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Preface

This work deals with several aspects of inverse scattering for chiral mate-
rials: A (chiral) body is situated in vacuum and illuminated by an elec-
tromagnetic wave. This wave is scattered. The direct scattering problem
is to compute the scattered wave for a given incident wave and a given
chiral object. The inverse problem is to determine the scatterer — the
chiral object — from information about the scattered field.

Chiral material is optically active: the polarization is rotated when
linearly—polarized plane waves pass through. It is possible to construct
metamaterials which exhibit chirality for microwave frequencies.

The behavior of electromagnetic waves in chiral material is modeled by
Maxwell’s equations and the Drude-Born—Fedorov constitutive relations.
We generalize the methods used for non-magnetic achiral (non—chiral) ma-
terials to treat the direct problem — existence and uniqueness — and apply
the Factorization method for the reconstruction of the scatterer (inverse
problem). This method delivers a necessary and sufficient condition to
decide wether or not a point belongs to the scatterer.

Scattering from a bounded obstacle is studied in detail: both the direct
and the inverse problem. The special case of scattering from a homo-
geneous chiral sphere is done analytically. Scattering by chiral cylinder
is used to motivate the Factorization method for the vector Helmholtz
equation. Numerical examples serve as proof of concept and illustrate the
theoretical results. Finally, scattering from periodic chiral structures is
another possible application of the generalized Factorization method.

This work would not exist without the support of my colleagues at
the department of mathematics of the Karlsruhe Institute of Technology.
First of all, I want to thank my advisor Prof. Dr. Andreas Kirsch for
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encouraging me to write this thesis and for valuable discussions during the
recent years. I also thank PD Dr. Frank Hettlich for being co—examiner of
this thesis and for his support and helpful remarks. I would like to thank
all my former and present colleagues for their help and for providing a
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CHAPTER I

Introduction

1. Chirality

The word CHIRAL comes from the greek word for hand. This describes
quite well what chirality is about: handedness. In geometry, a figure
is chiral if it cannot be mapped to its mirror image by rotations and
translations alone. Typical examples are the human hands, snail shells
and spirals and helices in general.

In chemistry, chirality usually refers to crystalline structures and mole-
cules. The two possible configurations of a chiral molecule are called
ENANTIOMERS. They are mirror images of each other. Figure 1.1 shows
the two enantiomers of a generic amino acid. It has a tetrahedral structure
with a carbon atom at the center and four different vertices.

Material which exhibits no chirality is called ACHIRAL.

Figure I.1: The two enantiomers of a generic amino acid.
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Optical activity

Chiral material is optically active: Left— and right—circularly polarized
waves propagate with different phase velocities. As a result of the right—
or left— handedness of the microstructure of such materials one can observe
two phenomena when linearly—polarized plane waves travel through: Cir-
cular dichroism refers to different absorption of left— and right—circularly
polarized waves inside the medium. Optical rotatory dispersion describes
the rotation of polarization of the transmitted wave.

The optical activity was discovered at the beginning of the 19th cen-
tury. The French physicist Frangois Arago [5] observed quartz chrystals
and Jean-Baptiste Biot studied light passing through liquid solutions of
tartaric acid and of sugar. Louis Pasteur found out that optical activity
comes from dissymmetric arrangement of atoms in the crystalline struc-
ture or in the molecules [32]: The structures have non-superimposable
mirror images and are therefore handed or chiral.

Many organic molecules exhibit chirality at optical frequencies. But
chiral material must neither have a molecular origin nor is it restricted to
this frequency range. Since chirality originates from the geometric prop-
erty of mirror-asymmetry in the microstructure, it is possible to construct
materials which are effectively chiral in sub-optical and high microwave
frequencies. This may be macromolecular helical polymers embedded in
non—chiral host media [38] or for example microminiature copper helices
embedded in light—weight foam as in experiments studied by Lindman in
1920 [29].

According to Ammari and Nédélec [4] these artificial chiral materials
attract the attention of research in the fields of scattering, waveguide
propagation, antennas and microwave devices. Rojas [36] mentions the
construction of conducting bodies coated with chiral materials to control
their scattering properties using the additional degree of freedom given
by a chirality parameter 3 (to be introduced in what follows).

Constitutive relations

The propagation of electromagnetic waves can be modeled by Maxwell’s
equations. In the time harmonic case with frequency w, the electric field E,
the electric induction D, the magnetic field H and the magnetic induction
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B satisfy the equations

curl H = —iwD,
curl £ = iwB,
divD =0,
div B = 0.

Waves travelling in vacuum are adequately described by the constitutive
relations
D=¢yE and B=pugH

where the constants €y and po are the permittivity and the magnetic
permeability in vacuum. The constitutive relations in material media can
be summarized as

D:€0E+P and B:,LL()H—FM

with polarization P and magnetization M, respectively.

For non-magnetic dielectric media Lakhtakia [26] names several con-
tributions to P such as electronic, atomic or ionic and orientational po-
larization. They come from charge separation, displacement of atoms or
ions and dipole alignments, respectively. They can be summarized as P
being proportional to E with some real proportionality factor. In this
case D = ¢F. Lakhtakia calls € the dielectric constant. We will refer to e
as absolute permittivity. If an applied electric field induces a conduction
current density the ohmic losses are modeled by complex valued .

In case of magnetic media we cannot ignore magnetic dipole moments.
This is modelled by M being proportional to H. Hence, B = pH with
permeability p. Again, ohmic losses are incorporated by allowing complex
values for p.

Considerations by Drude, Born and Fedorov led to the constitutive
relations for isotropic chirality: the Drude-Born—Fedorov equations:

D= E(E + ﬁcurlE),
B = ,u(H + 6curlH)
with complex valued permittivity e, magnetic permeability p and chiral-

ity 8. Here, chirality is modeled by adding a proportional dependence
on curl E' to the polarization P and on curl H to the magnetization M,
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D =ecE — xOH /ot

Condon, Charney B = ucH + xOE /ot

D=erE+(H
Tellegen, Chambers, Unz, Krowne B=purE—(E
D=epE+iB

Post, Jaggard B = pp(H —i¢E)

Table I.1: Alternative characterizations of chirality. See Lakhtakia [26].

respectively. In his chapter about “naturally active matter” in [18] Drude
argues how the curl comes into play.

Different characterizations of chirality exist. But in the time harmonic
case it can be shown that they are equivalent to the one above. In Table
I.1 we just cite the equations from [26] and refer to the references therein.

2. Previous results and aim of the work

This work deals with inverse electromagnetic scattering problems for
bounded inhomogeneous chiral obstacles in 3D. The obstacle is illumi-
nated by an incident field. We measure the scattered field, or more pre-
cisely, the far field and use this information to reconstruct the location
and the shape of the scatterer. Here, we generalize the Factorization
method developed by Kirsch [24] and applied to many types of inverse
problems: acoustic and electromagnetic scattering for bounded obstacles,
half spaces, wave guides, periodic media and electrical impedance tomo-
graphy to find inclusions and for geological applications — just to name
some examples. Starting point of this work is the Factorization method
for Maxwell’s equations and non-magnetic achiral materials — chapter 5
in [24]. The main tool — a theorem about range identity — is taken from
Lechleiter [27] which is independent of interior transmission eigenvalues.

Direct problem In the case of homogeneous media Stratis et al. [6] use
left— and right—-handed fields which satisfy the achiral Maxwell equations
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for different wave numbers. They employ boundary integral equation
methods to solve the direct (transmission) problem. The far field operator
and scattering relations are studied in [7]. Rojas [36] studies the case
of a chiral body attached to a perfectly electric conducting body and
deduces line integrals involving the free space and chiral media Green’s
functions. In the case of inhomogeneous media in 3D Rojas [35] works with
integral equations which are obtained with the help of the free space dyadic
Green’s function. Cessenat [12] proposes a variational formulation using
the Calderon operator, which reduces the problem to one on a bounded
domain.

We also give a variational formulation for the direct (transmission) prob-
lem motivated by a second order differential equation for one of the both
fields, the electric or magnetic. We use potential solutions to particular
source problems for Maxwell’s equations to deduce an equivalent integro—
differential equation and show existence und uniqueness.

Inverse problem Inverse scattering problems arise in medical imaging
and non-destructive testing. There is not the inverse problem but many
different problems can be tackled such as reconstruction of the support of
the scatterer or the determination of material parameters. What kind of
measurements are provided? Far field data for one single incident field or
for all possible plane waves. Is the frequency fixed or is data for different
frequencies available? Which a priori information is given? These ques-
tions influence uniqueness results. All inverse problems have in common
to be ill-posed in the sense of Hadamard [19]: Even if one proofs exis-
tence and uniqueness the solution will not depend continuously on the
data. Numerically, this fact is discouraging and challenging at the same
time. Regularization schemes have to be applied and plausible a priori
information has to be used for reconstruction algorithms.

Colton [13] divides the traditional approaches for the solution of inverse
scattering problems into two families: non—linear optimization schemes
and weak scattering approximation methods such as the Born approxi-
mation.

Bao and Peijun [8] use multi—frequency scattering data and treat the in-
verse medium problem with an recursive linearization on the wave number
and start with the Born approximation as initial guess. Dorn et al. [17]
describe an iterative method for the reconstruction of the conductivity
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distribution in the soil. This method can be seen as a non-linear gen-
eralization of reconstruction techniques in x—ray tomography. Level set
methods work with an implicit representation of the unknown object and
use an “evolution parameter”. These methods allow to change the number
of connectivity components during the reconstruction process. This has
been done for homogeneous, isotropic, non—magnetic media in [34]. The
disadvantages of non—linear optimization schemes are long reconstruction
times and the necessity of an accurate initial guess.

Weak scattering approximation methods require a priori information
whether the scatterer is impenetrable and in that case what kind of bound-
ary condition holds. Furthermore they are not applicable in cases where
the assumption of “weak scattering” is not appropriate.

A method which overcomes these difficulties is the Linear sampling
method (LSM). The advantages are low computational effort, simple im-
plementation and very little a priori information [13]. But it is a quali-
tative method in the sense that — in case of inhomogeneous scattering —
one can only reconstruct the support but not the parameters of the scat-
terer. LSM is based on solving a linear integral equation and then using
the equation’s solution as an indicator function for the determination of
the support of the scattering object. For more details we refer to [11]
and the references therein. Another sampling method is the No response
test proposed by Potthast and Sini [33] for the reconstruction of perfectly
conducting polyhedral objects with a few incident waves. These sampling
methods provide sufficient but in general not necessary conditions. The
Factorization method developed by Kirsch [24] provides a necessary and
sufficient criterion for the characteristic function of the scatterer’s support.

For the inverse scattering problem in chiral media we generalize the
Factorization method by combining results for scattering problems of the
following kind:

2

curl(e ! curlu) — k*u = curl f

and
curl?u — K2pu =g

with compactly supported sources g and f, wave number k, inhomo-
geneities € and p and the scattered field w.

The chapters IT and IIT — the direct and the inverse problem — represent
the main part of this work. In chapter IV we study the scattering from
spherical chiral obstacles and give series representations for the occuring
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fields and the far field operator. Furthermore, we study the scattering by
an infinite chiral cylinder which leads to the Factorization method for the
vector Helmholtz equation in chapter V. These results are mainly a corol-
lary of the chapters II and III since the same techniques and arguments
are used. Numerical experiments for the far field pattern and shape re-
construction complete this chapter. The final part consists of the chapters
VI and VII where we present some ideas for the Factorization method for
periodic chiral structures and give a summary and conclusions.






CHAPTER II

Direct transmission problem

This chapter deals with the direct problem: Given an incident wave and a
chiral object with known material functions compute the scattered field.

We introduce the time harmonic case for Maxwell’s equations and estab-
lish the constitutive relations in vacuum and in chiral media. We discuss
different forms of the equations we will deal with depending on the partic-
ular situation: Two first order equations expressing the curl of the electric
field E by the magnetic field H and its curl and vice versa. Or expressing
curl £ and curl H by F and H. In this chapter we mainly use one second
order equation for H or E, respectively.

The transmission problem is motivated and explained. We describe the
setting of our problem: the chiral object, material parameters and the
electromagnetic fields which appear. We use a second order differential
equation for H and deduce transmission conditions on the boundary of
the chiral object. In this context we can call it a magnetic transmission
problem. As we consider the whole space we complete the formulation
by introducing the notion of a radiating solution. This handles the be-
haviour of the fields at infinity. All this is done classically to motivate a
variational formulation. Of course, the curl-operator in a weak sense and
appropriate function spaces have to be defined. Later on, we need to talk
of a solution (E, H) of the transmission problem. We briefly formulate an
electric transmission problem and show equivalence of both, the magnetic
and the electric transmission problem.

Prior to the solvability study we give an alternative formulation of our
transmission problem as an integro—differential equation and show equiva-
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lence to justify the approach. Certain vector potentials are used. They are
solutions to different kinds of source problems for the free space Maxwell’s
equations.

We use the integro—differential equation to study existence and unique-
ness by interpreting it as an operator equation. The appearing operator is
the sum of a coercive and a compact one. Fredholm’s alternative gives us
existence provided uniqueness holds. Thus, we show an uniqueness result
for complex permittivity and one for smooth real valued parameters. Fi-
nally, we come back to the electric transmission problem and restate the
main theorems.

1. Maxwell’s equations and constitutive relations

In the absence of electric and magnetic currents and charges electromag-
netic waves can be described in terms of the electric field &, the electric
induction D, the magnetic field ‘H and the magnetic induction B. We
treat the time harmonic case; that is,

E(x,t) = Re (E(z)e” "), D(x,t) = Re(D(z)e "),

H(w,t) = Re (H(z)e ™), B(x,t) = Re (B(zx)e™ ™).
with frequency w and z = (1, 79, 23) " € R3. Then the fields E, D, H and
B satisfy Maxwell’s equations in the following form

curl H = —iwD, (2.1)
curl F = iwB,

divD =0,

divB = 0.

Depending on the medium in which the waves propagate we have to add
constitutive relations. We consider propagation in vacuum and chiral
bodies. In vacuum we simply have

D = EoE and B = ‘uoH

where the constants €9 and o are the permittivity and the magentic
permeability in vacuum. This gives:

curl H = —iwegFE  and  curl E = iwpoH. (2.3)



1 Maxwell’s equations and constitutive relations 11

Introduce the wave number k = w,/Eqo and normalize all fields: Sub-
stitute E, D by E/\/e0, D/\/eo and H, B by H/\/mo, B//f. Then

Maxwell’s equations in vacuum read
curl H = —tkE  and curl E =ikH.

We look at isotropic chiral media. In this case the constitutive relations
(Drude-Born—Fedorov) are given by

D=¢(E+pcwlE) and B=u(H+ 3 curlH) (2.4)

where the relative permittivity €, the relative magnetic permeability p and
the chirality § are time independent complex valued (scalar) functions.
These functions are constant for homogeneous materials. For § = 0 we
recognize the achiral case.

In the next section, we use a second order differential equation for H to
formulate the transmission problem. Therefore we first eliminate the fields
B and D. Combining Maxwell’s equations (2.1), (2.2) and the constitutive
relations (2.4) we get

curl H = —ike(E + fcurl E), (2.5)
curl B = ikp(H + Bcurl H) (2.6)

For 1 — k%euf3? # 0, we can express curl E and curl H by E and H with
the aid of equations (2.5) and (2.6):

ke k2euB
1H = —i E
o ‘1o k2ep32 * 1—k2epB2
=ai =az
(2.7)
, ku k2epp
1FE = H .
ot . k2ep3? 1 — k2epu32
=as =aq

Note that as = a4. Furthermore, we are able to eliminate the electric field
E by dividing (2.5) by ¢ (for € # 0) and applying the curl-Operator.
lewlH = —ikE+ kK uBH + k*pp? cwrl H,
curl [% curl H} = k’uH + K*ufcurl H
+ curl [kQ;LﬁH] + curl [k262u curl H]
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and finally
curl [(% — k*pf?) curl H| - k? [curl(uBH) + pBcurl H| — E*uH = 0.

By the same procedure, we can eliminate the magnetic field H and get a
second order equation for F,

curl [(5 - k%ﬁQ) curl E] — k[ curl(eBE) + efcurl E] — k%E = 0.

2. Variational formulation

We want to study the scattering of electromagnetic waves by a bounded
isotropic chiral object in vacuum. When an incoming wave hits the object
we can observe two phenomena. On the one hand the wave penetrates into
the object. On the other hand it is scattered. How is this modeled? In the
exterior, Maxwell’s equations (2.3) describe the behavior of electromag-
netic waves. In the interior we have the chiral version of these equations.
For each of both domains we could formulate a partial differential equa-
tion. They are linked by transmission conditions on the boundary. That
is why we consider a transmission problem. The direct problem consists in
computing the effect — the scattered field — of an incoming wave provided
the knowledge of the object — its shape and position — and the material;
that is, the parameters ¢, u and 3.

Motivated by the fact that we can eliminate one of the fields E or H, we
express the transmission problem with a second order partial differential
equation for E or H. We will show that both formulations lead to the
same solution.

These second order equations — stated at the end of the preceding sec-
tion — are symmetric in F and H when we interchange ¢ and pu. We
formulate the two versions both classically and variationally. The classi-
cal formulation serves as motivation for the variational form.

We begin with the setting sketched in Figure II.1. A bounded chiral
body characterized by the functions €, u and ( is situated in vacuum and
illuminated by an electromagnetic wave (E¢, H') causing a scattered field
(E?®, H?). The total fields E and H are superpositions of the incident and
the scattered fields,

E=F'+F° and H=H'+H".
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Figure I1.1: Direct problem setting.

More precisely, let © C R? be a bounded domain with boundary I' € C2.
The functions &, u, 3 € C*(R?* \T) are such that e =1 =1 and 8 =0
in R3 . Q. We assume that ¢ # 0 and p # 0 and introduce the contrasts
gy = p—1and g. ::1—%.

2.1 Magnetic transmission problem

We start with the total field. As we have seen in the previous section,
after elimination of E the governing equation for the total field H is

curl [(L — k*pB?) curl H] —k* [ curl(uBH)+pB curl H) —k*pH = 0 (2.8)

in R® \.T'. By the definition of the parameter functions €, and 3 this
equation represents the free space Maxwell’s equations in the exterior of
) and the chiral equations in the interior.

As incident field H® we take an analytic solution of Maxwell’s equations
in vacuum,

cur? HY — k?H' =0  in R3. (2.9)

Subtraction of the equation for the incident field (2.9) from the one for the
total field (2.8) yields the equation for the scattered field H® = H — H",

curl [(% — k2u52) curl Hs] — k2 [curl(uﬁHs) + uBcurl Hs] — K2uH*
= curl [(g- + k% pB%) curl Hi] + k2 [curl(uﬁHi) + pf curl Hl] + k2q, H'
(2.10)

in R? \. T where the contrasts gu=p—1land g =1~ %
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The next step is to specify the transmission conditions. v = v(x) de-
notes the unit normal vector in x € I' = 00 directed to the exterior of
Q. In the sequel all equations involving tangential vectors shall hold on
I'. We use the notation F; and F_ for the limit from the exterior and
interior, respectively, for a vector field or function F'.

The tangential components of E and H are continuous on interfaces, in
other words,

vxHy=vxH_- and vXFEi=vXxE_ on . (2.11)

This leads to transmission conditions on the boundary I' of €. The next
example illustrates the determination of the transmission conditions.

Example I1.1 (Transmission conditions in achiral case). In achi-
ral non-magnetic media (3 = 0, p = 1) Maxwell’s equations (2.5), (2.6)
read

curl H = —ikel and curl B =ikH inR®\T.

The assumptions on ¢ are as above: ¢ = 1 in R? ~ Q. We can write
the continuity conditions (2.11) in terms of H with the aid of Maxwell’s

equations. F/_ = _ikl, curl H_ and Ey = —% curl H:

vx Hy =vxH_ and churlHJr:%_uxcurlH,.

These are the transmission conditions for the total field. Th_ose for th_e
scattered field H® = H — H* are obtained by subtraction. vx HY{ = vxH*
and v x curl H* = v x curl H, = v x curl H”. yield

vx H] =vxH?

and _
%_V x curl H® —v x curl HY = v x (1 — %_) curl H*.

Now, we deduce the transmission conditions for the chiral case. The
limits of F which appear in the continuity conditions (2.11) can be ex-
pressed in terms of H by the chiral equations (2.5) and (2.6). For the
limit from the exterior § = 0 and ¢ = 1. Thus F; = %curl H, and
E_=i(& —kps?)_cwrl H-o —ik(puB)-H_:

vx Hi =vxH_,
vxeculHy =vx (- k*pB?)_curlH- — v x k*(uB)_H_.
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The second condition can be rewritten
vxcurl Hy = (2 = k*pB?) v x curlH_ — k*(uB)—v x H_.

Again we get the transmission conditions in terms of the scattered field
H?* = H — H" by subtraction:

vx H =vx H?
and

(L —K*up?)_vxcwlHS — k*(uB)-v x H® — v x curl HY.
= (g + K*uB®) _vxcwl H + K*(uB)_ v x H'. (2.12)
This looks rather complex. But in the development of a variational formu-

lation we will recognize these expressions. They appear in the boundary
integral when we integrate by parts.

Variational formulation

Let 1/e|q,ela, 1/ula, pla, Bla € L=(Q). Formally, by multiplying equa-
tion (2.10) with a test function and using integration by parts we deduce
a variational formulation for H°. We will show the procedure in more
detail and introduce for abbreviation:

M? = (% — k2u52) curl H® — kK*uBH?®,

m® = k*pfcurl H® + k*uH®,

M= (qE + k2u62) curl H® + K*upH?,

mt = kzq#Hi + k?pBcurl HY.
Note that M* and m’ vanish in R? . Q. Then the transmission condition
(2.12) is simply

vx MS —vx M =vx M- onT
and the scattering equation (2.10) reads

curl M® — m?® = curl M* 4+ m’.
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On both sides of this equation we form the scalar product with a test
function ¢ € C§°(B,C?) for an arbitrary ball B D Q. Integration over B

yields
[/curlMs-w—ms-wdxz//curlMi-z/J—i—mi-wd:v.
B Q

We split the region of integration on the left-hand side into B ~. Q and
and apply Green’s Theorem in the form

[/curlv-w—v-curlwdxz/ V-(vxw)dSZ/ (v xv)-wds
D oD oD

with D = B~ Q and D = (, respectively; that is,

/ Ms-cur11/1—ms~1/)d:17—|—/ M? - curly —m® - dx
B~\Q Q

_/F(yxMj)-wder/(vai)-wds

r
:/ Mi-curlw—l—mi-wdx—i-/(l/XMi)'i/JdS-
Q r

The boundary integrals vanish because of the transmission condition. This
gives

/ M? - curlyy —m® -pda = / M- curly +m' - dx

R3 Q

for all v with compact support. Plugging in the expressions for M*, m?,
M and m® we state the variational form of the scattering equation:

// kQ,uﬁz curl H® - curly) — K2 pH?® -« dz
—k2// pB[H® - curly + curl H® - ] da
N (2.13)
- // (¢= + k*p3%) curl H' - cwrlp + k2, H' - ¢ do
Q

+k2// uﬁ[Hi-curlz/J—i—curlHi-w} dz
Q

for all ¢ with compact support. We specify the function spaces for H*, H*
and 1 later when we formulate the weak transmission problem properly.
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2.2 Electric transmission problem

The first section shows that the second order equations for £ and H
coincide when we interchange € and u. Analogously to the magnetic case,
we can formulate the transmission problem for the electric field. We briefly
give the results. Here again the incident field E? is an analytic solution
to Maxwell’s equations in vacuum

curl’ B' — k*E* =0 in R®
and the equation for the scattered field E* = E — E° reads
curl K— - k2562) curl Es} — k2 [curl(eBE®) + efcurl E®| — k*cE®
= curl [(p, + k*eB°) cwrl E'] + k* [ curl(eBE") + efcurl E| + k*p. E'

in R*\.T" where the contrasts p. == e—1and p, = 1— i The transmission
conditions are
vx El =vxE?

and
(% - k2562>_ vxcewlE® —k*(ef)-v x BS —v x curl B,
= (pp + k*eB?)_v x cwl B + k*(eB)_v x E'
on I'. Again v denotes the unit normal vector on I' directed into the
exterior of ().
Variational formulation

Let 1/¢|q,ela, 1/ula, pla, Bla € L®(2). Again, we deduce a variational
form of the scattering equation by multiplication with a test function and
integrating by parts,

// k2562 curl ES - curly) — k%cE® - da
—k? // eB[E® - curlyp + curl E® - ] da
N (2.14)
= // (py + k*eB%) carl E* - curlyp + k?pE* - ¢ dw
Q

+k? // el [Ei -curly) + curl E* -1/1] dx
Q
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for all v with compact support. So far, we stated two variational equations
for our scattering problem. We have to specify the space in which to solve
them. The first of the following definitions explains in which sense the
derivatives have to be understood. We are interested in outgoing solutions.
The second definition gives the notion of this property.

As in McLean [30] for any measurable subset D C R? with strictly
positive measure the function space L?(D) is defined for scalar valued
functions in the usual way, equipped with the norm

1/2
full oy, = [ o) as)

Here and throughout this text | - | denotes the absolute value if the argu-
ment is scalar and | - | denotes the euclidean norm if the argument is a
vector.

Definition I1.2 (Weak curl). Let D C R? a bounded domain.
(a) L*(D,C?) = {v = (v1,v2,v3)" |v: D — C3,v; € L*(B),j=1,2,3}
(b) A function v € L?(D,C3) possesses a L*—curl if there exists a func-

tion w € L*(D,C?) s.t.

//w-zﬁ—v-curhbd:sz for all ¢ € C5°(D, C?).
D

We denote the space of these functions by H(curl, D).
(¢) Hioe(cur,R?) := {v:R® — C3|Vballs B C R®: v|p € H(curl, B)}
(d) The test function space
{¢:R* — C?|3ball B C R®: supp ¢ C B,¢|p € H(curl, B)}
is denoted by H.(curl, R3).

Notation: For functions v in part (b) we use the notation curlv := w.

Definition I1.3 (Radiating solution). A solution (E*, H*) to Max-
well’s equations in R? . Q is called RADIATING if it satisfies one of the
Silver—Miiller radiation conditions

Ef(z) x &+ H*(x) = O(|z|~2) as |z] — o0 (2.15)
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or
Hé(z) x & — E*(x) = O(|z|?) as |z| — oo
uniformly with respect to # = z/|z| where z € R3.
Here, | - | is the euclidean norm. As we will work with one of the fields
we give equivalent expressions using the field and its curl.

Proposition I1.4. A solution U to the Mazwell equations in the form
curl?U — kU =0
is radiating if, and only if, U satisfies one of the two conditions:
curl U x & — ikU = O(|z|~?) as || — oo
or
ikU x & + curlU = O(|z|~?) as |z| — oo
uniformly with respect to & = x/|z| where x € R3.

For a proof we multiply (2.15) with —ik and use curl H® = —ikE?®. This
yields the first condition of the proposition.

In the next sections we study the solvability concentrating on one of
the two formulations — namely the one for H. But for the uniqueness
result and the preliminary sections for the Factorization method we will
work with both, the electric and the magnetic field and talk of a solution
(E*, H®) to the transmission problem. To justify this approach the next

lemma shows: Given a solution H® to the magnetic transmission problem
we can determine the corresponding electric field and vice versa.

Lemma II.5 (Equivalence of variational formulations). The two
variational formulations are equivalent in the following sense.

(a) Let H' be the incident field. If H® € Hyoc(curl, R3) is a radiating
solution of (2.13) for all ¢ € H.(curl,R?) then E* € Hyoc(curl,R3)
defined by

—ikE® = (% — k2u62) curl H* — k*uBH® (2.16)
—(ge + K*pB?) cwrl H' — K*ugH’ '
is a radiating solution of (2.14) for all ¢ € H.(curl, R3) with

—ikE" == curl H'. (2.17)
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(b) Let E® be the incident field. If E* € Hoc(curl,R?) is a radiating
solution of (2.14) for all ¢ € H.(curl,R?) then H® € Hyye(curl, R?)
defined by

ikH® = (% _ k25ﬁ2) curl B — k2e8E°
—(pu + k%e(%) curl E' — k*cBE"
is a radiating solution of (2.13) for all ¢ € H(curl,R?) with
ikH" == curl E*.

Proof. (a) By the definition of E® equation (2.13) shows that curl E* exists
locally in the weak sense and

—ikcurl B = E*pu(Bewrl H® + H*) + k*pBeurl H' + k*q, H'  (2.18)
in the weak sense. For x ¢ Q we have —ikE® = curl H® and
—ikeurl E* = k*H® < cwl E* = ikH®.

We immediately check that with H® also E* is radiating, cf. Proposition
I1.4. Using the total fields H = H® + H' and E = E* + E' equations
(2.16)—(2.18) yield

. E 1-k?epf®  p2 p3\ [curl H
—ik (curlE) = ( k2Zﬁ K2 I . (2.19)
The determinant of the coefficient matrix is
det = ngu — K2epf?) + k28 = ng € L™(Q)
and the inverse matrix is given by

€ ep 1 k2e k2ep
Ly s ) = g | ey s )

We multiply equation (2.19) with the inverse matrix:

curl H __1' k%e k22552 FE
H | k\—k%p % curlE )
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Plugging this into the definition of the weak curl,
/ H-curly —curl H-¢pde =0  for all o € C5°(R?,C?),
R3

and using again £ = E® + E' with curl® E* — k*E* = 0 yields equation
(2.14)
A similar computation shows part (b). O

The aim of this chapter is to show existence and uniqueness of the direct
transmission problem. We finish this section with an exact formulation
of that magnetic transmission problem which we want to solve. It is a
generalization of the magnetic transmission problem (2.13) in two aspects:

e In the derivation of the variational formulation we see that the sup-
port of the right-hand side of the scattering equation lies in 2. We
can interpret this as a source and allow more general sources (g, h).

e The (real) wave number k? = w?eqpuo > 0 appears in several terms of
equation (2.13). When we analyze the transmission problem in the
following sections we have to allow complex values as well at some
positions. That is the reason why we introduce the complex valued
parameter x which replaces the wave number where it is necessary.
(x will have the values k or ik.)

Introduce the notation IT:= {x € C: k # 0,Rex > 0,Imk > 0}.

Assumption I1.6 (Material parameters). Let  C R® a bounded
Lipschitz domain. We allow complex permittivity ¢ and complex perme-
ability p but assume real chirality 3. More precisely, 1/, € L*(R3,C)
and 3 € L>®(R3 R) such that e =1, py=1 and 8 =0 in R? Q.

Problem 1 (Weak magnetic transmission problem). Let & > 0
and x € II. Given g,h € L*(Q,C?). Under the Assumption II.6 determine
v € Hioe(curl, R3) such that v is radiating and satisfies

// (L- k*pB?) curlv - curly — k?pv - dz
]R3

— // uﬁ[k% -curly + k% curlv - 1/1] dx (2.20)
Q

2/ k2g -+ h-curly dz
Q
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for all ¢ € H(curl,R?).

Additionally, we formulate the weak electric transmission problem. In
this case we need not to generalize the problem for complex wave numbers.

Assumption II.7 (Material parameters). Let  C R? a bounded
Lipschitz domain. We allow complex permittivity € and complex perme-
ability p but assume real chirality 3. More precisely, €,1/u € L= (R3,C)
and 3 € L>®°(R3,R) such thate =1, py=1 and 3 =0 mR?’\Q

Problem 2 (Weak electric transmission problem). Let & > 0.
Given sources g,h € L?(Q,C3). Under the Assumption II.7 determine
v € Hioe(curl, R3) such that v is radiating and satisfies

[/ k2552 curlv - curly) — k%ev - ¢ dz
R%
—K? -curl v -] d 2.21
//Qaﬁ[v curly) + curlv - ¢] da (2.21)

:// k2g -+ h-cwrly da
Q

for all ¢ € H(curl, R3).

3. Integro—differential equation

We give an alternative formulation for the above generalized transmission
problem: an integro—differential equation (IDE). The aim is the appli-
cation of Fredholm’s alternative. For that reason we introduce certain
vector potentials which lead to an integro—differential equation and show
equivalence.

The fundamental solution to the scalar Helmholtz equation plays an
important role. It will be the kernel function of our vector potentials.

Definition II.8 (Fundamental solution). For « € II the fundamen-
tal solution ®,, of the scalar Helmholtz equation in R3

Au+r*u=0
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is defined by

expline —y)

(bl-c k) = )
(z,y) P —

The next lemma is from [21] and provides the basic vector potentials to
solve Maxwell’s equations.

Lemma I1.9. Let k € 1I1.

(a) For f € L*(Q,C3) the vector field

—curl//f w(z,y)dy, r €R3,

defines a function in Hy,.(curl,R?) satisfying curl® u —
in the variational sense; that is,

// Curlu~cur11/1—li2u~1/)d:17://f~curl1/)d:17
R3 Q

for all ¢p € H.(curl,R®). Furthermore, u is radiating and the re-

striction u|q of u to Q defines a bounded operator from L?(Q2,C3)
into H(curl, Q).

2u = curl f

(b) For f € L*(Q,C3) the vector field
u(z) = (k? + Vdiv) [/f w(z,y)dy, r €R3,

defines a function in Hige(curl,R3) satisfying curl* u — k%u = k2 f
in the variational sense; that is,

// Curlu~cur11/1—li2u~1/;d:c:,{2/ fda
R3 Q

for all v € H.(curl,R®). Furthermore, u is radiating and the re-

striction u|q of u to Q defines a bounded operator from L?(2,C3)
into H(curl, ).
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We develop an IDE from the above lemma. Therefore we reformulate
the transmission problem (2.20) such that the variational form of the free
space Maxwell’s equations appears on the left-hand side.

// curlv - curly) — k%0 - ¢ do
R3

= K32 // [quv + pBcurlv + g} < dx
Q
+ // [(Qa + E2uB?) curlv + k2 pfv + h} -curly dx
Q

for all ¢ € H.(curl, R?). We recognize the equations from the previous
lemma with f = (¢-+k*u3?) curlv+k?ufv+h and f = g v+pBcurlv+g,
respectively. Note that supp f C € in both cases. Adapting the potentials
in the previous lemma gives an IDE for v.

v(z) = (k¥ + Vdiv)// [quv + pBcurlv + g| @, (z,-) dy

& (2.22)

+ curl// [(q6 + E2uB?) curl v + k2 pfBu + h] D, (x,-)dy
Q

for x € Q. We abbreviate [[, ¢ ®x(z,-)dy = [[,¢(y)Px(z,y)dy. We
have to show that solving this integro—differential equation is equivalent
to the transmission problem.

Theorem II.10 (Equivalence). (a) Let v € Hyoc(curl,R3) be a ra-
diating solution of (2.20). Then v|q € H(curl,Q) solves (2.22).

(b) Let v € H(curl,Q) be a solution of (2.22). Then v can be extended
by the right-hand side to a radiating solution of (2.20).

Proof. In this proof all partial differential equations have to be understood
in the weak sense.
(a) Define v1 and vy by

V1 (:Z?) e (Ii2 + Vdiv ) // [q#v + ,UJﬁ curlv + g] (I)K(I; ) dyv
Q

va(x) = curl//Q [(ge + k*pB°) curlv + k*pfv + h| @, (2, -) dy



3 Integro—differential equation 25

for € R?. Since v € Hjoc(curl, R3) is a weak solution of the transmission
problem, the functions

guv + pfcurlv+g and (g + E*pB?) curlv + k2 pfv + h

are square integrable on €2 and, by Lemma I1.9, v; and v, are radiating
solutions in Hjoe(curl, R3) of

2

curl® v — k?v; = K2 [quv + puBcurlv + g}

and
curl® vy — K2vy = curl [(qa + E*uB?) curlv + k2 ppv + h},

respectively. Therefore,

curl®(vy + vo) — K% (vy 4 v2)

= K2 [quv + pBcurlv + g} + curl [(q8 + E*uB?) curlv + k*pfv + h}
= curl’v — kv
in R3. Both, v; + v and v are radiating solutions. The difference w,
w = v — v — vy, is radiating and solves curl>w — k2w = 0 in R?. We
conclude that w = 0 and therefore v = v1 + vy and satisfies the IDE (2.22).
(b) Let v € H(curl, ) be a solution of (2.22). We extend v by the right—
hand side to a function ¥ over R®. Then v|g = v and ¥ € Hjoc(curl, R?)
is a radiating solution of

2p = K2 [q#v ~+ pBcurlv + g]

+ curl [(qE + E2uf?) curlv + k2 pfBu + h}

curl? 9 — K

by Lemma I1.9. On Q we have v = v so we can write

2

curl® @ — k%0 = k% [q, 0 + pBcurl v + g

+ curl [(g- + k*pB%) curl© + k* uBo + h]
whence v is a radiating solution of (2.20). O

This theorem allows us to concentrate on the IDE when studying sol-
vability. In a similar way we can develop an IDE for the electric trans-
misssion problem:
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Corollary II.11. The equivalent integro—differential equation to the
electric transmission problem (Problem 2) reads

v(z) = (k* + Vdiv)// [pev + B curlv + g| Py (x, ) dy
Q
+ curl// [(pp + k*eB?) curlv + k*efv + h] Py (x,-) dy
Q

for x € Q.

4. Solvability

Our goal is to solve the magnetic transmission problem (Problem 1) for
k =k > 0. In the previous section we developed an equivalent formula-
tion, namely the integro—differential equation (2.22); that is,

v(z) = (k* + Vdiv)//Q [quv + pBcurlv + g| O (x,-) dy

+ Curl// [(qs + k2 uB?) curlv + k? pfv + h] Dy (z,-) dy.
Q

Having Fredholm’s alternative in mind we interpret this equation with ap-
propriately defined operators in order to study existence and uniqueness.
In the first part we reformulate the IDE as an operator equation

(I — AkTA — BkTB) v = f

with right—hand side f and show that I — AxTa — BiTp is a compact
perturbation of an isomorphism. Here again k denotes the wave number.

The second part contains two uniqueness results: one for complex ma-
terial parameters and one for smooth parameter functions. On account
of completeness the last subsection deals with our electric transmission
problem (2.14).

4.1 Existence

As mentioned in the introductory part to this section we define two oper-
ators A, B, which are essentially the vector potentials from Lemma I1.9
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and two auxiliary operators T4, Ts which adapt the vector potentials to
our IDE. The function f consists of those terms which do not depend on
.

Definition II1.12. Let k£ > 0 and k € II. Define the linear operators
Ay, Byt L*(Q,C3) — H(curl,Q) and T, Tg: H(curl, Q) — L?(Q,C3) by

(Apu)(z) = (k2 + Vdiv) //Q (z,y) dy,

(Beu)(x) = Curl// y)dy
Q

Tav = quu + pfcurlv, Tpv = (g + k*pf?) curlv + k2 ufo

for x € €,

and the function

f(z) = (K* + Vdiv) // @kxydy—i-curl// y) Pr(z,y) dy

for z € Q.
With these operators the above equation (2.22) simply reads

(I — AkTA — BkTB)’U = f

In what follows we show that this operator equation is the sum of a
bounded isomorphism and a compact operator. We use the operators
A;i and By for k> 0 to split up the equation:

(I — A Ta — BiT) v + (Ait — Ag)Tav + (Bir, — Bi)Tv = f.

We show that the first part on the left-hand side corresponds to a varia-
tional equation for v which admits a unique solution by the Lax—Milgram
lemma. The second part represents compact operators.

The next two preliminary lemmata deliver a norm equivalence result
and the basic type of compact operators we are using: integral operators
with weakly singular kernel functions.

Lemma IL.13. Let Q C R? be a bounded domain and g € L>(Q).
For v = (v1,ve) € L?(Q,C?)? the two norms || || and || -] = with

L2(Q,c3)2
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2 2 2
Wl2, e = a2, )+ 02l and |- defined by
2 2
Wl =l +goal?, o+l

are equivalent.

Proof. We use the inequality a? + b? < (a + b)? < 2(a? + b?) for a,b > 0.
2

< (ol + llgllz=llvzll)

< 2(lloll® + llgllZoe llv211?)

< 2max{L [lglZe }(lva]* + [lv2]1?)

vt + gva?

loall? + lloal> < (loall + [loa2ll)® = (o1 + g vz — gvall + [lvl)®
< (llvs + gvall + llg vall + Ifval])?
< 2fllor +gual® + (1+ glle) ezl
< 2(1+ llgllzee)* (llvs + gval|® + [lo2]?)

O

Definition II.14 (Volume potential). Let d = 2 or d = 3 and let
Q ¢ R? a bounded domain. Define the volume potential for a kernel
function G: 2 x Q — C by

VIG]: L2(Q) — L*(Q),  (V[Gle)(x) = //Qw(y) G(x,y) dy.

The kernel G is called WEAKLY SINGULAR OF ORDER « if there exist
positive constants M and a € [0,d) such that G is continuous for all
x,y €  with x # y and

|Gz, y)| < Ml —y[~*.
Note that on the left—hand side | - | is the absolute value of a complex
number and on the right-hand side | - | denotes the euclidian norm on R¢.

Lemma I1.15. Letd = 2 ord = 3. Let G be a weakly singular kernel of
order a < d/2. Then the volume potential V[G] defines a compact linear
operator from L?(§)) into L*(Q).
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We sketch the proof: As in the proof of Theorem 2.21 in Kress [25] it
is possible to show the compactness of the integral operator V[G] from
(C), | - l2(e)) into (C(2), || - [[z2(2))- In a second step one applies the
following functional analysis result. For a normed space (X, || - [|) denote
the completion by X. Given two normed spaces X,Y and a compact
operator A: X — Y. Then the unique operator A: X — Y such that
Ax = Az for x € X and ||A|| = || 4] is also compact. We conclude that
V|[G] is compact from L?(Q) into L*(Q).

The conditions under which we show the main theorem are rather stan-
dard and assure the coercivness of the sesquilinear form which appears in
the proof when applying the Lax—Milgram lemma.

Assumption I1.16. Let k > 0 the wave number and ( real-valued.
Additionally to Assumption I1.6, assume that there exist positive constants
c1,¢2 and ¢ € [0,1) such that

1 2 2 |<9|2|H|2
Repu>c1, Re—>c¢cy and k*°B°——— <c¢3 on
5 RecRep

The first two conditions mean that the appearing material parameters
shall be bounded away from zero. The third condition is symmetric in p
and ¢ and depends on the wave number k2 as well. It is fullfilled when
k?3? is small enough or even 3 = 0 (achiral case).

Theorem I1.17. Let Assumption I1.16 be fullfilled. Then:
(a) The operators Ta, Tp are bounded from H(curl, Q) into L*(2,C3).

(b) The operators Ay — Aix and By — Bix are compact from L*(Q, C3)
into H(curl, Q).

(¢) The operator I— A, Ta— B, T is boundedly invertible in H(curl, ).
Proof. (a) Tqv = g, v + pfcurlv. Straight forward estimation yields

[Tavll , = llguo + pBewlo| - <llgull, . llvll , + x5, llcarlo] ,

S max{|lgull, o 1881, Il g, -

The analog holds for Tpv = (¢ + k?p3?) curlv + k2 pfv.
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(b) We show compactness of A — A;:

(A — A, k?// <1>k:cydy+k2// (2, y) dy

+ Vdiv // )(Pr(z,y) — Pi(z,y)) dy.

The first two integrals represent three-dimensional vectors of volume po-
tentials and define a function in H?(Q,C3) (cf. [15]). H?*(Q,C3) is com-
pactly embedded in H'(Q2,C?). Hence, the first two integrals represent a
compact operator from L?(Q,C3) into H'(Q, C3) which implies compact-
ness from L?(Q, C3) into H (curl, ).

For the third term we get

V div //Qu(q)k(x,-) dy—//QVQ (Pr(x P (x,-))udy

We look at the second derivatives of the kernel in more detail. Using the

expansion

2 2’3

z
exp(z )—1+2+—+—3| +.
we see that

etklz—yl e~ klz—yl

(=2 = 4y " Tele
=2 ((i+ Dk =Kz —yl+ 20— )kPlz —y[>+...)
. 2
= E(i+1) -z —yl+ |z —yPR(z - y)

where the power series R(2) = 7 r;2/ with constant coefficients r;,
j € Ng. We compute the gradient

E z—y

+ [2R(lz — yl) + |z — y|R |z — y|)] (z — v).
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The second derivative is given by the (3 x 3)-matrix

Vi[(®r — i) (z,y)]

2 2
i Y @—y@—y)T

= I
Infr—y | Anje =y
+ [2R(lz — y|) + |z — y|R (= — y])] I

+ [2R (lx — yl) + R'(J= — y])]

+R"(|z —yl)@—y)(z—y) .

T

|:1:—y|($_y)(x_y)

Hence, the second derivatives of ®; — ®;; are weakly singular of order
1 which gives compactness of A — A;; as operator from L? into L2.
Since, curl(Vdiv (...)) = 0 we also have compactness from L?*(Q, C?) into
H(curl, Q). Hence, Ay — A;;, is compact as operator from L?({2, C3) into
H(curl, Q).
The compactness of By, — By follows analogously: By — B;j represents a
three—dimensional vector of volume potentials with kernel function which
is weakly singular of order 0 (cf. V,|x —y|). Furthermore, curl(By — Bix)
represents a three—dimensional vector of volume potentials with kernel
function which is weakly singular of order 1 (compare V2|z — y|). We
conclude that By — By is compact from L? into H (curl, Q).

(c) For any f € H(curl, Q) consider the equation

v — AikTA’U — BikTB’U = f

Taking w =v — f we get w — AjpTaw — BiyTpw = AixTaf + By Tf, or
explicitely,

w(z) = (—k2 + V div) //Q [gu(w + f) + pBewl(w + 1)] @in(z, ) dy
+ curl// [(g= + K*pB%) curl(w + f) + E*pB(w + f)] i (z,-) dy
Q

for x € Q. This equation has the form of (2.22) with x = ik and the
functions g and h (in the IDE) are given by

g:=quf +plecurl f and h = (ge + k*pB?) curl f + K2 usf.
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Hence, by Theorem II.10, w can be extended to a radiating solution of
the problem

// k2u62) curlw — k uﬁw} -curly + kzu[ﬂ curlw + w] - de
= // —k%g -1+ h-curly de (2.23)
Q

for all ¢ € Hc(curl,R?) (with the functions g and h as above). By def-
inition, w = A;rTav + BjrTsv. From this form and the definition of
®,;. we conclude that w decays exponentially as |x| tends to infinity. So
w € H(curl, R?) and the variational equation holds for all ¢ € H (curl, R?).
In order to apply the Lax—Milgram lemma we define a sesqui-linear form
on H(curl,R3) x H(curl, R?) and a conjugate-linear form on H (curl, R3).

a(w, ) : // — k*u3?) curlw - curl1/1d:17—|—k2// paw - ) da

+ k2 // pB(curlw -1 — w - curle)) da
R3

) ://Qh.curm_wg.adx.

a and b are obviously bounded.

law, ) < (4] L+ R ] ) lewdw] | lleurl ]
R ), (lewrlw] 1], + [l feurl ] )
2 Yl el N0

< C(flewrlw| , +wll ) (llewrlw] , + [l ,)
S 2C||w||H(cur1R3) ||w||H(curlR3)
b))l < V2max {|al , K gl , H el o

Here we used the inequality = + vy < v/2/22 + 2 for z,y > 0. We show
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coercivity of a:

a(w,w) = //R3 [%| curlw|? — E2pB?| curl w|? + k2 pjw|?
+E pp(curlw - @ — w - curl@)} dz
= //}Rs [%| curl w|? — k2uB?| curl w|? + k?pjw|?
—2ik?pBTm (w - curlm)} dz

We take the real part of this equation and make use of the binomial
|z + iy|? = |z|? + 2Im (27) + |y|?. (Recall that 3 is real valued.)

Rea(w,w)

// Re 1) curlw|® — k*Re () 3%| curl w|*+
R3
+ k*Re (p) (Jw]® + ZIm”ﬂIm (w - curlw)) |da

= //]R3 [(PI?\ZE k252 s ) | curl w|*+

+ k*Re (1 ’w—l—llm“ﬁcurlw‘ }dx

Y

ca(1 —e3) chrlw”i2 + K er|jw + ignT“ﬁcurle

\%

min(cz (1 — ¢3), k%c1) (chrle2 Im”ﬂcurle )

=:min(cz(1 — ¢3), k%c1) HwHi

where ||-|| = is an equivalent norm to ||||H( L) by Lemma I1.13 with

v = w, vy = curlw and g = ifIm u/Re u. Now we go back to our initial
equation

(I — AikTA — BikTB)v = f
For given f € H(curl,Q) we determine the (unique) solution w of (2.23)
and define v .= w|g + f. Then v — f = A;Tav + By Tpv. O

With this theorem all conditions for the Fredholm alternative are sat-
isfied. We can formulate the existence result in the next corollary.



34 Direct transmission problem

Corollary I1.18. For every (g,h) € L*(Q,C3) x L?(Q, C3) there exists
a unique radiating solution v € Hioe(curl, R?) of (2.20) provided the ho-
mogeneous problem admits only the trivial solution. In that case, for any
compact set B D Q there exists a constant C > 0 such that

< Clig: mll for all (g,h) € L*(Q,C%).

||v||H(curl,B) L2(Q)2
The estimate of v by the source (g, h) means that the solutions depends
continously on the data and yields — in combination with the following
uniqueness results — the well-posedness of the direct transmission problem.
We adapt the assumptions in I1.16 and give the existence result for the
electric transmission problem in a second corollary to the above theorem:

Assumption I1.19. Let k > 0 the wave number and (3 real-valued.
Additionally to Assumption I1.7 assume that there exist positive constants
c1,¢2 and c3 € 0,1) such that

1 2 2
Ree>c;, Re—>c¢y and k252M <e¢3 on .
iz ReeRep

Corollary I1.20. Let Assumption II1.19 be fullfilled. Then, for every
source (g,h) € L*(Q,C3) x L%(Q,C3) there exists a radiating solution
v € Hioe(curl, R?) of (2.21) provided uniqueness holds. A similar estimate
for v holds.

4.2 Uniqueness

Our existence results rely on the assumption that the homogeneous prob-
lem admits only the trivial solution. We give two uniqueness results.

Theorem I1.21 (Absorbing media). We assume, additionally to As-
sumption I1.16, that Ime > 0 and Impu > 0 a.e. in ). Then the homo-
geneous magnetic transmission problem (2.20) has at most one solution
(this means: uniqueness holds).

Proof. Assume that v is a solution of the homogeneous magnetic trans-
mission problem namely Problem 1 for k = k and v solves (2.20) for g =0
and h = 0. Set ¥ = ¢ in (2.20) where ¢ € C§°(R?) is some mollifier with
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p(z) = 1 for |z| < R and ¢(x) = 0 for |[z| > 2R. R is chosen such that
|z] < R for all z € 2. Then by Green’s formula

0= // [(2 = k*uB?) curlv — k*pBu] - curlw — k*p[B curlv + 0] - vda
|lz|<R
+ [/ curlv - curl(¢v) — kv - ¢vdx (2.24)
R<|z|<2R

:// R%|cur1v|2—k2u|ﬁcurlv+v|2dx _/|| Igcurlvxu)-ﬁds.
x| < xT|=

Taking the imaginary part and using Ime > 0 and Im ¢ > 0 yields
Im (curlv x v) -Tds < 0.
|z|=R
From this we estimate
/ | curlv(z) x o~ ikv(:v)ﬁds(x)
|z|=R

:/ | curlv|? 4 k?|v|* ds — 2k Tm (curlv x v) -vds
|z|=R |z|=R

2/ |curlv]? + k2[v|* ds.
|lz|=R

As in the proof of Theorem 5.5 in [24] we conclude that v vanishes outside
of 2. Now, equation (2.24) reads

1 2 2 2
//Qg|€ur1v| — k*p|B curlv + v|* dz = 0.

Taking the imaginary part yields curlv = 0 in Q2 and thus Scurlv+v =0
whence v =0 in Q. O

Corollary I1.22. Additionally to Assumption I1.19, let Imp > 0 and
Ime >0 a.e. in Q. Then the homoegeneous electric transmission problem
(2.21) has at most one solution.

Theorem II1.23 (Smooth media). Let Assumptions I1.16 and I1.19 be
satisfied. Additionally, lete, u, 3 € C*(R3) and assume that k*cp3? # 1 in
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R3. Then both, the homogeneous magnetic and the homogeneous electric
transmission problem (2.20) and (2.21), respectively, have at most one
solution.

Proof. This proof follows Ammari and Nédélec [4] and the main argument
is the unique continuation principle in Colton and Kress [15]. Assume that
v solves the homogeneous magnetic transmission problem for x = k; that
is, v is radiating and solves (2.20) with ¢ = h = 0. As in the proof of the
previous theorem we conclude that v vanishes outside of €2. Define the
function w by

—itkw = (% — k2u62) curlv — k2 pufv.

By the weak formulation of the homogeneous problem: w € Hjo.(curl, R3).
Then by Lemma IL.5 w is a radiating solution of the homogeneous electric
transmission problem and we have

—ikcurlw = k2pf curlv + k2 pw.

From the last two equations we can deduce the system (2.7) from the first
section for H = v and F = w; that is,

curlv M v — ik; w
1 — k2euB? 1—k2epp2
, [ kepf
curlw = ik

1 k2ep® ' "1 ke

Now, we proceed as in Ammari and Nédélec [4]. From this system we
calculate curl® v, curl®>w, dive and divw. Then we use the vector iden-
tity A = Vdiv — curl® and apply the unique continuation principle from
Colton and Kress [15] in the version of Lemma 4.15 in Monk [31]: Abbre-

viate

_ — 1 KepfB  —ike 2(m3 (2x2
M = (mj1)ji=1,2 = 1= 12en® ( ik kK2epp € C*(R>,C*=).

Note that det M = —k%ep # 0. Then the above equations read

(curlv> v <’U>
curlw w
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Taking the divergence yields
0= div (M (”)) :
w

0= div (muv + mlgw),

that is,

0 = div (m21’U + mggw).

From the last two equations we conclude

dive) 1 _1 v\
(divw) a _detMM (VM) (w) '

that is,
dive = L( Vi —mi2Vma) -
ive = 2 mo2Vmiy — m12Vmay) - v
1
+ k2—w(m22vm12 —m12Vmaz) - w,
1
divw = @( — mo1Vmyy + m11Vm21) By
+ kz—su( —mo1Vmis + mQQVmgg) S w.

Since v vanishes in the exterior of €2, also w vanishes in the exterior of €
and the traces v xv and v xw also vanish on 9B for any ball B O €. Hence,
for any ball B D Q: curlv € L?(B,C?), divv € L?*(B) and v x v = 0 on
dB. We conclude that v € H*(B,C3). The same holds for w. Compute

2
Curl2 v\ _ (VM) x ) M curlv :
curl” w w curlw

curlv = Vmqp X v + Vmqs X w + mqp curlv + mqo curlw,

that is,

curlw = Vmay X v + Vmas X w + may curl v + mos curl w.
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Finally, with A = Vdiv — curl?,

(an) == (om0 (2)) om0 (1) 0 (G50)

and Av, Aw exist in L?. It is possible to deduce estimates of the form

3
|Avj| < e fos| + [wy] + [Vos] + [V,
=1
3
|Aw;| < e sl + lws| + [Voy] + [V,
=1

for 7 = 1,2,3 almost everywhere in B and we can apply the unique con-
tinuation principle Lemma 4.15 in [31] which yields that v (and w) vanish
in B> Q.

The same argumentation holds for the homogeneous electric transmis-
sion problem. O

This ends our study of the direct transmission problem and we are well
prepared to attack the inverse problem: the localization of the scatterer.



CHAPTER III

Factorization Method

In this chapter we solve the inverse problem: Given the solution of the
direct problem or, more precisely, given the far field data, determine the
scatterer (2.

The first section has preliminary character. In order to formulate the
inverse problem we introduce the notion of the far field pattern which
characterizes the asymptotic behavior of solutions to the transmission
problem. Here the Stratton—Chu representation formulae are our main
tool. They describe solutions to Maxwells equations for homogeneous
media by boundary integrals. Then we can formulate the inverse problem
properly and define the far field operator F to study it. We prove the
reciprocity relation: the point of observation can be interchanged with
the point observed. This allows us to give an explicite expression for the
adjoint operator of F. Furthermore we show a useful relation between F
and F*.

After the definition of the far field operator and the study of some
properties we deduce the eponymous factorization of F,

F=H"TH.

For this purpose two operators are defined. A Herglotz operator H maps a
tangential field representing polarization vectors to an incident field. The
image of its adjoint is a far field pattern. The middle operator 7 makes
sure that the result of the factorization is indeed F. The second section
ends with a modified factorization for the case of non-absorbing media.
The main effort of the Factorization method is the study of the mid-
dle operator 7. Depending on the chiral material we can show different
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properties such as positivity and coercivity of the imaginary part or the
existence of a decomposition into a coercive and a compact part. Due to
the factorization we can derive spectral properties of F. In the case of
non-absorbing media we distinguish between positive and negative con-
trasts.

In the last section we explain the general concept of the Factorization
method; that is, how to represent the characteristic function of the scat-
terer. A special function ¢, is defined which is contained in the range of
H* if, and only if, z € . Finally we need a link between the range of H*
and F. This can be found in abtract functional analysis theorems from
[24] and [27]. We verify their assumptions by collecting the results of this
chapter. This completes the Factorization method.

1. Far field pattern and far field operator

In the previous chapter we discussed the magnetic transmission problem.
But we have seen that we can easily compute the electric field from the
magnetic field which is the solution to the transmission problem. So in this
section we can talk of a solution (E®, H®) to the transmission problem. We
derive the asymptotic behavior of the solution at infinity from that of the
fundamental solution ®; with the aid of the Stratton—Chu representation
formulae. Once we know the far field patterns we choose special incident
fields determined by tangential fields representing polarization vectors and
define the far field operator mapping the tangential field to the resulting
far field pattern. Important properties of the far field operator and its
adjoint are discussed then. In the proofs we use the reciprocity principle.

We begin with the asymptotic behavior of the fundamental solution and
its derivatives. The formulae are taken from the proofs of Theorems 2.5
and 6.8 in Colton and Kress [15].

Lemma III.1 (Asymptotic behavior of ®;). Let Q be a bounded
domain with boundary T.

(a) The fundamental solution ® has the asymptotic form

_ ekl —ikdy 1
(I)k('rvy) - 47T|.’L'| € +O m ) |I| — 00
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uniformly in all directions & := x/|z| for all y € T.

(b) For any constant vector a € C3 the derivatives of (a ®x) have the
asymptotic form
eik\w\

o 1
curl, a @ (z,y) = ik47r|$| {e_llmvy(i xa)+0 (m) } ,

curly curly a @x(z,y) = k? o e PU(G x ax i)+ 0 —
’ 4:7T|.’II| |;[;|

as |x| — oo uniformly for all y € T.

We continue with the well known Stratton—Chu formulae. They de-
scribe the solution of Maxwell’s equations on a domain by their traces.
They are taken from Colton and Kress [15]. The proofs for the weak
version can be found in the book of Monk [31]. Monk also shows that
the traces are well defined: Given a bounded Lipschitz domain D with
unit outward normal v the mapping v — v X v|gp for v € (C°>°(D))3 can
be extended by continuity to a continuous linear map from H (curl, D)
into H=/2(0D)3. We refer to Theorem 3.29 in [31]. We start with the
Stratton—Chu formula on a bounded domain.

Lemma III.2 (Interior Stratton—Chu). Assume the bounded Lip-
schitz domain ). Let v denote the unit normal vector to the boundary T’
of Q directed to the exterior of Q. Let E,H € H(curl,Q) be a solution to
Mazwell’s equations in )

curl H = —ikE  and curl E =ikH. (3.1)

Then we have the Stratton—Chu formulae

— curl/r(u x E)(y) Pr(z,y)ds(y)

E(z), =€,

1, _
+Ecur1 /F(VXH)(y)@k(%y)dS(y)— {07 reR3T,



42 Factorization Method

and

— curl/F(y x H)(y) ®r(z,y) ds(y)

1 H(z), =€
— eut [ x B)o) @) dst) = {07( A

Monk argues by interior regularity results that F(z) and H(z) — the
evalutaion of £ and H at a point x € Q — make sense. Furthermore,
the boundary integrals have to be understood in the sense of the duality
pairing between H~'/2(T") and H'/?(T"). For the derivation of the far field
pattern a representation formula for the exterior of bounded domains is
needed:

Lemma III.3 (Exterior Stratton—Chu). Assume the bounded Lip-
schitz domain Q0 whose complement is connected. Let v denote the unit
normal vector to the boundary I' of Q directed to the exterior of 2. Let
E*, H® € Hypo(curl,R?\.Q) be a radiating solution to Mazwell’s equations
in R3 . Q

curl H® = —ikE® and curl B =ikH"®.

Then we have the Stratton—Chu formulae

curl/r(u x E%)(y) ®r(z,y) ds(y)

S(x T 3.0
— icurl2 /F(V x H*)(y) Pr(x,y) ds(y) = {OE, (z), . i }57 2, (3.2)
and
curl/r(u x H®)(y) @k (z,y) ds(y)
S(x x 3N
+ icurl2 /F(V x E*)(y) @ (z,y) ds(y) = {g (@), . 2 i & (3.3)

By the formulae (3.2) and (3.3) the dependency of the fields E® and H®
on z is expressed by the fundamental solution. In order to determine their
asymptotic behavior we only need to know their tangential traces and the
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asymptotic behavior of ®; given in Lemma III.1. We adapt Theorem 6.8
in Colton and Kress [15] for the case of functions in Hjoc(curl, R?):

Theorem II1.4 (Far field pattern). Every (weak) radiating solution
E*, H® to the transmission problem (2.13), (2.14) for the scatterer Q with
boundary ' has the asymptotic form

B ()= {EOO(:%) +0 <i)} C ja] = oo,

~ dn|z] E

He(z) = Z:|x| {HOO(QE) +0 (ﬁ)} L ja] >0

uniformly in all directions & = x/|z|. The functions E*° and H*> de-
fined on the unit sphere S?are called ELECTRIC and MAGNETIC FAR FIELD
PATTERN, respectively, and satisfy

E> (%) =ik 2 x /F(I/ x E%)(y) e RV ds(y)

+ik@ x /(V x H*)(y) e **v ds(y) x &,
r

H>®(%) =ik x /(u x H®)(y) e~ *2v ds(y)
r (3.4)
— ik & x /(1/ x E%)(y) e * 2V ds(y) x &
r

for & € S2.

Remark II1.5. From this theorem we observe that the far field patterns
are analytic functions and tangential fields: They satisfy F><°(Z)-& =0
and H> (%) - & = 0, respectively, for all # € S?. Furthermore, we easily
see that, for & € S2,

E®(2)=H>®@#)x4& and  H™(&) = —E™(2) x .

In order to define the far field operator we need to specify what kind of
incident fields cause the scattered and the far fields. As incident fields we
consider plane waves of the form

Hi(:v; d,p) = peFde Ei(gc; d,p) = —(d x p)eik dx
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where the vectors d € S? and p € C? are the direction of incidence and
polarization vector, respectively. They are chosen such that d-p = 0 to
assure that H? and E? are divergence free. The far field patterns H* and
E* of the scattered fields H® and E® depend on d and p as well and we
will use the notation H*(Z; d, p) and E*(&;d, p), respectively.

Now we are able to formulate the inverse problem. We recall the direct
one. Given an incident wave and a chiral object with known material
functions compute the scattered field. If we know the scattered field we
can easily compute the corresponding far field. The inverse problem is to
determine the scatterer for given far field data. More precisely:

Problem 3 (Inverse problem). Given the wave number k£ > 0 and
the data H*(2;d, p,) (far field pattern) for all #,d € S? and p € C® with
p - d = 0 localize the scatterer (2.

For the study of the inverse problem we have to express it in mathematic
terms; that is, we define an operator which maps a family of polarization
vectors p(d) characterizing the incident field to the far field pattern. Both,
the family of polarization vectors and the far field pattern are tangential
fields on the unit sphere.

Definition III.6 (Far field operator). We denote the subspace of
tangential fields by L2(S?) C L?(S?,C3); that is,

L3(S?) = {v e L*(S*,C%) : v(2) -2 =0,2 € S*}.
The far field operator F: L2(S?) — L2(S?) is defined by

(Fp)(2) ;:/ H>(2;d,p(d)) ds(d) for & € S*.
S2
Remark II1.7. (a) For tangential fields p € L?(S?) we have the iden-
tity
d x p(d) x d = p(d) (d-d)—d (p(d) - d) = p(d).
=1 =0
(b) The far field pattern H*(- ; d, p) depends linearly on the polarization
vector p. It is continuous as a function of d. See the proof of
Theorem 6.32 in [15].

(¢) Therefore, F is a linear integral operator with a continuous kernel.
So F is compact. Furthermore, Fp is the far field pattern which
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corresponds to the incident field (H}, E}) with

H;(x) = /S2 H’ (:17; d,p(d)) ds(d), E;(:zr) = /SQ E? (:17; d,p(d)) ds(d)

for z € R3.

In the sequel we study the properties of the far field operator and its
adjoint.

The adjoint far field operator

The next theorem helps us to characterize the adjoint operator of F. It
describes the following reciprocity phenomenon:

We illuminate an object by a plane wave in direction d € S? with
polarization p and p - d = 0. That means the incident field vectors are
parallel to p and their length and sign changes in direction d. For the
measurement we choose a second pair of vectors (2,q) € S? x C? with
q-% = 0. We measure the far field which comes from direction & and just
look at the polarization g; that is, we are interested in that part of the far
field vectors which is parallel to g. We get the same measurements when
we illuminate the object with a plane wave in direction z and polarization
q and measure these parts of the far field coming from direction d which
are parallel to p.

Theorem IIL.8 (Reciprocity principle). Assume that k?cu3? # 1.
Then, for all &,d € S* and p,q € C*> withp-d = 0 and q-3 = 0 the
reciprocity relation

q-H*(=2:d,p) =p-H*(=d; 2, q)
holds.
Proof. We abbreviate:

Ei(y) = E'(y; d,p), Ei(y) = E*(y; d, p),
Ey(y) = E'(y; &, q), E5(y) = E*(y; 2, q),
Hi(y) = H'(y; d, p), Hi(y) = H*(y; d, p),
Hj(y) = H'(y; &, 9), H5(y) = H*(y; 2, q)
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Application of Green’s theorem (cf. Theorem 3.31 in Monk [31])

[/curlv-w—v-curlwdxz/ v-(vxw)ds
D oD

to E* and H® in 2 yields
/F(ung)-Hng(ung)-Egds
://chrlEﬁ-Hg—Ei-curlHé—i—curlHi-Eé—Hi-curlEgdx
://ikﬂi- Y+ ikE} B —ikE} - B — ik H) - HS da
:O.Q

by Maxwell’s equations (3.1). Analogously, application of Green’s theorem
(the traces and the boundary integral are well defined — see Monk [31]) in
the exterior of 2, we obtain for Ef and H*:

/F(Vfo)-H;—F(VXHf)-E;ds:O.
Now, by the representation of the far field pattern (3.4),
q-H>(=2:;d,p)
=ik (g (<)) % [ (v x )0 ds(y)
—ik (0 (<)) x [ (0 x B @) e D dsty) x (=8)
=ik [ X B ) - (=) x @) ¢ ds(y)
—ik [ (X B ) -qe 7 ds(y)
:—ik/F(ufo)-Eé—i—(ufo)-Hgds.
Analogously:

p-H®(=d;%,q) = —ik/(l/ x H3) - Ei + (v x E3) - H: ds.
r
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Thus, combination of the last four equations and application of Green’s
theorem yield

1
ik
:/(VXHQ)'E1+(VXE2)'H1dS
T

= // curlHy - E1 — Hy - curl Eq + curl E5 - H; — Es - curl Hy da.
Q

As 1 — k?epfB? # 0, we can express curlE; and curlH; by E; and H;
(j = 1,2) with the aid of equations (2.7).

curl Hj = —ialEj + CLQHJ' s curl Ej = iagHj + a4Ej s j = 1, 2.
We plug this into the last integral:

ﬂ —ialEg . E1 + CLQHQ . E1 — iCLgHQ . Hl — a4H2 . E1 dx
Q
+ // iCLgHQ . H1 + CL4E2 . Hl + ialEQ . El — CLQEQ . H1 dx
Q

://(ag—a4)(H2-El—Eg-Hl)dx:O (35)
Q
because ay = a4. This proves the reciprocity relation. O

Due to the reciprocity principle we can give a rather explicit form for
the adjoint of the far field operator.

Corollary II1.9 (Adjoint of F). The adjoint F*: L?(S?) — L2(S?)
of the far field operator F is given by

(F*h)(0) = /S H>~(—0;d, h(—d))ds(d) for €S>

Proof.
(]"p,h)L?(S2) = /Sz/szHOO(H;d,p(d))~st(d)ds(0)

/Sz /Szp(d) ~H%(—d; —6,h(0)) ds(9) ds(d)
(p, F*h)

LE(s?)
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where F*h(0) = [ H*( = 0;d, h(—d)) ds(d). O

The next theorem introduces the scattering operator S and collects
some relations betweens F, F* and S. It is adapted from Theorem 5.7
n [24]. Our proof uses the same arguments, but is formulated with the
electric and magnetic field.

Recall equations (2.7)

curl H = —ia1 EF 4+ aoH and curl B = iasH + a4 FE

and note that as = a4. Introduce the matrix

A (Imal —iIma2> '

iImas Imag

For the next theorem we assume that A is positive semidefinite. In chapter
V similar matrices and assumptions occur. Compare Proposition V.19 for
possible values of ¢, u and 3 such that A is positive semidefinite.

Theorem II1.10 (F/F*—Relation). Assume that (A¢)-€ > 0 on Q
for all & € C%. Then there exists a non-negative compact self-adjoint
operator R: L2(S?) — L2(S?) such that:

(a) The following relation holds:

ik
F—F" = ——F*"F+2iR.
82

b) The scattering operator S = I + 2£ F is sub-unitary and has the
87
form

. k
SS—I—HR.

R vanishes for real-valued parameters. In that case S is unitary and F is
normal.

Proof. (a) Let r > 0 such that B := B(0,7) D Q and Q, = B~ Q. For
two tangential fields g, h € L2(S?) consider the incident fields

ng/SQ H'(-;d,g(d)) ds(d), H;;z/s2 H'(-;d, h(d)) ds(d)



1 Far field pattern and far field operator 49

and the corresponding pairs of solutions (Ey, H,) and (Ep, Hy). Then by
Green’s theorem

m/ [H, x By — E, x 0y ] - vds

B

:ik// curl Hy - B, — Hy - curl By, — cwrl Ey - Hy, + E, - curl Hy, da
Q

—l—ik// curl Hy - B, — Hy - cwrl By, — cwrl B, - Hy, + B, - curl Hy, da.
Q

The integral over 2, vanishes because (E;, H;) (j = 1,2) satisfy Maxwell’s
equations in free space (3.1). Each total field is the sum of an incident
and a scattered field. So we split the integral on the 1.h.s. into four parts:

Ilzzik/ |1y < Bf, — By x T} | -vds,

o L :

Iz:zik/ [H;XE_E—E;XH;? -vds,
oB

Igzzik/ [H x E; — E}, x Hy] - vds,
OB

I4::ik/ |Hy % B, — By x T} | -vds.
oB

I; = 0 by Green’s theorem and Maxwell’s equations. By the Silver—Miiller
radiation condltlon (2.15) E%(z)x2 = —H*(2)+O(]z|~?) and by Theorem

L4 H*(2) = gz eI H>(2) + O(|2|~?). Hence,
s A etklzl [e7e]
B (x) x & = = H(2) + O(|2|7%)
and

ik(H (z) - By (z) x & + Hy(z) - B (x) x &)
2k o B
= g ) HiE (&) + O(|z] ).

Iy =ik | Hi(z) Ej(z) x &+ Hj(x) E(z) x £ds(z)
op .

ik

~ ik
52 H Hﬁods:—ﬁ(]:g,fh)p(g% (r — o0).
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Furthermore, I3 converges to —(g, Fh)r2 and Iy to (Fg,h)r2. We show
this for I3 combining the representation formula of the far field pattern
(3.4) and the explicit integral form of the incident (Herglotz) waves. Note,
that the following identity holds for p € LZ(S?):

p(0) =60 xpB) x6, 6ecS>

Ig,—zk:/aB/S2 0)e™ ™ ds(0) - B (z) x 3 ds(x)
+ ik /aB /g? 0 x g(0)e™ % ds(9) - Hj (z) x & ds(z)
— /S g(0) - [iko X /88 & x Hf (z)e b ds(a:)]ds(e)
+ /82 g(0) - [— k0 x /aB & x Ej (z)e™ 0 ds(x) x 9} ds(0)
(3.4)

= — (g,fh)Lz(gz).

Analogously for I,. One integral is left, the one over : Again, as in the
proof of the reciprocity principle, we use equations (2.7).

zk// curl H, By — Hy,- curl B}, — curl £, CHy + Ey- curl Hy, dz

Q

:ik// Omar B, - By + 2masH, - Ty + 2ilmas (H, By — E, Ty d.
Q

Introduce the solution operator L : LZ(S?) — H(curl,Q) x H/(curl, ),
g — (Eyla, Hyla) and recall the matrix function

Ima; —imas
A={. .
iImas, Imag
Then the operator R is given by Rg = kL*(ALg). By assumption, A is
positive semidefinite, whence R is non—negative. F is compact. Then also
F* is compact and therefore R is compact as 2iR = F — F* — g5 k F*F.
A is self-adjoint whence R is it.

(b) This assertion is the same as part (¢) in Theorem 5.7 in [24] and
the proof is also the same. [l
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2. Factorization of the far field operator

For the remaining part of this chapter we assume that the transmission
problem is uniquely solvable. Our assumptions for the following sections
in detail:

Assumption III.11. Let Q C R3 be a bounded Lipschitz domain such
that the complement R3 . Q is connected. Let k > 0 be the wave number
and g,y € L>®(Q,C) and B € L>®(Q,R) real-valued. We extend € and u
by one and B by zero outside of Q2. We assume:

(a) 1/e € L=(Q,C).
(b) Ime >0 and Imp > 0 on Q.

(c) Forall (g,h) € L?(2,C3) x L2(2, C3) there exists a unique radiating
solution of the transmission problem (2.20) for k = k.

We recall the main equations and notations of the transmission problem.
Define an incident field w® with the aid of a tangential field p € L2(S?) by

w'(y) = /S2 p(d)e*¥¥ds(d), yeR3.

w' represents an analytic solution of Maxwell’s equations (2.9) in vacuum.
Look for a weak radiating solution w € Hjo(curl, R?) (we write w instead
of w?®) of

// k2,u62 curlw - curl ¢ — k2 pw - 1 da
—k? //Q pBfw - curly + curlw - ¢] da
= //Q(QE + k2uB%) carlw’ - curl ) + kg w' - da
+k? // uﬁ .curley) + curlw® - 1/1]

for all ¢ € H.(curl, R?). The tangential field p determines the incident
field w'. The far field operator F maps p to the far field w> of the
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scattered field w caused by w?,
Fp=w

In the following, we deduce a factorization of F; that is, F = H*TH. We
begin with the operator H which is some kind of Herglotz operator and
maps a tangential field on S? to an L? function in .
Notation: L?(Q,C?)? := L?(Q,C3) x L%(Q,C?)

Definition II1.12 (Herglotz operator). Let k > 0. Define two linear
operators H;: LZ(S?) — L?(Q,C3) (j =1,2) by

(Hip)(y) = /S2 p(d)eik dy ds(d) and Hap = curl [Hlp}

for p € L2(S?) and y € Q. Then the HERGLOTZ OPERATOR is defined by
H: L3(S?) — L2(Q,C?)?,

Hp = (Hap, Hap) "

Remark III.13. H is a bounded operator and injective: Hp = 0 im-
plies [, p(d)e™*¥* ds(d) = 0 and this implies p = 0, see Colton and Kress
[15].

We introduce the DATA—TO—PATTERN OPERATOR G which maps the
“source” f = (f1, f2) to the far field pattern,

Gf :=v™.

where v is the far field pattern of the radiating solution of

// [(% — k2u52)cur1v—k2uﬁv] curly — k2 [,uﬂ curlwv —I—,uv]- Pdx
2 (3.6)
= //Q K lqufi + nBfa) - ¥ + [(ge + K uB®) f2 + K2 pBf1] - cwrl ¢ da

for all ¢ € H.(curl, R?). The auxiliary scattering equation (3.6) is just
designed such that Fp = G'Hp. If we have a look at our goal, namely the
product F = H*TH, we need the adjoint operator of H and show that
G = H*T for an operator 7 to be specified. In the next proposition we
compute the adjoint operators of H; and Ha.
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Proposition I11.14 (Adjoint Herglotz operator). The adjoint op-
erators Hi, Hy: L*(Q,C3) — L2(S?) of H1 and Ha are given by

* _ e—ikd-y
(Hi)(d) = d x //Q oly) ey x d
(Hi)(d) = ikd x //Q o(y) e * vy

for d € S*. Thus the adjoint H*: L*(Q,C?)? — L2(S?) is given by
Hp =Hipr +Hape
for v = (p1,p2) € L*(Q,C3)2.

Proof. We start with H;. By Remark IIL7 p(d) = d x p(d) x d and
therefore

(Hip,@)r2aco) = ///SQ (d x p(d) x d) e*vds(d) - p(y) dy
/S// d x p(d) x d) - p(y) e "¥dy ds(d)
/sz p(d) - d x //Q@(y)eﬂ-kd.y dy x d ds(d)

= (»HIP) L2

where (Hip)(d) = d x [, (y)e”* v dy x d.
For Hy we compute curl [, p(d)e™* v ds(d) = ik d x [, p(d)e’™ v ds(d)
and

N . /Szpu)e““d'yds(d)-w(y)dy

- / //zk d % p(d)) - p(y) e ¥ dy ds(d)
s2

/ (ik d) ><//<p e~ dy dyds(d)

S2 Q

= (P, H3¥)r2(s2)




54 Factorization Method

where (H39)(d) = ikd x [, ¢(y) e”"*%¥ dy. Finally,
(Hpu 90) L2(,C3)2 = (H1p7 <P1)L2(Q7C3) + (H2p7 902)1/2(97@3)
= (p7 HTSDI)L%(Sz) + (p7 H;¢2)Lf(82)
Thus, H* (1, v2) = Hiv1 + Hipe. [l

What is the image of H*? It should be a far field pattern. We extend
Lemma I1.9 and calculate the far field patterns related to the solutions in
form of potentials.

Proposition II1.15. Let k > 0. For f1, fo € L?(Q,C?)

u(r) = (k* + Vdiv) /Q f1(y) Pk (x,y) dy + curl /Q fo(y)®r(z,y)dy

for x € R? defines a radiating solution of
curl®> u — k%u = K2 f1 + curl fo

in the weak sense and the far field pattern is given by
u™ () = k22 x / fl(y)eﬂ'ki'y dy x & + ik x / fg(y)efiki'ydy
Q Q
for & € S2.

Proof. Lemma I1.9 gives the first assertion. Plugging in the assymptotic
behavior of ®; (Lemma II1.1) yields the far field pattern u>°. Here we use

(k* + Vdiv) //Q F1() @z, y) d(y)
= (k2 + curl? +A) [/Q f1(y)®r(z,y)d(y)
— cwl? //Q £1(5)®x(2,) d(y),

since

(A + #?) / [ AP d) = 0

in R~ Q. O
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Writing down the expression for H*p

H (o1, 2)(d) = d x //Q or(y) e ™Y dy x d

—l—ikdx[/cpg(y)e_ikd'ydy
Q

we observe that the image H*¢ of ¢ is the far field pattern > of

(3.7)

u(z) = (k* + V, div,) //Q %cpl (y) Pr(x,y) dy

+ curl //Q ©2(y) P (z,y) dy

which is the weak radiating solution of
curl® u — k*u = ¢ 4 curl ¢q

by the previous proposition. How do we have to choose the source ¢ so
that the far field pattern u* is the same as v>° = G f? The scattering
equation for v (3.6) can be written as

// curlv - curly) — k% v - ¥ da
R3
= //Q k2 [quwr + pPws)] - da (3.8)
-+ k2 us? k? ~curly d
+//Q [(ge + K>3 w2 + k*pfwn] - curl ¢ de

with
w; = f1+v and ws = fa + curlw.

Then v is given by
v>®(2) = k2 & x // [quw1 + pfws] e* ) dy x &
Q
+ik 2 X% [/ [(QE + k2uﬁ2)w2 —+ k2uﬁw1] eiki.(-) dy
Q

Comparing this expression to the image of H* (3.7) suggests to choose
@ =T [ as follows:
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Definition II1.16 (Middle operator). Let v be the radiating solu-
tion of the transmission problem (3.6). Define the linear operator 7 by
T:L2(Q,C3)?% — L*(Q,C3)?,

([ k?%q k2 pp Sfitw
T(f1, f2) = </€2M% qg+k2uﬁ2) (fz-icurlv) '

Remark ITI.17. (a) The matrix—vector—multiplication is non—stan-
dard: The vector (f; +wv, fo+curlv) " has six entries but the matrix
is a (2 x 2)-matrix. We use the notation to abbreviate

k2(]u k2ﬂﬁ fi+wv
EuB  q. +k2p3?) \ fo + curlv
., k2qu(f1 +v) + k2pB(f2 + curlw)
T \K2uB(f1 +v) + (g- + K*pB?)(f2 + curlv)

(b) Denote the matrix function in the definition above by Q = Q(z)
having in mind that the matrix represents the constrast. Then
T(f) = Qw with w = (w1, ws) " = (f1 + v, fo +curlv) .

(¢) T is (bounded and) injective: 7(f) = 0 implies w1 =0 = wy in Q
and equation (3.8) yields curl®> v —k2v = 0 in R3. By the uniqueness
assumption v = 0 and then also f = (f1, f2) = 0.

The definition of the operator 7 finishes the factorization of F: Using
the notation v = (¢,curl+)’ for functions ¢ with well defined curl,
u satisfies

//RS curlu - curly) — k2w - de = //Q(Qw)-yidx

= // curlv - curly) — kv - dx
R3

where v is the unique (by assumption) radiating solution of (3.6). Here
again, our notation allows to express the integral over 2 in an elegant
way:

J[@u)-das= | a5+ + (e + curto)] v
+ // [(g- + E*uB?)(f2 + curlv) + E*puB(f1 + v)] - curlyp da.
Q
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LE(S?) . > L)
H l /11 TH*
Lz(Q,(C3)2 > LQ(Q,C3)2
T

Figure III.1: Factorization of F

Hence, v = v and G(f1, f2) = H*T (f1, f2). Finally F = GH = H*TH.
Figure III.1 illustrates the factorization showing the occuring function
spaces and the operators between them.

2.1 Modified factorization

We modify the factorization of F for the case of non—absorbing media.
For the remaining part of this section we assume that the matrix @ is
real-valued and (symmetric) positive definite.

If we have a look at the factorization we observe that 7 is only applied
to the range of H. The functions in R(H) admit more regularity than
L? functions. Furthermore, when studying the middle operator on posi-
tivity and coercivity in the case of real valued material functions the inner
product

(T() )2 = (Q (fo_IF _c'—ulr)lv> ’ (ﬁ)) - ((hﬁ?ﬁw) ’ G;))LQ

can be interpreted as an inner product of an weighted L?-space to be
defined. Recall that @ is symmetric positive definite. These two facts
suggest to define 7 on a function space X which makes use of the reg-
ularity and the weight Q. We define a vector version of the space X
introduced by Kirsch in [20].

Definition II1.18. Given the matrix function Q € L°(, R?*?) such
that Q(z) is symmetric positve definite for almost all = € Q. Define

(a) L2Q(Q) = {f € L3(Q,C?)? : fo(Qf) S fdx < oo}
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with inner product

(o = | @@ire) st d

(b) Ho(curl,Q) == {v € H(cur,Q): v x v =0},
(¢c) Hoo(curl®, Q) == {v € Ho(cwl,Q) : curlv € Hy(curlv)},

[fo £+ (carl® w — kK2w) dz = 0
(d) X =1 feLy(Q) : fa we Ho(curl?,Q) x Hoo(curl, Q)
with (curl® w — k?w) € Lg1()

In part (c), curl?w = (curl®wy,curl®wy)” for w = (wy,wy)! with
w; € Hyo(curl?,Q), j = 1,2. As in the scalar case our function space
X is a closed subspace of L§)(§2) and contains the range of H. Indeed,
Hf € L*(Q,C?)* implies Hf € L (). Furthermore, by the definition
of 'H we see that Hf is an analytic solution to Maxwell’s equations in 2.
Hence, by Green’s theorem, [[,(Hf) - (curl® w — k?w) dz vanishes for all
w € Hoyg(curl, Q) x Hyo(curl, ).

We now deduce a modified factorization of F which we will use in
the case of non—absorbing media: We consider the Herglotz operator as
an operator H : L}(S?) — L (Q) and denote its adjoint by H' with
Hi: L4 (2) — L{(S?) and compute:

(Hp, )L2 @ = (QHp, ¢)r2(a,c3)2 = (Hp, Q¥)12(0,c8)2
= (P H(QP)) L2g2)-

Hence, HT is given by ¢ — H*(Q) for ¢ € L3(Q) and the factorization
is
F=HQ 'TH=H'TH

with 7 : LLH(Q) — Lj(Q), f— (i +v, fo+ curlv) " where v is the
radiating solution of the transmission problem (3.6). The inverse matrix
Q! exists for almost all x € € since @ is symmetric positive definite.
At this point, we introduce the orthogonal projector P: L2Q Q) — X. It
is a well known result from functional analysis that the null space of the
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f
L2(S?) > LY(S?)

M| /1 P

X ——> I3 — X

Figure II1.2: Modified factorization of F

adjoint operator A* is the orthogonal complement of the range of A. In
our case:

NHY) =R(H)* > X+

For ¢ € L3(Q): ¢ = Po+ (I = P)p = px + ¢x+ with px € X and
oxr € Xt C N(HT). Then

Hio =Hipx.

Hence, HT = H'P. As mentionend above, T is applied to functions in
R(H) € X. We redefine H: LZ(S?) — X and 7 : X — L§(Q). Then the
adjoint Herglotz operator is defined on X and we have the factorization

F=HPTH.

Figure II1.2 shows a diagram of the new situation.

3. Properties of the middle operator

In this section we collect important properties of the operators 7 and
T which appear in the factorization F = H*TH and F = HIPTH,
respectively. Due to this we can apply abstract theorems from functional
analysis to characterize the range of H* and H' by F. Then we are able
to give a criterion for the localization of €2 depending on the range of the
far field operator.

We start with the case of absorbing media; the parameter functions
have non-vanishing imaginary parts. In this case Im7 = (7 — T%)/(24)
is coercive. In the second part we study the real valued case.
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3.1 Absorbing media

Theorem II1.19 (Properties of 7). Let Assumption I11.11 be satis-
fied. Then

(a) Im (T(f), f) =0 for f € L*(Q,C3)2.

(b) Assume that there exist constants ve,v, such that Imgq. > . and
Img, > v, ae in Q. Then ImT is coercive on R(H); that is,
there exists a constant v > 0 such that

m (7(f), f) = [l f1I72
for all f € R(H).

Proof. The properties are shown analogously to the non—-magnetic achiral
case in [24]. For f € L*(Q,C3)?, and a solution v of (3.6) 7(f) = Qu
with

_(Fqn  Kup
Q= (i o £ i)

and w = (w1, ws) " where w; = f; + v and wy = f5 + curlv. Remember
that (3.6) is equivalent to (3.8); that is,

//RS curlv - curlyy — k2 v - pda = //Q(Qw) ) da.

We compute

(T(f)v f) L2(Q,C8)2 = (Qw7 (w - ﬁ)

)L2(Q,(C3)2

= // qe|wo|? + K2 [u62|w2|2 + 2u8Re (wy - W) + qu|w1|2} dx
Q

—[/Q(Qw)-ﬁd:v.

We first look at the last integral. We choose R > 0 such that Q is contained
in the ball with radius R. We set 1 = ¢v in (3.8) where ¢ € C*°(R3) is a
cutoff function with ¢ =1 for |z| < R and ¢ = 0 for |z| > 2R (compare
Figure I11.3). This yields:
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2R R 0 R 2R

Figure II1.3: Cutoff function ¢

dx

{3

JL@w-
Q
:// | curlv|? —k2|v|2dx+// curlv - curl(5g) — k?|v]*¢ dx
lz|<R R<|z|<2R
:// |Curlv|2—k2|v|2dx—|—/ (& x curlv) -vds
|z[<R |z|=R

by Green’s Theorem. Taking the imaginary part yields
Im (T(f)a f) L2(Q,C3)2

=1Im // qe|wo|? + K2 [u52|w2|2 + 2u8Re (wy - w3) + qu|w1|2} dx
Q

—Im (2 x curlv(z)) - v(x) ds(x).
|z|=R

From the radiation condition

lim |z|(curlv(z) x & —ikv(z)) =0

|z|—o0

and the far field expansion we conclude the limit

lim (2 x curlv(z)) - v v(x) ds(x / [v>°|2 ds.

R—o0 Jiz|=R

Finally, using the binomial |a + b|> = |a|? + 2Re (a - b) + |b|? for vectors
a,b € C? and the fact that Im y = Im g, we derive

Im (7(f), //Imq |we|?+k*Tm gy, |Bwa + wy|? dx—i— / [v>°|2 ds.
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(a) From the above formula for Im (7 f, f) we see that Im (7 f, f) > 0
if the imaginary parts of the contrasts are non—negative. But that is the
case, as Im¢g, = Imp > 0 and Img. = Ime/|e]? > 0 by our Assumption
III.11.

(b) If there exists no such « one can find a sequence { f7} C L?(,C3)?
st. ||f7 = 1 and Im (7 f7, f7) — 0. For each fJ there is a correspond-
ing v; and also w’/ = (ng),wéj)). The above formula shows that with
Im (T f7,f7) — 0 also w} — 0 and fw} + w] — 0, so also w! — 0.
By the unique solvability v; converges to 0 in H (curl, ). And therefore
fI =w! —wv; and f] = w) — curlv; converge to 0 in L?(2, C?) which is a

contradiction to || f7| = 1. O

Corollary IT1.20. Let Assumption I11.11 be satisfied. Then the opera-
tor Im F == (F — F*)/(2i) is self-adjoint, compact and positive. Further-
more, in the case of part (b); that is, InT coercive (in the sense of the
previous theorem), Im F is injective. In that case there exists a complete
orthonormal eigensystem {\;, 1 }jen with positive eigenvalues \; and

(Im F)p = > X (p, ;)0

jeN

Proof. By definition Im F is self-adjoint. F is compact, thus also Im F.
By the factorization for any p € LZ(S?)

((Im ]—")p,p) = (H*(Im ’T)Hp,p) = ((Im T)Hp, Hp) =1Im (THp,Hp) >0

by part (a), whence the positivity. Given p € LZ(S?) such that Im Fp = 0
we have by part (b)

= ((Im F)p,p) = (Im T)Hp, Hp) > ~|Hp|*.

Hence Hp = 0. Since H is injective, this implies that p = 0. The spectral
theorem for compact self-adjoint operators yields the existence of the
eigensystem and the series representation. [l

3.2 Non—absorbing media

In this subsection we consider the case of real valued parameter functions
g, v and § characterizing the chiral material. The main assumption of the
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previous theorem was an estimation for the contrasts g., g, of the form
Imqg > ~. We were able to prove coercivity of Im7. Furthermore, by
the fact that Im ¢, = Im p we could exploit the concept of completing the
square. These two items prevent us from using the same approach in the
real valued case.

We choose an alternative approach and use the modified factorization

F=HPTH

with operators H: L2(S?) — X, 7: X — L{H(92) and P: L3H(Q) — X.
For the definition of the function space X we refer to II1.18.

We will show that 7 is the sum of a coercive operator 7y and a compact
one: 7 is coercive on X and 7 — 7 is compact from X into L2Q (©). Then
also P7y is coercive on X and P(7 — 7p) is compact from X into X.

We can treat two cases: Firstly e, u > 1 then the contrasts ¢. and g,
are positive and secondly 0 < e, < 1. Then the contrasts are negative.

Positive contrasts

Recall the symmetric matrix function @ = Q(x),

[ K3q, kB
@=\k2f ¢ +r2up?)"

By our assumptions on the parameter functions, ¢ has compact support
in . We have to make some smoothness assumptions on @ and follow
[20]. Alternatively, Lechleiter treats the achiral Maxwell’s equations in
[27] with constrasts in u and e and uses integrability assumptions on the
contrasts.

Notation: For sufficiently smooth @ = (g;);,i=1,2 define the matrix
VQ = (Vgji)ji=1,2-
The following product rule holds for 1) = (11,12) € H*(2,C) x H(Q, C):

V(Qy) = (VQ)Y +QVy
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where V1) := (Vib1, Vipo) T. Indeed:

V(Qy) =V (‘Ilﬂ/’l + Q121/12)_ (Vq111/11 + q11 V1 + Vaias + q12V¢2>

g1 + ga2tz )~ \ Va1 + q21 V1 + Vaaaths + q2a Vb

_(Var Va2 (¢ L (1 @2 Vi
Va1 Vg2 (> 421 g22 Vipa )
Here again, the matrix—vector—products in the second line are non—stan-
dard.

Assumption II1.21. Let Q C R3? be a bounded Lipschitz domain such
that the complement R3 < Q is connected. Let k > 0 be the wave number
and g, € L*(,R) and B € L*(2, R) real valued. We extend € and u
by one and (B by zero outside of 2. We assume:

(a) Q is (symmetric) positive definite.

(b) Q € C(R*R*?), Qlo € C1(Q,R¥?), Q7'/*(VQ) € L*(Q,R?)
for some a > 3.

(¢c) Forall (g,h) € L?(Q,C3) x L2(2, C3) there exists a unique radiating
solution of the transmission problem (2.20) for k = k.

(d) There exists a constant ¢ > 0 such that % —2k%u3? > ¢ a.e. in Q.

Q—1/2 =:(qj1)j1=1,2 is well defined and

~1/2(70) — q11 (112> <V(J11 vql2>
Qe rve) <§21 G22) \Va21 Va2

_ (@1Var+@2Vaar  uVaiz + q12Vaar
G21Vaqi1 + G22Vae1  G2a1Vaqie + G22Vaar )

Under which conditions is @ positive definite? We compute
£7QE = kK*qul&1 [ + 2k°ufRe (616) + k2 uB° &) + ge|&2f
2 2
= k2q# ‘51 + ( _ %) 52’ + q. (1 — kzﬁ) |€2|2.

Q is positive definite if ¢, > 0, ¢ > 0 and 1 — k?113%/(geq,) > 0. The
last inequality can be interpreted as a restriction for k232 this quantity
should be sufficiently small. The same applies to part (d). Furthermore,
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the fractions “5 and ”ﬁ — may 1ot be singular on the boundary: Therefore

3 and 32 must decay at least as fast as ¢, and ¢.q,, respectively.

Before we study the middle operator we give a vector version of the
auxiliary lemma 5.3 in [20]:

Lemma II1.22. Assume that Q satisfies part (a) and (b) of the above
Assumption II1.21. Let ¢ = (Y1,12)" € HY(Q) x HY(Q). Then

(a) Q7V3(VQ)y € L*(Q,C?) x L*(Q,C?) and

(b) V(Q) € Hoo(curl®, Q) x Hoo(curl?, Q).

The proof of the lemma is just the vector version of the scalar case.
The vector Q~/2(VQ)1 consists of terms which satisfy the assumptions
of Lemma 5.3 in [20]. For part (b) we apply Lemma 5.3 to both compo-
nents of V(Q1).

For vector functions ¢ with well-defined curl define the vector

P
Y= (curh/)) '

Recall the definition of 7: X — L3 (Q):

;Z:f - (fzﬁi_uflv) =f+70

where v € Hioe(curl, R?) is the radiating solution of (3.6) namely

// k2u62) curlv — kzluﬂv} curly — k2 [uﬁ curlv + uv] - dx

- [[@n-dan
Q
Let vg be the solution of a slightly different equation

// k2u62) curlvg — k uﬁvo} -curly) — k2 [,uﬂ curl vg — uvo] -y dx
R3
— [ @p-iaa (3.9)
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and define 7p: X — LQQ(Q) by
Tof = f + 7o. (3.10)

Then 7f =Tof + (T — To)f and (T — Ty) f = 0 — to.

As a first step, we give an existence and uniqueness result for vy and
show that the mapping f +— wvg is compact in L?(2,C3) — due to our
smoothness assumptions on Q.

Proposition I11.23. Let Assumption I11.21 be satisfied.
(a) The variational equation (3.9) for vy is uniquely solvable.
(b) The mapping f — volq is compact from X into LQQ(Q)

Proof. (a) This proof is very similar to the proof of part (c) of the corre-
sponding Theorem I1.17. As in the proof of Theorem II.10, the variational
problem for vy is equivalent to the IDE by Lemma I1.9

vo(x) = (—k? + Vdiv)// [quvo — pfBcurlvy — g] D (z, ) dy

@ (3.11)

+ curl// [(q6 + kzﬂﬁ2) curlvg + k2u/8’[}0 + h} D (z, ) dy
Q

where
kg = (Qf)1 = K’qufr + k*uBfs

and

h=(Qf)2 = (g- + K*uB?) f2 + K*uBfi.

From this we see that vo(z) decays exponentially as |z| — co. Thus we
define a sesqui-linear form on H (curl, R?) x H(curl, R?) and a conjugate—
linear form on H (curl, R3).

a(w, ) : // k2u52 curlw - curl+) dz
+ k2 // pw - — pfw - curly) — pfBcurlw - 9 de,
R3

) ://kag-a—i—h-curlﬁdx.
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a and b are obviously bounded. We show coercivity of a.

a(w,w) = // (% — 2k2uﬁ2) curlw - curl @ + k252 curl w - curl w dz
R3
+ k2 [/ pw - W — pfw - curlw — plcurlw - wdx
R3

:// (L —2k°pB%)| curlw|? + k*p|B curl w — w|? dz
R3

> min{c, 1} ||w]?

2 2 . .
where [|w? = ||curleL2(R3yC3) + Hﬁcurlw—i-wHLQ(RSst) is an equivalent
norm to ||||H( L The application of the Lax-Milgram lemma finishes
the proof. ,

(b) We prove this assertion in three steps: Let the sequence (f™),, C X
converge weakly to zero in L3 () and let (vg), the corresponding se-
quence of solutions. The solution operator is bounded. Hence, for any ball
B C R? with Q C B the sequence (v{}),, converges weakly in H(curl, B)
and from (3.11) we conlude that v is smooth in the exterior of £ and
converges uniformly to zero on the boundary dB.

We need the space of functions with well defined divergence: Let D a
Lipschitz domain. A function v € L?(D,C?) admits a weak divergence if
there exists a function w € L?(D) such that

// v-VYy+wipdr =0
D

for all ¢ € C§°(D). We write dive := w and denote the space of such
functions by H(div, D).

(i) Show that pvf € H(div, B) for any ball B D Q.

(ii) Determine ¢" € H'(B) such that % = v vy on 9B and conclude

that ||anH1(B) — 0.

(iif) Conclude that o™ = v§ — Vq™ converges strongly.
(i) Let the ball B D Q. For any test function ¢ = V¢ with ¢ € Hg(B)
equation (3.9) yields:

k2// /wg-VgodxzkQ//Quﬁcurlvg-chdx—i—//Q(Qf")-@dx
B
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pB € CHQ) by our assumptions on Q. Hence pfBcurlvy € H(div,Q)
since div curlvgy = 0. Using the divergence theorem we rewrite the first
integral on the right hand side:

// uhcurlvy -V do
Q

// (uB) - curlvg <pdx—|—/ uB (v curlol) pds
o9

// (uB) - curlvf pda

For functions in H(div, () the normal trace is well defined in the distri-
butional sense. The boundary integral vanishes because u8 = 0 on the
boundary 0f2. The second integral on the right hand side is treated as in
the proof of Theorem 5.2 in Kirsch [20]:

[l Soac—— [ (war)- (£)ars [[ v (a <*>) s
- [y (7)a

With the aid of Lemma III.22 we conclude that the intgral (x) vanishes
as in the proof of Theorem 5.2 in [20]. Plugging these results into the
variational equation yields

@ [ g Vds = ] [#900) - curlof + (VQ)fun]pdo

for all o € H}(B). Hence, pvf € H(div, B).
(ii) Now we determine ¢" € H'(B) such that

//qu"-V@—i—q"@d:v:/ v-vypds
B oB

for all ¢ € H'(B). This Neumann problem is uniquely solvable and

2 J—
[ . S// uIV(J"|2+IQ"|2d:v=/ v-uggtds
B oB

<cllvglle,p e

C(9B) H1(B) '’
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since p > 1. Hence, ||¢"|| — 0 (n — o0).

wiw S o8l —

(iii) Define 9" := v{ — V¢™. Then we have: 9" and curl 9" converge
weakly to zero in L?(B,C3) and uo" € H(div,B) and v - %" = 0. By
Weber [39] 9™ converges stongly to zero and therefore v also converges
strongly since |[V¢™|| 2 — 0. O

Part (b) can also be proven for the orginial scattering problem (3.6).
We formulate this result as corollary.

Corollary II1.24. The mapping f +— v|q where v is the radiating so-
lution of (3.6) is compact from X into L2Q(Q)

The next theorem proves coercivity of 7y and that the operator T — Ty
is compact. The difference u := v — vy solves

[/ k2u52) curlu — k uﬁu] curl ¢ — k? [uﬁ curlu + uu] <) dx

= 2k? //R po - de. (3.12)

Theorem II1.25. Let Assumption I111.21 be satisfied and assume that
1 —k%eup? # 0 a.e.

(a) The operator Ty is self-adjoint and coercive on X ; that is, there
ezists a constant ¢ > 0 such that

(To f, f)L% > C||f||izQ for all f € X.

(b) The operator T — Ty is compact from X into L3 ().

Proof. (a) (i) 7Ty is self-adjoint. Let g,h € X and let vy, v), the corre-
sponding solution of the variational problem (3.9) for g and h, respectively.
Then

(%gu h)Lz2 = (97 h)LQQ + (Qﬁgv h)LQ

Recall that the matrix @ is self-adjoint. It is left to consider the second
term which gives the right-hand side of the variational equation (3.9)
Analogously,

(9, Toh)rz = (9, 1)1z + (9, Q0n) 2
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But as equation (3.9) is symmetric in ¢ and vg both expressions are equal:
(Qbg,h)r2 = (g9,Q0r) 2. Hence Ty is self-adjoint.

(ii) 7o is coercive: Let f € X and vg the solution of (3.9). (Recall that
vo decays exponentially.)

(%fu f)Li2
(0 + [[ (@D dvdo

:(f7f)L2Q —|—// (L —2k2uB%)| curlvg|” + k| B curl vg + vo|* dz
R3
SIS

(b) (i) The mapping f +— ulq with u = v — vy is compact from X into
L2Q (©) by Proposition II1.23 and Corollary I11.24.
(ii) Show that the mapping f — curlu|q is compact: Let By, Bs two

balls with By D B2 D Q. Let (f™), be a sequence in X converging
weakly to zero. Then the corresponding solution (u"),, converges to zero in
L3(82). Forn € N choose 9™ = qﬁu_iin equation (3.12) where ¢ € C5°(R?)
is a cutoff function with ¢ =1 in By and ¢ = 0 in R\ B;. Then (3.12)
reads

//B (L =K% | curlu™ > — k> pB(u™ -curl w™ +curl u™ - u™) — k* plu™|* da
2

=- // curlu™ - curl(¢pu™) — k*u™ - (¢pu™) da
B1~B>

+2k2// pol - pu™ de
B

Kpef o, ?
1 — k2 pef?

N

I &)

=— // curlu™ - curl(¢pu™) — k*u™ - (pu™) dz
Bl\BQ

+ 2k2// wol - pum de.
B

o
1 — k2uep?

curlu”™ — |u"|? dz
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We proceed with an application of Green’s formula to the first term on
the right—hand side:

— // curl u” - curl(¢pu™) — k*u™ - (pu™) dx
B1~B>

== // (curl® —k*)u" - (pu™) dw +/ (v x um) - curlu™ ds
Bl\BQ 632

=- [/ 2k2v) - (pu™) dx + (v x u™) - curlu™ ds.
Bl\BQ 632

Thus
kzwfﬁ ? k2 p
k2 2 n|
//32 Hir) R | T 1= R2pep

= 2k? // ol - (pu™) de +/ (v x u™) - curlu™ ds.
Bg OBQ

Then we estimate the right—hand side: There exists a constant C' > 0
such that

curlu™ — "2 dx

n—oo
0.

[r.hus.| < Cllog|ll|u™] + ’/ (v xT@") - curlu"ds
OBy

This yields
k2u&ﬁ W

2 2
//32 - k) —K2pep

whence || curlu™| — 0. O

1 — k2uep?

curl u” |u"|? dz — 0,

Negative contrasts

In the case of negative constrasts the matrix —(@) is symmetric positive
definite. We have to work in the space L? 5(2) with inner product

(1/17 ¢)L3Q = _(Qwu ¢)L2

The middle operator T is then given by
Tf=—(f+0).
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Here again for f € X, v € Hjoc(curl, R?) is the radiating solution of (3.6)
namely

// [(% — k2,u52) curlv — kQﬂﬁv] -curly — k2 [uﬁcurlv + ,lw] cpda
R3

- [ @i,

Assumption II1.26. Let Q C R3 be a bounded Lipschitz domain such
that the complement R® < Q is connected. Let k > 0 be the wave number
and e, € L®(Q,R) and 8 € L>®(Q,R) real valued. We extend € and u
by one and (B by zero outside of 2. We assume:

(a) —Q satisfies part (a) and (b) of Assumption III.21.

(b) For all (g,h) € L?(,C3) x L2(, C?) there exists a unique radiating
solution of the transmission problem (2.20) for k = k.

(¢) There exists a constant ¢ > 0 such that 1 — k*(u® + p)? > ¢ a.e.
in Q.

Q is negative definite if ¢, < 0, ¢. < 0 and 1 —k?u3%/(q-q,) > 0. Again
part (c) means that k?3? has to be sufficiently small.
Let vy be the solution of the slightly different equation

// [(% — k2u52) curlvg — k2uﬁvo} -curly — k2 [uﬁ curlvg — UO} - dx
R3
[ @i (3.13)

Note, that (3.13) differs from the equation for vy in the case of positive
contrasts (cf. (3.9)). Define 7o: X — L? 5(Q) by

Tof = —(f + to). (3.14)

Then 7f =Tof + (T — To)f and (T — Tp) f = o — 0.
Proposition IT1.27. Let Assumption I11.26 be satisfied.

(a) The variational equation (3.13) for vy is uniquely solvable.
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(b) The mapping f — vo|q is compact from X into LgQ(Q).

Proof. (a) The proof is similar to the one for positive contrasts I11.23. We
only show coercivity of the bilinear form

a(w, ) : [/ k2u62 curlw - curl ) dz
—|—k2// w1 — pPw - curly — pBeurlw - P de.
R3

a(w,w)

(% — K2 (u® + ,u)ﬂz) curlw - curl @ + k2pB% curlw - curlw de

Il
% Il

—|—k2// w-w— pPw - curlw — pfcurlw - wde
R3

= // (% — kK (p® + #)52)|Curlw|2 + E?|pB curlw — w|? dx
RS

. 2
> min{e, 1} u]*,

(b) Similar to the proof of Proposition IT1.23 we can determine a solution
q" € H'(B) of the Neumann problem

/Vq"-V@—i—q"@dx:/ (v-vg)pds
B OB

for all p € HY(B). Then v"|q — V¢" satisfies the conditions for the strong
convergence by Weber [39] and also HVq"HL2 — 0. O

As in the case of positive constrasts we show coercivity of 7y (or —7p
in fact) and compactness of 7 — 7y. Here, the difference u := vy — v solves

// k2u62) curlu — k ,uﬁu] curly — k2 [uﬁ curlu + ,uu] -y dx

—— //R (1 + g - v da (3.15)
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Theorem III.28. Let Assumption II1.26 be satisfied and assume that
1—Kk%euB? #0 ae.

(a) The operator Ty is self-adjoint and —Ty is coercive on X ; that is,
there exists a constant ¢ > 0 such that

~(Tof. iz, 2 CHfH%’iQ for all f € X.

(b) The operator T — Ty is compact from X into L2 5(9).

Proof. (a) (i) Analogous to the case of positive contrasts 7y is self-adjoint.
Note that here again the variational equation (3.13) is symmetric in v
and .

(ii) —7p is coercive. First we rewrite equation (3.13): Define the func-
tion w == f + 99 on Q. Then (3.13) can be written as

[/]Ra Cuﬂvo'Cur1w+k2lwo'Q/JdUC://Q(Qw)-z/Ajdx,

With f =w — 9y we have
— (7o f, f)LiQ =—(~w,w — ﬁO)LEQ
= (w, w)LEQ + (Qw, ﬁO)L2
= ”wH%'iQ + //R3 | curl vo|? + k2 p|vg|* da
> ||w|\%3Q-
b) The proof of this part analogous to the case of positive contrasts. [
g

Figure II1.4 shows the different cases for real valued material functions:
In the two cases where ¢.q, > 0 we can prove coercivity under additional
assumptions. The remaining two cases — here g.q, < 0 — are indefinite in
the sense that we can not prove coercivity.

4. Localization of the scatterer

We want to localize the chiral body; that is, for a given point z € R? we
have to decide whether or not it belongs to €. We will provide such a
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I
A
qu >0 indefinite 1— Kus o
qude
1
Q<0 |1 % >0 indefinite
nde
5 T > c
g < 0 Qe > 0

Figure I11.4: Real-valued case

decision making possibility by checking whether or not a certain function
¢. depending on z is in the range of H*. We start with an integral
representation of the exponential function 6 +— e~**%* taken from [24].

Lemma II1.29. For z € Q there exists p € L?(Q) such that

e thdz // o(y)e *vdy for d e S%
Q

We adapt this result to our problem. We look for a function ¢, which
can be written as H*p for some ¢ € L?(£2, C3)2.

Theorem II1.30. For any z € R3 and fived p € C3 ~ {0} define the
tangential field ¢, € L2(S?) by

¢-(d) = {(d x p x d) + ik (d x p) e *4= de S (3.16)
Then z € Q if, and only if, ¢. € R(H*).

Proof. By the lemma: For z € € there exists ¢ s.t.

e—ikd»z _ [/Q @(y) e—ik d-y dy
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We conclude ¢, = Hip1 + Hipz with ¢; = pp.

We continue as in the proof of Theorem 4.3 in [20]. Let z € R3 \
and assume, on the contrary, that there exists ¢ € L?(Q,C?)? such that
¢ = H*p. Then w*> = H*p is the far field pattern of the radiating weak
solution to curl®> w — k2w = ©1 + curlgs in Q and curl?w — k2w = 0 in
R3 \ Q. ¢, is the far field pattern of & curl®[p 4 (-, 2)] + curllp @4 (-, 2)].
From ¢, = H*¢p = w™ we conclude that

1

2 curl®[p @ (-, 2)] + curl[p @ (-, 2)] on R3~ (QU{z})

w=
by Rellich’s Lemma and analytic continuation. But the right-hand side
= curl®[p @y (-, 2)]+curl[p @4 (-, 2)] has a singularity in z, but w is analytic
outisde of 2. This a contradiction. O

In the inverse problem the far field data is given; that is, the far field
operator F. So we need to characterize the range of H* by the range
of F or rather by information that can be extracted from F. Here the
factorization in combination with the properties of the middle operator
T gives the main result. We start with absorbing media. The material
functions € and p have non-vanishing imaginary parts.

Theorem II1.31 (Absorbing media). Let Assumption III.11 be sat-
isfied and assume that there exist constants v.,v, > 0 such that Im g > 7.
and Im g, > v, a.e. in Q. Define ¢, by (3.16) for = € R3. Then z € Q
if, and only if, . € R ((Im F)'/2).

Proof. The imaginary part of an operator A — Im A = (A — A*) — is
self-adjoint. By the factorization of F the imaginary part Im F admits
the factorization InF = H*(Im7)H. ImF is compact because H is
compact. Furthermore ((Im )/, f) 2 =1m(7Tf, f)r2 and therefore Im 7
is coercive on R(H) by Theorem II1.19. Then, by Corollary 1.22 in [24]
the ranges of H* and (Im F)'/2 coincide and Theorem I11.30 finishes the
proof. O

The following conclusions are standard for the Factorization method.
From Corollary II1.20 we know that Im F admits a complete eigensytsem
{A\j,¥;}jen with positive eigenvalues A;. Thus the operator (Im F)/2)
has the eigensystem {,/A;,1;}jen and ¢ is an element of R ((Im .7:)1/2)
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if there exists a p € L(S?) such that ¢, = > jen VAi(ps¥j);. Then p

is formally given by
((bzu Q/J])
p=y =,
jeN V Aj

and p € LZ(S?) if, and only if,

szﬂ/)j 2
3 I )|

— < 0.
: \j
jeN

Or equivalently

-1

2€N=W(z):= ZM > 0.
j

JEN
Now we can give an explicite term for the characteristic function of €2,
xq =sgnW.

In the non-absorbing case we use the modified factorization F = HIPTH
and apply the range identity result from [28], which has been generalized
slightly by Sandfort in his PhD thesis [37]:

Theorem II1.32. Let X,Y Hilbert spaces, B: Y —- Y, H:Y — X
and A: X — X linear bounded operators with

B=H"AH.
Assume that
(a) H is compact and injective.

(b) For some o € [0,27) the operator Re (e’ A) has the form C+ K with
an coercive and a compact operator C, K: X — X, respectively.

(¢) Tm A is non—negative on X.
(d) A is injective.

Then the operator By = |Re (e'®B)| + Im B is positive and the ranges of
H*:X =Y and BY>:Y — Y coincide.
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Theorem I11.33 (Non—absorbing case). Let k > 0 the wavenumber.
Let the scattering obstacle 2 and the material parameters — summarized
in the matriz Q — fullfill Asumption I11.21 or II1.26. For z € R? define ¢.
by (3.16). Then z € Q if, and only if, ¢, € R(]:;ﬂ) where the operator
Fu:=|ReF|+ImF.

Proof. For the case of positive contrasts. We verify the assumptions of
Theorem I11.32 for X defined in I11.18, A = P7 and H = H. The work is
all done we just cite the results from the previous section. H is an integral
operator with smooth kernel function, hence compact. H is injective and
PT inherits the properties of 7: For f € X:

(Tf,. f)=PTf. )+ (I -P)TL f)=(PTLf)

since the image of I — P is orthogonal to X > f. We can decompose
Re7 = ReTy + Re (T — 7o) with Ty defined in (3.10). There exists a
constant ¢ > 0 such that Re (Zof, f) > c|/f||* for f € X by part (a) of
Theorem II1.25. Furthermore, we have shown the compactness of T— Ty
in part (b). As in the proof for the properties of 7 in the absorbing case
(Theorem III.19), we compute:

m(Tf, f)= /|u 1?ds >0

where v is the far field pattern of the solution to the variational equation
(3.6). Injectivity of 7 and therefore of 7 has been discussed in Remark
IT1.17. The case of negative constrasts is proved analogously. In this case
we use 7y defined in (3.14). O

Fyu is compact, self-adjoint and injective. Hence, the spectral theo-
rem for compact self-adjoint operators yields the existence of a complete
eigensystem {\;,1; }jen with strictly positive eigenvalues \;. Thus

FLp =" VA (0¥

jEN

and we can deduce the characteristic function of the scatterer 2 as in the
case of absorbing media.
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The (F*F)'/*—method

By Theorem III.10 we know that the far field operator F is normal in
the case of non-absorbing media. Furthermore, the scattering operator
S=1+g 2.7-' is unitary. We want to apply the range identity result in
Theorem 1 23 from Kirsch [24]. The assumptions for this theorem are:

o T =Ty+ K with Ty self-adjoint and coercive on R(H), K compact,
e [+ irF unitary for some r > 0,

o Im (T f,f)#0 for all feR(H),

e T injective.

The first two assumptions have already been chequed. So we study under
which conditions the third assumption holds: We already know that

WL ) = ooz [ P

where v*° is the far field pattern of the solution to the variational equation
(3.6), namely

// k2u52)cur1v k uﬁv} curly — k? [uﬁ curlv —I—;w] P dx

- @ -iax

for all v» € H(curl, R?). Hence, Im (%f, f) = 0if, and only if, v* vanishes
which implies that v = 0 in R3 \ 0. Then (3.6) reads

// k2,u62 curl v—k? ﬁv] curly) — k? [,uﬁcurlv —Hw]d)dx
- [[@n-ian
Q

for all ¢ € H(curl,Q). We conclude that v € H(curl,Q) with v x v =0
on I' = 09 and denote by Hy(curl, ) the space of functions in H (curl, §2)
with vanishing trace. This is an interior transmission eigenvalue problem
for the parameter k:
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Problem 4 (Interior transmission eigenvalue problem). Given
k > 0. Determine v € Ho(curl, Q) and f € L) () such that

// k2u62 curlv— k,uﬁv} curly — k2 [uﬁ curlv —I—;w] P dx
- [[@n-ia
Q
for all ¢ € H(curl, Q) and
/ f-(curl?w — E*w)dz =0
Q

for all w € Hyg(curl?, Q) x Hop(curl?, Q) with (curl® w — k%w) € L?_, (Q).
We call k an INTERIOR TRANSMISSION EIGENVALUE if Problem 4 has a
non-trivial solution (v, f)~€ Hy(curl, Q) x L§(9) for k.
We conclude that Im (7 f, f) # 0 if k is not an interior transmission
eigenvalue. Furthermore, F is injective if k is not an interior transmission

eigenvalue: Fp = 0 implies w = 0 outside of 2 where w € Hjo(curl, R?)
is the radiating solution of

// k2,u62 curlw - curl ) — k?pw - ¢ da
—k? //Q uﬁ[w -curl ¢ + curlw - ] dz
= //Q(Qa + k2uB?) curlw’ - curly + kg, w' - ¢ da
+k? [/ uﬁ o curle) + curlw' - w}

for all ¥ € He(cur,R?) with w'(y) = (Hip)(y) = [q p(d)e™ ¥ ds(d)
(compare beginning of section 2 in this chapter) Since w = 0 outside
of Q we conclude that w € Hy(curl,2) and with f = (w?, curlw®)" we
have a solution to Problem 4. It is the trivial solution because k is not
an interior transmission eigenvalue. In particular, w* = Hip = 0 which
implies p = 0.

Finally, we are able to state the following
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Theorem IT1.34 ((F*F)'/*~method). Assume that the wave number
k > 0 is not an interior transmission eigenvalue. Let the scattering obsta-
cle Q and the material parameters fullfill Asumption II1.21 or 111.26. For
z € R3 define ¢, by (3.16). Then z € Q if, and only if, ¢, € R((F*F)'/*).

In this case F is compact, normal and injective. The spectral theorem
for compact normal operators yields the existence of a complete eigensys-
tem {\;, ¥, }jen with complex eigenvalues A; € C\.{0} and corresponding
normalized eigenfunctions v; € LZ(S?). Again, we derive a criterion to
determine the scatterer

—1

2 € Qe 27|(¢Z’¢j)|2 > 0.

= N






CHAPTER IV

Scattering by a chiral sphere

In spherical coordinates it is possible to give series expansions for solutions
of spherical transmission problems. We study the scattering by a homo-
geneous chiral ball. All material parameters are real valued. Berketis and
Athanasiadis [9] study a similar problem: scattering by perfectly conduct-
ing sphere situated in a chiral medium.

In the first section we solve the direct transmission problem. First we
recall the main steps for the deduction of vector spherical harmonics. We
just give the results and refer to Colton and Kress [15]. Together with the
spherical Bessel and Hankel functions they constitute the basic solutions
to Maxwell’s equations: the vector wave functions. Then we treat the
achiral problem: Starting with the series representation of an incident
field we give series expansions for the scattered field and the far field
pattern depending on the coefficients of the incident field. For the chiral
transmission problem we use Bohren’s decomposition [16]: The electric
and magnetic field are decomposed into a sum of Beltrami fields, which
satisfy the achiral Maxwell equations for different wave numbers. Thus,
we can directly apply the achiral results to the chiral case.

The second section is devoted to the far field operator. In the spherical
case we can express J explicitly and compute the eigenvalues und eigen-
functions — again, for the achiral and the chiral case. In [24] we find this
kind of computation for sound soft scattering. In [20] a spherical achiral
transmission problem is considered. With the aid of the eigensystem we
can evaluate the series which is used for the characteristic function of the
scatterer in Theorem II1.34 and determine the scatterer explicitely.
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1. Spherical transmission problems

The first part is a brief summary of the sections 2.3, 2.4 and 6.5 in [15].

1.1 Spherical vector wave functions

We are looking for solutions of Maxwell’s equations in spherical coordi-
nates. It is possible to construct such solutions — spherical vector wave
functions — from solutions of the Helmholtz equation. In spherical coor-
dinates (p, 0, ) with

T = (psin@coscp,psimé’singp,pcosb‘)T e R?,

where p > 0, 6 € [0, 7], ¢ € [0, 27], the Helmholtz equation takes the form

ig 2% +#g si 9@ +;@+k2 =0
p2 0p P Op p?sin b 96 T p?sin? 0 Op? “=u

Separation of variables
u(p, 0, ) = ui(p)uz(b, )

leads to spherical harmonics and spherical Bessel functions. The spherical
harmonics are given by

2n+ 1 (n — |m|)! -
Y™ (0, ) = Pl (cos 9)e™™?

for m = —n,...,n and n = 0,1,2,... Here, P)" denotes the associated
Legendre polynomial

) = (1 - 2yrp i

n m=20,...,n,

which solves the associated Legendre differential equation

m

(1 —t3) " (t) —2tf'(t) + {n(n +1) - W} ft)=0.
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P, is the Legendre polynomial which satisfies the Legendre differential
equation

(L=)PI(t) —2tP.(t) +n(n+1)P,(t) =0 n=0,1,2,...

The radial part of the Helmholtz equation is given by the spherical Bessel
differential equation

) +2tf(t) + [P —nn+1)]ft) =0

which is satisfied by spherical Bessel and Neumann functions j, and y,,
respectively, forn =0,1,2, ...

) © (—1)pgnt2e
) =) Gy 2n+2p+1)
2 onpl -3 2+ 2p+ 1)
(2n)! & (—1)pg2p—n—1

(T — .
yn(t) 2mn) = 2rpl(—2n+1)(—2n+3)---(—2n+2p —1)

Linear combination gives the spherical Hankel function of the first kind
h, = b with
hn == Jn +1Yn, n=0,1,2,...

Finally, the following functions are solutions of the Helmholtz equation in
spherical coordinates: For n € Ng and —n <m <n

up' (x) = jn(kl2])Y,"(2)
is an entire solution to the Helmholtz equation and
o' () = hn (K[2]) Y, (2)

is a radiating solution to the Helmholtz equation in R? \ {0}.
We use these to construct such solutions for Maxwell’s equations

curl B = ikH and curlH = —ikE.

For n € Ny and —n < m < n the functions

M (x) = ﬁ curl [x u?(x)} , i curl M (x)
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are an entire solution to Maxwell’s equations and

N (x) == ﬁ curl [x o (x)} , i curl N (x)

are a radiating solution to Maxwell’s equations in R3 \ {0}.
Define the vector spherical harmonics U] and V,* for n = 0,1,2,...
and m = —n,...,n by
1
U™(2) i= ———=Grad Y, (2), V/™(2):=2xU™(&) for#ec$?
n(n+1)

with the surface gradient Grad. U] and V,J* are tangential fields on the
unit sphere. Hence,

My (x) = —jn(Klz))V," (2),
Ny () = —hn (klz)V," ()

and

curl M () = oo [ (kL) + bl (+le]) | U (2),

[
curl N () = |d w(klel) + kb, (kle)) | U7 (2).

The tangential traces are given by

& X M™(x) = jo(klz|)UT(
& x N™(z) = hy (k|z|)U(

=
S~—"

, (4.1)

=

)

and

# x url My (a) = T [ (Rla) + Klalgl (D Vi (3), (43)

Finally, we have the following representation for the far field pattern: Let
H? be a radiating solution to Maxwell’s equations given as series

2 x curl N™ (z) = [ o (klz]) + k|z|, (k|x|)}vm( ) (44)

n ik

ZamNm 4+l curl NV,
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The far field pattern is given by

and satisfies
HS eik\w\ H>®(4 O —2
(@) = A= @+ 01, o= oc.

Here and throughout this chapter, we abbreviate

Zs? = Z Z spr.
n=0m=-—n
1.2 Spherical Maxwell transmission problem

We start with the setting of the transmission problem. The penetrable
scattering obstacle is a ball B = B(0,1) with radius 1 located at the
origin. In the exterior there is vacuum. The ball consists of constant
lossless material with € # g or p # po. The wavenumber is given by

k = w\/Eopto, inEc,
K = w\/eML, in B.

The ball is illuminated by an incident field H® which is a solution of
Maxwell’s equations in the exterior of B.

C

curl? H' — K*H' =0 in B

The total field H inside the ball satisfies Maxwell’s equations for the
wavenumber &,

curl>’ H — k?H =0 in B.

The scattered field H® in the exterior of B satisfies Maxwell’s equations
for the wavenumber k and the Silver—Miiller radiation condition.

curl> H* — k*H®* =0 in B, radiating.
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On the boundary {|x| = 1} the transmission conditions are given by the
continuity of the tangential traces (2 € S?):

X

=
—

=
}/

& x Hi@)+ 2 x H*(3) = & (4.5)
1

1 1
EI x curl H' (&) + ka: x curl H*(2) = —2 x curl H(%). (4.6)
K

In this setting we can expand the field in series of vector wave functions,

. 1 —c
Hl(a:):ZozmMm(:zr k)—|—ﬂm,—curlMZL”(a:,k) in B,
Hs(x)zz e Nz, k) 4+ d) —kcurle(x k) in B°,

H(x) = ZG?MZL”(:E,&) —i—b?,— curl M) (z, k) in B
and deduce systems of linear equations to determine the coefficients a)’, ¢!
and b, d" for n € Ng and m = —n,...,n. We compute the tangential

traces of the series with the aid of the tangential traces for the vector wave
functions (4.1)—(4.4).

B x H'(2) =) o jn (KU (3) + - 6’”[ n(k) + ki, (K)] V" (2),
Ex HY (&) =Y crtha()U (&) + %d?[hn(k)—i—kh;(k)ﬂ/nm(:ﬁ),

2 x H(Z) Za Jn(R)UM™(2) + Eb?[jn(fi)—“fﬂl(“)]vﬁ(i)

and
%ﬁ: x curl H' (2 Zan - [ (k) + kil (k)] V; (&) + B3 =g (R)US (2),
%:ﬁxcurlHS(fc):ch = [ () + 0, (R VI (3) dﬁ%h (U™ (2),

Plugging this into the transmission conditions (4.5),(4.6) yields
. Lo
(k) + o jn (k) = agjn (k)
m 1 . Lom L. .
03 [ () + R ()] + 87 () k)] 2 8 [ ) + w7 )]
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and
m 1 / m 1 . -/ ! m 1 . -/
1 1. ol
0= () + 7= () 2 07— (1)
for n € Ng and m = —n,...,n. The two resulting linear systems can be

summarized as

(108000 otk B (6 ZZ)
- (%jn(ljfg(f)j;(k)) (G
with determinant

1 1

ety (k) = (= = 7 ) b (k)jn (8) + A () () = 10, (k) ()

and inverse

1 (~tha(k) =Wy (R) (k)
detn () \ ~Lju(R) = jo (k) du(r) )~

Hence, the solutions are given by

ap oy 1 " m gm
(cﬁ dzl) ~ dety (k) (Redetn(m)> (o )

Proposition IV.1. det, (k) # 0.

Proof. Assume to the contrary det, (x) = 0; that is,

et () == — 2 ) on ()i () + ()5 () — I (k) ()
:(% - %) G (B)jin () + G (R) ) = 57, () (1)
v {(% = )0 k) () R () — () ()

=0
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(1 1)+j:n(fi)7j;l(k) o (i ]1€)+J:n(/f) Yn (k)

= 0 ="y, (k)jn (k) = 57, (k)yn (k) = 1/k* (Wronskian)
Contradiction! O
Summary

Given the incident field
. 1
Hi(z) =Y ap M (x,k) + By = curl My (z, k),

the total field inside the scatterer B is given by

1 1 o 1 .. m
H(z) = —ﬁzm {an M (x, k) + Eﬁ" curl M) (:c,m)}

and the (radiating) scattered field outside the scatterer is given by

Redet, (k)

(@) = =2 Getu(r)

1
[aﬁNr’L”(:v, k) + —kﬁ;” curl NJ"(z, k)} .
i

The far field pattern is given by

H> () = ar 1 Redet, (k)

A T detn(r) [G?Vnm(f) - ﬁrTUrT(f)]

We apply these results to Beltrami fields which appear in our chiral trans-
mission problem.

1.3 Spherical chiral transmission problem

The setting is similar to the one in the previous subsection. But now,
the medium inside the ball is (homogeneous, lossless and) chiral. More
precisely, let the permittivity, permeability and chirality be defined by

go in EC, to in FC, 0 in FC,
€= . p= . B = .
ep in B, up in B, Gp in B.
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with real constants e, up, 5. Define the wave number by

k= w,/eopy in Fc,
Kk=w,/eppup in B.

Then the chiral Maxwell’s equations read (confere Stratis et al. [6])

2 2

curl2U — 21“72625curw— 1”7U -0 mB
— R

—’1252 -

for U = F or U = H and the fields appearing in our transmission problem
satisfy the following equations:
curl? Ut — kK*U' =0 in Ec,
curl?U® — K2U° =0 in EC, radiating,
K2 K2 i
mﬂcurlU—l_iU:O in B
forU=ForU=H.

K232
For homogeneous materials it is possible to decompose the electric and
magnetic field and use the results from the achiral transmission problem.
Compare Athanasiadis, Martin and Stratis [6]. It is Bohren’s decomposi-
tion [16]. Define k1, kg by

% _ inB % _ in B

— 1—kp ? d R 1+x3 ’

KL = — an KR = —
{k in B {k in B

curl?U — 2

Then:
2

RILRKR = 1—7&262 in B.
Define: Qr :== E+iH and Qr := F —tH. Then Qr,Qr are BELTRAMI
FIELDS; that is,

curl Qp = kL Qr and curl Qr = —KkrQr

and they satisfy the achiral Maxwell equations for the wave number kp,
and kg, respectively:

curl? Qr — k.°QL =0 and curl> Qr — kr*Qpr = 0.
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Thus, we can apply the result of the previous subsection to the fields @,
and Qg and deduce series representations for the fields E and H since

1 1
EZg(QL—FQR) and H:Z(QL—QR).
We start with the incident fields H* and E*:

: 1
Hi(z) =Y ap My (x, k) + By = curl M7 (a, k),

E'(z) = - curl H' (z) = Zﬂn Mz, k) — ) = curl M (z, k).
We introduce the incident fields Q% = F* +iH® and Q% = E' — iH":

Qi) = S5 + i )M, K) — (ot — i) = curl M7 (z, ),

Qi) = Y255 — i )M e, k) — o+ i) = curl My a, ).

The total fields @, @r indside B are given by

Qu@) == 15 30 qa ey U+ 10l ()
1

s m pam 1 M™
kL detn(mL) (an Zﬁn )CuI‘ n (IaKL)5

i 1 m . m m
QR(I) = ﬁ Z m(ﬂn -y, )Mn ({E, HR)

- —————— (o' + i) curl M,
KR detn(liR) (an +Zﬁn )Cur " (!T,KR)

and the total fields £ and H can be computed by E(z) = £(QL + Qr)
and H(z) = £(Qr — Qg). At this point we can see that the fields £ and
H admit an expansion in terms of the vector wave functions for the wave
numbers x7, and Kg.
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The scattered fields (7, Q% have the series expansions

e e CHERRORATNS
Re det, (k1)
 ikdety (kL)
Rt (g i) o
Re det,(kR)

" ikdet,(kR)

Q1) = -
(ot — i) curl N (z, k),
R(T) =—

(ot +iB)") curl N (, k).
That is,

ZCL B+ ial )N (z, k) — Cz( apt — i) curl N (z, k),

7

ZCR Bt —ial )N (x, k) — ﬁ(anm +i8)") curl N (2, k)

Re detn (kR)

where we abbreviate ¢y, := % and cg := ~Tetn(in) Hence, the
series expansions for the electric and magnetic field read
Bx) = — % S [len + er)B™ + (er — cr)ial]| N2 (z, k)
— [len + er)oft — (er — en)ify] curl N (z, ),
=- —Z cL — cr)By + (cL + cr)iag | N (2, k)
zlk [(cL —cp)al — (cL + cR)iﬁ,T] curl N (x, k).

Finally, the far field patterns are given by

Q@) =20 37 < (5 + 0 )V (2) + (o — iB)UF ()],

Q3 (@) =20 32 (g — o)V () + (o + iU )]
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and
(@) =30 3" = [(8 40V (8) + (o — i8I0 ()]
[ = eV @) + (a + iU @)
4
H(3) =22 37 =7 (81 + ol V(@) + (o — 8 UI @)
5 |8 = i)V @) + (ol + iBUL @)

2. The far fiel operator

In this section we develop an explicit form of the far field operator F for
the spherical case.

The setting is the same as in the previous subsection. The scattering
obstacle is a ball B = B(0,1) filled with homogeneous chiral material
situated in vacuum. We already deduced a series representation of the far
field pattern H™ for a given incident field H°.

F gives a superposition of the far field patterns H* (2;d, p) induced by
plane waves H'(x) = pe?* 4 We start with the series expansion of plane
waves. Once we know these coefficients the representation of the far field
pattern found in the previous section directly yields the explicit form of
F. Again we treat the achiral and the chiral case.

2.1 Series expansion of a plane wave

At first, we have to expand a plane wave into a series of the vector wave
functions M* and curl M7*; that is, we must determine the coefficients

a and b in the series

peik d-x _
= ap MM (@, k) + b} & curl M) (x, k)

= > an (= 1)ju(kl)V," (@) + b7 5 [phydn (k) + ki, (k|2 ])] U (2)
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with

a2 (klel) = [ px d) - Vi s

);

<

b Klel) + ki )] = [ 9 p ) - Tz dsta)

where we used p =d x p x d since p-d =0 and |d| = 1.
In what follows, we compute the Fourier coeflicients on the right hand
side. More precisely, we compute the complex conjugate:

/ e—ik\w\@'d(d xpxd)- V" (g)ds(g),

Sz

/ e—ik\w\l}d(d Xpxd)- U,T(ﬂ) ds(g)
Sz

Here we recognize the far field pattern of curl®[p ®(z, |z|9)] with respect
to z = |z|d. We work with the Stratton—Chu formulae applied on a ball
of radius R. Therefore we introduce the operators C; and Cs defined for
tangential vector fields (:

(C10)(z) = curl / () iz, y) ds(y),

|z|=R

(Cop)(z) = curl Curl/l |:}g§(y) D (x,y) ds(y).

Then the Stratton—Chu formulae II1.2 and III1.3 read

—Ci(vx E) + # Co(v x H) =

Ci(v x E®) — 2 Co(v x H®) =

_Cl(l/ X H) - %CQ(V ~ E) _ {H %Il B(O,R),c
Cl(uxHS)-y%CQ(VxES):{
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We apply the interior Stratton—Chu formulae to M™

exterior formulae to N, -L curl N for z € B(0, R)

LT L curl M and the

k%Cg(l/xcurlM,T)—i—Cl(yme):0,
k%CQ(churleln)—FCl(Vme):N ,
Co(v x M) + Ci(v x curl M) = 0,
Co(v x NJ*) 4+ C1(v x curl NJ*) = curl N,

That is, using the expressions for the tangential traces (4.1)—(4.4) found in
the preliminary subsection and abbreviating j, = jn(kR), hn, = hn(kR),
Yn = Yn(kR), ...

1

1 m m m
ﬁCQ[(lhnﬁ-kh/ W] + Ci[ha U] = NI,

Cy [(Rjn—l—k]n V,Z”}—Fngn ]=0,
Ci[(fhn + kR, )V 4 Co[hnU)S'] = curl N

n

Using h,, = jn + iy, we conclude
1 . . NTrm .o
73 Col(gedn + K3V ] + Calin U3 = 0
) . m m
C1[(gedn + ki) V2] + Caljnly, ]—0

iCy [(FYn + Kyl )Vi"] + iCalyn U] = curl N,
Multiplication of the first equation with iy, = iy, (kR), the second one
with j, and subtraction yields, using the Wronskian j,y., — jlyn = _k;h%z’

i m -
eVl = gn N

A similar computation for the third and forth equation yields

1

kR2c 2[UN] = —[Fn + ki) curl N



2 The far fiel operator

97

From the last two equations we conclude for a vector p € C3

[ cuth [p (e Ri) - U (3) ds(i)

= k[%]n(kR) + kj;(kR)]p -curl N, (x)
/5 ewl? [p (e, R9)| - V" (9) ds(g) = ik ju(BR)p - N (2)

or

/52 Curlz [p®(x, RY)| - UM (H) ds(p)
R)]

— ik [Ljn(kR) + ki, (kR)] [ ho(kle]) + kB, (kl2])|p - U (@) (4.7)
and

/S ] curly [p®(z, R)] - V7" (9) ds(§)

(4.8)
The terms depending on z and ||, respectively, have the following asymp-
totic behaviour:
curl? [p®(z, RY)] = k—2 kel (3 p x )e”RRET L O(|2]72)
Y ’ 4|

1 B
hn(k|z|) = ST Ml O (2] 72,

Wk _ ik|z| O -2y
(i) = e+ O(Jal )
Hence, letting |z| — oo in equations (4.7) and (4.8) yields

[ xp x ) - U3 ds()

14T . . ™m( 2,
7 [%Jn(kR) + kJ;z(kRﬂp U (2),

‘/Sz e~ ikR @ U(CL‘ x px &) V() ds(g) = 4_7Tjn(kR)p V" (z)
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Now we can go back to the expansion of a plane wave:

petkde — ZamMm x, k) + 0L curl M (2, k)

n ik

with
(k) = / M T p x d) - Vi (g) ds(g),
S2

0 [ lel) + R Rlel)] = [ 9 x p e ) - T as(a)

We compute

/ eiMlel 0-d(d x p x d) - Vr(g) ds(g)
52

- / M 4(d 5 B x d) - V() ds(9)
SQ
47

= dn(klal)p- V" (d)
and
/ eiklzl 9-d(d x p x d) - U™ (g) ds(i)
52
_ / eI x d) - U () ds(9)
52
i 4 . . .M
= = [dn(Klal) + ki, (Kl2)]p - U7 (d).
Hence
a, = —4mi"p- -V (d),
by = 4mi"p-Up(d).
Finally,

peiked — 4”22% [Zp- Uz(d) curl M () — p - Vi (d) M) (2)].

As corollary we find the series expansion of the plane wave of the form
(d x p)e*d® = L curl[pe™ 4], namely

n ik

(d x p)etkz-d ZamM’” (w, k) + b7 L curl M™(x, k)
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with

2.2 Achiral case

For the inverse problem we consider plane waves as incident fields:
Hi(z,d,p) = pe’* 9. We computed the series expansion of such a plane
wave with direction of incidence d and polarization p,

H'(esd,p) = dm Y —p- U (d) curl M (. k) = i"p- Vi ()M, ).

The incident field is scattered by a sphere B(0,1) with wave number &
in the interior and k in the exterior. The corresponding far field pattern
H*(%;d, p) of the scattered field caused by H’ is given by the series

m)%i edet, (k S . .
o Rdi:(,f> [ V@V @) +p- Up@ g )]

Recall the definition of the far field operator:

F L) = L), pr | H°(3:0,0(0)) as(o).

Then
(47)%i Re det, (k)

k det,, (k)

where the Fourier coefficients

o= [ 00 VE@ase) and g = [ 0)- T as)

Fp= v+ aru|

and the tangential field p € L2(S?) has the expansion

=Y Vi + iU
Finally, we can determine an eigensystem of F. In the achiral case the
eigenvalues of F are given by

2
A, = (47)° Re det, (k) 7 n=0.12...
k det,(k)
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They have the multiplicity 2n + 1 and the vector spherical harmonics U,
and V)" are the eigenfunctions. Now, we can compute the series

Z Z (bza |)\ |L2(S2 Z Z (bza 7|1/\ |L2 S2)| (49)

neNm=-—n neNm=—n

which appears in Theorem I11.34. For z € R3, we choose
¢:(2) = —ik[(2 x 2 x &) + (& x 2)]e*F=,

Then ¢. = Grads [e~***] +2 x Grad; [e~"*%%] and we already know the
series representation of e~**%'# from the Jacobi-Anger expansion, namely

e = Ay (=) " (|2 Y (B) Y (2).
Hence, ¢, has the series expansion

2 (2) = 4w )" in(K|2]) Y, (2) [ Grad Y,' (2) + & x Grad Y,"(2)].

Recall the definition of U}*(%) = 1/y/n(n+ 1) GradY,*(2) and V,)"(2) =
& x U™(&). The Fourier coefﬁments of ¢, are given by

(02, U 12(2) = (02, Vi) r2s2) = 4 (=) g (K[ 2V (2).

As in the scalar case (compare section 1.5 in Kirsch [24])

9 klz 2n
m;] 02U e P = dn(2n 4 1) DU (14 001/
and
klz 2n
Z (62, V") 22 I° =4W(2n+1)ﬁ(1+0(1/n»

m=—n

Here p!! := 1-3-5-.-p for any odd number p. We continue with the
asymptotic behavior of the eigenvalues

. o 11 jin(%)  Jn(k)

\ _ (4m)%i Re detn(k) _ (4m)% jn(k) (z—%) 3@ —m
"T Tk deta(k) B ha(k) (L -1y a0 T h®
K k Jn (k) hn, (k)
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Jns hn, jh and k!, have the following asymptotic behavior:

i) = G 1+ 0G)). 20 = Gy (1+O(3).
2n — 1N , n+1)(2n — 1!
m) = 2oy, wp=-CFUEZ DY o)

Plugging this into 1/)\,, yields

1 @n+D)En-1 (5 -3) +%+nTH(1+@(1))
An (47)2k2n I-Liz_z w)):
The second fraction on the right can be simplified and we get
C-Pezezp
E-D+i-p  @iE-m
Hence,
I e+ D20 -1
- = 1+0(1
Ay (4m)2k2n (1+0(1/n))
and

o 10Tl g 160 Vel _ 2

. . = (1+0(1/n)).

m=—n m=—n

We conclude that the series (4.9) converges if, and only if, |z| < 1; that
is, z is inside the ball B(0,1).

2.3 Chiral case

In the chiral case we find an explicit form for F in a similar way: Given
the tangential field p € L?(S?): p = Y. pmU™ + ¢™V,™ with

n

P = /S p(0)- Ui (0)ds(0)  and g = /S L p(6) - Vin(9) ds(6)
we note that
p= an’”U’” +a vy

== Z — gy )(UR +iV,") + (o + gy ) (U — V™).
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In the chiral case two constants ky = ﬁ and Kp = ﬁ appeared as
some kind of wave number for the fields ();, and Qr. We computed the
far field pattern to be

47 cr,

H* (2) =52 > =3 |81 + 0l )V (@) + (o — B U @)

- ,-sfl [(57’? — i )V (@) + (og + iﬁ,T)Uﬁ(:i:)}

with coefficients o' = —4xi"p - Vo (d), S = 4mi™p - U (d) and the

_ Redetp(kr) _ Re detp(kr) . .
constants ¢y, = Tetn(cn) 0 R T “detn(nn) As in the achiral case, we

conclude

(47T)2i m . m m Y rm m - m m Y rm
k ZCL(pn — 4, )(Un +1Vn )_CR(pn +an)(Un _an )

Fp= >

We observe that U]" + V", m = —n,...,n, are eigenfunctions for the
eigenvalue

(47)%i Re det,, (k1)
k dety,, (kL)

and U — V", m = —n, ..., n, are eigenfunctions for the eigenvalue

An =

(47)%i Re det,(kR)

An = = k det, (kR)

for n € Ny. Again the eigenvalues have multiplicity 2n+1. The evaluation
of the series )

Z |(¢Za 7/}j)Lf(SQ)|

et A
for the characteristic function of the scatterer is completely analogous to
the achiral case. We skip the computation at this point.



CHAPTER V

Factorization Method for the
vector Helmholtz equation

This chapter can be seen as an application of the results from chapters
II and III. The equations and operators look different but the concepts
and the arguments of the proofs are the same. That is why we present
this chapter not as detailed as the other two. Nevertheless, we treat the
subject rigorously.

Scattering by an infinite chiral cylinder leads to a scattering problem
for the vector Helmholtz equation, comparable with problems that lead
to the scalar Helmholtz equation for TE— or TM—modes. The first section
describes the setting and deduces the vector Helmholtz equation which is
studied in sections 2 and 3. Here, we apply the methods already used for
scattering by a bounded obstacle: We formulate a variational equation,
deduce an equivalent integro—differential equation and show existence und
uniqueness. The Factorization method is adapted for the inverse problem.
In section 4 we study conditions for the material parameters e, u and
such that the rather abstract assumptions for solvability and the Factor-
ization method are fullfilled. Finally, we present numerical experiments
concerning plots of the far field pattern and the reconstruction of the
cylinder.
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Z =D xR

. — H'(z) = (a1p1 + agpa)e™ 47

Figure V.1: Direct problem setting.

1. Motivation: Scattering by a chiral cylinder

In this chapter we study the scattering by an infinite chiral cylinder Z
along the xs-axis. We choose incident fields which are orthogonal to the
cylinder; that is, the vector d — direction of incidence — lies in the (21, z3)-
plane. Given a bounded domain D C R? then Z is simply D x R. Figure
V.1 shows the cylinder and the vectors characterizing the incident field
H' (and E%): the direction of incidence d and two linear independent
polarization vectors pp,p2 in the plane which is orthogonal to d. The
polarization of H? is a linear combination of the basis vectors p1, ps.

The cylinder Z is characterized by the electric permittivity e, the mag-
netic permeability p and the chirality § in the following way. We assume
that e, u and 3 do not depend on z3. €, 1, 3: R? — C with € = g9, u = o
and f=0in R?~ D.
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Total field
We start with Maxwell’s equations (2.5), (2.6); that is,

curl H = —ike(E + fcurl E), (5.1)
cwlE = ikp(H + Beurl H) (5.2)

with the wave number k2 = w?eouo and the relative paramters € and pu.
Since the direction of incidence is orthogonal to Z the incident field does
not depend on x3 either. Hence, the whole system is invariant along z3
and the xs-derivatives vanish. This yields:

o — ke (B4 52, (53)
O — ive (- 022, (5.4)
%_%:_ika <E3+B<g—ff—g—il>) (5.5)

and
g_f;’ = ikp <H1 + 6%—%) : (5.6)
_g—i’ = ikp <H2 - ﬁg—i’) : (5.7)
oD (s (52 -00)) 6y

We can reduce this system of six equations to two coupled equations for
the components F3 and Hs: We differentiate (5.3) with respect to 2 and
(5.4) with respect to 1. Subtraction yields

OB, OE, 0 ( OFs o (0B
0 dm  om (ﬁam) * o (ﬁa@)

_ 0 (i0Hs\ 0 (i 0Hs
O0x1 \ ke 0x1 O0xo \ ke Oxo
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Analogously, we deduce from (5.6) and (5.7)
OH,  OHy 5} ( 8H3> 0 < 8H3)

6,@1 6$2 - 8_901 6,@1 8—:52 (91:2
0 i OF3 0 i OF3
+5 75—+t 7T7—5—
0x1 \ kp 0xp 0xo \ kp 0xs
= div (8 VHy) +  div (EVEg) .
I
Here the differential operators are V = (aixl, aixz)-r and dive = V - v.

(The derivatives with respect to z3 vanish anyway.) Plugging these two
expressions into (5.5) and (5.8) yields

div (8 VHz) + £ div (5VE3)
= —ikeEs —ikef [div (B VEs) — £ div (1VHs)] (5.9)
and
div (3VE;) — + div (LVHs)
— ikpHs + ikpf [div (BVHs) + & div (iVEg)} . (5.10)
We multiply equation (5.10) by ike3 and subtract equation (5.9) from it:
(1 = k?epf?)[div (8 VH;) + ¢ div (;VEs)] +ikeE3 — k*epfH; = 0.
Analogously we multiply (5.9) by iku/3 and add it to (5.10):
(1 - K*epf?)[div (BVEs) — £ div (§VHs)] — ikuHs — k*euBEs = 0.

After multiplication with —ik and ik, respectively, the last two equations
can be written as system:

. L _ikp\ (VE
av |(£ 1) (Om)

1 € tkepB\ [ Es
S . =0. A1
* 1 — k2ep32 (—zksuﬁ 1 > <H3 0. (5.11)
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Here div is applied to each component. Note that — more precisely — the
first matrix is the (4 x 4)-matrix

L0 |-k 0

o

0 4 0 —ikpB
ikB 0 1 0

0 4kB| O 1

We will use the following notation: Given a (4 x 4)-matrix A of the form

ai1r 0 |a2 O

B 0 ann| 0 a2
A= a0 lam 0 , (5.12)

0 a1 | 0 ax

A denotes the corresponding (2 x 2)-matrix

J <a11 a12>
as  az)’
Introducing v := (Es3, H3) " the system (5.11) has the form

div (AVv) + k*Bv =0

where A: R? — C*** of the form (5.12) and B: R? — C2*?2 are matrix
functions with A = Iy and B = I, in R2~\D. I = I,, denotes the nxn-unit
matrix. (We will skip the index.) v: R? — C2? and Vv := (Vuvy, Vug)
and for w = (wy,ws) " with two functions wy,ws: R? — C? define divw :
= (divwl, diV’wg)T.

Incident field

As incident fields we choose plane waves orthogonal to Z. Hence, with
polarization vector p and direction of incidence d with p-d = 0 (divergence
free fields)

H'(z) = pettd® and Ei(x) = —(d x p) e*d® (5.13)

where d = (dy,d2,0)" and |d| = 1. We only need the third components H}
and E} and show that they are independent of each other: Given r,s € C
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let Hi(z) = re?*®® and Fi(r) = —se*® . Then for p € C? defined by
p = (—dys,dys,7)" we have p-d = 0 and the representation (5.13) holds.
Furthermore v* := (E4, Hi) " solves the vector Helmholtz equation

AV + K20t =0 in R2.
Scattered field
The total field v is the sum of the incident and the scattered field,
v =0+

where v° is a solution of the vector Helmholtz equation. Hence, the scat-
tered field v® solves

div (AVv®) + k*Bv® = div [(I — A)Vv'] — k*(B — I)v' (5.14)
in R?. Note that the right-hand side of this equations can be interpreted
as source div f — kg with functions f, g whose support is contained in D.

Transmission conditions

Now we deduce the transmission conditions. The third component of the
unit normal vector of Z vanishes: v = (v1,15,0)". Fromvx B, =vx E_
on interfaces we deduce

val3 voEs
—V1E3+ = —I/1E3,
V1E2+ — V2E1+ I/lEQ, - V2E1,

Since |v| = 1 the first two equations yield F3, = E3_ and analogously
Hs, = H3_ or — in terms of v* —

v} =v® ondD. (5.15)

In order to deduce the transmission condition for the normal derivatives
we easily compute the third component of v x curl E:

om,, om, _ on
0z, Oza N
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We rewrite equations (5.1), (5.2)
ikH = % curl £ — ik curl H,
—ikE = é curl H + ik@Bcurl £
and using v X F4 =v x E_ and v x Hy = v x H_ again yields

vxcurl By = #%V xcurl E_ —ikf_v x curl H_|

vxcurl Hy = E%V x curl H_ +ikf_v x curl E_

on 0D. We take only the third component of each equation and get the
transmission condition

OFE3 1 —ikﬂ, OFE3
o+ =~ oy — on 0D.

In terms of v* with % = (%, %)T this condition reads

AGr — %U:Jr = - A—)%—i on dD. (5.16)

Radiation condition

Finally, since we are interested in outgoing waves each component of v*
shall satisfy the Sommerfeld radiation condition in R?; that is,

vt

J 7.8 —3/2 _ L

—= —ikvi = O(r , forr=|z|] > c,j=1,2

L ik} = O(?) ol = 00,5
uniformly with respect to £ = z/|z| € St. S' denotes the unit circle.
Functions which satisfy this radiation condition will again be called RA-
DIATING.

2. Direct transmission problem

We state the direct problem variationally and start with the divergence
theorem which fits to our case. Let D C R? be bounded with boundary
of class C2. Given sufficiently smooth functions vy, vs,%1,%9 : D — C
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and A: D — C*** of the form (5.12) we have the following form of the
divergence theorem for v = (vy,v2) ", ¥ = (Y1, ¢2) "

//Ddiv(AVv)-1/de——//D(AVv)-V1/)d:1:—|—/8D <A%) b ds

where Vo = (Vuy, Vo) T, the analog for Vi, g (%”Vl, 86”1/2) and div
is applied to each component. Indeed, with A = (@j1)ji=1,2

//D div (a11Vu1 + a12Voe)h1 + div (a1 Vur + ageVue)e da
— // (a11Vu1 + a12Vua) - Vb + (a1 Vo1 + a22Vus) - Vibo da
+ ~/6D(a11 0 4 a15 292 )0y + (a21 %2 + aze %2 )1)o ds.
by the (scalar) divergence theorem.

Variational formulation

We derive a variational formulation of the transmission problem found in
the introductory part of this chapter. First recall the problem: Given a
bounded domain D C R? and an incident field v* = (vi,v5)" determine
a solution v* = (v{,vs) " of the scattering equation (5.14) which satisfies
the transmission conditions (5.15) and (5.16) on the boundary 9D and
the Sommerfeld radiation condition; that is,

div (AVv®) + k*Bv® = div [(I — A)Vv'] — k*(B — I)v' in R?,
vy =0’ on 0D,
A g -9 —(1-A)% on 0D
and
31}5

—L —ikv; =0O(r=3/?) for r = |a| — o0, j=1,2
or
uniformly with respect to # = x/|z| € S!. The matrix functions A, B are
such that A =1 and B =1 in R? \ D.
After scalar multiplication of the partial differential equation with a
test function ¢ = (¢1,%) " with compact support we integrate over R2.
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By the above divergence theorem — taking into account the transmission
conditions — this yields the variational equation

//R2 (AVv®) - Vo — k*(Bv®) - da
= //DkQ((B — ') -+ (I — A)Vo') - Vipda

for all v with compact support. As in the second chapter we generalize
the transmission problem and allow square integrable source functions
g € L*(D,C?),h € L?*(D,C*). First we introduce the function spaces we
will use.

Definition V.1. Let D C R? a domain.

(a) HY(D,C?) = {v=(v1,v2)": D — C?|v; € H'(D),j = 1,2}
Define Vv := (Vuy, Vug) .

(b) Hp (R?,C?) := {v: R? — C?|V balls B C R? : v|p € H'(B,C?)}
(¢) The test function space
{¢:R* — C*|3 ball B C R*: suppy C B,¢|p € H'(B,C?)}
is denoted by H!(R?,C?).
(d) For w = (wy,ws) " with wy,ws € H'(D,C?) define

divw = (divw, divwy) .

Assumption V.2 (Material parameters). Let D C R? be a bounded
Lipschitz domain. We assume that the complex matriz functions A and B
—- A€ L>®(R?,C*™), B € L>(R?,C?*?%) — are such that A has the form
(5.12), A=T and B=1 in R2~.D.

Problem 5 (Weak transmission problem for vector Helmholtz
equation). Let k£ € IT and Assumption V.2 be satisfied. Given the source
terms g € L?(D,C?) and h € L*(D,C*) determine v € HL _(R? C?) such
that v is radiating and satisfies

//RQ (AVU)~V1/J—k2(Bv).¢dx://[)k2g.¢+h.v¢dx (5.17)

for all ¢ € H}(R?,C?).
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Recall that IT = {z € C : z # 0,Re(z) > 0,Im(z) > 0}. To study
solvability we deduce an equivalent integro—differential equation. In this
case we need the fundamental solution to the scalar Helmholtz equation
in R%. See section 3.10 in Colton and Kress [14]. We use the symbol @,
again.

Definition V.3 (Fundamental solution). For « € II the fundamen-
tal solution ®,, to the scalar Helmholtz equation in R?

Au+r?u=0
is defined by
Op(w,y) = LHM (klz —yl)  forz £y

where Hél) denotes the Hankel function of the first kind of order zero.

Remark V.4. It is well known that ®, has a singularity at z = y of
the form log(k|x — y|) (see Abramovitz and Stegun [1]). Furthermore, by

the asymptotic behavior of Hél) the fundamental solution ®j satisfies the
(two dimensional) Sommerfeld radiation condition.

We proceed with a lemma which provides the vector potentials leading
to our IDE.

Lemma V.5. Let k € 11.

(a) For g € L?(D,C?) the vector field

// w(x,y)dy, r € R?,

defines a function in H. (R% C?) which is a weak solution of the
vector Helmholtz equation Au + k?u = —g; that is,

//RZVU-V1/J—H2U-1/)dx://Dg~1/)dx

for all v € HX(R?,C?). Furthermore u is radiating and the restric-
tion u|p of u to D defines a bounded operator from L*(D,C?) into
H?(D,C?) = H*(D) x H*(D).
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(b) For hi,hy € L*(D,C?) the vector field u = (uy,u2) " with

=—dlv[/ w(z,y)dy, 7 =1,2,

for x € R?, defines a function in HL_ (R?, C?) which is a weak solu-
tion of the Helmholtz equation Au + k?u = div h; that is,

//zvuj-vw—ﬁujwdx:// hj -V dz, j=1,2,
R D

for all b € HYX(R?,C?). Furthermore u is radiating and the restric-
tion u|p of u to D defines a bounded operator from L?(D,C*) into
H'(D,C?).

Proof. We use part (a) from Lemma 2.2 in Kirsch [21]. More precisely
we need the two dimensional version whose proof will be absolutely anal-
ogous. Each component represents a two dimensional scalar Riesz poten-
tial, whence part (a).

Part (b) is just the vector version of the scalar case discussed in Lem-
mata 2.1 and 2.2 in Kirsch [23]. Here again we use a two dimensional
version. (]

Now we can reformulate the scattering equation (5.17) of the weak
transmission problem

//RZVU-Vi/J—k%.q/)dx://Dkﬁ[QiH_g} -+ [PVo+h] - Vi da

where the contrasts P := [ — A and @ := B — I. Using our vector po-
tentials from the above lemma v satisfies the following integro—differential
equation

) = kQ//D [Qy)v(y) + 9(v)] Pr(z,y) dy

(5.18)
—dlv// y) + h(y)] ®x(z,y) dy

for x € D.

Theorem V.6 (Equivalence). (a) Let v € H} _(R* C?) be a radi-
ating solution of (5.17). Then v|p € H'(D,C?) solves (5.18).
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(b) Let v € HY(D,C?) be a solution of (5.18). Then v can be extended
by the right-hand side to a radiating solution of (5.17).

Proof. The same arguments used in the proof of Theorem II.10 give the
equivalence in this case again. O

By this equivalence result, in order to study solvability of the weak
transmission problem we can analysize the IDE. With appropriately de-
fined operators we interpret the IDE as an operator equation:

Definition V.7. Let £ > 0. For x € II define the linear bounded op-
erators A, : HY(D,C?) — HY(D,C?) and B,,: H(D,C?) — H'(D,C?)

by
(Av) = div // D, (z,y)dy,
(Byo)() = k2 //D Qo) () dy

for x € D and the function

—k2// @kxydy—dlv// y) Pr(z,y)dy

for x € D. With these operators the IDE reads
(I+ A, —Bp)v=f.

Assumption V.8. Let k > 0 the wave number. Additionally to As-
sumption V.2, assume that there exist positive constants ci,ca and an

angle ¢ € [0,27) such that A= A(z) and B = B(x) satisfy
Re[e(A8)-§ 2 erfe?  and  Re[e(BE)-T] > cole?
on D for almost all & € C2.
Theorem V.9. Let Assumption V.8 be satisfied. Then:
(a) The operators A, — A; and By, — B; are compact.

(b) The operator I + A; — B; is boundedly invertible in H'(D,C?).
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Proof. (a) The operator B, is compact since B,v € H?(D,C?) (Colton
and Kress [15]) and the embedding from H? into H'! is compact (see
Adams [2]).

(Apv — Ajv)(x) = //D P(y)v(y) - Vo(Pr — @i)(z,y) dy.

Recall the remark to the definition of ®,. The singularity is of the form
log(k|z — y|). Hence V,®, has a singularity of the form ﬁ and the
difference V(P — ®;) is smooth and Ay — A; represents a volume poten-
tial with a smooth kernel function. It is weakly singular of order 0 and
therefore compact (compare Lemma I1.15).

(b) For any f € H'(D,C?) consider the equation (I + A; — B;)u = f.
As in the proof of Theorem II.17 we look at the difference v == u — f.
v solves (I + A; — B;)v = B; f — A; f which (by Theorem V.6) is equivalent
to

//RZ(AVU)~V1/)+(Bv)-¢dx://D(PVf).¢+k2(Qf)_wdx

for all ¢ € H(R?,C?). Obviously, the left-hand side defines a bounded
and coercive sesqui-linear form on H!(R?, C?) (note the exponential decay
by the IDE) and the right-hand side defines a bounded conjugate-linear
form on H'(R? C?). Hence, by the Lax-Milgram lemma there exists a
unique solution for every f € H'(D,C?). Then u := v|p + f solves our
initial equation. [l

We proceed with an uniqueness result for the homogeneous problem
and apply Fredholm’s alternative.

Assumption V.10. Additionally to Assumption V.8 assume that

m[(A9)-§<0  and  Im[(B-T>0  (5.19)

on D for almost all & € C? and let one of the following conditions be
satisfied:

(a) Im [(BE) - €] > 0 on D for almost all & € C?,
(b) A€ CY(R2,C™) and B € C'(R?, C2%2).
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Theorem V.11 (Uniqueness). Under Assumption V.10 the homoge-
neous transmission problem — Problem 5 with g =0 and h =0 — has at
most one solution.

Proof. Assume that v is a solution of the homogeneous transmission prob-
lem and set 1 = ¢v in (5.17) where ¢ € C*°(R?) is some mollifier with
¢(z) =1 for || < R and ¢(z) = 0 for || > 2R. R is chosen such that
|z| < R for all x € D. Then, by Greens formula

0= //$<R(AVU) - VT — k*(Bv) - vdx

: 7) — k2(Bv) - (67) dz '
i //R<|w|<2R(Avv) V(¢v) — k*(Bv) - (9v) d (5.20)

:// (AVU)-V@—kZ(Bv)-de—/ W sas.
|z|<R |ﬂ:R8V

By the assumptions (5.19), taking the imaginary part of the last equation
yields

0
Im v -vds <0.
lz|=R OV

We follow Kirsch [22] to show that v vanishes outside of D: Using the
binomial |z — iy|? = |z|? + |y|? — 2Im (2 7) we estimate

/ 9v —ikv|*ds
|z|=R

/ . %F + |v[*ds — 2kIm % -Tds

|lz|=R
> / 2 4|2 ds.
|z|=R

The Sommerfeld radiation condition yields that

lim lv|*ds = 0
R—0o0 Jiz|=R

and Rellich’s lemma implies that v vanishes in the exterior of D. See
Lemma 3.14 and section 3.10 in Colton and Kress [14].

In case that A and B are smooth we can apply the unique continuation
principle (see Lemma 8.5 in Colton and Kress [15]). This yields that v
also vanishes in D.
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In case that (a) from Assumption V.10 is satisfied equation (5.20) now
reads

//D(AVU) -V — k*(Bv) -vdx = 0.

Taking the imaginary part yields

O<Im// k2(Bv)~5d:17:Im// (AVv) - Vodz <0
D D
by Assumption V.10. Hence v =0 in D. [l

Corollary V.12. Let Assumption V.10 be satisfied. For every source
(9,h) € L*(D,C?) x L*(D,C") there exists a unique radiating solution
v € HE _(R?* C?) of (5.17). Furthermore, for any compact set B D D

loc
there exists a constant C' > 0 such that

< Clig; mll

101,15 ca)

for all (g,h) € L*(D,C?) x L*(D,C*).

L2(D,C2)x L2(D,c%)

3. Factorization Method

In this section we assume that the direct transmission problem is uniquely
solvable. It is well known (see Cakoni and Colton [10]) that radiating
solutions to the Helmholtz equation admit a far field pattern. In our case

) = %{woewo(ﬁ)} = oo,

uniformly in all directions 2 := x/|z| € S!. Here, the far field pattern
v>® = (v5°,v5°) T is given by
ei7'r/4 He—thi-y . o

v (%) = — v (y) ———— — =L (y)e"FEV ds(y), j=12

F0 == | u) T - G )
for # € S'. As incident fields v’ = (v}, v3) " we choose plane waves of the
form v(z) = pe’*?® with direction of incidence d € S! and polarization
vector p € C2. Denote by v>°(#;d,p) the far field pattern resulting from a
plane wave with direction of incidence d and polarization p. Now we can
formulate the inverse problem:



118 Factorization Method for the vector Helmholtz case

Problem 6 (Inverse problem). Given the wave number k£ > 0 and
the far field patterns v*>°(#;d,p) for all 2,d € S! and p € C? determine
the shape of the scattering obstacle D.

v>°(-;d,p) depends linearly on p. Hence, we define the linear FAR FIELD
OPERATOR F: L%(S!,C?) — L*(S',C?) by

(Fp) (&) = / v™(2;d,p(d)) ds(d), & €S
S1
Fp is the far field pattern which corresponds to the incident field
’U;(.’L‘) = / p(d)e* e ds(d), =€ R
Sl

Furthermore, define the HERGLOTZ OPERATOR H from L?(S',C?) into
L2(D,C?) x L2(D,C*) with Hp = (H1p, Hap) "

Hn)w) = [ )™ as(a
and

(Hap)(y) = grad / p(d)e* v ds(d)

Sl
for y € D. More precisely, with p = (p1,p2) " € L%(S!, C?)

.
(Hap)(y) = (gmd /S, pi(d)e™¥ ds(d), grad /S, pa(d)e™ Y ds<d)> '

The adjoint operator H*: L*(D,C?) x L*(D,C*) — L*(S!,C?) is given
by H*o = Hig1 + Hipz for ¢ = (o1, 2) " with

(Hie1)( // o1 (y)e *Y dy

(Hsp2)(d) = —ikd- // pa(y)e” "V dy.
More precisely, with P2 = (5027 (p27 5027 502) E (D7 (C4)

and

(M32)(d) = —ik



3 Factorization Method 119

Using the far field pattern of ®; we see that H*¢ = w> /v where the
eiﬂ/4

constant v = N and

w(w)=//D<p1(y) Py (2, y) dy — diV//Dcpz(y) Py (z,y) dy

is a radiating solution of

/R2Vw-vw—k2w-wd:v://[)gol-w—i-sog-Vz/de

for all v € H(R? C?). Introduce the DATA-TO-PATTERN OPERATOR
G: L*(D,C?) x L*(D,C*) — L*(S',C?), f — v™ where v is the radiating
solution of

//RZ(AVv).Vw—W(Bv).d,dx://Dk2(Qf1).¢+(pf2),vwdx (5.21)

for all v € H}(R?,C?) which is equivalent to

//RQVU-VU)—]{;?v-q/;dx://DkQ(le).¢+(Pw2)_v¢dI (5.22)

for all ¢ € H!(R? C?) with wy = f1 +v and wy = fo + Vu. Then
F = G'H. Choose ¢ =T f with

ri- (58450)

where v is the radiating solution of (5.21). Then Gf = vH*7T f and we
have the factorization
F =vH'TH.

Remark V.13. Note that 7 is injective. Indeed, if 7 f = 0 then w; =0
and wy = 0 and — by equation (5.22) — v is a radiating solution of the
Helmholtz equation in R2. The unique solution is v = 0. Hence, f also
vanishes.

We continue with a characterization of D by the range of H*.
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-1
vy F
LQ(Sl, (CQ) > LQ(Sl7 CQ)

H l /11 TH*

L*(D,C?) x L*(D,C*)

Y

L%(D,C?) x L2(D,C*)
T

Figure V.2: Factorization of F.

Theorem V.14. For any z € R? and fived p; € C? and pz € C* define
¢, € L2(St,C?) by

¢.(d) == {p1 —ikd - pr}e o= des'. (5.23)
Then z € D if, and only if, ¢, € R(H*).

Here again, with p» = (pi, p3,p3,p3) " € C* we define

Proof. Let z € D. We apply Lemma II1.29 with ¢ = 1. Analogously to
Theorem I11.30 there exist o1, 02 € L?(D) such that ¢, = H*(p1¢1, p22)-
(I

Theorem V.15 (Absorbing media). Assume that there erxist two
positive constants cp and c¢g such that the contrasts P = P(z), Q = Q(x)
satisfy

Im [(P€)-&] > cplél*  and  Im [(Q€)-&] > cql¢l?
on D for almost all ¢ € C2. Then:

(a) The operator InT = (T —T*) is coercive on R(H); that is, there
exists a positive constant ¢ such that

Im (T f, f)>c|f||* forall feR(H).
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(b) The ranges of Tm (y~1F)/2 and H* coincide.

Proof. As in the proof of Theorem II1.19 we deduce an expression for
(Tf, f) involving the far field pattern of v. Abbreviating wy = f1 +v and
wy = fo+ Vv we have T f = (k2Qu1, Pws) " . v solves equation (5.22). In
this equation, we choose as test function ¢ = ¢ ¥ with the cutoff function
¢ used in the proof of II1.19. Then,

o= () (22),
=//Dk2<czw1)-w1+<sz)-w—zdw
—//DkQ(le)-ﬁ—i—(ng)-Vﬁdx
= [ #@u)-wi+ (Pus) - w s

—// |Vol? —k2|v|2dx+/ @Uds.
|z|<R |z|=R ov

From the Sommerfeld radiation condition and the far field expansion we
conclude that

. v .
lim —vds =ik | |v™]*ds.
R—o |z|=R ov st

Hence, letting R tend to infinity:

(77, 0) = [[ K1 [(@un) 1] + T [(Pu) -] o & [ o s

The coercivity of Im 7 follows with the arguments used in part (b) of the
proof TI1.19. O

Corollary V.16. Im F admits a complete eigensystem {\;,¥;}jen with
positive eigenvalues \j. For z € R? define ¢, by (5.23). Then z € D if,
and only if, . € R ((Im ]—")1/2). Or equivalently,

—1

z€D = W(2):= ZM >0
J

jeN
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For the general case we need to decompose the middle operator 7 as
sum of a coercive and a compact one. Therefore, define 7y by

_ (F*Q(f1 +wo)
Tof = (P(fleer(?))

where vy is the radiating solution of
// (AVvg) - Vi + (Byg) - pdx = // E(Qf1) ¢+ (Pfy)-Vipda (5.24)
R? D

for all ¢ € HY(R?,C?). Under Assumption V.8 this equation is uniquely
solvable and using the IDE we see that vy decays exponentially. With this
operator we decompose the middle operator as 7 = 7y + (7 — 7p) and
show in part (b) and (c) of the following theorem that 7 is coercive and
that the difference is compact.

Theorem V.17 (General case). Assume that

Im[(P¢)-€] >0 and  Tm[(Q€)-& >0

on D for almost all & € C2. Furthermore, assume that there exist two
positive constants cp, cg and an angle ¢ € [0,27) such that

Re [¥(P€)-E] > cpld?  and  Re[e?(Q€)-E] > colél
on D for almost all ¢ € C? and
Re [e"(A€) - €] >0 and Re [e"(B¢) - €] >0
on D for almost all £ € C%. Define the operator Fyu by
Fy = Re(y 'eF)| +Im (v~ F).
Then:

(a) Im 7T is non-negative; that is, for all f € L?(D,C?) x L*(D,C*):
Im (7 f, f) = 0.

(b) Ty is coercive; that is, there exists a constant ¢ > 0 such that

Re (eTof, f) > c||f]|* for all f € R(H).
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(c) The operator T — Ty is compact from L*(D,C?) x L?(D,C*) into
itself.

(d) Fy is injective and the ranges of .7-';!2 and H* conincide.

Proof. (a) From the previous theorem we already know that

Im(7f,f) = //D E*Im [(Qw:) -w1] + Im [(Pws) -wz| dz+k [ [v>®]*ds.

st

Hence, under the positivity assumptions for the imaginary parts of the
contrasts P and Q: Im (7 f, f) > 0.

(b) Using ¢ = 7y in (5.24) (note that vy decays exponentially) we
deduce

(Tof. ) =

= | @) T+ (pr) e+ [ Q)0+ (L) Vs
D D

:// k2(Qf1)~E+(Pf2).de+// (AVvy) - Vg + k*(Buo) - T de.
D R2

Hence,

Re (€Tof,f) > // k*Re [e(Qf1) - i) +Re [e*(Pf2) - 2] da
D
min{keq, cr} {012, . + 0%, , .}

L2(D,C2) L2(D,c4

Y

() (T —To)f = (K*Q(v — v), P(Vv — Vp))" and the difference
w = v — v is a radiating solution of

//ﬂp(AVw).v@b—k?(Bw).wdx:(k2+1)//R2(BUO).¢dI (5.25)

for all v € H!(R? C?). Since v,v9 € HL.(R* C?): w|p € H'(D,C?)
which is compactly embedded in L?(D,C?). Hence the first component
of T — 7y is compact. To show compactness of the second component we
repeat the procedure from the proof of part (b) of Theorem II1.25. Start-
ing with a sequence (f"),, C L*(D,C?) x L?(D,C*) converging weakly to
zero, the unique solvability of our transmission problem yields that the



124 Factorization Method for the vector Helmholtz case

corresponding sequences of solutions (v™),, (v{), converge weakly to zero
in H'(K,C?) for any ball K. Then they converge in the norm of L? to
zero (by compact embedding). Let w™ = v™ — vj. We choose two balls
K1, Ky with K1 D Ky D D and ¥" = ¢uw™ in equation (5.25) where
¢ € C™ is a cutoff function with ¢ =1 in K5 and ¢ = 0 in R3*~ K;. Then
(5.25) reads

// (AVw™) - Vu™ — k*(Bw™) - w™ dr =
K>

_//KI\KQ V(pw™) — K*w™ - (¢w™) dz + (k* + 1) //Kl Bug) - (¢uw™) dx
:/% ur .—ds+<k2+1>//K2<Bv3>-<¢W>dw

by Green’s Theorem (since Aw™ +k?w™ = 0 in R\ D). Now we estimate:

a n
/ . w™ ds
Ko 81/

TLHOO

|r.h.s.| < 0.

+ gl —

Hence,
/ (AVw™) - V™ — k*(Bw") - w™ dz == 0
Ko

which implies [|[Vw™| — 0 as n — co.

(d) This assertion is an application of the range identity result in The-
orem [II.32. O

Corollary V.18. Fu admits a complete eigensystem {\;,¥;}jen with
positive eigenvalues \j. For z € R?* define ¢, by (5.23). Then z € D if,

and only if, ¢, € R (‘7:;/2). Or equivalently,

—1

zeD = W(z Z'Qﬁu% > 0.
jeN
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DP exist.  Re[e?(Ax) - F| > calz|?, Rel[e’(Bz) 7| > cplz|?
unig.  Im[(Az) -7 <0, Im [(Bz) -z| > (>)0
P absorb. Im [(]550) -T| > cplaf?, Im [(Qz) - T| > cqlz|?
general Re [e"(Pz) 7] > cplz[>, Re[e™(Qz) 7| > colz|?
Im [(]53:) .T] >0, Im [(Qz) -] >0

Table V.1: Overview: Assumptions on the matrices and the contrasts.

4. Application: Scattering by a chiral cylinder

In the first section we developed a transmission problem modeling the
scattering by a chiral cylinder. We found the vector Helmholtz equation

div (AVv) + k*Bv =0

for v = (vy,v2)". The direct and inverse problem were treated in sections
2 and 3. Now, we apply the general results. The matrices are given by

10 ‘—z’kﬁ 0
14 1 'k
ikB 0 1 0
0 k3| O 1

and

B 1 € tkepfy _
1= R2epp? \—ikep p )\ —55(

w53~ 1))
—1) [ :
where we introduced ¥ = 1 — k2eu 2.

In what follows, we analyze the conditions for the material parameters
e, and (3 such that the matrices A and B and the contrasts P =1 — A
and @@ = B — [ satisfy the assumptions used in the previous sections.
Table V.1 recalls the main assumptions. Given a matrix M € C?*2 of the

form
a b
M = <—ib c>

SARSL]
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with complex numbers a,b,c € C the following can be easily computed
for z = (z1,72)" € C2:

(Mz) - T = ala1* + 2bTm (2172) + cfaa|?,

Re[(Mw) -] = Realay + ifstas|* + Ree (1 A2 ) fzal?,  (5.26)
m [(Mz) 7] =Ima |z, + zIm3x2’2 +Ime (1 - IS??{&}) lzo]?. (5.27)

We give an example of possible values for €, and (3 such that the as-
sumptions on A, B and P, @) are satisfied:

Proposition V.19 (Direct problem). Given the wave number k > 0.
Assume that there exist radii 0<r1 <1< and angles 0 < o < ¢ < /4
such that

e n € {re'? s refr,ml g €0,0]}

almost everywhere. For a sufficiently small positive constant \ such that
k?ﬁ? < A

almost everywhere, there exist positive constants ca,cp such that the co-
erciity conditions

Re [eii‘ﬁ([lx) -T] > calz[*> and Re [eii‘ﬁ(B:E) -Z| > cplaf?
are fullfilled and, furthermore,
m [([13:) 7] <0 and Im|[(Bz) Z| > 0.
Proof. (i) From (5.26) we conclude that

~ . 2 22
RQ(AJ]) E:Re% ‘(El —71%!@2‘ +Re% (1 - W) |J;2|2

By our assumptions the reciprocals 1/u and 1/e are contained in the
following set of complex numbers

{re crery ,r 1],4,06[—902,0]}

and —py > —¢ > —7/4. The numbers of this set have strictly positive
real parts and this is still valid after rotation by the angle —¢. Finally

k%32 cos®(¢) s
Re(e=@p—1)Re (e~i%e—1) O(k=37).
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Therefore, there exists a constant A such that

k232 cos?(¢)

1-— . .
Re (e~ p—1)Re (e~i%e—1)

>0

for k232 < \.
(ii) Define the contrast ¢; := 1/9 — 1. From (5.26) we conclude that

Re(Bzx) T =

2 2

H (Req1) 2

Rel (1- U )2
* 619< k2ﬁ2Re§Re%>|x2|

. R
— x
0 kBRes
We restrict k232 by a positive constant A such that
kB2 <A<y’
By our assumptions on € and 1 we compute:
ep € {re’: rer,r3], ¢ €[0,2p2]},
1—k*B%ecp e {1 +re: re (0, 3] C (0,1),p € [~ —7+ 2902]},

1

T2 © {z€C: Re(z) >1/2,Imz>0,|z[ < (1—Xr3)""}.

We conclude that the values of T kfﬁ%# and — k#ﬁzsu are contained in

the set {re’® : r € [r1/2,72(1 = Xr3) 7!, € [0,7/2+4 ¢)}. After rotation
by the angle —¢ the numbers of this set have strictly positive real parts.
As in the first case we see that

Re (e qy)?

_ 202
RPRe(e #2)Re (e ) ~ OFF)

and by the same argument we can restrict k232 such that

3 Re (e7%%q;)?
k23?Re (e~ 5)Re (e~ L)

1 > 0.

Now we study the uniqueness conditions:
(iii) From (5.27) we deduce

Im (Az) -7 = Im i|gcl|2 +Im L]z,
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Hence, Im (A:v) -7 < 0 since Ime, Im . > 0 by our assumptions.
(iv) From (5.27) we deduce

Im (Bz) - T =
2 2
£  Imq p (Im ¢1) 2
—Im S _ma (o tma)” .
Tl Ry i mwa( mﬁnm§1m5)|“|

We have already seen that Im (¢/9),Im (u/9) > 0. Again

(Im g)? 292
k2(%Im 5 Im & (k75%)
and we can restrict k232 such that
I 2
1 (Im q1) > 0.

C k2PImEImk
0

Proposition V.20 (Absorbing media). Let the wave number k > 0
be given. Assume that

SNVAS {Tew s refr,r],p€ [<P1,802]}

a. e. with radii 0 < r1 <1 < ro and angles 0 < o1 < w2 < ¢ < 7w/4.
For a sufficiently small positive constant \ such that k*3%> < X almost
everywhere there exist positive constants cp, cq such that the contrasts
satisfy

Im [(151:) ‘T > cplzl* and Im[(Qz)-T| > colz|.

Proof. (i) From (5.27) we deduce

Im (Pz) -7 = 1042, ? 4 1mg |y 2.

Hence, P satisfies the above condition if there exists a constant ¢p such
that Im p > cp|u|?. We compute

Imp > cplp? < (Imp — 52 )2 + (RQM)2 < é'

2cp
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The values of u must be contained in a circle with radius 1/(2¢p) and
center i/(2cp). The circle is getting bigger with smaller values of ¢p and
its boundary always contains the origin. Therefore, it is possible to choose
cp sufficiently small such that the set {re’ : r € [r1,r2], ¢ € [p1, 2]} is
contained in the circle. Analogously for «.

(ii) Recall ¢ = 1/9 — 1 and define the contrasts ¢. = /9 — 1 and
qu = /Y — 1. From (5.27) we compute

Im (Qz) - T =

=Imgq. |x1 +1

I 2
ma (Im ¢q1) ) 2ol

kB1Im q. k252Img. Im g,

First we note that Img. = Im § and Im g, = Im §. Under the assump-
tions in Proposition V.19 we have seen that Im 5,Im § > 0. We easily
check that the imaginary parts are bounded away from zero if we start
with strictly positive imaginary parts of € and p. Finally,

(Im q1)?
k232Im ¢. Im g,
and we can restrict k2% such that

B (Im q1)?
k232Im ¢ Im g,

2
+Img, (1 -

= O(k*/?)

>0

O

In the same manner we can show the following proposition for the case
of general media. We state without proof:

Proposition V.21 (General media). Given the wavenumber k > 0.
Assume that

e,pe{re: rer,ralp €0, 0]}
almost everywhere with radii 1 < 11 < 1o and angles 0 < 3 < ¢ < /4.
For a sufficiently small positive constant \ such that k*3% < X almost
everywhere there exist positive constants cp, cqg such that the contrasts
satisfy
Re [eiiqb([j’:zr) -T] > cplz[* and Re [eii‘ﬁ(Qx) - T| > cqlaf?
and, furthermore,

Im [(I:’a:) T 20 and Im[(Qz) -T| > 0.
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5. Numerical Experiments

5.1 Visualization of the far field pattern

For reasons of simplicity we consider the achiral non—magnetic case in this
subsection. In that case our model of the vector Helmholtz equation is
redundant and it is sufficient to look at the scalar Helmholtz equation.

Au+ k%u = 0.

Given a bounded scattering obstacle D C R2, k is defined such that
k =k = wy/Eopio in the exterior of 2. We illuminate D by a plane wave.
The far field pattern of the scattered field u® is given by

eiw/4 ) aefikmy ou’

Nzl R v R A

u™ (&) = e kY ds(y). (5.28)

Solving the direct problem

In order to generate data we solve the direct problem numerically by
finite elements. The computational domain is a circle with radius 2:
B := B(0,2). We use a variational formulation of the Helmholtz equa-
tion which we derive as follows. Given the free space wave number k and
a constrast ¢ with supp ¢ C B. For an incident field u* determine fields
u® and u satisfying

Aut + E*ut =0 in B,
Au® + E2u® =0 in EC, radiating,
Au+k*(1+qu=0 in B, (5.29)
ou’ out _ du
v + oy — ou on 8B,
wHul=u on 0B.
Introduce the Dirichlet—Neumann operator A: \ — % where v solves the

exterior Dirichlet problem for the Helmholtz equation

Av+ k=0 in EC, radiating,
v=A on 0B.
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In this case A admits a series representation which can be used for a
numerical implementation. We multiply equation (5.29) with a test func-
tion ¢ and integrate over B. Using integration by parts, the transmission
conditions and the Dirichlet—Neumann operator we derive

//Bvu'vw—k2(1+q)uwdx—/aBAu¢ds:/aniwds (5.30)

with fi = %—f — Au’. We use standard finite elements to determine
numerical solutions. The scattered field is obtained by subtracting the
incident field u’.

Computation of the far field pattern

The scatterer is represented by the contrast ¢ and its support. We solve
the direct problem for a finite set of plane waves uf(z) = e %" with
vectors dj = (cosf;,sinf;)" where §; = 27j/n, j = 1...n. For every
solution u; of the variational equation we evaluate the integral (5.28) for
u® = uj = vy = u; for unit vectors #; = (cos¢y,singy) ", & = 2xl/n,
I =1,...,n. We rather integrate over {|z| = 2} than the boundary of
the scatterer. The result is a matrix representing the far field pattern

evaluated at the points (¢, ) for k,l=1,...,n.

Reciprocity and symmetry

We denote by u™ (&, d) the far field pattern u°°(Z) induced by the incident
field u’(z) = e*9* with direction of incidence d = (cos#,sin)" for an
angle 6 € [0,2x]. The well known reciprocity relation holds:
u™(z,d) = u™(~d, —1), &,deSh

Here, # € S can be represented as & = (cos,sin¢)’ with an angle
¢ € [0,27]. Then —& = (cos(¢ + 7),sin(¢ + 7)) . We identify the unit
vectors & and d with ¢ and 6, respectively, and denote by u>(¢,0) the
far field pattern u* (&, d). Then the reciprocity relation reads

WR(,0) = u (O +mo+m), o0c0,21.  (531)

We interprete the far field pattern as a (27, 2m)-periodic function on R2.
The geometric meaning of the reciprocity relations is a symmetry with
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respect to the line {§ = ¢ + w}. We verifiy this by shifting the far field
pattern and define:

(¢, 0) = u>(¢,0 + m) for ¢,0 € [—m,7].
Now we can show that @ is symmetric; that is, @ (¢, 0) = a°°(, ¢):

(5.31)

(¢, 0) = u>(,0+T) u>(0+2m, p+m) = u (0, p+7) = 0 (0, 9).

This proves the symmetry property of u°°.

Rotation

What happens to u™ if the scatterer is rotated around the origin by an
angle ¢ € [0,27]. An observation which was made at a point (¢,6) can
be seen at the point (¢ + ¢, 0 + @) after the rotation. Obviously u is
shifted by v/2¢ along the line {¢ = 0}, more precisely:

ug (6, 0) = ug” (0 — 9,0 — ¢) (5.32)

where ug” and v’ are the far field patterns of the obstacle in the original
and rotated position, respectively. Figure V.3 shows the shifting of the
far field pattern of a kite, which is rotated.

From (5.32), we immediately see the well known property of sperical
centered scattering obstacles: From every point they look the same. In
this case uly = ug® for every ¢ € [0,27]. Hence, the far field pattern
consists of lines parallel to {¢ = 6}.

Furthermore, for a regular centered polygon with n edges we have
ug = ug” for ¢ = 2rk/n, k = 0,...,n. Hence, we can identify a cer-
tain pattern, which is repeated n times within the square [0, 27] x [0, 27].
Figure V.4 shows the far field patterns of a rectangle, a hexagon, an oc-
togon and a circle.

Mirroring

Given an object which is symmetric with respect to {z2 = 0}. The corre-
sponding far field pattern doesn’t change after mirroring. We can imagine
the far field pattern as a result of measurements which are made as fol-
lows. An emitting and recieving device are moved on a circle around
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Figure V.3: Re (u™) for a kite rotated by 0, 7/2, 7 and 3m/2.
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Figure V.4: Re (u™) for centered polygons with 4, 6 and 8 vertices and a circle.
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Figure V.5: Re (u™) for a kite and a rectangle mirrored at z2 = 0.

the obstacle. In general, the sense of rotation — positive or negative —
has an influence on the measurements. But in the symmetric case the
measurements are the same wether they are taken by positive or negative
rotation. This means: u*(¢,0) = u™ (27 — ¢, 2w —0) for all ¢, 8 € [0, 27].
Geometrically we can rotate the far field pattern by 7 and it is congruent
to the original one. The plots in the left column of Figure V.3 show this
symmetry.

As consequence, for general obstacles the far field pattern uj> of the
mirrored obstacle is given by

upd(¢,0) = u>* (2w — ¢, 2w — 0) for ¢, 60 € [0, 27].

Figure V.5 shows the far field patterns for a kite and a rectangle, mirrored
at {zx2 = 0}.

Translation

In this paragraph we study the transformation of «* under translation.
Therefore, let D be the scattering obstacle and D, := D + 7 the shifted
obstacle with translation vector 7 € R?2. We illuminate D with a plane
wave u'(x) = e’ 4® with direction of incidence d. This causes a scattered
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field u*(-,d) and we can compute the far field pattern u> by

i » e kY ~ Ou(y,d)
u (x’d)‘/aD @) o) ()

Now, we introduce the shifted incident field

eF Y ds(y).

ui(z) = u'(z —7) = u'(z)e *79

and illuminate D, by u’. The induced scattered field u (-, d) is the shifted
version of u° and satisfies

ul(z,d) =u’(x — 7,d).

For the computation of the far field pattern caused by D, we have to use
the incident field u’ = ule?* ™. By linearity, the scattered field v*(-,d)
caused by u* is given by

v (z,d) = e* 7S (z,d) = T (x — 7, d).

Now, we can compute the far field pattern v°°:

—itk &y s o
R R e R

D, v (y) v (y)
X De™ k&Y us(y — 7,d) ;14
_ pikTd s _ ,d _ ’ zkx~yd
el T - S e sty
ek (y+7) B ou®(y,d)

e—ik - (y+7) dS(y)

. eik T-d u®
a /8D v 4) v (y) ov(y)

_ eik (dfa”c)-f,uloo(:i7 d)

This formula shows that the shifted obstacle can be distinguished from
the original one by the phase shift of the far field patterns. Figure V.7
shows — up to numerical inaccuracy: [v°°| = |u®|. Figure V.6 shows the
transformation of the far field pattern when a centered circle is moved
into the direction (1,0)".

5.2 Reconstruction of the scatterer

In this case we solve the full vector Helmholtz equation with the material
parameters €, u and 3. The variational equation is a more general vector
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Figure V.6: arg(u®) for a centered circle shifted to the right.
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Figure V.7: [u| for a centered circle shifted to the right.
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version of (5.30). With the contrasts P and @ the variational formulation
reads

// (I =P)Vu) - —k*((I+Q)u) -wdx—/ (Au)-ypds= [ f'-4ds
B OB OB
where f? = % — Au’. Here, u,u’ and 9 are 2D-vectors, P and Q are
(4 x 4)— and (2 x 2)-matrices, respectively, whose support is contained
in B(0,3/2). The gradient, the normal derivative and the Dirichlet—
Neumann operator are applied componentwise.

In order to compute the far field operator we need to solve the direct
problem for Herglotz wave functions of the form

u'(z) = /Sl p(d)e™ % ds(d), r € R?,

with density p € L*(S', C?). For fixed n € N we use a (4n+2)-dimensional
subspace of L?(S!, C?) by choosing the basis functions

si={oem s ve { () ()} m=-n.cmoc02m1).

We solve the direct problem for a finite set of Herglotz wave functions u;
defined by

ul(z) = /sl p(d)e* 4™ ds(d), p € B.

We evaluate the integral (5.28) on the circle 9B(0, 3/2) to compute the far
field pattern u;°. The scattering obstacle(s) is(are) situated somewhere
inside this circle. Furthermore, we compute the Fourier coefficients of in

the representation
0y :Zagq(:ir), i est.
qeB

The resulting matrix 7, := (a}),pep is an approximation of the far field
operator . We determine an eigensystem {(\;,¢;),l = 1,...4n + 2} of
|Re F,| +Im F,, and implement the test function ¢,. Finally, we evaluate
the function

-1
4n+2

W(Z): Z | (bzﬂ/}j
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shape € 1 I6)
R1 rectangle 1 0.01+¢ 0.01
K, kite 0.1 1 0
Ky kite 0.1 1474 0

Table V.2: Scatterers used for the experiments.

2 15 -1 05 0 05 1 15 2 -15 -1 -05 . 1 15

Figure V.8: Setting and grid for numerical experiments. B(0,2) computational
domain, 0B(0,3/2) computation of far field pattern, scatterers: rectangle and
kite.

on a mesh of points z in B. Figure V.8 shows the setting and the grid
for our numerical experiments. Two scatterers — a rectangle and a kite
— are considered. In Table V.2 we describe the scatterers and their ma-
terial parameters used for the experiments. The computational domain
is B(0,2) and the far field pattern is computed on 0B(0,3/2). Further-
more we use different eigensystems (ES): ES1 refers to the eigensystem of
Fu and ES2 to the eigensystem of Im F. In all reconstruction we use a
(102 x 102)-matrix to approximate F.

In the following we show some results. We start with the rectangle Ry
which admits chirality and a high (and complex valued) contrast in p. Fig-
ure V.9 shows a good reconstruction with the eigensystem of Im F which
works also with little noise. The localization of the scatterer improves for
larger values of the wave number k. (Figure V.10). Figure V.11 shows
that the reconstruction is more precise when using the eigensystem of
Im F (ES2). Furthermore, with 5% noise the obstacle can still be located
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Figure V.10: K, ES1 for wave number k = 2 (left) and k = 6 (right).

quite well. Finally, we show what our implementation computes without
scatterer. Figure V.12 shows the magnitudes which are in the range of
1072 and 107", respectively. We expect that this is due to approximation
error of the numerical scheme.
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Figure V.11: K>, ES1 without noise (upper left), K2, ES2 without (upper right)
and with noise: 1% (lower left), 5% (lower right).

Figure V.12: Inverse scattering without scatterer: ES1 (left), ES2 (right).



CHAPTER VI

Outlook: Periodic chiral media

This chapter forms — together with following — the final part of this work.
Without going into details and without proofs we like to show, how to
apply the results for scattering from bounded obstacles to the Factoriza-
tion method for periodic chiral media. We start with the Factorization
method for non—magnetic achiral periodic media.

We consider the scattering of electromagnetic waves from a biperiodic
chiral structure €’ C R3, which is periodic in the z;- and xs-direction
and has finite extension in the xs-direction. Without loss if generality
we assume that €' is A-periodic with A = (27,27,0)". The material
parameters €, 1 and 3 are also A-periodic and € = pu = 1 in R3 ~
and 8 = 0 in R® < /. We introduce the unit cell D = (-7, 7)% x R
and Q = Q' N D. An incident field irradiates Q. In this setting we
are interested in quasi—periodic solutions to the scattering problem. The
inverse problem is to reconstruct §2 from near field measurements. Figure
VI.1 shows the setting.

Due to the periodicity it is sufficient to solve the problem in the unit
cell D. Sandfort [37] applies the Factorization method to this problem
for achiral non-magnetic materials. He shows that it is possible to apply
the methods and techniques used for the case of scattering by bounded
obstacles. We can consider his results as a kind of generalization — from
bounded obstacles to biperiodic structures. Combining his results and
the generalization to chiral media found in chapters II and III yields the
Factorization method for chiral biperiodic structures.

In the sequel we briefly state the main equations and operators for the
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Figure VI.1: Setting for the scattering from peridioc structures.

periodic chiral case. We don’t use the same notation but refer to the
PhD thesis [37] for all technical details concerning for example regularity
assumptions for ' and €2, the Sobolev spaces for quasi—periodic functions
with L?—curl, traces, Green’s formula, the quasi—periodic Green’s tensor
for Maxwell’s equations, the Rayleigh expansion (as radiation condition
for outgoing waves), ...

Weak formulation of the transmission problem

Let k > 0. Given g,h € L?(Q,C?) determine a-quasi-periodic, radiating
solution ug € Hy 1oc(curl, D) such that

// (2 = k?pB?) curlug — K pfug] - curl g, da

D

_k2 1 a al - —ad = g h 1 —ad
//D[Mﬁcuru —Hm} ) x //Qg V_o + h - curly T

for all (—a«)-quasi-periodic test functions ¢_, € H_, (curl, D) (with
compact support).
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Existence and Uniqueness

Sandfort uses the a-quasi-periodic Green’s tensor G for the Maxwell
operator curl® —k%id to define the volume potential: For h € L?*(Q,C?)
define wy, € Hy 10c(curl, D) by

we, = curl //Q G oo, y)h(y) d(y)

which is radiating and solves

[/ curlw, - curly_, — kw,, - PY_qdr = [/ g-curly_, dx
D Q

forall _, € H_, c(curl, D). Asin the case of bounded scattering we need
a second volume potential: For g € L?(, C3) define v, € Hq 10c(curl, D)

by
Vg = //Q Gak(@,y)9(y) dy

which is radiating and solves

// curlw, - curlyp_, — k2w, - P_odx = // g-v_odz
D Q

With these volume potentials one can derive an integro—differential equa-
tion, reformulate it with appropriate operators and use the Fredholm the-
ory. At least for absorbing media all theorems and proofs are analogous
and will end up with the following

Theorem VI1.1. Assume that
(a) e,p, BE€ L®(D), ImB=0st ce=p=1,3=0in D\,
(b) Re > c1, Re(1/e) > ¢ k262R|i‘5‘;c‘# <ecg <1 ae.,

(¢) Ime >0 and Im >0 a.e. in Q.

For every (g,h) € L?(Q,C3)? there exists a unique radiating solution
Vo € Hy 1oc(curl, D) o_f the weak transmission problem. For any compact
set B with D D B D Q there exists C > 0 such that

vall o, B) < Cll(g: D)l 22,002 La. (g,h) € L2(Q,C°)2
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For non—absorbing bounded obstacles we used the unique continuation
principle. This cannot be done in the periodic case. Ammari and Bao [3]
show existence and uniqueness for the real-valued case for all but possibly
a discrete set of frequencies.

Reconstruction of the scatterer

We consider a-quasi-periodic incident fields which originate from magnetic
dipoles on the surface I'. For a vector moment function ¢ € L?(T",C?)
define

u o) = [ Car@ Do) dsw), @€ DT,
r
u!, generates the scattered field
uale) = [ (o)) dsty), € D,
r
where ul (-, y) is the scattering response of a magnetic dipole at y € I".

Inverse problem Given the wave number k£ > 0 and all scattered fields
uq on T for all moment functions ¢ € L?(T',C3) determine 2.

The treatment of the inverse problem for absorbing media is analogous
to chapter 3. Define the near field operator N': L?(I",C?) — L*(T, C3) by

No)(z) = / u(y,2)p(y) ds(y), e,

and show the factoriation

N =H'TH.
Here H: L?(T',C3) — L%*(Q,C?)2, Hy = (H1p, Hap) T with

(Hap)( /G ak(¥,2)p(y)ds(y), Haop = curlHip

for z € T and the adjoint operator H*: L?(Q,C?)? — L*(T,C?) is given
by H*g = Hig1 + H5g2 with

(Hig1)(x /Ga,kwygl (y)dy, zeT,
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and

(H392)(x —Curl// t(z,y)g2(y)dy, xeTl.
H*g = wy|r where w,, is weak radiating solution of
curl> w, — k2w, = g1 + curl go.

Furthermore, H* characterizes Q: For z € D and fixed p € C*~ {0} define
¢ (x) = k®’Go(z,y)p. Then z € Q if, and only if ¢, € R(H*). Finally, the
middle operator 7: L?(, C?) — L?(Q,C3)? is given by

rpo (Ko s fi+ v
T \FPuB e +EupB? ) \ fo + curlu,

with the constrast g. = 1 —¢~1

radiating weak solution of

and g, = p—1. v, is the a-quasi-periodic,

[/ k2u52 curlv, — k2 ﬁva} ~curly_, dz

—K? 10q 40 ] —a d
[/D [uﬁcur ) ] P x
= //Q K [qufi+ pBfa) - v—a+ [(¢e + K*uB?) f2 + K*pBf1] - curl_q da

for all ¢p_o € H_q (curl, D) with compact support. The proof of the
properties of 7 are analogous to the case of bounded obstacles and one
can finally show

Theorem VI.2 (Absorbing Media). Assume that there exist con-
stants c.,c, > 0 such that

Img,>c, and Img >c a.e. in €.
Then
(a) T (T, 1) > 0 for | € L2(,C¥)2,
(b) There exists ¢ > 0 such that Tm (T f, f) > || f||* for f € R(H).
(¢c) The ranges of (Im N)Y/? and H* coincide.
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For a point z € D we conlude:
2 €Q <= ¢, € R((ImN)/?)

where ¢, is defined as above.



CHAPTER VII

Conclusions

This work deals with several aspects of inverse scattering for chiral ma-
terials. Scattering from a bounded obstacle is studied in detail: both
the direct and the inverse problem. The special case of scattering from a
homogeneous chiral sphere is done analytically. Scattering by chiral cylin-
der is used to motivate the factorization method for the vector Helmholtz
equation. Numerical examples serve as proof of concept and illustrate the
theoretical results. Finally, scattering from periodic chiral structures is
another possible application of the generalized factorization method.

In the literature many results of existence and uniqueness for the direct
transmission problem or related problems can be found. Nevertheless, we
generalized the method Kirsch proposed and adapted the integro differen-
tial equation approach. The key to success was to allow only real valued
chirality parameter 3. Then the volume potential solutions could be mod-
ified appropriatly. The assumptions on the parameters ¢, u and § turned
out to coincide with those for the achiral case. Additional assumptions
were always of the form: k23?2 sufficiently small, which is common in the
chiral literature.

We generalized the Factorization method for the treatment of the in-
verse problem. Therefore we introduced the Herglotz operator with two
components and in consequence the middle operator could be written as
matrix—vector-multiplication. In the case of absorbing media, with the
technique of completing the square we could show important properties
of the middle operator 7 in a quite straight forward manner. The real
valued case is more complicated since H (curl, ?) is not compactly embed-
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ded in L?(Q,C?). Therefore additional smoothness assumptions on the
parameters are requested and a Helmholtz decomposition is used.

For the scattering by a homogeneous chiral sphere we could exploit two
concepts. Firstly, Bohren’s decompostion into Beltrami fields — Qr =
E +iH and Q@ = F —¢H with wave numbers x7, and kg — and secondly,
series expansions. We were able to compute explicitely the scattered field
and the far field pattern. Furthermore, we computed the eigensystem of
the far field operator explicitly. The achiral eigenfunctions are the vector
spherical harmonics U] and V. The chiral eigenfunctions are the linear
combinations U;* 4+ V" and U] — ¢V,*. The corresponding eigenvalues
depend on k7, and kg, respectively.

Scattering by an infinite chiral cylinder leads to the vector Helmholtz
equation for F3 and Hjs with perturbations in the divV-term and the
k?~term. Here we applied the Factorization method by combining results
for the Helmholtz equation with only one perturbation. This chapter can
be seen as application, since the methods and arguments in the proofs
were already presented in chapters IT and ITI. Nevertheless, the compact
embedding of H'(Q) into L?(2) made the proofs more simple. With stan-
dard finite elements we could generate far field measurements for testing
an implementation of the Factorization method. The implementation is
quite simple and the reconstructions show that the method works. The
results depend on the contrasts, the wave number and the noise. Unfortu-
nately, we could only work with our simulated measurements. Addition-
ally, plots of far field patterns complemented the theory and illustrated
what kind of information the far field pattern contains: the reciprocity
relation causes symmetry and certain properties of the scatterer can be
explained by symmetry arguments.

Finally, we are convinced that the generalization from achiral to chiral
media can be done analogously for biperiodic structures. We formulated
these ideas as outlook and gave the main steps without proof.

Future work includes the question how to weaken the assumptions for
non—absorbing materials and numerical experiments with real data and
numerical schemes for the 3D Maxwell’s equations. Other types of ob-
stacles could be of interest, for example objects with chiral coatings. A
rigorous proof of the Factorization method for chiral periodic structures
would be a good starting point to investigate scattering from chiral meta-
materials. In contrast to the reconstruction of the scatterer, it would be
interesting how the additional degree of freedom § influences the possibil-
ities for cloaking.
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