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A TRIGONOMETRIC METHOD FOR THE LINEAR STOCHASTIC WAVE
EQUATION

DAVID COHEN*, STIG LARSSON', AND MAGDALENA SIGG*

Abstract. A fully discrete approximation of the linear stochastic wave equation driven by additive noise is
presented. A standard finite element method is used for the spatial discretisation and a stochastic trigonometric
scheme for the temporal approximation. This explicit time integrator allows for error bounds independent of the
space discretisation and thus do not have a step size restriction as in the often used Stormer-Verlet-leap-frog scheme.
Moreover it enjoys a trace formula as does the exact solution of our problem. These favourable properties are
demonstrated with numerical experiments.

Key words. Stochastic wave equation, Additive noise, Strong convergence, Trace formula, Stochastic trigono-
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1. Introduction. We consider the numerical discretisation of the linear stochastic wave
equation with additive noise

dii — Auds = dW in 2 x (0,0),
u=0 in 92 x (0,), (1.1)
u(-,0) = ug, u(-,0) =vo in 7,

where u = u(x,t), 2 C RY, d = 1,2,3, is a bounded convex domain with polygonal boundary
22, and the dot “-” stands for the time derivative. The stochastic process {W()};>¢ is an
L, (2)-valued Q-Wiener process with respect to a normal filtration {.% },>¢ on a filtered
probability space (Q,.%,P,{.% };>0). The initial data uy and vy are .%y-measurable random
variables. We will numerically solve this problem with a finite element method in space [I7]
and a stochastic trigonometric method in time [[II] and [3] (see Section[3).

There are many reasons to study stochastic wave equations. Let us mention the motion
of a suspended cable under wind loading [[@]]; the motion of a strand of DNA in a liquid
[@l]; or the motion of shock waves on the surface of the sun [[3]. All these stochastic partial
differential equations are of course nonlinear and highly nontrivial. But in order to derive
efficient numerical schemes, we first look at model problems like (LI).

The numerical analysis of the stochastic wave equation is only in its beginning in com-
parison with the numerical analysis of parabolic problems. We refer to the introduction of
[Tl for the relevant literature on the space discretisation of our stochastic partial differential
equation. We now comment on works dealing with the time discretisation of (II). Strong
convergence estimates for implicit one-step methods can be found in [I6], despite the main
theme of the paper which is weak convergence. Both for spatial and temporal approxima-
tion the order of convergence is found to be somewhat lower than the order of regularity, see
Remark 22 below. In 28] the leap-frog scheme is applied to the nonlinear stochastic wave
equation with space-time white noise on the whole line. A strong convergence rate & (hl/ 2)is
proved, where £ is the step size in both time and space, which is in agreement with the order
of regularity in this case. The reason for this is that the Green’s functions of the continuous
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and the discrete problems coincide at mesh points. A similar trick is also used in and 20
to derive an “exact” solver. Let us finally mention the work [[[3]], where error bounds in the
p-th mean for general semilinear stochastic evolution equations are presented. The authors
consider a Fourier Galerkin discretisation in space and the exponential Euler scheme in time.
This exponential time integrator (see also [[[Il|, 12, [I8] and references therein) is, in the
linear case, precisely the one that we use [3].

The paper is organised as follows. Some preliminaries and the main results from [I7]
on strong convergence estimates for the finite element approximation of our problem are pre-
sented in Section [2l The stochastic trigonometric scheme is introduced in Section [3[ and a
convergence analysis is carried out in Section[d A trace formula for the numerical integra-
tor is obtained in Section [5] and finally in Section [6]l numerical experiments demonstrate the
efficiency of our discretisation.

2. A finite element approximation of the stochastic wave equation. Before we can
state the main result on the finite element approximation of [17]], we must define the spaces,
norms and notations we will need. Let U and H be separable Hilbert spaces with norms
[Illu, resp. ||-|la- £ (U,H) denotes the space of bounded linear operators from U to H and
2 (U, H) the space of Hilbert-Schmidt operators with norm

- 1/2
1T = (LI Tel)
k=1

where {e;};7_, is an orthonormal basis of U. If H = U, then Z(U) = £ (U,U) and HS =
2 (U,U). Furthermore, if (Q,.%,P,{.% };>0) is a filtered probability space, then L,(Q,H)
is the space of H-valued square integrable random variables with norm

1Vl y(.) = ElIVIE]>

Let Q € Z(U) be a self-adjoint, positive semidefinite operator. The driving stochastic process
W (¢) in (LD is a U-valued Q-Wiener process with respect to the filtration {.%; },>¢ and has
the orthogonal expansion [22] Section 2.1]

wie)=Y v/°Bi(0)e;, @.1)
=1

where {(7;,¢;)}7., are eigenpairs of Q with orthonormal eigenvectors and {f;(z)}7_, are
real-valued mutually independent standard Brownian motions. It is then possible to define
the stochastic integral [j ®(s)dW (s) together with Itd’s isometry, [22]]:

ot 2 ot
B[ [ewawe)|,] = [ 1960 2 0 mds, 2.2)
where @ : [0,00) — £ (U, H) is such that the right side is finite.

For the stochastic wave equation (LI}, we define U = L,(Z) and A = —A with D(A) =
H?*(2)NH}(2). We assume that the covariance operator Q of W satisfies

[AB=D2Q1/2|| g < oo (2.3)

for some B > 0 and with the Hilbert-Schmidt norm defined above. If Q is of trace class, i.e.,
Tr(Q) = ||Q"/?||3g < oo, then B = 1. If Q = A%, 5 > 0, then B < 1 +5—d /2. This follows
from the asymptotic behaviour of the eigenvalues of A, A; ~ j¥/4. In particular, if Q = I, then
B < % and d = 1. Note that we do not assume that A and Q have a common eigenbasis.
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We will use the spaces H* = D(A%/2) for a € R. The corresponding norm is given by
. /2 - ] 2 172
Vil := A%Vl (9) = (,Zl'lj v, (Pj)Lz(@)) )
-

where {(4,, (pj)};":l are the eigenpairs of A with orthonormal eigenvectors. We also write
H*=H*xH*'andH=H"=H"xH"'.

We use a standard piecewise linear finite element method for the spatial discretisa-
tion. Let {.7},} be a quasi-uniform family of triangulations of & with hx = diam(K), h =
maxge 7, hg, and denote by Vj, the space of piecewise linear continuous functions with re-
spect to 7, which vanish on d 2. Hence, V, C H} (2) = H'.

We introduce a discrete variant of the norm ||| «:

2
vl = IAY Vil Ly(2)s Vi € Vis

where Ay, : V, =V}, is the discrete Laplace operator defined by

(Ahvh,wh)Lz(g) = (Vvh,VWh)Lz(@), Ywy, € V.
Denoting the velocity of the solution by u; := i} := i, one can rewrite (I.I) as

dX (1) =AX(¢)dt +BdW(z), t >0, 2.4)
X(0) =Xo,

L 0 1 L 0 |m uo . .
where A := [—A 0}, B := [1], X = [MJ and X := L’O]' The operator A with D(A) =

H' = H' x H is the generator of a strongly continuous semigroup of bounded linear opera-
tors E(t) = e on H” = H° x H~!, in fact, a unitary group.

Let 2, : H* = V), and %), : H' — V), denote the orthogonal projectors onto the finite
element space V), C HO1 (2) = H', where we recall that V,, is the space of piecewise linear
continuous functions. The finite element approximation of (IT) can then be written as

dlfth’](l)-l-/\huh’](l‘)dl‘ = gde(l‘), t>0,

(2.5)
up1(0) = upo, up2(0) = vy,

or in the abstract form

dX, (1) = ApXy(t)dt + ZpBdW (1), t >0, 2.6)
Xn(0) = Xno, '

where A), 1= [_([)\h (I)] , Xy = th and Xj, o := {ZZ(O)} Again, Ay, is the generator of a

Co-semigroup Ej,(t) = €4 on V.
It is known, see, e. g., [d Example 5.8] and [[I7], that under assumption 2.3) the linear
stochastic wave equation (2Z.4) has a unique weak solution given by

) )

t
X (1) = E(1)Xo + / E(t—s5)BAW(s), 2.7
0
with mean-square regularity of order 3,

HX(I)HLZ(Q,Hﬁ) < C(”XOHLZ(Q,Hﬁ) +t1/2”A(B71)/2Q1/2”HS), t>0. (2.8)
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Similarly, the unique solution of the finite element problem (2.6) is given by
g
X3(1) = En(1) X0 + /0 Ent —5)P,BAW (s). (2.9)

We quote the following theorem on the convergence of the spatial approximation.
THEOREM 2.1 (Theorem 5.1 in [[7l)). Assume that Q satisfies @3) for some B € [0,4].
Let Xo = [ug,vo]T € HP =HP xHP-! x = [ur,uz]” and X, = [“h,lauh,Z]T be given by @)
and @), respectively. Then the following estimates hold fort > 0, where C(t) is an increas-
ing function of the time t.
o Ifupg= Puug, vio = Pypvo and B € [0,3], then

2 lig— 1
([t (1) = w1 (1) (.10 SC(I)MB{HXOHLQ(Q,HM‘F [A2F=D 07 |5}
o Ifupo = Zpuo, vy = Ppvo and B € [1,4], then

llun2 (1) = u2(t) ||y .0y < Cl0)R

REMARK 2.2. Note that the order of convergence in the position, %ﬁ, is lower than the
order of regularity, B, in @3). This is a known feature of the finite element method for the
wave equation, see [IZ)]. The upper limits for B are only dictated by the fact that the maximal
order for piecewise linear approximation is 2; higher regularity will not yield higher rate of
convergence unless higher order finite elements are used, which can be done of course, see
[IA]. Similarly, it is shown in I8 Theorem 4.1] that the order of convergence of implicit
one-step temporal approximations is O (kmin(ﬁ PlT]l’l)), where k is the steplength and p is the
order of the method. Thus, p =1 and p = 2 for the backward Euler-Maruyama and Crank-
Nicolson-Maruyama methods, respectively.

We will also use the following relation between Aj, and A, see the proof of Theorem 4.4

in I3,

2
3

— lg_ 1
B0l (0.8 + 1428107 |ls ).

1A U VIIE ) < IVIIEy (0 @ € [=3,1), veEH® = La(2), (2.10)

where &7, is the orthogonal projector &, : H® — Vj,.

Finally, we remark that the assumption that & is convex and polygonal guarantees that
the triangulations can be exactly fitted to d % and that we have the elliptic regularity [|v[| ;2 () <
C|[Av||1,() for v € D(A). This simplifies the error analysis of the finite element method. The
assumption of quasi-uniformity guarantees that we have an inverse inequality and is only used
in the proof of the case o € [0, %] of @I0). In particular, it is not needed for the proof of
Theorem2:I]and not for the case 8 = 1 (trace class noise) in the error analysis in Theorem[E.]]
below.

3. A stochastic trigonometric method for the discretisation in time. In order to dis-
cretise efficiently the finite element problem 2.3), or (2.8), in time one is often interested
in using explicit methods with large step sizes. A standard approach for the deterministic
case is the leap-frog scheme, but unfortunately one has a step-size restriction due to stabil-
ity issues. In the present paper, we will consider a stochastic extension of the trigonometric
methods. The trigonometric methods are particularly well suited for the numerical discretisa-
tion of second-order differential equations with highly oscillatory solutions, see [Q Chapter
XIII] for more details. As stated above, the exact solution of (Z.6) is found by the variation-
of-constants formula and given by (Z9). We can write Ej(¢) as

G A,Psu)

Elt) = NS Gul)

3.1
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with Cy(r) = cos(tA,l/ 2) and Sj,(r) = sin(tA,l/ 2). Discretising the stochastic integral in the
sense of Itd, that is, evaluating the integrand at the left-end point of the interval, leads us
to the stochastic trigonometric method. We let k be the time step size and U{) = up and
U20 = vj,0, and obtain the numerical scheme U = E(k)U" + Ey(k) 22, BAW™, that is,

n+1 n -1/2
[Zim] = [Ul] + [Ah Sh(k)} ZAW",  (32)
2

vy Ci(k)
where AW" = W (t,+1) — W(t,) denotes the Wiener increments. Here we thus get an approx-
imation U} ~ up, j(tn) of the exact solution of our finite element problem at the discrete times
t, = nk.
REMARK 3.1. The stochastic trigonometric methods 32 are easily adapted to the
numerical time discretisation of (N-dimensional) systems of nonlinear stochastic differential
equations of the form

Gk A,Sk)

NSk Culk)

X(1)+ 0?X(1) = GX (1)) + W (1),

where ® € RNV is a symmetric positive definite matrix and G(x) € RN is a smooth nonlin-
earity. In this case, one obtains the following explicit numerical scheme [B]]

X[ cos(kw) o 'sin(kw)] [XI
Xy T |—osin(ko)  cos(ko) | | X
2 3.3)
Lwo(ax))

n [a)1 sin(k)
E(PoG(RX]) + ¥ G(@XT))

cos(kw) ]AW ’

where k denotes the step size and AW" = W (t,,..1) — W (t,) the Wiener increments. Here
Y = y(kw) and ® = ¢(kw), where the filter functions W, are even, real-valued functions
with w(0) = ¢(0) = 1. Moreover, we have ¥y = yy(kw), V| = v (ko) with even functions
Wo, ¥ satisfying Wy(0) = y1(0) = 1. The purpose of these filter functions is to attenuate
numerical resonances. Moreover, the choice of the filter functions may also have a substantial
influence on the long-time properties of the method, see [ Chapter XI11] for the deterministic
case. We will not deal with these issues in the present paper.
Numerical experiments for the nonlinear stochastic wave equation

di— Audt = G(u)dr +dW

with a smooth nonlinearity G will be provided in Section[8lin order to demonstrate the effi-
ciency of this approach. We leave a theoretical investigation of the nonlinear case for future
works.

For a more detailed derivation of the trigonometric method and its use for nonlinear wave
equations we refer to O Chapter XIII] and [ for the deterministic case and to [[I] and [3]]
for the stochastic case.

In the next section we will see that this explicit numerical method permits the use of large
time step sizes k and that the error bounds are independent of the spatial mesh size /; some
of these properties are not shared by, for example, the backward Euler-Maruyama scheme,
the Stormer-Verlet scheme or the Crank-Nicolson-Maruyama scheme, as we will see in the
numerical experiments in Section[d

4. Mean-square convergence analysis. In this section, we will derive mean-square
error bounds for the stochastic trigonometric method (3.2). Our main result is a global error
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estimate for the time discretisation in Theorem[L1] Its proof is based on bounds for the local

errors in Lemma[4.2] Finally, we formulate an error estimate for the full discretisation.
THEOREM 4.1. Consider the numerical discretisation of (Z.3) by the stochastic trigono-

metric scheme (B.2) with temporal step size k. The global strong errors of the numerical

scheme satisfy the following estimates:

o If|AB=D2Q1/2||ys < oo for some B > 0, then

U = 3,1 (10) | 1, 110) < CR™ P AP D202 s,
o If|[AB-D2Q12||ys < oo for some B > 1, then
U5 =t 2(t0) | 0,0y < CRMME LI AB=D2Q12 g
The constant C = C(T) is independent of h, k, and n with t, = nk <T.

For the proof of the above theorem, we will need the following lemma:
LEMMA 4.2. Let the local defects d" = [d}},d5)" be defined by

" I+l _1/2 ~1/2 "
&= /t A2t — ) 2, dW (s) — A, V283 (k) 2aW,
Tnt1

dg = Ch(t,,+1 —s)@de(s)—Ch(k)ﬁhAW”.

In

We have the following estimates:
o If|[AB-D2Q12||ys < oo for some B > 0, then

n —1/2 in i R —
E[ld}l7,()] +EllA, / d3|17,()) < CKmMEPELIAB=D Q12 3
o If|[AB-D2Q12||ys < oo for some B > 1, then
1/2 1n n i — —
E(|A, HE, ) +ElId5 (17, (0] < CRmntB =131 AP DI2QI2|%.

The constant C = C(T) is independent of h, k, and n witht, = nk <T.
Proof. We begin by showing

—B/2
1Sn() = S4(5))A, P2 oy < Cle—slP, - B [0,1]. @)
For § =0 and v, € V}, we use the triangle inequality and the boundedness of Sy, (t):
[1(Sh(t) = Sn(s))vallLo(2) < 2lIvallLy(2) = 2l1vallno-
For B = 1 and v;, € V}, we use the fact that
t t 12
(Sp(t) — Sp(s))vy = / D,S;(r)vpdr = / Cr(r)A, “vpdr
S S

and hence

1/2
(S (2) = Sn(s))vallLy(2) < |t — 5| A,/ VillLy 2y = 1t = slllvalln-

A well-known interpolation argument then yields

1(Sn(t) = Su(s))vall oy < Cle =P [allng,  vi € Vi, B €10,1],
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which is (@1)).
We now consider d with § € [0, 1]. By Itd’s isometry (2.2) and @I) we have
~1/2 2
Efld} 3,0 (S1ltns1 =) = Si(k) 2paW (s) |, |
_ CA-12 1/292
= HAh (Sn(s) = Su(k)) 20"/ ||lus ds
/ 1(4(5) = SnkDA, P21 oy ds AL 22,012
scxcm“nAh ”%QI/ZHEIS.
Using also ZI0) with o = (B —1)/2 € [~ },0] we obtain
a2 240" s = ||A£f*”/2%r<ﬁ*1>/2A<ﬁ*”/2Q1/2H b
S AR P Sl S

< ClIAPV2Q1 2y
This proves

E[lld7[17,(5)) < CPHAPD2Q12 g,

which is the desired bound when f3 € [0, 1]. When 8 > 1, we simply observe that ||A’(ﬁ’1>/2|\$(H0) <
C, so that by the already proven case

E[|ld}]7,(5)) < CK(1Q' |l < CRJAP=D2Q 2 R |ATF=D21%, 0,
< CIP | APDR2Q12 .

This is the desired result for § > 1.
Similarly we find for the second component d5 with 8 € [1,2]:

E{l3112, o / 1) = Culln) Ay P21 oy ds A2 2,012 s,
where, similar to @D,
1€a(6) = Cul) P2 roy < Cle 5P, B (1,2,
Hence, using also (ZI0) now with a = (B —1)/2 € [0, 1], we obtain
B[22, )] < CRF 1A D201/2

for B € [1,2]. For B > 2 the defect is of the order k3.

The bounds for ]E[HAl/zd”HL (D) ] and ]E[HAfl/zd”HL2 )] are proved in the same way. [
We now turn to the proof of our main result on the strong convergence of the numerical

method (32).
Proof. [Proof of Theorem F.]l] We define F T=Uy

P —upj(tn), j=1,2, and F" =
[F7', F;]". First of all we remark that

||U1”—”h,l(fn)||iz(g7go |FY' ||L2 Q.H0) [||F1 ||L2(9 ]
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Substituting the exact solution X, = [uy, 1,u;2]" of (Z3) into the numerical scheme (32), we
obtain

Xi(tns1) = En(k)Xn(tn) + En(k) Py BAW" +-d"

with the defects @" := [d},d}]" defined in Lemma FE2l and Ej,(r) defined in (3I). We thus
obtain the following formula for the error F"*1:

Fﬂ+1

)

n n
=Ep(k)F" +d" = Ep(tar))F*+ Y En(ta—j)d’ = Y Ep(ta—j)
j=0 =

since FO = 0. Taking expectations gives us for the first component
E[|F 1) = E|

n—1

i A-L/2 P
;)(Ch(tnflﬁ)dl"‘/\h Sh(fnflfj)dz)HLz(@)]

n—1 on—1 )
—&|(L Gt 1)l E Gilor1-0dt)

=0 i=0
n—1 on—1 1) )
Y Cu(ta1-j)dy, Z A, Sh(tnli)d§>

(%
(ZA /Sh tn - jdzazch In—1- 1)d1>

i=0

+ (Z AZI/ZSh(tnflfj)dé} Y Ahl/zsh(fnli)dé)} :
j=0 i=0

Here we use the independence of d’il and d{ , Withi, j=0,...,n—1fori# jto get

n

E[IF I3, =E| 0<ch(rn )] Chltn-1-j)d])
1

J
n—

(Ch(tn 1— j)d17 /ZSh(tnflfj)d'zi)

*W
—_ O

+) (A ;l/zsh(tnflfj)d'ziaCh(tnflfj)d{)

:W.
-_ O

+ ( 71/2Sh(tn 1— j)dZ) l/zsh(tnflfj)d'zi)}

I
o

J
n—1
=) E

Jj=0

<2 T (B[1d{ 13, 00] +E[IA ey
j=0

{||Ch(t,, - j)d’—i—A /S (l‘nflfj)dlziﬂiz(@)}

Now we can apply Lemma2l for the estimates of the defects d{ and d'zi and get

E[||F{’||%2(@)} <C ;)kmin{ZﬁnLlJ}HA(ﬁ*I)/ZQl/ZHIZ_IS
o

< C(T)kmm{zﬁ’z}|‘A(ﬁ71)/2Q1/2|‘%{S,
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Therefore we obtain
i ,1 -1)/2H1/2
1UT = 1 (tn) | 0,00 = E[Hﬂ"”iz(%} < CRmin{P | AB D201 2) g

for B > 0.
For the second component of F”* we obtain

2

n—1 . .
E[IF1IZ,(0)] = E[H Y (832 Sultn-1-)d] +Calt-1-)d3) HLZ(@)]
Jj=0
n—1 . .
= Y E[l-A*Sulta 1 )] + Cialta 1]}, )]
=0

n—1
1/2 5j112 112
SC;)(”N; dil1,2) F 1117, (2)-
=
Thus we get with Lemmal2] if 8 > 1:

E[IF3I7,)] <C Z;)kmin{zﬁ—1,3}HA(ﬁfl)/le/zH%IS
=
< Ckmin{Zsz,Z}”A(ﬁfl)/ZQl/Z”IZ{S

and
103 = un2(ta)ll Ly .m0 = \/E[IFS 117, 10) < CrmintP LI AB=D/201/2 g

d

We can now collect the convergence results for the space discretisation and for the time
discretisation. This gives us the following theorem.

THEOREM 4.3. Consider the numerical solution of (1) by the finite element method in
space with a maximal mesh size h and the numerical scheme B.2) with a time step size k on
the time interval [0,T). Let us denote the discrete time by t, = nk. Let Xo = [ug,vo]" and let
X = [uy,us]” and X), = [“h,lauh,Z]T be given by @) and @), respectively. If‘”X()HLZ(Q‘Hﬁ) <
oo, the following estimates hold fort > 0, where C(t) is an increasing function of the time t.
o Ifupg= Pyuo, vy = Ppvo and if |AB=D2Q12||ys < oo for some B € [0,3], then

1T = 01 (10) oy < CCT) (P2 kemndB) ) A0/ 2.
o Ifup o= Zpuo, vio = Pnvo andifHA(ﬁ’l)/zQI/ZHHs < oo for some B € [1,4], then
1U3 = 2(t0) oy < CCT) (2B geminlB11 ) | AB=D2Q12

Proof. This follows from Theorems .1l and Il by the triangle inequality. 00

5. A trace formula for the numerical solution. In this section, we look at a geometric
property of the exact solution of the wave equation. It is known that, in the deterministic
setting, the linear wave equation is a Hamiltonian partial differential equation, wherein the
total energy (or Hamiltonian) of the problem is conserved for all times. However, in the
stochastic case considered here, the expected value of the energy grows linearly with the time
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t. This is stated in the next theorem for the semidiscretisation of our linear stochastic wave
equation (IT). For a nonlinear version of this so-called trace formula we refer to [24].

THEOREM 5.1. Consider the numerical solution of (1) by the finite element method
in space with a maximal mesh size h. Let X, = [uy, l,uhyz]T be given by 2.9). The expected
value of the energy of the exact solution of the semidiscrete problem Q.3 with initial values
X5(0) = [up0,v0)" € La(Q,V},) satisfies:

1 1/2 1 1/2
E[5 (18321 O 0+ ls2 01 2)) | = E[5 (183 2nolEy ) + ol )]
1
+ El‘TI‘(:@thh)

for all times t > 0.
Proof. We recall that the solution of @3), X (¢) = [up,1(t),us2(¢)]", with initial values
X1(0) = [un, vh,o]T can be written as

t
X(6) = E(0X0(0) + [ Eyle—5) Z4BaW(s).
0
Therefore we get for the first summand of the energy, i. e., the potential energy,

t 2
E ||A;1,/2“h,1(t)||i2(9)} :E[HA}lz/ZCh(t)“h,O+Sh(t)vh,0+/O Sp(t — ) ZpdW (s) Lz(%}

= E“\A;ll/zch(f)umd

1o(2) + 1S5 @)vaollZ )

+H/OlSh(t—s)9de(s)

2 1/2
2(A
Lz(%Jr ( N Ch(t)uh,o,Sh(f)Vh,O)

t
+2(ACulymo, /0 Silt =) P4 dW(s))
o
+2(Sh(t)vh7o,/ Sh(l—s)f@de(S))}
0
= E[IA1/ G0 )unl )+ 18Onl

+ H./OtSh(t—s)gzde(s) ’

1/2
oy 20 CulO10.50)m0)

Ly

using the fact that the above Itd integrals are normally distributed with mean 0.
For the second summand we obtain

1/2
[l 2 (012,00 = E[IAY S0 0mnoll2, ) + 1ot ol o

+ H ,/ot Calt = 5) P dW(S)HZ -~ 2(A/11/2Ch (t)un0,Sh (t)vh,o)} .

Ly (2)

Now, we use Itd’s isometry to compute, for example,

5| [sic-szmawe) ] = [Isi0-92:0" fsas

Then, combining these expressions and using a trigonometric identity leads to the statement
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of the theorem:
1 1/2 2 2 _ e[l 1/2
El5 (A Zun 1 ON17, ) + lun 2O 7,)) | =E 3 (1A, “un ol

1
+ EIH«@th/ZH%{S

A ha HMOH@(@))}

1 1/2
= E(”Ah/ Unol

1o+ lunolli, )
1
+ EITI’(«@;,QQZ;I).

The last equality follows from the definitions of the HS-norm, of the operator Q and of the
projector Z,:

| 24,0 ||is = Te((240"*) (240" /%)) = Te( 2,0 D).

This concludes the proof. O
REMARK 5.2. We would like to point out, that an alternative proof of the above result
can be obtained using 1t6’s formula, see for example [@ Theorem 4.17], to the function
1
F(U) = 5 (18 *Uni 1) + 1Un2lF )

We are now able to show that the numerical solution given by our stochastic trigonometric
scheme preserves this geometric property of the exact solution of the finite element problem
€.

THEOREM 5.3. Under the assumptions of Theorem[ 1) the numerical solution of (2.3)
by the stochastic trigonometric method B2) with a step size k preserves the linear drift of the
expected value of the energy, i. e.,

1 /2,0 n 1 1/2
E{E(H/\h/ U ||i2(9)+||UzHi2(@))} :E[E(HA/ Mh,0|\%2(9)+th,oﬂiz(@))}
1
+ El‘nTl’(gthf@h)

for all times t,, = nk > 0.
Proof. The stochastic part of the method can be written as an Itd integral and we obtain
due to the It6 isometry

th 2
E[Isu(0) 25w )| :IEH/ Sp(k) P dW (s)

et Lz(@)}

fn
= [ 1510 210" s s
n—1

Similarly to the proof of Theorem[5.1l we thus get

1 n n 1 e e
E[§(||A/11/2U1Hiz(@)JFHUzH%Z(@))} :E{E(HA;I/ZM IZ,02) + U3 1||%2(@))}

k
+ ETI'(:@hQ@h)

A recursion now concludes the proof. O To conclude this section, we would like to remark that
already for stochastic ordinary differential equations, the growth rate of the expected energy
along the numerical solutions given by the forward (or backward) Euler-Maruyama scheme
and the midpoint rule, see [ and references therein, is not correct. Indeed, for the forward
Euler-Maruyama scheme, one has an exponential drift in the expected value of the energy.
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6. Numerical examples. Let us consider the example given in [[7):

dit — Audr = dW, (x,) € (0,1) x (0,1),
u(0,1) =u(1,1) =0, t€(0,1), 6.1)
u(x,0) =cos(m(x—1/2)), u(x,0)=0,  x€(0,1).

The solution of this stochastic partial differential equation will now be numerically approx-
imated with a finite element method in space and the stochastic trigonometric method (3.2))
in time. For the below numerical experiments, we will consider two kinds of noise: a space-
time white noise with covariance operator Q = I and a correlated one. For correlated noise
we choose O = A~* with s € R and recall the relation B < 1+s—d/2, where d = 1 is the
dimension of the problem, see the discussion after (2.3).

Before we start with our numerical experiments, let us briefly explain how we approxi-
mate the noise present in the above stochastic partial differential equation. From the Fourier
expansion (Z.1)), we have for all y € Vj;:

=

(P AW", X) 122 Z aB Bj(ejs X)ry(2)s

where {7;,e ,}‘7’ | are the eigenpairs of the covariance operator Q with orthonormal eigenvec-
tors {e;}7_;, and {;}7_, are mutually independent standard real-valued Brownian motions

with Gaussian increments AR = B;(ty) — Bj(ta—1) ~ ~ kA (0,1). As explained in [7], un-
der some assumptions on the triangulation and the operator Q, one can approximate the above
expansion with

J
('@hAW ax L, (2) ™ Z 1/ Aﬁj e, X )Lz(@)

with an integer J > N,,, where N;, = dim(V},), while retaining the convergence rate, to obtain
the semidiscrete solution, see (2.9)),

J t
X[ () = Ei()Xio + Y. 72 /0 Ej(t — ) 7,Be; dB; (s).
=1

Figure confirms the results on the spatial discretisation of our linear stochastic wave
equation stated in Theorem 2.J1 The spatial errors in the first component of our problem
are displayed for various values of the parameter s. On the one hand we consider a space-
time white noise with Q = I, and hence 8 < 1/2, and on the other hand, different correlated
noises with Q = A™, i.e., B < 1/2+s. The corresponding convergence rates are observed.
Here, we simulate the exact solution with the numerical one using a very small step size,
i.e., kexact = hexact = 25, The expected values are approximated by computing averages over
M = 100 samples.

We are now interested in the time-discretisation of the above stochastic wave equation
for various spatial meshes. Figure displays the strong error at time ¢ = 1 in the first
component of the solution for space-time white noise with s = 0 and for correlated noise with
s = 1/2, respectively. One observes the order of convergence stated in Theorem 1] and the
fact that these errors are independent of the spatial discretisation. Again, the exact solution is
approximated by the stochastic trigonometric method with a very small step size kexact = 2.
We use Aexact = 22,2710, resp., 271! for the spatial discretisations. Again M = 100 samples
are used for the approximation of the expected values.
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k=28, M=100 samples

T
—e—B<1/2
— Order 1/3
—k— B <1
— Order 2/3 [
——B<32
Order 1
—%—B<3
Order 2

. . . 2
FIGURE 6.1. Spatial errors: The Ly-error in the first component decreases with order n3b.

Next, we compare our time integrator with the following classical numerical schemes for
stochastic differential equations. When applied to the wave equation in the form (2.4)), these
schemes are:

1. The backward Euler-Maruyama scheme X"+ = X" + kAX"+! 4- BAW", see for ex-
ample [I4]] or [21]]. The strong rate of convergence for this method is & (kmin(B / 2,
see [[@ Theorem 4.12].

2. A stochastic version of the Stormer-Verlet scheme, writing X = [X;,X>]7,

k
X =xp 4 FAXT+W(tny12) = W),

Xpl =X kg,

12k
X = AR W 1) = Wt 0)

For an application of this scheme to the Langevin equation, we refer to [23]. We
were not able to find any references on the strong rate of convergence of this numer-
ical method.

3. The Crank-Nicolson-Maruyama scheme [IQ]

k
Xn+l :Xn+§A(Xn+l+Xn)+BAWn

The strong rate of convergence is & (k™"(28/3.1) see [[@ Theorem 4.12].
We apply these schemes to the finite element approximation of the linear problem (&.1)
with truncated noise. Note that both the backward Euler-Maruyama scheme and the Crank-
Nicolson-Maruyama scheme are implicit. Figure[6.3] presents the various strong convergence
rates of the above numerical integrators, once with white noise and once with correlated
noise with Q = A~!/2. One observes that the numerical solution given by the Stormer-Verlet
method explodes for larger values of the step-size k (this computation was stopped when
the deterministic non-stable regime of the scheme was attained). For all the experiments we
use Aexact = 210 for the spatial discretisation. The reference solution is computed using the
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s=0, M=100 samples

—6— oot
—*— 10
——p=2"°
Order 1/2

107 !
10
k

s=1/2, M=100 samples

! 10

—e— h=2_“
—k— =210
—— h=2®

— Order 1

10°

FIGURE 6.2. Temporal errors: The Ly-error in the first component decreases with order kB and is independent
of the mesh-grid h.

stochastic trigonometric method with the step size kexact = 216, Again M = 100 samples are
used.

In the following numerical experiment, we are concerned with the trace formula of Sec-
tion[3l Figure illustrates the trace formula of the numerical solution. Here, we choose
s=1/2 and hence 8 < 1 and display the expected value of the energy along the numerical so-
lution of the above stochastic linear wave equation with mesh grids 4 = 0.1 and k = 0.1 on the
long time interval [0,500]. We took M = 15000 samples to approximate the expected energy
of our problem. A comparison with other time integrators is presented in Figure One
notes that all these numerical schemes do not reproduce the linear growth of the expected en-
ergy correctly. This fact is already known for the backward Euler-Maruyama scheme applied
to a finite-dimensional linear stochastic oscillator [23]].

Finally we consider a nonlinear stochastic wave equation, the Sine-Gordon equation
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s=0, h=2""", M=100 samples

107 F —©— Error BEM [
—*— Error SV

—— Error CNM
—H&— Error STM
1051 Order 1/4 | |
Order 1/3
Order 1/2

T

—©— Error BEM [§
—— Error SV
—— Error CNM
—&— Error STM
Order 1/2
Order 2/3
I Orqer 1

FIGURE 6.3. Ly-error in the first component of the numerical solutions given by the Stormer-Verlet method
(SV), the backward Euler-Maruyama scheme (BEM), the Crank-Nicolson-Maruyama scheme (CNM) and the
stochastic trigonometric method (STM).

driven by additive noise:

di — Audt = —sin(u) dt + dW, (x,2) € (0,1) x (0,1),
u(0,¢) =u(1,t) =0, t€(0,1),
M(X,O):O, ll(x,O):l[l ](x)v xe(oal)a

13
47
where 1;(x) denotes the indicator function for the interval I. The corresponding deterministic
problem is studied for example in [Z]l. We solve this problem again with a finite element
method in space and in time we use the stochastic trigonometric method B3) with G(X (¢)) =
—sin(X(r)) and the filter functions proposed in [8]:

w(§) =sinc® (&), ¢(&) =sinc(§), wo(&) = cos(§)sinc?(&), wi(§) = sinc*(§),
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h=0.1, k=0.1, M=15000 samples
3000 ; . | :

T
Exact
—*— Stochastic Trigonometric method

2500

2000

Energy 500l

1000

500+

I I I I I I I I
0 50 100 150 200 250 300 350 400 450 500

FIGURE 6.4. Trace-formula: The stochastic trigonometric method preserves exactly the linear growth of the
expected value of the energy.

h=0.1, M=1000 samples
500 ! | :

T T
—OS— BEM with k=0.001
—*— SV with k=0.05
—<— CNM with k=0.1
Exact

450

400
350
300
Energy ,s50l
200
150

100

FIGURE 6.5. Although using a small time step size, the backward Euler-Maruyama scheme (BEM) does
not reproduce the linear growth of the expected energy. The Stormer-Verlet method (SV) and the Crank-Nicolson-
Maruyama scheme (CNM) yield better results even with a larger time step size.

where sinc(€) = sin(&) /€. In the upper plot of Figure[6.6] we show the expected energy of
the numerical solution of the Sine-Gordon equation where the covariance operator is given by
Q =1. Even for a large step-size k = 0.1, one can observe the good behaviour of the numerical
scheme. In the lower figure, we display the convergence rate for the first component with a
covariance operator Q = A~!. Again, we approximate the exact solution with a finite element
solution and the stochastic trigonometric scheme using kexact = 276 and hexaer = 27°.
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s=0,h=0.1, k=0.1, M=1000 samples

3000 T

Exact £
—*— Stochastic trigonometric method

2500
2000
1500

Energy

1000

500

I I I I I I I I
0 50 100 150 200 250 300 350 400 450 500

s=1, M=100 samples, h=2"°

—<— Error STM
Order 1

s
10° 107 10

FIGURE 6.6. In the nonlinear case, the stochastic trigonometric method preserves almost exactly the linear
growth of the expected value of the energy (above figure). The Ly-error in the first component of the numerical
solution given by the stochastic trigonometric method decreases with order 1.

REFERENCES

[1] D. COHEN, On the numerical discretisation of stochastic oscillators, Math. Comput. Simul., (2012).
doi:10.1016/j.matcom.2012.02.004.

[2] D. COHEN, E. HAIRER, AND C. LUBICH, Conservation of energy, momentum and actions in numerical
discretizations of non-linear wave equations, Numer. Math., 110 (2008), pp. 113-143.

[3] D. COHEN AND M. SI1GG, Convergence analysis of trigonometric methods for stiff second-order stochastic
differential equations, Numer. Math., (2011). doi:10.1007/s00211-011-0426-8.

[4] G. DA PRATO AND J. ZABCZYK, Stochastic Equations in Infinite Dimensions, vol. 44 of Encyclopedia of
Mathematics and its Applications, Cambridge University Press, Cambridge, 1992.

[5] R.DALANG, D. KHOSHNEVISAN, C. MUELLER, D. NUALART, AND Y. XI1AO, A Minicourse on Stochastic
Fartial Differential Equations, vol. 1962 of Lecture Notes in Mathematics, Springer-Verlag, Berlin, 2009.

[6] M. DI PAOLA, A. SOFI, AND G. MUSCOLINO, Nonlinear random vibrations of a suspended cable under
wind loading, Proceedings of Fourth International Conference on Computational Stochastic Mechanics



18

[7]
[8]
[9]

[10]
(1]
[12]

[13]

[14]

[15]

[16]
[17]
[18]

[19]

[20]
[21]
[22]

[23]
[24]

[25]

[26]

D. Cohen and S. Larsson and M. Sigg

(CSM4), (2002), pp. 159-168.

V. GRIMM, On the use of the Gautschi-type exponential integrator for wave equations, in Numerical Mathe-
matics and Advanced Applications, Springer, Berlin, 2006, pp. 557-563.

V. GRIMM AND M. HOCHBRUCK, Error analysis of exponential integrators for oscillatory second-order
differential equations, J. Phys. A, 39 (2006), pp. 5495-5507.

E. HAIRER, C. LUBICH, AND G. WANNER, Geometric Numerical Integration. Structure-Preserving Algo-
rithms for Ordinary Differential Equations, Springer Series in Computational Mathematics 31, Springer,
Berlin, 2002.

E. HAUSENBLAS, Approximation for semilinear stochastic evolution equations, Potential Anal., 18 (2003),
pp. 141-186.

M. HOCHBRUCK AND A. OSTERMANN, Exponential integrators, Acta Numer., 19 (2010), pp. 209-286.

A.JENTZEN AND P. E. KLOEDEN, Overcoming the order barrier in the numerical approximation of stochas-
tic partial differential equations with additive space-time noise, Proc. R. Soc. Lond. Ser. A Math. Phys.
Eng. Sci., 465 (2009), pp. 649-667.

P. E. KLOEDEN, G. J. LORD, A. NEUENKIRCH, AND T. SHARDLOW, The exponential integrator scheme
for stochastic partial differential equations: pathwise error bounds, J. Comput. Appl. Math., 235 (2011),
pp. 1245-1260.

P. E. KLOEDEN AND E. PLATEN, Numerical Solution of Stochastic Differential Equations, vol. 23 of Appli-
cations of Mathematics (New York), Springer-Verlag, Berlin, 1992.

M. KOVAcCs, S. LARSSON, AND F. LINDGREN, Weak convergence of finite element approximations of
linear stochastic evolution equations with additive noise, BIT Numer. Math., 52 (2012), pp. 85-108.
doi:10.1007/s10543-011-0344-2.

, Weak convergence of finite element approximations of linear stochastic evolution equations with
additive noise II. Fully discrete schemes, arXiv:1203.2029v1, (2012).

M. KOVACS, S. LARSSON, AND F. SAEDPANAH, Finite element approximation of the linear stochastic wave
equation with additive noise, SIAM J. Numer. Anal., 48 (2010), pp. 408-427.

G. J. LORD AND J. ROUGEMONT, A numerical scheme for stochastic PDEs with Gevrey regularity, IMA J.
Numer. Anal., 24 (2004), pp. 587-604.

A. MARTIN, S. M. PRIGARIN, AND G. WINKLER, “Exact” numerical algorithms for linear stochastic
wave equation and stochastic Klein-Gordon equation, in International Conference on Computational
Mathematics. Part I, I, ICM&MG Pub., Novosibirsk, 2002, pp. 232-237.

, Exact and fast numerical algorithms for the stochastic wave equation, Int. J. Comput. Math., 80
(2003), pp. 1535-1541.

G. N. MILSTEIN AND M. V. TRETYAKOV, Stochastic Numerics for Mathematical Physics, Scientific Com-
putation, Springer-Verlag, Berlin, 2004.

C. PREVOT AND M. ROCKNER, A Concise Course on Stochastic Partial Differential Equations, vol. 1905 of
Lecture Notes in Mathematics, Springer, Berlin, 2007.

S. REICH, Smoothed Langevin dynamics of highly oscillatory systems, Phys. D, 138 (2000), pp. 210-224.

H. SCHURZ, Analysis and discretization of semi-linear stochastic wave equations with cubic nonlinearity and
additive space-time noise, Discrete Contin. Dyn. Syst. Ser. S, 1 (2008), pp. 353-363.

A. H. STROMMEN MELB® AND D. J. HIGHAM, Numerical simulation of a linear stochastic oscillator with
additive noise, Appl. Numer. Math., 51 (2004), pp. 89-99.

J. B. WALSH, On numerical solutions of the stochastic wave equation, 1llinois J. Math., 50 (2006), pp. 991—
1018 (electronic).




IWRMM-Preprints seit 2009

Nr. 09/01
Nr. 09/02
Nr. 09/03
Nr. 09/04
Nr. 10/01

Nr. 10/02
Nr. 10/03

Nr. 10/04

Nr. 10/05

Nr. 10/06

Nr. 10/07

Nr. 10/08
Nr. 11/01

Nr. 11/02
Nr. 11/03

Nr. 11/04

Nr. 11/05

Nr. 12/01

Nr. 12/02

Nr. 12/03

Nr. 12/04

Nr. 12/05

Armin Lechleiter, Andreas Rieder: Towards A General Convergence Theory For In-
exact Newton Regularizations

Christian Wieners: A geometric data structure for parallel finite elements and the
application to multigrid methods with block smoothing

Arne Schneck: Constrained Hardy Space Approximation

Arne Schneck: Constrained Hardy Space Approximation II: Numerics

Ulrich Kulisch, Van Snyder : The Exact Dot Product As Basic Tool For Long Interval
Arithmetic

Tobias Jahnke : An Adaptive Wavelet Method for The Chemical Master Equation
Christof Schiitte, Tobias Jahnke : Towards Effective Dynamics in Complex Systems
by Markov Kernel Approximation

Tobias Jahnke, Tudor Udrescu : Solving chemical master equations by adaptive wa-
velet compression

Christian Wieners, Barbara Wohlmuth : A Primal-Dual Finite Element Approximati-
on For A Nonlocal Model in Plasticity

Markus Biirg, Willy Dorfler: Convergence of an adaptive hp finite element strategy
in higher space-dimensions

Eric Todd Quinto, Andreas Rieder, Thomas Schuster: Local Inversion of the Sonar
Transform Regularized by the Approximate Inverse

Marlis Hochbruck, Alexander Ostermann: Exponential integrators

Tobias Jahnke, Derya Altintan : Efficient simulation of discret stochastic reaction
systems with a splitting method

Tobias Jahnke : On Reduced Models for the Chemical Master Equation

Martin Sauter, Christian Wieners : On the superconvergence in computational elasto-
plasticity

B.D. Reddy, Christian Wieners, Barbara Wohlmuth : Finite Element Analysis and
Algorithms for Single-Crystal Strain-Gradient Plasticity

Markus Biirg: An hp-Efficient Residual-Based A Posteriori Error Estimator for Max-
well’s Equations

Branimir Anic, Christopher A. Beattie, Serkan Gugercin, Athanasios C. Antoulas:
Interpolatory Weighted-H2 Model Reduction

Christian Wieners, Jiping Xin: Boundary Element Approximation for Maxwell’s Ei-
genvalue Problem

Thomas Schuster, Andreas Rieder, Frank Schopfer: The Approximate Inverse in Ac-
tion IV: Semi-Discrete Equations in a Banach Space Setting

Markus Biirg: Convergence of an hp-Adaptive Finite Element Strategy for Maxwell’s
Equations

David Cohen, Stig Larsson, Magdalena Sigg: A Trigonometric Method for the Linear
Stochastic Wave Equation

Eine aktuelle Liste aller IWRMM-Preprints finden Sie auf:

www.math.kit.edu/iwrmm/seite/preprints



Kontakt

Karlsruher Institut fir Technologie (KIT)
Institut fur Wissenschaftliches Rechnen
und Mathematische Modellbildung

Prof. Dr. Christian Wieners
Geschéftsfihrender Direktor

Campus Sid
Engesserstr. 6
76131 Karlsruhe

E-Mail:Bettina.HaindI@kit.edu

www.math.kit.edu/iwrmm/

Herausgeber

Karlsruher Institut flir Technologie (KIT)
Kaiserstralte 12 | 76131 Karlsruhe

Mérz 2012

www.Kit.edu




	Preprint, Vorlage Deckblatt KIT, 12-05
	Anschrift 12-05
	lswe, 12-05
	Preprintliste
	Preprint, Vorlage Deckblatt KIT, Rückseite

