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Abstract. In this paper we study controlled Piecewise Deterministic
Markov Processes with finite time horizon and unbounded rewards. Us-
ing an embedding procedure we reduce these problems to discrete-time
Markov Decision Processes. Under some continuity and compactness con-
ditions we establish the existence of an optimal policy and show that the
value function is the unique solution of the Bellman equation. It is re-
markable that this statement is true for unbounded rewards and without
any contraction assumptions. Further conditions imply the existence of
optimal nonrelaxed controls. We highlight our findings by two examples
from financial mathematics.
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1 Introduction

In this paper we deal with optimization problems where the state process is
a Piecewise Deterministic Markov Process (PDMP). These processes evolve
through random jumps at random time points while the behavior between jumps
is governed by an ordinary differential equation. They form a general and im-
portant class of non-diffusions. It is assumed that both the jump behavior as
well as the drift behavior between jumps can be controlled. Hence this leads to
a control problem in continuous-time which can be tackled for example via the
Hamilton-Jacobi-Bellman equation. However, since the evolution between jumps
is deterministic these problems can also be reduced to a discrete-time Markov
Decision Process (MDP) where however the action space is now a function space.
Since this will turn out to be a Borel space we can treat these problems with gen-
eral MDP methods. More precisely we will restrict the presentation to problems
with finite time horizon and we will establish two main theorems (Theorem 2
and 3) which state that under some continuity and compactness conditions the
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value function of the Piecewise Deterministic Markov Decision Process is the
unique fixed point of a dynamic programming operator. The reward function is
allowed to be unbounded, and we work with bounding functions and a weighted
supremum norm.

A first systematic study of controlled PDMP is done in [13,14]. The idea of
reducing the control problems of this type to an MDP is due to [21]. For a recent
paper on this topic see [1]. In [22, 23] optimality conditions are given in a weak
form based on a continuous-time approach. Davis introduced the name Piecewise
Deterministic Markov Process (see e.g. [7]) and summarized the state of the art
in his book [8]. [19] and [10] extended the existing results to unbounded reward
problems. They impose certain assumptions on the drift which imply (using
a time transformation) the existence of optimal nonrelaxed controls. Relaxed
controls are known from deterministic control and allow to define a topology on
the action space (Young topology) which simplifies the task to have a compact
action space and continuous functions at the same time. It is well-know that
concavity conditions imply the existence of optimal nonrelaxed controls (see e.g.
[9], [2]). An important subclass of PDMPs (with uncontrolled drift) is the control
of continuous-time Markov Chains (for a recent book on this topic see [11]).

There has been a renewed interest into PDMPs recently, in particular as
far as applications in finance, insurance and queueing are concerned. For ap-
plications in insurance see in particular [19] and the monograph [20]. [16] used
the reduction technique to solve a hedging problem in a continuous-time jump
market (with uncontrolled drift). A utility maximization problem in a PDMP
financial market is treated in [3]. Such financial markets are extensively studied
n [15]. Applications in queueing can be found e.g. in [17], [2] and [18].

The paper is organized as follows: In the next section we introduce our PDMP
optimization problem with finite time horizon. This problem is then reduced in
Section 3 to a discrete-time MDP. We introduce relaxed controls and show the
existence of an optimal policy within this class and that the value function is
the unique solution of the Bellman equation. Moreover, we show that in the case
of uncontrolled drift or in the case of concavity assumptions, the optimal policy
can be found in the smaller class of nonrelaxed controls. In the last section
we provide two examples from finance: One example is the maximization of
expected terminal wealth in a PDMP financial market and the second example
is the liquidation of a large amount of shares in so-called dark pools.

2 Piecewise Deterministic Markov Decision Processes

In this first section we introduce the problem of controlling a Piecewise Deter-
ministic Markov process (PDMP) with finite time horizon T' where we restrict to
a simple formulation in order to highlight the solution procedure in the following
sections. We assume that the state space E of the process is a Borel subset of
R? and actions can be taken from the control action space U which is assumed
to be a Borel subset of a Polish space. The stochastic evolution of the PDMP is
based on a marked point process (T}, Z,), where (T},) is the increasing sequence
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of jump time points of a Poisson process with fixed rate A > 0. At these time
points the PDMP may also jump. The marks (Z,,) describe the post jump states.
We set Ty := 0. Between the jump times 7,, and T,,4+1 the process is described
by a deterministic flow which is constructed from a given drift function p(z,u)
(see below). A stochastic kernel @ from E x U to E describes the distribution
of the jump goals, i.e. Q(B|x,u) is the probability that the process jumps in the
set B given the state x € E immediately before the jump and the control action
u € U at the jump time.

At time T,, the evolution of the process up to time 7,41 is known to the
decision maker who can therefore fix the control action for 7, +t < T},4+1 by
choosing some

a € A:={a:R; — U measurable }. (1)

It is known that A becomes a Borel space if A is endowed with the coarsest
o-algebra such that

ow—>/ eftw(t,ozt)dt
0

is measurable for all bounded and measurable functions w : Ry x U — R (see
e.g. [21]).

We assume that for all & € A there exists a unique solution ¢§(x) € E of
the initial value problem

day = p(xe, op)dt, x9 =1z € E.

Then ¢¢(z) is the state of the piecewise deterministic process at time T;, + ¢ <
Ty if Z, = x. It is assumed that ¢§(x) is measurable in (z, ) and continuous
in ¢.

We restrict here to Markovian policies (or piecewise open loop policies) m =
(m¢) which are defined by a sequence of measurable functions f,, : Ry x F — A
such that

7t = fn(Tn, Zn)(t — Tp,) for t € (T, Trt1].

Note that f : Ry x F' — A is measurable if and only if there exists a measurable
function f : Ry x E x Ry — U such that

ft,z)(s) = f(t,z,s) fors,teR;,x€E.

In the sequel we will not distinguish between f and f . It can be shown that
more general policies which depend on the complete history of the process do
not increase the value of our maximization problem.

For a policy m we write m = (m) = (f) and

™ n(TnZn
O 7 (Zn) = ¢I" 0P Z,) for t € [Ty, Tn)-
Then the piecewise deterministic process (X;) is given by

Xt = (b?_Tn(Zn) for ¢ S [Tn7Tn+1)~
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Note that Z,, = Xr,,.

Given a policy m and an initial state * € E there is a probability space
(2, F,IP7) on which the random variables T,, and Z,, are defined such that
Xo = Zy =z and for all Borel sets C C E and ¢t > 0

P (Toi1 — Ty <t Zypsr € C | To, Zo, ., Ty Zn) =

t
= )\/ e MQ(C| X1, 15,7, 15)ds =
0

:/\/ E*ASQ(CM?(Zn),fn(TmZn)(S))d&
0

Moreover we assume that there is a measurable reward function r : Exf — R
such that r(z,u) gives the reward rate in state x if control action u is taken.
Since we consider here control problems with a finite time period [0, T] we have
a measurable terminal reward g : E — R. We impose now the following (we set
zt := max(z,0))

Integrability Assumption (A):

supE7

T
/ rt (X, ms)ds +g+(XT)] < oo, x€Fk.
0

Then the expected total reward when we start at time ¢ in state x is well-
defined for all 7 by

Ve (t,z) .= Ef,

T
/ r(Xs, ms)ds +g(XT)] , z€Etel0,T)
t

where E; , denotes the conditional expectation that X; = . The value function
of the Piecewise Deterministic Markov Decision Process (PDMDP) is given by

V(t,z) :=sup Vz(t,z), =€ E,tel0,T] (2)

where the supremum is taken over all Markovian policies.
It holds that V. (T, z) = g(z) = V(T, x).

Remark 1. We restrict here the presentation to the problem of maximizing the
expected integrated reward rate over a finite time interval. The theory also allows
to include instantaneous rewards at the jump time points, i.e. to look at the

objective
T
/ ’F(Xt_,ﬂ't)dNt
0

where the measurable function 7 : F x U — R gives the reward for each jump
and (NVy) is the Poisson process with rate A > 0. PDMDPs with infinite horizon
can also be treated (see e.g. [4], Chapter 8).

T
IE; / T(Xt,ﬂ't)dt +]E;r
0
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The optimization problem (2) is a continuous-time control problem. However,
we can show that the value function V' (¢, z) can be obtained by a discrete-time
MDP. This point of view implies a number of interesting results. The first one is
that under some conditions the value function can be characterized as the unique
solution of the Bellman equation. Differentiability of the value function is not
needed in contrast to the classical continuous-time stochastic control approach.
Second, the existence of an optimal policy is rather easy to prove. Moreover, sev-
eral different computational approaches arise. Value iteration or Howard’s policy
improvement algorithm can be used to solve the continuous-time PDMDPs (see

e.g. [4]).

3 Solution via a discrete-time Markov Decision Process

We introduce here a discrete-time MDP which is equivalent to the control prob-
lem of the previous section. The idea is to look at the time points (7},) and choose
actions « € A at time T, since the evolution of the state process between jumps
is deterministic. For general MDP theory see e.g. [6], [12] and [4].

Now suppose a Piecewise Deterministic Markov Decision Model is given as de-
scribed in the previous section. Let us define the following infinite-stage Markov
Decision Model (E', A, Q',r"):

e ' =10,T] x E is the state space. A state (t,z) describes the time point of
a jump and the state of the process directly after the jump.

e A is the action space. Recall that the function space A is a Borel space.

e For all Borel sets B C Ry,C C F and (t,z) € E', a € A, the stochastic
kernel Q' is given by

T—t
Q' (B x Clt,z,a) = )\/ e M1p(t+ 5)Q(Clo% (), oy ) ds. (3)
0

This is obviously a substochastic transition law. In order to make it stochas-
tic, we may add an artificial absorbing state A to the state space and define

Q' ({4}t z,a) =MD Q' ({A}|A, @) == 1.
e The reward function 7’ : B’ x A — R is defined by

T—t
Ftaa)i= [ e (o) a)ds e AT 0g(65 @), (@
0
r'(z, A) :=0.

In what follows we treat the problem as a substochastic problem and skip the
state A. As usual we define now for this discrete-time Markov Decision Model
for a policy (fn):

o0
> (T, 2, fu(T), 2))
n=0

J(t,x) = ?}11; Jooipy(ta),  (tx) € E'.

Tiop (t2) = B
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where (T}, Z!) is the corresponding state process of the MDP up to absorption
in A. Note that (T},Z2]) = (T, Zy,) as long as T,, < T.

Theorem 1. For a Markovian policy m = (f,) we have

Vﬂ-(t,z) = J, (fn)(t,x), (t,x) S El.

(o}

Moreover, it holds: V = J.,.

Proof. Let H,, := (To, Zo,...,Tn,Z,) and T,, < T. We consider only the time
point ¢ = 0. Arbitrary time points can be treated similarly by adjusting the
notation. We obtain:

n+1/\T

Z / (X, ms)ds 4+ 17, <T<Tn+1]g(XT))]
T, AT
Tn+1/\T
= ZEZZ / r(XS,Ws)dS‘HnH

+ZE 1[T7L<T<Tn+1]g(XT)|H/’L}:|

Va(0,2) = EJ

E;

_ZEm (T%, Zly, fulT, Z2))]

n=0
since the transition kernel of (T}, Z!) is given by (3) and ' by (4). O

Theorem 1 implies that V(¢,x) can be computed from the value function
J._ of the discrete-time Markov Decision Model. Note that the Integrability As-
sumption for the Piecewise Deterministic Markov Decision Process implies that
the discrete-time Markov Decision Model is well-defined. The maximal reward
operator 7 is given by

(To)(t,2) = sup {e T g (g5, (x)) +

acA
+/0Tt e XS {T(éb?(x),ozs) + A/v(t+ S7Z)Q(dz‘¢)?(l'),as):|ds}'

From now on we assume that I/ is compact. In order to prove existence of optimal
controls we need certain continuity and compactness conditions. To achieve this,
we have to enlarge the action space and we introduce

R :={a: Ry — P(U) measurable}, (5)

the set of relaxed controls where P(U) is the set of all probability measures on U
equipped with the o-algebra of the Borel sets, i.e. a; can be seen as a randomized
action. The problem is to define a topology on A which allows for a compact
action space and a continuous target function - two competing aims. The set
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A of deterministic controls is a measurable subset of R in the sense that for
« € A the measures oy are one-point measures on Y. A suitable topology on R
is given by the so-called Young topology. Definition and important properties of
this topology are summarized in the following remark. It can be shown that the
set A of deterministic controls is dense in R with respect to the Young topology.

Remark 2 (Young Topology). The Young topology on R is the coarsest topology
such that all mappings of the form

Ro>aw— /Ooo/uw(t,u)at(du)dt

are continuous for all functions w : [0, 0] x U — R which are continuous in the
second argument and measurable in the first argument and satisfy

oo
/ max |w(t, u)|dt < oo.
0 ueu

We denote this class by Car(Ry x U), the so-called Carathéodory functions.
With respect to the Young topology R is a separable metric and compact Borel
space. In order to have well-defined integrals the following characterizations of
measurability are important:

(i) A function « : Ry — P(U) is measurable if and only if

t»—>/ w)ay(du)

is measurable for all bounded and continuous v : U — R.
(ii) A function f: ' — R is measurable if and only if

(t7x)|—>/RJr/uw(s,u)f(t,%s;du)ds

is measurable for all w € Car(Ry x U).

Moreover, the following characterization of convergence in R is crucial for our
applications. Suppose (a;,) C R and a € R. Then lim,,_, a, = « if and only if

lim/ / (t, u)ay (du)dt = / / (t, w)oy (du)dt

for all w € Car(R4 x U).

Now we have to extend the domain of functions already defined on A. In
particular we define for o € R

465 (z) = / (@), u)ay(dudt, 63 (x) =, (6)

r(t,z,a) =e” AT —t) (¢T ((x )) _’\S/r(¢?(x),u)as(du)ds,

“
Tt
Q' (B x Clt,z,a) = /\/0 e Mlp(t+ 8)/Q(C’|¢§‘(x),u)as(du)ds
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where we again assume that a unique solution of (6) exists (according to the
Theorem of Carathéodory this is the case if e.g. p(x,u) is Lipschitz-continuous
in z uniformly in ). If @ belongs to the subset A, then the definitions of ¢*, 1’
and Q' coincide with those we have used so far. In case « is a relaxed control
there is no physical interpretation of the model. The operator 7 has the following
form:

(To)(t, ) = sup {e T g(95_,(2)) +

a€ER

+/OT_t {e—xs/ (r(62 (@), w) +A/v(t+s,z)Q(dZW?(x)’“))O‘S(d“)}ds}'

In the Markov Decision Model with relaxed controls the decision maker can
thus do at least as well as in the case without relaxed controls. When we denote
by J2¢ the corresponding value function we obtain

J o) > I (tx) =V(t,z), (t,z)€FE.

We will show that these value functions are equal under some conditions (cp.
Theorem 3). Next we introduce the notion of a bounding function for the PDMDP:

Definition 1. A measurable function b : E — Ry is called a bounding function
for the Piecewise Deterministic Markov Decision Model, if there exist constants
Cr,Cq,CQ,Cy € Ry such that

(i) |r(z,u)| < cpb(zx) for all (x,u) € E xU.

(i) |g(x )| < ¢gb(z) for all x € E.

(iii) [b(2)Q(dz|z,u) < cob(zx) for all (x,u) € E X U.

(iv) b(¢s ( )) < cob(x) for all (t,z,a) € E' x R.

If b is a bounding function for the PDMDP, then
b(t, z) == b(z)e? T for v >0

is a bounding function for the discrete-time MDP (with and without relaxed
controls), since

Cr
X + Cg)

A
/b $,2)Q'(d(s, 2)|t, x, ) < bt x)chd))\

7 (8, 2, )| < blt, 2)eq

(1— e~y

For a measurable v : E/ — R we denote the weighted supremum norm by
|v(t, )]
[lv]]p ;== sup
(t,x)EE’ b(t,iﬂ)

(with the convention J := 0) and define the set

By :={v: EF' — R | vis measurable and ||v||, < oo}.
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Moreover, let us define

b "(d t
M 2QUEG )
(t,z,0)EE X R b(t, )

From the preceding considerations it follows that

A
ap < Qs — (1 — e_(’\+"’)T).

Hence when a bounding function exists, we have a;, < 1 for v large. From now
on we assume that o < 1. The existence of a bounding function then implies

sup B, | > | (T 24 £u(T3 2) | sl‘“gbb@,x), (t.x) € E',

k=n -

which means that the discrete-time MDP (with and without relaxed controls) is
contracting. Moreover, it holds

|1 7v—Tw|p < apllv —wlp, v,w € By.
We introduce next the following
Continuity and Compactness Assumptions:
(i) U is compact.
(i) (t,z,a) — ¢%(x) is continuous on F’ x R.
(iii) (z,u) — [v(2)Q(dz|z,u) is continuous for all continuous v on E with
[v(x)] < cpb(z) for some ¢, > 0.

(iv) (z,u) — r(x,u) is continuous.
(v) x> g(z) is continuous.

It is possible to weaken the continuity assumptions to upper semicontinuity
(see e.g. the recent book [4]).

Lemma 1. Let b(x) be a continuous bounding function and (t,z, ) — ¢&(x) be
continuous. Let w : E' x U — R be continuous with |w(t, z,u)| < c,b(t,z) for
some ¢, > 0. Then

(t,r, ) — /OT_t e </w(t+ S»Qf(ﬂc),u)as(du)) ds

s continuous on B’ x R.

Proof. First we prove that the function

W(t,z,a):= o e w(t+ s, 0% (x), u)og(du) | ds
(v )
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is bounded and continuous if w is bounded and continuous. Boundedness is obvi-
ous. Now suppose (", 2™, ") — (¢, z,a). Let wy(s,u) := w(t" +5,0%" (x”),u)
and w(s,u) = w(t+ s,¢%(x),u). We consider with a, := min{T — ¢,T — ¢"}
and b, := max{T —t,T — t"}:

|[W (", 2™, ™) = W(t,z,a)| <

’/ /wnsu duds‘+

n / e [ un(s,u) ~ w(s,u)) a2 (du)ds +

+| /O RS / w(s, w)a (du)ds — /0 e / w(s, w)ars(du)ds|.

The first term on the right-hand side converges to zero for n — oo since the
integrand is bounded. The second term can be further bounded by

T—t
/ e sup |wy (s, u) — w(s,u)|ds
0 ueU
which converges to zero for n — oo due to dominated convergence and the
continuity of ¢ and w. The last term converges to zero in view of the definition
of convergence w.r.t. the Young topology and the fact that w is continuous.
Now let w be continuous with |w| < ¢,b. Then w®(t,z,u) := w(t,z,u) —
cwb(t,z) < 0 and continuous. According to Lemma 7.14 in [6], there exists a
sequence (w?) of bounded and continuous functions with (w?) | w®. From the

n

first part of the proof we know that

Wh(t,z,a) == /OT_t e (/ b (t+ s, 0 (x), )as(du)) ds

is bounded and continuous and decreases for n — oo against

T—t
W(t,z,a) — cw/ e Mb(t + s, 0% (x))ds
0

which is thus upper semicontinuous. Since b is a continuous bounding function,
it follows from generalized dominated convergence that

T—t
(t,z,a) — / e_/\sb(t + 5,02 (z))ds
0

is continuous which implies that W is upper semicontinuous. Considering the
function wy(t, z,u) := —cwb(t, ) — w(t,z,u) < 0 in the same way we obtain
that W is lower semicontinuous, thus W is continuous. O

Now we are able to formulate the main results for the control problem (with
relaxed controls). Denote

Cy(E') := {v € By | v is continuous }.
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Theorem 2. Suppose the Piecewise Deterministic Markov Decision Process has
a continuous bounding function b and the continuity and compactness assump-
tions are satisfied. Then it holds:

a) Jih € Cy(E') and JIE is the unique fized point of T in Cy(E').
b) There exists an optimal relaxzed control m* = (w}) such that

7w = f(Tn, Zn)(t —Tp) for t € (T, Tyt
for a measurable control function f: E' — R.

Proof. Recall from Remark 2 that R is compact. Then it follows from Lemma 1
that

(t,x, ) — 7' (t,z,0) + /v(s,z)@'(d(s,zﬂt,aj,a)

is continuous for v € C,(E"). This implies that 7 : C,(E’) — Cy(E’). Moreover
Cyp(FE’) is a closed subset of the Banach space IBj. Hence the statement follows
with Banach’s fixed point theorem (see also Theorem 7.3.6 in [4]). O

Note that the optimal control 7} takes values in IP({/). In applications the
existence of optimal nonrelaxed controls is more interesting. Here we are able to
prove the following result:

Theorem 3. Suppose the Piecewise Deterministic Markov Decision Process has
a continuous bounding function b and the continuity and compactness assump-
tions are satisfied. If ¢§(x) is independent of o (uncontrolled flow) or if U is
convez, u(x,u) linear in u and

u—r(z,u) + )\/Jgjl(t7 2)Q(dz|z, u)

is concave on U, then there exists an optimal nonrelaxed policy m* = (7)) such
that
7y = f(Tn, Zn)(t —Tp) for t € (T, Tht1]

for a measurable control function f : E' — A. Note that 7} takes values in U and
that V = J!' = Jrl. In particular, V is the unique fized point of T in Cy(E’).

Proof. For v € Cy(E") define
w(t,z,u) = r(x,u) + )\/U(t,z)Q(dz|x,u), (t,x) e E',uel.
Then
T—t
(Lo)(t,0) = T 0g(65 @) + [ e [ e+ s ot wan s
0 u

and

(Tv)(t,z) = Os:telg(Lv) (t,z,a).
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a) Let ¢f (x) be independent of o (uncontrolled flow). There exists a measurable
function f : E' — U such that

w(t,z, f(t, ) = supw(t,z,u), (t,2) € B

Define f(t, x)(s) := f(t—i—s, ¢s(x)) for s > 0. Then f : B’ — A is measurable
and it is easily shown (by a pointwise maximization) that

T—t
sup (Lv)(t, z, ) = e*A(T*t)g(qST_t(:c)) +/ e”‘sw(t + s, ¢9s(x), f(t, z)(s))ds
aER 0

= (Lv)(t,z, f(t,2)), (t,z) € E.

Hence the statements follow as in the proof of Theorem 2.
b) Let u +— w(t,z,u) be concave on U. There exists a measurable function
frel . E' — R such that

sgg(Lv)(t,x,a) = (Lv)(t, @, f(t,x)), (t,z) € E'.

Define f(t,z) := [, uf ™ (t,x)(du) for (t,2) € E’. Then f(t,x) € A since U
is convex, and f : E' — A is measurable. Moreover, since the drift u(z,u) is
linear in u we obtain ¢ = ¢ with &; := [ uay(du). From the concavity of
w(t,x,-) we conclude

(Lo)(t,x,0) < e T 0g(gg_(2))+ / e w(t+s, 9% (x), as)ds = (Lv)(t, z, @)
and hence

sup (Lv)(t, x, @) = (Lv)(t,z, f(t,x)), (t,z) € E'.
a€ER

For v = J¢, the (nonrelaxed) control function f is a maximizer of J5¢,

hence optimal and V (¢,z) = JZ¢ (¢, x). O

4 Applications

In this section we consider two applications in mathematical finance.

4.1 Terminal Wealth Problem

We consider a special class of continuous-time financial markets where asset
dynamics follow a PDMP: Suppose there is a Poisson process N = (N;) with
rate A > 0 and a sequence of independent and identically distributed random
vectors (marks) (Y;,) with values in (—1,00)¢. The Y, are assumed to have a
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distribution Qy and to be independent of (N;). Thus, we can define the R?-
valued compound Poisson process

Ny
Ot = Z Yn
n=1

By (CF) we denote the k-th component of this process. We suppose that we have
d risky assets and one riskless bond with the following dynamics for ¢ € [0, T:

e The price process (Sy) of the riskless bond is given by
SY = eft

where 7 > 0 denotes the continuous interest rate.
e The price processes (SF) of the risky assets k = 1,. .., d satisfy the stochastic
differential equation:
dSf =S¢ (uwdt + dCY)

where y;, € R are given constants. The initial prices S are assumed to be
strictly positive.

In this financial market, the price processes show a deterministic evolution
between jumps and the jumps occur at Poisson epochs and have random sizes.
If we denote again by 0 := Ty < T} < Tp < ... the jump time points of the
Poisson process and if ¢ € [T, Ty41), then for k=1,...,d

Sy = Sé‘i exp (it — Ty)).
At the time of a jump we have
St, = St,- = St,-Ya"

Thus, Y,* gives the relative jump height of asset k at the n-th jump. Since
Y > —1 almost surely, our asset prices stay positive. Note that the distribution
Qy might well have probability mass on points Y*ey, k = 1,...,d where e, is
the k-th unit vector. The assets are allowed to have common jumps - a way of
modeling dependence.

Now we want to invest into this financial market. To ensure that the wealth
process stays positive we do not allow short-sellings. Thus, the portfolio strategy
can be given in terms of fractions of invested capital. In what follows, an admis-
sible portfolio strategy m = (m;) is given as a Markovian policy (see Section 2)
with values in & := {u € RY | u > 0,u-e < 1} (we denote e = (1,...,1) and
x -y the scalar product), where m; = (7},...,7d) gives the fractions of wealth
invested in the stocks at time ¢. The quantity 1 — 7 - e is the fraction invested in
the bond, thus the portfolio is self-financing. The dynamics of the wealth process
is

dX: = X (pdt + 7 (B — pe)dt + 7TtdC’t>
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where fi := (u1,...,1q) € R% The wealth process is a controlled PDMP with
pw(x,u) == z(p+u- (i — pe)), and hence ¢@(z) = zeo (Pre=(A=re)ds We obtain
the following explicit expression for the wealth process:

Ny

Xt:xoexp(/ot (p—|—7rs~(ﬂ—pe))ds) H <1+7TT], Y])

The aim of the investor is now to maximize her expected utility of the terminal
wealth. Thus, we denote by U : (0,00) — R, a strictly increasing and strictly
concave utility function and define for a policy 7 and (¢, z) € E’ := [0, T]x (0, 00):

Va(t ) == EJ,U(Xr)

the expected utility of terminal wealth. The maximal expected utility is given
by
V(t,x) :=sup V(t, ).
s

Obviously we have V,(T,x) = U(z) = V(T,z). Throughout we assume that
[yl Qy (dy) < co where for z € RY, ||z|| := |z1] + ... + |z4|. This implies that
V is well-defined. This problem has been considered in [3].

It follows now directly from Section 3 that the corresponding discrete-time
Markov Decision Process has transition kernel

T—t
Q' (BxC |tz a):= )\/ e N / 1p(t+ s)lc(gb?(x)(l + oy .y))Qy(dy)ds
0
and the one-stage reward function
r(t,x,a) == e_)‘(T_t)U(¢%7t(x)).

In this model the dynamic programming operator has the form

(To)(t,2) = sup {00 (65, ()

+A /OTt e*’\s/fU(tJrs,qﬁg‘(x)(l + ay 'y))Qy(dy)ds}.

Since U is concave it can be bounded by a linear function and thus the discrete-
time MDP (with and without relaxed controls) has a bounding function b given
by

b(t,x) =T (1 +2), (tx)eE

for v > 0, and oy < 1 if 7 is large enough (see Section 3). Let us define
M., :={v € Cy(E') | v(t, ) is concave and increasing in x and decreasing in t}.

Note that the continuity and compactness conditions are satisfied. In particular,
U is compact and convex, (t,z, @) — ¢¥(x) is continuous, b(x) is continuous and
p(x,u) is linear in w. Then we obtain from Theorem 2 and Theorem 3:
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Theorem 4. The following statements hold for the terminal wealth problem:

a) The value function V (t,x) is the unique fized point of T in IM,.
b) There exists an optimal (nonrelaxed) portfolio strategy n* = (w}) such that

77 = f(Tn, Zp)(t —T) for t € (Th, Tni1)
for a measurable f : E' — A.
For further properties of the value function see [3].

Ezample 1 (Power utility). Let U(z) := 27 with 0 < 8 < 1. In this case we
obtain the explicit solution:

V(t,x) =2’ TD  (t,z) e B
m =u",t€0,T]

where u* is the maximum point of
w Bu- (1= pe) 43 [(14u-9)°Qy (dy
on U and §:= fp — A+ fu* - (i — pe) + A [(1+u* - y)°Qy (dy).

4.2 Trade Execution in Illiquid Markets

Suppose we have an agent who wants to sell a large amount of shares during a
given time interval. Placing a large order in an order book will certainly lead to a
price impact. Moreover in traditional markets, other participants may examine
the order book and see the intention of the agent and then may try to trade
against her. As a consequence it is recently possible to trade in dark pools where
there is no order book and orders are matched electronically. This reduces the
risk of adverse price manipulations but on the other hand may lead to lower
liquidity since there is no market-maker. This problem has been considered in
[5] but solved with different methods.

We will set-up a simple mathematical model to describe this situation. Sup-
pose that the agent has initially ¢y € Ny shares and is able to sell them in blocks
only at the jump time points of a Poisson process to account for illiquidity. The
execution horizon is T'. All shares which have not been sold until time 7" will be
placed at a traditional market and the order will be executed at once. The cost
of selling a shares is given by C(a) where C : Ny — R} is strictly increasing and
strictly convex and satisfies C(0) = 0. Note that strictly convex means that

Clz)-Clz—-1)<C(z+1)—C(z), zeN. (7

The cost function C' can be interpreted as a market depth function. Obviously
this implies that it is better to sell small blocks, however if there are no trading
epochs arriving anymore this will yield a large amount of shares which have to
be liquidated at time T
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Let us now formalize this optimization problem: Suppose N = (V) is a
Poisson-process with fixed intensity A > 0 and jump time points 0 = Ty < 11 <
Ty < .... A control process m = (m¢) = (fy) is defined as in Section 2 where 7,
denotes the number of shares the agent would like to sell at time ¢, i.e. U := Np.
This order is only executed if ¢ is also a jump time-point of the Poisson process.
The state process (X;) represents the number of shares which still have to be
sold. Thus, if (m;) is a control process we obtain

t
thxo—/ Tsd N
0

where m; < X; has to be satisfied for all ¢ € [0,T]. A control process with this
property is called admissible. The problem is now to minimize the value function

Vr(t,x) = Eg,

/T C(ms)dNs + C(XT)] ,

i.e. to find
V(t,z) =inf Vo (t,z), (t,z)€[0,T] x Ng =: £

where the infimum is taken over all admissible Markovian policies.

Obviously this control problem is a controlled PDMDP. Since ¢$(x) = «
the flow is uncontrolled and we may consider this problem also as a controlled
CTMC (cf. [11]). We will solve it by a discrete-time MDP along the lines in
Section 3. Let us denote

A :={a: Ry — Ny measurable }

and D(z) :={a € A| oy <z forallt > 0} and D := {(t,z,a) € E' x Ala €
D(z)}. In contrast to the previous section we have a restriction on the actions
here but this will be easy to handle. We obtain now for a Markovian policy
7w = (m) = (fn) that

T
Vi(t,z) = BT, / C(ms)dN, + C(X7)
t

(o)
= > B [o(Th 20 T 20) ]
n=1
where for (¢,z,a) € D
Tt
c(t,z,a) == / Ae M0y )ds 4+ e M=V (z). (8)
0

Thus we can consider the discrete-time MDP with the substochastic transi-
tion kernel @Q’

Tt
Q(BxCltx«a):= / Ae M 1p(t+ 8)1o(x — as)ds
0
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and one-stage reward function ' (¢,z, ) := —c(t,x, ) where c is given in (8).
Theorem 1 implies that V' = J._ and that an optimal policy of the discrete-time
MDP defines an optimal control process for the PDMDP.

The function b(t,z) := C(x),(t,x) € E’ is a bounding function for the
discrete-time MDP and a3 < 1 since

T—t
Ir' (t,z,a)| < / e C(x)ds + e NTVC(z) = C(x)
0

and

T—t
e 20 (x — s)d
o= sup Jo e (x — a)ds

<1—e <1,
(t,z,a)€D C(JZ)

Properties of the value function V (¢, 2) which can immediately be seen are:

V(t,z) < C(x) and V(¢,0) = 0 and V(T,z) = C(x).
Now the dynamic programming operator 7 reads for v € IBy:
T—t
(Tv)(t,z) = inf / e A (C(as) +o(t+ s,z — as))ds + e M0 ()

aeD(x)
0

Tt
= / Ae™™* min (C(a) +ou(t+s,x — a))ds + e M0 ().
0 a€{0,...,z}

Since the drift of the PDMDP cannot be controlled, it is not necessary to consider
relaxed controls (cp. Theorem 3). Let us denote by

o (t,x) == argmingeqo,... 2} (C(a) +o(t,x — a)), (t,r) € E' (9)
the smallest minimizer of the right-hand side. Define
M., = {v € Co(E") | v(t,z) < C(x), v(t,0) = 0,v is increasing in ¢,z
and convex in x}
Then we obtain:
Theorem 5. The following statements hold for the trade execution problem:
a) The value function V (t,x) is the unique fized point of T in M.
b) There exists an optimal control process ©* = () such that w}f = f*(t, X})

and f* satisfies f*(t,z) < f*(t,xz+ 1) < f*(t,x2) + 1, and (X) is the corre-
sponding number of share process.
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Proof. We show that 7 : IM ., — IM ., and that for v € IM ,, the minimizer f*
as defined in (9) has the properties f*(t,z) < f*(¢t,z + 1) < f*(¢t,z) + 1.

Let v € IM,,. Since v(t,0) = 0 we obtain T7v < C. That Tv(¢,0) = 0
is obvious. The continuity of (¢,z) — 7Twv(t,z) follows immediately from the
definition of 7. We next prove that 7o is increasing in z, i.e. Tv(t,z) < To(t, z+
1), = € N. This can be seen since

Cla)+v(t+s,z—a)<Cla)+v(t+s,x+1—a), fora=0,...,z
Cz)+v(t+s,0) <C(x+1)+v(t+s,0).

Next we show that 7v is increasing in ¢. In what follows we write

G(t,x) = ae%no,i?,x} (C’(a) +o(t,z — a)).

Let ¢t > t' and consider
T—t
To(t,x) —To(t',z) = / e (G(t +s,x) — G(t' + s, x))ds +
0
Tt
—|—/ e~ s (C’(x) -Gt +s, x))ds
T—t
Let a* = f*(t + s,x) then we obtain
G(t+s,2)—Gt' +s,2) > Cla*)+v(t+s,2—a*)—Cla*)—v(t' +s,2—a*) >0
and we obviously have
C(x) — Gt + s,2) > Clx) — C(z) —v(t' +5,0) =0

which implies that 7 v is increasing in ¢.

Next we show that f*(t,z+1) < f*(t,z)+ 1. If f*(t,z) = x the statement is
clear, so suppose a* := f*(t,z) < x — 1. Now suppose there exists an a > a* + 1
with

Cla)+v(t,x+1—a)<Cla*+1)+ov(t,x+1—(a"+1)).

This implies
Cla—1)—C(a") < C(a) - C(a"+1) <v(t,z —a*) —v(t,z+1—a)
and hence
Cla—1)4v(t,z—(a—1)) < C(a™) +v(t,x —a*)

which contradicts the definition of a*.

The remaining two statements Tov(t,y+1)—Tv(t,y) > To(t,y)—Tv(t,y—1)
and f*(t,y +1) > f*(t,y) for y € N are simultaneously shown by induction on
y. For y = 1 we have

To(t,2) — Tou(t,1) > To(t,1) — To(t,0)
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and f*(t,2) =1 = f*(¢t,1). Suppose the statement is true for y = 1,..., 2z — 1.
Let a* = f*(t,x) > 1. Suppose there exists an 0 < a < a* (an easy argument
gives us that a = 0 cannot be optimal) with

1
z
Cla) +v(t,z+1—a) <C(a*) +v(t,x +1—a").
This implies that

Ca*)—Cla)>v(t,z+1—a)—v(t,z+1—a*) >v(t,x —a) —v(t,z —a")

where the last inequality follows from the induction hypothesis. Hence we con-
clude that
Ca*)+ov(t,z —a*) > Cla) +v(t,z —a)

which is a contradiction to the definition of a* and we obtain f*(¢t,x + 1) >
f*(t, z). Now we have to show that Tv(t, z+1)—Tv(t,z) > To(t,z)—Tv(t,z—1).
Due to the convexity of C' the statement is true when

Gt,z+1)—G(t,x) > G(t,z) — G(t,x — 1).

Let us denote f*(t,z) =: a* > 0 and b* = f*(t,x — 1). Then b* < a* < b* + 1,
ie. b* > a* — 1. We discern the following cases:

Case 1: f*(t,x +1) = a*.

Thus we have

G(t,z) -G,z —1) <v(t,z —b") —v(t,o —1-0") <

<
<o, x+1—-a")—v(t,x —a") =G,z +1) — G(t,x).

Case 2: f*(t,x +1) =a*+ 1.
Here we have

<
(t,x—a*) —v(t,x —a*—1) <G,z + 1) — G(t,x).

M., is a closed subset of the Banach space IB,. Hence V (¢, x) is the unique
fixed point of 7 in IM,. For v = V, the control function f : E/ — A defined by

ft,x)(s):= f*(t+s,x) for s >0

is a minimizer of V. Then by Theorem 1 the control process 7* = (7}) is optimal
where for t € (T),, Tp+1]

T = [(Tn; Zn)(t = T0) = [7(t, Zn) = [7 (8, X0).-
(]

Remark 3. In [5] it is also shown that the optimal f*(¢,x) is increasing in ¢ and
jumps only by sizes one, i.e. there are thresholds 0 < t1(z) < to(z) < ... < t,(x)
such that if we have x shares we try to sell k between time t;_1(z) and ¢ (x).
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