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Stable and unstable crack extension in brittle materials is governed by the crack-
growth resistance. Most ceramics show an increase of this quantity during crack 
propagation, which is commonly described by so-called R-curves. Reasons for 
such a behaviour are bridging effects between the opposite crack surfaces, phase 
transformations around the tip of a crack, and development of micro-cracking 
zones. 

This booklet predominantly deals with the bridging behaviour and the discussion 
of the observed effects in terms of the fracture mechanics weight function pro-
cedure.
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Preface 

Crack extension in ceramic materials is governed by a material property called 
crack-growth resistance. Most ceramics show an increase of this quantity 
during crack propagation, which is commonly described by so-called R-curves. 
Well-known reasons for such behaviour are bridging effects between opposite 
crack surfaces, phase transformations around the tip of a crack, and 
development of micro-cracking zones. Similar to these effects it seems to be 
possible to describe the strengthening effect of ion-exchange layers and water 
diffusion zones in glass by a crack resistance curve on the nm-scale.  

This booklet predominantly deals with the bridging behaviour and the 
discussion of the observed effects in terms of the fracture mechanics weight 
function procedure. 

About 30 years ago, Professor Dietrich Munz to whom this booklet is dedica-
ted introduced the author in the topics of mechanical behaviour of ceramics 
and application of the weight function technique. He initiated and promoted the 
common work with help and advice. The results were published in several 
papers. I would like to thank him for the always-pleasant cooperation. 

In addition, I have to thank Professor Michael J. Hoffmann (IAM). He gave me 
the opportunity to continue my work at the Institute for Ceramics in Mechanical 
Engineering (now: Institute for Applied Materials / Ceramics in Mechanical 
Engineering, IAM).  

I am grateful to Dr. Stefan Fünfschilling for many discussions on R-curves and 
to Gabriele Rizzi (IAM) for her help by performing Finite Element com-
putations. Thanks also must be granted to Rainer Müller (IAM) and Michael 
Politzky (IKET) for their support in the field of computer application.  

A special word of thanks must be given to Prof. J.J. Kruzic of the Oregon State 
University, Corvallis, for the permission to present some of his still unpublished 
results on CT-specimens. 

Finally, I have to thank my colleagues Dr. P. Becher (ORNL, Oak Ridge), Dr. 
S.M. Wiederhorn and Dr. G. Quinn (NIST, Gaithersburg), Dr. D.B. Marshall 
(Rockwell Int., Thousand Oaks), Prof. T. Lube (University of Leoben), Prof. 
G.A. Schneider and DI H. Özcoban (TUHH, Hamburg-Harburg), Dr. M. Riva, 
Dr. S. Wagner, and D. Creek (IAM), Dr. J. Wippler and Prof. T. Böhlke (KIT, 
Karlsruhe) for valuable discussions and help.  

 Karlsruhe, April 2012                    Theo Fett  
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A1  Introduction 

The content of this booklet mainly deals with the experimental and theoretical 
treatment of R-curves caused by crack-bridging interactions. For computations, the 
fracture mechanics weight function procedure will be demonstrated extensively. In this 
introduction section, a few applications are listed without going into the details. Here 
only the need of weight functions may be demonstrated. 
A crack-resistance curve (“R-curve”) represents the stress intensity factor that has to 
be applied by an external load for the onset and maintenance of crack extension. The 
effect of an increasing crack-resistance (“R-curve behaviour”) is commonly described 
by a relation KR = f(a) in which KR is the stress intensity factor necessary for crack 
propagation by an amount of a (Fig. A1.1a). This crack resistance of ceramic 
materials is of high interest for technical applications. It can be caused by several 
intrinsic effects as crack-face bridging, phase transformations, micro-cracking, etc.. 
Especially the mathematical treatment of crack-face bridging makes use of weight 
functions indispensable.  

 
Fig. A1.1 a) Schematic of an increasing crack growth resistance curve starting from the crack-tip 
toughness KI0 and exhibiting a saturation value KR,max, b) a crack in a ceramic material exhibiting 

crack surface interactions described by bridging stresses br.  

As examples for the application of the weight function method, the bridging stress 
intensity factor, the loading point compliance and the crack opening displacements 
may be addressed briefly.   
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In the case of a crack growing in coarse-grained ceramics, only partial crack-face 
separation is observed. Remaining crack-surface interactions cause so-called “bridging 
stresses” which act against the externally applied load (Fig. A1.1b).  

Bridging stress intensity factor  

The R-curve can be represented by the bridging stress intensity factor Kbr and the 
starting value KI0, the so-called crack-tip toughness, which is necessary for the onset of 
crack extension: 

  0,I0  brbrR KKKK  (A1.1) 

Using the weight function representation, the bridging stress intensity factor can be 
represented by the distribution of bridging stresses br acting in the wake of the crack  

  



a

brbr drrarhK
0

)(),(   (A1.2) 

with the fracture mechanics weight function h, the distance r from the tip, the crack 
extension a=a-a0 and the initial crack length a0 free of bridging.  

Crack opening displacement  

A popular method to determine the bridging stresses is the evaluation of crack opening 
displacement (COD) measured on a grown crack.  

The total displacements in presence of bridging stresses result from superposition of 
the “bridging displacements” br and the “applied displacements” appl (the displace-
ments under same load in the absence of the bridging stresses). It holds 

 brappl     

  (A1.3) 

 
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  

with the plane strain modulus E’=E/(1-2). The total displacement  can be measured 
e.g. under the scanning electron microscope. The bridging stresses br result by 
solving the integral equation (A1.3).  

Compliance 

For the determination of KR(a), the actual crack length, a, has to be determined. Two 
possibilities are widely used for this purpose: 
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a) Direct optical observation of the crack on a side surface of the test specimen 
using a microscope; 

b) Measurement of the specimen compliance and computation of the actual crack 
length. 

For metals the crack length evaluation via compliance could simply be performed 
since in this case free crack faces are present. In order to include the influence of the 
bridging interactions on the compliance, a modified procedure may be used.  
As a consequence of Betti’s theorem the displacements at the loading points caused by 
the bridging effect, LP,br, are  

  



a

applbrbrLPapplB drrrP
0

,2
1 )()(   (A1.4) 

with the thickness B and the force Pappl acting at the loading points. The “applied” 
crack-opening displacements are  

  



a

ra

applappl daaKarh
E

')'()',(
'

1  (A1.5) 

with the applied stress intensity factor Kappl and the weight function h.  

In the former Institute for Ceramics in Engineering (IKM) of the Karlsruhe Institute of 
Technology (KIT) the behaviour of R-curves due to bridging interactions has been 
studied in detail. This holds especially for silicon nitrides exhibiting steeply rising 
crack resistance. Experimental results are given in [A1.1], [A1.2], and a number of 
scientific papers. Theoretical work on weight functions is reported in [A1.3] and 
[A1.4]. In this booklet the contribution of the IKM on experimental and theoretical 
treatment of this type of R-curves will be compiled as resulted in the last 3 years.  

Section A deals with some basic experiments from literature and historical aspects of 
R-curves.  

In Section B the fracture mechanics basic relations are compiled which in the 
subsequent sections are extensively used. 

The fracture mechanics evaluation of the silicon nitride qualities and the SiAlON 
ceramics developed at IKM is demonstrated in Section C. The results are compared 
with some commercial Si3N4 ceramics. 

In Section D the R-curve behaviour of 2-dimensional surface cracks (introduced by 
Vickers- and Knoop- indentations) is addressed. 
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Indentation cracks are treated in Section E. 

Possible effects of multiaxial and cyclic loading are addressed in Sections F and mode-
II shielding is discussed in Section G. 

Finally, some other reasons are compiled in Section H which also result in an in-
creasing crack growth resistance.  

References A1 
                                                 
A1.1 Fünfschilling, S., Mikrostrukturelle Einflüsse auf das R-Kurvenverhalten bei Siliciumnitrid-
keramiken, Thesis, IKM 53, Universitätsverlag Karlsruhe, 2009. 
A1.2 Riva, M., Entwicklung und Charakterisierung von Sialon- Keramiken und Sialon-SiC-Verbun-
den für den Einsatz in tribologisch hochbeanspruchten Gleitsystemen, IKM 54, KIT Scientific 
Publishing, Karlsruhe, 2011. 
A1.3 Fett, T., Stress intensity factors, T-stresses, Weight functions, IKM 50, Universitätsverlag 
Karlsruhe, 2008. 
A1.4 Fett, T., Stress intensity factors, T-stresses, weight functions, -Supplement Volume-, KIT 
Scientific Publishing Karlsruhe, Volume IKM 55 (2009). 



 

A2  R-curves in ceramic materials  

A2.1  Crack resistance 

Failure of brittle materials starts from pre-existing cracks when the applied stress in-
tensity factor, Kappl, reaches a critical value KR called the crack resistance 

 Rappl KK   (A2.1.1) 

The fracture mechanics loading parameter Kappl is defined by 

 FaK applappl   (A2.1.2) 

where appl is a characteristic stress value as for instance the remote tensile stress or the 
outer fibre tensile stress in a bending bar, a is the length of a crack and F is the so-
called geometric function that depends on the type of crack, the specimen shape and 
the type of the load.  

A2.1.1 Material property: constant KIc  

For an ideally brittle material it was found that the crack resistance KR was completely 
described by a constant material-specific value KR=KIc called the fracture toughness. 
For glasses this parameter seemed to be a true material constant in the absence of sub-
critical crack growth, e.g. for glass in liquid nitrogen or in vacuum (see also Sections 
H2 and H3). 

It was very early shown by Hübner and Jillek [A2.1] that the crack resistance of poly-
crystalline alumina was not a constant but did depend on the crack extension a. The 
dependency KR=f(a) is known as the R-curve. 

A schematic representation of an R-curve KR=f(a) is given in Fig. A1.1a in the Intro-
duction section. The initial value of KR at the onset of crack extension is called the 
crack-tip toughness KI0. Very often (but not in all cases) a saturation of KRKR,max is 
observed. 

Consequently, the very simple failure concept of a constant failure property could no 
longer be used for such ceramic materials. In numerous publications of the eighties, 
the increase of crack resistance was reported for many ceramics. Here only a few ref-
erences may be given, e.g. for coarse-grained alumina: [A2.2, A2.3], zirconia ceram-
ics: Mg-PSZ [A2.4, A2.5, A2.6], Ce-TZP [A2.7, A2.8], and later also for silicon ni-
tride: [A2.9, A2.10, A2.11].  
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For the description of the material response during crack extension, the complete R-
curve was then interpreted as the true material property. 

A2.1.2 Material property: KR(a)  

The application of R-curves for a material characterization with respect to resistance 
against crack extension was a rather simple and well-established procedure.  

However, unfortunately, it has been shown by experimental and theoretical investiga-
tions that also the R-curve is not a unique material property. Experiments with differ-
ent initial crack lengths showed that KR(a) is not really independent of test conditions 
but depends on the geometry of the test specimens, the initial crack depth, the type of 
loading (tension, bending, point forces).  

Especially, R-curves for naturally small cracks are often different from those for mac-
roscopic cracks. A survey of literature data was given by Munz [A2.12] showing the 
trend of lower R-curves for small natural cracks.  

 
Fig. A2.1 R-curves for large and small cracks: a) MgO-doped zirconia [A2.13], b) alumina [A2.14]. 

Figure A2.1a shows results of macroscopic cracks (squares) for MgO-doped zirconia 
(Marshall and Swain [A2.13]) and Steinbrech and Schmenkel [A2.14] for coarse-
grained alumina (Fig. A2.1b). The circles represent the results for surface cracks. The 
ordinate in Fig. A2.1b is the energy rate GR necessary for crack propagation. It is relat-
ed to KR via  
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 EE
E

K
G R

R  (A2.1.3) 

(E’=plane strain modulus, E=Young’s modulus, =Poisson’s ratio). From these data it 
is clearly visible that the crack resistance for the extension of small surface cracks is 
lower than that for large through-the-thickness cracks. 

A2.1.3 Material property: bridging relation 

It is actually accepted opinion that in the special case of R-curves caused by grain 
bridging effects, the relation between the bridging stresses and crack opening dis-
placement, br = f(), is the intrinsic material property which is expected to be much 
less influenced by test conditions.  

Direct measurements of the loads transferred by the bridges were performed by Pez-
zotti et al. [A2.15, A2.16] and Kruzic et al.[A2.17] applying Raman spectroscopy. 
Hay and White [A2.18, A2.19] developed the post-fracture tensile (PFT) test which 
gives the crack closure stress vs. the crack opening displacement relationship.  

A very popular method to determine the bridging stress relation is the evaluation of 
crack opening displacement (COD) measurements. In the case of coarse-grained alu-
mina often scanning electron microscopes (SEM) were used for this purpose [A2.20, 
A2.21] (see also [A2.22, A2.23]). This procedure will be addressed in detail in Section 
D. 

A2.2  Reasons for the R-curve interpretation by crack-face bridging 

A2.2.1 Re-notching experiments 

Knehans and Steinbrech [A2.2] carried out a very pioneering experiment that gave 
much insight in the nature of R-curve behaviour. These authors measured the crack 
resistance of coarse-grained alumina with bending bars of different initial notch depths 
a0/W (W=specimen width). Figure A2.2a shows the scatter bands of results for 
a0/W=0.4 and 0.6 as the hatched areas. Then, a crack with a0/W=0.4 was propagated 
up to a/W0.66 under full load (a/W0.7-0.72 after unloading). The specimens were 
re-notched in the range of 0.4a/W0.6. The crack resistance value after re-notching 
was clearly smaller than without re-notching (indicated by the arrow) and matched 
very well to the scatter band of the tests performed for a0/W=0.6. This was a clear in-
dication for a localization of the strengthening mechanisms in the crack wake.  

As the sources of the increasing crack resistance Knehans and Steinbrech [A2.2] pro-
posed crack-face interactions and a possible change of the micro-crack state in the 
wake due to the sawing procedure. The effect of each contribution cannot be distin-
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guished from the results of Fig. A2.2a. In principle it could be possible (but is of 
course highly improbable) that the whole increase of the crack resistance might be 
caused by the change of the micro-crack state. The fact that crack-face interactions 
must be present can be seen from the increasing compliance of the re-notched speci-
mens.  

A change of the micro-crack population along the notch faces results in a constant 
non-elastic strain contribution. Since this strain is independent of the applied load, 
there will not appear an effect on the specimen compliance. The occurrence of a com-
pliance change was a rather simple proof for the crack-face interactions in the crack 
wake.  

Figure A2.2b shows three loading-unloading cycles for a re-notching experiment car-
ried out by Himsolt et al. [A2.24, A2.25] on a Chevron-notched bar of hot-pressed 
silicon carbide (HPSiC) containing 0.3 wt% Al (grain size: 1.2-4.9 µm). Whereas the 
grown crack shows a steep load vs. displacement curve with a hysteresis, the specimen 
re-notched up to 98% of the crack length is clearly more compliant. In addition, the 
hysteresis is strongly reduced. In the case of re-notching to 99.5%, the compliance is 
maximum and a hysteresis is no longer visible. Such results clearly indicate the exist-
ence of unbroken ligaments behind the crack tip.  

 
Fig. A2.2 a) Re-notching experiments on coarse-grained alumina by Knehans and Steinbrech [A2.2], 

b) change of compliance by re-notching of HPSiC (Himsolt et al. [A.2.24, A2.25]).  
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A2.2.2 In-situ observations 

The existence of crack-face interactions could very early be proofed directly by the 
observation of crack paths under the SEM. Many images of such interaction events 
were published by Swanson et al. [A2.26] and Fairbanks et al. [A2.27] clearly indicat-
ing the effect for alumina where the unbroken parts in the crack wake can act as elastic 
and frictional bridges.  

An elastic bridging event is shown in Fig. A2.3 for hot-pressed silicon nitride (HPSN) 
[A2.28]. Such a situation can result if a crack locally extends on slightly different 
planes simultaneously. Crack propagation on exactly the same prospective plane as for 
instance visible in glasses is disturbed by the microstructure of the poly-crystalline 
ceramics. The left part of Fig. A2.3 shows an image of a Vickers indentation crack 
close to the crack tip (crack coming from the left). The right illustration is a schematic 
of the resulting elastic bridges. 

 
Fig. A2.3 Elastic bridging interaction for a crack in silicon nitride by Fünfschilling [A2.28]. 

In the frictional bridging model by Mai and Lawn [A2.29], tractions are transmitted 
between the upper and lower crack faces by friction. Large grains with the lattice ori-
entation and the thermal expansion coefficient different from that of the surrounding 
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matrix (assumed homogeneous and isotropic) show local residual stresses by thermal 
mismatch after cooling down from sintering temperature. 
In Fig. A2.4, a large grain is shown, acting as a crack-bridging event. The x-
component of the thermal mismatch tractions σmis is indicated. In this context, it 
should be mentioned that bridges show 3-dimensional crack-face interlocking with 
finite depth L in the order of L ≈ D. The consequence is that mismatch stresses also act 
in y-direction, which is not introduced in Fig. A2.4. 
During crack-face separation resulting in an increasing displacement, δ, a friction 
stress σfr acts which is proportional to the mismatch stress. The loads transferred by 
crack face interactions are localized at single grains. They can be modelled in a more 
homogeneous way by so-called bridging stresses σbr, which average the localized in-
teractions over a large number of grains. If σmis is the thermal mismatch stress, the 
bridging stress σbr can be expressed by 

 misbr µσσ ≅  (A2.2.1) 

defining an effective friction coefficient µ.  

 

Fig. A2.4 Crack surface interactions due to a local frictional bridging event. 

A2.3  Further experimental observations 

A2.3.1 Influence of the initial crack length 
As mentioned before the R-curve for the same type of cracks depends on the specimen 
and crack geometry. This could always be seen from the results of Knehans and Stein-
brech [A2.2] (Fig. A2.2a). A further example is shown in Fig. A2.5.  
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In this diagram, two R-curves for edge-cracked bending bars with different initial 
crack lengths a0 are plotted for an alumina with a grain size of 16 µm [A2.30]. The 
deeper initial crack shows a clearly steeper R-curve. This effect can be explained 
simply by the increasing regular weight function terms with increasing crack length as 
will be shown in Section C. 

A2.3.2 Influence of temperature 

Measurements of Mundry [A2.31] on a coarse-grained alumina of dm = 16 µm average 
grain size (re-evaluated in [A2.32]) are plotted in Fig. A2.6a. From these results the 
bridging stress intensity factor Kbr could be determined via the relation of eq.(A1.1) 
with the result shown in Fig. A2.6b. The bridging stress intensity factor Kbr continu-
ously decreases with increasing temperature. Since the stress intensity factor Kbr is 
proportional to the bridging stresses br as given by eq.(A1.2), the bridging stresses 
must decrease in the same way. 

 
Fig. A2.5 Influence of the initial crack size on R-curves for coarse-grained alumina, from [A2.30]; 

(different symbols for different initial notch depths). 

The same conclusion can be drawn from measurements on HPSiC [A.2.24]. In these 
tests carried out with Chevron specimens large crack extensions were realized. The 
toughness data are represented in Fig. A2.7. Already at 1000°C a toughness reduction 
of 20% can be stated. At 1500°C, a reduction of nearly 50% is visible. The same re-
sults were obtained for specimens with straight-through notches and Knoop indenta-
tion cracks. 

A simple explanation of the reduction of crack-face interactions with increasing tem-
perature may be due to the fact that the reason for the interactions, the so-called 
“bridging stresses” are affected by thermal mismatch stresses. This at least holds for 
the friction-induced bridging events. 
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The thermal mismatch stresses are proportional to the anisotropy  of the thermal 
expansion coefficients in the c-axis compared to the perpendicular axes and the tem-
perature difference between sintering temperature Ts and temperature T at which the 
mismatch stresses are considered. It then holds for temperature dependent expansion 
coefficients 

  
sT

T

mis dTTE ')'(  (A2.3.1) 

 

 
Fig. A2.6 a) Temperature influence on the R-curve of coarse-grained alumina measured by Mundry 

[A2.31], b) related bridging stress intensity factor. 

 
Fig. A2.7 Temperature influence on toughness for HPSiC with 0.3% Al by Himsolt et al.[A2.24, 

A2.25] obtained with Chevron-notched bending bars.  
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The temperature dependent value of  in the integral can be drawn out of the integral 
by use of the mean value theorem for integrals with the result of 

  )()()( TTTTE seffmis    (A2.3.2) 

defining an effective difference in thermal expansion coefficients eff(T) which de-
pends on the temperature T at which the measurements are carried out. It is obvious 
from (A2.3.1) that the mismatch stresses decrease with increasing temperature T and 
disappear completely at T =

 Ts. Such an effect has to be expected at least for frictional 
bridging stresses, eq.(A2.2.1). Consequently, the contribution of frictional bridging to 
the R-curve must decrease with temperature. 
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B1  Basic equations for 1-dimensional cracks  

B1.1  Near-tip stress field  

The complete stress state in a cracked body can be determined from the Airy stress 
function . This function results as the solution of =0. A series representation for 
 was given by Williams [B1.1]. In polar coordinates r,  with the crack tip as the 
origin (see Fig. B1.1) the symmetric part of the Airy stress function, which is of inter-
est for R-curve problems, reads 
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where the coefficients An and Bn are proportional to the applied load. The geometric 
data are explained in Fig. B1.1.  

 
Fig. B1.1 Geometrical data of a crack in a component under tensile loading. 

The tangential, radial and shear stresses result from the stress function by 
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For the near-tip stresses the first term with n=0 is of interest, exclusively. The related 
stress components can be expressed in an x-y- coordinate system by  
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with the angular functions  
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and 
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with r and  according to Fig. B1.1. The parameter KI is the mode-I stress intensity 
factor and T the so-called “T-stress” term. These terms are related to the stress function 
coefficients by 

  00I 4,18 BTAK    (B1.1.8) 

In most cases, the stress intensity factor KI is expressed as 

  )(*I W
aFaK   (B1.1.9) 

where a is the crack length, W is the width of the component, and * is a characteristic 
stress in the component, e.g. the remote tension in a tensile test or the outer fibre ten-
sile stress in a bending bar. F is called the “geometric function”, sometimes also the 
“shape function”. It depends on the crack/component geometry as well as on the spe-
cial loading.  
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Leevers and Radon [B1.2] proposed a dimensionless representation of T by the stress 
biaxiality ratio , defined as 

 
IK

aT    (B1.1.10) 

B1.2  Weight function procedure 

The weight function procedure developed by Bückner [B1.3] simplifies the determina-
tion of stress intensity factors. If the weight function is known for a crack in a compo-
nent, the stress intensity factor can be obtained by multiplying this function by the 
stress distribution and integrating it along the crack length. The weight function does 
not depend on the special stress distribution, but only on the geometry of the compo-
nent. 
The method is considered below for the case of an edge crack. If n(x) is the normal 
stress distribution in the uncracked component along the prospective crack line of an 
edge crack, the stress intensity factors are given by [B1.4] 
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These equations define the weight functions h11 and h21. For shear tractions xy along 
the crack faces it results 

  
a

xy dxxaxhK
0

12
)2(

I )(),(   (B1.2.2a) 

  
a

xy dxxaxhK
0

22
)2(

II )(),(   (B1.2.2b) 

with the weight functions h12 and h22. Under a combined crack-face loading, the stress 
intensity factors can be superimposed 
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In most practical applications and for most R-curve problems the mixed weight func-
tions h12 and h21 disappear. In such cases we can simply write  
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B1.3  Test specimens 

Solutions for the stress intensity factor, the T-stress, and the weight functions of the R-
curve-relevant crack problems considered in this book were taken from the fracture 
mechanics literature. Equations without reference are from [B1.4], [B1.5] and [B1.6]. 
In all equations it is =a/W. 

B1.3.1 Edge-cracked bar 

Very often R-curves are measured in bending tests. For a long edge-cracked bar in 4-
point bending with H/W  1.5 (Fig. B1.2) the geometric function for the stress intensity 
factor reads 
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the biaxiality ratio  
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and the weight function for  0.85  
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The coefficients for (B1.3.3) are listed in Table B1.1. 

Table B1.1  Coefficients Dnm for eq.(B1.3.3) 

m n=0 1 2 3 4 

0 0.4980 2.4463 0.070 1.3187 -3.067 

1 0.5416 -5.0806 24.3447 -32.7208 18.1214 

2 -0.19277 2.55863 -12.6415 19.763 -10.9986 
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Fig. B1.2 Geometric data of an edge-notched bar. 

B1.3.2 Compact tension (CT) specimen 

A stress intensity factor solution for the standard CT specimens (Fig. B1.3) was pro-
posed by Newman [B1.7]  
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The weight function solution for the CT-specimen is for 0.2 ≤ α ≤ 0.8 [B1.4] 
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with the coefficients listed in Table B1.2 

The biaxiality can be described by 
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Fig. B1.3 Geometric data of a CT-specimen. 
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Table B1.2 Coefficients Dnm for eq.(B1.3.5) 

m n=0 1 2 3 4 

0 2.673 -8.604 20.621 -14.635 0.477 
1 -3.557 24.973 -53.398 50.707 -11.837
2 1.230 -8.411 16.957 -12.157 -0.940 
3 -0.157 0.954 -1.284 -0.393 1.655 

B1.3.3 Double cantilever beam (DCB) 
The stress intensity factor for the DCB-specimen (Fig. B1.4) loaded at the crack mouth 
x=0 is 
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An approximation for the biaxiality ratio is within 0.1<d/a<0.6  
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The weight function is 
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Fig. B1.4 Double Cantilever Beam specimen loaded by a line load P. 

B1.3.4 Double cleavage drilled compression (DCDC) specimen 
The stress intensity factor solution for the DCDC specimen (Fig. B1.5) was given by 
He et al. [B1.8] as  
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The biaxiality ratio can roughly be expressed for 2≤a/R≤7 and H/R=4 by [B1.5] 
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or for the extended region of 2≤a/R≤16 by 
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The weight function is given as 
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with the coefficients 
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Fig. B1.5 Geometric data of a DCDC-specimen. 

The relations mentioned before are valid for the standard geometry with W/H=10. For 
specimens with reduced lengths FE-computations had to be performed [B1.9]. The 
deviations from the standard solution K0 obtained for the large “standard length” of 
W0=10H and R=H/4 are shown in Fig. B1.6. For a tolerated deviation of 1% at a crack 
length of a/R<10, the specimen length can be reduced to W=0.45 W0. A further reduc-
tion of the specimen length yields at least for the long crack of a=10R rather strong 
deviations and should therefore be avoided. With other words the uncracked ligament 
of the bar L=W-a-R should satisfy the condition of L ≥ 7/4 H. 
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Fig. B1.6 Influence of the specimen length on the stress intensity factor (K0=stress intensity factor for 

“standard geometry” W0=10 H, H=4R). 

B1.4  Crack opening displacement field 

The relation of Rice [B1.10] allows to determine the weight function from a known 
crack opening displacement (x,a) under any arbitrarily chosen loading and the corre-
sponding stress intensity factor KI(a) according to 
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Here it has to be emphasized that the derivative in (B1.4.1) is only a partial variation 
of the displacements with crack length for a fixed loading, i.e. for a fixed stress distri-
bution. By an inverse use, it also allows the crack opening displacement field to be 
determined for any load. 
As outlined in [B1.4], integration of (B1.4.1) gives 

  



'

0

'),'()','(')',(
'

1 aa

ra

drararhdaarh
E

  (B1.4.2) 

where r is the distance from the crack tip. As the consequence of the partial derivative, 
it should be emphasized that in the inner integral, the stress is (r’,a) for the real crack 
of length a and not the bridging stress distribution of a shorter crack of length a’.  
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B1.5  Compliance 

The crack-length determination for crack resistance curves is often based on measure-
ment of loading-point displacements LP and load P where a record of LP(P) sensitive-
ly indicates smallest crack growth. 

The loading point displacements LP and its increase LP define the compliance C and 
the increment C due to crack extension 
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The compliance of a bending bar containing a crack of length a is given as  
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with the supporting span L in 3-point bending or L=S1-S2 in 4-point bending (S1= sup-
porting roller span, S2= loading roller span) and the compliance C0 of the bar without a 
crack. The function F is the geometric function for the stress intensity factor as defined 
by (B1.1.9). 

B1.6  Cone crack 

A cone crack in a semi-infinite body is illustrated in Fig. B1.7a. For a Hertzian contact 
pressure distribution  

  2
0 )/(1)( axpxp   (B1.6.1) 

with maximum pressure p0 in the centre, the mixed-mode stress intensity factors were 
determined with the FE method. K results from [B1.11] are plotted in Fig. B1.7b and 
B1.7c in terms of the geometric functions FI and FII  
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Fig. B1.7 a) cone crack, b), c) geometric functions for mixed-mode stress intensity factors [B1.11]. 
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B2  Equations for 2-dimensional cracks 

B2.1  Weight functions  

B2.1.1 Embedded circular crack  

In the case of a stress distribution depending on the radial coordinate r exclusively, the 
stress intensity factor along the crack front of a circular crack in an infinite body (Fig. 
B2.1a) can be expressed in terms of a weight function by 
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The related weight function is 
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This function is represented in Fig. B2.1b. 

 
Fig. B2.1 a) Circular crack in an infinite body, b) weight function for the circular crack.  

B2.1.2  Semi-circular surface crack  

The weight function for a semi-circular surface crack (Fig. B2.2a) is  
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where the coefficient c accounts for the influence of the free surface 
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The weight functions h(r,) are plotted in Fig. B2.2b for  = 0 and  = 90° as the thin 
lines. It can be seen that the influence of the angle  is rather small. Consequently, it is 
recommended to neglect the angular influence by using in (B2.1.4) an average value of 
c  0.42. This value results in the thick curve. The dash-dotted curve represents the 
solution for the embedded circular crack for comparison. 

 
Fig. B2.2 a) Semi-circular surface crack, b) weight function for the semi-circular surface crack 

parallel to the surface ( = 0) and normal to the surface (=90°) compared with that for the circu-
lar crack in a semi-infinite body.  

B2.2  Crack opening displacement field 

Similar to eq.(B1.4.2), the crack opening displacement of a circular crack results by 
use of the weight function (B2.1.2) [B2.1] 
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In an approximate extension, the crack opening displacement for the semi-circular 
crack can be computed from 
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where the simplification c= 0.42 allows to handle the problem under conditions of ro-
tational symmetry.  

The circular and semi-circular cracks are often used as approximations for indentation 
cracks [B2.2]. As the applied load appl, one can apply a residual stress field according 
to Hill [B2.3]  
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where r is the radial coordinate with origin in the crack centre as illustrated in Fig. 
B2.3.  

 

Fig. B2.3 Residual stresses by an expanding sphere [B2.3]. 

A semi-analytical solution for the COD field under the stress distribution given by 
eq.(B2.2.3) is 
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where E and K are the complete and E( ) and F( ) the incomplete elliptical integrals. 
The elastic modulus E’ may be represented by the plane stress Yong’s modulus E, 
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since plane stress conditions prevail at the free surface. The geometric data are ex-
plained in Fig. B2.4a. 
The parameter λ in (B2.2.4) reads 

 00565.0)/(9828.0 ba≅λ  (B2.2.7) 

Equation (B2.2.4) was originally derived for the special case of an embedded circular crack. 
This relation can also be applied in very good approximation for a semi-circular surface 
crack, since in the ratio δappl/Kappl the individual influences of the different weight function on 
δappl and Kappl act in the same direction and are, therefore, nearly cancelled out.  

 
Fig. B2.4 a) Vickers indentation cracks (definition of parameters), b) crack opening displacements 
of Vickers indentation cracks: comparison of the analytical solution (solid curves) with the ap-
proximation eq.(B2.2.8) (dashed curves). 

The displacement solution is shown in Fig. B2.4b by the solid curves. In [B2.4] a sim-
plified series expansion for the displacements was proposed for a/b > 1.4. Considering 
the leading terms exclusively, it holds 
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with the coefficients A1 and A2 approximated by 
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A representation of the displacement approximation (B2.2.8) is given in Fig. B2.4b by 
the dashed curves.  

B2.3  Weight function and near-tip COD evaluation 

The weight function occurring in the displacement equations is available for many 
cracks. In the special case of the circular embedded crack h is given by eq.(B2.1.2) and 
an estimation for the semi-circular surface crack by eq. (B2.1.3).  

Sometimes the question arises how accurately a weight function must be known for 
the determination of KI0 from near-tip crack opening displacements.  

A series expansion of (B2.1.3) with respect to a-r yields 
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This expansion also holds for the circular crack by setting c=0. It should be mentioned 
that the asymptotic term hasympt is present in any weight function for any crack prob-
lem. 

  

Fig. B2.5 a) Weight function for the semi-circular surface crack along the surface ( = 0) com-
pared with the circular crack in a semi-infinite body and the asymptotic term of (B2.3.2), b) 

near-tip behaviour.  
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Figure B2.5 shows the weight functions according to eqs.(B2.1.2) and (B2.1.3) togeth-
er with the asymptotic term of (B2.3.2). Whereas for r/a<0.8 clear differences between 
the “full” weight functions and the asymptotic term can be stated (Fig. B2.5a), a good 
agreement can be seen for r/a>0.9 (Fig. B2.5b).  

For a-r<0.05a the prevailing asymptotic weight function term with 1/(a-r)1/2 deviates 
less than 4% from the full solution. Consequently, the near-tip weight function is suf-
ficiently represented by the singular term of (B2.3.2). Therefore, the near-tip crack 
opening displacements can simply be computed by application of relation (B1.4.2) for 
the straight-through crack (replacing the r-coordinate in (B1.4.2) by the x-coordinate 
used in this section).  
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B3  The problem of finite notch radii 

B3.1  Slender notches as “starter cracks”  

In Sections B1 and B2, the fracture mechanics relations were compiled which are nec-
essary for the evaluation of R-curves. All these equations imply the pre-existence of a 
sharp crack. In most experimental investigations, however, slender starter notches are 
used. In earlier investigations starter notches were introduced as saw cuts, leading to 
notch root radii of about R = 30 –100 µm. In recent years, rather thin notches could be 
produced with razor blades as proposed by Nishida et al. [B3.1]. This notching proce-
dure yields notch roots with a radius of about 4 – 10 µm  

There are strong differences in the shape of the R-curve for different ceramics. Where-
as coarse-grained alumina showed a moderate initial increase of KR extending over 
crack growth in the order of several mm before reaching a plateau [B3.2], Si3N4-
ceramics (MgO-La2O3- and MgO-Lu2O3-doped) exhibit a very steep initial increase 
occurring within only a few micrometers [B3.3, B3.4], comparable to the notch radius. 
Consequently, the evaluation of the initial parts of an R-curve under the assumption of 
a pre-existing crack is not possible at least for the steep R-curves.  

Therefore, the fracture mechanics treatment of such notch problems may be explained 
briefly. A specimen containing a slender edge notch of depth a0 with the notch root 
radius R is considered (Fig. B3.1a) with a small crack of length  emanating directly at 
the notch root.  

B3.2  Fracture mechanics relations for slender notches  

B3.2.1 Stress intensity factor 

In the first crack extension phase, the crack length  may be comparable to R. The 
stress intensity factor K is then given by [B3.5]  

 ]/tanh[* RAKK   (B3.2.1) 

(A=2.243). The quantity K* is the stress intensity factor of a crack of total length a = 

a0+ (see Fig. B3.1b). The related stress intensity factor (the so-called “long-crack ap-
proach”) is given by 

 )/()(* 0 WaFaK   , (B3.2.2) 
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where F is the geometric function for an edge crack of depth a in a specimen of width 
W.  

      
Fig. B3.1 a) Crack of length l ahead of a slender notch with notch root radius R, b) same 

crack/notch configuration replaced by an auxiliary crack of total length a=a0+l, c) stress intensity 
factor K normalized on the formally computed value K*.  

Equation (B3.2.2) is shown in Fig. B3.1c by the curve. From this plot it is clearly visi-
ble that the true stress intensity factor K is significantly lower than the formally com-
puted K* for the very first crack extension. On the other hand, it can be concluded that 
notch effects are negligible if l >1.5R.  

B3.2.2  T-stress 

An approximate description for the T-stress is given by [B3.6]  
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where σ* is the characteristic stress (in our case the outer fibre bending stress). T* is 
the T-stress term for the “long-crack solution”, i.e. the T-stress for a crack of total 
length a=l+a0 according to [B3.5] 
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with α=a/W and  
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B3.2.3  Weight function  

For computations of bridging stress intensity factors for ceramics with crack-surface 
interactions it is necessary to know the weight function for the crack ahead of the 
notch root. For this purpose a simple interpolation relation was given in [B3.5] as  
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is the “long-crack weight function” for a crack of total length a=a0+l and 
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is the weight function of an edge crack in a component of reduced width W-a0.  

 
Fig. B3.2 Weight functions for a crack ahead of a slender notch. 

The weight function (B3.2.6) reads for the special case of a small crack extension 
compared to the initial crack length, l<<a0 
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The result is illustrated in Fig. B3.2 for several ratios of /R. 

B3.2.4  Compliance  

In contrast to eq.(B1.5.2), the compliance of a crack in front of a slender notch is given 
by [B3.7] 
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with the supporting span L in 3-point bending or L=S1-S2 in 4-point bending (S1= sup-
porting and S2= loading roller span). The compliance increment C normalised on the 
formally computed value C* from (B1.5.2) is plotted in Fig. B3.3. From eq.(B3.2.11) 
it can be concluded that for crack extensions in the order of a few notch root radii 
(>4R), the formally computed compliance will represent the notch/crack-confi-
guration with sufficient accuracy.  

 
Fig. B3.3 True compliance increase C normalised on the „long-crack solution” C* for the same 

crack increment.  
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C1  Investigated materials  

C1.1  Silicon nitrides produced at IKM 

Measurements at IKM were carried out on the following silicon nitrides. The materials 
were: 

 A hot-isostatically-pressed silicon nitride with 5wt% Y2O3 and 2wt% MgO as 
sintering aids (denoted as MgY), 

 hot-isostatically-pressed silicon nitride with 8.5 wt% Lu2O3 and 1.93 wt% MgO 
as sintering aids (denoted as MgLu), 

 hot-isostatically-pressed silicon nitride with 7.1 wt% La2O3 and 1.96 wt% MgO 
as sintering aids (denoted as MgLa), 

 hot-isostatically-pressed silicon nitride with 5wt% Y2O3 and 1.5 wt% SiO2 as 
sintering aids (denoted as SiY). 

Fünfschilling [C1.1] produced the materials investigated. They were consolidated in a 
two-step sintering process. The powder mixtures of silicon nitride (SN-E10, UBE) and 
additives were prepared by attrition milling in isopropanol and afterwards dried and 
sieved. Greenbodies (45mm  64 mm  6mm) were uniaxial pressed and subsequently 
cold-isostatically pressed. The samples were sintered in a hot-isostatic press. In the 
first step, the samples were sintered to achieve closed porosity and afterwards the HIP 
pressure of 10 or 20MPa was applied with a low N2 pressure of 1MPa. Table C1.1 
compiles the sintering conditions. For more details, see [C1.1]. 

Material Sintering temperature, 
dwelling time, (°C, min)

HIP temperature,
dwelling time, 
gas pressure 
(°C, min, MPa) 

Average 
Grain 
Length 
 (µm) 

Peak value
of aspect 
ratio 

MgLa 1780/14 1780/30/20 1 9 
MgLu 1750/15 1750/30/10 1 7 
MgY 1750/60 1800/30/10 1 9 
SiY 1920/25 1920/30/10 1 4 

Table C1.1: Sintering conditions and microstructure.  
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The microstructure of the silicon nitrides is shown in Fig. C1.1. Characteristic data for 
the elongated -crystals are entered in Table C1.1. These crystals often act as bridging 
events and are, therefore, responsible for the R-curve behaviour of Si3N4-ceramics. 

 
Fig. C1.1 Microstructure of the Si3N4-ceramics produced by Fünfschilling [C1.1], a) MgLa, b) MgLu, 

c) MgY, d) SiY. 

Fünfschilling [C1.1] performed a statistical evaluation of the grain length as a function 
of the grain aspect ratio applying the procedure by Mücklich et al. [C1.2, C1.3]. Two 
examples of contour plots are given in Fig. C1.2 for MgY and SiY. Whereas the max-
imum frequency of the aspect ratio is about 9 for MgY, the SiY only shows rather 
short crystals with an aspect ratio of 3.5-4.   

Some mechanics properties are given in Table C1.2.  

Materi-
al   

HV10 (GPa)  HK10 (GPa)  KIc  (MPam)  KI0 (MPam)  

MgLa 14.790.20  12.700.15  7.040.19  2.20.3  
MgLu 15.310.15  13.500.06  6.480.14  2.20.3  
MgY 15.060.26  13.630.09  6.770.28  2.20.3  
SiY 14.880.20  12.780.08  3.590.78  2.20.3  

Table C1.2: Properties of the Si3N4-ceramics (KI0 from Section D, KIc from SEVNB-tests). 

b)

c) d)

a) 
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Fig. C1.2 Contour plots for the grain length as a function of the aspect ratio for the materials a) MgY 

and b) SiY (contour colours in%), taken from Fünfschilling [C1.1]. 

C1.2  Commercial silicon nitrides 

Measurements similar to those on (Mg-Y)-containing Si3N4 were also carried out for 
several commercial silicon nitrides: 

• a gas-pressured sintered silicon nitride FSN10 (FCT-Keramik, Rauenstein, Ger-
many). 

• SL200BG, a silicon nitride with 3wt%Y2O3 and 3wt% Al2O3 content (Ceram-
Tec, Plochingen, Germany), 

• the MgO-containing ceramic NC132 (Norton, Thousand Oaks, USA), and 

a) 

b) 
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 a gas-pressured silicon nitride containing 3% MgO (Ekasin-S, ESK, Kempten, 
Germany). 

As a representative result, the microstructure for SL200BG is shown in Fig. C1.3. 

 
Fig. C1.3 Microstructure of SL200BG after [C1.1]. 

Material HV10 (GPa)  HK10 (GPa)  KIc  (MPam)  KI0 (MPam)  

SL200BG 14.860.3  13.30.12  5.650.25  2.20.3  
Ekasin-S 14 13.5 (HK1 ) 7  

Table C1.3: Properties of the commercial ceramics (from literature and data sheets of manufactures, 
data with standard deviations, by [C1.1]). 

C1.3  SiAlON ceramics produced at IKM 

SiAlON ceramics can be derived from both - and -silicon nitride modifications sub-
stituting silicon by aluminium and nitrogen by oxygen. The possibility to stabilize two 
crystal structures offers the opportunity to design materials ranging from pure -, 
mixed /-, up to pure - SiAlON. In general, - SiAlONs are in the form of equiaxed 
grains with high hardness and good wear resistance but low fracture toughness, where-
as - SiAlONs have elongated grains with high fracture toughness but relatively low 
hardness. To combine the advantages of both SiAlONs, /-sialon composites have 
been developed over the past years by different mechanisms including the choice of 
starting powders, sintering parameters and the amount of additives. Sintering additives 
are necessary because SiAlONs are densified by a liquid phase sintering process like 
silicon nitride materials [C1.4]. 
In the work by Riva [C1.5], Nd2O3 was used as sintering additive in the starting pow-
der mixtures for the fabrication of a mixed /- SiAlON [C1.6]. The manufacturing 
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conditions of the SiAlONs were very similar to those for the silicon nitrides of Section 
C1.1.  
The starting powders Si3N4, AlN, Al2O3, and Nd2O3 were attrition-milled for 4 h with 
silicon nitride milling balls in isopropanol. The slurry was subsequently dried in a ro-
tator evaporator and finally sieved. Sintering of isostatically pressed plates was per-
formed in nitrogen atmosphere in a BN-crucible using a hotisostatic press with a 
graphite resistance heater at a sintering temperature of 1830°C. During this heat-up 
phase, the pressure was kept below 1 MPa. When having reached the maximum tem-
perature the pressure was held at 1 MPa for 15 min and then increased to 10 MPa for 
another 45 min (for more details see [C1.5]). 
The compositions investigated were calculated according to the general SiAlON for-
mula [C1.7] 

n-16nnmn)(m-12x NOAlSiM ++  

with the coefficients m = 0.5 and 1.0 respectively, while n was kept constant at the 
value of 1.0. These compositions lay near the Si3N4 corner of the SiAlON plane as can 
be seen in Fig. C1.4.  

 
Fig. C1.4 Investigated compositions in the System Nd-Si-Al-O-N [C1.6] 

Material m n excess Nd2O3 [%] α/β-ratio 
Nd0510E1  0.5 1.0 10 55/45 
Nd0510E6  0.5 1.0 60 55/45 
Nd1010E1  0.5 1.0 10 90/10 

Table C1.4 Nomenclature and composition of the investigated SiAlONs. 

The so obtained plates exhibit a relative density of 99.4% – 99.8% of the theoretical 
density. The SEM micrographs in Fig. C1.5 show a balanced microstructure with a 
bright phase with an equiaxed grain morphology that corresponds to α-SiAlON and 
dark grains with elongated morphology corresponding to β-SiAlON. The small bright 
spots are rich in Neodymium and represent the small fraction of amorphous grain 
boundary phase located at triple junctions. No other crystalline phase could be de-
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ed by XRD after sintering. X-ray diffraction analysis of the samples showed an /-
ratio of 55/45 for the compositions m = 0.5, n = 1.0 and 90/10 for the sample m = n = 
1.0. 

 
Fig. C1.5 SEM-micrographs of -sialon, a) m=0.5, n=1.0 with 10%, b) 60% Nd2O3 (b) and c) -
rich SiAlON msialon=nsialon=1.0. 

In Table C1.5, mechanical properties of the investigated materials are summarized. 

Material HV10 
(GPa) 

E (GPa) KIc  
(MPam)

KI0 
(MPam) 

Nd0510E1 19.62 319 5.54 ± 0.12 1.6 

Nd0510E6 19.12 316 5.93 ± 0.04 1.5 

Nd1010E1 20.85 321 5.22 ± 0.03 1.4 

TableC1.5 Mechanical properties of the investigated SiAlONs (by Riva [C1.5]). 
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C2  R-curves for silicon nitride ceramics  

C2.1  Measurements on notched bending bars  

C2.1.1 R-curves from compliance evaluation 

For the evaluation of KR(a), the actual crack length, a, has to be determined. Two 
possibilities are widely used for this purpose: 

a) Direct optical observation of the crack on a side surface of the test specimen us-
ing a microscope; 

b) Measurement of the specimen compliance and computation of the actual crack 
length via linear-elastic relations valid for traction-free cracks. 

Both of these methods exhibit serious problems in practice: 

 The optical method is applicable in all cases where the crack propagation test 
starts from a pre-existing crack [C2.1]. In most investigations, however, slender 
starter notches are used. At the beginning of a test, such notches exhibit no ob-
servable cracks at the side surfaces although the compliance clearly indicates 
crack extension [C2.2]. 

 The compliance method is correct at the beginning of a test (a=0). However, 
due to the generation of bridging interactions during crack propagation, the actu-
al specimen stiffness is higher than that for a specimen containing a traction-free 
crack of same length. Consequently, the crack length from an evaluation of com-
pliance measurements using the traction-free elastic compliance must result in an 
apparent crack length lower than the physical length, i.e. the elastic compliance 
method underestimates the real crack length. 

In [C2.3], these two effects were discussed in detail based on experimental results on 
silicon nitride ceramics exhibiting steeply rising R-curves.  

For the computation of the actual crack length  (Fig. B3.1) from C, eq.(B3.2.11) has 
to be solved with respect to the upper integration limit. During notching, a small initial 
crack of length, 0, may be generated by machining [C2.4, C2.5, C2.6], which during 
increasing load extends by an amount of . It then holds for the total length: 
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    0 . (C2.1.1) 

The effective initial crack size, 0, can be estimated by comparing the intrinsic crack 
tip toughness, KI0, with the stress intensity factor computed for the load 0 at first 
crack extension (indicated by P0 in Fig. C2.1). From eqs.(B3.2.1) and (B3.2.2) it re-
sults: 
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If KI0 has been obtained independently from the near-tip crack opening displacement 
field as will be outlined in Section D2, consequently, the length 0 of the initial crack 
may be written as 

  

2

000

I01
20

)/(
tanh


























 

aWaF

K

A

R


  (C2.1.3) 

C2.1.2 Compliance evaluation including the effect of bridging tractions  

In section B1.5, the compliance for free crack faces was considered. In order to in-
clude the influence of the bridging interactions on the compliance, a modified proce-
dure has to be used [C2.3, C2.7].  
By application of Betti’s reciprocal work theorem, the displacements at the loading 
points caused by the bridging effect, LP,br, result as: 

  
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1 )()(  , (C2.1.4) 

with the crack-tip distance r. The factor 1/(2B) appears since the total applied force, 
Pappl, in 4-point bending is split into two line loads over thickness B at the two loading 
points. The origin of the coordinate r is chosen here to be located at the crack tip. The 
“applied” crack-opening displacements, appl, are defined as the displacements under 
the same load Pappl in the absence of the bridging stresses.  
Application of eq.(B1.4.2) results in 
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where h is now the fracture mechanics weight function for a crack ahead of the notch, 
and Kappl the applied stress intensity factor.  
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In principle, the solution of eq.(C2.1.4) may be found iteratively. In the first approxi-
mation, the bridging effect on the compliance is ignored and the R-curve determined 
via the elastic compliance. Using this result in the form KR=Kappl, the first approxima-
tion of the bridging law, br=f(), can be determined by solving the simultaneous inte-
gral equations for the bridging stress intensity factor, Kbr: 

 0,I0  brbrRbrappl KKKKKK , (C2.1.6) 
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For the upper integration limit also a=a0+a can be used, because the bridging stresses 
disappear outside a, see (C5.2.3)). 

The total displacements, : 

 brappl   , (C2.1.8) 
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and the “applied displacements” according to eq.(C2.1.5): 

  



'

0

')'()','(')',(
'

1 a

appl

a

ra

appl drrarhdaarh
E

 , (C2.1.10) 

where appl is the applied stress in the uncracked specimen. 

With the first approximations of appl and br, the loading point displacements due to 
the bridging stresses result from eq.(C2.1.4). The related new compliance yields a new 
crack length and, consequently, an improved R-curve. Evaluation of this improved 
solution in the same way converges to the correct crack lengths and, finally, the cor-
rect R-curve. However, the procedure delineated before needs much effort and calls 
for an initial approximation (see Section C5.2).  

C2.1.3 Example for the evaluation 

The full R-curve procedure of section C2.1.2 may be applied to data for the commer-
cial silicon nitride SL200BG. This material shows crack-tip toughness (the starting 
point of the R-curve) of KI02.2 MPam (Section D2 and [C2.8]).  

Four-point bending tests were carried out on notched bars of dimensions W = 4 mm, B 

= 3 mm, notch depths of about 2.5 mm and notch root radii in the range of 
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6µmR10µm (for experimental details see [C2.9]). The crack lengths were deter-
mined from load-displacement measurements applying the compliance method and 
were additionally measured with a microscope. Figure C2.1a shows the load-displace-
ment curve P = f(LP) near the region of the onset of crack extension. 

  
Fig. C2.1 Evaluation of experimental data for the silicon nitride SL200BG, a) individual data points 

compared with a straight-line fit of the P()-curve over the load range of 67 N < P < 69.5 N, b) load vs. 
change of compliance C. 

From a straight-line fit of the data in the load range of 67 N < P < 69.5 N, the linear 
“load vs. displacement” line in Fig. C2.1a was obtained. For any individual data point 
(i,Pi), the difference i with respect to the fit-line was determined by i = i-fit and 
the change of the elastic compliance caused by the crack extension =a computed 
as Ci()=i/Pi and plotted in Fig. C2.1b. It should be mentioned that the crack 
length by microscopic inspection could not be identified before a crack length of about 
25 µm was reached, whereas the compliance indicates crack lengths in the order of 
1µm. 

C2.1.4 Representation by an appropriate relation 

By application of the procedure described in Sections C2.1.1 and C2.1.2, the R-curve 
data KR were determined for all the materials represented in Section C1.1. The results 
are compiled in Fig.C2.2. These R-curves are initially very steep, as has been reported 
for Si3N4 ceramics with similar microstructures by Kruzic et al.[C2.10].  

The data of Fig. C2.2 was best fitted to the expression:  
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Equation (C2.1.11) is shown in Fig C2.2b by the solid curves. Some of the coefficients 
are compiled in Table C2.1.  

 
Material A1  (MPa√m) B1  (1/√m) A2  (MPa√m) B2  (1/√m) KI0 (MPa√m)
MgLa 3.07 1742 1.63 581 2.2±0.3 
MgLu 5.0 1542   2.2±0.3 
MgY 4.65 1780 2.22 88.9 2.2±0.3 
FSN10 4.12 1967 2.92 98.3 2.2±0.3 

Table C2.1: Coefficients for the R-curves of Fig. C2.2 represented by eq.(C2.1.11); KI0 data from 
[C2.11]. 

 
Fig. C2.2 R-curves for the materials of Sections C1.1 and C1.2.  

C2.1.5 Differences in crack lengths between compliance and optical measurement 

In the experiments mentioned before, the actual crack length was determined by 
evaluation of the increasing compliance. In addition, the optically visible crack length 
at the side surface was measured. Whereas for very short crack extensions no crack 
could be observed optically, the compliance clearly indicated crack extension. A typi-
cal result is shown in Fig. C2.3. It can be clearly seen that the optical crack-length 
measurements indicated by the circles yield about 20µm shorter crack increments, ∆a, 
for the first part of crack extension compared with the lengths via compliance.  

NC132 

EKasin-S 

KR

(MPa√m)

0 0.05 0.1 0.15 0.2 0.25
0

2

4

6

8

SL200BG 

∆a   (mm) 

FSN10 

b) 

0 0.05 0.1 0.15 0.2 0.25
0 

2 

4 

6 

8 

KR 
Mg-Y 

Mg-Lu

∆a   (mm) 

(MPa√m) 

MgLa

a) 
SiY 



C2  R-curves for silicon nitride ceramics C2.1  Measurements on notched bending bars 

 48

Possible reasons for the different crack lengths are discussed in [C2.3, C2.7]. The loca-
tion at the notch front at which a crack will be initiated and propagate, is that of max-
imum K(a0) for the 3-dimensional crack problem. 
It is well known in fracture mechanics that the stress intensity factor K and the energy 
release rate GK2 vary along a straight crack front. This fact is illustrated in Fig. 
C2.4a, where the local energy release rates G3D are plotted normalised on the G-values 
obtained by 2D modelling assuming plane stress or plane strain conditions. 

 

 
Fig. C2.3 Circles compare crack length measurement data collected via compliance and optical micro-
scope while the dash-dotted line indicates perfect correspondence between the two measurements; the 

deviation is seen to be ~ 20 m. 

The squares show results of Dimitrov et al. [C2.12] obtained for a straight crack in a 3-
point bending bar. The circles are results for a “double cleavage drilled compression” 
(DCDC) test specimen [C2.13]. In both cases, the energy release rates show a maxi-
mum in the specimen centre and significantly reduced values in the surface region.  
Directly at the free side surface, z/B1/2, the description of the singular stress field 
by a stress intensity factor is no longer possible. In this case, the general relation repre-
sents the near-tip stresses 

 
1  ry  (C2.1.12) 

with 0.54 for a crack terminating angle of =0 (straight crack) [C2.14]. The singu-
larity exponent  depends on the crack terminating angle  and on Poisson’s ratio . 
Equation (C2.1.12) yields a weak singularity for the stresses   r

-0.46 with the conse-
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quence of a disappearing energy release rate (for details see e.g. [C2.12]). In Fig. C2.4, 
this result is symbolised by the arrows (note that the finite G-values at the surface are a 
consequence of the finite FE-mesh). A finite energy release rate, necessary for stable 
crack growth, is ensured only if  10° where now = ½ is fulfilled and, consequently, 
a stress intensity factor exists. With other words: A crack cannot grow stably at a free 
surface if 10°.  

 
Fig. C2.4 a) Energy release rate distribution along the front of straight-through specimen cracks 
(squares: 3-point bending test [C2.12], circles: DCDC test specimen [C2.13]), both results ob-

tained from FE modelling, b) first crack development in the centre region of the notch; when an 
angle of 10° is reached, crack extension is visible also at the side surface. 

From this point of view, it can be concluded that first crack propagation must occur 
near the specimen center where the highest driving forces (G, K) are present (Fig. 
C2.4a). In a later crack extension phase the crack reaches the surface and can grow 
also in this region. Only now the crack becomes visible at the side surface and can be 
observed with the microscope.  

C2.2  High-temperature R-curves from strength measurements 

The actual state for fracture toughness measurements with starter notches is the use of 
the single edge V-notched bending (SEVNB) method [C2.15] (see also [C2.16, C2.17, 
C2.18]). With this procedure relatively small notch root radii of about 3-4 µm are 
reached. However, toughness measurement with V-notches still exhibits difficulties if 
the notch root radius is not small or very small compared with the mean grain size. 
Only, if the notch root radius is much less the mean grain size, the pre-existence of a 
“sharp” starter crack is always ensured. 
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A crack in a component starts to propagate when the externally applied stress intensity 
factor Kappl exceeds the so-called crack-tip toughness KI0. For materials with a suffi-
ciently steep R-curve, stable crack extension follows under increasing load. Failure of 
the component then occurs when the so-called tangent condition is fulfilled, i.e. when 
the slope of the Kappl(a) and the R-curve KIR(a) are identical  

  
da

dK

da

dK
KK IRappl

IRappl  ,  (C2.2.1) 

The KIR value at failure is called “fracture toughness” KIc. 
From the failure condition eq.(C2.2.1), it follows that the KIc value (i.e. the applied 
stress intensity factor Kappl at failure) must be different for small and large cracks. For 
the assessment of small cracks as introduced in ceramic surfaces by grinding, it would 
be of advantage to know the initial part of the R-curve with crack extensions compara-
ble to the crack size, i.e. for crack extensions in the order of about a<30µm.  
A macroscopic specimen for measurement of KIc was developed in [C2.19] containing 
a starter notch in the order of a < 100 µm depth with a notch root radius of R < 100 nm 
that was introduced by using a focussed ion beam (FIB) microscope. Due to limita-
tions on the total sputtering time and the scanning width of the FIB-device, specimen 
thicknesses were limited to about 0.6 mm and maximum notch depths in the order of a 

< 100 µm.  

In [C2.19], a bending bar with a trapezoidal cross-section was chosen having a thick-
ness at the tensile side of about 0.5mm, whereas the thickness at the compression sur-
face was identical with the standard thickness of rectangular bending bars  3mm. 
Since the trapezoidal cross section needs much effort in grinding, modified samples 
were developed. 

C2.2.1 Initial R-curve from strength measurements on rectangular surface cracks 

In order to generate a well-defined starter notch with a depth in the size of the natural 
crack population and a negligible notch-root radius, a rectangular surface crack of 
depth a and width 2c can be used as illustrated in Fig. C2.5a. Such a crack-like notch 
can be produced by using the FIB procedure. 

For the rectangular crack, the stress intensity factors at points (A) and (B) under tensile 
loading are 

 aFK BAtensionBA  ,,,   (C2.2.2) 

with the geometric function FA,B given in [C2.7]. Minimum stress intensity factors are 
present at the corners (C). 
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Based on tabulated data reported by Isida et al. [C2.20] (open circles in Fig. C2.5b), a 
fit-relation was derived in [C2.7] for the deepest point 

 276.04/7
8
25

0

])(1( c
aA

F
F


  (C2.2.3) 

The value F0 denotes the well-known solution for the edge crack, given by F0 = 

1.1215. This stress intensity factor solution is introduced in Fig. C2.5b as the solid 
line. 

The solid circles in Fig. C2.5b are numerical data by Noguchi and Smith [C2.21] for 
the geometric function FB. The square represents a result by Murakami [C2.22]. These 
FB-values together with the trivial solution of FB=0 for a/c=0 (edge crack) show that 
the stress intensity factor at point (A) is the maximum value only for roughly a/c<3/4. 
From this point, it is recommended to produce notches with a/c as small as possible. 

 
Fig. C2.5 a) FIB-introduced rectangular crack under tension, b) geometric functions at point (B) and 

point (A) according to [C2.7, C2.24]; open circles: geometric functions for the stress intensity factor at 
point (A) by Isida et al.[C2.20], solid circles: stress intensity factors at point (B) by Noguchi and 

Smith [C2.21], square: result by Murakami [C2.22].  

C2.2.2 Application to high-temperature R-curve measurement on Si3N4 

It is in general not possible to determine the fracture toughness KIc from only one sin-
gle test because the crack length at failure is in principle unknown and cannot be iden-
tified after the test in all cases by crack surface inspection. By application of an indi-
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rect method it is possible to determine the initial, strength-relevant part of the R-curve, 
and, consequently, the KIc in dependence of crack length [C2.23], [C2.24].  

Figure C2.6a illustrates the method as proposed in [C2.24], restricted to a series of for 
instance 3 specimens with notches of different depths tested in bending. The strength 
c defines the related Kappl curve by using c as the bending stress at failure. These KIc 
values represent the tangent points between Kappl and the R-curve indicated by the sol-
id circles. Consequently, the inner envelope of the series of Kappl curves must describe 
the failure-relevant part of the R-curve. If the KI0-value (open circle in Fig. C2.6a) is 
known too, the R-curve can be extended to a0. For room temperature it is recom-
mended to perform COD measurements for the KI0-determination (see e.g. [C2.25, 
C2.26] and Section D2).  

Since bending strength tests can easily be performed even at very high temperatures, 
the failure-relevant part of the R-curve can also be determined at elevated temperature. 
In [24], one test was made with a FIB-introduced surface notch (given by the Kappl(a) 
curve (1)). Two additional tests were performed on differently deep notches generated 
via the razor blade technique resulting in the curves (2) and (3). The lowest curve 
segments were then joined to one polygonal curve. Since the Kappl-curves define the 
envelope, the R-curve must touch each of the single Kappl curves in one point and oth-
erwise must lie below the envelope. If we smooth the polygonal curve at the crossing 
points, an improved approximation of KR(a) is obtained. For an appropriate smooth-
ing of the polygonal curve, the room temperature R-curve (Fig. C2.6b) can be used as 
a template.  

 
Fig. C2.6 a) Initial part of the R-curve from strength tests with FIB-introduced notches, construction 
of an upper limit for the R-curve (thick polygonal curve) by putting the lowest segments of the differ-

ent Kappl curves together, b) initial room temperature R-curve from Section C2.1. 
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In [C2.24] the experiments on the silicon nitride FSN10 were carried out at elevated 
temperature. In order to illustrate the method, results obtained at 900°C were reported. 
This temperature is relevant for first crack extension under thermal shock and fatigue 
loading of rolls for wire hot rolling at multi-line rolling mills [C2.27]. 

The V-notched bars of W = 4 mm width representing the “long-crack behaviour” 
showed notch root radii in the range of R = 6-10 µm. The notch depths were chosen as 
a0 = 600µm and 1900 µm. The “short-crack” region was realized by application of an 
edge-crack-like rectangular surface FIB-notch of dimensions a=5.3µm and 2c=370µm 
showing notch-root radii of less than 0.1µm which are clearly smaller than the average 
grain size.  

The FIB-generated samples we tested in 3-point bending in order to reduce the effec-
tive surface and volume responsible for failure at natural flaws and to ensure failure at 
the FIB-introduced notches. Nevertheless, two test specimens failed at natural flaws 
and had to be excluded from evaluation.  

 
Fig. C2.7 a) Estimated high-temperature R-curve; thick lines: upper limit for the R-curve, thin curves: 

Kappl-curves for differently long starter notches, b) details of a) near a=0.  

The final result is shown in Fig. C2.7. Figure C2.7a represents the Kappl-curves for the 
three tests as the thin lines. The envelope for KR resulting from these curves is entered 
as thick polygonal curve. In Fig. C2.7b this is illustrated in more detail. The dashed 
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curve, KR(a), smoothing the intersecting region near a=10µm is tentatively intro-
duced by using the general shape obtained from the curve measurements at room tem-
perature. Unfortunately, the high-temperature value of KI0 is still not available. 

Whereas for the V-notched bending bars a fracture toughness of about 6-6.3 MPam 
was determined, the toughness for small strength-relevant cracks was clearly reduced 
to KIc5.1 MPam as indicated in Fig. C2.7b by the circle representing the tangent 
point. 

C2.3  Toughness value KI0 from COD-measurements on edge-cracks 

The determination of KI0 from growing cracks needs much effort. In this context an 
evaluation proposed by Kounga et al. [C2.28] may be quoted. The sintered reaction-
bonded silicon nitride (SRBSN) investigated in this study was a commercial material 
containing yttria and alumina. This SRBSN had needle-like beta silicon nitride grains, 
0.5 m to 3 m wide by up to 10 m long, bonded by a second phase. Standard rec-
tangular bend specimens of size 3 mm x 4 mm x 45 mm were sliced and ground. A V-
notch was cut on the edge of each specimen using a razor blade. 

The samples were mounted in a device for bending tests and then loaded until a sharp 
crack was initiated. The testing device was placed under an optical microscope, in a 
manner that measurements could be carried out on the polished side of the specimen. 
After achievement of certain crack extensions, the specimens were removed from the 
testing device and introduced in a sputtering device. A very thin Au/Pd layer was de-
posited on the polished sample surface that facilitated further (SEM) measurements on 
the insulating material surface.  

An external load was applied to the specimen thus enabling the crack to be opened up 
to the critical state of crack propagation as obtained in the optical microscope. To 
avoid significant sub-critical crack growth during the measurement of the crack pro-
file, the externally applied load was reduced by 3%, 10%, and 20%, respectively. The 
entire crack profiles were recorded and, subsequently, the crack opening displace-
ments measured. These data were then extrapolated into crack opening displacements 
related to the full load as applied during the prior stable crack extension phase. 
Figures C2.8a, C2.8b, and C2.8c show a series of COD profiles. The curves represent 
an average of the individual data points. In Fig. C2.8d a comparison of the averaged 
dependencies is given. A fit of the results summarised in Fig. C2.8d shows that the 
total crack opening displacement total in the presence of the applied stress intensity 
factor Kappl is related to the maximum crack opening displacement at maximum ap-
plied stress intensity factor Kappl,max by 
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with the coefficient B represented in Fig. C2.9a.  

 

 
Fig. C2.8 Crack opening displacements for a grown crack after different load removals. 
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As an example of this procedure, the crack opening displacements for a specimen after 
crack propagation, measured at 90% load, are plotted in Fig. C2.9b as the squares. Ap-
plication of eq.(C2.3.1) yields the COD at full load represented by the circles. These 
final results were the basis of the KI0 evaluation (see also Section D2). An evaluation 
of the data from [C2.28] resulted in KI0 1.70  0.25 MPam. 

 
Fig. C2.9 a) Coefficient B for eq.(C2.3.1) obtained from Fig. C2.8, b) crack opening displacement for 

maximum load (circles) computed from measurements performed at 90% load (squares). 
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C3  Bridging stresses in silicon nitride ceramics  

C3.1  Computation of bridging stresses from the R-curve  

It is the common opinion that in the special case of R-curves caused by grain bridging 
effects, the relation between the bridging stresses and crack opening displacement, br 
= f(), is the intrinsic material property which is expected to be unaffected by test con-
ditions as geometry of the test specimen or special type of loading (tension, bending, 
etc.). 

Direct measurements of the loads transferred by the bridges were performed by Pez-
zotti et al. [C3.1, C3.2] and Kruzic et al.[C3.3] applying Raman spectroscopy. A fur-
ther method to determine the bridging stress relation is the evaluation of crack opening 
displacement (COD) measurements [C3.4].  

In this Chapter, the determination of bridging stresses from the R-curves is outlined in 
detail.  

 
Fig. C3.1 a) A crack in a ceramic material exhibiting crack surface interactions by bridging stresses, b) 
bridging stress distribution versus crack-tip distance r. 

A procedure that allows the bridging stresses to be determined from existing R-curve 
results was developed in [C3.5]. With this technique, originally applied to coarse-
grained alumina, also R-curve measurements on silicon nitrides obtained by a high-
resolution compliance method [C3.6] could be evaluated.  

From the measured R-curves the bridging stress intensity factor, Kbr, is known since 
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(KI0=crack-tip toughness) must hold during stable crack propagation. This fact allows 
the bridging stresses to be determined. The necessary procedures are extensively out-
lined in literature. For our purpose, we used the technique described in [C3.5].  

First, we make use of the fracture mechanics insight that any stress intensity factor can 
be represented by a stress distribution acting in the wake of the crack. Using the 
weight function representation, the bridging stress intensity factor is given by 
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with the fracture mechanics weight function h (for details see [C3.7, C3.8]), the dis-
tance r from the tip, the initial crack length a0 free of bridging, and the crack extension 
a=a-a0 (see Fig. C3.1).  

For a given bridging stress distribution br(r), eq.(C3.1.2) gives the related bridging 
stress intensity factor. For the inverse problem of determination the bridging stresses 
from R-curve data, eq.(C3.1.2) has to be considered as an integral equation with the 
function Kbr(a) known and the bridging stress to be determined.  

In most cases slender notches are used as “starter cracks”. Consequently, the weight 
function for a small crack of length  emanating from the notch root (for geometry see 
insert in Fig. C3.2) has to be used in eq.(C3.1.2). Such a solution was given in [C3.8] 
(for details see also Section B3.2.2). In the special case of a crack extension increment 
small compared to the initial crack length, a-a0=<<a0, h can be written as 
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Figure C3.2 shows the weight function solution (C3.1.3a) together with the geometric 
data R, , and r. For very short crack extensions in the order of about R, the weight 
function significantly depends on /R.  
Since the bridging stresses br depend on opening displacements, , this quantity has 
to be known, in order to establish the bridging law. The total displacements can be 
computed as the sum of the “applied” and bridging displacements,  appl and br, re-
spectively 
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with the plane strain modulus E’=E/(1-2), =Poisson’s ratio. 

The first integral term accounts for the “applied displacements” (the displacements 
under same load that would appear in the absence of bridging stresses) and the second 
for the bridging displacements. 

 
Fig. C3.2 Weight function for a crack ahead of a slender notch. 

The individual R-curves of Section C2 could be fitted to the best by an expression of 
the type 
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The general procedure of computing the bridging stresses may be described using the 
results of the (Mg-Y)-containing ceramic for which a crack-tip toughness of KI02.2 
MPam was determined from COD-measurements [C3.9, C3.10]. The R-curve data 
obtained with a starter notch of R = 6.2µm root radius are plotted in Fig. C3.3a by the 
symbols. These data were fitted according to (C3.1.5) resulting in the parameters 
A1=4.65 MPam, B1=1780/m, A2=2.22 MPam, and B2= 88.9/m (see Table C2.1).  
From this representation, a first-order solution for bridging stresses can be estimated 
according to [C3.11] 
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as shown in Fig. C3.3b.  

0 0.2 0.4 0.6 0.8 1
0 

1 

2 

3 

4 

r/

h0

/R=0

0.5
0.1

h 



r
a0

 R



C3  Bridging stresses in silicon nitride ceramics C3.1  Computation of bridging stresses from the R-curve 

 62

Approximation of the total near-tip displacements by the Irwin parabola for the near-
tip behaviour (r0) 
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allows a simple transformation from the r-dependence into the -dependence of stress-
es. By introducing (C3.1.5) and (C3.1.7) into (C3.1.6), it simply follows for the type of 
the bridging law 
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Fig. C3.3 a) R-curve for the Si3N4 with (Y2O3- MgO)-content; symbols: experimental results, curve: 

KR fitted by eq.(C3.1.6), b) first-order bridging stress distribution near the crack tip according to 
eq.(C3.1.6).  

Since the principal shape of the bridging stress relation is known from the first-order 
solution, numerical effort in determination of the “full” solution of bridging stresses 
can be drastically reduced. For this purpose the simple set-up for the unknown relation 
can be made  
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This bridging stress relation has to be inserted into eqs.(C3.1.2) and (C3.1.4). Solution 
of this system of integral equations by systematic variation of the free parameters in 
(C3.1.9) under the condition that the resulting stress intensity factor KR must coincide 
with the measured KR-data provides the best set of unknown parameters n and n. 
This has been done for the materials listed in Section C1. Figures C3.4a and C3.4b 
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show the near-tip distribution of the bridging stresses for the materials produced by 
Fünfschilling [C3.12] and the commercial materials, respectively.  
Finally, combining σbr(r) and δ(r) yields the bridging law σbr(δ) as plotted in Fig. 
C3.5a and C3.5b. The parameters for eq.(C3.1.9) are compiled in Table C3.1. In con-
text with these data, it should be emphasized that the value σ0 is not identical with the 
maximum bridging stress.  

  
Fig. C3.4 a), b) Distribution of bridging stresses σbr(r). 

Material -σ0  (MPa) δ0  (µm) -σ1  (MPa) δ1  (µm) -σ2 (MPa) δ2  (µm) 

Mg-La 3375 0.0118 450 0.0476   
Mg-Lu 4370 0.0105 700 0.044   
Mg-Y 4600 0.0116 250 0.072 50 0.12 
FSN10 4050 0.01 300 0.02 250 0.08 
SL200 3500 0.01 200 0.037   
NC132 1900 0.0125 270 0.0555   
Ekasin-S 3650 0.0122 230 0.0625 60 0.2 

Table C3.1: Coefficients for the bridging law equation (C3.1.9). 

For a drastic reduction in numeric effort, the approximate procedure described in Sec-
tion C5.2 was applied. The results are shown in Fig. C5.4. These solutions show the 
same ranking in maximum bridging stresses as the full solutions shown in Fig. C3.4. 
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There is obviously an influence of the aspect ratio of the β-crystals on the maximum 
stress values. Figure C3.5c shows the peak stresses of Fig. C3.5a versus the most fre-
quent aspect ratios according to Fig. C1.2 and Table C1.1. The general trend is an in-
creasing bridging stress with increasing aspect ratio. 

 

 
Fig. C3.5 a), b) Bridging laws σbr(δ), c) influence of the most frequent aspect ratio on the peak value 

of the bridging stress. 
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C3.2  Interpretation of the bridging stresses 

C3.2.1 Bulk material 

The bridging stresses for small crack opening displacements are very high with maxi-
mum values in the order of br = 1250-1750 MPa. An interpretation of this behaviour 
was tried in [C3.12,C3.13].  
Local condition for crack propagation: The investigated SN-ceramics consist of 100% 
-crystals with needle-like grains showing high aspect ratios. Such a needle with 
length axis oriented under an angle of  relative to the plane of a crack terminating at 
the elongated crystal is schematically shown in Fig. C3.6a.  
The crack in Fig. C3.6a has in principle two possibilities to grow. In cases where the 
grain boundary strength is very high, fracture must occur through the -crystal (Fig. 
C3.6b). If the strength of the grain boundary is lower, the crack must kink into the di-
rection parallel to the boundary resulting in a debonding length  as illustrated in Fig. 
C3.6c. The transition from propagation case Fig. C3.6b to that of Fig. C3.6c defines a 
critical angle cr. If <cr crack propagation along the grain boundary prevails. If 
>cr crack grows through the -crystal. 

 
Fig. C3.6 a) Crack terminating an elongated -crystal; b) crystal cracking in case of high grain-

boundary strengths, c) crack kinking with following debonding for lower interface strength. 

A method for an experimental determination of the critical angle between the grain-
length-direction and the crack-plane direction was proposed by Becher et al.[C3.14]. 
Satet [C3.15] applied this method to La- and Lu-containing Si3N4-ceramics. The re-
sulting debonding lengths are plotted in Fig. C3.7a versus the crack incidence angle. 
The case, in which any debonding disappears, 0, establishes the critical incidence 
angle cr. It results for Lu-containing SN cr=40° and for La-containing SN cr 60°. 

Percentage p of elongated -needles which must fracture without any debonding, re-
sults to be  

  crp  sin1  (C3.2.1) 

 
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For Lu-containing SN with cr=40° it holds p=0.36=36%. For this part of -needles in 
the prospective crack plane (slightly more than are orientated in a statistical sense 
normal to the crack surface … namely 1/3), straight-through fracture must occur. For a 
La-SN, only 14% of elongated -needles must fracture without any debonding. 

 
Fig. C3.7 a) Debonding length  according to Fig. C3.6c versus crack terminating angle  for two 

Si3N4-ceramics with La and Lu-contents (measured by Satet [C3.15]), b) spherical angle with orienta-
tions for which no debonding occurs. 

Global crack propagation: 
The elastic constants of the SN-crystals on the one hand depend on the directions with 
respect to the c-axis. On the other hand, the elastic properties of the grain boundary 
layers may in general be different from those of the crystals. This must result in com-
plex stress intensity factors, which are not vividly. In order to allow a description in 
terms of conventional stress intensity factors and toughness, let us ignore here the dif-
ferences in the elastic parameters. 
The portion (1-p) of -crystals which undergo crack extension along their grain 
boundary layers are now summarized and homogenized as a “low-toughness” matrix 
with toughness KIc,m in which the portion p of crystals necessarily to be cracked during 
crack extension are embedded. These crystals with a higher toughness KIc,>KIc,m are 
obstacles for the free crack extension, which act as crack pinning events when the 
crack tries to pass. For reasons of simplicity, their orientation is chosen in the follow-
ing illustrations to be normal to the crack plane.  
In Fig. C3.8a a crack of initial length a0 is shown coming from the left. The portion of 
-crystals not able to debond is indicated by the dashed circles.  
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First crack extension takes place when the externally applied stress intensity factor 
Kappl equals the toughness of the matrix. Consequently, this value has to be identified 
as the so-called crack-tip toughness KI0, the starting value of the R-curve. 
When the crack front approaches the first pinning element, the crack must arrest there 
because KIc,>Kappl. The crack front in the matrix material can propagate furthermore. 
This leads to a curvature of the initially straight crack front.  
In the first-order analysis by Gao and Rice [C3.16] (for application to brittle materials 
see e.g. Roux et al. [C3.17]), the local stress intensity factor variation of a curved crack 
in an infinite body is given by  
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with the coordinate direction of z defined in Fig. C3.9a and the applied stress intensity 
factor for a straight crack front Kstraight. Note that the integrand in (C3.2.2) is a measure 
for the crack-front curvature.  
From (C3.2.2) it follows that the stress intensity factor is reduced at locations where 
the crack could advance (convex crack front). At the pinning location where crack ar-
rest is observed (concave crack front) Kappl is increased. 

 
Fig. C3.8 Initial crack extension appearing in the “matrix” material, a) cross section in the uncracked 

material, b) crack extension with pinning at individual -crystals. 

After a certain amount of crack extension, the isolated -crystals surrounded by a part 
of the crack front act as bridging events (Fig. C3.9b). There exists no free neck around 
the crystals because debonding did not occur before. Nevertheless, these regions carry 
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tractions between the upper and the lower crack faces. The stress intensity factor at 
these locations increases not only with externally applied load, but also with increasing 
average crack opening caused by an increasing distance of the monotonously moving 
main crack front.  

    

 
Fig. C3.9 a) Detail of Fig. C3.8b (dashed rectangle) with a continuous crack front, b) crack-front dis-

solution in case of strongly different crack resistances of matrix and obstacles, c) saturation of the zone 
containing intact -crystals behind the main crack front. 

When, finally, the applied stress intensity factor at the pinning locations reaches the 
toughness value KIc,, the remaining -crystals must fail, too. Consequently, a rather 
constant steady-state zone of width  with coexistence of cracked and intact parts must 
move through the specimen (Fig. C3.9c). The real fracture mechanics problem is even 
for a simple 2d-crack highly 3-dimensional and cannot be handled by conventional 2d-
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tools. In order to allow for a simplified treatment the coexistence of cracked and non-
cracked parts in this zone may be described by bridging stresses distributed over a 
zone of length .  

In this sense, the high bridging stresses for the very short crack-tip distances reflect the 
fracture toughness of the intact -crystals behind the main crack front. Since this zone 
must develop first, an R-curve has to be concluded that initially must rise from KI0 to a 
certain saturation within a crack-length increment of about a.  
The absolute values of such bridging stresses are proportional to the percentage p of 
non-debonding -crystals (governed by the critical angle cr). 
“True bridging” in the conventional sense extending over clearly longer crack-tip dis-
tances and resulting in moderately increasing R-curve contributions need larger crack 
opening displacements to develop debonding and pull-out effects. These contributions 
are of course proportional to the percentage of -crystals (1-p) able to debond.  

C3.3  Analytical description of bridging laws 

C3.3.1 Frictional bridging 

The reasons for bridging effects can be frictional and elastic crack-face interlocking. In 
order to simplify the relations as much as possible it is assumed in the following consi-
derations first that only frictional bridging effects are present.  

In the bridging model by Mai and Lawn [C3.18], tractions between the upper and low-
er crack faces are transmitted by friction. Large grains with the lattice orientation dif-
ferent from the surrounding matrix undergo local residual stresses by thermal mis-
match. 

In the schematic depiction of Fig. C3.10a, a large grain is shown, acting as a crack-
bridging event. The x-component of the thermal mismatch tractions mis is indicated.  

During crack-face separation resulting in an increasing displacement, , a friction 
stress fr occurs which is proportional to the mismatch stress.  

The loads transferred by the crack face interactions are localized at single grains. They 
can be modelled as so-called bridging stresses br expressed by 
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defining an effective friction coefficient .  

For frictional bridging stresses, Mai and Lawn [C3.18] described the tractions trans-
ferred by a single grain as 
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illustrated in Fig. C3.10b. The parameter c in (C3.3.2) represents a critical displace-
ment at which the friction disappears, i.e. at which the two crack faces are completely 
separated. This value was assumed in [C3.19] to depend on the lengths of the grains.  

    

Fig. C3.10 Crack surface interactions due to a local frictional bridging event: a) geometric data, b) 
transmitted tractions. 

From Fig. C1.2a it becomes obvious for the MgY silicon nitride that for the most fre-
quent aspect ratio of 9, the frequency of grain lengths disappears at disappearing 
length (length=0) und increases monotonically until reaching the highest frequency at 
a length of about 1µm. For larger grain lengths, the frequency again decreases mono-
tonically. Such a grain-size distribution and, consequently, the related distribution of 
the critical displacements c can be described by a -distribution as was proposed in 
[C3.20]. This distribution expressed by  
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is plotted in Fig. C3.11a.  

For the macroscopically averaged bridging stresses it holds 
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  )/exp( 00  br  (C3.3.5) 

with two material specific parameters 0 and 0. It should be mentioned that the inte-
gration variable (c) not only occurs in the linear function of (C3.3.2) but also in the 
conditions c and >c. The global bridging stresses br are illustrated in Fig. 
C3.11b. 

 
Fig. C3.11 a) -distribution of the critical crack opening displacements, b) global bridging relation for 

frictional bridging. 

C3.3.2 Elastic bridging 

An elastic bridging event can result if a crack extends on slightly different planes sim-
ultaneously (Fig. C3.12a, see also Fig. A2.3) or by crack extension in the Si3N4 with 
unbroken -crystals in the crack wake (Fig. C3.12b). 

In the case of elastic bridging, the bridging events behave like an elastic spring which 
fails at a critical displacement c. The “local bridging stress” is [C3.18] 
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as illustrated in Fig. C3.13a. If it is assumed that also the characteristic displacement c 
for spring-like bridges is -distributed (i.e. no springs fail without displacement or at 
an infinite deformation), the “global bridging relation” is given by [C3.20] 
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with the material specific parameters 0 and 0. This dependency is shown in Fig. 
C3.13b. It should be emphasized that the stress parameters max and 0 are negative. 
The tractions are against the crack opening displacements.  

 

Fig. C3.12 Elastic bridging interaction for a crack in silicon nitride 

 
Fig. C3.13 a) Local and b) global bridging relations for elastic bridging. 

C3.4  Bridging stresses as a material specific property? 

As mentioned before it is the commonly assumed that in the special case of R-curves 
caused by grain bridging effects, the relation between the bridging stresses and crack 
opening displacement, br = f(), is a really intrinsic material property. In this context, 
we have to make some restrictions. There are measurements available on silicon ni-
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tride specimens indicating a possible deviation of bridging stresses obtained from dif-
ferent test specimens exceeding the expected limitations of accuracy.  

Figure C3.14 shows as the solid curve the result obtained from crack opening dis-
placement measurements by Kruzic [C3.21] on the side surface of a CT-specimen con-
taining a sharp crack (for the COD results see Section D2.5). The material was MgY-
silicon nitride described in Section C1. The dashed curve represents again the result 
from the R-curve evaluation on notched bars (Fig. C3.5a).  

 
Fig. C3.14 Bridging stresses for the different test specimens. 

There are two different measuring conditions, which in principle may be responsible 
for the deviating bridging stresses. Whereas for the R-curve predominantly the bulk 
material is responsible, the COD-measurements are mainly affected by the properties 
of the material at the surface. A second influence may occur due to the strongly differ-
ent T-stresses in the notched bending bar and the CT-specimen. Both effects will be 
addressed in this Section. 

C3.4.1 Bridging effect expected near free surfaces 

In Section C3.2.1, the case of full thermal mismatch stresses was considered as occur-
ring in the bulk of a test specimen. A compressive stress normal to the length axis of a 
-crystal will clamp this grain in the matrix material as illustrated in Figs. C3.15a and 
C3.16a. Grains located near the free surfaces undergo a reduced “clamping” because 
the stresses perpendicular to this surface must disappear (Figs. C3.15b and C3.16b).  
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Fig. C3.15 Expected effect of the free surface on thermal mismatch stresses in the crack plane, a) 
stresses in the bulk material, b) reduction of mismatch stresses near the free surface. 

According to the theorem of Saint Venant, the stress reduction will be restricted to a 
zone of a few grain diameters in thickness and will therefore not contribute noteworthy 
to R-curves of specimens with several mm thickness. A possible effect can only be 
expected from direct bridging stress measurements at the surface. 

The presence of free side surfaces will have the following consequences on the bridg-
ing stresses: 

 Reduced compressive stresses normal to the crystal length axis must affect the 
critical crack terminating angle cr (Fig. C3.16c) with the result of increased 
debonding lengths  and a reduced percentage p in eq.(C3.2.1) representing the 
crystals which fail without debonding. Both, the debonded crack and the crack 
without kinking act as elastic bridges. The debonded cracks act as elastic bridg-
ing events with the displacements predominantly caused by the crack-surface 
displacements and to a nearly negligible extend by the grains. Trivially, the 
debonded structure is more compliant. 

 The percentage of grains, 1-p, acting as frictional bridges is increased at the sur-
face. On the other hand, this share undergoes reduced friction stresses according 
to the model by Mai and Lawn [C3.18], Fig. 3.16d. The consequence is a re-
duced frictional bridging stress intensity factor contribution. 

 Bridging stresses due to elastic bridges are reduced. Bridging stresses due to fric-
tion are less affected since the increased portion of frictional bridging events is 
increased but their “strongness” is reduced. 
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Fig. C3.16 Influence of a reduced compressive stress normal to a -crystal. Debonding lengths under 
the same applied load for a) bulk material, b) grains located near a free surface, c) schematic represen-
tation of the expected effect according to Fig. C3.7a, d) effect on frictional bridging events. 

C3.4.2 Effect of the T-stress component 

If KI denotes the mode-I stress intensity factor, the crack-parallel near-tip stress 
component x represented by the singular and first regular stress terms (Section B1.1) 
reads  
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where r is the crack-tip distance and  the polar angle. In the wake of the crack, =, 
where the bridging interactions are active, only the crack-parallel so called “T-stress” 
T remains fully present. Its influence may be discussed in a simplified model. 
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Effect on kinking 
Due to the anisotropy and non-homogeneity of a Si3N4-ceramic, the quantitative com-
putation of stress intensity factors and T-stresses for the real kink situation of Fig. 
C3.17a is very complicated. The K-values are now complex numbers. In order to allow 
a simple understanding of the trends caused by the T-stress, an approximation may be 
made by using the special Dundurs-parameters of ==0 (assuming unique Young’s 
modulus and Poisson ratio). 
The effect of a debond of length , occurring for an angle of <cr is shown in Fig. 
C3.17a. The crack may terminate in the centre of a -grain where shear-mismatch dis-
appears. It kinks into the weaker direction of the grain boundary and develops under 
the additionally acting normal component of the thermal mismatch stress, mis<0, and 
the T-stress T to a kink length . The stress intensity factors at the tip of the kink can 
then be written 

   2
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II sin
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where the mode-I stress intensity factor KI(a) and the T-stress T have to be computed 
for the straight unkinked crack (i.e. for 0). The energy release rate for a crack ex-
tension by  can be represented by the effective stress intensity factor Keff  

  )1/(','/ 22  EEEKG eff  (C3.4.4) 

  22
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with E=Young’s modulus and =Poisson’s ratio. A kink crack in the interface must 
grow until Keff equals the “fracture toughness” KIc,int of the interface. The kink length  
then results in terms of the two parameters mis/KI(a) and T/mis by solving the equa-
tion 
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For =0 the critical incidence angle cr results as 
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For any given incidence angle  the kink length  as a function of the incidence angle 
can be determined from 
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Fig. C3.17  Influence of the T-stress: a) debonding by crack kinking at the interface grain/grain-

boundary phase, b) effect of T<0 on debonding length, c) on frictional bridging. 
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For a critical incidence angle of for example cr=65° (triangle), the kink length as a 
function of the kink angle is plotted in Fig. C3.17b for the case T=0 by the bold line. 
This result was obtained from eq.(C3.4.8) with a parameter of mis/KI(a)= -73/m that 
matches the value =5.3µm at =18° as found by Satet [C3.15] for a Si3N4-ceramic 
with La content. The thin lines represent the effect of the T-stress. Since the mismatch 
stress is negative in Fig. C3.17a, the ratio T/max is positive in this case. The linear ex-
trapolation of the lower curve parts to 0 defines effective critical kink angles indi-
cated by the circles. With increasing T/max these effective critical kink angles, desig-
nated now cr,eff decrease.  

Since KI(a) should be in the order of 5<KR<7 MPam (see Section C2), it results 
mis350-500 MPa. It should be noted that rather large T-stress values are necessary 
for the computed shift of the curves in Fig. C3.17b.  

T-stresses in mechanical test specimens are mostly negligible. There are only a small 
number of tests exhibiting strongly negative T-stresses. Most important are the 
DCDC-test, the cone crack and, generally, notched specimens showing very small 
notch radii. It has been shown in [C3.22, C3.23] that for slender notches very strong 
compressive T-stresses occur in notched bending bars as were used in [C3.6, C3.24] 
for the R-curve determination (Section B3.2). It can be concluded from [C3.23] that 
during the first few micrometers of crack extension from a notch strongly negative T-
stresses occur that for notch radii of R<20µm can reach values in the order up to 50 
times the applied bending stress, Fig. C3.18. 
For the R-curve experiments on silicon nitride with Y2O3 and MgO content, bending 
bars of W=4mm width were used with starter notches of a02.5mm depth having notch 
radii of R=6-10µm. The applied bending stresses were about 30-40 MPa. As can be 
seen from Fig. C3.18, only the first crack extensions of a<3µm are affected by the T-
stress term. For this crack extension, a suppression of debonding is partially reached.  

From Fig. C3.18 it can be concluded that the T-stresses after about a=1µm crack ex-
tension (T/bend  18) are in the order of T 650MPa. After 2µm crack growth 
(T/bend8), the T-stress drops to about T 280MPa. In terms of Fig. C3.17b, this 
gives a shift of the effective kink angles from 57° to 51° and 54°, respectively. 
Since debonding generally leads to a more compliant structure, the steepness of the R-
curve is increased during the very first 2µm crack extension. An effect worth mention-
ing is therefore negligible for the representation of KR(a)-curves for a>2µm.  

Nevertheless, an effect on the bridging stresses has to be expected. It has been shown 
in (see [C3.11] and Section C5.2) that the height of the bridging stresses in the crack-
tip distance r is in a first-order approximation proportional to the steepness of the R-
curve after a crack extension of a=r 
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Fig. C3.18 T-stress for small cracks emanating from narrow notches in a bending bar according to 

[C3.22]. 

Effect on frictional bridging 
Due to the compressive T-stress the friction stress and, consequently, the bridging 
stresses are increased. From the friction model by Mai and Lawn [C3.18], an amount 
of br=µT can be concluded, Fig. C3.17c (see also Section F1).  

Final remark: 

The measurements on surfaces result in too low bridging stresses. On the other hand 
the measurements on notched bars exhibit too high values. Therefore, the “true” bridg-
ing relation for MgY silicon nitride (Fig. C3.14) should lie between these two limit 
cases.  
To the author’s actual knowledge, the bridging stresses relation br=f() obtained in 
the bulk of a test specimen under the condition T=0 should represent the true material 
property. 
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C4  R-curve and bridging stresses for SiAlONs  

C4.1  R-curves of SiAlONs  

The same tests and evaluation procedures as outlined in detail in Section C2 for hot-
pressed silicon nitrides were also performed for the SiAlON-ceramics described in 
Section C1 [C4.1]. Figure C4.1a shows a part of the load-displacement curve near the 
load maximum. The load vs. compliance change C is represented in Fig. C4.1b.  

 

 
Fig. C4.1 a) load vs. displacement curve for a SiAlON from Riva [C4.1], b) related curve with the 
increase of compliance as the abscissa, c) R-curves for two ceramics, d) relation between optically 

observed crack length vs. result by compliance evaluation. 
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The R-curves in Fig. C4.1c show similar behaviour as the results obtained for the sili-
con nitrides. Already after a crack-length extension of abut a=10µm, the R-curve has 
nearly reached saturation. Also the relation between crack lengths from optical and 
compliance evaluation is similar, Fig. C4.1d. 

C4.2  Bridging stresses for SiAlONs 

The evaluation of bridging stresses according to Section C3 yields the stress distribu-
tions given in Fig. C4.2a. The near-tip displacement field is shown in Fig. C4.2b. Also 
for the SiAlON ceramics the early deviation from a simple r relation is obvious. 
The bridging stress relation br()obtained by combining the results of Fig. C4.2a and 
C4.2b is shown in Fig. C4.3. 
 

 

 
Fig. C4.2 a) Distribution of the bridging stresses, b) crack opening displacements near the crack tip.  
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Fig. C4.3 Bridging laws for the SiAlON-ceramics of Fig. C4.2. 

C4.3  Crack-tip toughness KI0 

Crack opening displacement measurements on Vickers indentation cracks in SiAlON 
ceramics produced with an indentation load of 98.8 N were performed by Riva [C4.1]. 
Here only the results from Fig. C4.4 may be reported (for details of the procedure see 
Section D2).  
In Fig. C4.4a the crack opening displacements (COD) versus crack-tip distance are 
plotted. Figure C4.4b represents the measured COD plotted versus the theoretical 
COD, comp, computed for an applied stress intensity factor of K=1 MPam according 
to Section B2.2. The slope of the near-tip straight-line gives the crack-tip stress inten-
sity factor KI0. The region of evaluated data was up to x  7 µm from the tip. The single 
results for the 3 materials are compiled in Table C4.1 with an average of KI01.5 
MPam obtained by the common evaluation of all data points. The crack-tip toughness 
for the SiAlONs is below that of the Si3N4 (Section D2). 

SiAlON KI0  (MPam) 90% CI 

Nd0510E1-3 1.56 [1.50, 1.63] 

Nd0510E6-1 1.33 [1.28, 1.39] 

Nd1010E1-1 1.58 [1.50, 1.66] 

All data combined 1.51 [1.47, 1.55] 

Table C4.1 Evaluation of crack-tip toughness for the investigated materials; data in brackets 90% 
confidence intervals (CI). 
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Fig. C4.4 Crack-opening from Vickers indentations for the SiAlON-ceramics by Riva [C4.1]; a) Rep-
resentation of the crack opening displacements for the 3 materials, b) measured displacements plotted 
versus the displacements computed for K=1 MPa√m, straight-line fit for all data of part (b) with the 
fitting range determined according to [C4.2], solid line: near-tip displacements, dashed line: far-tip 

displacements (symbols: black Nd0510E6, blue Nd0510E1, red Nd1010E1).  
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C5  Approximate procedures  

C5.1  Errors by application of linear-elastic compliance  

The compliance method for an evaluation of crack length including the feedback of the 
bridging stresses on the compliance was discussed in Section C2.1.2. Direct measure-
ment of the crack length by using a microscope showed deviating results. The optical-
ly obtained crack length increments were in general smaller than those found via com-
pliance. The effect of the different crack length increments a(el) from the elastic com-
pliance and the physical crack length aphys on the R-curve data is illustrated in Fig. 
C5.1a. The solid circle may represent an arbitrarily chosen individual data point 
KR(a(el)) computed with the crack length a(el) as obtained by application of the line-
ar-elastic compliance relation eq.(B1.5.2).  
As an example, we now assume that the physically “true” crack length increment 
aphys might be 50% larger. This assumption results first in a shift of the data point to a 
larger a and second the increased crack length increment results trivially in a larger 
K-value. The new data point {aphys, KR(aphys)} is indicated by the open circle. Alt-
hough the location of this data point in Fig. C5.1a is clearly changed, a deviation of 
this point from the given R-curve is hardly ascertainable, and the R-curve remains es-
sentially unchanged. This holds for all the investigated curves on Si3N4 but cannot be 
incorporated as a general result valid for other materials. 

     
Fig. C5.1 a) Influence of an error in crack length on the steep R-curves for cracks ahead of slender 

notches in silicon nitride (for the triangle see Section C5.3), b) schematic plot of a steep R-curve (solid 
curve) and the minimum and maximum Kappl curves (dashed lines) in an R-curve test. 

0 1 2 3

2 

4 

6 

a  (µm)

KR 

(MPam) 

Eq.(B1.5.2) 

a) 

Eq.(C5.3.2) 

Eq.(C2.1.4) 

a 
0

KR

Kappl(Pmin) 

0

b) 
Kappl(Pmax) 



C5  Approximate procedures C5.2  Procedure for estimating bridging stresses from R-curves 

 86

The reason for this slightly astonishing result can easily be understood. In the experi-
ments, crack extension (indicated by an increasing compliance) occurs under very 
small load variations of clearly less than 1% as can be seen from Fig. C2.1 for material 
SL200BG. During the displacement-controlled test it always holds Kappl=KR.  

The minimum load in Fig. C2.1 is Pmin=70.4 N, the maximum load Pmax=70.7 N. For 
small crack extensions, the maximum and minimum limits for the applied stress inten-
sity factor result from (B3.2.1) and (B3.2.2) as 

 )tanh()()tanh()( 0max0min aDPKKaDPK applRappl    (C5.1.1) 

where the notch geometry enters via D2.243/R. The limit curves are indicated in the 
schematic plot of Fig. C5.1b as the dashed curves. It should be noted that in this plot 
the variations in load and, consequently, the differences in Kappl(Pmin) and Kappl(Pmax) 
are strongly exaggerated.  
From eq.(C5.1.1) it becomes clear that for any crack length a, correct or slightly in-
correct, the data pair (KR, a) will be located on nearly the same unchanged curve at 
least in the range in which the applied loads are sufficiently constant.  
For materials with steeply rising R-curves, including many Si3N4 ceramics and the si-
alon ceramics as well, only small errors, approximately 1%, will be incurred using the 
simple traction-free linear-elastic compliance evaluation that accounts for the notch 
effect. Thus, using that method is preferable for saving time and effort in the data 
evaluation. However, such a procedure will give significant errors at larger crack ex-
tensions because then the applied load significantly varies. However, at longer crack 
extensions optical crack length measurements converge with the actual crack length, 
and thus can be used to reliably evaluate the crack length.   

C5.2  Procedure for estimating bridging stresses from R-curves 

C5.2.1 First-order solution 

It has to be emphasized that the procedures for solving the system of eqs.(C3.1.2) and 
(C3.1.4) are rather complicated and need much numerical effort. This was the reason 
for the development of first- and second-order approximations [C5.1, C5.2] which 
were successfully applied to silicon nitride [C5.3] and alumina ceramics.  
Using the weight function representation, the bridging stress intensity factor can be 
expressed by the distribution of bridging stresses br acting in the wake of the crack  
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brbr drrarhK
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)(),(   (C5.2.1) 



C5  Approximate procedures C5.2  Procedure for estimating bridging stresses from R-curves 

 87

with the total crack length a consisting of the initial crack length a0 free of bridging, 
and the crack extension a showing bridging, i.e. a=a0+a. 

In the following derivation of the bridging stresses from (C5.2.1), the special shape of 
the bridging stress distribution  
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br 0
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  (C5.2.2) 

is used implicitly. This relation allows splitting of the integral in two parts 
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The first-order procedure consists in the following steps: 

By taking the derivative with respect to a on both sides of (C5.2.1) it results 
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(It should be mentioned that in the related equations in [C5.2] the lower integration 
limit a0 has to be replaced by “0”, see erratum to [C5.2] in [C5.4]). 

The bridging stresses result from (C5.2.4) as 
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 (C5.2.5) 

Identifying br(r)=br|r=a gives a first-order solution for the bridging stresses: 

  
ra

R

ra
br da

dK

h
r




1

)()1(  (C5.2.6) 



C5  Approximate procedures C5.2  Procedure for estimating bridging stresses from R-curves 

 88

The subscript a=r in (C5.2.6) means: For the computation of the bridging stresses in 
a certain crack-tip distance r, e.g. r=5 µm, the derivative of the R-curve after a=5 µm 
has to be introduced as well as the value of the weight function h in distance r=5 µm. 

C5.2.2 Second-order solution 

In the first-order approximation, only the first term of eq. (C5.2.5) was regarded with 
the bridging stresses depending exclusively on r. In a second-order solution, the first 
integral term of (C5.2.5) accounting for the influence of crack length via the weight 
function h(r,a) may be included. In this approximation, the first-order solution 
(C5.2.6) has to be used under the integral, resulting in  
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where the first number in the superscript counts for the second term of (C5.2.5), and 
the second number for the step of iteration (started with m=1). Generally it holds for 
higher iteration numbers m>1 
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C5.2.3 Example of application 

An R-curve for Mg-La-containing silicon nitride is shown in Fig. C2.2a. The crack 
propagation test was carried out on a pre-notched bending bar. The best fit of the 
measured data was given by 

  ])exp[)1(1( 221I0 aCaCCKK R   (C5.2.9) 

with the “best” set of coefficients compiled in Table C2.1. 

For the determination of the bridging stresses, the weight function for a small crack 
ahead of a slender notch has to be applied. It is given by eqs.(B3.2.6) and (B3.2.9). 
Figure B3.2 shows this solution together with the geometric data R, , and r. For very 
short crack extensions in the order of about R, the weight function significantly de-
pends on /R. Application of eq.(C5.2.6) yields the first-order bridging stresses repre-
sented in Fig. C5.2a by the dash-dotted curve. The first and second iterative solutions 
of eq.(C5.2.8) are shown by the thin continuous curves. The third and fourth iterations 
showed differences less than 2 MPa, therefore, they are represented by the same 
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dashed curve. This curve indicates the final curve of convergence, i.e. the bridging 
stress distribution br(r).  
The full solution obtained by solving the simultaneous system of integral equations 
numerically, eqs.(C3.1.2) and (C3.1.4), and fitted by 
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nbr
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  (C5.2.10) 

with N=1, 0 = 3375 MPa, 0=0.0118µm, 1= 450 MPa, 1=0.0476µm, is shown in 
Fig. C5.2b as the solid curve. Although differences to the approximations occur, the 
second-order solution clearly exhibits all characteristic features of the exact solution, 
which are in this case: 

a) Very high bridging stresses of br 1250 MPa, 

b) a strong concentration of the bridging effects in a crack tip distance of about 
r=0-10µm.  

 
Fig. C5.2 a) Convergence study of the approximations; dash-dotted curve: first-order solution 
from (C5.2.6), continuous curves: first and second iteration steps for the second-order solution, 

dashed curve: identical third and fourth iteration steps indicate the final second-order solution, b) 
first- and second-order bridging stresses compared with the full solution obtained by simultaneous 

solving the integral equations (C3.1.2) and (C3.1.4). 

The reason for the differences between the approximations and the full solution be-
comes evident by the representations in Fig. C5.3. Figure C5.3a shows the total crack 
profiles for a long crack extension of a=50µm as the thick curve. For shorter crack-
growth phases of a=2µm, 5µm, 10µm and 20µm, the total displacements were addi-
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tionally computed via eq.(C3.1.4). The results are given by the thin curves with the 
circles indicating the individual crack length increments. 

For a very short crack extension of a=2µm, the total displacements differ maximum 
by about 37% from the long-crack displacements. Consequently, also the bridging 
stresses must differ for such a small amount of crack propagation. 

 

Fig. C5.3 a) Total displacement profiles for short crack extension phases, b) related deviations of 
the bridging stress distributions, dashed curve tentatively introduced as the interpolation of the 

stresses at r=a, represented by the circles. 

The related bridging stress distributions are given in Fig. C5.3b exhibiting clearly the 
differences in the stresses. These differences cause the different stress distributions for 
the full solution and the second-order approximation in Fig. C5.2b. In this context it 
should be taken into account that the stress values resulting from eqs.(C5.2.6) and 
(C5.2.8) are those acting at r=a, i.e. at the end of the bridging zone. These values are 
indicated by the circles in Fig. C5.3b. The dashed curve, which interconnects these 
data points, exhibits the main features of the second-order solution as slightly lower 
stress level and peak stress at a shorter crack-tip distance. 

Approximate results ),2( 
br  according to eq.(C5.2.8) are compiled in Fig. C5.4a for 

several of the investigated materials. These solutions show the same ranking in maxi-
mum bridging stresses as the full solutions shown in Fig. C3.4. A comparison of the 
bridging laws resulting from the two attempts is given in Fig. C5.4b for the Mg-Y-
containing silicon nitride. The approximate solution according to eq. (C5.2.8) and the 
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full solution yield bridging stresses only slightly different in shape but with roughly 
the same area under the br vs.  curve, i.e. the same crack-face separation energy. 

Finally, it should be emphasized that the effort in time was for the approximate proce-
dure only about 1% of that for the full evaluation.  

   
Fig. C5.4 a) Second-order solutions for some of the investigated ceramics, b) comparison of approxi-

mate (dashed curve) and full solution (bold curve) for MgY. 

C5.3  Approximate solution for the bridging effect on the compliance 

The determination of the crack length from the bridging-affected compliance was de-
scribed in Section C2.1.2. The bridging stresses had to be computed from a system of 
integral equations (C2.1.6)-(C2.1.10). Instead of the very time consuming “full” solu-
tion, the first-order solution for the bridging stresses br in the crack wake may be ap-
plied according to eq.(C5.2.6) that reads  
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The change of the total displacements by action of externally applied tractions and 
intrinsic bridging stresses simultaneously, are for 4-point bending given in terms of the 
related compliances 
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with the measured compliance C, the compliance in the absence of bridging interac-
tions, Cappl, and the contribution by bridging interactions expressed by the integral 
term. The displacements of crack faces due to the applied load, appl, are given by 
eq.(C2.1.10). The unknown crack length increment a occurs at two places in (C5.3.2) 
explicitly, namely in the argument of the compliance function for the applied load and 
at the upper integration limit. Implicitly, the crack length also affects the KR-term of 
the integrand. This fact calls for an iterative solution using the method of “successive 
approximation”. For its explanation eq.(C5.3.2) may be slightly re-written as 
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In the first approximation step, the compliance according to Section B1.5 is used as a 
first-order solution to compute the crack depth a(1). From this, the first-order approxi-
mations for the applied displacements, the weight function and the R-curve KR have to 
be computed as indicated by the superscript (n), here n=1. Using the first-order terms 
under the integral, eq.(C5.3.3) can be solved by application of a zero routine providing 
the second-order approximation a(2). The procedure has to be repeated until a certain 
degree of convergence is reached. This establishes the final crack depth increment a. 
Although this procedure is clearly shorter than the full treatment of Section C2.1.2, 
computer time may still need several hours.  

The evaluation via (C5.3.2) is shown in Fig. C5.1a by the triangle which is in suffi-
cient agreement with the exact evaluation via eq.(C2.1.4). 
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D1  Effect of crack and specimen type  

D1.1  R-curves for 1-d cracks  
Knowledge of the bridging relations as the real material property allows to compute 
the R-curves for any crack and loading case by application of eqs.(C3.1.2) and 
(C3.1.4) if the weight function solution for the special crack is available. Some results 
may be given here for NC132 and the MgY-ceramic using the data of Table C3.1. The 
measured R-curve from a test on an edge-notched bending bar of NC132 with relative 
notch depth a0/W=0.75 and notch-root radius R=20µm is represented by the solid 
curve in Fig. D1.1a. The weight function for this configuration was taken from [D1.1]. 
In addition the R-curve for a compact-tension (CT)-specimen with a sharp initial crack 
of a0/W=0.25 was computed also with the weight function from [D1.1]. The result is 
shown by the dashed curve. This curve is about 0.1-0.15 MPam below that for the 
notched bending bar. Figure D1.1b shows three R-curves for bending bars. The solid 
curve again represents the result for the deep notch with a0/W=0.75. The slightly devi-
ating dashed curve holds for a sharp crack of same depth. A notch of only a0/W=0.25 
yields the dash-dotted curve. Figure D1.1c shows the R-curve for MgY (solid curve) 
together with the computed R-curve (dashed curve) for tests with the double cleavage 
drilled compression (DCDC) specimen using the bridging stresses from eq.(C3.1.9) 
and the weight function (B1.3.12-B1.3.14). There is only a small effect of the different 
DCDC-weight function visible. 
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Fig. D1.1 a) and b) Influence of different specimens on the R-curve, demonstrated for NC132, c) for 

DCDC-test on MgY. 

The different R-curves of Fig. D1.1a illustrate the influence of the different weight 
functions for bars and CT-specimens and Fig. D1.1b the effect of different crack or 
notch depths. The main reason for the reduced KR is the lower weight function which 
for the short notch with a0/W=0.25 is hardly influenced by the back wall effect in con-
trast to the deep notch or crack (see Fig. D1.2). 

 
Fig. D1.2 Influence of the relative crack depth a/W on the weight function for an edge-cracked bend-

ing bar of width W (x=crack-mouth distance). 
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D1.2  R-curves for 2-d cracks 

D1.2.1 Pure tension and wedging 

The R-curve for a semi-circular surface crack under remote tension loading can be 
computed with the weight function method according to eqs.(B2.1.1) and (B2.1.3). 
The result is plotted in Fig. D1.3a. This curve is slightly below the R-curve for the 
edge-notched bending bar with maximum deviations of 0.15 MPam. The differences 
are caused by the different weight functions as is obvious from the comparison in Fig. 
D1.4. 

In addition an indentation crack with an impression radius of 50% of the crack radius 
was evaluated with the weight function taken from [D1.2]. This crack exhibits a crack-
growth resistance reduced by 0.25-0.4 MPam. Here the strongest difference of the 
weight function with respect to the edge-notched bar has to be taken into account as 
was outlined in detail in [D1.3].  
There are two further reasons for the slightly lower KR–curve of the Vickers indenta-
tion crack compared with the semi-circular surface crack, namely:  

(1) The bridged area is smaller for indentation cracks due to the existence of the 
closed compressive zone without stressed bridges. 

(2) The bridging stresses and, consequently, the R-curve of the indentation crack 
are additionally reduced due to the large crack opening displacements near the 
indenter impression (Fig. D1.5). 
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Fig. D1.3 a) R-curves for a semi-circular surface crack under external tensile load and Vickers inden-
tation crack loaded by the residual stress field extending over half of the crack radius (dashed curve 
for the deeply notched bending bar for comparison). Abscissa a for notched bar and semi-circular 
crack, a for Vickers indentation crack, b) representation of the R-curves with the abscissa for the in-

dentation crack changed to a-b, dash-dotted curve: Kappl for a semi-circular crack with depth of 25 µm, 
circle: KIc from the tangent condition. 

 
Fig. D1.4 Weight function for a semi-circular crack (solid curve); radial distance from the surface=r 

(edge crack included for comparison).  

The dash-dotted curve in Fig. D1.3a and D1.3b shows the Kappl-curve for a semi-
circular surface crack with a depth of 25 µm causing failure at the tangent point (cir-
cle) to the R-curve. The stress intensity factor at this point is called the fracture tough-
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ness KIc. In the case of the 25µm deep crack, one obtains KIc4.6 MPam. This value 
depends on the initial crack length. For shorter cracks, a lower KIc-value is obtained.  

Figure D1.3b shows the R-curve for the indentation crack plotted versus the open part 
of the crack undergoing bridging stresses, i.e. versus a-b. This transformation elimi-
nates the effect of point (1) mentioned before. The remaining small difference reflects 
the effect of the large crack opening displacements of the Vickers indentation crack 
illustrated schematically in Fig. D1.5. 

Figure D1.3b gives rise for a rather rough approximation of the R-curve for an inden-
tation crack for the case that only the R-curve for a semi-elliptical crack under tension 
is available. It then holds 

 )()( circlesemiVickers baaKaK    (D1.2.1) 

 
Fig. D1.5. Crack profile at the free surface of a surface crack (top view) under a residual stress field 

according to Hill [D1.4]; schematic COD distribution with displacements exaggerated. 

Asymptotic solution for bridging stresses with small ranges  

For very steep R-curves, i.e. bridging stresses with a very small range, the bridging 
effect is mainly concentrated in the near-tip region. Instead of the complicated dis-
placement fields, it is possible to consider the near-tip solution of  exclusively. The 
displacements  are then replaced by the near-tip displacement tip described by the 
Irwin parabola  
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which must hold for any type of crack if a-r << a.  

If the bridging law is for instance of the type (C3.3.7), the distribution of bridging 
stresses can be estimated without solving a complicated integral equation system. This 
results in 
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By introducing this stress distribution into  
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the approximate bridging stress intensity factors and the approximate R-curves for 
small crack extensions can be determined by simple integration. 

D1.2.2 Superimposed tension and wedging 

In Fig. D1.3, the cracks either were loaded by remote tension or by wedging due to the 
residual stresses in the damaged zone beneath the indenter. In many practical applica-
tions, these two types of loading have to be superimposed. This is for instance the case 
for an indentation crack, which after removal of the indenter is loaded by an externally 
applied load in order to perform a strength test.  
For the total load consisting of the residual and the external part, an R-curve can be 
constructed by simple interpolation because the differences of the two curves are 
small.  
If the crack radius after the indentation test is a0 and after application of an additional 
external load a=a0+a, the R-curve may be written 

  circlesemiVickers
0




 K
a

a
K

a

a
K R  (D1.2.5) 

This relation trivially fulfils the limit cases of KR=KVickers for a=a0 and KRKsemi for 
a>>a0.  
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D2  Results from Vickers indentation cracks  

D2.1  Crack tip stress intensity from Vickers COD measurements 

In R-curve experiments on silicon nitride ceramics (see Section C2) it was found that 
about 90% of the final crack resistance is already reached after a=10µm. Further-
more, the determination of accurate KI0 values from such R-curve data is essentially 
impossible. Since the range of a in which KR rises from KI0 to the saturation value is 
extremely short, an extrapolation of the measured R-curve to a = 0 is simply not ac-
curate. 12345678 

An independent method to measure KI0 is the evaluation of crack-opening displace-
ments (COD). This procedure has been widely used in literature by evaluation of 
cracks in the scanning electron microscope [D2.1-D2.5] and the atomic force micro-
scope (AFM) [D2.6-D2.8]. Using Vickers indentations for this procedure has the ad-
vantage that the maximum crack-tip loading is reached after removing the indenter so 
the COD measurements can be made on unloaded samples. In contrast, the use of 
straight-through cracks in fracture mechanics test specimens (bending bars [D2.9], CT-
specimens, etc.) needs much more effort in keeping the load applied constant while 
making measurements in the microscope.  

For materials with a flat crack resistance curve, like glass, KI0-values can be simply 
calculated from COD measurements via the so-called Irwin parabola (Fig. D2.1a). 
Conversely, COD measurements for materials with a rising R-curve must be affected 
by the bridging stresses. This fact is especially problematic for materials with very 
steep R-curves. Maximum stress levels are present at a crack-tip distance of only 0.5-
2µm. These high stresses must cause deviations from the Irwin parabola even very 
close to the crack tip. The consequences of this fact will be outlined in this Section.  

Since the final extension of the semi-elliptical “median-radial” Vickers cracks devel-
ops during the unloading phase, these cracks are characterized by the condition of KI = 

KI0 at the crack tip after load removal assuming additional lateral or cone cracks do not 
also form and relax the residual stress field. Figure D2.2a illustrates the impression of 
the indenter with diagonal 2b and the cruciform semi-circular crack system with diam-
eter 2a. The total mode-I crack opening 2I normal to the x-axis can be measured un-
der the scanning electron microscope (SEM).  

An analytical solution for the COD of Vickers indentation cracks in the absence of 
bridging stresses was given in [D2.10] and can be described by the relations in Section 
B2.2. 
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The first term in eq.(B2.2.8) represents the behaviour very close to the crack tip, called 
generally the Irwin parabola: 

 x
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The relations (B2.2.4) and (B2.2.8) have been found to be effective for determining 
the crack-tip stress intensity for Vickers indents in soda-lime glass [D2.10]. In Fig. 
D2.1a, SEM crack opening displacement measurements on a crack introduced in soda-
lime glass under 50 N load are plotted as circles. The curve in Fig. D2.1a results from 
a least squares fit of the measured data in a modified representation. For this purpose 
the measured crack opening displacements, I,meas, are plotted versus the displace-
ments, I,comp, computed with eq.(B2.2.4) for a stress intensity factor of KI = 1MPam. 
Because of eq.(B2.2.4), the related plot must then yield a straight line through the 
origin. Figure D2.1b shows the measured data in this modified representation.  

A least-squares fit of the linear dependency yields KI as the slope of the straight line, 
in the present example resulting in KI = 0.38 MPam. Use of this value then yields the 
solid curve introduced in Fig. D2.1a.  

 
Fig. D2.1 Determination of KI,tip for a soda-lime glass, a) measured crack opening displacement, b) 

measured COD plotted versus computed COD (KI=1 MPam), from [D2.10]. 

The dashed line shown in Fig. D2.1a corresponds to the Irwin solution for the near-tip 
displacement field, eq.(D2.1.1), at the same stress intensity factor. Thus, the COD 
method can determine the crack tip KI value in non-bridging ceramics based on the 
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slope of the I,meas - I,comp(KI = 1MPam) curve. This method was expanded to apply 
for materials with steeply rising R-curves [D2.11].  

D2.2  Vickers COD-curve for a material with a steep R-curve 
The test procedure according to [D2.11] may be explained on material MgY (see Sec-
tion C1) with the R-curve rising to about KR7 MPam even after 10 µm crack propa-
gation. For the determination of KI0, Vickers indentation tests were performed on pol-
ished surfaces with an indentation load of 98.8 N and a dwell time of 15s. Before the 
indentation tests, the surfaces were polished through diamond slurries of decreasing 
diamond grit sizes down to 1µm, and then slightly plasma etched for 1min with a 2:4 
CF4:O2 gas mixture.  

Figure D2.2a shows a schematic top view of the total crack and D2.2b a SEM image 
of a Vickers indentation crack in very close to the tip. As a consequence of eq.(D2.1.1) 
valid for any crack shape, the mode-I stress intensity factor KI and consequently also 
the special value KI0 are related to the mode-I displacements I, exclusively. Therefore, 
only the displacements normal to the x-axis have to be taken into account for the de-
termination of KI0.  

The crack path in a poly-crystalline material is not a very straight line where the orien-
tation of the crack-plane is always in agreement with the x-axis. The needed value I is 
always larger than the actual normal-distance n of the two opposite crack flanks ori-
ented under an angle  to the x-direction (see the lower part of Fig. D2.2b). These two 
measures are identical only if the case of crack segments aligned exactly in x-
direction. The difference can become very large in segments deviating strongly from 
the parallel case. An evaluation along the cross section C-C’ would result in roughly 
n½ . 

Considering this fact, the I-evaluation can most effectively be done for crack parts 
which are roughly in agreement with the x-axis, i.e. for small angles .  

On a micro-structural scale, the visible deviations of the local crack normal from the y-
axis give rise for a mixed-mode displacement II and a mode-II stress intensity factor 
KII. Since on the macroscopic scale a large number of positive and negative crack-
normal deviations occur, the total (average) mode-II displacements and stress intensity 
factor must disappear too. With other words, the average data curve indicates the glob-
al crack behaviour with KII,total=0. The scatter in measurements has to be related at least 
partially to the local mode-II stress intensity factors.  

Results for the silicon nitride with Y2O3 and MgO content are given in Fig. D2.3a and 
D2.3b (circles) as a function of the distance x from the tips for 5 individual cracks. 
There is a rather high data scatter visible. In Section D2.4, the scatter behaviour is dis-
cussed based on a large number of measurements for two additional silicon nitrides.  
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Fig. D2.2 a) Top view on the Vickers indentation cracks, b) crack opening in the near-tip region for a 
Vickers indentation crack introduced in a non-etched surface with COD-measurement normal to the 

global crack plane. 
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Fig. D2.3 a) Measured COD of Vickers indentation cracks in Si3N4 with Y2O3 and MgO, b) near-tip 

results of a). 

D2.3  Computation of the full COD-curve 

Exact solutions for the crack opening displacements are given only for the case of an 
internal penny-shaped crack. In the case of a semi-circular crack, the bridging dis-
placements, br, caused by the bridging stresses, br, result according to Section B2.2 
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where  stands for the measurable total displacements normal to the global crack 
plane, i.e. for I in Fig. D2.2b (for r=a-x, see Fig. D2.2a). The quantity appl is the “ap-
plied displacement” caused by the residual stress field in the central region of diameter 
2b. The applied displacements can be computed via eqs.(B2.2.4) or (B2.2.8). 

The solution of eq.(D2.3.1) is explained in Section D3 in detail together with a proce-
dure that allows the bridging stresses to be determined. Here only the result for the 
displacements may be quoted.  
The best approximation to the measured data is shown in Fig. D2.3a by the solid 
curve. Figure D2.3b gives the result in the crack-tip region.  

Figure D2.3b also contains the Irwin parabola as the dash-dotted curve for KI0 =2.20 
MPam. This curve now results as:  

10 20 30 40 50 60

0.2 

0.4 

0.6 

0.8 

x    (µm) 

2I 

(µm) 

appl 

a) 

1 2 3 4 5 6 7

0.02

0.04

0.06

0.08

0.1

2I 

(µm)

x    (µm) 

b) 

Irwin parabola

KI=2.2 MPam



D2  Results from Vickers indentation cracks D2.4  Near-tip CODs and scatter behaviour 

 104

 x
E

K
tip

I08


  . (D2.3.2) 

It must be noted that the above procedure required much effort and called for an ap-
proximation.  

D2.4  Near-tip CODs and scatter behaviour 
As can be detected already from Fig. D2.3b, there are clear differences between the 
total near tip displacements and the Irwin parabola both representing the same KI0. 
Therefore, the two curves are plotted again in Fig. D2.4a.  

The two curves agree for very small crack-tip distance, as theory requires. Tolerating 
errors less than 10% we can conclude that for the MgY-Si3N4 material the application 
of the Irwin parabola is restricted to distances of x < 0.6 µm. In the region 0.6 µm< x < 

4 µm the Irwin parabola overestimates the total displacements and for all larger dis-
tances, x > 4 µm, underestimates the total COD.  

Consequently, the simplified evaluation of KI0 by using the Irwin parabola must be 
restricted to very small crack-tip distances with the disadvantages that 

a) only a few data points can be included in the evaluation, 

b) the data points near the tip are of lowest accuracy because the displacements, 
as well as the distances x, show largest percentage errors. 

Difficulties in fitting only the near crack tip data can be seen in Fig. D2.4b. To over-
come the disadvantages and to avoid the very high numerical effort for the solution of 
the integral equations, a modified COD-evaluation was proposed in [D2.11].  

The principal influence of bridging stresses on the crack opening displacement profiles 
may be shown for a bridging law according to eq.(C3.1.9) consisting only of the first 
term:  
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In order to study the influence of the bridging range, the two parameters 0 and 0 
were varied simultaneously so that the magnitude of the asymptotically reached bridg-
ing stress intensity factor, Kbr, remains the same. This condition is trivially fulfilled for 
a constant area under the curve br(I), i.e. for a separation energy 00=constant, 
since: 
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For the following numerical computations KI0=2 MPam and 0 0=310-5 MPa m 
were chosen, which resulted in Kbr 2.7 MPam and KR 4.7 MPam. 

   
Fig. D2.4 a) Comparison of the total near-tip displacements (solid curve) with the Irwin parabola, b) 
examples of highly scattered data for the MgY-Si3N4 material (vertical bars indicate a resolution of 

5nm, horizontal bars: resolution for the crack-tip location: expected to be 50nm).   

Figure D2.5a shows the results obtained for the parameter set 0=3000 MPa, 0=10-8 
m. The solid continuous curve gives the total crack opening displacement . The dis-
tribution of the bridging stresses is represented by the dotted curve. The displacement 
field for a material without a bridging effect (i.e. K=KI0) is given by the thin continu-
ous line and the Irwin parabola by the dashed curve. In Fig. D2.5b, the displacements 
normalized by the bridging range, 0, are plotted versus the displacements obtained for 
a constant applied stress intensity factor of K=1 MPam also normalized by 0. In this 
representation the curves for the different parameters practically coincide at least for 
/0<3.  

The curves in Fig. D2.5b show that for /0<0.1 the slopes of the near-tip curves with 
and without bridging stresses agree. The slopes are in both cases 2, i.e. KI0=2 MPam, 
as was chosen for the computations. The curve for 0=3000 MPa, 0=10-8 m is plotted 
again in Fig. D2.6a. This representation gives rise for an approximate method to de-
termine KI0 by straight-line fitting over the expanded near crack-tip region. 

For this purpose, the deviations of the straight-line, indicating the crack profile in the 
absence of bridging, and the displacements affected by bridging have to be minimized 
in an averaged sense. We therefore propose to extrapolate the displacements for 
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/0>1.5 backwards as shown by the dash-dotted line in Fig. D2.6a. The intersection of 
this line with a straight line drawn from the point =0 defines the end of the fitting 
region. This procedure now yields the two encircled hatched areas (I) and (II). If these 
areas are identical in size, a least squares fit over homogeneously distributed meas-
urements should result in the correct KI0.  

  
Fig. D2.5 Computations with eq.(D2.4.1): a) crack opening displacements and bridging stress distribu-

tion for the parameters 0=3000 MPa, 0=10-8 m; b) displacements in presence of bridging plotted 
versus the displacements for a constant K=1 MPam (dashed line: Irwin parabola).  

Due to the unavoidable scatter of experimental data it is of course not possible to iden-
tify the areas (I) and (II) in practice. Nevertheless, it is recommended to fit the best 
straight line through the origin and to include all the data points, which are on the left 
of the intersection point of the fit line and the large displacement extrapolation curve.  

This has been done in Fig. D2.6b for the data of Fig. D2.3a. The straight-line fit results 
in a slope of 2.1. Consequently, we obtain KI02.1 MPam with the advantage of 
very small numerical effort. For small crack-tip distances the COD-field for K=KI0 and 
the approximation by the Irwin parabola differ less than 1.2% in the fitting region (see 
Figs. D2.5a and D2.5b). 

Measurements similar to those on the MgY-Si3N4 were carried out in [D2.11] for the 
commercial material SL200BG and the hot-pressed Si3N4 SiY (Section C1). In order 
to study the scatter of KI0 and the uncertainties of the displacement measurements, a 
number of 15 cracks for each material were evaluated resulting in about 1500 (SL200) 
and 2500 (SiY) individual data points.  
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Fig. D2.6 a) Determination of the region for straight-line fitting, b) fit of data from Fig. D2.3. 

 

Fig. D2.7 a) Evaluation of 1500 COD-measurements on 15 indentation cracks in the commercial sili-
con nitride (SL200BG), b) results on the hot-pressed Si3N4  SiY.  

Figure D2.7a represents the results for SL200. From the least squares fit of the data 
region indicated by the arrow, a slope of 2.2 was obtained for SL200 yielding KI0=2.2 
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MPam (thick straight line) with a standard deviation of SD=0.66 MPam (dashed 
lines). For SiY the data in the near-tip region are given in Fig. D2.7b. The result is 
KI0=2.2 MPam (straight line) with a standard deviation of SD=0.53 MPam. 

From all the measurements done by one and the same person and especially from the 
standard deviations of the slopes we have to conclude a common crack-tip toughness 
for all the materials of KI02.2 0.3 MPam.  

In this context, it should be mentioned that this value is in good agreement with R-
curve results for the SiY-Si3N4. In this material with a rather low aspect ratio of about 
4 the toughening mechanism by the grains with a high aspect ratio of 7-9 is missing. 
Its R-curve hardly exceeds the KI0-value as can be seen from Fig. C2.2a. The R-curve 
values KR<2.5 MPam trivially confirm that KI0 must be smaller than 2.5 MPam, too. 

D2.5  Comparison with COD measurements on straight cracks 

Kruzic [D2.12] performed crack opening displacement measurements on the MgY-
Si3N4. Figure D2.8 shows the measurements carried out with CT-specimens. The solid 
symbols represent the results for a crack grown under a monotonously increasing load 
up to KR=6.76 MPam with the measurements carried out at about 97.5% of the max-
imum load, i.e. at 6.59 MPam. In a second test, a cyclic fatigue loading was applied 
with Kmax=3.9 MPam. After fatigue crack growth at 10-10m/s the specimen was un-
loaded and COD-measurements performed under 95% of the maximum load at K=3.7 
MPam. These results are given by the open symbols.  

Similar to the procedure described for the Vickers indentation cracks the results of Fig. 
D2.8 were plotted versus the displacements for a constant stress intensity factor of 
K=1 MPam. For his purpose eq.(B1.4.2) had to be solved with the weight function 
for the CT-specimen (B1.3.5). In a rewritten form it holds 
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with Kappl,CT given by eq.(B1.3.4).  

The result is plotted in Fig. D2.9. For the KI0-determination, Kruzic et al. [D2.13] 
measured the bridging stress distribution after a fatigue test by Raman spectroscopy. 
They computed the bridging stress intensity factor with the weight function procedure 
and subtracted this value from the Kmax at which the threshold condition of 10-10 m/s 
was reached. The crack-tip toughness after fatigue was obtained as KI0 1.4 MPam. 
In order to check this value, a straight line is included in Fig. D2.9 with a slope of 
0.951.4 =1.33, taking into account that the displacements are measured under the 
slightly reduced load. Within the data scatter, this line is in agreement with the COD 
measurements. For the monotonously grown crack, not enough near-tip data were 
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available for an evaluation of KI0 under static conditions. Tentatively, the value of 
0.975KI02.15 MPam was used, resulting in the dashed straight line. This line is at 
least not in disagreement with the COD data. 

 
Fig. D2.8 COD for a crack after monotonously increasing load (full circles) and after fatigue loading 

(open circles) by Kruzic [D2.12]. 

 
Fig. D2.9 Measured crack opening displacement from Fig. D2.8 plotted versus COD computed for 

K=1 MPam. 

From the data in Fig. D2.8 also the bridging stresses can be determined. A result is 
shown in Section C3.4 for the case of the specimen after fatigue. 
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D2.6  Bridging stresses from Vickers indentations  

The evaluation of the crack-tip toughness KI0 from the crack opening displacement 
field of Vickers indentation cracks allows the bridging stress distribution to be deter-
mined as a by-product. This may be demonstrated here for the approximation of the 
Vickers indentation crack by a semi-circular crack with the displacements given by eq. 
(D2.3.1). In the following computations an average of the weight function for the 
semi-circular surface crack was used by taking c=0.42.  

The applied displacements, appl, are given by eq.(B2.2.4) and the applied stress inten-
sity factor Kappl may be computed from  

  
a

brappl drrarhKK
0

I0 )(),(   (D2.6.1) 

with the weight function h according to eq.(B2.1.3) and (B2.1.4). 

The bridging stresses were determined from the data of Fig. D2.10a by solving the 
integral equation system, (D2.3.1) and (D2.6.1) and matching the computed to the 
measured displacements. The computed displacements resulting from the solution of 
the integral equations are entered in Fig. D2.10a as the curve.  
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Fig. D2.10 a) Comparison of the measured and the computed displacements, b) bridging stresses as a 

function of crack-tip distance, c) comparison of the bridging relations obtained from the R-curve 
(dashed line) and the COD-evaluation (solid line). 

The related bridging stresses are shown in Fig. D2.10b as a function of the distance 
from the tip. Combining Figs. D2.10a and D2.10b yields the bridging law as plotted in 
Fig. D2.10c. The local shielding stress intensity factor at the surface was found as Ksh= 

3.5 MPam and, consequently, the local value of KR as KR=KI0-Ksh=5.7 MPam.  

Whereas the bridging stresses from R-curve measurements (dashed curve) reach max-
imum value of about 1700MPa, from the COD-evaluation (solid curve) a clearly lower 
peak value of about 750 MPa was obtained. Nevertheless, the areas under the br--
curves are comparable and the KR-values are nearly the same. For a possible explana-
tion of this result, see Section C3.4. 
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E1  Residual stress intensity for indentation cracks  

E1.1  Residual stress intensity factor after load removal 

Knoop indentation tests carried out on brittle materials are accompanied by the genera-
tion of a half-elliptical surface crack below the indenter, which fully develops during 
unloading by the action of residual stresses. During loading by a Knoop indenter a re-
sidual stress zone develops below the contact area. According to the model proposed 
by Marshall [E1.1] a prolate spheroid can be chosen for the shape of the irreversibly 
deformed ‘plastic’ zone with the major axis b1 and the depth b2 (Fig. E1.1a).  

If res is the residual stress assumed to be constant over the semi-elliptic cross section 
with the half-axes b1 and b2, the total force normal to the crack plane is 

  212
1 bbP resres   (E1.1.1) 

For the fracture mechanics analysis of Knoop indentation cracks, the stress intensity 
factor caused by the residual stress field is necessary. Keer et al. [E1.2] computed 
stress intensity factors for a few special geometries. If the residual stress intensity fac-
tors at the deepest point (A) and the surface points (B) are denoted as KA,B, it holds 

  BA
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
  (E1.1.2) 

with the geometric functions FA and FB given by eqs.(I1.3.3) and (I1.3.4).  
So far residual forces Pres are considered acting normal to the crack plane. In a Knoop 
indentation tests, the load P acting in indentation direction is given. Using the propor-
tionality between Pres and P the stress intensity factor can be written  
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adopting the ratio E/H according to Lawn et al.[E1.3] with an a priori unknown pa-
rameter .  

E1.2  Evaluation of experimental results 

Many experimental investigations on Knoop indentation cracks are known from litera-
ture. Only in a few cases all the parameters b1, b2, a/c and a (or c) are reported that are 
necessary for the computation of the stress intensity factor. In a paper by Lube [E1.4] 
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the silicon nitride EkasinS (ESK, Kempten) was investigated from which all dimen-
sions are available necessary for an evaluation of eq.(E1.1.3). Knoop indentations 
were made for a load range of 29 NP294 N and the dimensions of decorated cracks 
measured on the crack face as well as by sectioning from the side normal to the crack 
plane. The resulting data are plotted in Fig. E1.1b. The axis ratio of the residual stress 
zone was found to be b1/b230.5. The length of the deformed zone was found to be 
somewhat smaller than the large indentation diagonal, namely, 2b10.8L. For the com-
putation of the ordinate values in Fig. E1.1c, the experimental data for b1 were used 
together with b1/b2=3. 

 

 
Fig. E1.1 a) Semi-elliptical crack loaded by a residual stress zone of length 2b1 and width b2 as sug-
gested by Marshall [E1.1]; b) dimensions of crack and deformation zone for Knoop cracks [E1.4] in 

MgO-containing Si3N4 (Ekasin-S) versus indentation load; c) results for the surface points.  
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Since b1 and b2 were measured directly, an assumption of b1=L/2 was not necessary for 
the stress intensity factor evaluation. The results on further silicon nitrides are shown 
in Fig. E1.2. A slight increase of the stress intensity factors with increasing crack 
length a is visible. 

 

    
Fig. E1.2 Measurements on several silicon nitrides, a) P/c3/2 vs. load P, b) normalized stress intensity 

factor according to eq.(E1.1.3).  

The solid circles represent early experimental results reported by Marshall [E1.1]. The 
other materials (see Section C1) were investigated by Fünfschilling [E1.5]. Figure 
E1.2a shows the original data in a plot of P/c3/2 vs. P. Since the aspect ratios a/c were 
not measured for these materials, averages of the results by Lube [E1.4] were applied. 
As tenable parameters the average values of a/c=0.85 and b1=0.8 L/2 were used. 
Figure E1.2b gives the results in form of eq.(E1.1.3) as a function of the crack depth 
with the data for Ekasin-S by Lube [E1.4] included.  

Relating the stress intensity factor at point (B) to the actual crack-growth resistance at 
the same location, KR(c), establishes  
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The unknown parameter  may be determined from a material without an R-curve ef-
fect. In such a case, the parameter should be independent on the crack length. A possi-
bility would be glass not even characteristic for high-toughness ceramics. A more fea-
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sible calibration would be the use of a material with strongly rising R-curve, reaching 
saturation resistance even after a few micrometers. Such an R-curve exists for the Y-
Lu-silicon nitride and the SL200 (see Fig. C2.2). The results of Fig. E1.2b may be 
used for the parameter  to be estimated from a least squares fit. Identifying the width 
c of the Knoop crack with the crack extension a of the R-curve yields the related 
crack resistance KB=KR for the surface point of the indentation crack. Figure E1.3 
shows the dependency KR=f(KB/) with KR taken from Fig. C2.2. From the slope of 
the straight-line, it results  

  %1011.0   (E1.2.2) 

 
Fig. E1.3 Crack resistance KR for a=c; dash-dotted line through the origin represents the coefficient 
 of (E1.2.2), dashed lines indicate the 10% scatter band. 
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E2  Partial unloading of the residual stress term 

E2.1  Superposition of residual and applied stress intensity factors 

In an indentation test on brittle material a system of cruciform cracks is generated. The 
development of the half-elliptical surface crack below the indenter is fully finished 
after unloading by the action of residual stresses which are responsible for a residual 
stress intensity factor Kres (see especially Section D2 for a Vickers indentation test). In 
the absence of subcritical crack growth it holds after the indentation test at the deepest 
point (A) and the surface points (B) 

 Ic,, KK BAres   (E2.1.1) 

If such a crack is additionally loaded by an external tensile stress  normal to the crack 
plane, an applied stress intensity factor is generated which is given by 

  acaFK BAapplapplBAappl  )/(,,,,   (E2.1.2) 

with the crack depth a and the geometric function Fappl,A,B depending on the aspect 
ratio a/c (see Section I1). 
The total stress intensity factor KA,B is often computed by superimposing the two stress 
intensity factor terms  

  BAapplBAresBA KKK ,,,,,   (E2.1.3) 

Such an attempt of course supposes that no interaction between the applied and the 
residual terms will occur.  
A decreasing residual stress intensity factor under an external load can be concluded 
from experiments (see e.g. Section E3) and theoretical considerations. In the simplest 
limit case of purely displacement-controlled residual crack opening (i.e. a rigid wedge 
opens the crack), a decreasing residual stress intensity factor with an increasing 
applied load could be predicted [E2.1] establishing a reduction factor of  

  0
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 (E2.1.4) 

with the residual stress intensity factor in the absence of a superimposed applied load, 
Kres,0. 
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In order to compute the dependency Kres(Kappl) for the more realistic case of a constant 
strain in the damage zone below the indenter, a finite element analysis was performed. 

E2.2  Finite Element computations 

The case of a penny-shaped crack in the infinite solid was realized by a finite element 
mesh of about 2000 elements with 6300 nodes and a component height of H=100a and 
component width of W=100a. The computations were carried out with ABAQUS Ver-
sion 6.2. 

Two different models of the load were studied. First, a constant volume strain in the 
damaged zone was investigated. In order to apply the option for computing thermal 
stress intensity factors with ABAQUS, the volumetric strain in the damaged zone be-
low the Vickers indenter can be replaced by a thermal strain and the stresses by 
thermal stresses due to different temperature of inclusion and matrix  

 T
V

V
vol 


  3  (E2.2.1) 

as illustrated in the picture above Fig. E2.1a.  

Figure E2.1a shows the FE-result for the circular crack as the reduction factor  of the 
residual stress intensity factor according to (E2.1.4) as a function of the applied stress 
intensity factor. From this representation, it becomes obvious that the residual stress 
intensity factor for constant geometry decreases for increased applied stress intensity 
factors.  

In a second attempt, only the tractions normal to the crack plane were considered. The 
results are shown in Fig. E2.1b. It may be astonishing that the two attempts do not 
show identical results. Whereas the prescribed tractions and the residual stress intensi-
ty factor disappear when the crack faces are completely separated, the prescribed 
strains in Fig. E2.1a result in negative stress intensity factors. The reason is the occur-
rence of a stress component parallel to the crack plane. It generates a negative K-
contribution as directly follows from the analysis of McMeeking and Evans [E2.2]. 

The FE-data of Fig. E2.1b (circles) were fitted by 
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where Kres,0 denotes the residual stress intensity factor in the absence of Kappl. Equation 
(E2.2.2) is introduced in Fig. E2.1b by the curves. 
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Fig. E2.1 a) Circular crack in an infinite body loaded by an extending sphere with volumetric strain 
vol and superimposed load appl, b) residual stress intensity factor Kres for loading by normal tractions 
exclusively. 

E2.3  Conditions for stable crack growth 

Predictions for the stable crack-extension phase can be made for the Vickers indenta-
tion cracks using the total stress intensity factors KA and KB including the effect of par-
tial reduction of the residual stress intensity factor term under a superimposed applied 
stress intensity factor by solving the equation system 
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with the geometric functions Fres for loading by the residual stress field and  
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E3  Residual stress intensity during crack extension  
Beneath the contact area of an indenter pressed into a ceramic surface, a residual stress 
zone remains even after unloading. Figure E3.1a gives the relevant geometric data of 
the cruciform Vickers crack system generally modelled by a single semi-elliptical sur-
face crack. The parameter b is the radius of the damaged zone responsible for the re-
sidual stresses assumed semi-circular for Vickers and semi-elliptical for Knoop inden-
tations (Fig. E3.1b) with half axes b1 and b2. These residual stresses are responsible for 
a residual stress intensity factor Kres. It is the aim of this section to determine the stress 
intensity factor Kres during the stable crack extension phase under a superimposed 
bending load. 

 
Fig. E3.1 Geometric data of indentation cracks: a) Vickers indentation crack of initial width 2c0 grown 

under an externally applied bending load to the width 2c, b) Knoop indentation crack. 

Extensive results on stable crack extension of silicon nitrides are available in literature. 
In the following, the data by Marshall [E3.1] and Lube [E3.2, E3.3] will be addressed. 
Marshall considered the NC132 (Norton, Seven Oaks, USA) and Lube the gas pres-
sure sintered silicon nitride Ekasin-S (ESK, Kempten, Germany).  

E3.1  Vickers-indentation cracks 

Figure Fig. E3.2a shows measurements of the crack aspect ratio a/c as a function of 
crack width c normalized on the thickness t of the bending bars. The results on Ekasin-
S, measured on decorated cracks, are represented for two indentation loads of P=49N 
and 196N by the solid symbols. These indentation cracks were impregnated with lead-
acetate, loaded after drying and extended. At an increased load the extended cracks 
were impregnated again. After drying the load was increased up to fracture strength. 
So, the initial crack dimensions, those during crack propagation, and finally, the criti-
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cal size could be determined. Results of final dimensions in NC132 are entered as 
squares. 
The dashed curve shows the equilibrium aspect ratio, i.e. that aspect ratio for which 
the stress intensity factor at the surface and the deepest point of the semi-ellipse are 
identical [E3.4] 
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This aspect ratio establishes an asymptotic lower limit solution. For any initial aspect 
ratio a0/c0, the ratio a/c will tend to this line.  
A rough fit relation of the strongly scattering data is  
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with =40, plotted for P=49N and 196N by the solid curves. The same relation was 
used for the NC132 results, tentatively introduced by the dash-dotted curve. 
Under a superimposed externally applied load (in our case bending) the applied stress 
intensity factor at the surface is given by 

  aFK BapplapplBappl  ,,   (E3.1.3) 

with the geometric function Fappl, B. The geometric function reads for 0.7a/c1 and a/t 

 0.15 [E3.4, E3.5]  
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computed according to the weight function procedure by Cruse and Besuner [E3.6]. 
Figure E3.2b gives the crack extension data in the form of Kappl=f((c0/c)3/2. The shaded 
areas indicate the crack resistance for the interesting range of crack growth of about 
70-500µm. 
Stable crack growth is governed by the total stress intensity factor, which results by 
superposition of the applied stress intensity factor Kappl and the residual stress intensity 
factor term Kres. At the surface (point B) this requires 

  )(,,, cKKKK RBapplBresBtotal   (E3.1.5) 
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Under the assumption that Kres and Kappl do not interact, the residual K-value would be 
of the type 
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with the initial crack length c0 and KIc as a representative average of the KR-data 
(5.00.1 MPam for NC132 and 6.50.1 MPam for Ekasin). Consequently, a plot of 
Kappl vs. (c0/c)3/2 should result in a straight line as for instance plotted in Fig. E3.2b for 
NC132 (solid line). The measured results (circles) clearly deviate from this line. The 
same holds for the Ekasin (dashed straight line). 

 
Fig. E3.2 a) Development of aspect ratios a/c during Vickers-crack extension; solid symbols: Ekasin-
S, squares: Norton NC132; b) experimental crack growth results for Vickers-cracks in Si3N4 with ap-
plied stress intensity factors computed from eqs.(E3.1.3) and (E3.1.4); straight lines: predictions for a 

residual stress term according to eq.( E3.1.6).  

 

E3.2  Knoop-indentation cracks  

E3.2.1 Experimental results  

Figure E3.3 gives the measured data for the Knoop indentation cracks. The aspect rati-
os as a function of relative crack width c/t are plotted in Fig. E3.3a. These curves tend 
rather slowly to the bending aspect ratio resulting in =18 for eq.(E3.1.2). 
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Fig. E3.3 a) Aspect ratios a/c during Knoop-crack extension; b) experimental crack growth results for 

Knoop-cracks in NC132 computed with eqs.(E3.1.3) and (E3.1.4), c) results for Ekasin-S; straight 
lines: predictions for a residual stress term according to eqs.(E3.1.5, E3.1.6).  
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Figure E3.3b again gives the crack extension data in the form of Kappl=f(c0/c)3/2 for 
NC132 and E3.3c for Ekasin-S. Also for the Knoop indentation cracks, the deviations 
from the predicted straight lines are clearly visible. 

E3.2.2 Computation of the residual stress intensity factor  

Since KR(c) and Kappl,B are known, eq.(E3.1.5) allows the residual stress intensity fac-
tor Kres,B to be determined as a function of crack length.  

The crack resistance KR(c) for indentation cracks is represented in Fig. E3.4 for the 
two ceramics. These data were derived from results obtained with bending bars (Fig. 
C2.2) by application of the weight function procedure according to [E3.7, E3.8]. 

 

Fig. E3.4 Crack-resistance curves for indentation cracks computed from results on deep-notched bend-
ing bars by using the weight function procedure according to [E3.7, E3.8] (a=crack length, b=radius of 

the residual stress zone). 

Figure E3.5a shows the residual stress intensity term normalized on crack-growth re-
sistance KR(c) as a function of (c0/c)3/2. The data for both materials are clearly below 
the dash-dotted straight-line that would reflect the proportionality (E3.1.6). Figure 
E3.5b shows the same plot for the Knoop cracks.  

Comparison of Figs. E3.5a and E3.5b shows the same behaviour, namely a clear de-
crease of the residual stress intensity factor for both types of cracks [E3.9]. 
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Fig. E3.5 Residual stress intensity factor at the surface of indentation cracks as a function of crack 

width ratio c/c0, a) for Vickers cracks, b) for Knoop cracks; dash-dotted lines: predicted from 
eqs.(E3.1.5, E3.1.6). 
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F1  Influence of the T-stress on frictional bridges 
The first regular term of the crack-tip stress field gives rise for two effects on the R-
curve behaviour. The first effect, a reduced debonding has been discussed in Section 
C3.4. The second influence on the frictional bridges may be discussed in this section. 

The bridging effects by frictional or elastic crack-face interlocking were described in 
Section C3.3 for an isotropic state of intrinsic mismatch stresses by application of the 
bridging model by Mai and Lawn [F1.1]. In a more general treatment, the different 
mismatch stress components may be considered.  

In the schematic depiction of Fig. F1.1, a large grain is shown, acting as a frictional 
crack-bridging event. The x-component of the thermal mismatch tractions mis is indi-
cated. For a 3-dimensional analysis, we have to consider crack-face interlocking with a 
finite depth L in the order of L  D. The consequence is that mismatch stresses also act 
in y-direction of Fig. F1.1 (y-component not plotted in Fig. F1.1b).  

The loads transferred by crack face interactions are localized at single grains. The 
bridging stress br for such an element can be expressed by 
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Fig. F1.1 Crack surface interactions due to a local frictional bridging event, a) geometric data, b) trac-

tions, acting at an interlocking event (tractions in y-direction not plotted). 

As shown in Section C3.3, the “global” tractions for frictional bridging are   
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with the two a priori unknown material specific parameters 0 and 0.  

The x-stress component in a cracked body is  

 )()(
2

2/1I rOTf
r

K
x  


  (F1.3) 

with the origin of the polar coordinates (r, ) located at the crack tip. The angular 
function f() is maximum ahead of the tip (=0) and disappears in the crack wake 
(=). Therefore, the near-tip stresses at a bridging event in the crack wake are  

 Txmisx  ,  (F1.4) 

 ymisy ,   (F1.5) 

For edge-cracked specimens with the crack depth a much smaller than the specimen 
thickness W under a remote stress n normal on the crack faces the T-stress is negative 
(compression) and it holds simply  

 nT   (F1.6) 

with =0.5259 (see e.g. [F1.2]). Depending on the relative crack depth  = a/W the T-
stress can be tension and compression for one and the same external load. As a conse-
quence of eq.(F1.4), we see that the T-stress, caused by the applied load, can lower or 
strengthen the effect of thermal mismatch.  

In terms of the bridging stress relation, eq.(F1.1), the characteristic bridging stress 0 
then holds 

 )1(000 nc   (F1.7) 

where c>0 is an a priori unknown material specific parameter and 00 stands for the 
characteristic bridging stress in the absence of an additional stress, i.e. 00 represents 
the thermal mismatch exclusively. Consequently, the bridging stress intensity factor 
reads 

 )1(0, nbrbr cKK   (F1.8) 

(Kbr,0=Kbr for T=0). It increases for T<0 and decreases for T>0 [F1.3]. 

References F1 
                                                 
[F1.1] Mai, Y., Lawn, B.R., Crack-interface grain bridging as a fracture resistance mechanism in ce-
ramics: II. Theoretical fracture mechanics model, J. Am. Ceram. Soc. 70(1987), 289. 
[F1.2] Fett, T., Stress intensity factors, T-stresses, weight functions, Universitätsverlag Karlsruhe 
(open access under: http://creativecommons.org/licenses/by-nc-nd/2.0/de/), 2008, Karlsruhe. 
[F1.3] Fett, T., Friction-induced bridging effects caused by the T-stress, Engng. Fract. Mech. 59 
(1998), 599-606. 



  

F2  A possible influence of multi-axial stresses  

F2.1  Frictional bridging under external multi-axial stresses 

In section F1, we considered only cracks, which are loaded by remote tractions exclu-
sively normal to the crack plane. In addition to the T-stress let us now consider the 
existence of externally applied mechanical stresses which can act in x and y-direction. 
These externally applied tractions may be denoted here as ext,x and ext,y, respectively. 
The effect of this external load has to be added to the effects of thermal mismatch 
stress and T-stress.  

The characteristic bridging stress 0 in eqs.(F1.2) and (F1.7) then reads 

 ])[1( ,,000 yextxextnc    (F2.1.1) 

again with c>0 and the coefficient  defined by eq.(F1.6). Finally, the bridging stress 
intensity factor results as 

 ])[1( ,,0, yextxextnbrbr cKK    (F2.1.2) 

F2.2  Biaxial tension loading 
Biaxial tension with the principal stresses 1=2 and 3=0 can be realized in a ring-on-
ring test [F2.1]. In this test it holds ext,y=ext,z=1 and ext,x=3=0. A crack at the ten-
sile surface is assumed as illustrated in Fig. F2.1a. The z-stress ext,z might be the nor-
mal stress n on the crack plane (Fig. F2.1b). A bridging interaction is indicated by the 
hatched cuboid. In this case the stress component ext,y is responsible for an additional 
bridging effect.  

 )]1(1[)](1[ 100,000   cc yextn  (F2.2.1) 

with the result of 

 )]1(1[ 10,  cKK brbr  (F2.2.2) 

Since in this test 1 > 0, the bridging effect is lowered. 
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Fig. F2.1 a) Crack in a circular plate under biaxial tension loading (e.g. ring-on-ring test); b) crack 
with a bridging element under normal tractions n=1>0 and identical tractions parallel to the crack 

front (coordinates according to Fig. F1.1). 

F2.3  A crack under torsion 

Figure F2.2 shows a cylindrical specimen loaded by torsion. A crack is assumed to 
exist with an orientation of 45° with respect to cylinder length axis. This crack is now 
biaxially loaded by the first principal stress 1 acting as the normal traction n = 1 on 
the crack plane and an ‘in-plane’ stress component 3 = 1. Also in this case, bridging 
is affected by the y-stress component parallel to the crack plane. Under a positive 
normal traction n > 0, the negative 3-stress strengthens the bridging interactions 

 )]1(1[)](1[ 10031000   cc  (F2.3.1) 

with the result of 

 )]1(1[ 10,  cKK brbr  (F2.3.2) 

i.e. the bridging effect in torsion is increased. 
A similar stress state with different signs for the two principal stresses is present in the 
Brazilian-disk test ([F2.2], F2.3), F2.4]). In this case it holds 2=-31, i.e. a strong 
compression loading parallel to the usual crack orientation. 

The effect of the multi-axiality of external loading on the R-curves is illustrated sche-
matically in Fig. F2.3. The most important expectations for the frictional contributions 
to the R-curve are: 

 The R-curves are ranked as KR (ring-on-ring) < KR (uniaxial) < KR (torsion 45°). 
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 The R-curves from frictional bridging depend on the height of the applied load 
(KR depends explicitly on the externally applied load) since the contribution of 
the clamping mechanism is proportional to the height of the load. 

 All multi-axial stress states considered before affect the bridging stress intensity 
factor although the crack loading is purely mode-I, i.e. a mode-II stress intensity 
factor does not exist. 

 

 
Fig. F2.2 a) Cylindrical specimen under torsion load with a crack at the surface under 45° to the 

length axis, b) tractions on the bridging element (hatched cuboid). 

 
Fig. F2.3 Comparison of the R-curves for the different loading cases at T=0 (schematic). 
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From the preceding considerations, it may be concluded once more that: 

1. The R-curves caused by frictional interface bridging must be affected by multi-
axial stresses. Tensile stress components parallel to the crack plane will lower fric-
tion effects. Compressive stresses must increase them.  

2. R-curves in torsion tests with cracks normal to the first principal stress (i.e. under 
45° with respect to the specimen length axis) are expected to be higher than R-
curves from uniaxial tests.  

3. R-curves from equi-biaxial tests (e.g. ring-on-ring tests or thermally shocked spec-
imens) should be lowered.  
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F3  Bridging degradation by cyclic loading  

F3.1  Frictional bridging degradation 

In Section C3, bridging effects during stable crack propagation were considered. The 
bridging stresses as the true material property could be represented as a function of the 
actual crack opening displacements. As has been discussed in Sections C3.4, F1 and 
F2 this statement has to be restricted to the special case of stable crack growth for uni-
axial stress and disappearing T-stress. For crack extension under cyclic loading there is 
much evidence for a reduction of the shielding term Ksh with increasing number of 
cycles. This was found especially for macroscopic cracks. It was very early assumed 
that the cyclic fatigue behaviour is a direct consequence of the R-curve effect caused 
by crack surface interactions. The assumption that crack surface interactions become 
more and more dissolved with increasing number of cycles could be confirmed by in 
situ microscopic examinations of Frei and Grathwohl [F3.1] and Lathabai et al. [F3.2]. 

A possible scenario is schematically shown in Fig. F3.1. Figure F3.1a illustrates a be-
ta-crystal orientated normal to the crack surface. As outlined in Section C3.2, this 
grain will not debond under load application. It elastically bridges the opposite crack-
faces, symbolically represented by a spring. Beta-grains under an angle <cr are able 
to debond, F3.1b. At higher load also pull-out will occur resulting in a bending of the 
beta-grain. Elastic bridging stresses are parallel and in series to the friction tractions.  
The frictional crack-face interaction may be described again with the friction model by 
Mai and Lawn [F3.3]. In Fig. F3.1c, a large grain is shown, acting as a frictional 
crack-bridging event. The normal component of the thermal mismatch tractions mis is 
indicated.  
During crack-face separation resulting in an increasing displacement, , a friction 
stress fr occurs which is proportional to the mismatch stress mis. The loads trans-
ferred by crack face interactions are proportional to br, which can be expressed by 

 misbr    (F3.1.1) 

with an effective friction coefficient .  
Due to the repeated sliding of the crack borders under cyclic loading, the contact areas 
rub on each other. This may lead to a smoothing of surface roughness and a reduction 
of the friction coefficient with increasing number of cycles [F3.2, F3.4, F3.5]. In addi-
tion also friction wear will reduce the transferred forces. As a simple approach, it was 
proposed in [F3.5] 
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 )/exp( 00 NN   (F3.1.2) 

where µ0 stands for the initial friction coefficient. N0 is a characteristic number of cy-
cles, which of course may depend on the R-ratio and the upper load, since the friction 
length in each cycle depends on these parameters. Consequently, the crack surface in-
teraction is reduced and the bridging stresses and bridging stress intensity factor are 
diminished.  

 

              

 
Fig. F3.1 Elastic and frictional crack surface interactions. 

F3.2  Crack growth under fatigue loading 
The decreasing bridging stress br and bridging stress intensity factor Kbr result in a 
cycle dependent degradation of the R-curve. This behaviour may be represented as the 
result of an idealized cyclic test, Fig. F3.2, in which a certain crack length a might be 
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generated during the first cycle as indicated in Fig. F3.2a by the circle. This crack is 
then assumed to be cycled with small loading amplitude at a=const with the KR-
degradation according to the solid arrow in Fig. F3.2b. Unavoidable crack propagation 
predominantly at higher amplitudes results in a curvature of the KR(N)-dependency 
(dashed arrow).  

 
Fig. F3.2 Reduction of the R-curve by degradation of frictional bridges (schematic), a) frictional and 

elastic bridging stress intensity factor contributions, b) influence of number of cycles. 

Whereas the frictional bridging effects decrease via a reduction of , the elastic bridg-
es can fail by quasi-static subcritical crack growth. This means, the time scale for fail-
ure by quasi-static subcritical crack growth is different from that for cyclic fatigue, i.e. 
it has to be expected that the fatigue effect on frictional and elastic bridges under cy-
clic loading may occur on different time (or cycle) scales. For reasons of clearness, a 
reduction of elastic bridges is neglected in the following considerations.  
The R-curve is schematically plotted in Fig. F3.2b for an increasing number of cycles 
N. The quasi-static R-curve is represented by N=1. In our model, only the frictional 
bridges are reduced. The curve for N then reflects the R-curve effect of the re-
maining elastic bridges. In practice, also the value of KI0 may be reduced during cy-
cling especially in presence of quasi-static subcritical crack growth enhanced in water 
or humid air. This additional effect, obvious from R-curve measurements by Kruzic et 
al. [F3.6, F3.7], is ignored in Fig. F3.2b for reasons of simplicity. 

F3.2.1 Fatigue crack growth in K-controlled tests  

The fatigue effect by degradation of the R-curve is illustrated in Fig. F3.3. Here, the 
special case of a K-controlled test is assumed. Such a test is of course only practicable 
for macroscopic cracks. Figure F3.3a shows the stress intensity factor vs. time history 
with the maximum and minimum stress intensity factors, Kmax and Kmin, kept constant. 
The actual crack length a is defined by the intersection of Kmax with the time-
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dependent R-curve (Fig. F3.3b). The crack lengths after N = 1, 104, and 106 cycles are 
indicated by the circles. Failure of the specimen in this case would occur after about 
N107-108 cycles because no intersection with the curve for N exists.  

 
Fig. F3.3 Fatigue crack growth due to degradation of the R-curve, a) load history, b) crack extension 

with number of cycles. 

The actual crack growth rates are given by  
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  (F3.2.1) 

where the left-hand side is a measurable quantity.  
If the upper load Kmax is smaller or if the R-curve for N will monotonously in-
crease with crack length, the effect of crack arrest should be observed. Figure F3.4 
illustrates this situation. For an experimental procedure to determine the fatigue-R-
curve as the R-curve for N and experimental results, see Kruzic et al. [F3.7]. 

 
Fig. F3.4 Crack arrest for a test with a small Kmax.  
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F3.2.2 Fatigue crack growth in stress-controlled tests  

In fatigue tests, mostly specimens with natural crack population are used. Such exper-
iments are performed stress-controlled with the externally applied stresses kept con-
stant during the whole test. The applied stress intensity factor, therefore, increases mo-
notonously with time since the crack length a increases with number of cycles (Fig. 
F3.5a).  

 
Fig. F3.5 Fatigue crack growth in stress-controlled tests as usual for specimens with natural crack 

population, a) load history, b) crack extension for an increased number of cycles. 

Also in this test, the actual crack length a is defined by the intersection of the roughly 
square-root shaped curve for Kmax(a) with the cycle-dependent R-curve (Fig. F3.5b). 
The crack lengths after N = 1 and 103 cycles are indicated by the open circles. At N = 

106 the tangent condition is fulfilled (indicated by the solid circle) and the specimen 
fails. 

F3.3  A fatigue-R-curve for natural cracks 
The failure condition (illustrated in Fig. F3.5b) allows a fatigue R-curve for natural 
cracks to be derived. For this purpose, it is necessary to determine the static R-curve, 
the inert strength c, and the SN-diagram with a sufficiently large number of tests on 
each stress level. From these data, a special type of fatigue R-curve for a constant 
number of cycles can be constructed as follows. Figure E3.6 illustrates schematically 
the results for the inert strength and the number of cycles to failure, both in Weibull 
representation. In Fig. E3.6a the inert strength c is plotted versus the cumulative fail-
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ure probability F. Figure E3.6b shows the Weibull distributions for Nf obtained at 3 
different upper stresses max.  

 
Fig. E3.6 Schematic of strength and cycles-to-failure data, a) scatter of inert strength represented in a 
Weibull diagram, b) Weibull plot of number of cycles to failure for 3 load levels (immediate failure 
and survivals not potted). 

The determination of the cyclic fatigue R-curve may be explained for the number of 
cycles N1. From the Weibull plot Fig. E3.6b we get the failure probabilities for N1 as 
the intersections of the Weibull lines with the dash-dotted line. From the Weibull 
curve of the inert strength, Fig. E3.6a, we find the inert strengths for the same failure 
probabilities (dashed lines). These values are denoted as c,1 … c,3. Now pairs of cor-
responding strengths and numbers of cycles to failure (c,i, max,i) are available.  

We now assume that the R-curve for the fictive material of Fig. E3.6 might be also 
available. Figure E3.7 shows the R-curve as the solid line. Since the strengths c,1 … 
c,3 are the applied stresses for which the tangent conditions between the applied stress 
intensity factors Kappl,i and the KR-curve is fulfilled, the initial crack lengths a0,i result 
from the solution of 

  IRappl KK   (F3.3.1) 
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This can be done graphically as schematically shown in Fig. F3.7 for two of the 
strength values. In practice, it is of advantage to fit the initial part of the R-curve and 
to evaluate the tangent condition analytically.  

 
Fig. F3.7 Determination of the initial crack size a0 from the tangent condition. 

   
Fig. F3.8 Determination of the fatigue R-curves for natural cracks. 

Next, we have to take into account that failure in the fatigue tests takes place at a lower 
applied load max,i<c,i. By use of the three max,i-values, eq.(F3.3.3) yields a series of 
3 Kappl curves. The fatigue R-curve must touch each of the single Kappl curves in one 
point (where the failure condition in the fatigue test is fulfilled) and otherwise must lie 
below the envelope established by the Kappl-curves (Fig. F3.8a). The so-constructed 
bold polygonal curve represents an upper limit of the fatigue R-curve in a region rele-
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vant for fatigue failure. If we smooth this upper limit curve at the crossing points of 
the individual Kappl-curves, an improved approximation is obtained. Since max,i<c,i, 
the fatigue R-curve is less high than the static R-curve. Together with a possibly re-
duced KI0 an extended curve can be derived (Fig. F3.8b). It has to be emphasized that 
this curve is correct only in the region of the crossing Kappl-curves. The extended curve 
between this region and KI0 represents an approximation only.  
The procedure described before has to be performed for different numbers of cycles to 
failure Ni as indicated in Fig. F3.8b. 
By using the extended (dashed) curves, the lifetime prediction of cracks with different 
initial sizes is possible. 

F3.4  Cyclic fatigue at high temperatures 

Let us now address the temperature influence on fatigue behaviour by consideration of 
two limit temperatures. These limits are room temperature (RT) at which the maxi-
mum thermal mismatch appears and sintering temperature (ST) where any thermal 
mismatch must disappear. Figure F3.9a again shows the frictional part of the bridging 
stress intensity factor, Kbr,frict, as a function of numbers of cycles and temperature as 
the open arrow and the nearly cycle-independent elastic bridging part, Kbr,elast, as the 
full arrow. Due to the lack in thermal mismatch stresses and, consequently, in friction-
al bridges at sintering temperature, a cyclic fatigue effect by degradation of frictional 
bridges might be not observable. In this approximation specimens loaded at ST will 
either fail spontaneously if Kappl  KI0+|Kbr,elast| or will survive a fatigue test if Kappl < 

KI0+|Kbr,elast|.  

 
Fig. F3.9 Effect of temperature on cyclic fatigue exponent n; a) decrease of the frictional bridging 

stress intensity factor for reduced thermal mismatch at increased temperature, b) effect on the da/dN-
Kmax curves (RT: room temperature, ST: sintering temperature). 
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An evaluation of the cyclic lifetime tests in order to determine da/dN=f(Kmax)-curves 
must result in increasing steepness of curves with a decreasing number of tests with 
failure in a certain finite test duration. This is identical with an increasing exponent n 
with increasing temperature in the power-law representation  

  nAK
dN

da
max  (F3.4.1) 

At sintering temperature, it must hold n(ST). This behaviour is illustrated in Fig. 
F3.9b. The circles may indicate the individual measurements. The upward arrows 
symbolize tests resulting in spontaneous failure, the downward arrows tests which did 
not fail within a prescribed time span. The slopes of the straight lines through the re-
sults with finite lifetimes are identical with the exponent n in eq.(F3.4.1). 

For reasons of clearness, the simplified description in this section did not take into ac-
count possible interactions of frictional and elastic bridging effects. Such an interac-
tion is for instance the increase of load that has been transferred by an elastic bridge 
when the frictional bridging events continuously decrease their load capability. This 
can lead to a delayed failure of an elastic bridge by reaching its strength without show-
ing a true fatigue effect. 

F3.5  Interaction of cyclic and quasi-static subcritical crack growth  
As already mentioned in context with a reduced KI0-value in presence of humidity, the 
effect of subcritical crack growth will be superimposed to the “true” fatigue crack 
growth by cyclic bridging degradation. This can easily be seen from fatigue experi-
ments on coarse-grained alumina with constant R-ratio but different frequency f 
[F3.8]. In the case of a real fatigue effect, the lifetime must decrease with increasing 
frequency. Three series of specimens were cyclically loaded with loudspeakers by use 
of a cantilever arrangement. Alternating bending (R=1) was chosen as the loading.  

Figure F3.10a shows the lifetimes obtained at a maximum stress of max = 175 MPa 
and frequencies of 0.2, 2 and 20 Hz. As can be seen, the lifetimes decrease with in-
creasing frequency. This is an indication that not only subcritical crack growth may be 
the reason for failure in cyclic tests. 

There is a clear trend of increasing lifetime with decreasing frequency. Figure F3.10b 
represents the results of Fig. F3.10a with the lifetime replaced by the number of cycles 
to failure. From Fig. F3.10b we can conclude that also cycle effects are not the only 
reason for crack extension, because the numbers of cycles to failure do not coincide 
for the different frequencies. Consequently, we have to conclude that for alumina the 
degradation effect and subcritical crack growth are both present in fatigue tests carried 
out in air. 
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Fig. F3.10 a) Lifetimes under alternating bending load (R = -1) with maximum stress max= 175 MPa, 
measured for different frequencies of 0.2 Hz, 2 Hz and 20 Hz; b) the same results represented as a 
function of the number of cycles to failure.  
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G1  Shielding effects under mode-II loading  

G1.1  Mode-II shielding due to crack-face roughness  

G1.1.1 Shear stresses 

Real crack surfaces are not ideally straight in a mathematic sense. This is schematical-
ly illustrated in Fig. G1.1a. Under pure shear loading, , the upper and lower crack 
faces are shifted by the shear displacements II. Due to the interlocking of the two 
crack faces, this shift causes friction-like shear tractions fr acting against the external-
ly applied stresses appl. The total shear results as 

  frappltotal    (G1.1.1) 

In addition also a normal displacement I results even under pure shear as indicated in 
Fig. G1.1b. Consequently, the frictional contact undergoes a normal pressure, which 
would be necessary in a mode-I loading for evoking the same displacement I. This 
crack opening gives rise for a small mode-I stress intensity factor KI also in the ab-
sence of externally applied normal tractions on the crack surface as outlined by Men-
delsohn et al. [G1.1, G1.2]. This additional mode-I stress intensity factor is in most 
cases small compared to the usually applied one. 

  
Fig. G1.1 Crack opening displacements under externally applied shear stresses (heights exaggerated), 

a) without externally applied tractions, b) pure shear applied. 

G1.1.2 Frictional stress intensity factor  

If the distributions of the shear stress contributions in eq.(G1.1.1) are know, the weight 
function method allows the related stress intensity factor parts to be computed. The 
applied mode-II stress intensity factor is given by 
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  
a

IIapplapplII dxxahK
0

, ),(  (G1.1.2) 

where hII is the fracture mechanics mode-II weight function and x the crack coordinate 
with origin at the free surface. For a constant shear applf(x), it simply holds with the 
geometric function FII  

  aFdxxah II

a

IIappl  
0

),(  (G1.1.3) 

Similar to eq.(G1.1.2), the frictional and the total mode-II stress intensity factors can 
be written as 

  
a

IIfrfrII dxxahK
0

, ),(  (G1.1.4) 

  
a

IItotaltotalII dxxahK
0

, ),(  (G1.1.5) 

resulting in  

  frIIapplIItotalII KKK ,,,   (G1.1.6) 

Equation (G1.1.4) gives rise for the definition of an effective constant shear stress eff. 
Applying the mean value theorem for integrals on eq.(G1.1.4) yields 

  aFdxxahdxxahK IIefffr

a

IIefffr

a

IIfrfrII  ,

0

,

0

, ),(),(    (G1.1.7) 

G1.1.3 Fatigue effect under cyclic mode-II loading 

Similar to fatigue of frictional crack-face interactions addressed in Section F3, also the 
effective frictional shear must decrease with number of cycles. This is schematically 
illustrated in Fig. G1.2a. The fatigue behaviour is mostly interpreted as a wear and 
polishing effect during periodical crack face sliding [G1.3, G1.4]. Under cyclic mode-
II loading, the crack faces rub on each other. This may lead to an increasing smoothing 
of surface roughness and a reduction of the friction coefficient with increasing number 
of cycles as was successfully assumed for the interpretation of contact fatigue experi-
ments [G1.5].  

Figure G1.2b illustrates the frictional tractions near a crack tip and its degradation with 
increasing number of cycles N. 
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Fig. G1.2 a) Distribution of the frictional shear tractions caused by crack-face roughness; arrow indi-
cates friction degradation by cyclic shear loading, b) degradation of the effective frictional shear trac-

tions. 

G1.2  Crack-surface bridging under mixed-mode loading  

G1.2.1 Mode-II shielding by bridging under pure shear 

In the same way as roughness can interlock the two opposite faces of a crack [G1.1-
G1.3], it has to be expected that crack-face interactions via grains will also affect crack 
extension under pure or superimposed mode-II loading as schematically illustrated in 
Fig. G1.3. In [G1.6] it was outlined that shear tractions and a mode-II stress intensity 
factor KII are generated under small mode-II load contributions as occur for instance 
by small misalignments  in the load application.  

 

Fig. G1.3 Mode-II load generated by a misalignment  in the mode-I load application.  
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The mode-II stress intensity factor gives rise for displacements parallel to the crack 
plane. Due to a crack-face interlocking by single grains, the crack tip is shielded from 
the mode-II load by tangentially transferred tractions br as illustrated in Fig. G1.3 by 
the dashed circle.  
The mode-II shielding stress intensity factor, KII,sh, can be computed from the distribu-
tion of the shear tractions br along the crack. It holds by use of the mode-II weight 
function hII 

 
a

a

dxxhxK
0

)()( IIshII,   (G1.2.1) 

The actual mode-II crack tip stress intensity factor KII,tip results from  
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This stress intensity factor governs the local stability of crack paths. If the value KII,tip 
does not disappear, the crack must kink out of the initial crack plane (see Section G.2). 
This effect is highly undesired in mechanical material testing.  

G1.2.2 Mixed-mode shielding by crack-face bridging  

First measurements on KIIR were reported in [G1.7] but not evaluated with respect to 
the parameters of a special model. A commercial alumina with a median grain size of 
dm9 µm was tested. Specimens of 3445 mm3 were loaded by the force P via two 
opposite spheres of radius R=5mm (Fig. G1.4a). Tests under monotonously increasing 
load were performed up to varying maximum loads. The specimens were cut through 
the centre of the contact area. Under the SEM, the main crack dimensions were meas-
ured. For the cone angles an average value of =31° was found.  

In all cases straight cracks were found indicating that always KII,tip=0 was fulfilled in 
the tests. Together with eq.(G1.2.2) this condition yields a simple relation for the com-
putation of the mode-II shielding term KII,sh, namely 

 applsh KK ,II,II   (G1.2.3) 

Stress intensity factor computations by a 3D finite element analysis were performed in 
[G1.8], providing KI,appl and KII,appl.  
For the angle of 31° a significant mode-II stress intensity factor contribution KII,appl 
was obtained.  
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Figure G1.4b shows the mode-I shielding stress intensity factor data determined from 
the microscopically measured crack lengths a, the applied load P and the result of the 
finite element computations. It has to be considered that the scatter in data is caused by 
the application of a multi-specimen test and not the result of one single propagating 
crack at different crack lengths. 

 

 
Fig. G1.4 a) Opposite cone cracks in a rectangular bar (geometric data), b) mode-I shielding stress 

intensity factor KI,sh, c) mode-II shielding term KII,sh, d) ratio of the two shielding contributions. 
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In the same way also the shielding stress intensity factor KII,sh at the different crack 
lengths could be determined. Figure G1.4c shows the results.  

Finally, the individual values of the ratio KII,sh/KI,sh are given in Fig. G1.4d. The ratio 
of the two shielding terms is roughly 0.3 but shows an increase with increasing crack 
length. 
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G2  R-curve and path stability  

G2.1  Conditions for path stability 

A crack of initial length a0 is considered, which grows out of the initial straight plane 
by an angle of 0 (Fig. G2.1a). The kink angle 0 may represent the influence of a 
disturbing mode-II loading caused by a small unavoidable misalignment of the loading 
arrangement. For small kink angles it holds 

 
I

II
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2

K

K
  (G2.1.1) 

where KI and KII are the stress intensity factors for the initial crack situation. 

 

Fig. G2.1 a) Geometrical data of a crack growing under mode-I loading (vertical arrows) with a 
superimposed small mode-II disturbance (horizontal arrows), b) general influence of the T-stress after 

crack kinking under mixed-mode loading. 

In [G2.1], Cotterell and Rice analyzed the local crack path stability where the first de-
viation from the initial straight crack plane was of interest. At small extensions , the 
deviation from the initial crack plane, y, is given by  
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  (G2.1.2) 

with the biaxiality ratio  (see Section B1.3).  
Equation (G2.1.2) is a solution for short crack extensions. This relation allows to dis-
cuss the basic influences on path stability.  
The most important conclusion of [G2.1] is illustrated in Fig. G1.1b, namely, increas-
ing deviation from the prescribed kink angle for >0 and decreasing deviations for 
<0.  
From eq.(G2.1.2), it has to be expected that crack path stability is only guaranteed for 
<0. In nearly all fracture mechanics test specimens, however, the T-stress terms and, 
consequently, the biaxiality ratios  are positive, at least in the commonly used range 
of crack lengths, Fig. G2.2a.  
There are two exceptions for standard test specimens used for ceramics, namely, small 
cracks in bending bars with a relative crack length a/W<0.35 (specimen width W) and 
the DCDC specimen that shows strongly negative  in the whole range of possible 
crack lengths [G2.2] (see Fig. G2.2b).  

 
Fig. G2.2 a) Biaxiality ratio for 4-point bending and compact tension (CT) specimens, b) for the 

DCDC specimen. 
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From the mostly positive sign of the biaxiality ratio for test specimens and the una-
voidable small misalignments, it has to be expected that path stability during crack 
growth would be impossible. 

Nevertheless, innumerable experimental results on R-curves are reported in literature. 
In contrast to the expectation from eq.(G2.1.2), however, no crack-path instability 
worth mentioning was detected. This is not astonishing for DCDC tests and bending 
bars with short cracks because of their negative or moderately positive parameter . 
Steinbrech et al. [G2.3], for example, measured R-curves on coarse-grained alumina in 
bending up to relative crack lengths of about a/W=0.95 (see Figs. A2.2 and A2.5). For 
such deep cracks strong path instability has to be expected. 
For tests on materials without an R-curve (e.g. DCB tests on glass), it is well known 
from literature that guiding grooves are indispensable.  
For coarse-grained materials, a shielding stress intensity factor exists that shields the 
crack tip partially from the applied loads as was outlined in Section C3 for mode-I 
shielding.  

G2.2  Influence of bridging interactions on path stability 

Let us assume a sharp crack of length a in a specimen, introduced by stable crack 
propagation starting from a notch of length a0. During further extension of this crack, a 
slight misalignment of the load application is assumed, resulting in a mode-II stress 
intensity factor KII,appl. During crack growth under an applied mode-I stress intensity 
factor KI,appl , it holds in the absence of subcritical crack growth that 

  0I,I,I,I KKKK brappltip   (G2.2.1) 

In the absence of any crack-face interlocking, the applied mode-II loading causes shear 
displacements x,appl between the two crack surfaces. In the presence of bridging ef-
fects with crack-face interlocking, these displacements are (at least partially) sup-
pressed and generate locally concentrated shear forces at the location of the bridging 
interactions acting in the opposite direction. Similar to the treatment of mode-I load-
ing, a continuously distributed shear stress averaging the local crack face interactions 
is assumed for the bridging effect under mode-II loading. 

The material will exhibit a mode-II bridging stress intensity factor under mode-II load-
ing here denoted by KII,br. The total mode-II crack tip stress intensity factor KII,tip re-
sults in the same way as discussed for mode-I by superposition of the applied and the 
bridging (or shielding) stress intensity factors 

 brappltip KKK ,II,II,II   (G2.2.2) 
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The crack kink angle  (in contrast to eq.(G2.1.1)) is given by the ratio of the crack-
tip stress intensity factors 

 
0I

,II2
K

K tip   (G2.2.3) 

As long as the crack-face interactions can carry the mode-II load (upper part of 
eq.(G1.2.2)), i.e. as long as |KII,br+KII,appl|0, it results for the total stress intensity fac-
tor at the crack tip  

 0,II tipK  (G2.2.4) 

and, consequently, =0=0, y()=0. With other words: Due to the crack-face bridg-
ing events, crack-path stability is ensured even under rather strong misalignments (for 
details see also [G2.4]).  
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H1  Phase transformation and micro-cracking  

H1.1  Transformation zone and R-curve in zirconia ceramics 

Due to the singular stress field near a crack tip in transformation-toughened zirconia, 
the material undergoes a stress-induced martensitic transformation and the tetragonal 
phase changes to the monoclinic phase. This transformation occurs when the charac-
teristic local stress char reaches a critical value char,c. The result is a crack-tip trans-
formation zone.  
Several stress criteria for the onset of phase transformation were applied in literature. 
In one of the earliest attempts [H1.1], it was assumed that volume strains of the phase 
transformation only are playing a part in the transformation criterion, because the 
transformation shear strains are nearly annihilated by twinning. Since volume strains 
are assumed to be triggered by the hydrostatic stress hyd, a hydrostatic transformation 
criterion was proposed in [H1.1] 

 chydzyxhyd ,3
1 )(    (H1.1.1) 

For the special case of small-scale transformation conditions (transformation zone size 
negligible compared to crack size and component dimensions), McMeeking and Evans 
[H1.1] computed the transformation zone, neglecting the perturbation of the stress 
field due to transformations (modified by Budiansky et al. [H1.2]).  

To the knowledge of the author, Giannakopoulos and Olsson [H1.3] published the first 
theoretical study of the effect of T-stress on phase transformation zones. This investi-
gation is the basis of the following considerations. 

In the presence of a T-stress contribution, the hydrostatic stress near the tip of the 
crack under plane strain conditions reads  

 
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 T
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K
hyd )2/cos(
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1 I 


  (H1.1.2) 

From (H1.1.1) and (H1.1.2), the shape r() of the phase transformation zone for plane 
strain results as 

 )2/(cos
33

8 2 r  (H1.1.3) 

with the height  of the zone 
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(for r, , and  see Fig. H1.1). Figure H1.1a illustrates the transformation zone for a 
non-extending crack, Fig. H1.1b the shape after a crack extension of a. Due to the 
martensitic transformation, a volumetric expansion strain of about 4.5% occurs. These 
strains cause tensile stresses at a certain distance ahead of the crack tip and compres-
sive stresses along the length a at the crack line. The compressive stresses lead to a 
shielding stress intensity factor, which has to be overcome during crack propagation, 
i.e. the applied stress intensity factor must be increased to maintain stable crack 
growth. 
In later, more complicated numerical studies (e.g. [H1.4]) the influence of shear stress-
es and shear strains on the transformation criterion and on the zone size and shape was 
taken into consideration. 

 

Fig. H1.1 a) Phase transformation zone ahead of a crack tip, b) zone after crack extension. 

McMeeking and Evans [H1.1] computed the crack resistance curve under small-scale 
transformation conditions assuming weak transformations. This means that the singu-
lar stresses caused by the stress intensity factor only are considered, whereas the 
stresses caused by the phase transformations were neglected. From the analysis in 
[H1.1], the surface tractions result in a shielding stress intensity factor Ksh 

 SpK dsh hn    (H1.1.5) 

where  is the contour line of the transformation zone and dS is a line length incre-
ment. The vector h represents the weight function h = (hy, hx)

T with the components hy 
and hx. In the special case of a pure dilatational transformation, the surface tractions 
are given by the normal pressure p defined by 
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where T is the volumetric phase transformation strain, f the volume fracture of trans-
formed material, and  Poisson's ratio.  
In Fig. H1.2, the shielding (residual) stress intensity factor for the case T=0, denoted as 
Ksh,0, is plotted for the phase transformation zone shown in Fig. H1.1b. The shielding 
stress intensity factor tends asymptotically to a value of 0.22. 

 
Fig. H1.2 Normalised shielding stress intensity factor K0,sh in the absence of a T-term computed with 
the method proposed by McMeeking and Evans [H1.1]. 

Because of (H1.1.4), it can be concluded that the shielding stress intensity factor Ksh 
must be proportional to the square root of the zone height 

 shK  (H1.1.7) 

with the factor of proportionality depending on the zone length a (curve in Fig. 
H1.2), the elastic constants E and , and the transformation strain T. 

H1.2  Micro-cracking zones 

In poly-crystalline materials, e.g. ceramics, the high stresses ahead of a crack result in 
fracture of favourably oriented grain boundaries (Fig. H1.3). This micro-cracking at 
grain boundaries is caused by internal and superimposed externally applied stresses. 
The internal stresses are a consequence of thermal expansion mismatch in differently 
oriented grains. Different stress criteria for micro cracking were used in literature.  
A critical value of the first invariant of the stress tensor (hydrostatic stress) was pro-
posed by Evans and Faber [H1.5], an effective stress suggested in the study of Char-
alambides and McMeeking [H1.6]. 

In [H1.5], the shape and size of the micro-crack zone is assumed to be governed by the 
condition of a critical value of the hydrostatic stress being responsible for cracking, i.e. 
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hyd=hyd,cr. After micro cracking, the thermal mismatch stresses between the grains 
are released yielding an inelastic volume strain. Consequently, the same zone shape 
and the same type of the R-curve results. 

T<0

broken 
grain 
boundary 

0

crack 

damaged 
zone 

 
Fig. H1.3 Broken grain boundaries in a region ahead of a crack tip defining the micro-cracking zone. 

 

References H1 
                                                 
H1.1 McMeeking, R.M., Evans, A.G. Mechanics of transformation-toughening in brittle materials, J. 
Am. Ceram. Soc. 65(1982), 242–246. 
H1.2 Budiansky, B., Hutchinson, J.W., Lambropoulos, J.C., Continuum theory of dilatant transfor-
mation toughening in ceramics, Int. J. Solids Struct. 19(1983), 337–355. 
H1.3 Giannakopoulos, A.E., Olsson, M., Influence of the non-singular stress terms on small-scale 
supercritical transformation toughness, J. Am. Ceram. Soc. 75, pp. 2761-2764 (1992). 
H1.4 Stam, G.T.M., van der Giessen, E., Meijers, P., Effect of transformation-induced shear strains on 
crack growth in zirconia-containing ceramics, Int. J. Solids Struct. 31(1994), 1923–1948. 
H1.5 Evans, A.G., Faber, K.T., Crack-growth resistance of microcracking brittle materials, J. Am. 
Ceram. Soc. 67(1984), 255-260. 
H1.6 Charalambides, P.G., McMeeking, R.M., Near-tip mechanics of stress-induced microcracking in 
brittle materials, J. Am. Ceram. Soc. 71(1988), 465-472. 



   

H2  R-curve effect for glass by ion exchange 
In the preceding Sections an R-curve behaviour was defined by the existence of a 
shielding stress intensity factor (due to crack-face bridging or phase transformation 
around a crack tip) which reduced the applied load and was dependent on the amount 
of crack propagation a. This point of view allows also treating shielding effects in 
glasses by R-curve behaviour. In this context, it has to be mentioned that glasses are 
considered as the standard materials, which should not show any R-curve effect be-
cause crack-face interactions and phase transformations are not present.  
The reason for an R-curve effect is the occurrence of an ion exchange layer at glass 
surfaces in contact to water or humid air. Several indications for an ion exchange are 
known. The measurement of hydrogen profiles is addressed here as the possibly most 
evidential example.  

H2.1  Ion exchange layers in soda-lime glass 

Soda-lime-silicate glasses are very corrosion resistant at room temperature, but do re-
act with water to form a thin hydration layer on the glass surface. Surface hydration 
consists of the interdiffusion of either hydrogen ions (H+), or hydronium ions (H3O

+), 
with the Na+ ions in the glass. The H+/Na+ exchange results in a tensile stress in the 
hydration layer, because the H+ ion is smaller than the Na+ ion. By contrast, the 
H3O

+/Na+ exchange leads to a compressive stress, because H3O
+ is larger than Na+. 

Measurements of the hydrogen and soda profiles [H2.1] revealed a ratio between the 
hydrogen concentration in the surface of the hydrated glass and the sodium concentra-
tion in the unhydrated glass of about 3. This three-to-one replacement of Na+ by H+ 
suggests that Na+ is replaced by H3O

+  resulting in a volume expansion.  
The ion exchange behaviour of the glass is shown in Figure H2.1. Two hydrogen 
profiles measured in [H2.1] are shown in Fig. H2.1a in a normalized plot with the 
concentration c0 at the surface and the depth y nomalized on that depth b at which a 
reduction of 50% was observed. 
Figure H2.1b shows the thickness b of the ion exchange layer as a function of time t. 
The bt dependency for the nearly step-shaped profiles suggests a description by  

 tDb 2  (H2.1.1) 

defining the temperature dependent diffusivity D(). Figure H2.1c shows the layer 
thickness after 22 h at several temperatures in an Arrhenius plot. This result indicates 



H2  R-curve effect for glass by ion exchange H2.1  Ion exchange layers in soda-lime glass 

 158

that the growth of the layer thickness is strongly enhanced with increasing temperature 
. 

 

 
Fig. H2.1 Thickness of ion exchange layers for soda-lime glass in water according to Lanford et 
al.[H2.1]; a) hydrogen profile (water at 90°C), b) influence of time, c) influence of temperature. 

Additional indications are obvious for instance from measurements of deformations 
[H2.2] and strengths [H2.3]. 
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H2.2  Stress intensity factors for ion exchange layers 

H2.2.1 Computation procedure  

The ion exchange layers give rise for an intrinsic shielding stress intensity factor that 
shields the crack tip partially from an externally applied load. First attempts for its 
computation were carried out by Bunker and Michalske [H2.4] and Michalske et al. 
[H2.5]. These authors used fracture mechanics formalism, originally developed to in-
terpret the fracture toughness of ZrO2 [H2.6].  
A surface layer is considered in which a constant volumetric strain  is generated by 
ion exchange (Fig. H2.2). McMeeking and Evans [H2.6] developed the procedure for 
the computation of mode-I stress intensity factors (see Section H1).  
The related shielding stress intensity factor Ksh is given by the contour integral 

 


 SpK dsh hn  (H2.2.1) 

with the normal vector n on the zone contour and the normal pressure p defined by 
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where E is Young’s modulus,  Poisson's ratio, and  the volumetric strain.  is the 
contour line of the zone and dS is a line length increment. The vector h represents the 
weight function hI = (hI,y, hI,x)

T with the components hI,y and hI,x  
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Fig. H2.2 Crack with a crack face zone undergoing volumetric strains. 
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In [H2.7], the two limit cases for the profile of the ion exchange layer were considered, 
one for a moving crack, the other for an arrested crack. In the related shielding stress 
intensity factor analysis, the case of ion exchange with a stress independent diffusion 
constant D was used. In this context it should be mentioned that diffusion of water in 
silica is strongly stress enhanced (Section H3). 
In the following considerations, the case of the moving crack may be repeated here in 
terms of an R-curve description.  

H2.2.2 Stress intensity factors for growing cracks 

A crack propagating with a constant rate v=a/t over a sufficiently long distance 
shows a layer thickness profile near the tip according to Fig. H2.3a, represented by 
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with the distance s from the crack tip. In this case the shielding mode-I stress intensity 
factor is 
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Fig. H2.3 a) Square-root shaped volume strain regions as expected for cracks in glass growing at 

constant rate, b) shielding stress intensity factor Ksh as a function of crack extension (normalized rep-
resentation). 
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and the normalised representation then reads 
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This dependency is illustrated in Fig. H2.3b showing the typical R-curve behaviour as 
obtained for ceramics with crack-face bridging and phase-transformation toughening.  

Next, a crack of initial length a0 is considered as shown in Fig. H2.4a. This crack may 
be loaded by an external load. At time t=0, liquid water or humid air may appear along 
the crack and subcritical crack growth will start abruptly. The zone height b results 
from (H2.1.1) as  
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This profile is illustrated in Fig. H2.4a. The related shielding stress intensity factor is 
shown in Fig. H2.4b. The dashed curve again shows the result for the parabolic pro-
file, Fig. H2.3. The differences are small for a v/D>1. Consequently, eq.(H2.2.7) 
may be used for an approximate description. Figure H2.4c shows the shielding stress 
intensity factor in the more convenient form as a function of a/b. 
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Fig. H2.4 Development of an ion exchange layer for subcritical crack extension at a constant crack 
growth rate, a) zone shape, b) normalized R-curve (solid curve), dashed curve: R-curve from Fig. 

H2.3b), c) R-curve in the form Ksh=f(a/bmax). 

H2.2.3 Shielding stress intensity factor for an arrested crack 

Whereas the growing crack shows a parabolic layer thickness profile close to the crack 
tip, an arrested crack (v0) will exhibit a zone as shown by the two limit cases in Fig. 
H2.5.  

 
Fig. H2.5 Limit cases of ion exchange layer profiles for an arrested crack; a) diffusion only in height 

direction, b) diffusion in height and crack-plane directions. 

The shielding stress intensity factor for the case of Fig. H2.5a can be described by  
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For thicker zones (i.e. longer time t) the diffusion in crack direction can no longer be 
neglected. It will result in a layer formed around the crack tip as illustrated by Fig. 
H2.5b. If the shape of the extended part is represented by a half-circle, the related 
shielding stress intensity factor is given by [H2.6, H2.7]  
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Apart from the coefficients (0.25 and 0.374), both zone shapes show the same result. 

H2.3  Consequence on threshold of subcritical crack growth  

As outlined in Section H2.2, the maximum shielding term |K|sh,max (see eq.(H2.2.6)) 
depends on the subcritical crack growth rate v according to 

 
v

1
max, shK  (H2.3.1) 

In a subcritical crack growth test, the two conditions must hold: 

1) The total stress intensity factor Ktotal representing the stress singularity at the crack 
tip (often denoted as Ktip) is given by superposition of applied and shielding terms 

  shappltiptotal KKKK   ,   0shK  (H2.3.2) 

2) At identical subcritical crack growth rates v, the total stress intensity factor must 
be the same. 

Subcritical crack growth can often be described by a power-law relation 

  
n
tipKAv  (H2.3.3) 

with a high exponent n>10. Consequently, the maximum shielding stress intensity fac-
tor as a function of Ktip, eq.(H2.3.1) reads  
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tipsh KK   (H2.3.4) 

i.e. the shielding term increases strongly with decreasing crack-tip stress intensity fac-
tor.  
The applied stress intensity factor then results from (H2.3.2) 
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This dependency is plotted in Fig. H2.6a. The arrow represents the shielding stress 
intensity factor. The minimum value of the applied stress intensity factor Kappl,min (in-
dicated by the circle) results from the condition dKappl/dKtip=0 
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with the related Ktip of 
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Figure H2.6b shows the v-Ktip-curve according to (H2.3.3) as the dash-dotted straight 
line. A crack-growth test may be considered in which the externally applied load is 
continuously and slowly reduced in order ensure steady-state conditions with a suffi-
ciently large crack increment a grown (arrow 1). For decreasing Kappl the v-Kappl-
curve becomes steeper until Kappl,min the point of infinite steepness is reached. The 
dashed curve part below this point cannot be reached because this would need an in-
crease of Kappl again.  
The minimum shielding stress intensity factor Kappl,min does of course not imply that 
the related crack velocity v=v(Kappl,min) would be the lowest reachable velocity in the 
crack-growth test described before. Kappl,min is the minimum shielding term that is 
reached only under conditions of constant subcritical crack growth rates v and suffi-
ciently large crack increments a. A computation of the crack growth rate below the 
circle (along arrow 2) varying with time would be an excessive demand for the simple 
model.  
A more extended analysis of this problem was given in [H2.7] on the basis of the limit 
cases of a moving crack with Ksh1/v as considered in Section H2.2.2 and an arrest-
ed crack with the shielding term depending on time Ksh t1/4.  
Figure H2.7a shows the two shielding stress intensity factor solutions for a crack 
growing at a constant rate (horizontal dashed line) and for an arrested crack (dash-
dotted line). These two solutions intersect for a certain time t0.  
In [H2.7] an approximate evaluation of shielding stress intensity factors under varying 
time and crack velocity was performed by interpolation of the two limit cases valid for 
very short and very long times. The result was 
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as shown in Fig. H2.7a by the continuous curve. The shielding stress intensity factor 
as a function of time is represented in Fig. H2.7b. 
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Fig. H2.6 a) Maximum shielding for crack extension at constant crack velocity, b) crack growth 

curves v(Ktip) (dash-dotted line) and v(Kappl) (solid curve). 

Interpolation according to eqs.(H2.3.8) then yields the applied stress intensity factor  
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Figure H2.8a represents the total stress intensity factor Ktip as a function of Kappl ac-
cording to eq.(H2.3.9) for different times. If the applied load is reduced below the 
threshold condition (circle), then Ktip decreases with time because of the growth of the 
exchange layer thickness on the sides of the crack.  
The ordinate in Fig. H2.8a can be converted into a crack velocity by the use of 
eq.(H2.3.3). Crack velocity, v, is then obtained as a function of applied stress intensity 
factor Kappl (Fig. H2.8b). At high values of K,appl a single-valued curve is obtained re-
lating v and Kappl. When the load is reduced below the threshold value, the single curve 
separates into a set of curves that depend on time. For a fixed value of Kappl the crack 
velocity continuously decreases with time. The crack asymptotically stops growing; 
the condition of crack arrest is reached.  
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Fig. H2.7 a) Computation of the intrinsic stress intensity factor Ksh for cracks growing with different 

rates (straight lines: Ksh=1/v and Ksh t1/4), curve: interpolation according to eq.(H2.3.8)). 

 
Fig. H2.8 a) Applied stress intensity factor as a function of the total stress intensity factor Ktip and time 

t, b) decrease of the crack growth rate with time. 
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H2.4  Effect of Na+-H+ ion exchange  

So far, we have considered ion exchange alkali+H3O
+. For other glass compositions 

and environments in which the exchange alkali+H+ prevails, the same relations de-
rived before hold with a changed sign in the shielding stress intensity factor (Ksh>0) 
because the H+ ion needs a smaller volume than the alkali ion. In this case, ion ex-
change layers must enhance subcritical crack growth. The expected Ktip-Kappl and v-
Kappl-curves are schematically shown in Fig. H2.14. Instead of the threshold behaviour, 
a plateau in the v-Kappl-curve has to be expected. Such behaviour has been observed by 
Simmons and Freiman [H2.8] and Gehrke et al. [H2.9, H2.10, H2.11].  

 

Fig. H2.9 a) Applied stress intensity factor as a function of the total stress intensity factor Ktip and time 
t, b) change of the crack growth rate with time. 

Remark:  

The shielding term by ion exchange layers is in principle very similar to the shielding 
effects mentioned in Section H1. However, one has to have in mind that the R-curve 
effect as an increase of the shielding term is an effect on the length scale of a few nm. 
Saturation is already reached after crack extensions of less than 1µm. From this point 
of view, glass may be considered as a material without an R-curve effect in the usual 
sense. 
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H3  Crack-tip shielding in silica 
In the preceding Section, an R-curve effect in glass was discussed based on the ion 
exchange in glass with alkali content. The main reasons for the effect were diffusion 
and different size of exchanged ions. In the following considerations, a possible effect 
of diffusion of water molecules into the glass structure will be discussed. The diffusion 
of water is rather strong and there is some evidence for a related volume expansion. 
This combination could also be responsible for R-curve behaviour. Whereas the diffu-
sion coefficients for many glasses are known, there is actually a lack in knowledge 
about the volume change in glass due to water penetration. In this respect, the follow-
ing sections are somewhat hypothetical. Since the most evidence for a volume change 
seems to be present for silica, this material will be taken into account in the following 
sections. 

H3.1  Water diffusion and volume expansion in silica 

H3.1.1 Diffusion 

Water can diffuse into silica glass surfaces. This effect is temperature dependent and 
described by the diffusion coefficient D according to 

 )/exp(0  RQADw  (H3.1.1) 

with the activation energy Q, the absolute temperature , and the gas constant R. As 
reported in reference [H3.1]: Q=71.2±1 kJ/mol, log10 A0 = -7.78±0.06 (A0 in m2/s) for 
molecular water and Q=72.3 kJ/mol, log10

 A0 = -8.12 for the effective diffusivity (tem-
perature range 0°C to 200°C). 

The water concentration profile as a function of depth y and time t, C(y,t), is given by 
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where C0 is the surface concentration and erfc represents the complementary error 
function. In this equation it is implicitely assumed that stresses by swelling are 
negligible.  

In the presence of tensile stresses the diffusion is enhanced as measured by Nogami 
and Tomozawa [H3.2]. The diffusion coefficient as a function of the hydrostatic stress 
h could be written  
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with the activation volume V and the diffusivity at zero hydraulic pressure D0. For 
room temperature, V10-30 cm3/mol [H3.3]. This is very large compared to the acti-
vation volume V for alkali ions in silicate glass [H3.2] 

H3.1.2 Swelling 

In literature, there is clear evidence for swelling measured directly via dimension 
change and indirectly via stress generation.  
The swelling behaviour has been determied directly by length [H3.4] and curvature 
measurements on bars [H3.5] and X-ray diffraction strain measurements [H3.6].  
Gorbacheva and Zaoints [H3.4] soaked fused quartz prisms (2555 mm) in water at 
80°C for 20 months. Then they measured the length change and found an increase of 
0.17%. Since only a thin surface layer could have been generated during the water 
storage, the suppressed linear strain in the surface must be clearly larger. 
In a birefrigerence evaluation [H3.7] the occurrence of a swelling effect could be 
proved indirectly. 

 
Fig. H3.1 Effect of water concentration on density of vitreous silica, results by Shelby [H3.8], Bruck-

ner [H3.9, H3.10], and Shackelford [H3.11]. 

Quantitative swelling data from density measurements on vitreous silica were reported 
by Shelby [H3.8]. Figure H3.1 shows results by Shelby [H3.8], Bruckner [H3.9, 
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H3.10] and Shackelford [H3.11]. The observed linear decrease of density  as a 
function of the water concentration Cw can be expressed by a simple linear 
dependency  
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From the definition of the density as the quotient of mass m and volume V, =m/V, it 
follows by taking logarithmic derivations  
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Since only the water content mw can change, the mass change is 

 mCmm ww   (H3.1.6) 

and the volume swelling strain v simply results by introducing (H3.1.4) and (H3.1.6) 
in (H3.1.5) as 

 wv C)1(    (H3.1.7) 

H3.1.3 Stresses due to swelling 

At a free surface, the stress state is plane stress and, consequently, also stresses caused 
by swelling are equi-biaxial (y=0)  
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where E is Young’s modulus and  is Poisson’s ratio. Consequently, the hydrostatic 
stress reads 
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Since the diffusion coefficient depends on the hydrostatic stress component according 
to eq.(H3.1.3), the hydrostatic stress due to swelling again must affect the con-
centration profile. Equation (H3.1.2) is then no longer correct with the consequence 
that the diffusion differential equation has to be solved numerically.  
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H3.2  Approximate 1-dim treatment of the crack-tip swelling zones  

H3.2.1 Swelling zone for unloaded cracks 

In the absence of a crack-tip stress field (i.e. for an unloaded crack) water diffusion 
yields a diffusion zone as represented in Fig. H3.2a. 

Water entering the glass through the plane of the crack is basically a one-dimensional 
diffusion problem, with the solution given by eq.(H3.1.2). Near the crack tip and ahead 
of the crack a much more complicated two-dimensional non-axial solution to the 
diffusion equations is required. For reasons of clearness two assumtions are made: 

1. The diffusion zone along the crack of length a (Fig. H3.2a) is assumed to be 
terminated by a circular part around the crack tip. 

2. The continuously varying swelling strain (y) is replaced by a step-shaped depen-
dency with a change at the characteristic contour height b  y1/2 at which the water 
concentration and consequently the swelling strain are reduced to 50 % of the 
surface values.  

 
Fig. H3.2 a) Diffusion zone in the absence of an external load, b) swelling profile under assumption of 
one-dimensional; definition of an effective zone thickness b by a reduction of water content of 50%. 

The volume expansion at crack surfaces must result in an intrinsic shielding stress in-
tensity factor Ksh. In the case of an unloaded crack, the hydrostatic stress term in 
eq.(H3.1.3) disappears. Because of the Arrhenius dependence of the diffusivity on 
temperature, eq.(H3.1.1), the diffusion process becomes more important as the 
temperature is increased, even though no stress-enhancement takes place. The shielding 
stress intensity factor, Ksh, after a time, t, of water contact is given by 
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with an effective water layer thickness, b, of 

 tDb  0  (H3.2.2) 

and the volumetric strain 0 at the surface, 0=v(y=0). Finally, it holds that 
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H3.2.2 Swelling zone for a non-propagating crack under load 

The hydrostatic stress is given by the trace of the stress tensor  
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Since very high stresses occur in the vicinity of a crack tip, a water containing zone 
must rapidly extend during crack growth.  
If Ktip denotes the total stress intensity factor, the singular near-tip stress field reads  
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where r is the crack-tip distance. In eq.(H3.2.5) gii are well known geometric functions 
depending on the polar angle , Fig. H3.3a.  

 
Fig. H3.3 a) Swelling zone at the tip of an arrested crack under mechanical loading, caused by stress-

enhanced diffusion, b) zone for a crack grown by a. 
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In the crack tip region the diffusion coefficient is strongly affected by the singular 
stresses. For a simple 1-dimensional analysis [H3.3] in which only the stresses caused 
by the externally applied load were taken into account, the water concentration profile 
could be derived by introducing eq.(H3.2.4) into (H3.1.3) and using the result in 
eq.(H3.1.2). The radial distance from the tip at which the water concentration and the 
swelling strain are ½ of their surface values is for a loaded but arrested crack, Fig. 
H3.3a, 
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where the “PLog” stands for the Lambert W function or product log function, i.e. the 
solution W=PLog(z) of the equation z=W exp(W).  

The somewhat unusual expression (H3.2.7) in terms of the product logarithm is a con-
sequence of perturbation theory adopted to the effect of stresses on diffusivity. For its 
application the effect of the hydrostatic stresses was dealt as a disturbance of the 
diffusion problem. Perturbation theory suggests to solve the problem for the 
undisturbed diffusivity and to insert then the disturbance parameter in this solution. 

The compressive stresses caused by swelling can reach values in the order of GPa. The 
crack-tip swelling zone, eq.(H3.2.7), was computed in [H3.3] for the case of “weak 
swelling” conditions, neglecting any perturbation of the crack-tip stress field by the 
swelling strains similar to the case of “weak phase transformation” in zirconia 
ceramics. The latter assumes that the intrinsic stress field caused by a phase transfor-
mation does not affect the stress field triggering the transformation [H3.12, H3.13, 
H3.14]. 

In the case of a crack grown by a crack increment of a the diffusion zone extends as 
plotted in Fig. H3.3b. 

H3.3  Two-dimensional solution of the diffusion equation 

In a refined procedure, these high stresses were included in the full solution of the 
crack-tip diffusion problem [H3.15]. For variable diffusivity the equation for diffusion 
in the r--plane has the following form: 
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In the bulk material plane strain conditions prevail and any gradient with respect to the 
crack front disappears (i.e. /z=0). Equation (H3.3.1) can then be written in polar co-
ordinates  
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The diffusivity is given by 
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with the hydrostatic swelling stress  
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In order to determine the coefficient  for a cordial-shaped zone (continuous curve in 
Fig. H3.4) undergoing a constant volume strain v=0=constant, the hydrostatic swell-
ing stress h,swell was evaluated at a large number of nodes of an FE-mesh under plane 
strain conditions. It has to be mentioned that such a zone does not create a shielding 
stress intensity factor as had been shown by McMeeking and Evans [H3.12].  

 
Fig. H3.4 Contour plots for constant hydrostatic swelling strains h,swell expressed by the coefficient  

of eq.(H3.3.4). 

The hydrostatic swelling stresses expressed by the coefficient  defined by eq.(H3.3.4) 
are shown by the dashed contours. The result under plane strain was obtained by an 
average over the zone radius R 
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or as an average over the zone cross-section A 
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The “true” value is expected to be within 0190.195. For further computations 
0.19 was used. The parameter controlling the effect of swelling stresses on diffusivi-
ty is in the following considerations expressed as 
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The diffusion differential equation (H3.3.1) was solved numerically by application of 
the Mathematica procedure NDSolve [H3.16]. Using the properties at room tempera-
ture: E = 73 GPa,  = 0.17, 0  0.13, Vw  15 cm3/mol, yields   13. Diffusion pro-
files for this value for a room temperature diffusivity of D0=310-21 m2/s and  = 310-

4
 m

1/2 are shown in Fig. H3.5a as a function of time t and in Fig. H3.5b for different 
polar angles . In both figures, a plateau can be clearly identified near the tip where 
the stresses and, consequently, the diffusivity tend to infinity giving rise for an “instan-
taneous” zone.  
Figure H3.5c shows the contour for C/C0=/0=½ in a polar diagram by the circles. For 
=0, we get the maximum zone extension r0. The zone height , i.e. the maximum in 
the height coordinate y=r sin, is given by the condition 

 ]sin)([Max 2/1   r  (H3.3.8) 

The numerical results show a roughly heart-shaped zone contour with the ratio of zone 
height to length /r03/4. 

The zone shape obtained for the case of stress-induced weak phase transformation was 
derived by McMeeking and Evans [H3.12] 

 )2/(cos
27

8 2 r  (H3.3.9) 

This dependency is introduced in Fig. H3.5c as the continuous curve computed for the 
same value of r0 as was numerically obtained. It is obvious that the swelling zone due 
to water diffusion in the crack-tip stress field is very similar to the zone shape for 
stress-induced phase transformations in zirconia ceramics. 
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Fig. H3.5 Diffusion and swelling zone: a) profiles as function of time; b) profiles for several angles ϕ, 
c) zone shape, circles: results from solution of eq.(H3.3.8), solid curve: zone for phase transformations 
according to McMeeking and Evans[H3.12] (same r0 assumed for comparison), d) distribution of hy-

drostatic stress for κ = 3×10-4
 m1/2 (Ktip =0.32 MPa√m) after t =10-4 and 1s. 
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Finally, Fig. H3.5d illustrates the distribution of the total hydrostatic stress for t = 1 s 
and t= 10-4s as the bold curves and the hydrostatic swelling stress σh,swell by the thin 
curves. 
The dash-dotted curve σh(Ktip) represents the hydrostatic stress caused exclusively by 
the stress intensity factor Ktip according to eq.(H3.2.6). Superimposition of σh(Ktip) and 
the negative hydrostatic swelling stress σh,swell (thin solid curves) σh,total = σh(Ktip) + 

σh,swell results in the thick solid curves exhibiting roughly plateaus of the total stress 
σh,total ≈ constant (thick solid curve).  

H3.4  Swelling zone and shielding stress intensity factor 
For the computation of shielding stress intensity factors, an effective zone size has to be 
computed. This zone height, ωeff, is obtained as [H3.15] 
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This zone height differs slightly from the ω defined by eq.(H3.3.8). 

 
Fig. H3.6 a) Effective zone thickness ωeff computed by eq.(H3.4.1) for a non-growing crack, parameter 
λ defined by (H3.3.7), b) effective zone height for a growing crack as a function of crack rate v. 
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Results are shown in Fig. H3.6a by the circles. The numerical values including swelling 
stresses show the same trend as visible from eq.(H3.2.7). Therefore, the numerical re-
sults for /(D0t)

1/4<10-6 were expressed by a similar relation 
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with free parameters q and p. These values were varied systematically to achieve the 
best agreement with the numerical data. For this purpose, the Mathematica routine 
“NonlinearFit” [H3.16] was applied.  

From this procedure it results a constant value for q. The parameter p as a function of  
could be approximated for 0<17.5 by an exponential function. The result is 

 225.0q ,  )13.0exp(45.0 p   (H3.4.3) 

The fit results are introduced in Fig. H3.6a as the curves. For =13 the ratio of  ac-
cording to (H3.3.8) and eff was found to be smaller than 1, namely, for t=1s: 
/eff=0.84 and for t=10-3s: /eff=0.91 (Fig. H3.6b). 
In the case of a crack growing at the constant rate v, the time available for the for-
mation of the swelling zone is roughly t  eff/v. This results in  
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By introducing eff into eq.(H3.2.1) instead of b the related shielding stress intensity 
factor reads 
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This shielding stress intensity factor gives rise for the same presentation in terms of R-
curves as shown in Section H2.2.2 for the case of ion exchange. 

The effect of the volume strain 0 and the activation volume V on the effective zone 
height is shown in Fig. H3.7. The influence on Ksh is represented in Fig. H3.8. The bold 
curves always indicate the parameter set used in [H3.15]. It should be noted that for the 
dashed curves the fitting results of Fig. H3.6a had to be strongly extrapolated. 
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Fig. H3.7 Effective zone thickness eff computed by eq.(H3.4.4) for a growing crack, dashed curves 
strongly extrapolated, a) effect of the activation volume, b) effect of the swelling strain 0=v(r=0). 

 
Fig. H3.8 Shielding stress intensity factor Ksh computed by eq.(H3.4.5) for a growing crack, a) effect of 
the activation volume, b) effect of the swelling strain 0. 
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H3.5  Estimation of swelling strain from surface overlapping 

Atomic force microscope (AFM) measurements on fracture surfaces from [H3.17] were 
used to estimate the swelling strains [H3.3]. From Fig. H3.9a one can see that there is 
extra material (the dark grey area) at the crack tip that was not there before the crack 
was formed in the glass and held in water at KI = 0.254 MPa·m1/2 for 80 days. If the 
crack were just loaded and unloaded, the crack profile would be relatively flat and to 
experimental precision, the two fracture surfaces would overlap perfectly.  

Based on these considerations, the excess material ahead of the actual crack tip can be 
interpreted as a water diffusion zone where swelling by the volumetric strain 0 took 
place. After complete cracking of the specimen, each half of this region can expand 
normally to the new crack face. This results in a volume expansion and in an overlap-
ping of the surface profiles. Figure H3.9b gives measurements of the overlapping dis-
placements with a maximum value of about 6 nm. 

In order to study the swelling effect, a finite element (FE) modelling of the heart-
shaped zone was performed for a constant volume strain. The displacements are shown 
in normalized representation in Fig. H3.9c. The maximum displacement from FE-
modelling was found at 0.6 ahead of the crack tip to be vy/(v)0.55 for v=0=const. 
From Fig. H3.9b and H3.9c one can conclude that 110  nm.  

The width at half of maximum displacement, x1/2/, is x1/2/=1.8 (see Fig. H3.9c). The 
corresponding measured value of x1/2 is x1/2  140 nm (see Fig. H3.9b). From these two 
results we obtain 

 nm80        %7.13v  (H3.5.1) 

(i.e. a linear strain of about 4.6%). 
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Fig. H3.9 a) Overlapping of crack faces for an arrested crack after final fracture [H3.15, H3.17]. The 
arrow gives the direction of crack growth, b) crack-face displacement, Vz, from a), c) finite element 
result for the surface displacements due to a volumetric swelling strain v, resulting in a heart-shaped 
zone. 

H3.6  Experimental attempts for the determination of Ksh 

The preceding sections showed the basic effects, which ensure the existence of a 
shielding stress intensity factor Ksh due to a stress-enhanced water diffusion zone near 
a crack tip in silica accompanied by volume swelling. The theoretical results in [H3.3, 
H3.15] were obtained with an activation volume for stress-enhanced diffusion of Vw= 

15 cm3/mol and a maximum swelling strain at the surface 0=13% by solving the 2-
dimensional diffusion equation. The desired result in the end of the shielding studies is 
the relation between the shielding stress intensity factor and the externally applied one, 
Ksh=f(Kappl), which allows the measured material properties to be expressed in terms of 
the true crack-tip stress intensity factor, e.g. v(Kappl) by v(Ktip) .  

There are several unpredicticabilities as the influence of the stress-enhanced volume 
swelling strain 0 as a function of humidity and temperature and of the exact value Vw. 
In addition the accuracy of measured diffusivities has to be questioned to a certain 
extend since even in unstressed silica surfaces compressive swelling stresses will be 
generated which again affect the diffusion via eq.(H3.1.3). Therefore, the measured 
diffusivities are somewhat smaller than D0. Such an influence is briefly discussed in the 
Appendix I4. 

In order to compare the theoretical predictions with real material behavior, the Ksh-
Kappl-dependency can be measured directly as a function of temperature and humidity 
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of the environment. This comparison possibly may result in imroved parameters  and 
Vw. Four possible tests are proposed. 

H3.6.1 Measurement of crack opening displacements  

One of the actually studied methods may be outlined here in some detail [H3.18]. For 
this purpose, a crack in a DCB- or a DCDC-specimen is kept at a certain constant ap-
plied stress intensity factor resulting in the crack-growth rate v. After a sufficiently 
large crack extension of a>5 eff, the applied stress intensity factor is continuously 
reduced and the decreasing crack opening displacement  observed as was done by 
Michalske and Fuller [H3.19] in their early crack-healing study via optical interfer-
ences. Since the crack opening displacements due to swelling are predominantly pre-
sent in crack-tip distances of a few zone heights, these measurements require methods 
with very high resolution. Possibly, also for this purpose AFM-methods might be ap-
plicable as were used recently by Pallares et al. [H3.20] for the determination of 
displacements due to the Laplace pressure in the condensate zone at the crack tip. 

For the total near-tip displacements tip in the crack-tip distance r it holds 
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At the load where the measurable displacements disappear, tip=0, it results from 
eq.(H3.6.1): 

 applshshappltiptip KKKKK  00  (H3.6.2) 

The applied stress intensity factor at disappearing displacements can be computed and, 
consequently, Ksh has been measured. The unloading has not necessarily to be done in 
the testing device (DCDC, DCB) and at the test temperature since the stress intensity 
factor caused by swelling is independent on the applied load and remains unchanged 
even after unloading. The closure measurement may for instance be carried out in a 
vacuum chamber in order to avoid a superimposed Laplace-pressure.  

The crack-closure situation is represented in Fig. H3.10 in terms of the displacements. 
In this example it is chosen =2 nm and Ksh= 0.1 MPam. In Fig. H3.10a the dis-
placements under the condition Ktip=0 are plotted for the region very close to the tip.  

The displacements for a swelling zone of height  with the shielding stress intensity 
factor Ksh is given by [H3.21] 
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Figure H3.10b shows the same curves over an extended region. It becomes clear from 
Fig. H3.10a that the shielding displacements sh reach a constant value of about 0.13 
nm already after about r=10 nm. Since according to Fig. H3.10 the crack opening dis-
placements due to swelling are predominantly present in crack-tip distances of a few 
zone heights, their measurement needs methods with very high resolution. Possibly, 
also for this purpose AFM-methods might be applicable. 

         
Fig. H3.10 Displacements at the crack-closure condition Ktip=0. 

 
Fig. H3.11 COD-behaviour during unloading and re-loading of a crack caused by crack-face interac-

tions and crack-tip swelling. 
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The different effects for the crack-closure can be separated experimentally, either by 
removing the surface water contamination or by recording the displacement as a func-
tion of load. Whereas the crack-face interactions via water layers can develop only at 
the smallest displacements, the swelling effect is independent on the displacement. 
This different behaviour is schematically illustrated in Fig. H3.11.  

H3.6.2 Measurement of fracture toughness after subcritical crack extension   

The occurrence of a swelling zone at the crack tip after subcritical crack growth will 
affect the toughness and strength. Measurements should result in an apparent fracture 
toughness K*  

  IcIc* KKKK sh   (H3.6.4) 

A determination of Ksh is then possible by the following steps: 

 A crack is propagated in water at a certain crack-growth rate in a fracture me-
chanics test specimen, e.g. a Double Cantilever Beam test. After a crack exten-
sion a of at least 3-5 times the expected zone height , the specimen is unload-
ed. 

 Then, the specimen fried for instance in vacuum. 

 A second fracture toughness test is carried out in the same way. Then, the speci-
men is annealed in order to remove the swelling stresses. In an inert medium 
(liquid nitrogen [H3.22]) the apparent toughness K* is determined. Due to eq. 
(H3.6.4) Ksh is known.  

Since Kappl during the slow crack growth test is known from the observable crack 
length and the applied load, the related Ktip is given as Ktip=Kappl+Ksh. 

H3.6.3 Measurement of inert strength after subcritical crack extension   

Swelling zones at crack tips must also affect the inert strength of silica. This fact al-
lows the shielding stress intensity factor to be determined. For the evaluation of Ksh, a 
large number of N specimens are tested in 3 series of inert strength tests. Before the 
experiments, all samples may be annealed at 1140°C in order to remove residual 
stresses caused by the surface treatment. The first series of N/3 specimens is fractured 
under inert conditions in liquid N2. The results for the initial flaw distribution, c,0, 
may be schematically represented in the Weibull plot of Fig. H3.12 as the dashed 
curve. The remaining 2/3N specimens are loaded with a static load 1 in a humid envi-
ronment for a time t1. The size of the cracks extends by subcritical crack growth. De-
pending on the height of the applied load, a part of the specimens may fail during the 
time t1. The survivals with their increased crack size must then show swelling zones in 
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the crack-propagation region. A part of N/3 specimens is annealed again in order to 
remove the swelling stresses, which are responsible for crack-tip shielding. The results 
of inert strength tests on these samples, c,1, are indicated by the dash-dotted curve in 
Fig. H3.12. The remaining N/3 specimens are also fractured under inert conditions. 
This portion of samples with strengths c,2 is shown as the solid curve. The difference 
between the solid and the dash-dotted curves reflects the effect of the swelling zone. 
The amount of crack extension a can simply be obtained from the difference of the 
dash-dotted and the dashed curves as 
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with Y1.3 for a semi-circular crack shape. If the crack increment a is clearly larger than the 

height  of the swelling zone (expected to be less 1 µm), the full shielding term is reached.  

Finally, the shielding stress intensity factor results from 
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Fig. H3.12 Schematic Weibull representation of inert strengths c expected for silica; dashed line: 

inert strengths corresponding to the initial surface flaw population, dash-dotted curve: inert strengths 
after previous subcritical crack propagation with the expected swelling stresses removed by 

annealing, solid curve: inert strengths including the swelling stresses. 
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H3.6.4 Measurement of inert strength of artificially damaged specimens after subcritical 
crack extension 

The previously mentioned strength tests are quite expensive with respect to the num-
ber of samples because a statistical evaluation is necessary. A greatly reduced effort is 
possible applying artificial surface cracks. For Knoop indentation cracks a possible 
procedue would consist of the following steps: 

 A few initially annealed specimens are damaged by the indentation procedure. 

 The residual stress zone developed below the contact area (about 30-40% of the 
crack depth) is removed by grinding. The additionally introduced grinding cracks 
are without importance for fracture so far the Knoop indentation crack is the larg-
est crack in the specimen.  

 The specimens are then annealed in order to remove remaining residual stresses. 

 After a constant load test, in which the swelling zone is generated, the specimens 
are fractured in liquid N2. 

 From the inert strength c and the dimensions of the crack, the apparent fracture 
toughness K* is computed via 

 aYK c*  (H3.6.7) 

and Ksh follows from eq.(H3.6.4). 

The shape of the Knoop indentation cracks after removal of the residual stress zone 
may differ from the semi-circular shape. The geometric function Y has then to be taken 
from a number of original papers or fracture mechanics handbooks. For semi-elliptic 
surface cracks see e.g. [H3.23, H3.24] and sections of circular cracks [H3.24]. If the 
crack shape cannot be described with sufficient accuracy by existing stress intensity 
factor solutions, a few additional tests on annealed specimens with removed swelling 
stresses are recommended followed by an evaluation via eq.(H3.6.6).  

 

 

Final Remark:  

Very similar to the effect of ion-exchange layers (Section H2), the increase of the 
shielding term by swelling is an effect on the length scale of a few nm. Saturation is 
reached after crack extensions of less than 1µm. From this point of view, also silica 
can be considered as a material without an R-curve effect in the usual sense, i.e. for 
crack extensions of a in the order of µm to mm. 
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I1  Stress intensity factors for indentation cracks 

I1.1  Application of averaged stress intensity factors  
A simple fracture mechanics tool for the determination of the shape of semi-elliptical 
surface cracks is the computation of so-called averaged stress intensity factors. By ap-
plication of this weight function procedure it is possible to determine stress intensity 
factor on the basis of a relation by Rice [I1.1] which relates the variation of the refer-
ence crack opening displacement vr in a certain reference loading case, e.g. r=const., 
to the stress intensity factor in the actual loading case   

   


  (S)S)

v
dS

S
ESdKK

S
r

IrI )(
')(

1

( 


  (I1.1.1) 

where E ' = E/(1-2),  is Poisson's ratio, KIr is the reference stress intensity factor, and 
S a virtual increment of the crack area. The left-hand side of eq.(I1.1.1) gives rise for 
defining the stress intensity factor IK  according to 
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Fig. I1.1 Virtual crack extensions according to Cruse and Besuner [I1.2]. 

The stress intensity factor according to the right-hand side of eq.(I1.1.1) can be com-
puted from  
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The derivative vr/(S) is called the weight function which of course depends on the 
specially chosen crack area increment S. Fett and Munz [I1.3] gave a procedure for 
the determination for the reference crack opening displacement field of semi-elliptic 
surface cracks. Cruse and Besuner [I1.2] could show that this type of stress intensity 
factor is related to the energy release rate released during a virtual crack surface exten-
sion of (S). This holds at least for not too abnormal stress distributions (see 
e.g.[I1.3]). 

Cruse and Besuner [I1.2] proposed two independent virtual crack changes that pre-
serve a semi-elliptical crack shape, namely, crack depth increment a with width c 
kept constant (Fig. I1.1a) 

  acS A  
2
1  (I1.1.4) 

or crack width increment c with depth a = const 

  caSB  
2
1  (I1.1.5) 

as illustrated in Fig. I1.1b by the hatched areas. 

The stress intensity factors are represented by the geometric functions FA (for a virtual 
crack increment at point A) and FB (for an increment c at the surface)  

  BABA FaK ,0,  , (I1.1.6) 

where 0 is a characteristic stress (e.g. a remote tensile stress for tensile loading or the 
outer fibre bending stress in bending).  

It should be emphasized that the Cruse-Besuner approach for the computation of aver-
aged stress intensity factors was examined intensively in the eighties and early nine-
ties. Only a few papers may be mentioned in this context, which show that the method 
is applicable to various cracks. The theoretical and experimental analyses on simple 
semi-elliptical surface cracks in plates and bars (see e.g. [I1.4, I1.5, I1.6]) were extend-
ed to more complicated crack problems as for instance almond- and sickle-shaped 
cracks in rods [I1.5] and corner cracks [I1.7]. 

The use of this type of stress intensity factors allowed very good predictions for the 
development of the crack shape in tension and bending and correct predictions of 
crack growth rates in fatigue tests. In the following considerations, only stress intensi-
ty factors defined by (I1.1.1) and (I1.1.3) will be addressed. For reasons of simplicity 
the bar above K is dropped. 
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I1.2  Applied stress intensity factors for indentation cracks 

I1.2.1 Stress intensity factors for remote tension 

Geometric functions FA and FB according to (I1.1.6) are for 0.7  a/c  1 and 0a/t0.1  
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with the thickness t (in contrast to one-dimensional cracks for which the thickness is 
mostly abbreviated by W). The influence of a/t representing the influence of the free 
rear wall is very small for pure tension.  
The aspect ratio of the equilibrium ellipse (at which KA=KB) is 
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For (a/c)eq a maximum influence of less than 1% for a/t0.15 can be stated with the 
related stress intensity factor variation less than 0.35%, negligible in practice. 
The data for an extended region of 0.25  a/c  1 can be approximated for a/t=0 by 
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I1.2.2 Stress intensity factors for bending load 

Stress intensity factor solutions for cracks in bars under bending load are available in 
fracture mechanics literature (see e.g. [I1.8]). The geometric functions FA and FB ac-
cording to (I1.1.6) were determined in [I1.3, I1.10] by use of these results as the refer-
ence stress intensity factors. For a wide aspect ratio range of 0.5a/c1 and relative 
crack depths of 0a/t0.15, they read 
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Fig. I1.2 Semi-elliptical surface crack under bending load; a) influence of the relative crack depth 
a/t and the aspect ratio a/c on the stress intensity factors, b) ratio of stress intensity factors, (cir-

cles indicate FA=FB). 

The geometric functions and the ratio of FA/FB are plotted in Fig. I1.2. Identical stress 
intensity factors at points A and B are indicated by the circles. For the aspect ratio 
(a/c)eq of the equilibrium ellipse it approximately holds at small depths a/t < 0.25  
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or in terms of the simpler measurable term c/t 
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For practical applications with a manageable number of terms, the geometric functions 
in the ranges of 0.5a/c1 and 0a/t0.15 may be simplified as 
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I1.3  Residual stress intensity: Knoop indentation cracks 

During the loading/unloading procedure by a Knoop indenter, a residual stress zone 
develops below the contact area. According to the model proposed by Marshall [I1.9] 
a prolate spheroid was chosen for the shape of the irreversibly deformed ‘plastic’ zone 
with the major axis b1 and the depth b2 (Fig. I1.3).  

If res is the residual stress assumed to be constant over the semi-elliptic cross section 
with the half-axes b1 and b2, the total force normal to the crack plane is 

  212
1 bbP resres   (I1.3.1) 

The stress intensity factors may be scaled with this force as 

  BA
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Fig. I1.3 Semi-elliptical crack loaded by a residual stress zone of length 2b1 and width b2 as suggested 

by Marshall [I1.9]. 
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The geometric functions FA,B of (I1.3.2) are compiled in Tables I1.1 and I1.2 (for addi-
tional results see [I1.10]). For any parameter in the ranges of 1c/b1, 1b1/b2, 
and 0.7a/c1.2, FB can be approximated by 
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with the abbreviations =a/c and =b1/b2.  

For 1.1c/b1, 1.5b1/b2, and 0.7a/c1, FA reads 

       ]/7.3exp[)/9.2618.6317.1(645.017.151.0 1
22 bcFA    (I1.3.4) 

c/b1 a/c=0.7 0.8 0.9 1 1.1 1.2 1.3 

0.8 1.506 1.728 1.941 2.146 2.342 2.531 2.711 

0.9 1.565 1.789 2.007 2.217 2.419 2.614 2.801 

1.0 1.407 1.621 1.830 2.033 2.229 2.418 2.601 

1.1 1.207 1.410 1.609 1.802 1.989 2.170 2.344 

1.2 1.118 1.315 1.509 1.698 1.882 2.059 2.231 

1.3 1.059 1.254 1.445 1.631 1.812 1.988 2.158 

1.4 1.017 1.209 1.398 1.583 1.763 1.937 2.105 

1.6 0.985 1.176 1.363 1.546 1.725 1.898 2.065 

1.8 0.924 1.111 1.296 1.476 1.653 1.824 1.990 

2.0 0.899 1.084 1.268 1.448 1.623 1.794 1.959 

2.2 0.881 1.065 1.248 1.427    

2.4 0.867 1.051 1.233 1.412    

2.6 0.857 1.040 1.221 1.399    

3.0 0.842 1.024 1.205 1.383    

3.5 0.830 1.011 1.192 1.369    

4.0 0.822 1.003 1.183 1.361    

4.5 0.817 0.998 1.178 1.355    

 0.802 0.980 1.158 1.336    

Table I1.1 Normalized stress intensity factor FB for b1=3b2. 
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c/b1 a/c=0.7 0.8 0.9 1 

0.8 0.874 0.873 0.864 0.849 

0.9 0.904 0.909 0.905 0.892 

1.0 0.930 0.940 0.939 0.928 

1.1 0.947 0.959 0.960 0.950 

1.2 0.958 0.973 0.974 0.965 

1.3 0.967 0.983 0.985 0.976 

1.4 0.973 0.991 0.994 0.985 

1.6 0.983 1.002 1.006 0.998 

1.8 0.990 1.010 1.014 1.006 

2.0 0.994 1.015 1.020 1.012 

2.2 0.998 1.019 1.024 1.017 

2.4 1.001 1.022 1.027 1.020 

2.6 1.003 1.024 1.030 1.022 

3.0 1.006 1.028 1.033 1.026 

3.5 1.008 1.030 1.036 1.029 
4 1.010 1.032 1.038 1.031 

4.5 1.011 1.034 1.040 1.032 

 1.017 1.036 1.041 1.034 

Table I1.2 Normalized stress intensity factor FA for b1=3b2. 

For limited parameter ranges of 0.7a/c1, 1.2c/b12, and 2b1/b26, the results in 
[I1.10] can be approximated simply by 
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I1.4  Residual stress intensity: Vickers indentation cracks 

By extending the stress intensity factor solution of [I1.10] to increased ranges of 0b/a 

0.9 and 0.5a/c1, it results 
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I2  Toughness of single Si3N4 beta-crystals 

I2.1  Crack opening displacements 

Vickers indentation cracks are a simple tool to determine the angle-dependent fracture 
toughness of single beta silicon nitride grains. For this purpose, crack paths have to be 
selected with cracks ending in such a grain. Figure I2.1 illustrates three symmetric 
crack orientations with respect to the hexagonal crystal axes. If the crack-tip region in 
which the measurements were carried out is small compared to the crack extension in 
the grain a’ and to the grain ligament d-a’, the well-known Irwin parabola enables de-
termining the actual mode-I stress intensity factor KI from crack opening displacement 
measured close to a crack tip. The described problem is highly complicated especially 
in the case of cracks inclined to the crystal axes since the single grain is anisotropic.  

 

Fig. I2.1 Definition of the crack direction with respect to the c-axis of a single -crystal. 

As can be derived from equations given by Ting [I2.1], the square-root-shaped part of 
the near-tip crack-surface displacement vector utip is related to the stress intensity fac-
tor k by 
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L is the real symmetric second-order tensor in the formalism of Stroh in terms of the 
elasticity tensor (details in [I2.1]). Since the non-diagonal components of L-1 disap-
pear, i.e. (L-1)13=(L-1)23 =0, the displacements I and II are not affected by the out-of-
plane stress intensity factor KIII. 

The normal displacement of the crack faces under mixed-mode loading is given by  
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and for a mode-I loading exclusively,  
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Vogelgesang [I2.2] gave the data for silicon nitride crystals, necessary for the compu-
tation of L-1 (for a graphic representation see [I2.3]). The effective module Eeff,22 de-
termining the displacements of (I2.1.4) by an Irwin parabola is shown in Fig. I2.2.  

 
Fig. I2.2 Effective Young’s modulus for application of eq.(I2.1.4).  

I2.2  Experimental results 

Figure I2.3 shows three different cracks extending in Vickers indentation tests with the 
tips arrested in a -crystal (Fig. I2.3a to I2.3c) [I2.4]. In order to avoid a mode-II load-
ing contribution, predominately cracks were selected that showed tangents at the crack 
tips which did not deviate too much from the direction of the crack path in the glass 
matrix before entering the crystal. Measurements of the total crack opening displace-
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ments I for the 3 cracks terminating in the Si3N4 crystals under different crack orien-
tation are represented in Fig. I2.4a. 

 

 

 

Fig. I2.3 a) Crack under 55° to the c-axis of a beta-crystal, b) crack-tip region under 13°, c) and under 
29°.  

The critical stress intensity factors for the -crystal are introduced in Fig. I2.4b. From 
the tentatively introduced interpolation line we can expect that the maximum tough-
ness of the -crystal at =0 for crack propagation on the (0001)/basal plane is about 12 
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MPam. The minimum value for =90° can be expected at about 4 MPam for crack 
propagation on one of the prism planes. Trigonal structured sapphire (-Al2O3) crys-
tals is known to have a similar large anisotropy in fracture resistance [I2.5, I2.6]. 
Since the crack opening displacements of Fig. I2.4a show significant scatter, the error 
margin of the toughness data is admittedly large. It has to be taken into account that 
during indentation and further handling the indentation cracks could extend by subcrit-
ical crack growth in humid lab air with the consequence of a reduced actual stress in-
tensity factor at the COD-measurements. From this point of view, the obtained results 
have to be interpreted as a lower limit for the toughness KIc. 

      
Fig. I2.4 a) Total crack opening for the cracks in Fig. I2.3 as a function of the crack-tip distance r with 

the fitting curves, b) fracture toughness data with tentatively introduced interpolation curve.  
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I3  Subcritical growth of Vickers indentation cracks 

Measurement of crack opening displacements for Vickers indentation cracks in brittle 
materials is a rather simple method for the determination of the “crack-tip toughness” 
KI0, the starting value of the R-curve (see Section D2). In such tests, it has to be en-
sured that subcritical crack growth in the time span between load removal and dis-
placement evaluation under the scanning electron microscope (SEM) is negligible. The 
amount of crack extension can be computed if the parameters of the subcritical crack 
growth law are available for the investigated material.  
During a Vickers indentation test in a ceramics surface, a cruciform semi-elliptical 
crack system is generated. Beneath the contact area of an indenter pressed into the sur-
face, a residual stress zone remains even after unloading. Figure I3.1 gives the relevant 
geometric data of the crack system generally modelled by a single semi-elliptical sur-
face crack. The parameter b is the radius of the damaged zone responsible for the re-
sidual stresses assumed semi-circular (Section E3). In realistic cases, see e.g. [I3.1] for 
Si3N4, the residual stress zone below the indenter is in the order of about b/c  0.5.  

 
Fig. I3.1 Geometric data of an indentation crack of width 2c and depth a, opened by a residual stress 

zone of radius b. 

A crack is considered, which is loaded in the centre region by a force P. This force is 
caused by the constant pressure p distributed over the area near the crack centre. For 
the stress intensity factors, it holds 
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  2
2
1 bpP   (I3.1) 

The condition FA=FB resulting in KA=KB, is called the equilibrium condition. There is 
an influence of b/a on the equilibrium aspect ratio, roughly approximated for b/a < 0.6 
by [I3.2] 

  2)/(12.0836.0)/( abca eq   (I3.2) 

with the related geometric functions 

  2)/(3315.005.1 abFF BA   (I3.3) 

Under stable crack-growth conditions at K=KIc, the conditions KA=KB=KIc and, conse-
quently, a/c=(a/c)eq are sufficiently fulfilled. Equations (I3.2) and (I3.3) read in terms 
of b/c (neglecting higher order terms than quadratic)  

  2)/(172.0836.0)/( cbca eq   (I3.2a) 
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Immediately after load removal it holds KA=KB=KIc for c=c0 and a=a0. Due to subcriti-
cal crack growth, the crack dimensions a, c increase with time resulting in a decreasing 
stress intensity factor. The decreasing residual stress intensity factor at the surface 
point (B) reads for c>c0 
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Subcritical crack growth may be described by a power law relation 
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For sufficiently steep da/dt-K-curves, e.g. n>10, the crack develops under a/c=(a/c)eq. 

Introducing (I3.4) into (I3.5) and using FB(c)=FB(a/(a/c)eq), results in the differential 
equation  

  dtAdc
cF

cF

c

c
n

B

B

n

*
)(

)( 0

2/3

0

















 (I3.6) 

Taking the integral over dc from c0 to c and over dt from 0 to t yields 



I3  Subcritical growth of Vickers indentation cracks I3  Subcritical growth of Vickers indentation cracks 

 205

 

23
2

0

0

23
2

))(1(

*
])(,[])(,[

2
0

2
232

12
2

12
0

















 

n

n t
c

A
nFnF

c

c
n

c
b

n
c
b

c
b


  (I3.7) 

with the hyper-geometric function 2F1 in an abbreviated notation 
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Equation (I3.7) is plotted in Fig. I3.2 for several values of b/c0 and n. It can be seen 
that for identical n-values the slope of the lg(c)-lg(t)-curve varies with b/c0.  

 
Fig. I3.2 Representation of eq.(I3.7). 

For a simple evaluation of the rather unwieldy function 2F1 one can apply the first two 
terms of the series expansion  
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which represent the function in the interesting region of x<0.35 with an error less than 
0.2%. With this approximation eq.(I3.7) gives 
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In the special case of a point-force approximation, b0  2F11, the well-known 
solution by Green and Sglavo [I3.3] results 
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I4  Diffusivity affected by swelling stresses  
Diffusivities of glasses are commonly determined from the H-concentration profiles in 
the surface regions. In the context, it has to be considered that diffusion of water into 
silica surfaces is stress enhanced [I4.1]. Since water entrance will cause volume 
swelling [I4.2], the diffusion profiles become affected by the swelling stresses via 

  )/exp(0 RTVDD hw          (I4.1) 

with the absolute temperature T, the gas constant R, the activation volume Vw and the 
diffusivity D0 at zero hydrostatic pressure h. 
In order to compute the diffusion profile, the partial diffusion differential equation for 
the uniaxial case with diffusivity depending on the water concentration  
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has to be solved with the hydrostatic stress proportional to the water concentration 
C=Cw according to eqs.(H3.1.7) and (H3.1.9). This was numerically done by use of the 
line method in the Mathematica routine NDSolve [I4.3] with the result plotted in Fig. 
I4.1a. In this representation the abbreviation 
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is used with the water content at the surface, C0, and the hydrostatic swelling stress h,0 
resulting from swelling at the surface (z=0).  
Figure I4.1b again shows the numerically computed profile for C01 as the contin-
uous curve. It seems reasonable to fit the same numerical data with the diffusion pro-
file for stress-free diffusion with an apparent diffusivity Dapp: 
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Different fitting procedures for the determination of Dapp are possible. In the following 
the apparent diffusivity may be obtained from the condition of same integrals  
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The effective erfc-function obtained from the condition (I4.5) is shown in Fig. I4.1b 
by the dash-dotted curve. 

 
Fig. I4.1 a) Diffusion profiles for (negative) swelling stresses, b) numerical result fitted by the 

commonly used erfc-profiles. 

In Fig. I4.2 the apparent diffusivity Dapp is plotted as a function of C0. The curve can 
be approximated by 
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This relation allows the true diffusivity D0 to be evaluated from measured diffusivities 
Dapp. 
In the case of silica at 88°C, the volumetric swelling strain obtained from the results of 
Shelby [I4.2] and Zouine et al. [I4.4] is v0.325% [I4.5]. This results in h,0=63.5 
MPa and with Vw=15 cm3/mol (Section H3.4) according to eq.(I4.3) in C00.318. 
In this case eq.(I4.6) yields D0=1.216 Dapp.  
Let us now consider the hydrogen diffusion profile measured at 100°C by Zouine et al. 
[I4.4]. At this temperature, the swelling strain is slightly increased to v0.364% as 
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can be concluded from the surface water concentration by Zouine et al. [I4.4] shown in 
Fig. I4.3a, roughly described for the range of 0°C-200°C by 
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(Q=10.54 kJ/mol). Consequently it holds h,071 MPa and C00.344. From (I4.6) 
we get now D01.236 Dapp.  

 
Fig. I4.2 Apparent diffusivity Dapp as a function of C0. 

 
Fig. I4.3 a) Surface (H)-concentration in silica for liquid water by Zouine et al.[I4.4], b) hydrogen 
diffusion profile in silica after 336 h at 100°C, also measured by Zouine et al. (triangles) compared 

with the fit according to eq.(I4.5) (dash-dotted curve) and the result of numerical evaluation of 
eq.(I4.2) (continuous curve).  
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Zouine et al. [I4.4] fitted the measured profile for t=336h with a diffusivity of Dapp=2.9 
10-19 m2/s, from which the stress-free diffusivity D0=3.57 10-19 m2/s results.  
Figure I4.3b shows the experimental data (triangles) and the fit according to eq.(I4.4) 
as the dash-dotted curve. The solid curve represents the numerical evaluation of 
eq.(I4.2). A difference can hardly be detected, i.e. within the experimental scatter both 
curves fit the same data set. This makes it nearly impossible to determine v or V 
from diffusion profiles at rather low temperatures. 

References I4 
                                                 
I4.1 M. Nogami and M. Tomozawa, Effect of stress on water diffusion in silica glass, J. Am. Ceram. 
Soc., 67 151-154 (1984). 

I4.2 Shelby, J.E., Density of vitreous silica, J. Non-Cryst. 349(2004), 331-336. 
I4.3 Mathematica, Wolfram Research, Champaign, USA. 
I4.4 Zouine, A., Dersch, O., Walter, G., Rauch, F., Diffusivity and solubility of water in silica glass in 
the temperature range 23-200°C, Phys. Chem. Glasses, 48 (2007), 85-91. 
I4.5 T. Fett, G. Rizzi, M.J. Hoffmann, S. M. Wiederhorn, Effect of Water on the inert Strength of 
Silica Glass: Role of Water Penetration, to be submitted . 



  

I5  Modifications of shielding by additional effects  

I5.1  Deformation of steady-state swelling zones  

The computations of the swelling zones in Sections H3.3 and H3.4 were carried out 
for diffusion in a motionless coordinate system with a fixed crack tip, i.e. for an ar-
rested crack. Whereas for a growing crack the transversal diffusion normal to the crack 
plane is hardly affected by the moving crack tip, the diffusion and the crack propaga-
tion compete in crack direction [I5.1, I5.2]. The consequence for strongly stress en-
hanced diffusion zones with cordial shape is a reduced ratio of the zone size in length 
direction r0 to the zone height , which for an arrested crack is [I5.3] 
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 (I5.1.1) 

(r0(0), (0) stands for r0(v=0) and (v=0), respectively).  

 
Fig. I5.1 a) Swelling zone ahead the tip of an arrested crack, b) expected reduced zone length for a 

crack growing at a constant crack-growth rate v (schematic). 

The effect of a moving crack tip on the zone shape is schematically shown in Fig. I5.1. 
The ratio r0(v)/r0(0), computed according to [I5.1] and [I5.2] is plotted in Fig. I5.2 ver-
sus the logarithm of the crack rate v. The arrows indicate some crack-growth rates. For 
crack rates of v>10-12

 m/s as relevant for subcritical crack growth experiments it was 
found that 0.75<r0(v)/r0(0)<1.  
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Fig. I5.2 Deformation of the swelling zone, (for  see eq.(H3.2.7)), arrows indicate some subcritical 

crack growth rates. 

If we assume that the diffusion normal to the crack-plane direction is not affected by 
the crack rate since there exists no normal velocity component (v=0), we obtain for 
subcritical crack growth rates v>10-12 m/s 
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For the stress intensity factor of the deformed zones one can use some single results 
from literature. 
The stress intensity factors for three different ratios of r0/ are available from [I5.3]. 
These cases are illustrated in Fig. I5.3a. Figure I5.3b shows the related coefficients  
for the general representation  
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by the solid circles (for the symbols in eq.(I5.1.3) see Section H3). The interpolating 
curve through the data points can be expressed simply by  
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For the lower value in eq.(I5.1.2), r0/2/3, =0.238 is obtained as indicated in Fig. 
I5.3b by the open circle. 

 
Fig. I5.3 Shielding stress intensity factors by eq.(I5.1.3) for a deformed zone with reduced length 

ahead the crack. 

 

Fig. I5.4 Diffusion of water through crack surfaces of a semi-infinite crack, contour lines for constant 
water concentration C normalized on the crack-surface concentration C0 [I5.4]. 

In a FE-study by Rizzi [I5.4], the diffusion problem for a water-soaked semi-infinite 
edge crack in an infinite body was solved. The water concentration profiles are shown 
in Fig. I5.4. It can be seen that the zone size ahead of the tip is reduced.  
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In contrast to the assumptions made in Fig. I5.3, there is also a height reduction of dif-
fusion zones visible near the tip. From the stress intensity factor evaluation by 
ABAQUS 6.2 a shielding coefficient of =0.255 was obtained. 

I5.2  Crack leaving a swelling zone  

At higher temperatures and after long time, also unloaded cracks may develop a swell-
ing zone of thickness b by water diffusion into the crack faces (Fig. I5.5a.). If the 
swelling strain is constant in the swelling zone, v=0=const., and v=0 outside the 
zone, the shielding stress intensity factor is 
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with the coefficient  depending on the zone shape in the crack-tip region. In order to 
minimize the uncertainty in the true shape of the zone ends it was recommended in 
[I5.5] to use for computations r0/b = 0.5 with the related coefficient  = 0.3.  
If such a crack grows by an amount of a, it will escape from the initial swelling zone, 
as illustrated in Fig. I5.5b-I5.5d for different zone ends. The shielding stress intensity 
factors for two limit cases of the zone shape near the crack tip are plotted in Fig. I5.5e. 
For the circular zone end (Fig. I5.5b), the shielding stress intensity factor is given by 
the squares [I5.7]. A straight zone end with r0/b=0 yields the dash-dotted curve. The 
two dependencies can be described by eq.(I5.2.1) where now  is a function of a/b.  

The stress intensity factor solution for the case r0/b=½ (Fig. I5.5d) can be obtained by 
linear interpolation of the two limit cases resulting in the dashed curve of Fig. I5.5e. 
The coefficient  may be approximated by 
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It should be mentioned that the curves in Fig. I5.5e change abruptly caused by the as-
sumption of a sharp layer boundary. For an arbitrarily varying strain distribution, the 
weight function or Green’s function method from [I5.6] can be used. 
The stress intensity factor caused by a swelling layer of thickness db’ in the surface 
distance z=b’ (Fig. I5.6a) undergoing the strain (b’) results as  

 )'()''()( bKdbbKKd shshsh   (I5.2.3) 

This gives rise for a Green’s- or “weight function” h defined as 
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For any swelling distribution (z)=(b’), the related shielding stress intensity factor is 
then obtained by summing over all the zone increments db’ multiplied with the local 
swelling strain 
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Fig. I5.5 a) Crack with a thick circular swelling layer of constant swelling strain, b) crack after addi-
tional extension a for a circular zone, c) for a rectangular zone, d) for a zone with r0/b=1/2, e) varia-
tion of the shielding stress intensity factor for a crack growing in and outside the initial layer accord-
ing to [I5.3] (dash-dotted curve) and [I5.7] (squares); dashed curve: interpolated from the continuous 

and dash-dotted curves for r0/b=1/2. 

In the absence of stress-enhanced diffusion, the swelling profiles are represented by 
the complementary error function. The volumetric strain at the location z=b’ is in this 
case 
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where 0 is the strain at the free surface, D0 the diffusion coefficient and t the time af-
ter the first water contact.  

   
Fig. I5.6 a) Green’s function as the shielding stress intensity factor of a thin swelling layer of thick-

ness b’, b) stress intensity factors according to the dashed curve in (d) for an erfc-shaped strain distri-
bution (insert); curves according to Fig. I5.5e. 

Equation (I5.2.5) has been evaluated for the case of r0/b=½. The resulting shielding 
stress intensity factors related to the erfc-shaped swelling profiles are shown in Fig. 
I5.6b. The numerical result for r0/b=½ can approximated by equation (I5.2.1) with 
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I5.3  Decrease of Young’s modulus  
Due to the water content in glasses, a reduction of the Young's modulus was observed. 
This effect has been reported by Ito and Tomazawa [I5.8] for a Na2SiO2 glass. Figure 
I5.7 shows the Young's modulus of the water containing glass Ew, normalized on the 
modulus of the dry bulk material, versus the volumetric swelling strain v. The modu-
lus at zero water content (Cw=0) may be denoted as E(0). From the interpolation curve 
for the data points a reduction of 10% is observable at about v =17%. The initially 
linear dependency reads roughly 
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as indicated in Fig. I5.7 by the dashed straight line.  

An effect similar that for the Na2SiO2 glass might also be expected for silica. Such a 
module reduction must affect the shielding stress intensity factor because Ksh is pro-
portional to the product of strain  and Young’s modulus E  

  EKsh   (I5.3.2) 

 
Fig. I5.7 Decrease of Young's modulus due to water content as a function of volumetric swelling 

strain for a Na2SiO2 glass by Ito and Tomazawa [I5.8]. 

The effect of water on the volume strain reads in series expansion 
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with the strain (0)=0 for Cw=0. The effect of  is of first order in Cw. 
For the Young’s modulus it holds 
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The Young’s modulus of course has a non-disappearing value (the maximum) at 
Cw=0, i.e. E(0)0.  

The product E must then also be of first order in Cw 
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A remarkable influence of the modulus may be present for very high water concentra-
tions that can make a modified Ksh-computation necessary.  

For the most general case of modulus and strain both depending of the water content, 
and consequently on the crack-tip distance, E(r) and (r), an effective product 
(E)eff can be defined by the Green’s function procedure of [I5.6]. For this purpose 
the varying modulus has to be drawn under the integral sign of eq.(H3.4.1) resulting in 
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Next, a direct influence of a reduced Young’s modulus on the applied stress intensity 
factor must be taken into account. Evans and Faber [I5.9] have treated this general 
problem very early. They considered the special case of the modulus reduced by for-
mation of a micro-cracking zone around a crack tip. For any time-independent material 
behavior, the fracture mechanics J-integral by Rice [I5.10] can be used as the loading 
parameter. It simply reads for linear-elastic materials 
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and is identical to the energy release rate G.  
Since the J-integral for any path around the crack tip is independent of the specially 
chosen path, its value must be the same for a path 2 far away from the tip (in the 
bulk) and the path 1 directly at the crack tip, i.e. 
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where E1 and 1 are the elastic properties at the tip affected by water. Consequently, 
the applied stress intensity factor at the crack tip is 
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Since a reduced module in the crack-tip region reduces the effective applied stress in-
tensity factor, the modulus effect may also be counted on the shielding side as a for-
mally computed additional shielding term Ksh  
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This instantaneous shielding term is not necessarily a constant value defined by the 
externally applied loads exclusively. It must depend on humidity and temperature. 
From eq.(I5.3.10) it is obvious that this type of a shielding term is independent on the 
height of the water diffusion zone as well as on the crack-growth increment a.  

As emphasized in [I5.9] the effect of shielding by micro-cracking may be counteracted 
by a reduced crack resistance of the damaged material. So far, it is not sufficiently 
known how strong the silica is “damaged” by the water diffusion. It is also unknown 
how strong the crack-growth resistance is reduced. Consequently, we cannot conclude 
what the net-effect is, i.e. whether the reduced crack-tip loading or the reduced materi-
al resistance prevail.  
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I6  Passive R-curve testing device  

I6.1  Load-displacement behaviour  

I6.1.1  Displacement-controlled bending 

Several different systems are known in literature, which ensure stable crack-growth 
tests on bending bars. Here, only two systems may be mentioned: 

 A purely passive load control was reached in [I6.1, I6.2] by using a very stiff 
spring element parallel to the specimen as was originally proposed by Markowski 
[I6.3] for tensile test devices (Maniette et al. [I6.4] used the principle for CT-
specimens). 

 Test devices with combined passive and active elements were used by Moon et 
al.[I6.5] (for a photographic representation see e.g. [I6.6]) and by Jelitto et al. 
[I6.7]. The passive elements were also rather rigid frames and piezo actuators 
guaranteed a fast load reduction at the onset of first indication for instable crack 
extension.  

The R-curve experiments of Section 2.2 were performed with the testing device de-
scribed in detail in [I6.7]. In this section, the purely mechanical device for stable crack 
growth tests may be described. 

For controlled fracture tests, a test arrangement with very low compliance is necessary. 
The device shown in Fig. I6.1 (proposed in [I6.1]) fulfils this condition. This system 
shows nearly disappearing machine compliance as will be explained in the following 
considerations. For this purpose, the compliances of the device are replaced in Fig. 
I6.1b by concentrated compliances. The compliance of the very stiff frame is CFR and 
the compliance of the load cell CLC. Other vagabonding compliances in the central 
load path as for instance the elastic deformation of the loading and supporting rollers 
may be included in CLC. CSP represents the compliance of the pre-cracked test speci-
men.  

Since the load path through the specimen and the load cell act parallel to the frame, the 
related displacements must be identical 

 FRFRFRLCSPSPLCSP CPCCP   )(  (I6.1.1) 

where PSP is the load applied to specimen and load cell and PFR the load carried by the 
frame. The total load P is given as 
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 FRSP PPP   (I6.1.2) 

 

   
Fig. I6.1 a) Testing device ensuring stable crack extension, b) compliance model with concentrated 

compliances symbolized by elastic springs. 

Combining eqs.(I6.1.1) and (I6.1.2) yields for the load on the test specimen 
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and the specimen displacement 
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Let us now assume that at a certain fixed load P a crack may virtually grow unstably 
by an infinitesimal increment da. The load on the specimen drops immediately by an 
amount of dPSP 
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Simultaneously the displacement of the bar changes by 
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If the frame compliance and the load-cell compliance are small compared to that of the 
bending bar, i.e., if 

 SPLCFR CCC ,  , (I6.1.7) 

eqs.(I6.1.3) to (I6.1.6) simplify to 
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or equivalently  
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and constPCCP FRSPSPSP  , (I6.1.9a) 

i.e.  0
da

d SP
 (I6.1.9b) 

As the consequence of condition (I6.1.7), the specimen displacements become inde-
pendent of the specimen compliance, i.e. they would remain constant for an assumed 
onset of spontaneous crack extension. The load instantaneously decreases.  
The condition (I6.1.7) can be reached by use of a very rigid frame, a quartz load cell 
and a rather deeply notched specimen. 

I6.1.2  Stability of crack extension 

The stabilization discussed before considers an externally reached displacement con-
trolled fracture. However, even in the limit case of condition (I6.1.7) a crack can be-
come unstable under special conditions which may be denoted here as an “internal 
stability”. 
This stability of crack growth depends on the equilibrium of elastically stored energy 
in the bending bar and the energy release rate necessary for crack extension. It can be 
influenced by an appropriate choice of specimen- and supporting dimensions and on 
the initial notch depth. Many papers in literature on ceramics deal with this topic (e.g. 
[I6.8], [I6.9]). 
A short derivation of the basic equations may be given according to [I6.10]. The ener-
gy for crack extension is provided by two sources, the work A done by the external 
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forces and the elastically stored energy in the component U. The energy release rate GI 

in case of a virtual increase of the crack by the unit area is 
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where S=B a is the crack area (B specimen thickness).  
After a crack extension a the compliance has increased. The load decreases by an 
amount of PSP. The work dA done by the externally applied forces is zero, because 
the total load point displacement has been kept constant, eq.(I6.1.9b).  
In the following, the energy release rate is computed for the general case, where both 
the displacement and the load may change during crack extension. 
The elastically stored energy is 

 SPSPPU 
2

1
  (I6.1.11) 

and the energy release rate according to eq.(I6.1.10)  
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This can be expressed in terms of stress intensity factors by using the Irwin relation:  
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Equation (I6.1.12) then reads  
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In 4-point bending, it holds according to eq.(B1.5.2) 
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 (I6.1.16) 

with the supporting span L in 3-point bending or L=S1-S2 in 4-point bending (S1= sup-
porting roller span, S2= loading roller span), the geometric function for stress intensity 
factors, F, and the compliance C0 of the bar without a crack. Further geometric data 
are the width W and the thickness B of the bar.  
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The derivative occurring in eq.(I6.1.15) results as  
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The compliance C0 is known from bending theory as 

 



















 


)(2

)1(

4

2

'

1

21

21

2

21
0 SS

W

W

SS

BEW

SS
C


 (I6.1.18) 

where the second term in brackets is small compared to the first one. 
Now it is assumed that a crack with initial size a0 is grown to an increased total crack 
length a1=a0+a1. For this crack, the related applied stress intensity factor KI(a1) must 
equal the crack growth resistance, i.e., 

 )()( 11I aKaK R   (I6.1.19) 

The stress intensity factor for a virtually increased length a=a1+da can then be written 
as 
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Fig. I6.2 Crack-growth stability: a) Coefficient  of eq.(I6.1.20) as a function of relative crack depth 
a/W and inner loading roller span S2, b) effect of S2/S1 on the relative crack depth for maximum of . 
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Equation (I6.1.20) can be used for stability computations. Stability is guaranteed as 
long as the condition 
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adK R )()(I 
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is fulfilled. This condition reads for the most serious case, a material without any ris-
ing R-curve, dKR(a)/da=0. In this case, a disappearing or negative dKI(a)/da is neces-
sary to allow stable crack growth. 
The coefficient  in eq.(I6.1.20), normalized on its maximum value at amax, is plotted 
in Fig. I6.2a for different ratios of the inner and the outer roller span as a function of 
a/W. The solid curve parts indicate the ranges of crack stability. The dashed curve 
parts represent the regions of positive dKI(a)/da in which stable crack extension is im-
possible so far the material shows a flat KR-curve. Figure I6.2b gives the minimum 
relative crack length as a function of the ratio S2/S1. It can be concluded that a stable 
crack growth test in 3-point bending (S2=0) can be performed at lower relative crack 
depths a/W and allows KR to be determined in a larger region a than in a standard 4-
point bending test with S2/S1= ½. In the case of silicon nitrides with very steep initial 
KR(a)-curves, stability is ensured also for cracks with a <amax. 

The crack length for maximum stress intensity factors is plotted in Fig. I6.3 as a func-
tion of the ratios S2/S1 and S1/W. In order to ensure an extended region of stability the-
se two ratios should be chosen as small as possible. The lower limit of the two parame-
ters is caused by the applicability of stress intensity factor equations from literature 
valid mostly for a limited S1/W range.  

 
Fig. I6.3 Effect of S2/S1 and S1/W on the relative crack depth for maximum stress intensity factors.  
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I6.1.3  Stable and unstable crack extension 

From the curves in Fig. I6.2a also the possibility of crack arrest after a spontaneous 
crack extension phase can be predicted. Since the curves for large a/W show strongly 
negative slopes, eq.(I6.1.21) can always be fulfilled. If for instance a crack in a materi-
al with a flat crack resistance curve exhibits an initial length a/W<0.5, even in 3-point 
bending the crack must extend unstable but may stop when the curve slope is suffi-
ciently negative. Unfortunately, this crack arrest cannot be guaranteed from 
eq.(I6.1.21) since this relation represents a quasi-static failure condition. The reason is 
the excess energy, which is accompanied with the fast crack extension similar to the 
crack arrest situation in thermal shock considerations.  

In Fig. I6.4 the occurrence of stable and unstable crack propagation is shown for a 3-
point bending test with S1/W=10 and cracks with different initial depths in a material 
with constant crack-growth resistance. Since crack arrest must be discussed in energy 
terms, the ordinates are scaled in energy release rates, i.e., in K2. 

In Fig. I6.4a a crack depth of a/W=0.2 is chosen. Under monotonically increasing load 
(dashed curves) the condition KI=KIc is reached for the solid curve. Spontaneous crack 
extension starts. From the static equilibrium condition, we would conclude that this 
crack should stop at about a/W0.75 since then KI falls below KIc. From energy bal-
ance considerations, it is obvious that the crack at this location has an energy excess 
represented by the hatched area W1 above the KIc-line. This energy is available for fur-
ther unstable crack extension. Crack arrest will occur, when the area W2 below the KIc-
curve fulfils W1=W2. This is the case at about a/W1, representing the limit for com-
pletely unstable tests.  
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Fig. I6.4 Propagation of cracks with different initial depth, for 3-point bending and S1/W=10.  

The case of a larger crack with a/W=0.3 is shown in Fig. I6.4b. For this crack also un-
stable crack extension occurs since at the onset of crack extension dKI/da>0. It is ob-
vious that the excess energy is now clearly reduced. Consequently, also the additional 
unstable crack increment is shorter. 

Finally, Fig. I6.4c illustrates the extension of a crack with initial depth a/W=0.5. This 
crack cannot show any instability. With increasing load, the arrow for the crack length 
extension always ends at the intersection of KI and KIc. Static equilibrium is always 
fulfilled. The same holds of course for any crack with initial depth a/W>0.5. 

The crack extension behaviour in displacement-controlled R-curve tests is very close 
to that occurring in thermal shock tests [I6.11, I6.12]. Literature on thermal shock also 
covers the effect of a rising R-curve [I6.13], [I6.14] (see also Chapter 11 in [I6.10]).  

I6.1.4  Determination of displacements 

The compliance used for the computation of the actual crack depth is defined as the 
displacement at the inner roller contact relative to that at the outer rollers. In order to 
avoid uncertainties due to flattening of the rollers, displacement measurements should 
be performed directly on the specimen. Since the rollers prevent the direct application 
of displacement pickups at the contact line, the displacements may be determined at 
the centre of the specimen and at a location near the supporting rollers (with distance  
from the contact line) as illustrated in Fig. I6.5. The difference of the two LVDT gives 
a displacement 1 that is of course different from the desired displacement . Follow-
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ing [I6.15], the compliance C=/P can be computed in very good approximation from 
the measured one C1=1/P via  

 01 CCC    (I6.1.22) 

with C0 from eq.(I6.1.18) and the abbreviations 
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Fig. I6.5 Measurement of the bending displacements according to [I6.15].  

I6.2  Experimental results  

The authors of [I6.16] used the system sketched in Fig. I6.1a with the 3-point bending 
arrangement replaced by 4-point load application. A pre-notched bending bar of width 
W=4mm, thickness B=3.5mm and notch depth a0>2mm was loaded in bending. In the 
load path, a quartz cell recorded the load acting on the specimen. Two displacement 
pick-ups measured the bending displacements directly at the specimen from which the 
displacements at the centre with respect to the line contacts between rollers and speci-
men could be computed as proposed in [I6.15]. In this way, supporting effects and 
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Hertzian deformation of the supporting rollers could be eliminated from the experi-
mental data. 

 
Fig. I6.6 R-curves for two silicon nitrides with 3wt% Y2O3 and 3wt% Al2O3 content. 

As an example of application, R-curve measurements were carried out on a silicon 
nitride with 3wt% Y2O3 and 3wt% Al2O3 content (denoted here as AlY) produced by 
Sumitomo (Japan). This material shows a composition very similar to the SL200 
(CeramTec, Plochingen) studied in [I6.17] (see also Section 2.2). Wagner et al. [I6.16] 
carried out strength, toughness, and R-curve measurements. The characteristic strength 
in 4-point bending was found to be 0=1405 MPa with a Weibull module of m=10.3. 
Fracture toughness measurements on SEVNB-specimens with notch-root radii <7µm 
resulted in KIc= 6.50.26 MPam.  

The R-curve for material AlY is shown in Fig. I6.6 by the circles. In addition, the 
SL200 data from Fig. C2.2 are introduced for comparison. Similar to the fracture 
toughness, also the R-curve is by the same percentage (15-20 %) above that of SL200 
(KIc= 5.650.25 MPam). 
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