar is to recover v from the backscattered (reflected) field
ug observed at P for all times ¢ > 0.

Cohen and Bleistein [3] made the ansatz

I 14+n(x)
2

vi(x) ¢
where c is a constant background velocity. Then,
1 1

1.2 —_——
(1.2) Am c272

/ n(x)dS(x) = —02/ (1 — t)us(t,y) dt + higher order terms in n
0
Sy, 5)
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where S(y,r) is the sphere centered at y € R? and of radius 7 and 7 is the observation period.
Under the assumption that n < 1 (i.e. the Born approximation), the higher order terms are set to
zero and the right-hand side of (1.2) becomes an integral from 0 to 7 of the solution to the wave
equation. Thus, (1.2) reduces to recovering n(x) from integrals of n over spheres centered on the
plane P where the right had side in (1.2) is known from the measured data u(t,y).

Since we are interested in spheres with centers on the plane x3 = 0, we define our spheres in
terms of z € R? and r > 0

(1.3) S(z,r):{xeR?’Hx—(z,O)]:7‘}, Y:{(z,r)|z€R2,r>0}.
We define the spherical Radon transform for (z,r) € Y to be the spherical mean over S(z,r):
1
dS(x).
e R0

Our goal is to use this spherical mean data to reconstruct a picture of f showing region boundaries.
Since the null space of R is the set of odd functions [4], R is not injective for arbitrary functions on
R3. Courant and Hilbert’s null space characterization implies R is injective for functions supported
in x5 > 0. We let

(1.4) Rf(z,r) =

R} = {x € R*|z3 > 0}

and we will consider only functions supported in }R‘i. This is a realistic assumption for functions
in the ocean when we assume zg > 0 points down to the ocean floor.

We define the backprojection operator R* for compactly supported functions g(z,r) as

(15) Rigx) = [ gta.bx  (2.0) )z

Note that
Ix — (2,0)| = \/|x' — 2> + 23 where x' = (z1,22,23)" = (21, 22).

The operator R* is used in [2, 6] and it is the dual operator to R if the measure on Ri is dr and
the measure on Y is 4nr2drdz. The problem is that one cannot define R* on the range of R even
for compactly supported functions f because Rf is not necessarily compactly supported even if
f is. Therefore we will need to include a cutoff function, see (2.2) below, in the definition of our
reconstruction operator.

Inversion algorithms for this problem exist if data are known over all spheres with center on a
plane [17, 2, 6, 13]. For the two-dimensional problem, Palamodov [18] analyzed the visible and
invisible singularities, providing seminorm strength estimates for each, and Denisjuk [5] developed
inversion algorithms. Schuster and Quinto [25] adapted the approximate inverse to distributions and
used it to develop an inversion algorithm for the two-dimensional problem. This model, integration
over spheres, also comes up in thermoacoustic and photoacoustic tomography, but in this case the
centers are constrained to lie on a sphere or other surface that encloses the region to be imaged
([1, 11, 14, 27] provide references and background).

Our reconstruction operator is local in the sense that to reconstruct at a point x, one needs only
spheres that are near x, and the operator is easily restricted to the data that are given in practice.
Typical data are limited since one can acquire data only over a compact set in Y, and the authors
know of no reconstruction method from this limited data in R3. Our reconstruction operator will
detect singularities such as boundaries of the object rather than finding reflectivity values, and
as shown in Sect. 5, the operator can image objects clearly. Furthermore, our algorithm is easy
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to adapt to different data acquisition geometries, such as when z lies on an arbitrary C'°° surface
rather than a plane.

In Section 2 we define our reconstruction operator and give its basic properties. To understand
why and how our algorithm detects singularities we will analyze its (principal) symbol as a pseudo-
differential operator (¥DO) (Section 3). In Section 4 we use the approximate inverse to regularize
our inversion operator. To this end we analytically compute a reconstruction kernel from a given
mollifier (Theorem 4.1). Finally, we present several fully 3D numerical experiments in Section 5
and analyze the resulting reconstructions in the light of the microlocal results we developed in
Section 3. The technical proof of Theorem 4.1 is given in the appendix.

2. OURrR LocAL RECONSTRUCTION OPERATOR

In contrast to the planar Radon transform that integrates over planes, the spherical Radon
transform R cannot be formulated as bounded operator neither between appropriate L?-, nor
Sobolev spaces. Moreover Andersson [2] proves that R acts as a bounded mapping between suitable
chosen spaces of tempered distributions. Let

Se(R?) :={f € SR?)| (X, —a3) = f(x/, 23)}
be the space of rapidly decreasing functions that are even in x3 and let
S (R* x R?) = {f € S(R?)| f(z,w) = f(z, ||w]) for a function f € Se(R?)}

be the space of rapidly decreasing functions in R® that are radially symmetric in the last three
components. The dual spaces Se(R3)" and S,(R? x R3)’ of So(R3) and S;(R? x R3), respectively,
consist of tempered distributions. In general f € Se(R?) does not imply that Rf € S;(R*xR?), but
it is easy to show that Rf € S;(R? x R3)’. By a density argument we derive that R maps Se(R3)’ to
S:(R? x R3) and Andersson [2, Th. 2.1] proved that this gives a bounded operator whose adjoint
maps S;(R? x R3) to So(R?),
R*: S;(R? x R?) — S,(R?),

and has dense range. As a consequence we see that the composition R*R is not meaningfully
defined in general and this is the reason for introducing a cutoff function ¢ in (2.2) below to obtain

ORf € S;(R? x R3).

We use the following notation. Let A be the full Laplacian in R3. We let H,, be the Hilbert
transform in z3 (the Fourier multiplier with symbol —isgn(&s) [26]), and we let 0., = 0/0x3.

Our local algorithm starts from an exact formula of Klein [13] that is based on work of Andersson
[2] and Fawcett [6]. The formula of Klein involves a modified dual operator that includes derivatives
with respect to x of the data. He proves that the addition of the derivative allows one to compose
the dual operator with R for functions in the range of R [13]. Klein’s formula in R3 is

_ 1 1/2
(21) f = %Hx:;A /R2 (8x3Rf(Z,T)‘T:\/m> dz.
The integral in (2.1) is the R* integral but with a 0,, inside the integral.

Now we make (2.1) local. We replace the non-local operator A2 by A, and we replace the
Hilbert transform H, (a pseudodifferential operator of order zero) by —1. We use —1 rather than
1 so that the symbol of our operator A (3.2) is positive for &3 > 0. The replacement of v/A by
A increases the order of the operator from order zero (the order of the identity) to order one.
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For convenience, we replace the constant in our formula % by 1. Finally, we specify constants

0<T' <Tand 0<d < < M < M and choose a C* cutoff in z and in r
¢: R? x (0,00) — [0,1], supp(¢) = [T, T]* x [6, M],
(2.2) ¢(z,7) >0 (z,7) € (-T,T)* x (6, M),
o(z,7) =1 (z,7) € [-T',T"* x [§, M"].
Including ¢ allows us to compose R* and R even when the data Rf is not compactly supported.

Multiplying by ¢(z,r) before using 0,, allows us to bring the derivative 0,, outside the R* integral
to get our reconstruction operator for x € R3:

(2.3) Af(x) = —A0,, R* (¢(z,r)Rf(z,r))(x).

This operator is a natural generalization of the Lambda tomography operator [7] since it is of
order one as we will claim in Theorem 3.2 and it is local in the following sense. To reconstruct
Af(x) one needs only spheres near x to calculate the derivatives and to evaluate R*.

3. THE MICROLOCAL PROPERTIES OF A AND ITS SYMBOL AS A VDO

In this section, we give the microlocal properties of R. We prove A is an elliptic ¥DO on ]R:j’r and
we give its symbol. This will show how much A emphasizes singularities in different directions. In
order to understand what R and A do to singularities, we must first understand what singularities
are and this will be framed in terms of the wavefront set.

For f € L'(R™) we define the Fourier transform of f to be
1 )
Ff§) = W /Rn f(x) exp(—i§ - x)dx

and we note that ! f(x) = Ff(—x). Therefore, if F f is rapidly decreasing at co (decreasing faster
than any power of 1/|{] at co) then f and all its derivatives are continuous; that is f € C°(R").
This is the motivation for the definition of wavefront set: we can understand smoothness of f by
understanding where F f is rapidly decreasing. We note that a cutoff function at xg will be any
C*° compactly supported function ¢ : R™ — [0, 00) such that ¢(xg) # 0. This motivates our next
definition.

Definition 3.1. Let f be a distribution in R™ and let xg € R™ and & € R™\ 0. Then f is smooth
at xqg in direction &y if for some cutoff function ¢ at xo and some open conic neighborhood V' of
£o, Ff is rapidly decreasing for £ € V.

If f is not smooth at xq in direction &y then we say (xg,&p) € WF(f).

Using our next definition, we can evaluate qualitative strength of singularities.

Definition 3.2 ([19]). Let f be a distribution in R™ and let xg € R™ and &y € R"\ 0. Then f is in
H? at xq in direction &y if for some cutoff function @ at xg and some open conic neighborhood V
of &, the microlocal Sobolov seminorm

lefllmsy = \//V [F(p )1+ [€]2)°dg

is finite.

If f is not in H® at xq in direction & then we say (xg,&n) € WEFS(f).
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Since Y can be viewed as an open subset of R3, one can define WF and WF* for distributions
on Y because when one multiplies by a cutoff (z,r) that is compactly supported in Y, the R?
definition of Fourier transform can be used. In general, the wavefront set and Sobolev wavefront
sets are defined as subsets of the cotangent bundle, 7*(R"™) because this allows one to define the
wavefront set invariantly on manifolds.

Note that if f is smooth on R™ then WF(f) = (. If f is the characteristic function xq of a
domain Q with C*° boundary then WF(xq) is the normal bundle of the boundary

(3.1) N(bd(Q)) = {(x,€)|x € bd(), £ € R*\ 0, £ L bd(Q) at x} = WF(xq).
This is also true for WF*(f) for s > 1/2.

Radon transforms detect singularities perpendicular to the set being integrated over and so R
will detect singularities of f normal to the sphere being integrated over. This is made clear in
the following theorem, a more precise version was given in [16] and was proven for manifolds in
arbitrary dimensions in [21].

Theorem 3.1. Let R be the spherical Radon transform in R® with centers on the plane x3 = 0.
Then, R is an elliptic Fourier integral operator [12] for functions supported in ]R:j’r. Let f be a
locally integrable function on Ri and z € R? and r > 0. Rf is C*™ near (z,r) if and only if
WF(f)NN(S(z,r)) = 0.

In [21] a precise relationship is given between WF(f) and WF(Rf) but the simple version given
here explains that R “sees” singularities only if they are normal to the sphere in question.

Example 3.1. To illustrate our theorem, we give a basic example. Let f be the characteristic
function of a domain  C Ri with C* boundary. According to Theorem 3.1, a singularity of f
will be visible in Rf mear (z,7) if and only if the sphere S(z,r) is tangent to bd(Q) (so normals
to the boundary are normal to the sphere). Our reconstructions in section 5 are from a limited set
of spheres, and the only singularities that are visible in those reconstructions are the ones normal
to spheres in the data set. Palamodov referred to the wavefront directions normal to S(z,r) as
audible, and he proved elegant estimates for singularities in the audible zone (and inaudible zone)
for the circle transform in R? [18].

Now that we have discussed the microlocal properties of R, we consider A. We first prove that
A is a YDO and we give its symbol and then we discuss what the symbol means for the algorithm.
Theorem 3.2. Let A be the operator (2.3) with C* cutoff function ¢ (2.2). Then, A is a pseudo-

differential operator of order one on 5’(]1%1). Furthermore the symbol of A is

_ _ 3oy T30\ €3
(3:2) 7(8) = 2m6((x = T8V rorlel) el

Before we prove the theorem we make some observations about what this means for our problem.

Note that our domain is Ri and so xj3 is always positive. The operator A is not elliptic since
o(A) can be zero as ¢ can be zero. For x € R}, let

(33) Ceo ={ec®|s#0. (x-2e) € (TT2 miel/lel € (0.00)},

The symbol of A is zero off of CI(C(x)). Where the symbol is zero tells where the operator A
smooths, so Af will not show any wavefront of f at (x,&) if £ ¢ C'(x) (see Remark 3.3 below).
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Since the symbol o(A) is nonzero on C(x) and homogeneous of degree one in &, if £ € C'(x), then
A is elliptic of order one at (x,&) [19]. Therefore, if £ € C'(x), then (x,£) € WF(Af) if and only if
(x,€) € WFE(f). Thus wavefront of f for £ € C(x) will, in some sense, be visible in Af. Since A
has degree one and is elliptic on C(x), singularities of Af will be one degree less smooth in Sobolev
scale than those of f. Of course wavefront directions near bd(C'(x)) might be reconstructed more
weakly than those corresponding to where ¢ = 1. This discussion proves the following corollary.

Corollary 3.1. Let A be the operator (2.3) with C™ cutoff function ¢ (2.2). Let x € R and let
€ € C(x). Then,

(3.4) (x,€) € WEFS(f) if and only if (x,£) € WF*L(Af).

Finally, we should emphasize that Theorem 3.2 and Corollary 3.1 are valid because we are
considering only functions supported on one side of the plane x3 = 0. Since the null space of R is
the set of odd functions about x3 = 0, R cannot distinguish singularities above (x', z3) from those
above (x/, —z3). However, for functions supported in ]R:j’r, this is not a problem.

Proof of Theorem 3.2. We will give an easy to understand explanation of the result and then we
outline the proof.

For purposes of this heuristic discussion, we assume we can compose R* and R and write R*0,, =
Oz, R* without having the cutoff ¢. These assumptions are wrong in general, but this calculation
shows what result we should expect, and it will allow us to skip one step in the rigorous calculation.
By Klein’s formula, Id = %ngAl/Q&BSR*R, and the symbol of Id is 1. Recall that o(H,,) =

—isgn(&3) = —i&s/|¢s| and H' = —H,, [26]. Our operator A without the cutoff ¢ is then
—27(—H,,)V/AId and therefore the symbol of A without the ¢ is —2%(2)%(1)\5] = 277%\5].

To prove the theorem rigorously, we add the cutoff ¢ and we calculate the symbol of the
composition of the Fourier integral operators that make up A. This starts with the canonical
relation of R. For this proof, we will use cotangent notation. For & = (&1,£2,&3) we denote
&dx = §1dxg + §adxo + E3dxs and (91, 72)dz = 11dz; + 172dzo. Then the canonical relation of R is
21]!

(3.5) C={(zr,x;o ((x' —z)dz +rdr — (x — (2,0))dx)) |x € R3, (z,7) € Y,a # 0}.

Since x € R‘:’_ we can specify global coordinates on C where we let S_% ={wes? ‘W3 >0}

(3.6) 5% x R? x (0,00) x (R\0) 3 (w,2,7,0) — (2,7,2 + rw; o (w'dz + dr — wdx)))

after factoring. Using these coordinates it is easy to show that the projection IIz,: C — T*Y \ 0 is an
injective immersion. This is the Bolker assumption and it implies that R*¢R is a pseudodifferential
operator [10, 9]. Note that if we considered x € R3 we would need to enlarge C so that in coordinates

(3.6), we would need to include w € S§ = {7 € 5%| 73 = 0} and II, is not an immersion above such
points.

INote that in formula (4.7) of [21], rdr should be 2rdr.



LOCAL INVERSION OF THE SONAR TRANSFORM BY APPROXIMATE INVERSE 7

Using (3.5) one sees that the projection to T*R3 \ 0, IIg: C — T*R3 \ 0, is also injective and
for (x,&dx) € T*R3 \ 0, & # 0, we have

I (x, €dx) = (z(x,€),7(x,€),x;0(¢) (' (£)dz + dr —w(€)dx)) ,

(3.7 2(x,€) = (x - ﬂs)',

&3
(3.8) r(x, &) = 22|¢],
€3]
_ &lel _ & 2
(3.9 &= Ot

Since £ must be normal to the sphere S(z,r), £ must be parallel x — (z,0). This explains (3.7). A
calculation using (3.7) and the fact x3 > 0 justifies (3.8). Finally, because 3 # 0 and ws(§) must
be positive (if we require w € S%), (3.7) and (3.8) are used to prove (3.9).

To calculate the symbol of A one follows the outline in [20]. We let Z = {(z,r, x) ! |(z,0)—x)| =1}
be the incidence relation of all spheres and points such that the point x is on the sphere S(z, 7).
We have already chosen measure dm = dx on R‘:’_ and dn = 47r?drdz on Y. We choose measure

on Z to be du = \/é(z,7)r? dr dzdw. As done by Guillemin [8] one uses these measures to define
dp _ \/9(z,7)

measures for the Radon transform and its dual. This gives measure on S(z,r) as an = wa
n T

and the measure for the backprojection is Z—i = /¢(z,7r)dz and so the Radon transform defined
by this theory is R’ = /¢R and the dual transform is (R')* = R*\/¢. Therefore, (R')*R' = R*¢R,
and this justifies our choices of dz, dn, and du.

The next part of the calculation is to write Iz, integration over Z, as a Fourier integral distribu-
tion. To do this one chooses coordinates so that Z is locally defined by w = 0 where coordinates
on Z are (Z,w). One then follows the mathematics on p. 337 [20] to calculate the symbol of I as
a Fourier integral distribution as in the calculation of (15) in that article. One calculates that it is

(27)%¢(z, r)dx dz dn

(3.10) ollz) = (Am)r2 15 (|ogs [2/2)1T% (loy |3/2)

(H}_%1 (x, fdx))

where ogs and oy are the canonical symplectic forms on T*R? and 7*Y . To calculate the pullbacks
in (3.10) one lets A\ = T, (x,&dx) as given in (3.7)-(3.9) and one chooses a basis of T\C using the
coordinates (3.6). Then, using (3.10) and this calculation of the pullbacks, we get

2rio (x - €)' 528
€3] [€]

and composing with —d,,A, which has symbol —i&3|¢|? gives us the final result (3.2). Finally, one
should note that there is a Maslov symbol ([12] which is discussed in the first full paragraph in [20,
p. 338]) but it must be constant because the naively calculated symbol at the start of the proof can
be defined as a function (see also the discussion on [20, p. 338]). Note that different conventions for
the definition of symbol can result in different constants in (3.2), but our conventions are chosen
so as to agree with the naive calculations at the start of this proof. ([l

(3.11) o(R"¢R)(x,§) =

Remark 3.3. We will now use the symbol calculation in the proof of Theorem 3.2 to explain why A
is smoothing off of the set C'(x) (3.3). It is clear from the definition of C'(x) that the symbol o(A)
is zero off of C'(x), but in general this implies only that A smooths one degree more off of C(x)
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than on C(x). Let x € R3 and ¢ ¢ C(x). Then I, (H;zl(x, ¢dx)) = (z,r,n) for some 7 € 10, Y-
However, since £ ¢ C(x), by (3.7)-(3.9), ¢(z,r) is zero. Therefore, ¢Rf(z,r) = 0 is C* and so
(z,m,m) ¢ WF(¢Rf). This shows that (x,{dx) = g (II; ' (I, (5! (x,€dx)))) = He(Il; (2,7, 7))
is not in WEF(R* (pRf)). Here we are using the fact I, and Il are injective as well as composition
calculus for Fourier integral operators [12]: for A ¢ T*R3 \ 0, C o A = II; (II3'(A4)) and for
BCT*Y,CloB =1 (Hzl(B)). Here we are using the following notation [12]: C* is C but with
the T*R? and T*Y coordinates reversed, and for A C T*R3,

CoA={(z,mn) € T*Y|E|(x,§) € A, with (z,r,x;n,£) € C}.

Therefore, A is smoothing in direction (x,£dx).

4. THE APPROXIMATE INVERSE: MOLLIFIER ep ¢ ; AND RECONSTRUCTION KERNEL 9p s

For an implementation of our local reconstruction operator A we need to stabilize its numerical
evaluation. Several approaches are possible. We follow ideas of the approximate inverse [15] as it
provides a general and well-developed framework for the stable solution of operator equations of
the first kind, see e.g. [22, 23, 24].

Instead of computing Af(p), p € Ri, directly we want to recover the smoothed version

(4.1) (Afsepsk)r2(r3)
where
(x) = C (82—d2)k:d<8, - |
€p s kX)) = s = |X— )
p.s.k k, 0 Cd>s, p

serves as mollifier with s,k > 0 and
-1
I'(k+5/2)
Chs = 2_@Pykav) = .
" </Bs(p>(s ) w320 (k + 1) s32

/3 eP,SJf(X) dx =1 and suppepsi = Bs(p).
R

Observe that

Further, the inner product (4.1) can be expressed as a convolution integral:

Af eO,s,k(p) = <Af7 ep,s,k>L2(R3)'

The parameter s > 0 scales the mollifier and plays the role of a regularization parameter: the
larger s the smoother the reconstruction. In the sequel we implicitly assume s < p3 yielding
supp ep s,k C R‘:’_ for p € Ri. Note that k is merely a design parameter.

In the following theorem we give analytically a so-called reconstruction kernel allowing the com-
putation of (Af, ep s) r2(r3) from the spherical means of f.

Theorem 4.1. We have that

(4.2) (Afsepsk)2®3) = (RS, Up s k) L2(R2x [0,00],r2dzdr)
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with reconstruction kernel

C,s kps AF2

Vp,si(2,7) = 6(2,7) T 2k +1)A [ﬁ <1<; 94 2%) _ H

+ 2k — 1)8 B-ﬁ(&—u%)]]

(4.3)

forr € [L —s,L+ s| where
L=|@0)—pl, A=s—(L—r? and B=(r+L)? s
Forr & [L—s,L+s]: ¥psi(z,r)=0.

The proof of the theorem can be found in Appendix A.

5. RECONSTRUCTIONS

In this section we give numerical reconstructions using the approximate inverse. We will also
interpret the results in terms of the microlocal properties of R and A that were given in Section 3.

We want to approximate

(5.1) Af(p) = (Afiepsik)rz®s) = (Bf, Vp.sk) L2(R2x[0,00[,r2dzdr)
from the discrete data

(5.2) 9(i,j, k) = Rf(zij,m), 4,j=1,...,Ny k=1,..., Ny,
where

(5.3) {2i;} C [~ Zmax> Zmax)> and  {rg} C (0, 7max]

are Cartesian grids with uniform step sizes h, and h;, respectively. A straightforward discretization
of the triple integral on the right of (5.1) yields

N, N, N

Af(P) R Af(P) = h2he D D3 g(i. 5. k) (2 7i)77

i=1 j=1 k=1

N, N,

=hhe Y > > 905, k) e sk (zig, )T

i=1 j=1 peLs,(p)
with £; ;(p) = [L — s,L + s] and L = |(z;;,0) — p|.

For our numerical computations presented in this section we have chosen the following cutoff
function ¢ (2.2). Given 0 < 6 < M and T > 0 we define

¢(z,7) = o(z)B(r)
where .
0 cr<dorr>M+1,
1 26 <r<M,
p(r,M): M<r<M-+1,
q(r,9) 0 <r <20,
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FIGURE 1. Visualization of the function (5.4) to be reconstructed. The two balls
slightly intersect.

with
— u(M+1-r) u(r/o—1)
7M = T T ) 75 - )
P M) = T v~ —12 ) T WD) a2 =)
and
{exp(—l/:n) tx >0,
u(z) =
0 cx < 0.
Further,
1 : lz| < T,
a(z) = a(z1)a(z2) and a(z) =< p(|z|,T) : T < |z| <T +1,
0 : |z|>T+1.
Thus,

¢ € C¥(R?), supp C [T — 1, T+ 112 x [5, M + 1], and | _z 792, s = 1-

We always set M := ryax — 1, 6 := 0.01, and T = zpaye — 1.

The function f: ]R:j’r — R to be reconstructed is a superposition of three indicator functions given
by
(5.4) [= XB1(0,0,3) — XBo.5(0.25,1,4) T 0.3Xa3>6

whose Sonar transform can be calculated analytically. The rightmost indicator function models a
flat ocean floor at x3 = 6, see Figure 1 for a visualization.

In our first set of experiments we will demonstrate which singularities of f can be detected
depending on the available data. To this end we note that the wavefront set of f (compare (3.1))
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is
WF(f) = {(X7 £)|X € 8B1(07073)7 5 = )‘(X - (07073))7 A 7é 0}
U {(X7 £)|X € 8B0.25(0'257 174)7 5 = )‘(X - (0257 174))7 A 7é 0}
U {(X7 £)|$3 = 67 51 = 62 = 07 53 75 0}7

that is, the wavefront set consists of all pairs (x,£) where x is on the boundary of either one of the
two balls or of the ocean floor and ¢ is normal to the boundary at this point.?

Figure 2 displays cross sections A £(0.25,-,-) for three different sets of limited data: zpax = 3
(top left), zmax = 6 (top right), and zpax = 12 (bottom). Further, rypa = 10 in all three settings.
All cross sections have been computed from N2N, = 3012 - 250 = 22650 250 spherical means.

To understand the extent to which our results from section 3 are reflected in our reconstructions,
we inspect the set C'(x) (3.3) on which A is elliptic of order one. The wavefront (x,§) € WF(f)

will be visible in Af (or Kf) if £ € C(x), that is, {3 # 0 and

i~ Zmax S it mex ;o0 ang O o JEL Tme

T3 &3 T3 z3 &5 T3
Thus, wavefronts for which ¢ has dominant horizontal components (|€3] is small compared to |{])
will not be recovered. The visible wavefronts have dominant vertical components and the smaller
Zmax and .y are and the larger x3 is, the more dominant the vertical components have to be to

be visible.

This fact is illustrated by the reconstructions shown in Figures 2. With increasing zpmax (top left,
top right, bottom) more and more singularities of f are recovered. In the bottom reconstruction
only the singularities with almost horizontal directions are missing. The ocean floor {(x,&)|zs =
6, & =& =0, & # 0} is visible because we have

T; — Zmax T; + Zmax 0.01 10
— << — — <1l < —.
6 6 6 6
In Figure 3 we again display Af(0.25,-,-) with zna.x = 3, however, with clearly reduced maximal
radii: Tmax = 4.5 and rmax = 5.5. The ocean floor is not recovered by either reconstruction. For
rmax = 4.5 even the bottom hemisphere of the smaller ball is missing and a strong artefact corrupts
the reconstruction.

(& —Zmax < Ti < Zmax) and

2The two boundary spheres intersect in a small circle. At each intersection point are two “singularity directions”
corresponding to normals to the two spheres.
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FIGURE 2. Reconstructions 1~\f(0.25, -+), f from (5.4), where rpax = 10 and zpax =
3 (top left), zmax = 6 (top right), and zpax = 12 (bottom) with N, = 301 and
N, = 250, see (5.2) and (5.3). The parameters used for the reconstruction kernel are
s = 0.8 and k£ = 3. The dashed white lines in the bottom reconstruction indicate
the singular support of f and are not part of the reconstruction.
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1 0 1

X2

FIGURE 3. Cross sections Af(0.25,-,-), f from (5.4), where rpay = 4.5 (left) and
Tmax = D.5 (right). Further, z,.x = 3, N, = 301 and N, = 200, see (5.2) and (5.3).
The parameters used for the reconstruction kernel are s = 0.8 and k = 3. The
dashed white lines in the left reconstruction indicate the singular support of f and
are not part of the reconstruction.

13
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_ To prove that we really perform fully 3D reconstructions we display several cross sections
Af(z14,-,-) for z; = —140.25¢, ¢ = 0,...,8, in Figure 4. Here we like to emphasize the fol-
lowing observation: the boundaries of the two balls in the different cross sections are reconstructed
with different intensity (note the different gray scales). The reason for this fact is that the 3D-
direction of the corresponding wavefront does not agree with the 2D-normal on the ball in the
displayed cross section.> The more the wavefront direction differs from the 2D-normal in the cross
section the less pronounced is the singularity in the respective cross section.

We finish the numerics section by demonstrating how the algorithm performs with noisy data.
To this end we perturb the exact data g (5.2) according to

noise(i, j, k)

97 (i, 4, k) = g(i, j, k) + € |lgll« , >0,

|noise||x

where noise is an N, X N, x N; array of uniformly distributed random numbers? with values in
[—1,1] and where the discrete norm

N, N, N:

Igll? = b2k > Y " g(i g, k) Prf

i=1 j=1 k=1
approximates the norm in L2([—zmax, Zimax) X [0, Pmax), rzdzdr). We have that
lg — &%l
llgll«
Thus, € measures the relative noise. In all experiments below we worked with ¢ = 3%.

<e.

First, the smoothing or regularizing effect of the scaling parameter s is illustrated. Figure 5
contains reconstructions of a cross section (1 = 0.25) from the same perturbed data for 4 different
scaling parameters. As s increases the noise gets reduced at the price of blurred and fuzzy contours.

Finally, in Figure 6 we present the same cross sections of A f as in Figure 4, however, reconstructed
from noisy data with scaling parameter s = 1.6.

3We have two exceptions: for 1 = 0 the 2D-normals on the large ball in the cross section agree with the
corresponding directions of the wavefronts. The same holds true for the small ball at x1 = 0.25.
An all computations we used the same noise array.
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FI1GURE 4. Cross sections Kf(a:l, «+), f from (5.4), for several x1’s. Here, ryax = 10,
Zmax = 12, N, = 301 and N, = 250, see (5.2) and (5.3). The parameters used for the
reconstruction kernel are s = 0.8 and &k = 3. Please note the different gray scales
for each reconstruction.
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FIGURE 5. Reconstructions Af(0.25,-,-), f from (5.4), under 3% relative noise for
different scaling parameter: s = 1.1 (top left), s = 1.5 (top right), s = 2 (bottom
left), and s = 2.5 (bottom right). Further, rmax = 10, zmax = 12, N, = 301,
N, = 250, see (5.2) and (5.3), and k = 3. The dashed white lines in the bottom left
reconstruction indicate the singular support of f and are not part of the reconstruc-
tion.
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FIGURE 6. Cross sections A f (x1,-,-), f from (5.4), for several x;’s under 3% relative
noise. Here, ryax = 10, Zmax = 12, N, = 301 and N, = 250, see (5.2) and (5.3). The
parameters used of the reconstruction kernel are s = 1.6 and k£ = 3. Please note the
different gray scales for each reconstruction.



18 ERIC TODD QUINTO, ANDREAS RIEDER, AND THOMAS SCHUSTER
APPENDIX A. THE PROOF OF THEOREM 4.1

To find 9p 5k, we start from (4.2) and by duality, we must have
(A1) Vpsk(2,7) = (b(z,r)R((?mAep,&k) (z,7).
So as not to deal with too many constants, we consider an unnormalized version of ep, s, and define
€psk = epsk/Ch,s-

Now we state the pieces we need to prove the expression for ¢y, 5 1, in Theorem 4.1, and we use (A.1).

Lemma A.1. Let k € N, k> 3. Then,
R(0y,Nép s 1) (2,7) = |4k(2k 4+ 1)(k — 1)[R(z3ép s k—2) — P3R(Epsk—2)]

(A2)
+8k(k — 1)(k — 2)s* [p3R(Ep,s o—3) — R(iﬂsép,s,k—s)]]-

For ¢ a nonnegative integer

~ Aé—i-l
(A3) R€p7s’[(z, T) = m re (L — S, L + S)
and
~ - pgAZ—i-l B
(A4) R(x3ép50)(2z,7) = I+ (T2 + 57 ) "€ (L—s,L+s).

where L = |(z,0) — p|, A=s?>— (L —r)?, and B= (r + L)* — s® and where r € (L — s,L + s) and
the functions in (A.3) and (A.4) are zero outside this interval.

The proof of (A.2) follows by a calculation and for k = 3 noting that the derivatives are distri-
butional derivatives (since €p 50 is not continuous). Using (A.3) and (A.4) for various values of £
in (A.2), one proves (4.3) in Theorem 4.1.

To prove the lemma, first recall that p is the center of the mollifier €, ; ». We assume the sphere
we are integrating over has radius r and is centered at z = (21, 22) on the x1z2-plane. Furthermore,
we denote the distance from z to p by

L:=|(z,0) — p|.

The condition for the integral to be nonzero is r € (L — s, L + s), so assume r is in this interval.
Also, L > p3 since z is on the zxzo—plane and p3 > 0.

The calculation of R(0y,Aép s k) reduces to expressions involving R(ép s ¢) and R(x3ép s ¢) for
¢ =k—3,k—2,k—1if one uses that ép ;1 is radial about p, and one uses the radial form of the

Laplacian, A = g—; + %% where d = |x — p|. One uses this observation, to calculate (A.2).

We now prove (A.4) by rotating and translating the picture and then using spherical coordinates.
The proof of (A.3) uses similar arguments but is simpler. If we take a point v on S(z,r) then the
x3 coordinate of v is simply v - e3. This is the same as

x3=v-e3=(v—12)-e3
since z is on the xjxo-plane.
Let o € (0,7/2] be the angle between the vectors ((p’,0) —z) and (p — z). Note that
(A.5) sina = p3/L.
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We make a rigid motion of R? so that (z,0) is mapped to the origin, p to (0,0, L) and (p’,0) to
the point in the zjx3-plane
(0,0, L) + ps(cos a, 0, — sin c).
Under this transformation, es is mapped to the unit vector in the direction from (0,0,L) —
x3(cos a, 0, —sin @) to (0,0, L). That is,
(A.6) eg — (—cosa,0,sina).

If v € S(z,r) let v be the point on S(0,7) to which it is mapped under this rotation. Then the
r3-coordinate of v is

(A.7) z3=v-e3=(v—(2,0) e3=(v—(0,0,0)) - (—cos,0,sin )

since the dot product does not change under rigid motion and because under this rigid motion eg
gets mapped to the vector in (A.6).

We can use spherical coordinates about the x3-axis to integrate so an arbitrary point on the
sphere of radius r centered at the origin is

(0, ) — v = r(cosfsin ¢, sin 0 sin ¢, cos ¢).
Using (A.7), we see that, in these new coordinates, x3 is
x3 = r(cos @ sin ¢, sin O sin ¢, cos ¢) - (— cos a, 0, sin ) = —r cos asin ¢ cos § + 7 cos ¢ sin av.

When we put this into the integral of the spherical mean, we get
(A8) R(zsépsy)(z,7) = / / (s> — d*)*[—r cos asin ¢ cos O + 7 cos ¢ sin a] sin ¢ df dop,
T Jo=0Jo=

where @ is the upper limit of integration. Since @ is the angle at the origin of the triangle with
vertices the origin and (0,0, L), and with sides r, L s, the law of cosines shows that
s? =124+ L% —2rLcos®,
(A.9) cos B — L? 4712 -2
2rL

Now, we do some simple calculations. First, recall that in the integral (A.8), ¢ is the angle of
inclination from the x3—axis to the point being integrated, so d> = r? + L? — 2rL cos ¢ and using
(A.9) we see

(A.10) 52 —d% = 2rL(cos ¢ — cos ®)
and integral (A.8) becomes
ZTL

R(x3ép s0)(z,7 /¢ 0/9 —r cos asin ¢ cos 0 + 7 cos ¢ sin a(cos ¢ — cos )¢ sin ¢ db dep.

First, note that after we integrate in 6, the first term in brackets drops out, so we are left with
r(2r L)t

R(x3ép,s,ﬂ)(z7r) = 2

@
/ [cos ¢ sin a](cos ¢ — cos D)’ sin ¢pdp.
¢=0

Now, if we make the substitution u = cos ¢ — cos @ (and cos ¢ = u + cos @) and use the expression
(A.5) for sin«, then we get (A.4).

If one goes through a calculation using the same steps but without the factor of x3, then one
gets (A.3). In both (A.3) and (A.4), it helps to simplify 1 — cos ® and 1 + cos ® using (A.9).
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