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THE APPROXIMATE INVERSE IN ACTION 1V:
SEMI-DISCRETE EQUATIONS IN A BANACH SPACE SETTING
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Abstract. This article concernes the method of approximate inverse to solve semi-discrete, linear operator equations
in Banach spaces. Semi-discrete means that we search a solution in an infinite dimensional Banach space having
only a finite number of data available. In this sense the situation is applicalble to a large variety of applications where
a measurement process delivers a discretization of an infinte dimensional data space. The method of approximate
inverse computes scalar products of the data with pre-computed reconstruction kernels which are associated with
mollifiers and the dual of the model operator. The convergence, approximation power and regularization property
of this method when applied to semi-discrete operator equations in Hilbert spaces has been investigated in three
prequels of that article. Here we extend these results to a Banach space setting. We show convergence and stability
and reproduce the results for the integration operator acting on the space of continuous functions.
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1. Introduction. The method of approximate inverse represents a regularization scheme
for stably solving ill-posed equations

Af=g (1.1)

where A: X — Y is alinear, bounded map between topolgical spaces. It was first introduced
by Louis [6] and meanwhile bore efficient solvers for problems as computerized tomography
[8], vector field tomography [22, 23, 28], X-ray diffractometry [25], sonar [12, 26], thermoa-
coustic computerized tomography [9], inverse scattering [1] and even feature reconstruction
[7]. A concise monograph about this method is [24]. All these applications use a setting
where X and Y being Hilbert spaces. Schuster and Schopfer [27] extended the method to
Banach spaces X and Y consisting of real valued functions with domain 2 C R?. This set-
ting includes e.g. LP-spaces and continuous functions on compact sets. We briefly summarize
the concept of approximate inverse as it was stated in [27]. We choose a family of mappings
{ey: Q@ — X*},5 such that for any function f € X the convergence

(@) = (f,ey(@)) xxx- = fla),  zel,

holds in X as v — 0. Such a family {e,} is called a mollifier and can be thought of as
an approximation to Dirac’s delta distribution. Supposed that there is a second family of
mappings {v: Q@ — Y*}.,5 satisfying

A [’UV(.’L')] = e’Y(‘T)v x €1,

then obviously f.(z) = (v, g)y+xy. Hence computing the approximate inverse f. consists
of the evaluation of dual pairings of the given data g = A f with v, (x). Thatis why we call the
family {v,} reconstruction kernel. In [27] the authors prove convergence and stability with
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respect to noisy data g® with rates and demonstrate their results in case that X = LP(Q),
1 <p<oo,and X = C(K), K compact.
In this article we go now one step further considering semi-discrete operator equations

Anfn:gna fneXa (12)

where A, =¥, A: X — R", g, = ¥,,g € R" arise from A, g, respectively, by applying the
so called observation operator ¥,,: Y — R" to them. ¥,, can be seen as the mathematical
model of the measurement process that boils down the infinite dimensional data space Y to
R™. The setting (1.2) is of large practical relevance, since any measurement device tears a
finite number of observations from the data space Y. This is essential for applied inverse
problems: We want to compute a quantity f in an infinite dimensional object space X ob-
serving another quantity ¢ € Y which is linked to f via (1.1), but by using any measurement
device only a finite number of observations g, = ¥, g of g are really accessible. Bertero et
al [2, 3] investigated semi-discrete operator equations in Hilbert spaces and found solutions
by means of the singular value decomposition (SVD) of A. They used the SVD to formulate
regularization methods and proved convergence and stability with respect to noise. Krebs [5]
considered the stable solution of semi-discrete equations in reproducing kernel Hilbert spaces
by support vector regression.

The extension of the method of approximate inverse to this setting in a general Ba-
nach space framework needs other concepts than those for solving (1.1) as it was done in
[27]. Moreover we pursue ideas that have been outlined in Rieder and Schuster [15, 16] for
the Hilbert space setting. There the authors developed the concept of a mollifier operator
FE;: X — X and extended the approximate inverse for equations as (1.2). They showed con-
vergence with rates for exact and noisy data in a general framework as well as in applications
as computerized tomography and Doppler tomography. The key idea is to say that a mollifier
for arbitrary X consists of a sequence {e4;}% ; C X* of elements in the dual space X * with
whom a Riesz system {b4,;}¢_; C X is associated such that the mollifier operator

d
Euf == Z<f, €d,i) X xx+ba,i, deN,

i=1

fulfills the convergence Fyf — f in X as d — oo. Provided that we have reconstruction
kernels v} € R™ satisfying A¥v}* = eq; forall 1 <4 < d it makes perfectly sense to define
the approximate inverse A, q: R" — X as

d
An,dgn = Z<’U?79n>R”bd,iu de N7
=1

since then the mollifier property of E; guarantees the convergence
dlim gn,dAnfn = fn

We give a short outline of the article’s contents. First we introduce in Section 2 all
necessary mappings and definitions to formulate the method of approximate inverse for the
semi-discrete setting (1.2). We propose two different ways to obtain the reconstruction ker-
nels v': one approximates v;' using a Landweber method (Section 3), the other one computes
a replacement for v* by means of a reconstruction kernel v; for A, that is, for the underlying
continuous problem (Section 4). In the latter case we not only give a complete convergence
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theory but we also prove the regularization property in Section 5 where the noise is modeled
as a perturbation of the observation operator ¥,,.

Throughout the paper all abstract concepts are made specific by applying them to a con-
crete example where A is the integration operator acting on the Banach space €(0, 1). Further,
we highlight the difference of a Hilbert space and a Banach space framework for the integra-
tion operator in the appendix.

2. Semi-discrete setting in Banach spaces. Consider equation (1.1) for a linear, con-
tinuous and injective operator A: X — Y where, if not indicated otherwise, X and Y are
arbitrary, real Banach spaces equipped with norms |- || x and || -||y. By X* and Y"* we denote
the dual spaces of X and Y, respectively, consisting of all linear, continuous mappings from
X,Y — R. The dual pairings are denoted by

(f* Flxexx = f(f), (9", 9)yxy =g"(9)

for f* € X*, f € X, g* € Y* g € Y. Finally X**, Y** are the biduals of X, Y,
respectively. E.g. X** consists of all mappings ¢: X* — R that are linear and continuous.
Note that X C X** by

fUY)=1(f) feX feX.

In practical situations we have only finitely many measurements at hand. The data acqui-
sition is modeled by the observation operator ¥,,: Y — R"™, and means that the measurement
process tears n observations out from the infinite dimensional data space Y and this process
is represented by W,,. The map ¥,, is assumed to be generated by n linear and continuous
functionals v, ;, € Y'*, that is

(U0 = (Vnk, V)vexy =¥Yni(v), veY, k=1,...,n, 2.1

and thus is linear and continuous, too. Hence we have to investigate the semi-discrete equa-
tion

with A, = VU, A, g, = VU,,g rather than (1.1). Equation (2.2) in general does not have a
solution for arbitrary g,, € R™. This is why we rather consider the equation

Anfn = Priaygn,  gn € R™ (2.3)

which is solvable but highly underdetermined. Let X be uniformly convex. Then we even
can define the minimum norm solution f;| of (2.3), that is the unique f;} € X with

I£5]l = min{|| fullx : fn € X with (2.3) }.

Note that equation (2.3) is equivalent to
A;Anfn = A;;gna 9n € R",

and solvable for any g, € R™ because of dim (R(A,,)) < co. Any solution of (2.3) mini-
mizes the defect || A, fr, — gnl|2. Our aim is to extend the concept of approximate inverse to
the given situation following the lines in Rieder and Schuster [15, 16] and thus to present a
concept to approximate f; in a stable way (see Theorem 4.8 below).
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The key idea is to compute moments
(fl eai)xxx- =eai(fl),  i=1....4, 2.4)
of f with mollifiers eq; € X*,i = 1,...,d, and then approximate f, by

d

Eafy = Z<flved,i>X><X* bai -

i=1

Here, {bq;}¢; C X is a family of elements in X which are associated with the mollifiers
{eq.i}L, and form a system in X which allows for an estimate like

d
H E o ba
i=1

for a positive functiono: N — R.

By now it is not clear what we understand by mollifiers eq ; in a general Banach space
X. The sequence {egq;}¢ , and thus the associated sequence {b4;}%¢_, have to be chosen
such that E satisfies the mollifier property

< ; d :
LS o(d) 121%xd|al|, a e R?, (2.5)

dlim |[Eqw —w||x =0, we X, (2.6)
which guarantees that F4w in fact approximates w for any w € X.

EXAMPLE 2.1. For X = (C([0,1]), ]| - |le) @ family {bgq;}L is given by linear B-

splines. Let
1—|z|: x| <1,
b(x) := { 2l + lzf <

0 :otherwise.
Then we define
bai(z) ==bldx —i), i=1,...,d—1, 2.7)
as well as'
ba,o(2) == Xo,1/a)(x) b(dx),  baa(z) = Xp-1/a,1](x) b(dx — d). (2.8)

Obviously by, € X, i =0,...,d, and we have for oo € RA+!

d
H g o ba
i=0

Thus (2.5) holds true with o(d) = 1.

Next we want to present mollifiers {eq;}%_o C X* associated with {bq,;}¢_, such that
(2.6) holds true. To this end we introduce N BV (0, 1) which is the space of normalized func-
tions of bounded variation over [0, 1]. These functions vanish at 0 and are continuous from
the right in (0,1). Equipped with the total variation as norm N BV (0, 1) is a Banach space
which can be identified with C(0, 1), see, e.g., Taylor and Lay [29, Sec. IIL5]. Any bounded

< max |ay] (2.9)
0o — 0<i<d

1y 4 denotes the indicator function of the set A.
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linear functional on C(0,1) is uniquely induced by a ;n € NBV(0,1) via the Riemann-
Stieltjes integral

1
fr={fi ) xxx+ ::/0 f(z)du(x).

Now we define Eq: C(0,1) — €(0,1) by

d x
Eqf = Z<f, €di)XxX*bdi, €di= / Eq:(t)dt, (2.10)
i=0 0
where
Eao =dxjo,z.,| aswellas FEgqaq=dX[z,, 11] (2.11)
and
d d .
Ed,l = §X]0,;Ed’2[a Ed,i = §X[md,i,1,md,i+1[a 1= 27 teey d— 15 (212)

withzqr =k/d, k=0,...,d. Since

UF, eaidxnxe = /0 (@) deas(a) = /0 ' (@)e(a)da = /0 (@) Bay(o)da
the operator E4 reproduces constant functions. Thus, we have the mollifier property
Jim [[f —Eqffc =0 forany f € €(0,1) (2.13)
as well as

Ilf —Eafllooc < Crd | fllea(o,1) (2.14)

whenever f is Holder-continuous of order o € [0, 1]. The constant C'g, might depend on c.
In modifying both boundary mollifiers eq o and eq,q we are able to achieve even higher
convergence orders for smooth functions. For

EP = 3X10,0.5] — X[0.5,1 (2.15)

we have

1 1
/ EP(t)dt = 1 and / tEP(t)dt = 0.
0 0
Set
Ey0(z) = dEP(dx) and E44(x) = dE"(d — dx)?
andkeep Eq;, 1 =1,...,d—1, asin (2.12). Then, E4 reproduces affin-linear functions since
(p,ed,i)xxx* =p(Ta:), 1=0,...,d, forallp € I;. (2.16)

zEd, 4 needs yet to be normalized to be in N BV (0, 1). This is easily done by forcing continuity from the right
atl —1/(2d).
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Hence, (2.14) extends to
[f —Ediflleoc < Crd *[|fllex(o1), 0<a<2 (2.17)

For the reader’s convenience we prove (2.13), (2.14), and (2.17) in Appendix A.

To evaluate the approximation E f, we need to calculate the moments (2.4) of f which is
not accessible. Hence, we go one step further and search for solutions of the dual equations

Arvl =eq;, i1=1,...,d, (2.18)

where the adjoint operator A : R™ — X* is given by

Afa = Zak A e, aeR™. (2.19)
k=1

Assume for the moment that (2.18) has a solution. We deduce

(fh eai)xxxe = (Anfl o)

and defining
Apa:R" = X, Apga=) (a,0])2ba; (2.20)

we obtain
lim gn)d Anf); = lim Edfi = f);
d—oo d— oo

This motivates to call An,d the (semi-discrete) approximate inverse of A,,, a solution v}* of
(2.18) is again called reconstruction kernel.

REMARK 2.2. If X is a Hilbert space and thus uniformly convex, the minimum norm
solution f of equation (2.3) exists and we have the interesting connection

(fl eai) xsxe = (gn, V), i=1,...,d,

if only gn € R(A,,) or vl € N(AL)L. And this identity holds true even in the case where v}
only solves the normal equation A,, A}, v} = Ayeq,i, see [16, Lemma 2.1]. In Banach spaces
this identity is valid only if A} vl = eq; is solvable which cannot be expected.

The image R(A}) consists of the span of { A*¢,, , : k = 1,...,n} and we cannot expect ey ;
to be an element of it. We outline two different ways to calculate reconstruction kernels v;*.
The first one is an iterative method where the iterates converge to a minimizer of || A} v —
€d.i|| x~; the second one uses an approximate solution of A*v; = eq4; to construct v}*. The
latter one is the strategy that was also pursued in [15, 16] and for which we give criteria to
obtain convergence and stability with respect to noisy data g2 .

3. Iterative calculation of reconstruction kernels. Let, for the moment, X be uni-
formly convex and smooth and thus reflexive. With JX: X — X* J¥ : X* — X we
denote the single-valued duality mappings on X, X*, respectively, that is the subdifferentials

T =o{llf 5 2y T = o{lf k- 2}
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of the norms || - || x, || - || x «, respectively. E.g. JX(f) € X* is the unique element in the dual
of X with

1 1
sllgli = SIF% = (J5().g = Pxexx  forall f,g € X.

Since X is uniformly convex and smooth, the duality mapping JX is norm-to-weak continu-
ous, JX even continuous, and we have the interesting and important relations

f=TC0N0), = ININ), feX, frext
Any minimizer of || AZv]' — eq;||x~ is then characterized by the optimality condition
A X (Aol — eqq) = O{| Aol — eqill%-/2} =0 3.1)

and this equation has a solution since R(A%) is closed and hence

R(AL) + JX(N(A,)) = X*. (3.2)
Associated with the duality mappings are the concepts of Bregman distance and Bregman
projection. The Bregman distance with respect to || - [|3/2 is
X Lignz Ly o X
D7 (f,9) = 5IflIx = 5llallx = (7 (9), f —ghx-xx,  fgeX

which is not a metric but has some properties of one; e.g. DX (f,g) > 0and DX (f,g) =0,
iff f = ¢g. Analogously to the metric projection we can define the Bregman projection onto a
nonempty, closed, convex set C' C X as the unique element II (f) € C with

DX (WF(f), f) = min D* (g, f)
geC

If especially U C X is a subspace of X, then we have the interesting connection of the metric
and Bregman projection, see [20, Lemma 3.9]

f=Py(z)+ 505 TN(f), feX, (3.3)

where U+ C X* means the annihilator of U. We refer to the book of Cioranescu [4] for
deeper insights of duality mappings and their properties.

One possibility to approximately compute v}' is to adopt the Landweber method from Schépfer,
Louis, and Schuster [18] to this situation. We consider the following iteration scheme, where
we drop the indices of v]* and e4 ; for a moment.

ALGORITHM 3.1.
(1) vo =0,
(2) Fork=0,1,... iterate
Ukg1 = Ok — e An X (Afor — €) (3.4)

with appropriately chosen (i

Using the results from [18] and [19, Prop. 1] we indeed can show convergence.
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THEOREM 3.2. Let X be uniformly convex and smooth and e € X*. Then there is a
choice of p such that the iterates {vi }r, C R™ from Algorithm 3.1 converge strongly to the
unique minimizer v € R™ of | Afv — e|| x~ having minimum || - ||2-norm.

Proof. Applying A}, to the iteration (3.4) and subtracting e yield
Alvgyr —e=Alv, —e — ukA;‘lAnJX* (Ar v, —e)

which corresponds to the Landweber iteration

Thy = T — Ay An (3.52)
zri1 = JX (241), k=0,1,... (3.5b)
with the settings =} := —e, 19 = —JX (e), 2} = Afvy — e, x), == JX (A%vp — e).

Proposition 1 in [19] says that the step sizes uy can be chosen such that zj tends strongly
to —TIyy A)JX “(e) as k — oo. Note that here Y = R" is finite-dimensional and that the
Landweber method is included in the general framework of Algorithm SESOP as it was
presented in [19, Sect. 3]. Since the duality mapping JX is norm-to-weak continuous we
have

zp = JX (zp) = —JXHN(A)JX*(e) =: " as k — o0
with respect to the weak topology. Hence x +e — z* + e weakly, too. But 2} +e € R(A})

and since dim(R(A})) < oo this yields strong convergence of z; — z* as k — oco. Because
of x; = A} vy — e we finally obtain

Anv — e — J¥TIneayJ ™ (e) = Preazyle)  ask — . (3.6)
Here we used the fact that
e = Pyias)(e) + J ¥ Tx(ay J* ()
which is a consequence of (3.2) and (3.3). Furthermore by (3.4) all iterates vy, are in R(A,,) =
(N(A;))L. Since the restriction of A* to A* : (N(A;))J‘ — R(A%) is bijective between

finite-dimensional spaces, we have convergence of the sequence {vy,} to some v € (N(A})) *.
But from (3.6) it is clear that

A:;v = P:R(A;)(e) .

Hence v minimizes ||Afv — e||x~. Finally we show that v has minimal || - ||2-norm among
all minimizers. Let z € R” be an arbitrary minimizer of ||A}z — e||x~. Since the metric
projection Pr(a-)(e) is unique, we must have A}z = Ajv and thus z = v + u with some
u € N(A%). Hence we have (v, u)2 = 0 and get

12112 = [lvl3 + 2 (v, w2 + ull3 = [0l + [lul3 > 0]z,

where the last inequality is strict for u # 0. O

REMARK 3.3. a) The proof of Theorem 3.2 shows that iteration (3.4) simultaneously

approximates a reconstruction kernel v that minimizes ||AXv — e| x~ as well as the metric
projection A7 v = Pr(ax) (e) = limy— o 5. Note that this proof strongly relies on the facts
that X is uniformly convex and smooth and that the range of A}, is of finite dimension.
b) The iteration can be made more efficient by using the sequential subspace methods de-
veloped in [19]. These achieve acceleration by using more search directions A} w; than
Just Al Anxy, in iteration (3.5). The assertion of Theorem 3.2 still holds if one assures that
wy € R(A,,), which is always fulfilled for the canonical search directions suggested in [19].
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4. Kernels from the underlying continuous setting and convergence. Although the
calculation of the reconstruction kernels v;* can be done by Algorithm 3.1, this method has
some drawbacks. Besides the conditions on X and A,, that have to be required in Theorem 3.2
to get convergence, an approximate reconstruction kernel might cause heavy artifacts. Fur-
thermore A7 in general does not fulfill invariance properties as in Lemma 4.6 below and thus
we had to perform the iteration for each mollifier e4 ; which is very time consuming.

To cure this dilemma we seek a replacement for the kernel v}* that relies on a (maybe
even exact) kernel v; for A. Let again X and Y be arbitrary Banach spaces. We recall that
A is injective and thus R(A*) is weak*-dense in X*. This implies that for given numbers
g; > 0 and mollifiers ¢4 ; € X we find elements v; € Y* such that

[(A"v; — eqi, f)x=xx| = [(A"v; —eai)(f)| <&l fllx, i=1,...,d. 4.1)

Here, f € X denotes the (unique) solution of Af = g. This solution exists since A is in-
jective and we assumed for the exact data g € R(A). Note, that (4.1) does not mean that
[|[A*v; — eqq||x= < €; since each v; in (4.1) depends on f and we have no uniform bounded-
ness.

REMARK 4.1. In case that X is reflexive, then R(A*) is dense even with respect to the
strong (norm-) topology of X and there exist v; satisfying

|A v, — eqillx+ < &
which is a stronger condition than (4.1).
Having elements v; satisfying (4.1) at our disposal we define
=G, V! v, i=1,...,d, 4.2)

where U/ : Y* — R" is linear and continuous and G,, € R™*™ is a suitable matrix. Both, ¥/,
as well as GG, will be defined after the next example such that we gain pointwise convergence

lim |Ap.gAnf — fllx =0 forany f € X.

d— oo

EXAMPLE 4.2. In this example we compute explicitely reconstruction kernels satisfying
4.1)evenwithe; = 0. Let X = (€(0,1), || |lco) and consider the simple integration operator
A X - X,

T 1 .
_ / )t = / Kz, O f(0)dt, k(e t) = {1 PEEa, 43)
0 0 0 : otherwise.
Obviously A is linear, bounded and injective. Note that X is neither uniformly convex nor
smooth. Hence the computation of the kernels v}* by Algorithm 3.1 fails and we have to take
the replacements (4.2).
In a first step we determine the adjoint A*: X* — X*. Recall from Example 2.1 that
X*=NBV(0,1). Let u € NBV(0,1). Then,

(1, Af) X*Xx—// (z,t) f(t)dtdp(z) = /f(t)/olk(gc,t)du(gg)dt
:/o f”/ dp(w)dt = /f — u(0)dt = (A", ) x-ex
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where
1
D¢~ [ ntas
For E € NBV(0,1) with fo = 1 and E(1) = 0 define e(z) :== [} E
AE(x). Then, v(z) = —FE(x) isa reconstruction kernel to the molllﬁer e. Indeed

13 €
1)¢ _/0 v(z)dr = —@f +/0 E(z)dz = e(§). 4.4)
=0

We give two concrete examples. Let E, = X[.— .4~[/(27) for a fixed z €]0,1] and let
v > 0 be so small that [z — 7, z + v[C]0, 1[. Then,

(Foes)xxx = (A, o) xxe = / Af(t)do, (1) / AF(H)dE, (

_AfGE+7) - Af(z—1)
2y

= (Af)'(2) + O(+*) = f(2) + O(+*),

that is, (Af,vy) is the central difference of Af about z with step size .
For the second example consider E.(-) = EP(-/v)/y where E® is from (2.15). Here,

_4Af(v/2) - Af(y) — 3Af(0)

N = f'(0)+0(»?)

<fae'y XxX* = — / Af dE

is a one-sided finite difference of Af about 0 of second order. Similarly, v, (-) = —E®((1 —
)/7v)/ gives rise to a second order one-sided finite difference of Af about 1.

We still need to specify the matrix G,, and the mapping ¥, appearing in (4.2). To this end
we first introduce the family {¢, }}_; C Y and the operator J,,: Y — Y which are both
connected to ¥,, (2.1) via

Iny =Y (U Y)yexy Pnk,  YEY. (4.5)
k=1

The map J,, is supposed to fulfill the approximation condition
nlLH;o 19,y —ylly =0 foranyy €Y. (4.6)
Besides we require the uniform boundedness
1Tnlly vy < Ch, 4.7
i.e., C}, > 0 is a constant. Note that (4.6) implicitly poses a condition on the space Y, too.

Now we define U/, : Y* — R" by (V] v) := (v, nk)y=xy, k = 1,...,n. Finally the
matrix G, is to be defined as

(Gn)j7k = <1/}n,j7</7n,k>Y*><Y7 ]ak: 15"'7”
yielding the important relation

(Upw, Gy, W o) = (Jw, T50)y xys weY, veY™ (4.8)
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Y Y
j*

n

\I,/

Y*

span{bg1,...,bqa} C X

FIG. 4.1. A diagram of all operators involved in the convergence result for the approximate inverse gn,d as
stated in Theorem 4.3.

We have all ingredients together (see Figure 4.1) to formulate an estimate of the approxima-
tion error which comes from applying the approximate inverse A, 4.

THEOREM 4.3 (Noise-free case). Let A, Eg, U, V., and J,, be as stated in this chapter.
Further assume that the family {bq ;}&_, C X satisfies (2.5) and that the triplets

{(edﬂ-,vi, bd,i)}?:l CX*xY*"x X

Sfulfill the conditions (2.6) and (4.1) for €; > 0. Finally the discrete kernels in (2.20) are to be
defined as in (4.2). Then,

[AnaAnf = fllx < (Ba—D)f|Ix

4.9)
+ (Gl + V(@) (190 A = Aflly mas oilly- + max il f]1x)

forany f € X. Choosing d = d(n) = d(n, f) such that d(n) — oo as n — oo as well as

o(d(n))||9. Af — Aflly 1SIZ_n§a5§n) |lvilly= — 0 asmn — oo (4.10)
and
o(d(n)) max & —0 asmn — oo (4.11)

1<i<d(n)
we have the convergence

Proof. An application of the triangle inequality gives
[ An,a Anf = fllx < (Ba = D x + 1 Ana Anf = Eafllx-

and thus we need only to estimate the second part. Property (2.5) of the system {b4;}%_,
yields

|And Anf — Eaf|x < o(d) max, (Anf, Gn Whvi)2 — (f,eai)xxx+]| -
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Using (4.1) and the identity (4.8) we estimate
[(Anf, Gn W vi)e — (freqi)xxx+| < [(Tn Af, Thvi)y xy= — (Af, vi)y xy+|
+ |[(f, A0 — eqi) x xx+

< |95 Af = Aflly Ilvi]

ve el fllx
By (4.7) we obtain first
195 Af = Aflly < |92 (0nAf = Af)ly + 192 Af = Aflly
< (G + D0 Af = Aflly
and then
[(Anf, G Whvi)2 = (freai)xxx+| < (Co + DT Af = Aflly [[vi]

which finishes the proof. O

v +eill fllx

Typical operators of ill-posed problems have a kind of smoothing property which we ab-
stractly state as the mapping property

A: X —Y boundedly (4.12)

where the Banach spaces X and Y are boundedly embedded in X and Y, respectively. For
instance, the integration operator (4.3) maps €®(0,1) continuously to C**+1(0,1) for any
a>0.

In this context it is further natural to assume that the convergences (2.6) and (4.6) are uni-
form for smooth elements in X and Y, respectively: Let there exist non-negative sequences
{74} and {pg} converging to zero such that

[Eaw —w|x < mallwllx  and  [|Tny — ylly < pullylly. (4.13)

COROLLARY 4.4. Under (4.12) and (4.13) we have that
1A Anf = Fllx < (7 + 0(d) (pn masx loilly- + max <) )1/«

for a constant C' > 0.
Proof. The stated estimate follows readily from (4.9) when taking into account that

1T Af = Aflly < pullAflly < pnllAllx—yll fllx
and that || f|| x < C.||f]|c which is the bounded embedding X — X. 0O

REMARK 4.5. a) The coupling (4.10) of the regularization parameter d and the num-
ber of data n is a typical intertwining of regularization and discretization, cf. Plato and
Vainikko [11]. We further remark that o (d) actually might be increasing. In a situation where
o(d) increases polynomially we can choose e; = exp(—d) fori =0, ..., d to insure (4.11).

b) The crux is to find a v; € Y™ satisfying (4.1) since this condition depends on the min-
imum norm solution f which is not known. If there exists a linear mapping B:' Y — X
such that Ix = BA, then obviously v; = B¥*eq,; solves A*v; = eq;. Note that this
does in general not guarantee that v; € Y*. This depends on the specific setting for A,
B, X and Y. An alternative would be an operator B:' Y — X with the property that
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A = BA is a pseudodifferential operator on X and X a Banach space of functions. Then
v; = B¥eq, is a reconstruction kernel with A*v; = A*eq; which can be used to com-
pute the moments (Af,eq:)xxx+ = (Y, vi)yxy=. This technique e.g. is applied in lo-
cal tomography, see Rieder, Dietz and Schuster [14], sonar, see Quinto, Rieder and Schus-
ter [12] or feature reconstruction, see Louis [1]. Of course then eq ; has to be substituted
by Aeq; in (4.1). If this is not possible at least any a priori information such as e.g.
feU(f) ={z e X |z — flx <r} might be helpful.

In general we have to compute d kernels v; what might be time consuming. But there is a
remedy. Provided that A* obeys a certain invariance property, then it is possible to solve (4.1)
only once. Lemma 4.6 can be seen as a generalization of Lemma 2.3 in [16] to Banach spaces.

LEMMA 4.6. Assume that operators T; € L(X™*), S; € L(Y™) are given with T; A* =
A*S;,i=1,...,d Defineeq;, =Tie,i =1,...,dfore € X*. Provided that

|<A*’U—€,Ti*f>x*><x| SEHCZ—EK'][||X7 izl,...,d (414)
forv € Y*, then
|<A*vi_ed,i7f>X*XX|SEinHX7 izl,...,d, (415)

where v; = S;v and g; = € || Ti|| x+— x =

Proof. Note, that the existence of a v € Y™ fulfilling (4.14) is guaranteed since the
set {T7 f}&_, is finite and thus generates a neighborhood of zero in X* with respect to the
weak*-topology.

A simple calculation shows

(A" Siv = Tie, f)x-xx| = [((Av =€), Tj f)x-xx| <e|[T7 fllx

which implies assertion (4.15) because of ||7;"||x ~x = ||T;||x+—x=. see, e.g., Rudin [17,
Theorem 4.10]. O

EXAMPLE 4.7. Our previous Examples 2.1 and 4.2 have been preparatory work to
define and study an approximate inverse for the semi-discrete operator A, = ¥, A: X —
R X = (C(0,1),] - |loo), where A: X — X is the integration operator (4.3) and where
U, : X — R s evaluation at the n points T = k/n, k =0,...,n. We emphasize that
Y = X and that X* =Y* = NBV(0,1) in this example.

Let Y0 = Xj0,1) and ¥k = X[z, 1) K = 1, ,n. Then, Py, i, € X* and

(Vng)k = (Unks 9) x*xx = 9(Tn k) (4.16)

With ¥,, we associate the piecewise linear interpolation operator J,: X — X,

n

Jng = Z<¢n,k79>X*xanﬁk = Zg(xn,k)bn,ka

k=0 k=0

where the by, 1’s are the linear B-splines from (2.7) and (2.8). Note that (J,9)(xne) =
9(xn¢). Since J,, reproduces affine-linear functions we have

1909 = glloe < Can™Pllgllesony, 0<B<2, 4.17)
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by the arguments from Appendix A. Above estimate corresponds to right estimate in (4.13).
For B = 0 we get the uniform boundedness (4.7).
In the present setting ¥ : X* — R"*1 is given by

(\IJ;LU)IC = <bn,ku U>X><X*
and G, is just the identity matrix of order n + 1. In fact,

(Gn)ke = (Un ks brg) xoxx = bne(Tni) = Oke-

In view of Examples 2.1 and 4.2 we define the approximate inverse for A,, by
B d
Apagw = (W, ¥, v4i)2bai, vai=—FEai, (4.18)
i=0

with Eq ; from (2.11) and (2.12). If n = d then (w, ¥} vq ;)2 is easily evaluated to be

w1 — Wo k= O,
Apnw(Tn ) = (W, v k)2 =nQ (Wrp1 —wr_1)/2 : k=1,...,n—1,
Wy, — Wy—1 : k=n.

All hypotheses of Theorem 4.3 are satisfied with o(d) = 1, see (2.9), ¢, = 0,1 =0,...,d,
cf. (4.4). Further, ||vq ;|| x~ < 2d since the kernels vy ; are piecewise constant functions with
two jumps of height d at most. Thus (4.9) reads in the present setting as

1f = AnaAnflloo < IIf = Baflloo +2(Co + 1) d | I0Af = Af oo
The smoothing property
A: C¥(0,1) — C'T*(0,1)  boundedly for any o > 0 (4.19)
together with (4.17) implies that
I = AndAnflloe < If = Eaf oo +2(Co + 1) dn” | Al x e 0, 1l oc-

Setting d(n) = n'~" for one 0 < v < 1 and recalling (2.13) we have convergence:
dn) =n'"7 = lim ||f — gn,d(n)AanOO =0 foranyf €C(0,1). (4.20)

Consider (4.19) for one o > 0 and set X = C%(0,1) and Y = C1+(0,1). In view of (2.14)
and (4.17) the hypotheses of Corollary 4.4 are met. If n = d and f € C*(0,1) then (4.9)
vields convergence with rates:

I = Aundnfloe < Can™ ™ oy + Cnn o flewnsy
< max{Cg,C}n" min{a’l}HfHeﬂ(O,l)-

At the end of this section we come back to our previous statement that the approximate
inverse A, 49, approximates the minimum norm solution f,TL of (2.3). At first we realize that
the assertions of Theorem 4.3 and Theorem 5.1 remain valid even if we set

’Uln = PR(AH)Gn\I];{Uia 1= 1, N ,d, (422)
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instead of (4.2), since in the corresponding proofs we take the inner product of the kernels v}
with A, f which is in R(A,,). Within this setting we are able to prove that the approximate
inverse converges to f1 as d — oo in case of a uniformly convex X.

THEOREM 4.8. Let X be uniformly convex and let fi € X be the minimum norm
solution of (2.3) with data g, € R". Furthermore let v}* be defined in (4.22) where the
v, € Y™ fulfill || A*v; — eqi||x~ < €; for given real numberse; > 0,i=1,...,d. Then,

Jim [ Anagn — fillx =0 (4.23)

provided that limg_,~ o(d) maxj<;<q&; = 0.
Proof. Using the triangle inequality yields

| An,agn = Fillx < [ Anagn — Eafillx + [ Bafl = fillx,
where the latter summand tends to zero as d — oo due to the mollifier property (2.6). Since
9n = Pria,)9n + Pr(a, )L 9n
and A, fi = Py(a,)9n we have
(0F gu)2 = (A50f 1) xesx + (07, Priayign)z S (AL} f)xex

Taking this equality into account we may estimate

d
| An.agn — Eaflllx = H2<AZU?—6d,i,fﬁ>X*xxbd,i .
1=
2.5) . n t
< o(d) max [|An0} = eaallx- I fallx

IN

o(d) Jax, eill 11l x

which finally proves (4.23). O
The orthogonal projection onto R(A,,) in (4.22) can be omitted if g, = A, f.

REMARK 4.9. As the proofs in this section show things get easier if X is uniformly
smooth. But throughout this section Y is arbitrary. The only condition to 'Y is that it allows
for an approximation as (4.6).

5. Regularization property. Here we investigate the regularization property of the ap-
proximate inverse A,, 4, that means the stability of the approximate solution with respect to
noise in the given data. Asin [15, 16] we interprete noise contaminated data as a perturbation
of our observation operator ¥,,. More explicitly, we define

(Uom)e = (Ta)i + 0k lylly, [0l <6, yeY, (5.1)

for a positive number § which represents the noise level. We can show that an appropriate
coupling of the parameters n and d to the noise level § gives convergence when § goes to zero.

THEOREM 5.1 (Regularization property). Adopt the hypotheses of Theorem 4.3. Assume
further that the triplets {(eq.;,vi,bai)}¢, C X* x Y* x X allow a coupling of d with n
such that d = d(n) = d(n, f) — oo as n — oo and (4.10) as well as (4.11) apply.
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If we couple n = ngs with the noise level 6 such that ng — oo when § — 0 as well as

§o(d(ns)) v/ns max : |Gns ¥y, 0ill2 =0 asd —0 (5.2)

1<i<d(ns

then

lim sup{ | Ay, a(ug) V0, AS = fllx = W5, fulfills (5.1)} = 0.

Proof. We denote by g,, = A, f the exact data and by g = ¥® Af the noise contami-
nated data. Using again property (2.5) of the family {b4 ;} we find that

| Analgn = g0)l1x < old) max |(Wn = W5) Af, G W01)s
- 5.3)

< !y,
< (@ 3Vl Alx—y I/ x max [Gn Wil

yielding

Zua = Sl < 1Eaf = fllx + C (@195 = Afly g oy~

+ oaxeillflx + v goax [Ga ‘I’nvz|2||f||x)

where C' > 0 denotes a properly chosen constant. Replacing n by ns and d by d(n;) leads to
the claimed convergence under the assumed coupling conditions. [

EXAMPLE 5.2. We revisit Example 4.7 to apply Theorem 5.1 to the approximate inverse
(4.18). Let ¥ : X — R, X = (€(0,1), ] - ||loo), be a perturbation of ¥, (4.16):
(U09)k = 9(@n k) + Okllgllocs 10k < 6. (5.4)

As G, is the identity matrix and the vector W, v, ; has 4 non-zero entries at most we deduce
that

G vasille = | ¥5va,ll2 < 4 max (b, va,i) xxx+| < 8d. (5.5)
Consider the case f € €(0,1). Set d(n) = n'~7 for one positive v < 1, see (4.20), and

determine n = ng such that ng increases unboundedly as § — 0 while lims_.q ng/%'y& =0.
Then, (5.2) holds true and we have the regularization property

}i_r}r(l) sup {||f — gn&d(né)wﬂoo Tw = \IffwAf, \I!‘flé satisfies (5.4)} = 0.
An admissible choice for ng is ng ~ § 5725 .

Under the smoothness assumption f € C*(0,1), a > 0, we even obtain a convergence
order in 5. We derive from (4.21), (5.3), and (5.5) that

1 = A a WS Aflloe < I1f = Ana¥nAf oo + | Ana(¥0 — W) Af| o
< C(n~ ™Y 4 §5dv/n) | fllea(o.1)-

—1
Choosing ns ~ 6 mmi572372+aF and d(ns) = ng results in

min{l,a}

1f = Angons U0 Af]|| oo = O(§705/237275T) a5 § — 0.

The convergence order saturates at 2/5.
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A. Appendix: proofs of mollifier property (2.13) and approximation properties (2.14)
and (2.17). Let f be in C(0,1) and E, be defined as in (2.10). We will prove that

1f = Eafllec <2w(f;3R) (A1)

where h = 1/d and w is the modulus of continuity:

w(f;) =sup{|f(z) = f(Y)] - z,y €[0,1], [ —y| <7}

Note that (A.1) immediately yields (2.13) as well as (2.14).

We follow a standard procedure in approximation theory, see, e.g., Oswald [10, Sec. 2.2].
First we bound Eg4: C(I, r+1) — C(Irr41), ¥ = 0,...,d — 1, uniformly in d. Here, I,
denotes the interval [x4,;, x4,1] for i < k. We obtain

IEafller, ..y = sup [Baf(z)l = sup [(f;edr)bar(®) + (f;€drt1)bari1()|

z€lr rq1 €L rq1

< max{[(f, ear)|, [(f,eari)[} < sup  [f(2)] = [ fllew 12

€l 1,42

where (-,-) = (-,-)xxx~ and where we set z4_1 = 0 and 24,4+1 = 1. As E,4 reproduces
constant functions p we find

If = Eafller, .y = If —plleu, o0 + 1Ba(f = p)lled, 1)

(A2)
<2|f- p||e(lT—1,r+2)'

Choosing especially p = m I; f(t)dt we get

r—1,r42

sup

If = plled 1 v = [
-1, r—1,r42

/1 (f(x) - f(t))dt} < w(f;3h).
Thus

If = Baflleon = _ max  If=Baflle,..) < 2w(f;3h),

which is (A.1). Finally, we validate (2.17). By (2.16) estimate (A.2) remains valid for p € II;,
that is,

Hf - Edf|‘e(1’r,’r+l) < 21Df{||f _p||@(1r71m+2) ‘pe Hl}

Applying Jackson’s theorem, see, e.g., Schumaker [21, Theorem 3.12], yields (2.17).

B. Appendix: Integration operator in a Hilbert space setting. The integration oper-
ator A (4.3) can also be considered in a Hilbert space setting, that is, as a bounded operator
A: L?(0,1) — L?(0,1). Our results from the previous sections apply here as well.

First we define the bounded observation operator (2.1) by

U, L2(0,1) = R™ (Wog)k = Wk, 9)r200,1), K =0,...,7, (B.1)

where the 1), s are suitable L?-functions to be specified later. To set up the approximate
inverse for A, = ¥, A: L?(0,1) — R"™! we start with computing reconstruction kernels
for A: L?(0,1) — L?(0, 1) whose adjoint is

A*: L%(0,1) — L*(0,1), g+~ A*g(x) = /1 g(t)dt.

x
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Setv = —¢’ fore € H}(0,1) with fo t)dt = 1. Then, A*v = e, i.e., v is a reconstruction
kernel corresponding to the molhﬁer e. Indeed, if e is localized about x we have

f@) = (f e}z = (Af,v)r2 = —(Af,€')p2 = ((Af)' €)1

using integration by parts for the last equality.
We define the mollification operator Eq: L?(0,1) — L?(0,1),d > 2, by

d
Eqf = Z<f, €d,i)12bd,q

i=0

where the bg;’s are as in (2.7) and (2.8). Estimate (2.9) holds true even if we replace the
sup-norm by the L?-norm. Thus, (2.5) is valid with (d) = 1.
The mollifiers in E,; are generated in the following way:

eqi(x) =de(de —1), i=1,....,d—1,

with e € Hj(—1,1), for instance, e(z) = 32(1 — 2?)3, |z| < 1, and e(x) = 0, otherwise.
Further,

eq,0 = 2de(2dx — 1), egqq = 2de(2dz — (2d — 1)).

Observe that suppeg; = [Tgi—1,%di+1), ¢ = 1,...,d — 1, and suppego = [0,zq,1],
Supp €q.4 = [*d,d—1, 1]. The reconstruction kernels are vg; = —(eq;)’.
Since E,; reproduces constant functions we have

Jm [|f =Eqf|2=0 and [|f —Eqf|r: < Cpd” min{Lod )| £l o

by the arguments of Appendix A.
The last ingredient of the approximate inverse is the operator J,,: L?(0,1) — L?(0, 1),
cf. (4.5), which we define to be

n
jng = Z<wn,ku 9>L2 bn,k-
k=0
There are several choices for the vy, ;s leading to?

1909 — gllzz < Coyn~Pllgllgs, 0< B <20

Thus, we have (4.6), (4.7), and (4.13). _
Now we can assemble the approximate inverse A,, 4: R"*1 — L2(0,1) as

d

!
E w, GV vai)2bai,  vai = —(eds),
i=0

where U/ : L2(0,1) — R" ™ (V! u), = (bpk,u)r2 and G, is the matrix of order n + 1
with entries (Gp)ke = (¥n k,bn.e) 2. Typically, the 1, ;’s will have a small support and
thus, GG, will be a banded matrix with a band-width being independent of 7.

30ne choice can be found in [15, Example 3.1].
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Similar to the Banach space setting the integration operator smooths in terms of Sobolev
scales,

A: H*(0,1) — H*"1(0,1) boundedly for any a > 0,

cf. (4.12). Hence, the hypotheses of Theorem 4.3 and Corollary 4.4 are fulfilled. Since
lvaillze = l|(eas)||z2 = d/?||¢|| > the error estimate (4.9) reads

If = AnaAnfllzs < 1f = Eaflloe + Cdn | £ 12
and leads to convergence for d(n) = n?/3~7 where 0 < v < 2/3:

d(n) =n?*"" = lim ||f — A, gy Anfllz2 =0 forany f € L*(0,1).

Assuming smoothness of f, i.e., f € H*(0,1) for an a > 0, and choosing d(n) = n?/3 the
error bound of Corollary 4.4 yields

Ilf— gn,d(n)z‘lnfﬂm < Cn~ i) £l o

Let us compare the above results with the situation of Example 4.7: If convergence and con-
vergence with rates should hold then we can recover about n moments of the searched for so-
lution from n measurements in the Banach space framework, see (4.20) and (4.21). Whereas
the Hilbert space approach allows only for a reliable reconstruction of about n%/3 moments
from the same amount of data. This seemingly unfavorable result for the L2-scenery reflects
the proper inclusion €*(0,1) € H*(0,1), a > 0, that is, the Hilbert space contains irregular
elements being not in its Banach space equivalent.

REMARK B.1. Note that our above Banach and Hilbert space approximate inverses
of the integration operator are directly comparable since all their ingredients match their
respective counterparts of the other setting. For instance, since point evaluation cannot be
defined boundedly on L? we replaced the observation operator (4.16) by the operator (B.1)
which takes averages. However, point evaluation can be defined boundedly on the range of
A: L?(0,1) — L?(0,1) and we may replace the observation operator (B.1) by

U, HY(0,1) = R" ™ (V,9)x = g(zn k), k=0,...,n,

compare (4.16). Here we can apply the approximate inverse according to our theory devel-
oped in [15, 16], see also [13] and [24]. The relation of number of measurements and number
of reconstructible moments we obtain gets worse: To yield convergence for an L*-function
we can only recover about n'/? moments.
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