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An experimental investigation of a polymer drag reduced flow using
state-of-the-art laser-Doppler anemometry in a refractive index-matched
pipe flow facility is reported. The measured turbulent stresses deep in the
viscous sublayer are analyzed using the tools of invariant theory. It is shown
that with higher polymer concentration the anisotropy of the Reynolds
stresses increases. This trend is consistent with the trends extracted from
DNS data of non-Newtonian fluids yielding different amounts of drag reduction. The interaction between polymer and turbulence is studied by considering local stretching of the molecular structure of a polymer by
small-scale turbulent motions in the region very close to the wall. The
stretching process is assumed to re-structure turbulence at small scales by
forcing these to satisfy local axisymmetry with invariance under rotation
about the axis aligned with the main flow. It is shown analytically that kinematic constraints imposed by local axisymmetry force turbulence near the
wall to tend towards the one-component state and when turbulence reaches
this limiting state it must be entirely suppressed across the viscous sublayer.
Based on this consideration it is suggested that turbulent drag reduction by
high polymers resembles the reverse transition process from turbulent to
laminar. Theoretical considerations based on the elastic behavior of a polymer and spatial intermittency of turbulence at small scales enabled quantitative estimates to be made for the relaxation time of a polymer and its concentration that ensure maximum drag reduction in turbulent pipe flows, and
it is shown that predictions based on these are in very good agreement with
available experimental data.
Key words: turbulent drag reduction, polymers, transition, turbulence,
boundary layer, internal flows

Introduction
The addition of small amounts of dilute polymers to wall bounded flows can
lead to large drag reduction (DR). This phenomena has received much attention since its
discovery more than 50 years ago. Nevertheless, detailed knowledge about the chief
mechanism for the action of the polymer and its effect on turbulence is not available.
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In respect to important reasearch efforts in this field the early studies of Metzner
and Park [1], Lumley [2, 3], Virk [4], Berman [5], and the more recent contributions of
Tabor and Gennes [6], Ryskin [7], Thirumalai and Bhattacharjee [8], and Sreenivasan
and White [9] should be mentioned. Turbulence measurements in drag reduced flow only
became possible with the development of advanced optical measuring techniques. The
experimental work of Rudd [10] and Logan [11], and subsequent contributions of Reischman and Tiederman [12], Luchik and Tiederman [13], Walker and Tiederman [14],
Willmarth et al. [15], Wei and Willmarth [16], and Warholic et al. [17] provided important information on modifications of the statistical properties of turbulence in
wall-bounded flows by presence of polymer additives. Most of these experimental investigations were carried out for a low percentage of DR. The mean velocity profile was
found not to follow a classical log law. The root mean square of the streamwise and normal velocity fluctuations, normalized with the wall friction velocity determined for the
polymer flow, were larger and lower, respectively, than in Newtonian liquid. These
trends became more pronounced as DR increased. For large DR, experiments showed
that the turbulent shear stress is approximately zero, indicating that turbulence is not
maintained by the well-known mechanism (which ensures that rates of energy generation and viscous dissipation are in balance) and that the persistence of turbulence is associated with the statistical dynamics of extra polymer stresses.
In order to gain a more detailed insight into the phenomena of polymer drag reduction, direct numerical simulations have been performed by Toonder et al. [18],
Sureshkumar et al. [19], Dimitropulos et al. [20], Sibilla and Baron [21], Angelis et al.
[22], and Dubief et al. [23, 24]. These numerical studies provided considerable information about the behaviour of turbulence in presence of a polymer solution in the flow: the
influence of a polymer on the mean flow and turbulence stresses and their detailed budgets including instantaneous three-dimensional flow patterns. These simulations, like
those of Newtonian turbulence, cannot themselves lead to improved understanding without a form theory capable of distinguishing the cause from the consequence. A lack of
generally accepted and well-supported theory for the remarkable evidence that one drop
of a long-chain polymer properly mixed with a few hundred liters of liquid can reduce up
to 80% of friction drag in a pipe flow illustrates the huge gap that exists in our current
knowledge of wall turbulence. This situation immediately suggests that something substantial and very fundamental can be learned about turbulence by studying the mechanism of polymer drag reduction.
The theory of turbulent drag reduction in simple, nearly parallel wall-bounded
flows can be worked out proceeding from the basic equations that govern the turbulent
stresses and by using (but not misusing) the turbulence closure based on the application
of the two-point correlation technique and invariant theory [25]. Conclusions emerging
from the theory can be tested by direct comparisons with numerical simulations or experiments. The mechanism responsible for large drag reduction can be identified without appeal to the empirical input or auxiliary approximation. However, its description might not
be digestible for those who reason about turbulence (in a deterministic fashion) exclusively in the physical space where observations usually take place: exposition and usage
of arguments and resulting deductions may therefore seem unreasonable, confusing or
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entirely wrong. If the matter is analysed in the functional space formed by the two scalar
invariants which emphasize the anisotropy of turbulence, the problem of large drag reduction turns out to be the first one to attack because of its simplicity and specifc and unconventional usage of arguments then appear logical and transparent. By arguing in the
real space and the functional space it was possible to specify this interaction in the form
of kinematic constraints and to show how these constraints force suppression of turbulence close to the wall, leading to significant drag reduction.
In this paper we present experimental investigations of turbulent drag reduction
using polymer additives. The base of this investigation came out of the work of Jovanovi}
and Hillerbrand [26] in connection with the flow control of a laminar boundary layer at
very high Reynolds numbers. The performed experiments confirmed the major conclusion which emerged from the above-mentioned theoretical work, namely that the mechanism of drag reduction is associated with an increase in anisotropy of turbulence at the
wall.
This paper also provides consideration of the two most important issues related
to maximum turbulent drag reduction for pipe flows: determination of the relaxation time
of a polymer and its concentration. Following the elastic theory, the relaxation time of a
polymer (tpol) is determined by requiring that it should be larger than the characteristic
time-scale of turbulent motions in the dissipation range (tK ). Since the small-scale structure of turbulence in the dissipation range is universal, the concentration of a polymer is
determined from its spatial extent using well-established relations which hold in isotropic
turbulence and the experimental evidence that the mean separation between regions associated with motions at Kolmogorov’s scale is comparable to the integral length-scale of
turbulence.
Experimental investigation of polymer drag reduction
The conclusion emerging from the theoretical work of Jovanovi} and
Hillerbrand [26] is that the efective way to suppress small-scale fluctuations in the
near-wall region is to force them to be predominantly one-component. To verify whether
this implication also holds for polymer drag reduction, an experimental programme using
state-of-the-art laser-Doppler (LDA) measuring technique was initiated. This technique
allows accurate experimental data to be obtained deep inside the viscous sublayer, enabling a quantitative basis to be formed for the interpretation of the dynamics of turbulence using the tools of invariant theory.
Test section and instrumentation
Measurements were performed in the refractive index-matched pipe-flow facility at
the Lehrstuhl für Srömungsmechanik in Erlangen. This test rig has been used extensively for
diferent LDA measurements. It is a closed-loop pipe flow installation driven by a screw conveyor pump. Flow rates between 0.6 and 20 m3h-1 can be achieved with a tolerance of 1%.
15
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Figure 1. Layout of the LDA optical system

With a pipe diameter of 50 mm a maximum Reynolds number of Re = 4.4×104 can be realized. The test section is located about 4 m downstream, providing a development length of
about 100 pipe diameters. In the present experiments, the flow was tripped at the pipe inlet to
ensure additionally fully developed flow conditions. A more detailed description of the experimental apparatus can be found in Durst et al. [27].
The arrangement of the LDA optical system and the test section is shown in fig. 1.
The optical system consisted of a 15 mW helium-neon laser and a double Bragg cell unit. In
the near-wall region measurements were performed with the Bragg cells operated at 40.0 and
40.3 MHz, providing a shift frequency of 300 kHz. The measuring control volume was about
60 µm in diameter (minor axis d2) and had a length of 230 µm (major axis d1). These values,
based on the e-2 intensity cut-of point, were calculated from:
d2 =

4 lf
Epd beam cos j

(1)

and
d1 =

4 lf
Epd beam sin j

(2)

where E is the beam expansion factor, l the laser wavelength, f the focal length of the
transmitting lens, dbeam the diameter of the unfocused laser beam and j half the
intersection angle of the beams.
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Although a fully developed state of turbulence at the measuring station had to be
ensured, the facility was not operated at maximum speed, because the thickness of the
viscous sublayer decreased with increasing mean flow velocity. To allow measurements
in the direct proximity of the wall, a Reynolds number of 2.5×104 was chosen.
To quantify drag reduction, which is defined as:
DR = 1 -

tw, pol
tw

(3)

it was necessary to determine the wall shear stress tw. This was accomplished by
measuring the mean velocity at a fixed and predetermined position from the wall within
the viscous sublayer.
In order to analyse the structure of turbulence in a DR flow using invariant theory, the second-order moments are required. For measurements in the viscous sublayer
( x 2+ < 5) it is possible to plot data in the anisotropy invariant map using axial and tangential fluctuation values only. Figure 2 shows direct numerical simulation (DNS) results of
Mansour et al. [28] for x 2+ < 5 plotted in the anisotropy invariant map: once using all
Reynolds stress components and once using the u12 and u32 components only. It can be
seen that there is on significant difference in the values obtained. Therefore, the mean velocity and the fluctuating components u12 in axial and u32 in tangential direction at a fixed
position inside the region of the viscous sublayer were sufficient for the purpose of this
investigation.

Figure 2. DNS data from Mansour et al. [28] for x2+ < 5 plotted on the
expanded scale in the anisotropy invariant map
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Turbulent pipe flow without polymer additives
Preliminary measurements without the addition of polymer additives were performed to verify the measured quantities. For velocity measurements in the axial direction, the LDA system was traversed in the vertical direction. By rotating the transmitting
optics by 90°, the tangential velocity component u32 was measured in the horizontal
plane. In order to obtain statistically accurate results, measurements were taken for 4
minutes at each point. This period corresponds almost to the time during which the entire
oil circulated once through the experimental loop and therefore cannot be selected
higher.
The wall shear velocity ut was calculated from the slope of the measured mean
velocity profile in the viscous sublayer. Additionally, ut was estimated from the Clauser
diagram (ut = 0.08088 m s-1) and using the Blasius formula for the friction coeficient:
tw
1
rU B2
2

æU BD ö
= 00791
.
çç
÷÷
è n ø

-1/ 4

(4)

With a bulk velocity of U B = 140
. ms -1 the wall shear velocity yields
-1
ut = 007968
.
ms . This value deviates less than 2% from the calculated value of
ut = 008096
.
ms -1 .
For axial turbulence intensity measurements, the expression [27]:
u12meas

=

u12true

d 2 æ d 2U 1
+ 2ç
16 çè dx 2+

2

ö
÷
÷
ø true

(5)

was used for correcting the measured data for the finite size of the measuring control
volume. The resulting corrections were of the order of less than 8% in the near-wall
region. The mean velocity does not require a correction since the leading term of the
correction represents the curvature of the velocity profile, which is negligible close to the
wall. Figure 3 confirms the linear dependence of the mean velocity U 1 and of the
corrected turbulence intensity u12 on the dimensionless wall distance x 2+ = x 2 ut / n . Since
the mean velocity in the tangential direction is approximately zero, no corrections
concerning the finite size of the measuring control volume had to be applied to u32 .
In fig. 4, the local mean velocity is plotted with respect to the dimensionless wall
distance. Comparison with the universal law of the wall, experimental data of Durst et al.
[27] and DNS results shows good agreement. Figure 5 shows the local root mean square
values of the axial fluctuation component normalized with the wall shear velocity as a
function of the dimensionless wall distance. These measurements compare well with
available DNS results and experiments reported by Durst et al. [27].
For measurements of the fluctuating component in the tangential direction u32 ,
the optical system was arranged in such a way that the major axis of the elliptical measuring volume was normal to the wall. Therefore, the spatial resolution in the tangential
18
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Figure 3. Velocity profile and turbulent intensity profile in the region
very close to the wall

Figure 4. Local mean velocity versus dimensionless distance from the
wall: comparison with the universal law of the wall, DNS results and
experimental results of Durst et al. [27]

direction was limited and prevented measurements closer than ~230 µm from the wall.
Figure 6 shows comparisons of experimental results with those obtained from numerical
simulations and the measurements reported by Durst et al. [27], which were performed at
the same test rig. It can be seen that measurement errors exist in the region x 2+ < 10 . The
dimensionless size of the measuring volume was:
19
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1/ 2

Figure 5. Axil turbulent intensity component u¢1 = u12 : comparisons
with DNS results and experimental results of Durst et al. [27]

Figure 6. Tangential intensity component u'3 = u32
DNS results and experiment of Durst et al. [27]

d1+ =

d1 ut
»6
n

1/ 2

: comparisons with

(6)

which indicates that it covered not only the near-wall region but also parts of the wall.
With the addition of polymers, ut decreases drastically. Therefore, the dimensionless size
of the measuring volume decreases and correct measurements of the tangential intensity
component in the near-wall region become possible.
20
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Turbulent flow with polymer additives
The polymer can be added to the flow in different ways. It can be injected into
the flow at different concentrations or a homogeneous mixture can be prepared in advance. In order to guarantee a homogeneous mixture from the start it was decided to prepare the mixture outside the installation. A 50 ppm solution of a FORTUM* polymer, illustrated in fig. 7, mixed with Diesel oil was prepared. This mixture was stirred slowly for
1 week before distributing it to four 200 l kegs of Diesel oil yielding 5 and 10 ppm solutions, respectively. These solutions were stirred for another 24 h before being returned to
the installation. Since the polymer is sensitive to mechanical straining, all these steps
were performed very carefully and slowly. The viscosity was measured for the pure mixture of the two Diesel oils and the 50 ppm solution, yielding a constant kinematic viscosity of n = 3.2×10-6 ms-2.

Figure 7. Illustration of the molecular structure of a FORTUM polymer sample after
Koskinen [29]: M » 25 ×106 gmol–1, Mdodecane = 168.4320 gmol–1, Moctane = 112.2880 g mol–1, l
= 2 × 1.54 Å, rd/o = C12H24/C8H16 = 1/3, Nmonomer = Mpolymer/[rd/oMoctane + (1 – rd/o)Mdodecane]

Since the polymer solution showed a rather short lifetime, with detectable degradation efects after 1 h of continuous operation, it was not possible to obtain the entire velocity profile of the flow in one session of measurements. Owing to the elaborate preparation procedure of the polymer solutions, the measurement of the entire velocity profile
was abandoned and measurements at one point inside of the viscous sublayer were taken
until the polymer had degraded and no further drag reduction could be observed. At regular time intervals, a sample of a working fluid was taken in order to check its kinematic
viscosity, which was found to maintain a constant value.
*

FORTUM Power and Heat Oy, P. O. Box 20, 00048 FORTUM, Finland
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Mean velocity and turbulence intensities in axial and tangential directions were
measured for each of the solutions. Measurements were taken for about 10 h. Subsequently, the exact location of the measurement control volume was verified.
Results of the measurements with polymer additives are presented in figs. 8-10.
The higher the concentration of the polymer, the lower is the velocity. This implies a less
steep velocity gradient at the wall, as expected for a drag reduced flow. As time passes,

Figure 8. Behaviour of the mean velocity with time for degrading
polymer solutions

Figure 9. Behaviour of the axial turbulent intensity component in
degrading polymer solutions
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Figure 10. Behaviour of the tangential turbulent intensity component
in degrading polymer solutions

the influence of the polymer vanishes and the value of the velocity increases until a
steady value is reached. The same trend can be observed in histories of the turbulence intensities.
As shown in fig. 11, DR decreased fast within the first 2 h. With an addition of
10 ppm polymers a maximum DR of 70% could be observed. The effect had completely
vanished after continuous operation for 7.5 h. The highest value of DR with a 5 ppm polymer concentration was around 50%. For this concentration of a polymer, the effect had
disappeared 4 h after the beginning of the measurements.

Figure 11. DR for different concentrations of a polymer
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The measured data were analysed by plotting these on the anisotropy invariant
map. Figure 12 shows the obtained results. The position of the initial point in the anisotropy invariant map depends on the polymer concentration and induced DR. With higher
concentrations of a polymer its location moves closer to the one-component limit. As
shown earlier, the same trend can be observed in Newtonian fluids for decreasing Reynolds numbers (see fig. 17). As time passes, the data indicate a clear tendency to move
downwards along the two-component state from a position close to the one-component
limit towards the isotropic two-component limit. These trends in the anisotropy invariant
map lasted about 25 and 80 min. for polymer concentrations of 5 and 10 ppm respectively, before the trend in the data reversed direction on the anisotropy map. The reversed
trend in the data corresponds roughly to a remaining DR of about 30%.

Figure 12. Measurement results plotted on the anisotropy invariant map (together with those
shown in previous figure) demonstrate that with decreasing DR the data points move away
from the one-component limit

This reversed trend has no physical explanation but is caused by a reduced resolution in measurements due to the degradation of the polymer. Owing to polymer addition, the wall shear velocity ut decreased drastically. Thus, the initial dimensionless
size of the measuring control volume was calculated to be:
d1+ =

d1 ut, initial
n

» 32
.

(7)

so that precise measurements in the viscous sublayer with x 2+ < 5 were possible. With
degradation of the polymer ut increased and also the dimensionless size of the measured
24
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control volume. At the point of 30% DR, the major axis d1+ assumed a value larger than
the thickness of the viscous sublayer. For this reason, measurements in the viscous
sublayer did not yield correct results for a low percentage of DR.
Figure 13 shows that this trend is confirmed by data from direct numerical simulations of drag reduced, fully turbulent flows. The trajectories of the joint variation of the
invariants of aij across the anisotropy-invariant map from the numerical database of a turbulent channel flow from Dimitropulos et al. [20] are presented and it can be seen that
that with increasing DR, which is accompanied by suppression of wall turbulence [17],
the point that corresponds to the position at the wall x2 = 0 moves upwards in the direction
of the one-component limit.

Figure 13. Anisotropy-invariant mapping of turbulence in a fully developed channel
flow with DR from direct numerical simulations of Dimitropulos et al. [20]. The
trend in the data at the wall (x2 = 0) strongly supports the conclusion that DR
increases as turbulence approaches the one-component limit
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The mechanism of polymer drag reduction
The problem of polymer DR remains poorly understood mainly because the interaction between a polymer and turbulence is essentially at the molecular level of the
former. This interaction involves modification of the molecular structure of a polymer by
turbulent motions in the near-wall region. Figure 14 shows a conceptual scenario where,
under very special circumstances, turbulence in the near-wall region forces rolled-up
chains of a polymer partially to unroll and stretch in the mean flow direction.

Figure 14. Behaviour of a polymer in solution at equilibrium (top) and its response to
stretching by turbulent motions at small scales very close to the wall (bottom). Here RN and
RF are hydrodynamical and Flory radius, respectively

In the unrolled state, polymer chains dictate characteristic length scales associated with the fine structure of turbulence. These scales are elongated in the streamwise direction and are therefore strongly anisotropic. In the most extreme case, polymer chains
form a filament structure with a length-scale arrangement which is almost axisymmetric
around the axis aligned with the mean flow. Hence it is reasonable to assume that the
chief mechanism of DR is related to the ability of the activated polymer to re-structure
turbulence at small scales by forcing them to satisfy constraints imposed by local
axisymmetry. Local axisymmetry as illustrated in fig. 14 requires that the statistics of
26
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higher order velocity derivatives, which contribute to the turbulent dissipation correlations, must satisfy invariance under rotation about the axis orientated in the mean flow direction.
In the near-wall region, the presence of the polymer increases not only the anisotropy in length scales but also anisotropies in the dissipation and turbulent stresses, since
these are closely related across the viscous sublayer. This can be shown using the
two-point correlation technique and invariant theory [25]. If the polymer concentration
(c) and its relaxation time (tpol) are appropriately matched to the properties of turbulence,
it will undergo considerable modification and reach, at the wall, a state of maximum anisotropy. This state can be identified on the anisotropy-invariant map shown in fig. 15 and
corresponds to the one-component limit (IIa = 2/3). For these limiting conditions Jovanovi} and Hillerbrand [26] provided an analytical proof which shows that if turbulence (at

Figure 15. Anisotropy-invariant map of the tensor aij =
= uiu j / q 2 - 1/ 3 dij and the limiting values of scalar invariants IIa =
= aijaji and IIIa = aijajkaki for the different states of the turbulence,
after Lumley and Newmann [30]. Here uiu j is the Reynolds stress
tensor and q2 is its trace q 2 = us us . According to Lumley [31], all
realistic turbulence must exist within the area delimited by the map
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small scales) close to the wall is locally axisymmetric as illustrated in fig. 14, it must undergo very rapid laminarization and therefore considerable DR owing to suppression of
the turbulent dissipation rate e, which, under common circumstances, reaches a maximum at the wall (see fig. 16).

Figure 16. Distribution of the turbulent dissipation rate e
versus distance from the wall, normalized on the inner
variables ut and n, in a plane channel flow (DR = 0) from
direct numerical simulations of Kim et al. [33], sketched e
profiles for non-vanishing DR and the limiting state at the
wall for maximum DR

For an extreme situation, when (IIa)wall ® 2/3 and (e)wall ® 0, the statistical dynamics of the turbulent stresses constructed by combining the two-point correlation technique and invariant theory written in Cartesian notation [25]*:
¶ u12
æ1
ö
@ P11 + a11 Pss + F ç Pss - P11 ÷ + (C - 2 Aeh )a11 ¶t
è3
ø
2
¶ 2 u12
2
¶ u1
1
- eh us us u2 + n
3
¶ x2 q 2
2
¶ x 22
123

(8)

®0 if ( II a ) wall ®2/ 3

*

In (8)-(11) Pij = - ui uk ¶U j / ¶xk - ui uk ¶U i / ¶xk represents the production of the turbulent stresses by mean
motion, x2 measures the distance from the wall, eh is the homogeneous part of the turbulent dissipation rate
defined by eq.(17) and A, C, and F are scalar functions that depend on the anisotropy invariants and the turbulent
Reynolds number
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¶ u22
1
2
@ a 22 Pss + FPss + (C - 2 Aeh )a 22 - eh ¶t
3
3
2 2
2
¶ u2
1
¶ u2
us us u2 + n
2
2
¶ x2 q
¶ x 22
123

(9)

®0 if ( II a ) wall ®2/ 3

¶ u32
1
2
@ a 33 Pss + FPss + (C - 2 Aeh )a 33 - eh ¶t
3
3
¶ 2 u32
1
¶ u32
us us u2 + n
2
¶ x2 q 2
¶ x 22
123

(10)

®0 if ( II a ) wall ®2/ 3

¶ u1 u2
@ P12 + a12 Pss - FP12 + (C - 2 Aeh ) a12 ¶t
¶ 2 u1 u2
¶ u1 u2
1
us us u2 + n
¶ x2 q 2
2
¶ x 22
12
4 4
3

(11)

®0 if ( II a ) wall ®2/ 3

suggest that the viscous diffusion process can almost be neglected, ¶ 2 ui u j / ¶ 2 x 22 ® 0 ,
forcing turbulence to tend towards the axisymmetric state with the streamwise intensity
larger than in the other two directions, u12 > u22 = u32 . Since in axisymmetric turbulence
there is no shear stress u1 u2 , it is to be expected that for large DR there will be no
traditional mechanism of the energy production Pk = -u1 u2 ¶U 1 / ¶ x 2 which ensures
self-maintenance of turbulence in wall-bounded flows.
The system (8)-(11) therefore permits an insight into the two important issues of
turbulent DR that need to be distinguished: modifications of turbulence induced in the region of the viscous sublayer are of a causal nature and the significant reduction of turbulent energy production in the flow region away from the wall is a consequence of the
mechanism associated with DR. Under these circumstances, turbulence can persist in
polymer flows only if interaction between the polymers and turbulence induces additional polymers stresses. Thus, the evolution of turbulence in drag-reducing flows resembles the reverse transition process in the limit when Re ® Recrit as illustrated in fig. 17.
The specific process by which an increase in the anisotropy of turbulence influences DR is related to the ability of dilute flexible polymers to decrease the contribution
of turbulence to the average energy dissipation rate. For a pipe flow this can be expressed
as the rate of work done against the wall shear stress per unit mass of fluid:

e@

tw pDLU B 4ut2U B
=
1
D
rp LD 2
4

(12)
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Figure 17. Anisotropy invariant mapping of turbulence in a channel flow. Data which
correspond to low Reynolds number (based on the channel half-width and the wall friction
velocity) show the trend as Re ® Recrit towards the theoretical solution valid for small,
neutrally stable, statistically stationary axisymmetric disturbances [32]

where D and L are the pipe diameter and its length, respectively, U B represents bulk
velocity, tw corresponds to the wall shear stress, tw = m( ¶U 1 / ¶ x 2 ) 0 , and ut is the wall
friction velocity, ut = (tw/r)1/2 . From this equation, we may conclude that for a given
mean flow (U B ) and pipe diameter (D), only a decrease e in ensures DR. It is therefore not
surprising that measurements of the energy spectra of turbulence in drag-reducing flows
display attenuation of fluctuations at high wave numbers (small-scales) across the entire
flow [17]. These fluctuations contribute substantially not only to e but also to the
dynamics of the dissipation process, which are extremely complicated.
Determination of the relaxation time of a polymer
for maximum drag reduction
In the previous section, we provided an explanation for the physical mechanism
that causes turbulent DR by polymers. It is associated with modifications of turbulence at
small scales by changes in the molecular structure of a polymer. It is therefore reasonable
to assume that turbulent motions at high wave numbers are responsible for interaction between turbulence and a polymer. These motions are characterized by Kolmogorov’s
length scale, defined as:
æ n3
hK = ç
ç e
è

1/ 4

ö
÷
÷
ø

and additional scales which can be derived from n and hK:
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· velocity scale uK = n/hK ,
· time scale t K = hK2 / n, and
· pressure scale pK = rn2/hK .
To ensure that the polymer produces DR, the characteristic time-scale of turbulence (ttur @ tK ) must be smaller than the relaxation time of a polymer (tpol) in order to activate rolled-up chains of a polymer to unroll and in this way initialize DR [2]. This requirement may be formulated in the form:
tK £ tpol

(14)

Using the well-known relationship for interpretation of the turbulent dissipation
rate in terms of the energy (2k = q 2 = us us ) and the Taylor microscale (l) that holds in
homogeneous turbulence:
q2
(15)
e = 5n
l2
and from expression (13) we find:
5 l
(16)
5 q
It is possible to show, using the two-point correlation technique [34], that the
turbulent dissipation rate in wall-bounded flows may be interpreted in terms of the Taylor
microscale as follows:
tK =

e=

¶2 q 2
q2
1
n
+ 5n
2
4 ¶x k ¶x k 12l3

(17)

eh

Exploring the series expansion for the instantaneous velocity fluctuations about
the wall [35]:
u1 = a1 x 2 + a 2 x 22 + Kü
ï
ï
(18)
u2 =
+ b2 x 22 + Ký as x 2 ® 0
ï
2
u3 = c1 x 2 + c2 x 2 + K ï
þ
where the coeficients ai, bi, and ci are functions of time and space coordinates x1 and x3, it
is possible to show that l and q are linear functions of the distance from the wall:
üï
ý as x 2 ® 0
q = a12 + c12 x 2 þï
l = 10x 2

(19)

For pipe and channel flows, experimental investigations and numerical simulations indicate that the limiting behaviour of turbulence intensities close to the wall is
nearly independent of the Reynolds number [36, 37]:
31

THERMAL SCIENCE: Vol. 9 (2005), No. 1, pp. 13-41

u12 / U 1 » 0.4 üï
ý as x 2 ® 0
u32 / U 1 » 02
. ïþ
This behaviour yields:
a12 » 016
.
c12 » 004
.

(20)

ut4

(21)

n2
ut4

(22)

n2

From the above limiting behaviour of intensity components close to the wall, we
deduce from expression (16) the time-scale tK of turbulence at the wall:
( t K ) wall » 10

n

(23)

ut2

Another estimate of the time-scale tK follows from consideration of turbulence
at the pipe centreline. For this flow region, experiments show that all three intensity components are nearly equal and scale with the wall friction velocity [27, 36]:
u12 » u22 » u32 » 0.75ut

(24)

This experimental evidence suggests the relation for the upper estimation of the
time-scale tK:
n
(25)
( t K ) center » 0265
.
( R l ) center
ut2
where (Rl)center is the turbulent Reynolds number R
l = q /n at the pipe centreline, which can be calculated approximately using the
correlation (shown in fig. 18) suggested by Jovanovi} and Pashtrapanska [38]:
1/ 2

æ ut D ö
R l » 1996
.
ç
÷
è n ø

+ 0108
.

(26)

By requiring that the relaxation time of the polymer tpol is larger than expression
(23) and smaller than or equal to expression (25):
10

n
ut2

< t pol £ 0265
.
( R l ) center

n
ut2

(27)

we obtain the condition that needs to be fulfilled in order that polymer molecules become
substantially elongated, resulting in maximum DR. The lower bound for tK expression
(23) is far more representative than the upper bound expression (25), since effects close
32
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Figure 18. Cross plot of Rl versus Re1t/ 2 for fully developed turbulent
pipe (Ret = utD/n) and channel flows, from Jovanovi} and
Pashtrapanska [38]

to the wall are of the causal nature for nearly all production of turbulence in wall-bounded
flows and therefore strongly influence its contribution to the viscous drag.
Figure 19 shows experimental results of Durst et al. [39] for polymer drag reduction, defined in terms of the dimensionless coefficients of resistance l:

Figure 19. Drag reduction in pipes of different diameters versus a
polymer time scale normalized by a viscous time scale n / ut2 in a fully
developed turbulent pipe flow (from Durst et al. [39]) and the predicted
value of a Deborah number (De) for the maximum DR effect
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Dp l 1
=
rU B2
L D2

(28)

for the solvent (ls) and a dilute polymer solution (lp) versus the Deborah number (De):
De =

t pol
n

(29)

ut2
These experimental results, which were obtained in a turbulent pipe flow at
moderate Reynolds numbers, confirm that maximum DR is already reached when the De
exceeds a value of about De ³ 10. This finding is in close agreement with the conclusion that emerges from the time-scale argumentation discussed above and is in agreement
with the lower bound of the constraint derived expression (27) for the relaxation time of a
polymer. Considering that the molecular weight of a polymer (M) is distributed according to the probability density distribution the onset of DR at De » 0.5 is not surprising. If
the right-hand side tail of the probability density distribution of the molecular weight of a
polymer extends to three times of the mean value (M) then the requirement
t pol > ( t K ) wall , which corresponds to M, together with the Zimm relation for tpol suggests
that the onset of DR starts already at De » 0.44 (see also fig. 14)
The optimum concentration of a polymer
If we assume that the entire interaction between a polymer and turbulence is localized in the dissipation range of the spectrum, this implies that the volume occupied by
fluid motions which scale with Kolmogorov’s variables (hK, tK, uK, and pK) should be
equal to the volume of a polymer in order to obtain maximum DR. Since the small-scale
structure of turbulence is (believed to be) universal for all turbulent flows, the volume occupied by it can be determined by considering well-established results which hold for
isotropic turbulence.
For isotropic turbulence at large Reynolds numbers, the turbulent dissipation e
may be related to the integral length scale of the energy containing range [40, 41]:

e @ 0192
.

q3
, R l o1
Lf

(30)

At very low Reynolds numbers, e. g. in the final decay period of classical
grid-generated turbulence, the expression for e can be derived analytically [42]:
e =1959
. n
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q2
L2f

, Rl n1

(31)
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Figure 20. The arrangement of polymer molecules for maximum DR in a fully developed pipe
flow is dictated by spatial intermittency of turbulence at small scales

Following the suggestion of Rotta [43], we combine expressions (30) and (31) to
obtain an interpolation equation for e valid for low and large Reynolds numbers:
e » 1959
. n

q2
L2f

+ 0192
.

q3
Lf

(32)

Expressing e in terms of Taylor’s microscale, using expression (15), with (32)
we are in position to correlate the length scale ratio l/Lf in terms of the turbulent
Reynolds number:
l
1
» -0049
. R l + (0009604
.
R l2 + 10208
. ) 1/ 2
Lf
2

(33)

which attains a maximum value of 1.597 when Rl ® 0 and vanishes for Rl ® 4. Using
expressions (13) and (15), the above ratio l/Lf can be transformed to the ratio of
Kolmogorov’s length scale to the length scale Lf:
hK
» -00327
.
R 1l/ 2 + 03343
.
R l–1/ 2 (0009604
.
R l2 + 10208
. )1/ 2
Lf

(34)

Experimental investigations of statistical properties of the fine scale structure of
turbulence by Batchelor and Townsend [44] and Kuo and Corrsin [45] reveal that the
mean separation between flow regions in space where turbulent motions correlate well
with Kolmogorov’s length scale is comparable to the (integral) length scale Lf of turbulence (see fig. 20). This finding implies that there is one Kolmogorov structure (hK) inside the large-scale structure of turbulence (Lf ), so that the volume occupied by a polymer
(c) relative to the volume of entire fluid (V) can be estimated as follows:
3

c æç hK ö÷
»
» [-00327
R 1l/ 2 + 03343
R l–1/ 2 (00096
.
.
.
04R l2 + 10208
. 1/ 2 ]3
ç
÷
V è Lf ø

(35)
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It is important to note that the above expression predicts a decrease of c/V with
increasing Reynolds number.
Using expressions (26), (35) and the Blasius correlation formula for the friction
coefficient, the optimum concentration of a polymer for the maximum DR effect was predicted for pipe flow and in fig. 21 the results are compared with measurements carried out
by Tilli et al. [46] for Polyacrylic acid (PAA) dissolved in water. The predicted concentration is seen to follow very closely the measurements performed in the Reynolds number range Re = 1.0 ×104 – 7.2 ×104.

Figure 21. Measured DR effects at different PAA concentrations
in aqueous solutions as a function of the Reynolds number; from
Tilli et al. [46]. The solid line represents prediction of the
optimum concentration of a polymer for the maximum DR
effect

Conclusions

High spatial resolution laser-Doppler measurements were performed in a refractive index-matched pipe flow facility in order to provide experimental evidence for the
chief mechanism responsible for polymer DR. Special care was taken to maintain
well-controlled flow conditions during the experiments and to account for all possible interferences that can influence the interpretation of the measured LDA signals. The experimental results for the mean velocity and turbulence intensity components obtained deep
in the viscous sublayer permitted the evolution of turbulence to be traced across the ani36
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sotropy invariant map. Anisotropy invariant mapping of turbulence in the viscous
sublayer reveals that with decrease of DR the anisotropy near the wall decreases along
the line which characterizes the two-component state starting from nearly the one-component limit which correspond to large DR and finishing approximately midway between
the one-component limit and the isotropic two-component limit for vanishing DR effect.
These observations, extracted from the experimental results, are in close agreement with
the theoretical analysis and support the notion that turbulent DR by dilute addition of
high polymers is associated with the ability of long-chain polymers to induce an increase
in the anisotropy of turbulence in close proximity to the wall.
Statistical analysis of the dynamic equations for turbulent stresses, using the
two-point correlation technique and invariant theory, have been performed to investigate
polymer DR phenomena. By considering local stretching of the molecular structure of a
polymer by small-scale turbulent motions in the region of the viscous sublayer, a conceptual scenario was inferred from theory for the behavior of a polymer and its interaction
with turbulence that leads to significant DR effects. According to this scenario, the
stretching process is responsible for the re-structuring of turbulence at small scales close
to the wall by forcing it to satisfy local axisymmetry with invariance under rotation about
the axis aligned with the mean flow. Analytical considerations lead to the conclusion that
under these circumstances turbulence at the wall tends towards the one-component limit
and when it reaches this limiting state turbulence must be entirely suppressed near the
wall. In addition to these findings, qualitative analysis of the turbulent transport equations, when projected into the invariant space, suggested that DR by high polymers mimics reverse transition from the fully turbulent state towards the laminar flow state. These
analytical deductions were supported by all available results from direct numerical simulations of wall-bounded turbulent flows including those of non-Newtonian fluids.
Examination of the statistical dynamics of the turbulent stresses for conditions
of large DR suggest that suppression of the viscous diffusion process at the wall is the
major cause for polymer DR and significant reduction of turbulent energy production in
the flow region away from the wall can be regarded as a logical consequence. These effects are reflected in a significant reduction of the average turbulent dissipation rate e
which controls the turbulent drag. These findings are illustrated in fig. 22, which shows
distributions of the root mean square of the streamwise vorticity fluctuations ( w12 )1/ 2 ,
which are the largest contribution to the turbulent dissipation rate, e @ w i w i , in a turbulent channel flow.
Parameterisation of the mechanism associated with polymer DR was accomplished by considering the elastic behaviour of a polymer and accounting for spatial
intermittency of turbulence at small scales. The analysis assumed that the interaction between a polymer and turbulence is localized in motions at small scales which are of the
intermittent nature and responsible for the viscous destruction of the turbulent dissipation
rate. Favourable agreement was obtained between predictions, based on theoretical considerations, and available experimental results for the relaxation time-scale of a polymer
and its concentration that produce the maximum DR effect.
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Figure 22. Illustration of the chief mechanism responsible for polymer
DR utilizing the results of direct numerical simulations of Dimitropulos
et al. [20]
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