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1. Introduction

In recent years big interest in analyzing the behaviour of electromagnetic fields in
nano-scaled environments has developed. In many situations these fields can — after
exploiting some basic material properties — be described by Maxwell’s equations in

the electric field formulation
2

d dJ .

div(cE) =0 in Q,

where E : © x [0,7] — R? denotes the electric field, o : @ — R>3 the conductivity,
J :Q x [0,T] — R? the current, 2 C R3 is a connected domain and « : Q — R33
denotes the inverse of the magnetic permeability. In many applications, c.f. Refs.
6, 21, Q has the form R3\ B for some polyhedral domain B C R®. To be able to
solve system (1.1) numerically one possibly has to restrict the domain  to some
finite computational domain. On the newly created outer boundary one introduces
artifical boundary conditions, c.f. Refs. 7, 10, 15, 22. In the following we restrict
ourselves to possibly nonhomogeneous Dirichlet boundary conditions n x F =n X g
on 99, where g : 9Q x [0,T] — R? and Q C R3 now denotes the restricted finite
computational domain. Other types of boundary conditions can be analyzed as well.
In realistic applications there usually is a sharp distinction between regions, where
o can be bounded away from zero, called the conductor, and regions, where o = 0
holds (cf. Figure 1). Only outside the conductor we need the second equation of
system (1.1), because, if we drop the condition div(cE) = 0 here, the solution E is



o=0 C

>0

Fig. 1. Realistic conductor

not unique anymore. However, the quantity V x E, which actually is the interesting
one in the outer space, is still uniquely determined. Inside the conductor the first
equation of system (1.1) is sufficient to determine the electric field E uniquely and
div(cE) = 0 follows from the fact that div(J) = 0 always holds for physical reasons.
Thus we may switch from problem (1.1) to the ungauged formulation
2
%(JE)—FVX (aVXE):—Z—i in Q
nXx E=nxg on 0df.

By applying some time-stepping scheme we obtain the problem to find u : Q — R?
such that

Vx(aVxu)+pu=f in Q

(1.2)
nxu=nxg on 0,

where f : [0,T] x Q — R? is some right-hand side function dependening on J and
the values of u from the previous time-step(s) and f is given by o scaled with the
length of the current time-step. Since div(V x u) = 0 for all u : Q — R3 and it
holds div(f) = 0, too, this implies

div(Bu) =0 in Q. (1.3)

Now equation (1.2) can be discretized with the finite element method and we get a
numerical approximation of the analytic solution u. To solve this problem efficiently
it is required to create problem-adapted approximation spaces. This can be obtained
either by mesh refinement (h-refinement) or the use of higher order ansatz spaces
(p-refinement). A combination of both (hp-FEM) can lead to exponentially fast
convergence of the approximated towards the analytical solution?*. For problem
(1.2) h-adaptive mesh creation is discussed in e.g. Refs. 4, 8, 12. For the p- and
especially the hp-FEM several results for adaptive mesh creation can be found in e.g.
Refs. 12, 18, 26, 27. Since usually one does not know much about the exact solution
of the problem one wants to solve, the only way to decide how good the computed



approximation is and where it is favourable to refine the mesh any further is by
means of the computed solution itself. Therefore one can use error indicators, which
give an upper bound for the approximation error. For h-adaptive mesh creation for
Maxwell’s equations there have been proposed several different error estimators,
e.g. Refs. 4, 8, 9, 12. However, for the p- and the hp-adaptive FEM the situation is
a bit more demanding. There one also has to deal with varying polynomial degrees
of the approximation space on different cells of the triangulation. Therefore an h-
adaptive error indicator cannot lead to satisfying results, because one has to take
into account the possible change of the polynomial degrees from cell to cell as well.
In Ref. 26 a p-hierarchical a posteriori error estimator for Maxwell’s equations in
the electric field formulation was proposed.

In this paper we will introduce a residual-based a posteriori error estimator and
prove its hp-efficiency. The estimator is quite similar to the FEM-part of the a
posteriori error estimator derived in Ref. 19, but to the best of our knowledge there
has not been any discussion about its hp-capabilities up to now. Thus we will derive
a similiar residual-based error estimator, which is based on a pure finite element
discretization, and prove its hp-efficiency, i.e. we derive upper and lower bounds
for the estimator in terms of the exact error. To conclude this paper we give some
numerical examples to illustrate the performance of the error estimator.

The paper is organized as follows: In section 2 we introduce some basic definitions
and general assumptions, which we will use throughout the paper. In section 3 we
present three interpolation operators and state some polynomial inverse estimates
we require in the proofs of the following section. The main results are derived in
section 4, where we introduce the residual-based a posteriori error estimator and
prove upper and lower bounds for it in terms of the exact error of the approximated
solution. Finally, section 5 gives some numerical examples, where the performance
of the error estimator from the previous section is shown in various different types
of problems.

2. Preliminaries

In this section we introduce the basic notations and state some general assumptions,
which we require throughout the paper. Further we derive the weak formulation of
problem (1.2).

Remark 1. Although a generalization of the results in this paper into the complex
space C? is straightforward under certain conditions, we restrict ourselves to real-
valued functions u and coefficients o and f for simplicity. We do not want to make
the statements artifically involved by having to take into account all the notational
details required for complex-valued functions.



2.1. Notations and General Assumptions

Let Q C R3 be an open domain with Lipschitz continuous boundary. By L2(£2) we
denote the Lebesgue space of all square-integrable functions in Q and by v € N3
some multi-index. Then we define for r > 0 the Sobolev spaces H” and H"(curl) by

H™(Q) :={u € L*(Q) : 0"u € L*(Q) for all ||y||; <r}
and
H"(curl, Q) := {u € H"(Q)?:V xu € H"(Q)%},

respectively. If r = 0, we simply write H (curl, Q) := H°(curl, Q). By H{(curl, Q) we
denote the functions u € H"(curl, ), which additionally satisfy the homogeneous
Dirichlet boundary conditions

nxu=0 on Jf. (2.1)
For the space Hy(curl, ) one can obtain the following decomposition.

Theorem 1 (Helmholtz decomposition). For each v € Hy(curl,Q) there exist
some z € Ho(curl, Q) N {u € L?(Q)? : div(u) € L*(Q)} satisfying div(z) = 0 on
and g € H'(Q) such that

v=z+ Vq.

If O is connected, we have q € H}(Q). This splitting is orthogonal with respect
to the L*(Q)- and the H(curl,Q)-inner product. Further there exists some constant
Cy > 0 such that

2l E(eurr,e) + Va2 ) < CrllvlH(cur,0)-

This decomposition of v into z and Vq is called Helmholtz decomposition.
Proof. See Theorem 1.2.3 in Ref. 14. O

By K we denote a triangulation of ). To avoid strong mesh size changes we
assume that the shapes of the cells do not deteriorate too much. Therefore let
satisfies the following regularity property?432°.

Definition 1 (Shape regularity). Let K € K be the image of reference cell K
under some map Fix : K — K and set hy := diam(K). Then K is v, -shape regular,
if and only if there exists some constant «; > 0 such that

IVEx |l oo ()

e Pl (VE) T o Fiellpm(gy <m VK €K (2.2)

The polynomial degree vector on mesh K is denoted by p := (px)kex, Px € No.
To get reliable results also the polynomial degrees present on two neighbouring cells



should not differ too much. Therefore we assume there exists some constant v, > 0
(possibly different from ;) such that
PK, +1
V2
for all K1, Ky € K with Ky N Ky # (). Let K € K be arbitrary. Then we define

wrg:=KU{LeK:KnL#0}.

<pr, +1 <7k, +1) (2.3)

Let Q := [0,1]3 be the reference cube and
T\ = {l‘ eR?:0 < x1,T2,T3,x1 + T2 + 23 < 1}

the reference tetrahedron. The finite dimensional approximation space of piecewise

vector-valued polynomials is given by
u € Holeurl, Q) : (VFx) Tl ) 0 Fx € Qpy (f{) VK € /c} . ifK=0
VP(K,Q) := P

u € Holeurl, Q) : (VFx) Tl ) 0 Fi € Ty in (I?)B VK € /c} i K
where the polynomial space @y, is given by
Qpx = Qprprc+1px+1 X Qpret1prpre+1 X Qpret1,pr+1,px
with
Qp.q.r (l?) = span{x’ix%xéf rxeK,ie {0,...,p},7€{0,...,q},k € {0,...,r}}
for p,q,r € Ny and the polynomial space T}, is given by
Th (I?) :span{ximgwlg ‘T € I?,O <i+j+k SpK}.

We denote the finite dimensional approximation space of piecewise scalar polyno-
mials by

we HY(Q) : ul, 0 Fic € Qpstprctipmit (f() VK € /c} . if
we HY(Q) :u| o Fic € Tpsn (f() VKeIC}, if

=y =)

Ny O

WP(K,Q) =

We assume that the matrix-valued coefficients a,3 : © — R3*3 are piecewise
polynomials with polynomial degree vectors p, = (Pa,kx)Kxek, Pa,xk € No, and
ps = (Pg.K)Kek, D3,k € No, respectively. Further let o and 8 be uniformly positive
definite, i.e. there exist constants unes = Qmin > 0 and Bnae = Bmin > 0 such
that for all u € L*(Q)? it holds

O‘minHu”LQ(Q) < |uTau| < amaaﬁHu||L2(Q)
and
ﬁmin”uHLz(Q) < |uTﬂu‘ < BmawlluHLQ(Q) (2'4)

a.e. in 2, respectively.



2.2. Weak formulation

To derive the weak formulation of problem (1.2) we assume that the boundary
function g : 09 — R3 is smooth enough such that there exists some lifting function
ug € H(curl, Q) satisfying

div(Bug) =0 on Q

and ug, = g on Q. Then it suffices to consider the homogeneous version of problem
(1.2) to find u : Q@ — R? such that

Vx(@Vxu)+pu=f inQ

(2.5)
nxu=0 on 0.

By multiplying the first equation with some test function ¢ € Hy(curl,2) and
integration by parts we obtain the weak formulation

/Q((v x )T aV x u+ ¢T pu) = /ngTf V¢ € Hoy(curl, Q). (2.6)
Analogously we obtain the discrete problem to find upg € VP(K,Q) such that
/ﬂ((V x $)"aV x upg + ¢" Bupg) = /Q¢>Tf Vo € VP(K,Q). (2.7)
For u,v € Hy(curl, Q) let the bilinear form a : Ho(curl,2)? — R be given by
a(u,v) = /Q((V xu)TaV x v+ ul fv)

and define the energy norm || - || : Ho(curl, Q) — R by
[ull§ = alu, ).
The bilinear form a is elliptic, i.e. for some constant Cy;; > 0 it holds
a(u,u) 2 CenllulFeunny Vu € Holcurl, ), (2.8)
and continuous, i.e. for some constant C'. > 0 it holds
la(u, v)| < Cellull g (curt,o) [Vl HEew,o)  Vu,v € Ho(curl, Q) (2.9)

(for proofs see for example Ref. 21). Then the Lax-Milgram Theorem states that
there exists a unique solution u € Hy(curl, Q) satisfying (2.6) and a unique solution
upp € VP(K, Q) satisfying (2.7) for f € L?(Q)3. If 3 is only semi-positive definite
on some set of positive measure, then we still get uniqueness of the solutions in
the quotient spaces Hy(curl, Q)/Ker(Vx) and V?(IC,Q)/ Ker(Vggx), where Vig
denotes the discrete gradient, respectively.



3. Interpolation Operators and Polynomial Inverse Estimates

In this section we introduce interpolation operators for the spaces Hg(f2) and
Hy(curl, Q) and give some polynomial inverse estimates, which we require in the
next section to prove the hp-efficiency of the residual-based error estimator.

We begin with the canonical interpolation operator I1&'2d : H}(Q) — WP(KC, Q),
which interpolates functions from the space Hg(f2) into the scalar finite element
approximation space WP (K, 2). For this operator the following estimate was proven
in Ref. 24.

Theorem 2 (Hi—conforming interpolation). Letu € H}(Q). Then for all K €
K and all faces f C OK of K there exists some constant Cgraq > 0 depending only
on 1 and s n Ry such that

ra ray h
||TT8 du—u||L2(K) + [ — |18 d“‘“”p(f) < Cgradp HV ullL2 i)

p+1

where hf := diam (f) and PF is the maximal polynomial degree essentially present
at face f

Proof. From Ref. 24 and regularity assumptions (2.2) and (2.3) it follows

||ngadu—u||L2(K) < Ci 1HVUHL2(wK) (3.1)

for some constant C; > 0 independent of hx and pg. Futher, by using regularity
assumptions (2.2) and (2.3) we obtain easily

m”ﬂgradu - u”Lz(f) < CQHngadu - UHLZ(wK)

for some constant Co > 0 depending solely on 7; and 2. Then the second estimate

rad
||Hg U_UHLz(f) < 0102 1||Vu||L2(wK)

Py + 1
follows immediately from inequality (3.1). Finally, setting Cgraq := C1(C2+1) gives
the desired result. O

The interpolation operator presented next maps functions from the space
Hj(curl,Q), r > %, to the vector-valued finite element approximation space
VP(K, Q). In Ref. 11 Demkowicz and Buffa introduced a local H (curl)-conforming
projection-based interpolation scheme M : HI(curl, K) — VP (IC|K,K) for
r o> % Therefore we simply define the global H(curl)-conforming interpolation
operator II%! : HI(curl, Q) — VP(K,Q) by chrlu|K := 1S4y, Then one can

prove the following estimate for the interpolation error.



Theorem 3 (H(curl)-conforming interpolation). Let K € K, fCOK,e>0,
r> % +e and u € H"(curl, K). Then there exists some constant Ceyy1 > 0, Ceyyl €
O (é) for e = 0, independent of h and px, such that

k

hK
WHUHHT(UJK),

hy

ey, —u +
[ lisaor +4/ 5o

1 ||chrlu - U”Lz (f) S Ocurl
where k = min{r, px + 2}.

Proof. The proof follows in the same fashion as the proof of Theorem 2. With
Theorem 5 in Ref. 11, the Bramble-Hilbert Lemma and regularity assumptions
(2.2) and (2.3) it follows

hk
1 K
Hchr u — u||L2(K) S ClW”u”HT(wK)
for some constant C7; > 0 independent of hx and pgx. Then the second estimate
can be derived analogously to the proof above. DO

Remark 2.

(1) There have been proposed several approaches, e.g. in Refs. 9, 23, to overcome
the strong regularity assumptions u € H"(curl, Q) for r > 1 + . Unfortunately
all these solutions extend the domain of integration from edge e to some patch
we 2 e embedding e. Thus one obtains a quasi-local Clément-type interpolation,
which can be used for deriving p-estimates of the interpolation error, but an ex-
tension to the hp-context seems difficult, because those quasi-local interpolation
operators preserve polynomials but not piecewise polynomials.

(2) Following the lines of the proof of Theorem 5 in Ref. 11 we observe that this ex-
tra regularity u € H"(curl, Q) for r > %—l—z—: instead of u € H(curl, ) is required
only in the first interpolation step of the interpolation-projection scheme, where
the function w is interpolated on the lowest order edge shape function ¢, by the

Whitney interpolant
szu = (/ uTte> Oe.

Here e denotes some edge of K and t. is the unit tangential of e. In Ref. 1
Amrouche et al. showed that this regularity assumption could be weakened to
u€ H.(Q):={ue L?>(Q):V xue L**(Q)3, nxue L*(0Q)}.

Now let us state the following important result from Ref. 16 on the interplay of the
two interpolation operators II°""! and I18"2d defined above.

Theorem 4 (Commuting diagram property). The interpolation operators
Ierad : H(Q) — WP(K, Q) and I : Hf (curl, Q) — VP(K, Q) forr > & make the



following diagram commute:
HMT(Q) —> Hy(curl, Q)

ngad \L \L chrl

WPr(K, Q) — VP(KC, Q)
Proof. See Theorem 13 in Ref. 16. O

For completeness let us also define the L2-interpolation IT : L?(Q)3 — XP(K,Q),
which maps functions from the space L2(£2)2 to the finite dimensional approximation
space of piecewise vector-valued polynomials

~\ 3
f S L2(Q)3 . f|K O FK € QPK+17PK+1,ZDK+1 (K> VK € IC} B lf

XP(K,Q) := 7\ 3

FELXQ: fl 0 Fi € Ty (K) VKEIC}, if
We need this interpolation operator to distinguish between the right-hand side
function f and its implementation IIf.

Now we give some polynomial inverse estimates, which we require in the proofs of
the next section. First we collect some inverse estimates on an arbitrary cell K € K.

Corollary 1 (Polynomial inverse estimates I). Let K € K be arbitrary and
UE Qpritprtipe+1(I) oru e Ty +1(K) denote some polynomial.

(1) Then there exists some constant Cpor1 > 0 independent of hx and px such that

Pr +1
107 ulz2(2¢) < Cpota =p—llull 2oy

for all multi-indices vy € NS satisfying ||y|l1 = 1.

(2) Let a,b € R such that b > a > —% and define the smoothing function dr :
Rg — RJ’_ by
1
oK () = — dist(z, 0K).
hi

Then there exists some constant Cpor 2 > 0 independent of px such that

H(z)(II(UHLZ(K) < Cpol,Q(pK + 1)bia||¢l;(UHL2(K).

Proof. The proofs on the reference cell K follow the lines of the derivation of
the one-dimensional analogues Lemmata 4 and 5 in Ref. 5. Then one can apply a
mapping from reference cell K to the actual cell K to get the desired result. From the
regularity assumptions (2.2) and (2.3) we know that the constants Cpe;1, Cpor,2 > 0
are independent of hx and pg. O

Next we give some inverse estimates on a face fC 0K of cell K.
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Corollary 2 (Polynomial inverse estimates II). Let fC OK be a face of some
cell K € K and define

Wy = U {L: fzs a face of L}.
LeK
The smoothing function ¢w; :R® — R, given by
1

w(T) = ———— dist(z, dw7).

Gur () diam(w) ist(, Owy)
Further let a,b € R such that b > a > —%. Then, for every polynomial
U € Qpr+1px+1lpx+1 (K‘f) or u € Tpet1 (K‘f) there exists some extension
ve H} (wy) such that
(1) U|f: gfu
(2) There exist some constants Cpor3(a), Cpor,a(a) > 0 depending solely on a such

that

(pp+1)'° ’

\/;Tf

for all multi-indices v € N3 with ||v|1 =1 and

ollz2ey < Crota(@)y/hzllés ullap).

(8) There exists some constant Cpor5 > 0 independent ofpf such that

||8WU||L2(wf) < Cpor3(a)

ot ul

f

v (7)

Hf?ZfUHLz(j) = Cpoz,5(Pf+ 1)biaH¢b fUHL2<J2>~

Proof.

(1) v € H} (wf) can be constructed explicitly in the same way as in the proof of
Lemma 2.6 in Ref. 20.
(2) We observe

1
and that for all x € w 7 it holds
1
w < ——F dist ) 3
’v¢ f(x)’ - d1arn(w);)|V fst(z 8wf)‘ (3.3)

< Cgrathgl

for some constant Cgraq > 0 independent of h]; by regularity assumption (2.2).
Then the proof of the first inequality follows with Corollary 1, regularity as-
sumptions (2.2) and (2.3) and the second inequality.
The second estimate follows by a direct calculation.

(3) The proof follows the lines of the proof of Theorem 2.5 in Ref. 20. O
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4. Error estimator

In this section we define the residual-based a posteriori error estimator and show
its hp-efficiency, i.e. we derive upper and lower bounds in terms of the exact error
of the approximated solution for the error estimator.

We define the error estimator n as the sum of local error indicators ng, K € K:

=Y e (4.1)
KeKk

For K € K the local indicators nx can be decomposed in the following way

2 2 2
Nk = Mr,x +MB,K>

where ng x denotes the residual-based term and np g the boundary term. The
residual term ng i is given by

h2
7712%,1( = ( L

s (s sy + I div(Bummlia) . (42)

where
res:=IIf — V x (aV X upg) — Burg,
and the boundary term np x by
2 f _ 2 T 2
B,k ‘= B Z 2(pf~+ 1) (”nf x [aV x “FE]HLz(f) + ||”f [5UFE]||L2(]‘E)> )
fCOKNQ

where 1+ denotes the outward-pointing unit normal vector of cell K on face fand
[[] denotes the jump over the face.

First we derive an upper bound for the energy error ||[u — upg|| in terms of the error
estimator 7. This bound then serves as a lower bound for error estimator (4.1).

Theorem 5. Let upgp € VP(K,Q) be the solution of discrete problem (2.7) and
u € H{(curl, Q) be the solution of weak problem (2.6) for somee >0 andr > § +e¢.
Further we assume that the triangulation IC of Q satisfies regularity assumptions
(2.2) and (2.3). Then there exists some constant C1 > 0 independent of mesh size
vector h and polynomial degree vector p such that

h?
2 2e [, 2 K 2
u—1u <C +1 (77 + II ) .
[ FEllG 1 §EK(PK ) K ( 1)2” f fHL2(K)

Proof. By definition we have
lu — upell§ = a(u — ure, u — urE)
and, since 1" (u — upg) € VP(K, ), using the Galerkin orthogonality yields

u — upgll§ = a((I — T (u — upg), u — urE), (4.3)
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where I denotes the identity mapping. Set e := u — upg. Since e € Hy(curl, 2), we
know from Theorem 1 that there exists some 2z € Hy(curl,Q) and ¢ € H(Q) such
that e = z + Vq and (4.3) reads

lu — upgll§ = a((I — I")e,u — upk)

-y (/K (V x (I =TI (2 + V)" aV x (u— upg)

KeKk

+ / (I =) (2 + V) ' Blu — uFE)> :
K
By Theorem 4 we obtain

lu—urslg = (/ (V x (I ="z + V(I = 11#*)g)) "V x (u — upg)

Kek

+ / (I =1z + V(I =TI g) " Bu — uFE))
K
and, since V x V¢ = 0 for all ¢ € H*(f2), this implies

lu—upeld = (/K (V x (I = 11°")2)" oV x (u — up)

KeKk

_|_/ ((I_chrl)z+v(1_ngad)q)Tﬂ(U_UFE)>.
K
Then integration by parts yields

lu — ursllg = ) (/K(I =TT (V x (aV % (u — upg)) + B(u — upk))

Kek

n /K (159 — T)q div(B(u — urg))

+/ (n % (I = TI")2)T (n x (aV x (1 — urp))) X n
OK

+ / (I—- Hgmd)anﬁ(u — uFE)> ,
OK

where n denotes the outward-pointing unit normal vector to cell K. Using the strong
formulation (2.5) in the first term and the divergence condition (1.3) in the second



13
term yields

lu = wemllt, = </K(I — T (f = V x (aV X upg) — Burs)

KeK

+ / (I — 118"%d) g div (Supg)
K

Ly

fcaKmQ

N —

</ x (I — Hc‘lrl)z)T(nJ; x [aV X upg]) X nz

f
+ /]ch (- ngrad)qng[ﬁum]»

and with the Cauchy-Schwarz inequality we have

hu—ursld < 3 <||(I—H°url)2||L2(K>f ¥ x (0¥ x upr) — Burs| 2g0)
Kex

+I(I - ngad)QHLZ(K)” div(Burg)| L2 (k)
w3 S (0T =Tzl gy g x [V x el s

fCOKNQ

+|I(I - ngad)qﬂm(ﬂ||n}T~[BUFE]||L2(JZ))> .

With Theorems 2 and 3 we get

[u—upsld < zé;c < curlw‘|z“H1(wK)||f -V x (aV X upg) — Burgl|L2(x)

IVl L2 () | div(Bure) || L2 (k)

hx
Cra
+ gd +1

Vhi
+ Z ( curlFHZ|‘Hl(wK)||nfx [aV % UFE]HLZ(,?)

fCOKNQ ™ 1)5

~ hk T
+ Caraa W”WL2<wx>||”ﬂ/3“FE”L2<f>>>

for some constants 6’6ur1, CN'grad > 0, which are independent of hx and px by regu-
larity assumptions (2.2) and (2.3). According to Ref. 1, Theorem 2.17, H(curl, K)
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is continuously embedded in H*(K)3 and, thus, it follows

hi
Ju — upg|g, < I;C ( CHYIW”Z”H(cuerx)H.f- =V x (aV X upg) — Burgl L2 (k)

hi
+Cgrad qu”Lz(wK)Hle(ﬂUFE)HLz(K)

Vhi
+ Z ( CurlF”z”H(curl,wK)an X [aV X uFE]H[ﬂ(f)

i
fCOKNQ . 1)2

~ hk T
Gl el )

and with Theorem 1 we obtain

hx
lu = uesld < Cu ) <Ccur1(_;’_1)1€||f V x (aV X upg) — Burel|r2(k)
Kek

hi
+Cgrade+ || div(Bure)||L2(x)

1({ ~ vVhi
+ Z 5 (Ccurl(plnnf X [aV X UFE]HLQ(J?)

FcoknQ K +1)27°

_ hy T
+ Cgrad m“nf[ﬁuFE] |L2(f)>> ||U - uFEHH(curl,wK)-

Then the Cauchy-Schwarz inequality yields

hi
|u—upg g < CH\/5< Z <Ccurl(||f V x (aV x upg) — Burgl r2(x)

1—¢
fex +1)

hg
+Cgradp 1 ||d1V(5uFE)||L2(K)

+ Z ( curlﬂl“nf X [av X UFE]”Lz(f)

5—€
fCOKNQ +1)2

2, 1
~ hx . ?
+ Cgrad DK 1 ||n]?[/8uFE]||L2(f)>> > ||U - U’FEHH(curl,Q)

for some constant C' > 0 independent of hx and px and with the ellipticity of the
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bilinear form a (2.8) we obtain

u—ursld < Ch

C h
Con Z (Ccurl(pKK_f -V x (aV X upg) — Burgl|12(k)

1
=t e

+ Ograd | div(Burg) L2 (k)

+1
Vhi
+ 82 ( curl DK + 1)775 Hn [OZV X uFE]”[?(f)
FCOKNQ

+5grad hK ||n [5UFE]||L2(J2)>>

With Minkowski’s inequality this implies

C hk
[u—ursl < C’?qa Igc (CcuﬂW (Ives | 2cry + ITLf = fllze ()

hg
+Cgrade+ || div(Bure)| L2 (x)

+ > ( curlLHn X [aV x UFE]HLz(f)

7—5
FCOKNQ K+ 1)

2
~ | n
+ Cgrad pKil||n;T~[ﬂUFE]||Lz(f)>>

C h?
u—upg§ < 20?{0 Z ( Ocuﬂm (|| res [|72 () + [[TLf — fH%Z(K))

and it follows easily

ell Kek
2 h%{ 2
+ Cgradm | div(Bure) (|72 (k)
hk
+ Z curlmun [aV x UFE]||L2(J?)
ch’)KmQ

~ hg
2 T 2
+ Cgrade +1 ”nf[/BUFE]HLz(f)>> :

Then there exists some constant C; > 0 independent of h and p such that

h2
u—upg||§ < Ch Z (px +1)* <77%< + ﬁllﬂf - f||%2(K)>

KeK

and this concludes the proof. O

Next we derive an upper bound for the a posteriori error estimator n in terms
of the energy error ||u — upg|. Therefore we first bound the local residual-based
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terms ng x and the local boundary terms np i separately from above. Then we
combine these results to obtain an upper bound for the resdiual-based a posteriori
error estimator (4.1) in terms of the energy error.

Lemma 1. Let upg € VP(K,Q) be the solution of discrete problem (2.7) and
u € Hy(curl, Q) be the solution of weak problem (2.6). Further we assume that the
triangulation IC of Q satisfies regularity assumptions (2.2) and (2.3). Let K € K
and € > 0 be arbitrary. Then there exists some constant Cr k() > 0 independent
of hx and px such that

M

I ).

e < Cric(e) (<pK 1) — sl +

Proof. From Corollary 1 we know

14e 1+e
[ res||z2(x) < Cpot2(pr +1)77 H¢K4 res‘ (4.4)

L2(K)

for some constant Cp,; 2 > 0, which depends only on p,, x and pg k-, and we observe

1te 2 Ite lte
Hd)K4 res’ = [ o2 resT(ffo(anuFE)fﬂuFE)Jr/ o res” (TILf — f).
L2(K) K K
By setting
1+4e
¢ res, in K
VK ‘=
0, in Q\ K
we obtain
= 2 T e T
H(ﬁK4 res’ = / v (f =V x (aV X upg) — Burg) +/ o8 rest (IIf — f)
L3(K) Q K

- / VE(V % (¥ X (u — upg)) — Blu — upp)) + / b resT(IIf — f)
Q K

with the strong formulation (2.5). Then integration by parts yields

2

1+e€
HQSK“ res’

14e
= a(vk,u — UFg +/ 62 resl (IIf — f
ey = O )+ [ o ety - p)
and with the definition of vk, the continuity of the bilinear form a (2.9) in the first
term and the Cauchy-Schwarz inequality in the second term we get

1+4e 2 C
4 3 <
H¢K rebHL%K) - c

ITLf = fll L2 (k) -
(4.5)

1te 1fe
¢K2 I‘QSH ||u_uFE||H(curl,K)+H¢K2 res‘

H(curl,K) L2 (K)
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1t+e
Now let us consider the norm qu K res in more detail. By the definition

HH(curl,K)
of the H(curl)-norm we have

14¢e 2
2
H¢K res ‘H(curl,K)
1+4e 2 1te 2
= HQSKZ res oK) + HV X (¢K res)’ .
i1te 2 (14€)? | =2 2 ite 2
< H¢Kz res‘ . + ‘ ¢; ¢ Vi x resHLQ(K) +2 HgbK? V x reSHLQ(K)

with Minkowski’s inequality. We note

1
0<¢r <3 (4.6)
and that for all x € K it holds
1
v )| = — |V dist(x, 0K
Vor(a)| = 7|V dist(, OF)| wn
< Cgradh;{l
for some constant Cgrag > 0 independent of hg . Then we obtain easily
1;5 2 1 (1 + 6)202rad _9 % 2
HQSK reSHH(curl,K) = ?”reS”%(C“rl’K) + 2 : g HQSK resHLz(K)
and with Corollary 1 it follows
14e 2 1—¢ 1 +€)202 CZ
Pr + 1 ( rad > pol,2
o e = R (01<s><pK F D srod pob? | | e 22
curl, K

for some constant Cy(g) > 0 independent of hx and pg. Putting this into estimate
(4.5) and using (4.6) yields

14¢ 2
4
‘ OK res‘ L2(K)
1—¢ 2 2
+1)7= (1+5)20ra00
< <CC(M(hK)\/C1(E)(PK +1)t+e + 2g dpol2 )y, — urE|| H (curl, k)
1
+ oI ITLf — fllz2 (k) |l res |2 (xy-
2
Then by putting this into inequality (4.4) we get
[| res ||2L2(K)
PK + 1 (1 + 5)202rad020l,
<l 7};”( (CC\/01(5>(17K +1)+e 4 2g 22 |l — urE || H (curl, k)
1 hi
o ot D5 (1Lf — f|L2(K)> || res | L2 (k)
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and this implies

14e h
[ves || L2y < Cale) | (px + 1) % lu — upgl| g (cun, k) + ————== ITLf = Fllr2ce)
(pr +1)72

(4.8)

p+1

for some constant Cz(e) > 0, which is depending solely on €, po, x and pg i
Now we consider the second part || div(Surg)||12(x) of the residual-based term ng, k.
From Corollary 1 we know

|| div(Bure)|| 22 (k) < Cpota(pic +1) T ¢K4 div(Burg) (4.9)
L2(K)

for some constant Cj, 2 > 0, which depends only on pg k', and with the divergence
condition (1.3) this implies

1+e

L) / div(B(urg — u))¢;2 div(Burg)

= [ (Btu=uen)™9 (6, div(Bure))

1t+e

H¢K4 div( BuFE

by integration by parts. Then the Cauchy-Schwarz inequality gives

ﬁ 2
‘ ¢K4 le(ﬂUFE)‘

L2 (K)

< 18(u = wre) |2y |7 (¢4 div(Burn))|

L2 (K)

14e o7 vox dlv(ﬂuFE)HLz(K) + |6 v div(Burn)

i)

< 180 — up) 2y (

with Minkowski’s inequality. With inequalities (4.6) and (4.7) it follows

\ P dlv(ﬂuFE)‘ S 1B = urn) g <<1+€2)Cgradhf—(1 Hd,; div(ﬁuFE)H

L2(K)

L*(K)
1 .
+ 2& ||Vd1V(ﬁUFE)||L2(K)
2
and with Corollary 1 we get

1+s di 2
[ divigue] .,

< (pK + 1)1%6 (1 + E)C(g;mdc(pol,Q
- hg 2

Chpo
+ 2@1( KH1)E >|| div(Burg) || 2 (k) | B(u — ure) || 2 (k) -
2
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for some constant Cpo,; > 0, which depends solely on pg . Putting this into
inequality (4.9) yields

| div(Burs)|172 ()
Pr + 1 ((1 + 5)Cgradcpol,2

2
< Cpol,Q hK 2

O 1+4e .
+ ;ﬁl (px +1) 2 ) | div(Burg)||lL2x) | B(u — urg)| L2 (k)
2

Since $ is uniformly positive definite (2.4) and the bilinear form « is elliptic (2.8),
this implies
hk
pr +1
for some constant C3(e) > 0 independent of hx and px. Combining this result with
estimate (4.8) and using the ellipticity of the bilinear form a (2.8) implies

h2
2 _ K 2 : 2
e = gy (s e + | div(Burn) o)

| div(Bure)|z2u) < Cs(e)(or +1)'F fu—upslc (410)

2

h
<C e |lu— 2 +20y(e)? ——E ——||TIf — f||%2
< Ca(e)(pr +1) 7 |lu — upelx + 2C2(¢) (pK+1)1‘5H = Fllzex)

for some constant Cy(g) > 0 independent of hx and px and setting
Cr.x(€) = max {Cy(e),2Cs(¢)?}

concludes the proof. O

Now we consider the boundary term np k.

Lemma 2. Let upg € VP(K,Q) be the solution of discrete problem (2.7) and
u € Hoy(curl, Q) be the solution of weak problem (2.6). Further we assume that the
triangulation IC of Q satisfies regularity assumptions (2.2) and (2.3). Let K € K
and € > 0 be arbitrary. Then there exists some constant Cp k() > 0 independent
of hi and px such that

T < CacE)pr + D (o + D™ llu— uppl2,, + WIS = FI3a,)

Proof. Let f C 0K N Q be a face of cell K. Then we know from Corollary 2

that there exists some polynomial extension v € Ho(curl,wy) such that v
14¢
¢u; ny X [aV x upg] and

fly =

_ 1+

4 ~
2 ”f‘

1+e
4

anx [V x uFE]H Chot5(p7 +1) (4.11)

w2 = ()

for some constant Cp, 5 > 0 depending solely on p,,.. We observe

T

_1+e 2
H(jﬁwva ’Uf’ LQ(D = /f(’rlf*X [OAV X UFE]) ’Uf~
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and w.l.o.g. we may assume wy = K; UK, for some Kj, K, € K. Then we get

_1lte
4
Hquf

T
L2 f) / aV X (u—upp)) |, = (@V % (u — upg)) ‘Kr)) i
uFE)

/ fz (aV x (u —upg)) + B(u — urg))

with the integration by parts formula and using the strong formulation (2.5) yields

1+e
4
v
f’

|2

2

L2(f)

a(vy,u _UFE)_/ I(f—VX (aV X upg) — Burg)

= a(vg,u — upp) /wures+/w Tf - f)

||u — UFE ||H(cur1,wf)

(4.12)

H(curl,wf)

A, (Ives lz2op) + TS = Fllzage)

with the continuity of the bilinear form a (2.9) used in the first term and the
Cauchy-Schwarz inequality used in the last two terms. Now let us consider the

norm Hv~ H(eurlo) in more detail. By the definition of the H(curl)-norm we have
curl,wz
7] [
vy = ||lvF + H X v~‘
f H(curl,wy) Y L2(wf~) f L2(w~)
,(pF+ 1! 2
27 f _
< (Cpol,4(5) hi+ Cpol3(e £)? hr Héﬁw x [aV x UFE]‘ ()

with Corollary 2 and it follows

2

(7

1 ) ,(pp+1)te
T A= TR

from estimate (3.2). Putting this into inequality (4.12) yields

2

1+£
H% ‘ L2(f)
C (pr+ 1)t
c 27 2 \f . _
S 21455 \/Cpol,él(g) hf + Cpol,3(€> th ’I’Lf X [aV X UFE]HLQ(f) ||u uFEHH(curl,wf)
ol g, (reslzze + 107 = flizc)
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and with Corollary 2 we obtain

1+s 2
ool .z,
C. (pr+1)t=e
< <2 s Cpol,4(€)2hf+ Cpol,3(5)2fTHu - uFEHH(curl,wJ;)
2
f

+ Cpol,4(€)\/h7f (|| res || 2w + ITLf — f”L?(wf)) ) H x [aV x UFE]’ o

Then, by estimate (4.8) and regularity assumptions (2.2) and (2.3) it follows

1+e
v
f’

25

2

L2(f)

1te pr+1
< C ( )(pf+1) ( L ”u_UFEHH(curl,wf)

\/h?
N P | e I

for some constant C;(¢) > 0 independent of h 7 and p 7- Putting this into inequality
(4.11) gives

2

X [aV X u ‘
H ) L2(f)

(py+1)'**

< Cp5Ch <e>fih (7 + D)llu = wrn|l aeur )
VT
+ hy||ILf — sz(wf)> H X [aV x UFE}‘ L2(7)

and this implies

[aV x ’

\ pf+ 1 H @V > urn] 12(F)

C25CL 7+ DF (07 + llw = sl antop) + AATS = i)
(4.13)

Now let us consider the second term ||nIB[uFE]||L2(f) of np k. From Corollary
2 we know that there exists some polynomial extension vy € H} (w ~) such that
f’f* ch»[BuFE] and

(4.14)

e

POl 5(pf + 1)

() = 208
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for some constant Cpo,5 > 0 depending solely on pg k. We observe

Hd);fl%vf‘ ;(}) - /f”f’”g[ﬁ(“ — urg)]

and w.l.o.g. we may assume Wy = K;N K, for some K;, K, € K. This yields

[ / — ) |, — (B~ uen)) |, )
T — UFE v7div(B(u — upg
-—ja<v@p Bluure) + [ o7div(B(u —ure)

with the integration by parts formula and by using the divergence condition (1.3)
and the Cauchy-Schwarz inequality we get

6% o

_ike 2 )
N P 0 P e e 1 N L s
Then Corollary 2 implies
_re 12 (pp+ 1)t
’ ¢°"f 4 f’ LZ(f) S <Cpol,3 (5) 7}%? ||5(’LL — UFE) ||L2(wf~)

+ Cpotale \/>Hd1v BurE) ||L2(<,g ) ”(,bw ﬂuFE}‘ (R

It follows with estimates (3.2), (4.10) and regularity assumptions (2.2), (2.3)

2 ( )%
() < Er e) P \/}Tf llu— UFEwa anc:[/@UFE]’

for some constant Cy(e) > 0 independent of h 7 and p P since ( is uniformly positive

o

L>(f)

definite (2.4) and the bilinear form a is elliptic (2.8). By putting this into inequality
(4.14) we obtain

2 Cy(e)C?,, o (p7+1)2F¢
Hn?[ﬂuFE]’ 2 pols 2 J

< - |nZ ’
() = 25 Vs e uFEH“anf[ﬂuFE]

22 (7)

and this implies

hy Co(e)C2
! an U ‘ < Z2Tpols L Vel — -
pp+ 1177 [Pure] L(f) = 2%t (pr+1)27° FE|w;

Combining this result with (4.13) and summing over all faces fC 0K N Q gives

h+
2 f
b= 2 gy (g x 0V xursllag + Inf(Burcll. ;)
fCOKNQ

< Y pehe (c<><pf+1>2+fuu—uFEHw+2c4 SO PR = o))
fCOKNQ



23

for some constant C3(¢) > 0 independent of hf and Py by the ellipticity of the
bilinear form a (2.8) and with regularity assumptions (2.2) and (2.3) there exists
some constant Cg k() > 0 independent of hf and Py such that

s < Cpac(&) o+ D' (s + 12w — wppl, + BT = fIBa(o) ) -0

By combining the results from Lemmas 1 and 2 above we can derive an upper
bound for the residual-based a posteriori error indicator n in terms of the energy
error ||lu — upgl.

Theorem 6. Let upp € VP(KC,Q) be the solution of discrete problem (2.7) and
u € Hoy(curl, Q) be the solution of weak problem (2.6). Further we assume that the
triangulation K of Q satisfies regularity assumptions (2.2) and (2.3). Let ¢ > 0
be arbitrary. Then there exists some constant Ca(e) > 0 independent of mesh size
vector h and polynomial degree vector p such that

191 h2
7’ < Cae) Y (px +1)*F? <|U —urpll}, + ﬁ”nf - f||2L2(wK)) :
Kek

pr +1

Proof. The result follows immediately by summing up the estimates from Lemmas
1 and 2 and using regularity assumptions (2.2) and (2.3). m|

Remark 3.

(1) The upper bound for error indicator n is dominated by the estimate for the
boundary term npg, x derived in Lemma 2, because this term cannot be bounded
uniformly in p. However for the residual-based term 7 x one can derive a
bound, which is uniform in h and p, by inserting a smoothing function — similar
to the one defined in Corollary 2 — into the error estimator n (c.f. Ref. 20, where
this technique was used for the Poisson problem, and Ref. 17, where it was used
in a discontinuous Galerkin framework). But, since the exact evaluation of such
a smoothing function for nonaffine mappings F : K — K is not an easy task,
we do not want to include this term into our estimator.

(2) The upper bound for the a posteriori error estimator (4.1) cannot be determined
fully cell-wise local. This is due to the way we applied Lemmata 1 and 2. There
we had to extend the cell boundary function defined on the face to a polynomial,
which is defined on a patch including the neighboring cells of the face.

(3) Note that in Theorem 6 we did not require the extra regularity u € H" (curl, Q),
r>e+ 1 fore >0, instead of u € H(curl, Q) for the derivation of the upper
bound. This is due to the fact that we did not use the H(curl)-conforming
interpolation operator II°™! in its proof.

With Theorems 5 and 6 we have shown that there exist upper and lower bounds
of the estimated error 7 in terms of the energy error |u — upgl||. Thus the error
indicator can be considered to be hp-efficient.
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N —©— exact error
—© estimated error

log10 (energy error)
IS
\og‘O (energy error)

. . . . L . . . \ L
15 2 25 3 35 4 45 15 2 25 3 35 4 45
log10 (n_dofs) \ogm (n_dofs)

Fig. 2. Example 1: Error reduction of the exact and the estimated error. Left: 3 = 10~2. Right:
B =102

5. Numerical Examples

In this section we will apply the residual-based a posteriori error estimator from
Section 4 to some numerical examples. Due to the lack of examples for matrix-valued
coefficients « and § with known analytic solutions we consider only scalar-valued
coefficients here. First we consider some academic problems with smooth solutions
to investigate, whether the error indicator is robust with respect to changes in the
coefficients o and 3. Then we go ahead to a more realistic example, where [ is
discontinuous. In the fourth example we consider the special case of a problem,
which violates assumption (1.3). To conclude this section we consider a problem
admitting a singular solution and thus a real hp-adaptive grid should pay off. All
computations are performed with the finite element library deal.II?3.

5.1. Example 1

In our first experiment we consider a rather simple case, where the coefficients «
and /3 are constant. We choose o := 1 and 3 € {1072,10%}. The domain is set to
Q2 := (0,1)® and the analytic solution is given by

0
u(x) :== 0
sin(mz)

Then the right-hand side reads f = (72 + 8)u. We start with a coarse grid of 8
hexahedrals of equal size and polynomial degree px = 0, K € K, on all cells. Since
the solution is smooth and does not possess any local features to detect we perform
global p-refinements only. In Figure 2 we show the resulting behaviour of the true
energy error and the estimated error in log,,-log;,-scale.

We do not observe much difference in the behaviour of the error estimator for
different values of 8 and thus can expect some robustness with respect to § in
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—&— exact error
e 0
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\og‘O (energy error)
A
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\og‘0 (n_dofs) |091O (n_dofs)

Fig. 3. Error reduction of the exact and the estimated error. Left: Example 2. Right: Example 3.

the case f ~ (. This is an important feature of an error indicator for Maxwell’s
equations, because in time-dependent problems [ gets scaled by the length of the
time-step, and this should not effect the performance of the estimator too much.

5.2. Example 2

In this example we choose
a(x) = sin(2nxq) sin(2nzg) sin(2nxs) + 1.5

and 8 := 1 is kept constant. The domain €2 and the analytic solution u are the
same as in Example 1. As above we only perform global p-refinement. The results
are shown in Figure 3 on the left-hand side.

Also in this situation the error estimator seems to perform well. The estimated
error approaches the exact error as the polynomial degree increases.

5.3. Example 3

In this experiment we consider a more realistic example than the previous ones. We
set a := 1 and choose

1, if max{]zy —0.5],|z2 — 0.5],|z3 — 0.5]} <0.25
flz) =

0 , else

to be discontinuous. As already mentioned in the introduction this is a common
situation in realistic applications, where we have a conduction region (8 = 1) and
an outer space (8 = 0). The domain  and the smooth analytic solution w are
carried over from Example 1 again. Due to the discontinuity of g inside the cells of
our rather coarse grid consisting of only 8 hexahedrals we have to use high-order
quadrature rules to approximate the integrals sufficiently accurate. However we are
still able to benefit from the smoothness of the analytical solution and can peform
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global p-refinement only. The error curves are shown in Figure 3 on the right-hand
side. Again the error estimator shows a satisfying performance.

5.4. Example 4
Again we choose « := 1, but this time
B(x) := sin(2mxy) sin(2wzy) sin(2rzs) + 1.5.

Again, the domain 2 and the analytic solution u are the same as in Example 1. We
observe that this special choice of 8 and u does not satisfy assumption (1.3), since

div(pu) = 27 sin(2mzy ) sin(mwey ) sin(2rxs) cos(2was) # 0

and thus this example actually is out of the scope of this paper. Therefore we cannot
hope for a good performance of the originally presented a posteriori error estimator
(4.1). This can also be seen in Ref. 4, Table 5, where the ratio
P

lu — upgl|
for a similar h-adaptive a posteriori error estimator does not approach a constant
value contrary to the statement of the authors, but increases dramatically. However
a simple modification of the indicator gives quite satisfactory numerical results also
for this example. Therefore we change the second part of the residual-based term
NRr,k to

| div(B(u — urg))|L2(x)-

This modification takes into account the non-vanishing divergence div(fu) and,
hence, also this term should converge to zero, which would not be the case for the
one proposed in (4.2). As in the previous examples we carry out global p-refinement
only. The numerical results are plotted in Figure 4 on the left-hand side and show
a satisfactory performance of the modified a posteriori error estimator.

5.5. Example 5

In the last example we consider a problem with a singular solution. Let Q :=
(=1, 1)\ ([0,1) X (—1,0] x (~=1,1)), a'== B := 1 and

—sin(
1
-1 é
r cos (5
0

wle-

’U/(’I“, ¢7 $3) =

)

N——

[SVER )

where (7, ¢, z) € Ry x [0,27) x R denote the cylindrical coordinates. Thus v has an
edge singularity along the reentrant edge at the axis x3 = 0. The right-hand side
function f equals u. Since w is constant along the x3-axis we construct a problem-
adapted mesh by the following refinement strategy: All cells, which are close to
the singularity are bisected, whereas on all other cells the polynomial degree is
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Fig. 4. Left: Example 4: Error reduction of the exact and the estimated error. Right: Example 5:
Error reduction of the exact and the estimated error.

increased. To obtain an adaptively refined grid we select a subset of cells to be
refined in every refinement step by the following marking strategy from Ref. 13
with § = 0.3. Find a minimal set A C K such that

Dok =0> nk

KeA Kek
and refine all cells contained in A according to the foregoing rule. We start our
computations on a mesh consisting of 48 equally-sized hexahedrals and polynomial
degree vector p = 0. The final grid is shown in Figure 5. The performance of the
error estimator can be seen in Figure 4 on the right hand side. We observe that
the varying mesh sizes hx and different polynomial degrees px, K € K, over the
triangulation do not have a big influence on the performance of the error indicator.
Again the behaviour of the exact energy error can be seen clearly in the curve of
the estimated error.

6. Conclusion

We have derived a residual-based a posteriori error estimator for the finite element
solution of Maxwell’s equations in the electric field formulation. Moreover we have
proven its hp-efficiency and presented a set of testing examples to investigate the
behaviour of the error indicator in a broad range of applications.
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