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Abstract

Goodness—of-fit and symmetry tests are proposed for the innovation distribution in
generalized autoregressive conditionally heteroscedastic models. The tests utilize an
integrated distance involving the empirical characteristic function (or the empirical
Laplace transform) computed from properly standardized observations. A bootstrap
version of the tests serves the purpose of studying the small sample behaviour of the
proclaimed procedures in comparison with more classical approaches. Finally, all tests
are applied to some financial data sets.
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1. Introduction

Suppose that a process is driven by a generalized autoregressive conditionally het-
eroscedastic (GARCH) model of specific order. This class of models was introduced
by Bollerslev (1986), and despite the fact that certain properties of GARCH processes
make no use of the particular form of the innovation distribution (see, for example, the
stationarity conditions mentioned later in this section), GARCH models with Gaus-
sian innovations have been considered. However, on the basis of numerous real-data
applications accumulated over the years, the normality assumption has become ques-

tionable, not only for the marginal, but also for the conditional distribution of certain
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financial quantities. Specifically, it often appears that such quantities are skewed and
contain a persistent amount of leptokurtosis; refer, for instance, to Bollerslev (1987),
Nelson (1991), Granger and Ding (1995), Curto et al. (2009), Mittnik and Paolella
(2003), and Mittnik et al. (1998).

Although maximum-likelihood type estimators for GARCH models are consistent
and asymptotically normal under mild conditions, regardless of the error distribution,
the impact of an incorrect Gaussian assumption has been investigated by several re-
searchers. Engle and Gonzalez-Rivera (1991) show that there is a loss of efficiency as
high as 84% of the so—called Quasi MLE (QMLE) of the parameters under non—normal
innovations. Gonzélez-Rivera and Drost (1999) theoretically show that the efficiency
of the QMLE and a certain semiparametric estimator, relative to the MLE, depends
on the kurtosis as well as the skewness of the conditional error—density. In fact, and
unlike the case of symmetry which allows for equal efficiency of the three estimators,
the presence of skewness rules out the possibility of a fully efficient QML estimator.
On the other hand, a QMLE associated with an incorrect non—Gaussian specification
may also imply inconsistency. Specifically, Newey and Steigerwald (1997) show that
in certain conditional autoregressive models nesting the GARCH, inconsistency may
result not from the presence of non-Gaussian errors alone, but if either the assumed
or the true error density is asymmetric. For simulation results on the behaviour of
the QML estimator under misspecified GARCH(1,1) models see Bellini and Bottolo
(2009). Further evidence from Huang et al. (2008) suggests that least absolute devi-
ations estimators may be preferred to maximum likelihood estimation under Laplace
and certain Student’s-t innovation distributions. There is also considerable evidence
on the impact of correct specification on other aspects of modelling, such as predictions;
see, for instance, Hansen and Lunde (2005), Forsberg (2002) and Bellini and Bottolo
(2009).

Despite the aforementioned importance of the innovation distribution, literature
contains few references to corresponding specification tests. Kulperger and Yu (2005),
for example, modify the well-known test of Jarque and Bera (1987) (based on skewness
and kurtosis) with respect to the case of GARCH specification in order to test normality

of the innovation distribution. Horvéth and Zitikis (2006) propose a general goodness—



of-fit test based on a nonparametric estimator of the innovation density and Horvath
et al. (2004) suggest certain modifications of classical statistics based on the distribution
function of squared innovations, while Koul and Ling (2006) propose a weighted version
of the Kolmogorov—Smirnov test which has a model-free asymptotic null distribution.

In this paper we propose goodness—of-fit tests for the innovation distribution based
on the ‘Fourier approach’. This approach utilizes the characteristic function in order
to test the corresponding null hypothesis. Specifically, we consider test statistics for

GARCH(p, ¢) models which are based on the empirical characteristic function (ECF)

1

T
¢r(u) = T—m Z et —00 < u < 00, & = /¢, (1.1)
t=m+1

where m = max(p, ¢). The corresponding observations v, ..., yr are from the GARCH

model of fixed order (p, q)
q P
Yt = G, C? = o+ Z ﬁjyt{j + Z %‘C?fja
j=1 j=1

incorporating the i.i.d. innovations ¢;, t = 1,...,T", with the empirical scales ¢; being
computed from an estimate of the unknown parameter—vector ¥ = (Bo, ..., By, Y15 ---Vp)-
The GARCH(p, ¢) model is covariance stationary if and only if 25:1 B+ Z?Zl v; < 1.
Strict stationarity conditions have also been derived by Bougerol and Picard (1992a,b).
Considering the GARCH(1,1) model, for example, the necessary and sufficient condi-
tion reads as E[log(y; + 81€2)] < 0.

The remaining paper unfolds as follows. In Section 2, we introduce the tests and
discuss some aspects of the test statistics, as well as the important issue of estimation
of parameters. Bootstrap versions of the tests are introduced in Section 3 and their
behaviour is studied by means of Monte Carlo. In Section 4, we apply the methods to

some real data, and finally our findings are summarized in Section 5.

2. Test statistics and estimation
(i) Test statistics. The test statistics based on the ECF are analogous to the

corresponding goodness—of-fit tests for i.i.d. observations. In particular, F'(-) and ¢(+)
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denote the distribution function and the characteristic function of the innovations,
respectively. Despite the fact that only tests for specific distributions are considered
in the following, we formulate the null hypothesis as Hy : F' € F, where F denotes
a parametric family of distributions. Thus, the hypothesized distribution is allowed
to depend on an unknown parameter, which ought to be estimated from the data; we
shall come back to this issue in the conclusion. The test statistic then takes the form
By = (= m) [ [g2(0) = ol Puu)d 2.1)
with w(u) denoting an appropriate weight function introduced in order to taper the
persistent periodic behaviour of ¢r(u). Note that in the context of i.i.d. observa-
tions, the limit behaviour of the ECF was systematically studied in a series of papers
by Feuerverger and Mureika (1977), Csérgé (1981), Marcus (1981), and Csérgé and
Totik (1983). The amiable limit properties of the ECF have furthered the use of 12—
test statistics in the style of eqn. (2.1). In turn, the theoretical properties of these
statistics have been investigated by Henze and Wagner (1997), Meintanis (2004), Epps
(2005) and Matsui and Takemura (2007) for goodness-of-fit tests with some particu-
lar cases of parametric distributions, and by Meintanis and Swanepoel (2007) under
a general formulation in a Hilbert space setting, including assumptions on the weight
function w(u) and the estimators of parameters involved. However, concerning the
actual performance of the tests, the limit null distribution derived is extremely difficult
to employ, and we do not pursue this issue any further at this point. On the other
hand, these earlier studies have shown that the ECF statistics can be more powerful
and /or more convenient to use than the more standard procedures.
To gain some insight into the method proposed, suppose that w(—u) = w(u) and
write C'(u) (resp. S(u)) for the real part (resp. imaginary part) of the characteristic

function of the innovations ¢(u). The test statistic then may be written as
Or, = (T — m)/ g(w)w(u)du, (2.2)
0

where g(u) = [(Cr(u) — C(u)) + (Sr(u) — S(w))]* + [(Cr(u) — C(u) = (Sr(u) — S(u))]*
involves the real part Cp(u) = (T — m)™! ZtT:m +1c08(ué;) and the imaginary part

Sr(u) = (T — m)™! ZtT:m+1 sin(ué;) of the ECF. Assuming the existence of enough
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moments (E(e") < 0o) for the innovation distribution and employing Taylor expansions

of cos(-) and sin(-) yields after some algebra

1 2
(I)T,w = (T — m) |:/'€22M12 + K4 (§M22 — ngMg) -+
+ L nag — L, + =02 + (2.3)
5630151224183---7 .

where £, = [ uw(u)du, r = 2,4,6,..., and M, := (T —m)™* ZtT:mH e — E(e7).
This shows that in (2.3) moment—matching takes places — the sample moments based
on &; on the one hand, the theoretical moments of the hypothesized distribution on
the other. A typical choice for w(-) is an exponentially decaying function, such as
w(u) = e—alul’
limg oo @*®7,, = 4(T — m)MZ, and lim, ., a3/2q)T7w = \/m (T — m)M3, for b =1

and b = 2, respectively.

, a,b > 0, which can be easily seen from (2.3) to yield the limiting values

(ii) Estimation of GARCH models. In the Gaussian GARCH(p, ¢) model, estima-

tion of ¥ may be accomplished by maximizing the conditional likelihood,

Lr(0) =—5 Y {log(cf) + i—g] . (2.4)

t

Berkes et al. (2003) and Francq and Zakolan (2004) provide recursive representations
of the conditional variance ¢?. Given initial values, these representations may be used
in the estimation procedure. Under positivity constraints for the GARCH coefficients,
Berkes et al. (2003) proved that for the Gaussian GARCH as well as for an arbi-
trary GARCH(p, ¢) model with E(]e?|*™) < oo, for some § > 0, the resulting quasi
maximum likelihood estimator is consistent and asymptotically normal. Francq and
Zakotan (2004) proved the asymptotic normality result under the slightly milder con-
dition E(e?) < oo, whereas Berkes and Horvdth (2004) — by replacing the normal
function in the QMLE by the Laplace density — obtain consistency and asymptotic
normality only under E(g?) < oco. For asymptotic properties of the fully parametric
MLE (even with infinite—variance innovations) and the loss of efficiency due to the
use of the QMLE compared to the MLE the reader is referred to Francq and Zakoian
(2006).



(iii) Statistic for testing symmetry. For testing the hypothesis that the error

distribution is symmetric about the origin, we use the statistic

Srw = / h ((T—m)—1/2 > sin(uét)> w(u)du, (2.5)
o t=m+1

based on the imaginary part of the ECF. In the following, the weight function w(u) is
chosen to be the density of the standard normal distribution. Since the distribution
of a random variable X is symmetric about 0 if, and only if, the imaginary part of
the characteristic function of X vanishes, i.e., if E[sin(uX)] = 0 for each u € R, this
statistic seems very natural. It was first considered by Feuerverger and Mureika (1977)
in the i.i.d. case. For adaptation of analogous test statistics in the context of time
series the reader is referred to Ngatchou-Wandji (2009).

One could again choose other suitable weight functions in the definition of the
statistic X7, in (2.5); the above choice leads to the simple explicit form

1 T

Yrw = m Z [exp (—(és — ét)2/2) — exp (—(és + ét)2/2)} )

) s,t=m+1
3. Simulations

3.1. Goodness of fit tests for the error distribution

In this section the finite-sample behaviour of several goodness—of-fit tests is stud-
ied by Monte Carlo. In particular, the following bootstrap procedure is employed in
order to compute the critical point of the test:

(i) On the basis of of y, ..., yr, compute the estimator O of the parameter—vector 1
and ¢ := (V7).

(ii) Compute the test statistic ®r,, = @T,W(ET) where ET denotes a vector with
elements &;,, t=m+1,....T.

(iii) Define the bootstrap observations
A a P
v =&el (&) =60+ ) Bl + ) AEy)?,
P =1

where €, t = 1,...,T, are i.i.d. observations from the hypothesized innovation distri-

bution.



(iv) Based on (y7,...,ys), compute the estimates ¥ and ¢} := ¢ (U%).
(v) Compute the test statistic ®7, := P, (E}), where Ej denotes a vector with
elements y; /c;, t=m+1,...,T.

When steps (iii)—(v) are repeated a number of times, say B, the sampling distri-
bution of ®7,, is reproduced, and on the basis of this bootstrap distribution we decide
whether the observed value of the test statistic is significant. These bootstrap schemes

were employed by Horvath et al. (2004).

In the following, we solely consider the hypothesis of normal innovations ¢; ~
N(0,1), additional null hypotheses will be examined in Section 4. In the case of
normality, any empirical distribution function (EDF) test statistic can be based on the
usual empirical process of residuals

ar(r) = ——— Y (I[& <a] - N(x)), —o0<z< o0, (3.1)

t=m+1

where N is the standard normal cumulative distribution function, or on the empirical

process of squared residuals

ar(r) = ——— Y (I} <2] - 2N(Vz) - 1)), >0 (3.2)

Likewise, ECF test statistics can make use of both types of residuals.

Horvath et al. (2004) considered three test statistics, all based on the empirical

process ar of squared residuals:

e A Cramér-von Mises type statistic (here denoted by HKT-CM-sr)
CMTJ :/|@T(l')|2dl'
(Here, the suffix -sr stands for squared residuals).

e A further normalized variant of the Cramér-von Mises statistic (here denoted by

HKT-NCM-sr)
1

V21

2
_z_
e zdx.

CMra = [ lar(a)l



H, H, Hy

01 005 00l 01 005 00l 01 005 0.0l

EP 0.094 0.047 0.008 1.000 1.000 0.998 0.103 0.054 0.008
CVM 0.099 0.047 0.008 0.997 0.979 0.820 0.093 0.050 0.010
HKT-CM  0.093 0.047 0.008 0.987 0.935 0.703 0.094 0.055 0.012
HKT-NCM  0.098 0.045 0.008 0.938 0.874 0.639 0.094 0.055 0.013

KS 0.098 0.048 0.008 0.999 0.986 0.843 0.105 0.048 0.010
HKT-KS 0.096 0.047 0.008 0.978 0.949 0.829 0.101 0.054 0.008
AD 0.102 0.048 0.009 1.000 1.000 0.973 0.104 0.051 0.011
W 0.096 0.049 0.011 1.000 1.000 0.999 0.132 0.062 0.012
LT-sr 0.093 0.050 0.012 0.772 0.606 0.329 0.190 0.118 0.036

CVM-sr 0.097 0.054 0.013 0.808 0.652 0.336 0.176 0.102 0.031
HKT-CM-sr  0.092 0.044 0.010 0.992 0.980 0.905 0.211 0.133 0.038
HKT-NCM-sr 0.010 0.048 0.011 0.823 0.688 0.416 0.199 0.115 0.030

KS-sr 0.010 0.048 0.010 0.826 0.687 0.398 0.165 0.091 0.023
HKT-KS-sr  0.101 0.048 0.010 0.846 0.714 0.425 0.187 0.107 0.030
AD-sr 0.096 0.063 0.013 0.906 0.796 0.466 0.172 0.100 0.031
W-sr 0.111 0.052 0.013 0.865 0.772 0.497 0.146 0.076 0.017

Table 1: Empirical frequencies of rejection based on 2500 replications, T = 400,

B =199

e A one-sided Kolmogorov-Smirnov statistic (here denoted by HKT-KS-sr)

KSr= max [ar(&)].

We further included the usual Kolmogorov-Smirnov (KS-sr), Cramér-von Mises
(CM-sr), Anderson-Darling (AD-sr) and Watson (W-sr) statistics (see D’Agostino and
Stephens (1986)) in our simulation study, all of those, again, based on the squared
residuals. For the last three statistics, very simple explicit formulae exist, whereas
HKT-CM-sr and HKT-NCM-sr have to be computed by numerical integration.

The same statistics, but applied to the empirical process of non-squared residuals

Q,, are denoted by the same corresponding abbreviations, but without the suffix -sr.



The Anderson-Darling test is the EDF test for normality recommended by D’Agostino
and Stephens (1986).

Finally, we included the Epps-Pulley test statistic (EP) based on &, as a repre-
sentative of ECF tests for normality Epps and Pulley (1983). This statistic may be
computed from (2.1) by using the ECF in (1.1) and @(u) = e~ (/2% and by setting
the weight function w(u) equal to the standard normal density. (Refer to the weight
function w(u) = e~ at the end of Section 3 and let b = 2 and a = 1/2). The above
choice leads to the simple explicit form

1 T

ey 2, o608 = V2 3 (i) + 050

q>T,w -
m) <~ A \/§
s,t=m+1 t=m+1

One could define a similar test statistic based on &,,, but this approach does not
lead to an explicit expression. Hence, we decided to base a test on the empirical Laplace
transform in the following way:

For u > 0, the Laplace transform L(u) = [["e™dF(y) = (1 4 2u)™"/? of a

chi-squared random variable with one degree of freedom satisfies
(1+2u)L' (u) + L(u) = 0.

Now, let z1, ..., z, be independent observations supposedly following a x?-distribution,
and let L, (u) = n~! 2?21 e i denote the empirical Laplace transform of x4, ..., z,.

Hence, a suitable test statistic is given by
Uy = n/ (14 2u) L (u) + Ly (u))? w(u)du
0

1l o [
= n Z / {(1 + QU)ZJI]wk; - (14 QU)(xj + ) + 1} e_u(xj"'”)w(u)du,
jk=1"70

with some positive weight function w. Choosing w(u) = e~* with a > 0, we obtain

ana:li{(xj+xk+a+2)2+4 (vj+ap+a+2), 1
n

Xrilp —
= U (g tara®

The test corresponding to W, ; where n is replaced by (I' — m), and zy,...,z, are

replaced by the squared residuals €7, ,, ..., &7, is denoted by LT-sr in our simulations.



H; Hy Hy
01 005 00l 01 005 00l 01 005 0.0l
EP 0.138 0.063 0.010 0.612 0.395 0.091 0.998 0.988 0.835
CM 0.120 0.058 0.010 0.322 0.140 0.019 0.989 0.923 0.534
HKT-CM  0.124 0.075 0.018 0.327 0.192 0.052 0.852 0.741 0.463
HKT-NCM  0.125 0.071 0.017 0.282 0.161 0.044 0.818 0.701 0.411

KS 0.138 0.068 0.013 0.349 0.193 0.039 0972 0.912 0.599
HKT-KS 0.130 0.069 0.013 0.310 0.166 0.040 0.852 0.731 0.438
AD 0.119 0.059 0.012 0.418 0.209 0.034 0.993 0.951 0.618
W 0.202 0.109 0.024 0.755 0.612 0.277 1.000 1.000 0.996
LT-sr 0.329 0.218 0.080 0.898 0.823 0.530 1.000 1.000 1.000
CM-sr 0.297 0.204 0.075 0.880 0.793 0.493 1.000 1.000 1.000

HKT-CM-sr 0.314 0.218 0.082 0.905 0.835 0.562 1.000 1.000 0.999
HKT-NCM-sr 0.308 0.216 0.081 0.892 0.818 0.538 1.000 1.000 1.000

KS-sr 0.266 0.175 0.059 0.830 0.729 0.412 1.000 1.000 1.000
HKT-KS-sr  0.284 0.194 0.067 0.848 0.747 0.430 1.000 1.000 1.000
AD-sr 0.294 0.196 0.073 0.879 0.792 0.488 1.000 1.000 1.000
W-sr 0.218 0.130 0.037 0.722 0.590 0.284 1.000 1.000 0.998

Table 2: Empirical frequencies of rejection based on 2500 replications, T = 400,

B =199

In Tables 1-3, the upper (lower) parts show the simulation results for the test
statistics based on non-squared (squared) residuals, considering the following hypo-

thetical and alternative data generating processes (see also Horvath et al. (2004)).

The data follow an ARCH(2) model
_ 2 _ 2 2
yr = ey, ¢ = 01402y, +0.1y;_,.

With the exception of alternative Hs, the innovations are independent. Under the
hypothesis Hy, all innovations have a standard normal distribution. Under the alter-
natives, innovations follow other distributional models, and/or there is a change point

in the series. More specifically, the innovations for alternatives H; and Hy are given
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and

e~ N(0,1), t <T/2, &~ N(0,2), T >T/2,

respectively. The model used in Hj is an ARCH(2) process with innovations following
a linear ARCH(1) process as introduced by Giraitis et al. (2000); this is DGP 3 in

Horvath et al. (2004). The innovations in the remaining alternatives are defined by

6
g = \/;ut, uy ~ t(6), (Hy)

:77t—5

V10
g ~ Laplace (1/\@) : (He)

g~ N(0,1), t<T/2, & e~ X, t>T)2, (Hs)

e~ N(0,1), t <T/2, & ~ Laplace (1/@) Jt>T/2  (Hy)

and

€tNN(O,1), tST/Q, €tNt(7), t>T/2 (Hg)

Tables 1-3 show empirical levels and powers of the different tests based on 2500
replications; in each case, B = 199 bootstrap samples have been drawn. Columns 2-4
of Table 1 demonstrate that all bootstrap tests maintain the theoretical level closely
— at least for the sample size T" = 400, which we used in all simulations. For most
alternatives, a clear-cut differentiation is possible between the tests based on squared
and non-squared residuals. Each group is preferable for certain alternatives.

Within the group of tests based on non-squared residuals, the Epps-Pulley and
the Watson test are most powerful. In the other group, the Cramér-von Mises type
tests HK'T-CM-sr and HKT-NCM-sr are very powerful; the test based on the empirical
Laplace transform and the Anderson-Darling test have comparably high power for most

alternatives.

The second simulation utilizes a GARCH(1,1) process

Y= cey, ¢ =0.1+03y7  +0.3c¢ .
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H; Hy H;
01 005 00l 01 005 00l 01 005 0.0l

EP 0.566 0.347 0.080 0.226 0.121 0.022 0.851 0.717 0.410
CVM 0.373 0.183 0.026 0.120 0.062 0.014 0.552 0.390 0.163
HKT-CM  0.344 0.230 0.070 0.150 0.084 0.022 0.447 0.288 0.100
HKT-NCM  0.328 0.218 0.066 0.134 0.074 0.019 0.421 0.286 0.107

KS 0.451 0.268 0.076 0.149 0.079 0.017 0.565 0.424 0.194
HKT-KS 0.367 0.228 0.068 0.148 0.079 0.017 0.632 0.502 0.248
AD 0.431 0.224 0.038 0.162 0.074 0.016 0.741 0.522 0.177
W 0.847 0.747 0461 0.308 0.197 0.069 0.899 0.829 0.609
LT-sr 0.948 0.911 0.788 0.487 0.381 0.206 0.330 0.206 0.077
CM-sr 0.940 0.902 0.766 0.447 0.338 0.169 0.333 0.210 0.068

HKT-CM-sr 0916 0.867 0.711 0.546 0.404 0.255 0.663 0.545 0.293
HKT-NCM-sr 0.930 0.886 0.728 0.481 0.345 0.199 0.376 0.258 0.093

KS-sr 0915 0.849 0.652 0.393 0.283 0.120 0.304 0.190 0.050
HKT-KS-sr  0.927 0.870 0.681 0.431 0.308 0.130 0.319 0.200 0.057
AD-sr 0.940 0.906 0.780 0.442 0.340 0.168 0.390 0.250 0.082
W-sr 0.825 0.735 0499 0.275 0.184 0.067 0.372 0.254 0.096

Table 3: Empirical frequencies of rejection based on 2500 replications, T = 400,

B =199

In the hypothetical model Hyg, the innovations are independent and standard normally
distributed; under alternative H;p, innovations are independent with e; ~ (7).

The first part of Table 4 shows again that all tests maintain their theoretical level.
For the alternative Hyp, the tests based on squared residuals are preferable, all with
similar power. In the other group of tests, the most powerful tests are again the ones
based on the Epps-Pulley and Watson statistic.

In the last trial we used once more a GARCH(1,1) model, but with parameter
vector (Bo, B1,71) = (0.1,0.15,0.8), which is similar to the fitted values in the real data
example in Section 5 (see Table 8). In particular, 8; + = is quite close to 1. Again,

in the hypothetical and alternative model Hyo and Hic, innovations are independent

12



Hy g Hip Hyc Hyc

0.1 0.05 0.1 0.05 0.1 0.05 0.1 0.05
EP 0.095 0.046 0.338 0.207 0.112 0.053 0.515 0.326
CVM 0.092 0.048 0.218 0.137 0.102 0.052 0.256 0.130

HKT-CM 0.090 0.045 0.246 0.167 0.104 0.061 0.278 0.174
HKT-NCM  0.089 0.043 0.229 0.153 0.103 0.054 0.245 0.150

KS 0.096 0.044 0.249 0.156 0.106 0.053 0.296 0.174
HKT-KS 0.098 0.045 0.241 0.158 0.106 0.060 0.256 0.147
AD 0.091 0.049 0.253 0.155 0.101 0.057 0.335 0.176
W 0.092 0.045 0.436 0.303 0.104 0.060 0.658 0.532
LT-sr 0.089 0.050 0.567 0.432 0.100 0.053 0.840 0.768

CVM-sr 0.096 0.048 0.566 0.443 0.100 0.050 0.808 0.736
HKT-CM-sr  0.112 0.060 0.606 0.478 0.108 0.055 0.862 0.806
HKT-NCM-sr 0.116 0.068 0.585 0.460 0.104 0.058 0.830 0.765

KS-sr 0.100 0.045 0.532 0.404 0.105 0.054 0.769 0.686
HKT-KS-sr  0.100 0.047 0.548 0.419 0.103 0.058 0.862 0.777
AD-sr 0.097 0.050 0.544 0.407 0.101 0.053 0.804 0.729
W-sr 0.102 0.048 0.436 0.326 0.103 0.053 0.634 0.516

Table 4: Empirical frequencies of rejection based on 2500 replications, T = 400,

B =199

with g, ~ N(0,1) and &; ~ £(7), respectively.

For the given choice of parameter values, it is possible that Bl + 41 > 1. If this
was the case in the first estimation step, we rescaled Bl and 4, such that Bl 4+ =0.99
in order to enable bootstrap simulation. However, this only happened in 5 out of 2500
cases for the normal and in about 1% of cases for the ¢ distribution. The second part
of Table 4 shows that the empirical level is slightly above the theoretical level and that
powers against the t; distribution are generally higher than in the previous simulation.

However, the ranking of the different tests remains more or less unchanged.
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3.2. Testing for symmetry

To test the symmetry null hypothesis that ¢; and —e; have the same distribution,
we apply a similar bootstrap scheme as in Subsection 3.1 with the following modifi-
cations: in the first step, parameter estimation is always done by (Gaussian) QML
method, in steps (ii) and (v) ®r,, is replaced by X7, while step (iii) is modified as
follows:

(iii”) Define the bootstrap residuals
é: = /Utéta

where vy, t = m +1,...,T, are i.i.d. observations with P(v; = 1) =P(v; = —1) = 1/2,
and v, 11, ...,vr are also independent of &,,,1,...,ér.

Similar bootstrap schemes were employed by Henze et al. (2003) for random vectors
with an unspecified center and by Neumeyer et al. (2005) and Neumeyer and Dette

(2007) in testing for symmetry in the context of linear and nonparametric regression.

To assess the actual level and the power of the test for symmetry based on ¥7, a
simulation study was performed for sample size T = 400, B = 199 bootstrap replica-

tions and the following symmetric and skewed distributions:

Symmetric: Normal, Laplace, t5, t7.

Skewed: Skew Normal, Skew Laplace, Skew t5, Skew ;.

In each case, the density of the skewed distribution, indexed by a scalar v € (0, 00), is
generated from the density f of the pertaining unimodal and symmetric distribution

by

1) = o U T (0 + 00 1w ()

Here, f, is symmetric for v = 1, and skewed to the right (left) for v > 1 (y < 1),
respectively. Furthermore, we get f,(t) = fi/,(—t); therefore, it is sufficient to restrict
ourself to values v > 1. This method has been proposed by Fernandez and Steel
(1998). The skewed distributions mentioned above are available in the R package

fGarch (Wuertz and Chalabi (2009)).
As data generating processes, we used the same ARCH(2) and GARCH(1,1) process
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ARCH(2) 0.050 0.051 0.043 0.048
GARCH(1,1) 0.056 0.054 0.045 0.054

Table 5: Empirical frequencies of rejection for the symmetry test based on 2500

replications; T'= 400, B = 199, a = 0.05

Skew Normal

Skew Laplace

v: 1.3 19 5.0 1.1 1.2 1.3

Skewness: 0.39 0.76 0.97 0.40 0.74 1.01

ARCH(2) 0.42 0.96 1.00 0.25 0.72 0.94

GARCH(1,1) 0.42 0.96 1.00 0.24 0.73 0.95
Skew 5 Skew tr

v: 1.1 1.2 1.3 1.15 1.3 1.7

Skewness: 0.43 0.78 1.08 0.41 0.74 1.05

ARCH(2) 0.16 0.42 0.72 0.23 0.65 0.94

GARCH(1,1) 0.16 0.44 0.72 0.23 0.63 0.92

Table 6: Empirical frequencies of rejection for the symmetry test based on 2500

replications; T'= 400, B = 199, a = 0.05

The results reveal that the theoretical level is maintained well for all symmet-
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as in Subsection 3.1. For each underlying distribution and each process, the procedure
described above was replicated 2 500 times. Results for o = 0.05 are given in Table 5
(symmetric distributions) and Table 6 (skewed distributions). Approximate values of
the usual moment based skewness are given in the third and 8th row of Table 6. The
values of v were chosen in such a way that the skewness has comparable values across

the different distributions.

ric distributions. Concerning the skewed alternatives, power increases with skewness.

Moreover, we point out that power varies between different families of innovation dis-
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Figure 1: Time series of daily closing prices of the DAX index for period from 1

January 2005 to 30 June 2007 (left) and 1 July 2007 to 31 March 2009 (right)

tributions with common skewness, while, at the same time, it remains invariant to the

data generating process under the same error distribution.

4. Application to DAX log returns

As an example, we apply the goodness—of-fit tests to different time series of log
returns of the German stock market index DAX| consisting of the 30 major German
companies trading on the Frankfurt Stock Exchange.

We have been interested in differences in the stochastic behaviour of the log returns
between a period of economic growth and, consequently, a strong increase in the stock
index, and a period where the index sharply declines. Since the beginning of the
subprime mortgage crisis is commonly dated to July 2007, we selected the daily closing
prices of the DAX index for the period from 1 January 2005 to 30 June 2007 as a
first time series with 636 observations (further denoted by DAXO05) and the period
from 1 July 2007 until the end of the first quarter 2009 as a second time series (444
observations, denoted by DAX07). The two series, which are available online under
http://www.markt-daten.de/daten/daten.htm, are shown in Figure 1. The visual
appearance of the log returns of the two time series is quite different, as Figure 2

demonstrates.
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Figure 2: Time series of log returns of DAX05 (left) and DAXO07 (right) time—series

Sample size Median Mean SD  Skewness Kurtosis

DAX91 1786 0.091  0.068 1.051  -0.550 2.91
DAXO05 636 0.146  0.098 0.885  -0.397 1.00
DAXO07 444 -0.054 -0.152 2.077 0.412 5.64

Table 7: Statistical description of log returns of the three time—series

For comparison, we also considered DAX closing prices from 1991 to 1998. During
this period, the DAX index increased from 1629 to 5474 points. This long time series is
available as data set EuStockMarkets in the statistics software R (R (2008)) which we
also used for all computations, together with the packages fGarch (Wuertz and Chalabi
(2009)), TSA (Chan, 2008) and VGAM (Yee (2009)).

Contrary to the help page, EuStockMarkets includes holidays: about 4% of the
DAX time series are successive equal prices. After removing these values, the remain-
ing series, denoted by DAX91, has 1786 observations. Table 7 presents a statistical
description of the three daily return series. The entries in the last column are the

excess kurtosis; a value of zero corresponds to normality.
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f Bo B gl Bi +
DAX91 6.78e-04 5.72e-06 7.55e-02 8.74e-01  0.949
DAX05 1.18¢-03 6.25e-06 9.47e¢-02 8.24e-01  0.919
DAXO07 -9.89¢-05 5.05e-06 1.43e-01 8&8.59e-01  1.001

Table 8: Coefficients of a GARCH(1,1) model fitted to the three time-series

As expected, mean and median of the first two time series are positive, whereas
mean and median of the last series are negative. The empirical distributions of log
returns of the DAX and other indices are often found to be too leptokurtic (compared
to the normal) and skewed to the left (for example, Laplante et al. (2008)). Indeed,
the kurtosis is positive for all time series, but with a noticeable difference between the
second and the other two data sets. Furthermore, the third series is skewed to the
right.

Since the means of the return series deviate form zero, we fitted the following

GARCH(1,1) models to the three return series:

Ye = [+ C&q, Ct2 = [+ 51(%—1 - ,U)2 + ’chf—l'

As it has been observed in the past, a GARCH(1,1) model seems to be a suitable
model for DAX log returns. Sapusek (2004), for example, compared several models for
long-term DAX series and identified a GARCH(1,1) model for the variance as the most
adequate; see also Angelidisa et al. (2004) or Laplante et al. (2008). The autocorrelation
functions of the squared residuals for the DAX05 and DAX07 data displayed in Figure
3 point in this direction: whereas the squared log returns are highly correlated, this is
no longer the case for the squared residuals.

The coefficients of the GARCH(1,1) model fitted to each of the three time series
are comparable, with a higher value of Bl for DAX07 compared to the other two series
(cf. Table 8).

The entries in the last column of Table 8 show the values of Bl +41. The condition

b1+ 71 < 1 ensures that the process is covariance stationary. The parameter estimates
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Figure 3: Autocorrelation function of squared residuals of a GARCH(1,1)-model
fitted to the DAXO05 (left) and DAXO07 (right) time-series

of 81 and ~; for the DAXO07 series violate this condition. We have tried several return
series with slightly differing periods; the sum el +41 was sometimes greater, sometimes
less than 1, but in all cases very near to this bound.

We tested the hypothesis of normality of the innovations using all tests of Section
5 using B = 1999 bootstrap samples. For the DAXO07 series, we rescaled Bl and 4, in
such a way that Bl + 91 = 0.99, as described at the end of Subsection 3.1; in practice,
one would probably desist from using a model violating the stationarity condition.
For the three time series, all p—values are very close to zero. The innovations of the
processes definitely do not follow a normal distribution.

Moreover, we considered the Laplace distribution (with scale parameter 1/1/2) and
t—distribution with & = 5, 6, 7 degrees of freedom (each scaled to unit variance) as hypo-
thetical distributions. The latter was proposed by Bollerslev (1987) as conditional error
distribution. Here, we made use of the EDF tests of Cramér—von Mises, Kolmogorov—
Smirnov, Anderson-Darling and Watson based on the non-squared residuals. Addi-
tionally, we applied the Epps-Pulley test (again based on the non-squared residuals)
using the appropriate hypothetical characteristic functions oz (u) = (14+u?/2)~! for the
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N(0,1) Lap(1/v2) s te tr

EP 0.00 0.00 0.01 0.04 0.09
CM  0.00 0.00 0.18 0.38 0.49
KS 0.00 0.00 028 054 0.6
AD  0.00 0.00 0.12 0.34 048
WA 0.00 0.00 0.19 048 0.61
EP 0.00 0.00 0.03 0.04 0.04
CM  0.00 0.05 0.02 0.01 0.00
KS 0.00 0.02 0.02 0.04 0.04
AD  0.00 0.01 0.00 0.00 0.00
WA  0.00 0.02 0.04 0.02 0.01
EP 0.00 0.00 0.09 0.11 0.11
CM  0.00 0.00 0.03 0.03 0.02
KS 0.00 0.00 0.12 0.13 0.07
AD  0.00 0.00 0.02 0.02 0.01
WA 0.00 0.01 0.23 0.18 0.16

Table 9: p-values of tests for different hypothetical error distributions; upper part:
DAX91, middle: DAXO05, lower part: DAX07

Laplace distribution and ¢y (u) = ¢, (uy/(k — 2)/k) for the rescaled t-distribution with
k degrees of freedom. The corresponding characteristic function of the t;-distribution

is given by (see Hurst (1995))

(u) = Ky (Vk[ul) (V]u])*
S (5P e

where K,(-) is the modified Bessel function of the third kind with index A and I'(+) is

the Gamma function.

The results for the time three series are given in Table 9. Again, the entries are
based on B = 1999 bootstrap samples, and estimation was done by the method of
maximum likelihood. In all cases, the sum Bl + A1 was less than 1.

For the Laplace distribution, the p—values vary between 0 and 0.05, but are close
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Figure 4: Empirical and theoretical density functions of residuals of a
GARCH(1,1)-model fitted to the DAX91 (left), DAX05 (middle) and DAX07 (right)

time—series

to zero in most cases. Concerning the t—distribution, the results depend on the data
set. Looking at the DAX91 data, the different ¢—distributions are not rejected on the
5% level by the EDF tests; the test based on the ECF does not reject the t—distribution
with 7 degrees of freedom. For the DAXO05 series, the p—values are between 0 and 0.05.
The tests of Anderson—Darling and Cramér—von Mises yield rather low p—values for
the DAXO0T series, contrary to the remaining three tests.

A visual inspection of the distribution of the residuals corroborates the results of
the formal goodness of fit tests. Figure 4 shows plots of the empirical densities together
with the theoretical densities of the normal and the ¢ distribution with 7 (DAX91) and
6 (DAX05, DAXO07) degrees of freedom.

The empirical density of the DAX91 series is fairly symmetric; the fit of the t;
distribution is excellent. Considering the DAXO07 series, the tg density fits quite well,
whereas the normal density is not sufficiently peaked. The symmetry test yields p-
values of 0.37 and 0.18, respectively. The distribution of the DAX05 residuals can not
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be modeled satisfactorily by the distributions at hand. It looks somewhat asymmetric;
however, this is not confirmed by the symmetry test resulting in a p-value of 0.17.

To sum up the results of this section, there exist differences between the time series:
the parameters of the GARCH process are similar, but only for the DAX07 series the
sum Bl + A1 is very close to 1, regardless of the hypothetical distribution. Moreover,
there are pronounced differences between the shapes of the error distributions of the

three data sets.

5. Conclusion

GARCH models with Gaussian innovations may be viewed as a benchmark in the
attempt to adequately describe some so—called stylized facts that have been observed
across a wide range of financial data sets, such as volatility clustering and heavy tails.
However, incorrect specification of the innovation distribution may lead to sizeable loss
of efficiency of the corresponding estimators. Also, from the point of view of a finan-
cial analyst, this misspecification could imply invalid risk determination, inaccurately
priced options and wrong assessment of Value-at—Risk (VaR).

In this paper we examine the behaviour of tests of fit for the hypothesis of normality
of innovations in GARCH models. The procedures are natural extensions of well-known
tests for normality, which include classical goodness—of-fit tests based on the empirical
distribution function as well as more recent tests utilizing empirical transforms. One of
these transforms is also used for the construction of a specification test for symmetry of
the innovation distribution. All methods incorporate an intermediate estimation step,
and use either the resulting residuals or the corresponding squared residuals. Despite
the fact that there is no clear preference of one version over the other (squared or
non-squared residuals), it appears that in the case of normality the Watson test and
the test of Epps—Pulley are most powerful. The symmetry test also behaves well.

Although the simulation results presented are restricted to normality tests, our
applications on real data suggest that the proposed methods can be applied equally
well to some popular alternatives to the Gaussian GARCH. Such GARCH models could
include not only the location—scale models considered herein, but also Student’s ¢-

innovations with unknown degrees of freedom (possibly non-integer), or the GARCH-
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stable model of Mittnik et al. (1998) in which innovations follow a symmetric stable
distribution with unknown characteristic exponent. There is an added complication of
course in the latter cases of distributions, since, on top of the estimation of the GARCH
parameters, there is an extra shape parameter which also needs to be estimated from
the data prior to testing goodness—of-fit for the innovation distribution.
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