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GEOMETRIC RECONSTRUCTION IN
BIOLUMINESCENCE TOMOGRAPHY

TIM KREUTZMANN AND ANDREAS RIEDER

ABSTRACT. In bioluminescence tomography the location as well as the radiation intensity of
a photon source (marked cell clusters) inside an organism have to be determined given the
outside photon count. This inverse source problem is ill-posed: it suffers not only from strong
instability but also from non-uniqueness. To cope with these difficulties the source is modeled
as a linear combination of indicator functions of measurable domains leading to a nonlinear
operator equation. The solution process is stabilized by a Mumford-Shah like functional which
penalizes the perimeter of the domains. For the resulting minimization problem existence of a
minimizer, stability, and regularization property are shown. Moreover, an approximate varia-
tional principle is developed based on the calculated domain derivatives which states that there
exist smooth almost stationary points of the Mumford-Shah like functional near to any of its
minimizers. This is a crucial property from a numerical point of view as it allows to approxi-
mate the searched-for domain by smooth domains. Based on the theoretical findings numerical
schemes are proposed and tested for star-shaped sources in 2D: computational experiments
illustrate performance and limitations of the considered approach.

1. INTRODUCTION

Bioluminescence tomography (BLT) is a novel technique to image cells in a living organism
(in vivo). To this end DNA of a luminescent protein (so-called luciferase) is infiltrated into the
target cells (e.g. tumor cells). These cells will emit photons triggered by luciferin which has to
be injected prior to imaging, see [5, 22]. From the observed photon flux over the organism’s
surface one has to recover location and intensity of the photon source [4]. Thus, BLT is an
inverse source problem.

In this article we work with the simplest mathematical model for BLT which is the diffusion
approximation of the radiative transport equation [11]: Let Q C R, d € {2,3}, be the object
(organism) and let u: 2 — R denote the photon density. Then

—div(DVu) + pu =¢q in Q,

1

@) 2D@—|—u:g_ on 0f).
Ov

The measurements are described by the boundary condition

(2) Dgz =g on 09.

If not otherwise required, we assume in the following that the absorption coefficient u € L ()
as well as the diffusion coefficient D € L*°(Q)) are bounded away from zero by po and Dy,
respectively: p > po > 0 and D > Dy > 0 almost everywhere in 2. The domain €2 is assumed
to be convex with a sufficiently smooth boundary 92 (Lipschitz continuous at least). The term
g~ describes the photon flux penetrating the object and is known in advance. For the sake of
simplicity we assume that it vanishes which is the case in most applications.
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2 TIM KREUTZMANN AND ANDREAS RIEDER

Subtracting twice the Neumann values in (2) from the boundary condition in (1) we obtain
another possibility to model the measurements, namely by the Dirichlet data

(3) u=g on I

with ¢ = ¢~ — 2g. Since it is numerically more stable to evaluate the Dirichlet data than the
Neumann values, we use (3) subsequently.

As briefly explained above the bioluminescence sources are marked cells. The light intensity
of every living cell is determined by the used marker, more precisely by the luciferase, and
constant over the cell. Surely we are not able to resolve every cell, but still on a structure, e.g. a
tumor, we may assume a constant intensity. Due to dead cells in this structure we do not know
the exact strength over it, but it will lie near the intensity of the used cell line. Additionally,
the source function vanishes outside of the cell structure. Consequently, we assume that the
source function can be modeled by

I
=1

where x, is the characteristic function of a measurable domain G; C Q2 and \; € [AZ-,X-] = A;.
The number [ is fixed and has to be set in advance. Moreover, we assume G; C €); for an open
subset €2; C  since an a priori knowledge about the location of the sources may be available.

Let us use the notations A = (A1,..., A7), G = (G1,...,Gy) and A = Ay x---x A;. In order to
analyze the BLT problem and develop some reconstruction algorithms in the following chapters
we will write it as a nonlinear operator equation F'(\,G) = g. Here the forward operator F' is
given by

F:AxL — L*09),
(5)

()‘7 G) = U’aﬂ

with u denoting the solution of the BVP (1) and L is some appropriate set of I-tuples of
subdomains of Q. Defining the linear and bounded operator A: L*(Q) — L?(99) that maps
the source term ¢ to the Dirichlet values of the solution of the BVP (1), we can rewrite F as
F(\,G) =Y NiAxg,. It can be shown that the operator A is even compact.

So the inverse problem of the bioluminescence tomography under these assumptions can be
written as:

Problem 1.1. Given the measurements g, find an intensity vector A € A and a tuple of domains
G € L such that
F(\G)=g.

The ill-posedness of Problem 1.1 originates in the compactness of the operator A. Further-
more, it is not uniquely solvable, even for ball-shaped sources, see [21]. Therefore, the problem
needs to be regularized to get stable and in special cases unique solutions. In this work we will
consider regularization with a total variation (TV) penalty term which will result in smooth-
ing the boundary of the domains G;. In other words we want to minimize the Tikhonov like
functional

1
1
(6) Ja(X, G) = ZIIF(X.G) =gl + @Y ID(xc)|
i=1
where we write |Dv| for the BV semi-norm for v € BV (R?) (see e.g. [2] for details).

The regularization term in (6) is identical with the perimeter of the domains G;, see e.g. [2],
and will be denoted by

I I
Per(G) = 3 Per(Gy) = 3 D(xc)-
=1 =1
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In the case of a Lipschitz domain G; the perimeter coincides with the (d — 1)-dimensional
Hausdorff measure of 0G;. In [18] a similar approach was used by Ramlau and Ring for X-
ray computerized tomography and they called the functional of type J, a Mumford-Shah like
functional. So we will do in the following.

Let us point out that in the stated framework the source ¢ is essentially the same under
changes on a set of measure zero. Also the perimeter is invariant under such alterations [10].
Therefore, it is reasonable to consider equivalence classes of the measurable domains G;, i.e.
domains that coincide but on a set of measure zero, rather than an explicit representative.

The first step is to analyze the above stated minimization problem in detail. Existence,
stability and regularization results are presented in Section 2. Since the minimization functional
is not differentiable with respect to arbitrary domains, we approximate it by smooth domains
and develop an approximate variational principle in Section 3. The required domain derivatives
are calculated for both the operator F' and the perimeter with respect to G in Section 3.1. Since
the first operator is linear with respect to A and the second does not depend on A, we obtain
the derivative of .J, immediately.

In Section 4 we develop the theory for star-shaped domains where we can act on the linear
space of parameterizations rather than on a set of domains. Similar results as in the case of
general domains are presented. Based on these results we will develop a minimization method
in Section 5 and present numerical results in Section 6.

2. ANALYSIS OF THE MINIMIZATION PROBLEM

Let us study in this section the problem of minimizing J, defined in (6) with G; being general
measurable subsets of €2;, i.e.

(7) Minimize J, (A, G) = %HF(A, G) — g||22 + aPer(G) over A x L

with £ = Lg, X --- x Lg, and Lg, denoting the set of all measurable subsets of €);.

We proceed similar to [19] where existence, stability and regularization results for the Mumford-
Shah approach under an injectivity assumption was proven. However, the BLT forward operator
does not satisfy this property (Assumption 3 in [19]). But we think that this assumption can
be weakened such that only injectivity needs to hold with respect to span{xg, | i =1,...,I}
for fixed but arbitrary |JG; = © . In this framework the BLT forward operator would fit if
I = 1. But in the case I > 2 even this assumption is not satisfied. A counterexample can be
constructed in a ball using a ball-shaped source enclosed by a ring-shaped source.

Therefore, we present a different way to show existence and stability of the solution of the
minimization problem (7). In contrast to [19], we use the constraint on A to obtain a compactness
result in that variable and based on this similar results as in the cited article.

We point out that the following analysis is valid for any operator F: A x £ — Y that can
be written in the form A A\ix¢g,, where Y is a Banach space and A a linear and bounded
operator from L? to Y.

2.1. Existence of a Minimizer. In the above setting the Mumford-Shah like functional pos-
sesses a minimizer.

Theorem 2.1 (Existence of a Minimizer). For any a > 0 and any g € L%(0) there exists a
solution (A\*,G*) € A x L of problem (7):

Joa(\,G*) < Ju(\,G)  for all (A, G) € A x L.

Proof. The functional J, is bounded from below by 0, so that there exists a minimizing sequence
{(\",G™) }nen, decreasing in J, and satisfying

nh_)n(r)lo Jo (A", G™) = (i\r,lcf:) Ja(N, G).
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W.l.o.g we assume that J,(\, G°) < co. As
aPer(G") < Jo(A",G") < J,(A\°,G°) for all n € N,
and G" = (G7,...,G") we have

Ja(N0, G9)

(%

Per(G}') < Per(G") < forallneNpandi=1,...,1.

Then by the compactness of sets of finite perimeter [6, Theorem 5.3 in Chapter 3| there exists
1
a domain G% € Lg, such that for a subsequence {G}*};, holds

X o1 = xg in LY(Q) as k — oo.
G,k !

Using again the compactness of sets of finite perimeter we find a subsequence {n3}; of {n} }x
and a domain G} € Lq, satisfying

X n2 = Xay In LY(Q) as k — oc.
2

Applying this argument inductively we can construct a subsequence {ny}r = {ni}k such that
for all ¢ the above L'-convergence holds, i.e.

Xgre = XGp  in LY(Q) as k — oo.

Since

Jim (Ixgre = xo; ot k;@@[)lxgik XaG;|dz

= lim ng — *
k—)oo/Q|XGz‘ XG;

also convergence in L? holds.

By the compactness of A the sequence {\"*}; C A possesses a convergent subsequence, also
denoted by {A"}; with limit \* € A.

Observing

2 : 2
dz = kli}ngo HXG?k = xa: 72,

1A X g = Aixar llre =IA* xgme = Aixgme + Aixgme — Aixe e

<IAP = Xellxgre e + Il — xellze,

we get

I I I
| ZA?’“XG;% = Nxarllp <> 1A xgme = Aixegllz =0 as k— oo.
i=1 i=1 i=1

The first term in J, is lower semicontinuous since A is a bounded linear operator and the norm
is lower semicontinuous. Moreover, the perimeter is lower semicontinuous, cf. [2, Proposition
10.1.1]. Combining these results leads to

Jo (N, G*) < liminf Jo (A", G™)
k—o00

which implies

J.(\*,G*) = inf J.(\,Q),
( ) Anf, (A, G)

i.e. (A\*,G*) is a solution of the minimization problem (7). O
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2.2. Stability. The aim of introducing the regularization term is to stabilize the reconstruction.
This is indeed the case for our approach as we will validate in the sequel where we rely on the
following lemma taken from [19)].

Lemma 2.2. Let g, — g in L? as n — oo and denote by J? the functional J, with g replaced
by gn. Further, let (\",G™) be a minimizer of J over A x L. Then there exists a constant
C > 0 with

Per(G") < C  for all n.

Theorem 2.3 (Stability). Let g, — g in L? as n — oo and let (\", G™) minimize
1
JI(NG) = §||F()\,G) — gul22 + aPer(G) over A x L.

Then there ezists a subsequence {(A™, G™ )}y converging to a minimizer (\*,G*) € A x L of
Ja in the sense that
I
(®) S 1A v~ Aixerlls = 0 as k — oc.
i=1
Furthermore, every convergent subsequence of {(A",G™)}y, converges as defined by (8) to a
manimizer of Jy,.
Proof. From Lemma 2.2 we derive the uniform boundedness of the perimeter of G™. As in the
proof of Theorem 2.1 we find a subsequence {(A"*,G™* )} and a pair (A*,G*) such that xm
converges to xg: in L' as well as \['* Xgme 10 Afxgr in L? for every i.
It remains to show that the limit is indeed a minimizer of J,,. Since the operator A is bounded,

we have
I

I
1A Axgre = gmellez = 1) M Axar — gle2
i=1 i=1

I
< DI A — A Axe:

=1

2+ lg — gnyllzz =0

as k — oco. Using this convergence, the lower semicontinuity of the perimeter and the minimal
property of (A", G"™) we conclude

Jo(N,G¥) < likm inf JJF (A", G™F) < klim JMNG) = Ja(N,G)
—00 —00
for any (A, G) € A x L, i.e. the limit (\*, G*) is a minimizer of J,. O

2.3. Regularization Property. Combining the above ideas of constructing a convergent sub-
sequence with the regularization result from [19] in a straightforward manner we get that the
Mumford-Shah like approach is indeed a regularization method.

Theorem 2.4 (Regularization Property). Let g be in the range of F' and choose the regular-
ization parameter according to § — «(d0) where
2

)
a(0) -0 and m—m as 0 — 0.

In addition, let {0, }n be a positive null sequence and {gy}n such that

lgn = gllz2 < on.
Then, with the notation of Theorem 2.3, the sequence {(\",G™)} of minimizers of J;‘((sn) POS-
sesses a subsequence converging to (AT, GT) which satisfies

(©) G = argmin{Per(G) | G € L s.t. IX € A with F(\,G) = g},
A e{deA|F\GT) =g}
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Furthermore, every convergent subsequence of {(A",G™)},, converges in terms of (8) to a pair
(AT, G1) with property (9).

3. APPROXIMATION BY SMOOTH DOMAINS

To calculate the derivative of J, with respect to the domain, which is essential for a variational
principle, we need some smoothness assumptions. These assumptions may be weakened, but
to avoid technical difficulties we suppose throughout the following analysis that the coefficients
D, i1 are continuously differentiable, Q R, d € {2, 3}, is an open domain with a C?>—boundary
0 and that

Gi€G ={l' CcQ;|areC?.

We introduce the shorthand notation of the latter relation G € G = G; x -+ x Gy.
In view of the following lemma, cf. [6, Theorem 5.5, Chapter 3], our smoothness assumption
on G appears not to be too restrictive.

Lemma 3.1. Let I' be a bounded measurable domain in R with finite perimeter. Then there
exists a sequence {I'"},, of C*°-domains such that

/ Ixrn — xr|dz — 0 and Per(I'") — Per(I') asn — oc.
]Rd
3.1. The Derivative of the Minimization Functional.

3.1.1. Calculation of the Domain Derivatives. Following [14, 20] we consider variations I'j, of
the domain I' € Gy = {I' € Q | 9T € C?} caused by a vector field h € C2(, R%):
I'y={z+h(z)|zeT}.
If h is small enough, say if ||h||c2 < 1/2, then the vector field h is a contraction and thus
p=id+h

a diffeomorphism on €2, where id is the identity map. In this case, I'y, € Gy.
By the domain derivative of a mapping ®: Gy — Y about a point I', where Y is a Hilbert
space, we understand the linear operator ®(I') € £(C?,Y) satisfying

[2(T) — () = @' (T)h]ly = o([[Alc2).

Since the mappings we want to differentiate depend on the intensity A as well, we will write
Op® := @'(T") for the domain derivative and will replace T by the respective component of G.

In [14] the domain derivative of operators involving general boundary value problems were
considered. As a special case we obtain the domain derivative of the operator F'. For that
purpose we introduce some notation: The jump of a function u at JI' is denoted by

fuls = uls — ]

where the symbols | and |_ indicate the trace of u approaching OI' from the exterior Q\I' and
the interior I', respectively. The term h, symbolizes the normal component of h, i.e.

hy,=h-v onJdl.

Lemma 3.2 (Domain derivative of F). The derivative of the operator F defined in (5) with
respect to the ith domain in direction h € C2(Q,R?) about (), G) is given by

aGiF()\7 G)h = u;|BQ
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where u; € HY(Q\OG;) is the solution of the transmission boundary value problem
—div(DVu}) + pu; =0 in Q\0G;,
[ujl« =0 on 0G;,

/
(10) [Daul} = —X\h, on 0G,,
ov |,
/
2Daui +u, =0 on o0.
ov

Proof. See [14, Theorem 2.9]. O

Remark 3.3. For later use in Section 5 we give the weak formulation of the transmission
boundary problem (10):

1
(11) /(DVu; Vo + pujv) dz + / wvds = /\i/ h,vds
0 2 Jo oG,

for all v € HY(Q).

The next step is to calculate the domain derivative of the penalty term, i.e. of the perimeter
operator Per: Gy — R given by
(12) Per(I') = [D(xr)|-
Since the boundary of T" is in particular Lipschitz, we obtain by Remark 10.3.3 of [2]
(13) Per(I') = H41(0T) = / 1ds
or

where H9~! denotes the (d — 1)-dimensional Hausdorff measure. Based on the right identity
of (13) and the explanations in [20] we are able to calculate the derivative of the perimeter
function Per with respect to the domain.

Lemma 3.4 (Domain derivative of Per). The derivative of the perimeter defined in (12) with
respect to the ith domain in direction h € C’g(Q,Rd) about G is given by

(14) O0g,Per(G)h = Hpg,h, ds
0G;
where Hpg, denotes the mean curvature of 0G;.
Proof. See [20, Theorem 5.1]. O

3.1.2. The Combined Derivative. As F, see (5), is linear in ), its partial Fréchet derivative with
respect to the intensity in direction k € R! about (A, G) € A x G is given by

I
OF(\ Gk = kiAxa,.
i=1
Combining this with the domain derivative we are able to differentiate the regularization func-
tional J,.

Theorem 3.5 (Derivative of J,). The derivative of the functional J, defined in (6) about
(A G) € A x G is given by
I

J(;()\, G)(k, h) = Z<u|3g -9, ki'Ui|8Q + u§|39>L2 + Ot/aG H@Gihi,u ds
i=1 g

for k € RT and h € CZ(Q,R3)! where u|sq = AZLI Xixa,; and vilsa = Axg,. The term u} is
the solution of the transmission boundary value problem (10).
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Proof. Elementary derivative computations (cf. [1, Section 5.3]) lead to
Jo(\ G)(k, h) = Oz Ja(X, G)k + OgJa(X, G)h
= (F(A\G) = g,0F (A, G)k + g F (X, G)h) ,, + adgPer(G)h

1
-y [(F(A, Q) — 9,00 F(\, Q)ki + 96, F(\, G)hy) 1, + adg, Per(G)h;
=1

which readily yields the assertion. O

3.2. An Approximate Variational Principle. Based on the derivative of the Mumford-
Shah like functional on a dense subset, namely the sets of C?-domains, we will now present an
approximate variational principle which states that near the minimizer the derivative becomes
arbitrarily small. For a rigorous formulation and validation of this assertion we will apply and
modify findings from [7, 8]. Our resulting approximate variational principle will be formulated
for a general subspace V of C? because later we want to use optimization techniques in a Hilbert
space setting.
Let us introduce the following notation: For h € C2(Q,R%)! and G € G we define

G = (id+ h)(G) = ((id + 1) (G1), ..., (id + hr)(G1)).

Moreover, we use the norm
1k, ) gy = \/NIENI3 + RIS

Lemma 3.6. Let (\*,G*) be a minimizer of J, and \* an inner point of A. Further, let € > 0
and G¢ € G be such that

for elements (k, h) of R x V.

Ja(N*,GF) < Ju(N*, G*) + <.

In addition, let V' be a Banach space with V. C HLI C2(94,RY) and ||v]|c2 < Cllv|ly for a
constant C' > 0.
Then there exist for every v € (0, %) a vector field v € V and a X\* € A with

(15) IOA" = A% 0)lrrxy <y

such that the perturbed domain G5 = (id 4+ v)(G®) and the intensity A° satisfy
(16) Ja(X%,G7) < Ja(X, G5,

(17) Ja(X%,GY) = %H(k, Wlrixy < Ja(A + kG i)

for all \* +k € A and v+ h € V\{v} with ||jv+ h|y < %
In particular, if there exists a constant C' > 1 such that ||h||y < Cllho (I +v)~Y|v for all
h €V then

~ €
(18) (X, G v < O

Proof. Let us consider the ball B% ={w eV ||w|v < 5} and the functional ¥: A x B% —
R mapping (A, w) to Ju(A, G5,). Then ¥ is continuous as
VA+Ew+h)-U(\w)=Jo(A+Ek,Gyp) — Ja(NGY)

=Ja(A £, (GL)) = Ja(N, GL) = Jo (X GL) (k. ) + o([[(k, )| c2)
for all \, \+k € A and w, w—+h € B1 with h = ho(id+w)~. The existence of a (A\°,v) € AxV

2C

satisfying the first three estimates (15), (16), and (17) is a direct consequence of Ekeland’s
variational principle [8, Theorem 1].

(19)
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Now we derive estimate (18) from (17). In (19) we set A = A*, w = v and replace (k, h) by
t(k,h), t > 0, which yields
Ja (N 41k, G5 ) — Ja(X5, G5) = JL (A, G3)t(k, B) + o(|[t(k, 1) |prxc2)-
Letting t — 0 and taking (17) into account we obtain
5 ~
~S I Rl < Jo (X%, G5) (K, h)
for all (k,h) € R! x V where h = ho (id + v) . Hence,
- €
[ J6(A%, GE) (k. h)| < ;H(kah)HRIXV‘

Dividing by ||(k, h)||gsxy and recalling the definition of C finishes the proof. O
Remark 3.7. For the space [[ C?(%;,R3) we have

Ihlloe < 21 +7)?ho (id +v) " lce,
i.e. the final hypothesis of Lemma 3.6 is satisfied with C = 2(1 +v)2. That can be seen from
applying the chain rule to h = h o (id 4+ v).

We will need an estimate on the volume of the symmetric difference of a domain and its
perturbed version to prove the main result of this section below.

Lemma 3.8. Let I' € Gy be a domain with finite perimeter and h € CZ(Q,R?) a vector field
with ||hl|c2 sufficiently small. As usual, let 'y, denote the perturbed domain. Then the following
estimates hold for the volume of the symmetric difference TAT'y, = (I\I'y) U (Tp\I'):
(a) If d = 2, then
Vol(TAT'},) < 2Per(I)||A|oo.-
(b) In case d = 3 we additionally assume that T' is the union of N disjoint connected
domains. Then

N
Vol(TAT}) < 2Per(I) || |00 + 8%”}4]20.

Proof. Let T' be the (countable) union of the disjoint connected domains I'". For each n we
consider the tube T}' with radius |||l around the boundary oI'". Obviously, AT, C J,, T}
and thus
Vol(TAT,) <) Vol(Ty).
n

In [23] an upper bound for the volumes of tubes of type T} is given:

2Per(I'"™)|| A oo cd=2,

Vol(T}!) < ~
(T) < {QPer(F")HhHoo—i—Cpn]hHgo :d=3.

This inequality is sharp if no cross-sections overlap. The constant Cr» is an invariant of I'" and
is calculated in [3, Corollary 7.5.5] to be

~ 8T
Crn = 3(1 -7")

where 4" denotes the genus of I'”. It can be bounded by

~ 8w
CI‘n S ? = C

As the I'’s are disjoint, Per(I') = )" Per(I'"). If d = 2 we finally observe that
VOl(TAT) < > Vol(T§) < > 2Per(I™)||Allso = 2Per(T)||Alloo

neN n
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and for d = 3 we end with
N
Vol(TAT}) < ZVOI T <> (2Per(T™)||h]loo + ClIRIIZ,) < 2Per(T)|[2]loo + CN 212
n=1

O

We will now use Lemma 3.1 as well as the previous two to show that we have nearly stationary
C?-domains near the minimizing domain.

Theorem 3.9 (Approximate Variational Principle). Let (\*,G*) be a minimizer of Jo and \*
an inner point of A. In case d = 3, assume that each component of G* is a finite union of
disjoint connected domains. Then for any € > 0 sufficiently small we can find an intensity
vector X € A and an I-tuple of C%-domains G¢ satisfying

1
Ja(N*,G%) = Jo(N,G") <&, Y [INxes — Aixall < e, I76(A%, G l[prxczr < €
1=1

Proof. Let £1 > 0. By Lemma 3.1 there exists G° € G with

I
Z ||X@§ —Xa:ll S €1
i=1

In case d = 3, each component G’f is a finite union of disjoint connected domains for ¢; suffi-
ciently small. Let N be the maximal number of disjoint domains. Due to the continuity of the
norm term in J, and due to the above inequalities we get

Ja(N,GE) — Ja(N*, G") < &9

for an g5 > 0 getting smaller with ;. Applying Lemma 3.6 with v = |/e2 =: e3 we obtain a
A € A, a C%-function h, and the C?-domain G¢ = G35, tulfilling

Ja(N,G%) = Ja(N,G*) <2 | =X W)|liwee S e300 6N, G)llpixeomp < Ces.
Using Lemma 3.8 and setting Co = 0 and C3 = 871 N/3 we observe

and  |Per(G®) — Per(G*)| < e1.

I I
> lxgs = xeello = D Ixgeace Il < (Per(GF) + Callhl3) 1Rl

i=1 i=1
< (Per(G*) +e1 + Cue3)es
By the triangle inequality,
T

Z ”ng - XG: I < (Per(G*) +e1+ Cd€§)z€3 +e1 =:¢&4.
i=1

Thus,

I I
D X xas — Axarlln <D0 (X lxes — xar o + 15 = Allixe:
i=1 i=1
< max |Af|eq + Vol()es < Ley + Vol(Q)es
1€

1)

with L = max{|l| | | € UiI:1 A;}. The right-hand side of the last estimate converges to 0 for
€1 — 0. Choosing now ¢; sufficiently small shows the assertion. O

Remark 3.10. The results of the previous lemma are not limited to C?-domains. For domains
with higher reqularity a similar statement under the assumptions of Lemma 3.6 can be proven.
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4. RESTRICTION TO STAR-SHAPED DOMAINS

In this section we set the stage for the use of optimization methods to solve the minimization
problem (7). All usual optimization methods require an underlying linear space which a set
of domains does not provide directly. A standard and intuitive way to overcome this issue
is working with parameterizations of the boundary. Here we will assume that the domains
G; are star-shaped with respect to a known point m;. This presumption may be weakened
by describing the boundaries 0G; by closed curves, but then more effort is needed to prevent
self-intersections of the boundary. For an idea of the latter approach see [13].

4.1. The Minimization Problem for Star-shaped Domains. Let the (2;’s be star-shaped
with respect to m; € ;. Further, we consider only domains GG; with the same property. In other
words, we suppose that there exist functions rq, € L>®(S91) and points m; € €; such that
ra,(0)0 +m;, 0 € S9=1 " is a parameterization of the boundary 9€;. Furthermore, we restrict
our search for the support of the ith source to the set

Lr={T c ;| T is a star-shaped domain with respect to m;},
which can be identified with
Ri={re L™ ) |0<r<rg, ael.
Again we will use the abbreviations
cr=1Jcr and R=]][R:

For r € R we understand J, (A, ) to be the value of J, evaluated at (X, G;), where G, € L* is
the tuple of domains represented by r. In the same way we understand expressions like F'(\, 1)

and Per(r).
With these definitions we are now able to state the minimization problem under consideration
(20) min _ J, (A, 7).

(Ar)EAXR

Remark 4.1. For ease of presentation and of coding we assume for the following analysis as well
as the numerical experiments in Section 6 that all center points m; of the star-shaped domains €);
are known. Indeed, one can argue to have some estimates of the m;’s from the measurements
taken by CCD (charge-coupled device) image sensors, see [4]. In Section 6 we present one
experiment where the center point is not known exactly (Figure 5). However, considering the
center points as unkowns is no problem in principle.

4.2. Analysis of the Reformulated Minimization Problem. Now, as we have an under-
lying linear structure, we can address the question of convexity of the functional J,. Convexity
of the minimization functional is an important property, since then every stationary point is a
global minimizer. Unfortunately, J, is non-convex. Indeed, it is possible to construct a coun-
terexample for the easy case that D,y are constant, I = 1, and the support of the source is a
ball.

Lemma 4.2 (Non-convexity). The functional J, is not conver on A x R.

However, we can show that problem (20) possesses a solution relying on techniques used
to prove existence for general domains. As in Section 2 we further obtain stability and the
regularization property.

Theorem 4.3 (Existence). For any o > 0 and any g € L?(0Q) there exists a solution (\*,r*) €
A xR of problem (20), i.e.

Joa( N, 7%) < Jo(Ay1)  for all (A7) € A X R.
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Proof. Let {(A\",7™)},, be a minimizing sequence that decays in J,. We denote by G™ the tuple
of domains parameterized by r™. As in the proof of Theorem 2.1 there exists a subsequence
{G™} converging to G* in the sense that

X" — XG* in L'ask — o0, i=1,...,1.
7 (2

For elements G;* and G}'™ we have the following relation

max{r; & r7m} i1
/|Xg’?k—XG?M|d$:/n 1dx:/ / . p* dpdl
(21) Q ¢ GikAG?m gd—1 min{rik,r?m}
1
-2 /Sdl () — (o)) d.

Since the sequence {G:”“ }i is convergent, it is especially a Cauchy sequence. Equality (21)
reveals that {(r?’“)d} is a Cauchy sequence in L' as well and therefore convergent. We denote
its limit by 7 € L! and observe #; > 0 almost everywhere as {r"} C R. The L!'-convergence
implies pointwise convergence almost everywhere, i.e.

ng

i

0) — Fl-l/d(ﬁ) as k — oo for almost every § € S971.

By Holder’s inequality,

[ =00 < voist e (|
Sd—1

Sd— 1

e F.l/d]dde)l/d
with 1/d+1/d = 1. As

~1/2 -
ﬁk_f.l/d’d:{(r?k)Q_Qri/ i AT d =2,
(2

)
g 1743 — 2732 1 22 5| s =3,

and 0 < r;"* < rq,, the dominated convergence theorem yields
/ |r?’“—ﬁ1/dld9—>0 as k — oo.
gd—1

Let now G+ be the domain parameterized by r; = fl-l /d Then,

1 n "
o ey a0 =[x - xa, | da
Sd—1 (9] g K

which finally implies
XG,r = Xa;

since the limit is unique. Moreover, r7 € R; holds as the set R; is also closed in L'
In the same manner as in the proof of Theorem 2.1 we see that (A\*,r*) is indeed a solution
of problem (20). O

Combining the techniques of the last proof with the stability and regularization results of
Section 2 we receive analogous results for star-shaped domains. Since the proofs are straight-
forward, we omit them.

Theorem 4.4 (Stability). Let g" — g in L? and denote by J? the functional J, with g substi-
tuted by g". Then the sequence of minimizers (A", r™) of JI over A X R possesses a subsequence
converging to a minimizer of J, over A x R in R x (Ll(Sd_l))I.

Furthermore, every convergent subsequence of {(A™,r™)},, converges in RT x (Ll(Sdfl))I to
a minimizer of Jq.
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Theorem 4.5 (Regularization Property). Let g be given such that there exist an intensity
vector XeA and an I-tuple of star-shaped domains G with parameterization © € R satisfying

()\,G) = ()\,r) = g. Moreover, let {6,}n be a positive null sequence and let {g,}n be such
that

lgn = gllz2 < on.
Furthermore, let § — a(6) be a regularization parameter choice rule satisfying

2

a(é) -0 and ();S(d)—)O as 6 — 0.

Then the sequence {(\",r™)} of minimizers of Jg(dn) over A X R possesses a subsequence con-
verging in R x (Ll(Sd_l))I to (AT, rT) which satisfies
rT = argmin{Per(r) | r € R s.t. I\ € A with F(\,7) = g},

(22) Are{dNeA|FO\rT) =g}

Moreover, every convergent subsequence of {(\",r™)},, converges in R x (Ll(Sdfl))I to a pair
(AT, 7T) meeting (22).

4.3. Approximation by Smooth Parameterizations. Similar to Section 3 we will develop
an approximate variational principle for star-shaped domains. This result will be the justifica-
tion to use optimization methods that converge to a critical point in the following sections.

To prove the main theorem below we need an approximation result for star-shaped domains
analogous to Lemma 3.1.

Lemma 4.6. Let p € [1,00] and let p € LP(S1) with 0 < p < puax a.e. such that the
star-shaped domain I' parameterized by p has finite perimeter. Then there exists a sequence
{p"}, € C®(S971) with

lp" — pllLe — 0 and Per(p") — Per(p) asn — oco.

Proof. We recall that the perimeter of I' is given by, cf. [10],

Per(T') = |Dxr| = sup{/ xrdivpdz | ¢ € Cl(Rd,Rd), lolloo < 1}.
Rd

Using polar coordinates we observe

p(9)
Per(T") > / / dive(s,0)s? 1 dsde
Sd-1.J0

for any ¢ € C*(R? R?) with ||¢|l < 1. Since C=(S%1) is dense in LP(S971), there exists a
uniformly bounded sequence {p"}, C C>°(S9~!) such that

lp" — pllLr = 0 asn — oco.

Let I'"™ be the domain parameterized by p™. By v™ we denote the unit outward normal of I'"
and " € C'(R% R?) is an extension of 1™ satisfying ||¢"|l«c < 1. Applying first the dominated
convergence theorem and then Gauss’s theorem we deduce that

P (0)
Per(T') > lim / / divp™(s,0)s? 1 dsdf = lim dive"(z) dz
(23) n—00 [gd—1 n—00 Jn
= lim " - dz = lim HYH(OT™) = lim Per(T™).
n—oo Jarn n—o00 n—o00
Please note that the last equation holds true because I'" is a smooth domain.

Similar to the proof of Theorem 4.3 we first see that

xre — xr in L*(RY) as n — oo
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and then conclude that
Per(p") — Per(p) asn — oo

due to (23) and the lower semicontinuity of the perimeter: Per(T") < lim inf,,_,o, Per(I'™). O

Theorem 4.7 (Approximate Variational Principle). Let U be a Banach space with C*® (S
U c C?(STN)! and C > 1 a constant satisfying || - ey <CJ o
If the minimizer (\*,7*) of Jo is an interior point of A x R with respect to the R x (L')!-
metric, then for any € > 0 sufficiently small there exists a point (A\°,7¢) € A x (UNR) with
Ja(A5,7%) = Ja(X",r7) <&, (A%, r%) = (A1 )lric oy <& [1T6(A5, ) [rixoor < &

Proof. We proceed similar to the proof of Theorem 3.9: By Lemma 4.6, we find for any ¢; > 0
a tuple of functions 7 € U N'R such that

[7° = r*|l(g1yr <1 and  [Per(7®) — Per(r*)| < e1.

Recalling (21), the boundedness of #° and r* as well as the continuity of the residual term in
Ju, there exists an €9, going to zero when ¢ does, with

Joa(N*,7°) = Jo(A*, 1) < 9.

Applying now Ekeland’s variational principle [7, Theorem 2.2] in a /Z3-neighborhood of (A\*, 7)
with respect to the R! x U-norm, we get a point (A\%,7°) € A x (U N'R) satisfying

Ja(A5, 1) =Ja(N ") g2, |5, 7)) =N P ) ki < vE2,  [1Ja(A ) lricvor < Ve
Obviously, it follows that

1A% %) = A ) lrrx(poyr < CvEz +en

Choosing €1 arbitrarily small shows the assertion. O

5. NUMERICAL SCHEMES

In this section we develop descent methods to minimize J, for star-shaped domains. Since
this functional is not differentiable with respect to general domains, we restrict ourselves to a
dense subspace U C C?(S%1)!. We assume U to be a Hilbert space. In view of Theorem 4.7
there exist smooth almost stationary points in any neighborhood of a minimizer and we therefore
expect a descent method that approaches a stationary point in A x U also approaches a minimizer
of J,.

Further, we have to implement the constraints A € A and 0 < r; < rq, in the optimization
process and possibly a boundedness of r; away from zero. The latter property may be necessary
to show convergence of the scheme. Therefore, we define the closed and convex subset C :=
A xRy C AxUNTR and denote the convex projection onto C by Pe. All schemes we consider
to solve

Join Ja(A7)

need the gradient of J, as well as the projection operator Pc. In a first step we provide these
quantities.

5.1. Gradient and Projection. The gradient of J, has to satisfy
(grad Ja(A, 1), (k, k) = Jo (A7) (k. )
where J/, is known from Theorem 3.5:
(grad Jo (A, 1), (k,h))u = (F(A\, 1) — g, O0\F (X, 1)k + 0, F (A, 7)h) 12 + a0, Per(r)h

I
= (uloa — g, kviloa + uiloa) 2 + Oé/ Hog, hiw ds.
P oG,
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Obviously, the gradient depends on the choice of the Hilbert space U. We start with calculating
the L2-gradient. Later U will be chosen to be a periodic Sobolev space H; where we can work
with a Fourier expansion of the parameterization. In this context we will get the Hj-gradient

by multiplying the jth Fourier coefficient of the L?-gradient by (1 + j2)~* in case d = 2 and by
(j +1/2)7% in case d = 3.1
The components of the L-gradient have to satisfy
(gra‘d Ja(A, T)))\i = (F'(\, 1) — g, AXG¢>L2 )
(grad Jo (A, 'r))m_ =0, F(\r)*(F(A\, 1) — g) + aHpg, (D1 - v)]/er . |,
where ®; is the parameterization of the unit ball and gr <I>2, is the Gramian determinant of the

derivative of the parameterization ®, of I'. In the two-dimensional case the last equality reduces
to

(24) (grad Jo(A, 7)), = 8r, F(A, )" (F(A, ) — g) + aHag,7i.
Herein the L2 adjoint operator of 8, F'(\,7) is given by

(25) O, F(IN, 1) = 2N\mwlac, © Dy,

with the solution w of the adjoint boundary value problem

—div(DVw) + pw =0 in €,
(26) ow

2D— +w =1 on 09,
ov

i.e. of

1 1
/D(Vw-Vv+uwv)dx+/ wvds = = [ Yvds
Q 2 Joo 2 Joo

for all v € H'(£2). This representation of d,, F(\,7)* can be seen from

(O P\, 1B, ) 12 = /

uphds =2 / (DVw - Vuj + pwul) do + / wu ds
o9 Q o9
=2\ / why, o @, 1ds = / 2\;ihrjw o ®,, ds
aG; ' St
= <h7 87”1'F(/\7 T)*w>L2

according to the weak formulation of the transmission boundary value problem (11).
Finally, we derive the projection operator onto the set C. It is well-known that the projection
in A onto the interval A =[] [A;, \i] is

Ai : )\Z < Ai?
(PoN)i =< N @ N> A,
A; : otherwise.

The projection in r onto R4,

Per =argmin|jp —r|u,
peRad
depends again on the choice of U and cannot be expressed explicitly in general. Since in the
numerical experiments the iterates stay in R,q in case of suitable initial values, the projection
onto R,y is only of interest from a theoretical point of view.
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Algorithm 1 Projected Gradient Method
(SO) Choose (X, %) € C.
For k=0,1,2,...
(S1) Test for Termination.
(S2) Set (h§,hk) = —grad J,(\*, rF).
(S3) Choose o by a projected step size rule such that
Jo(Pe(\F + axhl % + ophF)) < T (NF,rP).
(S4) Set (AFHL rk+1) = Po(A\F 4 ok 7k + o k).

5.2. A Gradient Method. In [15] the projected gradient method specified in Algorithm 1 is
presented for constrained optimization in Hilbert spaces.

The step size o}, is chosen by the projected Armijo rule: The largest o} € {2% n € Ny} is
chosen satisfying

Jo(PeN* + ouh§, r* + ouhf)) = Ja(V,1%) < = LI Pe (X + oh, vt + oyhf) = (F, 1) R
k

with some constant v €]0, 1].

Under a Holder-continuity assumption on the gradient of the minimization functional a con-
vergence result for the projected gradient method under the projected Armijo rule is established
in [15]. Though we could only achieve a local Lipschitz-continuity of the gradient on A X Ryq4
with

Rua={reUnNR|r;>¢c}

for any € > 0, we expect Algorithm 1 to converge also in our setting.

5.3. Split Approach. Ramlau and Ring [18] propose a split approach where first the intensity
is minimized while freezing the domain and then the domain is updated using the new intensity.

Inspired by them, we split the kth iteration into the following two steps:
ML — arg min J, (A, ),
AEA

rEtl = Pr.q (Tk — Ok (grad Ja(/\k+17 rk))r)

The step size oy, is chosen as above (projected Armijo rule). This leads to Algorithm 2.

Algorithm 2 Split Approach
(S0) Choose (X, %) € C.
For k=0,1,2,...

(S1
(S2
(S3
(S4

Test for Termination.
Calculate \F*! = argmin, oy Jo (A, 7).
Set b = —(grad Jo(AFH1,7F))
Choose g, by a projected step size rule such that
Jo (N PR (r% + aphf)) < Jo(AFFrh).

(S5) Set rk*l = Pr_ (r* + oxhk).

— — — —

Let us point out that the optimization problem in step (S2) possesses a solution, since J,
is a quadratic function in A and the set A is compact. Standard quadratic programming can

1For more details on Sobolev spaces on the sphere see [9].
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be used to solve this problem [17]. However, the solution may not be unique unless the matrix
K= (<AXG1-, AXGJ->L2)M is positive definite.

In the case I = 1 the optimization problem in (S2) is obviously uniquely solvable. In this
situation, similar to the unconstrained case in [18], the split approach can be viewed as a descent
method for the reduced functional

Jo(r) = Joa(A(r),r)  with A(r) := arirjr\lin Ja(A, 1),

as —(grad Jo (A(r), r))T is a descent direction for .J,(r) for every r in the interior of R,q.

6. NUMERICAL EXPERIMENTS

In this section we present some numerical experiments of the developed Mumford-Shah like
approach for BLT, in order to see if this technique is feasible to reconstruct photon sources or
not. For the sake of simplicity we restrict ourselves to the situation where the source term ¢
consists of only one characteristic function: ¢ = Axg. The more general situation (4) poses no
principal problems and corresponding numerical results shall be published elsewhere.

6.1. Implementation. All our experiments are performed in 2D. The PDE Toolbox of MAT-
LAB is used to compute the solution of the occurring boundary value problems via the Finite
Element Method (FEM). More precisely, we use linear elements and the maximal edge size h
to be specified later.

Let r be the parameterization of the searched-for star-shaped domain G. We approximate it
by a trigonometric polynomial? rj; of degree M:

M
r(9) = ry(9) =~ + Z (75, cos(mv) + vy, sin(mv))  for ¥ € [0, 27
m=1
where
1 2 1 2 1 2w
27) v=— r(v)dd, A5, = / r(¥) cos(md)dd, ~;, = / () sin(m) dd.
2 0 ™ Jo ™ Jo
Thus, all numerical operations are performed on the vector (yo,75,... ,yf\/l,vf,...,fyfw)T of
coordinates.

Our discretization of r requires a matched discretization of the following quantities:

1. the source term ¢, i.e. the characteristic function g,

2. the L2-adjoint of 9, F(A,r), see (25), and

3. the gradient of the perimeter, see (14).

Recall that both latter objects appear in the second component of the L?-gradient 0,..J,(\,7)
derived in (24).
In the following we describe in detail how we handle above quantities:

1. Let Gy be the star-like domain parameterized by rj3;. Then we interpolate the characteristic
function of GGj; in the finite element space to obtain the source function ¢;,. Now the FEM
solver of MATLAB can be straightforwardly applied to evaluate the forward operator A.

2. The L2-adjoint of 0,F(\,ry) is calculated by evaluating the FE solution of the adjoint
problem (26) at the intersection points of the FE mesh and the boundary of Gj;. The
resulting piecewise linear function over the boundary of Gj; is multiplied by 2Ar;; and its
first 2M + 1 Fourier coefficients (27) are approximated using the trapezoidal rule where the
nodes agree with the intersection points. We emphasize that the quadrature error is of order
h [12] since the FE solution is in H'(0G 7). Thus, it is of the same order as the error of the
FEM [1].

2In 3D one can use the expansion into spherical harmonics, see e.g. [9].
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FIGURE 1. Sketch of the model with one source.

3. We calculate the Fourier coefficients (27) of the gradient Hpq,,7as of the perimeter, i.e.
the product of the mean curvature and the parameterization, by the trapezoidal rule, but
this time with equidistant nodes. This is possible as Hpg,, 7 is explicitly known over the
interval [0, 27]. We choose the number of nodes to be greater than max{2M +1,1/h}. Thus,
the error is at least of order h.

As mentioned in the previous chapter, we do not implement the projection onto R4, since for
suitable initial values the iterates stay in this set. Only the projection of A onto A is used.

The Hilbert space U is chosen to be Hj([0,2x]) C C7([0,27]) where the subscript p indicates
periodic boundary conditions. So the developed theory is applicable. Hettlich [14] reports only
a little difference between numerical simulations in the H*- and in the L?-setting. Therefore,
we also perform some experiments using the L?-gradient.

6.2. Model with one Source. For our computations we use the phantom shown in Figure 1.
The phantom has the shape of a circular disk with radius 10 and the origin as midpoint. It
consists of four different types of tissue, namely bone (B), heart (H), lung (L), and muscle (M).
According to [4], realistic optical parameters for these tissues are

0.61 in B, 1.28 in B,

0.21 in H, , 2.0 in H,
= ) and W= )

0.22 in L, 2.3 in L,

0.1 inM 1.2 inM

with 4/ being the reduced scattering coefficient. Having p and p’ we can derive the diffusion

coefficient by the relation
1

3(p+p)
The source is placed around the midpoint (6, —3) and its boundary is parameterized by
r(¥) =2 — 0.5cos 9 + 0.25sin 9 — 0.1 sin(39)

with intensity A = 1. On a mesh with meshsize 0.2 we produce the synthetic data, whereas the
inverse problem is solved on a coarser mesh with h = 0.5 in order to avoid the most obvious
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A =0.97843 for a = 0.00763 A =0.702 for a = 0.00762

270 270

FIGURE 2. H3-setting: Reconstruction (blue solid) and original source (red
dashed) with o = 0.00763 after 69 (left) and with o = 0.00762 after 17 (right)
gradient iterations, respectively.

inverse crime®. By linear interpolation we transform the data from the finer grid to the coarser.
The relative interpolation error of about 2.4% may be seen as a 'modeling’ error.

The maximal degree M of the trigonometric polynomial is set to 8, since there is no big
influence of overestimating the degree of the parameterization. However, the maximal degree
M should not be chosen to small, as this can cause loss of details. We choose the regularization
parameter o manually by visually inspecting the results. For the intensity A we allow a variation
of 30 % of the exact one, i.e. we set A =[0.7,1.3].

In all experiments we start with initial values A’ = 1.1 and 7 = 2.5. Our termination
criterion is taken from [16, Chapter 5.4.1]: In the notation of Algorithm 1 and 2, the gradient
iteration is stopped if

(RS, i) lrxv < 7o + 72| (RR, 2D) [Rx
and the split approach if
Wl < 7+ 7Bl

The relative and absolute tolerances are chosen as 7, = 7, = 0.005 for both numerical schemes.
Further, the parameter v in the projected Armijo rule is set to 10™* and the step size o is
bounded from below by 2710,

6.2.1. H3-setting. In Figure 2 two reconstructions by the gradient method are shown for slightly
different regularization parameters. In all our experiments we observe a plateau behavior in
the regularization parameter: the reconstruction of (\,rys) is pretty much stable over a whole
range of a-values. However, at certain tipping points the character of the reconstruction changes
dramatically. Such a tipping point behavior is demonstrated in Figure 2.

For a reconstruction using the split approach see Figure 3 (left).

6.2.2. L%-setting. Figures 4 (left) and 3 (right) display reconstructions by the gradient method
and by the split approach, respectively. One observes that the L?-setting leads to a better
approximation of the domain than the H3-regime. Due to the intrinsic smoothing property of
the H3-gradient the reconstructed domains in the H?3-setting resemble circular disks.

3Still we commit a kind of inverse crime as we use the diffusion model for generating the data and for solving
the inverse problem. In future work we plan to obtain the data via the radiative transport equation.
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A =0.71121 for o = 0.0055 A =0.82274 for oo = 0.00575
N0 3

270 270

FIGURE 3. H3- vs. L%-setting: Reconstruction (blue solid) and original source
(red dashed) in the H3-setting with o = 0.0055 after 25 split approach iterations
(left) and in the L2-setting with o = 0.00575 after 50 split approach iterations
(right).

A = 0.84033 for a = 0.0079 A =0.77183 for o = 0.008
90 3 0 3

270 270

FIGURE 4. L%-setting: Reconstruction (blue solid) and original source (red
dashed) with a = 0.0079 after 37 gradient iterations (left) and with 3% noise
level and a = 0.008 after 24 gradient iterations (right).

We also perform a numerical experiment where we corrupt the artificial data by 3% relative
Gaussian noise with respect to a discrete L?(9€)-norm. The reconstruction is shown in Figure 4
(right). The difference to the noise-free reconstruction, Figure 4 (left), is gradual because the
regularizing effect of the low degree of ry; (M = 8) dominates.

Finally, we come back to Remark 4.1. In our inverse solver we work with the midpoint (5, —2)
which is different from the midpoint (6, —3) used for generating the data. The reconstruction in
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A =1.3foro =0.0075 A =1.3foro =0.0075

FIGURE 5. L%setting: Reconstruction (blue solid) and original source (red
dashed) with o = 0.008 after 100 (left) and 436 (right) gradient iterations as-
suming a different midpoint. The blue '+’ indicates the midpoint which enters
the inverse solver and the red ’x’ the one used for synthetic data generation.

Figure 5 exhibits the expected behavior: After 100 iterations (left) the size of the reconstructed
source is comparable to the size of the original one, but it is located farer away from the bound-
ary. After termination of the method, i.e. after 436 iterations (right) the reconstructed source
support lies almost completely in the exact one, though it is smaller due to the penalization of
the perimeter. In order to fit the photon flux over the surface, this leads in both cases to an
over-estimation of the intensity.

We emphasize that the reconstructed intensity coincides with the upper bound of the interval
A = [0.7,1.3] where we restrict the intensity to a priori. However, choosing the upper bound
larger shows similar behavior. Large regularization parameters lead to small support of the
sources with high intensities and small parameters cause lower intensities with larger source
supports: this is the non-uniqueness of the BLT inverse source problem [21]. Nevertheless,
incorporating precise a priori knowledge about the source, e.g. used marker and cell properties,
via A and « into the reconstruction process will lead to useful results.

7. OUTLOOK

As the diffusion approximation is only a simplified model of the propagation of photons in
tissue, the natural next step is to extend the stated framework to the more realistic model based
on the radiative transfer equation. Also in this setting the theory of Section 2 is directly appli-
cable. By contrast, more work has to been done to obtain results as in Section 3. In particular
the domain derivative for the forward operator based on the radiative transfer equation has to
be developed, which is under investigations right now.
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